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Econometrica, Vol. 58, No. 5 (September, 1990), 1181-1194 

ON THE NORMALIZATION OF STRUCTURAL EQUATIONS: 
PROPERTIES OF DIRECTION ESTIMATORS' 

BY GRANT H. HILLIER 

In the general structural equation model only the direction of the vector of coefficients 
of the endogenous variables is determined. The traditional normalization rule defines the 
coefficients that are of interest but should not be embodied in the estimation procedure: 
we show that the properties of the traditionally defined ordinary least squares and two 
stage least squares estimators are distorted by their dependence on the normalization 
rule. Symmetrically normalized analogues of these estimators are defined and are shown 
to have essentially similar properties to those of the limited information maximum 
likelihood estimator. 

KEYWORDS: Structural equation, normalization, direction estimators, exact distribu- 
tions. 

1. INTRODUCTION 

EXACT DISTRIBUTION THEORY for the classical structural equation model in 
econometrics is notoriously complex, and results for even the simplest cases 
have seemed too complicated to yield interesting analytical conclusions about 
the relative merits of different estimators. Thus, Anderson and Sawa (1973) and 
Anderson, Kunimoto, and Sawa (1982), for instance, have resorted to extensive 
numerical tabulations of the exact densities to extract such information. For the 
case of an equation with just two endogenous variables these tabulations suggest 
that, in several respects, the limited information maximum likelihood (LIML) 
estimator is superior to the ordinary least squares (OLS) and two-stage least 
squares (TSLS) estimators, among others, and these conclusions are supported 
by the higher-order asymptotic results in Anderson, Kunimoto, and Morimune 
(1986) and other work referenced there. 

The basis for inference in this model is the joint distribution of the included 
endogenous variables (represented by the reduced form), together with the 
maintained hypothesis that a submatrix of the reduced form coefficient matrix 
has rank one less than its column dimension. This condition determines the 
direction of a vector in Rn + '-where n + 1 is the total number of endogenous 
variables in the equation-but not its length. Thus, some normalization rule is 
needed to determine the coefficient vector uniquely, and the distribution theory 
referred to above has focused on results for the n coefficients remaining when 
the other is assumed to be unity. 

In this paper we focus on the estimation of the direction of the (n + 1)- 
dimensional coefficient vector in an unnormalized equation. Existing distribu- 
tion results for the coefficients in a normalized equation are easily translated 

1An earlier version of this paper bore the title "On the interpretation of exact results for 
structural equation estimators." My thanks to the referees and the Co-Editor for comments on 
earlier versions of the paper that helped to both clarify the message and broaden the scope of the 
paper. 
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1182 GRANT H. HILLIER 

into results for the corresponding direction estimators, and, as we shall see, this 
at once makes these complex formulae more intelligible. In fact, at least in the 
case n = 1, the results clearly demonstrate the superiority of the LIML estima- 
tor and hence explain analytically the results of the numerical studies referred 
to earlier. In the case n > 1 the results are less decisive, but they do, neverthe- 
less, provide considerably greater insight into the properties of these estimators 
than their counterparts for the normalized case. 

The results we obtain suggest that the normalization rule embodied in the 
OLS and TSLS estimators distorts their properties. This prompts the question 
of whether or not analogues of OLS and TSLS based on the same normalization 
rule as the LIML estimator would correct this distortion, and we show below 
that this is indeed the case.2 Thus, our results show that the relatively poor 
performance of the OLS/TSLS estimators evident in the numerical studies 
referred to above can be attributed to their dependence on a particular 
normalization rule. This is not to deny that the coefficients of the right-hand-side 
endogenous variables may be of primary interest, but does imply that the 
estimator for those coefficients should be based on a procedure that initially 
ignores the normalization rule suggested by that interest. 

2. MODEL AND ASSUMPTIONS 

We consider a single structural equation, written without an explicit normal- 
ization rule, 

(1) (y,Y)Pa=Zly+u, 
with corresponding reduced form 

(2) (Y~ Y) = (Zl 9 Z2) 
Tr 1 T +(h V) 

where y is TX 1, Y is TXn, Z1 is TXK1, Z2 is TXK2, K2>n, and 
Z = (Z1, Z2) is fixed and of full column rank K = K1 ? K2. To simplify the 
notation, but without loss of generality, we shall assume that the model is 
already in canonical form-see Phillips (1983) for details of the reduction to 
canonical form. Thus, we assume that the rows of (v,V) are independent 
normal vectors with mean zero and covariance matrix In+ S and also that 
Z Z = IK. 

