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Relative dispersion of a passive scalar plume in turbulent shear flow
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Relative dispersion of a passive scalar plume was investigated in uniformly sheared, nearly homogeneous,
turbulent flow with Reλ ≈ 150 using planar laser-induced fluorescence. Mean concentration maps were
determined both in the laboratory frame and in a frame attached to the instantaneous center of mass of the plume
cross section. The distance-neighbor function had a shape that was compatible with Richardson’s expression.
The mean square particle separation, two estimates of which were found to be nearly identical, had a streamwise
evolution that was consistent with Richardson-Obukhov scaling with a Richardson’s constant of g = 0.35.
Batchelor scaling was also consistent with a wide range of the results.
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Relative dispersion is concerned with the temporal evo-
lution of the separation distance r(t) of a pair of fluid
particles in turbulent flows. The concept of relative dispersion
was introduced by Richardson [1], who in 1926 proposed
his famed four-thirds law. In this Rapid Communication,
we focus on relative dispersion in the inertial subrange of
turbulent motions, namely, for η � r � L11,1, where η is the
Kolmogorov microscale and L11,1 is the integral length scale
of the turbulence. Within this range, relative dispersion would
be dominated by eddies with sizes comparable to r , and the
variance 〈r2(t)〉 of separations of a large number of particle
pairs can be estimated as [2]

〈r2(t)〉 − r2
0 =

{
11
3 C2(〈ε〉r0)2/3t2 for t � tB
g〈ε〉t3 for tB � t � TL.

(1)

In these expressions, r0 is the initial pair separation, C2 is
the Kolmogorov constant [3,4], 〈ε〉 is the mean dissipation
rate, tB = (r2

0 /〈ε〉)1/3 is the Batchelor time scale, g is the
Richardson constant, and TL is the Lagrangian integral time
scale. The range t � tB is known as the Batchelor regime,
whereas the term Richardson-Obukhov regime signifies the
range tB � t � TL. Theoretical estimates of Richardson’s
constant span the wide range 0.06 < g < 3.52 [5], whereas
recent experimental and numerical estimates have narrowed it
down to the range 0.5 < g < 0.6 [2].

Particle separations have been measured directly with the
use of particle tracking methods [2,4,6–8]. Alternatively, mean
particle separation can also be estimated from measurements
of concentration in a diffusing cloud of particles relative to its
center of mass [5,9–11]. A property of interest in such studies is
the distance-neighbor function q(s), defined as the probability
density function (pdf) of the distance s between particle pairs
within the cloud [1,5]. q(s) can be estimated as the marginal pdf
of the ensemble-averaged autocorrelations of instantaneous
concentration maps [12]. In the Richardson-Obukhov regime,
theoretical predictions have led to the relationship q(s) ∝
e−sn

; the exponent n was given as 2/3 by Richardson and
as n = 2 by Batchelor [2], but values of n from particle
tracking measurements [6–8] and concentration maps [12]
have so far been inconsistent. The accuracy of relative diffusion
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measurements in laboratory studies has improved significantly
in recent years, following advances in planar laser-induced
fluorescence and particle tracking techniques. Even so, the
fact that most laboratory flows have been conducted at
relatively low turbulence Reynolds numbers Reλ limits their
assertiveness, particularly in the light of the ongoing debate
concerning the existence of the Richardson-Obukhov regime at
low Reynolds numbers. Bourgoin et al. [4] studied the motion
of particles in a closed tank stirred by counter-rotating baffled
disks and observed that the evolution of 〈r2(t)〉 was consistent
with Batchelor scaling for t � tB , but found no evidence of
Richardson-Obukhov scaling for t � tB , for values of the
turbulence Reynolds number Reλ up to 815. In contrast, Ott and
Mann [7] reported evidence of Richardson-Obukhov scaling
in a turbulent flow generated in a closed tank by oscillating
grids at Reλ ∼ 100.

The general objective of the present research was to
investigate the relative dispersion of a passive scalar plume
in nearly homogeneous but strongly anisotropic turbulence
with a moderate Reynolds number. Specific objectives were
to determine whether Richardson-Obukhov scaling applies to
this flow and to estimate the shape of the distance-neighbor
function and the rate of growth of the mean particle separation.

