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Chapter 3
Stochastic Geometry In The Cellular Networks

3.1 Introduction

3.1.1 Background and Related Works

Nowadays, the global communication communities pay much attention to the network-level de-

sign for the cellular communication. In order to digest a huge amount of tele-traffic in the near

future, heterogeneous networks [1] emerge as one of the key technique in the 5G system [2]. The

heterogeneous networks consist of different sizes of cells, which include macro-cells providing a

large coverage in the rural area, and pico-cells strengthening communication qualities in the urban

area, as well as the femto-cell supporting the communication in homes or offices. Furthermore,

apart from cellular communication, other communication techniques, which are operated on the

unlicensed frequency bands, such as IEEE 802.11 protocol [3] aided Wi-Fi hotspots, can also be

incorporated into the landscape of heterogeneous networks. All these centralised infrastructures

can be jointly scheduled in order to provide high reliability and high quality of communication

services.

There are two key issues attracting the most attention from both the academic and industrial

communities. The first one is the user association issue [4] [5]. Since a lot of centralised infras-

tructure is deployed, a user may simultaneously appear within the technical coverage of many base

stations (BSs). However, the qualities of the channels connecting the user to these BSs are different

from each other. Even more, some BSs might reject the access of the user due to the congestions.

Therefore, the network operator should jointly schedule all these BSs, analyse the qualities of the

channels and finally make an optimal decision on which BS the user should be connected to, so

as to optimise the communication performance. The second one is the tele-traffic offloading is-

sue [6] [7]. In order to reduce the maintenance cost and increase the profit, network operators

1



3.1. INTRODUCTION 2

always encourage their subscribers to give a higher priority to the low-cost IEEE 802.11 networks

supported by numerous Wi-Fi hotspots. Making full exploitation of the Wi-Fi hotspots, network

operators are capable of offloading a huge amount of tele-traffic from the congested cellular net-

works to the IEEE 802.11 networks, which may further improve their profits while accommodating

more tele-traffic demand.

However, both the user association issue and the tele-traffic offloading issue are dominated by

the geometrical positions of users. When the path loss (PL) is regarded as the only factor that

attenuates the channel, a BS or a Wi-Fi hotspot, which is geometrically closest to the user, have

to be employed by network operators for the sake of fulfilling the communication demand of the

user. Even when the stochastic attenuation factors, such as shadowing and multipath fading, are

taken into account, the closest centralised infrastructure are still more likely to be employed than

their counterparts. As a result, stochastic geometry has been widely investigated in the context

of heterogeneous networks. A commonly-accepted mathematical tool for modelling the geometric

positions of the users around a transmitter is Poisson-Point-Process (PPP). The PPP is characterised

by the following properties [8]:

• The number of isolated points falling within two regions A and B are independent random

variables, if A and B do not intersect each other.

• The expected number of isolated points falling within a region A is the measure of the region

A. This “measure” is often proportional to the area or volume of A, but some times more

elaborate measures are used. The measure must be defined in such a way that the measure

of the union of regions that do not intersect each other is simply the sum of their measures.

As a result, the probability of the number of X isolated nodes falling into region A is modelled by

a Poisson distribution, which is expressed as

Pr(X = x) =
(µSA)

xe−µSA

x!
. (3.1)

Here, if A is regarded as a two-dimensional region, SA in Eq.(3.1) is the area of the region A and µ

is the points density. In the research of the heterogeneous networks, the region A is often modelled

as a circular area, whose centre is a transmitter (e.g. BS or Wi-Fi hotspot) and whose radius

is the transmission range of this transmitter. The number of receivers (e.g. mobile users) in this

circular area is modelled by the PPP, while their positions are modelled by the independent uniform

distribution in the circular area studied. As a result, the statistical properties of the random distance

between the BS, which is at the centre of the circular area, and the MU, which roams within the

circular area, are exploited for evaluating the downlink transmission performance at the receiver
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end [9] [10] and for quantifying the uplink interference imposed on the transmitter end by these

receivers [11] [12]. However, this common assumption in the current research ignores some other

realistic scenarios. For example, the movement of mobile users (MUs) does not cover an area as

large as the complete coverage of the BS. Realistically, their movements are always bounded by a

specific region, such as an office or a building, and the BS can be at any arbitrary position inside

or outside these bounded areas. Hence, it is vital for us to study the distance variation between the

BS and the MU in these scenarios as well.

Apart from the heterogeneous networks, which are based on centralised infrastructure, direct

communication amongst MUs can also be exploited in order to further improve the quality and the

reliability of communication services. Direct communication amongst MUs can be realised by dis-

tributed IEEE 802.11 technique [13], the Bluetooth technique [14], and the LTE-aided device-to-

device technique [15]. With the aid of direct communication amongst MUs, the distance between

the transmitter and the receiver is significantly shortened, which remarkably reduces the adverse

channel attenuation incurred by the PL. Direct communication amongst MUs are also capable of

offloading the tele-traffic from the congested centralised infrastructure. In order to precisely anal-

yse direct communication amongst MUs, it is crucial for us to study the distance variation between

a pair of MUs, both of which move within a bounded area.

3.1.2 Novel Contributions and Chapter Organisations

In this chapter, the movement of MUs is characterised by the following uniform mobility model:

Definition 3.1 (Uniform mobility model). The position of the i−th MSN users during the t−th

time interval is denoted by Pi(t), which obeys a stationary and ergodic process with a stationary

uniform distribution in a bounded area. Moreover, the positions of different MUs are independent

and identically distributed (i.i.d.).

This mobility model has been widely used for analysing the relevant performance metrics in

the mobile ad hoc networks [16] [17].

The main contribution and the structure of this chapter are summarised as below:

• In Section 3.2, we recall the distance distribution between the BS and the MU, when the BS

is at the centre of a circular cell, while the MU roam within the circular area by following the

uniform mobility model. Furthermore, we also provide the cdf and the pdf in closed-form

formulas for the random distance between the BS and the MU, when the cell is modelled by

a l-sided regular polygon.
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• In Section 3.3, we obtain the cdfs and the pdfs of the random distance between the BS and

the MU in closed-form formulas, when the BS is at an arbitrary position, outside/inside a

bounded area, while the MU roams within the bounded area by obeying the uniform mobility

model. The bounded area is modelled as a circular and a square area, respectively.

• In Section 3.4, we analyse the cdfs and the pdfs of the random distance between a pair of

MUs, both of which roam within a circular/square area.

• In Section 3.5, by exploiting the derived distance distribution, we characterise the statistical

properties of the time-variant PL, and the spectral efficiency of the single-hop transmission,

as well as the spectral efficiency of the multicast transmission.

• In Section 3.6, numerical results are provided for validating the accuracy of our theoretical

analysis and for revealing some insights on network design.

• Finally, we conclude this chapter in Section 3.7.

3.2 Distance distribution between BS and MU roaming in a cell

In this scenario, a BS is assumed to be located at the centre of a cell, while MUs associated with

this BS may appear at any locations of this specific cell with equal probability. Let us first discuss

the distribution of the random distance between the BS and a MU for this scenario. This distance

distribution heavily depends on a specific shape of the cellular area. Apart from the maximum

allowable transmit power of the BS, the size and the shape of the cellular area are determined by

the minimum strength of the received signal, which is required by a MU in order to successfully

recover the contaminated signal induced by various channel attenuations. Theoretically speaking,

when only path loss is considered, the coverage of a cell should be a circular area, as shown in

Figure 1(a), because there are not any uncertainties affecting the range of the BS. However, when

uncertainties are introduced by shadowing and multipath fading, the coverage of a cell should be

in an irregular shape, as shown in Figure 1(b). Concerning the realistic implementation of cellular

networks, regular hexagon is invoked for modelling the coverage a specific cell, as shown in Figure

1(c).

In this scenario, the MU obeys the uniform mobility model given by Definition 3.1 within

a bounded cellular area, while the BS is at the centre of the studied cellular area. Two basic

shapes model the coverage area of a cell, namely circle and l-sided regular polygon. The statistical

properties of the random distance between the BS and the MU are given by the following theorems:
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(c) Hexagon for realistic implementation(a) Circular coverage (b) Irregular coverage

Figure 3.1: Various shapes of coverage area of a cell

Theorem 3.1 (Circular cell). If a cell is modelled by a circular area having a radius of r, the

cumulative distribution function (cdf) of the random distance Yb between the centre-positioned BS

and a MU obeying the uniform mobility model is given by

FYb
(yb) =





y2b
r2
, 0 ≤ yb ≤ r,

1, yb > r.
(3.2)

Furthermore, the corresponding probability density function (pdf) can be derived as

fYb
(yb) =





y2b
r2
, 0 ≤ yb ≤ r,

0, otherwise.
(3.3)

Proof. Please refer to Section 3.A.1 for the detailed proof.

Furthermore, integrating Yb over the pdf (3.3), the average distance can be derived as

E[Yb] =

∫

yb

ybfYb
(yb)dyb =

∫ r

0

yb ·
2yb
r2

dyb =
2

3
r. (3.4)

The cdf and the pdf given by Theorem 3.1 have already been widely adopted by the communication

communities for the path loss analysis [], for the interference analysis [], as well as for the wireless

multicast/broadcast outage analysis [].

Theorem 3.2. If a cell is modelled by a l-sided (l ≥ 3) regular polygon having r as its radius1,

the cdf of the random distance Yb between the centre-positioned BS and a MU obeying the uniform

1The radius of a l-sided regular polygon is the distance from the centre to one of the vertices.
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Park

Shopping mall

Office

Library

Figure 3.2: MUs move within some bounded areas

mobility model is given by

FYb
(yb) =





π

l tan θ

( yb
r cos θ

)2

, 0 ≤ yb ≤ r cos θ,

1

l tan θ

( yb
r cos θ

)2
(
π − l arccos

( yb
r cos θ

)−1
)

+
1

tan θ

√( yb
r cos θ

)2

− 1, r cos θ < yb ≤ r

1, otherwise.

(3.5)

Furthermore, the corresponding pdf can be derived as

fYb
(yb) =





2π

lr sin θ
· yb
r cos θ

, 0 ≤ yb ≤ r cos θ,

2

lr sin θ

yb
r cos θ

(
π − l arccos

( yb
r cos θ

)−1
)
, r cos θ < yb ≤ r,

0, otherwise.

(3.6)

Proof. Please refer to Section 3.A.2 for the detailed proof.

3.3 Random distance between BS and MU roaming in a

bounded area

Sometimes the assumption that MUs may appear at any positions of the cell is not quite realistic

because in some real scenarios, the movement of a MU is bounded within a specific area. As

shown in Figure 3.2, we list some typical bounded area as examples. Families and friends may



3.3. RANDOM DISTANCE BETWEEN BS AND MU ROAMING IN A BOUNDED AREA 7

enjoy the beautiful sunshine, have picnics and do sports in a park on weekends. In this scenario,

movements of people are bounded within the territory of a park. Employees work in their offices

every day, have routine meetings with their colleagues in meeting rooms and enjoy their short

break in entertaining rooms. In this scenario, movements of people are bounded within the building

where their company is located. Students walk between shelves of a library in order to find their

interested books, they watch some multimedia materials in multimedia rooms, and they take some

breath in the cafe bar. In this scenario, movements of people are bounded within the building

where a library is located. Before Christmas, people wanders in the shopping mall in order to find

some attractive deals and to prepare Christmas gifts for their friends and relatives. In this scenario,

movements of people are also bounded within the building of the shopping mall. As a result, for

the sake of further analysing and predicting the performance of wireless communication between

a BS and a MU, it is vital for us to obtain the statistical properties of the random distance between

a BS and a MU when the movement of the MU is restricted within a specific area.

Corresponding to the aforementioned realistic scenarios, we assume that a MU roams within

a bounded area by following the uniform mobility model. Without loss of generality, we model

the bounded area as a circular area and a square area, and derive the cdfs or pdfs of the random

distance Yb between a BS and a MU for these two scenarios, respectively.

3.3.1 Mobile users roam in a circular area

First of all, we model the bounded area by a circular area having point O as its centre and having

r meters as its radius. We denote this circular area as ⊙(O, r). A BS is located at point B, which

is d metres away from the centre O of the circular area. A MU roams within the circular area

⊙(O, r) by obeying the uniform mobility model. In the following two theorems, we provide the

cdfs and pdfs of the random distance Yb between the BS and the MU for the scenario that the BS

is outside the circular area ⊙(O, r) and the scenario that the BS is inside the circular area ⊙(O, r),

respectively.

Theorem 3.3. If the BS is outside the studied circular area ⊙(O, r), namely d > r, the cdf of the
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random distance Yb between the BS and the MU is expressed as

FYb
(yb) =





0, 0 ≤ yb ≤ d− r,

1

π

[
arccos

(
r2 + d2 − y2b

2rd

)
+

y2b
r2

arccos

(
y2b + d2 − r2

2ybd

)

− 1

2r2

√
4r2d2 − (r2 + d2 − y2b )

2

]
, d− r < yb ≤ d+ r,

1, yb > d+ r.

(3.7)

Furthermore, the corresponding pdf can be derived as

fYb
(yb) =





2yb
πr2

arccos

(
y2b + d2 − r2

2ybd

)
, d− r ≤ yb ≤ d+ r,

0, otherwise.

(3.8)

Proof. Please refer to Appendix 3.B.1 for the detailed proof.

Theorem 3.4. If the BS is inside the studied circular area ⊙(O, r), namely d ≤ r, the cdf of the

random distance Yb between the BS and the MU is expressed as

FYb
(yb) =





y2b
r2
, 0 ≤ yb ≤ r − d,

1

π

[
arccos

(
r2 + d2 − y2b

2rd

)
+

y2b
r2

arccos

(
y2b + d2 − r2

2ybd

)

− 1

2r2

√
4r2d2 − (r2 + d2 − y2b )

2

]
, r − d < yb ≤ r + d,

1, yb > d+ r.

(3.9)

Furthermore, the corresponding pdf can be derived as

fYb
(yb) =





2yb
r2

, 0 ≤ yb ≤ r − d,

2yb
πr2

arccos

(
y2b + d2 − r2

2ybd

)
, r − d < yb ≤ d+ r,

0, otherwise.

(3.10)

For the special case of d = 0, the BS is at the centre of the studied circular area ⊙(O, r). Hence,

the cdf and the pdf of the random distance Yb are the same as Theorem 3.1.

Proof. Please refer to Appendix 3.B.2 for the detailed proof.
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Figure 3.3: A square area

3.3.2 Mobile users roam in a square area

Let us model the bounded area as a square having point O as its centre and having a as its side-

length. This square area is denoted by �HIJK, as shown in Figure 3.3(a)(b). The area of the

studied square is S�HIJK = HI
2
= a2. As shown in Figure 3.3(a)(b), we divide the whole space

into eight subspaces from I to VIII. Due to the symmetrical property of the square area, if the

BS finds a position in a specific subspace, it can also find corresponding symmetrical positions

within the other subspaces, respectively. The random distances between the roaming MU and

these symmetrical positions of the BS share the same statistical properties. As a result, we only

have to study the scenario that the BS is located in a specific subspace, say space I, as shown in

Figure 3.3(a)(b). The derived cdf or pdf of the random distance Yb is capable of generalising the

statistical characteristics for Yb, regardless of which specific subspace the BS is in.

