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On the local Langlands correspondence
for non-tempered representations

Anne-Marie Aubert, Paul Baum, Roger Plymen,
and Maarten Solleveld

Abstract. Let G be a reductive p-adic group. We study how a local Langlands corre-
spondence for irreducible tempered G-representations can be extended to a local Langlands
correspondence for all irreducible smooth representations of G. We prove that, under a nat-
ural condition involving compatibility with unramified twists, this is possible in a canonical
way.

To this end we introduce analytic R-groups associated to non-tempered essentially square-
integrable representations of Levi subgroups of G. We establish the basic properties of these
new R-groups, which generalize Knapp—Stein R-groups.
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INTRODUCTION

Let F be a local nonarchimedean field and let G be the group of F-rational
points of a connected reductive group which is defined over F. Let Irr(G) be
the space of irreducible smooth G-representations and let ®(G) be the space
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of conjugacy classes of Langlands parameters for G. The local Langlands
correspondence (LLC) conjectures that there exists an explicit map

Irr(G) — @(G)

which satisfies several naturality properties [6]. The collection of representa-
tions that correspond to a fixed ¢ € ®(G) is known as the L-packet II,(G) and
should be finite. A more subtle version of the LLC [31, 3], which for unipotent
representations stems from [21], asserts that the members of II;(G) can be
parametrized by some irreducible representations p of a finite group Sy. This
leads to a space ®¢(G) of enhanced Langlands parameters (¢, p), and the LLC
then should become an injection

Irr(G) — ©¢(G).

The proofs of the LLC for GL, (F) [20, 14, 16] are major results. Together
with the Jacquet—Langlands correspondence these provide the LLC for inner
forms of GL,,(F), see [17, 5]. (This has been known for a long time already, but
was apparently not published earlier.) Recently there has been considerable
progress on the LLC for inner forms of SL,,(F') [17] and for quasi-split classical
groups [4, 23]. The LLC has been established for a large class of representa-
tions of these groups, including the collection Irr*(G) of irreducible tempered
representations.

In general it is expected that is easier to prove the LLC for tempered rep-
resentations of a p-adic group G than for all irreducible representations. The
main reason is that every irreducible tempered G-representation is unitary and
appears as a direct summand of the parabolic induction of some essentially
square-integrable representation.

Therefore a method to generalize the LLC from Irr*(G) to Irr(G) is useful.
The aim of this paper is to provide such a method, which is simple in com-
parison with the aforementioned papers. The idea is based on the Langlands
classification and to some extent already present in [10, 3, 28]. It applies to all
reductive groups over local non-archimedean fields. Recall that a part of Lang-
lands’ conjectures is that Irr*(G) corresponds to the set ®q4(G) of bounded
Langlands parameters (modulo conjugacy).

Theorem 4.2. Suppose that a tempered local Langlands correspondence is
given as an injective map Irr*(G) — ®f ,,(G), which is compatible with twisting
by unramified characters whenever this is well-defined. Then the map extends
canonically to a local Langlands correspondence Irr(G) — ®¢(G).

The main novelty of the paper is the introduction of analytic R-groups for
non-tempered representations (see Definition 1.4 and Theorem 1.6). These
objects, natural generalizations of R-groups defined (in the p-adic case) by
Silberger [29], open up new ways to compare Irr’(G) with Irr(G). Roughly
speaking, Irr(G) is obtained from Irr*(G) by ”complexification” (Proposition
2.1).
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We show that the relation between ®f ,(G) and ®¢(G) is similar (Proposi-
tion 3.2). As these spaces are not algebraic varieties, a large part of the proof
consists of making the term ”complexification” precise in this context. We do
this by constructing suitable algebraic families of irreducible representations
and of enhanced Langlands parameters.

In Section 5 we conjecture how our analytic R-groups are related to geo-
metric R-groups. This should enable one to produce a LLC for Irr(G) if the
Langlands parameters corresponding to essentially square-integrable represen-
tations of Levi subgroups of G are known.

With this in mind we check that the hypotheses of Theorem 4.2 are fulfilled
in some known cases, in particular for the principal series of a split reductive
p-adic group.

1. ANALYTIC R-GROUPS FOR NON-TEMPERED REPRESENTATIONS

Let F be a local nonarchimedean field and let G be a connected reductive
algebraic group defined over F'. We consider the group G = G(F') of F-rational
points. Let P be a parabolic subgroup of G with Levi factor M, and let A
be the maximal F-split torus in the centre of M. Then M = Zg(A) and
Ng(M) = Ng(A). The Weyl group of M and A is

W(M) = W(A) = Ng(M)/M = Na(A)/M.
It acts on equivalence classes of M-representations by
(1) (w-m)(m) = (@ 7)(m) = n(&~" mw),
for any representative w € Ng(M) of w € W(M). The isotropy group of = is
Wei={weWM):w-m=n}.

Let M be the subgroup of M generated by all compact subgroups of M. Then
M/M?" is a lattice and a character of M is unramified if and only if it factors
through M/M?'. Let X,,(M) be the group of unramified characters of M and
let Xunr(M) be the subgroup of unitary unramified characters. The above
provides X,,,.(M) with the structure of a complex torus, such that X, (M) is
its maximal compact subgroup.

In this paper all representations of p-adic groups are tacitly assumed to be
smooth. Let Ig be the functor of smooth, normalized parabolic induction, from
M -representations to G-representations. The following result is well-known,
we include the proof for a lack of a good reference.

Lemma 1.1. Let w be a finite length M -representation and take w € W(M).
Let P! C G be another parabolic subgroup with Levi factor M. Then the G-
representations IS (), IS (w-7) and IS, (7r) have the same trace and the same
irreducible constituents, counted with multiplicity.

Proof. Conjugation with a representative w € Ng(M) for w yields an iso-

morphism I§(w - 7) = IS, (7). The parabolic subgroup w='Pw C G has
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100002 AUBERT, BAUM, PLYMEN, SOLLEVELD

M = w'Muw as a Levi factor, so without loss of generality we may assume
that it equals P’.

Since I§(n) and I§, () have finite length [11, 6.3.8] their irreducible con-
stituents (and multliplicities) are determined by their traces [11, 2.3.3]. There-
fore it suffices to show that the function

C*(G) X Xne(M) = C,
(f, ) = te(f I (m @ X)) — te(f, 15/ (7 @ x))

is identically zero. For a fixed f € C¢°(G) this is a rational function on
X (M), which by [32, Théoréme IV.1.1] vanishes on a Zariski-dense subset of
X (M). Hence it vanishes everywhere. O

Let X*(A) and X, (A) be the character (respectively cocharacter) lattice of
A. Since A/(ANM?') = X, (A) is of finite index in M/M?, the restriction map
Xpr(M) — X, (A) is surjective and has finite kernel. In particular there are
natural isomorphisms

{x € Xux(M) : x(M) C Ryo} = Homgz (X, (A),Rso) Lo9, X*(A) @z R :=a".

We note that a* is a real vector space containing the root system R(G, A). We
say that xy € X,,,(M) is positive with respect to P if

(2) (@, log|x|) >0 for all « € R(P, A).

