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ABSTRACT
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Doctor of Philosophy

EMPIRICAL LIKELIHOOD CONFIDENCE INTERVALS FOR SURVEY DATA
by Omar De La Riva Torres

We propose an empirical likelihood approach which can be used to construct design-
based confidence intervals under unequal probability sampling without replacement
with a small and large sampling fraction. It gives confidence intervals which may per-
form better than standard confidence intervals based on the central limit theorem and the
pseudo empirical likelihood confidence intervals (Wu and Rao, 2006). It does not rely
on variance estimates, design effects, joint-inclusion probabilities, resampling or lin-
earisation. It can be applied to the Horvitz and Thompson (1952) estimator, the Hajek
(1971) estimator or the regression estimator (Sdrndal et al., 1992). The proposed ap-
proach also offers a likelihood-based justification for design-based approaches used in
sample surveys. It is less computationally intensive than bootstrap methods which can
be unstable and may not have the right coverage. The proposed approach can be used
to construct suitable non-parametric (design-based) confidence intervals for quantiles
which do not rely on the normality, unbiasedness or linearity of the point estimator. We
support our findings via simulation studies for a highly skewed population and compar-
ing them with alternatives such as linearisation (Deville and Sidrndal, 1992), rescaled
bootstrap (Rao and Wu, 1988; Rao et al., 1992), direct bootstrap (Antal and Tillé, 2011)
and the Woodruff (1952) intervals. We apply the proposed approach to persistent-risk-
of-poverty which is an indicator of poverty based upon the European Union Survey on
Income and Living Conditions (EU-SILC, Eurostat, 2012). Confidence intervals for this
indicator are estimated for sub-population domains. A description of the computational
algorithms used is provided and implemented using the statistical software R (R Core
Team, 2012).
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fz‘(muﬂo)

Boot

X,=3" i
T, L
Vector of regression coefficient estimates.

fA(n) =y mc.

Cr = Z?:l Ciﬂ—i_l'

C*=(CT,0)T.

A known ) x 1 vector.

c; = (cf,g:(0))"

A known () x 1 vector associated with the i-th
sampled unit.

Z =z, L

zi = (zi1, ... ,ziH)T.

In order to compute 7 for the first iteration 1y =
0.

7 is such that (3.2.2) holds.

99 =XN"1.

fi(ai, 90) = fiai, 9o)m; .

fi(xi,99) is a vector function of the auxiliary
variables and a known parameter 9.

Bootstrap approach.
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Vector of regression coefficients.

A positive definite covariance matrix.
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Estimate of a density function.

Estimator of Variance under the specified design
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otherwise.
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Population control total.
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0 otherwise.

Design weights d; = 7; .

Empirical likelihood function.

G:(0) = g:(0)m; .
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Function of # and of the characteristics of the unit
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Profile log-likelihood ratio function.
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Maximum likelihood estimator of m;.

Minimum of a function.

Size of the sample in stratum /.

Non stratified sampling design.

Sample size.
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Introduction

Survey sampling theory has been focused on point estimation and their respective stan-
dard errors. Confidence intervals for parameters of interest have mainly been con-
structed assuming normality. Owen (1988) proposed the Empirical Likelihood approach
as a nonparametric method of statistical inference to construct empirical likelihood ratio
confidence intervals similar to the parametric likelihood ratio intervals. Unlike the boot-
strap procedure where data points receive equal probabilities of selection in the sample,
empirical likelihood assigns weights that maximise a constrained multinomial likeli-
hood and empirical likelihood confidence intervals are constructed by contouring the
likelihood (Hall, 1992). The empirical likelihood confidence intervals have the proper-
ties of determining the shape of confidence regions based on the observed data set and
avoid inadmissible parameter values. Confidence interval coverage accuracy is at least
comparable with the bootstrap confidence region, it provides balanced tail errors and is
not necessarily symmetric, and it incorporates supplementary information through con-
straints. In addition, it is possible to apply a Bartlett correction to reduce coverage error
(Hall and La Scala, 1990). The most appealing property of empirical likelihood is that
the corresponding log likelihood ratio statistic is asymptotically x? distributed as a true

parametric likelihood.

We propose an empirical likelihood approach which can be used to construct design-



2 Introduction

based confidence intervals under unequal probability sampling without replacement.
The proposed empirical likelihood confidence interval has the following advantages: it
gives confidence intervals which may perform better than standard confidence intervals
based on the central limit theorem. It does not rely on variance estimates, design effects
or joint-inclusion probabilities. It can be applied to the Horvitz and Thompson (1952)
estimator, the Héjek (1971) estimator or the regression estimator (Sidrndal et al., 1992).
It can be also used with small and large sampling fractions. The proposed approach
also offers a likelihood-based justification for design-based approaches used in sample

surveys.

This thesis is integrated by the following parts:

Chapter 1. Introduction

Chapter 2. Literature review

Owen (1988) conceived and introduced the empirical likelihood method in statistical
inference area. A general summary of advances and developments since its inception,
when it was presented for first time in survey sampling as the scale load approach by
Hartley and Rao (1968), is outlined. In order to give a framework to assess the proposed
approach, an overview of the most frequently used methods in survey sampling for

building confidence intervals is provided.

Chapter 3. Empirical likelihood ratio estimator confidence intervals for unequal

probability sampling

A novel approach based on the use of empirical likelihood in survey sampling is pro-
posed for the construction of confidence intervals for population means under unequal
probability sampling design with a small and large sampling fraction. In contrast to the
pseudo empirical likelihood method, our approach does not require design effect estima-

tion and takes in account the finite population correction for a large sampling fraction.
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We support our results with two simulation studies for a highly skewed population. The
proposed approach does not rely on variance estimates, design-effects, resampling or

linearisation.

Chapter 4. Estimation of empirical likelihood confidence intervals for quantiles

We propose a new empirical likelihood approach which can be used to construct non-
parametric (design-based) confidence intervals for quantiles which do not rely on the
normality of the point estimator. We show that the proposed approach gives suitable
confidence intervals even when the estimator of a quantile is biased. The proposed
approach also deals with large sampling fractions. The bootstrap is an alternative ap-
proach which can be used to derive non-parametric confidence intervals for quantiles.
The proposed approach is less computationally intensive than the bootstrap. We com-
pare our proposed approached with alternative approaches such as linearisation (Deville
and Sidrndal, 1992), direct bootstrap (Antal and Tillé, 2011), rescaled bootstrap (Rao and
Wu, 1988; Rao et al., 1992) and the Woodruff (1952) interval.

Chapter 5. Empirical Likelihood confidence intervals for the persistent-risk-of-

poverty rate

This chapter presents an application to real data of the proposed empirical likelihood ap-
proach which can be used to construct design-based confidence intervals. The proposed
approach gives confidence intervals which may have better coverage than standard con-
fidence intervals and pseudo empirical likelihood confidence intervals (Wu and Rao,
2006), which rely on variance estimates and design-effects. The proposed approach
does not rely on variance estimates, resampling or linearisation, even when the param-
eter of interest is not linear. We apply the proposed approach to a measure of poverty
based upon the European Union Survey on Income and Living Conditions (EU-SILC,
Eurostat, 2012). Confidence intervals of the poverty indicator persistent-risk-of-poverty

rate are estimated for the overall sample and six sub-population domains (Sédrndal et al.,
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1992) determined by three age group and sex. It also gives suitable confidence intervals
when the point estimator is biased. The proposed approach is less computational inten-
sive than rescaled (Rao and Wu, 1988; Rao et al., 1992) and direct bootstrap (Antal and

Tillé, 2011) which can be unstable and may not have the right coverage.

Chapter 6. Algorithms for obtaining weights and intervals in the empirical likeli-

hood approach

An explanation of the key computational algorithms is provided for implementation
of the proposed empirical likelihood point estimators, and the construction of empir-
ical likelihood ratio confidence intervals for the parameter of interest. The computa-
tional tasks imply the estimation of the empirical likelihood weights and empirical log-
likelihood function. Note that, the crucial algorithm is the computation of the vector 7,
once this quantity is obtained, the empirical likelihood weights and confidence intervals
can be calculated. The computational codes associated with the algorithms are written
in the statistical software R (R Core Team, 2012) and remitted to the Appendix A.

Appendix A. R functions for the empirical likelihood confidence intervals for sur-

vey data

In this appendix are described the main functions, written in statistical software R (R
Core Team, 2012), used in the simulation studies of this thesis. Only the functions
for the implementation of the proposed empirical likelihood approach are considered.
Functions for the realization of compared approaches (standard methods based on nor-
mal distribution of data, pseudo empirical likelihood and bootstrap methods) are omitted
and referred to original articles. For the sake of brevity, functions related to the esti-
mation of empirical likelihood confidence intervals are only considered for the lower
bound limit. The upper bound limit functions are similar only the direction for the
seeking should be inverted. The functions including a short description are ordered

alphabetically in a list.
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2.1 Early Contributions in Empirical Likelihood Method-
ology

2.1.1 Scale load approach

Consider the population U composed of ¢ = 1,..., N units with the values y; of the
variable of study Y. A subset s from U is selected with probability p(s); sample data
is denoted by {(i,y;),? € s}. The first use of EL in survey sampling was proposed by
Hartley and Rao (1968) and named the scale load approach focused in the inferential
aspect of point estimation. Some aspects of the sample need to be omitted to make the
sample not unique and have the likelihood informative. Assuming that the variable Y is
measured on a scale with finite scale points y;, ¢ = 1, ...,T" with [V, the number of units
in U having the value y;. In consequence, N = Y, » NyandY = N7'>", . Nyy;
is specified by the scale loads N = (N, .. ., NT)T. Consider n the sample size and n;
the number of units in the sample with value y;, the sample data is summarised by the
scale loads n = (ni,...,ny)", withn, > 0 and n = Y, n;. Under simple random

sampling without replacement and negligible sample fraction n /N, the likelihood based
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on the reduced sample data is given by the hypergeometric distribution that depends on

N. The log-likelihood could be approximated by the multinomial log-likelihood

I(p) =Y nlog(p) (2.1.1)

teT

where p = (p1,...,pr)" and p; = N;/N. The maximum likelihood estimator of
Y = 3, cr pey; is the sample mean §j = >, pry;, where p, = n,/n. The scale load
approach allows incorporation of the information of the auxiliary variable 2 when X
is known. The scale points of x are denoted as x7, j = 1,...,J and the scale load of
(yi,x7) as Ny;. Therefore, Y = Y, > . pyy; and X = 37, 7., piyw;, where
pij = Nij/N and 3, > . ;p; = 1. The sample data reduces to the observed fre-

quencies n,; for the scale points (y;, z}) such that ), .. > . ; ny; = n. The maximum

jeT
likelihood estimator of Y is computed as Y = Y orer 2 e Drjyi where p;; maximise

the log-likelihood
> nylog(py) (2.1.2)

teT
subject to the constraints

DY py=tland Y > pyr; =X. (2.1.3)

teT jeJ teT jeJ

Hartley and Rao (1968) showed that Y is asymptotically equal to the customary linear

regression estimator of Y.

2.1.2 Empirical likelihood confidence intervals

EL was proposed by Owen (1988) considering v, . . . , ¥, as independent and identically
distributed observations from y with cumulative distribution function F'(-). An empir-
ical likelihood puts masses p; = Pr(Y = y;) = F(y;) — F(y;—) at the sample points,
where F(y;—) = lim,, F'(v). The EL function is L(p) = [][,., ;- Maximising the
log-likelihood

I(p) = log[L(p)] = > log(p:) (2.1.4)

€S
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under the constraints
pi>0and > p;=1 (2.1.5)

i€s
leads to p; = 1/n and the maximum estimator for the mean ¢ = E(y) and F'(u) are
given by fi = Y. Diyi = Y and F(u) = Y ics Didyi<uy = Fn(u), respectively; where
Iy, <uy = 1if y; < wand it takes the value of 0 otherwise, and F,,(u) = n™' 3. I(y.<u)
is the empirical distribution function based on the independent and identically dis-

tributed sample.

The profile empirical likelihood ratio function R(u), for the mean p, is obtained by
maximising

L®) T
L) E[( i) (2.1.6)

under the constraints

Zpi =1 and Zpiyi = M. (2.1.7)

i€s ics
Owen (1988) proved under mild moment conditions, 0 < V (y;) < oo and E(|y;]*) < oo
and a suitable asymptotic framework that allows n and /V simultaneously go to infinity
while n/N goes to zero, r(u) = —2log R(u1) is asymptotically x? with one degree of
freedom. Therefore, the 1 — « EL interval is given by {u|r(u) < x3(«)}, where x3(a)

is the av—point of the y? distribution with one degree of freedom.

2.2 Application in survey sampling

The first application in survey sampling using the EL approach is due to Chen and Qin
(1993) assuming simple random sampling without replacement and known auxiliary in-
formation expressed as E[w(x)] = 0 for some known w(-). The parameters considered
are of the form # = N~' 3", g(y;) with g(-) a known function and p; = Pr(Y = y;).
The log-likelihood function is given by

[(p) = log[L(p)] = > log(p)- 2.2.1)

1ES
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The maximum EL estimator of f is obtained applying the Lagrange multipliers method

and defined by § = > ics Dig(yi), where p; maximises (2.2.1) under the constraints

pi>0and Y p; =1 (22.2)
1€S

and E{w(z;)] = >,  piw(x;) = 0. The solution obtained is

o
n[l+ Aw(z;)]

~

Di =

where the Lagrange multiplier ) is the solution to

Z w(z;) —0
14+ w(z)
In the case of the selection of g(y;) = v; and w(z;) = z; — X, the parameter and known
auxiliary information given are ¢ and ), piz; = X. Setting g(y;) = I (yi<u) fOr a
fixed u, the maximum EL estimator of the population distribution function § = F'(u) =
N3 i Liyi<w) 1s given by F(u) = Y ics Dil(y;<u)- The maximum EL estimator of
the population quantiles can be obtained through direct inversion of ﬁ(u) because it
is a non decreasing function in the range [0,1]. Chen and Qin (1993, p. 109) men-
tioned under their approach the estimator of # = Y is the post stratified estimator when
w(x;) = x; — X, x; is a 0 — 1 variable and X is a population proportion. Based on
the similarities between the raking method (Deming and Stephan, 1940) and the post
stratification method, Chen and Qin (1993) agreed that the former coincides with the EL
approach.

2.3 Pseudo empirical likelihood

The estimator proposed by Chen and Qin (1993) is not possible to be generalised to any
sampling design because the likelihood depends on the sampling design and a complete

specification of the joint probability function is not always affordable under any without
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replacement sampling (Rao and Wu, 2009). The pseudo EL was suggested by Chen and

Sitter (1999) claiming it was suitable for any survey design.

Let {y1,...,yn} be afinite population assumed to be a random sample from a super-
population. The purpose is to maximise L(p) = [[,. pi, it is equivalent to maximise
log L(p) = I(p) = >_,cry log(ps). The Horvitz and Thompson (HT 1952) estimator

ZHT(D) = Zdi log(p;) (2.3.1)
ics

of the population total of log(p;) isusedas  a pseudo empirical log-likelihood ~ with
E[Y e, dilog(pi)] = > ;e log pi, where d; = 7; ! are the design weights and 7; are
the inclusion probabilities. The maximum pseudo EL estimator of Y, which is deter-
mined by the maximisation of (2.3.1) subject to the constraints in (2.2.2) and using
the Lagrange multiplier method, corresponds to the Hajek (1964) estimator of Y as
Yy = Y ics cziyi, where d; = d, /> ics di- Though, the Hajek estimator is less efficient
than the Horvitz-Thompson estimator ? = N1 > ics diy; under probability propor-
tional to size sampling (PPS) without replacement with 7; proportional to the size z;
when ; is proportional to z;. In the case of known population mean X of the auxiliary

variable included in the constraint

Z pir; = X.

1€S
For a comparison between pseudo EL and calibration, consider a known population
mean X of a vector of auxiliary variables «. The maximum pseudo EL estimator of Y’

isYpp = > ics Diyi Where p; maximise /(p) subject to p; >0, > ... p; = 1 and

i€ES
> piwi=X. (2.3.2)

The Lagrange multiplier method leads to the solution p; = d;(s)/(1 + ATu;) where

u; = x; — X and X is the solution to

CZZ' 7
=3 H(% — 0. (2.3.3)
1ES
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A calibration estimator of Y is defined by Y.= N1 ZiES w;1y; where the calibrated
weights w; minimise the distance between w = (wy, . .. ,wn)T and the basic design

weights d = (dy, ..., d,)" subjectto >_._ w;x; = X.

€S
(w; — d;)?/d;q; with g; prede-
fined, produces a generalised regression (GREG) estimator of Y (Sirndal et al., 1992).

The chi square distance function ®(w,d) = > ..
However, the calibrated weights can be negative and the use of other distance func-
tions that forces the weights to be positive involve other disadvantages such as there
is no a guarantee of finding a solution that minimises the distance functions, or some
extreme large weights w; may arise (Deville and Sédrndal, 1992). The pseudo EL like-
lihood approach to calibration estimation has two appealing features: (i) the weights
are positive and normalised is attractive for the maximum pseudo EL estimator of Fy =
NN (yi<y) computed as F pec(t) = > e Did(y,<t)» because it is a genuine distri-
bution function and by the inversion of Fpg, (t) quantile estimates can be obtained; (ii)
for the most laborious computational task, the finding of the Lagrange multipliers A, a

Newton-Raphson algorithm can be used (Chen et al., 2002).
Under the following regularity conditions
Cl. max |u;| = o,(n*/?)
€8

Dics di(8)us _
2. 1€5 =0 1/2

e ditsyd O
the solution is given by A = (3_,, dyu;u]) S e diwg + 0, (nY2) and p; ~ di(s)(1—
ATw;), which implies that

o~

Yoo =Y+ BT(X — Xy) + 0,(n/?) (2.3.4)

—

where u; = =; — X, w; = x; — XH, B = (X ics aliul-uiT)_1 Siesdiwyi, Xy =
D ics d;(s)x;, and %H + ET(Y — Xy) is a GREG estimator of Y. From (2.3.4) it
follows that any consistent variance estimator for the GREG will continue consistent for
?PEL. Although the use of a variance estimator for the GREG is asymptotically valid,
it is better to apply mAethods of variance estimation such as linearisation, jackknife or

bootstrap directly to Y peLs recalculating p;, and not to the GREG which approximate it
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(Chen and Sitter, 1999). The same statement holds in the estimation of the variance of

ﬁPEL(t) replacing y; by I(y,<;) in (2.3.4).

The pseudo EL function ZHT(p) requires only the first order inclusion probabilities and
does not capture the design effects under general unequal probability sampling without
replacement. As an alternative to manage these limitations Wu and Rao (2006) proposed
the next pseudo empirical log likelihood function under non stratified (ns) sampling

design

lns(P) =n Y di(s)log(p:), (2.3.5)

where d(s) = d;/ " ;es di- The pseudo EL function is directly related to the Kullback-
Leibler distance (DiCiccio and Romano, 1989 cited in Rao and Wu, 2009) between
p=(p,...,pn)Tand d = [di(s),...,dn(s)]T  inthe form of  D(d(s),p) =
Y oics d;(s)log(d;(s)/pi) = Y oics d;(s)log(d;(s)) — lns(p)/n, minimising this distance
with respect to p; under a given set of constraints is equivalent to maximising the pseudo

EL function with respect to the same set of constraints.

The pseudo EL function uses the normalised weights Jl(s) instead the d; applied in
lur(p)- Though maximising (2.3.5) subject to a set of constraints on the p; is equivalent
to maximizing l,;(p) subject to the same set of constraints and the maximum pseudo
EL estimators obtained are the same but /,,;(p) needs an adjustment in the design effect
in the construction of confidence intervals (see Section 2.5.1). Without auxiliary infor-
mation, maximizing /,,,(p) subjectto p; > Oand ) ... p; = 1 the solution is p; = CZZ(S>
The maximum pseudo EL estimator of Y is defined as ?pEL = Zies piy; which coin-
cides with the Hajek estimator %H = ics d; (s)y; and the maximum pseudo EL estima-
tor of the distribution function Fy(t) is given by Fj(t) = Y oics Aidiyi<t)/ D ies di- By

imposing the constraint
n
iy =~ 2.3.6
D b= (2.3.6)

1€s
an improved estimator can be obtained compared with the Hajek estimator. >, p;z; = Z

is the same as (2.3.6), where z; is the size variable and Z is the known population
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mean. Chen and Sitter (1999) showed the maximum pseudo EL estimator is asymp-
totically equivalent to a regression type estimator with asymptotic variance equivalent
to the asymptotic variance of the Hajek estimator depending on the residuals r; =
yi =Y — B(z — %), where B = S (2 — Z)y;/ S (2 — Z)%. The Hijek esti-
mator of Fy(t) at a fixed ¢ has the advantage of < is weakly correlated with the size
variable z; and Fy(¢) is itself a distribution function. Direct inversion of Fy(t) can be

used for the estimation of population quantiles.

2.4 Empirical Likelihood Methods in Stratified Sampling

Stratification in survey sampling is a common practice because of suitability in different
situations: administrative reasons (when the territory is divided in geographic districts),
the strata could be very different between them and a potential gain in efficiency in com-
parison with other non stratified designs. In stratified sampling design the population
is divided into H finite number of non overlapped strata denoted Uy, ..., Uy, of size
Ni,..., Ny, Wy, = Ny/N the stratum weight with 31 W), = Land 3.1, N;, = N;
in each stratum h a probability sample s;, € S}, is selected, where S}, is the set of all
possible samples of size n,. Zhong and Rao (1996, 2000) proposed the application of
EL under stratified survey sampling, considering {(ypn:, Tni),% € sp,h = 1,..., H} as

the sample data from the stratified sampling design. The log-likelihood

H
I(p) =U(p1,- -, Pi) = Y > logpu (2.4.1)

h=1 i€sy,

assuming negligible sampling fraction within strata and p, = (py,, - - -, DPhn, )T and py,
is the probability mass assigned to ;. Assume that population mean X of the auxiliary
variable is known but X, is unknown. If the latter information is available then the
approach of Chen and Qin (1993) could be useAd in each stratum. The maximum EL

estimator of the population mean Y is given by Y = Zle Wi, ZiESh Dhilni, Where pp;
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are obtained by maximising (2.4.1) subject to the constraints

H
pri >0, pu=1land Y Wiy ppizn = X. (24.2)
=1

1ES) h= €S

For the case of the pseudo EL approach, Chen and Sitter (1999) proposed a method for
stratified random sampling with known stratum weights WW;,. Let [(p) = S°7 | S° icu, 108 D,
be the population log-likelihood, the HT estimator of /(p) under stratified sampling is

given by
N H
(@) =D D dyilog pu (24.3)
h=1 iESh

where dy,; are the design weights such that E[Zthl Zi@h dp;log pp,] = Zthl ZieUh log phi,
in the case of stratified random sampling d; = N}, /ny. The maximum EL of [y, (p) is
obtained by maximising (2.4.3) subject to the constraints (2.4.2). The maximurr.l EL
estimator of Y is given by ? = Zthl Wi, ZiESh DhiYni- Wu and Rao (2006) used a

different pseudo EL function

H
lar(p°) = > Wi Y _ dy,; log pyi/deff (2.4.4)

h=1 1ES
subject to the same constraints (2.4.2) and where d;, = dj;/ Zi@h dy; the normalised
design weights for stratum 5 and the (deff) design effect (in Section 2.5.1 its computa-
tion is explained). The value of the deff is not required for the point estimation but it is

needed for the construction of confidence intervals.

2.5 Empirical Likelihood Ratio Confidence Intervals

The EL approach provides non-parametric confidence intervals for parameter of interest.
The attractive properties of the EL are that its shape and orientation are determined by
the data through profiling the EL ratio function. A 100(1 — )% empirical likelihood

confidence interval for the population parameter i is given by the values o for which
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{p (1) < x7_q.}> where x7_, | is the (1—a)th quantile of the chi-square distribution
with one degree of freedom. The confidence interval is built taking all the values x4 such
that —2log R(y) < xi,_, holds. The probability that the population value i is in the
interval approaches the nominal value 1 — « as n — oo (Owen, 2001, p. 17). Then,
the coverage error Pr(—2log R(p9) < x7,_.,) — (1 — @) — 0asn — oco. The EL
confidence intervals are asymptotic confidence intervals, and do not require estimation

of standard errors or design effects.

Chen et al. (2003) estimated confidence intervals for the mean of populations con-
taining many zero values. In this section the notation used is the conventional: let
Y1, - - -, Y be a sample of independent and identically distributed (iid) random variables
with common distribution function F'(-) and p; the probability of observing y;. The

empirical log-likelihood for the mean Y is defined as
I(p(Y)) = Zlogpi, pi 20, Zpi =1, Zpiyi =Y
1€s 1€S €S
After profiling p;’s using the Lagrange multiplier A, the log-likelihood obtained is
I(p(Y)) = — Z log[l + A(y; — V)] — nlogn (2.5.1)
1€s

where A solves the equation

Zﬁ:o
1€S 1+/\(yz_y)

The profile EL ratio function is

r(Y) =2 {maxI(p(Y)) — maxi(p)} =2 ) log[l + A(y; — Y)]. (2.5.2)

€S

Owen (1990) showed that for the case of 41, ..., v, iid variables, where Y is the true

mean parameter, the third moment of y; exists and as n — oo, r(Y’) converges to the

X1.1_q- Therefore, the confidence interval for Y is given by {Y : 7(Y) < x},_,}-

In the pseudo EL approach the confidence intervals have to be adjusted for the design

effect (Wu and Rao, 2006) whose definition depends on the probability sampling design
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and the auxiliary information used. For the non stratified sampling design, the pseudo

EL ratio function for Y without considering any auxiliary information is

Tns = _2{lns(f)(6>) - lns(f))}v (2.5.3)

where p; = czz-(s) maximise ,,s(p) given by (2.3.5) subject to p; > Oand ) .. . p; = 1,
and p;(0) are values of p; obtained by maximising [,,;(p) subject to the previous restric-
tion and the additional one Ziés piy; = 0 for a fixed 6. The deff is associated with the
estimator ?H and defined by R
V,(V)
S2/n’

deffy = (2.54)

where S? is the population variance, S2/n is the variance of Y, assuming simple ran-
dom sampling and ignoring the finite population correction factor n/N, and V),(-) de-
notes the variance under the specified design p(s). Under these three regularity condi-

tions:
C1. The sampling design p(s) and the study variable y satisfy max;c, |y;| = 0,(n'/?).
C2. The sampling design p(s) satisfies N~' 3", d; — 1 = O,(n"1/?).

C3. The HT estimator 8, = N~ Y ics diyi of Oy = Y is asymptotically normally
distributed.

The pseudo EL ratio function r,4(#) converges in distribution to a scaled x? random
variable when § = Y. Condition C1 states that for random variables with finite variance
the largest value in a sample of size n can not grow to infinity as fast as n'/? (Owen,
2001). Condition C2 says that N = Y ics

Condition C3 is the central limit theorem for the Horvitz-Thompson estimator (Wu and

d; 1s a 4/n consistent estimator of /N and

Rao, 2006). They also proved that the scale factor is equal to the sampling design deff};.
Therefore, the adjusted pseudo EL function is rﬂ(@) = r,s(0)/deffy is asymptotically

distributed as 2 when =Y.

