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A Tapered Box Model of the Cochlea

Luyang Sun, Guangjian Ni and Stephen Elliott
Institute of Sound and Vibration Research, University of Southampton, Highfield Campus, Southampton, UK

Abstract. The complicated, three dimensional geometry of the fluid chambers in the cochlea is often represented in models
of its mechanics by a box with a uniform area along its length. In this paper we use previous measurements of the variation in
area of the two fluid chambers along the length of the cochlea in various mammals, to calculate the variation in the "effective
area" that determines the 1D fluid coupling, which is given by the harmonic mean of the two chamber areas. The square
root of this effective area is found to vary surprisingly linearly along the cochlea length in several mammalian species. This
suggests a variation of the box model in which the width and height of the two fluid chambers are still equal, but now decrease
linearly along its length. The width of the basilar membrane, BM, is assumed to increase linearly along the length of the
model. The analytic form of the 1D fluid pressure distribution due to elemental BM motion is derived for this tapered box
model. The added mass due to the near field acoustic coupling can also be computed, which surprisingly turns out to be almost
constant along the length of the BM. The coupled response of the box model with a passive BM can then be readily calculated.
Although the pressure distributions due to elemental fluid coupling are very different in the uniform and tapered box models,
the distribution of the passive BM response in the coupled models are very similar in the two cases, although the overall level
of the response in the tapered model is about 10 dB greater than that in the uniform model.

INTRODUCTION

The mammalian cochlea has a complicated, three dimensional, geometry including coiling [10]. Its underlying
dynamics, however, can be illustrated with an uncoiled box model [3, 7], which is generally assumed to have a
uniform cross section along its length as shown in the left part of Fig. 1. If the uniform box model represents a
first approximation to the cochlear geometry, for the calculation of the fluid coupling, a sensible second approximation
would thus appear to be the tapered box model, as shown in the right part of Fig. 1. There are several sources of
information about the variation in the physical dimensions of the fluid chambers, along the length of the cochlea in
different species, of which the database of Salt [12] is perhaps the most comprehensive.
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FIGURE 1. Left panel: the uniform box model of the cochlea, in which the height of the fluid chamber and the width of the
cochlear partition and basilar membrane are constant along the length. Right panel: the tapered box model, in which the cross
sectional area has square shape, but decrease along the length, the width of the basilar membrane increases along the length.

The mechanics of the cochlea can be thought of as an interaction between the fluid coupling along these chambers
and the dynamic behavior of the cochlear partition that separates them. The fluid coupling can itself be divided into two
components [4], one due to the plane wave component of the pressure in each chamber, known as the 1D, or far field
fluid component, and one due to the total pressure variations close to the BM, also known as the near field component,
which, together with the plane wave go to make up the full 3D fluid coupling. The 1D component of the fluid coupling
depends on the variation of a single "effective area" along the length of the cochlea [4, 9], which is a function of the
areas of the two physical fluid chambers, above and below the BM. The near field component of the fluid coupling, on
the other hand, contributes an added mass to the dynamics of the BM, which depends on the width and position of the
BM as well as the variation of the geometrical size of the fluid chamber. Since the near field pressure distribution is
local to the BM, whose width is small compared with that of the cochlear partition over most of the cochlear length,
therefore, this pressure is assumed not to be strongly dependent on the area of the fluid chambers [4].
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THE VARIATION OF THE COCHLEAR CHAMBER CROSS-SECTIONAL AREA AND
THE BM WIDTH FROM MEASUREMENT DATA

The geometrical feature that is important in the 1D fluid coupling is the effective area of each chamber, defined by
[4, 9] to be
2A1(x)A
Ael) = TR
Aj(x)+Az(x)

where x is the longitudinal variable and A (x) and A, (x) are the area in the upper and lower fluid chambers. Although
Aj(x) and Ay (x) vary in a complicated way with position, as shown in Fig. 2 for the guinea pig [12], the variation
of A.(x), and particularly, the square root of this effective area is much smoother. The latter can be reasonably well
approximately by a linear longitudinal variation in this case, as shown in Fig. 3.The linearized variation is a reasonable
fit to the square root of the effective area, although it underestimates the true value by about 11% near the base.
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FIGURE 2. A;(x) and A»(x) for the guinea pig [12, 13].