As is well known, (1) is compatible with (2) if and only if the relations 
Y = (7r1, Hl)f3a, 

(3) (7r2, H2)A = 0, 

and u = (v, V),fA, hold for some PA 0 0. Equation (3) implies rank( r2, H2) < n, 
and we shall assume that the identification condition rank (r2, H2) = n also 
holds. Under this condition equation (3) uniquely determines the "direction" of 
P8A' but not its length. 

2 This question was suggested by a referee, who also pointed out that the analog of the TSLS 
estimator can be viewed as a generalized method of moments estimator, normalized to have unit 
length. 
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STRUCTURAL EQUATIONS 1183 

In practice equation (1) is usually normalized by singling out an endogenous 
variable (y, say) as the "dependent" variable, so that PA takes the form 

(4) PA=[Ipj] 

and (3) becomes 

(5) 72 = 1H2p 

This normalization rule implies the compatibility of (1) with (2) (hence that 
rank (7r2, 12) <n), and uniqueness here requires rank (H2)=n. Equation (5) 
and the condition rank(H2) = n together imply rank (2, 9H2) = n, but the 
converse is clearly not true. The traditional normalization rule therefore seems 
a stronger assertion about the model (i.e., the joint density of (y, Y)) than the 
condition rank (r2, H2) = n. However, equation (3) and the condition 
rank0r2, H2) = n uniquely determine the "direction" of P,A and the normaliza- 
tion (4) is available for PA in any direction except those in which its first element 
is zero. Since the exceptional set here is of measure zero, equation (3) can be 
regarded as formally equivalent to equation (5), so that either ,3 or (some 
suitable measure of) the "direction" of PA can be used to parameterize the 
problem. Here we focus on the estimation of the "direction" of 8A, in (3). 

Let Qi =,B Si,8, i= 0, 1,2, with So = (y, Y)'(I - ZZ1'Xy, Y), S, = (y, Y(I 
- ZZ'X)y, Y), and S2 = (y, Y)'Z2Z2(y, Y). The OLS and TSLS estimators for /3 
in (5) are obtained by minimizing Q0 and Q2, respectively, with respect to P8A, 
subject to the normalization rule (4).The LIML procedure leads to the mini- 
mization of A(,P) = Q2/Q1, and, since this ratio is invariant to the length of PA' 
determines only an estimator for its direction. To define the direction of PA we 
normalize it so that PAPAl3 = 1, and refer to the resulting estimator as the 
"symmetrically normalized" estimator. 

In Section 4 below we consider, in addition to the estimators for the direction 
of P,a that are induced by the OLS and TSLS estimators for 8, analogues of 
these two estimators defined by minimizing Q0 and Q2, respectively, subject to 
,8P,8 = 1. These, of course, are simply the unit-length characteristic vectors 
corresponding to the smallest characteristic roots of So and S2 respectively. 

3. DIRECTION ESTIMATORS 

In the context of equation (3), the estimation problem can be thought of as 
one of determining just the direction of the vector P8A, and even that can only be 
determined up to sign. It is convenient to use points on the surface of the unit 
sphere in n + 1 dimensions, 

Sn+1: {a; a E R+', a'a = 1} 

to indicate direction, and we shall henceforth replace PA in (3) by a, and treat 
the estimation problem as one of determining (up to sign) the position of the 
point a on Sn + 1. An estimate of a will also be a point on Sn + 1' and we denote 
this (random) point by h. 
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1184 GRANT H. HILLIER 

Now, to each point h = (hl h2)'C- Se with h2 n X 1, and 
hlr*O 

(i.e., 
almost everywhere on S,+), there corresponds a point r = - hT h2e R. The 
two points h and -h both yield the same r, but apart from this r is unique and 
ranges over all of Rn as h ranges over Sn+l Conversely, each point r e Rn 
determines a pair of points +h on S + 1 with h given by 

(6) h = [!l(1 + r'r) /, 

so that r h -h7 1h2. If we impose the restriction h1 > 0 there is thus a 
one-to-one correspondence between points in Rn and points on (one hemi- 
sphere of) Sn + l. Hence, a probability density (with respect to Lebesgue mea- 
sure) on Rn can be thought of as inducing a measure on one hemisphere of 
Sn+ 1 via (6), and we can extend the measure to all of Sn + 1 by requiring that the 
measures at + h and - h be equal. We evaluate densities on Sn+1 with respect 
to the invariant measure, (h'dh), on Sn + 1 and, with the above convention on 
sign, we have 