A (1 — a)% confidence interval for Y is defined for the maximum and minimum of
the set

{01rl(0) < xi(a)}, (2.5.5)
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where y3(«) is the upper « quantile of the x? distribution. The determination of the
confidence interval requires a profiling analysis. For the cases of non stratified sampling
designs and the use of auxiliary information & with vector of known population means
X, the pseudo EL ratio function is defined similarly as in (2.5.3) with the constraint
> ics PiXi = X included in the determination (lf p; and p;(60). Under these conditions

the design effect associated with the estimator Y arec is defined as

*<I>

deffoppe = ?( G:)G) (2.5.6)

Y — BTLIZ',

where V,(Y grec) =V, [ZZES di(S)Tz}, TP =Yi —

-1
= (Z diuiuTi> Zdiuiyia
€U iU
w =z, — X, S5 = (N—1)"'Y,_,r?. Under the assumption that conditions C1
and C3 apply to « and conditions C1, C2 and C3 hold, the adjusted PEL ratio statistic is

a

T’I’LS

(0) = 7,5(0) /defforeg is asymptotically distributed as x? when § =Y

EL intervals on the population for stratified sampling design was studied by

Zhong and Rao (2000). The log-likelihood ratio function is given by

rse(0) = =2 [l (p(Y)) — lsr ()] (2.5.7)

where [_)(7) is the maximum likelihood estimator of p subject to the constraints (2.4.2)

with the additional constraint

Z Wh meyhz = 0. (2.5.8)

1ES

The empirical log-likelihood ratio function obtained was adjusted to take into account
the sampling fractions within strata, the adjusted function is asymptotically y3. For
proportional sample allocation sampling to the strata the adjustment factor reduces to
1—n/N.
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The pseudo EL ratio function of Y under stratified sampling with known population

mean X = Zthl W3, X 1, and unknown strata means X j, is defined by

rst(0) = =2 [ls(p1(0), ..., pu(0)) — ls(D1,-- -, PH)] (2.5.9)

where py,; maximise [y (P, . . ., py) defined by (2.4.1) subject to the constraints (2.4.2)
and py,(0) maximise [y (p1,...,px) subject to (2.4.2) with the additional constraint
(2.5.7) for a fixed 6. Under a set of regularity conditions on the sampling design and

variables considered within each stratum, the adjusted pseudo EL ratio statistic

Tg(;] (9) = TST(Q)/deffGREG(ST)

is asymptotically distributed as x? when §# = Y when §. Where the design effect is
defined as .
Zthl Wf?vp (ZiES,L dhi(Sh)Thi>

(%)
where r; = (yn — Y) — B*"(x, — X ), where B* is the population vector of re-

gression coefficients defined as B for deffsrgg defined in (2.5.7) using Sf = (N —
=t > icu, Thi and using X to denote the augmented X to include W1, ..., Wy_y

(2.5.10)

deffGREG(ST) =

as its first / — 1 components and x; to denote the augmented x; to include the first

H — 1 stratum indicator variables, the set of constraints can be redefined as

H H
Zthphi =1and ZWh thiw*hi :Y*. (2.5.11)
h=1 =1

1ES) h= 1ES

2.5.1 Algorithm for the Construction of Confidence Intervals

The computational algorithms for seeking the upper and lower bound of the EL confi-
dence interval employ the same profile analysis for non stratified and stratified sampling
design. The construction of EL or pseudo EL ratio confidence intervals for 6, = Y re-
quires two phases: in the first one, calculate the profile EL ratio function r(6) for a

given 6 and in the second one, find the lower and upper bounds for {[r(f) < x7,_,}-
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In the first phase the constraint ) _,__p;y; = 0 for a given 0 as and additional component
for the set of constraints ) .. p;x; = X. The lower and upper bound can be found
via a bisection search method between y(;) = min;e, y; and y(,,) = maX;e, ¥;, and the
EL ratio function r(6) is monotonically decreasing for ¢ € (y(l),?EL) and monotoni-

cally increasing for 0 € (Y'g, y(n)). Wu (2004) showed that r(¢) is a concave function

of 6 and then it is maximized when § = Y. The same procedure is applied for the

construction of EL for stratified sampling and pseudo EL ratio confidence intervals.

2.6 Other approaches in Empirical Likelihood

This section describes some extensions and applications for EL method in survey sam-

pling that deserve attention and it serves to suggest new ideas and improvements.

2.6.1 Calibration estimator under unequal probability sampling

Calibration estimation using EL in survey sampling proposed by Chen and Qin (1993)
was extended by Kim (2009) for unequal probability sampling under Poisson sam-
pling. From a vector {yi,...,yn} of realized values of a finite population, a sample
{y1,...,yn} is selected as the result of N Bernoulli trials where m; = w(Y;) are the
probabilities of selecting the unit ¢. Kim (2009) used y to denote the sample value
and Y to denote the population values. The sample distribution function under Poisson

sampling is defined as
Z(i;yisx) Tii
> jes TiW;j

where w; is the amount of point mass that unit y; represents in the population and can

Priy <z)=Pr[Y <z|U <n(Y)] = (2.6.1)

be written as w; = Fo(y;) — Fo(yi—), Fo(+) is the true distribution function and U has a

uniform distribution in (0, 1). The EL under Poisson sampling is determined as

Liw) =] (%) (2.6.2)

i€s Jjes
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subjectto > .__w; = 1 and w; > 0. The maximum likelihood estimator of w; is

1€Ss

N a7t

jes J

The maximum likelihood estimator for the population mean Y is defined as % =
> ics Wiy, which is equal to the Hdjek estimator of the population mean. The log-
likelihood [(w) = log{L(w)} = >, ., log(w;). Maximising /(w) subject to w; > 0,
Yieswi = land Y. wir; = X where X is the known population mean of the
auxiliary variable z; in the sample, the EL calibration estimator for Y is obtained as
%a = > ;s Wiy;. This estimator has to be approximated using the Lagrange multiplier

method. The solution is given by

1
@, = ~ _ (2.6.4)
n [)xlm + Ao(z; — X)}
where 7; = (N /n)m; with N = > icsm; - and A; and ), are the solutions to
— X
.t R (2.6.5)

ics )\17~TZ + )\Q(I'Z — X)
The estimator ) ,__w;y; under a set of assumptions is asymptotically equal to the GREG
estimator of Y. However, unlike the GREG estimator, the associated weights w; in the

maximum likelihood estimator ) _.__ w;y; are always positive.

ics

This approach can be extended to stratified sampling with unequal probabilities of
selection in each stratum. In this case the population of size N is partitioned in / strata
of sizes Ny, ..., Ny. For the stratum h with probability 7;, yx; and x,; are observed,
fori = 1,...,n; and only the population mean X of x; is known. The proportion
that unit y,; represents in the population in the stratum 5 is represented by wy;. The

maximum likelihood estimator of Y is obtained by maximizing

L(w) = L(w, .. H 11 ( ThiChi ) (2.6.6)

h=1i€sy z‘Esh ThjWhi
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subject to
H

Swn =1 Wy wyzn =X, h=1,....H (2.6.7)

1ESh h=1 1ES
and wy; > 0, where W, = N,/N. The Lagrange multiplier method provides the

solution
1

N [MnThi + A (Thi — Tn)]
where 7~Thi = (Nh/nh)ﬂhi, Nh = Ziesh 71';2-1, .i'h = Ziesh ﬁ?hixhi and )\h, h = 1, ey H, H+
1, are the solutions to

(2.6.8)

Wh; =

(xh; — Tn)
~ — = 0. 2.6.9
l.ez% M Thi + Agimp (Th — Zn) ( )

Kim (2009) has shown that the maximum likelihood estimator of population mean Y,
for a sequence of stratified populations and samples with H fixed, is asymptotically
equivalent to an optimal linear regression estimator proposed by Rao (1994). In the
case when stratified random sampling is used, it is equivalent to the estimator of Zhong
and Rao (2000).

2.6.2 Jackknife empirical likelihood

Jing et al. (2009) pointed out that Owen (1988)’s EL has a straightforward application
when the maximisation of the non parametric likelihood involve linear constraints and
the problem reduces to solve a fixed number of simultaneous equations, independent of
the sample size n. Though, in applications including nonlinear statistics, the maximisa-
tion problem requires solving a set of simultaneous equations dependent on the sample
size n. A U—statistic was used to illustrate the difficulties of applying Owen (1988)’s
EL for non linear statistics. To handle the nonlinear constraint problem they proposed
the combination of nonparametric approaches: jackknife and EL. The basic idea is to
transform the parameter of interest into a sample mean based on jackknife pseudo val-
ues. Owen (1988)’s EL can be applied to the mean of jackknife pseudo values if they

are asymptotically independent. The jackknife EL method assumes only independent
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random variables v, ..., ¥y,. A consistent estimator of the parameter 6 is defined by
T, = T(yi,...,y,) and jackknife pseudo values V; = nT, — (n — 1)T7§:i1), where
Té:? = T(y1,.- - Yi-1,Yit1,---,Yn) is the statistic 7,,_; computed with the original
sample by deleting the ith observation. The jackknife estimator of # is the average of

the pseudo values T}, jockknife = 0" > e Vi

Shi (1984, cited in Jing et al. 2009) showed that the pseudo values are asymptotically
independent under mild conditions. Therefore, the jackknife estimator T\n jack for 0is a
sample average of approximately independent random variables ‘A/Z and the EL approach
is suitable to be applied to the pseudo-values \A/Z By defining the usual conditions in
ELasp = (p1,...,p,)" suchthat 3°,_ p; = 1, p; = 0and Gu(x) = 3,0, il 7 cay-
Consider the mean functional §(G,) = >, . piV; and 0, = Y. p; E[V;]. Thus, the
EL evaluated at § is given by L(6) = max {[[,c, pi| >_;cs pi = 1,0(G,) = 6, } which

attains the maximum n~" at p; = 1/n. The jackknife EL ratio at 0 is

R(0) = LO) _ ax {Hpi > pi=1,0(G,) = ep} : (2.6.10)

n-"m
€S €S

The EL method uses Lagrange multipliers to find that
1 1

~
i —

PRI —6y)

A~

where ) is the solution to

A~

Vti_ep -
f(A)_%;HA(XZ—ep)_O

After replacing p; into (2.6.10) and applying the logarithm to R(6) the profile jackknife

EL ratio function is defined as
—2log R(9) = Y log {1 AV — ep)} 2.6.11)
1€5
Jing et al. (2009) showed that (2.6.11) converges in distribution to a x3, as n — oo and
as consequence a (1—«) level confidence interval for 6 is given C; = {|6| — 2log R(#) < 0}
can be constructed. ¢ is chosen to satisfy P(x? < ¢) = 1—a. They showed that it works
for the one and two-sample U-statistics but it is not possible to confirm that in general

jackknife EL validity holds for any nonlinear statistic.
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2.7 Bootstrap methods as alternative for building confi-

dence intervals

The bootstrap method was introduced by Efron (1979) as a method to approximate
estimation of variance and confidence intervals. Bootstrap techniques offer relatively
simple options for deriving confidence intervals without rigorous assumptions about
the distribution of data. A short description of the bootstrap technique is presented to
facilitate the explanation of rescaled bootstrap (Rao and Wu, 1988) and direct bootstrap
(Antal and Till¢, 2011) which are intended for variance estimation with complex survey
data.

2.7.1 The Bootstrap

In the context of survey sampling the use of the bootstrap can be outlined with the next
description: consider a probability sample s of size n selected from a population U
given a sampling design without replacement. The population parameter 6 is estimated
by 0 and the aim is to estimate its variance V(). To compute V' (§) by simulation, s is
assumed as an artificial population U™ that mimics the real, but unknown population U'.
Then, a series of independent samples or bootstrap samples are drawn with replacement
from U™ using the same sampling design applied in the selection of s from U. For each
bootstrap sample an estimator 6*, {b = 1, ..., B} is calculated in the same way as 0 was
calculated. The empirical distribution of #* is considered as an estimate of the sampling
distribution of ¢ and V(f) is estimated by

B

~ 1 . .

- - ®) _ )2
Vi oo = 5— > (0" - 0) (2.7.1)
b=1

where 6 could be replaced by 6* = (1 /B)SF  6*. The bootstrap variance estima-
tor ‘7[5\] Boot 1S Not calculated when the main purpose is to obtain confidence inter-
vals. Instead, the confidence intervals are defined by the observed distribution of 6*.

A 100(1 — «a)% confidence interval for ¢ is bounded by a pair of random numbers
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A N

L=LAWY, .. 0B))and U =UBY,. .. 6®) such that
PrlL<O<U]=1-a.

For a 95% confidence intervals the resampled 6* values are ordered getting 01" < §(?) <

- < 0B). For large values of B about 95% of the resampled values are between
L = 0(09258) and U = #°97B)  some rounding or interpolation is applied for non
integer values of 0.0255 and 0.9755. Both bootstrap methods are concisely explained

in the following subsections.

2.7.2 Rescaled Bootstrap

The rescaled bootstrap was proposed by Rao and Wu (1988) for variance estimation
of non linear statistics é\, expressed as functions of means, under stratified multistage
designs and with replacement sampling of primary sampling units (PSU). The method
allows the estimation of confidence intervals. Rao et al. (1992) modified the rescaled
bootstrap to cover smooth and non smooth functions. They proposed to make the scale
adjustment on the survey weights rather the data values. The method works as follows:

forb=1,..., B where B is a large number, draw a simple random sample of ng*) PSUS

with replacement independently in each stratum A from the n; sample PSUs. Let m,(;)
the numbers of times the (hi)-th PSU is selected (Z(hi) cs Mhi = mh>. The bootstrap

weights are defined as

Whae = [{1 = (ma (= D)} (ma (o = 1) ()0 ]

where wy;;, are the initial sampling weights. m;, = 0 if the (hi)-th PSU is not selected.
Then, calculate the rescaled bootstrap estimator of 6* using the normalized bootstrap
weights wy .. in the formula for §. When mj = np — 1 the formula for the rescaled
weights becomes wy,;, = [ms/ (ny — 1)] whi. The method gives a consistent estimator
of the variance of (/9\, a smooth function of mean, which can be approximated by (2.7.1).
If n, > 3and my, = (n, — 2)* / (n;, — 1) this provides a bootstrap estimate distribution

whose third moment matches the unbiased estimate of the third moment of the estimator,
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for the linear case. The same choice of m; and when strata variances o5 are known,
ensures the second-order term of Edgeworth expansion of Z = (? —Y)/o (0% is the
true variance of ?) matches the second-order term of the bootstrap distribution of Z.
Rao and Wu (1988) obtained a bootstrap-¢ confidence intervals for the same class of
smooth functions, by approximating the distribution of ¢ = (5 —6)/ §(§) by its bootstrap
counterpart t* = (@\* —0)/ §(§*), where §(§*) is approximate by jackknife variance

estimation. The bootstrap confidence intervals are obtained from the histogram of ¢*.

2.7.3 Direct bootstrap

Antal and Tillé (2011) proposed the direct bootstrap for variance estimation for sam-
ples selected with a complex design, such as simple random sampling with and with-
out replacement, Poisson sampling, and unequal probability sampling with and with-
out replacement. The method consists of generating a mixed sample by selecting a
subsample of units without replacement and other subsample selected with replace-
ment in order to adjust for the finite population setting. The method reproduces un-
biased estimators of variance in the linear case and does not required rescaling, arti-
ficial populations or correction factors. The methodology uses two sampling designs
for resampling the units, sampling with over-replacement (Antal and Tillé, 2010) and
one-one sampling. A random sample selected with over-replacement is the vector
S=(S1,.., k..., Sx)" = (X1,..., Xk, ..., Xn)" such that S | X} = n, where
Sk is the number of times the unit is selected in the sample, and X, are geometric

random variables such that Pr (X, = x) = (1 — p) p™, 2, =0,1,2,... and

n

N+n—1\"
PI‘(Sl:Jil,...,Sk:;Ek,...,SN:IN):< tn ) .

Sk has a negative hypergeometric distribution

Pr (S = j) = (N—1+n.—j—1>(N+n—1>_1

n—j n
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j = 0,...,n. For this sampling design the expectation of Sy, is E (S;) = n/N and the
variance is
V(Sk) =n(N—1)(N+n)/N*(N+1).

VIY)=NN=1)(N+n)[n(N+1)(N—-1)]" Sver (U — ?)2, Y is an estima-
tor of a total. The one-one sampling is only a sampling design for resampling n units
from a sample of size n with E(S;) = 1 and V(S;) = 1, using a mixture of sim-
ple random sampling with replacement and sampling with over-replacement. This
notation is used in the direct bootstrap method: E (Sx) = mx, cov (Sk,S)) = A,
S* = (S%,...,5;,...,8%)"; St is the number of times the unit is resampled; V(Y*|S)
is the conditional variance of Y* given S; and cov (S}, S/|S) = 2. The goal of the
method is apply a resampling mechanism such that E (S;|.S) = 1 holds in order to have
E(Y*[S) = Y. Sy = Ay/my is required to have V(Y*[S) = V (?) For samples
selected with replacement and unequal inclusion probabilities the one-one sampling de-
sign can be used directly in the bootstrap method. In order to accomplish the correct
variance if the samples are selected without replacement, a portion is resampled without
replacement and another is selected according to a one-one design. The implementation
of selecting resampled units consists of computing the samples sizes of the two compo-
nents of the mixtures. Then select the sample sizes of the two components of mixture
and then proceed to select the bootstrap samples. The direct bootstrap method pro-
posed for a simple random sampling with replacement design and the one-one design
as the resampling design generates V(Y*|S) = N2 [n (n — 1)] " Sres Uk — ?)2. In
the case of resampling with the simple random sampling with replacem;:nt the variance
is given by V(Y*[S) = N?n 2", s (e — 7)2. For the design of unequal probability
sampling with replacement and one-one design as the replacement method the variance
of Y* is V(EA/*|§) —n(n—1"" Y kes (yk/wk - EA//n)2 The variance estimator of
Y* for simple random sampling with replacement is

~ _ >\ 2
VY)=N(N-1D)(N+n)[n(N+1)(N-D]> (n-Y)",
kes
which is a result of a composite resampling design where the units of sample S of

size m = n?/N are selected with simple random sampling with replacement. The
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units of the sample S, are selected with the one-one design from the non-selected
units in S. The bootstrap sample is S* = S~ + S . Unequal probability sampling
without replacement involves a more complex procedure. The direct bootstrap does
not reproduce exactly its variance estimator but provides three approximations. The
resampling design consists of two stages, in the first one a sample S is selected from
S with unequal probability sampling without replacement and inclusion probabilities
¢r- In the second stage, a sample S, is selected with a one-one design from the non-

selected unit in the first stage. The bootstrap sample is S* = S, + S . If

1—¢p=min[n(n—1)""(1—m)[1—(1—m) {ZS 1—7r]} ], 1]

jeu

is chosen, the estimator of variance is close to the Héjek (1981) variance estimator
~ ~ [~ 2

VITIS) = V (V) = Lies o (2 = (Shes ) / (Shes ) o =

n(n —1)"" (1 — ). When the choice is ¢, = m; and ¢ is such that ¢, —c2/ 3 ., Sj¢; =

1 — 7y, the result is that \% <Y> approximates to the variance estimator proposed by Dev-

jeU

ille and Tillé (2005). If the aim is reconstructing exactly the diagonal of A, /7y, then
¢y 1s selected such that 1 — ¢, = min [— ZieU G Ak }
Jj#

J e ?






Empirical likelihood ratio estimator
confidence intervals for unequal

probability sampling

The first application of empirical likelihood in survey sampling was due to Chen and
Qin (1993) for the use of auxiliary information under simple random sampling without
replacement. The pseudo empirical likelihood was proposed for an unbiased estimation
of the log likelihood function in the case of complex sampling designs. The function is
based on an asymptotic x? approximation to an adjusted pseudo empirical ratio func-
tion, which requires a scale factor to take into account the characteristics of the sampling
design and the use of auxiliary information. The adjustment or scale factor is associ-
ated with the design effect; therefore, the estimation of variance and other source of
randomness are included. The variance estimation involves the computation of second
order inclusion probabilities that might be quite difficult, in particular when sampling
designs have to be modified due to a set of constraints involving auxiliary information.
The construction of pseudo empirical likelihood confidence intervals relies on variance

estimates and design-effects
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We propose an empirical likelihood ratio function that is asymptotically distributed
as a x2 random variable and can be used to construct design-based confidence intervals
for an unequal probability sampling design. It does not depend on variances estimates,
design-effects, resampling or linearisation. This approach is convenient in applications
when, for example the population distribution is highly skewed or the parameter of in-
terest is not linear or the parameter estimator is biased. In this situation the assumption
of normal distribution of the estimators may have low precision and as consequence
the normal based confidence intervals are unsatisfactory. The proposed approach can
be applied to the Horvitz and Thompson estimator, the Hajek estimator or regression
estimator. We also suggest an empirical likelihood ratio function for a small and large
sampling fraction. It also offers a likelihood-based justification for design-based ap-

proaches used in sample surveys.

3.1 Preliminaries

Let U be a finite population of /V units, where N is fixed quantity which is not necessar-
ily known. Suppose that the population parameter of interest f, is the unique solution

to the following equation (e.g. Qin and Lawless, 1994).

G(0) =0, with G(0) = g:(0), (3.1.1)
€U

where g;(#) is a function of # and of the characteristics of the unit i. This function does
not need to be differentiable. For simplicity g;(#) and 6, are considered as scalars but
they can be vectors. For example, 0, is the population mean y = N ! > icu Yi» When
9:(0) = y; — 0, where the y; are the values of a variable of interest. Other examples
are ratios, low income measures, regression coefficients and M-estimators (Qin and
Lawless, 1994; Binder and Kovacevic, 1995; Deville, 1999). The aim of this chapter is

to derive an empirical likelihood confidence interval for 6.

Suppose that we wish to estimate 6, from the data of a sample s of size n selected

with a single stage unequal probabilities sample design. We consider that sample size n
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is a fixed (non-random) quantity. We consider three cases:

1. Sampling with replacement (probability proportional-to-size sampling, or PPS sam-
pling), where n denotes the number of draws and the sample is the set of n observa-

tions (already-drawn elements can be reselected).

2. Sampling without replacement (probability proportional-to-size sampling or 7PS

sampling).
3. Rao-Hartley-Cochran sampling design (Rao et al., 1962).

We adopt a non-parametric design-based approach, where the sampling distribution is
specified by the sampling design and the values of the variable of interest are fixed

(non-random) quantities.

Under the design-based approach, the standard likelihood is flat and cannot be used
for inference (Godambe, 1966). Hartley and Rao (1968) introduced an empirical likelihood-
based approach which does not rely on models. Owen (1988) brought this approach in
the main stream statistics (see also Owen, 2001). Since Chen and Qin (1993) suggested
its first application in survey sampling, there have been many recent developments of
empirical likelihood based methods in survey sampling (e.g. Rao and Wu, 2009) and
adaptive sampling (Salehi et al., 2010).

Standard confidence intervals based upon the central limit theorem can perform
poorly when the sampling distribution is not normal. For example, the lower bound
of a confidence interval can be negative even when the parameter of interest is positive.
The coverages and the tail errors can be also different from their intended levels. On
the other hand, empirical likelihood confidence intervals may be better in this situation,
as empirical likelihood intervals are determined by the distribution of the data (Rao and
Wu, 2009) and the range of the parameter space is preserved. Note that the empiri-
cal likelihood confidence intervals have better coverage when the variable of interest is
skewed or contains many zeros (Chen et al., 2003) which is common in many surveys

and with estimations of domains.

Chen and Sitter (1999) proposed a pseudo empirical likelihood approach which can
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be used to construct confidence intervals (Wu and Rao, 2006). The pseudo empiri-
cal log-likelihood ratio function depends on a population parameter (the design effect)
which needs to be estimated, incurring an additional variability which may be affect
the coverage of the confidence intervals. Variance estimates can also be instable with
skewed data. Kim (2009) proposed an empirical likelihood approach function under
Poisson sampling (see also Owen, 2001, Ch 6.), although it was not shown how to use

this function to construct confidence intervals.

We propose to use an empirical likelihood approach which is different from the
pseudo empirical likelihood approach. We show that the proposed empirical likelihood
estimator is asymptotically equivalent to an optimal regression estimator (Montanari,
1987), when the parameter of interest is a total or mean. Wu and Rao (2006) proposed a
more efficient pseudo empirical likelihood approach (EL2) when the variable of interest
is correlated with the inclusion probabilities. However, this approach cannot be used
to estimate totals and counts (e.g. cross-tabulation of categorical variables) when N
is unknown, which is a common situation in social household surveys. The proposed
approach does not rely on variance estimates, or population parameters to compute con-

fidence intervals for totals or counts.

3.2 Empirical likelihood approach under unequal prob-

ability sampling
We propose to use the following empirical log-likelihood function

m = log(m), (3.2.1)
=1

where m; is the unit mass of unit ¢ in the population (e.g. Deville, 1999), which are
such that a set of constraints, described below, always hold. Hartley and Rao (1969)
showed that function (3.2.1) is a log-empirical likelihood function under PPS sampling

with replacement, as m;/N is the probability of observe the unit .. We propose to
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use (3.2.1), under a mPS without replacement sampling design (with fixed sample size),
despite of units not being selected independently. The aim is to show that function
(3.2.1) can be used for point estimation, testing statistical hypotheses and to construct
confidence intervals. In contrast, the pseudo empirical likelihood approach is based on
Kullback-Leibler distance function (Rao and Wu, 2009).

The maximum likelihood estimators of m; are the values m; which maximise the
log-empirical likelihood function ¢(m) = log(L(m)) subject to the constraints m; > 0

and

Z m;c; = C (3.2.2)
i=1

where c; is a know () x 1 vector associated with the ¢-th sampled unit and C' is a known
@ x 1 vector. Note that the ¢; and C cannot be any vectors, as they must obey the reg-
ularity conditions (3.3.3)-(3.3.8), given in Section 3.3. The regularity conditions hold
when all the components of ¢; are bounded in probability. We assume ¢; such that the
matrix (3.2.7) is of full rank. Under sampling without replacement (7PS sampling) 7;
denotes the inclusion probability of unit 2. On the other hand, in the case of sampling
with replacement (PPS sampling), m; = nm;, where 7; is the probability that unit ¢ is
selected on the first draw, or the second draw, or any other given draw (Hansen and Hur-
witz, 1943). It is assumed vector ¢; includes the inclusion probabilities 7;. This means
that there exists a known vector ¢ such that t'¢; = m; and t'C = 3, _; m;. Indeed, in
this case, we have that (3.2.2) implies that > , m;t"¢; = t"C or equivalently

> mm =) (3.2.3)
i=1 ieU

The constraint (3.2.2) is such that the constraint (3.2.3) always holds. For example,
when we have a single stratum, m; could be the first component of the ¢;, in this case

t=(1,0,...,0).

Because the sample size is fixed, the constraint (3.2.3) reduces to >, m;m; = n.
Thus, Equation (3.2.3) represents a fixed sample size design constraint. This constraint

has been suggested by Wu and Rao (2006). Under equal probability sampling design



34 3.2 Empirical likelihood approach under unequal probability sampling

with m; = n/N the constraint (3.2.3) reduces Z?:l m; = N which is a constraint
adopted under equal probability sampling (e.g. Rao and Wu, 2009). We do not impose
that " ,m; = N always holds, except when m; = n/N. If we want to impose
that Y"1, m; = N, it is required to include the additional constraint >, m;z; = N

considering the auxiliary variable x; = 1 (see Section 3.8).

Note that the vector C'is not necessarily a vector of fixed quantities. Hence C' can be
fixed or random. Possible choices for ¢; and C' are discussed in Sections 3.4-3.9. The
constraint (3.2.2) resembles the constraint used in calibration (e.g Huang and Fuller,
1978; Deville and Sirndal, 1992). However, we will see in Sections 3.4-3.9 that C' is
not a vector of population totals of auxiliary variables. Using a duality argument, it
can be shown that this minimisation of (3.2.1) under the constraints (3.2.2) problem has
a unique solution (e.g. Chen et al., 2002) which can be found by using the following

Lagrangian function

Q(m.n) => log(m;) — (t+m)"(> e - C). (3.2.4)
i=1 i=1
The values m; and 1) which minimise (3.2.4) are the solutions to the following set of
equations
0Q(m,n) _
8mi
9Q(m,n)
o(t+m)
The solution is
mi = [(t+n)"e]™ = (mi+n'e)” (3.2.5)

as t'c; = m;. The parameter 7 is such that (3.2.2) holds. This parameter can be
computed using an iterative Newton-Raphson procedure. Consider the following () x 1
vector function of n, f(n) = > m;c;. A Taylor approximation of f(n) in the

neighbourhood of a initial guess 1 gives

n=mno+ A(no) ' (C — f(m)), (3.2.6)
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as the constraint (3.2.3) can be re-written as f(n) = C. The @) x ) matrix 3(770) is
the following gradient

3("7) = %5;7) = - Z CiCiT(Wz‘ + WTCi)_Q- (3.2.7)
i=1

The recursive formula (3.2.6) can be used to compute 7). For the first iteration, we used
19 = 0 which gives a new approximation of 7 using (3.2.6). This approximation is
used as a new value for 1y which is substituted into (3.2.6). We repeat this process
until convergence. Note that it is not necessary to know NN in order to compute 1
and m,;. With the purpose of ensuring the constraint m; > 0 holds for all i, we used
the modified Newton-Raphson procedure (Chen et al., 2002). The modification ensure
that the concave function (3.2.1) converges to the global maximum. This method also

is known as damped Newton’s method and involves regulating the step size (Polyak,
1987, p. 63).

