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UNIVERSITY OF SOUTHAMPTON 

ABSTRACT 

FACULTY OF SOCIAL AND HUMAN SCIENCES 

Doctor of Philosophy 

Thesis for the Degree of Doctor of Philosophy  

MODEL CHECKING TECHNIQUES FOR SMALL AREA ESTIMATION  

Yahia El-Sayed El-Horbaty 

 

New and old techniques for validating small area models are considered. We 

focus on three models in common use; the Fay-Herriot model, the nested-error 

regression model, and the mixed-logistic regression model. We propose two tests that 

are designed to detect functional form misspecification of the mean function of the Fay-

Herriot model and the nested-error regression model. Further, we investigate the use of 

the classical score, likelihood ratio and Wald tests for testing the need for random 

effects in the three models. Testing misspecification of these types is of utmost 

importance in small area estimation in order to produce reliable predictions of various 

domain characteristics (e.g. means, proportions, etc.) when the sizes of the available 

domains are very small. The proposed functional form misspecification tests are of the 

non-constructive type in the sense that they do not lead to determination of an 

alternative model when the working model is rejected. Artificial data are used in the 

simulation studies to assess the performance of the new as well as the reviwed tests 

where the new tests are shown to perform very well. In addition, a real data application 

is conducted in correspondence to each of the three models under consideration.  
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Chapter 1:  Introduction 

1.1 Model-Based Estimation 

SAE methods have shown increasing demand and developments over the past 

years. Significant growth has been recognized both in theoretical developments and 

applications such as fund allocation for needy areas in a country, health programs, and 

poverty mapping among others. The problem occurs frequently when only a small or no 

sample is available from the domains of interest. 

Explicit linking models based on random domain-specific effects that account for 

between-area variation beyond that is explained by the auxiliary variables included in 

the model are called small area models (Rao, 2003). The estimators based on these 

models are called model-based estimators. Small area models are classified into two 

broad categories; area-level and unit-level models.  

An area-level model relates small area direct estimates to area-specific covariates 

and is useful when unit-level data are not available. A unit-level model relates the unit 

values of the study variable to unit-specific covariates. The primary objective of using 

these models is to predict small area characteristics such as means and proportions. 

However, it is known that model-based estimates can be sensitive to model 

misspecification. Recently, model validation has received a considerable attention by 

practitioners. This issue constitutes the core of the discussion in this study. 

Rao (2003) provides a comprehensive overview of the major developments in this 

field. Recently, Pfeffermann (2013) reviews some studies that deal with the problem of 

model validation. The author emphasizes using model dignostics as an important tool 

for reliable prediction. The main proposals for model validation in this thesis are 

devoted to the basic small area models in common use.  

We focus in this study on the basic area-level model (Fay and Herriot, 1979) and 

NER model (Battese, Harter and Fuller, 1988) as a famous unit-level model. While 

these models assume continuous outcome variables, some of the developments in this 

study extend to the MLR model (MacGibbon and Tomberlin, 1989). 
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1.2 Motivation of the Study 

SAE is a statistical methodology concerned with the problem of how to produce 

reliable estimates, standard errors of estimates and statistical inference about small 

domain characteristics of interest (Ghosh and Rao, 1994; Pfeffermann 2002, 2013; Rao, 

2005; Jiang and Lahiri, 2006; Datta, 2009 ; Lehtonen and Veijanen, 2009). However, 

the use of small area models raises the question about how robust is the inference to 

possible model misspecification. Rao (2003) discusses some model diagnostics using a 

transformation of the working model that permits the application of conventional linear 

regression methods under the SAE framework. The transformation method focuses only 

on the fixed effects. In addition, the main problem with these diagnostics is the need to 

estimate the variance components that might lack consistency when the size of each 

domain is too small. 

Using misspecified models can result in misleading inference. Although the 

quantification of the potential increase in the MSPE when the model is misspecified is 

not covered, we can give some examples on the consequences of ignoring model 

misspecification. For example, using incorrect forms of the linear predictor term (the 

mean function) results in severely biased estimates and ignoring domain-specific 

random effects increase the MSPE of the BLUP under the Fay-Herriot model. Similar 

consequences apply under the NER and MLR models. In deed, these are not the only 

forms of model misspecification and each parametric assumption that is imposed has to 

be validated under the working model. Thus, the need for model checking techniques is 

of utmost importance. 

We confine ourselves to validate the aforementioned basic models in a SAE 

framework. We focus on hypothesis tests as means to check the validity of small area 

models. This approach is not easy to apply under models that include random effects, as 

described above, for at least couple of reasons. First, the inclusion of random effects 

requires further assumptions about their distributional properties. This leads to 

difficulties in using the standard likelihood theory to test the imposed assumptions on 

the various components of the working model. Second, the classical problems of 

hypothesis tests such as the simultaneous testing of more than one assumption under the 

same test, or the usefulness of the test that focuses on one component of the model 

when the other components are misspecified. Nevertheless, testing the various 
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components of small area models did not receive much attention until the past few 

years. Particularly, we consider the problem of testing functional form misspecification 

in the Fay-Herriot and NER model. In addition, tests for the need for random effects are 

considered under the three models. 

1.3 Study Achievements 

We utilize three basic techniques in deriving the proposed test statistics in this 

study. The first technique depends on splitting the data into two subsets via which we 

develop a test statistic of the Wald type. Proper splitting enables the detection of 

functional form misspecification by comparing the estimated vectors of the fixed effects 

from the two subsets. This technique is shown to be useful under the Fay-Herriot and 

NER models. 

The second technique depends on deriving a set of asymptotically independent 

residuals, called recursive residual. A considerable literature (Brown et al, 1975; 

McGilchrist and Sandland, 1979) is utilized to derive new formulations for these 

recursive residuals under the Fay-Herriot and NER models. Definitions of the recursive 

residuals under the latter models with independent errors and heteroskedastic variances, 

or correlated errors are proposed. The recursive residuals are shown to be useful in 

testing functional form misspecification in these models. 

The third technique, which is devoted to test the need for random effects in the 

three models (Fay-Herriot, NER and MLR), depends on treating these random effects as 

extra fixed effects that are present only under the alternative hypothesis. Under this 

treatment the classical score, likelihood, and Wald tests are proposed where the models 

simplify to linear (or logistic) regression models with independent observations when 

the random effects are absent, i.e. under the null hypothesis. The performance of the 

three classical tests is investigated under this non-standard situation, particularly when 

the size of domains is very small. 

We use simulation studies to assess the performance of the proposed tests and 

compare it to the performance of some recently used tests in the literature. In addition, 

we apply our techniques to three real data sets. The structure of the thesis is outlined in 

the next section. 
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1.4 Outline of the Thesis 

The aim of this thesis is to propose and assess the performance of statistical 

hypothesis tests that can be used to validate two commonly employed assumptions in 

modelling SAE problems. Although it is important to consider the consequences of 

testing the validity of the working small area model, this study does not go through 

further analysis beyond the decision of whether the null hypothesis is maintained or 

rejected. The necessary derivations and testing procedures under each test are presented. 

The detailed formulations and analytical results are given in the appendices. Various 

scenarios of the testing procedures, particularly under functional form misspecification, 

are investigated using artificial data in the end of each chapter. The proposed tests are 

applied to three real data sets. The method of parametric bootstrap is used to 

approximate the empirical distribution of the test statistics when applied to finite 

samples unless their asymptotic or exact distribution is known a priori. This thesis is 

structured as follows.  

Chapter 2 covers a review of relevant misspecification tests that can be proposed 

in the literature of testing the goodness of fit of small area models. In addition, recent 

model selection techniques are involved in the review. Those techniques do not expand 

through the remainder of the study. However, including such techniques can provide a 

wider overview on the various approaches that can be used to validate small area 

models. 

In Chapter 3, new tests are developed and applied under the Fay-Herriot model. 

Functional form tests are based on the recursive residuals and a Wald-type test statistic 

where both tests rely on the idea of data sorting to ensure a powerful detection of 

various forms of misspecification in the mean function of the model. Then, a score test 

is introduced. This test represents another motivation for testing the need for random 

effects in the Fay-Herriot model using Pearson’s residuals as considered in Datta et al. 

(2011). Simulation experiments are conducted and used to assess and compare the 

performance of the proposed tests. An application to Hospital data (Morris and 

Christiansen, 1995) is presented. 

Chapter 4 introduces new exact and asymptotic tests for testing functional form 

misspecification and the need for random effects in the NER model. A well-known 

transformation is applied to the model and it is shown that testing functional form 
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misspecification under the transformed model can be used to check the validity of the 

mean function of the NER model. An exact t-test is derived using the recursive 

residuals. The Wald-type test is also extended to the NER model. A score test statistic, 

which differs under the NER model from a test that is based on Pearson’s residuals 

(Datta et a., 2011), is used to test the need for random effects. In addition to the score 

test, the performance of the classical likelihood ratio and Wald tests is assessed when 

they are used to test the need for random effects. Simulation studies are conducted to 

evaluate the performance of the proposed tests. An application to data from the panel 

study of income dynamics is presented. 

Chapter 5 considers the use of the classical score, likelihood ratio and Wald test 

statistics to test the need for random effects in the MLR model. The simulation studies 

in this chapter are used to compare the three classical tests to the test that is based on 

Pearson’s residuals as porposed in Datta et al. (2011). An application to a data set from 

the guidelines for urinary incontinence discussion and evaluation study is presented.  

We conclude the main outcomes of this research study in Chapter 6. The 

advantages of our proposals over some techniques in the literature are discussed. In 

addition, the limitations of the proposed techniques are discussed and used to provide 

directions for further research. Two appendices that cover details on the regularity 

conditions and the proofs of the asymptotic distributions of some of the proposed test 

statistics are provided in the end of the thesis and followed by the references. 
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Chapter 2:  Literature Review 

2.1 Small Area Models as Special GLMM 

Small area models represent a special case of GLMM. Our concern in this chapter 

is to review relevant model diagnostics under a SAE framework. Thus, the diagnostic 

techniques that can be proposed to validate GLMM are potentially applicable under 

SAE. We first review a general class of GLMM. In Section 2.2, we focus on basic small 

area models that are of main concern in this study. Section 2.3 covers a detailed review 

of some recent and old techniques that provide motivations to our proposals in the next 

chapters. The models that are reviewed in this chapter are special cases of (2.2) as give 

below. 

Consider the model where the linear predictor term contains random effects in 

addition to the fixed effects (McCulloch and Searle, 2001). The response variable y  is 

typically, but not necessarily, assumed to consist of conditionally independent 

measurements from a distribution with a density belonging to the exponential family: 

(2.1)  )},(/)](exp{[)|( 2 
ijijijijiij

yabyyf u , mi ,...,1 , 
i

nj ,...,1 , 

where 

(2.2) i

T

ij

T

ijiijij
yEgg uzβxu  ])|[()( , 

ijijij
b   /)( , (.)a  and (.)b  are known real functions, β  is a vector of fixed 

coefficients, 
i

u  represents a vector of the random effects, m  indicates the number of 

domains, and 
i

n  indicates the number of observations within each domain with a 

nonempty sample. This is the canonical form and ij
  is the natural parameter. 

Furthermore, )(
ij

g   is the link function that is assumed to be a strictly increasing and 

differentiable function. 
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2.2 Basic Models 

Given many small domains, the model-based approach is used to combine survey 

data with various administrative records. Typically, small area models contain random 

effects that explain the variation of the domain characteristic that is not explained by the 

available covariates. Special cases of (2.1)-(2.2) include three models that are 

commonly used in SAE as presented below. 

2.2.1 Area-Level Model 

The Fay-Herriot model is a popular area-level model where aggregate data at the 

area level are available when confidentiality, among other reasons, restricts the access to 

detailed unit-level data. Let i

~

 be a direct survey estimator of the thi  domain 

characteristic, e.g. the domain mean 
i

 , mi ,...,1 , and T

ipii
xx ),...,(

1
x  is a vector of 

associated p  covariates that includes the intercept term. Assume that mp  . The Fay-

Herriot model is given by 

(2.3) ii

T

iiii
eue  βx

~
, 

where β  is a vector of fixed effects, ),0(~ ANu
i

 are area-specific random effects, which 

are independent of the sampling errors ),0(~
ii

DNe . The area-specific sampling 

variances, 
i

D , are treated as known.  

Let T

m
)

~
,...,

~
(

~
1

θ , 
T

m
),...,(

1
xxX  , T

m
uu ),...,(

1
u , and T

m
ee ),...,(

1
e . Equation 

(2.3) can be rewritten as, 

(2.4) euXβθ 
~

, 

which represents a special case of the linear mixed model with diagonal covariance 

matrix ),...,()
~

(
1 m

DADAdiagVar  θΣ . Under (2.4), the BLUP of uXβθ  , in 

element-wise form, is given by 

(2.5) βx ˆ)1(
~ˆ T

iiiii
  ,  



  Chapter 2 

 9  

where )/(
ii

DAA  , mi ,...,1 , and 

(2.6) θΣXXΣXβ
~

)(ˆ 111  TT . 

The empirical BLUP of θ  is obtained by replacing A  by its estimated value. 

Various consistent estimators of A  are proposed in the literature. See Rao (2003) for 

more details. Prasad and Rao (1990) proposed a simple method of moments. This 

method is also known as the method of fitting constants (Henderson, 1953). The 

estimator of A  is given by 

(2.7) }))(1(
~

))((
~

{)(ˆ

1

111 


 
m

i

i

TT

ii

TT

PR
DpmA xXXxθXXXXIθ . 

The iterated method of moments estimator of A  (Fay and Herriot, 1979; 

Pfeffermann and Nathan, 1981) is given, at iteration )1( a , by 

(2.8) 




































 









m

i iaFH

a

T

ii
m

i iaFH

a

T

ii

aFHaFH

DA

θ
pm

DA

θ
AA

1 )(

2

)(

1

1
2

)(

2

)(

)()1( ˆ

)ˆ~
(

)ˆ(

)ˆ~
(

ˆˆ
βxβx

 

where 0ˆ
)0(


FH
A  and )0(

β̂  is obtained from (2.6) by replacing A  with )(
ˆ

aFH
A . 

Estimators of A  can be obtained under maximum likelihood (ML) and restricted 

ML (REML). The ML estimator of A , at iteration )1( a , is given by 

(2.9) )ˆ,ˆ()]ˆ([ˆˆ
)()(

1

)()()1( aMLaMLaMLaMLaML
AAAA βsI




 , 

where )(
ˆ

aML
β  is obtained from (2.6) by replacing A  with )(

ˆ
aML

A , 

(2.10) 



m

i

iaMLaML
DAA

1

2

)()(
)ˆ(

2

1
)ˆ(I , 

and 
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(2.11)  









m

i iaML

aML

T

ii
m

i

iaMLaMLaML

DA

θ
DAA

1
2

)(

2

)(

1

1

)()()(

)ˆ(

)ˆ~
(

2

1
)ˆ(

2

1
)ˆ,ˆ(

βx
βs . 

The REML estimator of A  is given by 

(2.12) )ˆ( )]ˆ([ˆˆ
)(

1

)()()1( aREMLaREMLaREMLaREML
AAAA sI




 , 

where 

(2.13) ]ˆ[
2

1
)ˆ( 2

*)(
ΣI trA

aREML
 , 

(2.14) θΣθΣs
~ˆ~

2

1
]ˆ[

2

1
)ˆ( 2

*

2

*)(

T

aREML
trA   , 

and  

(2.15) 1

)(

11

)(

1

)(

1

)(

2

*
ˆ)ˆ(ˆˆˆ  

aREML

T

aREML

T

aREMLaREML
ΣXXΣXXΣΣΣ  

where )ˆ,...,ˆ(ˆ
)(1)()( maREMLaREMLaREML

DADAdiag Σ . 

2.2.2 Unit-Level Model 

Analysis of data arising from random selection of several measurements on the 

outcome variable that are nested within a given domain is typical in SAE. The nesting 

pattern by which the data are classified has a significant bearing on the statistical model 

that is appropriate for satisfactory analysis of these data. A good example of models that 

are used to represent this data structure is the NER model. 

Denote by ij
y  the thj  measurement on the outcome variable under study from the 

thi  domain, and by T

pijijij
xx ),...(

1
x  the vector of associated p  covariates, including the 

intercept term, 
i

nj ,...,1 , mi ,...,1 . The NER model is given by 

(2.16) 
ij

T

ijij
vy  βx , 
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where  

(2.17)  ijiij
euv  . 

The random effects ),0(~ 2

ui
Nu   and the residual errors ),0(~ 2

eij
Ne   are assumed 

independent. The covariance structure under (2.16)-(2.17) is given by 

(2.18) 

.                     0                   

,                                     

,          ),cov(

2

22

iiif

jjiiif

jjiiifvv

u

eujiij











 

The variance components of model (2.16)-(2.17) are usually unknown. To 

estimate 
2

u
  and 

2

e
 , the fitting-of-constants method (Henderson, 1953) is used. The 

resulting estimators are consistent (Fuller and Battese, 1973). Let }ˆ{
)1( ij

  be the residuals 

from least squares (LS) regression of 



in

j

ijiij
yny

1

1  on )}(),...,{( *

.

*

2.2 piijpiij
xxxx  , where 





in

j

ijlili
xnx

1

1*

.
, pl ,...,1 , i.e. regression through the origin. Similarly, let }ˆ{

)2( ij
  be the 

residuals from the least squares regression of ij
y  on T

ijpijij
xx ],...,[

1
x  with an intercept 

term. Henderson’s estimators of 2

u
  and 2

e
  are given by 

(2.19) 
 






m

i

n

j

ij

m

i

ie

i

pmn
1 1

2

)1(

1

1

2 ˆ)1(ˆ  , 

and  

(2.20) ]ˆ)(ˆ[ˆ 2

1 11

2

)2(

1

*

2

e

m

i

m

i

i

n

j

iju
pnn

i

  
 

  , 

where ])[(
1

*

.

*

.

21

1

* 







m

i

T

iii

T
m

i

i
ntrnn xxXX  and T

piii
xx ),...,( *

.

*

1.

*

.
x . Note that if some of the 

covariates are observed at the domain level, these covariates are removed from the 

regression that is used to compute the residuals ij)1(
̂ , and the term 




m

i

i
pmn

1

1 in 
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(2.19) becomes 



m

i

i
pmn

1

*
   where 1

*
  is the number of such covariates (Fuller 

and Battese, 1973).  

2.2.3 Mixed-Logistic Regression Model 

In practice, models for binary and count outcome variables are also utilized to 

handle SAE problems (Rao, 2003). Let ij
y  be a binary random variable and suppose that 

the parameters of interest are small area proportions. It is assumed that the observations 

ij
y  are independent )(

ij
Bernoulli   variables and ij

  obey the following logistic 

regression model with random-area effects 

(2.21) 
i

T

ijiij
uu  βx)|(logit  , 

where ),0(~ 2

ui
Nu   and ij

x  includes unit-specific covariates. The MLR constitutes a 

special case of model (2.1)-(2.2) and its detailed representation and associated 

estimation methods are represented in Chapter 5. 

The three small area models that are reviewed above involve many parametric 

assumptions, which need to be satisfied in order to provide reliable predictions as 

aimed. In practice, these assumptions need not to be satisfied. Attempts to introduce 

diagnostic hypothesis tests of the three models are seldom found in the SAE literature. 

Note that a good model is the one that provides reliable prediction. This can be 

quantified by assessing the quality of the covariates and the assumptions made about the 

random effects as well as the proposed link function. We confine ourselves with testing 

two important assumptions, the functional form misspecification and the need for 

random effects in the model. The next section reviews some important developments 

with respect to testing these assumptions.  

However, developments that are related to testing other model assumptions such 

as the normality of the random effects or the specification of the covariance structure 

within domains are not covered in this review. The reader is referred to Baltagi et al. 

(2006), Montes-Rojas and Sosa-Escudero (2011) for testing heteroscedasticity in the 

NER model, McCulloch and Neuhaus (2011) and Houseman et al.(2004) for tests on the 
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distribution of the random effects, and Pan and Lin (2005) for tests on correct 

specification of the link function in GLMM. 

2.3 Model Diagnostics  

An adequate model for SAE is the model that produces reliable predictions of the 

small area characteristics of interest, with acceptable coefficients of variations for the 

final estimates. This can be achieved by involving the relevant covariates in a correct 

functional form and involving domain-specific random effects to account for the 

between-domain variability that is not captured by the covariates. The distribution and 

the covariance structure of these random effects need to be correctly specified. 

The continuous demand for GLMM in SAE applications sophisticates the 

developments of model diagnostics that can ensure reliable inference. Although the 

focus in this thesis will be on hypothesis testing, as a tool for model validation, it is 

important to reflect on some model selection techniques that have received considerable 

attention in SAE applications. In general, techniques of model selection need not 

necessarily take the form of a hypothesis testing procedure. Next, we consider the 

conditional AIC (Vaida and Blanchard, 2005) and the fence methods proposed by Jiang 

et al. (2008) as two considerable model selection techniques. Then, we review some 

recent as well as old diagnostic techniques, that are of the hypothesis testing type, which 

motivate our proposed tests. 

Vaida and Blanchard (2005) consider the model selection problem using the AIC. 

Since the candidate models contain random effects, distinction based on whether or not 

to treat the random effects as parameters should be made. The authors argue that, 

depending on the focus of the research, a different formulation of Akaike information 

with an associated criterion can be used.  

In mixed models, interest is either in the population average parameters such as β  

(the population level focus) or in individual clusters with associated random effects u , 

which represent the cluster-level focus of research. Under the population focus, random 

effects are used to model the correlation between the responses within a specific cluster. 

Under the cluster focus, the random effects are considered as parameters of interest as 

well. For the latter focus, Vaida and Blanchard (2005) develop a conditional AIC 

(cAIC). The authors consider a model that is given by 
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(2.22) 
iiiii

euZβXy  , mi ,...,1 , 

where T

inii i
yy ),...,(

1
y  is a vector of measurements on the response variable in cluster i

, T

inii i
],...,[

1
xxX   and T

inii i
],...,[

1
zzZ   are matrices of covariates of order pn

i
  and 

qn
i
  respectively, which are associated with the vector of p  fixed effects β  and the 

vector of random effects T

iqii
uu ),...,(

1
u , where ),(~

ui
N V0u  and is distributed 

independently from the residual error vector T

inii i
ee ),...,(

1
e  where ),(~ 2

ine

ind

i
N I0e  . 

Further, T

nililil i
zz ),...,(

 1
z , ql ,...,1 ,  and 

in
I  is an identity matrix of order 

ii
nn  . Note 

that (2.22) generalizes (2.16)-(2.17) by permitting the covariates to be measured at both 

the unit level and the domain level. 

