HJNIVERSITY OF

Southampton

University of Southampton Research Repository

ePrints Soton

Copyright © and Moral Rights for this thesis are retained by the author and/or other
copyright owners. A copy can be downloaded for personal non-commercial
research or study, without prior permission or charge. This thesis cannot be
reproduced or quoted extensively from without first obtaining permission in writing
from the copyright holder/s. The content must not be changed in any way or sold
commercially in any format or medium without the formal permission of the
copyright holders.

When referring to this work, full bibliographic details including the author, title,
awarding institution and date of the thesis must be given e.g.

AUTHOR (year of submission) "Full thesis title", University of Southampton, name
of the University School or Department, PhD Thesis, pagination

http://eprints.soton.ac.uk



http://eprints.soton.ac.uk/

UNIVERSITY OF SOUTHAMPTON

FACULTY OF SOCIAL AND HUMAN SCIENCES

SCHOOL OF MATHEMATICS

Confidence Sets for a Maximum Point
of a Regression Function

Fang Wan

A thesis submitted for the degree of
Doctor of Philosophy

May 2014






UNIVERSITY OF SOUTHAMPTON

ABSTRACT
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Confidence Sets for a Maximum Point of a Regression Function

by Fang Wan

A maximum point of a regression function is defined as one at which the function
attains its maximum value. The determination of a maximum point of the regres-
sion function over a given covariate region is often of great importance due to its
wide applications. Since the regression function needs to be estimated and its max-
imum point(s) can only be estimated based on random observations, the focus of
this research is therefore to construct confidence sets for a maximum point of the

regression function.

A confidence set for a maximum point of a regression function provides useful in-
formation on where a true maximum point lies, and so has applications in many
real problems. In this thesis, an exact (1 — «) level confidence set is provided for a
maximum point of a linear regression function. It is also shown how the construction
method can readily be applied to many other regression models involving a linear
function. Examples are given to illustrate this confidence set and to demonstrate
that it can be substantially smaller than the only other conservative confidence set

that is available in the statistical literature so far.
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Chapter 1

Introduction

Regression analysis is a statistical technique that models and investigates the re-
lationship between a dependent/response variable Y and one or several indepen-

dent/explanatory variables €. A regression model is often expressed as
Y = f(z,0) +e,

where e is the random error, @ is the unknown parameter(s) and f(z,0) is the
regression function of a pre-specified form. A maximum point of the regression
function f(z,8) is defined as a point in the covariate region at which f(z,0) attains
its maximum value. A maximum point of f(z,8) over a given covariate region may
represent the dose level in the experimental region that maximizes the response,
or the amount of fertilizer that maximizes the crop yield, etc. Due to its wide
applications, the determination of a maximum point of a regression function in a
constrained covariate region is often of great importance.

If the value of 6 is known, then finding a maximum point is a simple calculus
problem which can be solved according to Hancock (1960), Bliss (1970, pp44-50),
Studier et al. (1975), or Zar (1999, pp458-459). The difficulty lies in that the value
of @ is unknown and only an estimator 6 of @ with a certain distribution is available.
Hence the regression function f(z, ) needs to be estimated and its maximum points

can only be estimated based on 6. The focus of this research is therefore to construct
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a confidence set for a maximum point of f(x,8). However, the computation is much
more challenging than point estimation, which naturally uses the maximum points of
the estimated function f(z, 9) In fact, the confidence sets constructed in this thesis
are valid for a given maximum point f(z,0), regardless of the number of maximum

points f(z,0) has.

1.1 Confidence Sets for a Maximum Point

Suppose we have observations Y from the regression model defined earlier in this
chapter. Let k = k(@) be a maximum point of f(z,8). Then a (1—«) level confidence
set for k is given by C(Y') where the set C(Y') satisfies

i%fPo(k ceCY))>1-a.

If the equality holds, then C'(Y') is an exact (1 — «) level confidence set, otherwise

we call it a conservative (1 — «/) level confidence set.

A confidence set for a maximum point provides useful information about the regres-
sion function and quantifies where a true maximum point lies. Carter et al. (1983)
consider the relevant applications in cancer chemotherapy, while Farebrother (1998)
deals with response surface models. In fact, one of the objectives of response surface
methodology is to find the path of the ridge, that is, a locus of points, each of which
is a maximum point of the regression function in a given sphere of certain radius
and construct a confidence set for the path; see, for example, Ding et al. (2005)
and Gilmour and Draper (2003). This methodology is known as ridge analysis (see
Hoerl, 1985).

To be specific, in the thesis we consider the simpler situation where the regression

function is a linear function of the form

f(x,0) = 0y + z(x)"6" (1.1)
where = (x1,-- ,24)7, z(x) is a given p x 1 vector-valued function of z, 8° =
(01, ,Gp)T and 8 = (6, - ,Hp)T. The interest is in the maximum points of
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f(z,0) in a given covariate region of . Note that the maximum points of f(z,8) do
not depend on the intercept 6y and z(x)TGO contains all the information about the

maximum points of f(z,0).
Assume that an estimator  of  is available with normal distribution

A

6~ N0, %) (1.2)

where ¥ is a known positive definite matrix, and 42 is an estimator of the error

variance o2 with distribution 62

~ 2x2 /v independent of . The constant v is the
degrees of freedom (df) of the chi-squared distribution. In the special case that o2
is a known constant, then 62 = 0 and v = oo; hence, without loss of generality, we

assuime

6~N@B,Y). (1.3)

Our focus is on the construction of a (1 —a) level confidence set for a maximum point
of the function f(z,6) in a given covariate region of x based on the distributional

assumption (1.2), which includes the special case (1.3).

The distributional assumption (1.3) holds asymptotically for many parametric and
semi-parametric models. In the generalized linear, random effects linear and random
effects generalized linear models (cf. Pinheiro and Bates, 2000; McCulloch and Searle,
2001; Faraway, 2006), the mean response E(Y) may be related to f(z,0) by a
given monotone link function. Based on the observed data, one has approximately
6 ~ N 9, 2) where ¥ is provided by many statistical software packages that deal
with these models. Hence the method developed in this thesis (for the special case
(1.3)) can readily be applied to construct an asymptotic (1 — «) level confidence set
for a maximum point of f(z,0) over a given covariate region for these parametric

and semi-parametric models.

It is noteworthy that the construction of a confidence set for a minimum point of
f(z,0) in a given region of  can be transformed into the construction of a confidence
set for a maximum point of —f(x,8) = f(z, —0) with the distributional assumption

—6~N (=0, 0%%). Hence the methods developed in this thesis can readily be applied



Chapter 1

to the construction of a confidence set for a minimum point of f(z,0) in a given

region.

1.2 Some Confidence Sets in Literature

1.2.1 Box and Hunter’s Confidence Sets

The method given in Box and Hunter (1954) can be used to construct a confidence
set for a stationary point of f(z,0) over the whole covariate region of x € RP. A
program for computing this confidence set is given by Del Castillo and Cahya (2001);
see also Del Castillo (2007, Chapter 7) for details. Box and Hunter’s confidence set
(referred to BH confidence set henceforth) is, however, often mis-used as a confidence
set for a maximum point of f(z,0) over a given region; see, e.g., Bliss (1970, pp.44),
Carter et al. (1983, pp.19) and Weisberg (2005, pp. 120). Based on Box and Hunter’s
method, Carter et al. (1982) concluded that if the confidence region does not contact
either axis, then a therapeutic synergism will be claimed (the combination of some
components is preferable to that of any component used alone). Stablein et al. (1983)
modified Box and Hunter’s method by using Lagrange multiplier and proposed a
confidence region for the maximum point within the experimental region according

to the signs of the eigenvalues.

However, according to the definition, a stationary point is a point of the domain of a
differentiable function, where the derivative is zero. It is clear that a maximum point
of f(z,) in a given covariate region is not a stationary point of f(z,0) if f(,0) does
not have a stationary point in that region. Even if f(z,6) has a stationary point in
the given region, this stationary point may be a turning point or a minimum point
rather than a maximum point. Hence the BH confidence set is not the confidence
set we want. If one uses BH confidence set for a stationary point as the confidence
set for a maximum point of f(z,0) only when the eigenvalues or the fitted function
f (.’1:,9) indicates that the stationary point is a maximum point, see, e.g., Stablein

et al. (1983), then the data snooping for the curvature at a stationary point will
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invalidate the (1 — «) confidence level.

1.2.2 Bootstrap Confidence Sets

Bootstrap is a popular method for assigning measures of accuracy to sample esti-
mates due to its simplicity. In regression problem, a bootstrapping procedure can be
performed by resampling either the residuals or the observations (y1, 1), -+ , (Yn, Zn);
see, e.g., Efron and Tibshirani (1993), Davison and Hinkley (1997) and Farebrother
(1998). One can construct bootstrap confidence sets by using different bootstrap
approach, such as the Basic Bootstrap, Percentile Bootstrap or Studentized Boot-
strap. However, the true confidence level of a bootstrap confidence set is difficult to

assess for both large and finite sample sizes.

1.2.3 Rao’s Confidence Sets

Rao (1973, pp.473) provides a general method of constructing a conservative con-
fidence set for r(@) where r(f) is any given function of #. Applying this method,
Carter et al. (1984) construct conservative confidence sets for both the location of,
and the response at, the stationary point of the function f(z,0). This method can
also be used directly for the construction of a confidence set for a maximum point;

see Section 3.2 for details.

1.2.4 Confidence Sets Constructed by Using Neyman’s Theorem

Neyman’s Theorem (Neyman, 1937) can be applied to construct an exact (1 — «)
level confidence set for a maximum point of a function by inverting a family of exact
(1 — «) acceptance sets. This method of constructing a (1 — «) confidence set has
been used and generalized to construct numerous intriguing confidence sets; see,
e.g., Lehmann (1986), Stefansson et al. (1988), Hayter and Hsu (1994), Finner and
Strassburge (2002), Huang and Hsu (2007) and Uusipaikka (2008). Note that the

BH confidence set for a stationary point is constructed by using this method too.
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Indeed this method is also used in Peterson et al. (2002) and Cahya et al. (2004)
(referred to as PCD and CDP, respectively, henceforth) to construct a confidence
set for a minimum point of f(z,0) in Equation (1.1), which is also a confidence set
for a maximum point of f(z,—0). However the critical constant recommended by
them for f(z,—0) is shown in Chapter 5 to be too small and so the corresponding

confidence level is smaller than the claimed (1 — ).

1.3 Outline of the Thesis

In this thesis, we focus on the construction of confidence sets for a maximum point of
a function in a given covariate region, and propose an approach based on Neyman’s

Theorem. The layout of the thesis is as follows:

Chapter 2 introduces Neyman’s Theorem which is used for constructing a confidence
set together with some examples illustrating the constructing procedure. The BH
confidence set for the stationary point(s) is an important application of this theorem

and is also introduced in Chapter 2.

Chapter 3 is concerned with the construction of confidence sets for a maximum point

of a univariate polynomial regression function
f(x,a) =0 +01:E—|—92m2 4+ ... _|_9pxp

over the given interval [a, b], and compare our confidence sets with Rao’s (Rao, 1973),

bootstrap and BH confidence sets by using both real and simulation data.

Chapter 4 considers the construction of a confidence set for a maximum point of a

bivariate quadratic regression function
f(il?,e) =0y + 0121 + O229 + 9111‘% + 9221‘% + 0192129

over the rectangular region {& = (z1,22) : 1 € [a1,b1],x2 € [a2,b2]}. Rao’s confi-
dence set, bootstrap confidence set and BH confidence set are also discussed in the

examples given in this chapter.
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Chapter 5 extends the method of constructing a confidence set for a maximum point
of a linear regression function developed in Chapters 3 and 4 to some more general
models involving a linear function. Generalized linear models, the Cox-proportional
hazard models and a Becker’s H1 model are included as examples to illustrate the

procedure.

Chapter 6 summaries the work presented in this thesis and discuss the possible

future works.
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Chapter 2

Methods

2.1 Construction of a Confidence Set by Using Ney-

man’s Theorem

The purpose of this chapter is to describe a theorem which may be used to construct
a confidence set for a maximum point of a regression function. This theorem is first
given by Neyman (1937) and has been introduced in many statistical textbooks;
see, e.g., Lehmann (1986, pp214), Rao (1973, pp471), or Casella and Berger (2002,
pp420-422). In fact, Neyman’s Theorem provides a general method of constructing
confidence sets for the parameters or any function of the parameters by inverting a
family of acceptance sets of hypothesis tests, which includes the case of a maximum

point.

We introduce Neyman’s Theorem in Section 2.1 followed by some examples. One
important application of this theorem is the construction of a confidence set for the
solution of simultaneous equations (Box and Hunter, 1954), which is also included
in this section. In Section 2.2, Rao’s confidence set and Bootstrap confidence set
are illustrated and discussed for the applications on a maximum point of a given

function.
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2.1.1 Neyman’s Theorem

Theorem. Suppose a random observation Y has the distribution h(y;<y), where 7
is the unknown parameter. Let B and €2 be the parameter space and sample space,
respectively. For each v, € B, let A(y,) C Q be the acceptance set of a size « test
of Hy:y =1y, ie., Py {Y € A(79)} > 1 —  in which the probability is calculated
at 7 =,. For each Y € Q, define a set C(Y') C B by

CY) = {7y:Y € Afx,) }. 2.1)
Then the random set C(Y') is a (1 — «) level confidence set for 4.

Proof. Since A(yy) is the acceptance set of a size « test, we have

By, (Y ¢ A(vo)) < @

and hence

Py (Y € A(y) > 1 - a.

Because 7, is arbitrary, we can replace 7y, with . Then the above inequality,
together with the definition of C'(Y') in (2.1), shows that the coverage probability of
the set C(Y)) is given by

Py e C(Y) = By(Y € Aly) = 1—a,
showing that C(Y') is a (1 — «) level confidence set for .0

Note that if the size of the test of Hy : v =7y, is equal to « for each 7y, € B then the
confidence level of C(Y') is equal to (1 — ).

2.1.2 Some Simple Examples
Neyman’s Theorem can be applied directly to construct confidence sets. We give
the following examples to illustrate the constructing method.

Example 1. Suppose we have a single random observation Y from N(f, 1), where
B is the unknown mean of the normal distribution. We want to construct a (1 — «)

level confidence set for 5.

10
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According to Neyman’s Theorem, we can construct a confidence set for 5 by inverting
a family of acceptance sets for testing Hy : 8 = [y for each fy € (—o0,00). There

are several ways to build an acceptance set for testing Hy : 5 = Bo.
Because Y ~ N(8,1), that is, Y — 8 ~ N(0, 1), therefore for each Sy € (—o0,00) we

may construct an acceptance set as

A(ﬁo) = {Y : |Y — ﬁ0| < ZQ/Q}

where z, is the upper a point of the standard normal distribution. Note that this
test is of size a exactly. Then according to Neyman’s Theorem, a (1 — «) level

confidence set for  is given by

ClY) = {Bo:Y € A(Bo)}
= {,801 |Y—,80|<Za/2}
= {ﬁoZY—Za/2<6O<Y+za/2}

= (Y — Ra/2; Y + Za/Q)'

Figure 2.1 illustrates the relationship between the acceptance set A(fSy) and the

corresponding confidence set C(Y').
Alternatively, if we use an acceptance set given by
A(Bo) ={Y : Y = By < za}
for each By € (—00,00), then a (1 — «) level confidence set for § is given by
CY) = {Bo:Y —fo < za}
= (Y — z4,00).

Or, if we use
A(Bo) ={Y : Y — By > —za},
then the (1 — «) level confidence set for  is given by
CY) = {Bo:Y —Bo>—za}

= (—00,Y + z4).

11
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AEy |
i

Figure 2.1: The relationship between the acceptance set A(5p) and the confidence

set C(Y).

Example 2. (Continued from Example 1) Now we want to construct a (1 —«) level

confidence set for 6 = |3|.

We test Hy : @ = 6 by using the (1 — «) level acceptance set

A(Oo) ={Y : Y| > cp,}

where ¢, = ¢(6y) > 0 such that Py {Y € A(fy)} =1—a. Let N=Y — 5~ N(0,1).

Then under the hypothesis Hy, we have

Py, {Y € A(bo)}

Poo{lY] = (o)}

Py {Y > ¢(00)} + Pop,{Y < —c(6o)}

Poo{N = c(60) — B} + Poo{N < —c(bo) — 8}
B} + Py {N = c(bo) + 8}
|81} + Pao {N > c(6o) + B8]}

PQO{N > c(6g) — 90} + PgO{N > 0(90) + 90} (2.2)

(
PQO{N > 0(90
PQO{N Z 6(90

(

)
) —
) —
)

(I)(*C(QQ) =+ 90) + @(*0(90) — 90)

where Equation (2.2) follows directly from the hypothesis 6y = 6§ = |§|. By setting

the last expression ®(—c(6y) + 0y) + ®(—c(0y) — 6p) = 1 — o, we have ¢(6y) for each

12
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Figure 2.2: The relationship between the 95% level confidence set C(Y') and the

corresponding acceptance set A(fp) = {Y : |Y| > cg, }-

0. It is shown that ¢(f) is monotone increasing in [0, 00). Then the corresponding

(1 — @) level confidence set is given by

CY) = {6o: Y € A6y}
= {bo: [Y]>co}
= {bo: c(bo) <Y}
= {fo: 6o < (Y])}

= [0, (IY]))

where ¢~!(.) is the inverse function of ¢(.), which exists uniquely since ¢(.) is mono-
tone increasing. Figure 2.2 shows the relationship between the 95% level acceptance
set A(6p) = {Y : |Y| > cp,} and the corresponding confidence set C(Y) when
6 € [0,10].

Example 3. (Continued from example 2) Now we use a different acceptance set for

the size a test Hy : 0 = 6. Let

A(bo) ={Y : [Y| < d(bo)}

13
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for each 6y € [0, 00), where d(6p) > 0 is the critical value. Under the hypothesis Hy,
let 5o = E(Y) so that 6y =| By |. Similar to Example 2, we have

P{Y € A(6p)} = P{|Y|<d(6)}
= P{—d(6y) <Y < d(6y)}
= P{=d(6y) —Bo <Y — By < d(6o) — Bo}
= ®(d(6p) — Bo) — P(—d(b0) — Bo)
= ®(d(6o) — Bo) — (1 — @(d(bo) + Bo))
= ®(d(0o) — 0o) + ®(d(6o) + 0o) — 1,

where d(y) can be decided by setting the coverage probability to (1 — a)). Then the

corresponding (1 — «) level confidence set for 6 is given by

ClY) = {0p:Y € A(0o)}
= {0 : [Y| < d(bo)}
= {60 :d7'(Y]) < 6o}

= (dH(|Y]), )

where d~1(.) is the inverse function of d(.), which exists uniquely since d(.) is mono-
tone increasing. Figure 2.3 shows the relationship between the 95% level acceptance
set A(6p) = {Y : |Y] < d(6p)} and the corresponding confidence set C(Y). The
critical value d() is a function of # in [0,10], and is represented by the right-hand

side of the two symetric curves.

Example 4. For the simple linear regression model Y = 6y + 012 + €, where € ~

N(0,0?), we have n observations (Y;,z;), 4 =1,2,--- ,n. Let Y = (Y1,Ya,---,¥y)7T,

1 =
0
X be the design matrix X = o and 6 = 0 . Then
01
1 z,
. 6
o= " | = xX"X)"'XTY ~ N (8,(X"X)0?)
01

14
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Figure 2.3: The relationship between the 95% level confidence set C(Y') and the

corresponding acceptance set A(6p) = {Y : |Y| < dg, }-

is the least squares estimate of @. Let 62 be an usual estimate of o with degrees of

freedom (n — 2), hence 62/0? has the distribution x2_,/(n — 2) and is independent

of the coefficients 0.

We want to construct a (1 — «) level confidence set for zp, where xy is given by

mg = 0g + 0129 and mg is a given number. We need an acceptance set for testing
H() txg = to

with each ¢y € (—00,00). An exact (1 — ) level acceptance set is given by

fo + b1to —
Alto) = Y - o+ %ifo — mo <ec
g/ (1,10)(XTX)~1(1, 20)T
where the critical value ¢ can be determined such that P{Y € A(t9)} = 1 —a. Since

0o + 0120 — mo ~ N (0, (1,0)(XTX) (1, £0)T0?), so

fo + O1to — mo N
&/ (1,0)(XTX)~1(1,20)T

T'rL—27

where T',_5 is the standard ¢ distribution with degrees of freedom (n — 2). Hence

the critical value ¢ should be equal to t%_,. Then the (1 — «) level confidence set

15
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50

Figure 2.4: The relationship between the value of mg and the 95% level confidence

set C(Y) for xg.

for xg is given by

ClY) = {to:Y € A(to)}

) O1to —m
_ {to' o + G1to 0 <tﬁ2}

o/(1, 1) (XTX)~1(1, t9)T

= {tO : éo + élto — tg_z(}\/(l,to)(XTX)fl(l,to)T < mo} .

Figure 2.4 illustrates the relationship between the value of mg and the 95% confi-

dence set C(Y) for zp. The curve in the figure is

F(2) = 0+ Orto — 1256/ (1,10) (XTX) (1, 10)7,

and the confidence set C(Y') is (—oo,t*) where ¢* solves f(t*) = my.

Since there are different acceptance sets for a size « test, we can construct different

confidence sets for xg. For example, if we use an alternative acceptance set given by

Alty) ={Y: B0 + O1to —mo >t 0,
&/ (1, t0)(XTX)~1(1, 1) "

16
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then the corresponding (1 — «) level confidence set for ¢ is given by

CY) = {to:Y € A(to)}

éo + élto —mg o
= t() . = > —tn_g
g/ (1,t0)(XTX)~L(1,20)T

= {to tmg < éo + élto + tg725'\/(1,to)(XTX)_l(l,to)T } .

2.1.3 Confidence Set for the Solution of a Set of Simultaneous

Equations

Suppose we are interested in the solution £ = (a1, - - - ,:Up)T of the following simul-

taneous equations

.
aio + a1 + aipw2 + - +apry, =0

agp + ag1x1 + a2 + -+ + agpxry =0

(2.3)

apo + Ap1T1 + Ap2To + - + appry = 0.
Because the true value of (a;j,i =1,---,p;j =0,---,p) are unknown, and we only
have their estimates (a;;,4 = 1,---,p;j = 0,---,p) which are distributed multi-

normally with mean (a;;,4 = 1,---,p;j = 0,---,p) and a p(p + 1) x p(p + 1)

variance-covariance matrix Qo?, known apart from o2. Let 62 be an estimate of 2

with degrees of freedom ¢, hence 62 /0 is distributed as x?(¢)/¢ and is independent

of the coefficients @;;. Box and Hunter (1954) constructed a confidence set for the

solution ¢ = (z1,- - - ,mp)T using Neyman’s Theorem in the following way. Denote

and §(z) =

then

0i(®) = Gio + Gnx1 + Qx4+ - - - + AipTp, i=1,2,--,p,
(51(15), 82(.’3), e ,3p(x))T. It is clear that E(g(:z:)) =0. Let

Viz) = cov(d(x),é(zx))/o>
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where F}, 4 is the F-distribution with degrees of freedom p and ¢. Let 2V =
(29,29, ,a;g) be given and for testing

Hy : zVis the solution of the simultaneous equation (2.3),

we construct the (1 — «) level acceptance set

82TV (2°)~15(z°)
A(zo) = {Y : pa.Q S fz?f¢ ’
where f7, is the upper a point of an F distribution with degrees of freedom p and
¢. Directly from Neyman’s Theorem, a (1 — «) level confidence set for the solution

z is given by

po?

oY) = {x b(@)"V (@) o) _ fﬁ(ﬁ}.