A BS is located at point B, as shown in Figure 3.3(a)(b). The position of point B is determined

by a tuple (d, θ), where d is the distance between point B and the centre O of �HIJK and θ is the

angle between the straight line OB and the horizontal line, as shown in Figure 3.3(a)(b). In order

to make sure that the BS is located in subspace I, the angle θ should be in the range of [0, π/4].

No matter where the BS is, its position can be equivalently converted to a tuple (d, θ) and the

corresponding subspace can be converted to subspace I. Let us consider a two dimensional surface

x̃Oỹ, as shown in Figure 3.3(a)(b). The centre O of the square �HIJK is also the origin of the
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Figure 3.4: BS is outside the bounded square area

surface x̃Oỹ. Given an arbitrary position of the BS, which is denoted as the coordinates (x̃B, ỹB),

we can convert the conventional coordinates into a tuple (d, θ) associated with θ ∈ [0, π/4], which

are expressed as the following equations:

d =
√

x̃2
B + ỹ2B, cos θ =

max{|x̃B|, |ỹB|}√
x̃2
B + ỹ2B

, sin θ =
min{|x̃B|, |ỹB|}√

x̃2
B + ỹ2B

(3.11)

Furthermore, the horizontal distance between point B and the centre O is derived as d cos θ. If we

have d cos θ > HI/2 = a/2, as shown in Figure 3.3(a), the position B of the BS is outside the

studied square area �HIJK. If we have d cos θ ≤ HI/2 = a/2, as shown in Figure 3.3(b), the

position B of the BS is inside the studied square area �HIJK or on its boundary. A MU moves

within �HIJK by obeying the uniform mobility model. In the following sections, we will discuss

the statistical properties of the random distance Yb between the BS and the MU for the scenarios

that the BS is outside the square area and that the BS is inside the square area, respectively.

3.3.2.1 The BS is outside the square area

Let us first consider the scenario that the BS is outside the square area. In this scenario, the

horizontal distance from point B to the centre O is longer than the half of the side length, say

ON = d cos θ > HI/2 = a/2, as shown in Figure 3.4(a)(b). However, we have to consider

two different cases for the vertical distance from point B to the centre O, which is expressed as

BN = d sin θ. If the vertical distance is longer than the half of the side length, say d sin θ > a/2,

the position B of the BS is below the horizontal line HI, as shown in Figure 3.4(a). In contrast,

if the vertical distance is shorter than the half of the side length, say d sin θ ≤ a/2, the position B
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of the BS is above the horizontal line HI , as shown in Figure 3.4(b). In this section, we focus on

the derivation of the cdf or the pdf of the random distance Yb for the case d sin θ ≤ a/2, as shown

in Figure 3.4(b). Before taking any further actions, we have to obtain some important geometrical

properties of the studied scenario, namely the distances from point B to all the vertices as well as

to all the sides of �HIJK. Note that the formulas derived for d sin θ ≤ a/2 are also capable of

expressing the corresponding distances for d sin θ > a/2.

As shown in Figure 3.4(b), given the position of point B, which is defined by the tuple (d, θ),

the horizontal distance from point B to the centre O is ON = d cos θ, and the corresponding

vertical distance is BN = d sin θ. As a result, the distance from B to the side KH is BE =

NU = ON −OU = d cos θ − a/2. The distance from B to the side HI is BM = NM −NB =

a/2−d sin θ. The distance from B to the side IJ is BQ = BE+EQ = BE+HI = d cos θ+a/2.

The distance from B to the side JK is derived as EK = KU +UE = KU+BN = a/2+d sin θ.

Furthermore, Pythagorean theorem is invoked for calculating the distances from point B to all

the vertices of �HIJK. The distance from B to vertex H is expressed as

BH =

√
BM

2
+MH

2
=

√
BM

2
+BE

2

=

√(a
2
− d sin θ

)2

+
(
d cos θ − a

2

)2

=
√

a2/2 + d2 − ad(sin θ + cos θ). (3.12)

The distance from B to vertex I is expressed as

BI =

√
BM

2
+MI

2
=

√
BM

2
+BQ

2

=

√(a
2
− d sin θ

)2

+
(a
2
+ d cos θ

)2

=
√

a2/2 + d2 + ad(cos θ − sin θ). (3.13)

The distance from B to vertex J is expressed as

BJ =

√
BQ

2
+QJ

2
=

√
BQ

2
+ EK

2

=

√(a
2
+ d cos θ

)2

+
(a
2
+ d sin θ

)2

=
√

a2/2 + d2 + ad(cos θ + sin θ). (3.14)
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The distance from B to vertex K is expressed as

BK =

√
BE

2
+ EK

2

=

√(
d cos θ − a

2

)2

+
(a
2
+ d sin θ

)2

=
√

a2/2 + d2 − ad(cos θ − sin θ). (3.15)

Based on these geometrical properties, the cdf FYb
(yb) is given by the following theorem:

Theorem 3.5. If the position B of the BS is outside the square area �HIJK and is above the

horizontal line HI , namely d sin θ ≤ a/2 ≤ d cos θ, within which the MU roams by obeying the

uniform mobility model, as shown in Figure 3.4(b), the cdf of the random distance Yb between the

BS and the MU is expressed by the following equation:

FYb
(yb) =





F I
Yb
(yb), 0 ≤ yb ≤ d cos θ − a

2 ,

F II
Yb
(yb), d cos θ − a

2 < yb ≤
√

a2/2 + d2 − ad(sin θ + cos θ),

F III
Yb

(yb),
√

a2/2 + d2 − ad(sin θ + cos θ) < yb ≤
√

a2/2 + d2 − ad(cos θ − sin θ),

F IV
Yb

(yb),
√

a2/2 + d2 − ad(cos θ − sin θ) < yb ≤ d cos θ + a
2 ,

F V
Yb
(yb), d cos θ + a

2 < yb ≤
√

a2/2 + d2 + ad(cos θ − sin θ),

F V I
Yb

(yb),
√

a2/2 + d2 + ad(cos θ − sin θ) < yb ≤
√

a2/2 + d2 + ad(cos θ + sin θ),

F V II
Yb

(yb), yb >
√

a2/2 + d2 + ad(cos θ + sin θ).

(3.16)

where F I
Yb
(yb) = 0 and F V II

Yb
(yb) = 1, while F II

Yb
(yb) to F V I

Yb
(yb) are given by Eqs.(3.109), (3.125),

(3.141), (3.150), and (3.169), respectively. Please refer to Appendix 3.B.3 for the exact expressions.

Proof. Please refer to Appendix 3.B.3 for the detailed proof.

After differentiating FYb
(yb) given by Eq.(3.16) in each region, we can obtain the pdf of the

random distance Yb. Due to its complexity, here we choose not to present the pdf in this chapter.

Moreover, by following the same methodology as presented in Appendix 3.B.3, we are able to

derive the cdf of the random distance Yb for d sin θ > a/2. We do not have to consider as many

different yb values as we discussed for d sin θ ≤ a/2. If we have 0 ≤ yb ≤ BH, the cdf of Yb

is zero. For BH < yb ≤ BK, the cdf of Yb can be formulated by F III
Yb

(yb) that is derived in

Eq.(3.125). If we have BK < yb ≤ BI , the cdf of Yb can be expressed by F IV
Yb

(yb) that is derived

in Eq.(3.141). For BI < yb ≤ BJ , the cdf of Yb can be formulated by F V I
Yb

(yb) that is derived in

Eq.(3.169). Finally, if yb > BJ , the cdf of Yb is equal to unity.
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3.3.2.2 The BS is inside the square area

Now, let us consider the scenario that the position B of the BS, which is denoted by the tuple

(d, θ), is inside the square area �HIJK. The centre of �HIJK is located at the origin (0, 0)

of the two-dimensional surface x̃Oỹ. Without loss of generality, we assume that B is located in

subspace I, as shown in Figure 3.3(b). Hence, the coordinate (x̃B, ỹB) of point B can be expressed

by the tuple (d, θ), namely x̃B = −d cos θ and ỹB = −d sin θ, where we thus have θ ∈ [0, π
4
] and

d cos θ ≥ d sin θ because B is located in subspace I, whereas we also have d cos θ ≤ a
2

because

point B is in side the square area �HIJK. Given a random position (X̃, Ỹ ) of a MU, the random

distance Yb between this MU and the BS is derived as

Yb =

√
(X̃ − x̃B)2 + (Ỹ − ỹB)2 =

√
(X̃ + d cos θ)2 + (Ỹ + d sin θ)2. (3.17)

In order to derive the cdf or pdf for the random distance Yb, the following steps are proposed

relying on Eq.(3.17):

• Confirm the pdfs for the random coordinates X̃ and Ỹ .

• Define new random variables, namely ∆x = X̃ + d cos θ and ∆y = Ỹ + d sin θ, and derive

their pdfs, respectively.

• Define new random variables, namely Zx = ∆2
x and Zy = ∆2

y, and derive their pdfs, respec-

tively.

• Given the pdfs of Zx and Zy, we are capable of deriving the cdf for the random distance Yb,

which is defined as Yb =
√

Zx + Zy.

Now let us start the derivation of the cdf for the random distance Yb according to the above-

mentioned steps. First of all, we have the following lemma:

Lemma 3.1. The pdfs for the random coordinates X̃ and Ỹ are expressed as

fX̃(x̃) =





1

a
, −a

2
≤ x̃ ≤ a

2
,

0, otherwise,
fỸ (ỹ) =





1

a
, −a

2
≤ x̃ ≤ a

2
,

0, otherwise.
(3.18)

Proof. Since the MU’s movement is restricted within �HIJK by obeying the uniform mobility

model, X̃ and Ỹ are both uniformly distributed random variables in the region [−a
2
, a
2
]. As a result,

this lemma is readily proven.
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For the second step, the pdfs of the random variable ∆x and ∆y are provided by the following

lemma:

Lemma 3.2. Given ∆x = X̃ + d cos θ, the pdf of the random variable ∆x is expressed as

f∆x
(δx) =





1

a
, −a

2
+ d cos θ ≤ δx ≤ a

2
+ d cos θ,

0, otherwise.
(3.19)

Similarly, given ∆y = Ỹ + d sin θ, the pdf of the random variable ∆y is expressed as

f∆y
(δy) =





1

a
, −a

2
+ d sin θ ≤ δy ≤

a

2
+ d sin θ,

0, otherwise.
(3.20)

Proof. This lemma is readily proven according since the sum of a uniformly distributed random

variable and a constant is still uniformly distributed.

For the third step, the pdfs of the random variable Zx and Zy are provided by the following

lemma:

Lemma 3.3. Given Zx = ∆2
x, the pdf of the random variable Zx is expressed as

fZx
(zx) =





1

a
√
zx

, 0 < zx < (
a

2
− d cos θ)2

1

2a
√
zx
, (

a

2
− d cos θ)2 < zx < (

a

2
+ d cos θ)2

0, otherwise.

(3.21)

Similarly, given Zy = ∆2
y, the pdf of the random variable Zy is expressed as

fZy
(zy) =





1

a
√
zy
, 0 < zy < (

a

2
− d sin θ)2

1

2a
√
zy
, (

a

2
− d sin θ)2 < zy < (

a

2
+ d sin θ)2

0, otherwise.

(3.22)

Proof. Please refer to Appendix 3.B.4 for the detailed proof.
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In the last step, we should derive the cdf for the random variable Yb =
√

Zx + Zy. Specifically,

the cdf of Yb can be expressed as

FYb
(yb) = Pr(Yb ≤ yb) = Pr(

√
Zx + Zy ≤ yb) = Pr(Zx + Zy ≤ y2b )

=

∫∫

S
fZxZy

(zx, zy)dzxdzy, (3.23)

where fZxZy
(zx, zy) is a joint pdf of random variables Zx and Zy and S is a two-dimensional

integral area jointly determined by the domain of fZxZy
(zx, zy) and the straight line zx + zy =

y2b . According to Eqs.(3.21) and (3.22), the domain of the joint pdf fZxZy
(zx, zy) is denoted as

the rectangular �OBHF in Figure 3.5. Furthermore, since Zx and Zy are independent random

variables, their joint pdf can be expressed as fZxZy
(zx, zy) = fZx

(zx) · fZy
(zy). However, given a

pair of values (zx, zy) in different regions, namely region I, II, III and IV, as shown in Figure 3.5,

we have different expressions for fZxZy
(zx, zy), which is presented as the following equations:

fZxZy
(zx, zy) =





f
(I)
ZxZy

(zx, zy) =
1

a2
√
zxzy

, 0 < zx < (a
2
− d cos θ)2

0 < zy < (a
2
− d sin θ)2,

f
(II)
ZxZy

(zx, zy) =
1

2a2
√
zxzy

, (a
2
− d cos θ)2 < zx < (a

2
+ d cos θ)2

0 < zy < (a
2
− d sin θ)2,

f
(III)
ZxZy

(zx, zy) =
1

2a2
√
zxzy

, 0 < zx < (a
2
− d cos θ)2

(a
2
− d sin θ)2 < zy < (a

2
+ d sin θ)2,

f
(IV )
ZxZy

(zx, zy) =
1

4a2
√
zxzy

, (a
2
− d cos θ)2 < zx < (a

2
+ d cos θ)2

(a
2
− d sin θ)2 < zy < (a

2
+ d sin θ)2.

(3.24)

We denote the points on the boundaries between different regions by their corresponding co-

ordinates in axes zxOzy, as shown in Figure 3.5. The coordinate of point A is ((a
2
− d cos θ)2, 0),

and the coordinates of points B, C, D and E are given by ((a
2
+ d cos θ)2, 0), ((a

2
+ d cos θ)2, (a

2
−

d sin θ)2), ((a
2
− d cos θ)2, (a

2
− d sin θ)2) and (0, (a

2
− d sin θ)2), respectively. Moreover, the coor-

dinates of points F , G, and H are given by (0, (a
2
+ d sin θ)2), ((a

2
− d cos θ)2, (a

2
+ d sin θ)2), and

((a
2
+ d cos θ)2, (a

2
+ d sin θ)2), respectively.