Equation (2.22) can be written in the condensed form, 

(2.23) eZuXβy  , 

where 
TT

m

T ),...,(
1

yyy  , TT

m

T ),...,(
1

XXX  , ),...,(
1 m

diag ZZZ  , TT

m

T ),...,(
1

uuu   where 

),(~ *

u
N V0u , )(*

umu
diag VV   is a block-diagonal matrix with m  blocks, and 

u
V  on its 

diagonal, and TT

m

T ),...,(
1

eee  . Under the population focus, the random effects 
i

u  are 

treated as part of the error term. Hence, (2.22) is equivalent to the linear model with 

correlated errors, where 

(2.24) 
iii
υβXy  , 

where 
iiii

euZυ  , and ),(~ 2

ine

T

iuii
N IZVZ0υ  . The marginal AIC (mAIC) in 

common use is appropriate where 

(2.25) 
pLmAIC 2)ˆ|(log2  αy , 

where 

(2.26) uVuuαyαy dfLL
u
)|(),|()|(  , 
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is the marginal likelihood evaluated at the MLE of α , the vector containing the 

parameters including β , 2

e
  and the unknown parameters in 

u
V , and 

p  is the number 

of parameters in α . Furthermore, ),|( uαyL  denotes the likelihood of the model 

conditional on u , and 



m

i

uiu
ff

1

)|()|( VuVu  denotes the distribution of the random 

effects. 

For the cluster focus, the conditional AIC (cAIC) is given by 

(2.27) 
)2)((

)1()1)(1(
2)ˆ,ˆ|(log2






pnpn

pnpnn
LcAIC


uαy , 

where ),ˆ|(ˆ yαuu E  is the empirical Bayes estimator of u , )(Htr  with H  defining 

the matrix mapping the observed vector y  into the fitted vector uZβXy ˆˆˆ   such that 

Hyy ˆ , and 



m

i

i
nn

1

. The cAIC for the case where α  is estimated by REML is also 

developed in Vaida and Blanchard (2005).  

The mAIC  is appropriate when no prediction or inference needs to be made about 

the random effects 
i

u .  Thus, mAIC in (2.25) is derived under the marginal likelihood 

and is suitable for (2.24). Under the cluster focus, the random effects 
i

u  are themselves 

of interest. They are parameters that need to be estimated and this is tied by the 

distributional assumptions assigned to 
i

u  under each cluster. The use of the conditional 

likelihood in (2.27) in defining the cAIC indicates the interest in performing a model 

selection based on the choice of not only the fixed effects but also the random effects as 

model parameters. 

A related model selection technique is proposed in Jiang et al. (2008) where a 

number of strategies, named fence methods, for model selection are considered. Those 

strategies begin with isolating a set of correct models from a set of candidate models 

and then continue by selecting the optimal model from the latter set. The set of 

candidate models is considered as the ‘fence’. 

Let ),(
MMM

QQ αy  denote a measure of lack-of-fit where M  indicates a 

candidate model and 
M

α  denotes the vector of parameters under M . It is required that 
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)(
M

QE  is minimized when M  is a true model with parameters 
M

α . In practice, more 

than one good model may exist while the aim is to select an optimal model under some 

criterion. For example, in the problem of selecting the model covariates, 
M

Q  includes 

the residual sum of squares under M . This example is useful when the covariance 

structure is of an unknown form and the main concern is the selection of the fixed 

covariates. 

Let )ˆ,(ˆ
MMM

QQ αy  where 
M

α̂  is the minimizer of 
M

Q  over 
M

α , the 

parameter space under M . Let ΜM
~

 be such that 
MMM

QQ ˆminˆ
~ Μ  where Μ  

represents the set of candidate models that, by assumption, contains a true model. Jiang 

et al. (2008) show that under certain conditions, M
~

 converges in probability to a correct 

model. Then, the fence is constructed through the inequality 

(2.28) 
MMnMM

cQQ ~
,

~ ˆˆˆ  , 

where 
MM
~

,
̂  is an estimate of the standard deviation of 

MM
QQ ~
ˆˆ   and 

n
c  denotes a 

tuning constant which increases with the sample size. 

Jiang et al. (2008) discuss alternative ways of estimating 
MM
~

,
  and how to 

adaptively choose 
n

c  to improve the finite sample performance. Fence methods are 

applied to SAE by using an optimality criterion such as the MSPE. The latter criterion is 

suitable when the problem of interest is the prediction of small area means. See Jiang et 

al. (2010) for further theory and applications. 

Note that the problem of model selection can also be formulated as a hypothesis 

testing problem. Many small area models assume specific structures of the random 

effects and while this significantly improves the flexibility of these models, it increases 

the variability of point and interval estimators. Datta et al. (2011) show that if there is 

no sufficient evidence to reject null hypothesis of zero variances of the random effects, 

omitting the random effects can improve the precision of point and interval estimators. 

The authors develop a simple bootstrap approach to hypothesis testing to determine 

whether the small-domain effects have a detectable impact on the goodness of fit of a 

given model.  
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Datta et al. (2011) consider two scenarios. First, if the bootstrap test fails to reject 

the null hypothesis of no small domain effects, then the methodology for general linear 

models with a common intercept provides estimators of the unknown model parameters 

and estimators of the small domain means. Second, should the null hypothesis be 

rejected, one could either extend the model by trying to include additional covariates but 

still without random effects, or to turn to existing SAE methods by considering models 

that contain random effects. 

Assuming that the simple sample means are independent, Datta et al. (2011) 

propose the following test statistic 

(2.29) 





m

i

i

Datta

Y
T

1 2

2

1

)ˆ,(

)]ˆ,([

αx

αx




, 

where i
Y  denotes the domain mean, )ˆ,(

1
αx  and )ˆ,(

2
αx  denote the first moment and 

variance of xy |  under the reduced model with no random effects and the corresponding 

estimated parameters α̂ . Critical values for 
Datta

T  under the null hypothesis are obtained 

by generating bootstrap samples, and the null hypothesis is rejected when 
Datta

T  is too 

large. Parametric bootstrap has been recommended as a powerful tool in SAE contexts 

(Lahiri, 2003), as well as for model diagnostics (Datta et al, 2011). 

The above discussion of model selection techniques indicate that these techniques 

depend on the availability of candidate models where the choice of an optimal model is 

made using cAIC or the fence method. However, the problem of searching for an 

optimal model can be addressed differently by testing whether a proposed model is 

correctly specified. Rejecting this hypothesis implies the need to improve that model. In 

this case, alternative models may not be readily available. Nevertheless, the direction 

towards which the test is designed to capture the model misspecification would provide 

some guidance for further improvements. 

Pan and Lin (2005) propose a goodness of fit test of the linear predictor term in 

GLMM. Their test procedures have three variants: checking the functional form of a 

fixed effect, checking the link function, and an omnibus test. By misspecified functional 

form we mean that a significant nonlinear function of the covariates does not appear in 

the working model. Common examples encountered in practical applications include a 
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squared form of a covariate, or its logarithm. The proposed methods are based on 

calculating the cumulative sums of estimated residuals ordered by the values of 

covariates or the predicted values of the response variable. It is noteworthy that these 

methods rely heavily on sorting the observations by the values of a single covariate to 

detect a potential misspecification in that covariate.  

The power of testing functional misspecification is evidently good when the 

squared form or the logarithm of that covariate is not present in the working model. This 

is because of the tendency of the estimated residuals to be systematically spread around 

the fitted line and their cumulative sums significantly diverge from zero. Pan and Lin 

(2005) provide both simulation studies and real data applications of the proposed test. It 

is worth mentioning that if the misspecified covariate does not represent a non-linear 

function of the existing covariate, the aforementioned ordering of observations may not 

be sufficient to detect misspecification with good power. The authors consider a GLMM 

of the form 

(2.30) 
i

T

ij

T

ijiij
yEg uzβxu )}|({ , mi ,...,1 , 

i
nj ,...,1 , 

where (.)g  is a known differentiable link function. Three basic assumptions are made. 

First, the conditional distribution of ij
y  given 

i
u  follows a distribution from the 

exponential family with density function )|(
| iijuy

yf u . Second, conditional on 
i

u  the 

observations 
iinii

yyy ,...,,
21

 are independent. Third, the random effects are independently 

and identically distributed with density function )(u
u

f . 

The proposed tests in Pan and Lin (2005) focus on the fixed components of the 

model where the testing procedures assume that the remaining components are correctly 

specified. The cumulative sums of the residuals are given by 

(2.31) 
 

 
m

i

n

j

ijijX

i

vImU
1 1

2/1 ˆ )()( xXx , 

(2.32) 
 

 
m

i

n

j

ijijg

i

vryImrU
1 1

2/1 ˆ )ˆ()( , 
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and are used to construct two test statistics of the Kolmogorov-type, where ijijij
yyv ˆˆ  , 

))ˆ((ˆ α
ijij

yEy  , iii

T

ij

T

ijiijij
dfgyEEyE uuuzβxuα )()()}|({))(( 1

   , pT

p
xx R ),...,(

1
x , r  

is a known constant threshold such that Rr  where R  denotes the set of real numbers, 

),...()(
11 pijpijij

xXxXII  xX , and ijh
X  is the thh  component of ij

X , ph ,...,1 . The 

null distribution of the test statistics in (3.31) and (3.32) can be approximated using the 

parametric bootstrap method. See also another approximation method proposed in Pan 

and Lin (2005). 

Testing the functional form for the thh  component of ij
X  is based on considering 

the cumulative sums of residuals of the form 

(2.33) 
 

 
m

i

n

j

ijhijX

i

h
vxXImxU

1 1

2/1 ˆ )()( , ph ,...,1 , 

where Rx . The test statistic that is constructed from (2.33) is given by a Kolmogorov-

type supremum statistic |)(|sup xUS
hXxh

 . Similarly, a Kolmogorov-type supremum 

statistic is utilized for checking the link function of the model. The test statistic that is 

constructed from (2.32) is given by |)(|sup rUS
grg

 . 

We are especially concerned with (2.33) and the corresponding test statistic 
h

S  as 

we later compare the performance of this test, call it Pan and Lin test (PLT), to the new 

developed tests in Chapter 3 and 4. If the working model in (2.30) is correctly specified, 

the signs of the successive residuals tend to be positive or negative in a random manner. 

If the thh  covariate, ph ,...,1 , is misspecified the cumulative sums of the residuals in 

(2.33) tend to diverge from zero, which results in a large value of 
h

S . Before computing 

(2.33), Pan and Lin (2005) emphasize the need to sort the residuals by the values of the 

covariate that is being tested as functionally misspecified. 

Tests that utilize the idea of using sorted values of residuals to construct useful 

test statistics for model misspecification had been introduced earlier in the literature of 

the general linear model since the seventies (Brown et al., 1975; McGilchrist and 

Sandland, 1979). In these two articles, special attention is given to define a class of 

residuals that are called recursive residuals. In order to adapt the definition of recursive 

residuals to the SAE context, and particularly under the Fay-Herriot model, we first 
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consider their definition under the random intercept model with independent 

observations where the random effects are considered as part of the error term. Further, 

assume that the errors have homoscedastic variances. Under these assumptions, let m  

denote the number of observations on the outcome variable i
y  such that  

(2.34) ,
ii

T

ii
euy  βx  

where mi ,...,1 , 
i

x  is the vector of p  covariates that are associated with a vector of 

fixed effects β , 
i

u  denotes a random effect associated with the thi  observation such that 

),0(~ 2

ui
Nu  , and 

i
e  denotes the residual error term with ),0(~ 2

ei
Ne  . Then, pm  

recursive residuals (Brown et al., 1975) are defined as 

(2.35) 
jj

T

j

T

j

j

T

jj

j

y

xXXx

bx

1

11

1

)(1

ˆ
~










 , mpj ,...,1 , 

where 11

1

111
)(ˆ








j

T

jj

T

jj
yXXXb  , 

1j
X  and 

1j
y  denote respectively the matrix of 

covariates and the vector of outcome variable that correspond to the first 1j  

observations. 

Brown et al. (1975) show that the recursive residuals are independent and 

),0(~~ 22

euj
N   . It is shown below that, under (2.34), the test statistic that can be used 

to test for functional misspecification of the thh  covariate does not depend on 2

u
  and 

2

e
 . Thus, the estimation of these variance components is not needed in computing 

(2.35). Note that the definition of the recursive residuals in (2.35) can be derived under 

the Fay-Herriot model (2.3) by replacing i
y  with the direct estimate i


~

, replacing the 

variance component 2

u
  with A , and replacing 2

e
  with the sampling variance DD

i
  

for all mi ,...,1 . However, (2.35) cannot be defined under the Fay-Herriot model when 

the sampling variance varies from one domain to another. Thus, another useful 

definition of recursive residuals that accounts for heteroskedastic sampling variances is 

proposed in Chapter 3. 

Harvey and Collier (1977) exploit the independence of the recursive residuals and 

propose an exact t-test for functional misspecification based on the independence of 



  Chapter 2 

 21  

between the sample mean and the sample variance of the recursive residuals. The test 

statistic is given by 

(2.36)   
~)(

2
~

2/1





s

pm
T

HC


 , 

where 



m

pj

j
pm

1

)/(~~  . Under the null hypothesis of a correctly specified model,  

)1(
  ~

 pmHC
tT . This test statistic does not depend on the variance components under 

model (2.34). 

Similar to the sorting method that is proposed in Pan and Lin (2005), the above t-

test requires sorting the observations with respect to the values of one of the existing 

covariates. The rationale behind the t-test is as follows. If the mean function of model 

(2.34) is correctly specified, the recursive residuals tend to be positive or negative in a 

random manner. However, if the mean function is misspecified, for example by 

omitting an important covariate that is nonlinearly related to one of the available 

covariates, the recursive residuals tend to appear on one side or the other of the fitted 

regression line. Thus, they tend to be systematically biased and 
HC

T  tends to increase in 

absolute value. 

The problem of testing functional form misspecification in the literature can be 

achieved using a different technique. While the aforementioned misspecification tests 

focus on the sign of the successive residuals, evaluating the RSS from two subsets of 

the data plays a role in detecting functional form misspecification. These subsets can be 

obtained by splitting the data after the observations are sorted by the covariate that is 

being tested under the model. This approach is advocated in Chow (1960) and Utts 

(1982). 

Under model (2.34), Chow’s test is an F-test based on obtaining the RSS from 

fitting the model to two exclusive subsets 1
s  and 2

s   of the data in addition to the RSS 

from fitting the model to the whole data. Denote the sizes of the two subsets, by 
1

m  and 

2
m  observations such that mmm 

21
. Chow’s test is given by 
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(2.37)  
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yxxxb
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iiAll
yRSS

1

2)ˆ( bx  and 


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













m

i

ii

m

i

T

ii
y

1

1

1

ˆ xxxb . Under the null hypothesis of correct functional form of model 

(2.34), 
Chow

T  follows an F-distribution with p  and )2(
21

pmm   degrees of freedom.  

Under (2.37), 
21

RSSRSS   is expected to be significantly smaller compared to 

All
RSS  when the mean function of the model is misspecified. This is because the 

All
RSS  

assumes the functional relationship between the outcome variable and the covariates to 

be the same over the two subsets 1
s  and 2

s , which yields a large value of 
Chow

T  that 

indicates model misspecification. Note that the chosen subsets need to be formed after 

the observations are sorted by the values of the misspecified covariates.   

One of the variants of Chow’s test is the rainbow test (Utts, 1983). This test 

requires the model to be fitted to the whole sample and to a particularly chosen subset of 

almost half the sample size. The RSS from each fit are compared to test for functional 

form misspecification where the test statistic is given by 

(2.38) 
)/(

)/()(

11

11

pmRSS

mmRSSRSS
T All

Utts



 . 

Under the null hypothesis,  Utts
T  follows an F-distribution with )(

1
mm  and )(

1
pm   

degrees of freedom. 

Application of Chow’s and Utts’s tests to model (2.34) is straightforward and 

hence to the Fay-Herriot model (2.3) when DD
i
 , for all i , where mi ,...,1 , and m  in 

this case represents the number of domains. However, under the latter model, the 

sampling variances i
D  are known and differ among domains. Thus, the direct 

application of the test statistics Chow
T  and Utts

T  is incorrect unless the differences between 

the sampling variances are too small to be ignored. 
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Although the review of literature in this chapter is solely devoted to methods that 

undergo the frequentist approach, some Bayesian model checking techniques also exist 

in the literature. Examples of the latter techniques are in Bayarri and Castellanos (2007) 

and Dey et al. (1998). The next three chapters introduce some new tests for functional 

form misspecification and the need to include random effects in small area models. 

Some of the aforementioned tests in this chapter motivate the exploration of how 

recursive residuals can be defined and used under the Fay-Herriot model. In particular, 

the recursive residuals are used to extend the test statistic in (2.36) under the area-level 

model. This also motivates the exploration of using the recursive residuals under the 

NER model. Note that the new developments, using the recursive residuals, are 

presented in Chapter 3 and 4. The idea of data splitting is also utilized in a different 

fashion and is used to propose a new test for functional form misspecification in the 

Fay-Herriot model and the NER model. Testing the need for random effects is 

considered under the latter models as well as the MLR model through a simple score 

test. The performance of the latter test is compared to the performance of the bootstrap 

test in Datta et al. (2011). 
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Chapter 3:  Misspecification Tests for the Fay-

Herriot Model 

3.1 Area-Level Model 

This chapter considers misspecification tests for the Fay-Herriot model. We 

introduce misspecification testing procedures under model (2.4), which is given by 

(3.1) euXβθ 
~

, 

where Σeuθ  )()
~

( VarVar , ),...,(
1 m

DADAdiag Σ . We focus on tests for 

functional form misspecification of the fixed linear predictor and testing the need for 

random effects. 

A test statistic of the Wald type, which is based on the asymptotic normality of the 

vector of estimated coefficient of β  and the idea of data splitting into two subsets, is 

proposed and used to test functional form misspecification. In addition, an 

asymptotically t-distributed test statistic that utilizes the use of recursive residuals is 

also proposed and used for the same objective. In a separate context, the need for 

random effects is tested using an exact chi-square test. Two approaches motivate the 

derivation of the test statistic beside how it is motivated in Datta et a. (2011). The power 

of the aforementioned tests is evaluated using simulation studies.  

The organization of this chapter is as follows. In Section 3.2, a Wald-type test 

statistic is proposed. In Section 3.3 the extended recursive residuals and the 

corresponding test statistic are proposed. Testing the need for random effects is 

considered and supported with various derivations of the test statistic in Section 3.4. 

The simulation studies that evaluate the performance of the proposed tests are presented 

in Section 3.5. A real data application is conducted in Section 3.6. 

3.2 Wald-Type Test 

Many goodness of fit tests that are proposed in the literature exploit the expected 

systematic behaviour of the raw residuals around the fitted line when the model is 

misspecified to develop useful test statistics (Pan and Lin, 2005). In addition, the idea of 



Misspecification Tests - The Fay-Herriot Model  

 26 

comparing the RSS that are obtained from fitting the model to the whole data with the 

RSS that are obtained from fitting the model separately to two chosen subsets is 

considered in Chow (1960) and Utts (1982) as reviewed in Chapter 2. Under model 

(3.1), attention is directed to the comparison of the vectors of estimated coefficients that 

are computed from two subsets of the available domains. If the true functional form of 

one or more of the covariates is misspecified, the estimated vectors are expected to 

differ from one subset to the other. Note that sorting the domains by the values of the 

misspecified covariates plays an important role in detecting their functional form 

misspecification. This is particularly useful when a nonlinear form of the misspecified 

covariate is not present in the mean function of the model. 

3.2.1 Test Statistic 

Consider two mutually exclusive subsets 1
s  and 2

s  that are chosen from m  

domains and used to construct the proposed test statistic. The unbiasedness and 

asymptotic normality of the WLS estimator β̂  (2.6),  are utilized to derive a chi-square 

distributed test statistic as shown in the sequel. Denote by  L
β̂  the WLS estimator 

obtained from fitting (3.1) to subset L
s , 2,1L . Model (3.1) for subset L

s  is given by 

LLLL
euβXθ 

~
. Then, 

(3.2) 
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T
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T

L

Si i

ii
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ii
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θΣXXΣX
xxx

β
~

)(

~
ˆ 111

1


























 


, 

where L
θ
~

, 
L

X , and  
LsiiL

DAdiag


Σ denote, respectively, the vector of direct 

estimates, the design matrix, and the covariance matrix that belong to subset L
s . Under 

the null hypothesis of a correctly specified model, the objective is to test 

(3.3) 0ββ  ]ˆˆ[ :
210

EH . 

The proposed test statistic is introduced in Theorem 3.1. Some regularity 

conditions, in Appendix 1, are needed to derive the asymptotic distribution in the 

theorem. The regularity conditions require the inverse matrix of 
L

Σ  to be a continuous 

function in A  and require the absence of outlying values of the covariates in 
L

X  such 
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that the matrix LL

T

L
XΣX

1
 converges to a constant matrix as the number of domians 

increases. The consistency of the estimated variances of the random effects from the 

two subsets is also required. Theorem 3.1 utilizes the mixed model theory in deriving a 

test statistic of the Wald-type under the Fay-Herriot model. Fuller and Battese (1973) 

provide a general proof of Theorem 3.1 under the context of the NER model where 

further discussion is provided in Chapter 4. 

Denote by )ˆ(ˆ
LL

Aβ , 2,1L , empirical WLS estimator of β  from subset L
s  that is 

obtained by replacing A  with L
Â , which is estimated from the domains belonging to 

subset L
s . Further, let ))ˆ(ˆ)ˆ(ˆ(ˆ

2211
AAVar ββΣ  . 

Theorem 3.1 

Under the null hypothesis (3.3), the test statistic given by 

(3.4) )]ˆ(ˆ)ˆ(ˆ[ˆ)]ˆ(ˆ)ˆ(ˆ[
2211

1

2211
AAAAT T

ββΣββ  

 , 

is asymptotically chi-square distributed with p  degrees of freedom, where p  denotes 

the number of covariates. 

The proof of Theorem 3.1 is given in Appendix 1. It can be summarized as 

follows. First, the asymptotic unbiasedness of the empirical WLS estimator )ˆ(ˆ
LL

Aβ  to 

L
β̂  is used to prove the correctness of hypothesis (3.3). The convergence of the 

distribution of )ˆ(ˆ)ˆ(ˆ
2211

AA ββ   to the distribution of 21
ˆˆ ββ   is proved using the 

regularity conditions that are listed in Appendix 1. Checking, the validity of these 

regularity conditions is also addressed in Appendix 1. Under the alternative hypothesis 

of functional form misspecification, the empirical WLS estimator from one subset is 

expected to differ from that obtained from the other subset, that is 0ββ  ]ˆˆ[ :
210

EH . 

Results from simulation studies indicate that the finite-sample distribution of the 

test statistic T  does not necessarily follow the chi-square distribution when the number 

of domains is small or moderate. The dependence of )ˆ(ˆ
LL

Aβ  on L
Â , 2,1L , results in 

inflated size of the test under the null hypothesis (3.3). In such cases, parametric 

bootstrap can be used to approximate the finite-sample distribution of this test statistic. 
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Alternatively, observing that the heteroskedasticity in the covariance matrix of θ
~

 

is due to the sampling variances 
i

D  that are known under the model, we propose the 

following test statistic 

(3.5) )ˆˆ(ˆ)ˆˆ(
21

1

21

*
bbΣbb  

OLS

TT , 

where L

T

LL

T

LL
θXXXb
~

)(ˆ 1 , )ˆˆ(ˆ
21

bbΣ Var
OLS , 

(3.6) 1

22222

1

22

1

11111

1

11
)()ˆ()()()ˆ()()ˆ(ˆ   XXXΣXXXXXXΣXXXΣΣ

TTTTTT

OLSOLS
AAA , 

where )ˆ(A
L

Σ   is obtained by replacing A  with its estimate Â  in 
L

Σ , which is defined 

below (3.2). Thus  

(3.7) D

TT

OLS
A CXXXXΣ   ])()[(ˆˆ 1

22

1

11  

where 

(3.8) 
1

22222

1

22

1

11111

1

11
)()()()(   XXXΣXXXXXXΣXXXC

T

D

TTT

D

TT

D , 

 
1

1 siiD
Ddiag


Σ , and  

2
2 siiD

Ddiag


Σ .  