A program for computing this confidence set is provided by Del Castillo and Cahya
(2001).

Example: Confidence set for the stationary point of a quadratic function

Suppose we have n observations (Y;,x;), i = 1,--- ,n, from a usual quadratic linear

regression model

Y =6+ 012 + 022 + £, e ~ N(0,0°)

with unknown parameter 2. Let 6= (éo, 61, §2)T be the least squares estimates of

2
1 =1 =7

6 = (69,61, 605)7 for which we know 8 ~ N (8, (XTX)~'52), where X =

2
1 =z, =z

. . . 2 ; . .
Let & be the usual estimate of o, and 62 ~ n“—_?)xi_z;. Moreover, 6 and &2 are inde-

pendent. We are interested in constructing a confidence set for the stationary point

of the quadratic function f(x,0) = 0y + 012 + G222

Since the stationary point of f(x,8) is the solution = of the equation 61 4+ 2032 = 0,

th

following the approach given above, we denote §(z) = 0; + 20sz = (1,2z) |
)

18
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Hence
V(z) = E[6(z)d(x)"]/0
= cov[d(x)]/o?
= cov |(1,22) | /o?
0o
) 1
= (1,2x)cov] Al ] /02
9 2x
v v 1
_ (1,22) 11 V12
Vo1 V9o 2x
vy v ]
where SR [ Al /o2
V21 V22 02

Then the (1 — «) level acceptance set is given by

_ A o
A(ZL’o) = {Y : V(:L'())pé'2 < fl,n—S}

(él -+ 292:50)2

(07
< flin-s
V11 V12 1 )
(1,2x0) 52
V21 V22 20

Y - (é1 + 2@2:60)2 <o
' (v11 + 4zguie + 43;31,22)&2 = Jin-3 (-

W

Hence the (1 — «) level confidence set for the stationary point = can be constructed

as

OY) = {z:Y € A(z))

i 4 ohea?
o (01 + 202x) e b
(v11 + 4wv1n + 422v90) 52 ’

This method given by Box and Hunter has been widely used in constructing the
confidence sets in many practical problems, for example, in constructing confidence

set for the optimal treatment of cancer (Carter et al., 1982) , for shoot regeneration
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protocol (Chakraborty et al., 2010) and for pigs’ preference (Jensen and Pedersen,
2007).

2.2 Other Methods of Constructing a Confidence Set

In this section, confidence sets for a maximum point using Rao’s method and
bootstrap method are constructed. Suppose we have n observations (Y;,z;), i =

1,2, ,n, from the linear regression model (1.1)

Y = f(z,8) +e.
Then the observations can be written as
Y=XB+e

where Y = (Y1, Ya, -+, ¥,)T, X is the design matrix given by

1,z(.’1:n)T

e = (e1,e2, -+ ,e,)T has the distribution N(0,02I,) and I, is the n x n identity

matrix. Furthermore, the usual estimates of 8 and o? are given by

) 5 112 2
B = (XTX)'XTY ~ N(B.(XTX) oY) amd 62 = I T s

n—p-—1 n—p—lxn_p_17

where e = (é1, - - - ,én)T:Y—Y andf’:XB.

2.2.1 The Conservative Confidence Set Given by Rao

Rao (1973, pp.473) suggested a conservative confidence set for any function of the
parameters as follows (see also Farebrother, 1998). Let r(.) be any function of 3,

then a (1 — «) level conservative confidence set for r(8) is given by
Ce={r(B%): B" € Cg},
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where Cg is a (1 — «) level confidence set for 3.

To use this method in constructing a (1 — «) level confidence set for r(8), we need

a confidence set for B first. From the distributions of B and 62, it is clear that
Cp={B": (BB (X"X)(B~B") < (p+ 1) f1np 1}

is a (1 — «) level confidence set for B. Then, a (1 — «) conservative confidence set

for r(B) is given by

Ce = {r(8"): (B—B)" (X"X)(B~B") < (0 + 16> 1 p1}-

2.2.2 The Bootstrap Percentile Confidence Set

The bootstrap method is first introduced by Efron (1979), and has been used in a
variety of estimation problems including the construction of a confidence set for any
function r(B). There are two ways to obtain the bootstrap datasets:
(a) Resample the residuals. Randomly choose a set of n bootstrap residuals from
the original residuals {é1,é9,---,é,} with replacement, and denote it as el =
{eB.eB. ... éB}l. Then a bootstrap sample set is given by Y? = (YB, ... Y.P)
where

Y2 =Y 1+ &~
The estimated parameters based on

YB=XB+e

~B
are denoted as 8 . Since the residuals are supposed to distribute normally with mean

2 one can resample the residuals from the distribution N(0,5?)

0 and variance o
instead of from the original residuals. The design matrix is not changed when the

sampling procedure is on the residuals.

(b) Resample the sample pairs (y;, 2;). Randomly select n data pairs from the origi-

nal sample set (y;,x;),i = 1,--- ,n with replacement, and denote them as (y?,z5),i =
1,---,n. Then, we re-estimate the parameters from
Y2 =XP8 +e,
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z(x1)"

where Y2 = (yP,- ,yB)T, and XB = : . The property that the design
z(x,)"

matrix changed in each resampled data set is usually undesirable, since the design

is fixed and all the observations are assumed to be from this design. Furthermore,

since the n pairs are selected randomly, it may happen that all the resampled pairs

are the same and hence the parameters can not be estimated from this bootstrap

sample set.

We form N bootstrap sample sets by resampling the residuals. For the i*" sample
set, the parameters Bf are estimated, and the value of T(Bf ), denoted as m;, can
be computed. To form the bootstrap percentile confidence set, we sort the vector
m = (my, ma, -+ ,my) in ascending order and then delete [ x N| values (see section

3.3 for details). The remaining form the (1 — «) percentile confidence set for r(8).

In Chapter 3, we construct confidence sets for a maximum point of a univariate poly-
nomial regression function in a given interval of x. We first apply our method of
constructing a confidence set using Neyman’s Theorem on a simple linear regression
model, then extend this method to the quadratic and general univariate polyno-
mial regression models. Rao’s confidence set and bootstrap confidence set are also

discussed in Chapter 3.
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Confidence Set for a Maximum
Point of a Univariate
Polynomial Regression Function

in a Given Interval

In this chapter, we consider the construction of a confidence set for a maximum
point of a univariate polynomial function in a given interval. Univariate functions
are widely employed in real applications when the interest is on one factor alone. In
this case, all other effects are assumed to be fixed and the response is related only to
the factor of interest. A univariate polynomial function, where the parameters are
estimated immediately using least squares estimation, is among the most popular
univariate functions. Actually, many univariate functions can be well approximated
by a polynomial function. Therefore, the univariate polynomial function is a good

starting point in studying the confidence set for a maximum point.

There are four sections in this chapter. Section 3.1 elaborates our method of
constructing a confidence set for a maximum point of a simple linear function, a

quadratic function and a general polynomial function. Rao’s method and bootstrap
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method for the general polynomial case are discussed in Section 3.2 and 3.3. Exam-
ples are given to compare the confidence sets constructed using these methods and

a conclusion is drawn in Section 3.4.

3.1 Our Method

Suppose we have n independent observations (Y;, x;), i = 1,2,--- ,n, from a univari-

ate polynomial regression model
Y = f(x,0) +e =0+ 612+ Oox® + - + 0,2 + e,

where 8 = (09,01, ,60,)T is the vector of the unknown regression coefficients.
The random error e is unobservable, and is assumed to have a normal distribution

N(0,0?) with unknown o2 > 0. Hence we have
Y =X60+e

where Y = (Y1,Ys, -, Y,)T, X is the design matrix given by

D
1 :L‘l DY :1:‘1
1 a9 --- xg

X = ,
1 x, - mg

e = (e1,e2, -+ ,en)T has the distribution N(0,0%I,) and I, is the n x n identity

matrix.

Suppose k = k(@) is a maximum point of the regression function f(z,) in a given
finite interval [a,b]. We want to construct a (1 — «) level confidence set for k by
using Neyman’s Theorem. Note that k& must exist since the interval [a,b] is finite

and f(x,0) is a continuous function.

3.1.1 A Simple Linear Regression Model

When p = 1, we have a simple linear regression model

Y =60y + 612 +e.
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Let
Yy
1 T
Y
Y pu— 3 X pr—
1 z,
Y
and
) flo T~ \—1xT T~\—1 2
6=| @ |=X'X)"'X'Y ~N(6,(X'X) 57
th
be the least squares estimate of 8 = 0 . Let & be the usual estimate of o, then
01
2
. o
5% ~ n— 2X%-2

Moreover, 6 and 62 are independent.
To apply Neyman’s Theorem, we require an acceptance set for testing
Hy: k= ky,
with each kg € [a,b]. In the following paragraphs, two methods are given for the
construction of acceptance sets.
Method 1.

Since the regression function is a straight line, it is clear that the slope of this line,
01, determines the maximum point(s) in the interval [a, b]. If kg = a, then it is clear

that 61 < 0. Thus, our (1 — «) level acceptance set is
Aa) ={Y : 01 < c¢(a)ov}

where v = y/var(#1)/o2, and ¢(a) is the critical value such that A(a) is a (1 — )

level acceptance set. Note that

Pi=alY € A(a)} = Pyy—a{fy < c(a)ov}
= Pp<ofbr < c(a)iv}

> Py—o{th < c(a)ov}.
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When 0; = 0, we know 6, /(6v) ~ T,,_o. Hence ¢(a) should be equal to t®_,, which

is the upper « point of the standard t-distribution with degrees of freedom n — 2.
Similarly, if ky = b, then 6; > 0. Thus, a (1 — «) level acceptance set is given by
A(b) ={Y : 0, > —c(b)ov},
where ¢(b) is such that the acceptance probability of A(b) is (1 — ). Since
Po—p{Y € A(D)} = Puy—p{th > —c(b)6v}
= Ppsofb > —c(b)év}
> Py _o{th > —c(b)éu},
we have c(b) =t5_,.

Finally, if ko = s, s € (a,b), then ; = 0. It can be shown that for each s € (a,b), a

(1 — @) level acceptance set is
A(s) = {Y 1161 < c(s)6v},
where ¢(s) is such that the acceptance probability of A(s) is (1 — «). Note that
Pro—s{Y € A(s)} = Prys{| 01 |< c(s)60}
= Pp—o{| 01 |< c(s)5v}.
Therefore, we have c(s) = tz/_22 for any s € (a,b).
Method 2.

Intuitively, if kg is a maximum point, we should have (0y + 61ko) — (6o + 612) > 0
for Vz € [a,b]. This implies (6o + 01ko) — (6o + 612) should not be too small. We

therefore construct an acceptance set for kg as
Alko) = {Y : (6o + 61ko) — (8 + 612) > —c(ko)ov(ko, x), Va € [a,b]},

where

v(ko,z) = \/U&T((éo + 01ko) — (6 + 612)) /02
= \/var(él)(ko —1x)2/0?

= |ko—zv
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with v = \/var(6;)/o2. The critical value ¢(ko) is chosen such that the acceptance
level of A(kp) is (1 — «).

If kg = a, the acceptance set can be expressed as

Ala) = {Y : (g +01a) — (6 + 012) > —c(a)év(a,z), Va € |a,b]}
= {Y :0i(a—x) > —c(a)dla —z|v, V& € [a,b]}

= {Y :0; <c(a)ov}.

The last expression coincides with the acceptance set A(a) constructed in Method

1. Thus we have the same critical value c(a) = t_, as in Method 1.

Similarly, if kg = b, a (1 — «) level acceptance set will be

Ab) = {Y : (60 +61b) — (6o + 1) > —c(b)6uv(b,x), Yz € [a,b]}
= {Y:6,(b—=z) > —c(b)é|b—x|v, Vz € [a,b]}
= {Y : 6, > —c(b)dv}.

The last expression coincides with the acceptance set A(b) constructed in Method

1, thus we have c¢(b) = t5_,.

Finally, if kg = s with s € (a,b), then

A(s) = {Y :(0g+01s) — (6o + 61z) > —c(s)6v(s,x), V€ |a,s)U (s,b]}
= {Y :0,(s —x) > —c(s)d]s — x|v, Va € la,s)U (s b]}

= {Y :|61] < ¢(s)60}.

The last expression coincides with the acceptance set A(s) constructed in Method

/2

1, and so we have ¢(s) = —t,'5,.

Therefore, we conclude that the acceptance sets given by Method 1 and Method 2

are identical. Neyman’s Theorem allows us to construct a (1 — a) level confidence
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set for k, which is given by

Cp(Y) = {ko:Y € A(ko)}
b, it ho> 0
(a,b], if 12, <h <t

04/2

a/2

= [a,b], if —t@ ,<h<to,
[a,b), if —t%% <h<—to

a, if h< —ta/2

where h = 0/(6v). In fact, the coverage probability of the confidence set Cp(Y)

can be evaluated directly as

P(k€ Cp(Y)) = P{keCg(Y), h>t"
+ P{keCp(Y), &, <h<t?
+ PlkeCpY), —t* ,<h<t )
+ PlkeCp(Y), —t2% <h<—t2,}
+ P{keCg(Y), h< —ta/z
= P{k=b, h>t%
+ Plke(ab], t2y<h<t?
+ Plkelab], —t2,<h<td,)
+ P{k€a,b), t"‘/2 <h<—t°‘ 9}
+ P{k=a, h < —ta/2

28



Chapter 3

Now, if £ = a, then

Pk:a(k S CE(Y))

Similarly, if £ = b, then

Pk:b(k‘ S CE(Y)

Finally, if k = s € (a,b), then

szs(k c CE(Y))

Pk:a{a S CE(Y)}

P a{a—b h > ta/Z

a/2

Pi—o{a € (a,b], t9 5 <h<td

Pi—o{a € [a,b],

a/2

Pi—o{a € la,b), —1t,

a/2

Pi—o{a =a, h < —t,

Po—o{—t% 5 <h <t2 ,}

a/?

Peco{—107% < h < —t2_,}

Py— a{h <- a/Q
Pk:a{il < ts—Z}

1—oa.

) Pi—p{b € Cp(Y)}

P b{h > ta/2
Pk:b{t
Prop{—t9 5 <h <t

2}

2<h<ta/2

_o}
Prp{h > —to_

1—oa.

Pi_s{s € Cg(Y)}

Pieo{th s <h <835
Pres{te_, <h <t

2}

a/2 <h< -ty 5}

Pk: s{ t
Poeo{—t"% < h < %%}

1-—oa.
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confidence
region r B

1 1 1
] =]
B2 e a o B2

Figure 3.1: Confidence set for a maximum point, k, of f(z) = 0y + 0; .

The above results show directly that the confidence level of Cg(Y) is indeed (1 —a).
This of course agrees with Neyman’s Theorem. Figure 3.1 illustrates the confidence
interval for k with the value h computed based on the observations. The confidence

interval is represented by the intersection of h and the shaded region (including

o/2 )/2, then the

two lines and a rectangular region). For example, if h = (to_o+ 1,5

corresponding confidence set will be (a, b]. If h = tzi 22 + 1, then the corresponding

confidence set will be {b}.
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3.1.2 A Quadratic Polynomial Regression Model

When p = 2, we have the quadratic regression model

Y:00+911:+92$2+e,

with
Y1 1 I l’%
to
Y2 1 xI9 l‘%
Y = . , X=1 7 |and0=| 0
: "
Y, 1 x, x%

The least squares estimate of @ is given by
0o
6= 4, | = X"X)"' X"y,
2
which has the distribution N (@, (X7X) !0?). Let 62 be the usual estimate of o2

which has the distribution
2
~92 g
(o2 ~
n—3

where x?_; is the chi-squared distribution with degrees of freedom (n—3). Moreover,

2
Xn—3’

6 and 62 are independent.

We define
V1,1 V1,2 V1,3
_ V22 V23
(XTX) P = V21 V22 V23 and P? =
V32 V33
V31 V32 V33
Since
6, 01 0).
~ = 07
0 0 01
. . . o\
the variance-covariance matrix of | is given by
B2
0 0
01 0 _
o’ X™X)"'| 1 0 | =0%P?
0 0 1
01
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Therefore
0, — 0
Plx| '] Jo~N(, D),
0y — 05
and hence
T 0, — 0
T = ! = ].:’_1 X Al ! /(5’ ~ T2,n—3 (31)
Ts 0y — 05

where T ,_3 is the standard bivariate t distribution with degrees of freedom n — 3.

Define the polar coordinates of T, (Rr, ), by
T1 = RT COS ¢T, T2 = RT sin Q/JT,

where 7 is uniformly distributed in [0, 27), and Ry and 7 are independent. Note
that R%. /2 ~ Fyp_3, where Fy,_3 is the F' distribution with degrees of freedom 2

and n — 3. So the cumulative density function of Ry is given by
Frp(w) = 1= (L+22/n—3)" (=912,

Moreover, we have

v(ko,z) = \/var[(éo + 01ko + ézkig) - (éo + 62 + éﬂfz)]/‘ﬂ
= |ko—z| var[él—i—ég(k:o—i—m)]/UZ
= ko= | /(L ko + DPA(L Ky +2)T

= |ko—a| | P(Lk+2)" .

3.1.2.1 Theory
To apply Neyman’s Theorem, we require an acceptance set for testing
Hy : k = ko,
for each ko € [a,b]. Next, we consider three cases: ko = a, ko = b and ko € (a,b).
Case I If ky = a is a maximum point, then for any x € (a,b], it is clear that
(0 + 010 + 02a2) — (8g + 012 + B22%) > 0,
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which implies 61 + 62(a + z) < 0 for all z € (a,b]. Accordingly, we define an

acceptance set as

Ala) = {Y : (0 + O1a + 020%) — (6 + 012 + 022°) > —c(a)6v(a,z), Yz € (a,b]}
= {Y : (61 +bOs(a+2))(a—x) > —c(a)dv(a,z), V& € (a,b]}

= {Y:0,+0(a+2) <c(a)d | PQ,a+z)T |, V& € (a,b]} (3.2)

where ¢(a) > 0 is a critical constant such that A(a) is a (1 — «) level acceptance set.

To determine c¢(a), note that

Pi—a {Y € A(a)}

= Pya {01462 (a+2)<c(a)d | PQ,a+2)T ||, Vz € (a,b]} (3.3)

> Pry=a {0140 (a+2) <c(a)d | P(Lat2)" || +(01 +02(a+2)), Vo€ (a,b]}

(3.4)
= P (25 |T)1£€<ji,;f)ﬁf;?u %) < (o), Va e (a0}
— Poea {xil(lfb] P(la lzTH] gf:;(f 357‘"9 1|| 022 0)"] _ )y
T
= P [f S{f — LH < e(a)} (3.5)
= P {T € R},

where Equation (3.3) follows directly from Equation (3.2), Equation (3.4) follows
from the fact that 61 + 62(a + z) < 0 for all z € (a,b], and

Rh,a: ﬂ Rh,a(w)
z€(a,b]

with

{P(La+2)T)T _ o).

Fnal®) = (=

Note that the inequality in (3.4) becomes an equality when #; = 3 = 0 and so
e}cnf Pro=a{Y € A(a)} = P{T € Ry, o}, (3.6)
Rp=a
with the infimum being attained at #; = 62 = 0.
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.
o P(1,2a)

Pil,a+h)

Figure 3.2: The region Ry,

Now we consider the computation of P{T € R} ,}. Note that Ry, , is made up by all
the points on the same side as the origin of the straight line that is perpendicular to
P(1,a+2)" and ¢(a) distance from the origin in the direction of P(1,a +x)T. The
region Ry, 4 is represented by the shaded region in Figure 3.2. The angle ¢; between
P(1,2a)T and P(1,a + b)T satisfies

[P(1,20)"]"[P(L,a + b)"]
1P, 2a)7 || | P(La+b)T |

cos g1 =

Following an argument similar to Liu (2010, pp.28-36), the region R, can be
partitioned into 4 parts. Figure 3.3 depicts the partition of region Ry, ,, and the 4
parts are denoted by Dy, Ds, D3 and D4. Thus,

P{T € Ry .} = P{T € D1 U Dy} + P{T € D3} + P{T € D,}.
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Pl 2a)

Figure 3.3: The region Ry, , = D1 U Dy U D3 U Dy

The probability that T lies in the region D1 U Ds is given by

P{T € D1UDy} = P{|Th| <c(a), ¥r € (g, 3;)}

= P{—c(a) < Ty < c(a), Y1 € (g, 3;)}
— %P{—c(a) <Ty <c(a)}

- %p{:r:; < (a)}
1

= §F1,n73(c2(a))’

the probability that T lies in the region D3 is given by

P{T € D3} = o1 P{Ry < c(a)}

o2
®1 c(a)?

= —F5,_
5L 2n 3( 5 )s

and finally the probability that T lies in the region D, is given by

P{TeD)) = = ;:’1.
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Therefore,

P{T € Ry,,} = P{TeD UDy}+P{T ¢ Dd} + P{T € D4}

= ﬁFQn 3(6(;) )+7T;7T¢1 + Fln 3( ( )2)7

which implies that

c(a)®
2

- 1
o )+ T LR (@)

inf Pk:o:a{Y S A(CL)} F2 n— 3(
0:ko=a

Hence c(a) > 0 is solved from

2
— 1

ﬂFz,nfs(da) )+ m—$1 + = Fip-3(c(@)?) =1-a.

2 2 2 2

Case II If ky = b is a maximum point, then for any x € [a,b), it is clear that
(B + 61D + B2b%) — (g + 612 + Ba2?) > 0,

which implies 61 +602(b+x) > 0 for all x € [a,b). Accordingly, we define an acceptance

set as
A(b) = {Y : (B + 01 + 02b%) — (B + 012 + O32%) > —c(b)6v(b, x), Va € [a,b)}
= {Y :0,+6; (b+2)>—cb)s || P(L,b+z)" |, V& € [a,b)} (3.7)
where ¢(b) > 0 is a critical constant such that A(b) is a (1 — «) level acceptance set.
To determine ¢(b), note that
Pk@:b {Y S A(b)}
= Pi=p {61+0: (b+2) > —c(0)5 | P(Lb+2)" | Ve lab)} (3-8)

> Pu—y {01 +02 (0+2)>—c(0)s | PA,b+2)" || +(61 4 02(b + z)) Vz € [a,b)}

(3.9)
. (l,b—l—x)(él —Hl,éQ—OQ)T
= Pro=p { TP b+ —c(b), Yz € (a,b]}
_ o [P, b+l’) [P~ (61 — 61,65 — 62)"]
= P {21 I PLb+ o | = o)
21T
= P {sup [P(L,b+2)"]" (-T) <c(b)} (3.10)

velap) IPLb+2)T |~
= P {(-T) € Rup},
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where Equation (3.8) follows directly from Equation (3.7), Equation (3.9) follows

from the fact that 61 + 62(b + z) > 0 for Va € [a,b), and

Rpp = ﬂ Rp (),

z€la,b)
where
B ' {P(l,b+m)T}TT
fnale) = gy = O
Note that

o:iklgf:b Pro=p{Y € A(b)} = P{(-T) € Rnp},

with the infimum being attained at #; = 65 = 0.

(3.11)

Now we consider the computation of P{(-T) € Rpyp}. Since T ~ Ty,_3 and

(=T) ~ T3 —3, the probability can be written as

P{(~T) € Ryp} = P{T € Ry}

By comparing this definition of Ry with Ry, ,, we note that the shape of Ry is

similar to that of Ry , but with the angle ¢1 between the two stripes D7 and D5 in

Figure 3.3 replaced by ¢2 where ¢5 is the angle between P(1,a+b)7 and P(1,2b)7

and so
CP(La+ TP,
OS2 = BLat T | [PL2B)T]

Using a similar argument to the one used to compute P{T € Rj,}, we have

c(b)®
2

T—¢y 1 2
—F .
o + 5 HL, 3(c(b)?)