Let M (x) be the maximal Levi subgroup of G such that

e M(x) D M and the split part of Z(M(x)) is contained in A;
e  is unitary on M N M(x)der-

Assume that 7 is irreducible and tempered. In particular it is unitary. Then

Iﬁ((:))mp(ﬂ ® x) is completely reducible, because its restriction to M (X)der

is unitary. For every irreducible summand 7 of Iﬁ((:))m p(m ® x) the pair
(PM(x), ) satisfies the hypothesis of the Langlands classification [9, 18], so

IgM(X) (7) is indecomposable and has a unique irreducible quotient L(PM((x), 7).

We call the L(PM(x),7), for all eligible 7, the Langlands quotients of I§ (7 ®
X). This subset of Irr(G) depends only (M, 7 ® x), because M (x) and PM (x)
are uniquely determined by log|x|. We denote it by Irras gy (G)-

In fact I§ (7 ® ) is completely reducible for y in a Zariski-dense subset of
Xue(M). In that case Irras -gy (G) consists of all the consituents of I§ (7 ® ).

The uniqueness part of the Langlands classification tells us that L(PM (x), 7)
is tempered if and only if M (x) = G and 7 is tempered. This is so if and only if
X is unitary, in which case actually all members of Irrps rgy (G) are tempered.

By Lemma 1.1 the elements of Irr s rq, (G) are also constituents of IS, (7 ®
X), so it is justified to call them the Langlands constituents of I§, (7 ® x) for
any parabolic subgroup P’ C G containing M.
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Harish-Chandra showed that every irreducible tempered representation can
be obtained as a direct summand of the parabolic induction of a square-
integrable (modulo centre) representation, in an essentially unique way [32,
Proposition I11.4.1]. These considerations lead to the following result.

Theorem 1.2. [28, Theorem 2.15]

(a) For every w € Irr(G) there exist P, M,x as above and a square-integrable
(modulo centre) representation w € Irr(M), such that ™ € Irras ey (G).

(b) The groups P and M are unique up to conjugation. Once they are chosen,
w ® x is uniquely determined up to W (M )-equivalence.

(¢) 7 is tempered if and only if x is unitary.

Thus Irr(G) is partitioned in disjoint packets Irras gy (G), parametrized
by conjugacy classes of Levi subgroups M and W (M )-equivalence classes of
essentially square-integrable representations w ® x € Irr(M).

We remark that Theorem 1.2 is stronger than the Langlands classification as
formulated in [9, IV.2] and [18]. There the passage is from smooth representa-
tions to tempered representations, whereas in Theorem 1.2 the passage is from
smooth representations to essentially square-integrable representations (all as-
sumed irreducible of course). On the other hand, the Langlands classification
is one-to-one but Theorem 1.2 is only finite-to-one.

Let w € Irr(M) be square-integrable modulo centre and write

O={wexehr(M):x € Xuyn(M)},
Oc={wexelr(M):xe X.(M)}.

The irreducible constituents of the G-representations I3 S(wex) withwey € O
make up a Harish-Chandra component Irrp(G) of Irr*(G), see [27, §1]. The
group

3)

Xor(M)y, :i={x € Xox(M) : 0w ® x 2 w}
is finite, and in particular consists of unitary characters. The bijection

(4) Xor(M)/ X0 (M) = Oc i x = w®@X

provides O¢ with the structure of a complex torus, and O can be identified with
its maximal real compact subtorus. However, in general there is no natural
multiplication on O or Oc.

Let W(O) be the stabilizer of O in W (M), with respect to the action (1).
It is also the stabilizer of O¢, and it acts on O and O¢ by algebraic automor-
phisms.

Recall from [2, §2] that for every w € W(M) and every w ® x € O there
exists a unitary intertwining operator

(5) J(w,w®x) € HomG(Ig(oJ@x),Ig(w-(w®x))).
It is unique up to a complex number of norm 1. If yg is the restriction

to M of an unramified character of G, then the right hand side of (5) is
Home (1§ (w), I§(w - (w))), so then we may take

(6) J(w,w® xa) = J(w,w).
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These operators can be normalized so that x — J(w,w ® x) extends to a
rational function on O¢. We fix such a normalization. It determines a rational
function k : W(M) x W(M) x O¢c — CU {oo} by

(1) J(w,w (w@ X))o J(wwex) =r(w v, wex)J(ww,w® X).

On O this function is regular and takes values of norm 1. By (7) this holds
more generally for all twists of w by unramified characters of M which are
unitary on M N Gger. We let

Ru®y * WW@X X Ww@x - Cu {OO}
be the restriction of & to Wiy X Wygy X {w ® x}-
Lemma 1.3. k,g, has neither poles nor zeros.

Proof. Let w € W, and recall the definition of M (x), below (2). It shows
that w € Njs(y)(M)/M. As we saw above, the operator

M
In () (w,w @ x) € Endpgy (IPO(Z)\C/I)(X) (w®x))

is regular and invertible. Hence I}(D;M(X) (Jp () (w,w ® X)) is invertible as well.

But all the positive roots of R(G, A) that are made negative by w belong to
R(M(x), A), so

J(w,w®x) = ZISM(X) (Jp () (w,w @ X)) for some z € C*.
Now (7) shows that kg, (w,w") € C* for all w,w’ € W, gy. O

The associativity of the multiplication in Endg (1§ (w®1) implies that ke,
is a 2-cocycle of Wi,y . It gives rise to a twisted group algebra C[W,gy, kwey]-
By definition this algebra has a basis {J,, : w € W,y } and its multiplication
is given by
() Juw + Juwr = oy (W, W) Ty

Let Ryeda(G, A) be the reduced root system of (G, A). Harish-Chandra’s
p-function determines a subset

Rugy = t{a € Riea(G, A4) : pa(w ® x) =0},

which is known to be a root system itself [29, §1]. Its Weyl group W (R, gy )
is a normal subgroup of W g, . The parabolic subgroup P determines a set of
positive roots R Since W,y acts on R,gy, it is known from the general

wRX "
theory of Weyl groups that the subgroup
(9) Ruey = {w € Wogy : w(Rls,) = Rig, }
satisfies
(10) Waoex = Ruax X W(Rugy)-

Definition 1.4. The group Rugy is the analytic R-group attached to the es-
sentially square-integrable representation w ® x € Irr(M).
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Lemma 1.5. Let Y be a connected subset of Oc such that W, is the same

forallw@xeY.

(a) Rugy and Rugy are independent of w @ x € Y, up to a natural isomor-
phism.

(b) C[Rusy, Kwey] and the projective representation of Wogy on I8 (w @ x)
are independent of w® x € Y, up to an isomorphism which is determined
by the normalization of the intertwining operators Jy,.

Proof. (a) Since p, depends only on the values of the coroot a¥ on O, it is
constant on the connected components of Og*. Hence R,gy = Ry, for all
w®x,w®x €Y. This implies the corresponding statement for the R-groups,
by their very definition.

