HECKE ALGEBRAS FOR INNER FORMS
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ABSTRACT. Let F' be a non-archimedean local field and let G* be the group of F-
rational points of an inner form of SL,,. We study Hecke algebras for all Bernstein
components of G*, via restriction from an inner form G of GL, (F).

For any packet of L-indistinguishable Bernstein components, we exhibit an
explicit algebra whose module category is equivalent to the associated category
of complex smooth G¥-representations. This algebra comes from an idempotent
in the full Hecke algebra of G*, and the idempotent is derived from a type for G.
We show that the Hecke algebras for Bernstein components of G* are similar to
affine Hecke algebras of type A, yet in many cases are not Morita equivalent to
any crossed product of an affine Hecke algebra with a finite group.
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INTRODUCTION

Let F be a non-archimedean local field and let D be a division algebra, of dimen-
sion d? over its centre F. Then G = GL,,(D) is the group of F-rational points of
an inner form of GL,, where n = md. We will say simply that G is an inner form
of GL,,(F). Its derived group G¥, the kernel of the reduced norm map G — F*, is
an inner form of SL, (F). Every inner form of SL,,(F') looks like this.

Since the appearance of the important paper [HiSa] there has been a surge of
interest in these groups, cf. [ChLi [ChGo, [ABPS2]. In this paper we continue
our investigations of the (complex) representation theory of inner forms of SL,,(F).
Following the Bushnell-Kutzko approach [BuKu3], we study algebras associated
to idempotents in the Hecke algebra of Gf. The main idea of this approach is to
understand Bernstein components for a reductive p-adic group better by constructing
types and making the ensuing Hecke algebras explicit.

It turns out that for the groups under consideration, while it is really hard to
find types, the appropriate Hecke algebras are accessible via different techniques.
Our starting point is the construction of types for all Bernstein components of G
by Sécherre-Stevens [SéSt1) [SéSt2]. We consider the Hecke algebra of such a type,
which is described in [Séc]. In several steps we modify this algebra to one whose
module category is equivalent to a union of some Bernstein blocks for G¥. Let discuss
our strategy and the main result in more detail.

We fix a parabolic subgroup P C G with Levi factor L. Given an inertial equiva-
lence class s = [L,w]q, let Rep®(G) denote the corresponding Bernstein block of the
category of smooth complex G-representations, and let Irr®(G) denote the set of irre-
ducible objects in Rep®(G). Let Irr*(G*) be the set of irreducible G¥-representations
that are subquotients of Resgﬁ () for some 7 € Irr*(G). We define Rep®(G*) as the
collection of Gf-representations all whose irreducible subquotients lie in Trr®(G#). We
want to investigate the category Rep®(G*). It is a product of finitely many Bernstein
blocks for G*:

(M Rep®(GF) =] ,_, Rep®(G¥).

We note that the Bernstein components Irrtu(Gﬁ) which are subordinate to one s
form precisely one class of L-indistinguishable components: every L-packet for G*
which intersects one of them intersects them all.

The structure of Rep®(G) is largely determined by the torus 7y and the finite
group W, associated by Bernstein to s. Recall that the Bernstein torus of s is

Ty={w®x|x€Xn(l)}Clr(L),

where X,;(L) denotes the group of unramified characters of L. The finite group
W, equals Njs(L)/L for a suitable Levi subgroup M C G containing L. For this
particular reductive p-adic group W is always a Weyl group (in fact a direct product
of symmetric groups), but for G* more general finite groups are needed. We also
have to take into account that we are dealing with several Bernstein components
simultaneously.

Let H(G) be the Hecke algebra of G and H(G)® its two-sided ideal corresponding
to the Bernstein block Rep®(G). Similarly, let H(G*)* be the two-sided ideal of
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H(G¥) corresponding to Rep®(G¥). Then
e =], HGH.

Of course we would like to determine H(G#)¥, but it turns out that H(G*)® is much
easier to study. So our main goal is an explicit description of H(G*)® up to Morita

th<s

equivalence. From that the subalgebras "z'-[(Gﬁ)tﬁ can in principle be extracted, as

maximal indecomposable subalgebras. We note that sometimes H(GF)* = H(GH¥,

see Examples
From [SéStl] we know that there exists a simple type (K, \) for [L,w]y. By

[SéSt2] it has a G-cover (K¢, A\g). We denote the associated central idempotent of
H(K) by ey, and similarly for other irreducible representations. There is an affine
Hecke algebra H(Ts, Ws, gs), a tensor product of affine Hecke algebras of type GLe,
such that

(2) excH(G)exn, = exH(M)ey = H(Ts, Ws, gs) @ Ende(V)y),

and these algebras are Morita equivalent with H(G)®.
An important role in the restrictions of representations from H(G)® to H(G¥)? is
played by the group

XC(s) = {y e Irr(G/G* Z(R)) | v ® I§ (w) € Rep®(G)}.

It acts on H(G) by pointwise multiplication of functions G — C. For the restriction
process we need an idempotent that is invariant under X%(s). To that end we
replace Ag by the sum of the representations vy ® A\g with v € X(s), which we call
ua. Then remains valid with p instead of A, but of course V), is reducible as a
representation of K.

Let e, , € H(G*) be the restriction of eue + G — Cto G*. Up to a scalar factor

it is also the restriction of ey, to G*. We normalize the Haar measures in such a
way that €ugy 18 idempotent. For any GP-representation V, eHGuV is the space of

vectors in V on which KgNG* acts as some multiple of the (reducible) representation

Aclkanat-
Thene,,, 7—[(Gﬁ)euGm is a nice subalgebra of H(G*)?, but in general it is not Morita

equivalent with H(G*)®. There is only an equivalence between the module category
of e#Gﬁ’i’-[(Gﬂ)e“Gu and [[ Reptﬁ(Gﬁ), where t! runs over some, but not necessarily

all, inertial equivalence classes < 5. To see the entire category Rep®(G*) we need
finitely many isomorphic but mutually orthogonal algebras

aeucﬁa_l?—[(Gﬁ)ae#Gﬁa_l with a € G.
To formulate our main result precisely, we need also the groups
xh(s) = {y € In(L/L*Z(@)) |y B w € [Lyw]i},
Wi ={weNg(L) | 3y € er(L/LFZ(G)) s w(y © w) € [L,w]L},
R =WENNg(PNM)/L,

X(w,V,) = {y € Iir(L/L*) | there exists an L-isomorphism w — w @ 7!

which induces the identity on V,}.
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Here L! = LN GY, so
L)L}~ G/G = F*.

We observe that 9 is naturally isomorphic to X% (s)/X % (s), and that W# = W, xRE
(see Lemmas and . One can regard I/VE,-ti as the Bernstein group for Rep®(G¥).
See also examples [ and

Theorem 1. The algebra H(G)* is Morita equivalent with a direct sum of
| XE(w, V)| copies of euGuH(Gﬁ)eucu' The latter algebra is isomorphic with

X (8)/XE (V) Xur (L/ L Z(G
(H(TF, Ws, gs) © Endg (V)™ @/ @V Xar(L/152(G)

X iﬁﬁ,
where TS = T/ Xue(L/LF). The actions of the groups X*(s) and RE come from
automorphisms of Ty x Wy and projective transformations of V,,.

The projective actions of X (s) and 9%2 on V), are always linear in the split case
G = GL,(F), but not in general, see examples and

Contrary to what one might expect from Theorem (I the Bernstein torus for
Reptjj (G*) is not always T, f, see example In general one has to divide by a finite
subgroup of T# coming from X L(s).

Of course the above has already been done for SL,, (F) itself, see [BuKull, BuKu2,
GoRoll [GoRo2|. Indeed, for SL,(F) our work has a large intersection with these
papers. But the split case is substantially easier than the non-split case, for example
because every irreducible representation of GL,,(F') restricts to a representation of
SL,, (F') without multiplicities. Therefore our methods are necessarily different from
those of Bushnell-Kutzko and Goldberg—Roche, even if our proofs are considered
only for SL,,(F).

It is interesting to compare Theorem [I| for SL, (F) with the main results of
[GoRo2|]. Our description of the Hecke algebras is more explicit, thanks to con-
sidering the entire packet Rep®(G*) of Bernstein blocks simultaneously. In [GoRoZ2,
§11] some 2-cocycle pops up in the Hecke algebras, which Goldberg-Roche expect
to be trivial. From Theorem [1l one can deduce that it is indeed trivial.

Let us describe the contents of the paper in more detail. We start Section 2 with
recalling a few results about restriction of representations from G to Gf. Then we
discuss what happens when one restricts an entire Bernstein component of represen-
tations at once. This leads to several finite groups that play a role in this process.

It turns out to be advantageous to restrict from G to G* in two steps, via G*Z(G).
This intermediate group is of finite index in G if the characteristic of F' does not
divide n. Otherwise [G : G*Z(G)] = oo but, when studying only Rep®(G), one can
apply the same techniques as for a group extension of finite index. Restriction from
G*Z(G) to G* is straightforward, so everything comes down to understanding the
decomposition of representations and Bernstein components of G upon restriction
to G*Z(@).

For any subgroup H C G we write H! = H N Gf. The correct analogue of Wj
for Rep®(G) combines Weyl groups and characters of the Levi subgroup L that are
trivial on L*Z(G):

Stab(s) := {(w,v) € W(G, L) x Irr(L/L* Z(G)) | w(y ® w) € [L,w]L}.
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This group acts naturally on L-representations by

(w,)m)(1) = w(y @ 7)(1) := y()m(w ™ w).

From another angle Stab(s) can be considered as the generalization, for the inertial
class s, of some groups associated to a single G-representation in [ChLi, [ChGo|. Its
relevance is confirmed by the following result.

Theorem 2. [see Theorem [2.7]]
Let x1,x2 € Xnr(L). The following are equivalent:
(1) ResgﬁZ(G) (I§(w®x1)) and ResgﬁZ(G) (I§(w®x2)) have a common irreducible
subquotient;
(ii) ResgﬁZ(G) (I§(w®x1)) and ResgnZ(G)(Ig(w®x2)) have the same irreducible
constituents, counted with multiplicity;
(iii) w® x1 and w ® x2 belong to the same Stab(s)-orbit.

In Section 3 we build the idempotents that allow us to replace 7—[(Gﬁ)5 by simpler,
Morita equivalent algebras. We denote Morita equivalence by ~j,;. The main idea
is that

H(Gﬁ)s ~ur (H(G)s)Xc(s)Xm(G)'

We cannot apply this directly to ey, H(G)ey,, but we exhibit a larger idempotent

eﬁ)\ which overcomes this problem.
G

Theorem 3. [see Theorems and [3.16}]

There are Morita equivalences
A A, ~ur exH(G)erg ~u H(G)',
(A HG)A )T ~preh  H(GHZ(G))e} ~n H(GEZ(G))?

Gtz ctz(@)

G
(AH(Q)A) XD & HGHE | ~u HIGH.

Here e& , € H(GY) is the restriction of eﬁ)\G : G — C to G, and similarly for
G
#

e .
AGﬁZ(G)

In another direction we want to simplify things by working in the Hecke algebra
of M, the smallest Levi subgroup of G such that W, = Ny (L)/L. A technically
complicated step is the construction of an idempotent e, € H(M) such that
3) iy HGZ(@)E, = (R H(M)el,) ) x 0L,

e e
’\GﬁZ(G) /\GﬁZ(G)

Section 4 focuses on the structure of the algebras . Using the work of Sécherre
[Séc] we first show that

ehH(M)eﬁw = H(T57 W, qs) X EndC(VM) ® M|XL(w,VH)\ ((C)

Then we analyse the actions of X*(s) and iRg on the latter algebra. This to leads
to a version of Theorem [2| for H(G*Z(G))® (Theorem [4.12)), from which we deduce
our main result. On the way we also take some steps towards types for G¥, but we
encounter serious obstructions.

Finally, in Section 5 we provide some examples of the phenomena that can occur.
Let us already give one of them:
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Example 4. Let ¢ be a ramified character of D* of order 3 and take
G =CGLg(D), L=CGL(D), w=1010¢(0 (x>
For L = GLy(D)3, s = [L,w]¢ we have
To = X (L) = (C)%, Wy = W(M, L) = (S9)*.
Furthermore X' (w) = {1} and
XO(I§(w)) = {1,¢,¢2), 9 = ((135)(246)) € S5 = W(G, L),

See Subsections [2.1] and [2.9 for the definitions of these groups. The stabilizer of w
in Stab(s) is generated by ((135)(246),¢) and

Stab(s) = Stab(w)Ws Xu(G/Z(G)).

Let H(GLg, q) denote an affine Hecke algebra of type GLy. By Theorems and
there are Morita equivalences

H(GEZ(G))* ~ar (H(GLy, q)®3)Xur(G/2(G)) o syt
H(GH)® ~ar (H(GLa, q)®%) X&) 5 1t

Now we see that s gives rise to a unique inertial class tf for Gt. Hence
Wy = WE =W, xR D W,.

That is, the finite group associated by Bernstein to t¢ is strictly larger than the finite
group for s.

Interestingly, some of the algebras that turn up do not look like affine Hecke
algebras. In the literature there was hitherto (to the best of our knowledge) only
one example of a Hecke algebra of a type which was not Morita equivalent to the
a crossed product of an affine Hecke algebra with a finite group, namely |[GoRo2l
§11.8]. But in several cases of Theorem 1| the part Endc(V),) plays an essential role,
and it cannot be removed via some equivalence. Hence these algebras are further
away from affine Hecke algebras than any previously known Hecke algebras related
to types. See especially example The last three examples indicate why it is
hard to construct types for G* from types for G.

Acknowledgements. The authors thank Shaun Stevens for several helpful
emails and discussions.

1. NOTATIONS AND CONVENTIONS

We start with some generalities, to fix the notations. Good sources for the material
in this section are [Renl BuKu3].

Let G be a connected reductive group over a local non-archimedean field. All our
representations are tacitly assumed to be smooth and over the complex numbers. We
write Rep(G) for the category of such G-representations and Irr(G) for the collection
of isomorphism classes of irreducible representations therein.

Let P be a parabolic subgroup of G with Levi factor L. The “Weyl” group of L
is W(G,L) = Ng(L)/L. It acts on equivalence classes of L-representations m by

(w-7)(g) = m(wgw"),
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where @ € Ng(L) is a chosen representative for w € W (G, L). We write
We={weW(G,L)|w =7}

Let w be an irreducible supercuspidal L-representation. The inertial equivalence
class s = [L,w|q gives rise to a category of smooth G-representations Rep®(G) and
a subset Irr*(G) C Irr(G). Write X, (L) for the group of unramified characters
L — C*. Then Irr*(G) consists of all irreducible irreducible constituents of the
parabolically induced representations I§(w ® x) with x € Xy (L). We note that 1§
always means normalized, smooth parabolic induction from L via P to G.

The set Irr*s (L) with s, = [L,w]r, can be described explicitly, namely by

(4) Xunr(Lyw) = {x € Xne(L) : w® x 2w},
(5) Ir* (L) = {w® x : X € Xne(L)/Xne(L,w)}

Several objects are attached to the Bernstein component Irr®(G) of Irr(G) [BeDe].
Firstly, there is the torus

CTs = an(L)/an(L7 OJ),
which is homeomorphic to Irr®Z(L). Secondly, we have the groups
No(sz) ={g € No(L) | g-w € nt (L)}
(

={g € N¢(L)|g-[L,w]L =[L,w]|L},
Wy :={we W(G,L) |w-welr** (L)} = Ng(s)/L.

Of course T; and W; are only determined up to isomorphism by s, actually they
depend on s7,. To cope with this, we tacitly assume that s;, is known when talking
about s.

The choice of w € Irr*s (L) fixes a bijection Ty — Irr*F (L), and via this bijection
the action of Wy on Irr®Z (L) is transferred to Ts. The finite group W; can be thought
of as the "Weyl group” of s, although in general it is not generated by reflections.

Let C2°(G) be the vector space of compactly supported locally constant functions
G — C. The choice of a Haar measure on G determines a convolution product *
on C°(G). The algebra (C2°(G), *) is known as the Hecke algebra H(G). There is
an equivalence between Rep(G) and the category Mod(H(G)) of H(G)-modules V
such that H(G) -V = V. We denote the collection of inertial equivalence classes for
G by B(G). The Bernstein decomposition

Rep(@) =[]

induces a factorization in two-sided ideals

— 5
H(G) = ng%(G) H(G) .
Let K be a compact open subgroup of K and let (A,V)) be an irreducible K-
representation. Let ey € H(K) be the associated central idempotent and write
Rep*(G) = {(,V) € Rep(G) | H(G)ex -V =V}.

Clearly exH(G)e, is a subalgebra of H(G), and V + ey - V defines a functor from
Rep(G) to Mod(exH(G)ey). By [BuKu3l Proposition 3.3] this functor restricts to
an equivalence of categories Rep*(G) — Mod(exH(G)ey) if and only if Rep*(G) is

5
s€B(G) Rep (G)
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closed under taking G-subquotients. Moreover, in that case there are finitely many
inertial equivalence classes s1, .. .5, such that

Rep(G) = Rep®! (G) x - - x Rep™ (Q).

One calls (K, \) a type for {s1,...,5.}, or an s1-type if K = 1.
To a type (K, \) one associates the algebra

H(G,A) :=={f: G — Endc(Vy) | supp(f) is compact,
f(k1gko) = )\v(kil)f(g))\v(l@) Vg € G, ki,ky € K}.

Here (A\Y,V}') is the contragredient of (\,V)) and the product is convolution of
functions. By [BuKu3| (2.12)] there is a canonical isomorphism

(6) ext(G)ex = H(G, A) @c Endc(Vy).

From now on we discuss things that are specific for G = GL,,(D), where D is a
central simple F-algebra. We write dimp(D) = d?. Every Levi subgroup L of G
is isomorphic to [[; GLa,(D) for some m; € N with > . m; = m. Hence every
irreducible L-representation w can be written as ®;w; with @; € Trr(GLy, (D)).
Then w is supercuspidal if and only if every @; is so. As above, we assume that this
is the case. Replacing (L,w) by an inertially equivalent pair allows us to make the
following simplifying assumptions:

Condition 1.1.

o Zf Thi = Thj and [GLmJ (D)7a)i}GLﬁLj (D) = [GLmJ (D)awj]GL,,;Lj (D) then (I)l' =
(:Jj,'

e w=1]J; w?e", such that w; and w; are not inertially equivalent if i # j;

o L = T[, L = [, GLw, (D)%, embedded diagonally in GL,,(D) such that
factors L; with the same (m;,e;) are in subsequent positions;

e as representatives for the elements of W (G, L) we take permutation matrices;

e P is the parabolic subgroup of G generated by L and the upper triangular
matrices;

o if m; = mj,e; = e; and w; is isomorphic to w; ® v for some character v of
GLy,, (D), then w; = w; @ vx for some x € Xpr(GLy, (D)).

