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Zeta functions of groups and rings

by Robert Snocken

The representation growth of a 7T-group is polynomial. We study the
rate of polynomial growth and the spectrum of possible growth, showing that
any rational number a can be realized as the rate of polynomial growth of
a class 2 nilpotent 7-group. This is in stark contrast to the related subject
of subgroup growth of 7-groups where it has been shown that the set of
possible growth rates is discrete in Q.

We derive a formula for almost all of the local representation zeta func-
tions of a Th-group with centre of Hirsch length 2. A consequence of this
formula shows that the representation zeta function of such a group is finitely
uniform. In contrast, we explicitly derive the representation zeta function
of a specific Ts-group with centre of Hirsch length 3 whose representation
zeta function is not finitely uniform.

We give formulae, in terms of Igusa’s local zeta function, for the subring,
left-, right- and two-sided ideal zeta function of a 2-dimensional ring. We use
these formulae to compute a number of examples. In particular, we compute

the subring zeta function of the ring of integers in a quadratic number field.
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Chapter 1

Introduction

The study of the representation growth of finitely generated torsion-free
nilpotent groups (or 7-groups, for short) was introduced in [20] and studied
implicitly, for a single group, in [33]. These papers were motivated by the
analogy with the concept of subgroup growth and by the study of represen-
tation varieties, respectively.

We briefly outline these topics, but for a more comprehensive survey one
should consult [30] and [29] respectively. We survey what is known about
the representation growth of 7-groups and outline the content and layout

of the thesis.

1.1 Representation varieties of finitely generated

groups

Let G be a finitely generated group and k be an algebraically closed field
of characteristic zero. We are interested in the representation theory of G
over k, that is, the homomorphisms from G to GL, (k) for some n € N.

If G is finite then the theory is well-studied. Every representation is
semisimple, that is, a sum of irreducible representations, and there are only

finitely many irreducible representations up to isomorphism. The isomor-



phism class of a representation is determined by its character, and so, the
representations of G are completely known once the character table is com-

puted.

If G is infinite then none of the assertions made in the previous paragraph
for finite groups hold in general. The analogue of character theory is the
parameterisation of representations by affine varieties. The details for the

discussion below can be found in [29].

Let (x1,...,2zq | #Z) be a presentation for G and n € N. A d-tuple
(A1,...,Ag) € GL, (k)% determines a representation p : G — GL, (k) if and
only if the matrices A1, ..., Aq satisfy the relations Z. We can translate
the group relations & into polynomial conditions on the entries of the A;,
and so the set of representations of G over k of dimension n has the struc-
ture of an affine variety. Note that we do not require that G is finitely
presented. If G were not finitely presented we would have infinitely many
polynomial conditions, but these conditions would be equivalent to some
finite set of polynomials. We denote this affine variety by Rep,,(G). The
variety Rep,,(G) depends on the field k, but we suppress this in the notation.
Importantly, the isomorphism class of the variety Rep,,(G) does not depend

on the presentation of G.

The orbits of the natural action of GL, (k) on Rep, (G) are not nec-
essarily Zariski-closed, and so the orbit space Rep,,(G)/ GL, (k) need not
have the structure of an affine variety. Let Rep,,(G)// GL,(k) denote the
space of closed orbits. This does have the structure of an affine variety and
is parameterised by the isomorphism classes of semisimple representations.
For details on geometric invariant theory and the construction and prop-
erties of the quotient variety the reader is referred to [32, Chapter 3]. We
denote Rep,,(G)// GL, (k) by SS,,(G) and call it the variety of semisimple
representations. Furthermore, the set of isomorphism classes of irreducible

n-dimensional representations, which we denote by Irr, (G), is an open sub-



variety of SS,,(G). Alternatively, we can think of SS,,(G) and Irr,(G) as
being the spaces of n-dimensional semisimple and irreducible characters of
G, respectively. A geometric description of these varieties can be viewed as
the analogue of determining the characters of a finite group.

For a T-group G, the varieties Irr,,(G) and SS,,(G) are well understood
qualitatively, see [29, Section 6]. To give such a description we first need
a very important definition. Note that Rep;(G) = SS1(G) = Irr1(G) is a

group under the tensor product.

Definition 1.1. Let G be a group. Two representations pi, pa are twist-

equivalent if there exists a 1-dimensional representation x of G such that

p1 =X & p2.

Note that the twisting action descends to give an action on SS,(G) and
Irr, (G). As Irr1(G) is a group, one can easily check that twist-equivalence is
an equivalence relation. The orbits of SS,,(G) and Irr, (G) under the action
of Irr1 (G) are called twist-isoclasses.

Note that, in general, the operations of matrix conjugation and twist-
ing by 1-dimensional representations commute, so that two representations
p1, p2 are in the same twist-isoclass if p; is isomorphic to a representation
that differs from ps by a 1-dimensional representation.

We now describe qualitatively the varieties SS,,(G) and Irr,(G) in the
case where G is a finitely generated nilpotent group. We denote the abelian-

isation of G by G® and the Hirsch length of a group G by h(G).

Theorem 1.2. [29] Section 6, (I) and (II)] Let G be a finitely generated

nilpotent group and let n € N,

1. G has finitely many isomorphism classes of semisimple representations
Onls- -+ Ons(n) Such that SS,(G) is equal to the disjoint union of the
twist-isoclasses of o1, .., 0y s(n). Furthermore, this is a partition of

SS,.(G) into open and closed subvarieties.
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2. Irr,(G) is non-singular. Each of its irreducible components has di-

mension h(G®) and consists of a single twist-isoclass.

1.2 Subgroup growth of 7-groups

Let G be a finitely generated group. Let a,(G) denote the number of sub-
groups of index n in G. Since G is finitely generated, a,(G) is finite for all
n € N. Loosely speaking ‘subgroup growth’ is the study of the properties
of the sequence (a,(G)) and how these properties relate to the structure
of G. An outstanding result in this area is the polynomial subgroup growth
theorem. We say that a group G has polynomial subgroup growth if there

exist ¢, d € Rxg such that a,(G) < cn? for all n € N.

Theorem 1.3. [30, Theorem 5.1] Let G be a finitely generated residually
finite group. Then G has polynomial subgroup growth if and only if G is

virtually soluble of finite rank.

In the landmark paper [16], Grunewald, Segal and Smith introduced zeta
functions to study the subgroup growth of a T-group. Given a T-group G,

its subgroup zeta function is defined as
Ca(s) == Zan(G)n*S. (1.1)
n=1

The overarching questions in the theory of subgroup growth for 7-groups
concern connections between a group’s algebraic structure, the arithmetic
properties of its subgroup growth and the analytic properties of the subgroup
zeta function. In [10] du Sautoy and Grunewald show that the subgroup zeta

function of a T-groups satisfies certain analytic properties.

Theorem 1.4. Let G be a T -group with subgroup zeta function (;(s). There
exists o € Q such that (g(s) converges for R(s) > «. The zeta function

Ca(s) admits a meromorphic continuation beyond its abscissa of convergence

4



and furthermore the continued function has only a single pole on the line

R(s) = « located at s = a.

As a corollary to this theorem one can deduce a precise asymptotic state-
ment about the subgroup growth of G. The proof of this theorem is deep
and requires an application of resolution of singularities, see [10] for the de-
tails. In the proof of the result the growth rate « is determined in terms
of the numerical data associated to a resolution of singularities. However,
while this data is, in principal, available, in practice it is very difficult to
ascertain. Furthermore, it is not clear what structural properties of G are

reflected therein.

1.3 Representation growth of 7-groups

The first topic of this thesis is the representation growth of 7-groups. In
this section we state the basic definitions and record the main results in the
area.

Let G be a T-group. In general, G has uncountably many irreducible
representations in infinitely many dimensions. However we have seen that
the number of twist-isoclasses of a given dimension is finite. This is because
the number of twist-isoclasses is equal to the number irreducible components
of an affine variety. We introduce the main invariants to be investigated.

For n € N, set

T, (G) := #{twist-isoclasses of irreducible complex

representations of G of dimension n}.

In the sequel, by twist-isoclasses we mean twist-isoclasses of irreducible rep-
resentations unless explicitly stated otherwise. We also require notation for

the sequence of partial sums. For n € N, set

n

Rn(G) =) _T(G)

i=1



Being a non-decreasing function, fin(G) has the potential to ‘smoothen out’
some of the variation in the values T,,(G). The sequence (R, (G)) is called
the representation growth of G. A sequence (a,) of natural numbers has
polynomial growth if there exist ¢,d € R>g such that a, < en for all n. By
Lemma [£.4] a T-group has polynomial representation growth, that is, the
sequence (R,(G)) has polynomial growth. We are interested in the rate of

polynomial growth

a"(@) = inf{d € R | 3¢ € R, R,(G) < en?,V¥n € N}. (1.2)

We introduce an important tool in the study of representation growth, the

representation zeta function. For a complex variable s, set

& (s) =Y TG " (1.3)

n=1

This Dirichlet series converges precisely on the right half plane {s € C |
Re(s) > aﬁ(G)} (cf. [26 Chapter VIII]).

Example 1.5. The discrete Heisenberg group H is the set of 3 x 3 upper
uni-triangular matrices over Z. In [33] Magid and Nunley studied the repre-
sentation varieties of H. As stated in Section [I.T] the number of irreducible
components of Irr, (H) is equal to number of twist-isoclasses of dimension
n. They computed that T,,(H) = ¢(n), the Euler totient function. The
Dirichlet series associated with the Euler totient function is well-known (see

[1, Section 11.4]), namely,
N _¢
W(s) = o(mn > =
n=1

where ((s) denotes the Riemann zeta function. Therefore, o/**(H) = 2.

We present a couple of theorems regarding the representation theory of

T-groups that will be needed.



Theorem 1.6. [29, Proposition 1] Let G be a T-group. For alln € N
there exists a finite quotient G(n) such that all irreducible n-dimensional

representations of G are twist-equivalent to a representation that factors

through G(n).

Theorem 1.7. [5, Theorem 11.3] T -groups are monomial, that is every
irreducible representation of a T-group G is induced from a 1-dimensional

representation of a finite index subgroup of G.

A priori, we do not know which finite quotients are candidates for G(n).
In Section [2.2] we show how the Kirillov orbit method can be applied to
find all irreducible representations by inducing 1-dimensional representa-
tions from finite-index subgroups. The method produces an almost canon-
ical set of subgroups and 1-dimensional representations. This set is only
almost canonical, because, as we shall see, there is some choice.

The focus of the fledgling subject of representation growth of 7T-groups
has been to explore the properties of the representation zeta function and

to calculate specific examples.

Theorem 1.8. [12] Theorem 1.1] Let K be a quadratic number field with
ring of integers Ok . Let H(Ok) be the Heisenberg group over the ring of

integers O, that is the 3 X 3 upper uni-triangular matrices over Ok . Then,

where (i (s) is the Dedekind zeta function of the number field K.

Ezzat’s calculations are very constructive: for a specific generating set,
he gives explicit matrices for representatives of each twist-class. In [12] Ezzat
conjectures that the formula should generalise to arbitrary number
fields. In [36] Stasinski and Voll define three infinite families of class-2-
nilpotent groups. Each of these families generalises the Heisenberg group.

Ezzat’s conjecture follows from [36, Theorem B]. It should be noted that
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Stasinski and Voll’s results are not as constructive, specifically they do not
give explicit matrices for the images of a generating set for a representative

of each twist-isoclass.

1.4 Localisation

In this section we describe how the process of calculating the representation
zeta function of a T-group can be ‘localized’. Let G be a T-group. For a

prime p we define the p-local representation zeta function

(e 9]

CE(s) = D T (@) ) (1.5)
1=0

The p-local zeta function is the Dirichlet generating function that encodes
the numbers of twist-isoclasses of p-power dimension. In Section |4.1.2] we

will see that the global zeta function satisfies the Euler factorisation
CE (s H G () (1.6)

where the product is taken over all primes. This result is key. In view of this
factorisation, the p-local representation zeta functions are often referred to
simply as the p-local factors. The remainder of this section collects some of

what is known about these local factors.

Theorem 1.9. |20, Theorem 8.4] Let G be a T -group. For all primes p, the

local representation zeta function (E; (s) is a rational function of p~*.

A consequence of this theorem is that the sequence (r,i(G)) satisfies
a linear recurrence relation. The proof of Theorem requires a deep
application of a model-theoretic result, for the details see [20].

The p-local zeta function of G can be seen as the global zeta function
of a local object, namely the pro-p completion of G. Let @p denote the
pro-p completion of G. We consider only continuous representations, those

of finite image. A representation of ép is called p-admissible if it factors

8



through a finite p-group. Two representations are p-twist-equivalent if they
are twist-equivalent by a p-admissible 1-dimensional representation. We de-
fine TP) (CA;'p) to be the number of p-twist-isoclasses of p-admissible irreducible
complex representation. Note that ?ﬁlp)(@p) is zero unless n is a p-power as
irreducible representations of finite p-groups have p-power dimension. The

representation zeta function of @p is as defined as follows:

Clrr Z"{p ép (17)

Proposition 1.10. [20, Lemma 8.5] Let G be a T -group. For all primes p,

Gty (s) = €2 (s).

Actually, Hrushovski and Martin show that there is a canonical bijection
between the set of twist-isoclasses of p’-dimensional representations of G and
the p-twist-isoclasses of representations of @p of dimension p'.

We finish this section by recalling two results, due to Voll, about the

local factors.

Theorem 1.11. [38] Let G be a T-group. There exist rational functions
Wi(X,Y), ..., Wi(X,Y) over Q and smooth projective varieties Vi, ..., Vj

over Q such that, for almost all primes p,

E,rp Z!V )W (p,p~*),

where |V;(F,)| denotes the number of Fp-rational points of V;, the reduction

of Vi modulo p.

The proof is non-constructive. In general, the specific rational functions
and smooth projectives varieties are unknown. The proof requires an appli-
cation of a deep result from algebraic geometry: principalisation of ideals,
a generalisation of the concept of resolution of singularities. Voll uses this

formula to show that the local factors satisfy a local functional equation.

9



Theorem 1.12. [38, Theorem D] Let G be a T -group with derived group of

Hirsch length d. For almost all primes p,

Cp(8)lpsp—1 = PCE(s).

For details on local functional equations, see [38], Section 1]. Conceptu-
ally, this result has an interesting consequence. The representation growth
of a T-group G ‘knows’ the Hirsch length of the derived group of G. This is

one of the first results demonstrating the connection between the structure

of the group and the properties of the sequence (7,(G)).

1.5 Summary of results

The main results of this thesis concern the representation growth of 7o-
groups and the subring and ideal growth a 2-dimensional rings. In this
section we outline the layout of the thesis and summarize the main results.

Chapter 2 describes the main technical machinery necessary to enumer-
ate twist-isoclasses of representations, namely, the Kirillov orbit method and
elementary divisors. We show that the computation of (almost all) local rep-
resentation zeta functions of a 7-group G can be reduced to enumerating
the elementary divisors of a matrix associated to the structure of G.

Chapter 3 introduces Igusa’s local zeta function and describes its basic
properties and presents a series of tools for explicit computation.

In Chapter 4 we investigate the abscissa of convergence and its relation to
the structure of the group. We establish a number of elementary properties
and determine the abscissa of convergence for direct products and certain
classes of central products. The latter result allows use to deduce the first
major result of the thesis, that every positive rational number is realised as
the abscissa of convergence of a Ts-group. This is particularly interesting

because this is not the case for subgroup growth. Finally, we give bounds

10



on the abscissa of convergence in terms of the structure of the group. This
last result is due to joint work with Shannon Ezzat.

Chapter 5 concerns uniformity. Loosely speaking, a representation zeta
function satisfies uniformity properties if its local factors are similar, see
Chapter 5 for a precise definition. The main result of this chapter states
that if the center of T5-group has rank 2 then the representation zeta function
satisfies a uniformity property. Furthermore, a To-group with center of rank
3 is exhibited and its representation zeta function is shown not to be uniform.

In Chapter 6 we use the tools from Chapter 2 to compute a number of
representation zeta functions.

Chapter 7 concerns subring and ideal growth in 2-dimensional rings. The
main results of this section shows that the subring and ideal zeta functions
of a 2-dimensional ring R can be expressed in terms of Igusa’s local zeta
function associated to ideal which depends on the structure of R. As a
corollary to these main results, a classification of the possible growth rates
is given. Finally, the formulae are used to compute a number of specific
examples. These results are similar to results obtained in [22], where the

authors focus on the rings Z" equipped with component-wise multiplication.

11
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Chapter 2

Enumerating twist-isoclasses

In this chapter we present the main techniques that will be used in the inves-
tigation of representation zeta functions of 7-groups throughout this thesis,
namely, the Kirillov orbit method and elementary divisors. For details on
the Kirillov orbit method for 7-groups consult [19] and [36]. An alternative

method for enumerating twist-isoclasses is developed in [12].

2.1 Lie rings

Definition 2.1. A Lie ring L is an abelian group (written additively) with

an operation [, -], called the Lie bracket, satisfying
e Bilinearity: [z + vy, z] = [z,2] + [y, 2], for all z,y,z € L
e The Jacobi Identity: [z, [y, z]]+y, [z, z]]+[z, [z,y]] =0, forall z,y,z € L
e Forallz € L, [z,2] = 0.

In particular, [-,-] is antisymmetric. We assume further that (L, +) is
finitely generated and torsion-free, that is, isomorphic to Z". If A, B C L
then [A, B] denotes the Lie subring spanned by all Lie brackets of elements

from A with elements from B.

13



The lower central series {v;(L)};en of a Lie ring L is defined inductively
by v1(L) = L and ~;41(L) = [L,v(L)]. A Lie ring is class-c-nilpotent if
Yet1(L) = 0, but v.(L) # 0. The derived subalgebra ~2(L) is denoted by L.
The centre Z(L) of Lie ring L is defined as Z(L) ={y € L | [y,z] =0,Vz €
L}. We say that a Lie subring A of L is saturated in L if, for n € N, nx € A

implies that = € A.

If L is a class-2-nilpotent Lie ring then L' C Z(L). For a class-2-
nilpotent Lie ring L let x1,...,%m,y1,--.,Yn be an additive basis such that
(y1,.--,yn) = Z(L). Clearly such a basis exists because Z(L) is saturated
in L. For all i,j € [1,m], i < j the Lie bracket [z;, z;] is an element of the
centre. Thus [z;, z;] =D p_, )\ijk, for some )\fj € Z. The )\fj are called the
structure constants of L with respect to the chosen basis.

Conversely, let z1,...,%m,y1,...,yn be an additive basis of Z™". We
can define a Lie bracket on Z™*™ by choosing arbitrary structure constants
)\fj €Zforl<k<mand1l<i<j<m. Set|z;z]= Zzzlz\ijk and
prescribe each yi to be central. The Lie bracket can be extended to the
whole of Z™" by anti-symmetry and bilinearity. The Jacobi identity will

then be trivially satisfied as any nested bracket will be equal to 0.

A presentation of a class-2-nilpotent Lie ring L consists of an additive
basis z1,...,Zm, Y1,...,Yn and for each i,5 € [1,m], i < j a linear form
in y1,...,Yn. By convention, Lie brackets that do not follow from those

presented are assumed to be trivial.