(b) The action of W, g, via the J(w,w ® x) defines a projective representa-
tion on I§(w ® x). By [32, §IV.1] the vector space underlying I§(w ® x) is
independent of x € Xy, (M)/Xn:(M),,. By Lemma 1.3 the J(w,w® x) depend
algebraically on x, so we have a continuous family of projective representa-
tions of the finite group W,gy. Given the dimension, there are only finitely
many equivalence classes of such representations, so all the Ig(w ® x) with
w® x €Y are isomorphic as projective W, g,-representations. In particular
the 2-cocycles ry,gy of Wiy for different w® x € Y are in the same cohomol-
ogy class. Moreover, since the kg, are defined in terms of the J(w,w ® x),
they vary continuously as functions on Y. Now (8) shows that there is a unique
family algebra isomorphisms

ClWausy: Fwox) = ClWusy', kwey]  of the form  Jy, — ay(w ® x,w @ X')
with a,, : Y2 — C* continuous and a,,(w ® x,w ® x) = 1. In view of part (a)
these isomorphisms restrict to

ClRuex, fwax] = ClRuay s fuay]- O

The following result generalizes the theory of R-groups [2, §2] to non-
tempered representations. It also provides an explanation for the failure of
some properties of R-groups observed in [8], see Example 5.3.

Theorem 1.6. Let w € Irr(M) be square-integrable modulo centre and let
X € Xoe(M).
(a) There exists an injective algebra homomorphism

ClRuwoy: Fwsy) = Enda(IF (w ® X)),

which is bijective if x is positive with respect to P. It is canonical up to
twisting by characters of Ry ey -
(b) Part (a) determines bijections

It (CRusx: hwenl) = Iramwex(M(X) = Drarwey(G)
p = r(M,w®x,p) = LM,w®Xx,p),
where 7(M,w®X, p) = Homem, g ke (95 Ig[m(;\(}(x) (w®x)) and L(M,w®

X p) is the unique Langlands constituent of IICfM( (m(M,w®x,p))-

X)
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(€) I§ ® X) = @, 18)(T(M.0 & x,0) ® p a5 G x ClPuy. Fusn-
representations.

Proof. For x € Xunr(M) this is well-known, see [2, §2]. By (6) it holds more
generally for x € X,,;(M) which are unitary on M N G g

(a) Since W(O) acts on O¢ by algebraic automorphisms, we can find a set
Y as in Lemma 1.5 which contains both w ® x and some w’ € O. By [29]
the intertwining operator J(w,w’) € Endg(I§(w’)) is scalar if and only if
w € W(R,), and by the aforementioned result of [2] the operators J(w,w’)
with w € R, span a subalgebra of Endg (1§ (w’)) isomorphic to C[R., ku].
By Lemma 1.5.b the same holds for all elements of Y, and in particular for
w®x. By Harish-Chandra’s commuting algebra theorem [30, Theorem 5.5.3.2]

(11) ClRuoy, Fuoy] = Endg(IS(w® X)) for x € Xun:(M).

Since both sides are invariant under twisting by unramified characters of G,
(11) holds whenever x € X,,,(M) is unitary on M N Gy

Every element of W(G) that stabilizes (M,w ® x) already lies in W (M (x)).
Therefore it does not matter whether we compute W, g, in G or in M (). The
definitions of RI®X, W (Rugy) and Ry are also the same for (G, P) as for
(M(x), PN M(x)). Now it follows from [28, Proposition 2.14.c|] and (11) that
for x positive with respect to P

~J M [a¥)
End (7§ (w ® X)) = Endyr) (T (@ © X)) = ClRusx Fusx -

The construction of the isomorphism (11) is unique up to algebra automor-
phisms of C[Ru ey, Kwey] Which preserve each of the one-dimensional subspaces
Cw. Every such automorphism comes from twisting by a character of R, g
(¢) In view of the remarks at the start of the proof, this holds with respect
to the group M(x) (instead of G). But C[R, gy, kwey] is the same for (G, P)
and (M(x),P N M(x)), so we obtain the result for G by applying the functor
IgM(X) to the result for M(x).
(b) For the same reason as (c), this holds on the level of M (x). Choose a par-
abolic subgroup P’ containing M, with respect to which x is positive. Then
P'NnM(x)=PnNM(x),so

(M, 0 ® X, p) = Homein o, nusn] (0 Tpr o (@ © X)).
By Lemma 1.1 Ip(M,w ® x,p) and IS (M,w ® x,p) have the same irre-
ducible constituents and by the Langlands classification there is a unique Lang-
lands quotient among them. This provides the bijection Irras gy (M (X)) —
Irrar ey (G). O

We remark that, since parabolic induction preserves irreducibility of rep-
resentations in most cases, L(M,w ® x, p) = IgM(X)(ﬂ(M,w ® X, p)) for x in
a Zariski-open subset of O¢c. For w ® x € O the stronger L(M,w ® x,p) =
m(M,w ® x, p) holds, because then M(x) = G.

Theorem 1.6 gives rise to a conjectural parametrization of L-packets. Sup-
pose that ¢ is a Langlands parameter for GG, which is elliptic for a Levi subgroup
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M C G. By [6, §10.3] the L-packet II, (M) should consist of essentially square-
integrable representations. If Ng(M, ¢) denotes the stabilizer of this L-packet
in G, Theorem 1.2 shows that Ng(M, ¢)-associate elements of II4(M) yield
the same parabolically induced representations. The conjectural compatibility
of the local Langlands correspondence with parabolic induction and with the
formation of Langlands quotients make it reasonable to expect that

(12) My(G) = | Irras wex (G)

wx€y(M)/Na(M,p)

= | ] {L(M,w® x,p) : p € Ir(C[Rugy, Fuex]) }-
w®XEI,(M)/Ng(M,¢)

2. ALGEBRAIC FAMILIES OF IRREDUCIBLE REPRESENTATIONS

Let X be a real or complex algebraic variety. By an algebraic family of
G-representations we mean a family {7, : € X} such that all the m, are
realized on the same vector space (up to some natural isomorphism) and the
matrix coeflicients depend algebraically on .

Lemma 1.5 and Theorem 1.6 can be used to give a rough description of the
geometric structure of the Bernstein component of Irr(G) determined by O, in
terms of algebraic families. For any subset Y C O¢ we define

II‘I’M’y(G) = U

Proposition 2.1. Let Y be a mazimal connected subset of Oc on which Wy,gy
s constant.

(a) Y is of the form X \ X*, where X is a coset of a complex subtorus of O¢
and X* is a finite union of cosets of complex subtori of smaller dimension
than X.

(b) Let W(O)x be the (setwise) stabilizer of X in W(O). Theorem 1.6 deter-
mines a natural bijection

(X\X7)/W(O)x x Irtag,m0x (G) = Trrpg x\ x+ (G),

foranyw® x € X \ X*.
(c) Representations in Irrps x\ x+(G) are tempered if and only if the parameter
W@ x s in Xepy \ XJp, the canonical real form of X \ X*.

cpt’

P Irr s wey (G).