Furthermore, we must obtain the sum of each point’s zx-coordinate and zy-coordinate. For

example, we denote the sum of point A’s zx-coordinate and zy-coordinate as z̃A = zA,x + zA,y =

(a
2
− d cos θ)2. As shown in Eq.(3.24), we have different expressions for the joint pdf of Zx and

Zy in different regions of Figure.3.5. In order to further derive the double integral of Eq.(3.23), we

must first sort the array {z̃i|i ∈ {A,B,C,D,E, F,G,H}} in an ascending order. The ascending

sort of the array {z̃i|i ∈ {A,B,C,D,E, F,G,H}} is determined by the ascending sort of another
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D C

BA

F G H

I II

IVIII

E

O
zx

(a
2
− d cos θ)2 2ad cos θ

zy

2a
d
si
n
θ

(
a 2
−

d
si
n
θ)

2

Figure 3.5: The domain of the joint pdf fZxZy(zx, zy).

array {OA,OB,AB,OE,OF,EF}, where OA = (a
2
−d cos θ)2 is the distance between points O

and A, as shown in Figure 3.5, OB = (a
2
+ d cos θ)2 is the distance between points O and B, and

AB = (a
2
+d cos θ)2− (a

2
−d cos θ)2 = 2ad cos θ is the distance between points A and B, whereas

OE = (a
2
− d sin θ)2 is the distance between points O and E, OF = (a

2
+ d sin θ)2 is the distance

between points O and F , and EF = (a
2
+ d sin θ)2 − (a

2
− d sin θ)2 = 2ad sin θ is the distance

between points E and F . Obviously, since the angle θ is in the region θ ∈ [0, π
4
], we have d cos θ ≥

d sin θ. Furthermore, since the BS is located within the square area, we have d cos θ ≤ a
2
. As a

result, we have several apparent inequalities, which are OA ≤ OE, EF ≤ AB, OA ≤ OB and

AB ≤ OB, as well as OE ≤ EF , EF ≤ OF , and OF ≤ OB. In order to fulfil these inequalities,

we might have eight possible ascending sorts for the array {OA,OB,AB,OE,OF,EF}, which

are presented as: i) OA ≤ OE ≤ EF ≤ OF ≤ AB ≤ OB, if the BS’s location is within the red

area, as shown in Figure 3.6; ii)OA ≤ OE ≤ EF ≤ AB ≤ OF ≤ OB, if the BS’s location is

within the green area, as shown in Figure 3.6; iii) OA ≤ EF ≤ OE ≤ OF ≤ AB ≤ OB, if the

BS’s location is within the magenta area, as shown in Figure 3.6; iv) OA ≤ EF ≤ OE ≤ AB ≤
OF ≤ OB, if the BS’s location is within the blue area, as shown in Figure 3.6; v) EF ≤ OA ≤
OE ≤ OF ≤ AB ≤ OB, if the BS’s location is within the cyan area, as shown in Figure 3.6; vi)

EF ≤ OA ≤ OE ≤ AB ≤ OF ≤ OB, if the BS’s location is within the white area, as shown in

Figure 3.6; vii) EF ≤ OA ≤ AB ≤ OE ≤ OF ≤ OB, if the BS’s location is within the black

area, as shown in Figure 3.6; viii) EF ≤ AB ≤ OA ≤ OE ≤ OF ≤ OB, if the BS’s location is

within the yellow area, as shown in Figure 3.6.
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Case v)

0

0

x

y

Case i)

Case ii)

Case iii)

Case iv)

a/2−a/2
−a/2

a/2

Case vi)

Case vii)

Case viii)

EF ≤ OA ≤ OE ≤ OF ≤ AB ≤ OB

OA ≤ OE ≤ EF ≤ OF ≤ AB ≤ OB

OA ≤ OE ≤ EF ≤ AB ≤ OF ≤ OB

OA ≤ EF ≤ OE ≤ OF ≤ AB ≤ OB

OA ≤ EF ≤ OE ≤ AB ≤ OF ≤ OB

EF ≤ OA ≤ OE ≤ AB ≤ OF ≤ OB

EF ≤ OA ≤ AB ≤ OE ≤ OF ≤ OB

EF ≤ AB ≤ OA ≤ OE ≤ OF ≤ OB

Figure 3.6: Different positions of the BS result in different cases.

According to Figure 3.6, we found that if we uniformly throw a BS into a square area, case i)

OA ≤ OE ≤ EF ≤ OF ≤ AB ≤ OB is most likely to happen with a probability of 59.5%. As a

result, in order to show the methodology of solving the double integral of Eq.(3.23), we will take

case i as an example.

Theorem 3.6. Given a specific position of the BS (d, θ), the following inequalities are assumed

OA ≤ OE ≤ EF ≤ OF ≤ AB ≤ OB. The cdf of the random distance Yb between the BS inside

the square area and the MU roaming within the same area can be expressed as

FYb
(yb) =





F
(1)
Yb

(yb), 0 ≤ yb ≤ a
2 − d cos θ,

F
(2)
Yb

(yb),
a
2 − d cos θ < yb ≤ a

2 − d sin θ

F
(3)
Yb

(yb),
a
2 − d sin θ < yb ≤

√
a2/2 + d2 − ad(cos θ + sin θ),

F
(4)
Yb

(yb),
√
a2/2 + d2 − ad(cos θ + sin θ) < yb ≤ a

2 + d sin θ,

F
(5)
Yb

(yb),
a
2 + d sin θ < yb ≤ a

2 + d cos θ,

F
(6)
Yb

(yb),
a
2 + d cos θ < yb ≤

√
a2/2 + d2 − ad(cos θ − sin θ),

F
(7)
Yb

(yb),
√
a2/2 + d2 − ad(cos θ − sin θ)yb ≤

√
a2/2 + d2 + ad(cos θ − sin θ).

F
(8)
Yb

(yb),
√
a2/2 + d2 + ad(cos θ − sin θ) < yb ≤

√
a2/2 + d2 + ad(cos θ + sin θ).

F
(9)
Yb

(yb), yb >
√

a2/2 + d2 + ad(cos θ + sin θ).

(3.25)

where the exact expressions for F
(1)
Yb

(yb) to F
(9)
Yb

(yb) are provided by Eqs.(3.176) to (3.184), as

presented in Appendix 3.B.5.

Proof. Please refer to Appendix 3.B.5 for the detailed proof.
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The calculations of Eq.(3.23) for the rest seven cases can be completed by following the same

methodology, as presented in Appendix 3.B.5, which are omitted because of space limit.

3.4 Random distance between a pair of MUs roaming in a

bounded area

In the past two sections, we discuss the random distance between a BS and a MU in different

scenarios, where the BS is a static node and the MU is a moving node. Generally speaking,

various distance distributions derived in the previous sections can be invoked for evaluating the

performance of wireless links connecting a static node and a moving node. In realistic wireless

communications, only centralised infrastructure, e.g. BSs and Wi-Fi hotspots, are often modelled

as static nodes. As a result, distance distributions derived in previous sections are only capable of

evaluating the performance of centralised wireless links, e.g. cellular links connecting MUs to a

BS and Wi-Fi links connecting MUs to a Wi-Fi hotspot.

However, as the rapid development of multi-functional mobile devices, direct communications

between a pair of MUs and its peer attracts much attention from both academic and industrial com-

munities. There are several techniques supporting direct communication between a pair of MUs.

Bluetooth and infrared transmission modes has been installed on mobile phones for decades, their

pairwise nature enables direct communication between a MU and its neighbour. However, due

to their short transmission range, it is impossible for these two techniques to deliver the informa-

tion to a far end. Apart from centralised communication between a MU and a access point, the

family of 802.11 protocols [28] is also capable of supporting purely distributed communication

between a pair of MUs. From the route establishment in network layer to the resource allocation

in medium-access-control layer, all the actions are completed by the direct or multi-hop commu-

nications amongst MUs equipped with Wi-Fi transmission modules without any aid of centralised

infrastructure. However, a purely distributed way of routing and resource allocation may impose

more overhead signalling and power dissipation, which might reduce the efficiency of the trans-

mission of the desired data. As a result, in order to improve the efficiency of route finding and

resource allocation, recently, cellular device to device communication [15] is becoming a more

favourite choice for realising direct communication between a pair of MUs. In the cellular device

to device communication, all the overhead signalling for route finding and resources scheduling is

carried out by the BS of the cell. After a pair of MUs fetch free resource and a direct link between

them is established, the transmitter may directly convey the required data to the receiver.

As a result, the distance distribution between a static node and a mobile node is not capable
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of evaluating the performance of a direct link between a pair of MUs due to the mobile nature

of both the transmitter and the receiver. Hence, in this section, we will characterise the distance

distribution between a pair of MUs in different scenarios in order to provide a more precise tool

for studying the link performance between a pair of mobile nodes.

3.4.1 Mobile users roam in a circular area

Let us first consider the scenario that a pair of MUs move within a circular area ⊙(O, r) having

point O as its centre and having r metres as its radius. The movements of this MU pair obey

the uniform mobility model, as introduced in Definition 3.1. However, it is difficult for us to

reflect the uniform-distributed characteristics of MUs within circular area ⊙(O, r) by invoking the

Cartesian coordinate system. People may argue that, why not try polar coordinate system? We will

also show the difficulties of deriving the random distance between a pair of MUs when the polar

coordinate system is invoked. The polar coordinate of MUi is given by (Di,Θi), where Di is the

radial coordinate and Θi is the angular coordinate. We are able to convert the polar coordinates

into the Cartesian coordinates on the two-dimensional plane x̃Oỹ by invoking the following two

relationships: X̃i = Di cosΘi and Ỹi = Di sinΘi. As a result, the Euclidean distance between a

pair of MUs is expressed as

Ys =

√
(X̃1 − X̃2)2 + (Ỹ1 − Ỹ2)2 =

√
D2

1 +D2
2 − 2D1D2 cos(Θ1 −Θ2). (3.26)

In order to characterise the cdf or pdf of Ys expressed as Eq.(3.26), apart from the pdf of D2
1

and D2
2, we have to obtain the pdf for 2D1D2 cos(Θ1 − Θ2). Unfortunately, these three random

variables are not independent of one another, which makes the cdf derivation of Ys extremely hard.

However, we may readily derive the cdf or pdf of the random distance Ys between a pair of

MUs with the aid of Crofton’s mean value and fixed points theorems. Before introducing these

two theorems, we firstly provide the definitions of a σ−algebra and of a measure in the probability

theory.

Definition 3.2 (A σ−algebra). A σ−algebra on a set S is a collection of subsets of S that is closed

under countable-fold set operations (complement, union of countably many sets and intersection

of countably many sets).

Definition 3.3 (A measure on a set). Let S be a set and let ΨS be a σ−algebra over set S. A

function defined as ϕ : Ψ → R, where R is the extended real number system, is called a measure

if it satisfies the following properties:
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• Non-negativity: For any subset A of S that belongs to ΨS , we have ϕ(A) ≥ 0;

• Null empty set: For a null set φ, we have ϕ(φ) = 0;

• Countable additivity: For all countable collections {Ai, i = 1, 2, · · · , N} of pairwise dis-

joint sets in ΨS , we have ϕ(
⋃N

i=1Ai) =
∑N

i=1 ϕ(Ai).

Now, let us define a points set S, whose σ−algebra is denoted as ΨS . A measure over a subset

A that belongs to ΨS is defined as ϕS : ΨS → R. Specifically, if S is a point sets on two-

dimensional plane, the measure ϕS(A) is the area covered by a points subset A. If S is a point

sets on three-dimensional space, the measure ϕS(A) is defined as the volume of a points subset A.

Based on the definition of a measure on a point set, if the probability of an event, which depends

on the positions of the points within A, is of interest, the Crofton’s fixed points theorem is defined

as

Theorem 3.7 (Fixed points theorem). Given a points set S, whose σ−algebra is ΨS , we let n

points {ǫi, i = 1, 2, ..., n} be randomly distributed in a points subset A that belongs to ΨS . We

define H as an event depending on the positions of these nodes. Let A′ be a subset belonging to

ΨS , which is slightly smaller than A but contained within it, say A′ ⊂ A. We also let δA be the

part of A, which is not within A′. Then the following relationships can be invoked for calculating

the probability of the event H occurring:

dPr(H) = n(Pr(H|ǫ1 ∈ δA)− Pr(H)) [ϕ(A)]−1 dϕ(A), (3.27)

where ϕ(A) is a measure of the points subset A.

Furthermore, if the mean value of a random variable, which is determined by the positions of

the points within A, is of interest, the Crofton’s mean value theorem is defined as

Theorem 3.8 (Mean value theorem). Given a points set S, whose σ−algebra is ΨS , we let n

points {ǫi, i = 1, 2, ..., n} be randomly distributed in a points subset A that belongs to ΨS . Let

X be a random variable determined by the positions of these n points. Moreover, let A′ be a

subset belonging to ΨS , which is slightly smaller than A but contained within it, say A′ ⊂ A. We

also let δA be the part of A, which is not within A′. Then we have the following relationship for

calculating the mean value of the random variable X:

dE(X) = n(E[X|ǫ1 ∈ δA]− E[X ]) [ϕ(A)]−1 dϕ(A), (3.28)

where ϕ(A) is a measure of the points subset A.
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∆x̃

∆ỹ

Figure 3.7: The Cartesian coordinate system for calculating the cdf of the random distance Ys

With the aid of the Crofton’s fixed points theorem and the mean value theorem, we arrive at

the following theorem:

Theorem 3.9. When a pair of MUs roam within a circular area having a radius r by obeying the

uniform mobility model, the pdf of the random distance Ys between this pair of MUs is expressed

as

fYs
(ys) =

8

πr
· ys
2r

[
arccos

ys
2r

− ys
2r

√
1−

( ys
2r

)2
]
, (3.29)

for 0 ≤ ys ≤ 2r. Furthermore, integrating the above-derived fYs
(ys) over the region [0, ys], we

may obtain the cdf FYs
(ys) as

FYs
(ys) =

2

π

{
4
( ys
2r

)2

arccos
( ys
2r

)
+ arcsin

( ys
2r

)
−
[
ys
2r

+ 2
( ys
2r

)3
]√

1−
( ys
2r

)2
}
. (3.30)

Proof. Please refer to Appendix 3.C.1 for the detailed proof.

3.4.2 Mobile users roam in a square area

In this scenario, we consider that a pair of MUs move within a square area by obeying the uniform

mobility model, as introduced in Definition 3.1. In order to derive the cdf or the pdf of the random

distance Ys between a pair of MUs roaming in the square area, the two-dimensional Cartesian

coordinate system x̃Oỹ is invoked. The left bottom corner of the square area considered is placed

at the origin O and the side length of the square area is a, as shown in Figure 3.7.
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Let the Cartesian coordinate of MU1 be (X̃1, Ỹ1) and let that of MU2 be (X̃2, Ỹ2), where all

these random variables, namely X̃1, X̃2, Ỹ1, Ỹ2 are independent by obeying an identical uniform

distribution defined in the region [0, a]. For example, the pdf of the random variable X̃1 can be

expressed as

fX̃1
(x̃1) =





1

a
, 0 ≤ x̃1 ≤ a,

0, otherwise.
(3.31)

Thus, the random distance Ys between MU1 and MU2 can be expressed as

Ys =

√
(X̃1 − X̃2)2 + (Ỹ1 − Ỹ2)2. (3.32)

In order to derive the cdf and pdf of the random distance Ys, the following steps are needed:

• We define two new random variable as ∆x̃ = X̃1 − X̃2 and ∆ỹ = Ỹ1 − Ỹ2. Obviously, ∆x̃

and ∆ỹ are independent and identical random variables. We will firstly derive the pdfs for

both the ∆x̃ and ∆ỹ.

• Then, we define another two random variables as Zx̃ = ∆2
x̃ and Zỹ = ∆2

ỹ. Obviously, Zx̃

and Zỹ are independent of each other and share an identical distribution. We will secondly

derive the pdfs for both the Zx̃ and Zỹ.