We write 72 to denote the class of class-2-nilpotent T-groups. We now
show how to construct a class-2-nilpotent Lie ring from a T-group and
conversely.

Let G be a Ta-group such that h(G/Z(G)) = m and h(Z(G)) = n. A
Mal’cev basis for G is a set of generators zi,...,Zm,y1,--.,Yn, where the
images of z1, . .., T, are a basis of the abelian quotient G/Z(G) and y1, . . . yn

are a basis for Z(G). For details on Mal’cev bases see [I5], Sections 1 & 5.

14



Since G is class-2-nilpotent each group commutator [z;,x;] is central and

there exist )\fj € Z such that G has a group presentation

G:< Tlye.-Tp,
Yi,---Yd

where all other commutators that do not follow from those presented are

d
[wi,aj] = [[ s, 1<d,j < n> ;o (21)
k=1

trivial. The Afj are called the group structure constants and depend on
the chosen Mal’cev basis. It follows that ¢ € G can be written uniquely as
g=a1 ... znm T . yn/n, where ei,fj€Zforl<i<mand1l<j<n.

The abelian group G/Z(G) & Z(G) has a natural Lie ring structure in-
duced from the group commutators of G. Fix a Mal’cev basis for G. Iden-
tify x1,..., 2, with their images in G/Z(G). Then z1,...,Zm,Y1,---,Yn
are a generating set for G/Z(G) & Z(G) = Z™*", which is written as an
additive group. For i # j we define the Lie bracket of x; and z; to be
[z, 25] := Zi:l )\ijk, where the )\fj are those appearing in the presentation
of G. Of course, [z;,z;] := 0 and for 1 < i < n the Lie bracket of y; with
any other element is trivial. The Lie bracket is extended to G/Z(G) ® Z(QG)
by anti-symmetry and bi-linearity.

The additive group G/Z(G)® Z(G) together with the Lie bracket defined
above is called the Lie ring associated with G and is denoted L(G). Let
a=(ay,...,am) € Z™ and b = (by,...,b,) € Z™ then the element a1z +
ot AT F b1y 4 - F bpyn € L(G) will be denoted x2yP. If x?yP’ s
another element of L(G), then x2yP 4 x?'yP" = xata'yb+b’,

The group structure can be reconstructed from the Lie structure. First,
note that the structure constants )‘Z’ are determined by the Lie bracket on
L(G). We define a binary operation * on L(G) as follows. Declare the

monomials y'O to be central and, for 1 <7 < j < m define

a;a; A

a; aj  a; 45 aza;\L i
aril*xj —xizacj Y1 T Ym,

The definition of the binary operation % is then extended to L(G) in the

15



obvious way and we have that (L(G),*) is isomorphic to G. For further
details on this construction see [36], Section 2].

While we can think of having one set that has both the structure of a
Lie ring and a group, we prefer to think of them as separate objects. We
denote the map from L(G) to G determined by the above construction by
A~! and its inverse by A. The map X is used to define the adjoint action of

G on L(G). Let g € G then

Ad, : L(G) — L(G)

= Mg ) *zxA(g) .
The adjoint action is given by

G x L(G) — L(G) (2.2)

(9, 2) = Ady(z) .

—

The dual group L(G) := Homgz(L(G),C*) is the set of homomorphisms
from the underlying abelian group of L(G) to C*. For g € G,z € L(G) and

— —

1 € L(G) the coadjoint action of G on L(G) is given by

A5 (x) = (Ady (@) - (2.3)

2.2 Kirillov orbit method

The Kirillov orbit method is an umbrella term for a collection of related
results in the representation theory of several classes of groups. It was first
developed in [23] by Kirillov to study the unitary representations of nilpotent
Lie groups. The method has been adapted to other classes of groups. In
[19], Howe gives a treatment for 7-groups.

In this section we recall the Kirillov orbit method for the specialised case

of Ta-groups, as described in [36], Section 2.4].
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—

Let ¢ € L(G) and define a binary form on L(G). Namely,

By : L(G) x L(G) — C*

(z,y) = Y([z,y]) -

A subalgebra P of L(G) is called a polarising subalgebra for v if By|pxp =1
and P is maximal with respect to that property.

For a subalgebra A of L(G), ¢ € L/(a) is called rational on A if |4
is a torsion element, that is there exists n € N such that ¢)(A)" = 1. Let
(NS le?) be rational on L(G)'. By [36, Lemma 2.14], finite-index polarising
subalgebras for v exist.

Let ¥ € L/(E) be rational on L(G)" and suppose that P is a polarising
subalgebra for 1. For a T3-group G the maps A and A~! establish an index
preserving bijection between the finite index subgroups of G and the finite
index subalgebras of L(G). Furthermore, under the aforementioned corre-
spondence, normal subgroups are paired with ideals. Let II = A~'P, then
IT is a finite index normal subgroup of G.

In general, the map ¥ o A : G — C* is not a homomorphism. However,
the restriction to II is a homomorphism. This follows from the fact that
for g1,92 € I, ¥([g1,92]) = 1. That is, » o A : G — C* restricts to a
1-dimenstional representation of II. Write 7(¢) for the induction of this 1-
dimensional representation from IT to G. Thus 7(¢) is a |G : II|-dimensional
representation of G.

In the context of representation growth the dimension of the induced
representation, equivalently the index of the normal subgroup II, is our
focus. Let ¢ € L/((?) be rational, we know that a polarising subalgebra P
for v exists, but in general, polarising subalgebras are not unique. However,
the index of the polarising subalgebras for ¢ is an invariant. The radical

Rady of ¢ is {x € L | ¥([z, L]) = 1}.

—

Lemma 2.2. [36] cf. Lemma 2.13] Let ¢ € L(G) be rational on L(G)" and
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let P be a polarising subalgebra for 1. Then |L(G) : Rady | = |L(G) : P|*.
For v € L/(CF), let ©(1)) denote the orbit of 1) under the coadjoint action
of G on L/(CF)

Theorem 2.3. [36, Propostion 2.16] Let G be a Ty-group. For every
rational v € L/(CT) the representation w(1)) is irreducible and of dimen-
sion |Q)|Y/2. Furthermore, every irreducible representation of G arises

in this manner. For 1,¢ € L(G) the representations m(v), w(¢p) are iso-

morphic if and only Q(¢) = Q(¢p). They are twist-equivalent if and only if

Yy = oy

—

Let € be a finite orbit of the coadjoint action of G on L(G) and let ¢ € Q,
write Stabg(v)) for the stabiliser of 1. By the Orbit-Stabiliser Theorem,
Q| = |G : Stabg ()| and therefore dim () = |G : Stabg(v)['/2. Under
the index-preserving bijection between finite-index subgroups of G' and the
finite-index subalgebras of L(G) the stabiliser Stabg(v)) is associated with
the radical Rad,. Therefore, dim () = |L(G) : Rady |'/2.

See [12] for a different method for computing the representations of a

T-group.

2.3 Elementary divisors

In this section we define the elementary divisor type of a matrix with entries
in Z/p~. These definitions can be extended to much more general situations.
We restrict our definitions to the context we need. We then prove some

simple facts about elementary divisor types that will be required throughout.

Let A € Maty(Z/p"), the set of d x d matrices over Z/p". By the Ele-
mentary Divisor Theorem [27, Theorem 7.8], there exist o, 3 € GLq(Z/p™)
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and my,...,mg € [0, N] such that

p 0
pm?
OZAB = ) (2 4)
0 pd
where mq < mo < --- < my. Note that «, are not necessarily unique.

We say that A has elementary divisor type (mi,...,mgq) and write v(A) =
(ml, oo ,md).
The elementary divisor type of a matrix A is simpler to determine if A

has a large unit minor.
Lemma 2.4. Let A be matriz with unit i-minor. Then mi; = --- =m; = 0.

Proof. First note that a matrix with unit determinant must have elementary
divisor type (0,...,0). Now if A has a unit i-minor we use row and column
operations to move the corresponding i X ¢ submatrix of A to the upper left
corner. We use further operations to transform the upper left corner into
the ¢ x i identity matrix. After the described transformations the matrix A

now has the following form:

(2.5)

(id) (iid)

The areas (i) and (ii) can be cleared of non-zero entries easily. We can
now preform row and column operations on area (iii) that will not affect the
upper left section or areas (i) and (ii). Hence, the elementary divisor type

of Ais (0,...,0,m41,...,mg), for some m;y1,...,mg € Ny. O
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More generally, the elementary divisors are determined by minors of A.

Let o; denote the set of +-minors of A.

Lemma 2.5. Suppose a d-dimensional matriz A € Maty(Z/pN) has ele-
mentary divisor type (m1,...,mg), where 0 < my < --- < myg < N, then

my + -+ +m; = min{v,(0) | 0 € 7;}.

This follows from the fact that row and column operations do not affect
the p-adic valuations of minors. Lemma [2.5] gives us another approach to
calculating the elementary divisor type of an arbitrary matrix. However, it
is very computationally intensive.

The elementary divisor types of antisymmetric matrices is vital to the
computation of local representation zeta functions. We now present a few
key facts concerning the elementary divisor types of anti-symmetric matri-

ces.

Lemma 2.6. Let A be a d x d anti-symmetric matriz over Z./p~ , for some

N € N. Ifd is even then there exists a € GL4(Z/p") such that

mi1

aAal = ,

0 pmd/2

_pmd/Z 0

where my < -+ <myy 9 < N. Ifd is odd, then there exists o € GLq4(Z/p™)
such that

adal = ' ,
0 pLas2)

_med/zj 0
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In particular, if d is even then v(A) = (m1,m1,. .., Mg/, mqs2) and if d

is odd then v(A) = (m1,m1,...,m /2], Mq/2], N)-

Proof. We can construct such an « implicitly by describing simultaneous
row and column operations that have the desired affect. Let a be an entry
of A with minimum p-adic valuation amongst the entries of A. Use simul-
taneous row and column operations to bring a to the (1,2) position. By
anti-symmetry the (2,1) position is now occupied by —a. If vy(a) = my,
then a = up™ for some unit v € Z/p". Multiply rows and columns 1
and 2 by u~!. After the operations described above the matrix A has been

transformed into a matrix of the following form.

0 pm™ ()

(i) (i)

Now, any non-zero entries in areas (i) and (ii) have p-adic valuation greater
than or equal to m;. We can therefore use simulataneous row and column
operations to turn these entries to 0. Now, area (iii) is an antisymmetric

matrix. The result then follows by induction. O

We already know that the elementary divisor type of A is determined by
the minors of A. In the case where A is anti-symmetric we can say more.
Recall that a submatrix of A is determined by the intersection of a subset
I of its rows with a subset J of its rows. A minor is called principal if
it is the determinant of a submatrix determined by subsets I and J with
I = J. Let a?rin denote the set of principal i-minors of A. Let v(A) =

(my, my, ma, ma,...).

Lemma 2.7. [I8, Section 3] Let A be a non-zero n X n anti-symetric matric

over Z/p™ . Then 2mq+2ma+...2m; = min{v,(c) | o € 2;} = min{v,(o) |
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prin
og€oy ).

In words, the elementary divisor type of an anti-symmetric matrix A
is determined by its principal minors. In practice, Lemma 2.7 can ease

computations significantly.

2.4 Formulae for local zeta functions

In [38, Section 3.4] Voll uses Howe’s description [19, Section II] of the finite-
dimensional representations of a T-group G to, for almost all primes p, give
several formulae for the p-local representation zeta function Cg?p(s). Later
in [36], Section 2.4.2] Stasinski and Voll gave a description in the special case
of Ta-groups.

This section presents these results. In order to compute the global rep-
resentation zeta of a group G it is sufficient to calculate all local factors.
The first formula is derived from the results of the Kirillov orbit method.

It first appeared in [38, Corollary 3.1], but is proved for all primes as [36,
Corollary 2.17].

Theorem 2.8. Let G be a Ta-group and p be any prime. Then

B(s)= > |L(G):Rady | (2.7)

YEL(G)Y
rational of
p-power period

We say that ¢ has p-power period if the image of L(G) under v is
contained in the p-power roots of unity in C*.

A subalgebra A of an algebra B is saturated in B if nx € A implies that
x € A. If the derived ring L(G)’ of L(G) is saturated in the center Z(L(G)),
then the results of this section are valid for all primes. In the case that
L(G) is not saturated in Z(L(G)) there is a finite index subgroup A of G
such that L(A)PT™€ is saturated in the center Z(L(A)).
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Let L(G) have presentation

< Tlye-.Tp,
Yi,---Yd

where for 1 < k < d, yi is central. Write y = (y1,...,yq), the structure

d
k=1

matrix Ry () (y) of the Lie ring L(G) is the n xn matrix of linear forms where
(Re)(¥))ij = Ezzl )xijk The structure matrix Ry (g (y) depends on the
set of generators chosen for L(G). However, the properties of the structure
matrix that feature in the sequel are invariants of the Lie ring L(G). To
ease notation, Rpg)(y) is refered to as the structure matrix of L(G).

Let ¢ € L/(G\)’ be of p-power period. Then v is determined by {¢(y) | 1 <
k < d} and for 1 < k < d, 9(yx) is a p-power root of unity. Let N € N
be the maximum natural number such that {¢(yx) | 1 < k < d} contains a
primitive pNth root of unity, but does not contain a pN*tlth root. Identify
Y with ((y1),...,¥0(yr)) € (Z/pNZ) < p(Z/p™NZ)?. Via this identification,
there is a bijection between the non-trivial p-power elements of ﬁG\)’ and
UN=1(Z/pNZ)* \ p(Z/p"NZ)".

The structure matrix, Rp(q) (y), can be considered as a matrix of linear
forms. Let Y = (Yi,...,Yy) be a d-tuple of variables. Then Rp ) (Y)
is d x d matrix over Z[Y]. Suppose that ¢ € L/(G\)’ is identified with a €
(Z)pN 7))\ p(Z/pN7Z)%. Then the dimension of the representation 7(¢) of G
associated with ¢ is determined by the elementary divisor type of Rpg)(a).

Now, R (a) is a matrix with entries in the finite ring Z/ pN7Z. There exist

o, € GL,(Z/pN7Z) such that
1

aRL(G) (a)ﬁ = . )

Mn

p

where m; < --- < m, < N and noting that p¥ = 0 in Z/pNZ. That

is, Rr(c)(a) has elementary divisor type m = (my,...,my). If 7() is
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the representation of G associated with a € (Z/pVZ)? < p(Z/pN7Z)%, then
dim 7 (e)) = p% Lisi(N=m4) e the proof of [38, Proposition 3.1] for the de-
tails. The second formula expresses the p-local representation zeta function

in terms of elementary divisors. Let Z = Z(G) denote the centre of G.
Theorem 2.9. [36, cf. Proposition 2.18] Let G be a Ta-group such that
hG/Z) =n and h(G') = d. Then for almost all primes p,

) =143 S Nymp 3 S m), (2.8)

N=1meNg

where N = #{a € (Z/p"Z)* ~ p(Z/p" L) | v(Rp(6)(a)) = m}.

A p-local factor is called exceptional if equation (2.8) is not valid for p.
The formula is valid for all primes if L(G)’ is saturated in Z(L(G)) and
each entry of the structure matrix is either equal to +y for some k € [1,d]
or 0. These conditions are sufficient, but they are not necessary.

The final formulation presented in this section expresses the local factor
Cg“p(s) in terms of a p-adic integral. For 1 < j < n, let o; denote the set of
j-minors of Ry (y). Note that o9 = 1 and let f := max{j € [0,n] | (7;) #

(0)}-

Theorem 2.10. [38, Section 2.2] Let G be a Ta-group such that h(G/Z) =n

and h(Z) = d. Then for almost all primes p,

CEp(s)
14y 1 ﬁ 1 / | ’fS—d—lli[ lo Vza1ll*
- =1 =i 7. X 7.8\ 7,3 T . H,
(L=ph) i L p Sty o el
(2.9)
where | - | denotes the p-adic absolute value and for a set A, ||A|l =

mazqea{lal}.

A detailed exposition on p-adic integrals such as the one in equation

(2.9) in given in Chapter 3.
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Chapter 3

Igusa’s local zeta function

Igusa’s local zeta function is a key tool in the study of zeta functions as-
sociated to T-groups, both in the proof of general results and in specific
computations. We begin this chapter by giving a brief outline of the his-
tory of Igusa’s local zeta function. In Section we highlight some general
results of the theory and Section consists of a ‘toolbox’ of methods for

calculating specific examples.

3.1 History

For p be prime, let X be a smooth projective variety defined over F,. We de-
fine Npm (X)) to be the number of Fym-rational points of X. The variety X is
defined by homogeneous equations and the numbers Ny (X) are simply the
number of solutions of the equations over F,m. The sequence (Npm (X))men
encodes a lot of arithmetical information about the variety X. To study the

sequence we introduce the p-local zeta function of X at the prime p:

Zx(p,t) = exp (Z Nym (X)i:> (3.1)
m=1

In [40] Weil made a number of highly influential conjectures. Although they

are now theorems they are still known as the Weil conjectures.

25



Theorem 3.1. [17, Appendix C] Let X be a smooth projective variety de-

fined over IF), of dimension n.
1. (Rationality.) Zx(p,t) is a rational function of t.
2. (Functional equation.) There exists E € Z such that

Zx(p,p "t ™) = £p" I Zx (p,t).

3. (Analogue of the Riemann Hypothesis.) It is possible to write

_ Pi)Pa(t) ... Popi(t)
Zx(p,t) = ]lao(t)]QDQ(t)...;’Qn(lt) 7

where Py(t) = 1—t, Py, (t) = 1—p"t and for each 1 <t <2n—1, P;(t)
is a polynomial with integer coeffients. Further, P;(t) can be written

as a finite product

Pi(t) = H(l — ayjt),

where the ay; are algebraic integers such that oy | = pi/2.

Weil established these conjectures in the case of curves in 1948; cf. [39].
The rationality and functional equation for higher-dimensional varieties was
first established by Dwork in [11]. The analog of the Riemann Hypothesis
was finally established in 1974 by Deligne in [6]. The proofs are deep and
require significant machinery. For a more detailed discussion of the history
of the Weil conjectures see [17, Appendix C].

The Weil conjectures have many deep consequences. In particular, ratio-
nality implies that the sequence (Npm (X)) is determined by a finite number
of the Npm (X).

Now let X be a smooth projective variety defined over Q. For each prime
p we can consider the p-local zeta function associated with X, the reduction
modulo p of X.

The L-function of a smooth projective variety X defined over Q is de-

fined, loosely speaking, by multiplying all of the p-local zeta functions of
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X together. One hopes that the L-function contains information about the
global structure of the variety.

For example, in the case where X is an elliptic curve the L-function
converges on PRe(s) > 3/2 and has meromorphic contiuation to the entire
complex plane. It is well known that an elliptic curve over Q carries the
structure of an abelian group. The Birch Swinnerton-Dyer Conjecture states
that the rank of this abelian group is equal to the multiplicity of the zero
at s = 1. For details on L-functions associated with elliptic curves see [35]
Appendix B, Section 16].