We remark that these conditions are natural generalizations of [GoRo2, §1.2] to
our setting. Most of the time we will not need the conditions for stating the results,
but they are useful in many proofs. Under Conditions we define

(7) M =M =] Ze(]]£7) = [] GLmiei (D).

i i
a Levi subgroup of G containing L. For s = [L,w|c we have
(8) Wes=W(M,L) = Ny(L)/L =[] Nar(L5) /L =[] 5.,

a direct product of symmetric groups. Writing s; = [L;, w;]r,, the torus associated
to s becomes

(9) Ts = Hi(Tsi)eia
(10) Ts; = Xne(Li) / Xne (Li, wi).-
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By our choice of representatives for W (G, L), wP® is stable under Ny, (L") /L5 =2

7
Se;. The action of Wy on Tj is just permuting coordinates in the standard way and

(11) W, = W,

2. RESTRICTING REPRESENTATIONS

2.1. Restriction to the derived group.
We will study the restriction of representations of G = GL,,(D) to its derived
group G = GL,,,(D)ger- For subgroups H C G we will write

H'=HNG".
Recall that the reduced norm map Nrd: M,,(D) — F induces a group isomorphism
Nrd : G/G* — F*.

We start with some important relations between representations of G and G¥, which
were proven both by Tadié¢ and by Bushnell-Kutzko.

Proposition 2.1. (a) Every irreducible representation of G* appears in an irre-
ducible representation of G.

(b) For m,n’ € Irr(G) the following are equivalent:

(i) Resgﬁ () and Resgu (7") have a common irreducible subquotient;

(i) Res$,(m) 2 ResG, (');
(iil) there is a v € Irr(G/G*) such that ™' = 7 ® 7.

(c) The restriction of (m,V) € Trr(G) to G* is a finite direct sum of irreducible
G*-representations, each one appearing with the same multiplicity.

(d) Let (7', V') be an irreducible G*-subrepresentation of (m, V). Then the stabilizer
in G of V' is a open, normal, finite index subgroup H, C G which contains G*
and the centre of G.

Proof. All these results can be found in [Tad, §2], where they are in fact shown
for any reductive group over a local non-archimedean field. For G = GL,(F),
these statements were proven in [BuKull Propositions 1.7 and 1.17] and [BuKu2|
Proposition 1.5]. The proofs in [BuKull [BuKu2|] also apply to G = GL,,(D). O

Let 7 € Irr(G). By Proposition [2.1ld
(12) EndGn(V) = EndH”(V),
which allows us to use [HiSa, Chapter 2] and [GeKnl Section 2] (which is needed for
[HiSa]). We put
XC ()= {yer(G/G") | T @~ = x}.
As worked out in [HiSal, Chapter 2], this group governs the reducibility of Resgn (7).
(We will use this definition of X (7) more generally if 7 € Rep(G) admits a central
character.) By every element of X©(r) is trivial on Hy, so X%(r) is finite.
Via the local Langlands correspondence for G, the group X () corresponds to the
geometric R-group of the L-packet for G* obtained from Resgﬁ (m), see [ABPS2], §3].
We note that
X (1) N X (G) = X (G, 7).
For every v € X () there exists a nonzero intertwining operator

(13) I(~,7) € Homg(m ® v,7) = Homg(ﬂ,ﬂ@)y*l),
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which is unique up to a scalar. As G* C ker(y), I(7,m) can also be considered as
an element of Endgs (7). As such, these operators determine a 2-cocycle k. by

(14) I(y,m) o I(Y ) = tin (7,7 ) I (v7', 7).
By [HiSa, Lemma 2.4] they span the G*-intertwining algebra of m:
(15) End (Resguﬂ) >~ C[X%(n), kal,

where the right hand side denotes the twisted group algebra of X% (). By [HiSa,
Corollary 2.10]

0 Refex @O Homoen(n)or
pEIrr(C[X G (7),kx])

as representations of G* x X (r).
Let P be a parabolic subgroup of G with Levi factor L. The inclusion L — G
induces isomorphisms

(17) L/L}F - G/G* = F*.

Let w € Irr(L) be supercuspidal and unitary. Using we can identify the G-
representations

t
Resgﬁ(lg(w)) and Igﬁ(Resfﬁ(w)),
which yields an inclusion X ¥ (w) — X% (I§(w)). Every intertwining operator (v,w)
for v € X*(w) induces an intertwining operator
(18) I(v,If(w)) = IE(I(,w)) € Homg(y ® I§ (@), I (w)),

for v as an element of X“(I§(w)). We warn that, even though X%(w) is finite
abelian and w is supercuspidal, it is still possible that the 2-cocycle k., is nontrivial
and that

End;; (Resﬁu (w)) = CIXE(w), k]

is noncommutative, see [ChLi, Example 6.3.3].
We introduce the groups

(19) W) ={weW(G,L)|3yehr(L/L}) |w-(y®w) =w},

(20) Stab(w) = {(w,7) € W(G, L) x Irr(L/L*) | w- (y ® w) = w}.

Notice that the actions of W (G, L) and Irr(L/L*) on Irr(L) commute because every
element of Irr(L/L*) extends to a character of G which is trivial on the derived

subgroup of G. Clearly W, x X’(w) is a normal subgroup of Stab(w) and there is
a short exact sequence

(21) 1 — X% (w) — Stab(w) - WF — 1.

By [ChLi, Proposition 6.2.2] the projection of Stab(w) on the second coordinate
gives rise to a short exact sequence

(22) 1 — W, — Stab(w) — X“(I§(w)) = 1
and the group
(23) %= Stab(w)/(We x X () = X(I§ )/ X (w) = WE/W,
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is naturally isomorphic to the “dual R-group” of the L-packet for G* obtained from
Resgﬁ(Ig(w)). We remark that, with the method of Lemma c7 it is also possible

to realize R, as a subgroup of Stab(w).

By intertwining operators associated to elements of Stab(w) span
Endg: (13 (w)) whenever w is supercuspidal and unitary. By [ABPS1, Theorem 1.6.a]
that holds more generally for I g (w®x) when x is in Langlands position with respect
to P.

The group Stab(w) also acts on the set of irreducible Lf-representations appearing
in Reséu (w). For an irreducible subrepresentation o* of Reséu (w) [ChLi, Proposition
6.2.3] says that

(24) W, CW,, c Wt
and that the analytic R-group of Igf (o) is
Ry = Wos /W,

the stabilizer of of in 9%& It is possible that W 4 # Wﬁ and R, : # %BJ, see [ChLil
Example 6.3.4].

In view of [ABPSI) Section 1] the above results remain valid if w € Irr(L) is
assumed to be supercuspidal but not necessarily unitary. Just one modification is
required: if Ig(w) is reducible, one should consider the L-packet for G* obtained
from the (unique) Langlands constituent of I§(w).

2.2. Restriction of Bernstein components.

Next we study the restriction of an entire Bernstein component Irr(G) to G¥.
Let Irr*(G*) be the set of irreducible G¥-representations that are subquotients of
Resgﬁ () for some 7 € Irr*(G).

Lemma 2.2. Irr*(G*) is a union of finitely many Bernstein components for G*.
Proof. Consider any 7 € Irr®(G*). Tt is a subquotient of
f
Resgs (IF (w ® x1)) = I5; (Resfy (w @ x1))
for some x1 € Xy, (L). Choose an irreducible summand oy of the supercuspidal
Lf-representation Resiu (w® x1), such that 7# is a subquotient of Ig; (01). Then 7*
lies in the Bernstein component TrrlLholes (G%). Any unramified character of xg of
LF lifts to an unramified character of L, say 2. Now
f f
I (Respy(01) ® Xﬁz) C It (Respy (w @ x1x2)) = Resg (I8 (w @ x1x2)),

which shows that all irreducible subquotients of Igf(Resfﬁ (01) ® Xg) belong to
Irr*(GF). Tt follows that TrrlE* o1l (G*) C TIrr*(GF).

The above also shows that any inertial equivalence class ¢ with Irrtﬁ(Gﬁ) C
Irr*(G*) must be of the form

(25) t = [LF, o9 e

for some irreducible constituent oo of Res%u (w® x2). So up to an unramified twist
o9 is an irreducible constituent of Resﬁu (w). Now Proposition [2.1}c shows that there
are only finitely many possibilities for ¢ O
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Motivated by this lemma, we write t# < s if Irrtu(Gﬁ) C Irr*(G*). In other words,
!
(26) Irr® (GF) = Utﬁ-<5 Irrt (GF).

The last part of the proof of Lemma shows that every tf < s is of the form
[LF, 0% g for some irreducible constituent o of Res?,(w). Recall from that con-
stituents o as above are parametrized by irreducible representations of the twisted
group algebra C[X(w), x,]. However, non-isomorphic ¢* may give rise to the same
inertial equivalence class t# for G. It is quite difficult to determine the Bernstein
tori Ty precisely.

The finite group associated by Bernstein to t = [Lﬁ,aﬁ]cu is its stabilizer in
W(G, L) = W(G*, L%):

Wy ={weW(G,L)|w-o* e[LF, 0"}

As the different of are M-conjugate, they all produce the same group Wy. So it
depends only on [M, o). It is quite possible that Wy, is strictly larger than Wy, we
already saw this in Example First steps to study such cases were sketched (for
SL,,(F)) in [BuKu2, §9].

For every w € Wy, Proposition b (for L¥) guarantees the existence of a vy €
Irr(L/L*) such that w(w) ® ¥ € [L,w]r. Up to an unramified character v has to be
trivial on Z(G), so we may take v € Irr(L/L*Z(G)). Hence Wy is contained in the

group
Wi = {we W(G,L) |3y err(L/L*Z(Q)) such that w(y @ w) € [L,w]1}
By the subgroup W, fixes every [L¥, o] .4, so W, C Wy and

(27) Stabz /WW([Lﬁ’ o)1) = Wy /Wy, D W, /W,,.

Lemma 2.3. (a) W is a normal subgroup of Wsjj which fizes all the [L*, 0%, : with
[Lﬁ, O'ﬁ]Gﬁ < 5.

(b) Wy is the normal subgroup of VV5ﬁ consisting of all elements that fix every
[L¥, 0% ¢ with [LF, 0% g < s. In particular it contains W.

(¢) There exist subgroups Q{E C Wﬁ, Ry C Wy and f)‘iBJ C Wﬂ such that VVSﬁ =
We xR, Wi = We x Ry and Wi = W, x R,

Proof. (a) We may use the conditions Then W, = Ws. For any o% as above the
root systems R4 and R, are equal by [ChLi, Lemma 3.4.1]. Consequently

Ws =W, =W(R,) =W(R,1) C W,

showing that W, fixes of and [L*, o] ;.
(b) As we observed above, we can arrange that every o* is a subquotient of Resﬁu (w).
Since all constituents of this representation are associate under L and W (G, L) acts
trivially on L/L*, Wy fixes every possible [L¥,0%]; ;. This gives the description of
Wy. Because all the [L*, o], together form a Wi-space, Wy is normal in that
group.
(c) In the special case G* = SL,,(F), this was proven for Wy in [GoRo2, Proposition
2.3]. Our proof is a generalization of that in [GoRo2].

Recall the description of M = [[; M; and W, from equations @ and . We
note that P N M is a parabolic subgroup of M containing L, and that the group
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W(M,L) = W, acts simply transitively on the collection of such parabolic sub-
groups. This implies that
(28) R! = WENNg(PNM)/L
is a complement to W in Wﬁ For Wy shows that we may take
(29) Re 1= Wi N Ng(P N M)/L.

Similarly, for 1104 leads us to

(30) R = WENNg(PNM)/L. O
As analogues of X*(w), X% (I§(w)) and Stab(w) for 5 = [L,w]g we introduce

(1) XH(s) = {y € In(L/IZ(G)) |y ©w € [Lowli),

(32)  X%(s) = {y e r(G/G*Z(Q)) | y® I (w) € 5},

(33)  Stab(s) = {(1,7) € W(G, L) x Iir(L/LZ(G)) | w(y @ w) € [L,w]p}.

Notice that Stab(s) contains Stab(w ® x) for every x € Xu.(L/LF). Tt is easy to see
that W, x X%(s) is a normal subgroup of Stab(s) and that there are short exact
sequences

(34) 1 — XL(s) — Stab(s) - W¢ = 1,
(35) 1 — XE(s) x W, — Stab(s) — WE/W, =Rl - 1.
Furthermore we define

Stab(s, PN M) = {(w,~) € Stab(s) | w € No(PNM)/L}.

Lemma 2.4. (a) Stab(s) = Stab(s, PN M) x W.
(b) The projection of Stab(s) on the second coordinate gives a group isomorphism

Stab(s, P N M) 2 Stab(s) /W, — X%(s).

(¢) The groups X(s), X% (s) and Stab(s) are finite.
(d) There are natural isomorphisms

X% (s)/XE(s) = Stab(s, PN M)/ XL (s) = L.

Proof. (a) This can be shown in the same way as Lemma [2.3]c.
(b) If (w, ) € Stab(s), then

YRIFW) 2y @ IF(w-w) 2 IF(y@w-w) 2 IE(w(y®w)) €5,

so v € XY(s). Conversely, if v € X%(s), then I§(w ® ) € 5. Hence w® v €
w™ [L,w]p = [L,w™! - W] for some w € W (G, L), and (w,~) € Stab(s).

As W(G, L) and Irr(L/L!) commute, the projection map Stab(s) — X%(s) is a

group homomorphism. In view of , we may assume that w is such that W, = W,.
Then the kernel of this group homomorphism is W, = W;.
(c) Suppose that w ® v = w ® x for some x € Xy, (L). Then y is trivial on LfZ(G),
so X = 1. Hence there are only finitely many possibilities for y. We already know
from Proposition and that X% (w) finite, so we can conclude that X% (s) is
finite.

If (w,v), (w,7") € Stab(s), then (w,y) '(w,v) = v 1% € XL (s). As W(G, L)
and X% (s) are finite, this shows that Stab(s) is also finite. Now X(s) is finite by
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part (b).
(d) This follows from and part (b). O

2.3. The intermediate group.

For some calculations it is beneficial to do the restriction of representations from
G to G* in two steps, via the intermediate group G*Z(G). This is a central extension
of G%, so

(36) EndGﬁ (7T) = EndGﬁz(G) (7T)

for all representations 7 of G or G#Z (@) that admit a central character. In particular

Resg§ 2(G)

(37) Z(G) =GN Z(Mn(D)) =GN F - Iy = F*I,.
Recall that dimg(D) = d?. Since Nrd(zI,,) = 2™ for z € F*,
Nrd(Z(G)) = F*™4,

the group of md-th powers in F*. Hence G/G*Z(G) is an abelian group and all its el-
ements have order dividing md. In case char(F) is positive and divides md, G*Z(GQ)
is closed but not open in G. Otherwise it is closed, open and of finite index in G.
However, G*Z(G) is never Zariski-closed in G.

The intersection of G and Z(Q) is the finite group {21, | z € F*,2™? =1}, so

(38) G'Z(G) = (G* x Z(G)/{(zIp,z7Y) | z € F*, 2™ =1},

As G* x Z(G) is a connected reductive algebraic group over F, this shows that
G*Z(@) is one as well. But this algebraic structure is not induced from the en-
veloping group G. The inflation functor Rep(G*Z(G)) — Rep(G* x Z(G)) identifies
Rep(G*Z(G)) with

{7 € Rep(G* x Z(@)) | w(2Lpm,z"") = 1Vz € F* with 2™ = 1}.

preserves irreducibility of representations. The centre of G is

Lemma 2.5. (a) Every irreducible G*-representation can be lifted to an irreducible
representation of G*Z(G).
(b) All fibers of

Resgiz(g) : Irr(GﬁZ(G)) — Irr(Gﬁ)
are homeomorphic to Trr(F*™1),

Proof. (a) Any 7% € Trr(G¥) determines a character y,,g of the central subgroup
{z € F* | 2™ = 1}. Since there are only finitely many md-th roots of unity in
F, Xma can be lifted to a character y of F*. Then nf ® y is a representation of
G* x Z(@G) that descends to G*Z(G).

(b) This follows from the proof of part (a) and the short exact sequence

Nrd
—

(39) 1 -G = G Z(G) F* 1. O

More explicitly, x € Irr(F*™?) acts on Irr(G*Z(G)) by retraction to x €
Irr(G*Z(G)) and tensoring representations of G#Z(G) with x. It follows that the

preimage of Irr"n(Gﬁ) in Trr(G*Z(G)) consists of countably many Bernstein compo-
nents Irr'(G*Z(@)), each one homeomorphic to

Xon(F*™4) x Ter? (GF) 2 X0 (GPZ(G)) x I (GF) = € x I (GY).
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Two such components differ from each other by a ramified character of F*™4 or
equivalently by a character of Nrd(oj - 1,,).
In comparison, every Bernstein component Irr'(G*Z(G)) projects onto a single

Bernstein component for G¥, say Irr"u(Gﬁ). All the fibers of

(40) Res?, /@) (G 2(@)) — e (GF)
are homeomorphic to X, (Z(G)) = Xy (F*™?) = C*. In particular
(41) Ty = Tt/ Xor (Nrd(Z(G))).

Lemma 2.6. The finite groups associated to t and ¢ are equal: Wy = Wi.

Proof. As we observed above, t! is the only Bernstein component involved in the
restriction of Irr'(G*Z(G)) to G*. Hence W' C W¥. Conversely, if w € W (L*)
stabilizes ¢!, then it stabilizes the set of Bernstein components Irr* (G!Z(G)) which
project onto Irr* (G*). But any such ¢ differs from t only by a ramified character of
Z(@G). Since conjugation by elements of Ng(L) does not affect Z(G), w(t) cannot
be another t', and so w € W4. O

tZ(G)

The above provides a complete picture of Resgﬁ
Although [G : G*Z(G)] is sometimes infinite (e.g. if char(F) divides md), only
finitely many characters of G/G#Z(G) occur in relation to a fixed Bernstein compo-
nent. This follows from Lemma c and makes it possible to treat G*Z(G) C G as
a group extension of finite degree.

Given an inertial equivalence class 5 = [L,w]q, we define Irr®(G#Z(G)) as the set
of all elements of Irr(G*Z(G)) that can be obtained as a subquotient of ResguZ(G) (m)

for some m € Irr*(G). We also define Rep®(G#Z(G)) as the collection of G*Z(G)-
representations all whose irreducible subquotients lie in Irr*(G#Z(G)). It follows
from Lemma and the above that Irr®(G*Z(@)) is a union of finitely many Bern-

stein components t for G*Z(G). We denote this relation between s and t by t < s.
Thus

(42) I (G Z(G)) = UHS I (GFZ(G)).

G
, 80 we can focus on Res 26

All the reducibility of G-representations caused by restricting them to G* can already
be observed by restricting them to G*Z(G). In view of and Lemma all our
results on Resgu remain valid if we replace everywhere G* by G!*Z(G) and L! by
L*Z(@G).

In view of , intertwining operators associated to Stab(s) span
Endgizq) (I§(w ® x)) whenever x € Xy, (L) is unitary. With results of Harish-
Chandra we will show that even more is true. Let

(43) J(w, I§(w ® x))) € Homg(I§ (@ @ x), I§ (w(w ® X)))

be the intertwining operator constructed in [Sil, §5.5.1] and [Wal, §V.3]. We recall
that it is rational as a function of x € Xp;(L) and that it is regular and invertible if
X is unitary. In contrast to the intertwining operators below, can be normalized
in a canonical way.