• Now, the random distance Ys can be expressed as Ys =
√
Zx̃ + Zỹ. Given the pdfs of Zx̃

and Zx̃, we may finally arrive at the cdf and pdf of the random distance Ys between a pair of

MUs roaming within a square area.

First of all, the pdfs of the random variables ∆x̃ and ∆ỹ are provided by the following lemma:

Lemma 3.4. Given that ∆x̃ = X̃1 − X̃2 and both X̃1 and X̃2 are i.i.d. random variables, whose

pdfs are given by Eq.(3.31), the pdf of the random variable ∆x̃ can be expressed as

f∆x̃
(δx̃) =





δx̃ + a

a2
, −a ≤ δx̃ < 0

a− δx̃
a2

, 0 ≤ δx̃ ≤ a

0, otherwise.

(3.33)

Apparently, ∆ỹ = Ỹ1 − Ỹ2 shares the identical pdf with ∆x̃.

Proof. Please refer to Appendix 3.C.2 for the detailed proof.
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For the second step, the pdfs of the random variables Zx̃ and Zỹ are provided by the following

lemma:

Lemma 3.5. Given Zx̃ = ∆2
x̃, the pdf of the random variable Zx̃ can be expressed as

fZx̃
(zx̃) =





1

a
√
zx̃

− 1

a2
, 0 ≤ zx ≤ a2

0, otherwise.
(3.34)

Moreover, the random variable Zỹ = ∆2
ỹ shares the same pdf with Zx̃.

Proof. Please refer to Appendix 3.C.3 for the detailed proof.

Finally, with the aid of Lemma 3.4 and Lemma 3.5, the cdf and the pdf of the random distance

Yb are provided by the following theorem:

Theorem 3.10. The cdf of the random distance Ys, which is defined as Ys =
√
Zx̃ + Zỹ, between

a pair of MU roaming within a square area having a as its side length can be expressed as

FYs
(ys) =





1

a2

(
πy2s −

8y3s
3a

+
y4s
2a2

)
, 0 ≤ ys < a

1

a2

[
2y2s arcsin

2a2 − y2s
y2s

+

(
4

3
a+

8

3a
y2s

)√
y2s − a2

−2y2s −
y4s
2a2

+
a2

3

]
, a < ys ≤

√
2a

1, ys >
√
2a.

(3.35)

After differentiating FYs
(ys) in each region with respect to ys, we arrive at the pdf of the random

distance Ys, which is expressed as

fYs
(ys) =





1

a2

(
2πys −

8y2s
a

+
2y3s
a2

)
, 0 ≤ ys < a

1

a2

(
4ys arcsin

2a2 − y2s
y2s

+
8ys
a

√
y2s − a2 − 4ys −

2y3s
a2

)
, a < ys ≤

√
2a

0, otherwise.

(3.36)

Proof. Please refer to Appendix 3.C.4 for the detailed proof.

3.5 Application of distance distribution in cellular networks
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In wireless communications, long-distance between a transmitter and receiver pair imposes signif-

icant channel attenuation, which is regarded as the path loss (PL). The PL is normally considered

as a deterministic parameter in the following scenarios:

• Both transmitters and receivers in the studied wireless network are static nodes. The varia-

tion of the channel gain is mainly incurred by the stochastic shadowing effect and multipath

fading.

• The distance variations incurred by the movement of both transmitters and receivers are

much slower than the variations of the stochastic shadowing effect and multipath fading. In

this scenario, the varying PL incurred by the slow movements of the nodes are ignored by

the performance evaluation of the wireless link

When mobility pattern of the MUs is taken into consideration, most of research focus on the

connectivities of wireless links, such as the link life time [], link change rate [] and link arrival rate

[]. Apart from these issues in terms of network topology, MUs’ mobility may also influence the

physical-layer performance of wireless links in the following scenarios:

• The distance between a transmitter and receiver pair is significantly changed between two

successive transmission blocks. As a result, the variation of the PL keeps the same pace with

the variations of the stochastic shadowing effect and multipath fading [].

• When the single-transmitter-multiple receiver transmission mode, namely broadcast and

multicast transmission, are taken into consideration, the positions of the single transmitter

and multiple receivers may get refreshed for different transmission blocks []. For the sake

of discussing the multicast spectral efficiency and the statistical properties of the number of

outage MUs in the broadcast context, we have to consider the varying PL in addition to the

shadowing and multipath fading.

In this section, by considering the distance variation incurred by the MUs’ mobility, we present

a list of applications in performance analysis of the wireless channel in mobile cellular networks.

With the aid of the various distance distribution, we first study the statistical properties of the

time-varying PL, then analyse the spectral efficiency for a single hop link and further evaluate the

statistical properties of the number of outage MUs in the cellular broadcast. Finally, we analyse

the multicast spectral efficiency.
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3.5.1 Time-varying PL

Given a specific distance yl between a transmitter-receiver pair, which is assumed to be longer than

the reference distance d0 determining the edge of the near-field, the PL model is defined by the

following equation

ωl =
Pl,0

Pr
=

(
yl
d0

)κ

, yl ≥ d0, (3.37)

where Pr is the power received at the receiver yl m away from the transmitter, Pl,0 is the power

received at the reference point that is d0 m away from the transmitter and κ is the PL exponent.

Note that the index ‘l’ is a generic subscript, which represents ‘b’ when the BS is the transmitter,

while it represents ‘s’ when a MU is the transmitter. In the rest of this chapter, subscripts ‘l’, ‘b’

and ‘s’ hold the same meaning. The free-space PL model [18] is exploited for calculating the PL

from the transmitter to the reference point, which is expressed as

ωl,0 =
Pl

Pl,0

=
(4π)2d20

λ2
l

=

(
4πd0
c/fl,c

)2

, (3.38)

where λl = c/fc,l is the wave-length, c is the speed of light, fc,l is the carrier frequency, and

Pl is the transmit power. Thus, the received reference power Pl,0 is obtained as Pl,0 = Pl/ωl,0.

Unfortunately, Eq.(3.38) is invalid for calculating the PL in the near-field of the transmit antenna.

As a result, we assume that, when the distance yl between the transmitter and receiver is shorter

than d0, the received power Pr is approximated to be the received reference power Pl,0 at the

reference distance d0. This assumption is reasonable and it provides an accurate approximation

when the reference distance d0 is far shorter than the size of the bounded area within which the

MUs move by obeying the uniform mobility model. In a nutshell, given an arbitrary distance yl,

the PL model is defined as

ωl =
Pl

Pr
=





ωl,0, 0 ≤ yl ≤ d0,

ωl,0

(
yl
d0

)κ

, yl > d0,
(3.39)

where the path loss ωl,0 at the reference distance d0 is given by Eq.(3.38).

According to the uniform mobility model, as introduced in Definition 3.1, the position of a

MU is a stationary stochastic process by obeying the uniform distribution. Thus, the distance Yl

between the transmitter and the receiver is also a stochastic process given that at least the receiver

is a MU. As shown in Eq.(3.39), the path loss ωl is a function with respect to the distance yl. As a

result, the path loss Ωl is also a stochastic process. The cdf of the time-varying PL Ωl is defined as
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the probability of Ωl being lower than ωl. Let us now discuss the cdf FΩl
(ωl) for the time variant

path loss Ωl given different value of ωl.

According to Eq.(3.39), the minimum value for Ωl is ωl,0. As a result, Ωl could not take a value

lower than ωl,0. Hence, if we have ωl < ωl,0, the cdf of Ωl is FΩl
(ωl) = 0.

However, if we have ωl ≥ ωl,0, the cdf of the time-varying PL Ωl can be expressed as

FΩl
(ωl) = Pr(Ωl ≤ ωl) = Pr

(
ωl,0

(
yl
d0

)κ

≤ ωl

)
= Pr

(
yl ≤ d0

κ
√

ωl

ωl,0

)
(3.40)

= FYl

(
d0

κ
√

ωl

ωl,0

)
. (3.41)

In a nut shell, the cdf of the time-varying PL Ωl between a transmitter and a receiver can be

expressed as

FΩl
(ωl) = Pr(Ωl ≤ ωl) =





0, ωl < ωl,0

FYl

(
d0

κ
√

ωl

ωl,0

)
, ωl ≥ ωl,0.

(3.42)

Apparently, the cdf FΩl
(ωl) derived in Eq.(3.42) is not a continuous function because limωl→ω+

l,0
=

FYl
(d0) 6= 0. However, if d0 is quite shorter than the size of the area studied, FYl

(d0) is very

close to zero. In order to maintain the continuity of FΩl
(ωl), we may normalise the pdf fYl

(yl)

of the random distance Yl by (1 − FYl
(d0)). The consequent cdf F̃Yl

(yl) can be expressed as

F̃Yl
(yl) = (FYl

(yl) − FYl
(d0))/(1 − FYl

(d0)) for yl ≥ d0. Obviously, we have F̃Yl
(d0) = 0. This

slight revision on the original cdf FYl
(yl) may not change its statistical property a lot if FYl

(d0) is

very close to zero.

If we differentiate Eq.(3.42) with respect to ωl in the region ωl ∈ [ωl,0,+∞), we arrive at the

pdf of the time-varying PL Ωl, which is expressed as

fΩl
(ωl) =

d

dωl
FYl

(
d0

κ
√

ωl

ωl,0

)
=

d0
κωl

κ
√

ωl

ωl,0
· fYl

(
d0

κ
√

ωl

ωl,0

)
, ωl ≥ ωl,0. (3.43)

By substituting the corresponding cdf FYb
(yb) and pdf fYb

(yb) into Eqs.(3.42) and (3.43), we

may arrive at the cdf and the pdf of the time-variant PL between the BS and a MU. Let us consider

the scenario that a cell is modelled by a circular area having r as its radius and the BS is at the

centre of this circular area, while the MU moves within the circular cell by obeying the uniform

mobility model. Note that since the maximum value for the random distance Yb is the radius r,

the corresponding maximum value for the time-varying PL Ωb is ωb,0(r/d0)
κ. As a result, by
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substituting FYb
(yb) of Eq.(3.2) into Eq.(3.42), the cdf of Ωb is expressed as

FΩb
(ωb) =

d20
r2

·
κ
√(

ωb

ωb,0

)2

, 1 ≤ ωb

ωb,0
≤

(
r

d0

)κ

, (3.44)

Moreover, we have FΩb
(ωb) = 0 for ωb/ωb,0 < 1, while FΩb

(ωb) = 1 for ωb/ωb,0 > (r/d0)
κ.

Furthermore, by substituting fYb
(yb) of Eq.(3.3) into Eq.(3.43), the pdf of Ωb is expressed as

fΩb
(ωb) =





2

κωb

(
d0
r

κ
√

ωb

ωb,0

)2

, 1 ≤ ωb

ωb,0
≤

(
r

d0

)κ

,

0, otherwise.

(3.45)

Then, Let us consider the scenario that a pair of MUs both move within a circular area having

r as its radius by obeying the uniform mobility model. We note that the maximum value for the

random distance Ys is the diameter 2r and the corresponding maximum value for the time-variant

PL Ωs is ωs,0(2r/d0)
κ. As a result, by substituting FYs

(ys) of Eq.(3.30) into Eq.(3.42), the cdf of

Ωs is expressed as

FΩs
(ωs) =

2

π

{
4

(
d0
2r

κ
√

ωb

ωb,0

)2

arccos

(
d0
2r

κ
√

ωb

ωb,0

)
+ arcsin

(
d0
2r

κ
√

ωb

ωb,0

)
(3.46)

−
[
d0
2r

κ
√

ωb

ωb,0
+ 2

(
d0
2r

κ
√

ωb

ωb,0

)3
]√

1−
(
d0
2r

κ
√

ωb

ωb,0

)2



, 1 ≤ ωs

ωs,0
≤

(
2r

d0

)κ

Moreover, we have FΩs
(ωs) = 0 for ωs/ωs,0 < 1, while FΩs

(ωs) = 1 for ωs/ωs,0 > (2r/d0)
κ.

Furthermore, by substituting fYs
(ys) of Eq.(3.29) into Eq.(3.43), the pdf of Ωs is expressed as

fΩs
(ωs) =





4

πκωb

(
d0
r

κ
√

ωb

ωb,0

)2 [
arccos

(
d0
2r

κ
√

ωs

ωs,0

)

−d0
2r

κ
√

ωs

ωs,0

√
1−

(
d0
2r

κ
√

ωs

ωs,0

)2

, 1 ≤ ωs

ωs,0
≤

(
2r

d0

)κ

0, otherwise.

(3.47)

3.5.2 Ergodic Spectral efficiency for a single hop link

In [19], the authors discussed the time scale of a MU’s mobility and that of an information trans-

mission. In line with [19], we assume the slotted ALOHA [20] as the medium-access-control

(MAC) protocol. We first portray the mobility time slot in Figure 3.8(a), from which we can ob-
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Figure 3.8: Mobility and transmission time scales [19].

serve that the performance of the information transmission during the tth mobility time slot varies

from that during the (t + 1)th mobility time slot due to the time-variant PL incurred by the mo-

bility of the transmitter and the receiver. As shown in both Figures 3.8(b) and (c), we assume an

information transmission starts at the beginning of a mobility time slot and completes before the

end of the mobility time slot. Then, the next information transmission starts at the beginning of

the subsequent mobility time slot.

In the following two scenarios, the multipath fading effect does not need to be considered for

deriving the ergodic spectral efficiency for a single hop link:

• In broadband communications, various advanced diversity techniques are employed at the

receiver end, such as selective combining technique, maximum ratio combining technique

and equal-gain combining technique, so as to counteract the adverse effect of the multipath

fading.

• In narrowband communications, if the information transmission duration is comparable to

the duration of a mobility time slot, as shown in Figure 3.8(b), the information transmis-

sion duration may include numerous multipath fading block. According to the law of large

numbers, the channel amplitude during the entire transmission duration may converge to

the average value of the multipath fading. Hence, the stochastic properties of the multipath

fading do not influence the channel in this scenario.

Bn contrast, in the next scenario, we have to jointly consider both the multipath fading effect

and the time-varying PL effect on the ergodic channel spectral efficiency:
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• In narrowband communications, if the information transmission duration is much shorter

than the duration of a mobility time slot, the channel fluctuation during the tth information

transmission duration are quite different from that during the (t+1)th information transmis-

sion duration, as shown in Figure 3.8(c), due to the joint effect of the stochastic multipath

fading and the time-varying PL.

According to the information theory [21], the channel capacity is defined as the upper bound

of the information rate that can be achieved with arbitrarily small error probability. As a result,

in the presence of the noise, the spectral efficiency, which is defined as the information rates per

bandwidth, can be expressed as

Cl = log2(1 + SNRl) = log2

(
1 +

Pl|hl|2
N0Bl · Ωl

)
= log2

(
1 +

P l|hl|2
Ωl

)
, (3.48)

where |hl|2 is the power amplitude of the random multipath fading having a unity average value

and Ωl is the time-varying PL incurred by the mobility of both the transmitter and the receiver,

whereas N0 is the power spectrum density of the noise and Bl is the communication bandwidth,

whereas P l is the normalisation of the actual transmit power Pl by the noise power N0Bl.