The success of studying varieties defined over Q by considering the num-
bers of solutions in the tower of finite fields F,» lead number theorists to
consider another ‘tower’. The field of p elements can be viewed as the first
level in a different system, namely the rings Z/p™Z. Let f(z1,...,2,) €
Zlz1,...,x,) and let N,,(F) denote the number of roots of F over (Z/p™7Z)".
Motivated by the success of the Weil conjectures, we study these numbers
simultaneously by encoding them in a single power series Pp(t), which is

called the Poincaré series associated with the polynomial F'. We set
o0
Pp(t) =Y Nu(F)(p )™ (3.2)
m=0

Analogously to towers of finite fields, it was conjectured (see [4, Section 5,
Problem 9]) that the number of solutions modulo p™ should be determined
by a finite number of levels or, more precisely, that Pg(¢) is a rational
function in ¢t. Igusa showed that this problem can be phrased in terms of

certain p-adic integrals, which we now introduce.

3.2 Igusa’s local zeta function

The p-adic integers Z, are compact. By the Haar Theorem [28], Section 29]
there exists a unique Haar measure ;1 on the additive group of Z, such that

((Zp) = 1. Then the Haar measure on Zj is given as the product measure
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and is also denoted by pu. We use this measure to define integration over
Zy. Denote, for z € Qp, by vp(z) the p-adic valuation and by || = pur(?)

the p-adic absolute value.
Let x = (21,...,2,) and F(x) € Zp[x]. For a complex variable s, we
define Igusa’s local zeta function associated to the polynomial F' by setting
2r(s) = [ PG (3.3)

Ly

For a more comprehensive introduction to Igusa’s local zeta function
see [7]. We now explain the connection between Igusa’s local zeta function
Zr(s) and the Poincare series Pp(t). The Haar measure p on the p-adic

integers 7, satisfies the following property:
(¥) pu(S) = p(a+S) for any measurable subset S C Z, and a € Z,,.

We normalise the Haar measure so that ;1(Z,) = 1. The property (*) implies
that u(p™Z,) = p(a + p™7Z,) = p~—™. The additive cosets a + p™Z, form
a basis for the topology of Z,, thus we can calculate the Haar measure of
any open subset. The Haar measure on Zj is given as the product measure,
therefore, u(p™Zy) = p(p™Zp)" = p~™". We rewrite the integral Zp(s) over

subsets where the integrand is constant. We clearly have

Zp(s) = F(x)|°du,
# () %/V(m)| () dp

where

V(m) :={x € Z, | vp(F(x)) = m}.

However, since the integrand is constant on V(m) we see that

Now we make the connection between the measure of the subsets V' (m) and

the numbers Np,(F). If W(m) := {x € Zy | v,(F(x)) > m} = {x € Zj |
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F(x) = 0mod p™}, then V(m) = W(m) ~ W(m +1). W(m) is the union

of N (F') cosets of p™Z; each of measure p~™" and so,
p(V(m)) = N (F)p™ ™™ = Ny (F)p "D,

Therefore, by (3.2),

Zp(s) = Y (Nn(F)p™™" = Nyya (F)p 0" D)pre

m=0
=D Nu(E) " )" =" Y N (F)(p %)

m=0 m=0
=Pr(p™") = p*(Pr(p~?) - 1). (3.4)

Rearranging, we see that
N e 24 C)
Prp™) = — s

In [21] Igusa showed that Zp(s) is a rational function of p~*, which in turn
proved that the Poincare series Pp(t) associated to the polynomial F'(x) is

a rational function in ¢.

3.3 Toolbox

The rest of this chapter is devoted to explaining various techniques for cal-
culating Igusa’s local zeta function for particular classes of polynomials that

are required for our computations.

Example 3.2. Consider

2.5)= | laldn

P

Since Ny, (z) = 1 for all m, we have

1
1— p—l—s ’

P(p™*) =Y ()" =

m=0

29



Therefore, by (3.4]),
1-— p’1
Z = Sd = .
)= [ e = P
Alternatively, we can calculate the integral directly. Indeed,

o)

Zo(s) = ) n{z € Zy [ vp(x) = mp)p™".

m=0
Let x € Z, then x = Y22 x;p', where 0 < x; < p — 1. One has v,(z) = m
if and only if 21 = -+ =, = 0 and zy, 41 # 0, thus p({z € Z,, | vp(z) =
m}) = (1—p~")p~", so
o0 -1
Zu(e) = 3 (1= "y = T
=0

m

3.3.1 Fubini’s theorem

In the general theory of integration Fubini’s theorem [3, Theorem 10.10]
gives a criterion for when the order of integration can be reversed in an
iterated integral. We require the use of a standard corollary to the theorem,

which we present specialised to the case of Igusa’s local zeta function.

Proposition 3.3. Let F(x1,...,2q) be a polynomial with coefficients in Z,,.

If F(x1,...,2q) = H?Zl fi(zi) for polynomials fi(x) € Zp[z],i € [1,d] then

d
[ safdn =1 [ Ufitwldn
zg i=1"Lp

Example 3.4. Let F(x) = H;;i:1 x;" where each e; € N. By Proposition
and Example

d d
. 1 —p_l
_ e1,.e (& _ € —
ZF(S) = /Zg |x11x22 .. .xdd‘sd‘u = Jll /Zp |$z |3d,u, = lel 1 _pflfeis'

This example shows that we can easily calculate Igusa’s local zeta func-
tion associated with any monomial. A technique in calculating more com-
plicated examples is to reduce the problem to calculating Igusa’s local zeta

function for monomials. A lot of the techniques that follow do just that.
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3.3.2 Change of variables

When evaluating an integral it is often convenient to change the coordinate
system of the domain of integration by a differentiable map. In doing so,
the Jacobian keeps track of the change in measure, cf. [I3] Section 235]

Let F(x) € Zp[z1,...,z4) and ® : U — V be a bijection between subsets
U,V of ZZ given by d polynomials y;(x1,...,24),...,y4d(x1,...,24) defined

over Zy,. The Jacobian of this transformation is

Oy1 Oy1
82171 e 6md
Jo = ) )
9yq 9yq
82171 e 6md

and

Zi(s) = /U F)|*dps = /V ((F 0 ®)(x)/*| det(Ja) dj,

Example 3.5. Let F(x,y) = 22 + xy. Consider the change of variables
given by the map (z,y) — (z,y — z). The determinant of the Jacobian of

this transformation is equal to 1. Therefore, using Example we have

2r(s) = [ 1+ ayld= [ la® +a(y - a) 1ldn
P

p
_ 2
1—p 1
=/ Ixylsduz/ lesdu/ ly|*dp = <1_1_s> :
72 Zp Zp 4

We can also use a change of coordinates to calculate integrals over certain

domains of integration different from Zg.

Example 3.6. Consider the integral fpzp |z|*dp. The map ¢ : Z, — pZ,

given by = — px has Jacobian (p). Therefore

J.

by Example

(L—php '
1— p—l—s

bl

2l du = /Z Ipel*|pldp = p= / 2l du =
P

P P
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Let F(x1,...,x4) be a homogeneous polynomial of degree n. Then the

transformation ¢ : Zg — ng given by (z1,...,24) — (px1,...,pry) yields

<) |5 — " E(x)|S d — ,—d—ms <)|® )
[ Feordn = [ wrrerian =y [ peoran 9

P Zp 7
3.3.3 Coset decompostion

One general approach to calculating an integral is to divide the domain of
integration into pieces on which the integrand takes a simpler form. In the
case of p-adic integration, the arithmetic suggests a very useful decomposi-

tion Z, into cosets modulo p™.

Example 3.7. Let F(z) = (z — 1)(z — 2)(z — 3) € Z[z]. In this case
a transformation of coordinates will not allow us to obtain a monomial.
For simplicity, assume that p > 3. We decompose the integral into cosets

modulo p.

|(z = 1)(z = 2)(z = 3)[*dp

JRCENCER RIS o A,

P acly {:cEa mod p}
Here the sum is not over F,, but rather the Teichmiiller representative of
the cosets of pZ,. The Teichmiiller representatives are the p solutions of
2P —x = 0 in Z,. We denote them by F, because there is a map from F,
to the Teichmiiller representatives which preserves the multiplicative struc-
ture. It does not, of course, preserve the additive structure. We do not
make use of these facts. We simply use I, as notation for the Teichmiiller
representatives.

Each summand of the right hand side is now easy to calculate. If z =1

mod p then v,(z — 2) = vy(z — 3) = 0 so that

/{ . }r<x—1><x—2><w—3>|8du=/{ PTRLaRILE

z=1 mod p z=1 mod p

and by the change of variables x — « + 1, which has Jacobian of unit
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determinant,

A—pHp~

Ji vy Mo D= [ el = SR
{mzl mod p} Ly

by Example A similar arguement holds for the cases where z = 2, 3

mod p. If z # 1,2,3 mod p then v,((x — 1)(x — 2)(x — 3)) = 0 and so

the integral is equal to the measure of the domain of integration, namely

wla + pZy) = p(pZy,) = p~t. Therefore
L—p Hp~'°
z—1)(zx—2)(x—3)°dp =3———F——
Zp|( )(z = 2)(z = 3)[*dp i

1-3pt42pis
- 1 _p—l—s

+(p-3)p~"

In the example above we decompose Z,, into its cosets modulo p. This
works because, in some sense, the arithmetic of the polynomial we are in-
tegrating is determined modulo p. The integral in Example |3.7| can be
calculated in the cases p = 2 or p = 3 by decomposing the integral into
cosets modulo p?. As discussed earlier the number of solutions of any poly-
nomial in the finite rings Z/p™Z is determined by only finitely many levels.
In the example above it is determined in the first (non-trivial) level. This

property is fairly general.
3.3.4 Hensel’s lemma

We begin by stating the simplest form of Hensel’s lemma.

Theorem 3.8. [34, Section 2.2] Let F(z) € Z[z] and p a prime. Suppose

that there exists oy € Zy such that
F(ap) =0 mod p,

but
F'(ag) # 0 mod p.

Then there exists a unique o € Zy, such that a = oy mod p and F(a) = 0.
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The strength of Hensel’s lemma is that it essentially allows us to work

over the finite field F,,.

Example 3.9. Let F(x) = 2? — k where k is a square-free integer. We
exclude the cases p = 2 and p|k. We use Hensel’s lemma to calculate Igusa’s
local zeta function associated with F' in the remaining cases. The remaining
primes are divided into two classes, depending on whether or not k is a
quadratic residue modulo p. Suppose that k£ is not a quadratic residue
modulo p. This implies that for all o € Z,, it is the case that > —k#0

mod p and thus v,(a? — k) = 0 for all a € Z,. Thus

/ |z? — E|*dp = 1.
ZP

On the other hand, if k is a quadratic residue modulo p then, by definition,
there exists ag € [1,p — 1] such that a2 — k = 0 mod p. We have that
F'(x) = 2z so that F'(«g) Z 0 mod p, since we are assuming that p # 2. By
Hensel’s lemma «ay lifts to a unique a € Z,, such that F(a) = 0. Therefore,

in Zp, 2 — k = (v + a)(r — a) and

|kl = [ @+ a)e - @)ldn
Zp Zp

Now, since p # 2 we know that « is not congruent to —a modulo p. We
can then decompose the domain of integration into the cosets modulo p and

similar to Example [3.7] we calculate

1—-9 —1 —1—s
/ |z% — k|*dp = P +1p .
Zp l—p=~°

We can systemise the process illustrated in the example into the following

corollary.

Corollary 3.10. Let F(x) € Z[z] and p a prime. If a € Z, is such that
F'(a) 20 mod p, then

-1 .
. p if F(a) #0 mod p,

[ wpapa={

a+pZy 2 ifF(a)=0 mod p.

1_p7175
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Hensel’s lemma can be generalised in a number of directions. We now
discuss one such generalisation and give an example to illustrate its useful-
ness. We explore the multivariate case.

Let F(z1,...,24) be a polynomial in d variables with integer coefficients
and p be a prime. Now suppose that there exists a = (a1,...aq) € Zg such
that F'(a) = 0 mod p and %(a) # 0 mod p for some i € [1,d]. Then
the polynomial F*(z;) = F(ai,...,a;—1, i, @jt+1,-..,aq) is a polynomial in
one variable, such that F*(a;) =0 mod p and 0F*/0x;(a;) # 0 mod p so
that, by the single variate Hensel’s lemma, there exists oo € Z, such that
a = a; mod p and F*(a) = 0. In [§] Denef and Hoornaert use the above

observation to prove the following proposition.

Proposition 3.11. [8, Proposition 3.1]
Let F(x) = F(x1,...,24) € Zplx1,...,24] be a polynomial and let a € Zy.

Suppose that the set of congruences

‘gfz (x)=0 modp, i€]l,d

{ F(x)=0 mod p,

has no simultaneous solution in the coset a + (pr)d. Then for a complex

variable s, we have, for Re(s) > 0,

—d if F 0 d p,
/ ‘F(.Z‘)|Sd,u _ { p Zf (a) ié mod p
a+(pZyp)?

% if F(a) =0 mod p.

If a polynomial F(z1,...,x4) satisfies the hypothesis of the proposition
for all cosets modulo p, then, using coset decomposition, the calculation of
the associated integral is reduced to counting the number of solutions of F

over the finite field F,,.

Example 3.12. Let F(x) = F(x1,...,24) be a polynomial which satisfies
the hypothesis of Proposition for all cosets modulo p and let N;(F') be
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the number of solutions of F' over the finite field F,. Then

/ F@)Pdi=S / F ()] dy
Zg ang a+(pZp)?

_ =1\, —d—s
= ' eyt ) ()

—S

—1)p—¢

Here we are using F,, to denote the Teichmiiller representatives.

3.3.5 Homogeneous ideals

In this section we define Igusa’s local zeta function associated to an ideal.
Then we explore the case of a homogenous ideal.

Let p be a prime, x = (z1,...,2q) and let f = (f1(x),..., fi(x))<Z,[x] be
an ideal. For a € Zy, define ||f1(a), ..., fi(a)[| ;== max{[fi(a), ..., [fi(a)[} =
p~ min{vp(f1(a)),vp(fi(a)} | Tt follows from the definition of the p-adic absolute
value that for all f € f, we have |f(a)| < ||fi(a),..., fi(a)||-

Conversely, let f denote an ideal of Z,[x]. Since Z,[x] is Noetherian, there
exist f1(x),..., fi(x) € Z[x] such that f = (f1(x),..., fi(x)). We define
Igusa’s local zeta function Z¢(s) associated to the ideal f = (f1(x),. .., fi(x))

Ze(s) = /Z AG - 0 dp. (3.6)

Of course, the integral is independent of the choice of generating set. Also
note that Igusa’s local zeta function associated with a single polynomial
F € Zp[x] is equal to Igusa’s local zeta function associated with the principal
ideal (F') < Zp[x] generated by F'.

We have seen that Igusa’s local zeta associated with a single polyno-
mial F'(x) € Zy[x] is related to the Poincare series encoding the number
of solutions of F' modulo p™ by formula . We establish the analo-
gous formula for Igusa’s local zeta function associated with an ideal. For

a € Zy, set vy(f(a)) := min{vy(fi(a)),...,vp(fi(a))}. For m € N, we
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have v,(f(a)) = m if and only if f(a) = 0 modulo p™ for all f € f. Set
N = #H{a e (Z/p"2)" | V] €, f(a) = 0}.

The Poincaré series associated with f is given by
o0
Pe(t) == > Np(p~9t)™. (3.7)
m=0

Using very similar arguments to those carried out in Section and by

setting ¢ = p~*, we arrive at the formula

_ 1 —tZ¢(s)

Pg(s) T—¢

(3.8)
This generalises formula (3.4)).

Definition 3.13. For n € Ny, an ideal f < Z[x] is homogeneous of degree
n if there exist fi(x),..., fi(x) € Z[x] such that f = (f1(x),..., fi(x)) such

that, for 1 <1 <1, each f;(x) is homogeneous of degree n.

We introduce Poincaré series and Igusa’s local zeta function in the ‘pro-
jective’ case. We generalise [25, Lemma 2.1]. The proof is almost identical
and is included because we need the intermediate identities in Chapters 5
and 7.

We introduce notation for Igusa’s local zeta function with integration

over Zg ~ ng.
zmwa/ 11+ fu(o0) P
VAN YA

We have already seen, in Section that Igusa’s local zeta function can
be decomposed into a sum of integrals over the cosets modulo p*, k € N.
We now show that if f is a homogeneous ideal then the integral over the
coset pZ, is determined by the integrals over the remaining cosets. Let
f=(fi(x),..., fi(x)) € Z[x] be a homogeneous ideal of degree n. By using

the change of variables (z1,...,z4) — (pz1,...,prq), we have
[ A6 fiGolFdn =7 [ RGO, A0
(pZp)? Zg
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Now,

Ze(s) =z;<s>+/(z 11, )P ds

— Zi(s) + 7" dS/ 1£16O, -, FiG)ld
Thus,
1
Zf(S):m HER (3.9)

For m € N we set
N}, = #{a e (Z/p™)* ~ p(Z/p™)" |Vf € £, f(a) =0}

and define a Poincare series
o
= > Ny ™ (3.10)
m=0
Setting i3, := p({a € Z& \ pZ2 | vy(f(a)) = m}), we have

T (3.11)
m=0

Now
b = (€ ZIpZE [ uy(E(2)) > m))—pu({a € ZIpZy | vy(E(a)) > m1}),

and
N p~dm ifm>1,

ac 74 pz7e | v (f(a mj) =
n({a € ZgpZy | vp(f(a)) > m}) p{ZIpZd}) =1 —p=? ifm =0,

We have
N* N*
*x m m+1 —d
K, = W - pd(m+1) - 5m,0p . (312)
By substituting (3.12)) into (3.11]) we have
o
Ny Ny —d\ . -
75(s) = Z (WZZ o) Smop~ ) p™* (3.13)
m=0
[0.9]
_ m — m+1 — —d
= P;(t) - t*l(PF(t) —1)-p < (3.14)
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We rearrange equality (3.14]) to arrive at the statement of [25, Lemma 2.1]

generalised to case of a homogeneous ideal in Zy[x1, ..., z4]],

1=t —tZi(s)

Pi(t) -

(3.15)

Example 3.14. Consider the ideal (x1,...,2q) <QZ[x1,...,z4). It is homo-
geneous of degree 1. Igusa’s local zeta function associated to this ideal can

easily be computed using (3.9).

1 1—pd
/ ‘$1’---790d|sd/i:1__d_5/ Hxl,...,deSdu:m.
z4 p ZI~pZg p
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Chapter 4

The abscissa of convergence

We would like to describe relationships between the algebraic structure of
a T-group and the abscissa of convergence of its representation zeta func-
tion. An ambitious aim is to provide a closed formula for the abscissa of

convergence in terms of well-known group invariants.

In this chapter we investigate what can be said about the abscissa of
convergence in certain circumstances. In the first section we record proofs
of some results that might be considered ‘folklore’ in as much as the results
are known to the experts, but often no proof currently exists in the litera-
ture. We also show that the abscissa of convergence is a commensurability

invariant, a new result.

In the second section of this chapter we investigate central products and
use our results to show that any positive rational number can be realised
as the abscissa of convergence of the representation zeta function of some
To-group. In the final section we present joint work with Shannon Ezzat.