Experiments were performed in nearly homogeneous,
uniformly sheared flow (USF), in a free-surface, recirculating
water tunnel (see Fig. 1). A uniform velocity gradient in
the x2 direction was generated by a shear generator, which
consisted of an array of parallel channels with a spacing
L = 25.4 mm and varying flow obstruction. A neutrally
buoyant aqueous solution of rhodamine 6G fluorescent dye
was injected isokinetically into the flow through a fine tube
having an inner diameter of 1.83 mm.

The turbulence structure of the USF has been documented
previously [13,14]; representative values of properties of
interest are presented in Table I. The initial mean particle
separation, determined as the second central moment of
the concentration profile at the outlet of the injection tube,
was r0 = 0.53 mm, which corresponded to a Batchelor time
scale tB = (r2

0 /〈ε〉)1/3 ≈ 0.14 s. As explained in a previous
article [14], the streamwise integral Lagrangian time scale
was estimated as TL ≈ 2.6L22,2/u

′
2 ≈ 6.1 s. Based on these

values, one would expect the Richardson-Obukhov regime
to extend over the diffusion time range 0.14 s � t � 6.1 s;
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FIG. 1. Sketch of the apparatus viewed from above; the x2 axis is
oriented out of the page.

further employing Taylor’s frozen flow approximation as
t ≈ x1/UC , one may estimate that the Richardson-Obhukhov
regime would extend over the range of streamwise distances
1 � x1/L � 45, which applies to all presently reported
measurements. Measurements of the concentration in cross
sections of the plume normal to the flow direction were
obtained via planar laser-induced fluorescence at x1/L =
5, 12, 20, 28, and 35. Normal cross sections were chosen in
preference to the streamwise cross sections used in other
studies [12], which cannot track the plume when it wanders
out of the plane. Plume cross sections were illuminated by
a light sheet created from the output of a Nd:YAG pulsed
laser (New Wave Research, Solo PIV 120XT, Fremont, CA,
USA) and the resulting fluorescence was recorded using a
digital camera (PCO AG, pco.edge, Kelheim, Germany) which
was synchronized with the laser pulses. The camera was
fitted with a Scheimpflug adapter, in order to focus on the
oblique measurement plane, and a liquid prism was used to
eliminate the horizontal astigmatism that would have been
introduced from looking through the glass wall at an angle.
The concentration C of dye measured by each pixel of the
camera was determined as a linear function of the local
radiant intensity emitted by the dye in the plane of the laser
sheet. Ensemble-averaged quantities were calculated based on
typically 500 independent images at each location. Additional
details on the PLIF technique and its uncertainty will be the
subject of a future manuscript. In summary, the uncertainty of
the reported values of the plume widths and other length scales
was lower than 5%.

A representative instantaneous concentration map is pre-
sented in Fig. 2(a). At this particular instant, the entire plume
was located off-center and towards the top and right side of the

TABLE I. Representative values of flow parameters.

Shear generator spacing, L = 25.4 mm
Mean center line velocity, UC = 0.18 m/s
Mean velocity gradient, dU 1/dx2 = 0.59 s−1

Turbulence Reynolds number, Reλ = 150
Turbulent kinetic energy dissipation rate, 〈ε〉 = 7.6 mm2 s−3

Kolmogorov microscale, η = 0.6 mm
Taylor microscale, λ11 = 17 mm
Eulerian integral length scale, L11,1 = 30 mm
Lagrangian integral time scale, TL = 6.1 s
Dye Schmidt number, Sc = 2500
Dye source concentration, CS = 0.3 mg/�

field of view; such relatively large displacements are identified
as plume wandering and are attributed to turbulent eddies
with scales larger than the plume width. The plume cross
section was not simply connected, but consisted of multiple
elongated filaments; this action is attributed to eddies with
size comparable to the plume width. Moreover, the edges of
the filaments were not rounded, but showed evidence of the
action of eddies with sizes much smaller than the plume width.
The center of mass of the instantaneous concentration map in
Fig. 2(a) is marked with a cross. Its coordinates x2C and x3C

were determined from the corresponding first moments of the
concentration map.