The least square method has been used to fit a linear variation to the square root of the effective cochlear chamber
cross section area in a number of mammalian species (the width and height of fluid chamber along the cochlear
partition, which are assumed to be equal), as shown in the left panel of Fig. 4. The linear curve is assumed to extend
over the entire length of the cochlea, 18.5 mm in the guinea pig, even though the experimental measurements of Salt
[12] only extended to about 16 mm. The effective width of the tapered fluid chamber in guinea pig and cat cochlea,
which is given as W, = H, = \/A,, has also been constrained to be no less than the BM width at the apex. The assumed
variation of the BM width measured along the length of the cochlea for five different species is shown in the right
panel of Fig. 4.
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FIGURE 3. Effective area (left panel) of cochlear chamber for the guinea pig and its square root (right panel) (solid line for
/A, and dashed line for linearized \/A.).
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FIGURE 4. Left panel: Variation of square root of the effective cochlear chamber cross-sectional area along the cochlear
partition for five species (solid line for \/A,, dashed line for W; and H;, where W; and H; are the linearized variation of W,
and H, by using least square method) calculated from the measured A;(x) and A, (x) in Salt [12], and the assumed linear
variations of W, (x) and H,(x), W;(x) and H;(x) (the square root of effective cochlear cross-sectional area), along the whole
cochlear partition for five species. Right panel: Linear approximation to the variation of the BM width, along the cochlear
partition in five species. The BM width for human is derived from [4], cat from [1], guinea pig from [5], chinchilla from [2],
and mouse from [6].

FLUID COUPLING

1D Pressure and Full 3D Pressure

The far field pressure component of the pressure in each of the fluid chambers is derived by one dimensional analysis
for a box model of the cochlea with tapered asymmetric fluid chambers, as described by Ni [8], as

Pr(M)lonany—1 = —16i@pALvgy /PO 7t
2)
. B \1% B
pF(n)|n()<l’l<N = _lélprzv() I(”O)ngz())) e il\i:n lel(n')’

where ng = xo/A, which is the element vibration at position xo of width A, A= L/N. Eq. (2) can be used to calculate
the far field contribution to the pressure difference in the tapered cochlea due to asymmetry in the two fluid chambers.
However, for the uniform box model, Eq. (2) can be simplified into

PF(X)|o<x<xy—a = Zipr(Lh%jO)Vm
(3
PF(X)|xg<xer = 2ia)pA(Lh::C) Vo,

where h,, is the average value of the effective height, equal to T*WoHy, /8By, Wy, Hyy and By, are the average values
of W, H; and B;. Besides considering the far field pressure, the near field pressure should be added to calculate the full
3D pressure. it is the full 3D pressure, which is as shown in Fig. 5, using inverse Fourier transform of its wavenumber
description, as described by Elliott et al. [4].

Near Field Fluid Loading

Apart from the physical mass per unit area of the BM, fluid loading will provide some additional mass, whose variation
is affected by the values of H;(x), W;(x) and B;(x). If W;(x) = H;(x), as assumed here and f3 (x) is equal to B;(x)/W;(x),
the effective additional thickness of BM due to the fluid coupling given by [4] can be written as

I 2
y n%ﬁ(x) coth(n) {H“’S("”ﬁ(x))] ) @)
n=1

T¢(x) = Hj(x) (;z:zﬁ(x) + 1—n2B2(x)
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FIGURE 5. The calculated variation of the modal pressure difference, including both far and near fluid components, for the
uniform and tapered box models of the guinea pig cochlea, when only a single element of the discrete BM at x=5 mm is driven
sinusoidally with a velocity of 10 mm s~ ! at a frequency of 1 kHz.

It is interesting that although the effective thickness changes considerably if either H or B/W varies independently, as
shown in the left panel of Fig. 6, the combination of their variation in the tapered box model gives an effective thickness
which is more independently of the position along the cochlea. The added mass due to near field fluid coupling turns
out to be surprisingly constant along the length of the BM, as shown in the right panel of Fig. 6.
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FIGURE 6. Left panel: effective thickness of fluid due to near field loading as a function of B; /W, for various values of H;.
The stars and black dashed line correspond to the values of B/W as H varies along the length of the guinea pig cochlea for

the tapered box model. Right panel: Variations of the total mass along the cochlear partition, including fluid added mass, for
five species.

COUPLED COCHLEAR RESPONSE

The coupled mechanics of the cochlea from the box model can be calculated using an elemental approach [4], in which
the fluid coupling and BM admittance are combined in a matrix formulation. The fluid coupling includes the variation
in fluid chamber area and BM width described above, and the BM admittance is assumed to be passive. Figure 7 shows
that the calculated distribution of the coupled BM velocity in the tapered and uniform box model including 3D fluid
coupling. In the uniform box model, W, H, and B are taken to be the average of those used in the tapered box model.

The tapered box model has a peak velocity which is about 10 dB greater than the uniform box model and a somewhat
faster roll off at high frequencies.
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FIGURE 7. The magnitude and phase of BM transverse velocity along cochlear partition as a function of position at three
frequencies and as a function of frequency at three positions in 3D uniform and tapered box model for the guinea pig cochlea.
Solid lines for 3D tapered model, dashed lines for 3D uniform model.

CONCLUSION

A simple modification of the widely used box model can be used to take into account the observed longitudinal
variation of effective fluid chamber area and BM width. This tapered box model gives an added BM mass, due to the
fluid coupling, which decreases along the cochlea. The passive coupled response is similar for the uniform and tapered
box models although the peak BM velocity is increased by about 10 dB in the case of the tapered model.
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