The matrix 
D

C  is known under the Fay-Herriot model. Note that under the null 

hypothesis of a correctly specified model and the normality of the error terms u  and e  

in (3.1), 

(3.9) ))(,(~ˆˆ
21

AN
OLS

Σ0bb  , 

where D

TT

OLS
AA CXXXXΣ   ])()[()( 1

22

1

11 . Then, the distribution of the test statistic in 

(3.5) converges to the chi-square distribution as )(ˆ A
OLSOLS

ΣΣ   where the later 

convergence is attained when A  is replaced with a consistent estimator. As neither 1
b̂  

nor 2
b̂  depend on A , we replace this variance term with Â  that can be computed using 
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all domains. We label the functional form misspecification test, which uses *

T , as the 

Wald-type test (WTT). 

3.2.2 Data Sorting and Splitting 

Data sorting plays an essential role in influencing the power of the test. The 

proposed test is shown, in the simulation study, to possess good power when the 

misspecified covariates are nonlinearly related to one or more of those included in X . 

However, this requires the domains to be sorted before splitting the sample into two 

subsets. It is important to notice that improper sorting can lead to dramatic loss of 

power. On the contrary sorting the observations by the values of the misspecified 

covariates before splitting the observations into two subsets is necessary to construct a 

powerful test.  

An example that visually illustrates the effect of functional misspecification on the 

estimated vectors of coefficients is provided in Figure 3.1-3.2. Consider a simple case of 

model (3.1) with a single covariate. If the actual relationship between the direct estimate 


~

 and the auxiliary covariate x  is as plotted in Figure 3.1, the RSS from fitting a linear 

model to all domains is expected to be larger than adding two RSS that are obtained 

from fitting two separate models to subset 
1

G  and 
2

G as plotted in Figure 3.2.  

Figure  3.1 Effect of functional form misspecification on estimated coefficients when 

the model is fitted to the whole data. 

 

 

 

 

 

 

 

Obviously, the fitted lines 
1

G  and 
2

G  in Figure 3.2 tend to differ from each other 

and this motivates the use of the test statistic in (3.5) to test the significance of the 
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difference between the estimated lines. Note that the two subsets are formed after we 

choose the smaller values of x  to be in one subset and the larger values in the other 

subset. 

Figure  3.2 Effect of functional form misspecification on estimated coefficients when 

the model is fitted to separate subsets. 

 

 

 

 

 

 

 

The possibility of having more than one misspecified covariate requires careful 

choice of the sorting method to be followed before running the test. In practice, 

misspecified covariates need not to be determined in advance. Nevertheless, proposals 

of simultaneous sorting of the covariates have not been considered in the empirical 

studies in Chow (1960), Harvey and Collier (1977) or Pan and Lin (2005).  

Three methods of sorting can be addressed. The first method depends on giving 

more priority to a specific covariate and to sort by its values. This can be achieved in 

various manners. For example, the analyst can subjectively determine the leading 

covariate where this covariate should be of considerable importance among other 

covariates. Practically speaking, it can be the covariate with estimated coefficient that 

departs considerably from zero, or the covariate that has important effect on prediction. 

Another example is to sort by the fitted values βXˆ , where β̂  is defined in (2.6). 

This represents sorting by the weighted sum of all the covariates. However, notice that 

the leading covariate will be the one associated with the largest estimated value in β̂ . 

We will consider this as a second method. The third method of sorting is to choose no 

leading covariate, but consider all of them equally. This can be achieved by sorting by 

the vector of unweighted sum of the values of all covariates corresponding to each 

observation. 
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The simulation studies in Section 3.5 present some results with respect to the use 

of each of these methods in testing functional form misspecification. Importantly, note 

that none of the methods described above is uniformly more efficient than the others. 

Fortunately, if the observations are sorted by the at least one of the misspecified 

covariates in the model, the test will possess high power in detecting this 

misspecification. 

3.3 Asymptotic t-test Using Recursive Residuals 

We consider the formulation of uncorrelated recursive residuals under model (3.1) 

where the normality assumption of the errors is required to construct test statistics for 

model misspecification. The random effects are considered as part of the error term in 

our derivations. The recursive residuals are used to construct two tests. An asymptotic t-

test (Section 3.3.3) for functional form misspecification testing is constructed. The 

second test is presented in Section 3.4.  

The recursive residuals defined in (2.35) are adapted to the Fay-Herriot model 

(3.1) with heteroskedastic sampling variances as follows. Corresponding to the 
thj  

domain, let j
~  denotes the 

thj  recursive residual that is defined as 

(3.10) 
jjj

T

j

T

jj

j

T

jj

j

DA xXΣXx

βx

1

1

1

11

1

)()(

ˆ~
~

















 , mpj ,...,1 , 

where 
j


~

 and T

jpjj
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1
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 xxX , 

),...,(
111 


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DADAdiagΣ , and T

jj
)

~
,...,

~
(

~
111 

 θ . 

The definition in (3.10) indicates that a specific choice of data sorting has to be 

followed when the recursive residuals are computed from the available domains. The 

properties of the recursive residuals that are presented below assume A  to be known. 

These properties represent an extension to the derivations in (Brown et al., 1975). Then, 

we consider the typical situation where A  needs to be estimated. 
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3.3.1 Properties of Recursive Residuals (Known Variance) 

Under model (3.1), unlike the fact that the estimated raw residuals are correlated, 

the recursive residuals defined in (3.10) are (by Theorem 3.2) independent with mean 

zero and unit variance. Furthermore, the 
thj  recursive residual in (3.10) can be 

expressed as 

(3.11) 
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and 
jjj

θΣθ
~~ 2/1*  . This provides a direct link to the formulation in (2.35) under the 

random intercept model (2.34) with homoscedastic variances. The following theorem 

summarizes the properties of the recursive residuals in (3.10)-(3.11). 

Theorem 3.2 

(i) 0)~,~cov( 
lj
 , 
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where C  is a matrix of order mpm  )(  and 2/11
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Furthermore, 0ε )~(E  and Iεε )~~( TE . 
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(iii) The sum of squares of pm   recursive residuals is equal to the weighted 

sum of squares of the m  raw residuals, where the corresponding weights are 

the reciprocals of the main diagonal elements in Σ . 

(iv) Under the normality of u  and e  in (3.1), the 
thj  recursive residual follows 

the standard normal distribution. 

The proof of Theorem 3.2 is given in Appendix 1. This theorem extends the 

properties of recursive residuals to the case when the error terms of the model are 

independent with heteroskedastic variances. Properties of recursive residuals under 

linear models with independent errors that have homoscedastic variances are provided 

in Brown et al. (1975) and Harvey and Collier (1977). The result in part (iii) above is 

used for testing the need for random effects in Section 3.4. Related recursive formulas 

are derived in Appendix 1. Those formulas are useful in reducing the computational 

burden that result from repeating the process of inverting matrices of relatively big 

order as the number of domains increase. 

3.3.2 The Case of Unknown Variance 

In Section 3.3.1 we assumed that A  is known. In practice, this is not the case and 

the variance needs also to be estimated recursively. This is because each recursive 

residual represents a standardized one step-ahead prediction error using the former 

observations. Thus, at step j , A  should be estimated based on all the former 
11

~
,...,

~
j

 , 

in order to compute j
~  as in (3.10). 

Deriving a set of asymptotically uncorrelated recursive residuals under (3.1) is 

achieved using the following definition of recursive residuals,  

(3.13) 
2/11

11111

1

11

11

1

11

])()()[(

~
)(

~
~

jj

T

jjj

T

jj

T

j

T

jj

j

T

jj

T

j

T

jj

j
DA xXXXΣXXXx

θXXXx




















 , mpj ,...,1 , 

where it can be shown (Brown et al., 1975) that if A  is known then 0),cov( jj
 , for 

all mpjj ,...,1,  . Basically, this definition of j
  replaces the WLS estimator 

1
ˆ

j
β  that 

is used in (3.10), which depends on A  with 1
ˆ

j
b  that is defined below (2.35). Thus, the 
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numerator of (3.13) does not depend on A . We propose estimating A  using all the 

domains to compute )ˆ(
~~̂

A
jj

  , which is obtained by plugging Â  into (3.13). 

The consistency and asymptotic normality of these empirical recursive residuals, 

j

~̂

, are justified as follows. Since AAˆ , then 
jj


~~̂

 . Note that 
)ˆ(

)(~~̂

A

A
jj




 , 
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11111

1
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2/11

11111

1
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])()ˆ()()ˆ[(

])()()[(

)ˆ(
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T

jjj

T
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j

T

jj
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T

jjj

T

jj

T

j

T

jj

ADA

DA

A

A

xXXXΣXXXx

xXXXΣXXXx

























, where the matrix 

)ˆ(
1

A
j

Σ  is obtained by replacing A  with Â  in ),...,(
111 


jj

DADAdiagΣ . Observing 

that 1)ˆ(/)(  AA  as m , )1,0(~
~

N
j

 , and that 
j


~̂

 is a continuous function in Â , 

then by Slutsky’s theorem )1,0(
~̂

N
d

j
 . An empirical assessment, in Section 3.5, of the 

asymptotic normality of 
~̂

 is conducted via an asymptotic t-test for functional form 

misspecification as given below. 

3.3.3 Testing Functional Form Misspecification 

The recursive residuals are used to test functional form misspecification. If the 

correct functional form of one or more of the covariates is not represented in the fitted 

model, then this misspecification influences the recursive residuals to become 

systematically positive or negative over the ranges of values of the misspecified 

covariates. This is particularly the case when the misspecified covariates are nonlinearly 

related to the covariates in the mean function of the model. Thus, the sum of the 

recursive residuals tends to depart from zero and hence can be used to quantify this type 

of misspecification.  

The proposed test statistic is given by 

(3.14) 


















m

pj

j

m

pj

j

pm

pm

1

2*1

1

2/1

)
~̂~̂

()1(

~̂
)(





 , 

where 



m

pj

j
pm

1

1* ~̂
)(

~̂
 . We call the misspecification test that uses the test statistic   

as the recursive residuals test (RRT). This test extends the test statistic proposed by 
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Harvey and Collier (1977) while we have to estimate A  in order to compute  . As the 

test statistic in (3.14) is a continuous function in 
j


~̂

, mpj ,...,1 , the distribution of  

  converges to the t-distribution with 1 pm  degrees of freedom provided that 

j

d

j

~~̂

 . 

Given a sample of m  domains, decision should be made with respect to which 

1j  domains should be used to compute the next 
j


~̂

. This retrieves the idea of data 

sorting back again. To test for functional form misspecification, the same data sorting 

proposals in Section 3.2.2 can be followed here. After sorting the available domains, the 

first p  of them are used to compute 
1

~̂
p

  then the first 1p  domains are used to 

compute 
2

~̂
p

  and the process continues until pm  recursive residuals are computed. 

3.4 Testing the Need for Random Effects 

The Fay-Herriot model accounts for random effects in predicting the domain 

characteristic (e.g. domain mean) of interest. Datta et al. (2011) argue that, on one hand, 

correct specification of the covariance structure of the observations ensures efficient 

estimation of the parameters of the model as well as correct inference. On the other 

hand, if it is possible to test for the existence of the random effects and if the test shows 

that they are not needed, one can arguably ignore them in the working model and hence 

improve the precision of both point and interval prediction of the area means. 

In addition, the importance of testing the need for random effects can be viewed 

from another perspective. Dispensing the random effects when they are needed results 

in ignoring the variability among domains and thus underestimating the variances of the 

estimated fixed effects. This can also result in imprecise estimation of the MSPE. In this 

section we motivate the derivation of the test statistic that is originally proposed in Datta 

et al. (2011) through the use of recursive residuals and a score test.  

The proposed score test is particularly emphasized for two reasons. The first 

reason is that under the alternative hypothesis where the random effects are present, the 

test treats the log-likelihood function of the observations in a different fashion. This is 

explained in the following paragraphs. The second reason is that the score test is shown 

to be useful in testing the need for random effects under the NER and MLR models. It is 
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shown in Chapter 4 and 5 that the score test yields a different test statistic from the one 

that is proposed in Datta et al. (2011). However, under the Fay-Herriot model, the two 

test statistics are shown to be identical. 

Under the null hypothesis of no random effects, 0:
0

AH , the test statistic in 

(2.29) can be constructed using the sum of squares of the recursive residuals. Using the 

score test, the testing problem is treated by considering the random effects as unknown 

constants. That is, they are going to be treated as extra fixed effects under the alternative 

hypothesis.  

Note that the Fay-Herriot model does not treat u  as fixed effects. It is also 

important to mention that this proposal is utilized only for the testing purpose. 

Consequently, the test procedure under the score test follows by considering two nested 

models where the restricted model ignores these extra fixed effects by setting 0u :
0

H . 

Under the unrestricted model, these extra fixed effects are incorporated in the model by 

setting 0u :
1

H . Hence, the classical score test can be conducted to test whether these 

extra fixed effects are needed. 

Note that under the score test, the unrestricted model is over-parameterized. The 

number of parameters exceeds the number of domains included in the model. Thus, 

neither the likelihood ratio test nor the Wald test is applicable as the parameters cannot 

be estimated under the unrestricted model. Nevertheless, an advantage of suggesting the 

score test is that this test requires the model parameters to be estimated only under the 

null hypothesis. 

Three formulations for the same test statistic are provided, given that the sampling 

variances 
i

D , mi ,...,1 , are known. In the remainder of this section, the equality of 

these formulations is shown analytically. 

The problem of testing the need for random effects is equivalent to testing 

whether their variance is zero. Thus, under the Fay-Herriot model, the objective is to 

test 0:
0

AH  versus 0:
1

AH . Datta et al (2011) proposed the test statistic in (2.29), 

which simplifies under the null hypothesis to 
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(3.15) 

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, 

where ),...,(
1 mD

DDdiagΣ . Under the null hypothesis of no random effects, the test 

statistic in (3.15) follows a chi-square distribution with pm  degrees of freedom. 

A test statistic based on recursive residuals can be proposed where the following 

result is extracted from Section 3.3.2. Under the null hypothesis of no random effects 

and by Theorem 3.2 (iv), the recursive residuals defined in (3.10) are independent 

)1,0(N  random variables. Thus, the test statistic can be given by 

(3.16) 

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where ),...,(
111)( 


jjD

DDdiagΣ , and follows a chi-square with pm  degrees of 

freedom. The equality of the two statistics 
GLS

T  and 
c

T
Re

 is easily deduced from part (ii) 

in Theorem 3.2. In short, the sum of squares of pm   recursive residuals defined in 

(3.16) is equal to the sum of squares of m  WLS residuals as given in (3.15). 

In the remainder of this section, we consider the marginal mean function of model 

(3.1) to be given by uXβ   and D
Var Σθ )

~
( , where 

D
Σ  is defined below (3.15). Again, 

we emphasize that this consideration is proposed only for the purpose of testing the 

need for u  in (3.1). Denote by l  the log-likelihood under our former consideration of 

the marginal mean function and the covariance structure of (3.1), which is given by 

(3.17) )
~

()
~

(
2

1
||log

2

1
)2log(

2

1
uXβθΣuXβθΣ  

D

T

D

m
l  . 

The proposed score test that is based on the efficient test in Rao (1973, p. 418) where 

0u :
0

H  is tested against 0u :
1

H  has the form 

(3.18) ηΓη
 T

LM
T , 

where 
T

m
ulul )/,...,/(

1
η , and the mm  matrix Γ  is given by 
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(3.19) 
T 121221211 )( ΓΓΓΓΓ

 , 

where 
jjjj

uul   /211
Γ , mjj ,...,1,  , 

kjjk
ul  /212

Γ , mj ,...,1 ; pk ,...,1 , and 

kkkk
l   /222

Γ , pkk ,...,1,  . All the derivatives are evaluated at 0u   and 0
β̂β 

where 0
β̂  is the vector of maximum likelihood estimates of the parameters under the 

null hypothesis, and 
Γ  is the generalized inverse of Γ . 

Under the null hypothesis, the test statistic in (3.18) has a chi-square distribution 

with degrees of freedom equal to the rank of Γ . From (3.17)-(3.19) 
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We conclude that 
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3.5 Simulation Studies 

We divide this section into two parts. First, we carry out a simulation study to 

assess the finite-sample performance of the proposed functional form misspecification 

tests. In the second part, we assess the performance of (3.24) that is used to test the need 

for random effects in the Fay-Herriot model. 

3.5.1 Testing Functional Form Misspecification 

In this part the performance of the WTT and RRT is compared to the PLT, which 

is reviewed in Chapter 2. The comparison is based on evaluating the power of each test, 

provided that each test possesses the right size when the model is correctly specified. 

Five models are used to generate the data. In four of them, we consider examples of 

functional forms of the covariates in order to assess the performance of the tests when 

the model is misspecified.  

In order to evaluate the size of each of the three tests, we generate the sample data 

from model (3.26), given below, and fit the same model. Then, we compute the three 

test statistics under this model, which is correctly specified. We repeat this process 

2000r  times. The size of each test is obtained by computing the proportion of times it 

rejects the null hypothesis that the model is correctly specified. Thus, rejecting the null 

hypothesis under the WTT is concluded when the test statistic exceeds a chosen critical 

value of 2

p
 , where p  denotes the number of covariates in the model. Similarly, the 

reference distribution for the RRT is 1 pm
t , where m  denotes the number of domains in 

the study.  

Let the direct estimates be generated from the following model 

(3.26) iiiiiii
euxxxx 

443322110

~
 , 

where 110,...,1i , 5p , TT )1,1,3,1,1(),,,,(
43210

 , )9,1(~
1

Ux , )3,1.0(~
2

Ux , 

)2.0,2(~
3

Nx , and )2.0,2(~
4

Nx . In addition, let the random effects be generated as 

),0(~ ANu
i

, 1A , and the sampling error be generated as ),0(~
ii

DNe  where 

]5.1,5.0[
i

D . The left-hand side of (3.26) is obtained by generating 
i

u  and 
i

e  as 
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specified above. This process is replicated r  times. Each sample that we obtain under a 

replication of this process is called a parent sample. 

In order to assess the size of the PLT, we use the parametric bootstrap method. 

The method is used to approximate the finite-sample distribution of the test statistic 
h

S  

that is defined below (2.33). From each parent sample, we generate 
BS

r  bootstrap 

samples, where 2000
BS

r . A bootstrap sample is generated from the following model 

(3.27) )()(443322110)(
ˆˆˆˆˆ~

BSiBSiiiiiBSi
euxxxx   , 

where )ˆ,0(~
)(

ANu
BSi , ),0(~

)( iBSi
DNe . The vector T)ˆ,ˆ,ˆ,ˆ,ˆ(ˆ

43210
β  and Â  are 

obtained by fitting model (3.26). The computed values of the test statistic from these 

bootstrap samples constitute the parametric bootstrap distribution. 

An assessment of the approximation that the parametric bootstrap method 

provides is needed. One way to make this assessment is by computing the proportions 

of rejecting the null hypothesis that (3.26) is correctly specified, using the ED of the test 

statistic of the PLT. The ED is obtained by generating large number of parent samples 

under (3.26) and the computed values of the test statistic from these samples constitute 

this distribution. We generate 000,30
ED

r  samples to represent the ED. Then, the null 

hypothesis is rejected when the test statistic 
h

S  exceeds the chosen critical value of the 

ED. Then, obtaining close proportions of rejection by using the parametric bootstrap 

method and the ED provides an indication that the former method can precisely evaluate 

the power of the PLT. When the ED is used as a reference distribution for the test 

statistic 
h

S , we label the test as empirical PLT (EPLT). 

The WTT statistic is computed by dividing the 110 domains into two subsets, 

each of size 55. Computing the test statistic of the RRT requires using 5 observations to 

compute the first recursive residual where 105 recursive residuals can be computed. The 

test statistic of the PLT does not require data splitting or sacrificing any observation. 

The size of the aforementioned tests is given in Table 3.1.  
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Table  3.1 Proportions of rejecting model (3.26) when it is correctly specified 

 

 

 

The nominal levels inside Table 3.1 refer to the proportion of times where the test 

statistics exceed the 95
th

 percentile (thus 5% in the left-column margin) and the 97.5
th

 

percentile (thus 2.5% in the left-column margin) of the relevant reference distributions 

of the test statistics. The results indicate a good size of the proposed WWT and RRT. 

The results also indicate that both the parametric bootstrap and the ED provide very 

close proportions of rejection. 

In order to assess the power of each test, we generate the data from four models 

(3.28a)-(3.28d) as given below. However, under each data generation, we proceed by 

fitting model (3.26). Thus, the test statistics of the WTT, RRT and PLT are computed 

under the misspecified model. The power of the tests is evaluated by computing the 

proportion of times such that the null hypothesis is rejected. The four models are given 

by 

(3.28a) iiiiiii
euxxxx 

443322110
ln

~
 , 

(3.28b) iiiiiiii
euxxxxx 

443322

2

1110
15.0

~
 , 

(3.28c) iiiiiiii
euxxxxx 

443322

2

1110
ln15.0

~
 , 

(3.28d) iiiiiiii
euxxxxx 

5443322110
2

~
 , 

where )1,(ln~
25

xNx . The power of each test under the four models (3.28a)-(3.28d) is 

given in Table 3.2-3.5 as shown next. The forms of misspecification in the four models 

are examples where a nonlinear form of one (or more) of the covariates is misspecified 

under the fitted model (3.26). This type of misspecification is frequently recognized in 

practice (Pan and Lin, 2005). 

The power of each of the three tests, as given in Table 3.2, is evaluated by fitting 

(3.26) where the functional form of 
2

x  is misspecified. Three sorting methods are used. 

Test 
WTT RRT PLT EPLT 

Nominal Level 

5.0% 5.08 4.98 4.96  4.98 

2.5% 2.48 2.51 2.47  2.53 
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Details on these sorting methods are discussed in Section 3.2.2. The results are 

summarized under each sorting method as follows. Applying the first method implies 

sorting the observations by the values of the covariate 
2

x . This yields the maximum 

power of the three tests, as compared to the other sorting methods, at both nominal 

levels. Note that the simulation studies in Pan and Lin (2005) account only for the case 

where the misspecified covariate can be determined. 