3.3 Maximum Empirical Likelihood Estimator of 6

The empirical log-likelihood ratio function is defined in this section. This function is

minimised by the maximum empirical likelihood estimate of 6.

Let m; be the values which maximise (3.2.1) subject to the constraints m; > 0
and (3.2.2) for a given ¢; and C. The maximum value of the empirical log-likelihood
function is given by ¢(m) = > log (m;). Let m (0) be the values which maximise
(3.2.1) subject to the constraints m; > 0 and (3.2.2) when ¢; = ¢} and C = C*,
where ¢ = (¢;,¢:(0))" and C* = (C,0)7. Let {(m*,0) = >.1"  log (i} (0)) be the
maximum value of the empirical log-likelihood function. The empirical log-likelihood

ratio function (or profile likelihood) is defined by the following function of 6.
7(0) =2{l(m) —£(m*,0)}. (3.3.1)

The Function (3.3.1) is an empirical log-likelihood ratio function conditional on the

variable ¢; given that the Equation (3.2.4) is used for finding the maximum values of
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¢(m) and ¢(m*,0) (Owen (2001, Chapter 3.10), Qin and Lawless (1994)). The maxi-
mum empirical likelihood estimator 0 of 0, is defined by the value of # which minimises
7(0). As7(0) is a positive function with a minimum value of zero, § is the solution when

7(0) = 0. This implies that 0 is the solution of the following estimating equation
G(®) =0, with G(0) = mig(0), (3.3.2)
i=1

where 7; is defined by (3.2.5). We assume that g;(f) are such that G(6) = 0 has a
unique solution. Note that when ¢; = Nn~'m; and C = N (or equivalently ¢; = T;
and C = n), we have that n = 0 and 7; = ; '. Under 7PS sampling @(9) =
S gi(@)m; . In this case 0 is the Horvitz and Thompson (1952) estimator Y, =
S yim; !t when g;(0) = y; — n'0m; (the estimator Hansen and Hurwitz (1943) is
obtained under PPS sampling). When g¢;(0) = y; — 0N}, the estimator @T is the Hajek
(1971) ratio estimator }A/H =N ]V; 1377” where ]\Af7r = Z?:l T, ! The estimator }A/H
may not be as efficient as 17; when y; and 7; are correlated (Rao, 1966), which may be
the case, for example, with business surveys. Using the pseudo EL1 and EL2 it is not

possible to obtain EA/F (Wu and Rao, 2006).

In order to derive asymptotic properties of the proposed empirical likelihood ap-
proach, we assume the asymptotic framework proposed by Isaki and Fuller (1982),
where n — oo and N — oo. We consider that n/N does not necessarily tend to zero.
The standard empirical likelihood approach (Owen, 1988; Kim, 2009) assumes that the
sampling fraction is negligible (n/N — 0). However, many surveys (business surveys)
use sampling fractions which are not necessarily negligible. The proposed empirical
likelihood approach does not rely on this assumption. The stochastic O(-), o(-), O,(+)
and o,(-) are defined according to this asymptotic framework, where the convergence in

probability is with respect to the sampling design (Isaki and Fuller, 1982).
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Consider the following regularity conditions

nN~'mt = O(1)andn 'Nm; = O(1), foralli € s (3.3.3)

NC = Cll = Oy(n72), (3.3.4)
max{|jci|: i € s} = o,(n?), (3.3.5)
ISI = 0,(1), (3.3.6)
IS7H = 0,(1), (3.3.7)

L lel™ ~,
WX;W— = 0,(n7), (3338)

where 7 < 3, with

n

§=5A0)=—55 > —ecl, and ar:;;i. (3:39)

=1 !

The matrix A(0) is given by (3.2.7) with 7 = 0. The quantity || A||= trace( AT A)'/

denotes the Euclidean norm.

The condition (3.3.4) holds when the central limit holds. For unequal probability
sampling designs, Isaki and Fuller (1982) gave the conditions under which (3.3.4) holds
(see also Krewski and Rao, 1981, p.1014). The condition (3.3.3) was proposed by
Krewski and Rao (1981, p. 1014) (see also Kim, 2009). Chen and Sitter (1999, Ap-
pendix 2) showed that the condition (3.3.5) holds for common unequal probability sam-
plings designs. We considered that the ¢; are such that (3.3.6) and (3.3.7) hold. Note
that these conditions hold when S is positive definite and there exists a positive definite
matrix S such that ||S — S||= 0p(1). For example, the conditions (3.3.6) and (3.3.7)
hold when ¢; = Nn~'m;. However, the conditions (3.3.7) does not hold when ¢; = ;.
Note that the m; obtained from ¢; = Nn~'m; and C = N are the same as those obtained
with ¢; = m; and C = n, as the constraint is the same. We will see that some of the
component of ¢; have to be multiplied by Nn~! for the conditions (3.3.6) and (3.3.7) to
hold. The condition (3.3.8) is a Lyapunov-type condition for the existence of moments
(e.g. Krewski and Rao 1981, p.1014; Deville and Sédrndal 1992, p. 381).
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Theorem 3.3.1. Under the conditions (3.3.3)—(3.3.8), and when 0 is such that

1 . -
N ;91(9)2 = 0y(n"?) (3.3.10)
forall 6
G(0) = G.(0) + BT(C — C,) + 0,(Nn"2), (3.3.11)
=> 5(0) (3.3.12)
=1

where §;(0) = g;(0); ! and B is a vector of regression coefficients defined as
" Ty
B = (Z pCiCzT> > —i0)ci. (3.3.13)
i=1 i=1 1

Proof. Let C. = é\’,r — C. Using Equation B.1.1 of Lemma B.1, v; = 7; '¢]n and

Lemma B.2, we have that

s g:(0)cfn 4 nx~ g0l sax o
GO = Z T R U PP ey Ll
i=1 "t v
_ A n g0l sam 5 o
_ Gﬂ(e)+m; 2 S7'C, — e — &, (3.3.14)
where

= -1 . gz(@)c;ré\ _ gz )C Vi 5-1/~4
e = niN Z 7TZ2(1 I ’Ui and 82 nN~ Z WS’ Cﬂ-.

As |1+ v;] > v > 0 (see proof of Lemma B.2), we have that

e < s e S O < (3002 (10 = oy

=1

using Cauchy’s inequality, Equations (3.3.8) and (3.3.10). We have that

. o— ~ - Gi(0)| llc; 1
ol < € 5] 181G S 2L _ o 33,

i=1 g
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using Cauchy’s inequality, Equations (3.3.4), (3.3.7), (3.3.8) and (3.3.10) and max][|v;] :
i € 5] = 0y(1). Thus, |&1] + |€] = 0,(Nn"2). Moreover, because of (3.3.9) the Equa-
tion (3.3.14) implies that G(0) = G(0) — (X0, m 2cie] )~ (X0, 7 20i(0)e] ) Cr +

op(Nn_%) which implies (3.3.11) because of (3.3.13). O

In Section 3.7 we give additional properties of (3.3.11).

3.4 Empirical likelihood confidence intervals

The main advantage of empirical likelihood approach is its capability of deriving non-
parametric confidence intervals which do not depend on variance estimates. In this
Section, we propose to use an empirical log-likelihood ratio function to derive empirical
likelihood confidence intervals.

Empirical likelihood confidence intervals rely on the following conditions

~

Gr(00)V[Gx(00) 2 — N(0,1), (3.4.1)
N7'G.(6) = O,(n 2), (3.4.2)
max{|g;(fo)| : i € s} = OP(H%), (3.4.3)
1 n
nNTZwi(eO)r = 0,(n7"), (3.4.4)

where V[G.(6,)] denotes the design based variance of G (6,) defined by (3.3.12) and
7 < 3. The conditions (3.4.2), (3.4.3) and (3.4.4) ensure that conditions (3.3.4)—(3.3.8)
hold when ¢; includes g;(6y). Isaki and Fuller (1982) gave regularity conditions un-
der which (3.4.2) holds. The condition (3.4.4) is a Lyapunov-type conditions for the

existence of moments.

The condition (3.4.1) is weaker than the assumption of normality of 0. As f, is a con-
stant, GW(G) is a Horvitz and Thompson (1952) estimator. Hajek (1964), Visek (1979),
Ohlsson (1986), Zhong and Rao (2000) and Berger (1998) gave regularity conditions for
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the asymptotic normality of the Horvitz and Thompson (1952) estimator. Under sam-
pling with replacement, g;(6y) are independent, and standard large sampling theory can
be used to show the normality (PraSkova and Sen, 2009). Based on these evidences, it
is reasonable to consider that for sampling with replacement design (3.4.1) holds, since
E[G(6y)] = G(6y) = 0. Note that the classical empirical likelihood approach and the
pseudo empirical likelihood also rely on (3.4.1) (e.g. Owen 1988, p. 242; Owen 2001,

p- 219; Wu and Rao 2006, p. 364).

3.5 Empirical likelihood confidence intervals for sam-

pling with replacement (PPS sampling)

Hartley and Rao (1969) showed that (3.2.1) is a log-empirical likelihood function un-
der sampling with replacement (PPS sampling). Let m; be the values which maximise
(3.2.1) subject to the constraints m; > 0 and (3.2.2) for a given ¢; and C. The maxi-

mum value of the empirical log-likelihood function is given by ¢(m) = > | log (m;).

Corollary 3.5.1. Under conditions (3.3.4)-(3.3.8) and (3.4.1)-(3.4.4) when ¢; = Nn~'m;,
C =N, c = (Nnte],g0)" = (Nn ', 0:(0)T and C* = (Nn71CT,0)T =
(N,0)T, we have that

7(00) = G(00)*Vers |G (60)] " + 0,(1) (3.5.1)

where 0 denotes the population parameter to estimate and XA/ppS [@W (00)] is the following

PPS variance estimator

n

Vol Gr(00)] = 3 (8:00) — n'Gn(60) (352)

=1

where §;(0p) = gi(HO)Wfl.

Proof. Suppose we have one stratum (/4 = 1). We obtain this corollary by substituting
z; by m; in Corollary 3.8.2. In this case (3.6.2) reduces to (3.5.2). O
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Note that we obtain the same m; and m; (f), when ¢; = m; and C' = n. Therefore,
N does not need to be known. Under sampling with replacement with unequal prob-
abilities (PPS sampling), the estimator (3.5.2) is a consistent estimator for the variance
(e.g. Durbin, 1953; Sérndal et al., 1992, p. 99). Hence the property (3.4.1) implies
that 7(6y) follows asymptotically a chi-squared distribution with one degree of freedom
(Slutsky’s theorem). Thus, the (1 — «) level empirical likelihood confidence intervals
(Wilks 1938; Hudson 1971) for the population parameter 6, is given by

[0:7(6) < X3(0)} = [min {67(6) < x3(a)} max {B7(6) < x}(@)}]. (B.53)

where y?(«) is the upper a-quantile of the chi-squared distribution with one degree of
freedom. Note that 77(6) is a convex non-symmetric function with a minimum when 6 is
the maximum empirical likelihood estimator. The convexity of 7() is verified by noting
that ¢(m) does not involve 0 and ¢(m*,0) = > " | log (m} (#)) is a concave function
of 6. Then —2 x ¢(m*,0) is a convex function of #. This interval can be found using
a bisection method (Chen and Qin, 2003; Wu, 2005). This involves calculating 7(6)
for several values of 6. Note that (3.5.3) will give confidence intervals with the right
coverage even when 6 is biased. If gi(0p) is a g-vector, the random variable 77(6,) will

converge to a chi-squared distribution with ¢ degrees of freedom.

If we want to test a statistical hypothesis Hy : 6y = 05 versus Hy : 0y # 67, the
p-value is given by Pr {x? > 7(63)}.

3.6 Empirical likelihood Approach Under Stratified PPS

Sampling with Replacement

Assume that the sample s is randomly selected by a one-stage stratified probability
sampling design p(s). Suppose that the finite population U is stratified into H strata
denoted by Uy, ..., Uy, ..., Uy, where Uthl U, = U. Suppose that a sample s;, of a
fixed size ny, 1s selected without replacement with unequal probabilities 7; from Uj,. We

assume that the number of strata H is bounded.
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The empirical likelihood estimator is still the solution of (3.3.2) where m; are the
values which maximise (3.2.1) under a set of constraints (3.2.4). The variables of the
design (or stratification) are include in the constraints (3.2.4) as ¢; = z; and C' = n,

where

zi=(21,...,zm) and m= (ny,...,ng)" (3.6.1)

denotes the vector of the stratum sample size, with z;, = m; when ¢ € Uj, and z;;, = 0

otherwise. It can be shown that m; = 7; '

Corollary 3.6.1. Letc; = Nn~'z;, C = Nn~'n, ¢ = (Nn™'2],¢;(0))" and C* =
(Nn='nT,0)T. We have that (3.5.1) holds where ‘A/pps [@ﬂ(Qo)] is now the stratified

variance PPS estimator

o Ll - 2

VarlGr(00)] = > [Z (9(60) = 3" Crn60) ) ] , (3.62)
where Gr,(6)) = > ics, 9i(00)-

Proof. This corollary is obtained by using a similar proof of Theorem B.5 and Corollary
3.82with¢; =97 = 1. [

This variance estimator is consistent because the number of strata is bounded. Hence
7(6p) follows a chi-squared distribution asymptotically and the empirical likelihood con-

fidence intervals (3.5.3) can be computed with (3.3.1).

Note that we propose to use the same likelihood function (3.2.3) with or without
stratification. With pseudo empirical likelihood approach, the pseudo empirical likeli-
hood function without stratification is different from pseudo empirical likelihood func-
tion with stratification (e.g. Rao and Wu, 2009, p. 195)
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3.7 Empirical Likelihood Approach with Auxiliary Vari-

ables

Let x; be a P-component vector of auxiliary variables attached to the unit . Let
fi (x;, X) = ©; — Xmn~! a P-component vector. These variables are such that their
population control totals X = »°._, x; are known. Let m;(x;) be the values which
maximise (3.2.2) under the constraint (3.2.3) with ¢; = (Nn™'2], fi(z;, X)T)T and
C=>.,,¢ = (Nn'n" 0)". The maximum empirical likelihood estimator is the
solution of Y 7 | m;(x;)g;(0) = 0 (see (3.3.2) and (3.3.3)). The m;(x;) are calibrated
weights because Y ., m;(x; f; (x;, X)) = 0 implies that Y " | m;(x;) = X. In The-
orem 3.7.1 the conditions under which empirical log-likelihood ratio function 7(6y)
follows asymptotically a chi-squared distribution with one degree of freedom are given,
assuming that regression estimator (3.3.12) has a normal distribution asymptotically.

Evidence of normality of the regression estimator are given in Scott and Wu (1981).

Theorem 3.7.1. Let ¢; = %(Nn_lzT ) TandC = (Nn=t 370 izl N7LYT (4hi—
1) fiT)T, where _fz fim; t and z; is the H—vector of stratification and f; is a P—vector.
Let ((m) = " log(m;), where m; is defined by (3.2.5), and ) is such that » ;| m;c; =
C. Let c; = (¢f,igi(f))" and C* = (CT, 377, (i — 1)Gi(6h))". Let 5( ,00) =
v log(my (0y)), where m} (0) is defined by m} () = (m +nc > , and m* is
such that )" mic; = C*. The values 1; are such that the regularity conditions
(3.3.4)-(3.3.8) hold for c; = ¢}, C = C*. We have that

(o) = 2 {£() — £(*,00)} = Crea(00)*V [Grea(00)] 1 + Op(n~2)  (3.7.1)
where @REG (00) is the regression estimator defined by (3.3.12) with ¢; and C' defined
above, where V[Gra (60)] = Og9 — E* e

zq’

5y — Z@/’ (9190> :n22¢ 55 :_Zwugz

=1

where the gi(Go) are the residuals defined by
Gi(00) = 9:(00) = BT(N "2/, £1)T (3.7.2)
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and B is defined by (3.3.13).

Proof. Using Lemmas B.3 and B.4, we have that
—2[(i;) + (7)) = (Cr — C)TEHC, — C) + 0,(1), (3.7.3)
where £(7) = 37 log(m;) and & = 27w 2¢;e] .
Let R
S =Y ch;‘cf - <§T Z;’) : (3.7.4)

where 3., is the (H + P) x 1 sub-matrix. Consider & = o;(N 2], £75:(6,))T, C* =
(CT, S, (¥ — 1)Gi(6p) — BTC)T, where §;(0,) are defined by (3.7.2). We have that

=1 3 0
=) —ci¢' = ( ~ ) (3.7.5)
=1 i 0 oy
C:—C =) &n'—C =((Cr—C),Crec(tl))" (3.7.6)
=1

where CAJREG (o) is the regression estimator defined by (3.3.12) with the ¢; and C' consid-
ered. This estimator is given by Greo (60) = 37, 7:(00)—BT (0s, £)T = 37, 5:(60),
with f, = S, f and B = f]flflcg.

The matrix £* is a block diagonal matrix because its extra diagonal block is given by

— ¢! 1:gi(6) —~ ¢/ igi(6h) el 5o 2183
ZT:ZT_Z S B=%,-B'S=0 (377
2:1 ? Z:1 g ’L:1 g
as 3:(60) = i(6o) — BTep); ! and B = 7', Using Equations (3.7.5) and (3.7.6),
we have that

o~

(Cr—CHTEHC = C*) = (Cr — C)'E7YC;r — C) + Grea(60)%51. (3.7.8)

99

Let m; (0) = (m; — 7"7&;) ", where i7" is such that X7, i} () & = Cr. As this
constraint is just a linear transformation of the constraint y ., mc;
that m} (§) = m; and ). log(m} (0)) = > log(m}) = ¢(m*,0). Using Lemmas
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B.3 and B.4, we have that —2[((0;) + {(7)] = (Cz — C*)TE*1(C: — C*) + 0,(n"2).
Thus (3.7.3) and (3.7.8) imply that

7(0p) = 2{l(m) — £(m*,00)} = G\REG(GO)Q/O\:Q_; + 0,(1). (3.7.9)
Note that (3.7.7) implies f]zg = 0y. Hence (3.7.9) implies (3.7.1). ]

When ¢; = ¢; = (1 — m;)"/?, the variance V[Greq(6)] takes into account the cal-
ibration constraint and the fixed sizes constraints. Deville and Tillé (2005) showed
that XA/[CAJREG(HO)] is a consistent variance estimator under stratified with high entropy
designs. When v; = ¢;, the quantity V[@REG(HQ)] is the variance estimator under a strat-
ified with replacement PPS sampling design. In Section 3.8 we describe a relevant prop-
erty of ¢;. The proposed approach allows for the calibration of parameters more complex
than totals, for example quantiles, variances or means. In this case, the calibration con-
straint is specified by the following set of estimating equations > ., m; fi(x;, ¥9) = 0,
where f;(x;,90) is a vector function of the auxiliary variables and a known parameter
Yy. The approach described in this section can be used in this situation after substi-
tuting f;(x;, X) by fi(x;,9¢). For example, fi(x;,Jy) = x; — Yy is used when the

calibration is with respect to known population means ¥ = X N L.

Consider the particular case when we have a single auxiliary variable x; with a known
control total X = ., x;. Let ¢; = (Nn'm;, fi(z;, X))" and C = (N,0)", (or
equivalently ¢; = (;, fi(x;, X))T and C = (n,0)" ) where fi(x;, X) = 2; — Xmn =t
Using (3.3.12), we have that

G() = G.(0) + B, <X . )?,r) + o, (N), (3.7.10)

B, = — — , (3.7.11)
Z?:l (i’z — 7’L—1Xﬂ—>

&; = mym;tand §;(0) = gi(0)m; ' Note that Ex is the estimator of the covariance

between @W(Q) and X, divided by the estimator of the variance of )?W under a with
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replacement PPS sampling design (e.g. Sdrndal et al., 1992, p. 89). Therefore Ex is the
optimal regression coefficient (e.g. Isaki and Fuller, 1982; Montanari, 1987; Rao, 1994;
Sarndal, 1996; Berger et al., 2003) when the sampling fraction is small. This results
can be extended when we have more than one auxiliary variable. Hence, the empirical
likelihood estimator is asymptotically optimal. When N is known, the efficiency of
the maximum empirical likelihood estimator can be improved by setting x; = 1 or
including a variable equal to one into x;. For example, when ¢; = (Nn~'m;, ﬁ)T and
C = (N,0)", where f; = 1 — m;Nn~!, Equation (3.7.10) implies that

G(0) = G.(0) + B, (NF - N) AN~ + 0,(N) (3.7.12)

where Nﬂ =y ! and J§x is given by (3.7.11) after substituting z; by m; — nN L.
Equation (3.5) in Kim (2009) proposed an estimator optimal under Poisson sampling
with negligible sampling fractions, by considering the constraints Y . (1,2;)" P, =
ZieU(l, xi)T, where P; is a probability mass. If z; is replaced by 7; in equation (3.5)
in Kim (2009), we obtain the same constraints that gives (3.7.11). In this case, equation
(3.5) in Kim (2009) reduces to a similar estimator: G (6)+ B, (J/\\f7T — N) nN-IN, N1,
where B, is given by (3.7.11) after substituting n~'G(6) by G.(6)N-'x; ! and z; by
7; — nIN~1. Both regression coefficients are only approximately equal. The differ-
ence between both regression coefficients is due to Kim (2009)’s estimator being based
on Poisson sampling design. Under simple random sampling, Hartley and Rao (1968)
showed that in the same situation, G (0) is asymptotically equivalent to the customary
regression estimator (see also Chen and Qin, 1993; Owen, 2001, Chapter 8) with 7; as
auxiliary variable. This customary estimator is different from (3.7.10), and inconsistent
under unequal probability sampling. This issue is due to the fact Hartley and Rao (1968)
result does not hold under unequal probability sampling. The approximation (3.7.10) is
based upon a different set of regularity conditions which takes into account the unequal
probabilities. Under simple random sampling, G(6) reduces to the customary regression

estimator which is consistent under simple random sampling.
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3.8 Empirical likelihood confidence intervals for 7PS with-

out replacement

In business surveys it is common practice to have large sampling fractions n/N. For
this case, the PPS variance estimator (3.5.3) is biased, which implies that the empirical
log-likelihood ratio function (3.5.3) cannot be used for confidence intervals because
this random variable does not necessarily follow a chi-squared distribution, and needs
to be adjusted to allow large sampling fractions. Note that the point estimation given
by the solution to (3.3.2) with ¢; and C' described in Section 3.3 is still valid even if
we have large sampling fractions. In this section, we propose to adjust the constraints
¢;, C, c; and C* under a single stage sampling design without replacement with large
sampling fractions. The purpose of the adjustment is to maintain the asymptotically
chi-squared distribution of (3.3.1) under this sampling design. When we have a single
stratum, we propose to use ¢; = Nn~lm;, C = N, ¢f = ¢(Nn'm, g;(0))" and
C = (XL Nntg, Y (¢ — 1) gi(G)Wi’l)T, with ¢; = (1 — ;)% In this case,
m; = m; *. Let m} () be defined by

s () = (m + n*Tc;) B (3.8.1)

where 1*" is such that > i, mf(0) c; = C*holds. We propose to use the same empiri-
cal log-likelihood ratio function (3.3.1), even though the m} (#) do not maximise (3.2.1)
exactly, except under equal probability sampling. In other words, Equation (3.8.1) is not
a result of the maximisation of (3.2.1). The empirical log-likelihood ratio function is
still defined by (3.3.1) with ¢(m) = > | log(m;) and £(m*,0) = > " log(m} (0)).

Corollary 3.8.1. Let ¢; = Nn~'m;, C = N, ¢ = ¢;(Nn~'m;,0:(0))" and C* =
O Nntg, S0 (g — 1) gi(0)m ). We have that

7(60) = Gx(60)2V[Gx(6)] " + 0,(1) (3.8.2)

where

VIGA(00)] = 3 ?5:(00)* — d ' C(6y)? (3.8.3)
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where §;(00) = g:(00)/m; is the Hdjek (1964) variance estimator, Go(é’o) = Z?:l a2 9;(6o)
and d = S G

Proof. Suppose we have a single stratum (H = 1), we have that Equation (3.8.2) holds
as Equation (3.8.5) of Corollary 3.8.2 reduces to (3.8.3) when H = 1. O

If this variance estimator is consistent, we have that 7(6) follows a chi-squared dis-
tribution, by Slutsky’s theorem. Hence empirical likelihood confidence intervals can be

constructed with 77(9).

Because we are only interested in the asymptotic behaviour of 7(#), we only need a
consistent variance estimator in (3.8.2). Then a Sen-Yates-Grundy variance estima-
tor (Sen, 1953; Yates and Grundy, 1953) is not necessary. The variance estimator
(3.8.3) is a consistent estimator for the variance, for high entropy sampling designs
whend = )., m (1 —m;) — oo (e.g. Hijek, 1964, 1971; Berger 1998; Deville 1999;
Brewer 2002; Brewer and Donadio 2003; Haziza et al. 2004; Tillé 2006; Praskova and
Sen 2009; Fuller 2009; Berger 2011). For example, the rejective (Hjek, 1964; Fuller,
2009), the Rao-Sampford (Rao, 1965; Sampford, 1967), the Chao (1982) and the Pareto
Aires (2000) sampling designs are high entropy designs (Berger, 2011). Note that most
sampling designs used in practice have large entropy, except the non-randomized sys-
tematic sampling and the Rao et al. (1962) sampling design. Nevertheless, in Section
3.7, we show that the proposed approach is valid under the Rao et al. (1962) sampling
design. For non-randomized systematic sampling, we suggest to use the approach pro-
posed by Berger (2005a) where X, 1 = Z?:l x;1 and z;; are values of a variable T,
associated with the ¢-th unit. By setting x;; = 1 then X, 1 = n and a fixed sample size

constraint is kept.

The ¢; reduce the effect on the confidence interval of units with large ;. For ex-
ample, if m; = 1, then m;m; = m} () m; = 1. This implies that this unit will have no
contribution towards the empirical likelihood functions and any confidence intervals.
This is a natural property as this unit does not contribute towards the sampling distribu-

tion. Note that with small sampling fractions, ¢; = 1 and when ¢; = 1, the approach



Empirical likelihood ratio estimator confidence intervals for unequal probability
sampling 49

proposed in this section reduces to the approach of Section 3.4. Note that we propose
to adjust the constraints by quantities which do not need to be estimated, unlike the
pseudo likelihood approach which adjust the empirical log-likelihood ratio function by
a quantity that needs to be estimated (the design effect).

For stratified designs, we propose touse ¢; = Nn~ 'z, C = Nn™'n,cf = qZ(Nrf1 I
g:(0))Tand C* = (30, Nn'qiz], >0 (i — 1) gi(e))T where 2; = z;m; *. We also
consider that m? (0) is defined by (3.8. 1) and is such that 1", m7 (0) ¢; = C* holds.

Corollary 3.8.2. Let 6(75\’1,) = Z?:l log(mz) with ¢; = anlzi’ C = Nn‘n. Let
g(m*? 90) = Z:’Lzl log(m: (00)) with Cf = Qi(Nnilzi, g,(@o))T and C* = (Z?:l anlqi,é;r)
St (g —1)Gi(6o))T. We have that

P(0o) = 2{e() — L(*,00)} = Gr(00)*Ver|Gr(6)] " + Op(n”7) (3.8.4)

where 17ST [GW(GO)] where is the Hdjek (1964) variance estimator, defined by

Ver |G (6 Z > " q2:(0)* — d; ' Ga(60)?] (3.8.5)

h=1 Li€sp
where d, " = D icsn q? and éh(QO) =D icsn q; 9 (0).