(7) (h'dh) = 2(1 + r'r) -(n + 1)/2( dr) 

where (dr) denotes Lebesgue measure on Rn (see Phillips (1984, 1985) and 
Hillier (1987); the invariant measure (h'dh) on Sn+l is defined in Muirhead 
(1982, Chapter 2)). By construction, the density of h on Sn+l induced by that of 
r will exhibit antipodal symmetry, i.e. pdf(h) = pdf( -h). Conversely, of course, 
any (antipodally symmetric) density on S,+1 for h induces a density on Rn for 
r= -h71h2. 

We shall interpret r E Rn as an estimate of 8 in (5), and h E Sn+1 as either a 
direct estimate of the point a! eSn+l that satisfies (Tr2, H2)a = 0, or the 
estimate of a that is induced by the estimate r of 8 via (6). In the latter case it 
should be emphasized that, since r and h are essentially one-to-one functions of 
each other, their respective densities pdf(r) and pdf(h) are simply different, but 
equivalent, ways of summarizing the properties of either one. As we shall see 
shortly, however, pdf(h) is much easier to interpret than pdf(r).3 

Corresponding to the relations (6) between the estimates r and h we have, 
for the parameters 8 and a, 

(8) a=[ p](1 + ) 
- 1/2; /3=aC1-1 

Note that, in the canonical model, / = 0 if and only if Y is independent of u in 
equation (1), and in that case a in (8) corresponds to el, the first coordinate axis 
(el = (1, 0, ... ., 0), 1 X (n + 1) 

3The vector r E Rn is simply one of several alternative sets of (local) coordinates for the point 
h E Sn+1, albeit the most interesting set (another set of coordinates is described in equation (17) 
below). Viewed this way, the properties of r are inherited from those of h, so that pdf(h) becomes 
the main object of concern and not merely a more convenient way of summarizing the properties of 
r. A similar point can be made in other models where the normalization rule is arbitrary, e.g., 
time-series models. 
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STRUCTURAL EQUATIONS 1185 

4. DENSITIES AND PROPERTIES: n = 1 

The exact density functions of the OLS and TSLS estimators for f8 in the 
normalized equation were first derived for the case n = 1 by Richardson (1961) 
and Sawa (1968). The corresponding result for the LIML estimator for p8 was 
first given by Mariano and Sawa (1972), but the results below for LIML are 
based on Hillier (1987) and thus differ slightly from those in Mariano and Sawa 
(1972). 

Defining h as in (6) and a as in (8), and using (7), we have, for the OLS and 
TSLS estimators (cf. Phillips (1983, equation (3.45)): 

(9) pdf (h) = cl [cos2 01 ] (v )/2 exp{ -d2/2) 

00c,(j, k) 
>< E [d 2/2] k[cos2 ]j[sin2jiIk 

j, k =O j!k! 
where c11 = [F((v + 1)/2)/2F(1/2)F(v/2)], d2 = tr[(7r2,H2)'(7r2,H2)] is the 
single nonvanishing characteristic root of (7r2, H2)Y(Tr2, H2) (= H2H2(1 + p82) in 
the normalized case), 01 and 61 are the angles between h and a, respectively, 
and the first coordinate axis, e1, and 6 is the angle between h and the true 
direction a. The coefficients c,(j, k) are given by 

c,( j,k) = ((v + 1)/2)j((v - 1)/2)k/(v/2)j+k, 

where v = T-K1 for OLS, v = K2 for TSLS, and (a), = a(a + 1) ... (a + t-1). 
For the LIML estimator we have (see equation (A.1) in Appendix A) 

(10) pdf(h) = (2rr) lexp{-d2/2) a(j,k) [d2/21jk[COS20]j, 
j,k=O !k 

with coefficients a(j, k) = a l(j, k) given in equation (A.4) in Appendix A. 
The key difference between the results (9) for the OLS/TSLS estimators, and 

(10) for the LIML estimator, is that the latter depends upon h only through 6, 
the angle between h and a, while the former depends, in general, upon both 6 
and 01 the angle between h and the first coordinate axis. Only when f8 = 0, so 
that a e1, or v = 1 (the exactly identified case for the TSLS estimator), does 
(9) depend on 6 alone. Notice too that (9) also involves 01, the angle between a 
and e1. Evidently the normalization rule (4), which gives special emphasis to the 
first coordinate axis, plays an important role in determining the properties of 
the estimators that embody it. 