Proof. Consider O¢ as an algebraic group via the bijection (4). The invertible
elements in the coordinate ring C[O¢] = C[X*(O¢)] are

ClOc]* ={zx:2 € X*(O¢),z € C*}.

Hence the action of W(0O) on O¢ induces a group action on C[O¢]*/C* =
X*(O¢), say (w,x) — Ay(x). Then

w - 2x = 2ty () Ay (z) for a unique t,(z) € C*.
Clearly t,, determines a group homomorphism X*(O¢) — C*, so it can be

regarded as an element of O¢. Thus we decomposed the action of w € W(O)
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on O¢ as ty Ay, where )y, is an automorphism of O¢ as an algebraic group and
t, is translation by an element of O¢. The fixed points of such a transformation
are of the form

OF = (Oé"”)on for some finite subset F,, C Of.

Furthermore (Oé“’)o is an algebraic torus, since it is the image of the \,-
invariants in the Lie algebra of O¢ under the exponential map. More generally,
for any subgroup W C W(0),

oY = (02"™))° Ry

The subset (OF)" C OF of points with a stabilizer strictly larger than W
arises from sets of the same shape, so it is union of cosets of algebraic tori of

((’)é(W))O. For W = Wy we get

X = (Oé(WY))O(wQ@x) and X* = (Oé(WY))* NnXx,

which are of the required form.

(b) The bijection is constructed with Theorems 1.2, 1.6 and Lemma 1.5. To
see that it is natural, consider a w ® x € O N X \ X* and abbreviate A =
Endg (1§ (w®x)). Since all the representations 1§ (w ® x') are realized on the
same vector space, Theorem 1.6.a shows that A C Endg(I§(w ® X)) for all
w®yx € X\ X* and that A determines the decomposition of I§(w ® x')
into indecomposable representations. If we substitute A for C[R,gy; Fwey]
in Theorem 1.6.b we obtain the same bijection as in part (b) of the current
proposition. This makes it clear that twisting by characters in Theorem 1.6.a
does not effect the bijection, so it is natural.

(c) is merely a restatement of Theorem 1.2.c. O

For p € Irr (C[Rugy: Fwey]) we put
(13) Irrps x\x+p(G) = {L(M,w®@x,p) :w@x € X\ X"}

By Proposition 2.1.b this set is in bijection with the complex quasi-affine va-
riety (X \ X*)/W(0O)x. By Proposition 2.1.c

(14) Irr"(G) N Irrps x\ x5 (G) =
Irr]VLchc\Xc*pt,p(G) = {W(Ma w& X, p) WX E XCP'E \ X:pt}a
which is in bijection with the real form (Xpi \ X&)/ W(O) x of (X\X*)/W(O)x.

¢
By Theorem 1.2.b two such families IrrMle\XI})pl(G) and Trraz, x,\ x50, (G)
are either disjoint or equal. The latter happens if and only if there isa g € G
such that gMag™t = M; and (g- X2 \ X3,9 - p2) is W(M;)-equivalent with
(X1 \ X7, p1). In this way Irr(G) can be regarded as the complexification of
Irr' (G).

For Irrps x\x+,(G) as in (13), let X* be the union of X* and the w €
X \ X* for which the Langlands quotient L(M,w ® x, p) is not the whole of
IgM(X)(ﬂ(M,w ® X,p)). Then Irrp y\ x4 ,(G) is an algebraic family of irre-
ducible G-representations.
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3. ALGEBRAIC FAMILIES OF LANGLANDS PARAMETERS

Let G = G(C) be the complex dual group of G = G(F). Let E/F be a finite
Galois extension over which G splits. The choice of a pinning (also known as a
splitting) for G' determines an action of the Galois group Gal(E/F) on G. As
Langlands dual group we take

LG =G x Gal(E/F).

Recall that the Weil group of F can be written as W = Ir x (Frob), where Ir
is the inertia subgroup and Frob is a Frobenius element of Wg. A Langlands
parameter for G is a continuous group homomorphism

¢: Wr x SLy(C) — L@
such that:
o &(z) = ¢°(z) x pr(z), with ¢° : Wg x SLy(C) — G and
pr: Wp x SLy(C) - Wp — Gal(E/F) the natural projection;
o ¢(w) is semisimple for w € Wg;

. ¢|SL2(C) : SLy(C) — G is a homomorphism of algebraic groups.

We say that ¢ is relevant for G if, whenever the image of ¢ is contained in
a parabolic subgroup TP [6, §3], £ P° corresponds to a parabolic subgroup of
G which is defined over F. (This condition is empty if G is quasi-split.) We
define U(G) to be the set of relevant Langlands parameters for G and ®(G) to
be ¥(G)/G with respect to the conjugation action.

We say that ¢ € U(G) is bounded if (W ) is bounded. Since Iy is compact
and ¢ is continuous, ¢ is bounded if and only if ¢°(Frob) lies in a compact
subgroup of G. We denote the subsets of bounded elements in ¥(G) and ®(G)
by \Ifbdd(G) and (I)bdd(G>-

Lemma 3.1. Every ¢ € ¥(G) can be written as ¢ = ¢y with ¢y €
U(G), ¢5(Wp) finite and
¢nr : WF X SLQ(C)/IF X SLQ(C) — Zé(lmd)f)o

Proof. Heiermann [15, Lemma 5.1] proved the corresponding result for ”admis-
sible homomorphisms” W — ©G. His proof remains valid for our Langlands
parameters. Although [15] says only that ¢(Frob) € Zx(im¢y), the proof
shows that ¢(Frob) lies in the identity component of the latter group. ]

We remark that in general ¢ is not uniquely determined by ¢, there can
be finitely many choices for ¢;(Frob).

Suppose now that ¢y € V(G), with ¢y(Wp) finite, is given. For s €
Zs(im ¢¢)° the element s¢¢(Frob) is semisimple if and only if s is semisimple.
In this case there is a Langlands parameter

Gfs = Onrsdf With ¢y s(Frob) = s.

Every parabolic subgroup that contains im ¢y s also contains im ¢y, so the
relevance of ¢y implies that ¢; s is relevant for G. We put

(G, p5) ={¢' € U(G) : ¢y ~ &r},
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where ~ means that ¢y is a possible choice for ¢;. Let ®(G, ¢y) be the image
of ¥(G, ¢5) in &(G).

Since im(¢f)° = ¢(SLa(C)) is reductive, so is Zxs(im ¢5)°. Lemma 3.1
and the above show that W(G, ¢s) is naturally parametrized by the set of
semisimple elements Zx(im ¢y)s,. Clearly U(G) is the union (usually not
disjoint) of the subsets U(G, ¢y). Since Zx(im ¢y)2; is the union of the tori T
in Zs(im ¢5)°, we can write

V(G = |J WG 5. T) = | {¢rs:5€T},

(15) ¢5,T ¢5,T
(@)= | ®(G,¢s,T) == | J (image of U(G,¢;,T) in ®(G)).
5T ¢, T

Because all maximal tori of the complex reductive group Zx(im ¢)° are con-
jugate, we need only one maximal torus 1" for each choice of ¢ to obtain the
whole of ®(G). Conjugation by any element of G sends any family ¥(G, ¢¢,T)
to another such family, via an isomorphism of tori. Consequently

(16) (G, d17,T1) N ®(G, paf, Tp) is empty or ®(G, d1, T N'Ty)

for some torus Ty C Zx(im ¢)°. We remark that here and below we allow tori
of dimension zero, which are just points.