Table  3.2 Power of the functional form tests when (3.28a) is the correct model 

Test Sorting  

Method 
RRT WTT PLT 

Nominal Level 

5.0% 
First 

100 92.8 91.3 

2.5% 99.9 88.2 88.0 

5.0% 
Second 

19.3 47.5 5.80 

2.5% 10.7 35.2 2.10 

5.0% 
Third 

5.6 51.5 6.20 

2.5% 2.6 38.0 2.45 

 

Thus, we suggest the second and third sorting methods when the misspecified 

covariate cannot be determined in advance. Sorting the observations by the fitted values, 

hence using the second method, yields poor power of the three tests at both nominal 

levels. The WWT is relatively superior (e.g. has a power of 47.5% at the 5% nominal 

level). The same conclusion applies under the third sorting method. The poor 

performance of the tests indicates their sensitivity to the sorting method that is used. 

This can limit the overall usefulness of these tests, particularly when it is difficult to 

choose the leading covariate where, for example, more than one covariate is of relative 

importance in the model.  

Table  3.3 Power of the functional form tests when (3.28b) is the correct model 

Test Sorting  

Method 
RRT WTT PLT 

Nominal Level 

5.0% 
First 

97.1 91.8 91.1 

2.5% 94.5 84.2 85.0 

5.0% 
Second 

42.5 46.4 8.2 

2.5% 29.8 33.5 5.2 

5.0% 
Third 

50.2 56.3 19.0 

2.5% 37.3 43.4 10.0 
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Fitting model (3.26) when (3.28b) is the correct model, i.e. ignoring 
2

1
x , yields the 

power of the three tests as presented in Table 3.3. The same results that we conclude 

from Table 3.2 apply to Table 3.3, except that both the WTT and RRT are relatively 

superior to the PLT under the second and third sorting methods. However, this 

superiority is not of significant importance in detecting the misspecification.  

Table  3.4 Power of the functional form tests when (3.28c) is the correct model 

Test Sorting  

Method 
RRT WTT PLT 

Nominal Level 

5.0% 
First 

100 84.8 81.0 

2.5% 99.8 73.4 71.6 

5.0% 
Second 

73.6 91.1 77.2 

2.5% 58.7 84.4 84.4 

5.0% 
Third 

8.55 97.8 7.20 

2.5% 3.85 95.1 4.00 

 

In Table 3.4, we consider the situation where more than one covariate can be 

misspecified. Under the first sorting method, we sort the observations by the values of 

2
x , while the other sorting methods are performed as described earlier. The results show 

that the WTT possesses high power under the three sorting methods. The RRT and PLT 

have high power under the first method, moderate power under the second method, and 

possess poor power under the third method. This provides an indication that the 

presence of more than one misspecified covariate can be detected by using the data 

splitting technique (via the WTT) rather than techniques that rely on the signs of 

residuals, i.e. the WTT and PLT. 

Table  3.5 Power of the functional form tests when (3.28d) is the correct model 

Test Sorting  

Method 
RRT WTT PLT 

Nominal Level 

5.0% 
First 

96.4 79.4 75.0 

2.5% 89.4 62.5 54.2 

5.0% 
Second 

80.0 5.9 19.2 

2.5% 62.8 2.9 9.00 

5.0% 
Third 

5.00 66.6 5.10 

2.5% 2.55 45.6 2.50 
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Under model (3.28d), see Table 3.5, we consider the situation where an important 

variable 
5

x , which is nonlinearly related to 
2

x , is not involved in the fitted model 

(3.26). The three tests possess their highest power when the first sorting method is 

applied, i.e. sorting by 
2

x  that it is related to the misspecified covariate. However, under 

the second sorting method, the RRT is still able to detect this type of misspecification 

with good power (80.0% at the 5% nominal level). Under the third sorting methods, the 

WTT remains relatively superior to the RRT and PLT. 

From Table 3.2-3.5, some conclusions on the power of the three tests under the 

proposed sorting methods can be drawn as follows: 

1. The RRT is uniformly superior, with very good power, to the other tests in 

detecting the various functional form misspecifications when the first sorting method is 

used. 

2. The decision, regarding which of the tests is more powerful when the second 

sorting method is used, is inconclusive. 

3. Using the third sorting method, the WTT is relatively superior to the other tests. 

Nevertheless, WTT has moderate power as compared to its performance under the first 

sorting method. 

4. The second and third sorting methods do not provide better alternatives to the first 

method in terms of guaranteeing a high power of the tests. Thus it is important to 

determine the important variables in order to implement the first sorting method. 

3.5.2 Testing the Random Effects 

In this part, the power of testing the need for random effects is assessed. Using 

(3.25), we evaluate the power of the score test that is motivated in Section 3.4 at 

different values of 0A . Let the sample data be generated as described in (3.26) with 

25m , 110m , 300m , and ),0(~ ANu
i

. This process is repeated 2000r  times. 

However, we proceed in each replication by fitting the following model 

(3.29) iiiiii
exxxx 

443322110

~
 , 

where the random effects are ignored. Note that when 0A , model (3.26) and (3.29) 

coincide. In this case, we evaluate the size of the test. The results, which correspond to 
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the 5% and 2.5% nominal levels of the chi-square distribution with degrees of freedom 

equal to 5m  are given in Table 3.6. 

Table  3.6 Size and power of testing the need for random effects 

Number of 

Domains 

Nominal 

Level 

GLS
T  

0A  3.0A  5.0A  7.0A  

25m  
5% 5.00 27.4 46.2 63.0 

2.5% 2.50 18.9 36.0 53.1 

110m  
5% 5.00 67.2 93.1 99.0 

2.5% 2.50 56.3 88.9 98.1 

300m  
5% 5.00 95.4 99.9 100 

2.5% 2.50 92.2 99.8 100 

 

The power of the test increases monotonically as A  departs from zero. When 

25m , the performance of the test is not satisfactory when 3.0A  and 5.0A . A 

moderate power of the test is achieved when 7.0A  at both nominal levels. As the 

number of domains increases ( 110m ), the test possesses a good power when 5.0A  

(93.1% at the 5% nominal level and 88.9% at the 2.5% nominal level). When 300m , 

the power of the test is very good even at 3.0A . Note that the observations need not to 

be sorted to obtain the above results. In the next section, we apply the proposed tests in 

this chapter to a real data set. 

3.6 Real Data Application 

The data set in this application is reported in Morris and Christiansen (1995). The 

data set is obtained from a medical survey that aims to compare surgery success rates of 

several hospitals. The data observations in Table 3.7 are reported for 23 hospitals (out of 

a total of 219 hospitals) that performed at least 50 kidney transplants during a 27 month 

period. Morris and Christiansen (1995) report failure rates that are defined as 
i

p̂ = 

(number of graft failure) / 
i

n , where 
i

n  is the number of kidney transplants at hospital i  

during the period of investigation. A covariate in the form of severity index 
i

x  is also 

reported for each hospital. It equals the average fraction of females, African American, 

children and extremely ill kidney recipients at hospital i . In this application the 

hospitals represent the small areas. 
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Datta et al. (2011) consider modelling the logit transformations of the estimated 

rates reported in Table 3.7 using the Fay-Herriot model. Let )ˆ(logit
~

ii
p  where the 

corresponding variances of the logit-transformed data are denoted by 
i

D . The proposed 

tests are applied to this data set. 

Table  3.7 Hospital data of Morris and Christiansen (1995) 

Area )ˆlogit(
~

ii
p  i

x  
i

D  

1 -0.838 0.112 0.118 

2 -1.815 0.206 0.110 

3 -1.368 0.104 0.106 

4 -0.695 0.168 0.106 

5 -0.632 0.337 0.086 

6 -1.289 0.169 0.083 

7 -1.688 0.211 0.083 

8 -1.791 0.195 0.083 

9 -1.266 0.221 0.076 

10 -1.355 0.077 0.076 

11 -1.331 0.195 0.069 

12 -1.015 0.185 0.066 

13 -1.153 0.202 0.066 

14 -1.036 0.108 0.051 

15 -1.782 0.204 0.051 

16 -2.031 0.072 0.048 

17 -1.380 0.142 0.043 

18 -1.313 0.136 0.040 

19 -1.457 0.172 0.038 

20 -1.313 0.202 0.033 

21 -1.614 0.087 0.033 

22 -1.565 0.177 0.028 

23 -1.621 0.072 0.024 

 

As preliminary analysis, we plot the logit-transformed data i

~

 against the index 

covariate 
i

x , 23,...,1i . Figure 3.3 suggests a nonlinear relationship. For illustrative 

purposes of how our proposed tests work, we start by ignoring the potential nonlinearity 

and considering a model of the form 

(3.30) iii
eux 

10

~
 . 

The p-value from testing the need for random effects in (3.30) using the score test in 

(3.24) is 0.022. This suggests maintaining the random effects in the latter model. 
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Figure  3.3 Data from Morris and Christiansen (1995) after logit transformation 

 

 

 

 

 

 

 

 

In order to test whether model (3.30) can be improved due to missing an unknown 

nonlinear term, we use the RRT, WTT and PLT. The p-values of the latter three tests 

under (3.30) are, respectively, 0.034, 0.036, and 0.069. Thus the RRT and WTT indicate 

that the mean function of this model is misspecified, however the PLT does not 

recognize this problem. The model with a quadratic term is given by 

(3.31) iii
euxx  2

210

~
 . 

The added quadratic term is already involved in the working model of Morris and 

Christiansen (1995). Note that the p-value from testing the need for random effects in 

(3.31) using the score test in (3.24) is 0.015, which emphasizes maintaining the random 

effects in the latter model. Figure 3.4-3.5 provide the fitted first and second degree 

polynomials of the mean functions of (3.30) and (3.31). 

Figure  3.4 Data from Morris and Christiansen (1995) with first-degree polynomial of 

the mean function 
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Figure  3.5 Data from Morris and Christiansen (1995) with second-degree polynomial of 

the mean function 

 

 

 

 

 

 

 

The fitted mean functions in Figure 3.4-3.5 do not seem satisfactory in 

representing the functional form of the relation between 
~

 and x . The p-values from the 

RRT, WTT, and PLT are 0.115, 0.045, and 0.059 respectively. Thus, the WTT suggests 

that further improvement is needed, while the other two tests provide the opposite 

conclusion. Note that the quadratic model (3.31) may fit the data well except for the 

point at the upper right corner. We plot the model, including the cubic term of x , in 

Figure 3.6. Thus the corresponding model is given by 

(3.32) iii
euxxx  3

3

2

210

~
 . 

Figure  3.6 Data from Morris and Christiansen (1995) with third-degree polynomial of 

the mean function 
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Figure 3.6 indicates that the third-degree polynomial form of the mean function of 

i

~

 provides a better fit to the data. The p-values from the RRT, WTT, and PLT are 0.9, 

0.584, and 0.788 respectively. This suggests no further modification of the mean 

function of model (3.32). The p-value from testing the need for random effects in (3.32) 

using the score test in (3.24) is 0.210, indicating that the explanatory variables are well 

defined to explain the variability in the logit-transformed failure rates without the need 

involve hospital-specific random effects in (3.32). Note that the final conclusion can 

change if the fifth observation in Table 3.7 is treated as an outlier, where the quadratic 

model might be satisfactory.  
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Chapter 4:  Misspecification Tests for the Nested-

Error Regression Model 

4.1 Correlated Errors within Domains 

We consider model checking techniques for the NER model that account for the 

presence of correlated errors within domains. The correlation structure is recognized by 

assuming that the observations have a common random effect in the same domain. The 

objective of this chapter is divided between testing functional form specification and 

testing the need for random effects in the model. 

Testing for functional form misspecification in the NER model is proposed via a 

Wald-type test and an exact t-test based on recursive residuals. However, these tests are 

applied under a transformed version of the model. A well-known transformation is used, 

and we argue that detecting functional form misspecification under the transformed 

model provides an evidence that the mean function of the NER model is also 

misspecified. In addition, testing the need for random effects is proposed via a score 

test, which extends the developed procedure in Section 3.4. In association with the latter 

test, the conventional likelihood ratio and Wald tests are considered. 

Let ij
y  and T

pijijij
xx ),...,(

1
x  denote respectively the thj , 

i
nj ,...,1 , observation on 

the outcome variable and vector of p  covariates within the thi , mi ,...,1 , domain. The 

NER model is given by 

(4.1)  iji

T

ijij
euy  βx , 

where β  is a vector of unknown fixed effects, 
i

u  denotes the random effect such that 

0)( 
i

uE , 22 )(
ui

uE  , which is independent of the residual errors ij
e  such that 

),0(~ 2

eij
Ne  . The normality of the residual errors is needed in deriving the asymptotic 

distribution of the diagnostic tests that are proposed in this chapter, while only the first 

two moments need to be defined for the random effects. 
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Let ijiij
euv  , mii ,...,1,  , and 

i
njj ,...,1,  . The covariance structure of model 

(4.1) can be summarized as 

(4.2) 

.                     0                   

,                                     

,          ),cov(

2

22

iiif

jjiiif

jjiiifvv

u

eujiij











 

Rewrite (4.1), for the thi  domain, as 

(4.3) 
iii
νβXy  , 

where T

inii i
yy ),...,(

1
y , T

inii i
),...,(

1
xxX  , 

(4.4) 
iiii

u ezν  , 

where 
i

z  is vector of ones of order 1
i

n , and T

inii i
ee ),...,(

1
e . Combining the 

observations from all domains yields 

(4.5) νXβY  , 

where TT

m

T ),...,(
1

yyY  , 
TT

m

T ],...,[
1

XXX  , 

(4.6) eZuν  , 

where ),...,(
1 m

diag zzZ  , T

m
uu ),...,(

1
u , and TT

m

T ),...,(
1

eee  . The covariance matrix of 

ν  is the block diagonal matrix 

(4.7) 





















m

Var

V00

0V0

00V

Vν









2

1

)( , 
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where 
ii nunei

JIV
22   , 

in
I  denotes the identity matrix of order 

i
n , 

in
J  denotes the 

ii
nn   matrix with all elements equal to one, and the domain-specific covariance matrix 

can be expressed as 

(4.8) 
iii n

i

uien

i

nei
n

n
n

JJIV
1

)(
1 222  










 ,  

where ])/1([
ii nin

n JI   and 
ini

n J)/1(  are two symmetric, idempotent and mutually 

orthogonal matrices. 

A linear transformation of the NER model is performed to simplify the 

construction of the functional form misspecification tests. The transformation, presented 

in Section 4.2, removes the random effects from the model and helps in deriving the 

asymptotic distributions of the proposed test statistics. Note that we are confined, under 

the NER model, to the extent where the covariates are defined only at the unit-level and 

we do not investigate the situation where some covariates are deifned at the domain-

level in the model.  

The resulting Wald-type test statistic represents an extension of the development 

in (3.4) under models with dependent errors. Based on the same transformation, an 

exact t-test can be constructed by deriving independently and identically distributed 

recursive residuals under the transformed model. A direct implication of the rejection of 

the null hypothesis of a correct functional form in the transformed model is the rejection 

of the functional form specification under the NER model. 

Testing the need for random effects is performed via the classical score, likelihood 

ratio and Wald tests and does not require the aforementioned transformation. By 

treating the random effects in the same fashion that we propose in Chapter 3 as extra 

fixed effects in the model, the latter three tests are used to test the significance of these 

extra coefficients. The performance of the tests is investigated via simulation studies. 

This chapter is organized as follows. A linear transformation that removes the 

random effects from the NER model is considered in Section 4.2. A Wald-type test 

statistic for functional form misspecification is proposed in Section 4.3. An exact t-test 

for the same type of misspecification is proposed in Section 4.4. Testing the need for 
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random effects via the score, likelihood ratio and Wald tests is considered in Section 

4.5. An evaluation of the performance of the tests under consideration is conducted via 

simulation studies in Section 4.6. A real data application is conducted in Section 4.7. 

4.2 Model Transformation 

The objective of transforming the NER model is to remove the random effects 

from model (4.1). We argue that if a functional form misspecification is present under 

(4.1), then by transforming the NER model and removing the random effects, this 

misspecification will be present under the transformed model. On equal basis, if the 

NER model is correctly specified, the transformed model will not suffer from 

misspecification in its mean function. In other words, the transformation that is 

presented in the sequel preserves the specification of the mean function that is specified 

under the NER model and hence can be utilized for the aforementioned testing purpose. 

Observing that 
i

n

j

ii
unu

i


1

/ , consider the following transformation 

(4.9) *** )(
iij

T

iijiij
eeyy 


βxx , 

where 



in

j

iiji
nyy

1

* / , T

ipii
xx ),...,( **

1

* x , 



in

j

iijhih
nxx

1

* / , ph ,...,1 , and 



in

j

iiji
nee

1

* / . Note 

that we denote the fixed effects under the regression in (4.9) by 


β  to distinguish it from 

the fixed effects under the NER model. The above transformation can be rewritten in 

matrix form as 

(4.10) 
iiiiiiiii

u eLzLβXLyL 


, 

where T

ii

T

iini i
zzzzIL

1)(  , and 0zL 
ii

. However, since only 1
i

n  rows are linearly 

independent in 
i

L  (equivalently, note that 0
1

* 


in

j

ijij
yy ), the transformation in (4.10) 

requires sacrificing one observation from each domain. Thus, we consider transforming 

the NER model as follows 

(4.11) 
iiiiii

eKβXKyK 


, 
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where 
i

K  is an 
ii

nn  )1(  matrix obtained from 
i

L  by removing one row from the 

latter matrix and such that 0zK 
ii

.  

Rewrite the transformed model in (4.11) as 

(4.12) 
iii
ζβGt 


, 

where 
iii

yKt  , 
iii

XKG  , and 
iii

eKζ  . Note that the first column of 
i

G  will be the 

zero vector and will be removed. Thus, 
i

G  will be of order )1()1(  pn
i

. The 

covariance matrix of the transformed errors is given by 
ie

T

iiei
Var ΔKKζ

22)(   , where 

i

T

ii
ΔKK  . The transformed version of (4.5)-(4.6) for all domains is given by 

(4.13) ζGβt 


, 

where KYt  , 
TT

m

T ),...,(
1

ttt  , KXG  , TT

m

T ],...,[
1

GGG  , Keζ  , 
TT

m

T ),...,(
1

ζζζ  , and 

),...,(
1 m

diag KKK  . The covariance matrix of the transformed errors is given by 

ΔKKζ
22)(
e

T

e
Var   , where ΔKK

2

e

T  , and ),...,(
1 m

diag ΔΔΔ  . This transformation 

is well known. For example, it has been proposed in Fuller and Battese (1973) but in a 

different context. 

Note that the estimation of 


β  under model (4.13) neither depends on the 

estimator of 2

u
   nor of 2

e
 . This is the actual gain from applying the transformation in 

(4.11) when attention is given to testing the fixed linear predictor term in (4.5). Thus, 

testing for functional form misspecification of Xβ  still can be achieved by testing the 

mean function 


Gβ  in model (4.13). Section (4.3) and Section (4.4) are devoted to 

present the proposed tests for functional form misspecification in model (4.13). 

4.3 Wald-Type Goodness-of-Fit Test 

Under model (4.13), 


β  is estimated by 

(4.14) tΔGGΔGβ
111 )(ˆ 


 TT

, 
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which does not depend on 2

e
 . Note that ))(,(~ˆ 112 


GΔGββ

T

e
N  . Using the estimator 

in (4.14), a Wald-type test statistic is proposed as follows. 

4.3.1 Test Statistic 

Consider the partitioning of the sample observations under the transformed model 

in (4.13) into two exclusive subsets. Then, t  is partitioned into 
A

t  and 
B

t  such that 

TT

B

T

A
),( ttt  .  Similarly, G  is partitioned into 

A
G  and 

B
G , such that TT

B

T

A
],[ GGG  . 

Denote by AA

T

AAA

T

AA
tΔGGΔGβ

111

)(
)(ˆ 


  and BB

T

BBB

T

BB
tΔGGΔGβ

111

)(
)(ˆ 


  the estimators of 


β  under each subset. Testing for functional form misspecification of (4.13) is 

formulated by defining the null hypothesis as 0ββ 


]ˆˆ[:
)()(0 BA

EH . The corresponding 

partitioning of the covariance matrix Δ  is given by 

(4.15) 









BBA

ABA

ΔΔ

ΔΔ
Δ , 

where )var(
AA

tΔ  , )var(
BB

tΔ  , ),cov( T

BAAB
ttΔ  , and ),cov( T

ABBA
ttΔ  . 

The test statistic is constructed by computing the standardized difference between 

the estimators that are estimated using the two subsets. The test statistic is given by 

(4.16)   )ˆˆ()ˆˆ()ˆˆ(
)()(

1

)()()()( BABA

T

BA
VarT






 ββββββ , 

where 

(4.17)  )(   )(  {)ˆˆ( 11112

)()(






BB

T

BAA

T

AeBA
Var GΔGGΔGββ   

})()()()( 111111111111  
AA

T

AAABAB

T

BBB

T

BBB

T

BBBABA

T

AAA

T

A
GΔGGΔΔΔGGΔGGΔGGΔΔΔGGΔG . 

Under the null hypothesis that model (4.5), and hence model (4.13), is correctly 

specified T  follows chi-square distribution with 1p  degrees of freedom. Replacing 

2

e
  by the consistent estimator 2ˆ

e
  that is defined in (2.19), we obtain )ˆ( 2

e
T  . The 
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regularity conditions required for the convergence of )ˆ( 2

e
T   to T  are the same in spirit 

to those presented in Appendix 1. We label this test as the WTT under the NER model. 

4.3.2 Test Procedures 

The sensitivity to the detection of functional form misspecification by the test 

statistic )ˆ( 2

e
T   depends on sorting the observations before the two subsets are 

determined. The three methods of data sorting that are proposed in Section 3.2.2 are 

considered in computing (4.16). Note that irrespective of classifying the observations by 

the domains to which they belong, the rows of G are sorted by the values of the vector 

that is determined by each sorting method, i.e. by the values of a given covariate, by the 

vector of fitted values, or by the vector containing the row sum of each row in G . Then, 

the two subsets are splitted and the test statistic is computed. 

Computing the test statistic )ˆ( 2

e
T   relies on mn  rather than n  (all observations 

from all domains) observations. Nevertheless, avoiding the problems of incorrectly 

specifying the right distribution of the random effects and estimating 2

u
  under very 

small sizes of the available domains are valuable advantages of running this test. It is 

noteworthy that the power of the test does not dramatically change by the choice of 

which observation has to be removed from each domain when the transformation in 

(4.11) is applied to the NER model. 

4.4 Exact t-test Using Recursive Residuals 

Removing the random effects from the NER model by the proposed 

transformation in Section 4.2 enables constructing an exact t-test for functional form 

misspecification in the transformed model. The test statistic is proposed by considering 

a recursive estimation technique (McGilchrist and Sandland, 1979) under model (4.13). 

This technique is applicable to a general class of linear models with correlated errors 

including the transformed model (4.13) as a special case. 

McGilchrist and Sandland (1979) derived independent recursive residuals, each 

following a standard normal distribution where the derivation assumes the covariance 

matrix of the errors in a given model to be known. This assumption is not met for 

example if we apply the technique to the NER model since both variance components, 

2

u
  and 2

e
  are unknown. Thus, the variance components need to be recursively 
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estimated from the available data. Recursive estimation of the variance components can 

be problematic or infeasible under the NER model. For example, determining how 

many observations and how many domains are needed to be included to guarantee that 

the first estimated values of 2

u
  and 2

e
  are consistent are not easy tasks and may need 

further research.  