In the totally unidentified case d2= 0 and (9) and (10) reduce to 

(11) pdf (h) = Cll[CoS2 01](v )/2, 

(12) pdf( h) = (2rr)-1, 

respectively, the latter being, of course, the uniform distribution on the unit 
circle. 

We now summarize the properties of the direction estimators that follow 
from (9) and (10). 
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1186 GRANT H. HILLIER 

Properties of the LIML direction estimator: 
(i) The density is symmetric about the true points +a, having modes at +a 

and antimodes at ?_, where c is orthogonal to a. These properties follow 
simply from the fact that (10) depends on h only through cos2 6, and is an 
increasing function of cos2 6. 

(ii) The concentration of the density near +a depends only upon d2, T - K1, 
and K2 (the last two through the coefficients a1(j, k)). For the normalized case 
d2 = 1121I2(1 + 32), so that 1p31 and the "concentration parameter" 112112 play 
essentially the same role. 

(iii) In the unidentified case h is uniformly distributed on S2, i.e., the LIML 
estimator is completely uninformative about the direction of pa. This result 
persists asymptotically because (12) holds for all sample sizes (cf. Phillips 
(1987)). 

These properties-in particular, the position of the modes, and the symmetry 
of the distribution about them-are clearly desirable properties of the LIML 
estimator. Indeed, for a distribution defined on the circle such symmetry is the 
natural analogue of unbiasedness for a distribution on R2, and we shall thus say 
that, in the case n = 1, the LIML direction estimator is spherically unbiased. As 
we shall now see, the traditional OLS and TSLS estimators do not, in general, 
have this property. 

Properties of the OLS/TSLS direction estimators: 
The density in (9) may be written in the form 

(13) pdf (h) = ca(h)b(h) 

with a(h) = (COS2 o )(v- 1)/2, b(h) = g(h)/g(a), where 

0c(j,q k) 
(14) g(h) = E [k [d2/2] j+[COS2 O]j[sin 2 01] 

and c is a constant. In this decomposition we have 0 < a(h) < 1, with a(h) 
symmetric about ? e1, while bo <b(h)<1, with bo=g(Y)/g(a), and b(h) is 
symmetric about +a. Note that a(h) depends only upon v, while b(h) depends 
upon v, d2, and 61 (hence f32). The following properties can be deduced fairly 
easily from this decomposition: 

(i) Except when 1 = 0 or v = 1, the density is not symmetric about +a. The 
modes are at points between +?a and ?el, and the density is "twisted" away 
from the true points +a towards the first coordinate axis, ?el. The antimodes 
are at ? e2, e2 = (0, 1)', where the density touches the circle (because a(h) = 0 at 
these points). The position of the modes depends upon v, d2, and 1131. 

(ii) The density depends upon 1131 through the characteristic root d2 and, 
independently, through the term sin2 1= 3 2/(1 +/ 2). Thus, d2 and 1131 have 
separate influences on the properties of the estimator. 

(iii) In the unidentified case the density is symmetric about modes at ? el, and 
has antimodes at ? e2. For the TSLS estimator this is also true asymptotically 
since (11) holds for all sample sizes. 
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STRUCTURAL EQUATIONS 1187 

Both the lack of symmetry about the true points + a, and the fact that the 
modes do not occur at these points, are clearly undesirable properties of these 
estimators. As noted above, these properties reflect the dependence of the 
estimators on an explicit normalization rule. 

The effect of the normalization rule is most dramatically brought out in the 
unidentified case, when the model clearly contains no information about the 
direction of A., This circumstance is accurately reflected by the properties of 
the LIML estimator, whatever the sample size. The properties of the OLS and 
TSLS estimators, on the other hand, are in this case determined entirely by the 
normalization rule, the densities being concentrated around the direction (that 
of the first coordinate axis) chosen by the normalization rule. For the TSLS 
estimator this effect is independent of the sample size but is exacerbated by the 
degree of overidentification (K2- 1). For the OLS estimator the effect is 
exacerbated by increasing sample size. 