We give bounds on the p-local abscissa of convergence.
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4.1 Basic properties

Throughout this section G denotes an arbitrary 7-group. We need some
basic lemmas concerning the twist-isoclasses of such a group and those of a
finite-index subgroup. Let Irr,(G), I/rvrn(G) denote the set of isomorphism
classes of n-dimensional irreducible representations of G and the set of twist-
isoclasses of n-dimensional irreducible representations of GG respectively.
Let H < G be a subgroup. For o1,09 € Irr,(H), we say that oy is
G-twist-equivalent to oy if there exists x € Irry(G) such that o1 = x|goe.
We write 01 ~g 02. We denote by IE‘S (H) the set of G-twist-isoclasses of

degree-n characters of H.
Lemma 4.1. For H < G of finite index we have
—~@G / P
|Irr, (H)| < |G'NH : H'||Irry, (H)|.

Proof. Let N be the image of the restriction map Irri(G) — Irr;(H) and
let x1,...,xx be the coset representatives of N in Irrj(H). If there exist
characters 01,09 of H and x € Irri(H) such that oo = xo1, then oy is
G-twist-equivalent to at least one of x101,...,Xk01-

Consider the restriction map « : Irry (H) — Irr; (G’ N H). The image of
this map is isomorphic to Irry ((G' N H)/H'). This is clear as any element of
Irry (H) is trivial on H'.

We show N is the kernel of v. It is clear that N is contained within
the kernel. Now, let 7 € ker(vy) and let 7 denote the corresponding element
of Irr1 ((G' N H)/H"). By the second isomorphism theorem (G' N H)/H' =
G'H/G'. So we may consider T as an element of Irr; (G’ H/G"). By extending
7 to G we obtain a l-dimensional representation that restricts to 7 and

so 7 € N. Therefore, k = |Irr1(H) : N| = |(G'n H)/H'|.
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Corollary 4.2. For H < G of finite index we have
—~—G o ! Loy
|Irry (H)|=|G'NH : H|

Proof. All 1-dimensional representations of a T-group are twist-equivalent.
Therefore |Irry(H)| = 1. By Lemma \fﬂ“f(H)\ < |G'NnH : H'. To
prove equality we construct |G’ N H : H'| 1-dimensional representations of
that are not G-twist-equivalent. The group (G’ N H)/H' is finite abelian
and has precisely |G’ N H : H'| 1-dimensional representations. These induce
|G’ N H : H'| distinct 1-dimensional representations of G’ N H which we
extend to H. Clearly, these 1-dimensional representations of H are not

G-twist-equivalent. O

Lemma 4.3. Let H be a finite index subgroup of G. Two 1-dimensional
representations 11, 7o of H induce representations of G that are in the same

twist-isoclass if T ~g To.

Proof. This follows from Frobenius reciprocity. In particular, for a 1-dimensional

representation 7 of H and a 1-dimensional representation y of G we have
x ® Ind% (1) = Ind% (Res% (x) @ 7).
O

Before we can embark on an investigation of the abscissa of convergence
we must first know that the representation zeta function of a 7-group con-
verges on some half plane. That is, we must show that the representation

growth is polynomial. This is established in [36]:

Lemma 4.4. [36, Lemma 2.1] For a T-group G, the sequence (T,(G))
1s bounded by a polynomial. Equivalently, the representation zeta function

Cg;(s) converges on some complex half plane.
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4.1.1 Direct products

Let G = Hy x Hs be a direct product of T-groups. In many contexts, the
study of the group G can be reduced in some way to the study of the two
components Hy, Hs. So far, this does not appear to be the case in subgroup
growth. If we happen to know the subgroup zeta functions (g, (s), C,(s)
this does not necessarily tell us anything about the subgroup zeta function
of G. However, in the case of representation zeta functions the study of G
can be reduced to the study of its direct factors.

Let G, H be groups. If p € E}(G—') and ¢ € ﬂ}(H), then we denote by
pRG :={p1®0o1 | p1 € p,o1 € 7} the set of representations of G x H that are
constructed as tensor products of representations from the twist-isoclasses

pof G and & of H.

Lemma 4.5. Let G = Hy X --- X Hy. Then,
Iro(G) = |J {m@- @ Vel kg € Irq,(H))}
dids...dp=n

Proof. 1t is sufficient to prove the statement for k£ = 2. Suppose that G =
Hy x Hy. We describe the twist-isoclass of GG in terms of the twist-isoclasses
Hq and H,. It is well known that all irreducible representations of G can
be constructed as the tensor product of irreducible representations of H;
and Ha. That is, for all p € Irr(G) there exist 7 € Irr(H;) and 7 € Irr(Ha)
such that p = 71 ®72. Additionally, we must have dim(p) = dim(7;) dim(72).
For 01,09 € Irr(Hy) and 01,02 € Irr(Hz) let p1 = 01 ® 61 and pa = 02 & a.
We show that p; ~g p2 if and only if o1 ~p, 02 and 61 ~p, da.

Suppose that p; ~g p2. There exists y € Irr1(G) such that p; = x ® pa.
There exist x1 € Irr;(Hy) and x2 € Irrg(Hz) such that x = x1 ® x2. By as-
sociativity of the tensor product and because 1-dimensional representations

are central we have

o1 =p1=x®p2=(x1®x2) (02 ®d2) =(x1 ®02) ® (x2 ® d2).
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Thus o1 ~g, 02 and ;1 ~p, d2. The proof of the converse is very similar.
Therefore the twist-isoclasses of G are of the form p = ¢ ® 6 and the

result follows from the fact that dim(p) = dim(5) dim(9). O

Corollary 4.6. Let G = Hy X --- x Hy. Then

(@)= > T4 (Hi).. T4 (Hp). (4.1)
dids...dpy=n

Proof. Clearly, we have

[{p @ @pi | fj € Trrg,(Hy),¥j € [ K]} =TFa, () .. T (Hg)-

Corollary 4.7. Let G = Hy X --- X H. Then

CE (5) = I ()G (5) .. G ().

Proof. The right-hand side of equation (4.1)) is precisely the Dirichlet con-

volution product formula for the nth coefficient of the Dirichlet series

C}E (S)C}?;(S) e }ﬂ(s) Obviously, the left-side of (4.1) is the nth coeffi-
cient of the Dirichlet series Ciér (s). Two series are equal precisely when they
have the same coefficients. See [I, Section 2.6] for details regarding Dirichlet

convolution. O

Corollary 4.8. Let G = Hy X --- X Hy. Then

& (G) = max{a™(H,), ..., o (Hy)).

Proof. 1t is a standard fact that the abscissa of convergence of a finite prod-
uct of Dirichlet series is equal to the maximum abscissa of convergence of

the factors. The result follows. O
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4.1.2 Euler product decomposition

In this subsection we prove that the representation zeta function of a 7-
group satisfies an Euler product decomposition into a product of p-local
zeta function. This result is well-known, but no complete proof has been

recorded.

Lemma 4.9. Let G be a finite nilpotent group, p be any prime and P be the
(possibly trivial) Sylow p-subgroup of G. Then, for all e € N,

Tpe (G) =Tpe (P).

Proof. It is well known that a finite nilpotent group is isomorphic to the
direct product of its Sylow subgroups. In particular, there exists a finite
nilpotent group H such that p{ |H| and G = P x H. By Corollary we

have

T(G)= Y T (P (H).

e1+es=e

However, Tpea (H) # 0 if and only if e; = 0, because the dimension of an
irreducible representation of a finite group must divide the order of the

group, and in this case T1(H) = 1 and the result follows. O

Lemma 4.10. Let G be a finite nilpotent group and n be a natural number

with prime factorisation n = p{' .. .pzk. Then, we have

T(G) =T, (Q) .. T (G).

1 Py
Proof. For i € [1,k|, let P; denote the (possibly trivial) Sylow p;-subgroup
of G. There exists a finite nilpotent group H such that n is coprime to |H|
and G = P x --- x P, x H. By Corollary [4.6]
G = ) T (P).. T (Pu)Ta,, (H).

dyda...dgs1=n
First note that for dyy1 | n, T4, (H) # 0 if and only if d41 = 1. Further,
each T4, (P;) is non-zero if and only if d; is a p; power. We must have

di...dp =n and so d; = pfz The result then follows from Lemma O

46



Proposition 4.11. Let G be a T-group and n be a natural number with
prime factorisation n = p{* ...p*. Then, we have

Tn(G) =Tyt (G) - T (G),

pq Py

In other words, the arithmetic function T,,(G) is multiplicative.

Proof. By Theorem there exists a finite quotient G/(n) such that every
n-dimensional irreducible representation of G is twist-equivalent to a rep-
resentation that factors through G(n). Denote the kernel of natural map
G — G(n) by N(n). The finite quotients {G(n) | n € N} are not uniquely
determined by this property and without loss we may assume that the nor-
mal subgroups {N(n) | n € N} form a chain. In particular, if m < n then
G(n) maps onto G(m).

We claim that ?pji (G(n)) =T, Pl (G(p;*)) and then by applying Theorem
[L.6l and Lemma .10l we have

T (G) =Tu(G(n)) =Ty (G(n)) ... T e (G(n))

Py Py

= ?pil (G(zﬁl )) T pek (G(pk )) = ?pi1 (G).. rpik (G)

To prove the claim, first note that any pj’-dimensional representation of
G(p;") induces a representation of G(n) via the canonical map. Conversely if
p if a p7*-dimensional representation of G(n) then p must be twist-equivalent
to a representation that factors through G(p;’) by the defining property of
G(p5"). O

Corollary 4.12. Let G be a T-group. The representation zeta function

C‘”( ) has an Euler factorisation

1rr H Clrr
G ,p
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4.1.3 Commensurability

The main result of this section is to show that the rate of representation

growth o' (@) is a commensurability invariant. It suffices to show that if

H is a finite index subgroup of G then aﬁ(H) = aﬁ(G).
Proposition 4.13. Let H < G be a subgroup of finite index in G. Let
k1 =|G: H| and ko = |G' N H : H'| then, for alln € N,

Rn(H) < k1Rpyn(G), (4.2)

Rn(G) < krkoRy (H). (4.3)

Proof. We define a map ¥ : U?lez"i(H ) — Ufﬁlﬂ"i((}) as follows. Let
s U?Zlfﬁr(H ). We pick any representative o of the twist-isoclass & and
induce to G. Let p be any irreducible component of Indga and define
U(5) = p. We repeat this process for each element of U™ Irr;(H). (There
are many possible choices for W.)

Suppose that we have 61,...,0,, € U?:lfr}i(H) such that 6; # &; for i #
jbut ¥(6y) =--- = ¥(6,,) = p for some p € Ufﬁlﬂ}(G). The construction
of W implies that for i € {1,...,m} there exist o; € &; and p; € p such that
pi € Ind% o;. By Frobenius reciprocity, o; € Resg p;i- We also have that the
Resg p; are all twist-equivalent. This implies that for each o; there exists
x; such that y,;o; € Resg p1-

The o; are in separate twist-isoclasses. This implies that Resg p1 =
X101 D+ D Xmom @ p' for some representation p’ of H. By relabeling we
may assume that o; has mininum dimension among the ;. Noting that
dim p; = dim Resg p1 we have that dim p; > mdimo;. We also know that
dim p; < kdimo; therefore the map W is at most k-to-1. This establishes
2.

We define a map ® : U™, Irry (G) — U?lez"iG(H) as follows. Let p €

U?Zlfﬁri(G), pick any representative p of the twist-isoclass p. Let o be any
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irreducible component of Res$ and define ®(p) = 5%, the G-twist-isoclass
of 0.

Suppose that we have pi1,...,pm € U?:lﬂr;ri(G) such that p; # p; for
i # jbut W) = - = U(pn) = 67 for some j € U It (H). The
construction of ® implies that for ¢ € {1,...,m} there exist p; € p; and
o; € 69 such that o; € Resg pi. By Frobenius reciprocity, p; € Indg Oi-
The Ind$ o; are all twist-equivalent. This follows from the fact that the o;
are G-twist equivalent on H. This implies that for each p; there exists a
1-dimensional representation 7; of G such that 7;p; € Indg 1.

The p; are not twist-equivalent. It follows that Indg o1 =T1p1 DB
TmpPm @ o', for some representation ¢’ of G. By relabeling we may as-
sume that p; has minimum dimension among the p;. Thus dim Indg o1 >
mdim p;. We also have dim p; > dimo; and so k; dim p; > dim Indg o1 >
mdim p;. Thus m < k.

We have established that R,(G) < kRS (H). Inequality then

follows from Corollary 4.2. O

Corollary 4.14. Let H < G be a subgroup of finite index in G. Then

o (G) = o (H).
Proof. Let a € R and suppose that there exists v such that
Rn(G) < n®
for all n € N. Then by Proposition we have
Rn(H) < k1Rpyn(G) < kry(kin)® = k& yn®

for all n € N. Thus, aﬁ(H ) < aﬁ(G). Conversely, for a € R suppose that

there exists v such that

Rn(H) < yn®
for all n € N. Then by Proposition [4.13] we have
Rn(G) < kikaRp(H) < krkoy(n)® = kikayn®
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for all n € N. Thus, ag(G) < aE(H ) and the proof is complete. O

Corollary 4.15. The polynomial rate of representation growth of a T -group

is a commensurability invariant.

Proposition 4.16. Let G be a T-group and H be a subgroup of finite index

in G. Then a)*(G) = ol (H).

Proof. Tt suffices to show that aﬁ(@p) = aﬁ(f[p). In this case a slight
adjustment to the proof of Proposition is sufficient. O

4.2 Central products

In this section we investigate the representation growth of central products
of T-groups. This leads to a construction of a family of groups that realise
every positive rational number as an abscissa of convergence.

We begin by recalling the definition of central products of T-groups and

a few known results on the representation theory of such groups.

Theorem 4.17. [14, Theorem 5.3] Let H, K, M be groups with M C Z(H)
and suppose there is an isomorphism 0 of M into Z(K). Then if we identify
M with its image (M), there exists a group of the form G = HK with
M =HNK C Z(Q) such that H centralizes K.

The group G in Theorem is called the central product of H and
K with respect to 6. If M = 1 then the central product is just the direct
product H x K. The central product G is isomorphic to (H x K)/N, where
N ={(h,k) | he€ H,k € K,0(h) = k}.

Lemma 4.18. Let G, H be T -groups and suppose that there exists a normal
subgroup N < G of G such that G/N = H. Then Oéi;;(H) < aﬁ(G).

Proof. Let ¢ : G — H be the canonical homomorphism. Any representation

of H can be realised as a representation of G by factoring via ¢.
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We need to check that representations that are not H-twist-equivalent do
not induce G-twist-equivalent representations on factoring via ¢. Let 71,7
be irreducible n-dimensional representations of H which are not H-twist-
equivalent. Now suppose that the irreducible n-dimensional representations
T1 0 ¢, 73 0 ¢ of G are G-twist-equivalent. That is, there exists x € Irri(G)
such that

X® (1100) =10 0. (4.4)

Let n € N. Now 71 0 ¢(n) = 7 0 ¢(n) = 1 because N is the kernal of ¢.
Further, (x ® (11 0 ¢))(n) = x(n). By comparison with the right-hand side
of we must have y(n) =1 and N is contained in the kernal of x.
This means that y factors through H and there exists a 1-dimensional
representation o of H such that y = co¢. Finally note that (c0¢)®(110¢) =
(0 ® 1) 0 ¢. This implies that 71 and 7o are H-twist-equivalent. This is a

contradiction. O

Corollary 4.19. Let G be a T-group that is a central product of two T -

groups H and K. Then o' (G) < max{a™(H), '™ (K)}.

Proof. Corollary 4.8 states that ai;;(H xK) = max{aﬂ;(H), aﬁ(K)}. Now,
any central product of H and K is isomorphic to a quotient of the direct
product. Lemma states that the abscissa of convergence of a quotient

is less than or equal to the abscissa of convergence of the original group. [

We now examine a special class of central products. Let G1, G2 be

To-groups with isomorphic centres. If we have presentations

T11,...-T1 I21,...T2
Yi,---Yd Yi,---Yd
then the canonical central product, denoted G X z G2 has presentation

T11y-+-Tlng, L215 - - - T2ny
G XZG2=< T, Ko ) .
Yi,---Yd
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It is also very easy to write down the structure matrix of the Lie ring L(G1 X z
G2). It is simply the diagonal sum of the structure matrices of the Lie rings

L(G1) and L(Gg):

Ria)(Y) ‘ 0

RLGixz60)(Y) =
0 ‘ RL(Gl)(Y)

4.2.1 The k-fold canonical central product

The k-fold canonical central product of a Ta-group G with itself is defined

as

x’%G::zeouxZG
N——————

k copies

Example 4.20. Let H denote the discrete Heisenberg group it has presen-

tation

H = <-'E1,:E2,y | [xlaxﬂ = y>
and L(H) has structure matrix

0 Y

R (Y) =
-Y 0

Therefore, the k-fold canonical central product of the Heisenberg group has

> |

presentation
T11, 12, [T11, 712] = ¥
x5 H = < oy

Tk1, T2, [Ifm, $k2] =Y

52



and the associated Lie ring L(x% H) has the following structure matrix:

0 Y
-Y 0
0 Y
R my(Y) = -Y 0

0 Y
-Y 0

Proposition 4.21. Let G be a Ta-group such that h(G/Z) =n and h(Z) =
d. For almost all primes p we have the following formula for the local rep-

resentation zeta function of the k-fold canonical central product of G.

(% o (8) = Gy (k).

Proof. By Theorem for almost all primes p the p-local representation

zeta function is given by the formula.

o0
&r(s) =14 Y Nymp 22 (N7mi), (4.5)
N=1
mEN(')L

where Nvm = #{a € (Z/pVZ)* < p(Z/pVZ)* | v(Rp(c)(a)) = m}. Since
Ri(xkay (Y) is the diagonal sum of k copies of Rp)(Y) if (R (a)) =
(my, ma,...,my), then

RL(X’}G)(a) = (ml,...,ml,...,mn,...,mn).

k k

Therefore,

—_~ (e’ ‘ .
Cirr (5) =1+ E ./\/’N7mp_§ i1 E?ZI(N—mi)
z
N=1
meNy

N=1
meNy
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Proposition is key in the proof of the main theorem of this section.

Theorem 4.22. Let o be a positive rational number. Then there exists a

Tz-group G with abscissa of convergence a. That is, o' (G) = .

Proof. Grenham’s groups, denoted by G,,, are in introduced in Example 6.2,

where it is shown that G, has representation zeta function

Ty C(s—n+1)
¢ (8) = T )

which has abscissa of convergence o!'*(G,,) = n. In the case of G,,, formula
(2.8) is valid for all primes. Therefore the k-fold canonical central product

of GG,, has representation zeta function

o o C(ks—n
6, (0) = G (k) = <5,

which has abscissa of convergence o™ (x5G),) = (n + 1)/k. It is clear that
for any positive rational number « there are infinitely many choices for n

and k such that ol (x%G,) = a. O

4.3 Bounds

This section consists of joint work with Shannon Ezzat. In this section we

prove some bounds for the local abscissa of convergence agr(G). First we
need to discuss and reformulate formula slightly. Theorem states
that if G is a Ta-group such that h(G/Z) = n and h(Z) = d, then for almost
all primes p,

G =1+ 3 D Nogp $ T,

N=1meNy

where Nvm = #{a € (Z/pV2)* \ p(Z/pV2)* | v(Rpg)(a)) = m}.
In Section [2.4] we outline how this formula is derived. A representative

of each twist-isoclass of p-power-dimensional irreducible representations of
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G is constructed from ¢ € L(G)' of p-power period. There is a bijection
between the non-trivial elements of L/(G\)’ and Unen(Z/p™N)4 ~ p(Z/p™)2.
The irreducible representation associated with ¢ is denoted m(¢). Associ-
ated with ¢ is some a € Unen(Z/p™V)? \ p(Z/p™)?. We also denote the
representation by m(a). We can rewrite formula (2.8)) as

&) =1+Y 3 dim(r(a))~°. (4.6)

NeNae(Z/pN)?~p(Z/pN)*

We use elementary divisors to calculate dim(w(a)). If (R (a)) =
(my,mi,...,mp,my)or (my,my, ..., My, My, 0) then dim(w(a)) = pizt(N=mi)
cf. Section 2.4.