Proof. By replacing @DZ by ¢; and v? by ¢; and using Theorem B.5, we have that Ezz =
N2n 2dlag[dl, cvdn, . dyl, Ezg = Nn~YGi(6y), ..., Gr(0),-..,Gu(6)]. Thus,
El—gzzz 29 = Dones Gh(eo)zdhl- AS Tgg = Dy Ziesh< - Wi)gi(eo) , we have that
Tgg — fllgi;jflzg = Vir|G»(6)]. Furthermore, m; = m; ', —((i) = Yoy log(m;) =
—{(m) and we have that 7(6y) = —2[¢(m*,0y) + ¢(7)]. The corollary is obtained from
(B.5.1).

]

This variance estimator is consistent when d, =, , i (1 — ;) — oo and when
the number of strata is bounded. Hence 7(6) follows a chi-squared distribution asymp-

totically.
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The approach described in this section can be extended for calibrations constraints.
For ((n), we propose touse ¢; = ¢;(Nn~ 'z, fi(z;,9)")Tand C = ¢;(>_1_, Nn~'2],
S (g — V) fi(wi,90)T)T, where fi(x;,90) = fi(x;, 9)m; ! and z; is defined by
(3.6.1). Using Theorem (3.7.1) we have that 7(6,) follows a chi-squared distribution

asymptotically with one degree of freedom.

3.9 Empirical likelihood approach for the Rao-Hartley-

Cochran strategy

The Rao-Hartley-Cochran (RHC) sampling design (Rao et al., 1962) is a popular unequal
probability sampling and without replacement design which does not belong to the class
of high entropy sampling designs. The sampling scheme divides the population /N into
as many groups as the sample size which provides an unbiased estimate of population
totals more efficient, for a fixed sample size, than the estimate based on PPS sampling.
Single-stage and two-stage designs are considered by this approach. The procedure
provides exact variance and variance estimator expression for any population size N and
sample size n. Additionally, the method provides an unbiased estimation of variance,
always positive for any sample size. Bansal and Singh (1986) proposed to divide the
population N into (n + k) random groups where £ is a positive integer. Then a simple
random sample without replacement of n groups is selected. The final sample of n units
is obtained with probability proportional to p; from each of the n groups independently.
This strategy is more efficient than the usual RHC sampling design if the PPS sampling

design is inferior to with replacement sampling with equal probabilities.

Suppose that the population of /V units is divided randomly into n groups Ay, ..., A,
of sizes Ny, ..., N,, with 3" | N; = N. One unit is selected independently from each
of the n groups with probability p; = m;/a; for the ith group, where a; = ) e T
The estimator of a total Y is Y = > | v;/p;, where (y;, p;) denotes the value for the
unit selected form the ith group. The sampling variance of Y under RHC sampling de-
sign is given by V/ [?} = [N(N)]" (1, N? = N) (Efil y2/m— Yz). This vari-
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ance is minimum when all the /V; are equal. An unbiased estimator of variance of Y
is VIV = 0 S0, (w/m— V) where o = (S, N2 N) /(N2 = 0, N2).
In the case of equal group size (N; = N/n), p becomes (1 — n/N)"/* (n — 1)7"/%. As
units are selected independently, the empirical likelihood is given by (3.2.1). We con-
sider that the constraint (3.2.2) is such that the constraint ;" | m;p; = n always hold.
By maximising (3.2.1) with ¢; = p; and C = n, we obtain that m; = p; ! The com-
ponents of ¢; have to be multiplied by Nn~! for the regularity conditions (3.3.6) and
(3.3.7) hold. When ¢; = p; condition (3.3.7) does not hold. However, the 1m; obtained
from ¢; = Nn~'p; and C = N are the same as those obtained when ¢; = p; and
C = n. When g;(#) = y; — n~'p;0, the maximum empirical likelihood estimator 0,
defined by (3.3.2), is the RHC estimator of a total, @(0) = Gruc (0), where

Gruc(0) = 9:9). (3.9.1)

For the computation of confidence intervals, we propose to use ¢ = (Nn~'¢¢p:, ¢2g:(6))"
and C* = (31, Nn~lqf, Y0, (gf — 1) gi(0)p; ) . with g7 = a}/ and g¢ = (Sna; )"
where ¢ = (30 | N? — N)[N? =" | N?] is the finite population correction pro-
posed by Rao et al. (1962). We also consider m; (#) is defined by (3.8.1) and is such

that """, m} (¢) ¢; = C holds.

Corollary 3.9.1. Let ¢; = (Nn™*¢pi, 0 9:(0)) " and
C* = (Nn ' 30, 67, 300, (¢f — 1) g:(0)p; )T We have

7(00) = Grnc(00)*V [Gruc (00)] " + O, (n~/?) (3.9.2)
and
~ . u (00)2 A
V[Gruc(60)] =< <n 2 ;2 (FQO) - GRHC(90)2> . (3.9.3)

The Rao et al. (1962) estimator (A}’RHC (0o) is asymptotically normal distributed under the
regularity conditions proposed by Ohlsson (1986). Hence 7(6,) follows asymptotically

a chi-squared distribution with one degree of freedom.
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Proof. We have that C: — C* = (0, Gruc(60))7, where C: = Y7 ¢ip;'. Us-
ing Lemmas B.3 and B.4 with ¢; = ¢f, z; = m, b; = ¢’ (9:(6p)) and b = (¢} —
1)gi(00)p; ", we have that 7(6) = Gruc(0)2(Gyy — E 1 Ty) ™" + O,(n~2) where
S = N?n? > @2 = N30 4 = N?n72n, fzcg = Nn~' 320, ¢7atgi(Oo)p; ' =

(2

Nn*1(€n)%CAJRHC(90) and G,y = >, qt9:(00)%p; 2 = <n Yoy a;gi(00)?m; 2. Thus,

Gog— ST 818, = V[Gruc(6o)]. Thus, we have that 7(6) = Gruc(60)V [Gruc(0)] "+
O,(n=1/2). O

The approach proposed in this section can be generalised to take in account the strat-

ification and the auxiliary variables (see Theorem 3.7.1).

3.10 Empirical likelihood approach compared with cal-

ibration

The calibration approach can be defined as an adjustment method for the original sam-
pling design weights d; = 7; * by incorporating auxiliary information, with the purpose
of reduce the variance of sampling error and increase the precision of estimates. Dis-
tances between the original weights and calibrated weights are minimised according to
a distance function subject to a set of constraints called calibration equations (Sirndal,
2007). When the calibrated weights are applied to the auxiliary variable values, the
sample sum of the units agree with the known auxiliary information. This character-
istic is appealing because a strong correlation between the auxiliary variables and the
variable of interest implies that a good estimation of the auxiliary variables, using the
weights, also should estimate well the variable of interest. Formally, a population to-
tal Zf\il x; = T, for a vector of auxiliary information x; is known. The calibration
estimator of Y is Yo = N713°

calibrated weights w; minimise the distance function ®;(w, d) between w; and the basic

ics WiYy; defines a calibration estimator of Y where the

design weights d; = m; subject to >, w;x; = X. ®;(d,w) satisfies the following

properties: ®;(d, d) = 0, it is non-negative, differentiable, strictly convex, with contin-
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uos derivative ¢;(w,d) = 0P;(w, d)/0w such that ¢;(w,d) = 0 (Deville and Sirndal,
1992). Usually the distance function is chosen such that ¢;(w, d) = ¢(w, d)/q;, where
@; s the predefined positive scale factor, ¢(+) is a function of a single argument, contin-
uos, strictly increasing with ¢(1) = 0, ¢/(1) = 1 (Sérndal, 2007). Let F*(2) = ¢~ '(2)
be the inverse function of ¢(-). Minimising ) ., ®;(w;, d;) subject to the calibration

equation ) . w;T; = Y .., T; leads to
w; = d;F* (s, 2] X) (3.10.1)

where A is a vector of Lagrange multipliers obtained as the solution of »
> icu Ti- The chi square distance function ®(w,d) =

1€8
ies (W; — d;)?/d;q; produces
a generalised regression (GREG) estimator of Y (Sirndal et al., 1992). However, the
calibrated weights can be negative under unbalanced sample configurations. The use of
other distance functions that force the weights to be positive, involves other disadvan-
tages such as no guarantee of convergence to a solution, very large weights or extreme
values of the weights. Furthermore, calibration methods do not produce confidence

intervals.

The pseudo empirical likelihood approach resembles a calibration method. The
pseudo empirical likelihood function is related to the Kullback-Leibler distance (Rao
and Wu, 2009) or minimal entropy distance (Deville and Sdrndal, 1992) between the
pseudo empirical likelihood weights and sampling design weights; the function of the
proposed approach (3.2.1) has a likelihood-based motivation and it is not related to a

distance function because it does not involve the inclusion probabilities ;.

The proposed empirical likelihood approach weights m; are inherently positive. The
most complicate computational task is finding the value of the vector ) presented in
Chapter 6 a modified Newton-Raphson algorithm (Polyak, 1987) to estimate the vec-
tor 17. The proposed empirical likelihood produces confidences intervals, presented
in Chapter 6, with several advantages over the standard confidence intervals depend-
ing on variance estimation and bootstrap confidence intervals. Benchmark information
and constraints are included in empirical likelihood point and interval estimation. The

sampling distribution of data determines the orientation of the empirical likelihood con-

diz;i F* (g, szA) =
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fidence intervals and the range of the parameter space is preserved (Rao and Wu, 2009).

Calibration induces similar asymptotic properties as the empirical likelihood ap-
proach. By replacing the empirical log likelihood by any distance functions, results
similar to these for empirical likelihood can be obtained. This can be verified using the
Euclidean likelihood (Owen, 1991), Kullback-Leibler and Hellinger distances (Owen,
2001, Chapter 3).

Calibration weights (3.10.1) do not necessarily produce an optimal calibration esti-
mator (Kott, 2009) and such optimality property is weak since there are many possible
distance functions and the scale factors ¢; (Sidrndal, 2007). The calibration estimator
proposed by Rao (1994) and the empirical likelihood estimator are asymptotically opti-
mal (See Section 3.7), given that B, is the estimator of the covariance between @W(G)
and )A(W divided by the estimator of the variance of X}r under a with replacement PPS
sampling design (e.g. Isaki and Fuller, 1982; Montanari, 1987; Rao, 1994; Sirndal,
1996; Berger et al., 2003) when the sampling fraction is small.

There is a analogy between the proposed empirical likelihood and calibration (e.g
Huang and Fuller, 1978; Deville and Sarndal, 1992), as the function (3.2.1) can be
viewed as a calibration distance function, and the empirical likelihood estimator is
asymptotically equivalent to a calibrated regression estimator (3.3.11). The distance
functions used in calibration are disconnected from the mainstream statistical theory.
However, the proposed empirical log-likelihood function (3.2.1) is related to the con-
cept of likelihood. The advantage of the proposed empirical likelihood approach over
standard calibration is the fact that (3.2.1) can be used to construct likelihood ratio con-

fidence intervals.

With the proposed empirical likelihood approach X is not necessarily a vector of
population total and can be any population parameter. Calibration applies information
from known population total. For example the proposed empirical likelihood approach
can be used to calibrate to quantiles, ratios or means. This idea comes from (Owen,
2001). There is also a recent application (Lesage, 2011) to use this approach to calibrate

on complex parameters.
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The asymptotic results derived for calibration estimators by Deville and Sérndal
(1992) rely on three regularity conditions, which imply that the covariance matrix
nN~2V (t,.) converges to a fixed matrix K and n~ /2N~ |[t, —t||= O,(1). This con-
dition is the same as N~ ||C, —C||= O,(n"2) when ¢; = ;. That comes from (3.3.3),
one of regularity conditions of the proposed empirical likelihood approach. They also
assumed that n~'/2N~1(t,, — t) converges to the multivariate normal N (0, K). For
empirical likelihood this condition is not needed. However, for confidence intervals we

need a regularity condition similar as the condition (3.4.1).

3.11 Simulation Studies

We generated several population data according to the following model proposed by Wu
and Rao (2006)

Y = 3+ a; + Bx; + pe;, (3.11.1)

where a; and z; follow independent exponential distributions with rate parameters equal
to one and e; ~ x? — 1. The 7; are proportional to a; + 2. The constant 2 is added to
a; to avoid having very small ;. Populations of size N = 800 and N = 150 were
generated using (3.11.1). The values y;, x; and a; generated were treated as fixed. The
parameter ¢ was used to obtain a weak and a strong correlation between the values y;
and y; = 3 + a; + PBx;. Let p (y;, U;) denote the correlation. The parameter 5 was equal
to one or zero. The parameter of interest  is the population mean. For the proposed
approach we used ¢;(0) = y; — n~'0m,;. Note the pseudo empirical likelihood point

estimators EL1 and EL2 are different from the proposed estimators.

We used Chao (1982) sampling design to select 1000 samples with unequal proba-
bilities in order to compare the performance of the 95% empirical likelihood confidence
interval with the standard confidence interval based on the central limit theorem, the
pseudo empirical likelihood (EL1 and EL2) confidence interval proposed by Wu and
Rao (2006), the rescaled bootstrap (Rao and Wu, 1988; Rao et al., 1992) and direct
bootstrap (Antal and Tillé, 2011). We consider that the population has a single stratum.
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The Chao (1982) sampling scheme is free of second-order inclusion probabilities and
it only depends on the first-order inclusion probabilities of the sampled units (Berger,
2005b). This property is particularly useful for the variance estimator involved in the
construction of the standard and pseudo empirical likelihood confidence intervals. The
Sen-Yates-Grundy variance estimator (Sen, 1953; Yates and Grundy, 1953) is used for
the standard confidence intervals and the pseudo empirical likelihood approach. The
simulations were programmed in the statistical software R (R Core Team, 2012). De-
scriptions of main function are included in Chapter 6 and Appendix A. The observed
coverages, the lower and upper tail error rates (E.R.) and the average length of the 95%
confidence intervals and the relative mean square error (Relative mean square error
(RRMSE)) of the point estimator are reported in Tables 3.1 and 3.2.

We considered two point estimators. In the first case, we defined ¢; = 7; and for
the second case we used ¢; = (1, 7r,-)T.We considered the situation when N = 800:
the coverages and error tail rates are reported in Table 3.1 (values not in brackets). We
consider sampling fractions are negligible when nN~! < 10% (see Cochran, 1977, p.
24). With a small sample size (n = 40) and a weak correlation (p (y;, 9;) = 0.30), we
do not observe significant differences between the different approaches compared. In all
the cases, the proposed estimator with ¢; = 7; has a good coverage. When p (y;, 7;) =
0.80, the proposed estimator with ¢; = (1, 7rl-)T 18 as accurate as the EL2 estimator, and
the proposed estimator has a better coverage when the sample size is large. Figure 3.1
shows the Quantile-Quantile plot of the empirical log-likelihood ratio function is well
approximated by a chi-squared distribution. We observe a small departure which can be
due to the fact the finite population corrections are ignored. However, the coverages of
the confidence intervals are not seriously affected because the departures happen mostly

after the 0.05 quantile of the x? distribution.

In the Table 3.1, we also have results with n = 150 (in brackets). In this case the
sampling fraction is not negligible as nN ! > 0.25. Note that in this case, the standard
confidence intervals may have poor coverages and unbalanced tail E.R. For example,
when p (v;,7;) = 0.30 and n = 40 the standard (Normal) confidence intervals show a
poor coverage of 89.6% and most of their tail E.R. are situated in the upper side (10%).
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Although the rescaled bootstrap confidence intervals have better coverages than the rest
of the approaches, the confidence interval lengths are the largest of the seven methods.
When p (y;, ;) = 0.80, the proposed estimator with ¢; = (1, ;)" is as accurate as the
EL2 estimator and the proposed estimator has better coverages when the sample size
is large. Note that the proposed estimator with ¢; = 7; is more accurate that the EL1
estimator. The Quantile-Quantile plots in Figures 3.1 and 3.2, show that the empirical
log-likelihood ratio function has a chi-squared distribution when ¢; = m;, except in
cases where correlation p (y;,9;) = 0.30 and n = 40 for both population sizes. This
concords with the low coverage of the corresponding confidence intervals, 91.5% and

91.4% respectively.
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Table 3.1: Coverages of the 95% confidence intervals for means. The x; are not gen-
erated (8 = 0). The values not in brackets are for populations of size N = 800 (small
sampling fractions). The values in brackets are for populations of size N = 150 (large

sampling fractions).

oY, U;) n Approaches Coverage Lower Tail Upper Tail Average RRMSE
Prob. (%) ER.(%) ER.(%) Length (%)

0.3 40 Proposed ¢; = m; 91.5(91.4) 2.2 (2.3) 6.3(6.3) 1.96(1.95) 9.5(10.1)
Proposed ¢; = (1, m—)T 91.2 (90.7) 2524 6.3(6.9) 1.86(1.90) 9.6 (10.0)

Pseudo-EL1 92.9 (91.6) 2.3 (2.0) 4.8 (6.4) 197(1.94) 9.6 (10.0)

Pseudo-EL2 91.1 (90.6) 2.6 (2.1) 6.3(7.3) 1.85(1.88) 9.5(10.0)

N~'Y, (Normal) 90.7 (89.6) 0.7(0.4) 8.6(10.0) 1.87(1.90) 9.5(10.1)

Rescaled bootstrap 91.1 (93.6) 1.1 (0.3) 7.8(6.1) 1.90(2.17) 9.5(10.1)

Direct bootstrap 90.0 (89.6) 1.0 (0.5) 9.09.9) 1.86(1.89) 9.5(10.1)

80 Proposed ¢; = m; 95.0 (92.8) 2.5(.9) 254.3) 142(1.19) 6.7(5.8)

Proposed ¢; = (1, 7ri)T 92.8 (92.9) 35(@3.1) 374.1) 133(1.17) 6.7(5.8)

Pseudo-EL1 93.5(93.2) 3.0(2.0) 354.8) 138(.16) 7.0(5.8)

Pseudo-EL2 92.7 (93.0) 3.3(2.0) 40(5.0) 1.31(1.15 6.7(5.8)

N-1Y, (Normal) 92.3(93.5) 1.5 (0.8) 6.2(5.7) 133(.15 6.7(5.8)

Rescaled bootstrap 94.2 (97.6) 1.5 (0.0) 432.4) 139(1.59) 6.7(5.8)

Direct bootstrap 92.1(93.4) 1.5 (0.8) 6.4(5.8) 1.33(1.15) 6.7(5.8)

0.8 40 Proposed ¢; = 7; 94.2 (95.0) 2.1(1.7) 37(3.3) 0.62(0.48) 3.0(2.4)
Proposed ¢; = (1, m)T 91.1 (94.8) 2.8 (1.6) 6.1 (3.6) 0.47(0.39) 2.4(1.9)

Pseudo-EL1 94.7 (95.4) 2.6 (2.0) 2.7(2.6) 0.76 (0.62) 3.8(3.0)

Pseudo-EL.2 91.8 (93.9) 2.9(1.8) 53@4.3) 045(0.38) 2.4(1.9)

N-1Y, (Normal) 93.3 (94.7) 1.3(1.1) 544.2) 059(0.48) 3.0(2.4)

Rescaled bootstrap 94.0 (96.6) 1.5(0.8) 4.52.6) 0.61(0.56) 3.0(2.4)

Direct bootstrap 92.8 (94.6) 1.5(1.1) 57@4.3) 0.59(0.48) 3.0(2.4)

80 Proposed ¢; = m; 95.6 (94.8) 1.4 (2.7) 3.0(2.5) 045(0.26) 2.0(1.3)

Proposed ¢; = (1, 7rz-)T 93.6 (94.6) 2.6 (2.7) 3.8(2.7) 034(0.22) 1.7(1.1)

Pseudo-EL1 95.7 (94.9) 1.7 (2.3) 2.6(2.8) 0.51(0.31) 2.5(1.6)

Pseudo-EL2 92.4(93.7) 2924 4739 0320.22) 1.7(.1)

N~1Y, (Normal) 93.9 (93.5) 1.1 (1.4) 5.0(5.1) 0.410.25) 2.0(1.3)

Rescaled bootstrap 94.6(99.5)  1.1(0.0) 43(0.5) 0.44(0.40) 2.0(1.3)
Direct bootstrap 93.9(93.8) 1.1(1.4) 5.0(48) 042(026) 2.0(1.3)
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Quantiles of the empirical log-likelihood ratio function

(c)

(d)

Quantiles of the Chi-Squared distribution (df=1)

Figure 3.1: Quantile-Quantile plot of the observed distribution of the proposed em-

pirical log-likelihood ratio function 7(6y) when ¢; = m;, N = 800; n = 40 with

@ p(vi,9:) = 0.30, ) p(yi,9:) = 0.80; n

80 with (¢) p (yi, %) = 0.30 ()

p (yi,9;) = 0.80. The parameter of interest 6, is the population mean. We consid-

ered that we have a negligible sampling fraction. The approach of Section 3.4 is used.
The data are generated with the model (3.11.1) with 8 = 0.
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Figure 3.2: Quantile-Quantile plot of the observed distribution of the proposed em-
pirical log-likelihood ratio function 7(6y) when ¢; = m;, N = 150; n = 40 with
@) p(vi, %) = 0.30, (b) p(y;,4;) = 0.80; n = 80 with (¢) p(y;,9:) = 0.30 (d)
p (yi,9;) = 0.80. The parameter of interest 6, is the population mean. We consid-
ered that we have a non-negligible sampling fraction. The approach of Section 3.5 is
used. The data are generated with the model (3.11.1) with 5 = 0.
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For the next series of simulations, we generate an auxiliary variable (5 = 1), and a
random set of 80% of the values of y; are replaced by zero. We consider two point
estimators. For the first case we use ¢; = (a:i,m)T, for the second case, we use
¢ = (1,x;, 7r2-)T. The standard confidence interval is based on the standard regres-
sion estimator defined (6.4.2) in Sérndal et al. (1992). The results are shown in Table
3.2.

The proposed estimator with ¢; = (x;, 7ri)T is one of the most accurate estimator.
This is due to the optimality of the proposed estimator (see the end of Section 3.3).
When the correlation is strong (p (y;, 9;) = 0.63), the proposed approaches give better
coverages than the EL2 approach. The low coverage of the EL2 estimator is probably
due to the instability of the linearised variance estimator used in the design effect. This
instability is caused by the skewness of the residuals in (3.11.1). The proposed approach
gives better coverages because of the units with larger 7; have a negligible effect on the
confidence intervals. The overall coverage of the EL1 approach is also satisfactory, al-
though this approach can give less accurate point estimators. The Quantile-Quantile
plots, in Figure 3.3 and Figure 3.4, shows that the restricted empirical log-likelihood ra-
tio function follows a chi-squared distribution when ¢; = (x;, ;)" and ¢; = (1, ;, m;) ",
respectively; in both approaches plots in (a) when n = 40 and p (y;, ;) = 0.30, de-
partures from a chi-square distribution are observed. It is also reflected in confidence

interval total rate errors evidently below the intended nominal level of 95%.
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Table 3.2: Coverages of the 95% confidence intervals for means. N = 150. A random
set of 80% of the values of y; are replaced by zero. The x; are generated (8 = 1). 6, is
the population mean.

p(yi, ;) n  Approaches Coverage Lower Tail Upper Tail
Prob. (%) E.R.(%) E.R.(%) (%)
0.30 40 Proposed ¢; = (:(:Z-,m)T 92.5 2.8 47 26.5
Proposed ¢; = (1, z;, 7ri)T 91.9 2.9 5.2 268
Pseudo-EL1 92.3 2.5 52 269
Pseudo-EL2 90.6 2.3 7.1 26.8
Regression Estimator (Normal) 90.2 1.3 8.5 265
80 Proposed ¢; = (x;, ;)" 93.9 3.2 2.9 142
Proposed ¢; = (1, z;, ;)" 93.4 3.5 3.1 144
Pseudo-EL1 93.6 2.2 42 144
Pseudo-EL2 93.1 2.1 48 144
Regression Estimator (Normal) 934 14 52 143
0.63 40 Proposed ¢; = (;,m;)" 95.5 1.5 3.0 22.1
Proposed ¢; = (1, z;,m;) " 93.7 2.0 43 223
Pseudo-EL1 94.5 2.3 32 233
Pseudo-EL2 86.9 3.7 94 224
Regression Estimator (Normal) 91.5 1.3 72 224
80 Proposed ¢; = (xiﬂri)T 95.3 1.6 3.1 11.8
Proposed ¢; = (1,x;,m;)" 94.8 1.6 3.6 120
Pseudo-EL1 94.5 1.3 42 11.7
Pseudo-EL2 89.8 1.6 8.6 12.1

Regression Estimator (Normal) 93.2 1.0 58 12.1
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Quantiles of the empirical log-likelihood ratio function

(a)

(c)

Quantiles of the Chi-Squared distribution (df=1)

Figure 3.3: Quantile-Quantile plot of the observed distribution of the proposed em-

pirical log-likelihood ratio function 7(6,) when ¢; = (z;,m;)", N = 150; n = 40
with (a) p (v, ;) = 0.30, (b) p (yi,9:) = 0.63; n = 80 with (¢) p (y;,5;) = 0.30 (d)
p (yi, ;) = 0.63. The parameter of interest 6, is the population mean. We considered

that we have a non-negligible sampling fraction. The data are generated with the model

(3.11.1) with 8 = 1. A random set of 80% of values of y; are replaced by zero.
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Quantiles of the empirical log-likelihood ratio function

(a)

(c)

Quantiles of the Chi—Squared distribution (df=1)

Figure 3.4: Quantile-Quantile plot of the observed distribution of the proposed empir-
ical log-likelihood ratio function 7(6y) when ¢; = (1,z;,m)", N = 150; n = 40
with (a) p (y;,3;) = 0.30, (b) p (3, 9:) = 0.63; n = 80 with (¢) p (y;,9;) = 0.30 (d)
p (i, ;) = 0.63. The parameter of interest 6, is the population mean. We considered

that we have a non-negligible sampling fraction. The data are generated with the model

(3.11.1) with 8 = 1. A random set of 80% of values of y; are replaced by zero.
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3.12 Concluding remarks

Standard confidence intervals based on the central limit theorem and pseudo empirical
likelihood confidence intervals require variance estimates which often involve lineari-
sation or resampling. The coverage of standard confidence intervals can be poor with
skewed variables. Even if the parameter of interest is not linear, the proposed method
does not rely on normality of the point estimator, variance estimates, linearisation, re-
sampling, and joint inclusion probabilities. Empirical likelihood confidence intervals
can be easier to compute than standard confidence intervals based on variance estimates.
The coverage of the proposed approach is usually better. There is an analogy between
the proposed empirical likelihood approach and calibration (Huang and Fuller, 1978;
Deville and Sarndal, 1992), as the function (3.2.1) can be viewed as a calibration ob-
jective function, and the empirical likelihood estimator is asymptotically equivalent to
a calibrated regression estimator (3.3.12). The objective functions used for calibration
are disconnected from mainstream statistical theory. However, the proposed objective
function (3.2.1) 1s related to the concept of likelihood. The advantage of the proposed
empirical likelihood approach over standard calibration is the fact that (3.2.1) can be
used to construct likelihood ratio confidence intervals. Empirical likelihood approaches
are more general than calibration, and can be used for a wider class of parameters.
The bootstrap is an alternative approach which can be used to derive non-parametric
confidence intervals. The accuracy of the bootstrap confidence intervals has only been
shown theoretically in few particular cases (Rao and Wu, 1988). The proposed ap-
proach is simpler to implement and less computationally intensive than the bootstrap,
especially with calibration weights. Our simulations study also shows that bootstrap
confidence intervals may not have the right coverage and may be more unstable. From
a practical point of view, the bootstrap is usually preferred because it does not rely on
analytic derivation. The proposed approach possesses the same property, as it does not
rely any analytic derivation. Unlike the pseudo empirical likelihood approach, the pro-
posed approach does not rely on variance estimates which could be difficult to estimate

for complex parameters. This means that the proposed approach can be applied to a
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wider class of parameters. The proposed approach is also simpler to implement than
the pseudo empirical likelihood. The simulations show that the proposed approach may
give better confidence intervals. In cases with small sample size and weak correlation,
the Quantile-Quantile plots showed that the empirical log-likelihood ratio function was
not properly approximated by a chi-squared distribution. As a consequence, the cover-
age probability were not close to the nominal coverage. This condition may be amended

if the finite population correction is considered.
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Estimation of empirical likelihood

confidence intervals for quantiles

4.1 Introduction

The identification of subgroups lying above or below of the population median for a
specific variable is often a goal in survey sampling research. Estimation of the popula-
tion distribution function and associated quantiles are used to achieve this task. Quantile
estimation cannot be considered as a simple function of means, although, relevant infor-
mation could be obtained by using the relationship between the distribution function and
quantiles (Fuller, 2009). Two methods have been used for the estimation of quantiles:
inversion of the estimated distribution function and the direct estimation. In both ap-
proaches there exist methods to measure the precision of the estimates through the con-
struction of confidence intervals which imply variance estimations. Methods for confi-
dence intervals and variance estimates for distribution functions are grouped in the next
three approaches: (i) plug-in model based, estimating asymptotic variance, (ii) design-
based and (ii1) replication methods (Dorfman, 2009). In the case of quantiles, Woodruff

(1952) proposed the first method to build confidence intervals for the median in com-
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plex survey designs. The data are assumed to follow a normal distribution. The method
can be extended for the other quantiles using a transformation of the cumulative dis-
tribution function estimates. The sample quantiles can be expressed asymptotically as
linear function of the empirical distribution function evaluated at the quantile ¢ making
use of the Bahadur (1966) representation § — 6y = (f(6y)) ™" [q — ﬁ(Qo)} + 0,(n"1/2),
where the parameter 0, of interest is the ¢ quantile Y, of the population distribution of
a variable of interest y;, with 0 < ¢ < 1; f(-) is the density function of the limiting
distribution function of F'(y) as N — oo, Francisco and Fuller (1991) gave sufficient
conditions for this representation to hold. For smooth functions of population totals
it is possible to apply linearisation techniques for variance estimation such as Taylor
linearisation or jackknife linearisation, although for estimation of variance of nonlinear
statistics such as quantiles these methods could perform poorly, particularly for small
sample sizes. Deville (1999) proposed the generalised linearisation technique for es-
timating the variance of nonlinear statistics. The basic idea is to approximate certain
estimator and nonlinear statistics using Horvitz and Thompson (1952) statistics with
the form > | z;m; ' for chosen variables. Hence the variance of linearised variables
z; can be estimated by suitable survey sampling techniques. The method is based on
the concept of an influence function (Hampel et al., 1986). The linearised variables of
quantiles require to estimate the value of a density function f(y) corresponding to a dis-
tribution function F'(y). As f(y) assumes a density at the quantile of interest which does
not exist because the staircase-shape of F'(y), Deville (1999) proposed to approximate

the Y, through Gaussian kernel density estimation

T 7Ln ‘ (y—yi)]
f(y)—ﬁhizlwzlf{ - (4.1.1)

where N is an estimation of the population size, the sample weight w; is the inverse of
the inclusion probability 7; of 7 and / is a band width or average width of the support
Klz] = (2m) Y2 exp(—22/2). Choices for h were suggested by Silverman (1986)
as h = 0.79(}?0.75 — 170.25)]/\7*1/5 and by Osier (2009) as h = GN-1/5 where & is the

sample standard deviation of the variable of interest Y. The resulting linearised variable
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is defined as -
5= =0y < Y,) —ql. (4.1.2)

Yy N
Note that f(-) would need to be estimated using a Kernel approach. This implies that Z;
will depend on how f(+) is estimated. The variance of the estimator }//\'q 1S approximate

by
1% <Z gw) ~ V(Y,). (4.1.3)
=1

Chen and Hall (1993) proposed an empirical likelihood confidence intervals for quan-
tiles with identically and independent distributed (iid) observations that require a smoothed
version of a degenerate distribution function G}, and an rth-order kernel function K.
This approach cannot be implemented directly when the units are selected with unequal
probabilities. Under Owen (1988)’s empirical likelihood the confidence interval for a
population quantile obtained is the binomial-method interval with the iid observations.
The weakness of the binomial-method interval is that its coverage accuracy cannot be
higher than n~/? (Chen and Hall, 1993).