The general shapes of these densities, supported on the circumference of the 
unit circle, are depicted in Figure 1. The position of a in relation to el 
corresponds to 8 = - 1 (so that a is in the center of the positive quadrant), but 
otherwise the figure is meant to indicate only the general shapes of the 
densities: no particular values of T - K1, K2, or d2 are implied. Figure 1 makes 
quite clear, I think, the superiority of the LIML estimator over the OLS/TSLS 
estimators when these are based on the traditional normalization rule (4). Thus, 
we next address the question of whether the simple change in the normalization 
rule suggested in Section 2 is enough to correct these deficiencies. 

The matrices S0 and S2 that define the OLS and TSLS estimators are 
noncentral Wishart matrices with common covariance matrix In+1' noncentral- 
ity matrix (7r2, H2)'(Yr2, 9H2), and degrees of freedom v = T - K1 (for S0) and 
v = K2 (for S2). In Appendix B we derive the density (with respect to the 
invariant measure on Sn+) of the unit-length characteristic vector correspond- 
ing to the smallest characteristic root of such a matrix. 

It turns out (see equation (B.6) in Appendix B) that these densities are of 
precisely the same form as that of the LIML estimator in (10), but with different 
numerical coefficients a(j, k) = a2(j, k) (equation (B.9) in Appendix B). Hence, 
the properties of the symmetrically normalized analogues of the OLS/TSLS 
direction estimators are essentially the same as those of the LIML estimator. In 
particular, both are symmetrically distributed about the true points +?a, and, in 
the unidentified case, are uniformly distributed on S2. 

Not surprisingly, the distorted properties of the traditional OLS and TSLS 
estimators flow from the normalization rule used to define them, not from the 
statistics (the matrices So and S2) upon which they are based. 

5. THE GENERAL CASE 

Earlier results for the case n = 1 have, in recent years, been generalized to 
the case n > 1. Results for the OLS and TSLS estimators may be found in 
Phillips (1980) and Hillier (1985), while those for the LIML estimator may be 
found in Phillips (1984, 1985) and Hillier (1987). Using the decomposition 
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0e~ ~ ~~~e 

Note: The positon of o corresponds to p = -1 
FIGURE 1.-Densities of OLS/TSLS and LIML direction estimators: n = 1. 

(72, H2) =ADL' given in Appendix B, the totally unidentified case corresponds 
to D = 0, and equations (11) and (12) generalize easily in this case to give 

(15) pdf (h) = Cin[COS2 O](v )/2 

for the OLS and TSLS estimators with 

Cin = [F((v + 1)/2)/2 ,nl2rF((V - n + 1)/2)], and 

pdf (h) = F((n + 1)/2)/2 (n+1)/2 

(the uniform distribution on Sn +) for the LIML estimator. The statements in 
Section 4 about the properties of these estimators in the totally unidentified 
case when n = 1 thus generalize completely when n > 1. 

Since (15) is the leading term in the series expansion of the OLS/TSLS 
density when n > 1, the distortion of the properties of these estimators noted in 
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Section 4 for the case n = 1 clearly persists when n > 1. The interesting 
question, therefore, is whether the nice symmetry of the distributions of the 
LIML and symmetrically normalized OLS/TSLS estimators about the true 
point a generalizes to the case n > 1. We shall now show that, in general, it 
does not, but that there is a less obvious sense in which the result for the case 
n = 1 does generalize. 

The densities of the LIML and symmetrically normalized OLS/TSLS direc- 
tion estimators are of the form (generalizing equation (10)): 

(16) pdf (h) = [F((n + 1)/2)/2i (n+1)/2] etr{ -D2/2) 

E a(a, K; ?) 
0 a, Kca,K(DL'W'LD12, D 2/2) 

a,;4 j!k! 

with a(a, K; 4) = al(a, K; 4) (equation (A.3) in Appendix A) for the LIML 
estimator and a(a, K; 4) = a2(a, K; 4) (equation (B.8) in Appendix B) for the 
OLS/TSLS estimators. Here W' = I - hh' and LL' = I - aa', while D = 
diag {d1, d2, . . d, di} where d2 < d 2 < * < d2 are the nonzero characteristic 
roots of r2, H2) (IT2, H2). The scalar powers (d2 cos2 O/2)A(d2/2)k in (10) 
are, in the general case, replaced by the invariant polynomials 
Ca, K(DL'W'LD/2, D2/2) (see Davis (1979) and Chikuse and Davis (1986) for 
background and notation). 