Before we establish the main result of the section we require a technical
lemma. For a Dirichlet series Z(s) we denote the abscissa of convergence by
a(Z(s)). Note that for a Dirichlet series with non-negative coefficients the
abscissa of absolute convergence coincides with the abscissa of conditional

convergence, this follows from [26, Chapter VIII, Theorem 1].

Lemma 4.23. Let A be a countable set and suppose that p: A — N is a map
such that the Dirichlet series ) ., pi(a)™° converges on some half plane.
Further, suppose that there exist functions upp : A — N and low : A - N
such that

low(a) < pu(a) < upp(a)
for alla € A. Then,

a (Z Upp(a)8> <a (Z u(a)s> <a (ZIOW(G)S> :

acA acA acA
Proof. First we can rewrite Y, ., u(a)™® as Y 02, fi(n)n~°, where fi(n) =
{a € A | pla) = n}|. The abscissa of convergence a (3,4 p(a)™®)
is defined in terms of the sequence of partial sums of the f(n): a :=

o (Y ,e4 #(a)”®) is the smallest value such that
N

> filn) < OV),
n=1
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for every € € Ry .
If we define upp(n) := [{a € A | upp(a) = n}| and low(n) := |{a € A |
low(a) = n}|. It follows that

N N N
> wpp(n) <Y an) <Y low(n)
n=1 n=1 n=1
and the result follows. O

We are ready to prove the main result of this section. This result is

similar to |2, Theorem 1.1].

Theorem 4.24. Let G be a Ta-group such that h(G/Z) = n and h(G') = d.
Then for almost all primes p

d ~

15]

Proof. We apply Lemma 4.23. Recall formula (4.6):

Cgfp(s) =1+ Z Z dim(7(a))°.

NeNae(z/pN)?~p(Z/p"N)?
The summation is over W := UX_,(Z/p™ )¢ \ p(Z/p™)4. Consider the map
W — N, a+ dim(w(a)). In order to apply Lemma 4.23 it is necessary to find
upper and lower bounds for dim(w(a)). Now, using the notation from the
discussion preceding Lemma 4.23, we know that dim(w(a)) = pZiL:%lJ (N=mi),
Clearly, pzﬁlJ (N) is an upper bound for dim(7(a)). We obtain the lower
bound p~ by noting that, by Lemma 2.4, the first elementary divisor m;
must be zero and taking the remaining elementary divisors to be equal to
N.
It follows from Lemma 4.23 that
o <1 + Z@Zﬁﬂ(N))—s) < ag}(G) <a (1 n Z(pN)_s> ‘
acW acW

By noting that [(Z/p™)? ~ p(Z/p™)?| = (1 — p~)p?N we have
a (1 +y p‘d)pdN(pLgJN)_s> < (@) <« <1 +) 0 p‘d)pdN(pN)_s>
N=1 N=1
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and therefore

17P*L%Js = 1*]7_5
“(l_pd—u> < % <G>5a(1pds ‘

The result follows after reacalling that ﬁ converges for R(s) >0 O

o7
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Chapter 5

T-groups with small derived

group

Definition 5.1. The representation zeta function (I (s) of a T-group G is
finitely uniform if there exist rational functions W1 (X,Y),... , Wi(X,Y) €
Q[X,Y] and a function f : P — [1, k| from the set of all primes P to [1, k]

such that for all primes p,
(B (8) = Wi (0, p™%).

This chapter contains results concerning the uniformity of the represen-
tation zeta functions of T2-groups. It is shown that the representation zeta
function of a 7s-group with centre of Hirsch length at most 2 is finitely
uniform. This result is obtained using a classification of such groups up to

commensurability, which is recalled in Section

We also calculate the representation zeta function a particular 72-group
with centre of Hirsch length 3; it is not finitely uniform. This result rely
on a formula for the local factors of the representation zeta for Ts-groups,

whose associated Lie ring has a structure matrix of a specific shape.
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5.1 Simple elementary divisors

This section constructs a formula for almost all the local factors of the
representation zeta function of a 7>-group G whose associated Lie ring L(G)

has structure matrix with a particular ‘shape’ to its elementary divisor type.

Definition 5.2. Let f € N and G be a Ta-group with h(G’") = d, say. Then
G is said to have simple elementary divisor type of length f if for all N € N
and b € (Z/p™M)4\ p(Z/pN)¢ there exists m € [N] such that

v(Rr (b)) =(0,...,0,m,m,N,...,N).
2f
Theorem 5.3. Let G be a Ta-group that has simple elementary divisor type
of length f. Let h(G') = d, h(G/Z) = n and let 625(Y) C Z[Y1,...,Yq]
denote the ideal generated by the principal 2 f-minors of Rg(Y). Then for
almost all primes p,

1—ti-! (t—1)ptf—1
irr _ *
CG,p( 5) = _ pdtffl + (1 _pdtffl)(l _pdtf)ZO'Qf((f

—1)s—d),

where Z§(s) is the variant of Igusa’s local zeta function defined in Section

3.3.5.

Proof. Theorem states, for almost all primes p:

Cg}:p Z NN mpP -5 i (N— mz) (5'1)

NeNy
meN™

Now suppose that G has simple elementary type of length f. In this case
my = -+ = mof_o = 0 and mgpy1 = -+ = my, = N. We write m =
maof_1 = mgys. Substituting this information into (5.1 and writing t = p~*

we obtain

Cn,(s) Z ZNX/m e, (5.2)

N=0m=0
where Ny = #{b € (Z/pNZ)\ (Z/pNZ)? | v(G2(b)) = 2m} and
G27(Y) denotes the ideal generated by the 2f-minors of Ry ) (Y). Re-

call that v(d2¢(b)) denotes the minimum p-adic valuation of any element
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of the ideal G2¢(Y) C Z[Y1,...,Y,] when evaluated at b. This minimum
is always realised by one of the elements of any generating set of &2¢(Y).
In particular, the minimum is always realised by at least one of the 2f-
minors of Ry q) (Y). Furthermore, by Proposition this minimum is
attained by at least one of the principal 2f-minors. Therefore, N’Kf,m =

#{b € (Z/pNZ)?\ (Z/pNZ)? | v(62¢(b)) = m}. We now use the identities

explored in Section [3.3.5| to express CE (s) in terms of Igusa’s local zeta

function associated to the ideal gaf.

This procedure is similar to one employed in the proof of [25 Theo-
rem 1.1]. Rearranging the summation of (5.2) and then comparing the
definition N3, with the definitions of i, and Ny, given in Section

we have

oo N-1
Byl = 32 3 Nt 4 3 N
N=1m=0
oo N-1 o)
= 3 S NN S A (53)
N=1m=0 N=0

Equation (3:10) implies that > %_  N& (/)N = Png(pdtffl). Using
this fact and (3.12)) we rewrite ([5.3]) as follows:

N-1 * N*
(Nm N _50’mp_d> ANy IN=m | px (gl =1
m=0

pdm pd(erl) ‘72f

*
Nrfl Nm+1

pdm pd(m+1)

oo N— 00
N el AN, fN—m A(N—1),fN * d,f—1
- (Z ( dm ~ pd(m+1) Pt - Zp '+ Pg, (0 7)

) pININ=m _ pdpdNth> 4 P(*w( dtffl)

N=1
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o] N* Nm
— ( i%) Z pN N (5.4)
0

d
m= P " p N=m+1
- Z pIN DN Ly (pitf L
_ i % N t_mpd(erl)tf(erl) o o (i)
— pdm pd(m+1) 1— pdtf 1— pdtf 0'2f
Nm-i—l d tf
= — (f-Ym___ * * d,f—1
11— dﬁZ( m+1)>pmt " 1_pdtf+P0'2f( ).
—(4)
(5.5)
We use (3.13) to express (A) in terms of Z7, (s):
drf f
Pt _ t B
Cgfp( s) = 1_ dtf(Z;'Qf((f —1)s—d)+p d) — ﬁ +P;2f( dtf 1)
pitf +f +f

= df—l
= T par oo, (= Vs = d) b+ 77 = 77 + Po, (0777

The identity (3.15) is used to express Png (t) in terms of Igusa’s local zeta

function and complete the proof of the theorem.

irr pdtf * * d.f—1
Gy (o) = 1 (T ((F = s = ) + P ()
def -ttt —pdtf=17% ((f —1)s —d)
P t oof
= 1_pdtf(Zg2f((f_1)S_d))+ 1— dtf 1
1—t/=1 (t — 1)pitf—1 .

= 1—pdtf + (1—pdtf_1)(1—pdtf) &Qf((f—l)s—d).

5.2 Du Sautoy’s elliptic curve example

In this section we calculate the representation zeta function of the 73-group
known as du Sautoy’s elliptic curve example. Du Sautoy constructed the
group in [9] and used it to demonstrate the subgroup zeta function a 7-

group is not necessarily finitely uniform, answering a question [16, pp. 188]
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of Grunewald, Segal and Smith in the negative. The group is given by the

presentation

[$1>$4] = Y3, [:Clvxd = Y1, [xlaxﬁ] = Y2

T1y...,T6
G = [, x4]) = Y1, [T2, T5] = 3 (5.6)

Y1,Y2,Y3
[x3, z4]) = Y2, [23, 26] = 1

and has associated structure matrix

0 0 0 Ys 11 Y,
0 0 0 Y1 Y3 0
0 0 0 Y 0 Y
Rie)(Y) = : (5.7)
-3 -7 =Y, 0 0 O
-7 -Y; 0 O 0 O

-Y, 0 -Y1 0 0 O

Note that the Pfafian E(Y) := Pf(Rg(Y)) = Y1Y3% — Y1 + Y52Y3 of the
structure matrix determines an elliptic curve E. In [9] du Sautoy showed
that the local factors of the subgroup zeta function of G are closely linked
to the number of F)-rational points of the elliptic curve described by E(Y).
As a consequence of this fact he deduced that the subgroup zeta function
of G is not finitely uniform. Later, in [37], Voll gave an explicit formula for

almost all of the local factors of the normal subgroup zeta function of G. In

irr

this section we compute (' (s), including all local factors.

Theorem 5.4. Let G be as above. Then

_ _ 43 _ _
) =TT (T + B =),

pal S i (1= p*t?)(1 = p?t3)

where E(F,) := #{b € P?(F,) | E(b) = 0} and t := p~*.

Proof. First we show that G has simple elementary divisor type of length 6.
It is sufficient to show that, for all N € N and b € (Z/p™)3\ p(Z/p™)3, the
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set of 4-minors of R (G)(b) contains a p-adic unit. This is established in
[37, Section 1]. Clearly, G satisfies the conditions established in Section
Therefore, the formula presented in Theorem [5.3] is valid for all primes p.
That is,

1t N (t—1)p3t3
—p*t? (1= p*t?)(1 - pPt3)

Cg,rp( s) = 1 Zly)(25 = 3). (5.8)

It remains to calculate Igusa local zeta function associated with the Pfaf-

fian E(Y).
Zio) = [ Y %00 VYl
Z3~\pZ3

Suppose that p # 2. Then E(Y) = Y1Y3% — Y13 + Y52Y3 satisfies the hypoth-
esis of Proposition Therefore,

_ m—1),,—3—s
Zin () = 6 — 1= [BE))p + |B(F,)| T2

By substituting this expression into (5.8) and performing some algebraic

manipulation the formula for the local zeta function is

11—t — 1Dt -1t
) = T B i L = oy

For p = 2, Proposition is not applicable to the coset (1,0,1) + 2223. In
essence, Proposition says that the solutions of E(Y) modulo p lift uni-
formly to solutions modulo p*, for k£ > 1. In the case p = 2, a generalisation
of Hensel’s Lemma [34, Section 2.2] can be applied to show that solutions

of E(Y) modulo 22 lift uniformly. The analysis in this case must be done

[ o
b+822

The sum is really over a set a representatives for the cosets of 23Zs, but we

modulo 23.

/ E(Y)dy =
(1,0,1)+273

beZ3/23
b=(1,0,1) mod 2

choose these to be the Teichmiiller representatives and identify them with
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elements of Z3/23. If E(b) # 0 modulo 8, then the summand corresponding

to b has constant valuation and thus

t/ |E(Y)|*du = (b + 8Zy)p~ 2 E®),
b+8Z2

If E(b) = 0 modulo 8, then using [34, Lemma 1, Section 2.2] the solutions
liftt uniformly. In this specific example, it happens that the solutions of
E(b) = 0 modulo 2 lift uniformly, but this is not a direct consequence of
Hensel’s Lemma or one of its generalisations. The formula is therefore the

same as in the case p # 2. O

Corollary 5.5. The representation zeta function CIGH(S) of du Sautoy’s el-

liptic curve example G is not finitely uniform.

Proof. 1t is shown in [9, Section 1] that if almost all the local factors of a

subgroup zeta function enumerating subgroups have the form

Cap(s) = Wilp,p™®) + |[E(Fp)|[Wa(p,p™*),

where W1 (X,Y), Wa(X,Y) € Z[X,Y] and Wa(X,Y) # 0. Then the sub-
group zeta function is not finitely uniform. As the local factors of the repre-
sentation zeta function of du Sautoy’s Elliptic curve example have this form

we are done. O

5.3 Non-principal ideal example

In this section we compute the representation zeta function of a family of
To-groups that are of simple elementary divisor type. However, the structure
matrices of the members of this family are not of maximal rank and so the
elementary divisor types depend on a non-principal ideal.

For 1 <r < dlet G(r,d) be the Ta-group given by the presentation

Tlye.y X
Gm@:<1 di
Yi,---,Yd

w1, 2] =yim1 2<i<r+1 >
[z9,2j] =y; r+1<j<d
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with associated structure matrix

0 i ... Y, 0 ... 0
Vi 0 ... 0 Y ... Yy
Rr@cran(Y)=1 =Y. 0
0 —Ir41
0 -Y,

The group G(r,d) has centre of Hirsch length d. For all N € N and
b € (Z/p™)? \ p(Z/p"N)? the matrix Rg(.q)(b) has rank 4. Therefore,
v(Raera) (b)) = (0,0,m,m,N,...,N) and so G(r,d) has simple elemen-
tary type of length 2. Let o4(Y) denote the set of 4-minors of R 4)(Y).

For almost all primes p, it follows from Theorem that

1t N (t —1)ptt
—plt - (1 —pht)(1 - pit?)
1rr

The computation of CG (rd) p (s) has been reduced to calculating Zj, (s). By

Gy p(5) = 0 75 (s—d).  (5.9)

Proposition 2.7, |o4(b)| = |G4(b)|, where 64(Y) denotes the set of principal
4-minors of Re(r,q)(Y). Clearly, 64(Y) = {Y?Y}? | i € [2,7],j € [r+1,d]} U
{0}. Therefore, using Fubini’s Theorem and Example

Zos)= [ N0 el e )
~pZ
= (=) [0 i e Rl € e )
p
=<1—p“8>/ Voo Vil Y, Yal Pl

_ ~d-2) / du/ |Ya, ..., Y, || d,u/d T\Iﬁn+1,...,YdH3dﬂ
p
1 —r

]__
_ —d—2
—(1_]? S)'lilrs 17rds

The third equality follows from the fact that for two ideals F1,Fo € Z[Y1, ..., Y]]

and b € Zg we have |(F1F32)(b)| = |F1(b)||F2(b)|. The final expression for
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Cgrr (rd) () is achieved by substitution of the above expression for Z (s) into

equation (5.9). The p-local and global representation zeta functions are

(1-t)(1 —pt)
(1 —pd=r+it)(1 —prt)

Cgrrd 7p( ) =

and
C(s=r)(s—d+r—1)
C(s)¢(s — 1) '

Therefore, o/ (G (r,d)) = max{r +1,d — r + 2}.

ngrd ( )

5.4 D*-groups

In this section we study the representation zeta function of 72-group with

centre of Hirsch length 2 The main result of this section of the following.

Theorem 5.6. Let G be a Ta-group with centre of Hirsch length 2. Then
Clrr( ) is finitely uniform.

In general, a group H is called radicable if for every x € H and m € N
there exists y € H with y”* = x. For a T-group G, we say that G, is radicable
if G2, the set of Q-points of G is radicable. For a precise definition of G2
see [15], Section 1].

Definition 5.7. A D*-group is a radicable Ta-group with centre of Hirsch
length 2.

In [I5] Grunewald and Segal gave a classification of 7>-groups with centre
of Hirsch length 2 up to commensurability. They showed that every such
group is commensurable to a D*-group. In order to prove Theorem it
is sufficient to show that the representation zeta function of D*-group is
finitely uniform.

First the definition and classification of D*-groups are recalled. The clas-
sification shows that a D*-group can be broken up into indecomposable con-

stituents. The representation zeta functions of indecomposable D*-groups
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are computed next. Finally, an expression for a general D*-group is derived
and it is shown that the representation zeta function of a T-group with

centre of Hirsch length 2 is finitely uniform.

Definition 5.8. Let G be a D*-group. A central decomposition of G is a
family {A1,..., Ax} of subgroups of G such that:

(1) Z(A;) = Z(G) for each i € [1, k],

(2) G/Z(G) is the direct product the subgroups A;/Z(G),

(3) For i,j € [1,k], [Ai, Aj] = 1 whenever i # j.

The group G is called indecomposable if the only such decomposition is {G}.

Theorem 5.9. [I5] Theorem 6.2] Every D*-group has a central decompo-
sition into indecomposable constituents, and the decomposition is unique,
up to automorphisms of G. In particular the constituents are unique up to

isomorphism.

Theorem 5.10. [I5] Theorem 6.3] Let G be an indecomposable D*-group
of Hirsch length n+2. Then there exists a Mal’cev basis {x1,...,Tn,y1,Y2}
for G such that the structure matriz of G has the following form.

0 B(Y)
Riya(Y) = ,
~B(Y)"
where, if n =2m + 1,
Yi Yo
i Yo
B(Y) = ' ' € Mat, m+1(Z[Y1, Ya))
Yi Y5
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and if n = 2m,

Yy Ys
Y1 Yo
B(Y) = € Mat,,(Z[Y1, Y3)),
Y1 Yo
amYs am—1Y2 ... a2Ys Yi+a1Yo
where det(B(Y1,1)) = Y™ — alYlm*1 — e —am_1Y1 — apy, 15 a power of an

wrreducible polynomial over Q.
Furthermore, if G is any D*-group then Rp(q) (Y) is a diagonal sum of

matrices representing indecomposable constituents.