4.2 Estimation of quantiles

As the estimating equation )" | m; (6 {y; < 0} —q) = Owhere 6 {y; < 0} = Lify; <
f and is equal to zero otherwise, it does not always have a solution and cannot be used
to derive an empirical log-likelihood ratio function (e.g. Owen, 2001, p. 45). In order
to solve this problem, we proposed to use the following function g;(#) = o (y(i), 0) —q,

where

0 (0 0) = {u <0} + -5y <0} (10 {uy <0}) 42
Yy — Yiu-1)

where y;) is the value of the i-th sampled units arranged in increasing order, with 3y =

Yy — (y(g) — y(l)). The empirical likelihood estimator of Y/, is the solution of the equa-

tion G(#) = 0 which becomes F'(A) = ¢, where F'(f) = >r, T?L(i))_l S mee (e, 9)-

Note that F(f) = ¢ has always a solution because F(y) is a bijective function
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given by a piecewise linear interpolation of the step distribution function F 0) =
(>, me) iy, M0 {yu) < 0}. This interpolation consist of joining the steps of
F(8) by straight line segments. It can be shown that

~

Gl _sz 5y < ) —q NZ [0 {yi <6} —q

i=1

which is a Horvitz and Thompson (1952) estimator. Thus, (3.4.1) and the empirical
log-likelihood ratio function has asymptotically a chi-square distribution. Therefore,
the empirical log-likelihood ratio function can be used to derive confidence intervals for
Y. In the presence of tied values in the sample the Function (4.2.1) has a undetermined
form. In the following paragraph a procedure in presented to adjust observations in the

presence of tied data.

We adapted a technique suggested by Owen (2001) for handling ties in the data only
to find the solution of (4.2.1). This modification does not affect the original empirical
likelihood function. We add to each y(;) the minimum distance between ordered obser-
vation y ;) and y ;1) times a very small quantity, for instance a random uniform number
between —A and A where A could be 10-6. The value of § can be found using the
transformed data and Function (4.2.1). In Section 4.3, we show via simulation that the
empirical likelihood confidence intervals have good coverage (see Tables 4.1, 4.2 and
4.3). The approach proposed in this section can be generalised to take into account the

stratification and the auxiliary variables (see Sections 3.7 and 3.8).

4.3 Simulation study

We used the same artificial population of Section 3.11 with two values for the cor-
relation: 0.30 and 0.80, and p(y;, y;) denotes the correlation between y; and 7;. The
parameters of interest ¢, are the population quantiles Y, when ¢ = 0.10, 0.25 and 0.50.
We used the Chao (1982) sampling design to generate 1000 independent samples of size
n = 40 and n = 80. We consider 95% confidence intervals. For the proposed approach,

we use ¢; = 7; and C = n; therefore m; = 7; '
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The point estimator is the solution of (3.3.12) with ¢;(0) = o (y(i), 0) — ¢. This
estimator has a skewed sampling distribution. The performance of the proposed em-
pirical likelihood confidence intervals are compared with the direct bootstrap approach
(Antal and Tillé, 2011) based on the bootstrap variance, the Woodruff (1952) approach,
the rescaled bootstrap approach (Rao and Wu, 1988; Rao et al., 1992) based on the ob-
served confidence intervals based on the percentile method and the standard approach
based on linearisation (Deville, 1999). We used 1000 bootstrap replicates in both re-
sampling approaches. For the Woodruff approach, the confidence interval was obtained
from the inverse of Fi(y) = N2 S0 716 {y; <y}, where N1 ST il

In Table 4.1, we have the coverage probabilities, the lower and the upper tail error
rates, the length averages and length variances of the confidence intervals. The values
for large sampling fractions (N = 150) are given between brackets. The coverage of
the standard approach based on the central limit theorem and linearisation is signifi-
cantly larger than 95% in all the cases considered. This is due to the fact that the point
estimator has a positively skewed sampling distribution. This explains the null upper
tail error rate. The linearised variance estimator is also biased. The Woodruff (1952)
approach gives confidence intervals which are as good as the empirical likelihood con-
fidence intervals in term of coverage and stability of the confidence intervals, but with
lower coverages with small sampling fraction. The rescaled bootstrap confidence inter-
vals may have slightly higher coverage probabilities compared to the other approaches.
For small sampling fractions, the performance of the proposed empirical likelihood ap-
proach is similar to the rescaled bootstrap. Nevertheless, with large sampling fractions,
the rescaled bootstrap confidence intervals may have larger than 95% intended coverage
probability, because this approach does not includes finite population correction fac-
tors. With large sampling fractions, the direct bootstrap has better coverage because
it includes finite population corrections. However, the coverage of the direct bootstrap
tends to be smaller than 95%. The direct bootstrap has a low coverage of 89.7% when
p(yi,9;) = 0.80 and n = 80. The proposed approach gives a coverage of 94.2% in this
situation. Note that the direct bootstrap has larger variances for the lengths. This means

that the direct bootstrap confidence intervals are more volatile than empirical likelihood
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confidence intervals.

A summary of the results for confidence intervals of quantile Y{ o5 are presented
in the Table 4.2. The outstanding findings are the following: the proposed empirical
likelihood, rescaled bootstrap and Woodruff approach are close to the nominal level in
case of small sampling fraction except when n = 80 and p(y;, ;) = 0.80. Empirical
likelihood and Woodruff approach confidence intervals tend to perform similarly well

and close to the intended nominal coverage probability for large sampling fraction.

A general good performance of the five approaches for the median confidence inter-
vals Yy 50 would be expected. However, confidence intervals given in Table 4.3 show
only a good behaviour of Woodruff and empirical likelihood approaches: the coverage
probabilities are the nearest to the intended nominal level of 95% in large and small
sampling fraction cases. The rescaled bootstrap approach is not suitable for large sam-
pling fraction; it leads to confidence interval coverage larger than the intended level, as

a consequence of a serious overestimation of the variance.

The Quantile-Quantile plots (a) and (d) in the Figures 4.1, 4.2, 4.3 and 4.4 show that
the empirical log-likelihood ratio functions approximate to a chi-square distribution. In
despite of the point estimator bias, the coverages are good and have stable performance,
except when for large sampling fraction and n = 80 p(y;,9;) = 0.80 which can be
anticipated from Figure 4.4 (d). The Quantile-Quantile plots of the proposed empirical
log-likelihood ratio function, (d) in Figures 4.1, 4.2, 4.3 and 4.4, show the best ap-
proximations to a chi-square distribution happen for Yj 59, the medians. The confidence
intervals based on linearisation variance estimator ameliorate its performance. In this
case, the coverages are closer to 95% level but still they present an overstated upper tail

CITOI.
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Table 4.1: Coverages of 95% confidence intervals for the quantile Y{ ;9. The values

not in brackets are for the population of size N = 800 (small sampling fractions). The

values in brackets are for the population of size /N = 150 (large sampling fractions).

p(yi,9;) n  Approaches Coverage  Lower Tail Upper Tail Average var Length
Prob (%) Error (%)  Error (%) Length

0.3 40 Proposedc; =m;  93.3(92.8) 4.1(1.9) 2.6 (5.3) 0.73 (0.67) 0.065 (0.046)
Direct bootstrap 92.1(91.7) 4.3(5.4) 3.6 (2.9) 0.79 (0.72)  0.080 (0.058)
Woodruff 91.3(93.5) 4.5(25) 4.2 (4.0 0.66 (0.66) 0.056 (0.043)
Rescaled bootstrap 93.9 (95.6) 4.7 (3.0) 1.4(1.4) 0.77 (0.76)  0.062 (0.045)
Linearisation 98.9 (99.6) 1.1(0.4) 0.0 (0.0) 1.17 (1.34)  0.055 (0.049)

0.3 80 Proposedc; =m;  96.5(93.6) 0.8 (1.0) 2.7(5.4) 0.57 (0.43) 0.024 (0.013)
Direct bootstrap 92.2(92.3) 4.54.8) 3.3(2.9) 0.56 (0.44) 0.028 (0.016)
Woodruff 95.7(95.1) 1.3(1.8) 3.03.1) 0.55 (0.44) 0.023 (0.014)
Rescaled bootstrap 95.4 (98.3) 3.3 (1.3) 1.3(0.4) 0.57 (0.56) 0.024 (0.018)
Linearisation 99.4(99.9) 0.6 (0.1) 0.0 (0.0) 0.86 (0.85) 0.014 (0.007)

0.8 40 Proposedc; =m;  92.9(91.8) 4.0(2.3) 3.1(5.9) 0.54 (0.37) 0.039 (0.018)
Direct bootstrap 92.6 (91.3) 4.1(6.0) 3.3Q2.7) 0.59 (0.39) 0.044 (0.018)
Woodruff 90.7 (92.7) 4.8(3.6) 4.5 @3.7) 0.48 (0.36) 0.033 (0.015)
Rescaled bootstrap  93.9 (94.6) 4.8 (3.8) 1.3(1.6) 0.57 (0.42) 0.034 (0.020)
Linearisation 96.5(99.5) 3.5(0.5) 0.0 (0.0) 0.73 (0.62) 0.028 (0.012)

0.8 80 Proposedc; =m;  95.9(94.2) 1.6(0.6) 25062 0.41(0.23) 0.015 (0.005)
Direct bootstrap 93.3(89.7) 3.3(7.7) 34 (2.6) 0.42 (0.23) 0.018 (0.005)
Woodruff 94.3(94.3) 2.0(2.4) 3.7(3.3) 0.39 (0.22) 0.015 (0.004)
Rescaled bootstrap 96.7 (98.7) 2.7 (0.8) 0.6 (0.5) 0.42 (0.29) 0.015 (0.005)
Linearisation 97.8(99.8) 2.2(0.2) 0.0 (0.0) 0.55 (0.41) 0.007 (0.002)
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Table 4.2: Coverages of 95% confidence intervals for the quantile Y 5. The values

not in brackets are for the population of size N = 800 (small sampling fractions). The

values in brackets are for the population of size N = 150 (large sampling fractions).

p(yi,9;) m  Approaches Coverage Lower Tail Upper Tail Average var Length
Prob (%) Error (%)  Error (%) Length

0.30 40 Proposedc, =m;  94.6(95.3) 1.7(1.0) 3.7@3.7) 1.13(0.98) 0.115 (0.094)
Direct bootstrap 92.4(93.5) 6.0(6.1) 1.6 (0.4) 1.13(1.01) 0.137 (0.106)
Woodruff 94.0(949) 3222 2.8(2.9) 1.09 (1.01) 0.115(0.104)
Rescaled bootstrap 95.4 (97.4) 2.3 (1.3) 2.3(1.3) 1.13(1.12) 0.116 (0.129)
Linearisation 98.0 (100.0) 1.1 (0.0) 0.9 (0.0) 1.41 (1.70) 0.064 (0.076)

0.30 80 Proposedc, =m  959(94.0) 1.6(1.8) 254.2) 0.79 (0.55) 0.038 (0.013)
Direct bootstrap 92.6(92.2) 56(5.1) 1.8 (2.7) 0.78 (0.57) 0.038 (0.016)
Woodruff 94.6 (94.4) 3.13.0) 2.3(2.6) 0.76 (0.54) 0.037 (0.015)
Rescaled bootstrap 95.7 (98.8) 2.7 (0.5) 1.6 (0.7) 0.79 (0.74)  0.039 (0.022)
Linearisation 98.9(99.9) 0.6 (0.0) 0.5(0.1) 0.99 (1.00) 0.016 (0.009)

0.80 40 Proposedc;, =m;  95.1(94.7) 1.7(1.0) 324.3) 0.77 (0.61) 0.039 (0.037)
Direct bootstrap 91.3(92.8) 6.1(5.8) 2.6(1.4) 0.78 (0.64) 0.048 (0.044)
Woodruff 94.1(95.0) 3.5(2.6) 2424 0.77 (0.62) 0.041 (0.034)
Rescaled bootstrap 95.2 (97.3) 2.6 (1.3) 2.2(1.4) 0.77 (0.70)  0.041 (0.037)
Linearisation 95.5098.1) 1.5(1.9) 3.0 (0.0) 0.83 (0.78) 0.021 (0.009)

0.80 80 Proposedc; =m  96.5(954) 1.5(0.6) 2.0 4.0 0.56 (0.34) 0.013 (0.012)
Direct bootstrap 93.9(93.7) 4.5¢(6.1) 1.6 (0.2) 0.56 (0.35) 0.017 (0.012)
Woodruff 96.7(96.2) 1.9 (1.6) 1.4 (2.2) 0.54 (0.35) 0.013 (0.013)
Rescaled bootstrap 97.0(99.8) 1.9 (0.1) 1.1 (0.1) 0.56 (0.49) 0.013 (0.016)
Linearisation 96.9 (99.5) 0.2(0.4) 2.9(0.1) 0.58 (0.47) 0.005 (0.001)
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Table 4.3: Coverages of 95% confidence intervals for the quantile Y 5o. The values

not in brackets are for the population of size N = 800 (small sampling fractions). The

values in brackets are for the population of size /N = 150 (large sampling fractions).

p(yi,9;) n  Approaches Coverage  Lower Tail Upper Tail Average var Length
Prob (%) Error (%)  Error (%) Length

0.30 40 Proposedc;, =m;  94.1(94.5) 2.5(1.4) 34 4.1) 1.82 (2.13) 0.274 (0.499)
Direct bootstrap 91.3(92.0) 7.4(7.3) 1.3 (0.7) 1.84 (2.22) 0.293 (0.544)
Woodruff 94.6 (95.9) 3.4(25) 2.0(1.6) 1.87 (2.27) 0.306 (0.556)
Rescaled bootstrap 94.0 (97.4) 2.7 (1.1) 3.3(1.5) 1.80 (2.46) 0.274 (0.575)
Linearisation 91.0(92.0) 0.5(1.0) 8.5(7.0) 1.74 (2.00) 0.159 (0.166)

0.30 80 Proposedc; =m  95.6(95.0) 1.6(1.6) 2.8(3.4) 1.31 (1.20) 0.075 (0.056)
Direct bootstrap 92.1(93.5) 6.4(5.5) 1.5 (1.0) 1.30 (1.24) 0.085 (0.062)
Woodruff 94.7(95.3) 2.8(2.9) 2.5(1.8) 1.28 (1.21) 0.075 (0.065)
Rescaled bootstrap 95.1 (99.4) 1.7 (0.2) 3.2(0.4) 1.31(1.72) 0.075 (0.131)
Linearisation 90.9 (92.6) 0.7 (0.5) 8.4 (6.9) 1.22 (1.14) 0.034 (0.018)

0.80 40 Proposedc; =m;  94.6(94.7) 1.7(1.2) 3.7 (4.1 0.96 (0.86) 0.067 (0.059)
Direct bootstrap 93.2(95.6) 49(3.2) 1.9(1.2) 0.96 (0.87) 0.073 (0.064)
Woodruff 95.2(96.4) 3.3 (2.5) 1.5(1.1) 0.98 (0.89) 0.066 (0.060)
Rescaled bootstrap 94.9 (97.6) 1.7 (0.6) 3.4(1.8) 0.95 (1.00) 0.066 (0.065)
Linearisation 942 (94.4) 2.0(1.3) 3.8(4.3) 0.94 (0.87) 0.037 (0.018)

0.80 80 Proposedc; =m;  96.0(95.2) 1.7(1.1) 23 3.7 0.65 (0.45) 0.020 (0.010)
Direct bootstrap 93.2(97.3) 4.2(2.3) 2.6 (0.4) 0.64 (0.44) 0.021 (0.010)
Woodruff 95.0(95.8) 3.6(2.2) 1.4 (2.0) 0.63 (0.45) 0.018 (0.011)
Rescaled bootstrap  95.9 (99.9) 1.8 (0.0) 2.3(0.1) 0.65 (0.68) 0.020 (0.018)
Linearisation 95.8(96.7) 1.6(0.1) 2.6 (3.2) 0.64 (0.50) 0.008 (0.002)
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(a) (d)

Quantiles of the empirical log-likelihood ratio function
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Quantiles of the Chi-Squared distribution (df=1)

Figure 4.1: Quantile-Quantile plot of the observed distribution of the proposed empir-
ical log-likelihood ratio function 7(6y) when ¢; = m;, N = 800, n = 40. The pa-
rameters of interest 6, are the quantiles (a)Yy 10, (b)Y0.25, (¢)Yo.50 With p (y;, ;) = 0.30;
(d)Y0.10, (€)Y0.25, (£)Yo.50 with p (y;, 9;) = 0.80. We considered that we have a negligible
sampling fraction. The approach of Section 4.2 is used. The data are generated with the
model (3.9.1) with 5 = 0.
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Figure 4.2: Quantile-Quantile plot of the observed distribution of the proposed empir-
ical log-likelihood ratio function 7(6y) when ¢; = m;, N = 800, n = 80. The pa-
rameters of interest 6 are the quantiles (a)Y{ 10, (b)Y0.25, (¢)Yo.50 With p (y;,9;) = 0.30;
(d)Y0.10, (€)Y0.25, ()Y 50 With p (y;, 5;) = 0.80. We considered that we have a negligible
sampling fraction. The approach of Section 4.2 is used. The data are generated with the
model (3.9.1) with 8 = 0.
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Figure 4.3: Quantile-Quantile plot of the observed distribution of the proposed empir-

ical log-likelihood ratio function 7(6y) when ¢;

= m;, N = 150, n = 40. The pa-

rameters of interest 6, are the quantiles (a)Yy 10, (b)Y0.25, (¢)Yo.50 With p (y;, ;) = 0.30;
(d)Yo.10, (©)Y0.25, (Y050 With p (v;,9;) = 0.80. We considered that we have a non-

negligible sampling fraction. The approach of Section 4.2 is used. The data are gener-

ated with the model (3.9.1) with 3 = 0.
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Figure 4.4: Quantile-Quantile plot of the observed distribution of the proposed empir-
ical log-likelihood ratio function 7(6y) when ¢; = m;, N = 150, n = 80. The pa-
rameters of interest 6 are the quantiles (a)Y{ 10, (b)Y0.25, (¢)Yo.50 With p (y;,9;) = 0.30;
(d)Yo.10, (©)Y0.25, (Y050 With p (y;,9;) = 0.80. We considered that we have a non-
negligible sampling fraction. The approach of Section 4.2 is used. The data are gener-
ated with the model (3.9.1) with 8 = 0.
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Two additional simulation studies were run with the sugar cane farm data (Chambers
and Dunstan, 1986) and the data of Swedish municipalities MU284 (Sédrndal et al., 1992)
for estimation of confidence intervals of quantiles Y, when ¢ = 0.10, 0.25 and 0.50. We
keep the same simulation settings defined at the beginning of this section. Inclusion
probabilities are proportional to the auxiliary variable z;. In both studies considered
sampling fraction were greater than 10%. We considered a strong correlation value
p (yi, x;) = 0.90 where the variable of interest y; is the harvest sugarcane and the aux-
iliary variable x; is area assigned for cane planting in the case of sugar cane farm data,
N = 338. A moderate correlation, p (y;, ;) = 0.47, where y; is the REV84 real estate
values according to 1984 assessment (in millions of kronor) and the auxiliary variable
x; is $S82 the number of Social-Democratic seats in municipal council (N = 284), is
considered for the Swedish municipalities. Ties in both data sets were treated using the

procedure suggested by Owen (2001).

A summary of the results for confidence intervals for the quantiles Y, of sugar cane
farm data are given in Table 4.4. This is an example of strong correlation between y;
and x;, where the five approaches perform very poorly when n = 40 and Yj 9. The
inflated length of the proposed empirical likelithood approach confidence intervals tend
to overstate the coverage probability. In this case none of the approaches shows an
acceptable general performance. Woodruff intervals have the confidence intervals with
shortest length, due to a strong correlation between the inclusion probabilities and the
auxiliary variable when produces a small variance of the Horvitz-Thompson estimator.

Although its coverage probabilities are not entirely satisfactory.

In Table 4.5 are summarised the result for the confidence interval of the quantiles
Y, for the Swedish municipalities MU284 data. The proposed empirical likelihood in-
tervals produce somewhat stable result when n = 40. Actual coverage probabilities
are close to the nominal 95% level. On the other hand, when n = 80, the total error
rates are overstated higher than 95%. The Woodruff method-based confidence inter-
vals performed satisfactory well in most cases except when n = 40 and Y{ 19 in terms
of the actual coverage probability and confidence intervals length. The method based

on the linearisation variance estimator produces the longest interval and therefore they
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performed very poorly with substantially overstated actual coverage probabilities. Re-
sampling methods tend to generate results that to some extent are unstable. However,
the lengths of their confidence intervals are in between the length of Woodruff approach

and the proposed approach.
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Table 4.4: Coverages of 95% confidence intervals for the quantiles Y{ 19, Y0.25, Yo.50 of
y; = harvest sugarcane, auxiliary variable x; = area assigned for cane planting (Cham-
bers and Dunstan, 1986), N = 338, p (y;, ;) = 0.90.

n  Approaches quantile Coverage Lower Tail Upper Tail Average var
Prob (%) Error (%)  Error (%) Length  Lenght

40 Proposedc; =m;  0.10 86.8 9.1 4.1 1134.1 2311104
Direct bootstrap 87.4 5.6 7.0 1218.1 227298.1
Woodruff 81.6 13.9 4.5 921.0 133454.1
Rescaled bootstrap 85.4 13.7 0.9 1102.0 139114.1
Linearisation 92.7 4.2 3.1 1410.1 172045.5
Proposedc; =m;  0.25 95.3 1.9 2.8 1427.8 206447.8
Direct bootstrap 93.0 3.1 3.9 1335.8 184734.0
Woodruff 93.0 5.7 1.3 1324.4 184407.9
Rescaled bootstrap 95.1 3.6 1.3 1367.9 171805.3
Linearisation 96.2 2.4 1.4 1382.2  62208.7
Proposed ¢; = m; 0.50 96.1 1.4 2.5 1530.7 159041.5
Direct bootstrap 94.6 3.0 24 1510.3 171618.5
Woodruff 94.6 4.9 0.5 1514.3 153953.7
Rescaled bootstrap 96.2 1.9 1.9 1530.5 162062.3
Linearisation 97.3 1.3 1.4 1537.1 53809.2

80 Proposedc; =m;  0.10 94.9 1.7 34 1081.0 139455.5
Direct bootstrap 93.8 2.1 4.1 997.8 131267.4
Woodruff 92.8 4.0 32 982.3 118787.5
Rescaled bootstrap 95.6 33 1.1 1043.6 117513.8
Linearisation 94.4 3.1 2.5 981.1 33255.2
Proposedc; =m;  0.25 96.4 1.0 2.6 982.2 58974.6
Direct bootstrap 93.2 2.1 4.7 912.2 61816.1
Woodruff 95.2 35 1.3 877.8 521229
Rescaled bootstrap 96.9 1.6 1.5 959.7 54989.6
Linearisation 95.6 1.1 33 913.0 10658.7
Proposedc; =m;  0.50 97.8 0.6 1.6 1057.5 44430.9
Direct bootstrap 93.6 33 3.1 980.0 48963.8
Woodruff 95.3 4.0 0.7 957.4 39762.5
Rescaled bootstrap 97.5 0.8 1.7 1055.0 46634.6

Linearisation 96.7 1.4 1.9 1031.3  8245.5
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Table 4.5: Coverages of 95% confidence intervals for the quantiles Y{ 10, Y0.25, Yo.50 of
y; = REV84 real estate values according to 1984 assessment (in millions of kronor),
auxiliary variable z; = SS82 number of Social-Democratic seats in municipal council
(Sdrndal et al., 1992), N = 284, p (y;, x;) = 0.47.

n  Approaches quantile Coverage Lower Tail Upper Tail Average var
Prob (%) Error (%)  Error (%) Length Lenght

40 Proposedc;, =m;  0.10 95.5 1.7 2.8 538.3  33895.3
Direct bootstrap 95.4 2.6 2.0 5133  34093.3
Woodruff 93.0 2.6 4.4 484.5 31193.2
Rescaled bootstrap 96.0 3.1 0.9 552.5 28570.5
Linearisation 99.2 0.7 0.1 1059.2 214416.1
Proposed c; = ; 0.25 96.0 1.6 2.4 727.1 465722
Direct bootstrap 91.1 1.1 7.8 703.3  46997.9
Woodruff 94.8 3.1 2.1 691.6  44991.1
Rescaled bootstrap 95.9 24 1.7 7332 50443.7
Linearisation 99.7 0.2 0.1 1490.6 438134.7
Proposedc; =m;  0.50 95.3 1.4 33 1286.4 152969.4
Direct bootstrap 91.4 14 7.2 1258.7 155414.7
Woodruff 94.7 34 1.9 12819 1537759
Rescaled bootstrap 94.9 1.6 3.5 1278.5 149108.2
Linearisation 97.6 0.4 2.0 1860.0 666237.6

80 Proposedc; =m;  0.10 96.5 1.8 1.7 380.8  15503.5
Direct bootstrap 954 2.7 1.9 317.6  11932.7
Woodruff 94.7 2.9 2.4 318.0 13559.6
Rescaled bootstrap 97.1 2.5 0.4 380.5  14099.7
Linearisation 99.5 0.5 0.0 791.3  55630.3
Proposed c; = m; 0.25 96.9 14 1.7 521.2  11796.6
Direct bootstrap 91.8 24 5.8 4735 12831.6
Woodruff 95.0 3.1 1.9 461.8 11217.7
Rescaled bootstrap 96.8 2.0 1.2 519.2 123433
Linearisation 100.0 0.0 0.0 1059.9  92573.6
Proposed c; = m; 0.50 97.3 1.1 1.6 924.1 32833.3
Direct bootstrap 93.0 23 4.7 844.5  38323.1
Woodruff 94.3 4.0 1.7 834.1 28115.0
Rescaled bootstrap 97.4 1.0 1.6 9244 33179.7

Linearisation 98.5 0.7 0.8 1284.5 127123.7
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4.4 Concluding remarks

Standard confidence intervals based upon the central limit theorem can perform poorly
when the sampling distribution is not normal. The coverage and the tail errors can be
also different from their intended levels. On the other hand, empirical likelihood confi-
dence intervals may be better in this situation, as empirical likelihood confidence inter-
vals are determined by the distribution of the data and the range of the parameter space
is preserved. Note that the distribution of a point estimator of is not necessarily normal,
and the proposed empirical likelihood approach does not rely on the normality of the
point estimator. Standard confidence intervals based on the central limit theorem re-
quire normality and variance estimates which often involve linearisation or resampling.
The proposed method does not rely on normality, variance estimates, linearisation or
resampling, even if the parameter of interest is not linear. Empirical likelihood confi-
dence intervals can be easier to compute than standard confidence intervals based on
variance estimates. It provides an alternative to the bootstrap, when linearisation cannot
be used. The proposed approach has some advantages over the bootstrap approach. It is
less computationally intensive than the bootstrap. Our simulations study also show that
bootstrap confidence intervals may not have the right coverage and may be more unsta-
ble. When the sample size is large, the Woodruff approach gives confidence intervals
which are as good as the empirical likelihood confidence intervals in term of cover-
age and stability of the confidence intervals. However, the Woodruff approach relies
on variance estimates and joint inclusion probabilities. Furthermore, this approach is
only designed for quantiles. The empirical likelihood approach can be used for a wider
class of point estimators. The inadequacy of the variance estimation based on lineri-
sation for generating confidence intervals for population quantiles (Kovar et al., 1988)
was confirmed. The results obtained for the proposed empirical likelihood approach
in the case of the sugar cane farms and Swedish municipalities MU284 data imply that
some of regularity conditions (see Section 3.3) do not hold. The procedure to break up
ties in discrete data is an additional source of randomness that may been affecting the

estimation of confidence intervals.