For (w,~) € Stab(s, P N M) there exists a X’ € Xy, (L), unique up to Xy, (L,w),
such that w(w ® xy) 2 w ® x’. Choose a nonzero

(44) J(v,w® x) GHomL(w®X,w’1(w®X’7’1)).
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In view of Lemma [2:4b v determines w, so this is unambigous and determines
J(v,w ® x) up to a scalar. For unramified v we have x' = x7, but nevertheless
J(7,w®x) need not be a scalar multiple of identity. The reason lies in the difference
between Ty and Xy, (L), we refer [Wal, §V] for more background.

Parabolic induction produces

(45) J(7,IE(w@x)) =I5 (J(v,w@X)) € Homg(I5 (w@x), I3 (w™ (wex'77).
For w'(w,~y) € Stab(s) with w’ € W; and (w,~) € Stab(s, P N M) we define

(46) J(w'(w,7), [ (w ® X)) =
J(w' IE(w® X'y ) o J(w, [Fw ™ wex'y ™) o J(v. IE(w® X)).

By construction this lies both in Homg(I§(w ® ), IS (w'(w ® x'y~1))) and in
HomGnZ(G)(Ig(w ® x), 1§ (w'(w ® X'))). We remark that the map from Stab(s) to
intertwining operators is not always multiplicative, some 2-cocycle with values
in C* might be involved. However,

(47) Wedw' — {JWw, I§(w®x)) | x € Xu(L)}

is a group homomorphism.
The following result is the main justification for introducing Stab(s).

Theorem 2.7. (a) For x1,x2 € Xur(L) the following are equivalent:
(i) ResgﬁZ(G) (I§(w ® x1)) and ResgnZ(G) (I§(w ® x2)) have a common irre-
ducible subquotient;
(ii) ResgﬁZ(G) (I§(w®x1)) and ResguZ(G) (I§(w®x2)) have the same irreducible
constituents, counted with multiplicity;
(i) w ® x1 and w @ x2 belong to the same Stab(s)-orbit.
(b) If xa and x2 are unitary, then Homgs z(c (I§(w @ x1), IS (w ® x2)) is spanned
by intertwining operators J((w,7), I§(w®x1)) with (w,~) € Stab(s) and w(w®
X17) & w® X2

Proof. First we assume that y1 and xo are unitary. By Harish-Chandra’s Plancherel
isomorphism [Wal] and the commuting algebra theorem [Sil, Theorem 5.5.3.2], the
theorem is true for G, with W, instead of Stab(s). More generally, for any tem-
pered p1,ps € Irr(L), Homg(I§(p1), IS (p2)) is spanned by intertwining operators
J(w, IS (p1)) with w € W(G, L) and w - p1 = pa.

For 71,9 € Irr(G) Proposition b says that ResgﬁZ(G) (m1) and ResgﬁZ(G) (m2)

are isomorphic if mp = m ® 7 for some v € Irr(G/G*Z(G)), and have no common
irreducible subquotients otherwise. Together with this implies that

Hom s (6 (15 (w @ x1), I (w ® X2))

~

is spanned by intertwining operators J((w,7),I§(w ® x1)) with w(w ® x17) =
w ® x2. Such pairs (w,v) automatically belong to Stab(s). Since both factors
of J((w,7),I§(w ® x1)) are bijective, the equivalence of (i), (ii) and (iii) follows.
This proves (b) and (a) in the unitary case.

Now we allow x; and x2 to be non-unitary. Assume (i). From Proposition b
we obtain a v € Irr(G/G*Z(G)) such that I§(w ® x17) and I§(w ® x2) have a
common irreducible quotient. The theory of the Bernstein centre for G [BeDe]
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implies that w ® x17 and w ® x2 are isomorphic via an element w € W(G, L). Then
(w,~y) € Stab(s), so (iii) holds.

Suppose now that w(w ® x17) = w ® x2 for some (w,y) € Stab(s) and consider
the map

(48) H(GFZ(G)) x Xur(L) = C: (f,x) = tr(f, IE(w @ X)) — tr(f, IF (w(w ® 7))

It is well-defined since Resgu I§(w ® x) has finite length, by Proposition c. By
what we proved above, the value is 0 whenever x is unitary. But for a fixed f € H(G)
this is a rational function of x € X,,;(L), and the unitary characters are Zariski-
dense in X, (L). Therefore is identically 0, which shows that (I§(w ® x)) and
I§(w(w ® vx)) have the same trace. By Proposition c these G*-representations
have finite length, so by [Casl, 2.3.3] their irreducible constituents (and multiplicities)
are determined by their traces. Thus (iii) implies (ii), which obviously implies (i). [

3. MORITA EQUIVALENCES

Let s = [L,w]e. We want to analyse the two-sided ideal H(G*Z(G))® of H(G*Z(G))
associated to the category of representations Rep®(G*Z(G)) introduced in Subsec-
tion In this section we will transform these algebras to more manageable forms
by means of Morita equivalences.

We note that by we can regard H(G*Z(G))* as a finite direct sum of ideals

associated to one Bernstein component:
f 5 _ f t
(49) H(GIZ(G))® = @HE”H(G Z(G)).
Recall that the abelian group Irr(G/G*) acts on H(G) by
(x - Ng) = x(9)f(9)-

We also introduce an alternative action of v € Irr(G/G*) on H(G) (and on similar
algebras):

-1
Obviously these two actions have the same invariants. An advantage of the latter
lies in the induced action on representations:

av(w):ﬁoaf:w@’y.

Suppose for the moment that the characteristic of F' does not divide md, so that
G/G*Z(G) is finite. Then there are canonical isomorphisms

5 en . M L@ 2 HG2(C)
~ H(G)Irr(G/GﬁZ(G)) o @

where s ~ s if and only if they differ by a character of G/G*Z(G).

Unfortunately this is not true if char(F') does divide md. In that case there are
no nonzero Irr(G/G*Z(@G))-invariant elements in H(G), because such elements could
not be locally constant as functions on G. In Subsection [3.3] we will return to this
point and show that it remains valid as a Morita equivalence.

Throughout this section will assume from now on that the conditions are in
force.

(H(G)*)¥“®,

sEB(G)/~
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3.1. Construction of a particular idempotent.

We would like to find a type which behaves well under restriction from G to G¥.
As this is rather complictated, we start with a simpler goal: an idempotent in H (M)
which is suitable for restriction from M to M¥.

Recall from [SéSt2] that there exists an s-type (Kg,Ag), and that it can be
constructed as a cover of a type (K,\) for spy = [L,w]p. We refer to [BuKu3|,
Section 8] for the notion of a cover of a type. For the moment, it suffices to know
that K = Kg N M and that A is the restriction of A\g to K. In fact, in [Séd] (K, \)
is exhibited as a cover of a type (K, Ar) for s;, = [L,w]|L.

From we know that Ng([L,w]r) € M. In this situation [BuKu3, Theorem
12.1] says that there is an algebra isomorphism

(52) exc H(G)en, = exH(M)ey
and that the normalized parabolic induction functor
1§, : Rep™ (M) — Rep®(G)

is an equivalence of categories.
By Conditions and we may assume that (K, \) factors as

K = Hi(K N M;) =: H K;,
A V) = (R, 4. Q). V).

Moreover we may assume that, whenever m; = m; and w; and w; differ only by
a character of L;/ Lg, K; = K; and \; and A; also differ only by a character of
K;/(K;n Lf) We note that these assumptions imply that %! normalizes K. By
respectively , @ and there are isomorphisms

(54) excH(Gerg = H(M, ) @c Ende(Va) 2 KQ). H(M;i, Ai) ©c Ende(Va,).

(53)

We need more specific information about the type (K, \) in M. To study this
and the related types (K, w(\) ® ) we will make ample use of the theory developed
by Sécherre and Stevens [Séd, [SéSt1), [SESt2].

In [Séc] (K, \) arises as a cover of a [L,w]r-type (Kr,Ar). In particular A is
trivial on both K N N and K N N, where N and N are the unipotent radicals of
PL N M and of the opposite parabolic subgroup of M, and Ar, is the restriction of
Ao Kp=KnNL.

Proposition 3.1. We can choose the syr-type (K, \) such that, for all (w,v) €
Stab(s), (K,w(\) ® v) is conjugate to (K,\) by an element ¢4 € L. Moreover
cyZ(L) lies in a compact subgroup of L/Z(L) and we can arrange that ¢, depends
only on the isomorphism class of w(\) ® v € Irr(K).

Remark. For GL,(F') very similar results were proven in [GoRoll, §4.2], using
[BuKud].

Proof. By definition (K, ) and (K,w(\) ® 7) are both types for [L,w]y;. By Con-
ditions and they differ only by a character of M/M*Z(G) = G/G*Z(G),
which automatically lies in X*(w(s) ® v) = X%(s). Hence it suffices to prove the
proposition in the case w = 1,7 € X%(s). This setup implies that we consider (w, )
only modulo isomorphism of the representations w(\) ® ~.
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In view of the factorizations M = [], M; and , we can treat the various
i’s separately. Thus we may assume that M; = G. To get in line with [Séc], we
temporarily change the notation to G = GLp,e(D), L = GLy,, (D), Jp = K; and
w = wP*. We need a type (Jp,Ap) for [L,w]|e with suitable properties. We will
use the one constructed in [Séc] as a cover of a simple type (J¢, AP¢) for [L,w]r.
Analogously there is a cover (Jp, A\p ® v) of the [L,w|r-type

(J5 A7 @) = (JF, (i @ 1))

7

In these constructions (J;, \;) and (J;, \; ® ) are two maximal simple types for
the supercuspidal inertial equivalence class [GLy,, (D), wilL,,, (p)- According to
[SéSt2, Corollary 7.3] they are conjugate, say by ¢; € GLy, (D). Then (J£,A&¢)
and (J¢,A\?° ® 7) are conjugate by

Cy,i o= diag(es, ¢, ..., ¢) € L.

Recall that P is the parabolic subgroup of G generated by L and the upper triangular
matrices. Let N be the unipotent radical of P and N the unipotent radical of the
parabolic subgroup opposite to P. The group Jp constructed in [Séc, §5.2] and
[SéSt1l §5.5] admits an Iwahori decomposition

(55) Jp=JpNN)JpNL)(JpNN)=(H' nN)J¢(JNN).

Let us elaborate a little on the subgroups H! and Jp C J of G. In [SéSt]] a certain
stratum [€, ng, 0, 5] is associated to (GLy,, (D), w;), which gives rise to compact open
subgroups H} and J; of GL,,,(D). From this stratum Sécherre [Séc, 5.2.2] defines
another stratum [, n, 0, 3] associated to (L,w®), which in the same way produces
H' and J. The procedure entails that H' and .J can be obtained by putting together
copies of Hil, Ji and their radicals in block matrix form. The proofs of [SéSt2
Theorem 7.2 and Corollary 7.3] show that we can take ¢; such that it normalizes
J; and Hl-l. Then it follows from the explicit relation between the above two strata
that c¢,; normalizes J and H 1. Notice also that Cy,; normalizes N and N, because
it lies in L. Hence ¢, ; normalizes Jp and its decomposition .

By definition [Séd, 5.2.3] the representation Ap of Jp is trivial on Jp N N and on
Jp N N, whereas its restriction to Jp N L equals )\Z@e. As ¢; conjugates \; to A; ® 7,
we deduce that ¢, ; conjugates (Jp, Ap) to (Jp,Ap ® 7).

To get back to the general case we recall that M = [[, M; and we put

(56) Cy = l_IZ Cyi = l_IZ diag(ci, ¢iy ..., ).

It remains to see that ¢, becomes a compact element in L/Z(L). Since J; is open and
compact, its fixed points in the semisimple Bruhat-Tits building B(GL,, (D)) form
a nonempty bounded subset. Then ¢; stabilizes this subset, so by the Bruhat—Tits
fixed point theorem ¢; fixes some point x; € B(GLyy,,(D)). But the stabilizer of z; is
a compaact modulo centre subgroup, so in particular ¢; is compact modulo centre.
Therefore the image of ¢y in L/Z(L) is a compact element. O

In the above proof it is also possible to replace (Jp, Ap) by a sound simple type
in the sense of [SéSt2]. Indeed, the group J from [Séc, §5] is generated by Jp and
J NN, so it is also normalized by ¢, ;. By [Séc, Proposition 5.4]

(J,Ind7,(Ap)) and (J,Indj,(Ap ® 7))



20 A.-M. AUBERT, P. BAUM, R. PLYMEN, AND M. SOLLEVELD

are sound simple types. The above proof also shows that they are conjugate by
Cy,i- As noted in the proof of [Séc, Proposition 5.5], there is a canonical support
preserving algebra isomorphism

(57) H(M;, Ap) =2 H(M;, Ind7, (Ap)).
In particular the structure theory of the Hecke algebras in [Séc] also applies to our
types (K, A).

We write

1.
L= mxeXm(L) ker x.

Notice that G' = {g € G | Nrd(g) € oy} is the group generated by all compact
subgroups of G. Hence L! is the group generated by all compact subgroups of L.

We fix a choice of elements ¢, € L as in Proposition such that ¢, € L'
whenever possible. This determines subgroups
XL (s)! = {ye x| e, € LY},
Stab(s, PN M)' = {(w,v) € Stab(s, PN M) | ¢, € L'}.
Their relevance is that the ¢, € L' can be used to construct larger sy/-types from
(K, ), whereas the ¢, with v € X(s)\ X% (s) are unsuitable for that purpose. We
remark that in the split case G = GL,(F) it is known from [BuKu2l Proposition

2.2] that one can find ¢, € L' for all v € XZ(s).
Consider the group

Stab(s, A) = {(w, ) € Stab(s, PN M) | w(\) ® v = X as K-representations}.

(58)

The elements of this group are precisely the (w,v) € Stab(s, P N M) for which
Cw(N)@y = €A-
Lemma 3.2. Projection on the first coordinate gives a short exact sequence
1 — XL(s) N Stab(s,\) — Stab(s,\) — R — 1.

The inclusion X' (s) — Stab(s, PN M) induces a group isomorphism

XE(s)/(XE(s) N Stab(s, \)) — Stab(s, P N M)/Stab(s, \).
Proof. Let (w,) € Stab(s, PN M). Then w(\)®7y = A®@+/ for some v € X%(s) and
(w,7) € Stab(s, A) if and only if 4" € Stab(s, ). Hence all the fibers of Stab(s, \) —

R? have the same cardinality, namely |XZ(s) N Stab(s,A\)|. The required short
exact sequence follows. The asserted isomorphism of groups is a direct consequence
thereof. O

Motivated by Lemma [3.2] we abbreviate
XE(s,)\) := X% (s) N Stab(s, \),
(59) XE(s/\) = XE(s) /XL (s, ),
XE(s/A) = XE(s)1 /X E(s, ).
The latter two groups are isomorphic to respectively
Stab(s, P N M) /Stab(s, ) and Stab(s, P N M) /Stab(s, \).
By Lemmathe element Y vy €xgy € H(K) is well-defined and idempotent.

Clearly this element is invariant under X (s), which makes it more suitable to study
the restriction of Rep®(G) to Gf. However, in some cases this idempotent sees only
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a too small part of a G-representation. This will become apparant in the proof of
Proposition [3.8]d. We need to replace it by a larger idempotent, for which we use
the following lemma.

Lemma 3.3. There exist a subgroup Hy C L and a subset [L/H)] C L such that:

(a) [L/H,] is a set of representatives for L/Hy, where Hy C L is normal, of finite
index and contains L*Z(L).

(b) Every element of [L/H)| commutes with WE and has finite order in L/Z(L).
(c) For every x € Xyn.(L) the space

-1
Zae[L/HA] Z'yEXL(s) @ere7a oy

intersects every L*-isotypical component of Voey nontrivially.
(d) For every (m,Vy) € Irr®™ (M) the space

-1
Zae[L/Hu Zwest) @exgyd Ve

intersects every MF-isotypical component of Vi nontrivially.
Proof. (a) First we identify the group H). Recall the operators I(y,w) € Hom (w®
v,w) from (L3)), with v € X*(s,A\) N X% (w). Like in and [HiSal Corollary 2.10],
these provide a decomposition of Lf-representations
w= . Home (x5 \)nX 2 (w) k0] (P @) @ p-
pelrr(CIX L (s, )NX L (w),kw])

Let us abbreviate it to
(60) V, = @p Vi p-

It follows from Proposition and that all the summands V,, , are L-conjugate
and that Staby (1, ,) is a finite index normal subgroup which contains L*Z(L). This
leads to a bijection

(61) Irr(C[X P (s, \) N XT(w), ky]) ¢— L/Stabr (V).
We claim that
(62) Z’YEXL(S) eAL(X)’wa

is an irreducible representation of a subgroup N C L that normalizes K. From
[Séc, Théoreme 4.6] it is known that

e/\L®7/H(L)6/\L®“/ = O(Tﬁ) ® EndC(VAL@W)a

which implies that every ey, g,V., is irreducible as a representation of KrZ(L).
These representations, with v € X*(s/\) are inequivalent and permuted transitively
by the elements ¢, from Proposition Hence is irreducible as a representation
of the group N generated by K Z (L) and the c,.

Suppose now that intersects both V,, ,, and V,, ,, nontrivially. By the above
claim, N contains an element that maps V,, ,, to V,, ,,. It follows that, under the
bijection , the set of p’s such that V,, , intersects nontrivially corresponds
to a subgroup of L/Stabr (V. ,), say Hy/Stabr(V,,,). Because L/Stabr(V,, ,) was
already finite and abelian, H) has the desired properties.

We note that none of the above changes if we twist w by an unramified character
of L.
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(b) Recall that L =[], GLy,, (D)% and that the reduced norm map D* — F* is
surjective. It provides a group isomorphism

L/Hy — F*/Nrd(H,),

and Nrd(H)) contains Nrd(Z (L)) = F*¢ where e is the greatest common divisor of
the numbers m;. We can choose explicit representatives for L/H). It suffices to use
elements a whose components in a; € GLp,, (D) are powers of some element of the
form

0 1 0 - 0
0 0 1 - 0
: : EGLmi(D)v
0 0 -0 1
d; 0 -0 0

that is, the matrix of the permutation (1m;(m; — 1) ---32), with one entry replaced
by an element d; € D*. In this way we assure that a has finite order in L/Z(L), at
most ed.

If two factors L; = GLy,, (D) and Lj = GLy,, (D) of L =[], Li* are conjugate via
an element of Wsﬂ, then m; = m; and the corresponding supercuspidal representa-
tions w; and w; differ only by a character of GL,,,(D), say n. As in the proof of
Proposition let (J;, A\;) be a simple type for (L;,w;). As in we use the type
(Ji, A@mn) for (Lj,w;).