Thus, we suggest applying the recursive estimation technique to model (4.13) 

instead of the NER model. Under the former model, we follow the derivation of 

McGilchrist and Sandland (1979) to derive the recursive residuals that are independent 

and normally distributed with mean zero and common variance 2

e
 . These recursive 

residuals are used to construct the t-test for functional form misspecification. It is shown 

in the sequel that the proposed test statistic does not require the estimation of 2

e
  and 

hence its distribution is exact for finite number of mn  observations. The remainder of 

this section is devoted to present the formulas that are needed to compute the recursive 

residuals and the test statistic. 

Recall that ),(~ 2
Δ0ζ

e
N  , where ζ  is defined in (4.13). Denote by 

h
Δ  the known 

hh  covariance matrix that corresponds to the first 1,...,1  nph ,  rows and 

columns of Δ  where mnn   and let 
T

hhhh
),...,(

,11,1 
 δ  denote the 1h  vector of 

covariances between the thh )1(   observation and the former h  observations. Then, 
1h

Δ  

can be expressed as 

(4.18) 













1,1

1

hh

T

h

hh

h δ

δΔ
Δ . 

Let 
h

x~  denotes the thh   row of matrix G , 
h

G  denotes the matrix containing the first h  

rows of G , 
h

t  denotes the thh  observation of t , and 
h

t  denotes the vector containing 

the first h  observations of t . The following formulas are used to define the recursive 

residuals under model (4.13): 

(4.19) 

             .     )g(

,    (f)                        ,~      )e(

,      (d)        ,~)(      )c(
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h
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h
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Then, the recursive residuals are defined as 

(4.20) 
2/1

21

21

)(
 

hh

hh

h
cc

RR
W




 , 1,...,  nph . 

It is shown via Theorem 4.1-4.4 that 
h

W  is independently distributed as ),0( 2

e
N  . 

Theorem 4.1-4.4 are adapted versions of the theorems that are considered in 

McGilchrist and Sandland (1979). The proofs, including some explanation, are given in 

Appendix 2. 

Theorem 4.1 

A linear, unbiased, minimum mean square error of 
1h

t  based in 
h

t  is given by 

)(ˆ
2

1

1

)1(

hhhh

T

hh
t gGΔgt

 . 

Corollary 4.1 

It can be shown that 

(4.21)  (i) )()ˆ(
21

22)1(

1 hhehh
ccttE 


 , 

            (ii) hhhhhhh
WccRRtt 2/1

2121

)1(

1
)(ˆ 

 . 

Theorem 4.2 

Letting 0  be a vector of zero elements, the following relationships hold 

(4.22)  (i) T

hhhhhh

T

hhh

T

h
cc
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1

21

111

1

1

11
)()()( ggGΔGGΔG
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




 , 

            (ii) T

h

h

hT
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c z

g

0

GΔ
GΔ ~

1
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1

1

1

1

1 
















 







 , 

            (iii) T

hthhh

T

hhh

T

h
Rc zGΔtGΔt ~

1

1

1

1

1

1

11








 . 
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Theorem 4.3 

Let hh

T

hhh

T

hh
tΔGGΔGβ

111

)(
)(ˆ 


   be the estimator of 


β  based on the first h  

observations. A recursive formula for )1(
ˆ

 h
β  is given by 

(4.23) hhhhhh
Wcc

2

1

21)()1(
 )( ˆˆ gββ




 . 

Theorem 4.4 

If 
hh

T

hhh

T

hhhh

T

hh
S tΔGGΔGGΔΔt ])([ 11111

)(




  is the residual sum of squares, then 

(4.24) (i) 2

)()1(
)(

hhh
WSS 


, ph  , 

(ii) Under model (4.13) 
h
ζ , which denotes the vector containing the first h  observations 

of ζ , is distributed as ),( 2

he
N Δ0  . Then, 

h
W  represent a sequence of independent 

random variables that are distributed as ),0( 2

e
N  . 

4.4.1 t-test for Functional Form Misspecification 

Theorem 4.4 motivates the construction of an exact t-test based on the 

independence of the sample mean and sample variance of the recursive residuals. The 

test statistic is given by 

(4.25) 


























1

21

1
2/1

)()(

)1(

n

ph

h

n

ph

h

rec

WWpn

Wpn

T , 

where 









1

1)1(
n

ph

h
WpnW . Under the null hypothesis that model (4.5), and hence 

model (4.13) is correctly specified, 
rec

T  follows t-distribution with pn   degrees of 

freedom. We label this test as RRT. 

Note that the computation of 
rec

T  does not require estimating 2

e
  under model 

(4.13). The simplicity and the exactness of the distribution of the test are attractive 

features for the practitioners to use this test in real data applications. The same test 
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procedures that are described in Section 4.3.2 can be followed, with respect to data 

sorting, under this test. Computing the test statistic in (4.25) does not require data 

splitting, but uses at least 1p  observations before computing the first recursive 

residual. 

4.5 Testing the Need for Random Effects 

Misspecification tests for the need for random effects are considered. Note that the 

proposed tests in this section are applicable directly to the NER model (4.5), unlike the 

tests that are proposed in Section 4.3 and 4.4. The random effects are treated as fixed 

unknown parameters. Under this consideration, which is utilized previously in Section 

3.4, the proposed tests define the log-likelihood function under the alternative 

hypothesis by setting 0u  . We still emphasize that our treatment of the log-likelihood 

is only proposed for the testing purpose. Note that under the alternative hypothesis the 

model is not over-parameterized as long as 1
i

n , for all mi ,...,1 . Thus, the three 

classical tests (score, likelihood ratio and Wald tests) are considered in testing the 

following hypothesis. 

Under the null hypothesis 

(4.26) 0u :
0

H , 

which implies that model (4.5) reduces to 

(4.27) eXβY  , 

where ),(~ 2
I0e

e
N  . The log-likelihood function that corresponds to model (4.27) is 

given by 

(4.28) )()(
2

1
)log(

2
)2log(

2 2

2

0
XβYXβY  T

e

e

nn
l


 . 

Under the alternative hypothesis, let 

(4.29) 0u :
1

H , 
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which implies, for testing reasons, relooking at model (4.5) as 

(4.30) e
u

β
ZXY 








 ][  , 

with the covariance matrix of the model being defined by IeY
2)()(
e

VarVar  . The 

log-likelihood function that corresponds to the covariance structure under model (4.30) 

is given by 

(4.31) )()(
2

1
)log(

2
)2log(

2 2

2

1
ZuXβYZuXβY  T

e

e

nn
l


 , 

where the matrix Z  is defined below (4.6). Note that log-likelihood function in (4.31) 

does not correspond to the NER model and under both the null and alternative 

hypothesis, according to our treatment, the observations are independent within the 

same domain. The score, likelihood ratio and Wald tests are formulated as follows. 

4.5.1 Score Test 

Under (4.28) and (4.31), the score test statistic is given by 

(4.32) ηΓη
 T

LM
T , 

(4.33) 0

1

0

2

)(
ˆ])([ˆˆ       

0
eZZXXXXZZZZe

TTTTTT

He

  , 

(4.34) 00
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0
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ZXXX
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(4.35) 
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~
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~~
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ˆˆ       

0
eWWWWe

TTT

He

 , 

where 
T

m
ulul )/,...,/(

1
η , Γ  is an mm  matrix such that 

T 121221211 )( ΓΓΓΓΓ
 , 

jjjj
uul   /211

Γ , mjj ,...,1,  , kjjk
ul  /212

Γ , mj ,...,1 ; pk ,...,1 , 

kkkk
l   /222

Γ , pkk ,...,1,  , YXXXXIbXYe ])([ˆˆ 1

00

TT  , nT

He
/ˆˆˆ

00

2

)( 0
ee , and 

][
~

ZXW  . 
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All the derivatives are evaluated are evaluated at 0u   and 0
b̂β  , 

YXXXb
TT 1

0
)(ˆ   is the vector of maximum likelihood estimates of the parameters 

under the null hypothesis and 
Γ  is a generalized inverse of Γ . Equation (4.34) is 

derived from (4.33) by noting that 0Xe T

0
ˆ . Equation (4.35) is derived by using the 

following partitioned matrix property. Generically, let 

(4.36) 




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
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



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
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2221

1211
. 

Then, from Trenkler et al. (1993), 

(4.37) 
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[ TT
WWWWIM

 , then 
1

1

0
ˆ])([ˆ eYXXXXIMeM   TT , where 

1
ê  

represents the residuals computed under (4.29)-(4.31). Hence, the score test statistic can 

be expressed as 

(4.38) )ˆˆˆˆ(ˆˆ)(ˆˆ
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where nT

He
/ˆˆˆ

11

2

)( 1
ee . Under the null hypothesis, the asymptotic distribution of the 

statistic 
LM

T  follows chi-square distribution with degrees of freedom equal to the rank of 

Γ . 

4.5.2 Likelihood Ratio and Wald Tests 

The likelihood ratio test statistic is given by 

(4.39) )];ˆ();ˆ([2
100

YτYb llT
LR

 , 
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where );ˆ(
00

Ybl  is the log-likelihood function defined in (4.28) and evaluated at 0
b̂β   

and );ˆ(
1

Yτl  is the log-likelihood function defined in (4.31) and evaluated at 

YWWWτ
TT ~

)
~~

(ˆ  , where ]  [ TTT
uβτ  . The asymptotic distribution of the test statistic 

LR
T  follows a chi-square distribution with 1m  degrees of freedom. 

Under the alternative hypothesis in (4.29), an explicit expression for the estimated 

vector û  under model (4.30) is given by 

(4.40) YXXXXIZZXXXXZZZu ])([])([ˆ 11 TTTTTTT   , 

PYZPZZ
TT  ][               , 

where TT
XXXXIP

1)(  . Equation (4.40) is derived by utilizing the property given in 

(4.37). The covariance matrix of û  is given by 

(4.41)   ][])([)ˆ( 212
PZZZXXXXZZZu

T

e

TTTT

e
Var  . 

Then, 

(4.42) ))ˆ(,(~ˆ
0

u0uu VarN , 

where 
0

u  denotes the value of the vector u  under the null hypothesis (4.26). Note that 

the covariance matrix, denoted by )ˆ(uVar , in (4.41) is a singular matrix. Thus, it is 

required to use the generalized inverse of this matrix to compute the following test 

statistic 

(4.43) )ˆ(ˆ)ˆ( 0

ˆ

0
uuVuu

u
 T

Wald
T , 

where )ˆ(ˆˆ
ˆ uV
u

raV  denotes the estimated covariance matrix of û . 

Hadi and Wells (1990) provide the regularity conditions under which 
Wald

T  in 

(4.43) follows the chi-square distribution. Denote the rank of )ˆ(ˆ uV
u

Var  by 

*

ˆ )( krank 
u

V , 1*  mk . Furthermore, let 
u

Vˆ
 be consistently estimated by 
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)ˆ(ˆ 2

)(ˆˆ
1He


uu

VV   such that 1])ˆ(Pr[ *

ˆ  krank
u

V  as 


m

i

i
nn

1

, then then by Theorem 

2.1 in Hadi and Wells (1990) the asymptotic distribution of the test statistic 
Wald

T  

follows a chi-square distribution with *k  degrees of freedom. In Section 4.6, we address 

different combinations of values of 
i

n  and m  in order to assess the approximation of the 

distribution of 
Datta

T  to the chi-square distribution. 

Note that the test statistics (4.39) and (4.43) may suffer from computational 

instability resulting from the evaluating the generalized inverse in (4.40) and (4.41), 

which contribute to the evaluation of  );ˆ(
1

Yτl  under the alternative hypothesis. We end 

this section by reviewing the test statistic that is proposed in Datta et al. (2011) under 

the NER model (4.5). The test statistic is given by 

(4.44) 





m

i ie

T

ii

Datta
n

y
T

1
2

2

/

][



βx
, 

where 



in

j

iiji
nyy

1

/ , T

ipii
xx ),...,(

1
x , 




in

j

iijhih
nxx

1

/ , ph ,...,1 . This test statistic is only 

evaluated under the null hypothesis. Thus, under the null hypothesis of no random 

effects, β  is estimated by 0
b̂  and 2

e
  is estimated by )(/ˆ 2

PPYY trT

e
 . 

4.6 Simulation Studies 

We divide this section into two parts. First, we carry out a simulation study to 

assess the finite-sample performance of the proposed functional form misspecification 

tests. In the second part, we assess the performance of the proposed tests for the need 

for random effects.  

4.6.1 Testing Functional Form Misspecification 

In this part the performance of the WTT and RRT, as proposed in Section 4.3-4.4, 

is compared to the PLT under the context of the NER model. The comparison is based 

on evaluating the power of each test, provided that each test possesses the right size 

when the model is correctly specified. Five models are used to generate the data. In four 

of them, as done in Section 3.5.1, we consider examples of functional forms of the 

covariates in order to assess the performance of the tests when the model is 

misspecified. 
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The procedure that we follow in computing the size of each test is discussed 

previously in Section 3.5.1 and can be summarized as follows.  We generate the sample 

data from model (4.45), given below, and fit the same model. Then, we compute the 

three test statistics under this model, which is correctly specified. We repeat this process 

2000r  times. Let the observations on the outcome variable from the thi  domain be 

generated from the following model 

(4.45) ijiijijijijij
euxxxxy 

443322110
 , 

where mi ,...,1 , 20m , 7,...,1j , 5p , TT )1,1,3,1,1(),,,,(
43210

 , )9,1(~
1

Ux , 

)3,1.0(~
2

Ux , )2.0,2(~
3

Nx , )2.0,2(~
4

Nx , ),0(~ 2

ui
Nu  , ),0(~ 2

eij
Ne  , 12 

u
  and 

12 
e

 . It is worth mentioning that there is no loss of generality by using similar 

simulation settings to those we use in Section 3.5 to generate the sample data. 

The parametric bootstrap method is used to evaluate the size of the PLT. The ED 

of the corresponding test statistic is used to assess the performance of the latter method. 

Some details on generating the parametric bootstrap distribution under the PLT and 

empirical distribution under the EPLT are given in Section 3.5.1. Under model (4.45), 

we generate 2000r  parent samples and 2000
BS

r  bootstrap samples.  We generate 

000,30
ED

r  samples and compute the test statistic 
ED

r  times to compose the ED. A 

bootstrap sample is generated from the following model 

(4.46) )()(443322110)(
ˆˆˆˆˆ

BSijBSiijijijijBSij
euxxxxy   , 

where )ˆ,0(~ 2

)( uBSi
Nu  , and )ˆ,0(~ 2

)( eBSij
Ne  . The vector T)ˆ,ˆ,ˆ,ˆ,ˆ(ˆ

43210
β , 

2ˆ
u

  and 

2ˆ
e

  are obtained by fitting model (4.45).  

Note that the test statistic of the PLT utilizes the 140 observations and does not 

require data splitting. However, the test statistics of the WTT and RRT need to be 

computed under the transformed version of model (4.45), which takes the form 

(4.47) **

44

*

33

*

22

*

11

*

ijijijijijij
exxxxy 


 , 
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where 



7

1

* 7/
j

ijijij
yyy , 




7

1

* 7/
j

sijhijhij
xxx , 4,...,1h , and 




7

1

* 7/
j

ijijij
eee . Note that 

61
i

n  observations, 20,...,1i , can be used under (4.47) and hence 

12020140*  mnn . Further, note that we replace 
h

  in model (4.45) by 
h

  to 

indicate that the latter parameters are the fixed effects of the transformed covariates 

under model (4.47). The WTT is performed by splitting the 120* n  observations into 

two subsamples, each of size 60. The RRT is performed using 116*  pn  

observations. The size of the WTT, RRT, PLT, and EPLT is given in Table 4.1.  

Table  4.1 Proportions of rejecting model (4.45) when it is correctly specified 

Test 
WTT RRT PLT EPLT 

Nominal Level 

5.0% 5.05 5.00 5.20 5.15 

2.5% 2.47 2.50 2.45 2.46 

 

The reference distributions under the four tests are respectively 2

1p
 , pmn

t
 , 

parametric bootstrap distribution, and ED, where p  denotes the number of covariates in 

the model. The results in Table 4.1 indicate that the size of the proposed tests is 

reasonable and the parametric bootstrap method provides a good approximation to the 

ED of the test statistic under the PLT.  

In order to assess the power of each test, we generate the data from the four 

models (4.48a)-(4.48d) as given below. However, under each data generation, we 

proceed by computing the test statistics under (4.45) and (4.47). Thus, the test statistics 

of the WTT, RRT and PLT are computed under the misspecified model. The power of 

the tests is evaluated by computing the proportion of times such that the null hypothesis 

is rejected. The four models are given by 

(4.48a) ijiijijijijij
euxxxxy 

443322110
ln   

(4.48b) ijiijijijijijij
euxxxxxy 

443322

2

1110
15.0   

(4.48c) ijiijijijiijij
euxxxxxy 

443322

2

1110
ln15.0   

(4.48d) ijiijijijijijij
euxxxxxy 

5443322110
2  
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where )1,(ln~
25

xNx . We emphasize the need to sort the observations before the power 

of each test under the four models (4.48a)-(4.48d) is computed. We use the three sorting 

methods that are discussed in Section 4.3.2 and tabulate the results in Table 4.2-4.5. 

Table  4.2 Power of the functional form tests when (4.48a) is the correct model 

Test Sorting  

Method 
RRT WTT PLT 

Nominal Level 

5.0% 
First 

98.8 68.2 97.0 

2.5% 97.6 53.1 94.8 

5.0% 
Second 

6.7 37.1 20.1 

2.5% 3.2 30.3 13.6 

5.0% 
Third 

6.1 10.6 18.9 

2.5% 3.0 6.70 16.0 

 

The power of each of the three tests, as given in Table 4.2, is evaluated by fitting 

(4.45) and (4.47) where the true functional form of 
2

x  is misspecified. The results are 

summarized under each sorting method as follows. Applying the first method implies 

sorting the observations by the values of the covariate 
2

x . This yields the maximum 

power of the three tests, as compared to the other sorting methods, at both nominal 

levels. The RRT possesses the highest power and the WTT is the least powerful test. 

Under the second and third sorting methods, the three tests do not possess a satisfactory 

power. 

Table  4.3 Power of the functional form tests when (4.48b) is the correct model 

Test Sorting  

Method 
RRT WTT PLT 

Nominal Level 

5.0% 
First 

98.5 91.5 97.2 

2.5% 96.3 85.5 96.0 

5.0% 
Second 

95.6 92.0 93.9 

2.5% 91.7 86.0 91.0 

5.0% 
Third 

95.7 94.1 94.2 

2.5% 92.3 88.9 91.5 

 

Fitting model (4.45) and (4.47) when (4.48b) is the correct model (ignoring 
2

1
x ), 

yields the power of the three tests as given in Table 4.3. The highest power, at both 

nominal levels and according the three sorting methods, is achieved under the RRT. 
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Note that the three sorting methods are successful in yielding a powerful detection of 

the incorrect functional form of model (4.45). 

An obvious reason of this good performance is due to the potential wide range of 

the values of 
1

x  within and between the different domains. The difference between the 

estimated vectors of coefficients from two subsets is expected to increase under any of 

the three sorting methods. Hence the WTT is expected to perform well. The wide range 

of values of 
1

x  can reveal the successive (row and recursive) residuals, which are 

systematically positive (negative) when the model is misspecified. Thus, the RRT and 

PLT are also capable of detecting this misspecification more frequently under any of the 

sorting methods. 

Table  4.4 Power of the functional form tests when (4.48c) is the correct model 

Test Sorting  

Method 
RRT WTT PLT 

Nominal Level 

5.0% 
First 

97.0 89.1 97.3 

2.5% 93.4 80.8 95.0 

5.0% 
Second 

96.9 86.7 90.1 

2.5% 93.2 75.6 83.2 

5.0% 
Third 

96.1 87.4 95.8 

2.5% 91.9 76.6 90.6 

 

In Table 4.4, we consider the situation where more than one covariate can be 

misspecified, where 
2

1
x  and 

2
ln x  are not represented in the fitted model (4.45). Under 

the first sorting method, we sort the observations by the values of 
2

x , while the other 

sorting methods are performed as described earlier in this section. The results indicate 

that under the first sorting methods, the PLT is slightly powerful than the RRT. 

However, under the other sorting methods the latter test is more powerful. At all 

nominal levels, the WTT remains the least powerful test. The good performance of the 

three tests according to the three sorting methods can be justified in a similar manner as 

what is mentioned when model (4.48b) is the correct model.  

The results in Table 4.5 summarize the power of the tests when an important 

covariate, which is nonlinearly related to one of the covariates in the fitted model, is 

omitted. Under the first sorting method, the observations are sorted according to the 
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values of 
2

x . Unlike the previous results in Table 4.2-4.4, the RRT and WTT are more 

powerful than the PLT at all nominal levels and under the three sorting methods. The 

results also indicate that under the third sorting method, the WTT is more powerful 

(79.3% at the 5% nominal level) than the RRT (75.4% at the 5% nominal level). 

Table  4.5 Power of the functional form tests when (4.48d) is the correct model 

Test Sorting  

Method 
RRT WTT PLT 

Nominal Level 

5.0% 
First 

99.9 66.0 60.0 

2.5% 99.2 46.2 45.8 

5.0% 
Second 

92.8 72.1 56.3 

2.5% 83.2 54.4 41.8 

5.0% 
Third 

75.4 79.3 58.8 

2.5% 58.7 64.9 42.0 

 

From Table 4.2-4.5, some conclusions on the power of the three tests under the 

proposed sorting methods can be listed as follows: 

1. The RRT possesses the highest power in detecting the various functional form 

misspecifications when the first sorting method is used. 

2. Although the RRT and WTT require using mnn *  observations and the PLT 

utilizes all the n  observations, the overall performance of the RRT is better than the 

other two tests. Further investigation might be needed to determine the factors that 

influence the power of the WTT. 

3. The performance of the proposed tests is quite satisfactory when the second and 

third sorting methods are used. The exception in Table 4.2 can be justified by the small 

range of values of 
2

x  (compared to 
1

x ) both within and between the different domains, 

which may indicate that the tests can perform poorly when the range of values of the 

available covariates is small.  

4.6.2 Testing the Random Effects 

In this part, the size and power of the proposed tests for the need for random 

effects are evaluated under various settings of domain sizes and number of domains. In 

addition, the performance of the parametric bootstrap test (4.44) is investigated and 
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compared to our proposals (4.38)-(4.40) at various levels of the ICC, which is defined 

as 

(4.49) 
22

2

eu

u







  , 

where the size of each test is evaluated at 0 .  

The ICC measures the strength of correlation existing among the observations that 

belong to a specific domain. Let the sample data be generated under the following 

model 

(4.50) ijiijijijijij
euxxxxy 

443322110
 , 

where mi ,...,1 , 
i

nj ,...,1 , TT )1,1,1,1,1(),,,,(
43210

 , )9,1(~
1

Ux , )3,1.0(~
2

Ux , 

)2.0,2(~
3

Nx , and )2.0,2(~
4

Nx . The random effects are generated as ),0(~ 2

ui
Nu  , and 

the residual errors are generated as ),0(~ 2

eij
Ne  . Furthermore, consider 15m  and 

35m , and at each number of domains consider the following sizes of domains: 

]10,5[
i

n , ]15,10[
i

n , and ]25,15[
i

n . Each data generating process under (4.50), 

given the choice of the pair m  and 
i

n , is repeated 2000r  times. 