P{T S Rh,b} = %Fg’n_g( ) +

Hence, the critical value ¢(b) is the positive solution of

c(b)”
2

b2
—F5
o 2,n 3(

— 1
T p ) =1-a
21 2

)+

Case III Finally, if kg = s, s € (a,b), is a maximum point, then for any = €

[a,s) U (s,b], it is clear that

(0o + 015 + 025%) — (0 + 017 + faz%) > 0,
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which implies 61 + 62(s +x) > 0 for = € [a, s), and 61 + O2(s + x) < 0 for = € (s,b).

Accordingly, for each s € (a,b), we define an acceptance set

A(s) = {Y :(0p + 015+ 025) — (6o + b1 + O22%) > —c(s)60(s, ), Va € [a,s) U (s, 0]}
= {Y : (61 +bOa(s+2))(s —x) > —c(s)6v(s,x), V& € a,s) U (s,b]}
= {Y:0 40, (s+2)>—c(s)6 | P(L,s+2)" ||, Va € [a,5),

01+ 0y (s+ ) < c(s)o | P(1,s+2)T |, Vo € (s,b]} (3.12)
where ¢(s) > 0 is a critical constant such that A(s) is a (1 — «) level acceptance set.
To determine ¢(s), note that
Poes {Y € A(s)}

= Pkozs {él =+ é2 (S —I—l’) > _C(S)a- H P(las +1")T ||7 Vo € [CL, 5)7

01405 (s+z) <c(s)6 || P(L,s+2)T ||, Vo € (s,0]} (3.13)

Y

Pro—s {01 +0s(s+12) > —c(s)6 | P(L,s +2)T || +(61 + 02(s + z)), Vz € [a, ),

01+ 0x(s +z) < ()5 || P(1, s + )7 || +(01 4 Oa2(s + 2)), Vo € (s,b]}

) A (3.14)
R e L
)y — 0T
s H] [<1 S(”)fl”’@ = <)
g B o R
- P {TeRh(s)} (3.16)

where Equation (3.13) follows directly from Equation (3.12), Equation (3.14) follows
from the fact that 61 +602(s+z) > 0 for x € [a, s), and 01 +602(s+z) < 0 for x € (s, b].
The region Rp(s) C R? in (3.16) is given by

Rp(s)= () Ruls,z) (3.17)
z€la,s)U(s,b]
where
B ‘ P(1,z+s)T)'T
Bale,0) = {T' [PLa+s) ] ‘C(S>}
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Pihass)’ 4P (129" P (Lbeg)T

/

el

Figure 3.4: The region Rp(s)

if x € [a,s), and

B ' [P(1,z+s)T)TT
o) = {T: [t <o)}

if x € (s,b]. Note that for each s € (a,b),

eiknf Pro—s{Y € A(s)} = P{T € R(s)}, (3.18)
:kg=s
with the infimum being attained at #; = 65 = 0.

Now we consider the computation of P{T € Rj(s)}. Note that the set Rp(s,z) is
given by the region bounded by a straight line that is perpendicular to P(1,s + x)7
and c(s) distance away from the origin. Hence Rj,(s) is the intersection of all such
regions with € [a, s) U (s, b]. Figure 3.4 depicts the region Ry (s), which is bounded
by two parallel straight lines, two parts of the circle and another two straight lines.
Angle ¢3(s) is the angle between P(1,a + s)” and P(1,b+ s)7, and so

cos () = —PLat TP s+ b))
’ IPMLa+sT] [P(Ls+b)T |

The region Ry (s) can be partitioned in to C; and Cy , therefore
P{T € Ry(s)} = P{T € C1} + P{T € Cs}.
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Using the method of Wynn and Bloomfield (1971) following Liu (2010, pp.18-24):

PITeC) = JP{B] <))

= P <))
1

= 2F17n_3(62(8)).

Now we consider the region Co. The region C5 can be further partitioned into a half
disc and the remaining region. We rotate the remaining region around the disc to a
position so that Cs is symmetric about the t;-axis. Figure 3.5 shows the region Cy
after rotation. The half disc is denoted as Dj, and the remaining region (the shaded

region) is denoted as Dy. The probability that T lies in the region D; is given by

P{TEDl}
= P{RT <c(s), Yr € [O,;T)U(B;,QW)}
= %P{RT<C(S)}

L [T |? _ (s)
B 2P{ 5 =73 }

1 c2(s)
= 2F2,n—3< 9 >

Let
T — $3(s)

P(s) = 9

then the probability that T lies in the region Ds is given by

P{T S DQ}
= 2P{R7 > c(s), ¥r € [0,4(s)), (cos(¢(s)
— 9p {wT € [0,0(s)), e(s) < Rp < COS”)}

S : (s o
- 0) T T O weseme)

where the last equation above follows directly from the cumulative density function
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&

by(s)/2

Figure 3.5: The region Cs.

of Rp. Then

ey = ()2 10 2)

Hence, the probability P{T € Ry(s)} is equal to

—(n—=3)

%F17n73(62(5)) + %FM*P’ (CZS)) " ¢STS) <1 ! ;259;) |

. /:( | (1 MRS cozg(zb(S) - w>> W

Therefore, the critical value c(s) is such that the last expression is equal to (1 — ).

Having found c(ko) for each ko € [a, b], we summarize our (1 — «) level acceptance

set as

Ako) = {Y : (B + Baho + 2)) (ko — @) > —c(ko)v(ko, @), Vo € [a,8] \ Ko}
(3.19)

Then according to Neyman’s Theorem, a (1 —«) level confidence set for a maximum
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point, k, based on Y is given by

Cp(Y) = {ko€la,b]:Y € A(ko)}
- {ko € [a,b] : (61 + Ba(ko + 2)) (ko — z) > —c(ko)dv(ko, ), Va: € [a,b] \ ko} .

(3.20)

In other words, a point ky € [a,b] is in the set Cg(Y) if and only if for any = €
[a,b] \ ko, we have

(01 + 05 (ko + x)) (ko — ) > —c(ko)ov(ko, ).
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3.1.2.2 Computation

In this section, we first present the direct approach of computing the confidence set
in practice. Then to reduce the complexity of computation, we present a p-value

method which avoids the computation of critical values.

Direct approach. After the critical values are computed, we construct the confi-
dence set directly from Equation (3.20) by testing whether a point ko in [a,b] is in
the confidence set. Let

A 01+ 022

(2) = SPLT (3.21)

then the confidence set in Equation (3.20) can be written as

ko—z —c(ko), Va € [a,b] \ ko}.

Cp(Y) = {ko € [a,b] : h(ko + z) ool 2

Since fz(z) is a continuous function, the inequality in Cg(Y) implies

acCp(Y) < sup hla+z) < c(a),
z€la,b]

be Cp(Y) < n[lfb] h(b+ x) > —c(b),
z€la,
inf,er, o h(s+z) > —c(s
s e Cp(Y) e“f )2 —els)
SUPzels,b] h(S + :C) < C(S)
Note that from the definition of h(z) in Equation (3.21) the function h(z) has a

single stationary point zy over (—oo, 00) which is given by

v2301 — V2202
0= —F—~=.
v9302 — v3301

Therefore, we have the following results.

If (20 — a) ¢ [a, b], then
a € Cp(Y) & max(h(a+ a), h(b+a)) < c(a); (3.22)
alternatively, if (zo — a) € [a, 8], then
a € Cp(Y) < max(h(a+ a), h(b+ a), h(z0)) < c(a). (3.23)
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Similarly, if (z0 — b) ¢ [a, b], then
be Cp(Y) < min(h(a+b),h(b+ b)) > —c(b); (3.24)
alternatively, if (2o — b) € [a, b], then
be Cp(Y) < min(h(a+b), h(b+b), h(z)) > —c(b). (3.25)
Finally, for s € (a,b), if (z0 — s) ¢ [a, s] U[s, b], then

s€Cp(Y) e min(h(a + ), h(25)) 2 —(s) : (3.26)

max(h(b+ ), h(2s)) < c(s)

alternatively, if (zg — s) € [a, 5], then

s€Cp(Y) o min(h(a + 5), h(2 o) hz0)) 2 ~(s) : (3.27)
max(h(b+ s), h(2s)) < ¢(s)
otherwise, if (29 — s) € [s, ], then
s € Cp(Y) & min(h(a + o) h(2s sz =) (3.28)
max(h(b + s), h(2s), h(z0)) < ¢(s)

Theoretically, we need to check each point ko € [a, b] whether it is in the confidence
set by verifying the above inequalities. However, the interval [a, b] contains infinite
points and thus we can not check each point kg € [a, b] to determine whether it is in
the confidence set. Hence, we choose a finite grid of points in the interval [a, b] with
resolution d, that is, {a = s1, 89, ,s;5 = b} with s; — s,_1 = d. If d is small, then
the grid of points can give a fine approximation to the set [a, b]. We only check each

point in the grid to determine whether it is in the confidence set.

In practice, it is time consuming to construct the confidence set in this way, since the
computation of the critical values takes time, especially for ¢(s) with s € (a, b) which
involves solving an equation of integration. To reduce the computation burden, we
use conservative critical constants to quickly narrow down the possible points that
could be in the set Cg(Y) and then compute the critical value ¢(kg) for only the

remaining points.
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Conservative confidence set method. Recall that in Section 3.1.2.1, we have

Equation (3.5) equal to (1 — «), that is,

P(1,a+2)7)7T
P < sup <cla) p =1—aq,
{m@mnPuﬂ+xﬁn )

where T is defined to have a standard bivariate t-distribution with degrees of freedom

(n — 3). Note that
1T

9 ~ F2,n737

where Fj,,_3 is the standard F-distribution with degrees of freedom 2 and (n — 3).

Let c1 = /2[5, _3 where f3, 5 is the upper a point of the distribution £33, then

we have

P{IT[<ec1}=1—a. (3.29)

Equation (3.29) can be written as

T
P supwgcl =1-a,
perz |l P |l

T
P supLgcl >1—ao.
perz P

Since {P(1,a+ )T : x € [a,b]} C R?, comparing this equation with Equation (3.5),

hence

we conclude that c(a) < ¢;.
In a similarly way, we have c¢(b) < ¢;.

For s € (a,b), since the probability in Equation (3.15) is equal to (1 — «), that is,

[P(l,s+ )" T o [P(Ls+a)T]" T
P < sup < c(s), inf > —c(s)p =1—aq.
{m@mnPuﬁ+mvu R R § TR B

Note that Equation (3.29) can be expressed in the form
T T
P< sup p—gcl, inf p—Z—cl =1-a.
perz |l P |l per? | p ||
Comparing the above two equations, we therefore conclude
c(s) <
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Figure 3.6: The critical values ¢(s), ¢; and co.

for all s € (a,b).

Therefore, we have proved c(kg) < ¢; for any ko € [a,b], and hence a conservative
confidence set Cy(Y') for a maximum point is given by substituting ¢; = /2 fSn_s
for ¢(ko) in Equation (3.20):

Co(Y) = {ko € [a,b] : (6 + Bs(ko + 2)) (ko — 2) > —c160(ko, ),V € [a,b] \ k:o}

. ko —
= {ko € [a,b]: h(k0+m)|k2 _i‘ > =y /218, 3 VT € [a,b]\kzo}.

Yet following from Hochberg and Quade (1975) or Liu (2010, pp68), another con-

servative critical value ¢y is solved from

1 3 1
iFQ,n—?: (22> + iFl,n—2 (3) =1-a,

and is less conservative compared with c;.

Figure 3.6 presents the relationships between the critical value ¢(s) and the conser-
vative critical values ¢; and cz. The bold curve bounds the region Ry (s), which is
the same as shown in Figure 3.4, and the outer circle bounds the region {T:|| T ||<

2 f§n73}. The region bounded by the dashed curve is associated with co and is
the same as region Ry, , if the angle ¢1 in Ry, , is equal to 7. This critical value is

less conservative than ci, thus the associated conservative confidence set contains
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less grid points than the one associated with ¢;. Therefore to construct a confidence
set, it is more efficient to check the grid points in the conservative confidence set
with critical value co than the one with c;. It is not important which conservative
critical value we choose to use in the quadratic case, because the exact critical val-
ues are not difficult to compute. But in the general polynomial case when the exact
critical values need to be approximated using a large number of simulation, it saves
a lot of time if we construct the confidence set by checking the grid points in the

conservative confidence set with ¢y instead of c¢;.

We compute this conservative confidence set directly as we did in the Direct Method,
by substituting the conservative critical value (take ¢; for example) for c(ko), ko €

[a,b], in Equation (3.22)-(3.28). Therefore, if (z0 — a) ¢ [a, b, then
a € Co(Y) < max(h(2a), h(b+ a)) < c1; (3.30)
otherwise, if (z9 — a) € [a, b], then
a € Co(Y) < max(h(2a), h(b+ a), h(z)) < 1. (3.31)
Similarly, if (z9 — b) ¢ [a, ], then
be Co(Y) < min(h(a+b), h(2b)) > —c1; (3.32)
otherwise, if (zg — b) € [a, b], then
be Co(Y) < min(h(a+b), h(2b), h(z0)) > —c1. (3.33)
Finally, for s € (a,b), if (20 — s) ¢ [a, s] U [s, b], then

s€CoY) & min(h(a + ), h(2s)) >~ : (3.34)
max(h(b + s), h(2s)) < 1

alternatively, if (z9 — s) € [a, s], then

min(h(a + s), h(2s), h(z0)) > —c1 ‘

. ) (3.35)
max(h(b+ s),h(2s)) < 1

seCyY) &
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otherwise, if (z9 — s) € [s, ], then
min(h(a + s), h(2s)) > —¢;
] » {20

ENS C()(Y) = . . .
max(h(b+s),h(2s),h(z20)) < c

(3.36)

In practice, to construct the confidence set, we still check each grid point instead of
each point in the interval [a,b]. However, as been pointed out earlier, this conser-
vative confidence set is not the ultimate result we want, but a way to narrow down
the possible range of points that could be in the set Cg(Y'). Then, we construct
the exact (1 — «) level confidence set Cg(Y) by checking each grid point in the
conservative confidence set Cy(Y'). Next, we will illustrate how to use the p-value
method to construct the acceptance sets, which does not involve the computation

of critical values.

The p-value method. Since the construction of acceptance sets using critical
values directly is inefficient, we use the p-value method instead. A p-value is the
probability of having a value of the test statistic that is even more extreme than the
one based on the observed data, assuming the null hypothesis is true. When testing
the null hypothesis, we reject Hy if and only if the p-value is less than the significant

level «.

Let éi‘, é;, and 6* be the usual estimates of 81, 02, and ¢ based on the observation
Y*. Note that él, ég, and 6 are random variables based on random observation Y,
while 6%, 0%, and 6* are estimated based on the observation Y*. We distinguish
these concepts only for introducing p-values in this section and Section 3.1.3.3.

Define
- 0 + 6%z
h(z) = ————"F— L 2 .
& | P(L,2)T |
Next, we discuss the computation of the p-value separately for each of the three
cases: kg = a, ko = b and kg € (a,b).

Case I Recall that in Section 3.1.2.1, our (1 — «) level acceptance set A(a) is given
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by
A(a) = {Y: (él + ég(a +x))(a —x) > —c(a)ov(a,x), Vz € (a,b]}
= {Y: sup h(a+x)<ca)}
z€(a,b)
We define
Wo(Y) = sup h(a+ z)
z€(a,b]
and

we = Wo(Y*) = sup h*(a+ x).
z€(a,b]

Note that W,(Y") is a random variable, but wy, is the observed value of W, (Y") based
on Y*. Define

pa = 1— inf P{W,(Y) <w,}
0:ko=a

= sup (1 — P{Wa(Y) < wa})
0:ko=a

= sup P{W,(Y) > w,}.
0:ko=a

acCg(Y") & Y*eAa)

;
g
IS

IA
BN
o

we have

a¢ Cp(Y*) & 0'}501; P{W,Y)<wy}>1—-«
& sup P{W,(Y) > we} < «
6:ko=a
& pe < a.

It is clear that p, is a p-value for testing Hy : ky = a.

If w, > 0, then following the mathematical derivation in Section 3.1.2.1, we have
1—pos = inf Pr—o{Wo(Y) <wg}
0:ko=a

P(1 nrr
= DPiy—a{ sup [ (,a—i—x)]T < w,
veap) || P(La+x)T |

o1 w? T — @1
- dp o (Za
2T 2m 3 27

2

1
)+ 5 Fia-a(wd) +
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where T' ~ T ,,, that is,

d1 w? 1 9 ™ — ¢1
-1 3 a B .
DPa 9 12,71 3( 9 ) 21 1,n S(U)a) 9

We reject Hy : k = a if and only if p, < a.

Otherwise, if w, < 0, then w, = — | w, |, we have

l—p, = inf Pro{Wa(Y) < —|wa [}
0:ko=a

a+ T
= o PRI .

z€(a,b] H P(laa"i_m)T H

Since

P(1 nrr
Pa = 1—P{sup Plla+ )] <—|wa\}

ve(ap) | P(La+z)T | =

P(1,a+b)7]'T
g 1‘P{ IPLarpr = 1" '}

[P(L,a+b)""T }
> 1—-P <0
= {n P(La+0)T | ~
= 1-05

= 05

and « is much smaller than 0.5, we can not reject Hy : kg = a when w, < 0.

Case 11 Similarly, by using previous notations, we have

(3.37)

(3.38)

A(b) = {Y : (6 + 01b+ 020%) — (B + b1 + 032%) > —c(b)6v(b, x), YV € [a,b)}

= {Y: inf h(b+z)>—c(b)}.

z€la,b)

Define

Wy(Y)= inf h(b+x), wy,=Wy(Y*)= inf h*(b+ z),

(L’E[al}) Z‘E[a,b)

and a p-value
pp = 1— inf Py _p{Wy(Y) > wp}
0:ko=b

for testing Hg : kg = 0.

If wy < 0, by using a similar argument in computing p,, we have

P
2 w 1 m™ — qbg
1—pp= 7F2,n—3 <b> + §F1,n—3(w§) t
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thus

T — 2
or

w? 1
py=1-— b2 Fyp3 < > + §F1,n73(w§) +

2 b
27 2

Alternatively, if wy > 0, then

p = 1 _0;iicr3f=bpk°:b{wb<y) > wy}

o [P(Lb+2)")'T

= 1-P f >

{acéﬁ,b) P+~

[P(L,a+b)""T

> — >

= P{u PLato)T |~ "
[P(1,a +b)11TT }

> 1—-P >0

- {H P(l,a+b)T | ~

= 1-05

= 0.5.

We reject Hg : kg = b if and only if p, < . Since « is always much smaller than

0.5, we can not reject Hy : kg = 0.

Case III Finally, for s € (a,b), our (1 — «) level acceptance set is

A(s) = {Y : 0y + brs + 025%) — (g + bz + 032%) > —c(s)6v(s, ), Vo € [a,s) U (s,b]}

~ S—X

= Y. inf h(s+x > —c(s)}.
{ z€la,s)U(s,b] ( )| S— ’ ( )}
Let
. s—
Ws(Y,s) = inf h(s+z)——,
( ) z€[a,s)J(s,b| ( )| S—x |
we(s) = We(Y*,s) = inf  h*(s+ ;1:)i
3 * ’ z€[a,s)U(s,b] | S— ”
and define
ps(s) =1— oiknf Pro—s{Ws(Y, ) > ws(s)}.
:ko=s
As

seCg(Y") & Y™ ¢ A(s)
S ws(s) = —c(s)

= oiknf Pro—s{Ws(Y,s) > ws(s)} <1—a,
:ko=s
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we have

s¢ Cp(Y") & eiknf Pro—s{Ws(Y,s) > ws(s)} >1—«a
:ko=s

& ps(s) <o

Thus, ps(s) is a p-value for testing Hy : kg = s.

Following the mathematical derivation in Section 3.1.2.1, if w4(s) < 0, then we have
1—ps(s) = 9iknf Pr,—s(Ws(Y, s) > ws(s))
:ko=s

A s—x

= inf P _ inf & T

kos{xe[afsu<5,b] (s+a)i—gzv <S>}
™T 1T

_ P{ f P(l,s+x)' ' T [P(l,s+x)"] T<—ws(s)}

n > wg(s), sup <
A TP st = S B st

N %Flvn—S(ws(S)z) + %an_s (w5(8)2> 1 90) (1 + w5(5)2> B

2 T n—3

= /OMS) (1 s ) T

where ¢(s) is defined in Section 3.1.2.1. Thus,

p(s) = 1 2 Finofun(s)) — P (20 - 2 (1, )

Alternatively, if ws(s) > 0, then
pals) = 1= b Pl (WY, 5) > wa(s))
:ko=s

. P(1l,s+ )" T P(1,s+x)")''T
= 1—P< inf > ws(s), sup < —ws(s
{ze[m PLs+ar | =0 20 TPasrar =0

_p[POLstaTTT o PLs0)TT

=1 P{ | P(l,s+a)T || — s(5), |P(L,s+b0)T | — s )} (3.39)
P(l,s+a)7]" T P(1,s+b)7]'T

=10 P{ | P(1,s +a) || = [ P(1,s+0)T | 30} (3.40)
P1,s+a) T T

- 1_P{ TP(Ls+a) | ZO}

= 1-05

= 0.5.
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We reject Hy : ko = s if and only if ps(s) < a. Since a is always much smaller than

0.5, we can not reject the null hypothesis when wg(s) > 0.
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3.1.2.3 Examples

Example 1. We consider the simulation data in Table 3.1, which is generated
from the quadratic polynomial regression model Y = —5z2 + 3z + 2 + e where
e ~ N(0,10%), with = evenly chosen from a given interval [a,b] = [~5,5]. The fitted
regression function is Y = —4.883022 + 2.3958z + 2.3750 and the standard error is
6 = 10.4254 with degrees of freedom equal to 18.

A confidence set can be constructed to quantify the plausible value of a maximum
point of the true quadratic function in the given interval [—5,5]. To construct a
95% level confidence set for a maximum point, we check the grid points from —5 to
5 with resolution d = 0.001. Figure 3.7 shows the conservative critical values c1, co
and the exact critical value c¢(k) over k € [—5,5]. The conservative confidence set
using the critical value ¢; = |/2f91g = 2.6663 is given by Co(Y)) = [0.041,0.462].
Then, by using the p-value on each grid point in Cy(Y'), we finally get the exact
95% level confidence set Cg(Y) = [0.059,0.441]. Computation of Cg(Y) takes
27 seconds. The 95% confidence sets using bootstrap method and Rao’s method
are [0.111,0.392] and [0.040, 0.456], respectively. The BH confidence set for the
stationary point is given by [0.090,0.410]. The data, fitted regression function, and
all the five confidence sets are plotted in Figure 3.8. The true maximum point, 0.3,

is also plotted for comparison.

The conservative confidence set constructed using critical value cp = 2.4487 is given
by [0.057,0.443], which is about 10% shorter than the set Cy. Since in the quadratic
case, the computation of Cg(Y') is very fast and hence it does not matter much

whether we use critical value ¢; or cs.

Example 2. We consider the simulation data in Table 3.2, which is generated
from the quadratic polynomial regression model Y = —5z2 + 3z + 2 + e where
e ~ N(0,10%). The fitted regression function is ¥ = —5.378622 + 3.9892z + 5.6275

and the standard error is 6 = 7.9622 with degrees of freedom equal to 8.