The symmetry noted for the case n = 1 arises from the fact that (10) depends 
upon h only through 6, where 6 is the angle between h and a. Now, any point 
h E Sn+l other than +a may be represented (uniquely) in the form 

(17) h =acosO +LwsinO 

where a, L, and 6 are as above, 0 < 6 < u, and wE Sn , Here Lw is the unit 
vector lying along the orthogonal projection of h onto the space orthogonal to a 
spanned by the columns of L, and 6 and w are a set of coordinates for h. That 
is, any point h E Sn+l can be located by the angle (6) it makes with an arbitrary 
fixed point on Sn+1 (in this case, a) and its direction in the n-dimensional space 
orthogonal to a (indicated by w). The density of h can be expressed as a 
function of 6 and w (we could, but do not, transform h -* (6, w)) and is constant 
on the surface 6 = constant if and only if it does not depend on w or, what is 
the same thing, it is invariant under w -* Hw, He O(n) (O(n) denotes the 
group of all n X n orthogonal matrices). 

Using (17), the matrix L'W'L that occurs in (16) becomes L'VWL= 
L'(I - hh')L = I,, - sin2 Oww'. Now, consider a rotation of w: w -* Hw, H E 0(n). 
Since the polynomials Ca, K(A, B) are invariant under A -* H'AH, B -* H'BH, 
H E 0(n), we have 

Ca, K(D2 _sin2 OD ww'D, D2) 

Ca C K( D2 _ sin2 ODH(w'H'D, D2) 

C a, K(H'D2H - sin2 OH'DHw'H'DH, H'D2H). 
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Hence, pdf(h) in (16) is invariant under rotations of w if and only if D is 
invariant under D -* H'DH. If the diagonal elements of D (or, equivalently, the 
n nonzero characteristic roots of r2, H2)Yr2, H2)) are distinct the only matri- 
ces H E 0(n) with this property are the 2n matrices H = diag( ?1, ? 1,.. ., ? 1). 

Thus, if the characteristic roots of (r2, H2) (Ir2, H2) are distinct the density 
(16) is not constant on the surface 6 = constant, but for fixed 6 there are 2' 
directions in which the density is the same, namely, those generated by replac- 
ing w in (17) by Hz, with H = diag { ? 1,..., ? 11. Since pdf(h) = pdf( -h), 
there are thus 2 +n1 points on Sn+I at which the density is the same, and the 
symmetry noted for the case n = 1 is simply the degenerate case of this less 
compelling symmetry of the distribution (16). 

The condition that D be invariant under D -* H'DH for all H e 0(n) is 
satisfied only when D = AIn, i.e., when the nonzero characteristic roots of 
&r2, H2)'(2, H2) are all equal. In this case the density (16) is constant on the 
surface 6 = constant (the polynomial C' K(A2(In- sin2 OW%'), A2In) is a polyno- 
mial of degree j in cos2 0). Thus, in this special case the symmetry noted for the 
case n = 1 does generalize; in general it does not. 

Evidently, the properties of the LIML and symmetrically normalized 
OLS/TSLS estimators depend on both the magnitude of the characteristic 
roots of (r2, II2)'(Y2, H2), and on the dispersion of those roots. 

6. CONCLUDING REMARKS 

An interesting aspect of the results in Section 4 is that the traditional 
normalization rule is innocuous when /8 =0, i.e., when the right-hand-side 
endogenous variables are actually weakly exogenous. This result is consistent 
with both other evidence (see, e.g., Hillier (1985) and Phillips (1983)) and with 
the intuition that procedures analogous to ordinary regression methods should 
work well when the right-hand-side variables are not genuinely endogenous. In 
general, however, our results also confirm other evidence (Anderson et al. 
(1986, 1982, 1973)) that this analogy cannot be relied upon when the model 
really involves endogenous variables, and help to explain why this is so. 

Since pdf (h) and pdf (r) are merely different ways of summarizing the 
properties of either h or r, the properties of (say) r can be deduced from 
pdf(h). For instance, it is easy to show, using pdf(h), that for n = 1 and all five 
of the estimators considered here, the median of r lies between /3 and the 
origin, a result consistent with the numerical results in Anderson et al. (1982, 
1973). The densities (10) and (16) seem to be the most promising objects for 
further study in this model. 