Empirical Likelihood confidence intervals
for the persistent-risk-of-poverty

rate

5.1 Introduction

This chapter shows how the proposed empirical likelihood approach can be used to com-
pute confidence intervals for persistent-risk-of-poverty rate indicator, one of the set of
Laeken indicators; this set of 18 complex indicators of poverty and inequality was con-
ceived in the framework of the European Statistics on Income and Living Conditions
(EU-SILC) project which is the main instrument for the compilation of comparable indi-
cators of social cohesion in the European Union (Osier, 2009). Every year from 2003,
information on income, poverty and social inclusion are collected from approximately
300,000 households across Europe. In order to monitor poverty across the European
Union, several poverty indicator are estimated. The persistent-risk-of-poverty rate in-
dicator is the core EU-SILC longitudinal indicator. For a four-year panel, it is defined

as the share of persons who are at-risk-of-poverty at the fourth wave of the panel and
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at two of the three preceding waves. The at-the-risk-of-poverty threshold is set at 60%
of the national median equivalised disposable income after social transfers (Eurostat,
2012). The persistent-risk-of-poverty rate can be decomposed according to household
or personal characteristics (e.g. age group, gender, geographical region or most activity
status). However, the at-the-risk-of-poverty threshold was calculated over the popula-
tion total and not over the population breakdown or partition which is considered (Osier,
2009). We use EU-SILC survey user database from 2009.

5.2 Empirical confidence intervals for persistent-risk-

of-poverty rate

We adopted the approach described in Section 3.4 to construct the 95% empirical like-
lihood confidence intervals. The estimating function g;(f) of equation (3.1.1) for the
persistent-risk-of-poverty rate is defined as ¢;(0) = y; — 0y where y; = 1 if the individ-

ual 7 has a persistent-risk-of-poverty and y; = 0 otherwise.

Often the estimates in a survey are also intended for subpopulations or domains. The
simplest way to define domain is as a subpopulation for which separate point estimates
and confidence intervals are required before or after the survey planning stage. The
domain size is usually random. The domains form a disjoint partition of a population
into subsets. The introduction of the domain indicator membership function dy; serves
to divide the population U into D domains Uy, ..., Uy, ..., Up, where d;; = 1 if the

7 unit belongs to Uy and 44 = 0 otherwise (Sarndal et al., 1992). The domain size is
ZiGU 0ai = Na.

The maximum empirical likelihood estimate 0 of 6y is defined by the value of 6 which
minimises the function 77(f), defined by (3.3.1). As 7(f) is a positive function with a

minimum value of zero, g is the solution of 7(60) = 0.

If the parameter of interest is the persistent-risk-of-poverty for the domain d, we use

9i(0) = (yi — 6o)dai- (5.2.1)
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When 6 is the persistent-risk-of-poverty for a domain d, the g;(6) are given by (5.2.1)

and
§— iz Y| (5.2.2)
- > i Saim; B
which is the standard Héjek (1971) estimator of the persistent-risk-of-poverty.

When g;(#) is given by (5.2.1), the interval (3.5.3) gives a confidence interval for the
persistent-risk-of-poverty, if we have a single stage stratified sampling design. Most of
the EU-SILC surveys are multi-stage cluster surveys. Therefore, the approach described
in Section 3.4 cannot be directly implemented. We proposed to use an ultimate cluster
approach which consists in treating the primary sampling unit (PSU) totals estimates as a
response variable and the PSU as sampling units. The inclusion probabilities are the first-
order inclusion of the PSUs and the stratification used is at PSU level. Assuming that the
sub-sample is a probability sample selected in the PSU independently of the selection of
a sub-sample in another PSU, the variance estimation is consistent if there are at least two
sampled elements at each stage, or substratum if a stratified design were applied in the
first-stage units (Hansen et al., 1953). Within each PSU, sub-sampling of any complexity
may be involved. It is also necessary to have small sampling fractions. These conditions
are usually met with social surveys. However, there are exceptions. For example, the
EU-SILC survey for Belgium uses large sampling fractions, as the number of clusters
in the population is not large. If these conditions hold, the variance estimator (3.6.2)
is approximately unbiased and 7(6,) asymptotically a chi-squared distribution with one
degree of freedom. The persistent-risk-of-poverty rate estimation contains sampling
errors due to the estimation of the poverty thresholds. For simplicity, we assume that
the poverty threshold is fixed which ensures conservative confidence intervals (Berger
and Skinner, 2003).

Calibration and stratification variables were not available. We used the Nomencla-
ture of Territorial Units for Statistics (NUTS2) geographical region as a proxy for strat-
ification and the effect of calibration was ignored. The confidence intervals for the
persistent-risk-of-poverty rate are estimated for the overall population and domains de-

fined by gender and age groups. We adopted the approach described in Section 3.4 to
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construct confidence intervals, treating the sample of PSUs as a single stage sample.
Standard confidence intervals and rescaled bootstrap confidence intervals (Rao and Wu,
1988; Rao et al., 1992) were compute in order to allow the comparison with other avail-
able methods. The former assumes normal distributed data for its variance estimation;

the latter is based on resampling techniques.

The results are given in Table 5.1. The empirical likelihood confidence intervals
are consistent with the standard confidence intervals. The sampling distribution must
be approximately normal, as we do not observe large differences between these inter-
vals. Nevertheless, the bounds of the empirical likelihood intervals are always larger
than the bounds of the standard intervals and the bootstrap intervals tend to be located
between empirical likelihood intervals and standard interval. This difference is particu-
larly pronounced for Latvia. This is probably due to a slight skewness of the sampling
distribution and based on the three approaches evaluated here there is no evidence of
outstanding differences. The distribution of the persistent-risk-of-poverty rate, there-

fore, should be approximately normal.
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Table 5.1: Estimates of persistent-risk-of-poverty rate for 2009. 95% empirical likeli-
hood confidence intervals. The standard confidence intervals are given between brack-

ets. Rescaled bootstrap confidence intervals are given between squared brackets.

Country Rate % Lower % Upper %

Austria 59 4.6 (4.4) [4.5] 7.7 (7.5) [7.6]
Belgium 8.9 7.1 (6.9) [7.0] 11.3(11.0)[11.1]
Bulgaria 10.7 8.2 (7.9) [8.0] 13.9(13.4)[13.6]
Cyprus 11.0 9.1 (8.9) [9.1] 13.1(13.0)[12.9]
Czech Republic 3.6 2.5 (2.3) [2.4] 5.1 4.8) [5.0]
Denmark 6.3 4.6 (4.4) [45] 8.4 (8.2) [8.2]
Estonia 13.0 11.1(10.9)[11.1] 15.1(15.0)[15.1]
Spain 11.1 9.5 (9.4) [9.4] 12.9(12.8)[12.8]
Finland 6.9 55 (54) [5.5] 8.6 (8.4) [8.3]
France 6.9 6.0 (6.0) [5.9] 7.9 (7.8) [8.0]
Greece 14.5 11.8(11.8)[11.5] 17.8(17.2)[17.6]
Hungary 8.3 6.6 (6.5) [6.5] 10.4(10.1)[10.3]
Ireland 6.3 4.3 (3.7) [4.1] 9.5 (8.9) [8.9]
Iceland 4.2 24 (2.0) [2.0] 6.9 (6.4) [6.7]
Italy 13.4 11.2(11.3)[10.9] 16.0(15.5)[16.1]
Lithuania 11.7 9.2 (8.9) [9.1] 15.2(14.5)[15.0]
Luxembourg 8.8 6.9 (6.7) [6.9] 11.5(11.0)[11.2]
Latvia 17.7 14.0(13.5)[13.6] 23.9(22.0)[23.1]
Malta 6.2 4.6 (4.4) [4.5] 8.2 (8.0) [8.1]
Netherlands 6.4 4.1 (3.7) [3.7] 9.8 (9.0) [9.4]
Norway 54 4.2 (4.0) [4.1] 6.9 (6.7) [6.8]
Poland 10.2 7.5 (8.6) [7.4] 13.4(11.7)[13.4]
Portugal 10.0 7.8 (7.6) [7.7] 12.7(12.4)[12.5]
Sweden 5.7 44 (4.2) [4.2] 7.2 (7.1) [7.0]
Slovakia 5.0 3.5 (3.3) [3.4] 7.1 (6.7) [6.9]

United Kingdom

8.4

6.7 (6.5) [6.5]

10.5(10.2)[10.4]
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5.3 Estimation of confidence intervals for persistent-risk-

of-poverty rate for domains

We consider several domains of interest by cross-classifying gender (male and female)
and three age groups: (i) 16 year-old to 25 year-old; (ii) 25 year-old to 44 year-old and

(iii) older than 44 year-old. This produces six domains of study.

Table 5.2 gives the results for males and females. These results show the same pat-
tern as confidence intervals for the overall persistent-risk-of-poverty rate, under the em-
pirical likelihood, standard and rescaled bootstrap approaches. Ireland, Lithuania and
Latvia showed the most outstanding differences, particularly for the females domains,
and Netherlands and Poland for males domains, in the estimation of the lower and upper

bounds.

Consider the following two domains: males and females younger than 25 years old
(see Table 5.3). The pattern discovered in the previous section remained here. Latvia
exhibited the highest differences for the estimation of upper bound between the three
approaches. The males domain in Iceland is an example of standard confidence interval
drawbacks: the lower bound is negative. Poland’s rate estimation lower bound under the
standard approach was less than the confidence interval lower bound of the empirical

likelihood and rescaled bootstrap approaches.

The results for the age group from 25 year-old to 44 year-old are given in Table 5.4.
Note that the bounds of the standard intervals for males are negative for Ireland, Austria,
Malta and Denmark. The bootstrap bounds and the empirical likelihood bounds are
larger than the bounds of the standard intervals. These differences are more pronounced
for Austria, Malta, Denmark, the Netherlands, Estonia, Latvia and Greece. This is
due to the skewness of the sampling distribution. For Poland, the standard confidence
interval is smaller than the other confidence intervals. The lower bound of standard
confidence interval for female’s rate in Netherlands is negative; Ireland and Lithuania
presented the largest differences between the three confidence intervals. The bootstrap

bounds tends to be smaller than the bounds of the empirical likelihood intervals. This is
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probably due to the fact that with the bootstrap the lower tail coverage tends to be too

low and the upper tail coverage tends to be too large.

In Table 5.5, we consider the age group above 44 year-old. We have that Iceland has
a negative lower bound of the standard confidence interval. Finland, Denmark, Greece
and Latvia have the highest difference, particularly in the upper bound for males. An
atypical case of the standard confidence lower bound for females is verified in Poland.

This interval is shorter than the empirical likelihood and bootstrap confidence intervals.

These confidence intervals are for illustrative purpose only, and are not part of any
results officially released by Eurostat. The quality of these confidence intervals relies
on the availability and quality of the design variables. These confidence intervals are
likely to be conservative because the effect of calibration adjustment was not taken into
account. This effect may be more pronounced for Scandinavian countries which rely on
heavily on calibration adjustment. The confidence intervals for Belgium might be too

short because the sampling fraction is not negligible for Belgium.
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Table 5.2: Estimates of at-persistent-risk-of-poverty rate for 2009 by gender. 95% em-

pirical likelihood confidence intervals. The standard confidence intervals are given be-

tween brackets. Rescaled bootstrap confidence intervals are given between squared

brackets.
Country Rate % Lower % Upper % Country Rate % Lower % Upper %
Austria Iceland

Males 4.6 3.1 (2.9) [3.0] 6.9 (6.4) [6.6] Males 33 1.6 (1.2) [1.2] 6.1 (5.4) [5.5]

Females 7.1 5.5 (5.2) [5.3] 9.3 (9.0) [8.9] Females 5.1 2.7 (2.2) [24] 8.6 (7.9) [8.1]
Belgium Italy

Males 7.8 59 (5.7) [5.8] 10.1 (9.8) [9.8] Males 12.3 10(10.0) [9.9] 15.1(14.5)[14.9]

Females 10 7.8 (7.5) [7.5] 13.1(12.5)[12.9] Females 14.5 12.1(12.3)[11.9]  17.1(16.6)[17.2]
Bulgaria Lithuania

Males 9.7 7.1 (6.8) [6.9] 13.0(12.6)[12.5] Males 9.4 6.8 (6.5) [6.7] 12.9(12.3)[12.6]

Females 11.6 8.9 (8.6) [8.8] 15.1(14.5)[14.9] Females 13.7 10.8(10.5)[10.6]  17.9(16.9)[17.6]
Cyprus Luxembourg

Males 8.3 6.6 (6.4) [6.6] 10.3(10.2)[10.2] Males 7.8 5.8 (5.5) [5.6] 10.6(10.0)[10.0]

Females 13.5 11.2(11.0)[11.2]  16.1(15.9)[15.8] Females 9.9 7.6 (71.3) [74] 12.9(12.3)[12.6]
Czech Republic Latvia

Males 3.1 2.0 (1.6) [1.8] 5.3 (4.6) [4.9] Males 15.1 11(10.6)[10.5]  21.3(19.6)[20.4]

Females 39 2.9 (2.8) [2.8] 5.5 (5.1) [5.3] Females 20.0 15.9(15.3)[15.6]  26.9(24.6)[25.8]
Denmark Malta

Males 59 3.9 (3.6) [3.5] 8.6 (8.1) [8.3] Males 5.5 3.8 (3.5) [3.6] 8.1 (7.6) [7.7]

Females 6.7 4.6 (4.3) [4.3] 9.5 (9.0) [9.0] Females 6.9 5.1 (4.9) [5.0] 9.2 (8.9) [9.0]
Estonia Netherlands

Males 11.6 9.3 (9.0) [9.3] 14.5(14.1)[13.9] Males 7.4 44 (3.8) [40] 124(11.0)[11.7]

Females 14.1 11.9(11.8)[11.8]  16.6(16.5)[16.6] Females 5.4 3.2 (2.8) [3.0] 8.7 (8.0) [8.4]
Spain Norway

Males 10.5 8.8 (8.7) [8.6] 12.5(12.3)[12.3] Males 3.8 2.7 (2.5) [2.7] 5.3 (5.0) [5.2]

Females 12.6 10.9(10.8)[10.7]  14.6(14.5)[14.5] Females 6.9 49 4.7) [4.8] 9.6 (9.0) [9.3]
Finland Poland

Males 5.5 4.1 3.9) [4.1] 7.5 (7.2) [1.0] Males 10.3 7.5 (8.6) [7.5] 13.7(11.9)[13.4]

Females 8.2 6.4 (6.2) [6.1] 10.5(10.3)[10.3] Females 10.1 7.5 (8.5) [7.3] 13.3(11.6)[13.1]
France Portugal

Males 6.2 53 (5.2) [5.1] 7.3 (71.2) [1.3] Males 9.4 7.1 (6.8) [7.0] 12.4(12.0)[12.3]

Females 7.6 6.6 (6.6) [6.5] 8.7 (8.6) [8.7] Females 10.5 8.2 (7.9) [8.0] 13.6(13.1)[13.2]
Greece Sweden

Males 13.9 10.9(10.8)[10.7]  18.1(17.1)[17.5] Males 45 33 (3.1) [3.2] 6.1 (5.9) [5.9]

Females 15.1 12.2(12.2)[12.1]  18.4(17.9)[18.1] Females 6.8 5.1 (4.9) [5.0] 8.8 (8.6) [8.7]
Hungary Slovakia

Males 8.8 7.0 (6.8) [6.7] 11.2(10.9)[10.8] Males 4.8 3.0 (2.6) [2.7] 7.5 (6.9) [6.9]

Females 7.8 6.2 (6.0) [6.0] 9.9 (9.6) [9.7] Females 53 3.8 (3.6) [3.7] 7.1 (6.9) [6.9]
Ireland United Kingdom

Males 59 3.8 (3.3) [3.6] 8.8 (8.4) [8.4] Males 8.0 6.2 (6.0) [6.1] 10.2(10.0) [9.9]

Females 6.8 45 (3.7 [42] 10.7 (9.8) [9.8] Females 8.7 6.8 (6.6) [6.7] 11.2(10.8)[11.1]
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Table 5.3: Estimates of at-persistent-risk-of-poverty rate for 2009 by gender and age

group < 25 years old. 95% empirical likelihood confidence intervals. The standard

confidence intervals are given between brackets. Rescaled bootstrap confidence inter-

vals are given between squared brackets.

Country Rate % Lower % Upper % Country Rate % Lower % Upper %
Austria Iceland

Males 2.1 0.7 (0.2) [0.3] 5.0 (4.2) [44] Males 33 0.9(-0.2) [0.4] 8.4 (6.8) [7.2]

Females 3.9 1.4 (0.5) [0.8] 8.7 (1.3) [7.9] Females 6.7 3.0 (2.1) [23]  12.7(11.3)[12.0]
Belgium Italy

Males 8.9 5.6 (49) [5.2] 13.6(12.8)[12.8] Males 16.5 12.3(12.1)[12.0]  22.1(21.0)[22.1]

Females 9.2 4.7 (3.5) [3.9] 17.6(15.0)[15.7] Females 17.9 13.4(13.9)[13.2]  23.2(21.8)[23.2]
Bulgaria Lithuania

Males 15.6 10.1 (9.8) [9.3] 23.1(21.5)[22.5] Males 11.1 6.0 (5.1) [5.3] 19.4(17.1)[18.6]

Females 11.2 6.5 (5.7) [59] 18.2(16.7)[17.6] Females 154 9.2 (8.5) [8.2] 25.2(22.4)[24.1]
Cyprus Luxembourg

Males 4.5 24 (1.8) [2.1] 7.8 (1.2) [7.3] Males 13.2 9.1 (8.4) [8.8] 19.6(18.0)[19.0]

Females 7.3 42 (3.6) [3.8] 11.9(11.0)[11.5] Females 15.3 10.5 (9.9)[10.0] 22.5(20.6)[21.4]
Czech Republic Latvia

Males 6.2 33 (24) [29] 12.3(10.1)[10.9] Males 17.6 9.8 (8.7) [79] 33.4(26.4)[31.1]

Females 4.8 2.6 (1.9) [2.1] 9.1 (7.8) [8.2] Females 21.2 11.9 (9.8)[10.3]  42.5(32.6)[36.6]
Denmark Malta

Males 3.0 1.1 (0.4) [0.6] 6.7 (5.6) [6.0] Males 6.0 33 (2.6) [3.0] 10.3 (9.4) [9.6]

Females 34 1.1 (0.0) [0.3] 8.4 (6.8) [7.0] Females 74 43 (3.7 [3.9] 12.0(11.2)[11.5]
Estonia Netherlands

Males 13.9 9.6 (9.0) [9.0] 20.4(18.8)[19.6] Males 12.5 54 (3.9) [43] 25.5(21.0)[23.8]

Females 104 7.2 (6.7) [6.8] 15.0(14.2)[14.5] Females 54 1.8 (0.5) [1.1]  12.6(10.4)[11.0]
Spain Norway

Males 12.8 9.7 (9.5 [9.71 16.8(16.2)[16.9] Males 5.8 3.4 (29) [3.1] 9.8 (8.7) [9.0]

Females 15.6 11.9(11.7)[11.7]  20.3(19.5)[19.6] Females 7.9 49 4.5) [47] 12.6(114) [12]
Finland Poland

Males 34 1.9 (1.5) [1.7] 59 (5.2) [54] Males 14.7 10.5(11.8)[10.2]  20.2(17.6) [20]

Females 54 3.2 (2.6) [3.2] 8.9 (8.2) [8.3] Females 15.5 11.1(12.4)[10.5]  21.6(18.6) [21]
France Portugal

Males 8.3 6.6 (6.5) [6.6] 10.5(10.2)[10.3] Males 10.2 6.0 (5.2) [5.5] 16.6(15.2)[15.5]

Females 10.1 8.0 (7.9) [7.9] 12.6(12.2)[12.4] Females 9.7 5.7 (49) [5.3] 15.8(14.5)[15.1]
Greece Sweden

Males 17.0 11.8(11.6)[11.2]  23.6(22.3)[22.8] Males 5.1 3.0 (2.6) [2.6] 8.1 (7.6) [7.9]

Females 14.9 10.6(10.4)[10.1]  20.8(19.5)[20.2] Females 6.0 33 (2.7) [3.0] 10.3 (9.2) [9.6]
Hungary Slovakia

Males 16.6 12.2(12.0)[12.0]  22.5(21.2)[22.1] Males 7.0 3.7 (2.8) [3.2] 13.1(11.2)[12.3]

Females 13.1 9.0 (8.6) [8.6] 18.8(17.5)[18.1] Females 6.1 34 (29) [3.1] 10.1 (9.3) [9.8]
Ireland United Kingdom

Males 9.4 4.7 (3.4) [3.8] 17.0(15.3)[16.1] Males 9.8 6.3 (5.9) [6.3] 14.6(13.8)[14.2]

Females 5.1 24 (1.1) [2.0] 10.6 (9.0) [9.1] Females 9.9 5.6 (4.8) [5.1] 17.2(15.1)[16.4]
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Table 5.4: Estimates of at-persistent-risk-of-poverty rate for 2009 by gender and age

group between 25 and 44 year old. 95% empirical likelihood confidence intervals. The

standard confidence intervals are given between brackets. Rescaled bootstrap confi-

dence intervals are given between squared brackets.

Country Rate % Lower % Upper % Country Rate % Lower % Upper %
Austria Iceland

Males 2.1 0.5(-0.5) [0.1] 6.5 (4.8) [5.3] Males 3.6 1.4 (0.6)[0.9] 7.5 (6.5) [7.3]

Females 4.7 2.5 (1.9) [2.0] 8.4 (7.5) [71.7] Females 6.4 2.8 (1.8)[2.0] 12.7(11.1)[11.7]
Belgium Italy

Males 5.6 3.0 24) [2.6] 9.9 (8.9) [94] Males 9.5 7.1 (7.1)[6.9] 12.8(12.0)[12.4]

Females 8.6 5.5 (5.1) [5.1] 12.8(12.1)[12.1] Females 12.5 9.7 (9.9)[9.4] 15.9(15.1)[15.6]
Bulgaria Lithuania

Males 6.6 3.7 (3.1) [3.3] 11.0(10.1)[10.4] Males 8.0 4.7 4.1)[4.3] 12.9(12.0)[12.9]

Females 8.9 53 (4.6) [49] 14.3(13.1)[13.8] Females 9.8 57 (5)[5.51 16.2(14.6)[15.0]
Cyprus Luxembourg

Males 2.4 1.0 (0.6) [0.7] 49 4.3) [4.4] Males 6.4 44 A[4.2] 9.5 (8.9) [9.1]

Females 44 24 (2.0) [2.1] 7.3 (6.8) [7.1] Females 10.6 7.7 (71.3)[7.3] 14.6(13.8)[13.9]
Czech Republic Latvia

Males 1.5 0.7 (0.3) [0.4] 3.3 (2.8) [3.0] Males 10.3 6.1 (5.0)[5.4] 17.4(15.6)[15.3]

Females 35 2.1 (1.8) [1.9] 5.8 (5.3) [54] Females 9.4 6.0 (5.6)[5.9] 14.3(13.2)[13.5]
Denmark Malta

Males 35 1.1(-0.1) [0.7] 8.9 (7.0) [7.8] Males 29 1.0(-0.1)[0.6] 7.8 (5.9) [6.1]

Females 4.1 1.6 (0.8) [1.2] 8.5 (7.3) [7.6] Females 3.1 1.5 (1.0)[1.2] 5.8 (5.2) [5.3]
Estonia Netherlands

Males 7.4 4.1 (29) [3.5] 14.7(12.0)[13.1] Males 52 1.9 (0.7)[1.3] 11.7 (9.8)[10.2]

Females 73 5.0 (4.5) [49] 10.7(10.2)[10.2] Females 3.6 1.0(-0.2)[0.4] 9.3 (74) [8.1]
Spain Norway

Males 7.7 5.8 (5.5) [5.5]  10.2 (9.9)[10.1] Males 4.1 2.4 (2.0)[2.1] 6.9 (6.2) [6.3]

Females 9.0 7.0 (6.8) [7.0] 11.5(11.2)[11.4] Females 34 2.0 (1.7)[1.8] 5.5 (5.0) [5.0]
Finland Poland

Males 29 1.5 (1.2) [1.3] 5.1 (4.6) [4.9] Males 8.6 5.9 (6.3)[5.3] 12.5(10.8)[12.1]

Females 2.4 1.3 (0.9) [1.0] 4.2 (3.8) [3.9] Females 9.4 6.9 (7.9)[6.7] 12.5(11.0)[12.6]
France Portugal

Males 45 33 (3.2) [3.2] 6.0 (5.8) [6.0] Males 7.1 42 3. 7[3.7] 11.3(10.6)[10.9]

Females 7.3 5.8 (5.6) [5.7] 9.2 (8.9) [9.0] Females 7.0 3.9 (3.2)[3.4] 12.0010.8)[11.3]
Greece Sweden

Males 11.3 7.5 (6.7) [7.0] 18.3(16.0)[17.0] Males 3.8 2.1 (1.7)[2.0] 6.4 (6.0) [6.2]

Females 16.8 12.4(12.4)[12.2]  22.3(21.2)[21.8] Females 4.2 24 (2.D)[2.1] 6.8 (6.4) [6.7]
Hungary Slovakia

Males 7.0 5.0 4.7) [4.9] 9.7 (9.3) [9.5] Males 3.0 1.5 (1.2)[1.3] 5.1 (4.7) [4.8]

Females 8.3 6.0 (5.8) [5.7] 11.2(10.8)[10.7] Females 3.8 2.1 (1.7)[1.9] 6.5 (5.9) [6.0]
Ireland United Kingdom

Males 0.5 0.1 (-0.3) [0.0] 1.8 (1.3) [1.6] Males 52 2.6 (1.8)[2.2] 9.9 (8.6) [8.9]

Females 53 2.0 (0.3) [1.3] 12.8(10.3)[10.7] Females 7.3 4.5 4.1)[4.3] 11.2(10.5)[10.8]
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Table 5.5: Estimates of at-persistent-risk-of-poverty rate for 2009 by gender and age

group > 44 year-old. 95% empirical likelihood confidence intervals. The standard con-

fidence intervals are given between brackets.

are given between squared brackets.