Let Tty denote the maximal compact subgroup of a complex torus 7, so in
particular T is the complexification of T¢p. Then

(17)
Upaa(G) = | W(G,¢5 Tepr) := | J {¢1.s € ¥(G) : 5 € Tepn},
¢5.T ¢, T
q)bdd(G) = U (I)bdd(G,gbf,T) = U (image of q’bdd(G7¢f7T) in (I)(G))
o5, T ¢, T

For Ty and T} as in (16)
(18) @(G, ¢1f7 Tlcpt) N (I)(Gv ¢2fa TQCpt) is empty or @(G7 ¢1f7 (Tl n Té)cpt) .

By (16) and (18) the intersections between such sets, which are partially caused
by the ambiguity of ¢ — ¢, do not pose any problems for this way of decom-
posing the space of Langlands parameters. In the sense of (15) and (17) ¥(G)
can be regarded as the complexification of Wy,qq(G). The action of G pre-
serves the structure introduced above, which enables us to see ®(G) as the
complexification of ®pqq(G).

Now we include the S-groups from [3] in the picture. These are improved
versions of the usual component groups. Let G, be the simply connected cover
of the derived group of G. It acts on G by conjugation. For ¢ € ¥(G) consider
the groups

C(¢) = Zg, (m¢) and Sy :=C(9)/C(4)°.
(Arthur calls these groups Sy s and §¢) Enhanced Langlands parameters for
G are pairs (¢,p) with ¢ € ¥(G) and p € Irr(Sy). We call the set of such
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parameters ¥°(G). The conjugation action of G' on ¥(G) extends naturally to
an action on ¥¢(G), namely

§-(6,p) = (905", poAd(g)™").

We denote the set of equivalence classes by ®¢(G).

Let X be areal or complex algebraic variety. We say that a family {(¢z, pz) :
2 € X} of enhanced Langlands parameters is an algebraic family if QSJC‘IF «SLa(C)
is independent of z, ¢, (Frob) depends algebraically on x and all the p, are
(in some sense) equivalent.

Let Z be the centralizer in G of some element of ¥(G, ¢5,Y), where Y is
a torus as in (15). Write tz = Lie(Y) N Zy;¢)(Z) and put Tz = exp(tz), a
subtorus of Y. The elements ¢ € U(G, ¢,Y) with Zs(im ¢) D Z correspond
bijectively to a set of the form

Yy =TzFy CY,

where F is finite. We remark that Yz need not contain the unit element. The
subset of ¢ € U(G,¢y,Y) with Zx(im ¢) 2 Z determines a finite union Y
of cosets of algebraic subtori of smaller dimension in Tz. Of course Yz can
be empty. Let T C Yz be a coset of an algebraic subtorus of Tz and write
T*=Y;NT. For p € Irr(Sy) we have an algebraic family

(19) V(G op, TANT, p) = {(d5,5,p) : s € T\ T}

Let ®(G, ¢, T\ T*, p) be its image in ®°(G). Conjugation by an element of
G sends W(G, ¢7, T\ T*, p) to a family of the same form. It follows that

(20)

(I)(G7 ¢1fa Tl \ Tl*v p) N (P(Gv ¢2f7 T2 \ T2*7 U) is empty or (D(Ga ¢1f7 Tl N T2la p)

for some subtorus Ty C Y. Similarly the set of enhanced bounded Langlands
parameters Uy ,,(G) is a union of the algebraic families

(21) lIJ(G7 ¢f7TCpt \Tc*ptﬂp) = {(¢f787p) HERS TCPt \ T:pt}'

Again we denote the image in ®°(G) by ®(G, ¢y, Teps \ Topg, p)- By (18) the
intersections of such families satisfy

(I)(G7 (blf; Tlcpt7 P) N (I)(Gv ¢2fa T2cpta U) is empty or (I)(G7 ¢1f; (Tl N T2/)cpt7 p)7

where T4 as in (20). We summarize the findings of this section in a proposition:

Proposition 3.2.

(a) ¥¢(G) is in a natural way a union of algebraic families (G, ¢¢, T\T™, p),
each of which is parametrized a complex variety T\T*. Every T is a coset
of a torus in G, and T* is a (possibly empty) finite union of cosets of tori
of smaller dimension.

(b) Wi44(G) is in a natural way a union of algebraic families W(G, ¢r, Topt \
Tt p), each of which is parametrized by the canonical real form Tepe \ T,
of the variety T \ T*.

(¢) Via (a) and (b) ¥°(G) can be regarded as the complezification of ¥f 14(G).
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(d) The action of G on V°(G) preserves these structures, and in that sense
®°(G) can be seen as the complexification of ®f 14(G).

Example 3.3. We will work out the above families for (enhanced) Langlands
parameters for G = SLy(F'), which are trivial on the inertia group Ip. Put
G = PGLy(C) and let T' be torus of diagonal elements in G. The simply
connected cover of G is Gy = SLy(C) and we let Ts. be the torus of diagonal
elements therein. We distinguish the families first by their restriction to SLy(C)
and then by the possible tori.
® bl =Loyr=1T1=T.
Then Ty = {($9). (8 %)} and for all ¢ € U(G,1,T; \ T}) we have

C(¢) = Tsc and Sy = 1. Moreover
(G, 1L, TI\T}) = {bnr,s : s € L\ Ty /W (G, T) = (C*\ {1,-1}) /S5,
O(G, 1, Theps \ Thopy) {2 € C i 2] = 1,2 # 1,2 # —1}/Ss.
b ¢|SL2(C) = 1a¢2f =1,T, =1.
Now Ty is empty, C(¢) = SL2(C) and Sy = 1. Thus (G, 1,Ts) = {1}
=1 = T3 =1.
* ¢’SL2(C) ’¢3f ¢nr,(é_01)’ 3 § ; §
In this case T3 is empty, C(¢) = Ng_(Tsc) and Sy = W(Gse, Tse) =

Sy. For every p € Irr(Sy) we have ®(G, ¢3¢, T3, p) = {(¢31,p)}-
the projection SLy(C) — PGL2(C), ¢4y trivial on Wy and

I

¢|SL2(C)
T, = 1.
Again T} = @ and there is only one Langlands parameter ¢ = ¢4 in
this family, which satisfies C(¢) = Z(SL2(C)) = Sy. For p € Irr(Sy) we
obtain ®(G, ¢af, Ty, p) = {(¢ar,p)}. We remark that for p nontrivial
(¢ay,p) does not parametrize a representation of G, but one of the
essentially unique non-split inner form of G.