Proposition 5.11. Let G be an indecomposable D*-group of Hirsch length
n+ 2, where n = 2m + 1 with m > 1. Then for all primes p,

—~ 1— p—ms
Cgf]?(s) - 1 _pZ—ms :
Proof. The dimension of Rg(Y) is n. For all N € N and b € (Z/p")? <
p(Z/pN)? the matrix R (b) has a 2m-minor which is a unit. Consider the
2m-minors obtained from R (b) by deleting the m + 1 row and column and
the 2m + 1 row and column. These minors are b3™ and b3™ respectively.
Since one of by and by is a unit it follows that
V(RG(b)) = (07 s ,O,N)-

N——

2m

Therefore, by Theorem [2.9

(1 _p—2)p2—ms B 1— p—ms
1— p2—ms T 1= pZ—ms :

__ o0
() =1+ (1 —p 2 Mp ™ =1+
N=1
O

Proposition 5.12. Let G be an indecomposable D*-group of Hirsch length
n+2, where n = 2m with m > 1. Let F'(Y1,Y2) be the Pffafian of Rpc)(Y).

69



There exists e € N and an irreducible polynomial f(Y') such that F(Y1,1) =
f(Y1)¢. Then, for almost all primes p,

1—tm . (p —1)(t — 1)(1 — pPet(m=De)
1— p2tm (1 _ thmfl)(l _ th)(l _ erflt(mfle))’

Cin,(s) =

where ¢ is the number of roots of f(Y), the reduction modulo p of f(Y).

Proof. The structure matrix Rp(q)(Y) has Pfaffian Pf(Rpg)(Y)) = Y"
czYlm_lYg + -4+ enYm = F(Y). The 2m — 2-minors given by removing

the (m —1,m+ 1) rows and columns and by removing the (m —1,2m) rows

2m—2 2m—2
Yy Y;

and columns are and respectively. Therefore, G has simple

elementary divisor type of length m and by Theorem

1— tm—l (t o 1)p2tm—1
irr _ Z* -1 —2).
CG,p( ) 1 _p2tm—1 + (1 _ pZtm—l)(l _ p2tm) F((m )S )

The computation of C“r (s) has been reduced to computing Z3(s). Now
consider the coset decomposition
Zp(s)= . / |F (Y1, Ys)|*dp. (5.10)
acF2- {0} " &PL
Here, strictly speaking, the summation is not over a = (a,a2) € IFIQ, ~ {0},
but rather over the representatives of the non-zero cosets of pZZQ,. Ifa, =0

modulo p then a; # 0 modulo p and v, (F(a1,a2)) = 0. In this case
[ IR0 = a2 =
a+pZ2
In all other cases we have as £ 0 modulo p. Now,

vy PO = [ PV, Ya)d

ZQ
a2#0 mod p (a1a2 A)tp

by a change of variables. Therefore,

/ Zz F(Y1,Ys)[*dpu = (p— 1) Z/ F(Y1,Ys)[%dp
a-+p.

2
ae]Ff, a1€F, ¥ (an,1)+pZ3

a2Z0 mod p

-1t Y / [F(Yi, 1)[dp.
a1€F, a1+pZp
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By assumption, F'(Y1,1) = f(Y1)¢, where f is irreducible over Q, and so,
S [ wonrde= [ 100
a1€F, a1+pZp Zyp

= Zf(es).

For almost all primes p, Igusa’s local zeta function associated with an ir-
reducible polynomial f has a form which only depends on the splitting be-
haviour of the prime p in the ring of integers in the splitting field of f. Let
K denote the splitting field of f and let O denote the ring of integers in K.

Suppose that the prime p is unramified in O (which is the case for all but
finitely many primes) and that pO = P; ... Px, where Py, ..., Py are prime
ideals of @. Then, the reduction modulo p of f has the form f = fi... fx
where fi,..., fi are irreducible polynomials over Fp. For each fi we have
either fi(a) # 0 modulo p for all a € F, or fi(Y1) = Y1 —q; for some «; € F,,.

Furthermore, the roots of f in IF,, are distinct and each lifts, via Hensel’s
Lemma, to a unique root of f in Z,. Let ¢ denote the number of solutions

of f(Y1) = 0 modulo p. We have,
Z4(s) = [ 150v0)dn
Zp

- / |(Y1 —Oq)...(Yl —a5)|sd,u,
Zp

where the «; are distinct, and so,

(L—php ' _
All the summands of equation (5.10]) are now understood. By summing and

performing some algebraic reductions the result is achieved. O

Theorem 5.13. Let G be an arbitrary D*-group. There exists £ € N
and irreducible polynomials F1(Y),..., Fe(Y') € Q[Y] and rational functions
Wo(Y1,Ya), ..., Wi(Y1,Y2) such that for almost all primes p

~ 14

G (s) = Wolp.p™") + D~ Fi(Fy)Wilp,p ™).
=1
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where

Fi(Fp) :=#{z € F, | Fi(z) =0 mod p}.

Proof. Let {A1, ..., Apmin} be acentral decomposition of G where Aq, ..., A,
are indecomposable D*-groups of even Hirsch length and Ay41,. .., Aptn
indecomposable D*-groups of odd Hirsch length. The structure matrix
Ra(Y1,Ys) is the diagonal sum of the structure matrices Ry, (Y1, Y2).

Denote the Hirsch length of A; by k; 4+ 2 so that the Hirsch length of
G is equal to k1 + - + kpgn + 2. Let o9, denote the set of 2r-minors
of Rg(Y1,Y2). For b € (Z/pN)? \ p(Z/pN)?, the matrices Ry, (b1,b2) of
the indecomposable constituents of G have large unit minors. Precisely, for
i € [1,m] each R, (b1,b2) has a unit (k; —2)-minor and for i € [m+1,m+n)|
each Ry, (b1, b2) has a unit (k; — 1)-minor. Further, for i € [m + 1,m + n|
each Ry, (b1, b2) has rank k; — 1.

These observations imply that R, (b1, b2) has an elementary divisor type

of a very specific ‘shape’.

V(Ra,(b1,02)) =( 0,...,0 ,K1,K1,.-sEm,Em, N,...,N),
SN—— N————
- ki)—2m—n n

Let fi(Y) € Q[Y] be the irreducible polynomial determined by the in-
decomposable component A,,1;. That is, if Pf;(Y1, Y2) denotes the Pfaffian
of Rp,(Y1,Y2). Then, for i € [1,n] there exists an irreducible polynomial f;
and e; € N such that Pf;(Y,1) = f;(Y)%.

Let o9, denote the set of Pfaffians of the principal 2r-minors of R (Y7, Y2)

and k := (3" k; — n). By Theorem

~ 1 5 |0’2,€UX0'2,€,2‘S
A0 [F F R — /Z e IXE T s,
(L—p1)*(A—p=2) Jp p&’g[\)f’ P e .

=:7(s,3)

where § = (> ki)s+1. Decompose the integral Z(s, §) with respect to cosets

modulo p and gather the cosets that are equivalent up to multiplication by
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a unit in Z,.

_ 5 loow U Xoow ol
26.9= Y | X T P e
K

aclF2\0 Ly (a+pLy) KE[1,k]

z UX _ol?
| X7 [ 7t Rty
acP(F,) PLpx (a+pZ3) KE[1,k] |0-2K/‘
~e-n Y |/ XF T PRV, Y2), X de

acPl(F,) ¥ PLr*(a+pL]) i€[1,m]

Here we identify P!(F,) with the following set of representatives of the ho-
mothety classes: {(a1,1) | a1 € Fp} U{(1,0)} and denote by a + pZ2 the

coset of pZZ% in which all elements are congruent to a modulo p.

259 =0-1| 3 / X T 1500, X du
(Fp) PLpx (a1+pZp)

a=(a:1)eP(F i€[1,m]

+ [ XP T 10, Ya), X Py
pZpx((0,1)+pZ32)

i€[1,m]

—p-n| X / X T 15004, X dp
PZpx(a1+pZp)

a=(a1:1)eP(Fp) i€[1,m]

L(A-p P
+p T 1—p1 (5.11)

For p a sufficiently large prime, two distinct irreducible polynomials gq
and go over Q have distinct roots modulo p. Indeed, for polynomials g1, go

the resultant Res(g1, g2) is defined as

Res(g1,92) = II (a1 — a2).

a1,a2€Q
91(01)=0,g2(a2)=0

Note that if g1, g2 are irreducible polynomials then Res(g1, g2) is a rational
number. Therefore, if g;, go have a simultaneous root modulo p then the
p-adic valuation v,(Res(g1,g2)) of the resultant Res(g1, g2) is non-zero, but

this can only happen for finitely many primes.
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Suppose that {f1(Y), ..., fm(Y)} ={F1(Y),..., F;)(Y)}, where the F;(Y)
are distinct. For a; € F,, and for p sufficiently large a; can only be a root
modulo p of one of the ¢ distinct irreducibles polynomials. Suppose that ay

is a root of F; for j € [1,/4] and let Sj := {i € [1,m] | f;(Y) = F;(Y)} then,

/ X0 T 105, X dp = / x| T 100, X P
pZp*(a1+pZp) i€[1,m] pZp*(a1+pZp) i€s;
:/ XJ T v, X dp.
PLpXpLp i€S;

The second equality follows from the fact that a is a simple root of Fj. If

a € F), is not a root of any of the F; then

/ X T 100, Xldu = p! / X'y
PZpx (a1+pZLp) PZp

i€[1,m]
In either case, the integral is a rational function in p, p~® whose coefficients

do not depend on p. The summands of expression (5.11]) are now known

and the multplicity of each summand is given by Fj(F)). O

Corollary 5.14. The representation zeta function of a Ta-group G with
centre of Hirsch length 2 is finitely uniform.

Proof. For any T-group GG and finite-index subgroup H and for almost all
primes p we have (g:p(s) = Cigfp(s). A T3-group with derived group of Hirsch
length 2 is commensurable to a D*-group. Therefore, it suffices to prove the
statement for a D*-group. Almost all the local factors of the representation
zeta function of G are given by the formula given in the theorem. The
numbers F;(F,) are determined by the splitting behaviour of the ideal (p) in
the ring of integers of the splitting field of F;. Since there are only finitely

many splitting behaviours possible, the result follows. O
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Chapter 6

Computations

This chapter presents computations of the representation zeta function of
several (families of) 7-groups. In each computation we give a presentation
of a Ta-group G and, after implicitely choosing a basis for L(G), the structure
matrix Rp(q)(Y). All examples in this chapter satisfy the conditions in

Section [2.4] that imply the Theorem [2.9]is valid for all primes p.

Example 6.1. The Heisenberg group. Let H denote the Heisenberg group,
which has presentation (z1,z2,y1 | [x1,22] = y1). The fact that 1,,(H) =
¢(n) was first shown in [33], Theorem 5] by direct computation of the twist-

isoclasses. It was later noted in [20] that this implies that

((s=1)

() = 25

. (6.1)

The representation zeta function of H is also calculated using the method
of elementary divisors in [24, Chapter 3, Example 3.4]. The computation
is recorded here for completeness. The structure matrix Rpg)(Y) of the

associated Lie ring L(H) is as follows:

0 Y

Rrm(Y) =
-Y 0
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Theorem implies that

Q@& (5) =3 Nmp &™),

NeN
meN

where Ny, = #{b € (Z/p™)\ p(Z/p") | v(R(Y)) = (m,m)}. It then
follows that

1 ifN=m=0,
Nm =14 (1—p HpYN if N>0,m=0,
0 otherwise.

Therefore,

B =1+ (= p 0
NeN
pl—s _ 1 _p—s

_ -1
=14+(1-p )1—p1_5 = i

and after taking the Euler product of the local factors, formula (6.1)) is

recovered.

Example 6.2. Grenham’s groups. Let G, denote Grenham’s group given

by the presentation

Zos -5 Tn—1
6=
Yt -5 Yn—1

[0, 2] = yi, 1 < < n>

The associated structure matrix for L(G,,) is

0 Y1 ... Y,
-Y; 0 0
Rian)(Y) =
-Y ; 0 0

For any b = (b1, ...,by—1) € (Z/p™)" 1\ (Z/p™)"! the matrix R q,)(b)
has rank 2. Thus, v(Rpq,)(b)) = (m1,m1, N,...,N) and by Lemma
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m1 = 0 and

Ciéi,p =14 Z (n 1 (n 1)Np7Ns
NeN
(n—1)—s
— _ ,ntl b
=1+(1-p )1 D
_ 1=
T 1— p(n—l)—s
By taking the Euler product of the local factors the global zeta function is
oo Cs=n+1)
CH‘I’ s) = .
Gn( ) C(S)

The representation zeta function Clrr( ) converges for (s) > n and has

meromorphic continuation to the whole complex plane.

Example 6.3. Let B,, denote the 7Ta-group given by the following presen-
tation:

Bn: <$17"'xn7y1 ’ [xivxi'f'ﬂ = Y1, 1 SZSn_1>

It has associated structure matrix

0 Y 0
-Y 0 Y
0 =Y O
Ris)(Y) =
0 Y
-Y 0

For b € Z/p"N \ p(Z/p") and n = 2f or 2f + 1 the matrix Ry p,)(b) has
rank 2f. If n = 2f then v(Ryp,)(b)) = (0,...,0) and if n = 2f +1
' ———

2f
then v(Rpg,)(b)) = (0,...,0,N). In either case, the local factors of the
f
2
representation zeta function are the same.
irr pNp=IN
Brple) =14+ > (L =pp"p ™
NeN
pl—fs 1— p—fs

_ ~1 _
=1+(1-p )1_p17fs =T i
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By taking the Euler product of the local factors the global zeta function is
((fs—1)

¢(fs)

The representation zeta function (ji* (s) converges for R(s) > 2/f and has

CBr (s) =

meromorphic continuation to the whole complex plane.

Lemma 6.4. For m,n,a,b € N and writingt = p~*°

7

A(S) — Z pmN1+nN2pfs(aN1+bN27min{N1,Ng})
N1eN
NoeN
perntaerfl(l _ pm+nta+b)

- (1 — pmta)<1 — p”tb)(l — pm+nta+b—1) : (6'2)

Proof. In order to resolve the minimum on the left hand side of equation

divide the domain of summation into three parts:
(i) N1 > Na,

(ii) N1 = No,

(iii) N1 < Na.

Case (i): For D € N substitute Ny = Ny + D into the left hand side of
equation (6.2]).

(m4n)Na+mD, —s((a+b—1)Na+aD) prirgettml o pme

_ m+n)No+mD_ _—s((a+b— 2+aD) __ .

A(S)’(i) - Z p p - 1— pm—f—nta—l—b—l 1 _pmta'
NoeN
DeN

Case (ii): If Ny = Ny then

m—l—nta—f—b—l

m—+n)N, —s(a+b—1)N p
A(S)|(m) = Z p( ) p (@tb-DN — 1— perntaerfl ’
NeN

Case (iii): By symmetry with case (i),

m+nta+b71 ntb

P p
A(5)|(iii) —1_ pmtngatb—1 1= prtb’

The result is obtained by summing the three cases and some algebraic ma-

nipulation. O
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Example 6.5. Let G be the Ta-group with the presentation

G: < Lly..-T4 [561,.132] = Y1, [$17x4] o >

Y1, Y2 (22, 23] = Y2
and associated structure matrix

0 Y1 0 Ys
-7, 0 Y O
0 -Y, 0 O

For b € (Z/p")*\p(Z/p")? the elementary divisors of R, (b) depend only
on vp(b2). The strategy employed is to divide the domain of summation into

pieces where the elementary divisors of RL(G)(b) are constant. By formula

(2.8)
() =1+ S Nagp N, (6.3)
NeN
0<m<N

where Ny.m = #{b € (Z/p")*\ p(Z/p")? | v(Rpc) (b)) = (0,0,m,m)}.
The determinant det(Rpc)(Y)) = Y3 and so v(Rp ) (b)) = (0,0,m,m),
where m = min{2v,(b2), N}. Writing Ny := v,(b2) equation (6.3]) becomes

Fs) =14 Y Ny CN-min(Ne V), (6.4)

NeN
0<N2<N

where Ny n, = #{b € (Z/p™)2\ p(Z/p™)? | vp(b2) = N2}. The summand

of equation ([6.4)) is split into three cases in order to resolve the minimum.
(i) Ny =0,
(ii) 0< N3 < N,

(ili) Ny = N.
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Case(i): For N € Nand No =0, Nyg = (1 —p~1)p?" and so

Z NN’sz—s(2N—min{2N2,N}) _ Z (1 o p—l)p2Np—2Ns

NeN NeN
Na2=0
1 2—2s
=0=r )
Case (ii): Write N = Ny + D, where D € N. In this case Ny n, = (1 —

p—1)2p2N—NQ and

Z NNyNprs(Zmein{2N2,N}) — Z (1 _pfl)2pN2+2Dpfs(N2+2D7min{N2,D})

NeN NoeN
0<Na2<N DeN
— (1 _ p—1)2 p3t2(1 _pgt?’)
(1 —pt)(1 —p*2)(1 — p?t2)’
by Lemma [6.4

Case (iii): If Ny = N, then Ny n, = (1 —p~1)p" and

Z NN7N2pfs(2N7min{2N2,N}) — Z (1 - pfl)prst

NeN NeN
No=N

pt
(1 —pt)

=(1-p "

Therfore, the local factor of the representation zeta

oy (=0 —p*t?)
Gl = (= )

and the global zeta function

o C(s— 12— 3)
=" e )

The zeta function (A (s) converges for R(s) > 2 and has meromorphic con-

tinuation to the whole of C. The continued function has a double pole

at s = 2.

Example 6.6. Class-2-nilpotent quotients of Uy(Z). Let T, denote the
maximal class-2-nilpotent quotient of the (upper) unitriangular n x n matrix

group over Z. The Ts-group T}, has presentation
Th=(T1, . Tn, Y1,y Yn-1 | [Ti,2i01] =i, 1< <n—1)
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and associated structure matrix

0 i 0
- 0 Y,
0 =Y O
Rea)(Y) =
0 Y.—1
Y, 0

Note that, To = H, the Heisenberg group and T3 = G35, Grenham’s group.
The first group of the form 7;, that is not treated above is T;. The deter-
minant det(Rp7,)(Y)) = Y?2Y$ implies that for b € (Z/p™)* \ p(Z/pN)?
the elementary divisor type v(Rp(r,)(Y)) = (0,0,m,m) only depends the
p-adic valuations of by and b3. Writing Ny = vp(b1) and N3 = v,(b3), we

obtain

%f,p(S) =14 Z NN7(N17N3)p—s(2N—min{N1+N3,N})’ (6.5)

NeN
0<Ni<N, 0SN3<N

where Ny (n, ;) 1= #{b € (Z/p™)\p(Z/p")? | v(b1) = Ni, vp(bs) = Na}.
The minimum in equation can be resolved by breaking the sum up
with respect to the values of N7 and N3. Initially, the sum is expanded as
9 cases. However, due to the symmetry in expression the 9 cases can
immediately be reduced to 6 cases. These cases are summarised in the table

below.

Ni=0|0<N; <N |N=N
(a) (b) (c)

0< N3 <N | (b) (d) (e)
Ny =N (c) (e) (f)

N3 =0

In all cases except (d), the minimum is resolved and the computation

of the summation is reduced to calculating N, N,(Ni,N3) and expressing the
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resulting sum in terms of geometric series. In case (d) a further case dis-

tinction is required.