Then we will discuss the statistical properties for the spectral efficiency Cl defined in Eq.(3.48)

with and without considering the multipath fading effect.

3.5.2.1 Spectral efficiency without the multipath fading effect

In this scenario, the power amplitude |hl|2 of the multipath fading is a deterministic constant which

is equal to a unity. The spectral efficiency Cl is dominated by the time-varying PL Ωl. Since the

time-varying PL Ωl is caused by the distance variation, the spectral efficiency thus depends on the

statistical properties of the random distance Yl between the transmitter and the receiver. The cdf

FCl
(cl) of the spectral efficiency Cl is defined as the probability of Cl being lower than a specific

realisation cl, which is further expressed as

FCl
(cl) = Pr(Cl ≤ cl) = Pr

[
log2

(
1 +

P l

Ωl

)
≤ cl

]
= Pr

(
Ωl ≥

P l

2cl − 1

)

= 1− FΩl

(
P l

2cl − 1

)
, (3.49)

where FΩl
(·) is the cdf of the time-variant PL, whose generic expression is given by Eq.(3.42).

According to the PL model proposed in Eq.(3.39), the minimum PL value is ωl,0, which further
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produces the maximum possible value for the random spectral efficiency Cl:

cl,max = log2

(
1 +

P l

ωl,0

)
. (3.50)

Similar to the derivation of Eq.(3.42), the cdf FCl
(cl) has a different expression given a specific

value of cl. We omit the derivation process here and directly present the generic expression for the

cdf of the random spectral efficiency Cl:

FCl
(cl) =





1− FYl


d0

κ
√

P l

ωl,0(2cl − 1)


, 0 < cl ≤ cl,max,

1, cl > cl,max,

(3.51)

where FYl
(·) is the cdf of the random distance Yl. Note that the complementary cumulative distri-

bution function (ccdf) (1− FCl
(cl)) is normally invoked for outage analysis of the channel, where

cl often takes the value of the minimum acceptable spectral efficiency. After differentiating FCl
(cl)

of Eq.(3.51) with respect to cl in the region (0, cl,max], we arrive at the pdf of the random spectral

efficiency, which is expressed as

fCl
(cl) =

d0
κ

· 2
cl ln 2

2cl − 1
·

κ
√

P l

ωl,0(2cl − 1)
· fYl


d0

κ
√

P l

ωl,0(2cl − 1)


 , 0 < cl ≤ cl,max, (3.52)

and fCl
(cl) = 0, otherwise, where fYl

(·) is the pdf of the random distance Yl.

By substituting the corresponding cdf FYb
(yb) and pdf fYb

(yb) into Eqs.(3.51) and (3.52), we

may arrive at the cdf and the pdf of the random spectral efficiency Cb between the BS and a MU.

Let us first consider the scenario that a cell is modelled by a circular area and the BS is at the

centre of this circular area, while the MU moves within the circular cell by obeying the uniform

mobility model. We note that since the maximum value for the random distance Yb is the radius r,

the corresponding minimum value for the random spectral efficiency Cb is

cb,min = log2

[
1 +

P b

ωb,0

(
d0
r

)κ]
(3.53)
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As a result, by substituting FYb
(yb) of Eq.(3.2) into Eq.(3.51), the cdf of Ωb is expressed as

FCb
(cb) =





0, 0 < cb < cb,min,

1−


d0

r

κ
√

P b

ωb,0(2cb − 1)




2

, cb,min ≤ cb ≤ cb,max,

1, cb > cb,max,

(3.54)

where cb,max is derived by substituting P b and ωb,0 into Eq.(3.50). Furthermore, by substituting

fYb
(yb) of Eq.(3.3) into Eq.(3.52), the pdf of the random spectral efficiency Cb is expressed as

fCb
(cb) =

2cb+1 ln 2

κ(2cb − 1)
·


d0

r

κ
√

P b

ωb,0(2cb − 1)




2

, cb,min < cb ≤ cb,max, (3.55)

and fCb
(cb) = 0, otherwise.

Second, we consider the scenario that a pair of MUs both move within a circular area having

r as its radius by obeying the uniform mobility model. We note that since the maximum value

for the random distance Ys is the diameter 2r, the corresponding minimum value for the random

spectral efficiency Cs is

cs,min = log2

[
1 +

P s

ωs,0

(
d0
2r

)κ]
(3.56)

As a result, by substituting FYs
(ys) of Eq.(3.30) into Eq.(3.51), the cdf of the random spectral

efficiency Cs is expressed as

FCs(cs) = 1 +
2

π






d0
2r

κ
√

P s

ωs,0(2cs − 1)
+ 2


d0
2r

κ
√

P s

ωs,0(2cs − 1)




3


√√√√√1−


d0
2r

κ
√

P s

ωs,0(2cs − 1)




2

− 4


d0
2r

κ
√

P s

ωs,0(2cs − 1)




2

arccos


d0
2r

κ
√

P s

ωs,0(2cs − 1)




− arcsin


d0
2r

κ
√

P s

ωs,0(2cs − 1)





 , cs,min ≤ cs ≤ cs,max, (3.57)

where cs,max is derived by substituting P s and ωs,0 into Eq.(3.50). We also have FCs
(cs) = 0

if 0 < cs < cs,min, while FCs
(cs) = 1 if cs > cs,max. Furthermore, by substituting fYs

(ys) of
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Eq.(3.29) into Eq.(3.52), the pdf of the spectral efficiency Cs is expressed as

fCs(cs) =
2cs+2 ln 2

πκ(2cl − 1)


d0

r

κ
√

P s

ωs,0(2cs − 1)




2

−d0

2r

κ
√

P s

ωs,0(2cs − 1)

√√√√√1−


d0
2r

κ
√

P s

ωs,0(2cs − 1)




2

+arccos


d0
2r

κ
√

P s

ωs,0(2cs − 1)




 , cs,min ≤ cs ≤ cs,max, (3.58)

and fCs
(Cs) = 0, otherwise.

3.5.2.2 Spectral efficiency with the multipath fading

We assume that the amplitude hl of the channel gain follows the uncorrelated Rayleigh fading

associated with a unity mean. As a result, the power amplitude X = |hl|2 of the channel gain

obeys the exponential distribution associated with a unity mean, whose pdf and cdf are given by

fX(x) = e−x and FX(x) = 1− e−x, respectively. In the scenario, which is shown in Figure 3.8(c),

the spectral efficiency Cl is dominated by both the time-varying PL Ωl and the random multipath

fading |hl|2. The cdf FCl
(cl) of the spectral efficiency Cl is defined as the probability of Cl being

lower than a specific realisation cl, which is further expressed

FCl
(cl) = Pr(Cl ≤ cl) = Pr

[
log2

(
1 +

P l

Ωl
· |hl|2

)
≤ cl

]
. (3.59)

Given a specific realisation Ωl = ωl of the time-varying PL, the conditional cdf of the spectral

efficiency Cl is expressed as

FCl
(cl|Ωl = ωl) = Pr(Cl ≤ cl|Ωl = ωl) = Pr

[
|hl|2 ≤ (2cl − 1)

ωl

P l

∣∣∣Ωl = ωl

]

= 1− e−(2cl−1)ωl/P l. (3.60)

According to Bayesian principle [22], by exploiting the generic expression of the pdf of the time-

varying PL Ωl of Eq.(3.43), the cdf FCl
(cl) of the spectral efficiency can be further derived as

FCl
(cl) =

∫

ωl

FCl
(cl|Ωl = ωl)fΩl

(ωl)dωl

=

∫ +∞

ωl,0

(
1− e−(2cl−1)ωl/P l

)
· d0
κωl

κ
√

ωl

ωl,0
· fYl

(
d0

κ
√

ωl

ωl,0

)
dωl, cl > 0, (3.61)
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where fYl
(yl) is the pdf of the random distance Yl between the transmitter and the receiver. By

differentiating FYl
(yl) with respect to cl, we arrive at the pdf of the spectral efficiency Cl, which is

expressed as

fCl
(cl) =

∫ +∞

ωl,0

2cle−(2cl−1)ωl/P l · d0 ln 2
κP l

· κ
√

ωl

ωl,0
· fYl

(
d0

κ
√

ωl

ωl,0

)
dωl, cl > 0, (3.62)

Note that when the multipath fading is not taken into consideration, the spectral efficiency Cl

cannot exceed its upper bound cl,max because the minimum value for the PL is ωl,0 according to

the PL model expressed in Eq.(3.39) considered in this chapter. However, if the multipath fading

effect is considered, the uncertainty of the channel’s power amplitude might greatly fluctuate the

spectral efficiency Cl and make it possibly take any value larger than zero.

Unfortunately, we are not able to derive the close-form formulas for the statistical properties

of the random spectral efficiency Cl by considering both the time-varying PL and the multipath

fading effect. Alternatively, we express both the cdf and the pdf of Cl in terms of a single integral,

as shown in Eqs.(3.61) and (3.62) which can be easily solved by numerical algorithms, such as the

adaptive quadrature algorithm [23].

By substituting the corresponding pdf fYb
(yb) into Eqs.(3.61) and (3.62), we may arrive at the

cdf and the pdf of the random spectral efficiency Cb between the BS and a MU. Let us first consider

the scenario that a cell is modelled by a circular area associated with a radius of r and the BS is at

the centre of this circular area, while the MU moves within the circular cell by obeying the uniform

mobility model. Note that since the maximum value for the random distance Yb is the radius r,

the corresponding maximum PL is ωb,max = ωb,0(r/d0)
κ. As a result, by substituting fYb

(yb) of

Eq.(3.3) into Eq.(3.61), the cdf FCb
(cb) can be expressed as

FCb
(cb) =

∫ ωb,max

ωb,0

(
1− e−(2cb−1)ωb/P b

)
· 2

κωb
·
(
d0
r

κ
√

ωb

ωb,0

)2

dωb, cb > 0. (3.63)

Similarly, by substituting fYb
(yb) of Eq.(3.3) into Eq.(3.62), the pdf fCb

(cb) can be expressed as

fCb
(cb) =

∫ ωb,max

ωb,0

2cb+1e−(2cb−1)ωl/P b · ln 2
κP b

·
(
d0
r

κ
√

ωb

ωb,0

)2

dωb, cb > 0. (3.64)

By substituting the corresponding pdf fYs
(ys) into Eqs.(3.61) and (3.62), we may arrive at the

cdf and the pdf of the random spectral efficiency Cs between a pair of MUs. Let us consider the

scenario that both the transmitter and the receiver move within a circular area having a radius of

r by obeying the uniform mobility model. We note that since the maximum value for the random
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distance Ys is the diameter 2r, the corresponding maximum PL is ωs,max = ωs,0(2r/d0)
κ. As a

result, by substituting fYs
(ys) of Eq.(3.29) into Eq.(3.61), the cdf FCs

(cs) can be expressed as

FCs
(cs) =

∫ ωs,max

ωs,0

(
1− e

− (2cs−1)ωs

Ps

)
· 16

πκωs

(
d0
2r

κ
√

ωs

ωs,0

)2 [
arccos

(
d0
2r

κ
√

ωs

ωs,0

)

− d0
2r

κ
√

ωs

ωs,0

√
1−

(
d0
2r

κ
√

ωs

ωs,0

)2

dωs, cs > 0. (3.65)

Similarly, by substituting fYs
(ys) of Eq.(3.29) into Eq.(3.62), the pdf fCs

(cs) can be expressed as

fCs
(cs) =

∫ ωs,max

ωs,0

2cs+4e
− (2cs−1)ωs

Ps · ln 2

πκP s

·
(
d0
2r

κ
√

ωs

ωs,0

)2 [
arccos

(
d0
2r

κ
√

ωs

ωs,0

)

−d0
2r

κ
√

ωs

ωs,0

√
1−

(
d0
2r

κ
√

ωs

ωs,0

)2

 dωs, cs > 0. (3.66)

3.5.3 Broadcast outage event

In the broadcast scenario, a transmitter broadcasts a series of messages in a broadcast channel. All

the receivers that are interested in these messages tune their radio front to this broadcast channel

so as to receive the messages. However, the broadcast technique is quite different from both the

point-to-point and multicast communication techniques, where the transmitter aware the existence

of the all the receivers. The broadcaster does not have any knowledge of the receivers. As a result,

no additional techniques, such as retransmission, are adopted for guarantee the reliability of the

message reception at a specific receiver end. Once the receiver is in the outage state during the

transmission of a packet, it may never receive this packet afterwards.

We first consider the BS-based broadcast, where the transmitter is a static node. In a specific

area, either the whole coverage of a cell or other bounded area, N receivers move independently

by obeying the uniform mobility model. As a result, each link connecting the broadcaster to a

specific receiver is independent of all the other links in the broadcast scenario since the positions

of the receivers are independently distributed in the studied area. In this section, we consider the

scenario that the BS is at the centre of a circular cell, whose radius is r m, while the N receivers

move within this circular cell by following independent uniform mobility model.

If the ergodic spectral efficiency of a link connecting the broadcaster to a specific receiver is

lower than a pre-defined threshold Cth, this receiver falls into the outage state. Given the closed-

form cdf of the ergodic spectral efficiency in a single hop link, whose generic equation are ex-



3.5. APPLICATION OF DISTANCE DISTRIBUTION IN CELLULAR NETWORKS 35

pressed as Eq.(3.51) for no multipath fading case and expressed as Eq.(3.61) for multipath fading

case, we may further derive the probability Pout of a specific receiver staying in the outage state

during a packet transmission.

Since the distances between N receivers and the broadcaster are independent of each other, the

discrete random variable N representing the number of receivers that are in the outage state can

be modelled by a binomial distribution. As a result, the probability mass function (pmf) of N can

be expressed as

Pr(N = n) =

(
N

n

)
P n
out(1− Pout)

N−n, (3.67)

When only the path loss between the broadcaster and the receiver is taken into account, Pout in

Eq.(3.67) is obtained by substituting cth into Eq.(3.54). When both the path loss and the multipath

fading is jointly considered, Pout in Eq.(3.67) is obtained by substituting cth into Eq. (3.63).

Note that Eq.(3.67) is derived based on the fact that when the broadcaster is a static node,

the random distances between this broadcaster to any other receivers are independent random

variables. As a result, the cdf of the joint distance distribution from the broadcaster to N receivers

can be formulated as FYb,1,··· ,Yb,N
(yb,1, · · · , yb,N) =

∏N
n=1 FYb,n

(yb,n). However, this fact is not true

if the broadcaster is also a mobile node since the independence amongst the random distances from

the receivers to the broadcaster is damaged according to the relevant research in [25] and [26]. For

example, if we consider that the broadcaster and N receivers all move in a a × a square area by

following the uniform mobility model, the joint distance distribution should be formulated as

FYs,1,··· ,Ys,N
(ys,1, · · · , ys,N) =

1

a2

∫ a

0

dx

∫ a

0

dy

N∏

n=1

FYb
(ys,n|(x, y)), (3.68)

where FYb
(ys,n|(x, y)) is the cdf of the random distance between the broadcaster, which is located

at a given reference point (x, y), and the nth receiver, which is uniformly distributed in the square

area. FYb
(ys,n|(x, y)) can be derived by following the methodology developed in Section 3.2.2.