The map of the mean concentration 〈C(x2,x3)〉 in the
laboratory frame is plotted in Fig. 2(b). It can be seen
that the mean map extended over a much larger area than
the instantaneous one, as the result of large-scale plume
wandering. The joint probability density function (jpdf) of
the center of mass coordinates in the instantaneous maps is
presented in Fig. 2(c). A coordinate transformation of each
instantaneous map to a frame centered on the instantaneous
center of mass resulted in instantaneous concentration maps
in a wandering frame. The ensemble average CR(x2,x3) =
〈C(x2 − x2C,x3 − x3C)〉 of these maps, to be referred to as
the “relative” concentration map [15], is shown in Fig. 2(d).
The absolute mean concentration map, the relative mean
concentration map, and the jpdf of the instantaneous centers
of mass could all be approximated by two-dimensional (2D)
Gaussian functions, contours of which are superimposed on
the maps in Fig. 2.

The half-widths of each map in the directions x2 and
x3 were defined as the square roots of the corresponding
second central moments. Following these definitions, we
calculated the half-widths σ2,σ3 of the mean concentration
map, σR2,σR3 of the relative mean concentration map, and
σM2,σM3 of the jpdf of the instantaneous centers of mass. It
is noted that σ3/σ2 ≈ σM3/σM2 ≈ 1.25, which is consistent
with the Reynolds stress anisotropy in USF [13]. In contrast,
σR3/σR2 ≈ 1.1, which is closer to unity, in conformity with
the conjecture that relative dispersion is dominated by eddies
in the inertial subrange, which would be locally isotropic. The
streamwise evolutions of the three mean half-widths σ, σR , and
σM , computed by averaging the corresponding half-widths in
the two directions, are presented in Fig. 3. The three values
satisfy the relationship σ 2 = σ 2

R + σ 2
M , in conformity with the

parallel axis theorem of moments of inertia. The trends of
the half-widths are in excellent agreement with the idealized
trends presented by Csanady [15, Fig. 4.4a]. Within the range
of reported measurements, the scale of meandering σM was
comparable to the relative plume width σR , in support of
the conjecture that dye dispersion was dominated by eddies
comparable in size to the width of the instantaneous plume.
In the range x1/L � 20, all three widths grew approximately
linearly, whereas in the following range, having 20 < x1/L �
37, σ and σR maintained their quasilinear growth but the
growth rate of σM decreased monotonically, possibly tending
towards a zero asymptote; the latter observation agrees with
the expectation that, in the far field of the plume, σM would
approach an asymptotic value of the order of L11,1 [15].

Next, we estimated the distance-neighbor functions q(s2)
and q(s3) as the marginal pdfs of the ensemble-averaged
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FIG. 2. (Color online) (a) A representative instantaneous concentration map with its center of mass indicated by a cross; (b) the mean
concentration map in the laboratory frame; (c) the jpdf of the coordinates of the instantaneous center of mass of the plume cross section; and
(d) the relative mean concentration map. All concentration values have been normalized by CS ; contours of fitted 2D Gaussian functions are
indicated by superimposed ellipses; x1/L = 20.

two-dimensional autocorrelation maps [12]:

〈R(s2,s3)〉 =
〈∫∫

C(x2,x3)C(x2 + s2,x3 + s3)dx2dx3∫∫
C2(x2,x3)dx2dx3

〉
. (2)

Representative plots of 〈R(s2,s3)〉 and q(s2) are presented
in Fig. 4. The half-widths σQ2 and σQ3 were defined as
the square roots of the second central moments of q(s2)
and q(s3). The half-width ratio was σQ3/σQ2 ≈ 1.1, which
is consistent with the expectation of isotropy in the inertial
subrange. The shapes of q(s2) and q(s3) at all measurement
positions could be approximated by functions of the form e−sn