Given v € X' (s,\) N XL (w), we can factor

I(y,w) =TT 20y, )%,

with I(y,w;) € Homp, (w; ® v,w;). Here can simply take I(y,w;) = I(v,w;). Then
the decomposition of V,,, in isotypical subspaces V,, , for C[X s, \) N XE(w), kel
like is the same as that of V,,,, and

_ De;
Vo =D, VES

Suppose now that a component a; of a as above maps V,,, , to V,,, . Then a; also
maps V,, , to Vi, », so we may take a; = a;. With this construction a = a?aei

commutes with Wf
We fix such a set of representatives a and denote it by

(63) [L/H)] ={a |l € L/H\}.
(c) Let x € Xy (L). By construction
-1
(64) Zae[L/HA} ZWEXL(s) aer@y@ Voax

intersects Vigy,, nontrivially for every p € Irr(C[X*(s,\) N XL (w), Ky]). All the
idempotents aey, g a~ ' are invariant under X% (s, \) N XL (w) because ey, is. Hence
aex, 0 Vg, is nonzero for at least one of these idempotents. The action of
XE(w)/XE(w) N Stab(s, \) permutes the idempotents aey, g a~! faithfully, so by
Frobenius reciprocity the space

-1
ZyeXL(s) aex; v Vogy
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contains all irreducible representations of C[X%(w®X), kwey] that contain p. There-
fore contains all irreducible representations of C[ XL (w ® x), kugy]. With
(for L) this says that intersects every Lf-isotypical component of Vg, nontriv-
ially.
(d) Let m# € Irr*™ (M) and choose x € Xy, (L) such that 7 is a subquotient of
IM (w® x). Lemma d. in combination with the equality W(M,L) = W,
shows that

XM(m)c XEwex) = X (w).
Since (K, ®7) is a type,

ae,\(gwa_lv7r #0

for all possible a,v. The group X%(s,\) N XM () effects a decomposition of the
MP-representation V, by means of the operators I ijn (7w ® x). Analogous to (60)
we write it as

(65) Vi p-

Vi = @pelrr(C[XL(5,)\)ﬁXM(7r),/@w])

The construction of H) entails that

—1
2 it i) 2enexie P Vr

intersects every summand V; , of nontrivially. Now the same argument as
for part (c) shows that this space intersects every M f-isotypical component of Vj
nontrivially. O

With and Lemma we construct some additonal idempotents:
Cup = ZWGXL(E/)\) expey € H(KL),

Zae[L/H)\} aey,a "t € H(L),

nyeXL(s/,\) exay € H(K),

ey = ZQE[L/HA] ae,a”t € H(M).

Lemma 3.4. The four elements in are idempotent and Stab(s, PNM)-invariant.
Furthermore e, ,e5 € H(L)*L and ey, ey, € H(M)™M.

ey :

€u -

Proof. We only write down the proof for the last two elements, the argument for the
first two is analogous.

We already observed that the different idempotents e)g, are orthogonal, so that
their sum e, is again idempotent. We claim that e = a;e >\®7al_1 and e/ = aye ,\@«Y/aﬁl
are orthogonal unless [ = I’ and v = 7.

By construction, the images of ¢ and ¢’ in End@(VI% MW) are orthogonal. This

remains true if we twist w by an unramified character y € X,.(L). But the M-
representations IM ) (w®x) together generate the entire category Rep®™ (M). Hence
ee’ = e’e = 0 on every representation in Rep®™ (M).

Since e\ € H(M)*™ and that algebra is stable under conjugation with elements
of M and under Stab(s) by (69), all the aeyg,a™! lie in H(M)*™. Thus e, e €
H(M)*M, and we can conclude that they are indeed orthogonal. This implies that
ey € H(M)*M is idempotent.
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Since eygs is invariant under X (s, \), so is e,. The action of X% (s) commutes
with conjugation by any element of M, hence the sum over v € X*(s/)\) in the
definition of e, makes it XZ(s)-invariant.

By and the last part of Proposition ey is invariant under Stab(s, P N
M) (but not necessarily under W;). By Lemma [3.3]b this remains the case after
conjugation by any a € [L/H,]. Hence ae,a™! and €5, are also invariant under
Stab(s, P N M). O

We can interpret the group L/H) in a different way. Define
Vi =e, Vo,

e XM, V) = fr € XE(w) | T0)l, € Cidy, ).

Lemma 3.5. There is a group isomorphism L/Hy = Trr(X T (w, V),)).

Proof. We use the notation from the proof of Lemma Consider the twisted
group algebra

(68) CIXL(s,\) N XL (W), k).

We noticed in and that all its irreducible representations have the same
dimension, say 6. Let C be the subgroup of X%*(s,\) N X’ (w) that consists of
all elements v for which I(y,w) acts as a scalar operator on V,, ,. Since all the
Vi,p are L-conjugate, this does not depend on p. As the dimension of equals
| X%(s,\) N X*(w)|, we find that

(X (s,\) N X T (w) : C] = 6% and |C] = [L : Stab,(V,,,)].

Since C acts on every V,, , by a character, we can normalize the operators I(vy,w)
such that k,|cxc = 1. The subalgebra of spanned by the I(v,w) with v € C
has dimension |C|, so every character of C' appears in V,, , for precisely one p €
Irr(C[XE(s,A) N XL (w), kw]). Now we see from that

C = Irr(L/Stabr(V,,,)) and Irr(C) = L/Stabr,(V,, ,).

Under the this isomorphism the subgroup Hy/Staby(V,, ,) corresponds to the set of
character of C' that occur in V. That set can also be written as Irr(C/ X (w, V},)).
Hence the quotient

L/Hy = (L/Stabr(V,,p))/(Hx/Stabr(Ve,p))
is isomorphic to Irr(X % (w, V,)). O

3.2. Descent to a Levi subgroup.

Motivated by the isomorphisms we focus on (H(G)?)* “(). We would like to
replace it by a Morita equivalent subalgebra of H (M )*. However, the latter algebra
is in general not stable under the action of X%(s). In fact, for (w,~) € Stab(s) we
have

(69) 5 - ’H(M)SM - 'H(M>[L,w®'y*1]M — 'H(M)[L’w'w}M _ H(M)w(sM).

Let us regard iRE as a group of permutation matrices in G. Then it acts on M by
conjugation and we can form the crossed product

H(M x RE) = H(M) x RE.
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We define (M x 9R%)* as the two-sided ideal of H(M x R%) such that
Ind% (V) € Rep®(G) for all V € Mod(H(M x RE)?).

PM xR}
Because H (M) H(M)®“Exm) =0 for w € RE\ {1}, we have
(70 HOM 558 = (€D, HOM)“C) 9%,

By the algebra ([70) is stable under X%(s). We extend the action a of X% (s)
on H(M) to Stab(s) by
(71) Ay () = w(y™h - Fluh

Given w € R}, Lemma d shows that there exists a v € Irr(L/L*Z(@G)) such that
(w,v) € Stab(s), and that v is unique up to X*(s). Hence w Q(w,y) determines a

group action of R? on (H(M))X"“©). By this action stabilizes (H(M)®)X" (),
Using this action, we can rewrite the a-invariant subalgebra of conveniently:

Lemma 3.6. There is a canonical isomorphism
(MO 50 E)) < 2 (o)) o 3,
Proof. Using and the fact that X(s) fixes all elements of (C[fﬁg], we can rewrite
X% (s) o w L X% (s)/ X (s)
(A 0 3)7) 2 (D) g MO0 ¥ i) T,
By Lemma [2.4]d this is

(@m,wgemg w1(H(M)5M)XL(s)w51)%§ Y (EndC(C[i)f{g]) ® (’H(M)sM)XL(s))%E‘

In the right hand side the action of a%ﬁ has become the regular representation on
End(;((C[i)‘{g]) tensored with the action a(, ) as in (71). By a folklore result (see
[Solll Lemma A.3] for a proof) the right hand side is isomorphic to (”H(M)sM)XL(ﬁ) X
mE. 0
In Proposition [3.§ we will show that the algebras from Lemma [3.6] are Morita
equivalent with (H(G)*)X“®),
We note that by Lemma €5 is Stab(s, P N M)-invariant, so from we
obtain an action of Stab(s, P N M) on ej,H(M x 9%&)567\/1.
Lemma 3.7. The following algebras are Morita equivalent:
H(G)®, H(M)™M H(M x RE)®, €3, H(M)es, and e5,H(M x RE)%€s,,.

Proof. We will denote Morita equivalence with ~,;. The Morita equivalence of
H(G)® and H(M)*M follows from the fact that Ng(sy) € M. It is given in one
direction by

(72) 1S, - Mod(H(M)®) = Rep*™ (M) — Rep®(G) = Mod(H(G)*)
and in the other direction by
(73) pr,,, o r8yr : Rep®(G) — Rep®(M) — Rep™ (M),

the normalized Jacquet restriction functor rgM followed by projection on the factor
Rep® (M) of Rep®(M). The formula shows that

(74) H(M)™ ~pp H(M x RE)°,
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the equivalence being given by

(Mxﬂig)ﬁ

MR}
(M) :IndMX .

H
Ind,,

With the bimodules €3, H(M)*™ and H(M)*Me5, we see that
(75) enH(M)eyy = e HM )™M ey ~nr H(M )™M e H(M)™.

Since (K, \) is an sy,-type, every module of H(M)*M is generated by its A-isotypical
vectors and a fortiori by the image of €, in such a module. Therefore
H(M)™ ejH(M)™ = H(M)™.
The same argument, now additionally using , also shows that
H(M x RE)® ~pp 3,1 (M x RE) e, O

The above lemma serves mainly as preparation for some more involved Morita
equivalences:
Proposition 3.8. The following algebras are Morita equivalent to (”H(G)s)xc(s) :

(a) (H(M x RE)5)X@ 2 (3 ()= )X ) s gt
(b) H(M)*™ x Stab(s, P N M);

(c) ey H(M)es, x Stab(s, PN M);

(d) (e3,H(M)es,) N @ xnE.

Proof. (a) The isomorphism between the two algebras is Lemma Let U be the
unipotent radical of PM. As discussed in [MeSo|, there are natural isomorphisms

15y (V) = C2(G/U) @yany V V € Rep(M),
ren(W) = C2(U\G) @iy W W € Rep(G).

For V € Rep™ (M) we may just as well take the bimodule C2°(G/U)H(M)*M, and
to get the bimodule H(M)*C°(U\G) is suitable. But if we want to obtain

modules over H(M X SRE)S, it is better to use the bimodules
CE(GIUY =D,y C(G/UYH(M) M) = O (G/UYH(M » RE)*,

CX(U\G) = @wemg
Indeed, we can rewrite as
IEy (V) = C2(GIUYH(M )™ @yyaryens V
=C(G/U) @nnym V
= CX(G/U)

H(M)E@ICE(UN\G) = H(M % R CE(U\G).

D puaaxmtys M RE)* @uaner V

H(M xR
Ind 00" (1),

~ CX(GIU) & iy

Similarly translates to

H(MxmRE)s

f
Indy; ™ o pr,,, 018y = H(M x RE) @pyarysar H(M)™MCP(U\G) @pyaye W
= H(M x R CE(U\G) @1y W
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These calculations entail that the bimodules C2°(G/U)* and C°(U\G)*® implement
(76) H(G)® ~pr H(M x RE)°.

These bimodules are naturally endowed with an action of X(s), by pointwise mul-
tiplication of functions G — C. This action is obviously compatible with the group

actions on H(G)* and H(M x %)%, in the sense that

v-(if2) = (v- )y - fo) and - (fafs) = (v f2) (7 - f3)
for v € X%(s), f1 € H(G), fo € CX(GJU)S, f3 € H(M x RE)*. Hence we may
restrict to functions supported on ﬂweXG(s) ker v, and we obtain
(e e] G [e.e] G ~ G
OG8N 2 (G
(CEWNG) ) @y royxc (CE(G/UPYTE 2= (H(M 3 RE))*TE).

(b) Consider the idempotent
— L -1 L
=XM7L € TG
It is easy to see that the map
(M) XE) 5 p(H(M)™ 3 XE(s))p + a v pap

is an isomorphism of algebras [Solll Lemma A.2]. Therefore (H(M )™M )XL(E) is
Morita equivalent with (H(M)*™ x X (s))p(H(M)*™ x X*(s)), via the bimodules
p(H(M)*™ x XL(s)) and (H(M)*™ x X%(s))p. Suppose that

(H(M)*M % XE(s))p(H(M)™ x X(s)) C H(M)™ » XE(s).
Then the quotient algebra

H(M)™ x XE(s) /(H(M)™ x X (s))p(H(M)*™ x X (s))

is nonzero. This algebra is a direct limit of unital algebras, so it has an irre-
ducible module V' on which it does not act as zero. We can regard V as an ir-
reducible H(M)*™ x X%(s)-module with pV = 0. For any 7 € Irr® (M) we have
XM () ¢ XL (w) since W (M, L) = W, and by Lemma d. By and the
decomposition of V; over M*Z(G) is governed by C[X (), s,]. Now Clifford the-
ory (see for example [Sol2, Appendix A]) says that, for any p € Irr(C[XM (), K,]),

H(M)*M xXF
Ind’HEM;EM’ jxlw(?jr)(vﬂ' ® p\/)

is an irreducible module over H (M )*™ x X ©(s). Moreover every irreducible H (M )M x
X1(s)-module is of this form, so we may take it as V. But by

(78) p appears in V.

Hence V; ® p¥ has nonzero X *(w)-invariant vectors and pV’ # 0. This contradiction
shows that

(79) (H(M)*™ 3 X"())p(H(M)™ x X*(s5)) = H(M)*™ x X" (s).
Recall from Lemma [3.6] that
(H(M % RE)*)X @) 2 (1 (M)*) X" ) 5 9% = p(H(M)*™ x Stab(s, P N M))p.
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The bimodules p(H (M )*™ x Stab(s, PNM)) and (H(M)*™ x Stab(s, PNM))p make
it Morita equivalent with

(H(M)*™ x Stab(s, PN M))p(H(M)*™ x Stab(s, P N M)),

which by equals H(M)*™ x Stab(s, PN M).

(c¢) This follows from and Lemma upon applying xStab(s, P N M) every-
where.

(d) First we want to show that

(80) (M) " ~ar (5 H(M)esy) x XE(s).

To this end we use the same argument as in part (b), only with ej, 7 (M )e, instead
of H(M)*™. Everything goes fine until . The corresponding statement in the
present setting would be that every irreducible module of C[ X (), ] appears in
e Vr. By 16| this is equivalent to saying that ej,V; intersects every M f-isotypical
component of V; nontrivially, which is exactly Lemma [3.3]d. Therefore this version

of does hold. The analogue of is now valid, and establishes . The
bimodules for this Morita equivalence are

p(esH(M)es, x XE(s)) and (e5,H(M)e5, x XE(s))p.

The same argument as after makes clear how this implies the required Morita
equivalence

S, H(M)es, % Stab(s, PN M)~y (e5,H(M)es, )X @) x 9. 0
From the above proof one can extract bimodules for the Morita equivalence
(81) (S HM)es)™ @ s RE ~pp (H(M)™0) X s e,
namely
(82) (H(M)e5,)X @ st and  (e3,H(M))X" ) x niE.

It seems complicated to prove directly that these are Morita bimodules, without the
detour via parts (b) and (c) of Proposition

3.3. Passage to the derived group.

We study how Hecke algebras for G* and for G*Z(G) can be replaced by Morita
equivalent algebras built from H(G). In the last results of this subsection we will
show that a Morita equivalent subalgebra H(G*)* is isomorphic to subalgebras of

H(G)* and of H(M x RE).
Lemma 3.9. The algebra H(G*Z(G))* is Morita equivalent with (H(G)*)X®).

Proof. Let C; be the I-th congruence subgroup of GL,,(0p), and put C] = C; N
G*Z(G). The group G*Z(G)C; is of finite index in G, because Nrd(G*Z(G)Cy)
contains both F*™? and an open neighborhood Nrd(Cj) of 1 € F*. By Lemma
C we can choose [ so large, that every element of X (s) is trivial on C; and that
all representations in Rep®(G) have nonzero Cj-invariant vectors. Let ec, € H(C))
be the central idempotent associated to the trivial representation of Cj. It is known
from [BeDel §3] that (Cj,triv) is a type, so the algebra

H(G,C1)° =ec,H(G)’ec,
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of Cj-biinvariant functions in H(G)*® is Morita equivalent with H(G)®. The Morita
bimodules are ec,H(G)® and H(G)%ec,. Since X%(s) fixes ec,, these bimodules

carry an X “(s)-action, which clearly is compatible with the actions on #(G)® and
H(G,Cy)*. We can restrict the equations which make them Morita bimodules to
the subspaces of functions G — C supported on ﬂwe XG(s) ker~y. We find that the
bimodules (eolH(G)s)XG(S) and (H(G)Secl)xc(s) provide a Morita equivalence be-
tween
(83) (RGO and  (H(G, 0¥,
We saw in that Irr®(G*Z(G)) is a union of Bernstein components, in fact a
finite union by Lemma [2.2 Hence we may assume that every representation in
Irr*(G*Z(G)) contains nonzero Cj-invariant vectors. As (Cjtriv) is a type, that
suffices for a Morita equivalence between
(84) H(G*Z(G))® and H(G*Z(Q),C)) .
We may assume that the Haar measures on G and on G*Z(G) are chosen such that
C; and Cf get the same volume. Then the natural injection

CI\ G Z(G)/Cl = G\ G/Cy
provides an injective algebra homomorphism
(85) H(G*Z(G), Cf) = H(G, C),

whose image consists of the Irr(G/G*Z(G)C))-invariants in H(G,C)). Let B(G);
be the set of inertial equivalence classes for G corresponding to the category of G-
representations that are generated by their Cj-invariant vectors. The finite group
Irr(G/G*Z(G)Cy) acts on it, and we denote the set of orbits by B(G);/ ~. Now we
can write

f e — # N~
D.cxc,). HEZ(G),C =HGZ(G). ) =
(GG Z(G)C) _
H(G’ Cl) @56%(G)l/~

By considering the factors corresponding to one s on both sides we obtain an iso-
morphism

(H(G, C)*)X6),

H(GZ(G), ) = (H(G, )"0,
To conclude, we combine this with and . O

The Morita equivalences in parts (a) and (d) of Proposition for algebras
associated to G*Z(@), have analogues for G*. For parts (b) and (c), which involve
crossed products by Stab(s, P N M), this is not clear.

Lemma 3.10. The algebra H(G*)® is Morita equivalent with
(H(G))XCOX D) g with  (H(M)*)X ©Xn(@) g 1t

Proof. By we have

(86) H(GHY = (H(GHZ(G))*) X (Z D),

As X (G/Z(@)) € XE(s) € X%(s), every x € Xun:(Z(G)) extends in a unique way
to a character of H(G)X" (). In other words, we can identify

(87) Xu(Z(Q)) = X4e(G) in Irr(G/GH) / X (s).
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All the bimodules involved in and carry a compatible action of . We
can restrict the proofs of these Morita equivalences to smooth functions supported
on G! = ﬂxe X () ker xy. That leads to a Morita equivalence

(H(G2(G))*) D) oy ((G)2) XX,

Let us take another look at the Morita equivalence ([76]), between #(G)® and H(M x
mﬁ)s . The argument between and also works with X% (s)X,,;(G) instead
of X%(s), and provides a Morita equivalence

The isomorphism in Lemma is Xy, (G)-equivariant, so it restricts to
(H(M 50 9RE)2) X Xur( D) 2 (g () ) XE O Xor () g i1 0

We would like to formulate a version Lemma with idempotents in H(G) and
H(M). Consider the types (Kg, A\g ® ) for v € X“(s).