4. FROM A TEMPERED TO A GENERAL LOCAL LANGLANDS
CORRESPONDENCE

In this section we will show how a local Langlands correspondence for Irr*(G)
can be extended to Irr(G). For this purpose we want the enhanced Langlands
parameters, so that every L-packet II(¢) is split into singletons by Irr(S,). As
not all irreducible representations of the S-group S4 need to appear here, we
suppose that the LLC is an injective map from Irr(G) — ®¢(G). Of course we
need to impose additional conditions on this LLC, which we discuss now.

Recall the algebraic families of irreducible G-representations and of en-
hanced Langlands parameters from Sections 2 and 3. We would like to say
that via the local Langlands correspondence every algebraic family on one side
is in bijection with an algebraic family on the other side. Unfortunately this
is not true in general, because our algebraic families need not be maximal. In
both W(G, ¢5, T\ T*, p) and Irrps x\ x+ ,(G) it is possible that some points of
T* (resp. X*) have a larger centralizer in G (resp. in W(0©)), but the same
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S-groups (resp. R-groups) as points of T\ T* (resp. X \ X*). Then the al-
gebraic family can be extended to a larger subvariety. This behaviour is very
common, it occurs for most reductive p-adic groups. We could overcome this
problem by adjusting the definitions of W(G, ¢y, T\ T™, p) and Irrp; x\ x+,,(G)
so that they include such points of T" or X.

However, that would still not imply that our algebraic families are maximal.
One reason is that C(¢y,,) could be larger than C(¢) for ¢ € U(G, ¢y, T\ T*),
but that the subsets of Irr(Sy,,) and Irr(Ss) that are relevant for the LLC
could nevertheless be in natural bijection. Even more subtly, it is conceivable
that MR, gy is strictly larger than the R-groups associated to M, X \ X*, but
still there exists a puey € Irr(Ruwy: kwwy) such that L(M,w @ X, puey) fits
in a natural way in Irrps x\ x+,,(G). Maybe such situations could be excluded
with more precise conventions and some additional work.

We prefer to deal with this by proving two versions of our extension theorem:
one that covers all situations which can theoretically arise inside the framework
of the previous sections, and a more elegant version which works under slightly
stronger conditions.

For the first version we assume only that every algebraic family, of the form
described in Sections 2 and 3, is in correspondence with finitely many algebraic
families, also as in Sections 2 and 3, on the other side (possibly minus some
subfamilies of smaller dimension).

Theorem 4.1. Let a tempered local Langlands correspondence for G be given
as an injective map

LLL : Tt (G) — @%44(G).
Suppose that for every algebraic family of irreducible tempered G-representations
Irrag x 0\ xz,,,0(G) as in (13), there eist

(1) finitely many algebraic families of enhanced bounded Langlands param-
eters W(G, ¢ p, Ticpt \ Tiepyy pi) as in (21);
(2) for every i, a coset X; cpi of a compact subtorus of Xcp, and an iso-
morphism of real algebraic varieties v; : X; cpt — T5 cpts
(8) an injection P+ Xepe \ Xope = L Thept \ Tiepts
such that (w ® x) = Yi(w @ x) forw@x € "/’i_l(Ti,CPt \ T ept) N Xept \ Xopes
and

(Df.p(wax)s Pi) € Viaa(G)  represents LLE(m(M,w ® X, p)).
Then LLE, can be extended in a unique way to an injective map
LLg : Irr(G) — ¢(G)
such that

(1) the image of LL is the complezification of LLL (Irr*(G)) in the sense
of Proposition 3.2;
(2) the above conditions hold without the subscripts cpt.
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Proof. By complexification 1; extends to an isomorphism of complex algebraic
varieties ¥; : X; — T;. Hence we can extend v to an injection

Vi X\XT = | | AT,
Ywey) =Piway) for wexey (T\T)NX\ X"
Using this we put
LLG(M,w ® X, p) = (df.pwan)» pi) € U(G) for w@x € v~ (Ti\T7).

Notice that the argument is not a G-representation, but a parameter for
that. By assumption LL(M,w ® x,p) represents LLL (m(M,w ® x,p)) for
X € Xune(M). We want LLy, to descend to a map Irr(G) — ©¢(G) via Theo-
rem 1.6.b. Let us agree to use only one M from every conjugacy class of Levi
subgroups of G. In view of Theorem 1.2 it suffices to check that

LL;(L(M,w® ¥, p)) is G-conjugate to LL(L(M,w(w ® x),wp))

for all w € W(M). By construction this holds if x € Xyn(M). Otherwise
Ix| € X (M) is of infinite order and

L(M,w® x|x|%p) = LIM,w(w® x |x|*),wp) forall ze C.
For z € iR — 1, x|x|? is unitary and
LLg(M,w @ x |x|?, p) is G-conjugate to LLg (M, w(w @ x [x|7), wp)

because both represent LLL (m(M,w @ x |x|*, p)). These objects vary contin-
uously with z, so we can find one element § € G which conjugates them for
all z € iR — 1 simultaneously. Then ¢ actually works for all z € C, and
in particular for w ® x. We conclude that LL{, induces a well-defined map
LLg : Irr(G) — @°(G).

By construction LLg has all the properties described in the theorem, only
the injectivity is not yet clear. Suppose that

¢1 = LLg(M,w1 ® x1,p1) and ¢ = LLG(M, w2 ® X2, p2)
are conjugate by some element ¢’ € G. Then
|1 (Frob)| = [1h1 (w1 ® x1)| is G-conjugate to |2 (Frob)| = [1ha(wz ® X2l
by the same element §’. Hence
LL;(M,w; ® x1|x1]%, p1) is G-conjugate to LLg(M,wa @ xa|x2|?, p2)
for all z € C. The injectivity of LLL, implies
L(M,w ® x1|x1l?sp1) =2 LM, w(ws @ x2|x2|?),p2) forall z € iR — 1.

Proposition 2.1.b shows that this holds for all z € C, and in particular for
z=0. g
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For a cleaner version of this theorem we summarize the essence of alge-
braic families of irreducible representations in shorter terminology. Let m &€
Irrar, (G) with w € Irr(M) square-integrable modulo centre. For x € X, (M)
we say that 7 ® y is well-defined if there exists a path t — x; in X, (M) with
Xo = 1 and x1 = X, such that there is a canonical isomorphism R, ey, = R
for all t. This definition makes sense by Lemma 1.5, while Proposition 2.1
shows how 7 ® x can be constructed. In fact the 7 ® x which are well-defined
in this sense are precisely the members of a family of representations as in
(13). Notice also that this convention generalizes the usual definition of 7 ® x
for x € Xu:(G).

In the above setting there is an inclusion M — G, unique up conjugation.
We recall a desirable property of the local Langlands correspondence from
[6, §10]: the Langlands parameter of 7 is that of w, composed with the map
M — G. Equivalently, it is conjectured that = and w have the same Langlands
parameter up to conjugation by G.

The unramified character x of M can be regarded as a character of the
torus Z(M)°. Via the LLC for tori it determines a smooth homomorphism

L:Wp— Z(M)C M.