Rescaled bootstrap confidence intervals

Country Rate % Lower % Upper % Country Rate % Lower % Upper %
Austria Iceland

Males 7.3 5.0 (4.6) [4.6] 10.8(10.1)[10.6] Males 3.1 1.0(-0.2) [0.5] 8.4 (6.5) [7.0]

Females 9.5 74 (7.2) [7.31 12.3(11.9)[12.3] Females 32 1.0 (0.1) [0.6] 7.6 (6.2) [6.3]
Belgium Italy

Males 8.4 6.0 (5.8) [5.7] 11.4(11.0)[11.1] Males 11.8 9.7 (9.7) [9.5] 14.3(13.9)[14.1]

Females 11.1 8.4 (8.2) [8.2] 14.4(13.9)[14.4] Females 14.1 12.1(11.9)[12.1]  16.4(16.3)[16.3]
Bulgaria Lithuania

Males 8.8 6.5 (6.3) [6.5] 11.6(11.3)[11.6] Males 9.1 6.6 (6.4) [6.6] 12.2(11.7)[11.8]

Females 13.0 10.2 (9.9) [9.9] 16.4(16.1)[16.0] Females 14.7 12.1(12.0)[12.0]  17.8(17.4)[17.6]
Cyprus Luxembourg

Males 144 11.4(11.3)[11.3]  17.9(17.6)[17.7] Males 53 3.5 (3.1) [3.1] 8.4 (7.6) [7.9]

Females 21.8 18.3(18.2)[18.2]  25.8(25.4)[25.5] Females 6.5 45 4.1) [4.2] 9.6 (8.9) [8.9]
Czech Republic Latvia

Males 24 1.5 (1.3) [1.4] 3.8 (3.5) [3.6] Males 17.1 12.9(12.4)[12.7]  23.0(21.9)[22.1]

Females 3.8 2.9 (29) [2.8] 49 4.7) [4.8] Females 25.0 20.6(20.5)[20.3]  31.2(29.4)[30.1]
Denmark Malta

Males 8.8 5.7 (5.2) [5.2] 13.5(12.5)[13.1] Males 6.7 43 (3.6) [3.9] 11.3 (9.8)[10.2]

Females 9.4 6.3 (6.0) [6.1] 13.7(12.9)[12.9] Females 8.8 6.3 (6.1) [6.1] 11.7(11.4)[11.4]
Estonia Netherlands

Males 12.8 9.8 (9.6) [9.9] 16.5(16.0)[16.3] Males 55 3.3 (2.9) [3.0] 8.8 (8.2) [8.5]

Females 19.3 15.9(15.8)[15.7]  23.3(22.7)[23.2] Females 6.3 3.7 (3.3) [34] 10.2 (9.3) [9.6]
Spain Norway

Males 11.2 9.3 (9.2) [9.3] 13.4(13.2)[13.3] Males 2.4 1.2 (0.8) [0.9] 4.6 (4.0) [4.3]

Females 134 11.2(11.1)[11.0]  15.9(15.7)[15.8] Females 8.1 49 (44) [43] 12.9(11.8)[12.3]
Finland Poland

Males 8.9 6.1 (5.7) [5.8] 13.2(12.0)[12.6] Males 8.5 6.3 (7.0) [6.1] 11.3(10.1)[11.2]

Females 13.2 9.7 (9.5) [9.2] 17.5(16.8)[17.2] Females 7.7 5.7 (6.4) [54] 102 (9.0) [9.9]
France Portugal

Males 5.8 4.7 4.7) [4.7] 7.1 (6.9) [7.0] Males 10.2 7.6 (7.4) [7.3] 13.6(13.1)[13.5]

Females 6.5 5.6 (5.5) [5.5] 7.6 (1.5) [1.7] Females 124 9.7 (9.6) [9.4] 15.7(15.3)[15.5]
Greece Sweden

Males 14.1 11.0(10.8)[10.7]  18.4(17.4)[17.9] Males 4.6 3.0 (2.8) [2.8] 6.6 (6.3) [6.4]

Females 14.0 11.1(11.0)[11.0] ~ 17.8(17.0)[17.5] Females 8.6 6.2 (6.0) [6.1] 11.7(11.2)[11.3]
Hungary Slovakia

Males 4.8 3.6 (34) [3.3] 6.4 (6.2) [6.2] Males 42 25 (2.2) [24] 6.7 (6.2) [6.1]

Females 5.0 3.8 (3.7) [3.8] 6.4 (6.3) [6.3] Females 5.7 4.1 (3.9) [4.0] 7.8 (1.5) [7.8]
Ireland United Kingdom

Males 6.1 3.8 (3.3) [3.6] 9.3 (8.9) [9.0] Males 8.6 6.7 (6.6) [6.5] 11.0(10.7)[10.7]

Females 9.0 6.0 (5.3) [5.8] 13.4(12.7)[12.7] Females 9.0 7.0 (6.9) [7.0] 1L.5(11.1)[11.2]




Empirical Likelihood confidence intervals for the persistent-risk-of-poverty
rate 97

5.4 Concluding remarks

The results presented here are applications of the ultimate cluster approach where the
sampling primary units are treated as units. The coverage of standard confidence inter-
vals can be poor with skewed variables, or cannot preserve the range of the parameter
space, for instance, the negative lower bounds in the case of domains of age and gender.
The proposed approach is simpler than linearisation, naturally includes calibration. The
proposed approach allows the calculation of likelihood ratio confidence intervals which

is not the case for the calibration approach.

Bootstrap confidence intervals is an alternative approach in order to derive confi-
dence intervals but it is more computationally intensive, especially with calibration
weights and improvement of accuracy of bootstrap confidence intervals requires a con-
siderable number of iterations. The empirical likelihood confidence intervals for the
persistent-risk-of-poverty rate tend to be have an upward shift, compared with the boot-
strap and standard confidence intervals, this can be explain by the fact the empirical

likelihood preserve the range of the parameter space.



Algorithms for obtaining weights and
intervals 1n the empirical likelihood

approach

6.1 Introduction

The results presented in Chapter 3 correspond to an implementation of simulation anal-
yses using artificial populations proposed by Wu and Rao (2006), and in Chapter 4
the simulation studies included the Wu and Rao (2006) population, sugar cane harvest
(Chambers and Dunstan, 1986) and Swedish municipalities data (Sidrndal et al., 1992),
and in Chapter 5 the analyses were performed using the persistent-risk-of-poverty rate
indicator from EU-SILC survey user database, 2009. In this chapter, explanation of the
key computational algorithms are provided for the proposed empirical likelihood point
estimators, and the construction of empirical likelihood confidence intervals for the pa-
rameter of interest in the beforehand mentioned data sets. The computational tasks

require the estimate of 7m; and ¢(m). Note that, the crucial algorithm is the computation
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of the vector 1, which is such that Equation (3.2.2) holds. The computational codes

written in the statistical software R (R Core Team, 2012) are remitted to Chapter 6.

6.2 Algorithms

The computational routines to determine empirical likelihood point estimators and con-
fidence intervals depend in mainly in the Algorithm 6.1, which finds 77 using a modified
Newton-Raphson method (Wu, 2005), where 1 is the solution to (3.2.5) given ¢; and
C. The modification needs finding the vector solution 7 in a range such that ;' > 0
for all ¢ (Chen et al., 2002). The modification ensure that the concave function (3.2.1)

converges to the global maximum (see Section 3.2 for an extended description).

Algorithm 6.1: Estimation of 77 using a modified Newton-Raphson procedure.

Step 1. Letny =0,k = 0 and ¢ = 10712,

Step 2. Compute A (170) and C — f (o).

Step 3. Solve A (nx) (m —no) = C — f(n), and define the solution as ~.

Step4. If | A () [C — F(mu)] ||< € stop the procedure, return 7;,; otherwise
continue with next step.

Step 5. While mz’m’mum{m + (Mg — 'yk)Tci} < 0, replace vy, by i /2, otherwise
continue with next step.

Step 6. Set 11 = M — ¥ and go to step 2.

The value of m is replaced in the following equation: m; = (m + nTci) , then the 6,
can be estimated by § which is the solution of the estimating equation (3.1.1). In step
2 in Algorithm 6.1, the vectors ¢;, C are modified accordingly to the sampling design

considered (PPS sampling, 7PS sampling or Rao-Hartley-Cochran sampling).

The algorithm for computing the lower (or upper) bound of an empirical likelihood

confidence interval, under sampling with unequal probability is described in Algorithm



100 6.2 Algorithms

6.2. The seeking algorithm includes a previous stage to avoid searching for the lower
(or upper) bound at extremely distant values from 0, the empirical likelihood estimator
of Ay, where convergence may not be reached and reduces the computation time. In
step 1 of Algorithm 6.2, the quantities m; are estimated accordingly to the approach
considered, step 7 is associated with f and therefore the estimating equation (3.3.2) has
to be adapted in accordance with the parameter of interest §, which can be a mean, total,

quantile or the persistent-risk-of-poverty rate.

Algorithm 6.2: Lower (or upper) bound of the empirical likelihood confidence interval.

Step 1. Find the values of the weights m,; and g(the empirical likelihood estimator
of 6y).

Step 2. Setb; = 0 and by = min(y;) (or by = max(y;) for the upper bound).

Step 3. Set £ = 0 and leap = |b; — bo|/#p, where £p is the number of partitions of
interval |b; — by|.

Step4. Setk=k+ 1land 7y = o — leap x k (or g = 0+ leap x k for the upper
bound), find the solution to Equation (3.3.2) for ar<7'0) and replace it in
the Equation (3.3.1) in order to obtain the estimator 7(79).

Step 5. If 7(15) > x2(c0), set by = O and by = 6 — leap x (k + 1) (or by =
0+ leap x (k + 1) for the upper bound); otherwise go to step 4.

Step 6. If |b; — by| < 1075, stop and set the lower bound LB = (b; + by)/2 (or
UB = (b + by)/2 for the upper bound). Otherwise, 7 = (by + by)/2.

Step 7. Find the solution to Equation (3.3.2) for GW(T) and replace it in the Equa-
tion (3.3.1) in order to obtain the estimator 7(7).

Step 8. If 7(7) > x3(«), set by = 7. Otherwise b; = 7. Go to step 6.
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Figure 6.2: Empirical likelihood ratio confidence intervals for 6,

Figure 6.2 shows the convexity of the empirical likelihood ratio function 7(#) which
is evaluated against the cut-off value, 3.84, of the X% distribution under the desired
confidence level of (1 — )% with a = 0.05. The values of 6§ where 7(6) = 3.84 define

the upper bound and lower bound of the empirical likelihood confidence intervals.



Conclusions

Standard confidence intervals based on the central limit theorem and pseudo empirical
likelihood confidence intervals require variance estimates which often involve lineari-
sation or resampling. The coverage of standard confidence intervals can be poor with
skewed variables or when the sampling distribution is not normal. The coverage and the
tail errors can be also different from their intended levels. Even if the parameter of inter-
est is not linear, the proposed method does not rely on normality of the point estimator,
variance estimates, linearisation, resampling, and joint inclusion probabilities. Empir-
ical likelihood confidence intervals can be easier to compute than standard confidence
intervals based on variance estimates. The coverage of the proposed approach is usually
better, as empirical likelihood confidence intervals are determined by the distribution of

the data and the range of the parameter space is preserved.

There is an analogy between the proposed empirical likelihood approach and cal-
ibration (Huang and Fuller, 1978; Deville and Sirndal, 1992), as the function (3.2.1)
can be viewed as a calibration objective function, and the empirical likelihood estimator
is asymptotically equivalent to a calibrated regression estimator (3.3.12). The objec-
tive functions used for calibration are disconnected from mainstream statistical theory.
However, the proposed objective function (3.2.1) is related to the concept of likelihood.

The advantage of the proposed empirical likelihood approach over standard calibration
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is the fact that (3.2.1) can be used to construct likelihood ratio confidence intervals.
Empirical likelihood approaches are more general than calibration, and can be used for
a wider class of parameters. The bootstrap is an alternative approach which can be
used to derive non-parametric confidence intervals. The accuracy of the bootstrap con-
fidence intervals has only been shown theoretically in a few particular cases (Rao and
Wu, 1988). The proposed approach is simpler to implement and less computationally
intensive than the bootstrap, especially with calibration weights. Our simulation study
also shows that bootstrap confidence intervals may not have the right coverage and may
be more unstable. From a practical point of view, the bootstrap is usually preferred be-
cause it does not rely on analytic derivation. The proposed approach possesses the same
property, as it does not rely on any analytic derivation. Unlike the pseudo empirical
likelihood approach, the proposed approach does not rely on variance estimates which
could be difficult to estimate for complex parameters. This means that the proposed
approach can be applied to a wider class of parameters. The proposed approach is also
simpler to implement than the pseudo empirical likelihood. The simulation shows that

the proposed approach may give better confidence intervals.

When the sample size is large, the Woodruff approach gives confidence intervals
which are as good as the empirical likelihood confidence intervals in term of coverage
and stability of the confidence intervals. However, the Woodruff approach relies on
variance estimates and joint inclusion probabilities. Furthermore, this approach is only
designed for quantiles. As mentioned before, the empirical likelihood approach can be
used for a wider class of point estimators. The results presented here for the estimation
of confidence intervals for the EU-SILC data are application of the ultimate cluster ap-
proach where the primary sampling units are treated as units. The coverage of standard
confidence intervals can be poor with skewed variables, or cannot preserve the range
of the parameter space, for instance, the negative lower bounds in the case of domains
of age and gender. The proposed approach is simpler than linearisation, and naturally
includes calibration. The proposed approach allows the calculation of likelihood ratio
confidence intervals which is not the case for the calibration approach. Bootstrap confi-

dence intervals is an alternative approach in order to derive confidence intervals but it is
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more computationally intensive, especially with calibration weights. An improvement
of accuracy of bootstrap confidence intervals requires a considerable increasing in the
number of iterations. The empirical likelihood confidence intervals for the persistent-
risk-of-poverty rate tend to be have an upward shift, compared with the bootstrap and
standard confidence intervals. This can be explained by the fact the empirical likelihood

confidence intervals preserve the range of the parameter space.

Generalisation of the proposed empirical likelihood to multi-stage sampling with
large fraction, estimation of confidence intervals for quantiles using auxiliary informa-

tion, non-response, samples with relatively small size are areas of future research.






Appendix A

R functions for the empirical likelihood

confidence intervals for survey data

A.1 Description of functions

In this appendix are described the main functions, written in the statistical software R
(R Core Team, 2012), used in the simulation studies of this thesis. Only the functions
for the implementation of the proposed empirical likelihood approach are considered.
Functions for the implementation of compared approaches (standard methods based on
normal distribution of data, pseudo empirical likelihood and bootstrap methods) are
omitted. For these original papers are cited in the thesis. In this appendix, the functions
related to the estimation of confidence intervals are limited only for the lower bound
limit, the upper bound limit functions are similar, only the direction for the seeking
should be inverted as it is indicated in Algorithm 6.2. The functions including a short

description are ordered alphabetically in the following list.



R functions for the empirical likelihood confidence intervals for survey data 107

Function

Description

EST.EQ.MEAN

EST.EQ.QTILE

ETA

LB.MEAN.CALIB

LB.MEAN.CALIB.LSF

LOGLm

Defines an estimating equation whose unique
solution is the population mean (see Section
3.1).

Defines an estimating equation whose unique
solution is the population quantile ¢, 0 < ¢ < 1
(see Section 4.1).

Computes the vector of 1) using the modified
Newton-Raphson method (Wu, 2005; Polyak,
1987, see Section 3.2.2).

Computes the lower bound of the empirical
likelihood confidence interval for the point es-
timator of a population mean when sampling
fraction is negligible (nN~! < 10%, Cochran,
1977) and auxiliary information is available
(see Section 3.7). Functions ETA and LOGLm
are called first.

Computes the lower bound of the empirical
likelihood confidence interval for the point es-
timator of a population mean when sampling
fraction is non-negligible (nN~! > 10%,
Cochran, 1977)and auxiliary information is
available (see Section 3.8). Functions ETA and
LOGLm are called first.

Computes the empirical log-likelihood ¢(m)
(see Section 3.2) derived from the sum of the
logarithm of m;. The estimation of the mass
units m; is based on the vector 7, the output of
ETA function.
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A.1 Description of functions

Function

Description

LOWER.BOUND .MEAN

LOWER.BOUND .MEAN.LSF

LOWER.BOUND.QUANTILE

LOWER.BOUND.QUANTILE.LSF

WEIGHTS.mi

Computes the lower bound of the empirical
likelihood confidence interval for the point es-
timator of a population mean when sampling
fraction is negligible (see Section 3.5). Func-
tions ETA and LOGLm are called first.
Computes the lower bound of the empirical
likelihood confidence interval for the point es-
timator of a population mean when sampling
fraction is non-negligible (see Section 3.8).
Functions ETA and LOGLm are called first.
Computes the lower bound of the empirical
likelihood confidence interval for the point es-
timator of a population quantile Y, when sam-
pling fraction is negligible (see Section 3.7 and
4.2). Functions ETA and LOGLm are called first.
Computes the lower bound of the empirical
likelihood confidence interval for the point es-
timator of a population quantile Y, when sam-
pling fraction is non-negligible (see Section 3.7
and 4.2). Functions ETA and LOGLm are called
first.

Computes the vector of values m; (see (3.2.5)).
The estimation of the mass units 7; is based on

the vector 17. Function ETA is called first.
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A.2 R codes for empirical likelihood functions

EST.EQ.MEAN—Defines an estimating equation whose unique solution is the popula-
tion mean (see Section 3.1).

function (N, mat.c,n,Pi.s,phi)

{

# EST.EQ.MEAN

# N = population size

# mat.c = matrix which each column represents a vector of design

# variables, auxiliary variables or constraint variables and

# the variable of interest

# Pi.s = vector of inclusion probabilities

# phi = point estimator of the population mean

# The sample size n is defined by other function that uses EST.EQ.MEAN
# for the searching of confidence intervals

gi<-mat.c[,ncol (mat.c)]-(phi*N/n)«Pi.s
return (gi)

}

EST.EQ.QTILE— Defines an estimating equation whose unique solution is the pop-
ulation quantile ¢, 0 < ¢ < 1 (see Section 4.1).

function (N, mat.c,theta,gtile)

{

# EST.EQ.QTILE

# N = population size

# mat.c = matrix which each column represents a vector of design
# variables, auxiliary variables or constraint variables
# and the variable of interest

yi.g<-mat.c[,ncol (mat.c)]
yi.knot<-yi.qgl[l]-(yi.qgl[2]-yi.qgql[l])
yi.g<-c(yi.knot,vyi.q)

vec.rho<-NULL

for (i.g in 2:length(yi.q))
{delta.lag<-0

if(yi.gli.g-1]<=theta) {delta.lag<-1}
delta<-0

if(yi.gli.g]<=theta) {delta<-1}
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#

#eta.rho is an interpolation function of the step distribution

#function used to find a unique solution
#

eta.rho<-

delta+

(theta-yi.q[i.9-1]1)/(yi.qgli.gl-yi.gq[i.9-1])* (delta.lag)*(l-delta)
vec.rho<-c(vec.rho, (eta.rho-gtile)) }
return (vec.rho)

}

ETA— Computes the vector of 1 using the modified Newton-Raphson method (Wu,
2005; Polyak, 1987), where 7 = Nn~!X (see Section 3.2.2).

function (N, mat.c,Pi.s,Vec.C)

{

# ETA

# compute the vector eta

# N = population size

# mat.c = matrix which each column represents a vector of design

# variables, auxiliary variables or constraint variables and
# the variable of interest

# Vec.C = vector of known quantities

# Pi.s = vector of inclusion probabilities

mat.c<-as.matrix (mat.c)

n<-length (Pi.s)

eta<-0«Vec.C

dif<-1

tol<-le-12

while (dif>tol) {

f<-0«Vec.C

fl<-0xVec.C

delta<-f%*%t (f)

for(i in 1:n) {

mi<-as.numeric( Pi.s[i]+t (eta)%*%(mat.c[i,]))
fl<-fl+( mat.c[i,]/ (n*mi) )

delta<-delta—-( mat.c[i,]%*%t (mat.c[1,])/mi~2)) }
f<-f1/N
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etal<-solve (delta, (f-Vec.C/N),tol=1le-14)
dif<-t (f-Vec.C/N)%*% (f-Vec.C/N)

rule<-1

while (rule>0) {

rule<-0

if( min(Pi.s+t (eta-etal) $*%t (mat.c))<=0)
rule<-rule+l

if (rule>0)

etalO<-etal/2 }

eta<-eta-etal}

return (eta)

}

LB.MEAN.CALIB— Computes the lower bound of the empirical likelihood confidence
interval for the point estimator of a population mean when sampling fraction is negligi-
ble (nN~! < 10%, Cochran, 1977) and auxiliary information is available (see Section
3.7). Functions ETA and LOGLm are called first.

function(Q.chisqg,N,mat.c,Pi.s,Vec.C,theta)

{

# LB.MEAN.CALIB

# Estimation of the empirical likelihood confidence

# interval lower limit for negligible sampling fraction

# and auxiliary information available

# Q.chisg = alpha level of the empirical likelihood confidence interval
# N = population size

# mat.c = matrix which each column represents a vector of design

# variables, auxiliary variables or constraint variables and
# the variable of interest

# Pi.s = vector of inclusion probabilities

# Vec.C = vector of known quantities

#

theta = point estimator parameter of interest
cut<-gchisqg(Q.chisqg, 1)

n<-length (Pi.s)

#

# Estimating equation specified for a population mean
#

EST.EQ.MEAN<-function (N,mat.c,n,Pi.s,phi)
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{gi<-mat.c[,ncol (mat.c)]-(phi*N/n)«Pi.s;return(gi)}

eta.vector<-

ETA(N,mat.c[,—ncol (mat.c)],Pi.s,Vec.C[—nrow(Vec.C),])

mi.restricted<-—

Cc(WEIGHTS.mi (N, mat.c[, —ncol (mat.c)],Pi.s,eta.vector))

zi.dot<-mat.c[,ncol (mat.c)-1]/(Pi.s*mi.restricted)

mat.c[,ncol (mat.c)-1]<-zi.dot

lam<-

ETA(N,mat.c[,—ncol (mat.c)],1l/mi.restricted,
Vec.C[-nrow (Vec.C),] )

LogLik<-

LOGLm (N, as.matrix (mat.c[, —ncol (mat.c)]),1l/mi.restricted,
Vec.C[-nrow (Vec.C),],lam)

tl<-theta

t2<-min(mat.c[,ncol (mat.c)])

leap<-(t1-t2)/10

k1<-0

elrtl<-0

stp<-1

while (stp<cut)

{kl<-k1+1

taul<-theta-leapxkl

Vec.Cl<-matrix (c(Vec.C[-nrow (Vec.C),],0))

gil<-EST.EQ.MEAN (N, mat.c,n,Pi.s,taul)

mat.gil<-cbind(mat.c[, -ncol (mat.c)],gil)

vec.laml<-ETA (N,mat.gil,1/mi.restricted,Vec.Cl)

LogLik.Y1<-LOGLm (N, mat.gil,1/mi.restricted,Vec.Cl,vec.laml)

elrtl<-(2x (LogLik-LogLik.Y1l ))

stp<-elrtl}

taul<-theta-leap~* (k1l+1)

t2<-taul

crit<-tl-t2

elrt<-0

while (crit>1e-06)

{tau<-(tl+t2)/2

Vec.C2<-matrix (c (Vec.C[—-nrow (Vec.C),],0))

gi2<-EST.EQ.MEAN (N, mat.c,n,Pi.s,tau)
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mat.gi2<-cbind(mat.c[,-ncol (mat.c)],gi2)
vec.lam2<-ETA (N, mat.gi2,1/mi.restricted,Vec.C2)
LogLik.Y2<-LOGLm (N, mat.gi2,1/mi.restricted,Vec.C2,vec.lam2)
elrt2<- (2 (LogLik-LogLik.Y2 ))

if (elrt2>cut) t2<-tau

if (elrt2<=cut) tl<-tau

crit<-tl1-t2}

LB<—-(t2+tl1) /2

return (LB)

}

LB.MEAN.CALIB.LSF— Computes the lower bound of the empirical likelihood con-
fidence interval for the point estimator of a population mean when sampling fraction is
negligible (nN~! > 10%, Cochran, 1977) and auxiliary information is available (see
Section 3.7 and 3.8). Functions ETA and LOGLm are called first.

function(Q.chisqg,N,mat.c,Pi.s,Vec.C,theta)

LBMEAN.CALIB.LSF

Estimation of the empirical likelihood confidence

interval lower limit for non-negligible sampling fraction

and auxiliary information available

Q.chisg = alpha level of the empirical likelihood confidence interval

N = population size

mat.c = matrix which each column represents a vector of design
variables, auxiliary variables or constraint variables and
the variable of interest

Pi.s = vector of inclusion probabilities

Vec.C

vector of known quantities

e T T R e T T T

theta = point estimator parameter of interest
cut<-qgchisg(Q.chisqg, 1)

n<-length (Pi.s)

#

# Estimating equation specified for a population mean
#

EST.EQ.MEAN<-function(N,mat.c,n,Pi.s,phi)

{gi<-mat.c[,ncol (mat.c)]—-(phi*N/n)*Pi.s;return(gi)}

eta.vector<-
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ETA(N,mat.c[,—ncol (mat.c)],Pi.s,Vec.C[-nrow(Vec.C),])
mi.restricted<-

C(WEIGHTS.mi (N, mat.c[, —-ncol (mat.c)],Pi.s,eta.vector))
zi.dot<-mat.c[,ncol (mat.c)-1]/(Pi.s*mi.restricted)
mat.c[,ncol (mat.c)-1]<-zi.dot
#

# gi reduce the effect on the confidence intervals of units

# with large inclusion probabilities.
# ci.star.qg and C.star.gi are the adjusted constraints by gi

#

gi<-sqgrt (1-Pi.s)

ci.star.gi<-gismat.c[,-ncol (mat.c)]

C.star.gi<-matrix(t (mi.restricted)%$x%ci.star.qgi)
eta<-ETA(N,ci.star.qi,l/mi.restricted,C.star.gi)
LogLik<-LOGLm(N,ci.star.qi,l/mi.restricted,C.star.qgi,eta)
tl<-theta

t2<-min(mat.c[,ncol (mat.c)])

leap<-(tl-t2)/10

k1<-0

elrtl<-0

stp<-1

while (stp<cut)

{kl<-k1+1

taul<-theta-leapxkl

gil<-EST.EQ.MEAN (N, mat.c,n,Pi.s,taul)
ci.star.gi.vectorl<-cbind(ci.star.qgi,gilxqgi)
C.star.gi.vectorl<-rbind(C.star.qi,sum((gi-1)x*gil+mi.restricted))
eta.star.gi.vectorl<-—
ETA(N,ci.star.gi.vectorl,1l/mi.restricted,C.star.qi.vectorl)
LogLik.Y1l<-

LOGLm (N, ci.star.gi.vectorl,1l/mi.restricted,
C.star.gi.vectorl,eta.star.qgi.vectorl)

elrtl<-(2x (LogLik-LogLik.Y1))

stp<-elrtl}

taul<-theta-leapx* (k1+1)

t2<-taul

crit<-tl-t2
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elrt<-0

while(crit>1e-06)
{tau<-(tl+t2)/2
gi2<-EST.EQ.MEAN (N, mat.c,n,Pi.s,tau)
ci.star.gi.vector2<-cbind(ci.star.qgi,gi2*qgi)
C.star.qgi.vector2<-rbind(C.star.qgi,sum((gi-1) *gi2+mi.restricted))
eta.star.gi.vector2<-
ETA(N,ci.star.gi.vector2,1/mi.restricted,C.star.qi.vector2)
LogLik.Y2<-LOGLm (N, ci.star.qgi.vector2,1/mi.restricted,
C.star.qgi.vector2,eta.star.gi.vector2)
elrt2<- (2« (LogLik-LogLik.Y2))
if (elrt2>cut) t2<-tau
if (elrt2<=cut) tl<-tau
crit<-tl-t2}
LB<—-(t2+tl) /2
return (LB)

}

LOGLm— Computes the empirical log-likelihood ¢(m) (see Section 3.2) derived from
the sum of the logarithm of 7m,;. The estimation of the mass units 7, is based on the
vector 7, the output of ETA function.

function (N, mat.c,Pi.s,Vec.C,Vec.Eta)

LOGLm

Compute the empirical log-likelihood of the mass units using the

output of ETA.