However, as shown in Section 3.2.2, FYb
(ys,n|(x, y)) is too complicated to be exploited for further

deriving the joint distribution FYs,1,··· ,Ys,N
(ys,1, · · · , ys,N), which makes the derivation of the pmf

Pr(N = n) even more difficult. Hence, in this section, we only consider the scenario that the

broadcaster is a static node.

3.5.4 Spectral efficiency for multicast transmissions

In the multicast transmissions, a multicaster has to multicast the same message to multiple re-
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ceivers, which produces multiple links for delivering the message of common interest. Here, we

assume that N receivers independently move within a certain region of the plane by following the

uniform mobility model and they are all connected to the multicaster. Different from the broad-

cast technique, in the multicast scenario, the multicaster is aware of all the receivers and it has to

guarantee every single packet successfully delivered to all the receivers. Hence, in the multicast

transmission, both the outage and the retransmission events are dominated by the receiver, who

has the weakest link with the multicaster. As a result, we define the spectral efficiency (channel

capacity) for the multicast transmission as the spectral efficiency of the weakest link [24], which

is expressed as

Cl,m = min
n=1,··· ,N

{
log2

(
1 +

Pl|hn|2
N0Bl · Ωl,n

)}
= min

n=1,··· ,N

{
log2

(
1 +

P l|hn|2
Ωl,n

)}
, (3.69)

where |hn|2 is the power amplitude caused by the multipath fading of the link connecting the

nth receiver to the multicaster and Ωl,n is the time-varying PL of the same link incurred by the

movement of both the nth receiver and the multicaster, whereas P l is derived by normalising the

transmit power Pl by the noise power N0Bl.

3.5.4.1 Spectral efficiency for multicast transmission without the multipath fading

In this scenario, the power amplitudes {|hn|2|n = 1, · · · , N} for the N receivers are all deter-

ministic constants equal to a unity. As a result, the multicast spectral efficiency can be simplified

as

Cl,M = min
n=1,··· ,N

{Cl,n} = min
n=1,··· ,N

{
log2

(
1 +

P l

Ωl,n

)}
, (3.70)

where Cl,n is the spectral efficiency for a single-hop link from the multicaster to the nth receiver.

Since the positions of these N receivers are independently and identically distributed in the area

considered, according to the relationships between the distance variation and the time-varying PL,

as derived in Section 3.5.1, the PLs {Ωl,n|n = 1, · · · , N} between the multicaster and the N

receivers are also independent and identical random variables. According to Eq.(3.70), in this

scenario, the multicast spectral efficiency Cl,m only depends on the time-varying PL. The cdf of
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the multicast spectral efficiency is expressed as

FCl,M
(cl,M) = Pr(Cl,M ≤ cl,M) = Pr

[
min

n=1,··· ,N

{
log2

(
1 +

P l

Ωl,n

)}
≤ cl,M

]

= 1−
N∏

n=1

Pr

[
log2

(
1 +

P l

Ωl,n

)
≥ cl,M

]
= 1−

N∏

n=1

Pr

(
Ωl,n ≤ P l

2cl,M − 1

)

= 1−
N∏

n=1

FΩl,n

(
P l

2cl,M − 1

)
= 1−

[
FΩl

(
P l

2cl,M − 1

)]N
. (3.71)

where FΩl
(·) is the cdf of the time-varying PL, whose generic expression is given by Eq.(3.42).

According to the PL model proposed in Eq.(3.39), the minimum PL value for a single-hop link is

ωl,0. When the PLs between the multicaster and all the receivers are equal to ωl,0, the maximum

possible value for the multicast spectral efficiency Cl,M is achieved, which is expressed as:

cmax
l,M = log2

(
1 +

P l

ωl,0

)
. (3.72)

As a result, by substituting FΩl
(·) of Eq.(3.42) into Eq.(3.71), we arrive at the generic formula for

the cdf of the multicast spectral efficiency without the multipath fading effect:

FCl,M
(cl,M) =





1−


FYl


d0

κ
√

P l

ωl,0(2cl,M − 1)






N

, 0 < cl,M ≤ cmax
l,M ,

1, cl,M > cmax
l,M ,

(3.73)

where FYl
(·) is the cdf of the random distance Yl between a transmitter and a receiver. Note that

if we let cl,M be a specific spectral efficiency threshold for the multicast links connecting the

multicaster to the receivers, the cdf FCl,M
(cl,M) represents the outage probability of the multicast

transmission. By differentiating the cdf FCl,M
(cl,M) with respect to cl,M, the pdf of the multicast

spectral efficiency Cl,M can be expressed as

fCl,M
(cl,M) =

N · 2cl,M ln 2

κ · (2cl,M − 1)
· d0

κ
√

P l

ωl,0(2cl,M − 1)
· fYl


d0

κ
√

P l

ωl,0(2cl,M − 1)




·


FYl


d0

κ
√

P l

ωl,0(2cl,M − 1)





N−1

, for 0 < cl,M ≤ cmax
l,M , (3.74)

and fCl,M
(cl,M) = 0, otherwise.
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By substituting the corresponding cdf FYb
(yb) and pdf fYb

(yb) into Eqs.(3.73) and (3.74), we

may arrive at the cdf and the pdf of the multicast spectral efficiency Cb,M between the BS and

multiple MUs, where the BS plays the role of the multicaster. We assume that a cell is modelled

by a circular area having a radius of r and the BS is at the centre of this circular area, while N

MUs move within the circular cell independently by obeying the uniform mobility model. Note

that since the maximum value for the random distance Yb is r, the corresponding maximum PL is

ωb,max = ωb,0(r/d0)
κ. When the PLs between the BS and all the N MUs are equal to ωb,max, the

following minimum multicast spectral efficiency is achieved:

cmin
b,M = log2

(
1 +

P b

ωb,max

)
= log2

[
1 +

P b

ωb,0

(
d0
r

)κ]
. (3.75)

As a result, by substitutingFYb
(yb) of Eq.(3.2) into Eq.(3.80), the cdf FCb,M

(cb,M) can be expressed

as

FCb,M
(cb,M) =





0, 0 < cb,M < cmin
b,M

1−


d0

r

κ
√

P b

ωb,0(2cb,M − 1)




2N

, cmin
b,M ≤ cb,M ≤ cmax

b,M,

1, cb,M > cmax
b,M,

(3.76)

where cmax
b,M is derived by substituting Pb and ωb,0 into Eq.(3.72).

By substituting both FYb
(yb) of Eq.(3.2) and fYb

(yb) of Eq.(3.3) into Eq.(3.74), the pdf of the

multicast spectral efficiency Cb,M can be formulated as

fCb,M
(cb,M) =

2N · 2cb,M ln 2

κ · (2cb,M − 1)
·


d0

r

κ
√

P b

ωb,0(2cb,M − 1)




2N

,cmin
b,M ≤ cb,M ≤ cmax

b,M, (3.77)

and fCb,M
(cb,M) = 0, otherwise.

Similar to the broadcast scenario, if the multicaster also moves within the area studied, the

distances between the multicaster to the N receivers are no longer independent random variables.

Due to its extreme complexity, we thus omit the derivation of the cdf and pdf for the multicast

spectral efficiency.

3.5.4.2 Spectral efficiency for multicast transmission with the multipath fading

We model the amplitude hl of the channel gain by the uncorrelated Rayleigh fading associated

with a unity mean. As a result, the power amplitude Xn = |hn|2 of the channel gain between the
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multicaster and the nth receiver obeys the exponential distribution associated with a unity mean,

whose pdf and cdf are given by fXn
(xn) = e−xn and FXn

(xn) = 1 − e−xn , respectively. If the

multicaster is a static node, the multicast spectral efficiency Cl is dominated by the independent

time-varying PLs {Ωl,n|n = 1, · · · , N} and the random multipath fading {|hn|2|n = 1, · · · , N}.

Since the time-varying PLs {Ωl,n|n = 1, · · · , N} are incurred by the distance variations, the multi-

cast spectral efficiency thus depends on the statistical properties of the random distance Yl between

the multicaster and the receiver. The cdf FCl,M
(cl,M) of the multicast spectral efficiency Cl,M is

defined as the probability of Cl,M being lower than a specific realisation cl,M, which is further

expressed as

FCl,M
(cl,M) = Pr(Cl,M ≤ cl,M) = Pr

[
min

n=1,··· ,N

{
log2

(
1 +

P l|hn|2
Ωl,n

)}
≤ cl,M

]

= 1−
N∏

n=1

Pr

[
log2

(
1 +

P l|hn|2
Ωl,n

)
≥ cl,M

]
. (3.78)

Substituting a vector of specific PLs’ realisation {Ωl,n = ωl,n|n = 1, · · · , N} into Eq.(3.78), the

conditional cdf for the multicast spectral efficiency Cl,M can be further derived as

FCl,M
(cl,M|ω1, · · · , ωN) = 1−

N∏

n=1

Pr

(
|hn|2 ≥

ωl,n(2
cl,M − 1)

Pl

)
= 1−

N∏

n=1

e
−

ωl,n(2
cl,M−1)

Pl .

(3.79)

Since the time-varying PLs {Ωl,n|n = 1, · · · , N} are independent random variables, the joint

pdf of {Ωl,n|n = 1, · · · , N} can be expressed as fΩl,1···Ωl,2
(ωl,1, · · · , ωl,N) =

∏N
n=1 fΩl,n

(ωl,n).

According to Bayesian principle [22], the cdf of the multicast spectral efficiency Cl,M can be

finally derived as

FCl,M
(cl,M) =

∫

ωl,1

dωl,1
· · ·

∫

ωl,N

FCl,M
(cl,M|ωl,1, · · · , ωl,N)fΩl,1···Ωl,2

(ωl,1, · · · , ωl,N)dωl,N

= 1−
N∏

n=1

∫ +∞

ωl,0

e
−

ωl,n(2
cl,M−1)

Pl fΩl,n
(ωl,n)dωl,n

= 1−
N∏

n=1

∫ +∞

ωl,0

e
−

ωl,n(2
cl,M−1)

Pl · d0
κωl,n

κ
√

ωl,n

ωl,0
· fYl

(
d0

κ
√

ωl,n

ωl,0

)
dωl,n

= 1−
[∫ +∞

ωl,0

e
−ωl(2

cl,M−1)

Pl · d0
κωl

κ
√

ωl

ωl,0
· fYl

(
d0

κ
√

ωl

ωl,0

)
dωl

]N

, (3.80)



3.5. APPLICATION OF DISTANCE DISTRIBUTION IN CELLULAR NETWORKS 40

for cl,M > 0, where fYl
(·) is the pdf of the random distance Yl between a transmitter and receiver

pair, and FCl,M
(cl,M) = 0, otherwise. The second equality of Eq.(3.80) is obtained due to the

independence of the random variables {Ωl,n|n = 1, · · · , N}. The third equality of Eq.(3.80) is

derived by substituting Eq.(3.43) into the second line. Finally, we arrive at the fourth equality

of Eq.(3.80) since random variables {Ωl,n|n = 1, · · · , N} have identical distributions, where the

generic symbol ωl replaces the specific symbol ωl,n.

By differentiating FCl,M
(cl,M) of Eq.(3.80) with respect to cl,M, the pdf of the multicast spec-

tral efficiency can be formulated as

fCl,M
(cl,M) = N ·

[∫ +∞

ωl,0

d02
cl,M ln 2

κP l

e
−ωl(2

cl,M−1)

Pl · κ
√

ωl

ωl,0

· fYl

(
d0

κ
√

ωl

ωl,0

)
dωl

]

·
[∫ +∞

ωl,0

e
−ωl(2

cl,M−1)

Pl · d0
κωl

κ
√

ωl

ωl,0
· fYl

(
d0

κ
√

ωl

ωl,0

)
dωl

]N−1

, (3.81)

for cl,M > 0, where fYl
(·) is the pdf of the random distance Yl between a transmitter and receiver

pair, and fCl,M
(cl,M) = 0, otherwise.

Note that in the scenario that the multipath fading is not taken into consideration, the multicast

spectral efficiency Cl,M cannot exceed its upper bound cmax
l,M because the minimum value for the PL

is ωl,0 according to the PL model expressed in Eq.(3.39). However, if the multipath fading effect

is considered, the uncertainty of the channel’s power amplitude might greatly fluctuate the spectral

efficiency Cl,M and make it possibly take any value larger than zero.

By substituting the corresponding pdf fYb
(yb) into Eqs.(3.80) and (3.81), we may arrive at the

cdf and the pdf of the multicast spectral efficiency Cb,M between the BS and N MUs, where the

BS plays the role of the multicaster. We assume that a cell is modelled by a circular area having a

radius of r and the BS is at the centre of this circular area, while N MUs move within the circular

cell independently by obeying the uniform mobility model. Note that since the maximum value for

the random distance Yb is the radius r, the corresponding maximum PL is ωb,max = ωb,0(r/d0)
κ. As

a result, by substituting fYb
(yb) of Eq.(3.3) into Eq.(3.80), the cdf FCb,M

(cb,M) can be expressed as

FCb,M
(cb,M) = 1−



∫ ωb,max

ωb,0

2e
−ωb(2

cb,M−1)

Pb

κωb

·
(
d0
r

κ
√

ωb

ωb,0

)2

dωb




N

, cb,M > 0, (3.82)

and FCb,M
(cb,M) = 0, otherwise.

By substituting fYb
(yb) of Eq.(3.3) into Eq.(3.81), the pdf of the multicast spectral efficiency
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Cb,M can be formulated as

fCb,M
(cb,M) = N ·

[∫ ωb,max

ωb,0

2cb,M+1 ln 2

κP b

e
−ωb(2

cb,M−1)

Pb ·
(
d0
r

κ
√

ωb

ωb,0

)2

dωb

]

·



∫ ωb,max

ωb,0

2e
−ωb(2

cb,M−1)

Pb

κωb
·
(
d0
r

κ
√

ωb

ωb,0

)2

dωb




N−1

, cb,M > 0 (3.83)

and fCb,M
(cb,M) = 0, otherwise.

Similar to the broadcast scenario, if the multicaster also moves within the area studied, the

distances between the multicaster to the N receivers are no longer independent random variables.

Due to its extreme complexity, we thus omit the derivation of the cdf and pdf for the multicast

spectral efficiency.

3.6 Numerical results

After offering the analytical derivation, we move onto the numerical results for both the various

distance distribution and the relevant communication metrics. Note that in all the numerical results

presented in this section, the solid lines represent the analytical results, which are obtained via

the closed-form equations in sections 3.2-3.5, while the markers represent the simulation results,

which are obtained via the Monte-Carlo simulation.