Case (a): If Ny = N3 =0, then NN,(Nl,Ng) =(1 fp—1)2p3N and

Y Ny ngyp CNTRIMENGND = (g )2

NeN NeN
N1=N3=0

342
_ pot
=(1—p H2_ £~
(1-p )1_pgt2

Case (b): I 0 < N; < N and N3 = 0, then Ny n, ny) = (1 —
p~1)2p3N N1 Writing N = Ny + D,

Z NN7(N1’Ng)p—s(2N—min{N1+N37N}) _ Z (1 7p—1)2p2N1+3Dp—s(N3+2D)

NeN N1,DeN
0<N1<N, N3=0

— (1 . p—1)2 th . p3t2
1—p%t 1-—p3t?

Case (c): If Ny = N and N3 = 0, then Ny (n, ny) = (1 — p~1)p*" and

Z NN,(Nl,N3)p_8(2N_min{Nl+N37N}) _ Z (1 _p—l)pQNp—Ns

NeN NeN
N1=N, N3=0

Pt
1—p2t

=(1-p")
Case (d) If 0 < N1, N3 < N, then NN,(Nl,Ng) = (1 —p71)3p3N7N17N3’

Z NN N Ng)p_S(QN—miH{Nl'f‘N:S,N})

NeN
0<N1<N3<N

= Z (1 — p~1)3p3N—N1=Napy=s2N—min{N1+N3,N})

NeN
0<N1<N3<N
and the minimum is not resolved. Case (d) is further subdivided into the

following three cases:
(i) N1 < Ng,
(i) N1 = N3,
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(iii) N1 > Ns.

Due to the symmetry of (6.5) the summations of cases (i) and (iii) is equal.
Case (i): Write N3 = N1+ D and N = Ny + D+ D', where D, D’ € N, then

Z (1 _p—l>3p3N—N1—ng—S(QN—min{Nl-‘rNg,N})

NeN
0<N1<N3<N

— Z (1 — p~1)3pNi+2D+3D';=s(N1+D+2D'~min{N3,D'})

N,D,D’eN

2
t / / H /
—(1—p 3P Z N1+3D’, —s(N1+2D’'—min{N3,D'})
| ) L—p N,D’eN g

(6.6)

The minimum is still unresolved, but the final sum of expression is of
the form described in Lemma[6.4] By applying this lemma the final formula

for case (i) is obtained as

(1—p 1)?pSe3(1 — p*t?)
(1 —pt)(1 —p?t)(1 — p3t2)(1 — pit2)

Case (ii): Write N = N1 4+ D. Then by utilising Lemma

Z (1- p—1)3p3N—N1—ng—s(zN—min{N1+N3,N})

0<N]1V=6]I\\/]3<N
_ Z (1 — p~1)3pM+3D (12D —min{N1,D})
N1,DeN
(1—p 132 (1 — p*t?)
01— PO o)

Case (e): If Ny = N and 0 < N3 < N, then Ny v, ny) = (1 —
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pil)zpzN*NS. Write N = N3 4+ D, where D € N, then

Z NN o Ng)p—s(QN—min{Nl—f—Ng,N})

NeN
N1=N, 0<N3<0

_ Z (1 _p—l)QpN3+2Dp—S(N3+D)

N,DeN

— Z (1 _p—l)pQN—Ng —Ns
NeN

—(1-p )2 p*t?

(1—pt)(1—p%t)
Case (f): If Ny = N3 = N, then Ny (v, ny) = (1 —p~')p" and

Z NN7(N17N3)p—s(2N—min{N1+N3,N}) _ Z (1 o p—l)pnp—Ns

NeN NeN
N1=N3=N

_ pt
— (1 — 17'
( P )l—pt

The local factor of the representation zeta function for T} is obtained by

summing all the cases with appropriate multiplicity.

i (1—-)(1 = pt)
<T4,p(3) = (1 —p2t)2 :
The global representation zeta function therefore
i ¢(s —2)?
Clrr s) = ,
A= e - 1)

converges for R(s) > 3 and has meromorphic continuation to the whole
complex plane. The continued function has a double pole at s = 3.
The author has computed the representation zeta function CiTArj (s) for Ts.

The computation is very long and is similar in flavour to the calculation

for Ty. The formula is

—~ S — 3
=P

Remark 6.7. For n € [2,5],

(s —1)¢(s —2)" 2
C(s)C(s = 1)n=2

It is interesting to ask whether this formula is valid for all n > 2.

G (s) =
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Chapter 7

Zeta functions of

2-dimensional rings

This chapter contains ideas similar, but different, to the material in the rest
of this thesis. We discuss the zeta functions enumerating subrings and ideals
of 2-dimensional rings.

For the purposes of this chapter a ring R is always additively isomorphic
to Z%, for some d € N, and equipped by a bi-additive product. Note that
this product is not necessarily associative. If R is additively isomorphic to

7% then R is said to be d-dimensional.

Definition 7.1. For = a class of sub-objects of a ring R, the = zeta function

of R is the Dirichlet generating function
CR(s) =D [R:H|™,
HeE
where the sum ranges over all finite index subobjects in the class = and s is

a complex variable.

We explore the enumeration of four particular classes of sub-objects.

Namely, subrings, left-, right- and two-sided ideals.
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Remark 7.2. In general these classes yield four Dirichlet generating func-

tions. If R is (anti-)commutative then the three types of ideal coincide.

Let R be a ring that is additively isomorphic to Z¢. Fix a Z-basis
y = (y1,...,y4) of R. Each product y;y; is a linear combination of the
basis elements. That is, for all 4, j, k € [1,d], there exist )\i-“j € Z such that
Yitj = oy Ay

Let Zr(Y) € Maty(Z[Y1,...,Yq]) be the matrix of linear forms whose
ij-entry is ZZ:1 /\ijk. Then Zr(Y) is the structure matrix of R with
respect to the chosen basis. Once a basis is chosen we refer to Zr(Y) as the
structure matrix of R. The structure matrix is determined, with respect to
the chosen basis, by the multiplication of R. Conversely, if we write down
any d X d matrix of linear forms of Z[Y1, ..., Yy] this determines a ring R by

extending the multiplication linearly.

7.1 Localisation

In this section we localise the problem of counting subobjects and give cri-
teria for an additive subgroup of finite index to be a ring or ideal.

The ring R is a Z-algebra and so, for any prime p, we can consider the
tensor product R, := R®Z,. Then R, is a Z,-algebra whose multiplication
is obtained by linearly extending that of R. We define the = zeta function
of R, to be the Dirichlet generating function C]E%p (s) enumerating the finite

index sub-objects in the class =.

Proposition 7.3. [16, Section 3] Let R be a ring. If = is the class of
subrings, left-, right- or two-sided ideals, then C%L(s) has the following Euler
product.

(o) =TI ¢, () (7.1)
P
where the product is taken over all primes.
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The zeta function C]%p(s) is the p-local factor of the the global zeta func-
tion (5(s). We now present an enumeration of all finite-index subgroups of

R,, which is additively isomorphic to Zg.

Remark 7.4. In this chapter we consider global rings R and their localisa-
tion R, but all the results concerning R, are valid for general Z,-algebras,

not only those that occur as the localisation of a Z-algebra.

We follow [38, Section 3]. Every subring or ideal is a subgroup of the
underlying abelian group. Once we have provided an enumeration of all
finite-index subgroups we present criteria for a subgroup to be a subring,
left-, right- or two-sided ideal.

Write R, = Zpe1 & - -+ & Zpeq. Let M € GL4(Qp) N Maty(Z,), the set
of d x d matrices of over Z, with non-zero determinant. We identify M
with the sublattice of R, generated by the elements whose coordinates with
respect to (eq,...,eq) are encoded in the rows of M. The index of the
subgroup is equal to the determinant of M. The left-action of I' := GL4(Z))
on Matgy(Zy), by left multiplication, corresponds to row operations, which
means that any element of the coset I'M corresponds to the same subgroup
of R,. Conversely, if we fix a finite-index subgroup then every matrix with
which it identifies is an element of the coset I' M.

We have established a one-to-one correspondence between the finite-
index subgroups of R, and the right cosets of I'. By the elementary divisor
theorem each coset I'M contains a representative of the form Da~', where
a € T and D = diag(p™ottra-1 . po) = diag(Dy,...,Dy) is a diagonal

matrix with r; € Ny for ¢ € [1,d].

Proposition 7.5. [38, Section 3] Let R, be a ring with structure matric
Zr(y). A sublattice of Ry, corresponding to a right coset I'Da~"' is a subal-
gebra of Ry, if and only if the following congruences hold:

Vi € [1,d] : Da ' Zg(ali])(a™ T D = 0 mod D;, (SUB)
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where afi] denotes the i column of a.
We generalise Proposition to right-, left- and two-sided ideals.

Proposition 7.6. Let R, be a ring with structure matric Zr(y). A sublat-
tice of R,, corresponding to a right coset Dot is a right-ideal of R, if and

only if the following congruences hold:
Vi € [1,d] : Da"'%g(ali]) = 0 mod D;. (R-IDEAL)

Proof. Let A be a finite-index subgroup of R,. Then A is a right ideal if and
only if AR, C A. Let C(;) : R — R,z + xe; be the matrix corresponding
to right multiplication by the ;' basis element with respect to the chosen
basis. Consider elements of R, as row vectors. Recall M = Da~! and
denote by M; the i*" row of the matrix M. M; corresponds to a generator

of the subgroup corresponding to M. Then M is a right-ideal if and only if

Vi, j € [1,d] : M;Cy;) € ZLM
& Vi, j € [1,d] : MiC(ja € ZLD
& Vi, j, k € [1,d] : Dg|(M;Cyj0)[k]
For all k € [1,d] we have (C(ylk])...Ca)lk]) = Zr(alk]). By writing M

instead of M; and collecting the C'(;) using the previous identity we arrive

at the result. O

Proposition 7.7. Let R, be a ring with structure matric Zr(y). A sublat-
tice of R, corresponding to a right coset TDa™! is a left-ideal of R, if and

only if the following congruences hold:
Vi€ [1,d] : Zr(afi])(a™1)TD = 0 mod D;. (L-IDEAL)

The proof of Proposition [7.7] is very similar to the proof of Proposition

[(.0l
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Proposition 7.8. Let R, be a ring with structure matric Zr(y). A sublat-
tice of R, corresponding a right coset I'Da! is a two-sided ideal of R, if

and only if the following congruences hold:

Da~'%p(ali]) = 0 mod D,
Vi e [1,d] : (IDEAL)
Zr(ali]) (=)' D = 0 mod D;.
Proof. By definition, an ideal is two-sided if it is simultaneously a right- and

left-ideal. The congruences in (IDEAL|) are simply the conjunction of the
congruences in (R-IDEAL|) and (L-IDEALJ. O

7.2 Formulae for local zeta functions

We want to determine whether or not a given finite-index subgroup is a
subring or an ideal. In general, given a finite-index subgroup, the criteria
given in Propositions reduce this question to verifying a number of
congruences.

In [25] Klopsch and Voll consider the subrings of 3-dimensional Z,-Lie
algebras. In this case the combination of the small dimension and the anti-
commutivity of the multiplication of a Z,-Lie algebra mean that all but one
of the congruences of (SUB) are satisfied for all finite-index subgroups.

They deduce a formula for the subring zeta function in terms of Igusa’s
local zeta function associated with a single ternary quadratic form. We use
similar methods but focus on 2-dimensional Z,-algebras (with no restriction
on the multiplication).

We write Ci(s) for the zeta function enumerating all finite-index sub-

rings of R, and recall our convention that ¢t = p~*.

Theorem 7.9. Let R be a 2-dimensional ring with structure constants )\fj

fori, j, k € {1,2} with respect to a chosen Z-basis. Then

S (5) = 1 — pt §—
wWO = TTHa G T
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where F(xy1,x2) € Z[x1,x2] is a cubic binary form given by
F(w1, @) = Ao} + (A32 — Mo — A1) @ima + (A1 — Aly — A3y )123 + Ao,

Proof. For D = diag(p™*™,p™) and a € GL2(Z,), consider the coset
I'Da~! of I' = GLy(Z,). We want to check if the finite-index subgroup
A corresponding to 'Da~! is a subring. In the case of 2-dimensional rings
the set of congruences labelled (SUB) in Proposition consists of eight
congruences. By writing the congruences out, one notices that seven of
the eight are automatically satisfied for all finite-index subgroups. In fact,

(SUB) reduces to verifying the single congruence
p"°F(a11,a21) = 0 mod p™,

where F'(x1,x2) is as in the statement of the proposition.

The matrix « is determined only up to right multiplication by elements
of the stabilizer Stabr(I'D). For a fixed r we can describe Stabr(I'D)
precisely.

Ly Ly
Ly Zg

Stabr (FD) =

This means the first column of « is determined modulo p™ by A. In ad-
dition, @ must have non-zero determinant and so the pairs (a1, a91) that
correspond to unique sublattices are in bijection with the points of the finite

projective space P!(Z/p™). Therefore,

oo oo
C}%p(s) _ Z Z M;#Of’mt%“o-ﬁ-m,
ro=07r1=0
where Mﬂ%m = #{x € PYZ/p™) | vp(Fy,)(x) > r1} and F, (x) = p" F(z1, 22).
In the case 1 > 0, define M | = #{x € (Z/p")*\p(Z/p")? | vp(Fy,)(x) =

70,71

0}. It is clear that

4 (L—p Y lp My . ifr #0,

0,71
ro,r1

1 ifr; =0.
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Thus

o0 [e.e] M*
< o 27 70,71 2ro+
G = 3 (14 32 (M
ro=0 ri=1

by direct substitution. Using identities (3.10]) and (3.15)) we obtain:

SICEDY (t +3 fp (P, 1) - 1))

ro=0
0o 2 N * _
=D (t”“ T (1 i L 1>>
o 1—p 1—pt
_ 1 n pt —p~ It
1—t2 " (1—-p H)(1—-#)(1 - pt)
- pt it%o Z* (8—1)
(1—p=H)(1—pt) Fro

ro=1
For the final step, we use identity (3.9)) and note that Z,op(s) =t Zp(s).

< gy = 1 B pt .
B = A

O

Now let = be the class of all finite-index right ideals. We define the
right-ideal zeta function as
CGir(s) =Y |R: H[™*.
He=
Theorem 7.10. Let R be a 2-dimensional ring with structure constants )\fj

fori,j, k € {1,2} with respect to a chosen Z-basis. Then

Qi) 1 _ pt s —
)= Ty - @ p A g ¥

where F < Z]x1,xo] is the ideal generated by the polynomials fi(x1,x2),

fa(x1,29)€ Z[x1,x9] given by

fi(wy,z2) = )\%135% + (>\31 - )\%1)901952 - A%lx%a

fa(@1,2) = Aypat + (A3 — AMo)a1a2 — Ao
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Proof. By Proposition a finite-index subgroup A is a right ideal if the
congruences (R-IDEAL) are satisfied by the matrix Da~! corresponding
to A. Since R is 2-dimensional, we see that there are eight congruences in
(R-IDEAL) and that six of them are satisfied automatically. Suppose that
a finite-index subgroup corresponds to the matrix Da~!. Then A is a right

ideal if the following two congruences hold:

f1 (0611, 0521) = 0 mod prl,

fa(11, a21) = 0 mod p™.

Similarly to the proof of Theorem it follows that

Gir(s) =D > MEeot,

ro=07r1=0

where M .= #{x € P(Z/p"™) | min{v,(f1(x), vp(f2(x)} > r1}. Since M

does not depend on ry we can separate the sums and obtain

1
<r — Har
Gi(s) = 7= D M.

r1=0

For r1 > 0 we define M} = #{x € (Z/p™)* ~ p(Z/p™)* | fi(x) = fa(x) =
0}. We have

(1-— p’l)’lp”'lM;*1 if r1 # 0,
1 if ry =0.

Therefore

1 1 >
<p _ * —1 'S
G = g (14 1 S an )

r1=1
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The final formula results from using of identities (3.10)), (3.15)), (3.9).

1 1
Cri(s) = T <1 + W(P;‘ —1)>

1 —1 2 <1 + 1_12,_1 (PE(pt) — 1))

_ 1 1 1_p*1t_ptz*(8_1)

1= <1+1—p1( l—ptF _1>)

_ 1 B ot L

— 1—t)(1—pt) (L—pH{A—pt)(1—12) Zx( 1)

_ 1 B pt N
(1—t)1—pt) (1—p (1 —pt) Zp(s —1).

O]

Now let = be the class of all finite-index left ideals. We define the left-
ideal zeta function as
Gi(s) = S IR H™
He=
Theorem 7.11. Let R be a 2-dimensional ring, with structure constants )\Z
fori, j, k € {1,2} with respect to a chosen Z-basis. Then

S S .
() = T@ ) Gy e

where G < Z[x1,x2] is the ideal generated by the polynomials g1(x1,x2),

g2(x1,x2)€ Z|x1, 2] given by

g1(z1,2) = A2t + (Afy — Al z1me — Af 23,

g2(21,m2) = Aot + (A3y — Mgy )z1m2 — A3, 73,

The proof of Theorem [7.11}is very similar to the proof of Theorem [7.10

Finally, we write Cgp (s) for the zeta function enumerating two-sided ideals.

Theorem 7.12. Let R be a 2-dimensional ring, by fixing a basis we de-
termine a structure matriz Zr(y) and structure constants )\fj fori,j5,k €
{1,2}. Then

4 B 1 pt
)= T T apa—pp T
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where ¥, G < Z[x1,x2] are the ideals defined in Theorems and

respectively.

Proof. By Proposition a finite-index subgroup is a two-sided ideal if the
corresponding matrix Da~! satisfies (IDEAL), which for a 2-dimensional
ring consists of sixteen congruences. However, we notice that twelve of the

congruences are satisfied automatically. The remaining four congruences are

where f1, f2, g1, go are the polynomials defined in Theorems and
The remainder of the proof is very similar to the proof of Theorem O

In the case where the ring R is (anti-)commutative the left-, right- and
two-sided ideal zeta function are equal. In this case we denote the single

ideal zeta function by Cﬁp(s).

7.3 Pole spectra

In Section [7.2] we showed that the p-local subring and ideal zeta functions of
a 2-dimensional ring can be expressed in terms of Igusa’s local zeta function
associated with a polynomial or ideal given by the structure constants. In
this section we use the formulae presented in Theorems — to exam-
ine the local and global pole spectra for the various zeta functions associated
with a 2-dimensional ring.

We are interested in the poles of zeta functions because they give us
information about the growth of the sequence encoded in the Dirichlet series.
In particular, the pole with largest real part controls the rate of polynomial

growth.

94



The pole spectrum of a class of rings X is the set S of real numbers
such that if R € X and (%(s) has leading pole on the real line at s = «,
then s € S. Conversely, if a € S, then there exists R € X such (5(s) has
leading pole at s = a.. Recall that, by Theorem [10, Theorem 1.1], the zeta
functions of rings all have meromorphic continuation beyond the abscissa of
convergence, so that the pole spectrum of any class of rings is non-empty.
The local pole spectrum is defined analogously.