However, we proceed by fitting a model that ignores the random effects and 

considers the observations as independent within the same domain. This model is given 

by 

(4.51) ijijijijijij
exxxxy 

443322110
 . 

Note that, particularly for the likelihood ratio and Wald tests, we fit model (4.50) 

however we account for 
i

u  as an extra fixed (rather than random) effect in the model. 

The size of each test under consideration is obtained by computing the proportion of 

times each test rejects the null hypothesis of no random effects when it is true (i.e. 

setting 02 
u

 ).  
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In order to assess the size of the test statistic in (4.44), we use the parametric 

bootstrap method. Under the null hypothesis, we generate 2000
BS

r  bootstrap samples 

from each parent sample under (4.51). A bootstrap sample is generated from the 

following model 

(4.52) )(55443322110)(
ˆˆˆˆˆˆ

BSijijijijijijBSij
exxxxxy   , 

where )ˆ,0(~ 2

)( eBSij
Ne  , and both 2ˆ

e
  and the vector of estimated regression coefficients 

T)ˆ,ˆ,ˆ,ˆ,ˆ,ˆ(ˆ
543210

β  are obtained by fitting model (4.51). The computed values of 

the test statistic under (4.52) form the parametric bootstrap distribution of (4.44). 

Table  4.6 Size and power of testing the random effects when 15m and 
]10,5[

i
n  

Nominal Level Test 0  1.0  2.0  3.0  

5.0% 

LM
T  4.05 37.7 80.4 96.2 

LR
T  8.73 55.9 91.0 98.9 

Wald
T  6.75 47.6 88.0 98.2 

Datta
T  5.07 42.4 82.0 94.8 

2.5% 

LM
T  1.99 25.4 72.7 93.2 

LR
T  4.80 45.0 85.2 97.7 

Wald
T  4.22 38.9 80.7 96.5 

Datta
T  2.47 32.0 73.0 90.8 

 

Table  4.7 Size and power of testing the random effects when 15m  and 
]15,10[

i
n  

Nominal Level Test 0  1.0  2.0  3.0  

5.0% 

LM
T  4.92 68.1 95.8 99.5 

LR
T  7.82 75.8 97.1 99.7 

Wald
T  6.00 73.3 96.4 99.7 

Datta
T  5.03 69.6 95.0 99.6 

2.5% 

LM
T  2.43 56.2 92.9 98.9 

LR
T  4.10 67.6 95.8 99.5 

Wald
T  3.25 64.4 95.1 99.4 

Datta
T  2.49 61.6 94.0 98.8 
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Table  4.8 Size and power of testing the random effects when 15m  and 
]25,15[

i
n  

Nominal Level Test 0  1.0  2.0  3.0  

5.0% 

LM
T  4.99 88.2 99.4 100 

LR
T  5.30 90.1 99.6 100 

Wald
T  4.89 89.1 99.5 100 

Datta
T  5.01 89.2 99.6 98.8 

2.5% 

LM
T  2.48 80.0 99.0 100 

LR
T  2.70 85.3 99.2 100 

Wald
T  2.25 83.4 99.2 100 

Datta
T  2.52 83.0 99.4 99.8 

 

The size and power of the tests are summarized in Table 4.6-4.11. The 5% and 

2.5% nominal levels refer to the proportion of times where the test statistics exceed the 

95
th

 and 97.5
th

 percentiles of the relevant reference distributions respectively. The 

reference distribution for the score, likelihood ratio, and Wald tests is the chi-square 

distribution with 1m  degrees of freedom. The parametric bootstrap distribution is 

used to approximate the distribution of 
Datta

T  in (4.44). 

From Table 4.6-4.8, the size (i.e. 0  and model (4.51) is the correct model) of 

the parametric bootstrap test is well approximated. On the contrary, neither the 

likelihood ratio nor the Wald tests possess a good size except unless the domain size is 

fairly not too small. For example, when ]25,15[
i

n  the size of these two tests is 5.3% 

and 4.89% (Table 4.8, at the 5% nominal level), while the size of the two tests becomes 

8.73% and 6.75% (Table 4.6, at the 5% nominal level) when ]10,5[
i

n . The size of the 

score test is well approximated by the chi-square distribution when ]15,10[
i

n  and 

]25,15[
i

n . This approximation is less reliable when the domain size is small as is the 

case when ]10,5[
i

n . From the previous conclusions, we focus on comparing the power 

of the score test and the parametric bootstrap test. Table 4.6-4.8 indicate that the power 

of the latter two tests increases as the ICC diverges from zero. The power of the tests is 

very close to each other when 2.0  and 3.0  at all domain sizes. However, at small 

domain sizes and 1.0 , the parametric bootstrap test is more powerful at both nominal 

levels. At the same ICC, the power of the tests increases as the domain size increases. 
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Table  4.9 Size and power of testing the random effects when 35m  and
]10,5[

i
n  

Nominal Level Test 0  1.0  2.0  3.0  

5.0% 

LM
T  4.50 66.3 98.0 99.9 

LR
T  9.50 81.9 99.4 99.9 

Wald
T  6.50 75.8 99.0 99.9 

Datta
T  5.10 69.0 98.6 100 

2.5% 

LM
T  2.10 55.7 97.0 99.7 

LR
T  5.50 74.9 99.0 99.9 

Wald
T  3.30 66.5 98.0 99.9 

Datta
T  2.58 58.8 97.2 100 

 

Table  4.10 Size and power of testing the random effects when 35m  and 
]15,10[

i
n  

Nominal Level Test 0  1.0  2.0  3.0  

5.0% 

LM
T  4.75 90.6 100 100 

LR
T  7.60 94.6 100 100 

Wald
T  5.85 92.7 100 100 

Datta
T  5.05 93.0 99.8 100 

2.5% 

LM
T  2.35 85.9 100 100 

LR
T  3.80 90.8 100 100 

Wald
T  2.80 88.6 100 100 

Datta
T  2.54 89.6 99.6 100 

 

Table  4.11 Size and power of testing the random effects when 35m  and 
]25,15[

i
n  

Nominal Level Test 0  1.0  2.0  3.0  

5.0% 

LM
T  4.95 98.9 100 100 

LR
T  6.00 99.2 100 100 

Wald
T  5.25 99.0 100 100 

Datta
T  5.01 99.8 100 100 

2.5% 

LM
T  2.46 98.5 100 100 

LR
T  3.10 98.7 100 100 

Wald
T  2.70 98.7 100 100 

Datta
T  2.53 99.8 100 100 
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From Table 4.9-4.11, the same conclusions regarding the size (i.e. 0  and 

model (4.51) is the correct model) of the parametric bootstrap test and the likelihood 

ration and Wald tests hold. The score test has acceptable size at all domain sizes 

]10,5[
i

n , ]15,10[
i

n , and ]25,15[
i

n . Again, we are concerned about the power of the 

score test and the parametric bootstrap test.  When ]10,5[
i

n  and 1.0 , both tests 

have moderate power (66.3% for the score test and 69% for the parametric bootstrap 

test at the 5% nominal level). The tests possess very good power at 2.0  and 3.0 . 

The two tests possess very good power at the three levels of the ICC when ]15,10[
i

n  

and ]25,15[
i

n . 

To summarize, both the likelihood ratio and Wald tests do not possess the correct 

size when the null hypothesis of no random effects is true. This is expected particularly 

when the domain size of each domain is too small where only few observations are used 

to estimate the extra fixed effects 
i

u  under the alternative hypothesis as specified in 

(4.26). See section 4.5 for more details on the construction of the corresponding test 

statistics. The score test and the parametric bootstrap test possess reasonably good size 

under the null hypothesis and are shown, from the simulation results, to be powerful in 

detecting the need for random effects. 

4.7 Real Data Application 

Due to confidentiality, among other reasons, unit-level data sets are rarely 

available for public use. In order to apply the proposed tests, a relevant data set that is 

drawn from years 1976-1982 of the panel study of income dynamics (PSID) is used. 

This data set has been introduced in Cornwell and Rupert (1988) under the context of 

the random intercepts (hence the NER) model. 

The data report wages of 595 heads of households between the age of 18 and 65 in 

1976. Those heads of households reported a positive wage in some private non-farm 

employment for all 7 years. Thus, for each head, there are seven observations on the 

wage-determining characteristics that are summarized in Table 4.12. To make a link to 

the SAE framework, note that the heads of households represent the domians (i.e. 595 

domains in the study), where in each domain 7 observations are reported. Cornwell and 

Rupert (1988) consider a unit-level model for modelling this data set. The authors report 
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a little loss if they do not treat serial correlation among the observations apart from the 

individual effects. 

Table  4.12 Wage-determining characteristics in Cornwell and Rupert (1988) data 

Variable Name Description 

1
x  = ED Years of Education 

2
x = EXP Years of full-time work experience  

3
x  = WKS Weeks worked 

4
x  = OCC Occupation (OCC = 1, if the individual has blue-collar 

occupation) 

5
x  = IND Industry (IND = 1, if the individual works in a manufacturing 

industry) 

6
x  = SOUTH Residence (SOUTH = 1, if the individual resides in the south) 

7
x  = SMSA Residence (SMSA = 1, if the individual resides in a standard 

metropolitan statistical area) 

8
x  = MS Marital status (MS = 1, if the individual is married) 

9
x  = UNION Union coverage (UNION = 1, if the individual’s wage is set 

by a union contract) 

10
x  = FEM Gender ( FEM = 1, if the individual is female) 

11
x  = BLK Race (BLK = 1, if the individual is black) 

12
x  = 2

2
x  EXP

2
 

 

The objective of that study is to examine the specification of the wage-

determining characteristics assuming a NER model. Consider the model that includes 

the covariates in Table 4.12 as explanatory variables, taking into account the random 

individual effects (single random effect associated with each head of household) as part 

of the covariance structure. Cornwell and Rupert (1988) use the following model 

(4.53) 
iji

T

ijij
euy  βx  , 

where 595,...,1i , 7,...,1j , ij
y  is the logarithm of wage (LWAGE) of the thi  head in 

year j , ij
x  is the thj  vector including the 12 covariates corresponding to the thi  head of 

household. Further, the authors report that the assumption of normality of the random 

effects, i.e. ),0(~ 2

ui
Nu  , is met under this data set and that ),0(~ 2

eij
Ne   is reasonable. 

The GLS method is used to estimate the fixed effects of model (4.53). The results, 

are given in Table 4.13. The covariates EXP and WKS are continuous time-variant 
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variables, unlike the remaining time-invariant covariates. Thus, the proposed tests in 

this chapter will focus mainly on testing functional form misspecification of the time-

variant variables. Table 4.13 indicates that the log-wage of an individual is positively 

related to the years of education as well as to the number of weeks worked over the 

specified years. Further, two variables are highly insignificant, IND and SOUTH.  

Table  4.13 Estimates of the fixed effects and the variance components of model (4.53) 

from the PSID study 

Fixed Effects Estimate St. Error p-value 

EXP 0.107 0.002 0.000 

WKS 8.4e-04 6.0e-04 0.080 

OCC -0.025 0.013 0.028 

IND 0.013 0.015 0.193 

SOUTH 0.005 0.031 0.435 

SMSA -0.047 0.018 0.005 

MS -0.041 0.019 0.016 

FEM -0.175 0.113 0.061 

UNION 0.038 0.014 0.003 

ED 0.135 0.012 0.000 

BLK -0.261 0.138 0.030 

EXP
2 

-5.1e-04 5.4e-05 0.000 

Variance Component Estimate St. Dev.  

Random Effect  1.453 0.843  

Residual 0.025 0.153  

 

Figure  4.1 Residual plots against EXP and WKS under model (4.53) 
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The estimated residuals from fitting (4.53) are plotted against EXP and WKS as 

shown in Figure 4.1. The conclusions from this figure are twofold.  First, the plot 

indicates a linearly decreasing trend of the residuals when sorted by the years of 

experience of the heads of housholds. Second, it indicates that no particular pattern can 

be recognized when the residuals are sorted by WKS. This motivates applying our 

proposed tests to check whether the functional form of EXP or WKS needs to be revised 

or improved. 

The p-values from applying the PLT to test the mean function of model (4.53) are 

0.011 (when sorting by EXP) and 0.049 (when sorting by WKS). The p-values from 

applying the RRT and WTT to the transformed version of model (4.53) are, 

respectively, 0.029 and 0.043 (when sorting by EXP), and are equal to 0.031 and 0.112 

(when sorting by WKS). The results indicate that both covariates may not be well 

represented in the mean function. 

Since the logarithm is taken for the positive wages, we start with considering the 

model that involves the logarithm of the weeks worked (LWKS) rather than WKS and 

keeps the other covariates unchanged. Thus, the model is given by 

(4.54) 
ijiijijijijij

euEXPOCCLWKSEXPy  2

123210
...  . 

The results of fitting model (4.54) are summarized in Table 4.14. These results are 

quite different from those obtained under model (4.53), as shown in Table 4.13 in three 

aspects. First, it is obvious that all the covariates tend to be highly significant under 

model (4.54). Second, the direction of the relationship between the LWAG of the heads 

and their region of residence (SOUTH), whether they reside a standard metropolitan 

area (SMSA), as well as their marital status (MS) has changed. Note that under model 

(4.53), SOUTH is insignificant and both SMSA and MS have negative but very small 

effects. Thus, the change in the direction of the relationship between LWAGE and these 

covariates may not be highly influential. Third, both EXP
2
 and LWKS are significant 

under model (4.54). The residual plots against EXP and LWKS under model (4.54) are 

presented in Figure 4.2. 
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Table  4.14 Estimates of the fixed effects and the variance components of model (4.54) 

for the PSID study 

Fixed Effects Estimate St. Error p-value 

EXP 0.040 9.4-04 0.000 

LWKS 0.155 0.016 0.010 

OCC -0.139 6.3e-03 0.000 

IND 0.046 5.1e-03 0.000 

SOUTH -0.055 5.4e-03 0.000 

SMSA 0.151 5.2e-03 0.000 

MS 0.047 8.9e-03 4.8e-04 

FEM -0.369 0.010 0.000 

UNION 0.091 5.5e-03 0.000 

ED 0.056 1.1e-03 0.000 

BLK -0.166 9.6e-03 0.010 

EXP
2 

-0.4e-03 2.0e-05 0.000 

Variance Component Estimate St. Dev.  

Random Effect  1.019 0.230  

Residual 0.023 0.099  

 

Figure  4.2 Residual plots against EXP and LWKS under model (4.54) 

 

 

 

 

 

 

 

 

The random pattern of the residuals, when sorted by the values of each of the two 

covariates is evident, which indicates a better fit of latter model (4.54) as compared to 

model (4.53). The next step is to run the three tests under model (4.45) after we sort the 

observations by the values of LWKS and EXP. The results of running the functional 

form misspecification tests to (4.54) are summarized as follows.  
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Sorting the observations by LWKS, the p-value from the RRT is 0.083, from the 

WTT is 0.601, and from the PLT is 0.100. Thus, the results suggest that LWKS is not 

misspecified under model (4.54). Sorting the observations by EXP yields a p-value of 

1.0e-04 from the RRT, 0.024 from the WTT, and 0.001 from the PLT. This means that 

perhaps further improvement should be proposed to the functional form of the covariate 

EXP.  

Further investigation of the use of the cubic term of EXP in the model is made, 

where the cubic term is still significant but with estimated effect of 3.0e-04. Further, the 

three tests do not reject the null hypothesis that the model, which includes LWKS and 

the cubic term of EXP beside the rest of the covariates, is correctly specified. 

The other objective of analysing this data application is to test the need for 

random effects in (4.54). The score test and the parametric bootstrap test are used to 

achieve this objective based on their performance that we conclude from the simulation 

experiments in Section 4.6. The p-values obtained from the two tests under the latter 

model are approximately zero. This provides a strong evidence that there are random 

factors that contribute in determining LWAGE beside the covariates involved in the 

model. 
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Chapter 5:  Misspecification Tests for the Mixed-

Logistic Regression Model 

5.1 Correlated Binary Observations 

In this chapter, the response variable is assumed to be discrete.  Particularly, ij
y  is 

a binary variable that takes only two values; 1 with probability ij
  and 0 with 

probability ij
1 , for 

i
nj ,...,1  and mi ,...,1 . The logistic regression model with 

random effects is commonly used in SAE (MacGibbon and Tomberlin, 1989). It 

accommodates for the correlation of the binary outcomes within the same domain by 

introducing a random intercept that is associated with each domain in the sample. 

Consider the MLR model in which multiple observations are taken from each of 

m  domains. Given a normally distributed random effect 
i

u  that is associated with the thi  

domain, we rewrite (2.21) where 

(5.1) i

T

ijiijiij
uuuyEg  βx)|(logit)}|({  , 

where T

pijijij
xx ),...,(

1
x  denotes the 

thj  observation of the vector of p  covariates in the 

thi  domain, β  represents the vector of associated fixed effects, ),0(~ 2

ui
Nu  , and (.)g  is 

a continuously differentiable link function. 

Estimation of model (5.1) assumes that conditional on 
i

u , the observations 

iini
yy ,...,

1  are independent and that the random effects are normally distributed. Then, 

the objective is to predict the true domain proportions. The likelihood function under 

model (5.1) is given by 
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where )(
U i

uf  denotes the normal density of 
i

u  with mean zero and variance 2

u
 . The 

log-likelihood is given by 
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which can be simplified to 
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Note that, from (5.4), the likelihood equations cannot be derived in a closed form 

and hence cannot be evaluated analytically under the MLR model (McCulloch and 

Searle, 2001). Thus, approximate techniques such as the PQL and GEE are used. We 

focus in this chapter on testing the need for random effects in (5.1). 

The remainder of this chapter is organized as follows. In Section 5.2, we address 

the difficulties that are associated with constructing tests for functional form 

misspecification in the MLR model. Section 5.3 considers the problem associated with 

testing the need for random effects in the model and motivates for the proposed tests. 

Section 5.4 addresses the score, likelihood ratio and Wald tests under the assumption 

that the random effects are treated as extra fixed effects under the logistic regression 

framework. Section 5.5 introduces a simulation study where the performance of the 

proposed tests is compared to the performance of the test that is considered in Datta et 

al. (2011). An application of these tests to a real data set is presented in Section 5.6. 
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5.2 Classical Tests of Hypothesis under Non-Standard Conditions 

Notice that the inclusion of the random effects adds to the variability of the 

sampling distribution of the classical test statistics. For example, the finite-sample 

distribution of the score, likelihood ratio and Wald test statistics does not have to follow 

a chi-square distribution under the nonstandard assumption of correlated observations. 

This is mainly because the likelihood cannot be evaluated analytically and in some 

cases it can be challenging to make numerical maximization to the likelihood. Take for 

example the asymptotic distribution of the Wald test, which is established by utilizing 

the large-sample normality of the regression estimators such that, for an individual 

coefficient, 

(5.5) )1,0(~
)ˆvar(

ˆ
Nd

asy

h

hh







 , 

where h
̂  denotes the maximum likelihood estimator of 

h
 , the value of the true 

regression coefficient under a null hypothesis, and ph ,...,1 . Under SAE, the 

incorporation of the unknown variance of the random effects 2

u
  that has to be 

estimated from the data may prevent the convergence of d  to the standard normal 

distribution when the size of each domain is small. 

The proposed RRT and WTT for functional form misspecification in Chapter 4, 

which aimed at providing test statistics that avoid the estimation of 2

u
 , cannot be 

directly extended to the MLR model. This is as linear transformations are not 

entertained under the MLR model. Besides, note that the derivation of the independent 

recursive residuals requires the error terms to be normally distributed, an assumption 

that does not hold when we are modelling binary data.  

Applying the data splitting technique in constructing a Wald-type test statistic, 

which follows a chi-square distribution, may not be that useful under the MLR model. 

Noticing that the test statistic will depend on 2

u
 , two basic problems arise. The first 

problem is related to the sorting method that will be used before splitting the 

observations into subsets. If the observations are sorted by the values of one (or more) 

of the covariates, thus ignoring the domain membership, the size of the domain that 
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appears in each subset is definitely reduced, yielding a poor estimate of 2

u
  in each 

subset. Thus, convergence of the test statistic to the chi-square distribution may not be 

guaranteed.  The same conclusion can be deduced if we perform any of the other data 

sorting methods that are discussed in Section 3.2.2. 

The second problem is related to the power of the test when the total number of 

domains is divided into two exclusive subsets such that each domain appears only in 

one subset. This can result in a considerable reduction of the power of the test as under 

functional form misspecification, the estimated regression coefficients need not to 

significantly differ from each other under each subset. In fact, this procedure ignores the 

need to sort the observations, which helps in detecting the misspecification, before the 

construction of the subsets. 

Based on the above discussion of the potential problems of extending the RRT 

and the WTT under the MLR model, testing the functional form misspecification is left 

as an opened topic for further research. In the next section, we consider the problem of 

testing the need for random effects. 

5.3 Another Look at the Classical Tests 

Evaluating of the integral in (5.3) can be achieved via numerical methods such as 

Gauss-Hermite quadrature and the PQL method (Breslow and Clayton, 1993). The 

accuracy of the former method depends on involving high number of quadrature points 

(Lesaffre and Spiessens, 2001). The Gauss-Hermite quadrature becomes 

computationally demanding as the number of random effects increases, and its validity 

in approximating the likelihood in this case is not ensured. The PQL method is 

computationally less demanding, depending on the order of the Laplace approximation 

being employed. Under the MLR model, this method can result in inconsistent 

estimators and so its bias-corrected version, which is based on the second-order Laplace 

approximation (McCulloch and Searle, 2001). 

Hence, estimation of random effects is quite problematic under the MLR model. 

This leads to questioning the need to account for the random effects when the model is 

fitted to a given data set. We are interested in constructing test statistics that avoid 

fitting the model under the alternative hypothesis where the random effects need to be 
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involved. Our proposal to test the need for random effects is similar to the one that is 

introduced in Section 4.5. Details on the proposed tests are given in the next section. 

5.4 Testing the Need for Random Effects 

It is important to notice that by treating 
i

u  as extra fixed effects, as we propose in 

the previous chapters, the observations are considered to be independent under both the 

following null and alternative hypotheses, which enables the use of the proposed tests. 

The null and alternative hypothesis of the proposed tests are given by 
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for at least one domain. Consequently, the unrestricted likelihood function is given by 
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and the corresponding log-likelihood is given by 

(5.9)  
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However, note that although the log-likelihood function in (5.9) is not corresponding to 

the MLR model, this log-likelihood is useful only for the objective of testing whether 

0u  T

m
uu ),...,(

1 , while the log-likelihood function under the MLR model is given in 

(5.4). 

We consider the score, likelihood ratio and Wald tests. Before providing 

expressions for the three test statistics, we emphasize that their asymptotic distribution 

from the classical likelihood theory has not been empirically assessed under this non-

standard situation. The score test is of primary interest because it requires the estimation 
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of fixed effects under the null hypothesis. Thus, it only requires estimating β  from the 

logistic regression model using the maximum likelihood method. The likelihood ratio 

and Wald tests require estimating the fixed effects under the alternative hypothesis in 

(5.7) where the non-standard situation of having many small domains is expected to 

affect the size of both tests. This is emphasized via the simulation study in Section 5.5.  