N = population size

mat.c = matrix which each column represents a vector of design
variables, auxiliary variables or constraint variables and
the variable of interest

Vec.C = vector of known quantities

Pi.s = vector of inclusion probabilities

H o H HE H o F A e FHE

Vec.Eta = vector obtained from the ETA function
mat.c<-as.matrix (mat.c)

Vec.C<-t (cbind (Vec.C,deparse.level = 0))
Pi.s<-cbind (Pi.s,deparse.level = 0)

n<-length (Pi.s)
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L<-Vec.Eta

dif<-1

ac<-0

for(i in 1:n){
aa<—-as.numeric(Pi.s[i]+t (L) %$*%mat.c[i,])
ab<-Pi.s[1]/ (n*xaa)
ac<-ac+ab}

af<-0

for(i in 1:n){
aa<—as.numeric (Pi.s[i]+t (L)%+*%mat.c[i,])
ad<-log( (Pi.s[i])/ (n*aa=*ac))
af<-af+ad }

return (af)

}

LOWER . BOUND . MEAN— Computes the lower bound of the empirical likelihood con-
fidence interval for the point estimator of a population mean when sampling fraction is
negligible (see Section 3.5). Functions ETA and LOGLm are called first.

function(Q.chisqg,N,mat.c,Pi.s,Vec.C,theta)

{

# LOWER.BOUND.MEAN

# Estimation of the empirical likelihood confidence

# interval lower limit for negligible sampling fraction

# Q.chisg = alpha level of the empirical likelihood confidence interval
# N = population size

# mat.c = matrix which each column represents a vector of design

# variables, auxiliary variables or constraint variables and
# the variable of interest

# Pi.s = vector of inclusion probabilities

# Vec.C = vector of known quantities

#

theta = point estimator parameter of interest
cut<-gchisg(Q.chisqg, 1)
mat .c<-cbind(mat.c,deparse.level = 0)
n<-length(Pi.s)

#
# Estimating equation specified for a population mean
#
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EST.EQ.MEAN<-function(N,mat.c,n,Pi.s,phi)

{gi<-mat.c[,ncol (mat.c)]-(phixN/n)*Pi.s;return(gi)}

tl<-theta

t2<-min (mat.c[,ncol (mat.c)])

lam <- ETA(N,as.matrix(mat.c[,-ncol (mat.c)]),
Pi.s,Vec.C[—-nrow (Vec.C),])

LogLik <- LOGLm(N,as.matrix(mat.c[,-ncol (mat.c)]),

Pi.s,Vec.C[—-nrow(Vec.C),],lam)

leap<-(t1-t2)/10

k1<-0

elrtl<-0

stp<-1

while (stp<cut)

{kl<-k1l+1

taul<-thetatleap~*kl

Vec.Cl<-rbind(Vec.C[-nrow(Vec.C),],0,deparse.level = 0)

gil<-EST.EQ.MEAN(N,mat.c,n,Pi.s,taul)

mat.gil<-cbind(mat.c[,-ncol (mat.c)],gil)

vec.laml<-ETA(N,mat.gil,Pi.s,Vec.Cl)

LogLik.Y1<-LOGLm(N,mat.gil,Pi.s,Vec.Cl,vec.laml)

elrtl<-(2x (LogLik-LogLik.Y1 ))

stp<-elrtl}

taul<-theta-leapx (k1+1)

t2<-taul

crit<-tl-t2

elrt<-0

while (crit>1e-06)

{tau<-(t1+t2)/2

Vec.C2<-rbind (Vec.C[-nrow (Vec.C),],0,deparse.level = 0)

gi2<-EST.EQ.MEAN (N, mat.c,n,Pi.s,tau)

mat.gi2<-cbind(mat.c[, -ncol (mat.c)],gi2)

vec.lam2<-ETA(N,mat.gi2,Pi.s,Vec.C2)

LogLik.Y2<-LOGLm(N,mat.gi2,Pi.s,Vec.C2,vec.lam2)

elrt2<- (2 (LogLik-LogLik.Y2 ))

if (elrt2>cut) t2<-tau

if (elrt2<=cut) tl<-tau

crit<-tl1-t2}
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LB<— (t2+tl) /2
return (LB)
}

LOWER.BOUND .MEAN . LSF— Computes the lower bound of the empirical likelihood
confidence interval for the point estimator of a population mean when sampling fraction
is non-negligible (see Section 3.8). Functions ETA and LOGLm are called first.

function(Q.chisq,N,mat.c,Pi.s,Vec.C,theta)

LOWER.BOUND.MEAN.LSF

Estimation of the empirical likelihood confidence

interval lower limit for non-negligible sampling fraction

Q.chisg = alpha level of the empirical likelihood confidence interval

N = population size

mat.c = matrix which each column represents a vector of design
variables, auxiliary variables or constraint variables and
the variable of interest

Pi.s = vector of inclusion probabilities

Vec.C = vector of known quantities

S Sk W= H 4= 3 HE S ¥ = 4 -

theta = point estimator parameter of interest
cut<-gchisg(Q.chisqg, 1)
n<-length (Pi.s)

#
# Estimating equation specified for a population mean
#

EST.EQ.MEAN<-function (N,mat.c,n,Pi.s,phi)
{gi<-mat.c[,ncol (mat.c)]-(phixN/n)*Pi.s;return(gi)}
tl<-theta

t2<-min(mat.c[,ncol (mat.c)])
#

# gi reduce the effect on the confidence intervals of units

# with large inclusion probabilities.

# ci.star.q and C.star.gi are the adjusted constraints by gi
#

gi<-sqgrt (1-Pi.s)

ci.star.gi<—-gismat.c[,-ncol (mat.c)]

C.star.gi<-colSums (matrix (ci.star.qgi/Pi.s))
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eta<-ETA(N,ci.star.qgi,Pi.s,C.star.qgi)

LogLik<-LOGLm (N, ci.star.qi,Pi.s,C.star.qgi,eta)

leap<—(tl1-t2) /1000

k1<-0

elrtl<-0

stp<-1

while (stp<cut)

{kl<-k1+1

taul<-theta-leapxkl

gil<-EST.EQ.MEAN(N,mat.c,n,Pi.s,taul)

ci.star.gi.vectorl<-cbind(ci.star.qi,gilxqgi)

C.star.gi.vectorl<-rbind(C.star.qi,sum((gi-1)*gil/Pi.s) )

eta.star.gi.vectorl<-ETA(N,ci.star.qgi.vectorl,

Pi.s,C.star.gi.vectorl)

LogLik.Y1<-LOGLm(N,ci.star.gi.vectorl,Pi.s,
C.star.gi.vectorl,eta.star.gi.vectorl)

elrtl<-(2x (LogLik-LogLik.Y1))

stp<-elrtl}

taul<-theta-leapx (k1l+1)

t2<-taul

crit<-tl-t2

elrt<-0

while (crit>1e-06)

{tau<-(t1l+t2)/2

gi2<-EST.EQ.MEAN(N,mat.c,n,Pi.s, tau)

ci.star.gi.vector2<-cbind(ci.star.qi,gi2=*qgi)

C.star.gi.vector2<-rbind(C.star.qi,sum((gi-1)*gi2/Pi.s) )

eta.star.gi.vector2<-ETA(N,ci.star.qgi.vector?2,

Pi.s,C.star.gi.vector?2)

LogLik.Y2<-LOGLm (N, ci.star.gi.vector2,Pi.s,

C.star.gi.vector2,eta.star.gi.vector?2)
elrt2<-(2x (LogLik-LogLik.Y2))

if (elrt2>cut) t2<-tau

if (elrt2<=cut) tl<-tau

crit<-tl-t2}

LB<—(t2+tl) /2

return (LB)
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}

LOWER .BOUND . QUANTILE— Computes the lower bound of the empirical likelihood

confidence interval for the point estimator of a population quantile Y, when sampling

fraction is negligible (see Section 3.7 and 4.2). Functions ETA and LOGLm are called

first.

function(Q.chisq,N,mat.c,Pi.s,Vec.C,theta,gtile)

{

#LOWER.BOUND.QUANTILE

Estimation of the empirical likelihood confidence

interval lower limit for negligible sampling fraction

Estimation of the empirical likelihood confidence

interval lower limit for negligible sampling fraction

Q.chisg = alpha level of the empirical likelihood confidence interval

N = population size

mat.c = matrix which each column represents a vector of design
variables, auxiliary variables or constraint variables and
the variable of interest

Pi.s = vector of inclusion probabilities

Vec.C

vector of known quantities

theta = point estimator parameter of interest

S o= = S S = %= SR S H 4k 3k

gtile = quantile 0 < g < 1
cut<-gchisqg(Q.chisqg, 1)
mat.c<-cbind(mat.c,deparse.level = 0)
n<-length (Pi.s)
#
# Estimating equation specified for a population quantile
#
EST.EQ.QTILE<-function (N, mat.c,theta,gtile)

{yi.g<-mat.c[,ncol (mat.c)]
yi.knot<-yi.qg[l]l-(yi.gql[2]-yi.gq[l])
yi.g<-c(yi.knot,yi.q)

vec.rho<-NULL

for (i.g in 2:length(yi.q))
{delta.lag<-0

if(yi.gl[i.g-1]<=theta) {delta.lag<-1}
delta<-0
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if(yi.g[i.g]<=theta) {delta<-1}

eta.rho<- delta+
(theta-yi.qli.g9-1]1)/(yi.qgli.gq]l-yi.gli.g-1])*(delta.laqg) *(l-delta)
vec.rho<-c(vec.rho, (eta.rho-gtile))

}

return (vec.rho)
}

tl<-theta

t2<-min (mat.c[,ncol (mat.c)])

lam<-ETA (N, as.matrix (mat.c[, —-ncol (mat.c)]),
Pi.s,Vec.C[-nrow (Vec.C),])

LogLik<- LOGLm(N,as.matrix(mat.c[, ncol(mat.c)]),
Pi.s,Vec.C[—-nrow(Vec.C),],lam)

leap<-(tl1l-t2) /100

k1<-0

elrtl<-0

stp<-1

while (stp<cut)

{kl<-k1+1

taul<-theta-leapxkl

Vec.Cl<-rbind(Vec.C[-nrow (Vec.C),],0,deparse.level = 0)
gil<-EST.EQ.QTILE (N, mat.c,taul,gtile)
mat.gil<-cbind(mat.c[, -ncol (mat.c)],gil)
vec.laml<-ETA(N,mat.gil,Pi.s,Vec.Cl)
LogLik.Y1<-LOGLm(N,mat.gil,Pi.s,Vec.Cl,vec.laml)
elrtl<- (2« (LogLik-LogLik.Y1l ))

stp<-elrtl}

taul<-theta-leapx* (k1+1)

t2<-taul

crit<-tl-t2

elrt<-0

while(crit>1e-06)

{tau<-(tl+t2)/2

Vec.C2<-rbind (Vec.C[-nrow(Vec.C),1,0,deparse.level = 0)
gi2<-EST.EQ.QTILE (N, mat.c,tau,gtile)
mat.gi2<-cbind(mat.c[, -ncol (mat.c)],gi2)
vec.lam2<-ETA (N, mat.gi2,Pi.s,Vec.C2)
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LogLik.Y¥2<-LOGLm (N, mat.gi2,Pi.s,Vec.C2,vec.lam?)
elrt2<-(2x (LogLik-LogLik.Y2 ))

if (elrt2>cut) t2<-tau

if (elrt2<=cut) tl<-tau

crit<-tl-t2}

LB<-(t2+tl) /2

return (LB)

}

LOWER.BOUND.QUANTILE . LSF— Computes the lower bound of the empirical like-
lihood confidence interval for the point estimator of a population quantile Y, when sam-
pling fraction is non-negligible (see Section 3.7 and 4.2). Functions ETA and LOGLm
are called first.

function(Q.chisq,N,mat.c,Pi.s,Vec.C,theta,gtile)

LOWER.BOUND.QUANTILE.LSF

Estimation of the empirical likelihood confidence

interval lower limit for non-negligible sampling fraction

Q.chisg = alpha level of the empirical likelihood confidence interval

N = population size

mat.c = matrix which each column represents a vector of design
variables, auxiliary variables or constraint variables and
the variable of interest

Pi.s = vector of inclusion probabilities

Vec.C = vector of known quantities

S o= #= e S = = 9 = HE 4 -

theta = point estimator par
cut<-gchisg(Q.chisqg, 1)
n<-length (Pi.s)

#
# Estimating equation specified for a population quantile

#

EST.EQ.QTILE<-function (N, mat.c,theta,gtile)
{ yi.g<-mat.c[,ncol(mat.c)]
yi.knot<-yi.qg[l]l-(yi.gql[2]-yi.ql[l])
yi.g<-c(yi.knot,yi.q)

vec.rho<-NULL

for (i.g in 2:length(yi.q))
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{delta.lag<-0

if(yi.gli.g-1]<=theta) {delta.lag<-1}

delta<-0

if(yi.gl[i.gl<=theta) {delta<-1}

eta.rho<-delta+
(theta-yi.qli.g-11)/(yi.qgli.gql-yi.gli.g-1])«(delta.laqg)*(l-delta);
vec.rho<-c (vec.rho, (eta.rho-gtile)) }

return (vec.rho) }

tl<-theta

t2<-min (mat.c[,ncol (mat.c)])
#

# gi reduce the effect on the confidence intervals of units

# with large inclusion probabilities.
# ci.star.q and C.star.gl are the adjusted constraints by qgi
#

gi<-sqgrt (1-Pi.s)

ci.star.gi<-gi*mat.c[,-ncol (mat.c)]

C.star.gi<-colSums (matrix (ci.star.gi/Pi.s))

eta<-ETA(N,ci.star.qi,Pi.s,C.star.qi)

LogLik<-LOGLm (N, ci.star.qgi,Pi.s,C.star.qgi,eta)

leap<—(tl1-t2) /200

k1<-0

elrtl<-0

stp<-1

while (stp<cut)

{kl<-k1+1

taul<-theta-leapxkl

gil<-EST.EQ.QTILE (N, mat.c,taul,gtile)

ci.star.gi.vectorl<-cbind(ci.star.qgi,gil+qgi)

C.star.qgi.vectorl<-rbind(C.star.qgi,sum((gi-1)*gil/Pi.s) )

eta.star.gi.vectorl<-ETA(N,ci.star.gi.vectorl,

Pi.s,C.star.gi.vectorl)

LogLik.Y1<-LOGLm(N,ci.star.gi.vectorl,Pi.s,
C.star.gi.vectorl,eta.star.qi.vectorl)

elrtl<-(2x (LogLik-LogLik.Y1))

stp<-elrtl}

taul<-theta-leap~* (k1+1)
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t2<-taul

crit<-tl-t2

elrt<-0

while (crit>1e-06)

{tau<-(t1l+t2)/2

gi2<-EST.EQ.QTILE (N, mat.c,tau,gtile)

ci.star.gi.vector2<-cbind(ci.star.qi,gi2«*qgi)

C.star.gi.vector2<-rbind(C.star.qgi,sum((gi-1)*gi2/Pi.s) )

eta.star.gi.vector2<-ETA(N,ci.star.qgi.vector2,

Pi.s,C.star.gi.vector?2)

LogLik.Y2<-LOGLm (N, ci.star.gi.vector2,Pi.s,
C.star.gi.vector2,eta.star.qgi.vector2)

elrt2<-(2x (LogLik-LogLik.Y2))

if (elrt2>cut) t2<-tau

if (elrt2<=cut) tl<-tau

crit<-tl-t2}

LB<-(t2+tl) /2

return (LB)

}

WEIGHTS .mi— Computes the vector of values m; (see (3.2.5)). The estimation of the
mass units /m; is based on the vector 7. Function ETA is called first.

function (N, mat.c,Pi.s,Vect.Eta)

WEIGHTS.mi
Compute the vector of mass units using the output of ETA.

N = population size

{
#
#
#
# mat.c = matrix which each column represents a vector of design
# variables, auxiliary variables or constraint variables and
# the variable of interest

# Pi.s = vector of inclusion probabilities

# Vect.Eta = vector obtained from the ETA function

mat .c<-cbind(mat.c,deparse.level = 0)

Pi.s<-cbind(Pi.s)

n<-length (Pi.s)

mi<-0xPi.s

for(i in 1:n)
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{
mi.b<-as.numeric (Pi.s[i]+t (Vect.Eta)%+*% (mat.c[i,]) )
mi[i,]<-1/mi.b
}
return (mi)

}






Appendix B

Proofs of Lemmas B.1, B.2, B.3 B.4 and
Theorem B.5

The proof of the Theorems 3.3.10 and 3.7.1 and Corollaries 3.5.1, 3.6.1, 3.8.1 and 3.8.2
require four lemmas and a theorem. In this appendix the sketch proofs of the lemmas
and theorem are shown. The lemmas were first proved in Berger and De La Riva Torres
(2012).

Lemma B.1. Let m the solution of (3.2.2) for given c; and C. Under the regularity
conditions (3.3.4)-(3.3.6), we have |A|= O,(n"2) where A = Nn~'n.

Proof. We have that A =||A|| L, where L is a vector which is such that ||L||= O,(1)
and ||L||~*= O,(1). The Equation (3.2.5) implies that

m; =m; " [1—v(1+v)7], (B.1.1)

where v; = n(Nw;)'¢f A. Constraint (3.2.2) implies Y i, m;¢; = C. By multiplying
the left side of the last equation by N~'LT and using Equation (B.1.1), we obtain that
for all L

L|A| LTSL=-N"'L7(C, - C). (B.1.2)
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where S = —nN-23"" 772(1 + v;)"Le;ef . Note that —S < —(1 + max |v;])S, this

i=1"1
inequality and Equation (B.1.2) imply
—L'SL < (1+max|y)N~" N7 LT|C, — C|
< (14 MIADNT IXTET(C - O)), (B.1.3)

as max |v;| <|A|| M, where M = max{nN 17! |l¢;||} = 0,(n2). Hence Equation
(B.1.3) implies that

IN| {~LTSL - MN7'|LT(C, - C)|} < NT'|LT(C, - O)|. (B.1.4)

Using conditions (3.3.4) and (3.3.5) we have that |MN*1LT(CAZ’W—C) | = 0,(1). Finally,
inequality (B.1.4) and (3.3.6) imply that | A || [O,(1) + 0,(1)] = O,(n"2), because
—LTSL is bounded away from zero, as —Sis positive definite. ]

Lemma B.2. Let m; = (m; + n'¢;)™. Assuming the regularity conditions (3.3.3)-
(3.3.8) hold for c; and C, we have that

n=nN"28"C - C,)+nN'e, (B.2.1)
where € is such that ||€]|= O,(n™1).

Proof. We have
C.—C=> cum ' =Y ety ", (B.2.2)
i=1 i=1

where v; and A are defined in Lemma B.1 and 6; = m;m; —1+wv;. By using the definition
of S in (3.3.9), we have that

—naN728Y it =, (B.2.3)

=1

Equations (B.2.2) and (B.2.3) imply that
—nN28§YC,—-C)=n—-nN""e,

where € = —N18-1 3" ¢;0;x;" which implies



Proofs of Lemmas B.1, B.2, B.3 B.4 and Theorem B.5 129

lel< NTHISTHE Y ledl 16l (B.2.4)
1=1

We have that

2 n2

TA)? <
(c; A) SON

n
N7}

16il = (1 +0) ™ =1+ 0] <7} = leill2IIA2, (B.2.5)

2, 2
;

using the fact that |(1 + v;) ™" — 1+ v;| < v 'v? when |v; + 1| > v > 0. By combining
(B.2.4) and (B.2.5), we have

el< n =y ISTIAR 0 N2 fleil® w7t = 0,(n7Y), (B.2.6)
i=1
using the regularity conditions (3.3.7), (3.3.8) and Lemma B.1. ]
Lemma B.3. Assuming that the regularity conditions (3.3.3)-(3.3.8) hold for ¢; and C,
we have
—2[U(m) + U(m)] = (Cr — C)'ZYCr — C) + 20" C + 0,(1), (B.3.1)

where & = —N2p~18.
Proof. We have that
— 2[log(m;) + log(m;)] = 21log(1 + v;). (B.3.2)

Using (3.3.3), (3.3.5) and Lemma B.1 we obtain that max(|v;| : ¢ € s) = 0,(1).
We have that log(1 + v;) = v; — v?/2 + ;, where for some finite x > 0, and
Pr{|ei| < klvil?,i € s} — 1 (see Owen, 2001, Ch. 11.2). Equation (B.3.2) implies
that

— 2[log(m;) — log(m;)] = 2 Z v; — va +2 Z ©;. (B.3.3)
i=1 i=1 i=1

Using Lemma B.2, we have that
n n T " R . .
EDY S = (G, —C)'p+n"C=-nN2CTS'C, +n'C +nN"'CTe
Ur
i=1 i=1

— —aN2CI87'C,+1"C +0,(1), (B.3.4)
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where CNZ'7r = CALF — C'. Using Lemma B.2, Equation (3.3.9) and (B.2.1) we have that
n n 1 S s DN
Z vi=mn" Z —cieln=n"'N’CIS'C,+2n"'Ne'C, —ne'Se. (B3.5)
i
i=1 i=1 "t
By substituting (B.3.4) and (B.3.5) in (B.3.3), we have that

— 2[log(;) — log(m;)] = —n'N2CI87'Cr +20"C +2) i + 0,(1), (B.3.6)
=1
as |€TS'e| = o,(n"!) and ["C,| = 0,(Nn™') as ||€]|= O,(n!) (sce Lemma B.2)

and as Conditions (3.3.4) and (3.3.7) hold. We also have that

n n n 3
C; _1
el <ed il <nlnp S —o,mh, @3
i=1 i=1 i=1 !
using Condition (3.3.8) and Nn~! ||n||= Op(n*%) (see Lemma B.1). Equations (B.3.6)
and (B.3.6) imply (B.3.1). [l

Lemma B4. Let ¢ = (Nn 2], b;'—)T and C* = (Nn= 'Y izl mt, b;T)T,
where the 1); are bounded by b; and b; are vectors of constants such that the regularity
conditions (3.3.4)-(3.3.8) hold for c; and C*. Let m* be such that )"  m;c; = C*,

where m} = (m; +1n*Te) ™ = [m(1 + )7, and v} = 7} 'e]*n*. We have that
i) n"*C* = 0 when 1; = 1 for all i, where 1) > 0.

i) |In*TC*| = Op(n_%), when there exists i # j such that ; # ;.

Proof. Let §* = —nN=25"" 772(1 4+ v}) e, As (B.1.2) is true for all L, we

i=1 T
can replace L by (17, OT)T, where 1 is a H x 1 vector of ones. As \* = Nn~'n* and

~

-
Cr-C* = (OE, O (bﬂri_1 — b;)T) , where Oy is a H x 1 vector of zeros, (B.1.2)
gives (1, OT)T S*Nn~lp* = —N-! (17, OT)T (6’,’; — C’*) = 0 or equivalently

Nn 10y i Wizl ) + 1 i izb e ® =0, (B.4.1)
=1

=1
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where 17*() is a sub-vector of the first H components of i7*. The coefficient 77*(®) is

*(2)

the last components of 17*. Let 7, is the h-th component of n*. When 1}z, = m;

Equation (B.4.1) reduces to

Znh G gimm + Zm bibl® (B.4.2)

1ESh

We have that
nTC* = Nn~* Z e 4 > i+ Z by (B.4.3)

1ESh

When v; = v for all 7, Equation (B.4.3) equals (B.4.2) d1V1ded by 1) because Constraint
(3.2.2) implies Y, ¢mim; =Y., ¢and Y " mib; = Y1 bt Thus *'C* = 0
and this proof the part ¢) of the lemma.

By multiplying (B.4.2) by R = [S1, bl n* ][>0, imehibTn*®)]~! and the result
subtracting to (B.4.3), we have

n

’I’]*TC* - Nn~ Z *(2) (sz RZ¢2T?L*7TZ> + (ib:T_Zm:bj>
h=1

1€y, i€sp, i=1 i—1
= Z 7 (Z v — RY ¢ m-) : (B.4.4)
i€sp 1€Ssp

because Y . mibT = > b7 (see Constraint (3.2.2)). Then using the definition
of R and the fact that ZiESh vmim; = ZiESh 1); (see Constraint (3.2.2)), we have that

(B.4.4) implies

. N
nTCH = —
n

Zﬁh (Zwﬂ?ﬁm - ﬁziﬁ?mfﬂi)‘

iESh iEsh

H

~o\ L

< — HE s of |l W= (Y Di)*,
h=1

(B.4.5)

H
/\*bT *(b) Z Z)Dh
h=

using Cauchy’s inequality, where

ﬁh — ZiESh ¢ijﬁl . Zﬁ@sh 1/}2m 7TZ
Doy bl ST mibl g ®)
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As m; = 7', Condition (3.3.4) implies that N~ || 37 7:b] |= Op(n_%) and
D, = O,(1). Furthermore, || 7*® ||| n*® || <] n*||*> and Lemma B.1 implies that
n*®1[|n*®||< O,(nN~2). Thus, Equation (B.4.5) implies that ||n*TC*||= O,(n"2),

as the number of strata is bounded. This shows part ii) of the lemma. []

Theorem B.5. Let C;!< (Nn_lg/)izi, 1/1;91(90))1- and C* = (Nn_l Z?:l ¢Z2v,';r, Z:L:l<¢; — 1)&2(00))1—,
where 1; and 1)} are bounded. The values 1); and 1)} are such that the regularity condi-
tions (3.3.4)-(3.3.8) hold for ¢; = ¢} and C = C*. Let m; (0y) = (m + ’l7*Tc;f‘)71 and

((m*, ) = S 0 log(m; (6y)), we have that

~ o~ o~ —~ 1
— 20", 00) + £(m)] = G (6)? (899 - zjgzzjzzg) to,(1),  (BS.I)
where Ggq = > 1, V32 4i(00)?, i\3zz =N"*n~? i1 ViZiZ], i\)Zg = Nn~! > iy Uiz gi(0o).

Proof. Using Lemma B.4 with b; = ¢?g;(6y) and b = (¢ — 1)g;(6p), we have that
I TC*| = Op(n_%). Thus, Lemma B.3 implies

—2[0(i*, 6p) + L(m)] = (C: — CHTEHC: — C*) + 0,(1), (B.5.2)
where S*t=_N 2n*1§ . The matrix > can be re-written as
S - 1 i\]zz i\]z
> =) —cet=|T7 7). (B.5.3)
i—1 2zg 999

We have that C* — C* = (07, G+(6,))". Hence (B.5.3) implies that

— 20", 00) + €(m)] = (0F, Gr(600))Z (0, G(60))T + 0,(1)
~ ~ ~ ~ —1
= Gelbo)? (55— SLELS,)  +0,(1), BSH)

using Schur complement of f]zz U
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