In practice we may not be able to calculate the subring (or ideal) zeta
function of given ring R. However, we might be able to provide a superset
for its pole spectrum. Of course, the pole spectrum for the class of all rings
is a natural superset for the pole spectrum of a given ring. In this section
we give supersets for the subring and idea pole spectrum of 2-dimensional
rings.

Before we can describe the pole spectra we need to introduce some no-
tation and recall some well known facts. For a prime p the p-local factor of
the Riemann zeta function (,(s) is defined as

1

Cp(s) = T—¢

The p-local factor of the Riemann zeta function converges for Re(s) > 0, has
meromorphic continuation to the whole complex and the extended function
has a simple pole at s = 0. The Riemann zeta function ((s) is the Euler

product of the p-local factors:
¢(s) =[] (s
P

The Riemann zeta function converges for fe(s) > 1, has meromorphic con-
tinuation to the whole complex plane and the extended function has a simple
pole at s = 1.

The main result of [I6] implies that the local factors of the subring, left-,
right- and two-sided zeta functions are rational functions. Furthermore, in

[10] it is shown that they have the following form.
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For a ring R, a prime p and x € {<, <,, <y, <} we have

\Ilp.l(pv t)
\I/pvz (p7 t) ’

where ¥, 1(X,Y), ¥, 2(X,Y) € Z[X,Y] are polynomials and

Cr,(s) =

Upa(X,Y) = [T (1 —pritPeo),
i€l

where A, ;, B,; € Ng and I, is a finite indexing set. It follows that the
location of the real part of any poles in an element of the set {A,;/Bp; |
i € I}. It is also shown in [I0] that the location of the leading pole is

Api

max,, prime{]’;’Ttl}.

i€l, :
Therefore, from knowledge of all possible pairs (A, ;, By ;) we know the
possible local and global pole spectra. The set of all such pairs is called the

pole location data.

Theorem 7.13. For the class of all 2-dimensional rings:

(1) The pole spectra of the local subring zeta function is {0,1/3,1/2,2/3,1}.
The pole spectra for the leading pole of the global subring zeta functions is
{2/3,1,2}.

(2) The pole spectra of either the local left-, right- or two-sided ideal zeta
function is {0,1/2,1}. The pole spectra for the leading pole of the either the
global left-, right- or two-sided ideal zeta functions is {1/2,1,2}.

Proof. For all primes p and * € {<, <,, <y, <} and any 2-dimensional ring

R, there exist an ideal F <1 Z[z1, z2] such that

e 1 B pt s —
Cr,(8) = Q-1 —pt) (1—pH{I—pt) Zp(s —1)

The ideal F depends on * and R and is described explicitly in Theorems
but it is generated by a single cubic polynomial if x =< or a set of

quadratic polynomials if x € {<,, <y, <}. In either case, we see immediately

that (0,1) and (1, 1) are part of the pole location data.
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Our analysis is complete if we understand the pole location data for
Zr(s—1). Note that if (A, B) is part of the pole for Zg(s), then (A+ B, B) is
part of the pole data for Zg(s—1). We complete our analysis by determining
the pole data for Zg(s) when F <Z[z1, 23] is a homogeneous ideal of degree

n = 2 for the ideal case and degree n = 3 for the subring case. By identity

B9)
1

Ze(s) = 7o

Zg(s).

Therefore, (-2, n) is in the pole location data for Zg(s) which implies (1, 3)
is part of the pole location data for Cép(s) and (0,2) is part of the pole
location data for Cgp(s), where x € {<,, <y, <}. Now, Zk(s) has a pole if
and only if every element of F has a simultaneous root in ZZ ~ pi,. The
elements of F' can have only finitely many distinct simultaneous solutions.
Pick m € N sufficiently large such that the distinct solutions are not equal

modulo p” and consider the coset decomposition

i) = PRI,
2

ac(z/p™)?~p(Z/p™) x=a mod p™

g

=:ZF a(s)

If a = (a1,a2) is not congruent to one of the solutions then Zg 4(s) is a
polynomial in ¢ and therefore cannot contribute a pole. Now suppose that a
is congruent to one of the roots. The denominator of Zg 4(s) only depends
on the order of the root. Denote the order of the root by k. The denominator
of Zpa(s) is 1 — p~ 1% which means that (—1,k) for 1 < k < n are part
of the possible pole data for Zg(s) which implies that (0,1), (1,2) and (2, 3)
are added to the pole location data for C}%p (s) and (0,1), (1,2) are added to
the pole location data for (f, (s), where x € {<y, g, <}

We have provided a superset for the the pole spectra for the class of
2-dimensional rings. The proof is completed by showing that each of the
possible poles is actually exhibited by a zeta function associated to a 2-

dimensional ring. Each possible pole location data is exhibited in the exam-
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ples computed in Section 7.4. ]

7.4 Examples

In this section we use the results of Section to compute the subring
and ideal zeta functions for several rings. In each case the calculation is
reduced to computing Igusa’s local zeta function associated to an ideal that
is generated by polynomials whose coefficients are given in terms of the
structure matrix of the ring.

To calculate Igusa’s local zeta function we use the tools and examples
presented in Section Throughout this section let F'(x1,x2) be as defined
in Theorem F, fi(z1,22), fo(x1,x2) be as defined in Theorem and
G, g1(z1,22), g2(x1,22) be as defined in Theorem Recall that ((s)

denotes the Riemann zeta function.

Example 7.14. Let R be additively isomorphic to Z? and equipped with

component-wise multiplication. If we choose the basis {(1,0), (0,1)}, then

Y1 O
0 Yo

Rr(Y) =

The ring R is commutative, and so has only one ideal zeta function associated
with it. In this case F'(z1, z2) = zixo(z1+x2) and F = (f1(x1, x2), fo(z1, 22))

<—$1$2, CL‘1$2>-

Proposition 7.15. For R = 72, equipped with component-wise multiplica-

tion, we have

¢(s)°¢(3s — 1)
((2s)?

Cr(s) = C(s)% (7.3)

Cr(s) = (7.2)

Proof. We first calculate the subring zeta function. By Theorem

< gy — 1 _ pt s
)= Tna ) G Ay Y
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where F(x1,x2) = x122(21 + x2). It suffices to compute

Zr(s) = / |z122(21 + 22)|*dpt.
Z;
First note that Zp(s) = k;ﬁ Z7(s). We compute Z%(s) by first decom-

posing the integral over the p> — 1 cosets of p(Z,)?%.

Z3(s) = Z Aer)\p(Zf,) |z122 (21 + 22)|*dpt

acF2~{0} * x=amod p

/

=:Ia(s)
We compute the integrals In(s) in cases. If vp(a1) # 0, then v,(az) = 0 and

(1—p Hp '
Ia(s) = /erg\p(Z;) |z122(21 + 22)[*dpt =/ 2| dp = Ty

Z
x=(0,a2) mod p #2EPEp

If vy(az) # 0, then vy(a;) = 0 and

(L—pHp~ '
6 = [ g gy st b= [ = G

Z
x=(a1,0) mod p PLEPEp

If vy(a1) = vp(az) = 0, then

Ia(S) :/XEZZ%\I)(Z?,) |Jf1 +$2|SdM

x=(a1,a2) mod p
Further, if a;  —as mod p, then |a; 4+ as| = 1 and I,(s) = p—2. However, if

a1 = —ao mod p, then, by performing a linear change of variables, we have

(1—pHp '
Ia(s) = / xELZ2p(Z2) |21 + 22| dp = /m |21 dp = W

x=(a1,—a1) mod p 1Py
By gathering the summands and performing some algebraic reduction, we

have

< B (1 o p—Qs)Q
CRp<S) T (1—p)3(1 — pl-3s)’

Formula (7.2)) is achieved by taking the Euler product.

Now we prove Formula ((7.3)). The ring R is commutative, therefore, by
Theorem [7.10]

< _ 1 _ pt s —
)= Aohi—m Gy na—pp T Y
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where F < Z[z1,x2] is the ideal generated by the polynomials fi(x1,z2) =

—z1x9 and fo(x1,x9) = x122. It suffices to compute the integral

1—p 12
2e(s) = [ |masldu= [ foildn [ mﬁdu:(lﬂ_s) -
72 Zp Zp -p

Here we have used Fubini’s Theorem and Example (3.2)). By substituting
the expression for Zg(s) into (7.4)), we have

1
< _
CRp (5) - (1 _ p_s)g .
Formula (7.3)) is achieved by taking the Euler product. O

Recall that, if A(n), B(n) are arithmetic functions, then we write A(n) ~
1.

B(n) if limy, 00 % =

Corollary 7.16. Consider Z? as a ring with componentwise multiplication.

Then
> a5 (2) ~ Zn(logn)’
T
i=1

and

> a(z?) ~ n(logn).

i=1
Furthermore, we have ay)(R) = d(n), where d(n) denotes the divisor func-

tion.

Proof. The two asymptotic formulae follow at once from [10, Theorem 4.20).
For the final statement, it is well-known, see for example [Il, Section 11.4,
Example 5], that the Dirichlet series associated with the divisor function

d(n) is ¢(s)% O

Corollary 7.17. For R additively isomorphic to Z? and equipped with
component-wise multiplication,
¢(5)¢(3s — 1)¢x (s)

(R (29)

Proof. This follows immediately from Proposition [7.15 O

(R(s) =
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Example 7.18. Let K be a quadratic number field. It is well-known that
K= Q(\/&) for some square-free integer d. Let R be the ring of integers of
K. Then R is a 2-dimensional ring whose structure depends on the residue

class of d modulo 4. Precisely,

L [1, 13@ if d =1 mod 4,
Z[1,V/d if d = 2,3 mod 4.

For a number field K with ring of integers R, recall that the Dedekind
zeta function (x(s) of K is defined as (x(s) = > ;r N(I)~°, where N(I)
denotes the norm of the ideal I.

The ideal zeta function (5 (s) is precisely the Dedekind zeta function
Cr(s). The p-local factors of the Dedekind zeta function (x(s) are well-
known and depend only on the splitting behaviour of the prime ideal (p) in
the ring of integers, see [26l, Chapter VIII, Section 2]. We provide a new
proof in the case where K = Q(v/d). For details on the splitting of prime

ideals see [26, Chapter 1, Section 7].

Proposition 7.19. Let R be the ring of integers in a quadratic number

field K.
1_11375 if (p) is ramified in R,
Crp(s) = 1_;725 if (p) is inert in R,
W if (p) is split in R.

Proof. Let R be the rings of integers in the number field K = Q(v/d). We
prove the statement in the case d = 3 mod 4. The proofs of the other cases
are very similar.

The ring R is generated by {1,v/d} and with respect to that basis has

structure matrix

Y1 Yo
Rr(Y) =
Y, d%
The ring R is commutative and therefore, By Theorem [7.11
1 pt
Crpls) = - Zp(s—1),  (7.5)

A=) -pt) (A-p~ "1 —pt)
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where F = (0,dz? — 23). It suffices to compute
Zits) = [ ldah add
Z2\pZ3

In a quadratic number field a prime ideal (p) ramifies if p = 2 or p|d. We
treat these two cases first. Let p = 2. We decompose Zp(s) over the cosets

of 2732.

* _ 2 2|8
IR S B e X0
(a1,a2)€F2~{0} * (z1,22)=(a1,a2) mod 2

Notice that on the cosets (0, 1)+27Z3 and (1, 0)+ 273, the valuation v, (dz? —
x3) is identically 0. If we break the coset (1,1) + 2Z3 up modulo 4 we see

that the valuation v,(dz? — z3) is identically 1. Therefore,

Zi(s) = 2u(273) 4+ 27 °u(223) = 271 + 27275,

By substituting Zg(s) = TlQ—Qs Zp(s) into equation ((7.5) and performing
some algebraic manipulation the result is acquired.

1

< _ .
CR,2(5) 1 _9-=

Now suppose that p|d. Once again decompose Zj(s) over the cosets of pZIQ,.

Since d is square-free, p divides d exactly once. It is easy to show that

2

0 ifv,(zg) =0,
vp(da? — a3) = pl22) 1

1 if vp(zg) >
Therefore, to compute Zi(s) we need only count the multiplicities of each

case:

Za(s) = —pp 24+ (p—1p 2 =(1—p H(1+p 7%,

By substituting Zg(s) = TIQ_% Z%(s) into equation ([7.5) and preforming
some algebraic manipulation the result is acquired.

1

Ayls) = ==
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Now suppose that p # 2 and p  d. Additionally suppose that d is a quadratic
residue modulo p. There is 7 € I, such that 72 —d=0mod p. Asp # 2, by
Hensel’s Lemma, 7 lifts to r € Z, such that r> = d. Therefore, d2? — 23 =
(ray — x2)(rz1 + x2) and by performing a change of variables
1—p! 2
Zr(s) = [ |[(roq —z2)(rar + x2)[Pdp = / |z122|*dp = <1_1_5> :
72 z2 -p

By substituting Zx(s — 1) into (7.5, we obtain

< _

CR,p(S) - (1 IR p,S)Q .

Finally, suppose that p # 2, pt d and d is not a quadratic residue modulo p.
For (21, x2) € Z3 ~ pZ2 one of the valuations vy, (da?), v,(3) must be zero,
additionally dz? is not a quadratic residue modulo p and, of course, 72 is a

quadratic residue modulo p. Therefore, v,(dz? — 23) = 0 and
Z(s) = w(Zy ~pZy) =1 —p 2.

By substituting Zg(s — 1) into (7.5)),

1

C;’,],p(s) = 1 _ p_25'

O]

Proposition[7.19)is well-known from the classical theory of Dedekind zeta
functions. However, the subring zeta function of the ring of integers is a new
object of study, although similar Dirichlet series have been studied, see for

example [31].

Proposition 7.20. Let R be the ring of integers in a quadratic number

field K.
28 , . ‘ .
(1,p7];‘)2p(1,p173s) if (p) is ramified in R,
Cg’p(s) = (1,p_s)(11,_1011;:;(17p1_3s) if (p) is inert in R, (7.6)
171)—23

(I—p—3)3(1—pI—3%) ’lf (p) 18 Split m R.
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Proof. Let R be the rings of integers in the number field K = Q(v/d). We
prove the statement in the case d = 3 mod 4. The proofs of the other cases
are very similar.

By Theorem [7.9] the p-local subring zeta function

< 5 — 1 _ pt s
) =T ap a0

where F(x1,x2) = 21 dx? — £2). Tt suffices to compute
1 2

Zr)= [ foa(da? -~ a)d
Z22\pZ3
First suppose that p = 2. We break up Z}(s) over the cosets modulo pZZ.
From the proof of Proposition [7.5 we know that

0 if (x1,22) = (0,1) or (z1,22) = (1,0) mod 2,
1 if (z1,22) = (1,1) mod 2.

vy (da? — x3) =

Therefore,
1— 2—1 2—2—8
Z3(s) = / lmftdp 27 427 = (1_2-)1- +277 42777
272
By substituting Zp(s — 1) = ﬁ Z7%(s — 1) into formula ([7.7) and per-
forming some algebraic simplification,
1—272

C§,2<3) = (1 _ 2—5)2(1 _ 21—35) :

Now suppose that p|d. We decompose the integral Z7}(s) into cosets
modulo p. The integral over a coset (a1,az2) + p(pZp)? only depends on

whether a1, a9 are units or non-units. We gather the cosets into three sets:

Zp(s)=(p— 1)/ |21 |*dp+ (p—1)*p 2+ (p—p 2~¢
p(Zp)2

(p—1DA—p)p 2+

= e +(p=1)p P+ (p—1)p "
By substituting Zp(s — 1) = Tll_?)s Z7%(s) into formula (7.7)),
< _ 1— p725
Crp(5) = (1 — p—)2(1 — pl=3s)’
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Now suppose that p # 2 and p  d. Additionally suppose that d is a quadratic
residue modulo p. There is 7 € I, such that 72 —d=0mod p. Asp # 2, by
Hensel’s Lemma, 7 lifts to r € Z,, such that r? = d. Therefore, z1(dz?—23) =

z1(rezy — x2)(rexy + x2) and

Zo(s) = Y A oy [T (e = 2)(rey + o)
a€lFp~{0} “ x=a mod p

—3(p— 1) / a1+ (o — 1)(p — 2)p~°
(pr)2
(1—pHp 2

= 3(]9 - 1) 1— p_l_s

+(p-1)(p—2p>

By substituting Zp(s — 1) = Hﬁ Z%(s) into formula (7.7)),

—2s

< 1—p
Cé,p(s) = (1 _ p—s)3(1 _ p1—35) :

Finally, suppose that p # 2, p t d and that d is not a quadratic residue

modulo p. For (z1,22) € Z2 \ pZ2, the valuation v,(dz — 23) is identically

zero. Therefore,

Zi(s) = / a1y = (p— 1) / 1y + (0 — pp2
Z22~pZ3 (PZp)?

(1—p Hp2*

=(p-—-1
(p ) 1 _p_]__s

+(p* —p)p 2.

By substituting Zp(s — 1) = l_pﬁ Z7(s) into formula ([7.7)),

—4s

< gy = 1-p
R e T (e ¥

O]

Theorem 7.21. Let R be the ring of integers in a quadratic number field K,

((s)¢(3s — 1)k ()
Ck(2s) '

(R(s) =

Proof. This follows from inspection of Propositions and O

105



Corollary 7.22. Let R be the ring of integers in a quadratic number field K.
There exists v € R such that

Z a=(R) ~ ynlogn.
i=1

Proof. The zeta function Cé(s) is a quotient of Dedekind zeta functions; it
has meromorphic continuation to the whole complex plane. It satisfies the

hypothesis of Theorem [10, Theorem 4.20] and the result follows. O

In the remainder of this section we present a number of examples of 2-
dimensional rings whose subring and ideal zeta functions are calculated using

Theorems The computations are similar to those in Propositions
7.15}, [7.19] and [7.20] and are omitted.

Example 7.23. Let R be the 2-dimensional ring with trivial multiplication.

For any basis it has structure matrix

The zeta functions are equal to the subgroup zeta function of Z2.

CR(s) = CR(s) = C(s)¢(s — 1).

Example 7.24. Let C5 denote the group of order 2. Let R = Z[C5], the in-
tegral group ring of Cy. The ring R is 2-dimensional. For the basis {le, la},
where e denotes the identity element and a denotes the non-trivial element

of C, the ring R has structure matrix

i ¥
Yo 11

Rr(Y) =

The subring and ideal zeta functions are

</ C(s)*C(3s = 1)
CR(S) = W’

(i (s) = ((s)%
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Note that the subring and ideal zeta functions of Z[Cs] are equal to those
of Z?. However, these rings are clearly not isomorphic. This shows that the
subring and ideal zeta functions do not determine the isomorphism class of

a ring.

Example 7.25. Let R be the 2-dimensional soluble Lie ring given by the
presentation (z,y | [z,y] = x), with respect to the basis {z,y} it has struc-

ture matrix
0 Y

-Y; 0

Rr(Y) =
and subring and ideal zeta functions
Ci(s) = C(s)(s = 1),
Cr(s) = ((s)¢(2s = 1).
Example 7.26. Let R be a 2-dimensional ring with structure matrix

Y: O
Yo 11

Rr(Y) =

The ring R is not commutative. We have,

((s)¢(2s — 1)¢(2s — 3)
C(4s —2) ’

R (s) = C(s)¢(25 = 1),
Cr'(s) = CR(s) = ((2s).

Cr(s) =
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