A confidence set can be constructed to quantify the plausible value of a maximum
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Table 3.1: Simulation data used in Example 1.

X y X y X y
-5 -130.74 || -1.5 -14.706 || 2 -3.42
-4.5 -11863 || -1 -14.323 | 2.5  -9.21

-4 -68.168 || -0.5 2.1941 3 -49.937
-3.5 -71.114 0 -11.362 || 3.5 -63.16
-3 -50.861 || 0.5 9.3932 4  -60.289
-2.5  -26.082 1 16.236 || 4.5 -89.749
-2 -23.407 || 1.5 -11.668 || 5 -101.1

281

27F

Ci
261

2481

2.4 / \
Clk)

23F

221

2.1
]

Figure 3.7: The 95% level critical values for different = € [—5,5] in Example 1.
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Figure 3.8: The 95% level confidence sets in Example 1. The five confidence sets
plotted, from top to bottom, are Cg(Y), Co(Y'), Rao’s confidence set C.(Y'), boot-

strap confidence set, and the BH confidence set for the stationary point.

point of the true quadratic function in the given interval [—5,5]. To construct a
95% level confidence set for a maximum point, we check the grid points from —5 to
5 with resolution d = 0.001. The conservative confidence set using the critical value
1 = 2f§;§5 = 2.9863 is given by Cy(Y) = [0.1590,0.6000]. Then, by using the
p-value on each grid point in Cy(Y'), we finally get the exact 95% level confidence
set Cg(Y) = [0.179,0.577]. The 95% confidence sets using bootstrap method and
Rao’s method are [0.252,0.487] and [0.160, 0.590], respectively. The BH confidence
set for the stationary point is given by [0.210,0.540]. The data, fitted regression
function, true regression function and its true maximum point, 0.3, are plotted in

Figure 3.9, and so are the confidence sets.

Example 3. We consider the simulation data in Table 3.3, which is generated
from the quadratic polynomial regression model Y = —522 + 32 + 2 + e where
e ~ N(0,20%). The fitted regression function is ¥ = —4.6813z2 + 3.5333z — 7.9066

and the standard error is 6 = 21.7859 with degrees of freedom equal to 8.

A confidence set can be constructed to quantify the plausible value of a maximum
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Table 3.2: Simulation data used in Example 2.

X y X y X y

-5 -14233 || -1 -17.465 || 3 -30.727
-4 -106.66 || 0 13.909 | 4 -64.254
-3 -50.747 || 1 11.892 || 5 -109.87
-2 -21.123 || 2 -12.376

201

20k
A0k
E0F
a0k
-100
-120F .

ok

-160

Figure 3.9: The 95% level confidence sets in

#  data points
------- true maximurm point

fitted regression function
—-—-true quadratic function

I 1
1} 1

1 I 1 )
2 3 4 5

Example 2. The five confidence sets

plotted, from top to bottom, are Cg(Y), Co(Y'), Rao’s confidence set C.(Y), boot-

strap confidence set, and the BH confidence set for the stationary point.
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point of the true quadratic function in the given interval [—5,5]. To construct a
95% level confidence set for a maximum point, we check the grid points from —5 to
5 with resolution d = 0.001. A conservative confidence set using the critical value
1 = 1/2f§7‘§5 = 2.9863 is given by Cy(Y) = [-0.300,1.274]. Then, by using the
p-value on each grid point in Cy(Y'), we finally get the exact 95% level confidence
set Cg(Y) = [-0.226,1.149]. The 95% confidence sets using bootstrap method
and Rao’s method are [—0.001,0.798] and [—0.291,1.129], respectively. The BH
confidence set for the stationary point is given by [—0.130,1.00]. The data, fitted
regression function, true regression function and its true maximum point, 0.3, are

plotted in Figure 3.10, and so are the confidence sets.

Table 3.3: Simulation data used in Example 3.

X y X y X y

-5 -107.8295 || -1 -9.7163 || 3  -48.4298
-4 -128.9016 || 0 21787 || 4 -70.0236
-3 -85.6109 || 1 16.7390 || 5 -108.4093
-2 -35.4707 || 2 -26.4454

Example 4. We consider the simulation data in Table 3.4, which is generated from
the quadratic polynomial regression model Y = —x2+22+1+e where e ~ N(0, 10?).
The fitted regression function is ¥ = —0.914622 +0.9465x +1.9889 and the standard

error is ¢ = 9.1076 with degrees of freedom equal to 8.

A confidence set can be constructed to quantify the plausible value of a maximum
point of the true quadratic function in the given interval [0,10]. To construct a
95% level confidence set for a maximum point, we check the grid points from 0
to 10 with resolution d = 0.001. A conservative confidence set using the critical
value ¢; = ,/2f§"§5 = 2.9863 is given by Co(Y) = [0,2.996]. Then, by using the
p-value on each grid point in Cy(Y'), we finally get the exact 95% level confidence
set Cg(Y) = [0,2.851]. The 95% confidence sets using bootstrap method and Rao’s
method are [0,2.315] and [0,2.092], respectively. The BH confidence set for the

o8



Chapter 3

#  data points
200 + true maxirmurm point
fitted regression funciton
—-—-true guadratic function

-160
-5

Figure 3.10: The 95% level confidence sets in Example 3. The five confidence
sets plotted, from top to bottom, are Cg(Y'), Co(Y), Rao’s confidence set C.(Y),

bootstrap confidence set, and the BH confidence set for the stationary point.

stationary point is given by [0,2.650]. The data, fitted regression function, true
regression function and its true maximum point, x = 1, are plotted in Figure 3.11,

and so are the confidence sets.

Table 3.4: Simulation data used in Example 4.

X y S y S y

0 69128 || 4 -7.1951 || 8 -36.05
1 -4436 || 5 -14482| 9 -80.74
2 48034 || 6 -23 10 -74.718
3 -12.091 | 7 -37.179

Example 5. We consider the simulation data in Table 3.5, which is generated from
the quadratic polynomial regression model Y = 2% — 2z + 1+ e where e ~ N(0, 10?).
The fitted regression function is Y = 0.97342% + —3.4488z +9.9499 and the standard

error is & = 4.5741 with degrees of freedom equal to 8.

To construct a 95% level confidence set for a maximum point in the interval [0, 10], we
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Figure 3.11: The 95% level confidence sets in Example 4. The five confidence

sets plotted, from top to bottom, are Cg(Y'), Cy(Y), Rao’s confidence set C.(Y),

bootstrap confidence set, and the BH confidence set for the stationary point.
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Figure 3.12: The 95% level confidence sets in Example 5. The five confidence

sets plotted, from top to bottom, are Cg(Y'), Co(Y), Rao’s confidence set C.(Y),

bootstrap confidence set, and the BH confidence set for the stationary point. All

the confidence sets for a maximum point contain just one element 10, yet the BH

confidence set is for the stationary point and is an interval.
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check the grid points from 0 to 10 with resolution d = 0.001. The conservative con-
fidence set using the critical value ¢; = /23" = 2.9863 is given by Co(Y') = {10}.
Then, by using the p-value on {10}, we finally get the exact 95% level confidence
set Cg(Y) = {10}. Computation of Cg(Y’) takes 21 seconds. The 95% confidence
sets using bootstrap method and Rao’s method are both {10}, respectively. The
BH confidence set for the stationary point is given by [0,2.75]. The data, fitted

regression function, true regression function and its true maximum point, 10, are

plotted in Figure 3.12, and so are the confidence sets.

Table 3.5: Simulation data used in Example 5.

X y X y X y

0 9.9564 || 4 15771 || 8 46.041
1 73096 || 5 21.689 | 9 49.249
2 6.7786 || 6 22.444 || 10 78.66
3 44031 || 7 32.225

Table 3.6: Simulation data used in Example 6.

X y X y X y

-0 122.6744 || -1 -4.4647 || 3 50.2729
-4 65.3442 0 139092 | 4 83.7464
-3 48.2533 1 18.8916 || 5 125.1329
-2 24.8768 2 21.6237

Example 6. We consider the simulation data in Table 3.6, which is generated from
the quadratic polynomial regression model Y = 522 + 2 + e, where e ~ N(0,10?).
The fitted regression function is Y = 4.62142% + 0.98922 + 5.6275 and the standard

error is & = 7.9622 with degrees of freedom equal to 8.

A confidence set can be constructed to quantify the plausible value of a maximum
point of the true quadratic function in the given interval [—5,5]. To construct a

95% level confidence set for a maximum point, we check the grid points from —5
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Figure 3.13: The 95% level confidence sets in Example 6. The five confidence
sets plotted, from top to bottom, are Cg(Y'), Co(Y), Rao’s confidence set C.(Y),

bootstrap confidence set, and the BH confidence set for the stationary point.

to 5 with resolution d = 0.01. A conservative confidence set using the critical value
c1 = \/@ = 2.9863 is given by Cy(Y) = {—5,5}. Then, by using the p-value
method on {—5,5}, we get the 95% level confidence set Cg(Y) = {—5,5}. The
computation of Cg(Y') takes 24 seconds. The 95% confidence sets using bootstrap
method and Rao’s method are {—5,5} and {—5, 5}, respectively. The BH confidence
set for the stationary point is given by [—0.300,0.080]. The data, fitted regression

function, and the confidence sets are plotted in Figure 3.13.

Example 7. The data of crop yields, denoted by Y, for the amounts of fertilizer
used, denoted by x are shown in Table 3.7 (Sullivan and Sullivan, 2002). The fitted
quadratic regression model is Y = 3.8939 + 1.0765z — 0.0171z2 and the standard

error is & = 1.4270.

From the residual plots (Figure 3.14) and normal probability plot (Figure 3.15),
the normality assumption of the residuals seems reasonable. The exploratory index
R? = 0.9494, so the data fit the quadratic model well. To construct a 95% level

confidence set for the amount of fertilizer that maximizes crop yields, we check the
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Table 3.7: Data of crop yields and fertilizer used (Sullivan and Sullivan, 2002).

Plot | Fertilizer,x(Pounds/100f#?) | Yield(Bushels)
1 0 4
2 0 6
3 5 10
4 5 7
5 10 12
6 10 10
7 15 15
8 15 17
9 20 18
10 20 21
11 25 20
12 25 21
13 30 21
14 30 22
15 35 21
16 35 20
17 40 19
18 40 19
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Figure 3.14: Residual plots

grid points from 0 to 40 with resolution d = 0.1. A conservative confidence set using
the critical value ¢; = \/@ = 2.7138 is given by Co(Y) = [27.9,38.4]. Then,
by using the p-value on each grid point in Cy(Y') = [27.9,38.4], we finally get the
exact 95% level confidence set Cg(Y) = [28.17,37.32]. The 95% confidence sets
using bootstrap method and Rao’s method are [28.827,35.308] and [27.933, 37.502],
respectively. The BH confidence set for the stationary point is given by [28.52, 36.40].
The data, regression function and the confidence sets are depicted in Figure 3.16.
The reason that there are only 17 data points in Figure 3.16 is that the 17th and

18th data points are the same, and thus overlapped.

Example 8. The sample mean and standard deviation data given in Table 3.8 is
the summary of the clinical dose response data given in Table 3.9. We fit the data

in Table 3.9 to a quadratic regression function. The estimated parameters based on
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Figure 3.15: Normal probability plot of the residuals

these data are
0.3898
0 = 1.7581 , 6% =10.7084

—1.2204
and the exploratory index R? = 0.1071.

A confidence set can be constructed to quantify the plausible value of a maximum
point of the quadratic model Y = 622 + 612+ 6y + e in the given interval [0, 1] based
on the summary information in Table 3.8. The significance level is a = 0.05. We
check the grid points from 0 to 1 with resolution d = 0.001. A conservative confidence
set using the critical value ¢; = \/@ = 2.5335 is given by Co(Y) = [0.524, 1].
Then, by using the p-value on each grid point in Cy(Y), we finally get the exact
95% level confidence set Cg(Y') = [0.536, 1]. Instead of using Table 3.9, we get the
same estimates of parameters and hence the same confidence set using just Table
3.8(see Appendix).

The 95% confidence sets using bootstrap method and Rao’s method are [0.555, 1]
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Figure 3.16: The 95% level confidence sets for the amount of fertilizer used that
maximize the crop yields in Example 7. The five confidence sets plotted, from top
to bottom, are Cg(Y'), Co(Y), Rao’s confidence set C.(Y), bootstrap confidence

set, and the BH confidence set for the stationary point.

66



Chapter 3

and [0.51, 1], respectively. The BH confidence set for the stationary point is given
by [0.552,1]. The data points, fitted regression curve, and the confidence sets are
plotted in Figure 3.17.

Table 3.8: Summary of clinical dose response data (Rom et al., 1994)

Dose | Sample size | Sample mean | Sample Std Dev
0 20 0.34 0.52
0.05 20 0.46 0.49
0.2 20 0.81 0.74
0.6 20 0.93 0.76
1 20 0.95 0.95

Example 9. Summary of a set of clinical dose response data is given in Table 3.10.
We fit the data to a quadratic regression function. The estimated parameters based
on these data are

—1.6669

0 = | —0.0443 | ,0" = 15.4992

0.0001

and the exploratory index R? = 0.0147 is very small, which may be due to the large

error variance of the data.

A confidence set can be constructed to quantify the plausible value of a maximum
point of the quadratic model Y = 0222 + 612 + 6 + e in the given interval [0, 400]
based on the summary information in Table 3.10. The significance level is o = 0.05.
We check the grid points from 0 to 400 with resolution d = 1. Using the critical value
= \/@ = 2.5335, a conservative confidence set is given by Cy(Y') = [0,400].
Then, by using the p-value on each point in Cy(Y'), we finally get the exact 95%
level confidence set Cg(Y) = [0,400]. The 95% confidence sets using bootstrap
method and Rao’s method are both [0,400], respectively. The BH confidence set
for the stationary point is also given by [0,400]. The data points, fitted regression

curve, and the confidence sets are plotted in Figure 3.18.
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Figure 3.17: The 95% level confidence sets in Example 8. The five confidence
sets plotted, from top to bottom, are Cg(Y'), Cy(Y), Rao’s confidence set C.(Y),

bootstrap confidence set, and the BH confidence set for the stationary point.
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Table 3.9: Clinical dose response data (Rom et al., 1994)

dose response dose response dose response

0 0.354621644 | 0.05 | 1.353800979 0.2 | 1.198081819
0 0.136528014 | 0.05 | 0.154980239 0.2 1.56768394
0 -0.017221273 || 0.05 | -0.070838037 || 0.2 | -0.155607279
0 0.367483563 || 0.05 | 0.583740909 0.2 0.20658777
0 0.395127618 || 0.05 | 0.962598527 || 0.2 | 1.853465242
0 0.357965911 | 0.05 | 0.381388876 0.2 | 0.995682873
0 0.312936459 | 0.05 | -0.004695991 || 0.2 | 2.452234157
0 -0.044915902 || 0.05 | 0.519304935 0.2 | -0.52039887
0 0.623091387 || 0.05 | -0.36332213 0.2 | 0.048856237
0 0.03951218 || 0.05 | 0.338903336 0.2 | 0.633128014
0 -0.30840357 || 0.05 | 0.145620717 || 0.2 | 0.528413238
0 -0.452964305 || 0.05 | 0.442803406 0.2 | 0.422902023
0 -0.201709236 || 0.05 | -0.021949664 | 0.2 | 1.233325825
0 1.560869091 || 0.05 | 0.37259824 0.2 | 1.867825704
0 0.561286293 | 0.05 | 1.528976072 0.2 | 1.057835057
0 0.336241137 || 0.05 | 0.149471298 0.2 0.34534894
0 -0.159375068 || 0.05 | 0.374063362 0.2 | 0.404851371
0 0.992604728 | 0.05 1.0116782 0.2 0.48420331
0 0.806987008 | 0.05 | 0.281306267 || 0.2 | 0.571199878
0 1.237442253 || 0.05 | 0.994656155 0.2 | 1.010696185

0.6 | 1.172221004 1 2.248445841

0.6 | 0.667558102 1 2.173688799

0.6 | 1.777681617 1 1.254509265

0.6 | 0.309735795 1 1.864626603

0.6 | 0.309735795 1 1.864626603

0.6 0.05646191 1 -1.113082058

0.6 | 0.900065687 1 1.198415091

0.6 | 0.738302949 1 1.97485829

0.6 | 0.227879049 1 0.62533415

0.6 | 1.385106066 1 1.330258137

0.6 | 0.912390582 1 0.149454689

0.6 | 0.299300126 1 0.887139996

0.6 | 0.278917304 1 0.563064088

0.6 | 0.270043807 1 0.730863126

0.6 | 0.569625173 1 -0.771473861

0.6 | 1.604328006 1 0.494778358

0.6 | 1.576944531 1 0.303110251

0.6 | 2.924508962 1 0.425231331

0.6 | 0.171532376 1 2.557773784

0.6 | 2.160523738 1 1.12889658

0.6 | 0.685611744 1 0.948335871
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4  data points of sample mean
fitted regression function

boe s

1 1 ! 1
o a0 100 150 200 250

1 ! 1
300 350 400

Figure 3.18: The 95% level confidence sets in Example 9. The five confidence

sets plotted, from top to bottom, are Cg(Y'), Co(Y ), Rao’s confidence set C.(Y),

bootstrap confidence set, and the BH confidence set for the stationary point.

Table 3.10: Summary of clinical dose response data (Rom et al., 1994)

Dose

Sample Std Dev

0

20

100

200

400

Sample size | Sample mean
16 1.4
8 3.0
8 7.7
8 5.1
7 4.5

16

15.68

15.68

15.68

15.75
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3.1.3 A General Polynomial Regression Model
When p > 2, we have the polynomial regression model
Y =0y + bhx + Oz + -+ 0p2P +e

with e ~ N(0,0?). Let

Y7 1 = x% e zzf 0y

YQ 1 T2 .CC% e ng 01
Y = , X = and 0 =

Y, 1 =z, JJZL oo b 0,

D>
Il

= (XTx)" Xy

and hence has the distribution N (@, (X?X)"10?). Let 62 be the usual estimate of

o2 which has the distribution

2
6_2 ~ o X2
n—p—1""P70

where X%L—p—l is the chi-squared distribution with degrees of freedom (n —p — 1).

Moreover, 6 and 62 are independent. Let

th th

0o ) 0o 0
o°=| " | "= " | and P2= [0 I, } (XTX)! :

. . Ip

ep 917

~0
thus the variance-covariance matrix of @ is given by
cov <[ 0 1, ] (XTX)lXTY> = o’P2
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Therefore

Plx (8 —6%/o~N(,L,),

and hence

T:=P 58 —0°/6 ~Tpnp1,

where T, ,_,,—1 is the multivariate t-distribution with p elements, and the degrees

of freedom is (n —p — 1).

In this section, we use the subscript p to indicate a function’s definition related to

the polynomial regression.

3.1.3.1 Theory

To apply Neyman’s Theorem to construct the confidence set for a maximum point

of the polynomial regression function
f(x,0) =00+ 012 + Oz + - + OpaP,
we require an acceptance set for testing
HO k= k’o

for each ko € [a,b]. For 21 # 22, we define three functions g,, v, and h, as

o (Zl,"' ,Zlf)T_(ZQ,“' ,Zg)T
gp(21, 22,p) = o,
frg (21_227”.72:{)_25)71
zZ1 — %9
= (1,21 + 29, ,2:11?_1 —+ zf_QZQ R 2123—2 + 2129—1)T7
Up(21722,é) : o= \/var[(éo + iz G;,zf) — (6 + 129 + - + éng)]/02

= \ 21— 22 \ \/gp<217227p)TP29p(z17227]3)

and 0
gp(zh 22,P)T9

a-\/gp('zl? Z27p)TP2gp(Zla ZZap) .

ilp(zl, 2’2) =

In what follows, we consider three cases: kg = a, kg = b and ko € (a,b).
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Case I If ky = a is a maximum point, then for any x € (a, b], we have
(6o +bha+---+0pa’) — (6o + 012+ --- + 0paP) > 0,

or equivalently

(a — z)gp(a, x,p)Tao > 0.

This implies that gp(a,x,p)T00 < 0 for all x € (a,b], since (a — x) is negative for

x € (a,b]. Accordingly, we define an acceptance set

A~

A(a) = {Y:(fp+61a+---+6,a°) — (6o + b + - - + 6p2P) > —c(a)dvp(a, z,0),
Va € (a,b]}
= {Y: (a—2)gp(a,z,p)T8 > —c(a)buvy(a, z,0), ¥z € (a,b]}
= (Y :g(a.2.0)70" < c(0)6\/gp(a,2.p)TP2gya.x.p), Va € (a,B]}  (3.41)

— {Y . Sup in(a,$) S C(a’)}
xE(a,b}

where c¢(a) > 0 is a critical constant that can be calculated such that A(a) is a

(1 — ) level acceptance set. To determine c¢(a), note that

Pro=a {Y € A(a)}

~0 R
= Pio {gp(a.2.0)"8" < c(a)\/gpla,2.p)TP2g,(a,2,p). Ve € (a,b]} (3.42)
2 Pkg:a {gp(avxvp)Té S C(a)a—\/gp(aaxap)TPZQP(aava) +gp(a7x>p)T001 Vw € (avb]}
(3.43)

730 0
_p, | wlaen)TO -0 M}
o/ gp(a,z,p)TP2gy(a, z,p)

a,x, Téofao
. gpla,2.0)" @~ )

- sup — < c(a)
{waa,b] v/ 9p(a, z,p)TP2gp(a, ,p) }
0

_ p, {Sup [Pgy(a,z,p)]" P8 —6°)] Sc@}

xE(a,b] OA'\/gp(CL,SU,p)TP2gp(CL,l‘,p)
P T
— P sup [ gp(aax7p)} < c(a) (344)
z€(a,b) || ng(a,x,p) ”
where Equation (3.42) follows directly from Equation (3.41), and Equation (3.43)

follows from the fact that g,(a, z,p)70° < 0 for Vz € (a, b]. Note that

. [ng(a,:ﬂ’p)]TT
inf Pr—.{Y € A(a)} = P sup <c(a),,
ool o=l X € AL {xqa,b} Po@ap ]
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with the infimum being attained at 61 = 0 = --- = 6, = 0. Then the critical value

¢(a) is the unique solution of

P{ sup [Pgy(a, 2, p)]' T < c(a)} =1-a. (3.45)

z€(a,b) || ng(a7337p) || B
Case II If ky = b is a maximum point, then for any = € [a,b),
(Oo+ 6010+ -+ 0,°) — (6o + 012+ - -+ 0,2P) > 0

which implies gp(b,x,p)TBO > 0 for all € [a,b). Accordingly, we define an accep-

tance set as

AD) = {Y :(6p+61b+ -4 0,0P) — (g + 61 + - - - + 0p2P) > —c(b)Guy(b, z,0),
Va € [a,b)}
= {Y:(b—2)g,(b,z,p)T8° > —c(b)up(b, 2,8), Yz € [a,b)}
= (Y :g,(0.2.0)78" > —c(0)o\/gy (b, 2. p)TP2gy(b.2.p), Ve € [a, )} (3.46)

= {Y: inf hy(bx)> —c(b
{ L p(b,x) > —c(b)}

where ¢(b) > 0 is a critical constant such that A(b) is a (1 — «) level acceptance set.