5.4.1 Score Test 

The test statistic is defined by first obtaining the score function under log-

likelihood in (5.9). Then, the unknown parameters in the score function are estimated 

under the null hypothesis (5.6). The test statistic is given by 

(5.10) ηΓη
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Γ  is the generalized inverse of Γ . 

The derivatives in (5.10) are given, by 
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which represents the sum of differences between the observed and the expected values 

of the response variable in then thi  domain, 
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The derivatives in (5.11)-(5.15) are evaluated at 0u   and 0
β̂β  , where 0

β̂  is the 

vector of MLE of the parameters when the null hypothesis is true. Under the null 

hypothesis, the statistic 
LM

T  follows chi-square distribution with degrees of freedom 

equal to the rank of Γ . To conclude, by using the score test we end up with a quadratic 
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form of the differences between the observed and expected counts, where the matrix of 

the quadratic form is a function of the expected counts. 

5.4.2 Likelihood Ratio Test 

The likelihood ratio test statistic requires the evaluation of the log-likelihood 

function under both the null and alternative hypothesis. Under the null hypothesis, the 

log-likelihood function in (5.9) reduces to the log-likelihood function of the logistic 

regression model with independent observations, which includes only the covariates in 

X  and is given by 
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Denote by 
1

l  the log-likelihood in (5.9). Then, the likelihood ratio test statistic is 

given by 
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000

Yβll   and 0
β̂  is the MLE obtained under the null hypothesis from fitting 

the logistic regression model with independent observations. Further, );ˆ(ˆ
11

Yτll   where 

τ̂  denotes the vector of MLE of β  and 
i

u , mi ,...,1 , when both are estimated as fixed 

effects under the logistic regression model with independent observations. The test 

statistic 
LR

T  follows, asymptotically, the chi-square distribution with 1m  degrees of 

freedom. 

5.4.3 Wald Test 
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test statistic for testing the hypothesis in (5.6) against (5.7) is given by 
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where 
0

u  is the value of u  under the null hypothesis (5.6) and is equal to zero, û  

denotes the MLE of u , which is treated under the alternative hypothesis (5.7) as a 

vector of fixed effects, and  )ˆ(ˆ uraV  denotes the generalized inverse of the estimated 

covariance matrix of û . 

Hadi and Wells (1990) provide regularity conditions under which the Wald test 

statistic in (5.18) asymptotically follows the chi-square distribution. By Theorem 2.1 in 

Hadi and Wells (1990), the distribution of 
Wald

T  is chi-square distribution with 1m  

degrees of freedom. Nevertheless, the size and power of this test need to be evaluated 

under the non-standard situation of having only few observations in each domain, and 

this is investigated in Section 5.5. We investigate the performance of the Wald test, as 

well as the score and the likelihood ratio tests, under different settings with respect to 

the number of the domains, m , and the sizes, 
i

n , of domains in the model. 

The three proposed tests in this section have several advantages from theoretical 

as well as computational perspectives, which can be listed as follows 

1. The distribution of the random effects does not have to be specified in order to 

define (5.9). 

2. The covariance structure, hence the set of relevant nuisance parameters, which is 

associated with the distribution of the random effects does not have to be identified. 

3. If the random effects are needed in the model, i.e. 02 
u

 , their unique realizations 

tend to considerably diverge from zero under the alternative hypothesis. Then, the 

proposed tests treat such realizations, as constant unknown values and their significance 

from being equal to zero is tested under the classical logistic regression framework. 

4. Computing the three test statistics (5.10), (5.17) and (5.18) depends on MLE, 

assuming that the observations are independent under both the null and alternative 

hypothesis. 

According to the proposal of Datta et al. (2011), testing for the absence of small-

domain effects can be achieved setting 02 
u

  under the null hypothesis. The proposed 

test statistic, as implied by the authors under the MLR model (5.1), can be presented by 
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which represents the sum of squares of Pearson’s residuals under the logistic regression 

model. The test statistic 
PB

T  in (5.19) is poorly approximated by the chi-square 

distribution. Thus, the authors propose using a parametric bootstrap test to check the 

need to include the random effects in the MLR model (5.1). In the next section, we 

devote the simulation studies to compare the performance of the proposed tests statistics 

and the bootstrap test statistic in (5.19). 

5.5 Simulation Studies 

Two simulation experiments are used to investigate the performance of the 

proposed tests and compare it to the performance of the parametric bootstrap test, as 

implied by the proposal of Datta et al. (2011). In the first experiment, we generate the 

sample observations of the binary outcome variable using a set of covariates from the 

real data application in Preisser and Qaqish (1999). More details on this application are 

given in the next section. In the second experiment we use artificial data with different 

simulation settings. 

Under the first experiment, we generate the sample observations under the 

following model 

(5.20) iijijijijijiij
uxxxxxu 

55443322110
)|logit(  , 

where TT )11.0,81.0,39.0,67.0,75.0,04.3(),,,,,(
543210

 , mi ,...,1 , 
i

nj ,...,1 , 

38m , ]8,1[
i

n , ),0(~ 2

ui
Nu  , and 137

1




m

i

i
nn . We repeat this process 2000r  

times and call the resulting samples as a parent samples. The covariates are defined as 

follows: 

FEMALEx 
1

: a binary variable indicating gender with 117 females ( 1
1
x ) and 20 

males,  

AGEx 
2

: a transformed continuous variable that ranges between 0 and 1.5 where the 

untransformed ages range between 76 and 91, 

DAYACCx 
3

: a continuous variable that ranges between 0.143 and 16.7 with sample 

mean 3.25, 
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SEVEREx 
4

: a variable that take discrete values between 1 and 4 with corresponding 

frequencies of 21, 86, 23, and 7 respectively, 

TOILETx 
5

: a variable that takes discrete values between 2 and 20 with sample mean 

equal to 6. 

However, we proceed by fitting a model that drops the random effects and 

considers the observations as independent within the same domain. This model is given 

by 

(5.21) ijijijijijij
xxxxx

55443322110
)logit(   . 

Note that, particularely for the likelihood ratio and the Wald tests, we fit (5.20) but 

account for 
i

u  as an extra fixed (rather than random) effect in the model. The size of 

each test under consideration is obtained by computing the proportion of times the test 

rejects the null hypothesis of no random effects when it is true (i.e. setting 02 
u

 ).  

In order to assess the size of the test statistic in (5.19), we use the parametric 

bootstrap method. Under the null hypothesis, we generate 2000
BS

r  bootstrap samples 

from each parent sample. A bootstrap sample is generated from the following model 

(5.22) ijijijijijBSij
xxxxx

55443322110)(
ˆˆˆˆˆˆ)logit(   , 

where the vector of estimated regression coefficients T)ˆ,ˆ,ˆ,ˆ,ˆ,ˆ(ˆ
543210

β  is 

obtained by fitting model (5.21). The computed values of the test statistic from these 

bootstrap samples constitute the parametric bootstrap distribution. 

Under the alternative hypothesis, we assess the power of the tests at various levels 

of correlation among the generated observations on the outcome variable in the same 

domain. This can be quantified by the ICC,  , which is given under the MLR model by 

(5.23) 
3/)( 22

2









u

u . 
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 A zero ICC indicates that the null hypothesis is correct and that all the observations are 

independent, where 02 
u

 . The size and power of the tests under consideration are 

summarized in Table 5.1.  

Table  5.1 Size and power of testing the random effects under the first experiment  

Nominal Level Test 0  13.0  23.0  31.0  37.0  

5.0% 

LM
T  5.15 20.0 41.5 60.6 74.8 

LR
T  19.1 50.1 71.2 82.3 90.2 

Wald
T  1.20 3.70 5.20 7.23 10.0 

PB
T  4.98 6.95 7.32 7.99 8.60 

2.5% 

LM
T  2.42 10.6 26.9 45.2 60.8 

LR
T  8.66 39.2 52.3 76.5 83.5 

Wald
T  0.45 1.26 3.10 4.99 6.34 

PB
T  2.51 3.21 4.00 4.45 5.01 

 

The nominal levels in Table 5.1 refer to the proportion of times the test statistics 

exceed the 95
th

 percentile (thus 5% in the left-column margin) and the 97.5
th

 percentile 

(thus 2.5% in the left-column margin) of the relevant reference distribution of each test 

statistic. The chi-square distribution with 1m  degrees of freedom is used as a 

reference distribution for the score, likelihood ratio and Wald tests.  

The results show that when 0 , the proportions of rejecting the null hypothesis 

under the likelihood ratio and Wald tests are, respectively, 19.1%  and 1.20% at the 5% 

nominal level, and 8.66% and 0.45% at 2.5% nominal level. Thus, neither the likelihood 

ratio test nor the Wald test possesses the correct size. This can be justified by the need 

to fit model (5.20) where 
i

u  is estimated as an extra fixed effect in the thi  domain and 

plugged into the test statistic in (5.18) or used to evaluate the unrestricted log-likelihood 

function in order to compute (5.17). The size of the score test (5.15% at the 5% nominal 

level and 2.42% at 2.5% nominal level) is well approximated by the chi-square 

distribution at both nominal levels. The size of the parametric bootstrap test is also well 

approximated at both nominal levels.  

Based on the above conclusions, we shed light on the power of the score test and 

the parametric bootstrap test. The results show that the power of the score test increases 

as the ICC increases. The power of this test reaches a moderate level when 31.0  and 
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reasonably good power (74.8% at the 5% nominal level) when 37.0 . This can be 

justified by the small sizes of the domains, which range between 1 and 8. On the 

contrary, the parametric bootstrap test possesses a poor power irrespective of the level 

of the ICC. Thus, the score test seems to be more reliable in detecting the need for 

random effects when the domain sizes are small. 

In the second experiment we generate artificial data with a bigger size of each 

domain. This allows to investigate the performance of the four tests while the number of 

domains is fixed at 38m . The same procedure that we follow in the first simulation 

experiment is also applied in the second experiment. In other words, in the second 

experiment we replicate the steps of fitting the model without random effects and 

generating the parametric bootstrap distribution as shown in the first experiment.  

Under the second experiment, we generate the sample observations under the 

following model 

(5.24) iijijijijijiij
uxxxxxu 

54321
36.076.083.02.18.0)|logit( , 

where 38,...,1i , 
i

nj ,...,1 , ]20,10[
i

n , and 577
1




m

i

i
nn . The covariates are 

generated such that )1,5(~
1

Nx , )5,1(~
2

Ux , )4.0,1(~
3

Binx , )25.0,2(~
4

Nx , and 

)6.0,1(~
5

Nx . The size and power of the four tests are given in Table 5.2. 

Table  5.2 Size and power of testing the random effects under the second experiment 

Nominal Level Test 0  13.0  23.0  31.0  37.0  

5.0% 

LM
T  4.95 85.6 99.0 99.9 100 

LR
T  10.6 91.9 99.6 99.9 100 

Wald
T  2.30 43.1 84.9 96.2 98.7 

PB
T  5.02 11.0 19.1 23.7 34.9 

2.5% 

LM
T  2.47 77.6 98.2 99.8 100 

LR
T  6.30 86.9 99.3 99.8 100 

Wald
T  1.16 30.3 76.5 92.5 97.0 

PB
T  2.54 6.20 11.3 16.7 20.0 

 

Similar to the results from the first experiment, the size of the likelihood ratio and 

Wald tests is incorrect, where the proportions of rejecting the null hypothesis when 
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0  are far divergent from the corresponding nominal levels. Thus, even with a bigger 

size of each domain in the second experiment, as compared to the first experiment, the 

chi-square distribution does not provide a good reference distribution of the 

corresponding test statistics. 

The score test and the parametric bootstrap test possess the correct size as shown 

in Table 5.2. However, the power of the parametric bootstrap test is very small even 

when 37.0  (34.9% at the 5% nominal level and 20% at the 2.5% nominal level) 

while the power of the score test is fairly acceptable when 13.0  (85.6% at the 5% 

nominal level), and reaches 100% at both nominal levels when 37.0 . Thus, we 

conclude that the score test is more reliable, compared to the likelihood ratio and Wald 

tests, and is more powerful in detecting the need for random effects under the MLR 

model. Further analytical investigation is needed to determine the reasons behind the 

poor performance of the parametric bootstrap test. 

5.6 Real Data Application 

Consider data from the guidelines for urinary incontinence discussion and 

evaluation (GUIDE) study. This is a randomized controlled trial directed at assessing 

the impact of urinary incontinence guideline adoption by primary care providers on 

patient outcomes. This data set is used in Preisser and Qaqish (1999) where a MLR 

model is proposed to fit the data using the GEE procedure. The goal, using data from a 

telephone survey of patients, is to identify factors among urinary incontinent men and 

women aged 76 and older that are predictive of their response to the question “Do you 

consider this accidental loss of urine a problem that interferes with your day to day 

activities or bothers you in other ways?”.   

Let 
ij

y BOTHERED be the response variable of the thj  patient in the thi  medical 

practice, which equals 1 if the answer to the aforementioned question is yes and zero if 

no. Patients were asked how many leaking accidents they have in an average week 

(WEEKACC); when they lose urine, does it: 1 = just create some moisture, 2 wet their 

underwear (or pad), 3 = trickle down their thigh, or 4 = wet the floor (SEVERE); and 

finally, how many times during the day they usually go to the toilet to urinate 

(TOILET). From 38 medical practices, observations from 137 patients are obtained for 

analysis. The domain in this study is the medical practice, which involves data from a 
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number of individuals. The sizes of the domains in the GUIDE data range in size 

between one to eight patients per practice. Table 5.3 provides summary statistics for 

urinary incontinent men and women aged 76 and older. Individual covariate 

relationships suggest that BOTHERED is positively associated with higher frequency of 

weekly accidents and greater severity, two covariates of primary interest in the study. 

Table  5.3 Summary statistics for urinary incontinent men and women aged 76 and older 

  BOTHERED 

Covariate  Yes (n = 54) No (n = 83) 

GENDER Female 43 74 

 Male 11 9 

AGE Mean 80.8 81.5 

 Standard deviation 3.6 4.0 

 Range (76,90) (76,91) 

WEEKACC Mean 38.5 12.5 

 Standard deviation 29.2 13.2 

 Range (1,117) (1,65) 

SEVERE  

(counts) 

1 (least) 3 18 

2 30 56 

3 15 8 

 4 (most) 6 1 

TOILET Mean 7.4 5.7 

 Standard deviation 3.1 2.7 

 Range (3,20) (2,20) 

 

Preisser and Qaqish (1999) consider the following MLR model 

(5.25) ijijijijiij
SEVEREDAYACCAGEFEMALEu

43210
)|(logit    

iij
uTOILET 

5
                      . 

Table 5.4-5.5 summarize, respectively, the parameter estimates from fitting model 

(5.25) using the PQL and GEE methods. The random effects are assumed to be 

normally distributed with mean zero and variance 2

u
 . The covariance structure under 

the GEE method is the exchangeable structure. 
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Table  5.4 Mixed-logistic regression model fit using the PQL method to GUIDE data 

Coefficient Estimate STD error z-value 

INTERCEPT -3.506 1.293 -2.711 

FEMALE -0.885 0.677 -1.307 

AGE -0.762 0.669 -1.138 

DAYACC 0.459 0.110 4.181 

SEVERE 0.947 0.393 2.406 

TOILET 0.115 0.094 1.226 

Variance Component  0004.1ˆ 2 
u

    

 

Table  5.5 Mixed-logistic regression model fit using the GEE method to GUIDE data 

Coefficient Estimate STD error z-value 

INTERCEPT -3.040 0.960 -3.170 

FEMALE -0.750 0.600 -1.250 

AGE -0.670 0.560 -1.210 

DAYACC 0.390 0.090 4.181 

SEVERE 0.810 0.360 2.406 

TOILET 0.110 0.100 1.226 

 

Table 5.6 represents the estimated coefficients under a logistic regression model 

fit, i.e. assuming no random effects. It is not obvious from Table 5.4-5.6 whether there 

is a real need for the random effects in model (5.25). Whether we fit the model using 

PQL and GEE methods or fit the model by ignoring the random effects, the 

relationships between the response variable and each of the covariates do not differ in 

direction, i.e. the sign of the estimated coefficients. Conclusions regarding the 

significance of the effect of each covariate do not differ as well. 

Table  5.6 Logistic regression model fit to GUIDE data 

Coefficient Estimate STD error z-value 

INTERCEPT -3.293 1.108 -2.971 

FEMALE -0.672 0.612 -1.099 

AGE -0.641 0.585 -1.095 

DAYACC 0.415 0.096 4.337 

SEVERE 0.829 0.365 2.273 

TOILET 0.110 0.086 1.296 
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Another worth mentioning point is about the ICC where its estimated value from 

model (5.32) is given by 

(5.26) 233.0
)3/(0004.1

0004.1

)3/(ˆ

ˆ
ˆ

222

2













u

u
. 

This estimate of the correlation among the observations in the same domain does not 

give a very strong indication of whether keeping or removing the random effects would 

be the best choice. Would avoiding the incorporation of the random effects in the model 

be that beneficial when compared with maintaining them and gaining more accurate 

estimates of both the fixed effects and variance components. The role of testing the 

hypothesis about the need for random effects as proposed in this chapter is of 

considerable interest. Based on the results of the simulation study in Section 5.5, we 

apply the score test as well as the parametric bootstrap test (Datta et al., 2011) to test the 

need for random effects in (5.25) using the GUIDE data set. 

Using the score test, we obtain  03.55
LM

T , which is compared to a chi-square 

distribution with 371m  degrees of freedom. The p-value is 0.029. Thus, at the 2.5% 

level of significance the score test does not reject the null hypothesis of no random 

effects. However, the medical practice effect is present at 5% level of significance and, 

at this level, we would support the need to estimate the model parameters using the GEE 

as proposed in Preisser and Qaqish (1999). Using the parametric bootstrap test we 

obtain  5.136
PB

T  with a corresponding p-value of 0.26, which indicates that the test 

does not reject the null hypothesis of absent random effects. Based on our exploration of 

the empirical size and power of the two tests, and although the two tests provide 

contradicting conclusions when applied to the GUIDE data set, we tend to reject the null 

hypothesis and keep the random effects in the model. This is as the parametric bootstrap 

test does not seem to possess good power to detect the random effects when they are 

present in the model. See section 3.5 for further details. 
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Chapter 6:  Summary and Outline for Further 

Research 

6.1 Summary of Research Contributions 

This doctoral thesis covers some new techniques that can be used to check the 

validity of a working model in SAE. This summary concludes the results of our focused 

research on three particular models; the Fay-Herriot model, the NER model, and the 

MLR model. In addition, some potential issues for further investigation are presented. 

Three new tests; a t-test, a chi-square test of the Wald type, and score test are 

proposed throughout this study. The first two tests are applied to test functional form 

misspecification in the Fay-Herriot model and the NER model. The third test is used to 

test the need for random effects in the three models under consideration. Interestingly, 

the asymptotic distributions of the proposed test statistics are known and can be easily 

derived. Thus, the tests can be recommended for public use in SAE as well as relevant 

multilevel modelling applications. This is due to the ease of the procedures that are 

required to run these tests and their sensitivity against small departures from the null 

hupothesis of having a correctly specified model. Next we conclude the contribution 

made by each individual test. 

The t-test is constructed using the recursive residuals that are shown to be 

asymptotical distributed as independent )1,0(N  under the null hypothesis. An extended 

formula defining the recursive residuals under the Fay-Herriot model is proposed where 

the error terms have heteroskedastic variances. The independence of the recursive 

residuals depends on the assumption that both the random effects and the sampling 

errors are normally distributed. See Chapter 3 for more details. Under a suitable 

transformation of the NER model, the independence of the recursive residuals is shown 

to only require the residual errors to be normally distributed. As shown in Chapter 4, the 

exactness of the distribution of the recursive residuals can be achieved when the random 

effects are removed from the model. Thus, model transformation is needed before 

deriving the recursive residuals that are, consequently, used to construct the t-test. The 

power of this test is highly influenced by the sequence in which each observation is 

chosen to contribute to the computation of the current (hence the next) recursive 
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residual. This sequence can be, for example, determined by sorting the sample 

observations by the values of one of the available covariates. 

The chi-square test of the Wald type is used to test functional form 

misspecification in the Fay-Herriot model as well as the NER model. The test statistic is 

constructed by computing the standardized difference between the estimated vectors of 

the fixed effects from two subsets that are composed using the available domains. We 

derive the asymptotic distribution of the test statistic under the Fay-Herriot mdoel. 

Under the NER model, the asymptotic distribution of the test statistic is well know in 

the econometrics literature. However, the distribution of the test statistic is less 

dependent on the normality assumption of the random effects or the residual errors. 

Furthermore, the power of the Wald-type test is less influenced by the sequence by 

which the observations are sorted. The test only requires classifying the observations 

into two subsets using a threshold point. Then, the threshold is determined after some 

data sorting while the observations need not to appear in a given sequence after 

constructing the subsets. 

 The third contribution in this study is a score test that is used to test the need for 

random effects in the Fay-Herriot model , the NER model and the MLR model.  The test 

requires estimating the model parameters under the null hypothesis that the observations 

are independent where the working small area model reduces to a (generalized) linear 

model. The problems that are associated with estimating the unknown variance 

components due to the presence of the random effects are avoided under this test. This 

is as the test procedure treats the random effects as extra fixed effects in the proposed 

log-likelihood under the alternative hypothesis. Thus, under the null hypothesis, the 

asymptotic distribution of the test statistic is chi-square. 

Assessments of the proposed tests are performed via simulation studies. The 

performance of our proposals is compared to some of the relevant validation tests in the 

literature. The results show an outstanding performance of our techniques. Particularly, 

the t-test is found to be more powerful than the cumulative sums of residuals test in Pan 

and Lin (2005). The score test for the need for random effects outperforms the 

parametric bootstrap test in Datta et al. (2011) under the interesting case of the MLR 

model. In the next section, we summarize the merits and demerits of the techniques that 

are considered in this study. 
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6.2 Technical Strengths and Limitations 

The present work is advantageous in some aspects when compared to the 

literature of goodness-of-fit tests that are applicable to the models under consideration. 

We provide a new perspective on using the recursive residuals under a mixed modelling 

framework. We also show that the classical score test is useful in testing a complicated 

type of hypothesis such as the need for random effects in small area models. 

Nevertheless, the proposed tests do not necessarily meet, from various points of view, 

all the practical interests in testing the validity of a working model. We summarize the 

strengths and limitations of the techniques that are present in this study as follows. 

On one hand, the merits can be listed as follows: 

1. The asymptotic distribution of the test statistics are known and easy to derive. 

2. The empirical size and power of the tests support their reliable use in SAE 

applications. The proposed tests show a good performance even when the size of 

each domain is small, provided that the optimal test procedures are followed. 

3. The test procedures that are introduced under each test are very easy to implement. 

4. From a computational perspective, if the number of domains is moderate or small 

and the size of each domain is too small, the parametric bootstrap method can be 

used to approximate the distributions of the proposed test statistics. However, this 

should not be a constraint against running the corresponding tests due to the 

simplicity of computing the test statistics. 