Lemma 3.11. Let 7,7 € X%(s).
(a) The Kg-representations \g @~ and A\g ®~' are equivalent if and only if v~ 17/ €
XE(s,N).
b) For any a,a’ € M the idempotents aey.gva~ ' and a’'ey,.q(a’)~! are orthogonal
G®Y c®y
ifv19 € XG(s)\ XE(s).

Proof. (a) Suppose first that v~y € X%(s)\ XX(s). Then (K, \) and (K, \®+) are
types for different Bernstein components of M, so A and A ® « are not equivalent.
As both A\g and ~ are trivial on K NU and on Kg N U, this implies that A\g and
Ag ® 7 are not equivalent either.

Now suppose that v € X% (s). By the definition of Stab(s, \), the K-representations
A and A ® v are equivalent if and only if 4 € Stab(s, A). By the same argument as
above, this statement can be lifted to A\g and Ag ® 7.
(b) Consider the idempotents aeygya™! and a’eyg,/(a’)~! in H(M). They belong
to the subalgebras H(M)*¥ €7 and H(M)*®' | respectively. Since X’ (s) = XM (s)
and 7YX (s) # v/ X(s), these are two orthogonal ideals of #(L). In particular the
two above idempotents are orthogonal.

Let (Kg NU) denote the idempotent, in the multiplier algebra of H(G), which
corresponds to averaging over the group Ko NU. Then

aerpwya = a{Ke NUY(KgNT)erg a
= (a(KeNU)a Y a(KeNT)a Haerg,a ™
Similarly
d'exgen(a) ™t = aergya a(Kg NU)a Y a(KgNT)a™?)
Now we see from the earlier orthogonality result that
aergeya” d'ergey (@) = 0. O
Generalizing we define
X% (s/)\) = XY (s)/(XL(s) N Stab(s, \)).
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By Lemma [3.T1] the elements
Cug = ZVEXG(s/)\) exeay € H(G),
(89) eﬁ/\G = ZaE[L/HA] aeuacf1 € H(G),

. -1
ey = ZaE[L/HA] Z%XG(E/A) aexgya - € H(M)

are idempotent. We will show that the latter two idempotents see precisely the cat-
egories of representations of G and G* (resp. M and M jj) associated to s. However,
in general they do not come from a type, for the elements a € [L/H,] and ¢, € L
need not lie in a compact subgroup of G.

Lemma 3.12. Let (w,V;) € Irr®(G). Then eu/\GV7T intersects every Gt-isotypical
component of V; nontrivially.

Proof. The twisted group algebra C[X%(r), k,] acts on V, via intertwining opera-
tors. In view of , we have to show that eﬁ)\G V: intersects the p-isotypical part of
V nontrivially, for every p € Irr(C[X % (), kir]).
Choose x € Xy, (L) such that 7 is a subquotient of I$(w ® x). Then
XCmynxte ) c xEwey).

As observed in the proof of Lemma [3:3]d, every irreducible representation of
C[XY%(m) N X (s, \), kuey] appears in eﬁ)\G Vz. The idempotents

(90) {aergewna ™ 1a € [L/Hy], v € X%(s)}

are invariant under X(s, \) because ey is, and they are mutually orthogonal by
Lemma As these idempotents sum to eﬁ)\G, it follows that every every irre-
ducible representation of C[X% (1) N XL(s,\), kwey| already appears in one sub-
space ae),g-a 1 Vr. The quotient group X% (7)/X%(m)N X% (s, \) permutes the set
of idempotents faithfully. With Frobenius reciprocity we conclude that every

irreducible representation of C[X (), s, appears in eﬁ)\G V. O

Lemma 3.13;; (a) The algebras eﬂAG?—[(G)XG(ﬁ)eﬁAG = (eﬁ)\G’H(G)e%\G)XG(E) and
(H(G)*)X™® are Morita equivalent.
(b) (H(G)s)xG(s)an(G) o ( g\ %(G)eﬁ/\ )XG(E)XHY(G)_

e
G G

Proof. (a) Because all the types (K, A¢®) are for the same Bernstein component s,

the idempotent eﬁ)\G sees precisely the category of representations Rep®(G). Therefore

the bimodules e%\G’H(G) and H(G)eﬁ\c implement a Morita equivalence
(91) H(G)* ~ar €h H(G)eS .

The same reasoning as in parts (b) and (c) of Proposition establishes Morita
equivalences

(H(G)Y)XTE) oy H(G)E 1 X (s) ~us (e, H(G)ER ) x XC(s).

To get from the right hand side to (eﬁ/\GH(G)eﬁAc)Xc(ﬁ) we follow the proof of Propo-
sition [3.8]d. This is justified by Lemma [3.12]
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(b) The above argument also shows that the Morita equivalence of part (a) is im-
plemented by the bimodules

G G
(92) A HG)X® and H(G)KTO6
These bimodules are endowed with actions of X,,;(G). Taking invariants under these
group actions amounts to considering only functions supported on G'. We note
that e&c is supported on G' and that this is a normal subgroup of G. Therefore
the equations that make Morita bimodules restrict to analogous equations for
functions supported on G', which provides the desired Morita equivalence. O
Proposition 3.14. There are algebra isomorphisms
(a) eﬁ/\GH(G)eﬁ)\G = eGﬁ)\"H(M X %g)eﬁ)\, i
Y [ L

(b) (5, H(G)eR )XI® = (e H(M x RE)e§)XI® = (5, H(M)e3,) X () 4 9L,
(c) between the three algebras of Xu:(G)-invariants in (b).
Moreover the isomorphisms in (b) and (c) can be chosen such that, for every ay,as €
[L/H,], they restrict to linear bijections

(@160 H(G)epgaz )X« (areH(M)euaz )X ) 0,

(ale“GH(G)e“Ga;l)XG(s)an(G) — (aleuH(M)eu%_l)XL(E)X"r(G) x RL.

Proof. For any v € X~ (s) and w € R’ there exists a7’ € X%(s) such that w(A@~) =
A ®~' as representations of K. Hence

EAH(M x RE)eA N H(M)EM) = wes ™ H(M)wes,w?,

(93) e%\H(M X %§)6§ = (®wem§ wefyH(M)efw) x R,
We note that the right hand side of is isomorphic to
(94) e H(M)ey; @ Ende(CRY)

The equality also shows that
(eiH(M X %E)ei)xa(s) = (@wem“ (weh?—[(M)e?wwfl)XL@) X 9‘{5)

S

X9(e)/X(5).

We can apply the same argument from the proof of Lemma to the right hand
side, which gives a canonical isomorphism

(95) (MM x R = (e, H(M)ely) ™ 9.
Notice that for a € L/H) the idempotents ae,a~' and QZ,YGXG(S/)\) expya ! are

invariant under Stab(s, PN M) and X (s), respectively. Hence we can write
(96)

¢ B\X9(s) —11X(s)
(e/\G"H(G)e/\G) ¥ = @al,aze[L/HA](aleuGH(G)GMGGZ ),

5 s \XT(s) -
(eMH(M)eM) . 9{5 o @al,aze[L/H/\]

It is clear from the proof of Lemma that the isomorphism respects these
decompositions. Moreover is equivariant with respect to the actions of X,;(G),
so it restricts to

(A H(M x RE)eh )X TOXnr (@) o (5 2 (M)e) X (X (G 5 RE
We have proved the second isomorphism of part (b) and of part (c).

(ale“H(M)euaz_l)XL(s)an(G) x RE.
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For every v € X%(s/\) and a € [L/H,] one has
aerora  H(G)aersora " = acs (exgan H(G)ersary)a " = excarH(G)ersor-

By Lemma these are mutually orthogonal subalgebras of e%\G’H(G)eﬁAG. The
inclusion
aexaenya TH(G)aersgrat — eﬁ/\cH(G)eﬁ)\G

is a Morita equivalence and for all V' € Rep(G)*:

e%\GV = @ @ ae,\G@Wa_lV.

a€[L/Hy\] v€XG (s/))

It follows that the ae,\G®7a*1 form the idempotent matrix units in some subalgebra
M, (C) C e&GH(G)eﬁAg, and that

A H(G)ES, = ero H(G)er, ® M,y (C)
where n = |L/Hy||X%(s/)\)).

The same argument shows that

ey H(M)eS, = exH(M)ey ® M, (C),

where n/ = |L/Hy||X*(s/)\)|. Since (Kg, Ag) is a cover of (K, \),
ext(M)ey = ex,H(G)ex,-
By Lemma [3.17]
n' |RE] = |L/HAl X" (s/ M| 1RE] = |L/HA| X C(s/0)] = n.

With we deduce that

(97) AH(M x RE)ef = ex H(Ger, @ My(C) = e§ _H(G)e;,
proving part (a). It entails from that

(98) eﬁ)\GC’fO(G/U)eﬁ/\ and eﬁ/\Cgo(U\G)eiG

are bimodules for a Morita equivalence

(99) AH(M x RE)el ~r e H(G)eh .

But by these algebras are isomorphic, so the bimodules are free of rank 1 over
both algebras.
Similarly, it follows from that

(100) (C2(G/UFTE and  (CZ(U\G)?)X7®

are bimodules for a Morita equivalence between (H(G)S)Xa(s) and (H(M)di)‘{g)s)XG(s).
By Lemma Proposition [3.8| and there is a chain of Morita equivalences

(4 H(G)EA )X mar (H(G))XTO) oy (H(M 11X
~ar (EH(M x RE)ed )X 76,

The respective Morita bimodules are given by , (100f) and . In relation to
we can rewrite as

(102) A (H(M x REHXYE)  and  (H(M x REHX el

(101)
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It follows that Morita bimodules for the composition of (101)) are
oo G o0 G
(103) (e, C2(G/U)ER) X" and  (§C2(U\G)eh )X,

As the modules (100]) are free of rank 1 over both the algebras (99)), and the actions
of X%(5) on (103) and the involved algebras come from the action on functions
G — C, the modules (103)) are again free of rank 1 over

(104) (5 H(G)R )Y@ and  (eAH(M = 97E)eh) X7,

Therefore these two algebras are isomorphic. Since the idempotents aeuca_l and
@Y exG(s/n) exgya 1 are X%(s)-invariant, eﬁAGH(G)eig)XG(ﬁ) and the bimodules
(103]) can be decomposed in the same way as . It follows that the isomorphism
between the algebras in , as just constructed from , respects the decom-
positions indexed by a1, as € [L/H)]. This settles part (b).

It remains to prove the first isomorphism of part (c), but here we encounter
the problem that the isomorphism between the algebras is not explicit. In
particular we do not know for sure that it is equivariant with respect to Xy, (G).
Nevertheless, we claim that the chain of Morita equivalences remains valid
upon taking X, (G)-invariants. For the first equivalence that is Lemma b and
for the second equivalence it was checked in . For the third equivalence we can
use the same argument as for the first, the equations making Morita bimodules
can be restricted to functions G — C supported on G'G*. Composing these three
steps, we obtain

G G
(105) (e H(G)ER )X T@Xurl@) (A H(M 0 RE)ed )X (X (),
with Morita bimodules
(106) (€, C2(G/U)) XX and (O (U\G)ef )X ¥ (),

Since the modules are free of rank one over the algebras , the modules
are free of rank one over both the algebras in . Therefore these two
algebras are isomorphic. The isomorphism respects the decompositions indexed by
ai,az € [L/H,] for the same reasons as in part (b). O

We normalize the Haar measures on G, G* and G#Z (G) such that K and K, aNG?
and KgNG*Z(G) have the same volume. Consider eﬁ)\c € H(G) as a function G — C

and let ei (resp. eﬁA ) be its restriction to G (resp. G*Z(G)). We have
Gt Gtz(G)

(107) eﬁcﬁm € H(G'Z(G)) and egcﬁ e H(GH).

Theorem 3.15. The element eﬁ‘aﬁz(c) € H(G*Z(@)) is idempotent and
i § f o XG(s) b o (8 s \XE(s) f
e/\GuZm)’H(G Z(G))e)‘cﬁzm) = ey, H(G) e\, = (e H(M)edy) X RE.

These algebras are Morita equivalent with H(G*Z(G))* and with (’H(G)S)XG(s).

Proof. Consider the [-th congruence C; C GL,(0p), as in the proof of Lemma
We choose the level [ so high that all representations in Rep®(G) have nonzero Cj-

fixed vectors and that e&G is Cj-biinvariant. Put C] = C; N G*Z(G). The proof of
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Lemma [3.9) shows that the algebra isomorphism
(108) H(GHZ(G).C))° — (H(G, )

. ¢ ]j b .
coming from (85)) maps e)\Guz(m to e} .. As €\, 18 idempotent, so is e/\GuZ(G). It

follows that (108)) restricts to an isomorphism

(109) eﬁAGnZ(@H(GﬁZ(G))eﬁ/\ =\ H(GHZ(G),C))%é

Gtz(G) o Gtz(G) e)‘GﬁZ(G)
G G
A (H(G, 00 = ed H(G) e .

The second isomorphism of the lemma is Proposition [3.14}b. By Lemma these

algebras are Morita equivalent with (H(G)B)XG(s), and by Lemma also with
H(G*Z(G))*. O

Theorem 3.16. The element €', € H(GY) is idempotent and

Act

eu)\ ’H(Gﬁ)eﬂ)\ o eﬁ)\cH(G)XG(S)an(G)eﬁ)\G o (eﬁ\/[/H(M>e§M)XL(S)Xm(G) X {){E

Gt fet
These algebras are Morita equivalent with H(G*)* and with (’H(G)S)XG(E)X“‘(G).

Proof. Recall that (Kg, Ag) is a type for the single Bernstein component s. The
representations in Rep®(G) contain only one character of Z(G) N G, so we must
have
Z(G)NKg=Z(G)NG =0} - 1.
Because A\g is irreducible as a representation of K¢g, Z(G) N Kg acts on it by a
character, say (.
Endow Z(G) with the Haar measure for which Z(G)NKg gets volume |Z(G)NGH|.

There is an equality

# i
e =€ e
Agt (@) Agt T6

of distributions on G*Z(G), where e¢, denotes the idempotent associated to (Z(G)N
Gl, C )\). Then

8 A # # 8
(110) ey H(G )e>\Gn — e)\GuZ(G)’H(G Z(G))e}

et}

: f —> f€<>\

Gtz(a)

is an injective algebra homomorphism with image

e H(GHZ(G) N GY))é

atz(a) eAGﬁZ(G)'
This is precisely the subalgebra of eAGnZ(G)H(G Z (G))eAGﬁZ(G) which is invariant
under X,,;(G*Z(G)). Under the isomorphism (T09) it corresponds to
G
e%\G”H(G)X (S)X“r(G)e%\G.
That algebra is isomorphic to

(i (M) ) XD 0 7]

by Proposition 3.1410 and Morita equivalent to (H(G)ﬁ)XG(S)X'"(G) by Lemma b.
In Lemma [3.10] we already observed that this last algebra is Morita equivalent with
H(G*)®. O
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4. THE STRUCTURE OF THE HECKE ALGEBRAS

4.1. Hecke algebras for general linear groups.

Via the map x — w ® x we identify T, with the complex torus Xp,(L)/Xnr (L, w).

This gives us the lattices X*(7s) and X (7Ts) of algebraic characters and cocharacters,
respectively. We emphasize that this depends on the choice of the basepoint w of
T,. Under the conditions any other basepoint is the form w’ = w ® x’ where
X' € X (L)Ws. There is a natural isomorphism z + 2’ from X*(T}) with respect
to w to X*(Ts) with respect to w’. As functions on Ty, it works out to
(111) P(wey) =zwex)zwex)
The inertial equivalence class s comes not only with the torus T, and the group W5,
but also with a root system R, C X*(7;), whose Weyl group is W;. From
we see that the character x is independent of the choice of a basepoint of T if it is
invariant under X, (L)"s, that is, if z lies in the lattice ZR; spanned by Rs.

Let H(X*(Ts) x Ws,qs) denote the affine Hecke algebra associated to the root
datum (X*(T5), X«(Ts), Rs, RY) and the parameter function ¢ as in [Séc|. It has a
standard basis {[z] : x € X*(T5) x W}, with multiplication rules described first by
Iwahori and Matsumoto [IwMal.

We remark that here g5 is not a just one real number, but a collection of parameters
¢s; > 0, one for each factor M; of M, or equivalently one for each irreducible
component of the root system R;. The parameter ¢, has a natural extension to a
map

gs : X*(T5) x Ws — R,
see [Lusl §1]. On the part of X*(7}) that is positive with respect to PN M it can be
defined as follows. Since Ty is a quotient of Xy, (L), X*(Ts) is naturally isomorphic
to a subgroup of L/L!. In this way ¢, corresponds to &, !, the inverse of the modular
character for the action of L on the unipotent radical of P N M.

Let us recall the Bernstein presentation of an affine Hecke algebra [Lus| §3]. For
x € X*(T,) positive with respect to P N M we write

(112) 0, = (]5(:1:)*1/2 [z] = (5}/2(;17) [z].

The map x — 6, can be extended in a unique way to a group homomorphism
X*(Ts) = H(X*(Ts) x Ws,qs)> [Lus, 2.6], for which we use the same notation. By
[Lus, Proposition 3.7]

{0z]w] : x € X*(T),w € W}
is a basis of H(X*(Ts) x Ws,¢s). Furthermore the span of the 6, is a subalgebra
A isomorphic to C[X*(Ts)] = O(Ts) and the span of the [w] with w € W, is the
Iwahori-Hecke algebra H(Ws, gs). The multiplication map

(113) AR HWs, q5) = H(X™(Ts) X W, gs)

is a linear bijection. The commutation relations between these two subalgebras are
known as the Bernstein—Lusztig—Zelevinsky relations. Let oo € R be a simple root,
with corresponding reflection s € Ws. By [Lus, Proposition 3.6], for any x € X (T5)

(114) Ouls] = [804(x) = (4s(s) = )0z — Oya)) (1 = 6-0) " € A.

Since the elements [s] generate H (W, gs), this determines the commutation relations
for A with all [w] (w € W;). It follows from (114)) that

(115) Z(H(X(Ts) x Ws,qs)) = AlVe,
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In view of (111}, (113) and (114)), we can also regard H(X*(Ts) x Ws,qs) as the

algebra whose underlying vector space is
(116) O(Tz) @ H(Ws, ¢s)
and whose multiplication satisfies

117)  fls] = [sl(s- f) = (as(s) = 1)(f = (s- A = 0-0)"" [ e O(Ty),

with respect to the canonical action of W, on O(Ts). The advantage is that, written
in this way, the multiplication does not depend on the choice of a basepoint w € T5
used to define X*(75). We will denote this interpretation of H(X*(Ts) x W, qs) by
H(ﬂu W, %) .

Let wp be a uniformizer of D. Consider the group of diagonal matrices in L
all whose diagonal entries are powers of wp and whose components in each L; are
multiples of the identity. It can be identified with a sublattice of X*(Xy;(L)). The
lattice X*(T5) can be represented in a unique way by such matrices, say by the group
X*(Ts) C L.