To determine ¢(b), note that

Pk@:b {Y c A(b)}

= Pk@:b {gp(b7x7p)T0 > _C (}\/gp(baxvp)TPQ.gp(bam)p)a Vr € [CL, b)}

~0 R
> Py {op(b.2.0)78° > ~c(0)61/p(b, 2, 0) P20y (b,2,p) + gy (b, 2, ) 70", W €

Tp° _ o0
- A, { gplb.z.p)" (6" —6")

—c(b), Yz € la,b
5/ap, 5P P2y (6, 0p) 0 wel )}

30 0
gbop)' O —0) 4
xe[ab U\/gp b, x p) PQQp(b T, p)

_p { [Py, (b, z,p)]"[P@ —6°) >_C(b)}

velod) 5/gy(b, 7, p) T P2g, (b, 7, )

ng (b, z,p)|TT
) TPoGap) |~ C(b)}
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where Equation (3.47) follows directly from Equation (3.46), and Equation (3.48)
follows from the fact that g, (b, z,p)T8° > 0 for all x € [a,b). Note that

[ng(b,ﬂ?7p)]TT > —C(b)} ,

inf {Y € A(b :P{inf >
oL Y € AB) =P I ey G |

with the infimum being attained at 01 = 6 = --- = 6, = 0. Then the critical value

¢(b) is the unique solution of

P{ o [Pgy(b,z,p)'T

in —c(b)p =1—aq. 3.50
A TPe a2 )} (3.50)

Case III If kg = s for s € (a,b) is a maximum point, then for any = € [a, s) U (s, ],
(O + 615+ -+ 0,s") — (0o + 01z + - - + 6p2P) >0

which implies gp(s,x,p)TBO > 0 for x € [a,s) and gp(s,x,p)TOO < 0 for x € (s,b].

Accordingly, for each s € (a,b), we define an acceptance set

A~ ~

A(s) = {Y:(Oo+ 615+ --+0,8") — (6o + 12 + - - + 0,2P) > —c(s5)5v,(s, z,0),
Vx € [a,s) U (s,b]}
= Y (5—2)gp(s,2,p) 70 > —c(s)vp(s,2,8), Vo € [a,5) U (s, 8]}
= (Y :g,(5.2.0)"8" > —c(s)5\/gp(s,,p)TP2gy (s,2,p). Ve € [a,5)
gpls,2.p)78" < c(s)\/gols, 7, p)TP2g, (s,2,p), Vo € (s,B]} (3.51)

= {Y: inf ﬁp(s,az) > —c(s), sup hp(s,z) <c(s)}

z€la,s) z€(s,b]

where ¢(s) > 0 is a critical constant such that A(s) is a (1 — «) level acceptance set.
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To determine ¢(s), note that
Pro=s {Y € A(s)}
= Pr=s {9p(s,z,p) T0 > —c(s)o \/gp (s,2,p)TP2gy(s,x,p), Vz € [a,s),
gp(s,x,p) c(s)6 \/gp (s,2,p)TP2g,(s,x,p), Vo € (s,b]}

{90(5,2,9)78" > ~c(5)5\/gp(5. 2.0)TPgy (s, 7, p) + gy (s, 2.p) T8, Vir €

v
=
I

(3.52)

[a 8)7

gp(s,7.9)78" < c()6\/ gy, 7, p)TP2gy(s,,p) + gyls, 7, p) 76", Va € (s.,b]}

_C(S)’

gp(s,2.9)7 (8"~ 6°)
= Piy=s inf
refos) wgp EREETN

T _ 0
wp __9o5.7:2) @ - 6% . C(S)}
we(s,p] 0/ 9p(8,2,0)TP2g,(s, z,p)

= P { o P9 )T P10 6"
0=s z€[a,s) U\/gp (s,z,p)T P29p(3 z,p)

> _C(S)a

- 0
wup [Pos 2. p)] P16 0% c(s)}
wve(sy] 0\ gp(s, 2, p)TP2g,(s, z,p)

_ { e Pl pl'T o [Poy(s, )| T <c(s)}

zefa,s) || Pgp(s, z,p) || sesp) | Pgp(s,z,p) ||
where Equation (3.52) follows directly from Equation (3.51), and Equation (3.53)
follows from the fact that gp(s,a:,p)TOO > 0 for z € [a,s) and gp(s, x,p)TBO < 0 for
€ (s,b]. Note that

inf Pp_o{Y € A(s)}
0:ko=s

T
_ p) o Po(sizp)l T_
z€la,s) || Pgp(s,z,p) ||

[Pgy(s, z,p)]'T
—c(s), sup <c(s),,
) o TPg(s ) || = )

with the infimum being attained at 6; = 03 = --- = 0, = 0. Then the critical value

¢(s) is the unique solution of

[Pgy(s,z,p)]'T [Pgy(s,z,p)]"T
P< inf > —c(s), sup <c(s)p=1—a. (3.55
{mw Poanl = 20 TPgGan ] = (35

Having found c(ko) for each ko € [a, b], we summarize our (1 — «) level acceptance
set as

A(kg) = {Y : Mizp(ko,x) > —c(ko),Vz € [a,b] \ kzo}. (3.56)
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Then according to Neyman’s Theorem, a (1 — «) level confidence set for a maximum

point, k, based on Y is given by

Cp(Y) = {ko€la,b]:Y € A(ko)}

_ {ko e la,b] : ég : gﬁp(k‘o,x) > —c(ko), Yz € [a,b] \ k:o}.

(3.57)

In other words, a point ky € [a,b] is in the set Cg(Y) if and only if for any = €

[a, 6] \ ko,

k‘o—l’ ~
hy, (k > —c(kg).
\k‘o—fU| P( O’x) = C( 0)

The interval [a, b] contains infinite many points and thus we can not check whether
each point kg € [a,b] is in the confidence set. Hence, like in the quadratic case,
we choose a finite grid of points on the interval [a,b] with resolution d, that is,
{a = 51,89, - ,8;5 = b} with s; — s;_1 = d. If d is small, then the grid of points can
give a fine approximation to the set [a,b]. We only check each point in the grid to

see whether it is in the confidence set.
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3.1.3.2 Conservative Critical Constants

Recall that in Section 3.1.3.1, we need to find c(ko) for each grid point ko € [a, b]
in order to decide the confidence set. However, the computation for each c(ko)
is time consuming, since it requires a large number m of replications to reach a
certain accuracy level (the computation details are given later in Section 3.1.3.3).
Similar to the quadratic case, we reduce the computational expense by using a
conservative critical value, which reduces the number of points for which we must
compute c(kg) from all the grid points ko in [a,b] to only the grid points in the

conservative confidence set Co(Y™).

The F critical constants. Note that T' ~ T, ,,_,_1, therefore

T
p

~ Fp,nfpfla

where F), ;,_,—1 is the standard F-distribution with degrees of freedom p and n—p—1.

Denote f,_,_; as the upper « point of the distribution Fj 1, then we have

PUIT < \/pfpnpat =1—c

Let ¢, = , /pf;’fnfpfl, then we have

T T T
P supLgcp =P supmgcp :P{ianZ—cp}zl—a.
pere Lol perr | P | per | p ||

Hence, we have

T
P sup [Pgp(, 2, p) ]TT < ¢
z€(—00,00) || ng(a,ﬂf,p) H

T
> P< sup il < —c
pere |l p |l

= 1-o (3.58)

As (a,b] C (—00,00), comparing the probability statement (3.58) with the probabil-

ity statement (3.45), we conclude that c(a) < ¢,.
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Similarly, we have

. [ng(b7 z, p)T]TT }
P inf > ¢
{re(—oo,oo) I Pgp(b,z,p)T || =

> P{ inf 2L > —cp}
per || p ||

= 1-a. (3.59)

Comparing the probability statement (3.59) with the probability statement (3.50),
we conclude that ¢(b) < ¢,.

Finally, for s € (a,b), we have

P T P T
P sup [ gp(57$ap) ]T S Cp, 1nf [ gp(svxvp) ]T Z *Cp
ze(—o000) || Pp(s, 2, p)" || z€(=00,00) || Pgp(s, z,p)" ||

P T
bl e PalernnT
€ (—00,00) || ng($7$3p) H

P pT| _
sup —— < ¢p
pcir [ P
= 1-a (3.60)

Comparing the probability statement (3.60) with the probability statement (3.55),

we conclude that ¢(s) < ¢, for all s € (a,b).

Thus, substituting  /pfy,_, 1 for c(ko) in Equation (3.57), the conservative confi-

dence set is given by

Co(Y) = {ko € [a,b] : ég — ;i}p(ko,m) > —cp, YV € [a,b]\ k:o}. (3.61)

Instead of checking all the grid points in [a,b], we only check the grid points in
the conservative confidence set to determine the exact confidence set and thus get

significant savings in computing time.

An improved conservative critical constant. Similarly to the univariate quadratic

case, an improved conservative critical constant ¢, is solved from

1 62 1 02
invn—P—l <;> + §Fp—1,n—p—1 <p _h 1) =1—-a.

The proof is as follows.

First, we show that there exists at least one vector u = (uy,us,- - ,u,)? such that
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ulg,(a,z,p) > 0 for all x € (—o0, 00). Note that

u’ gy(a,z,p)

= wl'[l,a+z,a*+ax+2% - ,aP 1+ aP 224+ FaxP? 4 2P YT

= u +ua+z) tusz(a®+ar+ o)+ Fup(a? '+ 2x 4o axP 2 4 2P

= (uy +uga +uza® + - +upaP ) + (ug +uza + -+ upad? )z + -+ upaP

and the last expression is a polynomial function of z. Therefore, a sufficient condition

up =0, ,u, =0
for a u satisfying u” g,(a, x, p) > 0 for all 7 € (—o0, 00) is P We

uyp > 0.
choose u1 = 1 and so u = [1,0,0,...,0]T. Let v = P~lu, hence vI'Pg,(a,z,p) > 0
for all € (—o0,00). Therefore, all Pg,(a,z,p) are in the same side of a plane
(hyperplane) that is perpendicular to v through 0. Note that all the possible values
of the random vector T' ~ T, ,,_,—1 such that

P nrr
sup [ gp(a7 CL’,p) ]T <
z€(a,b) || ng(av 33,]?) H

c(a)

must fall in the region bounded by all the planes (hyperplanes) that are perpendicu-
lar to Pgy(a,z,p), x € (a,b], and c(a) distance away from the origin in the direction
of Pgy(a,z,p). We define this region to be R(a, p, c(a)). Clearly R(a,p, c(a)) is larger
than the region bounded by all the planes that are perpendicular to {w : vTw > 0}
and c(a) distance away in the direction of w, denoted by Ry (v,p,c(a)), which is
actually a cylinder of radius c¢(a) connected to a semisphere of the same radius.
Hence if P{T € R(a,p,c(a))} = P{T € Ry (v,p,cp)} then the critical constant cy,

must be larger than c(a).

Next, we show that there exists at least one vector u, such that uTgp(s7 x,p) > 0 for

all z < s and u” g, (s, z,p) < 0 for all x > s. Note that

ulg,(s,2,p) = (u1+uss+ugs® + - +upsP ) + (up +ugs + -+ upst )z

o uprP T
and the last expression is a polynomial function of z. Therefore, a sufficient condition
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for a u satisfying u” g,(s,z,p) > 0, Vz < s and u’ g,(s,z,p) < 0, Vx > s is

up < 0,ug =0,--- ,up =0

U + ugs + ugs =0

We choose us = —1 to give u; = 2s and so u = [2s,—1,0,0,...,0]7. Recall that
v = P~ lu, we have

vIPg,(s,2,p) > 0, Vo € (—o0, 5)
8 . (3.62)

vIPg,(s,z,p) <0, YV € (s, +00)
Therefore, Pg,(s, z,p),Vx € [a,s) and —Pg,(s,z,p),Vz € (s,b] are in the same side
of a plane (hyperplane) that is perpendicular to v. Note that, all the possible values

of the random vector T' ~ T, ,,_,,—1 that satisfy

[ng(‘g?xvp)T]TT
—c(s), sup <c(s
) o TP =)

f Py, (s, z,p)T1IT

welas) || Pgp(s,zp) ||~
must fall in the region bounded by all the planes (hyperplanes) each with a condition
either (1) perpendicular to Pgp,(s,z,p) and ¢(s) distance away from the origin in the
direction of Pgy(s,z,p) if = € [a,s), or (2) perpendicular to Pgy(s,z,p) and c(s)
distance away from the origin in the opposite direction of Pg,(s, z,p) if x € (s,b]. We
define this region to be R(s, p, c(s)). Clearly R(s,p,c(s)) is larger than Ry (v, p, c(s)).
Hence if P{T € R(s,p,c(s))} = P{T € Ru(v,p,cp)} then the critical constant c,
must be larger than ¢(s). The same conclusion is reached by Hochberg and Quade

(1975), but using a different approach.

Hence, ¢y, is a conservative critical constant and we use it to construct a conservative

confidence set for a maximum point

ko —x

Cr(Y) = {ko € [a,b] : hy(ko, ) > —cp, Ve € [a,b] \ k:o} . (3.63)

ko —
Note that ¢, is less conservative than ¢, thus the confidence set Cj,(Y') contains less

grid points than the one associated with ¢,, Cy(Y'), and so is more efficient in the

construction of Cg(Y).
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3.1.3.3 Computation

Similar to the computation of the confidence set for a maximum point of a quadratic
regression function, we first present the direct approach by using simulated critical
values. Then in order to reduce the complexity of computation, we present the
conservative critical value method to reduce the possible points that could be in the
confidence set. We also present the p-value method here, but in this case, the p-value

method takes approximately the same computation time as the direct approach.

Simulating critical values. Since the critical value c¢(kg) for ko € [a, b] is difficult
to solve from Equations (3.45), (3.50) and (3.55), we use simulation to find an

approximation to c¢(ko).

Let

Pg,(a, z,p)T1I'T
Go(T) = sup )
@) ve(ay || Pgpla,z,p)T |

. [ng(b7 z, p)T]TT
G T - — f 9
o) == Wl Py, b2, )T |

and for each s € (a,b)

P nrr P TP
Gy(s,T) = max|— inf [ gp(s,x,p)]T sup | gp(S,IL‘,p)]T |
velas) || Pgp(s,2,0)7 || "oe(sp || Pop(s, z,p)T ||

Then from Equations (3.45), (3.50) and (3.55), respectively, we have
P{G,(T) <c(a)} =1-aq,

P{Gy(T)<c(b)}=1—-«
and

P{Gs(s,T) <c(s)} =1-a.

Here we only illustrate the simulation method for finding the critical value ¢(a). The
critical constants ¢(b) and ¢(s) are found in a similar way.

Step 1. Simulate independent T'; ~ T, ,_p—1,%=1,2,--- ,m.

Step 2. For each Ty, i = 1,2,--- ,m, we compute G4(T;). From the definition of
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Go(T;), the supremum can only be attained at the end points a, b, and the stationary

points in the interval (a, b) of

[Pgy(a,z,p)"'T;
| Pgy(a,z,p)T ||

m;(x) =

Let Ui(z) = [Pgy(a,z,p)T1TT; and Vi(z) =|| Pgy(a,z,p)T ||?, then the stationary

points satisfy

dm;(x) _ d Ui(x) _o
dz dx Vi(z) ’
dU;(z) 1 dVi(z)
dx i )_iUz(x) dx =0
7l e R T A A e R
- | vi0) - o B v,

Note that U;(z), Vi(x), dU;(x)/dzx and dV;(x)/dz are all polynomial functions with
orders (p— 1), (2p — 2), (p —2) and (2p — 3), respectively, so dm;(z)/dz is of order
(3p — 5). Therefore, there are (3p — 5) roots, which we find numerically by using
MATLAB. The stationary points of m;(x) in the interval [a,b] are the real roots
among the (3p—5) roots in [a, b], and are denoted by 71, - - ,ry, with 0 < ¢ < (3p—5).
It follows that

Go(T;) = max{m;(a), m;(b),m;(r1),--- ,mi(re)}.
Step 3. Use the [(1 — «) x m]th largest value of Go(T;), i = 1,2,--- ,m, as the

approximation of c(a).

In this way, we simulate ¢(ko) for each ko € [a, b] and then determine the confidence

set according to Equation (3.57).

The P-Value Method. Instead of computing the critical values, we can use the

p-values to construct confidence sets similar to that in the quadratic case. However,
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simulation is still necessary for computing the p-value.

Let
~x0

gp(Zl, 22, p)To
o \/gp(zl') Z27P)TP2gp(217 227p)

ﬁ;(zl, z9) 1=

~ %0
where @ and 6* are the estimates of 8° and o based on the observation Y*. Next,
we discuss the computation of the p-value separately for each of the three cases:

ko = a, ko = b and kg € (a,b).

Case I. Recall that in section 3.1.3.1, our (1 — ) level acceptance set A(a) is given

by
A(a) = {Y: sup hy(a,z) < c(a)}.
z€(a,b]
We define
WPN(Y) = sup hy(a,z)
z€(a,b]
and

w® = W,(Y*) = sup ﬁ;(a,x).
z€(a,b]

Note that W.” (Y) is a random variable, but w is the observed value of W.” Y)
based on Y*. Define

As
acCgp(Y*) & Y*e Aa)
s wl) < c(a)
& inf P{WP(Y) <wP} <1-—a,
:ko=a
we have

a¢ Cp(Y*) & inf P{WP(Y)<uwlP}>1-a

6:ko=a
1 inf P{WP(Y) <wP} <a
:ko=a
& P <a.
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It is clear that pé” )is a p-value for testing Hy : kg = a. From the definition of G4(T),

we have

p) = 1— inf P of WP (Y) <wif}
:ko=a
T
_ 1_pd s PB@Tp) ]TT < w®
z€(a,b) H ng(a,x,p) H
= P{GT) > i}

where T ~ T, ,_p—1. Next, we employ the following steps to simulate the p-value

pd.

Step 1. Sample independent T'; ~ T, ;,—p—1, 1 =1,2,--- ,m.

Step 2. For each T, i = 1,2,--- ,m, we compute G,(T;) as we did earlier in this
section.

Step 3. Compare G,(T;) with w((lp ) for each 17, and let n, denote the number of

Go(T;) that is larger than w((lp ), Then, we use ng/m as an approximation to p((lp ).

Case II. Recall that in Section 3.1.3.1, the (1 — «) level acceptance set A(b) is given

by
Ab) = {Y:xéﬁfb)hp(b,x)z—c(b)}.
We define
W)= int (b 2)
and

wP = Wy(Y*) = ot I (b, ).

Note that Wb(p ) (Y) is a random variable, but wl()p ) is the observed value of Wb(p ) Y)
when Y =Y. Define

= 1— it PWP(Y) > wP}.
0:ko=b

& wP) > —¢(b)

& inf PIWPY)>wP}<1-q,
0:ko=b
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we have

b¢ Cp(Y*) < aiknfbp{wgm(y) >} >1-a
ko=

& 1— inf PIWP(Y) > uw?} <a
0:ko=b

(p)

< py <o

It is clear that pl()p )is a p-value for testing Hy : kg = b. From the definition of G,(T")

we have
n = 1- pinf, B romt{WAP (V) > wi”}
ko=
. [Pgy(b,z,p)")'T (p)}
= 1—-P. _ inf > w
ko=b {LEE[a,b) H ng(b,l‘,p)T H b

=P {Gb(T) > _wgm}

where T' ~ T, ,_p—1. Then, we employ the following steps to simulate the p-value
pl()p).

Step 1. Simulate independent T; ~ T ,—p—1,7=1,2,--- ,m.

Step 2. For each T;, i = 1,2,--- ,m, we compute Gp(T}).

Step 3. Compare Gy(T;) with —wl(,p ) for each 1, and let n;, denote the number of

Gy(T;) that is larger than —wép ), Then, we use n/m as the approximation to pgp ),

Case III. Recall that in Section 3.1.3.1, for s € (a,b), our (1 — «) level acceptance

set A(s) is given by

~ ~

A(s) = {Y 1 hyp(s,z) > —c(s) Vz € [a,s), hy(s,x) < c(s) Vo € (s,b]}

= {Y: %Bp(s,x) > —c(s),Va € [a,8) U (s, b]}.
Let
WP, s) = we[a,igfu(s,b] | jii |Bp(8’x)’
w? (s) = Wy(Y*,s) = nt %ﬁ;(s, z),
and

PO() = 1= inf Pl (WOY,8) > 0P (s)).
:ko=s
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Because
seCp(Y") & Y*¢A(s)
& wi(s) > —c(s)
& inf Py {WP(Y,5) > wlP)(s)} <1 —a,
:kg=s
we have
s¢Cp(Y") &  inf Pro—s (WP(Y,5) > wP)(s)} > 1 -«
:ko=s
& pP(s) < a.
Thus, pgp )(3) is a p-value for testing Hy : kg = s. We have

pP(s) = 1 inf P (WP, s) 2wl (s))
Ko=S8

A~ S
= 1— inf Py —, inf h
{xe[;sws,@ (42—

T
= 1—-P inf [ng(ij’p) ]T o
x€la,s) || ng(s,x,p) H

> (s}

T
> w?)(s), sup [Pgy(s, 2 p) ]TT <
x€(s,b] || ng(s7x,p) H

= P{G5<S,T) > —wgp)(s)}

We reject Hy : kg = s if and only if p§p )(5) < . Then, we employ the following

steps to simulate the p-value p’ )(3).

Step 1. Simulate independent T'; ~T'p ,—p—1,%=1,2,--- ,m.

Step 2. For each T;, i = 1,2,--- ,m, we compute G4(s,T;).

Step 3. Compare G4(s,T;) with —wgp)(s) for each i, and let ng(s) denote the
(p)

number of G4(s,T;) that is larger than —ws "’ (s). Then, we use ns(s)/m as an

approximation to pgp ) (s).
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3.1.3.4 Examples

Table 3.11: Perinatal mortality data for black infants (Selvin, 1998)

1 ]0.85]-0.3556 | 13| 2.05 | 1.0972 | 25 | 3.25 | 1.7774

2 1095| 0.1089 | 14 | 2.15 | 1.3382 | 26 | 3.35 | 1.7538

3 [ 1.05 | 0.3880 | 15 | 2.25 | 1.3254 | 27 | 3.45 | 2.0933

4 | 1.15 | 04399 | 16 | 2.35 | 1.4241 | 28 | 3.55 | 1.7594

5 | 1.25 | 0.6513 | 17 | 2.45 | 1.4632 | 29 | 3.65 | 1.7538

6 | 1.35 | 0.7022 | 18 | 2.55 | 1.4906 | 30 | 3.75 | 1.9478

7 145 0.7706 | 19 | 2.65 | 1.6324 | 31 | 3.85 | 1.8351

8 | 1.65 | 0.7523 | 20 | 2.75 | 1.5383 | 32 | 3.95 | 1.9830

9 [ 1.65| 0.7934 | 21 | 2.85 | 1.6955 | 33 | 4.05 | 1.7429

10 | 1.75 | 1.0233 | 22 | 2.95 | 1.7538 | 34 | 4.15 | 1.8827

11 | 1.85 | 0.8918 | 23 | 3.05 | 1.6998 | 35 | 4.25 | 1.8269

12 1 1.95 | 1.0959 | 24 | 3.15 | 1.7903

Example 1. The data of perinatal mortality rate (PMR) and birth weight (BW) is
given by Selvin (1998). Selvin considered fitting a 4th order polynomial regression
model between Y = log(—log(PMR)) and x = BW. Table 3.11 shows the data
(z,Y) for 35 black infants. The fitted 4th order polynomial regression function is

Y = —2.861 + 4.809z — 2.3162% + 0.5682° — 0.0542*,

and & = 0.108.