3.6.1 Distance distribution

Let us first study the distance distribution between the BS and a specific MU in the typical scenario

of cellular communication. In this scenario, the BS is located at the centre of the cellular area,

while the MU roam within this cellular area by obeying the uniform mobility model. As shown

in Figures.3.9(a) and (b), we plot both the cdf and the pdf of the random distance for the cells in

different types of shape, including the triangular cell that is portrayed by the red solid line and the

triangle marker, the square cell that is portrayed by the blue solid line and the square marker, and

the hexagon cell that is portrayed by the green line and the diamond marker, as well as the circular

cell that is portrayed by the pink line and the circle marker. And all these cells share the same

radius, which is r = 1 km. As shown in Figure.3.9(a), given a specific distance, say yb = 0.6 km,

the circular cell achieves the lowest cdf, which indicates that the random distance is more likely to

take a higher value than the cells in other shapes. As shown in Figure.3.9(b), except the random

distance in the circular cell, the random distance in the polygon cells have two-fold pdfs. These
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Figure 3.9: The distance distribution between the BS and the MU, when the BS is at the centre of the cell.

The radius is r = 1 km for all the cells in different types of shape. The analytical results of the

cdfs are derived by Eqs.(3.2) and (3.5), while the analytical results of the pdfs are derived by

Eqs.(3.3) and (3.6).

pdfs linearly increase and then subside after reaching their peaks. Furthermore, the accuracy of the

analytical results expressed in Eqs.(3.2) and (3.3), as well as (3.5) and (3.6) are demonstrated by

the Monte-Carlo simulations, as shown in both Figures.3.9(a) and (b).

Then we study the distance distribution between the BS and a specific MU, when the BS is

arbitrarily located outside a circular area, while the MU roams within the circular area. The radius

of the circular area is r = 50 m. Since the BS is outside the circular area, the distance d from

the BS to the centre of the circular area should be longer than the radius r. We observe from both

Figures.3.10(a) and (b) that the minimum achievable distance from the BS to the MU is (d − r)

m, while the maximum achievable distance is (d + r) m. Furthermore, as the BS becomes farther

away from the centre of the circular area, which indicates a higher value of d, both the cdf and

the pdf are drifted towards the right hand side. Moreover, the accuracy of the analytical results

expressed in Eqs.(3.7) and (3.8) are validated by the Monte-Carlo simulation, as shown in both

Figures.3.9(a) and (b).

We next study the distance distribution between the BS and a specific MU, when the BS is

located at an arbitrary position inside a circular area, while the MU roams within this circular area

by following the uniform mobility model. The radius of the circular area is r = 50 m, while

the distance between the BS and the centre of the circular area varies from d = 10 m to d = 40



3.6. NUMERICAL RESULTS 43

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0
C

um
ul

at
iv

e
di

st
ri

bu
tio

n
fu

nc
tio

n

0 20 40 60 80 100 120 140 160 180

Distance from the BS to a MU (m)

d = 60 m
d = 80 m
d = 100 m
d = 120 m

(a) Cumulative distribution function

0.0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

Pr
ob

ab
ili

ty
de

ns
ity

fu
nc

tio
n

0 20 40 60 80 100 120 140 160 180

Distance from the BS to a MU (m)

d = 60 m
d = 80 m
d = 100 m
d = 120 m

(b) Probability density function

Figure 3.10: The distance distribution between the BS and the MU, when the BS is outside a circular area.

The radius of the circular area is r = 50 m. The analytical results of the cdfs are derived by

Eq.(3.7), while the analytical results of the pdfs are derived by Eq.(3.8).
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Figure 3.11: The distance distribution between the BS and the MU, when the BS is inside a circular area.

The analytical results of the cdfs are derived by Eq.(3.9), while the analytical results of the

pdfs are derived by Eq.(3.10). The radius of the circular area is r = 50 m.

m. In Figures.3.11(a) and (b), we portrays the cdf and the pdf of the random distance for this

scenario, respectively. As shown in Figure.3.11(a), the minimum achievable value for the random
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Figure 3.12: The distance distribution between the BS and the MU, when the BS is outside/inside a square

area. The side length of the square area is a = 100 m. The analytical results of the cdfs are

derived by Eq.3.16 and Eq.3.16, respectively.

distance are all zeros for all the different values of d. In contrast, the maximum achievable values

depends on the specific d and the radius r. For example, if d takes value of 40 m, the maximum

distance in this case is d + r = 90 m. As apparently shown in Figure.3.11(a), if the BS is farther

away from the centre of the circular area, which is indicated by a larger value of d, the random

distance may vary in a larger regions. Furthermore, as shown in Figure.3.11(b), the pdfs of the

random distance linearly increase at first, and then subside after reaching their peaks. As the BS

becomes farther away from the centre of the circular area, the linear parts of the pdfs diminish till

completely disappear when the BS is located at the circumference of the circular area. Moreover,

the accuracy of the analytical results expressed in Eqs.(3.9) and (3.10) are validated by the Monte-

Carlo simulations, as shown in both Figures.3.9(a) and (b).

Let us now study the cdfs of the random distance between the BS and a specific MU, when

the BS is arbitrarily located outside/inside a square area, while the MU roams within the square

area by obeying the uniform mobility model. The side length of the square area is a = 100 m. In

both Figures.3.12(a) and (b), the same angle θ = π/6 is assumed, while the distance from the BS

to the centre of the square varies. As shown in Figure.3.12(a), when the BS is outside the square

area, both the minimum and maximum achievable distances depends on the distance d. As the

BS becomes farther away from the centre of the square area, the random distance between the BS

and the MU may take higher minimum and maximum values, which results in the cdf is drifted
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Figure 3.13: The distance distribution between a pair of MUs, when both of the MUs roam within a circu-

lar/square area. The analytical results of the cdfs are expressed in Eqs.(3.29), (3.30), (3.35)

and (3.36), respectively. The circular area and the square area both have a radius of r = 50 m.

towards the right hand side. However, as shown in Figure.3.12(b), only the maximum achievable

distance between the BS and the MU depends on d, while the minimum achievable distances are all

zeros for different values of d. As the BS becomes farther away from the centre of the square area,

the random distance between the BS and the MU is distributed in a larger region. Moreover, the

accuracy of the analytical results that we derived in Section 3.3.2 is validated by the Monte-Carlo

simulations, as shown in both Figures.3.12(a) and (b).

At last, we evaluate the cdf and the pdf of the random distance between a pair of MUs, who

both roam within a circular/square area by obeying the uniform mobility model. The radius of the

circular and square areas are both r = 50 m. Note that the corresponding side length of the square

area is a = 70.7 m. As shown in Figure.3.13(a), the cdf of the random distance between a pair of

MUs for the square area is higher than that for the circular area. As shown in Figure.3.13(b), both

of the pdfs for these two scenarios firstly increase and then subside after achieving their peaks.

Furthermore, we also observe from Figure3.13(b) that the random distance for the square area is

more likely to take a small value than that for the circular area. Moreover, the accuracy of the

analytical results that are expressed in Eqs.(3.29), (3.30), (3.35) and (3.36) are validated by the

Monte-Carlo simulation, as shown in both Figures.3.13(a) and (b).
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Table 3.1: PARAMETERS OF THE PHY LAYER

BS to MUs MUs to MUs

Transmit Power Pb = 20 ∼ 50 dBm Ps = 0 ∼ 15 dBm

Carrier Freq fc,b = 1.8 GHz fc,s = 2.4 GHz

Bandwidth Wb = 10 MHz Ws = 10 MHz

Noise PSD N0 = −174 dBm/Hz (20oC)

PL Parameters Exponent: κ = 3; Ref Distance: d0 = 1 m
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Figure 3.14: The PL between the BS and a specific MU, when the BS is located at the centre of a circular

cell, while the MU roam within this cell, and that between a pair of MUs, when both of the

MUs roam within a circular area. The analytical results of the cdfs are expressed in Eqs.(3.44)

and (3.46), respectively.

3.6.2 Communication metrics evaluation

Now, we focus on the various communication metrics incurred by the movements of the MUs. The

physical layer parameters are provided in Table 3.1. Specifically, the parameters for the commu-

nications between the BS and the MUs corresponds to the LTE-Advanced system [27], while the

parameters for the communications amongst MUs corresponds to the IEEE 802.11 protocol [28].

All the following numerical results concerning the path loss and the spectral efficiency as well as

the broadcast outage event are based on these physical layer parameters.
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3.6.2.1 Time-varying path loss

Let us first evaluate the cdf of the time-varying PL between the BS and a specific MU in Figure

3.14(a), when the BS is located at the centre of a circular area, while the MU roams within this

cell by obeying the uniform mobility model. We vary the radius of the circular cell from r = 100

m to r = 2000 m. The carrier frequency for the BS’s transmission and the reference distance are

given by Table 3.1. As shown in Figure 3.14(a), the cdfs of the PL exponentially increase until

they reaches the unity. Furthermore, for all different value of r, the minimum achievable PL is

around 60 dB because the minimum achievable PL mainly depends on the reference distance d0.

In contrast, the maximum achievable PL depends on the radius of the circular cell. As the radius

increases, the maximum achievable PL also increases. For example, when the radius is r = 2000

m, the maximum achievable PL is around 137 dB. Then we evaluate the cdf of the time-varying

PL between a pair of MUs in Figure 3.14(b), when both of the MUs roam within a circular area.

The radius of the circular area varies from r = 50 m to r = 200m. As shown in Figure 3.14(b),

the cdfs of the PL in this scenario firstly increases very fast but then slow down its pace toward the

unity. Similarly to Figure 3.14(a), the minimum achievable PL for all different radius is around

60 dB as well. Increasing the radius of the circular area may consequently increase the maximum

achievable PL. For example, the maximum achievable PL is 100 dB for r = 50 m, but when the

radius is increased to r = 200 m, the maximum achievable PL also increases to 118 dB. Moreover,

the accuracy of the analytical results derived in Eqs.(3.44) and (3.46) is validated by the Monte-

Carlo simulations, as shown in both Figures 3.14(a) and (b).

3.6.2.2 Spectral efficiency of a single-hop link

Let us now study the spectral efficiency for the single-hop link connecting a specific MU to the

BS, when the BS is located at the centre of the circular cell, while the MU roam within the circular

cell by following the uniform mobility model. The radius of the circular cell is r = 1 km. The

transmit power Pb of the BS varies from 20 dBm to 50 dBm, while all the other physical layer

parameters correspond to Table 3.1. We portray the spectral efficiency without considering the

multipath fading in Figure 3.15(a). When no multipath fading exists in the transmission, the spec-

trum efficiency is jointly determined by the time-varying PL and the transmit power. Since the

radius of the cell is fixed at r = 1 km, the maximum achievable path loss is a constant value. As a

result, the minimum achievable spectral efficiency is determined by the transmit power of the BS.

We observe from Figure 3.15(a) that the minimum achievable spectral efficiency increases as we

increase the transmit power of the BS, which simultaneously results in the right hand drift of the

cdf curves. However, when considering the multipath fading, the wireless environment becomes
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Figure 3.15: The single-hop spectral efficiency between the BS and a specific MU, when the BS is located

at the centre of a circular cell, while the MU roam within this cell. The radius of the circular

cell is r = 1 km. The analytical results of the cdfs are formulated in Eqs.(3.54) and (3.63),

respectively.

even worse. As a result, the spectral efficiency is no longer bounded by the maximum PL and it

is likely to take values very close to zero, as shown in Figure 3.15(b). Furthermore, since the cdf

of the spectral efficiency can be interpreted as the outage probability, we can observe from Figure

3.15(b) that given a specific spectral efficiency as the threshold, the channel is less likely in outage

state if we have a higher transmit power. Moreover, the accuracy of the analytical results derived

in Eqs.(3.54) and (3.63) is validated by the Monte-Carlo simulations, as shown in both Figures

3.15(a) and (b).

We now study the spectral efficiency for the single-hop link connecting a pair of MUs, when

both of the MUs roam within a circular area by following the uniform mobility model. The radius

of the circular area is r = 50 m. The transmit power Ps of the MUs varies from 0 dBm to 15 dBm,

while all the other physical layer parameters correspond to Table 3.1. We portray the spectral

efficiency without considering the multipath fading in Figure 3.15(a). When no multipath fading

exists in the transmission, the spectrum efficiency is jointly determined by the time-varying PL

and the transmit power. Since the radius of the circular area is fixed at r = 50 m, the maximum

achievable path loss is a constant value. As a result, the minimum achievable spectral efficiency is

determined by the transmit power of the MUs. We observe from Figure 3.15(a) that the minimum

achievable spectral efficiency increases as we increase the transmit power of the MUs, which
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Figure 3.16: The single-hop spectral efficiency between a pair of MUs, when both of the MUs roam within

a circular area. The radius of the circular cell is r = 50 m. The analytical results of the cdfs

are formulated in Eqs.(3.57) and (3.65), respectively.

simultaneously results in the right hand drift of the cdf curves. However, when considering the

multipath fading, the wireless environment becomes even worse. As a result, the spectral efficiency

is no longer bounded by the maximum PL and it is likely to take values very close to zero, as shown

in Figure 3.15(b). Furthermore, since the cdf of the spectral efficiency can be interpreted as the

outage probability, we can observe from Figure 3.15(b) that given a specific spectral efficiency

as the threshold, the channel is less likely in outage state if we have a higher transmit power.

Moreover, the accuracy of the analytical results derived in Eqs.(3.57) and (3.65) is validated by the

Monte-Carlo simulations, as shown in both Figures 3.16(a) and (b).

3.6.2.3 PMF of the outage MUs in the broadcast

Let us now study the pmf of the outage MUs in the BS-based broadcast, when the BS is located at

the centre of a circular cell, while N = 50 MUs roam within this cell. The radius of the circular

cell is r = 1 km. The transmit power of the BS is Pb = 20 dBm. We portray the pmf of the

outage MUs in the BS-based broadcast in Figure 3.17(a) by only considering the time-varying PL.

In this case, the minimum achievable spectral efficiency is around 0.52 bps/Hz. Hence, we set

the outage threshold of the spectral efficiency to be cth = 0.6, 0.8, 1.2 bps/Hz so as to quantify

their influences on the pmf of the outage MUs. We observe from Figure 3.17(a) that as the outage

threshold increases from cth = 0.6 bps/Hz to cth = 1.2 bps/Hz, more MUs fall to the outage state.
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Figure 3.17: The pmf of the outage MUs in the BS-based broadcast, when the BS is located at the centre

of a circular cell, while N = 50 MUs roam within this cell. The radius of the circular cell is

r = 1 km. The transmit power of the BS is Pb = 20 dBm. The analytical results of the cdfs

are formulated in Eq.(3.67), respectively.

For example, the average number of outage MUs is increased from 4.5 when cth = 0.6 bps/Hz

to 25 when cth = 1.2 bps/Hz. We also portray the pmf of the outage MUs in Figure 3.17(b) by

jointly considering both the time-varying PL and the multipath fading. By comparing the results of

Figure 3.17(a) to those of Figure 3.17(b), we observe that when the multipath fading is taken into

account, the channels connecting the BS to the MUs become even worse, which results in more

MUs falling to the outage state. For example, when the outage threshold is cth = 0.6 bps/Hz and

we additionally consider the effect of the multipath fading, the average number of outage MUs is

16.5, which is far higher than the average number 4.5 when only the time-varying PL is taken into

account. Moreover, the accuracy of the analytical results derived in Eq.(3.67) is demonstrated by

the Monte-Carlo simulations, as shown in both Figures 3.17(a) and (b).