The next result is largely due to Sécherre [Séc].

Theorem 4.1. For every (w,) € Stab(s, PN M) there are isomorphisms

ewinp ey H(L)ewirn ey = H(L, w(AL) ® ) @ Ende(Vi(a,)oq)
= O(Ts) ® Ende(Vip(ayey)
ewN ey H(M)ewney = HM, w(A) @) @ Endc(Vipey)
= H(Ts, Ws, qs) ® End(C(Vw()\)(Xw)'

The first isomorphism is canonical, the second depends only on the choice of the

—_~—

parabolic subgroup P. The support of these algebras is, respectively, KpX*(Ts)Kp,
and KX*(T,)W,K.

Proof. Since all the types (K, w()\) ®+) have the same properties, it suffices to treat
the case (w,7) = (1,1). The first and third isomorphisms are instances of ().
The support of the algebras was determined in [Séc, §4]. Sécherre also proved that
the remaining isomorphisms exist, but some extra work is needed to make them
canonical.

The L-representations w ® y with x € X,,;(L) paste to an algebra homomorphism

(118) Fr : 6)\L/H(L)€)\L — O(an(L)) &® End@(eALVw),

which is injective because these are all irreducible representations in Rep®” (L). By
[Séc, Théoreme 4.6] ey, H(L)ey, is isomorphic to O(Ts) ® Endc(Vy, ). Hence

(119) eALVw = V)\L = V)\
and ({118 restricts to a canonical isomorphism
(120) Fr, - GALH(L)E)\L — O(T,) ® End(c(V)\L).

Here O(T;) is the centre of the right hand side, so it corresponds to H(L,Ar).
Consider the isomorphism

(121) extH(M)ey = H(X"(Ts) 1 Ws, ¢s) @ Endc(Vy).
from [Séc, Théoreme 4.6]. It comes from H(X*(Ts) X Ws, qs) = H(M, \). We define
(122) fzx € H(M, ) as the image of [x] under (121]).
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Because (K, \) is a cover of (Kp,Ar), we may use the results of [BuKu3| §7]. By
[BuKu3, Corollary 7.2] there exists a unique injective algebra homomorphism

(123) tpy: H(L,Ar) — H(M,X)

which is compatible with the Jacquet restriction functor rf\p/[m v- We note that in

[BuKu3] unnormalized Jacquet restriction is used, whereas we prefer the normalized

version. Therefore our tp) equals ¢ s/ in the notation of [BuKu3, §7], where 4,

denotes the modular character for the action of L on the unipotent radical of PN M.
Consider the diagram

H(Mv >\) — H(X*(Tﬁ) Dol WS)qs) gH(TMWqus)
(124) Ttpa Tip
H(L, L) — O(T;) = C[X*(Ts)],

where the upper map is and the lower map comes from . The horizontal
maps are isomorphisms and tp is injective. We want to define the right vertical
map ip ) so that the diagram commutes.

The construction of the upper map in [Séc, §4] shows that it is canonical on the
subalgebra of H(X™*(T,) x W5, ¢s) generated by the elements [s] with s € X*(T5) x W,
a simple affine reflection. This subalgebra has a basis {[z] : * € ZRs x W}, where
ZRs is the sublattice of X*(T;) spanned by the root system R,. In particular the
image f; x» € H(M, ) of [z] with x € ZR; x W is defined canonically.

By [Séc, Théoréme 4.6] the remaining freedom for boils down to, for each
factor M; of M, the choice of a nonzero element in a one-dimensional vector space.
This is equivalent to the freedom in the choice of the basepoint w of T.

Take a € X*(T;) which is positive with respect to P N M, and let f; x, be the
corresponding element of H(L, Ar,). For such elements tp ) is described explicitly by
[BuKu3, Theorem 7.2]. In our notation

tP7)\(f$,>\L) = t511/2 (fx,)\L) = 5111/2(x)fm,>v

Suppose that furthermore x € ZR,;. From the compatibility of tp y with normalized
Jacquet restriction one sees that, in order that the diagram commutes, it is necessary
that

(125) ipa(z) = 0,.
The condition (125|) determines ip(x) for all x € ZR;. Now every way to extend
ip to the whole of C[X*(T)] corresponds to precisely one choice of an isomorphism
(121). Thus we can normalize (121]) by requiring that ((125) holds for all x € X*(T5)
which are positive with respect to P N M.

In effect, we defined ip ) to be the identity of O(T;) with respect to the isomor-
phisms

A= C[X*(T)] 2 O(T,).
So we turned ([125)) into an algebra homomorphism
Z'P,)\ : O(TS) — H(Tsv W, %)-

A priori it depends on the choice of a basepoint of Ty, but since we use the same
basepoint on both sides and by , any other basepoint would produce the same
map ipy. Thus becomes canonical if we interpret the right hand side as
H(Ts, Ws, gs) @ Ende (V). U
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4.2. Projective normalizers.

We will subject the algebra e, #H (M )ej, to a closer study, and describe its struc-
ture explicitly. At the same time we investigate how close e, and ej, are to the
idempotent of a type. A natural candidate for such a type would involve the pro-
jective normalizer of (K, A), but unfortunately it will turn out that this is in general
not sufficiently sophisticated.

Recall the groups defined in and and consider the vector spaces

Vip =V, o= > )z Ve = D €xpan Vo
(126) (w,y)€Stab(s,PNM)1 veXL(s)!
Vi="Vu = Z Cuw(r)oyVew = Z ExLoy V-
(w,y)€Stab(s,PNM) ~yeXL(s)

They carry in natural way representations of K, namely

ul = D wAr)@y= @ Aoy,
(127) (w,y)€Stab(s,PNM)1 /Stab(s,\) ~eXL(s/M)1
L - P wher= @ Aor
(w,y)€E€Stab(s,PNM)/Stab(s,\) yeXL(s/N)

We lift them to representations

1 _
w= @west/w A®Y,

H= @VGXL(s/)\) A®Y

of K by making it trivial on KN N and on KN N. In particular pi is the restriction
of ' to K N L. They relate to the idempotent ey by

-1 _ -1 _ s
E E aev®u1a = E aeua =€ur-

a€[L/H)\]veX(s/)) a€[L/H,]

(128)

It will turn out that e,1 € H(K) is the idempotent of a type, for a compact open
subgroup of M that contains K.
The normalizer of the pair (K, Ap) is

N(KL,)\L) = {mE NL(KL) | m- AL g)\L}.

Lemma 4.2. N(KL, )\L) = X*(TS)KL = KLX*(Tﬁ)
Proof. By Theorem

—_~—

(129) N(KL,AL) C KLX*(Tﬁ)KL.

With conditions and we can be more precise. As discussed in the proof of
Proposition

—_—~— —_—~— —_~—

(130)  KpX*(T) = [ [ (Kr.(Lin X*(T2))" = [ [ (K2, (D*1, 0 X*(T:))) ™.
As A\r = Q) )\%fi, the group N(Kp,Ar) can be factorized similarly. Consider any
element of the form

—_—

(131) k;z; with k; € K,z € DXle‘ N X*(Ts)
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The group K, called J(5,2() in [Séc], is made from a stratum in L; = GL,, (D),
and therefore it is normalized by z;, see [Séc, §2.3]. Furthermore z; belongs to the
support of ey, H(L;)ey,, so it normalizes (K, ;). Knowing that, we can follow the
proof of Proposition with k;z; in the role of ¢;. It leads to the conclusion that
kizi € N(Kr,Ar). It follows that

e~ e~

K X*(Ts) = X*(T5) K C N(Kp,AL).
Combine this with . (]
Inspired by [BuKu2] we define two variants of the projective normalizer of (K, Ar):
PN(Kp,\) :=={m e N(KL) | m-\ = A ®~ for some v € XL (s)},
PNYKp,\1) := PN(Kp, )N L.
Lemma 4.3. (a) (u}, VﬂlL) extends to an irreducible representation of PNY(Kp, ur).
(b) (PNY(KpL,pL),pt) is an [L,w]L-type and
[PNY(Kp, ) : Kz] = [Stab(s, PN M)! : Stab(s, \)] = | XL (s/\)}].
(¢) (pr,Vy,) extends to an irreducible representation of PN (K, A1) and
[PN(Kp,\): N(Kp, )] = [Stab(s, P N M) : Stab(s, \)] = | XE(s/\)].
Proof. (a) Just as in , there is a canonical injective algebra homomorphism
(132) Fr: eﬂlLfH(L)eﬂlL — O(Xw (L)) ® EndC(G#ILVw).

For v € X%(s)! the element ¢, € L' from Proposition maps to Endc(V,,) by the
definition of L'. Moreover

expom H(L)ex, @y = c,yleALH(L)eALc;;,
so by (120]) the image of (132)) is contained in
O(Tg) & Endc(vui).

As the different idempotents ey, g are orthogonal,
Vi = €B“reXL(s//\)l excen Vi,
H(KL)e, =epH(KL) = EB

Furthermore Fy, (C{cve% :v € XI(s/\)!}) is a subspace of EndC(V/ﬂL) of dimension
| XL (s/\)|. So by the injectivity of (132) the algebra homomorphism

(133) Fr i H(Kp)e, ©Cleye, v € XH(s/A)'} = Ende(V,1)

YEXT(s/ M) Ende(ex, e Vio)-

is bijective. Consider any m € PN' (K, ). It permutes the A\; ® v with v €
X1(s)!, so it commutes with eyl - Also .FL(meﬂlL) € End(c(V#IL) because m € L.

So by the injectivity of and the surjectivity of , me,1 = feulL for some
feHEL {e, v e XE(s/N)').

Consequently m € Kr, - {cy : v € XL (s/A\)'} and

(134) PNY(Kp, A1) = K1, - {c, : v € XE(s/\)'}



HECKE ALGEBRAS FOR INNER FORMS OF p-ADIC SPECIAL LINEAR GROUPS 41

Now ((133) shows that Vi = e, V,, is an irreducible representation of (1134)).

(b) Since all the idempotents ey, ¢ are L-conjugate, the category Rep“IL (L) equals
Rept (L), and (PN'(Kp, ), k) is a type for this factor of Rep(L). The claims
about the indices follow from ([134])).

(c) For every v € X%(s) the element ¢, € L is unique up to N(Kp,\L), so

(135) PN(Kp, A1) = N(Kp,A\p){c, | v € X"(s)}.

Together with Proposition 3.1 this proves the claims about [PN (K, Ar) : N(Kr, AL)].
Part (a), and the map ([132)) show that u} extends to an irreducible representation
of PNY(Kp,\)N(Kp, ). The same holds for v ® u} with v € XZ(s). We have

VNL = @WEXL(ﬁ/)\) V’Y@P«},

as representations of PN'(Kp,A\f)N (K, ), and these subspaces are permuted
transitively by the ¢, with v € X%(s). This and (I35) show that V,,, extends to an
irreducible representation of PN (K, \r). O

Lemma [4:3 has an analogue in M. To state it we rather start with the sets
PNYK,\) := (KNN)PNY Ky, \)(KNN),
PN(K,\) :=(KNN)PN(Kp, \)(KNN).
Lemma 4.4. (a) The multiplication map
(KNN)x PNY K, A1) x (KN N) = PN'(K,\)
is bijective and PN(K, \) is a compact open subgroup of M.
(b) p' extends to an irreducible PN (K, \)-representation and (PN'(K,\), u') is
an spr-type.
(¢) PN(K,\) is a group and the multiplication map
(KNN)x PN(Kp,A\) x (KNN)— PN(K,\)
is bijective. Furthermore p extends to an irreducible PN (K, \)-representation.

Remark. We will show later that PN'(K,\) and PN (K, \) are really the projec-
tive normalizers of (K, \) in M! and M, respectively.

Proof. (a) By [Séc, Proposition 5.3] the multiplication map
(136) (KNN)x (KNL)x (KNN) - K

is a homeomorphism. By (134) and because c, € L' normalizes K NN and K NN
(see the proof of Propositi, the analogue of for PN'(K, \) holds as well.
At the same time this shows that PN'(K,\) is compact, for its three factors are.
As PNY (K, \p) normalizes K N N and K N N this factorization also proves that
PNY(K, ) is a group. Since K is open in M, so is the larger group PN!(K,\).
(b) In view of Lemma a and we can extend p!' to PN'(K,\) by

i (Fmn) = g (m),
where mmn is as in the decomposition from part (a). Then p! is irreducible because
pt is. Because (K, w()\) ® ) is an sp-type, for each (w,~) € Stab(s, P N M), the
category Rep“l(M) equals Rep?(M) = Rep®™ (M), and (PN (K, \), ') is an sy;-
type.
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(c) The first two claims can be shown in the same way as part (a), using (135
instead of (134)). For the last assertion we employ Lemma [4.3]c and set
p(mmn) := pr(m),

with respect to the factorization we just established. O
Now we can determine the structure of e5,#(M)e5, and some related algebras.

Theorem 4.5. (a) There exist canonical algebra isomorphisms

e H(L)e,n = H(L, pr) ® Endc(V,1) = O(T5) @ Ende (V).
The support of the left hand side is PN (K, AL));E)PNl(KL, AL)
(b) Part (a) extends to algebra isomorphisms

eu, H(L)ey, = O(T;) ® Endc(V,),
erH(L)er, = O(Ts) @ Endc(Vy) ® Mz, |(C).
(¢) There exist algebra isomorphisms
enH(M)e,n = H(M, p') @ Ende(V,1) = H(Ty, Ws, ¢s) ® Ende(V,,1),
which are canonical up to the choice of the parabolic subgroup P. The support

of the left hand side is PN (K, \) X*(T. )WEPNl(K A).
(d) Part (c) extends to algebra isomorphisms

e H(M)e, = H(Ts, Ws, ¢s) © Endce(V,),

6%47‘[(M>6?\4 = H(Tg, W, q5> & EndC(VH) & M\L/HA\((C)
Proof. (a) By the Morita equivalence of €] H(L)e} and ey, H(L)ey,, there are iso-
morphisms of e} H(L)ej -bimodules

(137)
ei%(L)eﬁL = GstH(L)(E)\L ®6>‘LH(L)6/\L 6)\1‘%([’)61

= @ @ ale}\L®71a1_1H(L)e>\L ®6ALH(L)€>\L eALH(L)a2e/\L®72a2_1
a1,a2€[L/H)\] y1,72€ X (s/X)

—1,-1 1, -1
= @ @ arcyexcy; ap H(L)ex, H(L)ascy,ex, ¢y, ay
al,age[L/H)\}’\{1,’)/2€XL(5/)\)
1

-1 —
= @ @ arcyex, H(L)ex, ¢y ay .
a1,a2€[L/H)\] y1,72€ X (s/N)

Here the subalgebra e, 7—[( )e uL corresponds to

-1
®71,726XL(5/>\)1 C’Yle)‘LH(L)e)\LC»yQ .
In combination with (120]) it follows that the canonical map (132) is an isomorphism

(138) Fr:e 17‘[( )€M1 — O(T. )®Endc(v 1).

This and Theorem imply that the support of e,,1 7—[( )e u1 is as indicated. No-
tice that O(Ts) is the commutant of End¢(V,1) in (9( s) ® Endc(V),1). Hence it
corresponds to H(L, pu}) under the canonical isomorphism

e H(L)e,n = H(L, ML)@End(C(V 1).
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(b) By (137) we can identify e} H(L)ej as a vector space with
-1
@ (Ca373® @ ar€,1 oo, H(L)e, 9qy 01 -
az€[L/Hy],y3€ XL (s)/ X E(s)! a1€[L/H\]meXL(s)/ X E(s)!
From (|138)) we get an isomorphism
—1
(139) a a1, g H(L)e1 o a7 —
ar€[L/HAlmeXE(s)/ X (s)!

@ O(T5) ® End(c (alvui@m )
ar€[L/H\lmeX (s)/ X (s)!

Recall that

VML = €MLH(L)€)\L ®6ALH(L)€>‘L V)\L = eML,H(L)eui ®€MILH(L)6;L1L VNIL =
% ene @ Vi =D eV
y1EXL(s)/XL(s)! 71

For 73 € X(s) the choice of ¢, is unique up N(Kp,Ar), by Lemma c. The
particular shape implies that it is in fact unique up to N(Kr,Ar)""*, so

(140) CyyCyy differs from ¢, by an element of N (K, \z)">.
With Lemma we deduce that left multiplication by c,, defines a bijection
Vient = Vit = cum Vi = Vigyioud
which depends on w ® x € Irr®2 (L) in an algebraic way. More precisely,
Ws
(141) Cy3Coy@ul € (0(Ts)" ® Hom(c(v,yl®#1L, V7371®“1L).

Consequently ([139) extends to an algebra isomorphism
(142) eu, H(L)ey, — O(Ts) @ Ende (V).

It is more difficult to see what (139)) should look like for elements of [L/H,]. For

those we use a different, inexplicit argument.
For each a € [L/H)] the inclusion

aeu,a "H(L)ae,a~t — e H(L)es,

is a Morita equivalence, because the idempotents ae,, Lal, ey and ey, all see exactly
the same category of L-representations, namely Rep®s(L). For every V' € Rep® (L)

we have
-1
e;V = @aE[L/HA] ae, a "V,
where all the summands have the same dimension. It follows that
e H(L)el, = euLH(L)euL ® M|L/HA|((C)-

By (142)) the right hand side is isomorphic to

O(T;) ® Endc(V,,) ® M\L/Hk\(c) = O(Ts) ® Endc (V).
(c) Just like ([137)) there is an isomorphism of €3, H (M )ej,-bimodules

eH(M)ey, = @ @ alcvleAH(M)eAc;;aQ_l.

a1,a2€[L/H)\] y1,72€ X (s/X)
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For z € X*(T,) x W; let fy x € eAH(M)ey be the element that corresponds to

[z] € H(X(Ts) x Ws, qs) = H(Ts, Ws, gs)
via Theorem The elements f, » commute with exH(K)ey = Endc(Vy). It
follows that the element
(143) Cvfx)\c;l = Cvekfw,/\ex\cf?I = 6/\®wcvfx,/\c;1€/\®w
is independent of the choice of ¢, in Proposition As conjugation by ¢, turns the
commutative diagram ([124)) into the corresponding diagram for A ® v, we have
(144) Cvfx,/\cf;1 = fz,w(k)@’ya

the image of [x] in e,(y)gyH (M )erg, under the canonical isomorphisms from The-
orem For every z € X*(T;) x W, we define

(145) Sor = Z cvfmc,;l = Z feroy € enH(M)e,.
HEXE(/A)! VEXE(a/A)

By (143) f; 1 commutes with e 1 H(K)e,1 and with the ¢, for v € XE(s/M)1, so it
commutes with e, H(PN'(K, ))e,1. By (137) and Theorem

e,nH(M)e, = @xex*(ﬂ)% Cfrpr ®e,nH(PN' (K, N))e,,

and the support of this algebra is PN(K, \) X*(Ts)W, PN (K, \).

The orthogonality of the different idempotents e)g, implies that the f, ,1 satisfy
the same multiplication rules as the f x. Hence the span of the f, .1 is a subalgebra
of e,1H(M)e,1 isomorphic with H(X*(T;) x Ws,qs). We constructed an algebra
isomorphism
(146) 6“1H(M)€“1 >~ H(X*(Ts) X Ws,qs) @ End@(Vul).