From the normal probability plot (Figure 3.19) and the residual plots (Figure 3.20),
the normality assumption of the error seems reasonable. The exploratory index
R? =0.909, so the 4th order polynomial model fit the data well. To construct a 95%

level confidence set for a maximum point, we check the grid points from 0.85 to 4.25
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Figure 3.19: Normal probability plot of black infant data

with resolution d = 0.01. A conservative confidence set Co(Y') using its conservative
critical value ¢y = 3.1424 is given by [3.60,4.25]. Then, we compute the critical
values (based on 10, 000 simulations) for the grid points in Cy(Y") and decide whether
each grid point is in the exact confidence set Cg(Y). The set Cg(Y) is given by
[3.62,4.25] and the computation takes 338 seconds. Then we use 100, 000 simulations
to calculate the confidence set again, we still get [3.62,4.25]. Computation of this
new Cg(Y') takes 3369 seconds. It seems 10, 000 simulations in this case is sufficient.
The bootstrap confidence set and Rao’s confidence set C.(Y") are given by [3.65,4.11]
and [3.58,4.25], respectively. The data points, fitted regression curve and the 95%
confidence sets are plotted in Figure 3.21. The horizontal line segments, from top

to bottom, represent Cg(Y), Co(Y), C.(Y) and bootstrap confidence set.

Example 2. Table 3.12 shows the data Y = log(—log(PMR)) and x = BW for 35

white infants. The fitted 4th order polynomial regression function is

Y = —2.842 + 4.179z — 1.8032% + 0.4212° — 0.0392%,

89



Chapter 3

Table 3.12: Perinatal mortality data for white infants (Selvin, 1998)

1 1085 1]-04761 | 13 | 2.05 | 1.1204 | 25 | 3.25 | 1.7429

2 1095]-0.1950 | 14 | 2.15 | 1.0919 | 26 | 3.35 | 1.8114

3 | 1.05 | 0.0849 | 15 | 2.25 | 1.2771 | 27 | 3.45 | 1.8269

4 1115 | 0.2464 | 16 | 2.35 | 1.2771 | 28 | 3.55 | 1.8351

5 | 1.25 | 0.3791 | 17 | 2.45 | 1.3731 | 29 | 3.65 | 1.8351

6 | 1.35 | 0.4715 | 18 | 2.55 | 1.4241 | 30 | 3.75 | 1.8437

7 | 1.45 | 0.5364 | 19 | 2.65 | 1.4775 | 31 | 3.85 | 1.8527

8 [ 1.55 | 0.6340 | 20 | 2.75 | 1.5165 | 32 | 3.95 | 1.8722

9 [ 1.65| 0.7391 | 21 | 2.85 | 1.6018 | 33 | 4.05 | 1.8437

10 | 1.75 | 0.7551 | 22 | 2.95 | 1.6751 | 34 | 4.15 | 1.8939

11| 1.85 | 0.8042 | 23 | 3.05 | 1.6830 | 35 | 4.25 | 1.8527

12 1 1.95 | 0.9128 | 24 | 3.15 | 1.7429
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Figure 3.20: Residual plot of black infant data
and & = 0.058.

From the normal probability plot (Figure 3.22) and the residual plots (Figure 3.23),
the normality assumption of the error seems reasonable. The exploratory index
R? = 0.994, so the 4th order polynomial model fit the data well. To construct a
95% level confidence set for a maximum point, we check the grid points from 0.85 to
4.25 with resolution d = 0.01. A conservative confidence set using its conservative
critical value ¢ = 3.1424 is given by Cy(Y) = [3.75,4.20]. Then, we compute the
critical values (based on 100, 000 simulations) for the grid points in Cy(Y") and decide
whether each grid point is in the exact confidence set Cg(Y'). The set Cg(Y) is given
by [3.76,4.19] and the computation takes 2395 seconds. The bootstrap confidence set
and Rao’s confidence set C.(Y') are given by [3.76,4.05] and [3.72, 4.24], respectively.
The data points, fitted regression curve and the 95% confidence sets are plotted in
Figure 3.24. The horizontal line segments, from top to bottom, represent Cg(Y),
Co(Y), C.(Y) and bootstrap confidence set.

Example 3. Table 3.13 shows the data Y = log(—log(PMR)) and * = BW for
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Figure 3.21: The 95% level confidence sets for a maximum point based on black
infant data. The horizontal line segments, from top to bottom, represent Cg(Y),

Co(Y), C.(Y) and bootstrap confidence set.
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Figure 3.22: Normal probability plot of white infant data
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Figure 3.23: Residual plot of white infant data

93



Chapter 3
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Figure 3.24: The 95% level confidence sets for a maximum point based on white
infant data. The horizontal line segments, from top to bottom, represent Cg(Y),

Co(Y), C.(Y) and bootstrap confidence set.
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Table 3.13: Perinatal mortality data for non-black and non-white infants (Selvin,

1998)

1 | 085 ]-0.4337 | 13 | 2.05 | 1.1329 | 25 | 3.25 | 1.5126

2 1095 |-0.2376 | 14 | 2.15 | 1.1161 | 26 | 3.35 | 1.5905

3 | 1.05] 0.0508 | 15 | 2.25 | 1.1209 | 27 | 3.45 | 1.7130

4 | 1.15 | 04103 | 16 | 2.35 | 1.2330 | 28 | 3.55 | 1.6367

o5 | 1.25 | 0.2727 | 17 | 2.45 | 1.1727 | 29 | 3.65 | 1.6358

6 | 1.35 | 0.5511 | 18 | 2.55 | 1.1759 | 30 | 3.75 | 1.8273

7 | 145 0.6673 | 19 | 2.65 | 1.4988 | 31 | 3.85 | 1.5862

8 | 1.55 | 0.6860 | 20 | 2.75 | 1.4763 | 32 | 3.95 | 1.6953

9 | 1.65 | 0.7556 | 21 | 2.85 | 1.3615 | 33 | 4.05 | 1.7289

10 | 1.75 | 0.8515 | 22 | 2.95 | 1.3539 | 34 | 4.15 | 1.7840

11| 1.85 | 0.7294 | 23 | 3.05 | 1.5560 | 35 | 4.25 | 1.5445

12 1 1.95 | 1.0599 | 24 | 3.15 | 1.5707
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35 non-black and non-white infants. The fitted 4th order polynomial regression
function is

Y = —4.108 + 6.758z — 3.4852% + 0.8512° — 0.078z%,
and & = 0.093.

From the normal probability plot (Figure 3.25) and the residual plots (Figure 3.26),
the normality assumption of the error seems reasonable. The exploratory index
R? = 0.978, so the 4th order polynomial model fit the data well. To construct a 95%
level confidence set for a maximum point, we check the grid points from 0.85 to 4.25
with resolution d = 0.01. A conservative confidence set using its conservative critical
value ¢ = 3.1424 is given by Co(Y) = [3.71,4.25]. Then, we compute the critical
values (based on 100000 simulations) for the grid points in Cy(Y), and determine
whether a grid point is in the exact confidence set Cg(Y'). The set Cg(Y) is given by
[3.71,4.24] and the computation takes 2721 seconds. The bootstrap confidence set
and Rao’s confidence set C.(Y') are given by [3.74,4.10] and [3.67, 4.25], respectively.
The data points, fitted regression curve and the 95% confidence sets are plotted in
Figure 3.27. The horizontal line segments, from top to bottom, represent Cg(Y),

Co(Y), C.(Y) and bootstrap confidence set.
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Figure 3.25: Normal probability plot of non-black and non-white infant data
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Figure 3.26: Residual plot of non-black and non-white infant data
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*  data points
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Figure 3.27: The 95% level confidence sets for a maximum point based on non-
black and non-white infant data. The horizontal line segments, from top to bottom,

represent Cp(Y'), Co(Y), C.(Y) and bootstrap confidence set.
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3.2 Rao’s Method

Recall that in Chapter 2, a (1 — «) level conservative confidence set for any given
function 7(@) can be constructed by using Rao’s method. In this section, we focus

on the univariate polynomial function

f(z,0) =00+ 01+ -+ pa?
and elaborate the method on the construction of confidence sets for the maximum
point.

Let k(f) be a maximum point of the function f(x,0) in a given interval [a, b], then

a (1 — «) level conservative confidence set for k(@) is given by

{k(B) € [a,b] : B € Cy}

where
Co={B:0-B"X"X)0—-B) < (p+ 1)1 p 1}

However, note that a maximum point of f(x,0) = 6+ 612+ - -+ 6,2” depends only
on 8% := (61,0, - - ,0p), but not 6. Therefore, the confidence set should be given
by

Ce = {k(B°) € [a,b] : B° € Cg}

where
0 -0 9 eor
Cg = {ﬁo : (0 _ﬂO)TP%%(a _ﬂo) < p0'2 p,n—p—l}
A0 s s .
with 8 := (01,02, ,0,) and P% = [ 0 1, ] (XTX)
I

According to Carter et al. (1984), the confidence set Cg can be computed using polar

co-ordinates. Note that the constraint
~0 ~0 ~
(9 - :BO)TP?%(H - ﬂo) < po-2f}?fn—p—1

is just

T ~2 rv
z z2<po p,n—p—1>
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which means z lies inside a sphere of radius 7,44 = /po2f% The vector z can

p,;n—p—1°

be written in the polar co-ordinates of the following form:

z1 = r cos(¢r)

sin(¢1) cos(¢2)

<

z9 =

zp—1 = 7 sin(¢1)sin(¢2) - - cos(dp-1)

zp = 1 sin(¢r)sin(¢s) - - - sin(pp—1),

for r € [0,7pqd], ¢1 €10,7), ¢2 €[0,7), -+, dp—2 € [0,m) and ¢,_1 € [0, 27).

In practice, to compute the confidence set C’g, we replace each of the intervals
[0, 77qa], [0,27) and [0,7) by a set of grid points and denote these sets as G,, Gy
and G,_1, respectively. There are a total of N = (#G;) x (#G4)P2 x (#Gp_1)
different points {r, ¢1, ¢2,- -+, ¢p—1}, where r takes a value in G, ¢1, ¢2, -+, dp—2
take values in G and ¢,_1 takes a value in G—1. For the ith point, we compute z =
(21, 22, -+, %) using the definition of the polar co-ordinate, and ,8? = 90 — Pglzi.
If the grid points of G,, G4 and Gp_1 are dense enough, then the (1 — ) level
confidence set Cg can be represented by {,B?,i =1,2,--- ,N}.

Now for each B?, we compute the maximum point(s) of f(z,BY) = [x,--- ,zP]B7.
If ﬂ? = 0, then any point in the interval [a,b] is a maximum point. Otherwise,
the function f(z, ,B?) has at most (p — 1) stationary points, which can be found by

solving the equation

0
VL) _ 1,92, (o a2 pa 80 =01

Denote the stationary point(s) in (a,b) by s%,s%,--- ,si, where k < (p —1). Then

the maximum point(s) of f(x,8?) must lie within the finite set
{a7 b7 Sila Sé? Tt 78}'{7}'

For each B9 € CY, we compute the maximum point(s) using the method above, and

all these maximum points form a (1 — «) level Rao’s confidence set for k(0).
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3.3 Bootstrap Method

When using Bootstrap method to construct a (1 — «) level confidence set for a

maximum point of the univariate polynomial regression function
f(x,0) =0p + 61z + -+ Opa?

in a given interval [a, b], we employ the following steps:

Step 1. Randomly choose a set of n bootstrap residuals from the original resid-

uals €1, é9, - , &, with replacement, and denote these bootstrap residuals as eB =
(é1B7 é2B’ e 7érB;)T'
Step 2. Form the bootstrap sample set le, yQB, “ee ,yf, where

ur

B
Y3 A
YB = = X0 + &P
Yw

The design matrix X remains the same as in the original data set.
~B
Step 3. Estimate the parameter 8 based on the bootstrapped data Y2, that is,
a5 T~x\—1xTy B
0 =X'X)"'X'Y".
Step 4. Find the maximum points of the function

~B N N ~
f(@,0) =08 +00z+ - +05P

in the interval [a,b]. This can be done by comparing the values of f (x,@B) at a,b

B
and all the stationary points of f(x,0 ) that lie in (a,b).

Repeat the above steps IV times, where N is usually 1000 or larger, and define the
set Sinaz to be the set that contains all the maximum points from the N repetitions.
Then, the number of points in Sj,qz, ns say, should be equal to or larger than V.
Sort the points in Spq, in ascending order, and drop the smallest [§n ] and the
largest [%ns] values. Then use the remaining points in S,,4, as a (1 — «) confidence

set for a maximum point.
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The advantage of bootstrap percentile confidence set for a maximum point is that it
is simple and hence is much faster to construct than other confidence sets. However,

there are a number of disadvantages in using bootstrap percentile confidence set.

Firstly, there are no fixed rules on which [nsa] points should be dropped from all of
the maximum points Sy,q,; computed from bootstrapped samples. In Figure 3.28(a),
the 2 line segments represent all of the maximum points Sy,q, of the fitted regres-
sion functions (which is represented by the curves) computed from N bootstrapped
samples. Clearly in this case, it is not appropriate to drop the smallest [§n;] and
the largest [§ns] points. Instead, it is more appropriate to drop the smallest and
largest [§7s] points from the points represented by the line segment in the left and
the smallest and largest [§7n] points from the points represented by the line segment

in the right.

A plausible way of selecting the [ns(1 — )] points is choosing the smallest content
that captures any [ns(1 — a)] points. Or in other words, we choose the [ns(1 — )]

points with the highest fitted density (see Gibb et al., 2007).

Secondly, it is not clear whether we should treat all of the maximum points in Sy,q;
equally, if there are different numbers of maximum points of f (x,éB) for different
9B. Figure 3.28(b) illustrates this situation. For one bootstrapped parameter 9B,
the fitted regression function is depicted by the upper curve, which has 2 maximum
points. For another éB, the fitted regression function is depicted by the lower curve,
which has only 1 maximum point. It is not clear whether we should treat these three

maximum points in Sy,q; equally.

Finally, due to the problems identified above, it might be difficult to establish the
large sample asymptotic coverage. For a finite sample, the coverage probability may

not be close to the nominal (1 — «) level.
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(a) (b)

Figure 3.28: Bootstrap method.
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3.4 Summary

In this chapter, we have considered constructing a confidence set for a maximum
point of the regression function in univariate polynomial models. When p < 2, the
critical constants in the confidence set can be computed using analytical method.
For a general p > 3, finding the critical constants involves a (p — 1) dimensional
integration and so becomes difficult by using a numerical quadrature. Hence we

employ a simulation-based method to find ¢(kg) for each kg for a general p.

From the examples given in Section 3.1, we conclude that our confidence set Cg(Y)
is always smaller thus better than Rao’s confidence set C.(Y') and of course better
than the conservative confidence set Cy(Y). Although Bootstrap confidence set
seems even smaller, its coverage probabilities is hard to define and may not be close
to the nominal 1 —«. As explained earlier, the BH confidence set is for the stationary
points, but not for the maximum point. Therefore, we recommend the set Cg(Y)
when a confidence set for a maximum point of a univariate polynomial function is

of interest.

As for the computation time, the set Cg(Y) takes the longest time in the gen-
eral univariate case when p > 3 due to the simulation. However, the computation
time increases dramatically for Rao’s confidence set C.(Y') when the order of the

regression function increases.
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Confidence Set for a Maximum
Point of a Bivariate Quadratic
Regression Function in a Given

Rectangular Region

We have discussed the construction of a (1 — «) level confidence set for a maximum
point of the general univariate polynomial regression function in Chapter 3. In this
chapter, we extend the method to a bivariate quadratic regression function, which is
the most used regression function in response surface methodology. A confidence set
for a maximum point of a bivariate function has important applications in clinical
trials, when the interest is often the combination of components in drugs to reach

an optimal performance of treatments.

We propose the method of constructing a confidence set for a maximum point in
Section 4.1.1 and elaborate the computation in Section 4.1.2. Rao’s method and
bootstrap method for the bivariate quadratic case are illustrated in Sections 4.2 and
4.3. Examples are given to compare our confidence sets with other confidence sets.

Section 4.4 concludes this chapter with a discussion.
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4.1 Our Method

4.1.1 Theory

Suppose we have the regression model
Y = f(z,0) + ¢
in the rectangular region 2 = {z = (x(1),z(2)) € R? : (1) € [a1,b1], z(2) €
[az, ba] }, where
f(x,0) = 0y + 012(1) + 22(2) + 0112(1)? + Ooox(2)* + O102(1)2(2),

e ~ N(0,0%) and @ = (g, 01,02, 011,022,012)7 is the vector of unknown regression
coefficients. We are interested in constructing a (1 — «) level confidence set for a

maximum point of f(z,0).

Let Y = (y1,42, - ,yn)! be a vector of n observations corresponding to the design

matrix

1 z1(1) z1(2) z1(1)? z1(2)? z1(1)z1(2)

1 z2(1) z2(2) z2(1)2 z22(2)% z2(1)x2(2)

1 z,(1) z,(2) z,(1)? 2,(2)? z,(1)z,(2)

and e = (e1, €9, ,e,)T ~ N(0,I,0%) be the random errors. Then the regression

model can be written in the following matrix form
Y =X +e.
The least squares estimate of 6 is
6=(X"X)"'X"TY ~ N6, (X"X)"'?)

and 62 =|| & |2 /(n — 6), where € =Y — Xf. Define a 5 x 5 symmetric matrix P

such that

P2=(0 I5)(XTX)! 0

15
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Let k = k() € x2 be a maximum point of f(z,6) in x2. For k° € xo, if k = k°, we

have

f(ko,e)—f(m,O)ZO, V.’L‘EXQ\ICO.

Therefore, for each k° = (k¢,k9) € x2, a (1 — «) level acceptance set for testing the

null hypothesis

is given by

Ak®) = {Y: f(k°0) — f(z,0) > —c(ko)&\/gb(ko,:z:)TP2gb(ko,m),Vx € x2 \ k%

_ Cwm f(k°,0) — f(z,0) e
B {Y ’ zExz{ko 6-\/gb(k07$)TP2gb(ko7:z;) > (k )}7 (4.1)

where
9o (k@) = [k — 21, kS — w0, k7% — 217 kS® — 29, kYK — wy0]”
with & = (z1,x2). It is clear from the definition above that
f(k°.8) — f(z.8) = gy(k°,z)6"
where 08° = (01,602,011, 022, ng)T. The estimate of 8° is denoted by 90 and given by

0" =0 I)6.

The critical value ¢(k°) in Equation (4.1) is chosen such that the coverage probability
of A(k°) is equal to (1 — «) under Hj.
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Next, we determine the critical value ¢(k°). Note that

P{Y € A(k°)}

_ in [(k.6) — J(@.0) —c(k°
— P{xEXQ{kO &\/gb(ko,m)TPng(ko,.’E) Z (k )} (42)

- { it 090) = f(@.0)] ~ [f(k*.6) — [(,6)]
N zex2\k? 6/g5(k°, x)TP2g,(k°, )

ol oy wkTE -0
B P{xexf\ko o [P ) | = U“)}
—6)] _C(kO)}

_ P{ inf [Pg”(’“o””)T]TT>_c(k°)} (4.4)

> —c(ko)} (4.3)

0

o  \NT1Tp-1/(p
_ ol g Pk TR6
zEx2\k° g || Pgb(k 73:) H

vex>\k? || Pgy(k®,2)T || —
where T ~ T5 ,,_¢, Equation (4.2) follows directly from Equation (4.1), and Equation

(4.3) follows from the fact that f(k°,6) — f(z,0) >0 Vz € x2 \ k°. Note that

: . [Pgy(k°,x)")'T }
inf Po_zo{Y e Ak} =P inf - > —c(k®) 7,
Ok—ko T F { (k%) {IEXQ\’CO | Pgy(k®, z)T | *

with the infimum being attained at 8° = 0. Then the critical value ¢(k°) is the

unique solution of

 Pa®.oTT }
P inf > —c(k =1—nq. 4.5
{\k Py | = *) (4.5)

According to Neyman’s Theorem, a (1—«) level confidence set for a maximum point,

k, based on the observation Y is given by

Cp(Y) = {k°€x2:Y € A(k°)}

— kOGXQI inf f(k ,0)—f($,0)
zex2\k® 61/gp(k°, ) TP2gy(k°, x

) > —c(ko)}. (4.6)

Peterson et al. (2002) considered this problem and proposed an approach to the
confidence region for a maximum point. Their confidence set for a maximum point

is given by

k° € x2: inf J(k,9) — f(=,6) > o b,
zEX2\k° &\/gb(ko7$)TPng(kovx)
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where the critical value is ¢o = /qf7,_,—1 With ¢ = 2 and p = 5. However,
this critical value does not seem correct to us. Our approach above constructs a

confidence set which has the same form but with different critical values from theirs.
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4.1.2 Computation

In order to construct the confidence set given in Equation (4.6), we need to check
whether Y is in the acceptance set A(k°) for each k° € y2. Since the region x» is
continuous and thus contains infinite number of points, we choose a finite grid .S on
the region y2 as a substitute for x2. The resolution of the grid is (di,dz), that is,

S ={(x1,22) : x1 € S1,22 € So} where
S1={s1 =ai,s2,- -,k = b1} and So = {ss1 = ag,ssa, -+ ,SSk, = b2}

with s; —s;_1 = dy and ss; —ssj_1 =dy for i =2,--- k55 =2,--- ,ky. If d; and
ds are small, then S gives a fine approximation to the region yo. Therefore, in this
section, we only check each point in S and not each point in yo in computing the

conservative confidence set and the exact confidence set.

In what follows, we first approximate the critical values in Equation (4.6) by sim-
ulated critical values. Then, in order to reduce the complexity of computation, we
present the conservative critical value method, which serves to narrow down the
range of points that could be in the exact confidence set before we compute the

critical values.

Simulating critical values. To construct the confidence set in Equation (4.6), we
need the critical value ¢(k°) for each k° € S first. Since the exact critical value c(k?)

is difficult to solve from Equation (4.5), we use simulation to find an approximation

to c(k°).
Let

0 _ [Pgy(k°,2)"]'T
G(k ,.’L‘,T) - H Pgb(ko,.'z:)T H )

then from Equation (4.5), we have

P{ inf G&k°z,T)>—ck’}=1-a.
zEx2\k°

The simulation method for finding the critical value ¢(k°) follows three steps.

Step 1. Sample independent T'; ~T'5,, 6,7 =1,2,--- ,m.
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Step 2. For each T;, i =1,2,--- ,m, compute

inf G(ko, x, Tz)
zex2\k°

Since the form of G(k°,z,T;) is complicated and the infimum on & € y2 \ k° is
difficult to find analytically, we use numerical methods. One way to approximate this
infimum is to compute G(k°, z,T;) at each z in the set S\ k°, or a fine grid of points
on the region Y2, and then use the minimum of these values as an approximation
to the infimum. Alternatively, by using the method of computing the infimum of a
univariate function in Section 3.1.3.2, we can compute infz(o)c(q,,5,) G(K% 2, T) at
each fixed (1) € S, and use the minimum of these values as an approximation to

infméxz\ko G(kov , Tz) :

An alternative way to compute the infimum is through the direct use of the Mat-
lab function fmincon. However, fmincon function only finds a local infimum near
the starting point chosen by the users. Therefore, the result is not guaranteed to
be the global infimum in the region y2. To search for the infimum, we vary the
starting points in fmincon, and use the minimum of all the fmincon outputs as an
approximation to the global infimum. However, the computation will take longer
when there are more starting points. We suggest using the maximum point(s) of the
fitted regression function in the given region Yo and k° as the starting points. This

seems to work well based on empirical experience.