Theorem 4.2. Suppose that a tempered local Langlands correspondence for G
1S given as an injective map
LLL : Tit"(G) — @%44(G).

Assume that for all m € Trrp,(G) we can find a representative (¢, pr) €
Ue (M) for LLE (7)) such that, whenever x € Xun(M) and ™ @ x is well-
defined (in the above sense):

e there is a canonical isomorphism ay, : Sy, — S¢. x5

o (nX,afpr) € Vi gq(M) represents LLg (T ® x).
Then LLE, can be extended in a canonical way to an injection

LLg : Irr(G) — ¢(G)

which fulfills the above conditions for all x € X (M) such that # ® x is well-
defined.

Proof. Tt suffices to check that the conditions of Theorem 4.1 are fulfilled.
Consider a family Irrar x.,\xz,,,(G) and an element w € Xepy \ Xy C
Irr'(M). The assumptions enable us to find a family of Langlands param-
eters (G, ¢y, Tept \ Toy) which is in bijection with IrrM,cht\X(fpt,p(G) via
T®RX — ¢rX. Divide U(G, ¢y, Teps \ Tppyy) into finitely many families of en-
hanced Langlands parameters W(G, ¢f, Tj cpt \ T} cpys pi) according to the dif-
ferent possibilities for C(¢,X). Here the additional ingredient p; is uniquely

determined by the second assumption. Now we can apply Theorem 4.1. O

The conditions of Theorem 4.2 hold in all cases which the authors checked,
and it seems likely that they are valid for any p-adic group G (if a tempered
local Langlands correspondence exists for G). For example they hold for all
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inner forms of GL,,(F'), because then the component groups and JR-groups are
trivial and compatibility with unramified twists is built in the LLC. In fact the
usual LLC for GL,,(F), denoted recg,,, fulfills the conditions of Theorem 4.2
for non-tempered representations as well. So if we start with recg ’Irrt QL. (F))?
then Theorem 4.2 yields recg,.

The hypotheses are also fulfilled for inner forms of SL,(F), as can be de-
duced from [17]. Furthermore both the work of Arthur [4] on quasi-split or-
thogonal and symplectic groups and the work on Mok on quasi-split unitary
groups [23] should fit with Theorem 4.2. Indeed, the first condition in Theo-
rem 4.2 will follow from the comparison of the analytic and geometric R-groups
for tempered representations (see the next section), and the second condition
should be a consequence of the functoriality of the twisted endoscopic trans-
fers used in the construction of the representations of the classical and of the
unitary groups.

5. GEOMETRIC R-GROUPS

In the next section we will explain why Theorem 4.2 applies to principal
series representations of a split reductive p-adic group. To that end we first
have to improve our understanding of the relations between Sy and the R-
groups from Section 1, that is, between the analytic and the geometric R-
groups. We discuss this for a general reductive p-adic group G.

Given ¢ € (@), let M be a Levi subgroup of G such that the image of ¢ is
contained in “M, but not in any smaller Levi subgroup of “G. We can regard
S £4 (that is, Sy for ¢ considered as a Langlands parameter for M) as a normal
subgroup of Sy, so the conjugation action of Sy on Sé)” induces an action of
the quotient S¢/S£4 on Irr(Sésw).

Definition 5.1. Let Ry, be the stabilizer of o € Irr(8£4) in S¢/Sé”. The
group Ry o is the geometric R-group attached to (¢,0).

Assume that a local Langlands correspondence for essentially square-integrable
representations of M is known, and that (¢,0) € W(M) corresponds to
w®x € Irr(M). The following conjecture extends to the non-tempered context
a conjecture that was stated by Arthur in [1].

Conjecture 5.2. Ry, is isomorphic to Ry ey -

Conjecture 5.2 for tempered representations (Arthur’s conjecture) is known
to be true, in the case when F' is of characteristic 0, when G is an inner form
of SL,,(F) (see [12, 13]), and when G is a classical group, including the case
of unitary groups, see [7] and the references therein. It was also studied, and
proven in some other cases, in [24, §9].

In view of Propositions 2.1 and 3.2, the validity of Conjecture 5.2 for all
bounded Langlands parameters ¢ € ®pq4(G) would imply the validity for all

6 € Q).
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On the other hand, the group Ry, for ¢ € ¥ ,(G) is a special case of
the Arthur group Ry, where 19: W x SLy(C) x SLa(C) — LG is an Arthur
parameter. Ban and Jantzen [8] provided an example in G = SOg(F), involv-
ing an Arthur parameter ¢ that has non-trivial restriction to the second copy
of SLy(C), for which the cardinality of JRy , does not coincide with the num-
ber of components of the corresponding parabolically induced representation.
However Conjecture 5.2 still holds in this case, as we will see.

Example 5.3. Ban and Jantzen considered the representation

™= StGLg(F) X triVGLQ(F) 1,
which is parabolically induced from the representation Stqr,(r) ® trivar,m)
of a Levi subgroup of the group G = SOg(F'). The representation Stgr, ) @
trivar,(r) is not essentially square-integrable, so we want to compare 7 with
the parabolically induced representation

1/2 1

g =V XI//QXStGLQ(F)Nl

where v = | det |, to which our construction do apply. The representation
has three constituents [8, Theorem 2.5]:

m = 220 ) 2 ) + 207 S),
where 71, T2, and S are irreducible tempered representations of SO5(F') defined
by
71+ 72 =Stgr, x1 and S = Stgr, X Stsos,

and Z(v~Y2,v=Y2;7;) is the unique subrepresentation of the parabolically
induced representation v~/2 x v=1/2 x 7;, while Z(v~/2;8) is the unique
subrepresentation of the parabolically induced representation v=1/2 x & =
y1/2 Star, X Stso,. We have

Z(I/_l/Q,l/_l/Q;Ti) € Irrar ey (G)  and Z(V_l/Q;S) € Irrap ey (G),

where M ~ F* x F* x GLy(F) and w ® x = v~ /2 @ v=/2 @ Stqr,,, while
M’ ~ F* x GLy(F) x SO3(F) and ' ® ¥’ = v~/? @ Stqr, ® Stso,. Hence
both the Z(v~1/2 v=1/2;1;) are Langlands constituents of o and Z(v~1/%;S)
falls into a different series, because it can be obtained via parabolic induction
from a square-integrable representation of a larger parabolic subgroup.

In this example Arthur R-group PRy » has four elements, clearly too many
for the packet. If we do the same calculation as in [8, §2.3] with Langlands
parameters instead of Arthur parameters, then we end up with a geometric
R-group of order 2, which is also the analytic R-group of . Section 3.3 of [§]
shows that its irreducible representations naturally parametrize the first two
constituents of 7 discussed above.