Since H(M, pt) is the commutant of Endc (V1) inside
(147) H(M, p') ® Ende (V1) = e aH(M)e,,,

it corresponds to H(X*(Ts) x Ws) under the isomorphisms (146]) and (147]).
(123)

Tensored with the identity on Endc(Vy), tpy from becomes a canonical
injection
(148) CALH(L)C,\L = H(L, /\L) & End(c(V)\) — H(M, )\) & EndC(V)\) = 6)\7'[(M)€)\.

Since tp and the analogous map tp 1 for u' are uniquely defined by the same
property, they agree in the sense that

(149) tpa ® id = lput ® id on 6,\L'H(L)€AL >~ O(T;s) @ Endc(Vy).
Consequently the isomorphisms ((146)) and ([138) fit in a commutative diagram

H(Myﬂl) — H(X*(Ts) X Wm‘]s) gH(TMst%)
(150) T tP»Hl Tip,ul
Here ip 1 is defined like ip ), see (125)). In this sense (146]) is canonical.
(d) Part (c) works equally well with v ® u! instead of u'. For all 41 € X%(s)
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together that gives a canonical isomorphism
(151)

@ 671®M1H(M)671®1u1 — %(Tﬁ,Wg,qg) ® @ End(c(v,yl®u1).
neXt(s)/ X (s)! MEX(s)/ X (s)!

The formula (141)) defines an element of H(Ts, W, ¢5) ® Endc(V),) which commutes
with H(Ts, Ws, gs). Therefore we can extend (151) to isomorphisms

e,U«H(M)e,U« - H(T57 W57 QS) ® EndC(Vu)>
ey H(M)ey — H(Ts, Wi, gs) ® Ende (V)
in the same way as we did in the proof of part (b). O

We note that a vector space basis of H(Ts, Wi, qs) C e, H(M)e, is formed by the
elements

(152) fon= D ofeny' = D> ferey

vEXE(s/) vEX(s/X)
We define the projective normalizer of (K, ) in M as
(153) {ge Ny(K)|g- A= \A®~ for some v € XE(s)}.

Using the explicit information gathered in the above proof, we can show that it is
none other than PN (K, \).

Lemma 4.6. (a) (PNY(K,\),u') is a cover of (PN (K, L), ub).
(b) PN(K,\) equals the projective normalizer of (K, \) in M.
(¢) PNY(K,\) equals the projective normalizer of (K, \) in M*.

Proof. (a) For the definition of a cover we refer to [BuKu3l 8.1]. By Lemma
PNYK,\)NL=PN'K,\r) and by [Séc, Proposition 5.5] K admits an Iwahori
decomposition with respect to any parabolic subgroup of M with Levi factor L.
Hence PN'(K, )) is also decomposed in this sense. The second condition for a cover

says that p N(Kpuz) = PLs which is true by definition. The third condition is about

the existence of an invertible “strongly positive” element in H(M,pu'). By [Séc,
Proposition 5.5] H(M, \) contains such an element, in the notation of the proof of
Theorem it corresponds to f; » for a suitable z € X*(7;). Then fx7ul and its
image in H (M, ') have the correct properties.

(b) By Lemma PN(K,\) is contained in this normalizer.

Consider any ¢ in the group (153)). Its intertwining property entails that e, ge, €
ey H(M)e,, has inverse eugfleu. From Theorem we can see what the support of
e H(M)e,, is, namely

PN (K, \)X*(T,)W, PN (K, \).
Possibly adjusting ¢g from the left and from the right by an element of PN (K, \),
we may assume that

g € X*(Ts)Ws C Npy(L).
Then ¢ also normalizes (K, pr). With Conditions we see easily that every

element of Wy normalizes (K, pr). Writing ¢ = zw with z € X*(T5),w € W, we
find that x € L normalizes (K, uz) as well. In other words

x € PN(Kp,A\) C PN(K,\).
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It follows that w € W, must also normalize (K, u). By considering supports, one
sees that there exist hi,hy € Endc(V,) such that e, we, and e ,w™'e, correspond
to [w] ® hy and [w™!] ® ha respectively, under the isomorphism from Theorem
Moreover, because w lies in ,

e wey, - euwfleu = ey,
[w] @ hy - (W @ hy = [w] - [w™!] ® hihy = [1] ®id.

In particular [w][w™!] € C[1]. The multiplication rules for H(Ws,¢s) [Séd, 2.5.3],
applied with induction to the length of w € W, show that this is only possible if
w = 1. Consequently g =z € PN(K,\) N X*(Ty).

(c) This follows immediately from (b). O

Remark. In Lemma we construct a sy/-type with representation u', but we do
not succeed in finding a sp/-type with representation p. The obstruction appears to
be that some of the representations A ® v are conjugate in GG, but not via an element
of G'. Examples and show that this can really happen when G is not split.

Mainly for this reason we have been unable to construct types for all Bernstein
components of Gf. In the special case where all the Kg-representations Ag @ v
with vy € X G(s) are conjugate via elements of G, we can construct types for every
Bernstein component t# < s. We did not include this in the paper because it is quite
some work and it is not clear how often these extra conditions are fulfilled.

4.3. Hecke algebras for the intermediate group.
Recall from Proposition [3.§ and Lemma [3.9] that the algebras

(e HM)es,) X @ it and (€5, (M)e,) x Stab(s, P N M).

are Morita equivalent with H(G*Z(G))*. In Theorem we showed that the first
one is even isomorphic to a subalgebra of H(G*Z(G))? determined by an idempotent.

In Lemma we saw that the actions of X% (s) and 9%5. both come from the action
o of Stab(s, PN M) defined in (71)).

Lemma 4.7. There is an equality
(AN N = P

and this algebra is Stab(s, P N M)-equivariantly isomorphic to

| XE(w, V)] L
@1 ' (QMH(M)@’M)X #),

-1 —1\X T (s,2)
welL/H] (aepa™ " H(M)aeya ) )

Remark. Here and below we use the notation @Y for the direct sum of n copies
of something.

Proof. As vector spaces
5 5 -1
ey H(M)ehy = @al,a?E[L/HA] are,H(M)eyas .
On the other hand, for any H(M)*™-module V' we have the decompositions

(154) eV = @ ae a” 'V = @ evVp-
a€[L/H,] pelrr(CIX L (s, )NX L (w),kw])
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Here every ae,a™'V equals @ oel, €0rVp for a suitable collection I, of p’s. If f €

eS H(M)es, is invariant under X7 (s, A) N XL(w), then it must stabilize each of the
spaces €,V,, and therefore it preserve both the decompositions (154). In view of
Theorem [£.5]d, this is only possible if

-1 -1
fe@ae[L/HA]aeua H(M)aeya™ -,

which proves the desired equality.
By Lemma b conjugation by a € [L/H)] gives a Stab(s, P N M)-equivariant
isomorphism

e, H(M)e, — ae, H(M)eya™ = aeya™ H(M)ae,a™ '
By Lemma |L/Hy| = |Irr(X T (w, V,))| and this equals | X T (w, V,)| since we deal-

ing with an abelian group. O

It turns out that the direct sum decomposition from Lemma [4.7] can already be
observed on the level of subalgebras of H(G):

Lemma 4.8. There are algebra isomorphisms
XL(wy,
D e, M0, O w3 = (UM 1
G _ G
= (EHGOE) D =D, (@enH(Genga™)

o X @V e
= @1 (eucH(G)eMG)X ®),

Proof. The first isomorphism is a direct consequence of Lemma [£.7] and the second
is Proposition [3.14lb. As shown in Proposition it can be decomposed as

@ (aleMGH(G)eMGaz_l)XG(s) — @ (ale“H(M)euagl)XL(g) x RE.
a1,a2€[L/H,] a1,a2€[L/H,]

But by Lemma[4.7] the summands with a; # ag are 0 on the right hand side, so they
are also 0 on the left hand side. This proves the equality in the lemma.
The final isomorphism is given by

(eMGH(G)eMG)XG(s) — (aeuGH(G)eMGafl)Xc(ﬁ) cf e afal. O

Recall from Theorem that the middle algebra in Lemma is isomorphic
to e . ”H(GﬁZ(G))e& 12’ which is Morita equivalent with H(G*Z(G))*. In
GHvZ (G

A
Gctza)
the above direct sum decomposition also holds on this level. to formulate it, let

eu € H(G*Z(G)) be the restriction of e, : Kg — C to G*Z(G) N K. We
ctz(a) G
define By our choice of Haar measures, Chgtzc) is idempotent. See also (107)).

Corollary 4.9. There are algebra isomorphisms

g ¢ - - !
€y H(GﬂZ(G))e GB(IE[L/H)\] ae#cﬁZ(G)a H(GﬁZ(G))ae#GnZ(G)G

ctz(a) )‘GﬁZ(G) -

L NXE@ V)] i
= @1 e“cﬂz(c;)%(G Z(G))eﬂcﬂz(c)

| X5 (w, V)
= @1 . (,H(Tﬁﬂ W, QS) & EndC(Vu))XL(S) « mg



48 A.-M. AUBERT, P. BAUM, R. PLYMEN, AND M. SOLLEVELD

Proof. The equality comes from Lemma and Theorem For all a € [L/H,]
the map

e#GuZ(G)”H(GﬁZ(G))euGuz(G) — ae#GuZ(G)a_13’-[(GﬁZ(G’))aeﬂaﬁz(c)a_1 cfafat

is an algebra isomorphism. The remaining isomorphism follows again from Lemma

48 O
For every (w,~) € Stab(s, P N M) there exists a x, € Xpn:(L) such that
(155) ww) @y = w® xy € Irr(L).

Here w ® x is unique, so x, is unique up to X, (L, w). We may and will assume
that

(156) Xy =7 if 7€ Xn(L/LFZ(R)) = Xou(L) N X (s).

In view of the conditions in particular L = [[;, L;’, we may simultaneously
assume that

(157) Xy = H X5

Notice that with this choice x, € Xy (L) is invariant under Wy, = W (M, L). Via
the map x — w ® X, X determines a Ws-invariant element of 7.
Recall the bijection

J(y,w@x;") € Homp(w e x;Hw™H(w) @7
from . It restricts to a bijection
V/L - eMVw®X;1 — VM - euvwfl(w)(g),yfl.
Clearly (156) enables us to take

(158) Jwexy) =idy, if e Xu(L/LFZ(Q)).
Recall from and that
(159) J(v,w@ X3y, € Clidy, if ve XE(w, V).

Lemma 4.10. The action a of Stab(s, PN M) on
e H(M)e, = H(Ts, Ws, gs) ® Endce(V),)
preserves both tensor factors. On H(Ts, Ws, qs) it is given by
a(wﬁ)(ﬁm[v]) = Xgl(:v)Gw(z) [wvw_l] x e X" (Ty),v e Wy,

and on Endc(V),) by

Ay (h) = J(,w@ x ) ohoJ(v,w@x; ")

Furthermore X (w, Vy.) is the subgroup of elements that act trivially.

Remark. It is crucial that x, is Wi-invariant and that w normalizes P N M,
for otherwise the above formulae would not define an algebra automorphism of
H(Ts, Ws, qs). This can be seen with the Bernstein presentation, in particular (114]).
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Proof. By definition, for all x € Xy.(L), f € ey, H(L)e,,

(w @ X) (@@ (f)) = (W we xy™))(f)

=Jywox;Yolweow  )x; () e J(rwaxy)
For f with image in Endc(V),) the unramified characters x and w_l(X)X; L are of
no consequence. Thus (160) implies the asserted formula for o,y on Endc(V},).

Since H(Ts, Wi, gs) is the centralizer of Endc(V),) in e, H (M )e,, it is also stabilized
by Stab(s, P N M). By considering supports we see that

(161) Q) ([2]) € Clwzw™!] for all x € X*(Ty) x W.
1

(160)

For any simple reflection s € W;, wsw™" is again a simple reflection in W, because
w e SRE normalizes PN M. In H(Ws, gs) we have

([s] + 1)([s] = as(s)) = 0 = ([wsw™] + 1)([wsw™] - gs(wsw™)),
where ¢5(s), gs(wsw™!) € Rs;. Since Q) is an algebra automorphism, we deduce
that
gs(s) = qg(wsw_l)

and that ) ([s]) = [wsw™!]. Every v € W is a product of simple reflections s;,
and then [v] is a product of the [s;] in the same way. Hence

Q) ([V]) = [wyw™!] for all v € W.
The formula also defines an action « of Stab(s, P N M) on

eu, H(L)ey, = O(Ty) ® Endc(V,),

which for similar reasons stabilizes Endc(V),). Now we have two actions of

Stab(s, PN M) on Endc(V),), depending on whether we considere it as a subalgebra
of ey, H(L)ey, or of e, H(M)e,. It is obvious from the definition of ;v that these
two actions agree.

The maps (148]) and (150)) lead to a canonical injection
iP,;L : O(Ts) — H(Tﬁ,Ws’%),
which is a restriction of the map @76XL(5)/XL(5)1 ipulgy- Since it is canonical, ip,
commutes with the respective actions oy, ,)-
Now we take ©z € X*(T;) C O(T;) in ((160). With a Morita equivalence we can

replace w ® x by the one-dimensional O(Ty)-representation [w ® x| with character
w® x € Ts. Then (160) becomes

(162) [ @ X](a(u,(@)) = [w @ x5 'w™ (0] ()
= [w@w  (I0G (@)2) = [we X0 (@)w(@)).

]
Thus () () = X;I(x)w(a:). For z € X*(T5) positive w(z) is also positive, as w
normalizes P N M. We obtain

) (02) = () (P(7)) = 1P () (7)) = ipu(G  (@)w(@)) = X5 ()00 (w)-
Since a(y,) i1s an algebra homomorphism, this implies the same formula for all
x € X*(Ty).

It is clear from (T59) and (I60) that the group X’ (w,V,) fixes every element of
eyH(M)e,. Conversely, suppose that (w,v) acts trivially. From the formulas for
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the action on H (T, W, gs) we see that w = 1 and x, € Xu(L,w), so v € XE(w).
Then we deduce from (160) that v € XL(w, V). O

Since we have a type with idempotent e,1 but not with idempotent e, we would
like to reduce (e,ﬂ-[(M)eM)XL(E) to (eM1H(M)eM1)XL(5). The next lemma solves a
part of the problem, namely the elements c, that do not lie in L.

Lemma 4.11. Let v € X(s) be such that
x(ey) =1 for all x € Xne(L/L*Z(G)) N Xun(L, w).

P

Then there exists z., € X*(Ts) such that x,c, € L*LF.

Proof. Recall that every x € Xy, (L,w) vanishes on Z(L). Hence
Xur(L/LFZ(G)) N X (L, w) = Xoe(L/LF) 0 X (L, w),

and c, determines a character of

(163) Xoe(L/L#) ) Xen(L/LP) O X (L, w).

This is a subtorus of Ty = X, (L)/Xn(L,w), so we can find z, € X*(T;) such that
! restricts to the same character of (163) as ¢,. Then

vy
Ty € ﬂxexmwm) ker y = L'L*. O

In view of Lemma [4.2] we may replace ¢, by z,c, as in Lemma [£.11} From now
on we assume that this has been done for all v to which Lemma [£.T1] applies. Recall
that were already assuming that c, € L' whenever this is possible.

This gives rise to groups

xE(s)? = {y € X1(s) | ¢, € L'LF},

Stab(s, P N M)? = {(w,~) € Stab(s, PN M) | ¢, € L'L*},
and to an idempotent

€2 = Z ey = Z exgry-
YEXT(s)?/ X (s)! YEXE()2/(XE(s)NX Y (s,))
The tower of groups
XE) ¢ XE(s)2 c XE(s)
corresponds to a tower of K-representations
pt C ot cop,

where V2 = @, e xr(6)2/x1(s)2 Viur-

Theorem 4.12. The algebra H(G*Z(G))* is Morita equivalent with a direct sum of
| XE(w, V)| copies of

H(GFZ(@))

e/‘GﬁZ(G) e“GﬁZ(G) =

(H(Ts, We, gs) @ Endg (V)X /X Vi) 5 g3t o
H(Ty, We, gs) @ Ende(V,2)) X @/ X @ Vi) o gt
K S
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Here the actions X“(s) and R come from the action of Stab(s, P N M) described
in Lemma . In particular the group Xu(L/LFZ(G)) acts only via translations
on Ts.

Proof. By Theorem and Corollary it suffices to establish the second iso-
morphism. From Lemma we see that X, (L/LfZ(G)) N Xu(L,w) fixes the
subalgebra

e2H(M)e,2 C e, H(M)e,

pointwise. Hence the same holds for

ey H(M)e,2q, = cweuﬂ-l(M)euzc;l
for any v € X*(s). On the other hand, by Lemma Xoe(L/LFZ(G)) N Xy (L, w)
does not fix any ¢, € L\ L'Lf. Therefore
(e,ﬂ-[(M)eM)XL(ﬁ) = ( @ 6M2®7H(M)6M2®,Y)XL(5) > (e,2H(M)e,z

vEXE(s)/ X (s)?
The proof of Theorem [£.5ld shows that

e2M(M)e,2 = H(Ts, Ws, ¢s) @ Endg(V,,2).

)XL (5)2

For (w,) € Stab(s, PN M)? the intertwiner J(vy,w ® X,?l) restricts to a bijection

V#2 = eﬂsz@)x;l — VHQ = 6#2Vw71(w)®771.

Hence the action of Stab(s, PNM)? on H(Ts, Ws, ¢s) ®Endc(V},) described in Lemma
m preserves the subalgebra H(Ts, Ws, ¢s) @ Endc(V),2). By equations (158) and
(159) the groups Xu(L/L*Z(G)) and X*(w,V),) act as asserted. O

In combination with Lemma the above proof makes it clear that the use of
the group L/H)y = Irr(X%(w,V),)) is unavoidable. Namely, by the operators
I(v,w® x) associated to v € X% (w,V],) cause some irreducible representations of G
to split upon restriction to G*Z(G). But in the proof of Theorem we saw that
the same operators act trivially on

e H(M)e, = H(Ts, Ws, gs) ® Endc(V,).

This has to be compensated somehow, and we do so by adding a direct summand
for every irreducible representation of X (w, V,.). See also Example

4.4. Hecke algebras for the derived group.

Let w € Irr(L) be supercuspidal and let o? be an irreducible subquotient of
Resﬁu (w), or equivalently of Resﬁﬁ e (w). Consider the Bernstein torus Ty of t# =
[L*, 0% and Ty of t = [LEZ(Q), Uﬁ]GﬁZ(G)' Then Ty is the quotient of T; with respect
to the action of X,,,(L*Z(G)/L*). In turn Ty clearly is a quotient of X, (L) via x —
of ® x. But it is not so obvious that it is also a quotient of T, = Xy, (L) /X (L, w),
because the isomorphism w ® x = w for x € Xy, (L,w) might be complicated. The
next result shows that this awkward scenario does not occur and that 7% is a quotient

of Tj.
Lemma 4.13. For w and o% as above, ot @ x = o¥ for all x € Xnr(L,w).