Step 3. Sort the values of infyc,,\ko G(k% 2, T;), i = 1,2,---,m, in increasing

order. Use the [a x m]th value as an approximation to —c(k°).

In this way, we simulate ¢(k°) for each k° € S and then decide the confidence set

according to Equation (4.6).

The Conservative Confidence Set. From Section 4.1.1, we need to find ¢(k°) for
each grid point k° € S in order to decide the confidence set. However, the simulation
for each ¢(k°) is time consuming, since it involves a large number of replications, m,
to reach a certain accuracy. As in the univariate case, we reduce the computation

by first using a conservative critical value to construct a conservative confidence

111



Chapter 4

set Co(Y'), and then only computing c(k°) for the grid points k° in Cy(Y). By
constructing Cy(Y') first, we only need to compute the critical values for each of
the grid points that lie in Cy(Y), not for each grid point in S. In this way, the

computation burden is greatly reduced.

Note that T' ~ T'5 ,,_¢, therefore

where F5,_¢ is the standard F-distribution with degrees of freedom 5 and n — 6.

Denote fgfnfﬁ as the upper « point of the distribution Fs,_g, then we have

P{IT[<\/5f5nc}=1—
P{inpr> 5f& }zloz
per [ = Vs

that is

Hence, we have

. [Pgb(kovx)T]TT
P f > — . /5f&
{éﬁwnPwm%an— VA 5ns
.. pT }
P inf —— > —./5f&
{ﬁmnp|— VA 5ns

= 1-—q. (47)

\Y]

By comparing the probability statement (4.7) with the probability statement (4.5),

we conclude c(k?) <, /5f, 6.
Thus, by substituting , /5fg,, ¢ for c¢(k?) in Equation (4.6), the conservative confi-

dence set is given by

_ o - in f(ko7é> — f(.’l,‘,é) _ «
Co(Y) = {k R, Wy ks e ./5f57n_6} . (48

By using the conservative confidence set first, we do not need to compute the critical

value c¢(k?) for each k° € S, but only for k° in the conservative confidence set Co(Y')
to determine the confidence set Cg(Y'). The computational expense is significantly

reduced.
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4.1.3 Examples

Example 1. Suppose we have 21 x 21 observations (z1,z2,y) from the regression
model

Y:2x1+3x2—:ﬁ%—5x§—2x1x2+e

where e ~ N(0,1), z; € {—1,—-0.9,--- ,1} and 22 € {—1,-0.9,--- ,1}. The fitted

bivariate quadratic regression model is
Y = —0.0212 4 2.054521 + 3.0370x5 — 1.19332% — 4.815422 — 1.9195x1 22,

and & = 0.9539. To construct a 95% level confidence set for a maximum point
in the region [—1,1] x [—1, 1], we construct the conservative confidence set Cy(Y)
first. Then, we compute the critical values (based on 1000 simulations) for the grid
points in Cy(Y) and determine whether each grid point is in the exact confidence
set Cp(Y). Figure 4.1(a) shows the fitted response surface. In Figure 4.1 (b)-(d),
the shaded regions represent the 95% level corresponding confidence sets. In Figure
4.1(e), the whole dotted region represents the confidence set Cy(Y') in Equation
(4.8) while the light dotted region represents the confidence set Cg(Y). The cross
in each confidence set represents the true maximum point. Computation of Cg(Y)

takes approximately 50 minutes.

Example 2. Suppose we have 6 x 6 observations (x1,x2,y) from the regression
model

Y =2+ 22 +3l’2+33%+533%+2331.7}2—|—6,
where e ~ N(0,10%), 21 € {0,2,--- ,10} and 22 € {0,1,--- ,5}. The fitted bivariate
quadratic regression model is

Y = 0.1773 + 1.5707z1 + 4.206722 + 1.100122 + 4.918623 + 1.98342 22,

and & = 9.7201. To construct a 95% level confidence set for a maximum point
in the region [0,10] x [0, 5], we construct the conservative confidence set Cy(Y)
first. Then, we compute the critical values (based on 10000 simulations) for the

grid points in Cy(Y') and determine whether each grid point is in the confidence set
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Figure 4.1: The response surface and 95% confidence sets in Example 1

114



Chapter 4

)¢

(a)Fitted response surface (b) The confidence sets

Figure 4.2: The response surface and 95% confidence sets in Example 2

Cg(Y). Figure 4.2(a) shows the fitted response surface. In Figure 4.2(b), the shaded
region represents the BH confidence set, the cross inside the region represents the
true stationary point, and the point in the upper-right conner represents all other

confidence sets computed in this example.

Example 3. Suppose we have 5 x 5 observations (x1,x2,y) from the regression
model

Y:1+x1+x2+x%—2x%+x1x2+e,

where e ~ N(0,252). The fitted bivariate quadratic regression function is
Y = —1.8403 4 0.9560221 + 1.435425 + 0.94671z% — 1.8555x3 + 1.1818z 29,

and 6 = 25.095, 1 € {—10,—5,---,10} and z2 € {—10,—5,--- ,10}. To construct
a 95% level confidence set for a maximum point in the region [—10, 10] x [—10, 10], we
construct the conservative confidence set Cy(Y') first. Then, we compute the critical
values (based on 1000 simulations) for the grid points in Cy(Y') and determine
whether each grid point is in the confidence set Cg(Y'). Figure 4.3 shows the fitted
response surface, the confidence set using our method and using other methods. The
shaded region in each figure represents the confidence set and the cross near the edge

on the right represents the true maximum point. The other cross in Figure 4.3(b)
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Xz

(a) Fitted response surface (b) BH confidence set

represents the true stationary point.

Example 4. Suppose we have 5 x 5 observations (x1,x2,y) from the regression

model

Y = 10x1 + 1029 — 53:% — 53:% — 10x122 + €,

where e ~ N(0,1), z; € {—1,—-0.5,--- ,1} and a9 € {—1,-0.5,--- ,1}. The fitted

bivariate quadratic regression function is
Y = 0.0023851 + 10.144z1 + 10.266z5 — 5.261927 — 4.558223 — 9.6445z1 x5,

and 6 = 0.84128. To construct a 95% level confidence set for a maximum point
in the region [—1,1] x [—1,1], we construct the conservative confidence set Cy(Y)
first. Then, we compute the critical values (based on 1000 simulations) for the grid
points in Cyp(Y) and determine whether each grid point is in the confidence set
Cg(Y). Figure 4.4 shows the fitted response surface, the confidence set using our
method and using other methods. The shaded region in each figure represents the
corresponding confidence set and the line lies within the confidence set represents
the true maximum points. In Figure 4.4(e), the light dotted region represents the

set Cg(Y') while the whole dotted region represents Cy(Y).

Example 5. Table 4.1 shows the data of a central composite design for a chemical
process (Myers, 2009, pp 48, table 2.8), resulting from an investigation into the

effect of two variables, reaction temperature (x;) and reactant concentration (z2),
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Table 4.1: Data of a central composite design for the chemical process (Myers, 2009)

observation | run | temperature(°C)) | conc.(%) | 1 T y
1 4 200 15 -1 -1 43
2 12 250 15 1 -1 78
3 11 200 25 -1 1 69
4 5) 250 25 1 1 73
5 6 189.65 20 -1.414 0 48
6 7 260.35 20 1.414 0 78
7 1 225 12.93 0 -1.414 | 65
8 3 225 27.07 0 1.414 | 74
9 8 225 20 0 0 76
10 10 225 20 0 0 79
11 9 225 20 0 0 83
12 2 225 20 0 0 81
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Figure 4.5: The residual plot and normal probability plot in Example 5
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on the percentage conversion of a chemical process (y). The fitted bivariate quadratic

regression model is
Y = 79.75 4 10.18z1 + 4.22x5 — 8.5022 — 5.2523 — 7.75x 9,

and 6 = 2.49. From the residual plots and normal probability plot (Figure 4.5), the
normality assumption of the residuals seemed reasonable. To construct a 95% level
confidence set for a maximum point, we check the grid points in the rectangular
region edged by +1.414 first and construct the conservative confidence set Cy(Y').
Then, we compute the critical values (based on 1000 simulations) for the grid points
in Cy(Y) and determine whether each grid point is in the confidence set Cg(Y).
Figure 4.6 shows the fitted response surface, the confidence set using our method and
using other methods. Computation of the confidence set Cg(Y') takes approximately

5 hours.
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4.2 Rao’s Method

The construction of confidence sets for a maximum point of a general univariate
polynomial function using Rao’s method has been illustrated in Section 3.2. In this

section, we construct a confidence set for the bivariate quadratic function
f(:L',o) =0y + 0121 + Oox0 + 911:U% + 922$% + 0192129
in a given covariate region y» following the same steps. We briefly describe the

procedure next.

Let k(@) be a maximum point of the function f(z,0) in x2, then a (1 — ) level

conservative confidence set for k(@) is given by
C.= {k(ﬁo) € [aab] ::BO € Cg}

where
C9=1{B°: (6" — B)TPLB - B°) < 562f2, s}

R o 0
with 00 := (01,092,011, 02,612) and P%{ = |: 0 I :| (XTX)
I5
The constraint

8" - B PLB" - B) < 552 f2

can be written as

2Tz < 562f5°fn_6,

~0
where z = P(0 — B°). Following Section 3.2, the vector z can be written in the

following polar co-ordinates:

5= 1 cos(én)
zo = 1 sin(¢y)cos(¢2)

z3 = 1 sin(¢1)sin(¢z) cos(¢s)

z4 = 1 sin(¢1)sin(¢z) sin(¢s) cos(¢a)
z5 = 1 sin(¢y)sin(¢z)sin(¢s) sin(¢s),
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for r € [0,7rqd], ¢1, G2, ¢3 € [0,7) and ¢4 € [0, 27).

We replace each of the intervals [0,7.44], [0,27) and [0,7) by a set of grid points
and denote these sets as G, Gy and Gy, respectively. There are a total of N =
(#G,) x (#Gy)? x (#G4) points {r, ¢1, 2, ¢3, 44}, where 1 takes a value in G,
¢1, ¢2 and ¢3 take values in Gy and ¢4 takes a value in G4. For the ith point, we
compute z = (21, 22, -+, 25) using the definition of the polar co-ordinate, and
ﬁ? = 90 — Pélzi. If the grid points of G, G4 and G4 are densely chosen, then the
(1 — @) level confidence set Cy can be represented by {ﬂ?,i =1,2,---,N}.

Now for each 87, we compute the maximum point(s) of f(z,8) = [z1, T2, x? 23, x12]BY
in x2. Note that the maximum point(s) are either at the stationary point(s) of the
function f(z,8%), or on the boundary of the rectangular region y2. The stationary

point(s) can be found, if exist, by solving the equation

that is,
[1,0,221,0,29)8) = 0

[0,1,0, 2z, 21]8) =0

The boundary of x5 is made of 4 line segments and at each line segment f(z, 8Y) is
a univariate quadratic polynomial function whose maximum point(s) can be found
according to Section 3.2. Hence the maximum point(s) of f(z,3%) in the covariate
region Y2 is determined by comparing the function values at the maximum points
of the 4 line segments and at the stationary point(s).

For each ,BZQ € CF, we compute the maximum point(s) using the method above, and

all these maximum points form a (1 — «) level Rao’s confidence set for k().
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4.3 Bootstrap Method

When using Bootstrap method to construct a (1 — «) level confidence set for a

maximum point of the bivariate quadratic function
f($,0> =0y + 0121 + O229 + 9111’% + 92230% + 0122129

in a given covariate region Y2, we modify the constructing method in Section 3.3.
The resampling and parameter estimation steps are the same as in the univariate
case:

Step 1. Randomly choose a set of n bootstrap residuals from the original resid-

uals €1, é9,- - , &, with replacement, and denote these bootstrap residuals as ef =
(éjlg7 ég, U 7éE)T’
Step 2. Form the bootstrap sample set le, yQB, e ,yf, where

u

B
Y2 A
Y8 = = X0 +éf
Y

The design matrix X remains the same as in the original data set.

;]
Step 3. Estimate the parameter 8 based on the bootstrapped data Y2, that is,

9" — (xTx)"'XTY".

Step 4. Find the maximum points of the function f(x,8”) in y2. This can be done
~B
by comparing the values of f(z,0 ) at the stationary point(s) that lie in y2 and on

the boundary as discussed in Section 4.2.

Repeat the above steps N times, where NN is usually 1000 or larger, and define the
set Sinae 10 be the set that contains all the maximum points from the N repetitions.
Then, the number of points in Sz, 7s say, should be equal to or larger than N.

Any [(1 — a)ng] points in Sy,., form a (1 — «) level confidence set for k(6).

A plausible way of selecting the [(1 — a)ns] points is to first estimate the density at

each of the ng points in Sy,., and then select the [(1 — a)ns] points with the highest
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density. This density estimation can be implemented by using the matlab function

kde2d which uses a Gaussian kernel.
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4.4 Summary

In this chapter, we have investigated the confidence sets for the popular quadratic
response surface models. The theory of our method covers the bivariate case as well
as the univariate case. But computing the critical constants becomes even more
difficult than that in the univariate case. We use the Matlab function fmincon to find
the minimum values. However, fmincon does not guarantee that the minimization
leads to a global minimum. This applies to the calculation of the confidence sets
for Equation (4.6). The calculated critical values may therefore be larger than the
true critical values and the infimum of the left-hand side of the inequality in (4.6)
may also be larger than the true values. To improve the accuracy, one can vary the
starting point when using fmincon and select the smallest one as an approximation

to the global minimum in the constrained covariate region.

From the examples given in Section 4.1.3, we note that the smallest confidence
sets are bootstrap confidence sets. But due to the reasons stated earlier, we do
not recommend bootstrap confidence set and BH confidence set. The confidence
set Cg(Y) is always appeared to be smaller than or equal to Rao’s confidence set
C.(Y) and of course smaller than the conservative confidence set Cy(Y'). Hence we
conclude that it is better to use our method in constructing a confidence set in the

bivariate case.

As for the computation time, our method generally takes the longest time due to

the use of simulation in computing the critical constants.
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Extensions to other models

In Chapters 3 and 4, we have constructed an exact (1 — «) level confidence set for
a maximum point for normal-error univariate polynomial regression models and bi-
variate quadratic regression models. This method can be extended to some other
models which involve a linear function. If the estimates of the coefficients in the lin-
ear function of these models are normally distributed, then our method can directly
be applied to produce the corresponding (1 — «) level confidence set for a maximum
point. However, in many statistical models such as generalized linear models, ran-
dom effects linear models and random effects generalized linear models (cf. Dobson,
2001; Pinheiro and Bates, 2000; McCulloch and Searle, 2001), only the maximum
likelihood estimators of fixed effects regression coefficients can be obtained. In that
case, our method can still be applied to produce the corresponding (1 — «) asymp-
totic confidence sets via the large sample approximate normal distribution of the

maximum likelihood estimators.

In this chapter, we consider to construct a confidence set for a maximum point of
the mean response E(Y) for models other than ordinary linear regression models.

Sections 5.1-5.3 consider three specific models to illustrate the method.

Suppose (Y1,21), (Ya2,22),- -+, (Yy,Z,) are n observations from a pre-specified model
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which involves a linear function
f(@,0) =0y +z(z)" 6"

where z is a given p x 1 vector-valued function of the observation z, 8 = (6, - - -, 0,)7
and 8° = (61, ,0,)T. Furthermore, suppose the mean response E(Y) is related
to f(x,0) by a given monotone function. Therefore the confidence set for E(Y)
can be derived from that of f(z,6). If the assumption holds, then the problem of
constructing a confidence set for a maximum point of F(Y) is translated to that of
a linear function f(z,0). Next, we consider the construction of a confidence set for

a maximum point k of f(z,0) in a given region Y.

Following Neyman’s Theorem in Chapter 2, a (1 — «) level confidence set for k is
given by
CY)={k’ex:Y € A(k°)}

where A(k°) is a (1 — «) level acceptance set for testing H : k = k° for each k° € .

A (1 — «) level acceptance set can be constructed as

A(k%) = {Y . f(k°,0) — f(x,0) > —c(ko)\/v&r[f(ko,é) — f(x,0)],vz € X}

where each critical value ¢(k) can be determined such that P{Y € A(k°)} =1—«.

~0
In fact, if an estimator 8 of @° is available with normal distribution

8’ ~ N(8°, %)

then the above acceptance set becomes

Ak?) = {Y  F0.8) — (@,8) = —c(k)i/[2(k) — (@) TV I(K") — 2(a)), Vo € x}
= {Y: f(k.0) - £(@.0) = —c(k)5 | [2(k°) — ()] P ||, Vo € x} (5.1)

where ¥ = 0%V is a positive definite variance-covariance matrix and P? = V. The

estimator of the error variance o2 has a distribution of 62 ~ ¢2x2 /v and is denoted

by 2. The determination of each critical constant ¢(k®) employs the same procedure

discussed in Chapters 3 and 4.
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~0
However, when the distribution of @ is otherwise not normal or not available, the
procedure is adapted to produce an asymptotic (1 — «) confidence set for k. From

the Central Limit Theory, if the sample size is large, approximately we have
~0 0
0 ~N(@6".%)

with ¥ = J~1(8°) where J(8") is the Fisher Information matrix of 8°. Furthermore,
- -0
Y = J71(6") is usually used to approximate the variance-covariance matrix Y. Let

P2 =Y and 6 = 1, then the acceptance set is the same as we constructed in Equation

(5.1)
AR) = {Y:J(.0) = f(2,0) = —c(k°) | [2(k") — 2(2)]"P ||, v € x ]
Note that

P{Y € A(k°)}
= P{I0.0) - f(.0) > —c(k*) || [2(") — 2(2)]"P | ¥ € ]
> P{lalk") ~ 2(@)]" @ ~6") = —e(k") || [a(k") ~ 2(x)]"P ||. ¥z € x | (5.2

o BE) @@ )
B P{vmexf\ko [Tk — 2@~ (k)}

o BE) @ PP@ -6
B P{vzexf\ko [Ttk —2@P] (k)}

Lol R @RI
- P{wexf\ko | &) —2@TP | = “‘)}

where Equation (5.2) follows from the fact that [z(k°) — z(z)]76° > 0 under the
hypothesis k = k°,
N=P 1@ -8° ~ N(0,1,)

and I, is the p x p identity matrix. Therefore, c¢(k?) is solved from

(k) @ PN )
P{vzé?f\ko | &R —2(@)TP | = ('”}‘1 (5:3)

using a similar inference and computation procedure to that used in Chapters 3

and 4. We take generalized linear models, Cox’s proportional hazard models and a

Becker’s H1 model as examples to illustrate the method.
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5.1 Generalized Linear Models

In statistics, the term generalized linear models (GLMs) refers to a class of models
which are generalized from ordinary linear regression. The GLMs allow the lin-
ear model to be related to the response variable via a link function and allow the
magnitude of the variance of each measurement to be a function of its predicted

value.

A generalized linear model has three components:

1. Response Y with a probability distribution from the exponential family

Jeap(y; B) = exp[yb(B) + ¢(B) + d(y)].

2. A linear predictor f(z,9) .
3. A monotone link function h such that h[E(Y)] = f(z,0).
Suppose we have n observations (Y1,21), (Y2, 22), -+, (Y, 2,) from a generalized

linear model in the form
hE(Y)] = f(2,0) = 6o +2(z)"0, (5.4)
where h is a strictly monotone, differentiable function and Y; has a distribution

Jeap(yi; Bi) = explyib(Bi) + c(Bi) + d(yi)], (5.5)

with unknow parameter f; (the f;s don’t need to be identical). We are interested
in constructing a confidence set for a maximum point of E(Y) = h=(f(z,0)) in a

given region x based on observations (Y1,21), (Y2, 22), -, (Y, Z,).

5.1.1 Method

Since h is a monotone function, a maximum point of E(Y') is either a maximum
point of f(z,0) or a maximum point of f(z, —), depending on whether the function
h is increasing or decreasing. Without loss of generality, we assume h is a strictly

increasing function. Therefore, a point k is a maximum point of E(Y") if and only
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if it is a maximum point of f(z,0). Hence a (1 — «) level confidence set for a
maximum point of E(Y) is a (1 — «) level confidence set for a maximum point of
f(z,0). Our problem of constructing a confidence set for a maximum point of E(Y)
is therefore translated to that of constructing a confidence set for a maximum point
of a polynomial function f(z, ), which we have already discussed in Chapters 3 and
4. A similar argument clearly goes through for other fixed or random effects linear
or generalized linear models so long as the regression function involved is a linear

function.

Parameter and its covariance matrix
To construct a confidence set for a maximum point k of f(z,0), we first need an
estimator of § and its distribution. This step can be done by using the maximum

likelihood method (see Dobson(2002) for details). From Equation (5.5) we have

pi = E(Y:)=—c(8)/b(8)
n o= h(u)
and var(V;) = [0 (By)c (Bi) —c (B (B)]/[b (B:)]P.

The log-likelihood function for Y; is given by

li = yib(B;) + c(Bi) + d(yi),

and the log-likelihood function for Y is

n

L= "0 =Y [yib(B) + c(By) + dlyy)].
=1

i=1

The maximum likelihood estimator for 6, é, is the solution of

ol "ol
%_Uj_;[agj]_o, (5.6)

i=0,1,---,n; j =1,---,p, with E[f] = 0 and var[f] = J~(#) where J(0) is

the Fisher Information matrix. Although the maximum likelihood estimator can be
obtained by solving Equation (5.6) analytically, it is difficult to give an expression
in most of the cases. Therefore numerical methods are usually used in parameter

estimation. We simply use here the procedure illustrated by Dobson (2002).
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Note that Equation (5.6) can be simplified by using the chain rule for differentiation,

that is,
"\ [0l 0B Ou
U, = . . 5.7
1T 28 o aej] oD
T ’ ’ ({)uz
= 2 [P = ) b Bear (V) Gty (5.8)
i=1 - !
(i —pi) O
_ N 5.9
izl _Uar(n)x](am) ( )
Hence the (j, k)th element of the variance-covariance matrix of [Uy,--- ,Up] is given
by
Jik = E(U;Uy) zn: x”m““ a“l) (5.10)
g k) 2 | va 5771 .
To solve
ol
—=U=0
00 ’

Newton-Raphson method is applied. The estimate is given by iteration

A(m)  a(m—1)

6" =6 + [Jm D)y m=D) (5.11)

where 9(m) is the estimate of 8 at the m-th iteration, J(™ = J(é(m)) = (Ji ) is the
Fisher information and U™ is the score vector evaluated at é(m). Let W be an

n x n diagonal matrix with elements

1 i\
Wi = var(Y;) \on; )

then Equation (5.10) can be expressed as

J=XTwXx.

Let z be a vector with elements
p
m—1 on;
:quﬁé " (i — ) (8 >
=1 i

with y; and 9n;/dp; evaluated at 81| then Equation (5.11) becomes

XTWwxe™ = XTWz.
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Thus "™ is obtained by an iterative weighted least squares procedure and Y is
A0

approximated by J~1(8 ). In Matlab, this procedure is implemented by the function

glmfit

[9,dev, stats] = glm fit(X,y, distr),
where the output dev is the deviance of the fit at the solution 9, and stats includes
the summary statistics such as the estimated variance-covariance matrix of 9, the

residuals and the degrees of freedom for error.

As long as 6 and ¥ are obtained, the acceptance set (5.1) is constructed using the
critical constant ¢(k°) solved from Equation (5.3). However, because the standard
Normal distribution rather than the T-distribution is used in Equation (5.3), the
critical value in computing the conservative confidence set Cy(Y') should be \/Xj%

following a similar inference given in Section 3.1.3.2.