We write Irr(Sy,0) = {p € Irr(Sy) : Homg (0,p) # 0}. Choose a minimal

idempotent p, of (C[Sé”] associated to o. Then the algebra C[Sy]p,C[Sy] is
Morita equivalent to p,C[S4]p, and the map V + p,V induces a bijection

(22) Irr(Sy, 0) = Irr(C[8¢]ng[S¢]) — Irr( UC[S¢]pJ).
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On the other hand
paC[S¢]pa = End5¢ (C[S,;g}pg) = End5¢ (C[S¢]®C[S£4]C[Séw]po) = Endgqb (mdg%cr)

By [24, (9.1b)] a choice of intertwining operators I, € Homsévz (o,r - o) for
r € Ry o gives rise to a 2-cocycle Ky » such that

(23) PoC[Sy)ps = Ends, (indﬁgm) ~ ClRy.0, Fgpol-

Thus (22) and (23) provide a bijection between Irr(Sy, ) and Irr (C[Rg o, £g,0) ) -
We remark that in general this bijection is not natural, as it can depend on
the choice of the intertwining operators I,..

We call 0 € Irr(Sé/[ ) relevant for M if it corresponds to a representation of
M (as opposed to a representation of an inner form of M), and we denote the
set of such o by Irryens (ng ). The above action of Sy on Irr(SéV[ ) permutes
the different S é)‘/f -constituents of a representation of Sy, so on the p-adic side it
should correspond to permuting the different w € Irr(M) for which Irrps ., (G)
contains a fixed representation of G. Therefore IrrrelM(SéW ) should be sta-
ble under the action of Sy. The desirable properties of the local Langlands
correspondence suggest that there are bijections

(24) T4(G) = | ] It a7 iy (G)
wRxEM, (M) /N (M,p)
L] Irr(Sy, o) +— L] It (C[Rg,0, Fg,0))-
o€lrrreim (SQ/’)/Sd) o€lrTrelm (Sé\)/[)/sd>

Furthermore the comparison with (12) suggests that the cocycles kg4, and
Kway should be cohomologous via Conjecture (5.2). In that case (12) and (24)
show how Langlands parameters for essentially square-integrable representa-
tions of Levi subgroups M can be used to produce a LLC for G. This fits
well with the work of Heiermann [15], who proved that under certain condi-
tions a parametrization of supercuspidal representations gives rise to one for
essentially square-integrable representations.

6. THE PRINCIPAL SERIES OF A SPLIT GROUP

From now on we assume that G is F-split. The local Langlands corre-
spondence for irreducible G-representations in the principal series was recently
completed in [5]. It generalizes [19, 25] and relies among others on [26].

First we consider the unramified principal series. Let (¢,0) € ¥f 4(M) be
elliptic for a Levi subgroup M C G and let w € Irr(M) be the correspond-
ing square-integrable (modulo centre) representation. The Kazhdan—Lusztig
parametrization of irreducible Iwahori-spherical G-representations [19, 25] is
compatible with parabolic induction in the sense that this operation does not
change the first two ingredients of a Kazhdan—Lusztig parameter (s, u, p). Since
(s,u) determines a Langlands parameter, all elements of Irrys,,(G) have Lang-
lands parameter ¢ € ®(G).
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The appropriate component groups for G-representations, at least for the
principal series, are

Z26(8)/2(6)° = S,/ (image of Z(G.c))-

(In other words, the subtlety of replacing G by its simply connected cover is
superfluous for split groups.) We denote the G-representation attached to ¢
in [19] by 7¢(¢). By construction

T (PX) = Ta () @ x for all x € Xn(G).

In general mg(¢) is reducible and endowed with a natural action of Zx(¢)/Zx(9)°.
The third ingredient of a Kazhdan—Lusztig parameter is an irreducible repre-
sentation p of the latter group. It used to select an irreducible summand
na(¢,p) of mg(#), by applying Homs,(p,?). Choose a o € Irr(SQ/I) which
appears in the restriction of p to Sé”. With (22) we obtain

(25) 7a(¢,p) = Homs, (p, 7a(¢)) = Homes,jp, c(s,) (P, 76 (0))
= Homy,, ¢(s,)p, (Pops Do (0))-

By [19, Theorem 6.2] ma(¢) = IS (mar(¢)) in an Séw—equivariant way. Let
po € Irr(C[Rg4,0,k4,0]) correspond to p € Irr(Sy,0) via (22) and (23). It
follows that the right hand side of (25) is isomorphic to

Homc[m¢‘o‘v’{¢‘o‘] (pm I}C’;(poﬂ'M ((b))) .

Because p, acts as a projection of rank one on the vector space underlying o,
it has essentially the same effect as applying Hom si (0,7). We find

(26) 7TG(¢’a ,0) ~ Homc[%(p,mfﬁ(p,a] (pg, Ig (Homsgf (U, M (¢’)))
= Homc[m%m,{%(,] (pm I]CD;<7TM(¢> U)))

Reeder [24, §9] proved that the analytic R-group R, is isomorphic to the
subquotient Ry, of Zx(¢)/Zx(¢)°, and that the 2-cocycles kg, and &, are
cohomologous. From this, (26) and Theorem 1.6.b it is clear that the way
Irr(Z(¢)/Z(4)°) is used here is equivalent to the method with R-groups in
Section 1. We already knew that mpr(¢x) = mar(¢) ® x for all x € Xy, (M), so
the representations 7¢ (¢, p)®x can just as well be constructed via (26). Conse-
quently the Kazhdan-Lusztig parametrization satisfies g (oYX, p) = 7 (0, p) ®
x whenever this is well-defined for a x € Xyn:(M).

Strictly speaking, [19] applies only if G has simply connected derived group.
But Reeder’s generalization [25, Theorem 3.5.4] allows us to forget about this
condition, as can be seen from equations (93) and (94) of [5]. Thus the as-
sumptions of Theorem 4.2 are fulfilled for the unramified principal series of a
split group.

In fact the Kazhdan-Lusztig-Reeder parametrization also fulfills the con-
clusion of Theorem 4.2. This can be shown by the above argument, combined
with some Langlands quotients at the appropriate places. The latter do not
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pose any additional problems, because they form an integral part of the con-
structions in [19].

Next we consider a Bernstein component [T, x]e in the principal series,
such that the group H = Zx(X) is connected. Since the local Langlands
correspondence for the irreducible representations in [T, x| uses [26], we have
to assume that the residual characteristic of F' satisfies the mild conditions
in [26, Remark 4.13]. According to [26, Theorem 9.14] the block of Rep(G)
determined by [T, x]¢ is equivalent with the block of Rep(H) containing the
unramified principal series. This equivalence comes from an isomorphism of
Hecke algebras and it preserves all the important structure, like parabolic
induction and R-groups. It was checked in [25, §4] that the component groups
Z(9)/Zx(¢)° are also preserved in the process. Since the unramified principal
series of H fit in the framework Theorem 4.2, as shown above, so does the
Bernstein component [T, x]g-.

Finally, suppose that Zx(X) is disconnected, with identity component H and
component group I'. Then everything for the Bernstein component [T, x]¢ can
be obtained from the setting for H, by taking the extended quotient (of the
second kind) with respect to the action of I', see [5, §23]. This procedure is es-
sentially the same for enhanced Langlands parameters as for G-representations,
and therefore it does not disturb the properties of the local Langlands corre-
spondence used in Theorem 4.2.
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