52 A.-M. AUBERT, P. BAUM, R. PLYMEN, AND M. SOLLEVELD

Proof. Let pr, be as in (127)). By Lemma and Theorem H (L)L is Morita
equivalent with

(164) e H(L)eq, = O(T;) ® Ende(Vy) @ Mp/m, (C).
The analogues of Lemma and Proposition for L show that H(L!Z(G))*L is
Morita equivalent with
L
(165) e M(L)HEes = (O(T) @ Ende (Vi)™ @ Mz, (C).

Under the first Morita equivalence, w is mapped to e} V,,, considered as an O(T})-
module with character w € T;. For every v € X%(w), w ® 7 is mapped to the same

module of ((164).
Recall the operator I(7,w) € Homy(w ® v,w) from (13)). It restricts to

IesL (7a w) € Homei’H(L)ef’L (eﬁLVw®xv ein)'

Since we are dealing with Morita equivalences and by , these operators give rise
to algebra isomorphisms
(166) End,s 5y xs0)es (€1 Vr) = Endps (w)) = C[XT(w, k).
It follows from that there exists a unique p € Irr(C[X%(w),s,]) such that
of = Homg(xr () k] (0sw). Then (166]) implies

€1Vt = Homex o (y) .1 (05 €7 Vio)-
But XX (w® x) = XL (w), huey = ko and

o ®x = Hom(C[XL(w),nw](pa w® X)
Moreover w and w ® x correspond to the same module of (164]), so

€1 (Votgy) = Homeyr ) v 1 (0 €1 Viey) = Home xr(y) k) (05 €1 Vi) = €1V

In view of the second Morita equivalence above, this implies that Vg, = as

ot

Lf-representations. O

Now we are finally able to give a concrete description of the Hecke algebras asso-
ciated to G¥. Let Tf be the restriction of Ty to L¥, that is,
(167) TE = To/ X (L)L) = To/ X (G) = X (L¥)/ X e (L, w).

With this torus we build an affine Hecke algebra H(T: f , Ws,qs) like in (116)) and
(117]). Recall from that there are finitely many Bernstein components t* for G*
such that

(168) HE =P, . H(GHE.

By Lemma the Bernstein torus associated to any t! < s is a quotient of Tf by a
finite group. However, we warn that in general T} is not equal to 7, f, see Example

6.1l

We can also describe the 2-cocycle of
(169) Stab(w ® x, PN M) := Stab(w ® x) N Stab(s, P N M)

coming from V,, via Lemma We note that by (22)), and Lemma [2.3/b the
group ([I69) is isomorphic to X (1§ (w®Y)), via projection on the second coordinate.
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Recall the idempotent eﬁ/\cﬁ from (107). We define e, , € H(G*¥) similarly, as the
restriction of e, : K — C to KN Gt
Theorem 4.14. The algebra H(G*)® is Morita equivalent with
L w, Vi)l

- 1~ |X*(
%(Gﬂ)e%\ = @ aey ., a 13’-[(Gﬁ)cwucma ! :@1

ct G
aG[L/H)\]

#
€\

e H(Ghey,.

There are algebra isomorphisms

L L w, or # G
ey H(CYen,, = (H(TE, We, gs) © Ende(V;,))* /AT @1 X BIEZED 5 gt

))XL(5)2/XL(%Vu)an(L/L”Z(G))

= (H(TF, We, gs) ® Ende (Ve x RE

The actions of X*(s) and R come from Stab(s, P N M) via Lemma which
1nvolves a projective action on

Vo = D, s Ve

The restriction of the associated 2-cocycle to Stab(w ® x, PN M) corresponds to the
2-cocycle K16 (wiox) from . Its cohomology class is trivial if G = GL,, (D) is split.

Proof. The Morita equivalence, the equality and the first isomorphism follow from
Theorem [3.16] and Lemma [£.8 These also show that

|L/Ha| NN L
@1 ’ GNGﬁH(Gﬁ)e“Gﬁ = @1 ’ (QM/H(M)BM)X () Xne(G) e %E

The proof of Lemma can also be applied to the action of Xy,(G) = Xy, (L/LF)
on

(e H(M)e, = H(Tsuv Ws, gs) ® Endc(Vy),
and it shows that X,;(G) acts on via translations of Ts;. The remaining action of
XE(s)? is trivial on Xy, (L/L*Z(G)) X (w, V,,) by Theorem This gives the third
isomorphism, from which the fourth follows (again using Theorem {4.12)).

The definitions and show that the 2-cocycle k of Stab(w, PN M) deter-
mined by

J(v,w@x) o J(, wex) = &((w,7), (w',v)J (v ,w e x)
is related to by
K,((U}, 7)’ (wlv’yl)) = ’%Ig(w®x)(’ya ’7/)

Let ¢ be the Langlands parameter of the Langlands quotient of Ig(w ® x). Via the
local Langlands correspondence s IS (W) is related to a 2-cocycle of the component

group of ¢, see [HiSal, Lemma 12.5] and [ABPS2, Theorem 3.1]. Hence KIS (wex) is
trivial if GL,, (D) is split, and otherwise it reflects the Hasse invariant of D. O

Remark. In the case Gf = SL,,(F) Theorem can be compared with [GoRo2|
Theorem 11.1]. The algebra that Goldberg and Roche investigate is H(G*, 7), where
7 is an irreducible subrepresentation of A as a representation of PN (Kq, Ag) NGE.
They show that this is a type for a single Bernstein component ¢ < s. Then H(G*, 1)
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is a subalgebra of our eMGuH(Gﬁ)eMGu, because the idempotent e, is smaller than
€ugy - In our terminology, [GoRo2] shows that

H(Gﬁ77-) = H(Ttﬁ7W57q5) Dl mtm
e H(GH, T)er = H(Ty, W, gs) X R ® Ende (V7).

Only about the part xR that Goldberg and Roche are not so sure. In [GoRo2] it
is still conceivable that M (denoted C' there) is only embedded in H(G*, 7) as part
of a twisted group algebra C[Ry,d]. With Theorem [£.14] (actually already with
Proposition we see that the 2-cocyle ¢ from [GoRo2l §11] is always trivial.

5. EXAMPLES

This paper is rather technical, so we think it will be helpful for the reader to see
some examples. These will also make clear that in general none of the introduced
objects is trivial. Most of the notations used below are defined in Subsections [2.]]

and 2.2

Example 5.1 (Torus for 5 in G* smaller than expected).

Let oy € Irr(GL4(F)) be as in [Rod, §4]. Its interesting property is X 4(F) (gy) =
(xom). Here xo and n are characters of F*, both of order 4, with x¢ unramified
and 7 (totally) ramified. There exists a similar supercuspidal representation o3 with
XOLEN (g3) = (xg 'n). Let

G = GLg(F), L = GLy(F)?, w = 09 ® 03.
Then XL (w) = {1,7%x3} and
X"(s) = () Xur(L/LFZ(Q)),
Ty = Xur(L) = (C)*.
The natural guess for the torus of an inertial class ¢ < s is
T¢ = Xur(LF) = To/ Xu(L/LF).
Yet it is not correct in this example. Recall from that there exists a x, €
Xur(L) with w ® 1 = w ® xy,. One can check that y, = Xal ® xo0 # 1 and
XE(s) # X5 (w) Xur (L/LFZ(G)).

Upon restriction to Lf, w decomposes as a sum of two irreducibles, caused by the
L-intertwining operator

TP w)iw=wen G 2 wen’®(x” @ X))

Let o be one of them. We may assume that J(n,w)? = J(n?,w), so n stabilizes o
up to an unramified twist. Then, with # = [Lf, 0¥] -

T, = To/X"(s,0") = Xur(L*Z(G)) /(x5 © X0),
Ty = Xur(LF) /(1 © X§)-

Example 5.2 (I/V5ti acts on torus without fixed points).

This is the example from [Roc, §4], worked out in our setup.

G = GLg(F), L = GLy(F)* x GL4(F)
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Take 1, x0, 02 as in the previous example, and let o1 € Irr(GLo(F')) be supercuspidal,
such that XCGL2(F) = {1 92}, Write v = nxo and w = 01 ® o1 ® 0. Then

W, =1, R =W =W(G, L) =: {1,w}.
However, X (w) = 1, the action of w on T} involves translation by ~:
(w,7)-(01X1©701X2@02X3) = (Y201X2©701X1©702x3) = (X§o1X2@701X1 ©02X3)
for x; unramified. In terms of the unramified coordinates, we obtain
Xy = (¢, L1) = (=1,1,1) € (C*)°,
(w,7) - (x1,X2,X3) = (—X2, X1, X3)-

This is a transformation without fixed points of Ty = X, (L), and also of X, (LF)
and of X, (L*Z(G)). We have

Stab(s) = Stab(w) X (L/L* Z(G)),
Stab(w) = {1, (w,7)},
and these groups act freely on T;. It follows that I§(w) is irreducible and remains

so upon restriction to G*. Writing s* = [L*, w], Theorems and provide
Morita equivalences

H(GEZ(G))® ~pr O(Ts) % Stab(s) ~y O(Xur(LIZ(G))) x Stab(w),
H(GH ~pr O(Xpe(LF)) x Stab(w).

Example 5.3 (Decomposition into 4 irreducibles upon restriction to G*).

This and the next example are based on [ChLi, §6.3]. Let ¢ be a Langlands parameter
for GLy(F) with image { (8 9) | a,b € {£1}} and whose kernel contains a Frobenius
element of the Weil group of F'. The representation 7 € Irr(GLo(F)) associated to ¢
via the local Langlands correspondence has X GL2(F) (1) consisting of four ramified
characters of F* of order at most two, say {1,7,7n,77}. The cocycle k. is trivial,

so by
EIldSL2(F) (ﬂ') = C [XGLQ(F) (7'(')] = (C4,
and Resgg“;((g) (m) consists of 4 inequivalent irreducible representations.

Next, let St be the Steinberg representation of GLa(F') and consider
(170) w=m®St®ySt ®nSt ® ynSt € Irr(L),
where L = GLa(F)?, a Levi subgroup of G = GL1o(F). In this setting
We =1, XH(w) =1, X(I§(w)) = X ().
Identifying W (G, L) with S5, we quickly deduce
Stab(w) = {1, ((23)(45),vn), ((24)(35),7), ((25)(34),7)},

and RE = W = (Z/2Z)2. However, the action of Stab(w) on Ty does not involve
translations, it is the same action as that of 9%, The cocycle Kk I (w) Can be deter-
mined by looking carefully at the intertwining operators. Only in the first factor of
L something interesting happens, in the other four factors the intertwining operators
can be regarded as permutations. Hence the isomorphism Stab(w) — XSL2(F)(7)
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induces an equality k G (w) = b As we observed above, this cocycle is trivial, so by
(L5)
Endg: (18 (w)) = C[Stab(w)] = ct

and Resgﬁ (I§(w)) decomposes as a direct sum of 4 inequivalent irreducible repre-
sentations. Theorems and tell us that there are Morita equivalences

H(GZ(G))* ~ar O(Ty) X HIFZ(E) s 388 — O(X e (LFZ(G))) % RE,
H(GH ~py O(T,) X L) s R/t = O(X (L)) e RE

Example 5.4 (non-trivial 2-cocycles).

Let D be a central division algebra of dimension 4 over F and recall that D' denotes
the group of elements of reduced norm 1 in D* = GL; (D), which is also the maximal
compact subgroup and the derived group of D*.

Take ¢, 7,7, 7 as in the previous example and let 7 € Irr(D*) be the image of 7 under
the Jacquet-Langlands correspondence. Equivalently, 7 has Langlands parameter
¢. Then

XP7(r) = X2 () = {1,7,m,yn}.
As already observed in [Arf], the 2-cocycle k; of XP” (1) is nontrivial. The group
XD (7) has one irreducible projective non-linear representation, of dimension two.
Therefore

Endp:(7) 2 C[XP" (1), k,] = M(C)
and ResglX (1) =2 7f @ 7% with 7 irreducible.
Now we consider G = GL5(D), L = GL{(D)® and

c=7TR1®y®n®yn € Irr(L).

This representation is the image of under the Jacquet—Langlands correspon-
dence. It is clear that

Xlo)=1, X9UE(0)) = XP"(r) and W, = 1,

where s = [L, 0. Just as in the previous example, we find

X*(s) = Xuu(L/ L} Z(G)) = Z/10Z,

Wi =n = (2/22) c W(G, L),

Stab(c) = {1, ((23)(45), yn), ((24)(35), 1), ((25)(34),7)},

X%(s) = Stab(0) XL (s).
We refer to Subsection for the definitions of these groups. The same reasoning
as for k, shows that k IG(e) = #ir Via the isomorphism Stab(o) — XP” (). Hence

EndS, (15 (o)) = C[Stab(o), K19 ()] = Ma(C),

and Resgu(Ig(o)) is direct sum of two isomorphic irreducible G#-representations.
To analyse the Hecke algebras associated to s, we need to exhibit some types. A
type for v as a D*-representation is (D', A, = v o Nrd). The same works for other
characters of D*. We know that 7 admits a type, and we may assume that is of the
form (D', ;). It is automatically stable under X (7) and dim(\,) > 1 because 7
is not a character. Then

(DY’ A=A @M @Ay @Ay @ Ayy)
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is a type for [L,o]r. The underlying vector space V) can be identified with V) _.
We note that M = L and Ty = X,,,(L) = (C*)®. Proposition and Theorem 4.1
show that there is a Morita equivalence

Xnr(L/LEZ(G))

H(GZ(G))* ~um (O(Ty) @ Endc(Va)) x ML

The action of R on Endc(Vy) comes from a projective representation of XP™ (1)
on V) . It does not lift a to linear representation because x; is nontrivial. Therefore
H(GZ(G))* is not Morita equivalent with

O(T,) *r(E/EHED 0 9% = O(Xe (L 2(G)) 7 9.
Similarly the algebras H(G*)® and

Xne(L/LY)

(171)  (O(Ty) ® Endc(Vy)) x RE = (O(Xne(LF)) ® Ende(Vy)) x RE

are Morita equivalent, but
(172) O(T) XD 50 RE = O(Xun(LF)) 0 R,

has a different module category. One can show that (171)) and (172 are quite far
apart, in the sense that they have different periodic cyclic homology.

Example 5.5 (Type does not see all G*-subrepresentations).
Take G = GLy(F') and let x_ be the unique unramified character of order 2. There
exists a supercuspidal w € Irr(G) with X,,,(G,w) = {1,x_}. Then x_ € X%(w) and

I(wv X*) € Homg(w,w & X*)

This operator can be normalized so that its square is the identity on V,,. Let G* be
the subgroup of G generated by all compact subgroups. The +1-eigenspace and the
—1-eigenspace of I(w,x_) are irreducible G'-subrepresentations of Resgl (w), and
these are conjugate via an element a € G'\ G'Z(G). Any type for [G,w]g is based
on a subgroup of G, so it sees only one of the two irreducible G'-subrepresentations
of w.

This phenomenon forces us to introduce the group L/H, in Lemma (here
G/G'Z(G) = {1,a}) and carry it with us through a large part of the paper.

Example 5.6 (Types conjugate in G but not in G'G¥).

Consider a supercuspidal representation w of GL,, (D) which contains a simple type
(K, ). Fix a uniformizer wp of D. Assume that there exists v € X%(s) such that
wply, normalizes K and

Wl AZA®YE N

Then A and A ® ~ are conjugate in G but not in G'G*.

This can be constructed as follows. For simplicity we consider the case where K =
GL,(0p) and X has level zero. Then A is inflated from a cuspidal representation o
of the finite group GL,,(kp), where kp denotes the residue field of D. On this group
conjugation by wp has the same effect as some field automorphism of kp/kr. We
assume that it is the Frobenius automorphism x +— 29, where ¢ = |kp|. Recall that
kp/kr has degree d, so |kp| = ¢%.

We need a o € Irreysp(GLy, (kp)) such that

(173) ooFroby, 2o ®75 2o,
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where 7 € Irr(GLy, (kp)/k[5SLm (kp)) is induced by ~.

To find an example, we recall the classification of the characters of GL,,(kp) by
Green [Gre]. In his notation, every irreducible cuspidal character of GL,,(kp) is of
the form (—1)™~11¥[1], where k € Z/(¢%™ — 1)Z is such that k, kq?, ..., kg™
are m different elements of Z/(¢™™ — 1)Z.

Let kg be a field with ¢™¢ elements, which contains kp. We identify Irr(kj) with
7./(q*™™ — 1)Z by fixing a generator, a character 6 : kj — C* of order q¢¥™ — 1. Now
the condition on k becomes that 654" £ 6F for any divisor s of m with 1 < s < m.
Let us call such a character of kj, regular. The Galois group Gal(kg/kp) = (Froby,,)

acts on Irr(kj;) by 6 o Froby,, = Hkqd, and the regular characters are precisely those
whose orbit contains m = |Gal(kg/kp)| elements.
With these notations, [Grel, Theorem 13| sets up a bijection

Irr(kj)reg/Gal(kg/kp) —  Irreusp(GLp (kD))
ekz

(174) —> Of.

Suppose that z is a generator of kj; and let f, € GLy(kp) be such that det(t — f,)
is the minimal polynomial of = over kp. From [Grel §3] one can see that Green’s
bijection ((174) is determined by

(175) tr(ow(fa)) = (~1)" 710" (2).

Let us describe the effects of tensoring with elements of Irr(G/G*Z(G)) and of con-
jugation with powers of wp in these terms. As noted above, the conjugation action
of wp on GL,,(D) is the same as entrywise application of Froby, € Gal(kp/kr).

With (175) we deduce

-1
Wp 0k =0k OFI‘ObkF = Okq-

This corresponds to the natural action of Gal(kp/kp) on Irr(kj)req/Gal(kp/kp).
Consider a v € Irr(G/GZ(G)) which is trivial on ker(GL,,(0p) — GLy,(kp)). Tt
induces a character of GL,,(kp) of the form

3 =7"0Ny, ke odet  with ' € Irr(kp).
We assume that 7/ = 9|k;. By (175)

Y(fe) = 0(Nip ke Nigjip (1)) = 0(Ni jpe ()
— 9(ala™ /D) — gla™=1)/a=1) ().

Comparing with (173)) we find that we want to arrange that

dm

] mod ¢™ — 1, but kq ¢ {k, kq%, ..., kqd(mfl)} mod ¢%™ — 1.
q [e—

kg=k+ 2

For example, we can take ¢ = 3,d = 3 and m = 2. Then ¢%™ = 729,
(g% —1)/(q — 1) = 364 and suitable k’s are 182 or 182¢¢ = —110.

Example 5.7 (Types conjugate in G'G* but not in G1).

Take G = GLayn(D),L = GL,(D)? w = w; ® wp with wy, K1, A1 as in the previous
example (but there without subscripts). Also assume that the supercuspidal we €
Irr(G Ly, (D)) contains a simple type (K2, A2) such that

Wplm - A2 2 X2 ®@ v 2 Aa.
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Then (K, \) = (K1 x Ko, \1 ® A\2) is a type for [L,w]r. It is conjugate to (K, A ® )
by (@p' 1, @plm) € G*\ G* NG, but not by an element of G'.
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