5. The derivation of the recursive residuals in Chapter 4 is useful in testing functional 

form misspecification as long as the important covariates that are defined at the unit 

level are not linearly dependent to the covariates that are defined at the domain 

level. 

6. In addition to the previous point, the recursive residuals can be used in model 

diagnostics, which need not to be in the form of hypothesis tests. Such use (e.g. 

outlier detection) can be imitated from the literature of linear regression models 

with independent observations. 

7. Importantly, the tests in Chapter 4 and 5 do not require any assumption about the 

random effects. This includes their specification in terms of their underlying 

distribution and their covariance structure under the working model. Thus, whether 

we test the functional form or the need for random effects in the model, the 
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assumptions that are rarely validated for the random effects need not to be imposed 

under the NER or MLR models. 

On the other hand, our techniques are at least limited to the extents that can be 

summarized as follows: 

1. The normality assumption made about the distribution of the random effects under 

the Fay-Herriot model is a restriction with respect to the validation of the 

asymptotic independence of the recursive residuals and consequently the validation 

of the use of the t-test. Similarly, the normality of the sampling errors under the 

Fay-Herriot model and the residual errors under the NER model are required to 

achieve the same objectives. 

2. The propose tests under the NER model depend on the homoscedasticity of the 

residual error variances. If this assumption is not met in practice, the asymptotic 

distribution of the test statistic based on the recursive residuals may not converge to 

the t-distribution. 

3. Using the recursive residuals for testing purposes is limited to linear models. 

4. The asymptotic theory that supports the normality of the coefficient vector β  under 

the MLR model has not received enough investigated in the literature. Thus, further 

research would be necessary to extend the Wald-type test statistic under the MLR 

model. The parametric bootstrap method may be used to approximate the 

distribution of the test statistic. However, the computational difficulties with 

respecte to fitting GLMM can influence the reliability of the test procedures beside 

being highly intensive as the number of variance components increases. 

5. Further research is needed with respect to the determination of an optimal data 

sorting method that guarantees a powerful detection of functional form 

misspecification using the proposed tests. 

6. The proposed tests for functional form misspecification are suitable under situations 

where the covariates are of the continuous type. Further research is needed when 

these covariates are caegorical. 

7. Further reseach is needed with respect to extending the proposed tests when 

practitioners use data that are selected using informative designs rather than simple 

random samples. 

8. We do not consider simultaneous testing of more than one component under the 

models of interest. We also do not assess the robustness of the proposed tests to the 
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case where the components, which are not tested, are misspecified. Further research 

is strongly needed with respect to these two problems. 

Motivations for future research can be grasped by the limitations that are presented 

above in this chapter. 
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Appendices 

In Appendix 1, we provide regularity conditions that are used to prove some 

theorems under the Fay-Herriot model. They are also used to deduce some asymptotic 

results under the NER model. Appendix 1 also involves the proof of Theorem 3.1 and 

3.2 as well as some useful recursive formulas under the Fay-Herriot model. The proof of 

Theorem 3.1 is an analogue to the proof in Fuller and Battese (1973) under the NER 

model. Appendix 2 provides some remarks on the proof of Theorem 4.1-4.4.  
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Appendix 1 

Regularity Conditions 

Large sample properties of the GLS estimators in (3.2) are considered under the 

following quite general context. Given n  observation from available domains, the 

model under consideration is define as 

(a.1) nnn
εβXθ 

~
, 

where 
n

X  denotes the pn  matrix of fixed covariates of rank p , 0ε )(
n

E , and 

n

T

nn
E Σεε )( . Let 

1

n
Σ  exist for all n . The following regularity conditions (Fuller and 

Battese, 1973) are required to prove Theorem 3.1. 

A1. The elements of 
n

Σ  are functions of a q -dimensional vector of parameters α , such 

that the elements of the matrices 

(a.2) )()( 1
αΣαQ








n

j

nj


,  qj ,...,1 , 

are continuous functions of α  in an open sphere 
S  of 

0
α , the true value of α . 

Differentiation is made element by element in (a.2). 

A2. The sequence of matrices }{
n

X  and }{
n

Σ  satisfy 

(a.3) )()(
1

lim 1
αMXαΣX

nnn

T

n
n n




,  

where (.)
n

M  is a pp  matrix of fixed constants such that )(1
αM



n  exists for all α  in
S

, and 

(a.4) )()(
1

lim αHXαQX
njnnj

T

n
n n




,  

where )(
 
αH

jn  is a matrix whose elements are continuous functions of α . 
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A3. An estimator, )ˆ(ˆ αΣΣ
nn

 , for )(
0

αΣΣ
nn

  is available such that )ˆ(1
αΣ



n  exists for all 

n , and α̂  satisfies the conditions 

(a.5) )(ˆ
0

 nO
p

αα , 0 . 

Proof of Theorem 3.1  

The proof is achieved by proving the following three lemmas. 

Lemma 3.1 

If the errors 
iii

eu   in (3.1) are normally distributed, and if the expectation of 

1)]min(ˆ[ 
i

DA  exists, then βθΣXXΣXβ   ]
~ˆ)ˆ[()]ˆ(ˆ[ 11 TTEAE , where )ˆ(ˆ Aβ  is defined in 

Theorem 3.1 and Σ̂  is defined as in A3. 

Proof. 

Given the normality of the errors in ε , they are distributed symmetrically about zero 

and the estimators of A  in (2.7)-(2.9) and (2.12) are even functions of ε  (Fuller and 

Battese, 1973). It follows from a result of Kakwani (1967) that )ˆ(ˆ Aβ  is unbiased if its 

expectation exists. To demonstrate that the expectation exists, consider an arbitrary 

linear combination of ])ˆ(ˆ[ ββ A  (i.e. ])ˆ(ˆ[ ββXη AT ). Let η  denote any vector of real 

numbers from the n -dimensional space. Consider the expectation of |])ˆ(ˆ[| ββXη AT  

where εΣXXΣXXΣΣηββXη
111 ˆ)ˆ(ˆˆ])ˆ(ˆ[ 2

1

2

1


 TTTT A . 

By Cauchy-Schwarz inequality, 

(a.6) 2

1

2

1

]ˆ)ˆ(ˆ[)ˆ( ))ˆ(ˆ( 1111
εΣXXΣXXΣεηΣηββXη

 TTTTT A  

2

1

2

1

)ˆ()ˆ(                   1
εΣεηΣη

 TT , 

where the last inequality follows from the fact that 2

1

2

1

ˆ)ˆ(ˆ 1 
 ΣXXΣXXΣB

TT  is a 

symmetric and idempotent matrix. Consequently, 0BI   and inequality (a.6) can be 

obtained by pre- and post-multiplying B  by 2

1

ˆ 
Σε

T
 and εΣ 2

1

ˆ 
, respectively.  
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The minimum and maximum characteristic roots of Σ̂  are )]min(ˆ[
min i

DA  and 

)]max(ˆ[
max i

DA . Therefore, 

(a.7) 2

1

2

1
2

1

2

1

2

1

)()()ˆ()ˆ(
min

max1
εεηηεΣεηΣη

TTTT
















. 

Both 
max

  and 
min

  are random and are linear transformations of the variance estimator, 

which represents a weighted sum of squares of the errors under the Fay-Herriot model 

(Prasad and Rao, 1990; Pfeffermann and Nathan, 1981).  

Assuming that the errors 
i

  are normally distributed, the densities of 
max

  and 
min

  are 

linear transformations of the chi-square distribution with pn  degrees of freedom, 

where n  represents the number of observations. For 2)(  pn , the expectation of 

1

min
)(   exists (Fuller and Battese, 1973; Theorem 2) where p  is the number of columns 

in X  and since )max(ˆ
i

DA  is bounded by a multiple of εε
T  where this multiple 

depends on X , it follows that ])ˆ(ˆ[ ββXη AE T  is finite and thus ββ )]ˆ(ˆ[ AE . 

Lemma 3.2 

The regularity conditions A1 through A3 under model (3.1) are sufficient for the 

estimator, for exclusive subsets A and B, 

(a.8) BB

T

BBB

T

BAA

T

AAA

T

ABBAA
AA θΣXXΣXθΣXXΣXββ

~ˆ)ˆ(
~ˆ)ˆ()ˆ(ˆ)ˆ(ˆ 111111    ,  

to have the same asymptotic distribution as the estimator 

(a.9) BB

T

BBB

T

BAA

T

AAA

T

ABA
θΣXXΣXθΣXXΣXββ
~

)(
~

)(ˆˆ 111111   . 

Proof. 

Assuming normally distributed errors, it is obvious that the difference BA
ββ ˆˆ   in (a.9) is 

distributed as ),( Ω0N , where )ˆˆ( BAVar ββΩ  . The estimator )ˆ(ˆ)ˆ(ˆ
BBAA

AA ββ   can 

be written as 
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(a.10) }ˆ)ˆ(ˆ)ˆ{()ˆ(ˆ)ˆ(ˆ 111111

BB

T

BBB

T

BAA

T

AAA

T

ABABBAA
AA εΣXXΣXεΣXXΣXββββ

  .  

Notice that under correct model specification, we have 
BA

ββ  . By Taylor’s expansion 

of the remainder about the true parameter 
0

α  (under subset A) 





















 





AA

T

A

A

AA

T

A

A

AA

T

AAA

T

A
nn

εαΣXXαΣXεΣXXΣX )(
1

)(
1ˆ)ˆ(

0

1

1

0

1111




























































 AAjA

T

A

A

AAA

T

A

A

q

j AAjA

T

A

A

AAA

T

A

A
nnnn

XαQXXαΣXεαQXXαΣX )(
1

)(
1

)(
1

)(
1

*

1

*

1

1 *

1

*

1

)ˆ()(
1

)(
1

 
0*

1

1

*

1
ααεαΣXXαΣX 


































AAAA

T

A

A

AAA

T

A

A
nn

, 

where 
A

n  is the size of subset A, 
A*

α  lies between 
0

α  and its estimated value 
A

α̂  from 

subset A. The same Taylor’s expansion applies to BB

T

BBB

T

B
εΣXXΣX

111 ˆ)ˆ(   given estimates 

from subset B. Under the null hypothesis and using conditions A1-A3, it follows from 

(a.10) and Lemma 3.3 (given below) that 

 (a.11) )()()ˆˆ()ˆ(ˆ)ˆ(ˆ )()(
2

1

2

1  


BpApBABBAA
nOnOAA ββββ .  

Observe that )()ˆˆ( 2/1

min

 nO
pBA

ββ  where ),min(
min BA

nnn  . Then (a.8) converges in 

distribution to (a.9) as 
A

n  and 
B

n . The next Lemma ensures the validity of the 

results in (a.11). 

Lemma 3.3 

Given model (3.1) where (let the number of domains be n ) the elements of n
ε  are 

independent random variables with covariance structure given by 

),...,(
1

ADADdiag
n
Σ , then 

nn

T

n
n

n XΣX
1)/1(lim 


 exists and is positive definite, 

conditions A1-A3 are satisfied. 

Proof. 

The matrix 
n

Σ associated with model (a.1) is a function of A  and can be expressed as 

(a.12) ),...,(  
1 nnn

DDdiagA  IΣ . 



  Appendix 1 

 111  

The matrices denoted by nq
Q  in condition A1 reduce under the Fay-Herriot model 

where 1q  to 

(a.13) 













22

1

1
)(

1
,...,

)(

1

n

n
DADA

diagQ . 

As the elements of 
1n

Q  are continuous functions of 0A  in a space containing the true 

value, this implies the fulfilment of condition A1. The convergence assumptions in A2 
are frequently satisfied in reality. Regarding condition A3, we focus on the unbiased 

Prasad-Rao closed form estimator of A  in (2.7) and exploit the result that the 

estimators in (2.7), (2.9) and (2.12) are asymptotically unbiased and their asymptotic 

variances satisfy the inequality 

(a.14) )ˆ()ˆ()ˆ()ˆ(
REMLMLFHPR

AVarAVarAVarAVar  , 

where the equality exists if DD
i
 , ni ,...,1  (Rao, 2003, pp. 120). The asymptotic 

variance of PR
Â  is given by (Rao, 2003; pp. 120), 

(a.15)  

 
n

i iPR
DAnAVar

1

22 )(2)ˆ( .  

The estimator PR
Â  is consistent because 0)ˆ(lim 

PRn
AVar  as n . This can be shown 

using Chebyshev’s inequality where  

 

 
n

i iPR
DAnAAP

1

222 )(2)|ˆ(|  , 

212 ))max((2                            
i

DAn   , 

Thus 0)|ˆ(|  AAP
PR , for 0 , as n . From (a.15), condition A3 is satisfied by 

observing that )(|ˆ| 1 nOAA
pPR  and hence substituting 1  in (a.11). By (a.14), the 

same argument holds for the other estimators of A . Hence the proof of Lemma 3.3 is 

complete and Theorem 3.1 follows from Lemma 3.2. 
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Proof of Theorem 3.2  

(i) Denote the numerator of j
~  in (3.9) by 

1
ˆ~




j

T

jjj
βx , 

then  

 










j

h hhhjj

T

j

T

jjj
DA

1

11

1

1

11
)()(  xXΣXx .  

The result follows by observing that 0)( 
lj

E   (Brown et al., 1975). Thus, 0)~~( 
lj

E  , 

lj  . 

(ii) Denote by T

mp
)~,...,~(~

1



ε  the pm   vector of recursive residuals. By Phillips and 

Harvey (1974), ε~  can be written in the form θCε
~~  , where C  is defined in (3.12). 

Therefore, ε~  is linear in θ
~

. By direct multiplication, one can easily show that  

0CX , 

by observing that  

  T

T

j

j

jj

T

jjj

T

j

T

jj
0

x

X
ΣXXΣXx 






















 111

11

1

1

1

11

1     )(  ,  mpj ,...,1 , 

and                                                                                                                    

(a.16) pm

T


 ICΣC ,  

where 
pm

I  is an )()( pmpm   identity matrix. The last equation is already derived in 

Phillips and Harvey (1974). It follows that 

(a.17) 0CεεXβCθCε  )(])[()
~

()~( EEEE ,  

and 

(a.18) pj

TT VarVarVarE


 ICεCCεεεε )( )()~()~~( .  
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(iii) To show that the sum of squares of the pm  recursive residuals is equal to the 

weighted sum of squares of the m  raw residuals, pre-multiply (3.1) by 2/1
Σ  such that 

(a.19) ***~
εβXθ  ,  

where θΣθ
~

)
~

,...,
~

(
~ 2/1*

1

*

1

*  T , XΣxxX
2/1**

1

* ],...,[  TT

m

T , εΣε
2/1*  , and 

m
Var Iε )( *

. Then computing the recursive residuals is equivalent to (2.35) in Chapter 2.  

Denote by T

pm
)~,...,~(~ *

1

*

1

*


 ε  the pm  vector of recursive residuals based on model 

(a.19) such that  

2/1**

1

*

1

*

1

**

*

]1[

ˆ~
~

jj

T

j

T

j

j

T

jj

j
x)X(Xx

βx
1











 , mpj ,...,1 , 

where **1** ~
)(ˆ

j

T

jj

T

jj
θXXXβ

  is based on the first j  standardized observations. Then, 

*** ~
θCε   where 































































**

*

1

1*

1

*

1

*

**

*

1

1*

1

*

1

*

*

1

*

1

*1***

1

*

1
                   

)(

0...0     
1

            
)(

..00.........      
1

     
)(

mm

T

mm

T

m

T

m

jj

T

jj

T

j

T

j

pp

T

pp

T

p

T

p







XXXx

XXXx

XXXx

C









, 

and 2/1*

1

1*

1

*

1

** ])(1[







jj

T

j

T

jj
xXXx . Phillips and Harvey (1974) show that 

TT

pm

T *1***** )( XXXXICC



  and thus ******** ˆˆ

~~~~ εεθCCθεε
TTTT

 , where βXθε ˆ~
ˆ ***  , 

and **1** ~
)(ˆ θXXXβ

TT  .  
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Recursive Formulas  

Lemma 3.4 

(a.20) (i)                       )()( 1

1

1

11

11 







 
jj

T

jjj

T

j
XΣXXΣX  

])()[(

)()(
                                  

1

1

1

11

1

1

1

11

1

1

1

11

jjj

T

j

T

jj

jj

T

j

T

jjjj

T

j

DA xXΣXx

XΣXxxXΣX

























   , 

(a.21) (ii) 
j

j

T

jj

jjj

T

jjj
DA








)ˆ~
(

)(ˆˆ 111

1

βx
xXΣXββ


,  

(a.22) (iii) 22

1

12 )~(ˆˆ
jjjj

T

jj
SS 




εΣε ,  

where 2

j
S , mpj ,...,1 , is the weighted residual sum of squares,  jjjj

βXθε ˆ~
ˆ   , and 

j
θ
~

 represents  the vector of direct estimates based on the first j  domains. 

Proof.  

(i) 
j

T

jj

jj

T

j

j

h
h

T

hh

jj

T

j
DADA 











 
xx

XΣX
xx

XΣX
1

1

111

1
. 

Let 
1

1

11 






jj

T

j
XΣXA , 

jj

T

j
XΣXB

1 , 
j

j

DA


x
c  , and T

j

T

jT

DA
c

x
d 


 . Using the 

well-known result that  

(a.23) 
cAd

AcdA
AB

1

11

11

1 








T

T

,  

the result in (a.20) follows from equation (a.23). Equation (a.23) is due to Sherman and 

Morrison (1949) and Bartlett (1951). Verification of (a.23) is achieved by showing that 

IBBBB   11 . First, consider 1
BB  where 



















cAd

AcdA
AcdABB

1

11

11

1
)(

T

T

T
, 
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cAd

AdcAdc
AcdAA

1

11

11

1

)1(
         












T

TT

T , 

IAcdAcdAA   111         TT . 

The verification of IBB 1  is carried out analogously.  

 (ii) 
j

j

jjj

T

jjj

T

jjjj

T

j
DA










~

~~ˆ)(
1

1

11

11
xθΣXθΣXβXΣX , 

j

j

jjjj

T

j
DA









~

ˆ)(                       
11

1

11
xβXΣX , 

j

j

jj

j

T

jj

jj

T

j
DADA 




 

~

ˆ)(                       1
xβ

xx
XΣX . 

j

j

T

jj

jjjj

T

j
DA


 

)ˆ~
(

ˆ)(                       1
βx

xβXΣX


 

Pre-multiplying the last equation by 11 )( 

jj

T

j
XΣX  , 

j

j

T

jj

jjj

T

jjj
DA








)ˆ~
(

)(ˆˆ 111

1

βx
xXΣXββ


. 

(iii) )ˆ~
()ˆ~

( 12

jjjj

T

jjjj
S βXθΣβXθ    

)]ˆˆ()ˆ~
[()]ˆˆ()ˆ~

[(          
11

1

11 






jjjjjjj

T

jjjjjj
ββXβXθΣββXβXθ , 

because the cross-product terms cancel out each other. Then 

)ˆˆ()ˆˆ()ˆ~
()ˆ~

( 
1

1

11

1

1

2












jjjj

T

j

T

jjjjjj

T

jjjj
S ββXΣXβββXθΣβXθ . 

Since the first term in the right hand side of the last equation can be expressed as 
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




















 j

i j

j

T

jj

i

j

T

ii
j

i i

j

T

ii

DADADA 1

2

1

2

1

1

2

1
)ˆ~

()ˆ~
()ˆ~

( βxβxβx 
,  

The weighted residual sum of squares becomes 

j

j

T

jj

jjjj

T

jjjj
DA

S













2

1

111

1

1111

2
)ˆ~

(
)ˆ~

()ˆ~
( 

βx
βXθΣβXθ


  

)ˆˆ()ˆˆ(         
1

1

1 






jjjj

T

j

T

jj
ββXΣXββ  

)ˆˆ()ˆˆ(
)ˆ~

(
         

1

1

1

2

12

1 















jjjj

T

j

T

jj

j

j

T

jj

j
DA

S ββXΣXββ
βx

. 

Then, from (ii) 

jjj

T

j

T

j

j

j

T

jj

j

j

T

jj

jj
DADA

SS xXΣXx
βxβx

11

2

2

1

2

12

1

2 )(
)(

)ˆ~
()ˆ~

(
 













, 

jjj

T

j

T

j

j

j

T

jj

j

j

T

jj

j
DADA

S xXΣXx
βxβx

1

1

1

112

2

1

2

12

1
)({

)(

)ˆ~
()ˆ~

(
      





















 

}
])()[(

)()(
        

1

1

1

11

1

1

1

11

1

1

1

11

j

jjj
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Appendix 2 

Remarks on the Proof of Theorem 4.1 - 4.4 

Theorem 4.1 

The result utilizes the Lagrangian multiplier technique by letting bt
T

hh
t )1(ˆ  and choosing 

b  to minimize 
2)1(

1
)ˆ(

hh
ttE 

  subject to the constraint 0)ˆ( )1(

1


 hh
ttE  so that the result is 

obtained. 

Corollary 4.1 

(i) )ˆ,cov(2)ˆ()()ˆ( )1(

1

)1(

1
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1 hhhhhh
tttVartVarttVar


  
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Substituting for b  and )ˆ( )1(

1 hh
ttVar 

  in the left hand side of (4.21) part (i) yields the 

required result. 

(ii) This result follows by direct substitution. 

Theorem 4.2 

To introduce the proof, note that from the expression of 
1h

Δ  in (4.18), it is known that 

the inverse is given by 

(b.1) 

































 11

1,1

111

1,1

11

1,1

1111

1,1

11

1

1
)()(

)()(

hh

T

hhhh

T

hhh

T

hhh

hh

T

hhhhhh

T

hhh

T

hhhhhh

h
δΔδΔδδΔδ

δΔδδΔΔδδΔδδΔΔ
Δ




 . 

Thus, 

 1 
10

1

11

1

1

1

1

T

h

h

h

h

h
c g

g

0

0Δ
Δ 

















 





 . 

Since 
T

h

T

hh
]~[

11 
 xGG , then 

11

1

11

1

1

11
)~~()( 






 T

hhhhh

T

hhh

T

h
c zzGΔGGΔG . 



Appendix 2                                                   

 120 

In part (i), using the result that if a  is a vector and A  is a non-singular square matrix, 

then )1/()( 11111
aAaAaaAAaaA

  TTT . Then, it is simple to show that 
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From (b.1) the result holds. Part (ii) and (iii) are proved by using the expression of 
1h

Δ  

in in (4.18) and by noting that ][
11 


h

T

h

T

h
ttt . 

Theorem 4.3 

The theorem follows from using part (i) and (iii) of (4.22) in the expression of )1(
ˆ

 h
β . 

Theorem 4.4 

(i) It can be shown using part (i) and (iii) of Theorem 4.2 as well as the expression for 
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Collecting terms proves this part of the theorem. 

(ii) This part follows by noticing that 
h

S  is distributed as 2

)(

2

he
  and 

1h
S  as 2

)1(

2

he
 . 

Application of the extended Fisher-Cochran theorem (see Graybill, 1961, Theorem 

4.22) gives the result of distribution and independence of the recursive residuals. 
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