.
As shown in Fig. 5, the value of the exponent n decreased
with distance from the source. At the closest measurement
position (x1/L = 5), n ≈ 1.5, and extrapolation of the data to
the source is compatible with the near-field value n = 2, as
predicted by Batchelor. Towards the end of the measurement
range, however, n seemed to approach the value 0.9, which
is only slightly larger than Richardson’s estimate of n = 2/3.
The present evolution of n has a trend that is opposite to the one
observed by Liao et al. [12], who found that q(s) resembled
Richardson’s pdf near the source and approached a Gaussian
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FIG. 3. (a) Evolutions of the standard deviations of the absolute
mean concentration map σ , the relative mean concentration map σR ,
and the jpdf of the instantaneous centers of mass σM ; dashed lines are
included as a visual aid.

shape with n = 2 as distance from the source increased. On the
other hand, the trend in Fig. 5 is in line with particle tracking
results [6–8], which show that the distance-neighbor function
was best described by Richardson’s pdf.

The mean square particle separation 〈r2〉 was estimated first
as 2σ 2

R and secondly as σ 2
Q, where σQ is defined as the average

of σQ2 and σQ3 [10,12]. The two estimates, plotted together
in Fig. 6, were nearly identical; standard deviations of the
components of σQ and

√
2σR were on the average ±6% of the

mean values. The particle separations were within the inertial
subrange (η �

√
〈r2〉 � L11,1) for the entire measurement

range.
The Richardson-Obukhov scaling law was fit to the mea-

surements in the form

〈r2〉 − r2
0 = g〈ε〉

(
x1 − x0

UC

)3

, (3)

where r0 = 0.53 mm and the time shift x0/Uc was introduced
in accordance with past practices [7,8]. The best-fit line, plotted
in Fig. 6, was achieved for a virtual origin equal to x0 =
−7.5L and a Richardson constant of g = 0.35; the latter value
is within the range of theoretical estimates [5], although it
is somewhat lower than other recent measurements [2]. For
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FIG. 4. (a) Map of the ensemble-averaged 2D autocorrelation
map 〈R(s2,s3)〉 at x1/L = 20 and (b) the distance-neighbor function
q(s2) at x1/L = 12, 20, 28, and 35.

041005-3



RAPID COMMUNICATIONS

CHRISTINA VANDERWEL AND STAVROS TAVOULARIS PHYSICAL REVIEW E 89, 041005(R) (2014)

0 10 20 30 40
0

0.5

1

1.5

2

2.5

x1/L

n
Gaussian

Richardson pdf

FIG. 5. Evolution of the power n, which describes the shape of
q(s) ∝ e−sn

, versus streamwise distance x1.

comparison, the Batchelor scaling law

〈r2〉 − r2
0 = 11

3
C2〈ε〉2/3r

2/3
0

(
x1

UC

)2

, (4)

with C2 = 2.13 [3,4] and without any time shift, is also plotted
in Fig. 6. It is interesting to note that this expression, which
contains no adjustable parameters, was in excellent agreement
with the measurements over a range that extended far beyond
the Batchelor regime (x1/L � 1); although somewhat surpris-
ing, this observation is consistent with previous studies that
observed 〈r2〉 ∝ tγ , with γ in the range between 2 and 3 [2].
The apparent wide overlap of the Batchelor and Richardson-
Obukhov regimes may be attributed to the moderate Reynolds
number of the present flow and hence the presence of only
a narrow inertial subrange [13,16], which does not permit
the development of a wide and distinct Richardson-Obuhkov
regime [4].
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FIG. 6. (Color online) Two estimates of the streamwise evolution
of the mean square particle separation; the Richardson-Obukhov
scaling law is indicated by a dashed line, whereas the Batchelor
scaling law is indicated by a solid line.

The main findings of this work can be summarized as
follows. Estimates of particle separation in the inertial range
of a scalar plume from relative mean concentration maps were
essentially identical with estimates based on distance-neighbor
functions. The shape of the distance-neighbor function was
compatible with Richardson’s expression, in line with particle
tracking studies. Particle separation evolution was consistent
with Richardson-Obukhov scaling with a value of Richard-
son’s constant of g = 0.35. The same results were also
consistent with Batchelor scaling over a range that was much
wider than the Batchelor regime.
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