5.1.2 Example

Table 5.1: Survival data for the CTX experiment (Carter et al., 1983)

group number 1 2 3 4 5 6 7

CTX(mg/kg) 0.0 65.7 92.0 164 230 296 414

f of mice 16 8 8 8 8 8 8

f surviving 21 days 0 3 5 8 8 ) 0

This example considers the survival data for the cyclophosphamide (CTX) experi-
ment given in Carter et al. (1983). Female mice were randomly divided into a control
group (16 mice) and six treatment groups (8 mice per group) at different levels of
CTX. Carter et al. (1983) were particularly interested in the probability of survival
of at least 21 days. Table 5.1 summarizes the observations on 21-day survival from
the experiment. The usual model fitting procedure suggests that the following lo-

gistic regression model of 21-day survival probability p on dose level x =CTX fits
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Figure 5.1: The three 95% confidence sets in Example 5.1.2; Cg(Y) is given by the

top broken line, Cy(Y) is given by the middle dot line, and C.(Y) is given by the

bottom solid line.
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the observed data very well:
p(w,0) = (1 +exp(—f(2,6)))""  with f(z,0) = 6y + 612 + 652>,

Figure 5.1 plots the observed 21-day survival relative frequencies (given by the *’s)

and the fitted logistic regression curve. The parameter estimates are given by

—7.4333 8.1865 —0.1249 0.0003
6= 0.1209 and & = —0.1249 0.0020 —0.0000
—0.0003 0.0003  —0.0000 0.0000

It is clearly of interest to construct a confidence set for the CTX level in the ob-
served covariate range = € [0,414] that maximizes the 21-day survival probability.
Using a = 0.05, resolution d = 0.1 and numerical quadrature, the asymptotic confi-
dence sets are computed to be Cg(Y) = [173.5,239.9], Co(Y) = [169.7,297.1] and
C.(Y) = [169.7,297.0]. The three confidence sets are indicated by the three line
segments in Figure 5.1. It is clear that the width 66.4 of Cg(Y) is much smaller
than both the widths 127.4 and 127.3 of Cy(Y) and C.(Y) respectively. The critical
constants in this example were computed by using numerical quadrature, and the

computation time of Cg(Y) was 47 seconds on the same PC.
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5.2 Cox’s Proportional Hazard Models

In survival analysis, there are three ways to describe the population

e f(t)-the density function, which gives the instantaneous probability of an event

at time t.

e h(t)-the hazard function, which gives the instantaneous potential for an event

to occur given that an event has not occurred yet up to time t.

e S(t)-the survivor function, which gives the probability an individual survives

longer than time ¢.

Let the distribution function be F(t) = f(f f(s)ds, then the hazard function and

survivor function can be expressed as
t
S(t)=1—F(t) and h(t) = &)

It is clear that the hazard function h(t) is non-negative for all ¢ € [0, c0).

A proportional hazard model assumes that the hazard function takes the following

form
h(t,) = ADeap(f (@, 0)) = At)exp(g(@)TB). (5.12)

where A(t) is a smooth function of ¢ and is positive for all ¢ > 0. However, a Cox’s
proportional hazard model (cf. Cox, 1972, 1975; Kleinbaum and Klein, 2005) assume
A(t) can take any value since it is irrelevant to the parameter estimation using Cox’s

partial maximum likelihood (Cox, 1975).

Given observations (Y1,21), (Ya2,22),- - -, (Y, %), the interest is on the construction
of a confidence set for a minimum point of the hazard function h(t,z) at any time

t in a covariate region x.

5.2.1 Method

Because A(t) is positive for all ¢ > 0, hence a minimum point of A(t,z) is a minimum

point of f(z, B), that is, a 1 —« level confidence set for a maximum point of f(z,—80).
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Our problem is therefore translated to that of constructing a confidence set for a

maximum point of f(z,—6) in a given covariate region x.

According to the inference at the beginning of this chapter, to construct a confidence
set for a maximum point of f(z,—6), we need an estimator of 8 and its distribu-
tion first. The parameter estimation can be done by using Cox’s partial maximum

likelihood method.

Cox’s Partial Maximum Likelihood
Let tq1,t9,--- ,t, be n distinct failure times and there is no tie between these times.

The Cox’s partial likelihood is given by

where
I A(tj)exp(f(x,0) _ exp(f(z,0))
T Yaeray) Mtexp(f(.0)) Yo, exn(f(z,0))

with R(t;) being the set of individuals any of whom may be found fail at time ¢;.

When there are ties in the survival time, several methods are provided to approxi-
mate the partial likelihood, see Breslow (1970) and Efron (1977) for more informa-

tion.

The parameters are solved from

Odlog L
06;

:07 ’L: ]_’2’... ’p+1
The estimates can be obtained by using the Matlab command
[@, log L, H, stats] = coxphfit(X,T)

where X is the matrix of the observations on predictor variables and T is the vector
of time-to-event data. The output log L is the log-likelihood, H is a two-column
matrix which contains the T values in the first column and the estimated baseline
cumulative hazard in the second column. stats is a structure which contains the

summary statistics such as the estimated variance-covariance matrix of 6.
According to the Central Limit Theory, approximately we have
6~ N@O,Y).
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Then the critical values can be determined by solving Equation (5.3) and a (1 —
«) level confidence set for a maximum point of f(z, —0) can then be constructed

following the previous inference directly.

5.2.2 Example

This example considers the survival data in a murine cancer chemotherapy exper-
iment that used the drugs 5-Fluorouracil and Teniposide given by Stablein et al.
(1983). A series combinations of 5-Fluorouracil (5FU) and Teniposide (VM26) was
given to treat 127 mice with leukemia. The original data of combinations and sur-
vival times were recorded in Table 5.2. These data were scaled to be
_ 5FU(mg/kg) — 130

130

_ VM26(mg/kg) — 13
B 13

x1

Z2

and analyzed using a proportional hazard model

h(t,z) = A(t)exp(f(z,0))

where f(z,0) = 0121 + 0222 + 933;% + 94:1;% + 05x122. The usual model fitting proce-
dure suggests that this proportional hazard model fits the observed data well. The

parameter estimates are given by

0.5702 0.0284 0.0124 0.0198  0.0044 0.0199
0.7712 0.0124 0.0297 0.0041  0.0205 0.0200
0= 0.0279 and ¥ = | 00198 0.0041 0.0699 —0.0037 0.0240
—0.2695 0.0044 0.0205 —-0.0037 0.0747 0.0220
0.2196 0.0199 0.0200 0.0240  0.0220 0.0532

It is clearly of interest to construct a confidence set for the dose combination k at
which the hazard function h(¢,z) is minimized, i.e., f(z,—6) is maximized. We
consider the constrained region {7z < 1} following Stablein et al. (1983). Using

a = 0.05, resolution d = 0.1 and simulation N = 10,000, the asymptotic confidence
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Figure 5.2: The 95% confidence sets in Example 5.2.2.
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regions Cg(Y) and Cy(Y') are computed and depicted in Figure 5.2. Rao’s confi-
dence set C.(Y) is also depicted. It is clear that Cg(Y') is smaller than Cy(Y).
The computation time for Cy(Y') is 74 seconds while for Cg(Y') is 11.2 hours and
for C.(Y) is 55 minutes. Figure 5.2(d) depicts the asymptotic confidence set using

PCD’s critical value. However, it is too small due to the incorrect critical value.
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Table 5.2: 5FU+VM26 combination experiment (Stablein et al., 1983)

Treatment levels

Days of survival
5FU(mg/kg) VM26(mg/kg)

0.0 0.00 8,9(2),10(5)

0.0 9.71 10,13(5),14(2)

0.0 19.40 8,10,13,14(4),15

0.0 25.90 9,14(4),15(3)
35.6 9.71 13,14(3),15(3),17
485 4.85 9,13(2),14(3),15(2)
485 19.40 14(2),15(2),16(4)
97.1 0.00 8(2),10,11,12(2),14,16
97.1 3.56 8,9(2),11(2),13(2),16
97.1 9.71 8,10,11,16(2),17(2),18
97.1 25.9 16(3),17,18(3),19
194.0 0.00 10, 13(6),14
194.0 4.85 11(2),14(3),16,17
194.0 19.40 8,14,16,20(4),21
259.0 0.00 9,11,12(3),13(3)
259.0 9.71 16(2),17,18(2),19(2),20

The number in the parentheses indicates the number of animals dead on that day.
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5.3 A Becker’s H1 Model

In this section, we consider a Becker’s H1 Model (Becker, 1968, 1978)
Y = ﬂlan—i—ﬂg:ﬂg—i—ﬂg:ﬁg—l—ﬂlgmin(ml,m2)+ﬁ13min(m1,x3)+ﬁ23min(a¢2,x3)+e (5.13)

where x1, 22,23 > 0 satisfy z1 + 22 + 23 = 1, B = [B1, B2, B3, Bi2, B13, B3] T is the
unknown parameter and e ~ N(0,02) is the random error. Let x = (21, 72) and

f(x,0) = B3+ [z(x)]76°, where
0° = [B1 — B3, B2 — B3, P12, P13, Bas] ",
z(x) = [x1, 2, min(z1, x2), min(x1,1 — 21 — x9), min(ze,1 — x1 — xg)]T,
then the Becker’s H1 Model can be written as
Y = f(z,0) +e. (5.14)

Note that unlike Generalized Linear Models and Cox Proportional Hazard model,
the regression function in Becker’s H1 Model is linear in the parameter 8 and so
the parameters can be estimated from least squares estimation as usual. However,
it is different from ordinary linear functions since f(z,0) is not differentiable in the

covariate region R.ons where
Reons ={x = (z1,72) 1 21 + 12 < 1, x1,72 > 0}.

We want to find the confidence set for a maximum point of f(z,0) in Reopns.

5.3.1 Method

Neyman’s Theorem can be applied directly to construct a confidence set for k, a
maximum point of f(2,0) in & € R.yps. Following the acceptance set in Equation
(5.1), anatural (1—«) level acceptance set for testing Hy : k = k° for each k° € Reons

can be constructed as
Ay = { Y J.0) - [(2.8) > —c(k)5 | [2(K°) — 2(2)]"P ||, V& € Reons |

[y . @E) -s@PT
N { Y: meRcofs\k" | [2(k°) — z(z)]TP || = —o(k?) } '
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(2) 1)

(6) (5)

Figure 5.3: The partition of the covariate region Rops.

To compute the critical value ¢(k°), we employ the simulation-based method de-

scribed in Section 4.1.2. Let

o B [z(k°) — z(x)]TPT
") k) )P 19

where T' = P_l(@0 —6°)/6 ~ Tpn_p-1. Next, we compute the infimum of h(k°, z)

in each realization of T.

Note that, the covariate region R..ns can be partitioned into the following 6 parts:
(Dz1<azo<l—21—29; (2) 22 <21 <1 —21 —29; 3) 22 < 1 — 11 — 22 <795
(4 21 <1—m —22<x9; (5) 1 =1 — w2 <y <95 (6) 1 — 1 — 12 <9 <y,
as shown in Figure 5.3 and in each of the 6 parts function z(x) is differentiable and
has a specific expression, so does its derivative z;(x) (see Table 5.3). Therefore, in
each of the parts, the infimum of h(k° z) can be attained either at its stationary

point(s) that lies in Reons, or on the boundary.

We first investigate the stationary points of h(k°, ) by letting
Oh(k®,x)/dx; = 0,i = 1,2,
which gives

[2(k°) — 2(x)]" PT2i(x)P?[2(k") — z(z)] — [Pzi(x)] T[z(k") — z(2)]" P*[2(k")

—z(2)] =0 (5.16)
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Table 5.3: The expressions of z(z) and z;(z) in each of the 6 parts

Part z(x) z1(x) zo(x)

(1) [x1, 29, 21, 71, 2] [1,0,1,1,0]" [0,1,0,0,1)"
(2) [#1, 22, 22, 21, 22]T [1,0,0,1,0]" [0,1,1,0,1]7
(3) (21, 20, 2,1 — 21 — T2, 22]T [1,0,0,—1,0/7 | [0,1,1,—1,1]
(4) [x1, 0, 21, 21,1 — 21 — 22)7 [1,0,1,1,—1]7 [0,1,0,0, —1]"
(5) | [x1, 72, 21,1 — 21 — 29,1 — 21 — 22]7 | [1,0,1,—1,-1]7 | [0,1,0, -1, —1]T
(6) | [z1,29,22,1 — 21 — 29,1 — 21 —20]” | [1,0,0,—1,—-1]T | [0,1,1,—1,—1]T

where z;(x) = 0z(x)/0x;. The left-hand side of Equation (5.16) can be further

expressed as

2(z)" {PTz:(z)P? — P2[Pz(z)|"T}z(z) + [Pz(k°)| Tz;(z) P?2(k°)
—[Pz(2)]"T2(k°)"P22(k) + {2[Pz;(2)| Tz (k°) P2 — 2;(z)P?2(k°)(PT)"

—[P2(k%)) Tz ()P} z(). (5.17)

Note that Equation (5.17) is a bivariate quadratic function of = (z1,x2) in each
of the 6 parts, hence the analytical solution(s) of Equation (5.16), if exist, can be

found. However, one can still use numerical method to solve the equations.

Then we check the value of h(k°,z) on the boundary of each part. Note that the
boundary is made of three segments on which h(k° z) is a univariate function.

Therefore its infimum can be found according to Section 3.1.

Finally, the infimum of h(k° &) in the covariate region R..,s is attained by the
minimum value of h(k°, z) evaluated at its stationary point and that on the boundary

in all of the 6 parts.

We generate N independent T' ~ T}, ,_,—1 and use the [a x N]th infimum as an
approximation to —¢(k®). Then a (1 — «) level confidence set can be constructed by

using Neyman’s Theorem, that is, by inverting A(k°) with k° € Recons-
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5.3.2 Example

Table 5.4: The formulation components (%) and the response

1 1 0 0 0.5 0.5 0 0333 0.666 0.167 0.167 0.333
T2 0 1 0 0.5 0 0.5 0333 0.167 0.666 0.167 0.333
3 0 0 1 0 0.5 05 0333 0.167 0.666 0.666 0.333
Y | 189 152 35.0 16.1 189 31.2 193 182 17.7 30.1 19.0

This example considers the formulation of a controlled-release drug substance to
aid in obtaining more uniform blood levels (Frisbee and McGinity, 1994). The
formulation components were recorded in Table 5.4, with xq is the percentage of
Pluronic F68, x5 is the percentage of polyoxyethlene 40 monostearate, and x3 is the
percentage of polyoxyethylene sorbitan fatty acid ester NF. The response Y is the
observed glass transition temperature (°C) (the smaller the better). The interest
lies in constructing a confidence set for the formulation factors that minimize the
response in the region constrained by x; + 2 + x3 = 1 and x1, 292,23 > 0. Hence,

we construct a confidence set for a minimum point of function f(z,0) in Equation

(5.14), that is, a maximum point of function f(z,—@), in the constrained region

RCOTLS

{x=(21,22) 121 + 22 <1, x1,29 >0}.

The response surface model that gives a good fit was a Becker’s H1 model in Equation
(5.13) (Becker, 1968). Following the inference earlier, we use its equivalent expression

(5.14) instead. The parameter estimates are given by

—36.2719 0.7936 —0.8008 —0.8008 0.1624 —0.6384
17.6436 —0.8008 1.6013 0.8006 —0.7999 0.0007
. 20.8057 R —0.8008  0.8006 1.6013 —0.7999 0.8014
0= and ¥ =
2.8033 0.1624 —0.7999 —-0.7999 4.0156 —0.7844
18.0089 —0.6384  0.0007 0.8014 —0.7844 4.0170
—9.7532 —0.6384 0.8014 0.0007 —0.7844 —-0.7837
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(a) Confidence set Co(Y') (b) Confidence set Cg(Y)
X, /Xi
AN
/ \\
//{ \\
/ \

(c) Confidence set C.(Y) (d) Confidence set using PCD’s critical value

Figure 5.4: The 95% confidence sets in Example 5.3.2.
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Using @ = 0.05, resolution d = 0.03 and simulation N = 5,000, the confidence
regions Cg(Y) and Cy(Y') are computed and depicted in Figure 5.4. It is clear that
Cg(Y) is smaller than Cy(Y') and C.(Y') (see Figure 5.4(c)). The computation time
for Cy(Y) is 44 seconds while for Cg(Y") is 24 hours and for C.(Y') is 1.5 hour. Figure
5.4(d) depicts the asymptotic confidence set using PCD’s critical value. However, it

is too small due to the incorrect critical value.
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5.4 Summary

In this chapter, we have extended the method of constructing a confidence set for a
maximum point of functions in linear regression models to other models. In partic-

ular, the distributional assumption
0~ N(@,>X%)

holds asymptotically for many parametric and semi-parametric models. As long
as the estimates of parameters are obtained, an asymptotic confidence set for a

maximum point can be constructed by using our method.

Generalized linear models, Cox’s proportional hazard models and a Becker’s H1
model are studied and analyzed in this chapter. From the examples in each section,
we conclude that our confidence set Cg(Y') is always smaller thus better than Rao’s
confidence set C.(Y') and the conservative confidence set Cy(Y). The computation
of Cg(Y') takes generally the longest time among the three confidence sets. However,
the difference is subject to the linear function involved in the model, that is, if the
linear function involved is a univariate quadratic one then the time difference in

computation will not be substantial.
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Conclusion and Future Works

In this chapter, we give a summary of the work presented in this thesis and provide

some possible areas for future studies.

6.1 Summary

The construction of a confidence set for a maximum point of a function is an impor-
tant statistical issue with immediate applications in many real problems. The only
confidence set available in the statistical literature so far that guarantees a (1 — «)
confidence level is Rao’s confidence set C.(Y'). However, Rao’s confidence set is a
conservative one and sometimes it can be very conservative. In this thesis one exact
confidence set Cg(Y) and one conservative confidence set Cy(Y') for a maximum
point of a function in a given covariate region are provided. These two new con-
fidence sets are constructed by using Neyman’s Theorem, that is, by inverting a

family of acceptance sets of hypothesis tests.

Chapters 3, 4 and 5 have considered three types of models separately. Starting with
a simple linear regression model, the construction method of an exact confidence
set has been elaborated with details and then the theory for the general univariate

polynomial regression models are derived. The bivariate quadratic regression models
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has been investigate in Chapter 4 and the method can be generalized to multiple
regression functions. Although in that case the computation is expected to be much
more intensive. In Chapter 5, we have extended the method to other models which
involve a linear function. An exact (1 — «) level confidence set can be constructed if
the estimates of the parameters are normally distributed. An asymptotic (1—«) level
confidence set is constructed if the estimates of the parameters are asymptotically

normally distributed.

Examples of confidence sets constructed using both simulated and real data sets
are provided and discussed throughout Chapters 3 to 5. These examples serve to
illustrate the method and demonstrate the wide applicability of the confidence sets
developed in this thesis. In all the examples, the new exact confidence set Cg(Y)
is almost always (and in some cases substantially) smaller and so better than the
new conservative confidence set Cy(Y') and Rao’s conservative confidence set C.(Y').
This is expected since the new exact confidence set Cg(Y) is purpose-built while
the new conservative confidence set Cy(Y) uses a conservative critical constant and
Rao’s confidence set C.(Y') is a by-product of the standard confidence ellipsoid for

the coefficient vector 0.

The new exact confidence set Cg(Y) is in general most demanding computationally
due to the simulation in computing the critical constants. However, it is the only
confidence set for a maximum point that guarantees an exact (1 — «) confidence
level. Therefore, the construction method developed in this thesis is recommended

when an exact confidence set for a maximum point is of interest.

6.2 Future Works

As we mentioned earlier, the method developed in this thesis can be applied to the
construction of a confidence set for a maximum point of a function in some models of
a more general form, such as a multiple quadratic regression function. Indeed, they

can also be applied to many parametric and semi-parametric models that involve a
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linear regression function as well as quantile regression models (cf. Koenker, 2005)
where the ¢-quantile may be modeled by f(z,0). Hence one possible area of the
future work is to investigate and construct confidence sets for a large variety of

models.

However, the computation for the confidence set of a maximum point for a multi-
variate function will be much more intensive than for the univariate and bivariate
functions. Therefore, another possible area of the future work is to construct ex-
act confidence sets for a maximum point by inverting a range of acceptance sets in

different forms, such as

Alko) = {Y  F(ko,0) — f(2,0) > —c(ko)d,Va € X}. (6.1)

The inequality in the acceptance set (6.1) is simpler than the one we used in this
thesis, say, acceptance set (4.1), because the right-hand side of (6.1) is of a constant
form while (4.1) has a hyperbolic form. Hence the computation should be less

intensive in constructing an exact confidence set.
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Appendix

The construction of confidence
sets using only the summary
statistics in polynomial

regression

In this section, we demonstrate how to construct a confidence set using only the
summary statistics (as given in Example 8 of Chapter 3) in univariate polynomial

regression.

Suppose we have observations (Y; ;,x;), ¢ =1,2,--- ,k; j =1,2,--- ,n;. The regres-

sion model is

Yij = f(x:;,0) =x:0 +¢;;

fori=1,2,---,k; j=1,2,--- ,n;, where e; ; ~ N(0,0%) and

to

th
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Alternatively, we write the model in the matrix form

Y=X0+e
where
Y €1,1
X1
Yin,g €1,n1
Xo
X_: ’Y = s e =
Yk 1 €k,1
Xk
Yke,ny, €k,ny,
and
o T U R
z; 1 x; x? :Uf
X,L': pr—
w) \1waw




is a m; X (p+ 1) matrix. Then, the least squares estimate of 8 is given by

6 = (X"x)'xX"Y

X4 Y1,1
X9 Y1,2
oo | | orxgoxn
Xk Yk,ny,
k k
= O_xIxH 'O xiTy)
i1 i—1
Z§:1 n;Yi

k Z/f? T
—1 NiT3Y;
= O x"x)! '
i=1 :

k D
D im1 N} i

where
Yil
Yi 2 ) 1 ng ) 1 k n; 1 k B
Yi = 7yz‘:;zyi,j wdy:ﬁzzymzﬁzniyi-
: v =1 i=1 j=1 i=1
Yin;
Denote n = Zle niandY =g (1,1,---, 1)T is a n x 1 vector, then the estimate of
o? is given by
SR S L R 4
n—p—1
1
= SSE
n—p—1
1
= (SST — SSR)
n—p—1
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k _
Zi:l n;Yi

k _
where Y = X0 = X(z:f:1 X;Tx)™t s , the total sum of squares is

k _
D i1 T i
given by

SST = (Y -Y)I'(Y -Y)

k ny
= > (i -0

i=1 j—1
k n;
= > Wiy — i+ 7 —9)°
i=1 j—1
k ng k ng
= 2.2 Wy —m)*+ ) 3 -9
i=1 j=1 =1 j=1
K K
S o Sl 9
=1 =1
. 2
= Y (= Dsi+ Y nig} —ny’,
=1 =1

and the residual sum of squares is given by

SSR = (Y -Y)T(Y -Y)
T
+

Thus, we have
1 b k T
52 = — (Z(m ~1)si+> ng; =Y Y) :
p i=1 i=1
Therefore, we obtain the estimates 6 and 62 based only on the summary statistics
of a data set (observations of the independent variable, sample size, sample mean
and sample standard deviation). Then, a (1 — «) level confidence set for a maximum

point of the regression function can be constructed as
C(Y) = {ko € [a,b] : Y € A(ko)}
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where
A(ko) ={Y : f(ko,0) — f(x,0) > —c(ko)dvy(ko, z,0), Yz € [a,b] \ ko}

is the corresponding (1 — «) level acceptance set.
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