Department of Econometrics, Monash University, Clayton, Melboume, Victoria 
3168, Australia 
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APPENDIX A 

THE COEFFICIENTS IN THE LIML DENSITY 

Equation (41) in Hillier (1985) may be used to obtain the following expression for the density of 
the LIML estimator, r, for f8 in (4): 

(A.1) pdf(r)=r((n + 1)/2)[n-(1 +r'r)f (n+l)/2etr{-D2/2}[C/rn((n + 1)/2)] 

x f f frm(n+l)/2-1(1 +fi)-(m+K2Xn+l)/2etr (-R)2F2((m + K2)/2, 
f1>0 R>0 

(n + 3)/2; (m + n + 2)/2, (n + 1)/2; f1R/(1 +f1)) 

x E ((m +K2 K )/2)K C() 0a C' (DLWVLD/2, D2/2) 

*(1 +fl)j+k(dR)dfl 

where m = T - K, D and L are as defined in Appendix B, V' = (I + rr')- 1/2(r, I), 

rn + i((m + K2)/2)rn((n + 3)/2)rn((m - 1)/2)(n + 1)/2 

(A.2) C rn+l(K2/2)rnF+l(m/2)Fn((m + n + 2)/2)r((n + 1)/2) 

and the notation R > 0 indicates that the integral in (A.1) is over the space of real positive definite 
symmetric matrices. This can be converted to the density of h by simply noting that W' = I - hh' 
and using (7). Hence, the coefficients al(a, K; 4) in equation (16) in the text are given by 

(A.3) al(a, K; 4) = C[((m + K2 - n)/2)K/(K2/2).Irn((n + 1)/2)] 

x f f etr (-R)[Ca(R)/Ca( In)]fl(+ 1)/2-1 
f1 >0 R>O 

x(1 +fi -(f+(m +K2Xn+l)/2)2F2((m +K2)/2, (n + 3)/2; 

(m + n + 2)/2, (n + 1)/2; f1R/(1 +fl))dfl(dR) 

[((m + K2 - n)/2)Kr(m(n + 1)/2)r(f+ K2(n + 1)/2) 

LC (K2/2)Or((f+ (m +K2)(n + 1)/2) J 
00 

((m + K2)/2)A((n + 3)/2)A(m(n + 1)/2), 

XE E I!((m + n + 2)/2)A((n + 1)/2)A(f + (m + K2)(n + 

F, ((n + 1)/2)p(6pa, A)2Cp(I)/Ca(I) 
pea.A 

where f =j + k, A is a partition of 1, and p is a partition of j + 1. 
When n = 1 (A.3) can be simplified to 

r((m + 1)/2)r((K2 + 1)/2)r((m + K2 - 1)/2) 
(A.4) ai(j, k) - 2r((K2 - 1)/2)r((m + 3)/2)r((m + K2 + 1)/2) 

(1)j((m + K2 - 1)/2)k(K2)f 
x ((K2/2)f (m +K2)f 4F3((m +K2)/2,2,im,j+ 1; 

(m + 3)/2, 1, f + m + K2; 1). 

In particular, a1(O, 0) = 1. 
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APPENDIX B 

DISTRIBUTION OF THE CHARACTERISTIC VECTORS CORRESPONDING TO THE SMALLEST 

CHARACTERISTIC ROOTS OF So AND S2 

Let S -Wn + 1(, I + 1, Or21 H2)Y(r2, 112))- Since (Mr21 12) is of rank n we may write 

(B.1) (O21 H2) =ADL' 

where A (K2 x n) satisfies A'A = In, D is a diagonal matrix D = diag {d1, d2, ., dn), where 0 < 
d2< d2 < 6 * d 2are the n nonzero characteristic roots of (O2, H2)Y(72, H2), and L (n + 1 x n) 
satisfies L'L = In. This decomposition is unique if the roots are distinct and the elements in, say, the 
first row of L are taken to be positive. The matrix L determines a in the equation (OT2, H2)a = 0 
uniquely up to sign, and in the normalized case we can take 

(B.2) L= [I (I+ ppGI/2. 

Using (B.1) we have (cf. Muirhead (1982, Section 10.3)) 

(B.3) pdf (S) = C2 etr { -D2/2} etr { - S/2}1 Si (v- n-2)/2 oF1(v/2, DL'SLD/4) 

with C2 = [2( n+)v/2 + 1(v/2)] -. We now transform from S to its characteristic roots and vectors: 
S = HFH' (see Muirhead (1982, Theorem 3.2.17) for technical details and notation). We have 

n n n 
(dS) = (H'dH) HI (fi -f) HI (fL -f) Hdfidf 

<In __ i= 

where F = diag {f1, f2. f. * f * f f, >f2> * >>fn >f > 0, H e 0(n + 1), and (H'dH) denotes the 
unnormalized invariant measure on the orthogonal group 0(n + 1). 

Next, partition H = (H1, h), where H1(n + 1 x n) satisfies H1H1 = In and Hf h = 0, and 

F ? f, ) 

with F1 = diag {f1,... ,fn}. We need to integrate out H1, F1, and f. Now, for fixed h we may set 
H1 = VH2, where V is a fixed matrix satisfying V'V= Ing V'h = 0, and H2 e 0(n). The set {H1; H1 = 
VH2, H2 e 0(n)) is identical to the set {H1; HfHl = Ing Hfh = 0), the relationship is one-to-one, and 
we have (cf. Muirhead (1982, p. 397)) 

(H'dH) = (h'dh)(H2'dH2). 

To facilitate the integration with respect to H2 we write the Bessel function in (B.3) as an inverse 
Laplace transform: 

(B.4) OF1(v/2, DL'SLD/4) = anf () etr (W)I WI -v/2 etr {DL'SLDW-1/4} (dW) 

where an = In(v/2)2n(n - 1)/2/(2ITi)n(n + 1)/2. Writing 

S = VH2F1H2V' +fhh' = VH2(F1 -f7n)H?V' +Jfl, 
and integrating out H2 gives, 

(B.5) pdf (h, F) = C* etr{ -D2/2} etr {F/2}1 F (v-n-2)/2 

Xanf etr (W)l WI -v/2 etr {fD2W- 1/4} 
Re (w)>o 

xw-Fi2n)((Ff -eon)/2e DL'W'LDW- 1/2)M(dW), 

wt 2* = n C212Fn(n12) (for the other notation see Muirhead (1982, Chapter 7)). 
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The inverse Laplace transform in (B.5) may be evaluated by using results from Davis (1979), and 
we then find that the distribution of h has the form 

(B.6) pdf (h) = [F((n + 1)/2)/21T(n +1)/2 ] etr {-D2/2} 

X 
, 

a2(, K; 

6) oaKCa,K(DLPVLD/2 

D2/2), 

af, K; 0 

with coefficients a2(a, K; 4) given by 

(B.7) a2(a,K;qS) = [2l(n+1)/2C2*2 j+kr((n + 1)/2)(v/2)0] 

x ff etr {-F/2)1FI(v-n 2)/2fk[Ca(Fl-fln)/Ca(In)] 
f l > ..>fn >f 

n n n 

X rI (f1 -fj) H (fi -f) dfi df. 
i <j i=l = 

To evaluate the coefficients a2(a, K; 4) explicitly, put f1 = (fi -f)/f, i = 1.n (fi > f2 > ... 

> fn > O, dfi = fdLi so that 

(B.8) a2( a, K;4) = [2lr(n+1)2Cp*/2j+kr((n + 1 

x ff f etr -f(I + F)/2} exp {-f/2}fj+k+(n+l)v/2> 
fl > ..>fn>0 f'? 

n n 
XIF1 I II + F, I(Vfnl2)/2 [Ca(F1)/Ca(In)] rI ( 1j-) 1 1 dfi df 

1<] i=l 

= [r(n+1)/2c2/2j+kr((n + 1)/2)(v/2)0] 

x f f etr {-f(I + R)/2) exp {f-/2}fj+k+(n+l)v/2- 
f>O R>O 

x IRlI I+ R (v-n-2)12 [Ca(R)/Ca(In*]dr)df 

(compare equation (A.3) in Appendix A). 
In the case n = 1 it is straightforward to evaluate the a2(j, k) in (B.8) and we find, for n = 1, 

(B.9) a2( j, k) = [F((v + 1)/2)/2F((v + 3)/2)] 

x [(2)j((v - 1)/2)k(v)j+k/2j+k(v/2)j+k((v + 3)/2)j+k] 

2F1(j+ 2, i+k+ v, i+k+ (v + 3)/2, 1/2). 

In particular, a2(0, 0) = 1 since 2F1(2, v, (v + 3)/2, 1/2) = 2F((v + 3)/2)/F((v + 1)/2). 
For arbitrary n the coefficients a2(a, K; 4) are much more complicated and we omit the details. 
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