3.6.2.4 Spectral efficiency of multicast links

Then we move onto the spectral efficiency of the multicast transmission from the BS to the N MUs,

when the BS is located at the centre of a circular cell, while all the N MUs roam within this circular

cell. The radius of the circular cell is r = 1 km and the transmit power of the BS is Pb = 30 dBm.

The number of the MUs varies from 1 to 20. Observe from Figure 3.18(a) that there is a common

minimum achievable multicast spectral efficiency, which is around 2.5 bps/Hz, since the transmit

power and the radius of the cell are the same for all different cases. In contrast, when the multipath

fading is taken into consideration, the wireless environment becomes even worse. As a result, the

spectral efficiency is no longer bounded by the maximum PL and it is likely to take values vary

close to zero, as shown in Figure 3.18(b). Furthermore, observe from both Figures 3.18(a) and

(b) that given a specific spectral efficiency value as the threshold, the outage probability for the
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Figure 3.18: The multicast spectral efficiency between the BS and N MUs, when the BS is located at the

centre of a circular cell, while all of the N MUs roam within this cell. The radius of the

circular cell is r = 1 km. The transmit power of the BS is Pb = 30 dBm. The analytical

results of the cdfs are formulated in Eqs.(3.76) and (3.82), respectively.

multicast transmission increases as we increase the number of MUs in the circular area because

the outage event in the multicast transmission is dominated by the weakest link. Moreover, the

accuracy of the analytical results derived in Eqs.(3.76) and (3.82) is validated by the Monte-Carlo

simulations, as shown in both Figures 3.18(a) and (b).

3.7 Conclusions

In this chapter, we derive the distance distribution between the BS (static transmitter) and the MU

(mobile transmitter or receiver) as well as the distance distribution between a pair of MUs, when

the MUs roam within a bounded area by following the uniform mobility model, as introduced in

Definition 3.1. Firstly, we study the scenario of the classic cellular communication, when the BS

is located at the centre of the cell while the MU roam within the cell by following the uniform

mobility model. The cell is modelled by either a circular area or a l-sided regular polygon area.

Both the cdf and the pdf of the random distance between the BS and the MU are derived in closed-

form formulas. Then, we focus on the distance distribution between the BS and the MU, when

the MU roams within a bounded area, modelled by either a circular area or a square area, while

the BS is located at an arbitrary position either outside or inside the bounded area. Again, the
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cdf and the pdf of the random distance between the BS and the MU are derived in closed-form

formulas for this scenario. At last, we further derive the closed-form cdf and pdf of the random

distance between a pair of MUs, when both of the MUs roam within a bounded area, which can be

modelled by either a circular area or a square area.

After obtaining the statistical properties of the random distance between the BS and the MU

and those of the random distance between a pair of MUs, we are able to evaluate the impact of the

varying distance, which is incurred by the movement of both the transmitter and the receiver, on

the wireless communication performance metrics. The most straightforward consequence resulted

in by the distance variation is the time-varying PL. Distance variations incurred by the movement

of transmitters/receivers generate PL fluctuation, which further introduces the fluctuation of the

channel gain. As a result, apart from the multipath fading, the fluctuation of the PL can be regarded

as another type of fading, which may greatly affect various communication performance metrics.

In this chapter, we then obtain the cdf and the pdf for the time-varying PL in closed-form, based on

which we further study the statistical properties of the spectral efficiency in single-hop transmission

and in multicast transmission as well as the outage MUs in the broadcast scenario. According to

our numerical results, the accuracy of our theoretical analysis perfectly match the Monte-Carlo

simulation results.

Apart from the time-varying PL and the spectral efficiency, in the following chapters, the statis-

tical properties of the distance distribution between the BS (static transmitter) and the MU (mobile

transmitter or receiver) as well as those of the distance distribution between a pair of MUs are

further exploited in our research of content dissemination.

Appendix

3.A The proofs for the theorems in Section 3.2

3.A.1 The proof for Theorem 3.1

In this scenario, the cell is modelled by a circular area having point O as its center and having r

as its radius, which is denoted as ⊙(O, r). The BS is positioned at the centre of this circular area,

within which a MU roams by obeying the uniform mobility model, as presented in Definition 3.1.

We draw another circle having O as the center and yb as the radius, which is denoted as ⊙(O, yb),

as shown in Figure 3.19. According to the uniform mobility model, the MU might appear at any

position in the circular area with equal probability. Therefore, if the MU appears within ⊙(O, yb),
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Figure 3.19: Circular cell

the distance between this MU and the BS is shorter than yb. Furthermore, since the probability

of the MU appearing within ⊙(O, yb) is equal to the ratio between the area S⊙(O,yb) of ⊙(O, yb)

and the area S⊙(O,r) of ⊙(O, r), the cumulative distribution function (cdf) FYb
(yb) of the random

distance Yb between the BS and the MU is derived as

FYb
(yb) =

S⊙(O,yb)

S⊙(O,r)
=

πy2b
πr2

=
y2b
r2
, (3.84)

for 0 ≤ yb ≤ r. Since the movement of the MU is bounded within the studied circular area

⊙(O, r), the MU is unlikely to appear within the annulus, when yb is longer than r, as shown in

Figure 3.19(b). As a result, for yb > r, the cdf FYb
(yb) is apparently equal to one.

Summarising the above cdf results, we finally arrive at the cdf of the random distance Yb be-

tween the centre-positioned BS and the MU obeying the uniform mobility model within a circular

cell, as expressed in Eq.(3.2) of Theorem 3.1. Differentiating the cdfs with respect to yb in differ-

ent regions, we may obtain the corresponding pdfs, as expressed in Eq.(3.3) of Theorem 3.1. As a

result, Theorem 3.1 has been proven.

3.A.2 The proof for Theorem 3.2

In this scenario, the cell is modelled by a l-sided regular polygon having O as the centre and

having r as the radius. The radius of a regular polygon is defined as the length of the straight

line connecting the centre to one of the vertices. The coverage of this cell is denoted as a triple

�(O, r, l), where l is the number of sides. The BS is positioned at the centre of this l-sided

regular polygon, within which a MU roams by obeying the uniform mobility model, as defined in

Definition 3.1. We draw an circle having O as the centre and yb as the radius. This circular area
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Figure 3.20: l-sided regular polygon cell: a regula hexagon example

is denoted as ⊙(O, yb), as shown in Figure 3.20. According to the uniform mobility model, the

MU might appear at any locations within the l-sided polygon with equal probability. Therefore, if

the MU appears within the overlapped area of the l-sided regular polygon �(O, r, l) and the circle

⊙(O, yb), the distance between this MU and the BS is shorter than yb. This overlapped area is

denoted as the shaded part in Figure 3.20. As a result, the cdf FYb
(yb) for the random distance Yb

between the BS and the MU is expressed as the ratio between the area of the shaded part and the

area of the studied l-sided regular polygon.

As shown in Figure 3.20, we assume ∠EOI = θ. Hence, the length of straight line OE is

equal to OE = OI cos∠EOI = r cos θ. Furthermore, the length of the side HI is derived as

HI = 2EI = 2OI sin∠EOI = 2r sin θ. Due to the symmetry of the l-sided regular polygon, the

area of �(O, r, l) can be derived as

S�(O,r,l) = l · S△HOI = l · 1
2
HI ·OE

= lr2 sin θ cos θ (3.85)

where the angle θ is determined by the number of sides that the regular polygon have, which should

be derived as θ = 1
2
· 2π

l
= π

l
.

In order to further obtain the cdf for the random distance Yb, we need to derive the overlapped

area of the l-sided polygon �(O, r, l) and the circle ⊙(O, yb). However, given different value of

yb, we have to discuss the following cases for calculating the overlapped area and the cdf FYb
(yb):

Case I: 0 ≤ yb ≤ OE

In this case, the circle ⊙(O, yb) is surrounded by the l-sided regular polygon �(O, a), as shown
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in Figure 3.20(a). Hence, the overlapped area is equal to the circular area of ⊙(O, yb), which is

shaded in Figure 3.20(b) and derived as Sshade = πy2b . As a result, the cdf of the random distance

Yb in this case is expressed as

FYb
(yb) =

Sshade

S�(O,r,l)

=
π

l tan θ

( yb
r cos θ

)2

, 0 ≤ yb ≤ r cos θ (3.86)

Case II: OE ≤ yb ≤ OI

In this case, the overlapped area is an irregular shape, which is shaded in Figure 3.20(b). Ap-

parently, the circle ⊙(O, yb) is intersected by each side of the l-sided regular polygon �(O, r, l),

which produces a small segment, such as segment CFDE. The number of this small segment is

equal to the number l of sides. Let us see how to derive the area of this small segment. As shown

in Figure 3.20(b), the area of segment CFDE can be derived by subtracting the triangular area

S△COD from the sector area S
ĈODF

. The key to the areas of both △COD and sector ĈODF

is the value of the angle ∠EOD. Since point D is on the circumference of ⊙(O, yb), we have

OD = yb. Given OE = r cos θ, the cosine of ∠EOD is cos∠EOD = OE
OD

= r cos θ
yb

. With the aid

of inverse trigonometric functions, we can express the value of ∠EOD as ∠EOD = arccos r cos θ
yb

.

Furthermore, according to Pythagorean theorem, the length of ED is expressed as

ED =

√
OD

2 −OE
2
=

√
y2b − r2 cos2 θ. (3.87)

As a result, the area of segment CFDE is derived as

SCFDE = S
ĈOD

− S△COD =
1

2
· 2∠EOD · OD

2 − 1

2
· 2ED · OE

= y2b arccos
r cos θ

yb
− r cos θ

√
y2b − r2 cos2 θ. (3.88)

Furthermore, the area of the shaded part is derived by subtracting the number l of identical seg-

ments like segment CFDE from the area of the circle ⊙(O, yb), which is expressed as

Sshaded = S⊙(O,yb) − l · SCFDE

= πy2b − y2b l arccos
r cos θ

yb
+ lr cos θ

√
y2b − r2 cos2 θ.

= y2b

(
π − l arccos

r cos θ

yb

)
+ lr cos θ

√
y2b − r2 cos2 θ (3.89)
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Figure 3.21: BS is outside the bounded circular area

As a result, the cdf of the random distance Yb in this case is expressed as

Fyb(yb) =
Sshaded

S�(O,r,l)

=
1

l tan θ

( yb
r cos θ

)2
(
π − l arccos

( yb
r cos θ

)−1
)
+

1

tan θ

√( yb
r cos θ

)2

− 1, (3.90)

for r cos θ < yb ≤ r.

Case III: yb > OI

For this case, the l-sided regular polygon �(O, r, l) is completed surrounded by the circle

⊙(O, yb). As a result, the random distance between the BS and the MU is surely shorter than yb

with a unity probability, which indicates that the cdf of the random distance Yb is FYb
(yb) = 1 for

yb > r.

Summarising the above-derived cdfs in different cases, we are able to obtain Eq.(3.5) in Theo-

rem 3.2. Differentiating the above-derived cdfs in different cases with respect to yb, we may arrive

at the corresponding pdf of the distance Yb between the centre-positioned BS and the MU obeying

the uniform mobility model within a l-sided regular polygon, as expressed in Eq.(3.6). As a result,

Theorem 3.2 has been proven.

3.B The proofs for the theorems in Section 3.3

3.B.1 The proof for Theorem 3.3

The bounded area, which restricts the movement of the MU, is modelled by the circular area

⊙(O, r), as shown in Figure 3.21. The BS is at the position B, which is d m away from the centre

O. Since the BS is outside ⊙(O, r), we have d > r. We draw another circle, whose centre is
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at point B and whose radius is yb. This circle is denoted as ⊙(B, yb). If the MU is within the

overlapped area of ⊙(B, yb) and ⊙(O, r), the distance between the MU and the BS is shorter than

yb. Since the studied MU may appear at any positions within the circular area ⊙(O, r), the cdf

of the random distance Y is the ratio between the overlapped area and the whole area of ⊙(O, r).

When the BS is outside the studied circular area, namely d > r, the following cases need to be

specifically considered:

Case I: 0 ≤ yb ≤ BH

In this case, as shown in Figure 3.21(a), BH = d − r and ⊙(B, yb) does not overlap with

⊙(O, r). As a result the area of the overlapped part is zero, which indicates that the cdf FYb
(yb) is

also zero when 0 ≤ yb ≤ d− r.

Case II: BH < yb ≤ BL

In this case, ⊙(B, yb) intersects ⊙(O, r) at points I and K, as shown in Figure 3.21. We

connect points B and O with a straight line OB, which intersects ⊙(B, yb) and ⊙(O, r) at points

H , I and L, respectively, and we therefore have BH = d − r and BL = d + r. We also connect

points I and K with a straight line IK, which intersects OB at point E. In order to derive the

cdf FYb
(yb), we have to derive the area of the overlapped part of ⊙(O, r) and ⊙(B, yb), which is

denoted as the shaded part in Figure 3.21(b). Apparently, the area of the shaded part can be derived

by the following expression:

Sshaded = (S ̂JOKH
− S△JOK) + (S

ĴBKI
− S△JBK)

= (S ̂JOKH
+ S

ĴBKI
)− (S△JOK + S△JBK)

= (S ̂JOKH
+ S

ĴBKI
)− S�BJOK , (3.91)

where S ̂JOKH
and S

ĴBKI
denote the areas of sectors ĴOKH and ĴBKI , respectively, whereas

S△JOK and S△JBK denote the areas of triangles △JOK and △JBK, respectively, and S�BJOK

denotes the area of polygon �BJOK. Afterwards, we will derive these areas.

According to the law of cosines, given that OJ = r, BJ = yb and OB = d, we have the

following two equations for evaluating the values of cosines for the angles ∠JOB and ∠JBO:

cos(∠JOB) =
OJ

2
+OB

2 −BJ
2

2OJ · OB
=

r2 + d2 − y2b
2rd

(3.92)

cos(∠JBO) =
BJ

2
+BO

2 −OJ
2

2BJ · BO
=

y2b + d2 − r2

2ybd
. (3.93)

Furthermore, we can express the exact values for ∠JOB and ∠JBO in terms of inverse cosine
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function as

∠JOB = arccos

(
r2 + d2 − y2b

2rd

)
, (3.94)

∠JBO = arccos

(
y2b + d2 − r2

2ybd

)
(3.95)

respectively. Given the exact values of ∠JOB and ∠JBO, the area of sector ĴOKH and that of

sector ĴBKI can be derived as

S ̂JOKH
=

1

2
· r2 · 2∠JOB = r2 · arccos

(
r2 + d2 − y2b

2rd

)
, (3.96)

S
ĴBKI

=
1

2
· y2b · 2∠JBO = y2b · arccos

(
y2 + d2 − r2

2ybd

)
. (3.97)

In order to derive S�BJOK we must decide the length of vertical line JE. According to

Pythagorean theorem, the length of JE is derived as

JE =

√
JO

2 − OE
2
=

√
JO

2 − JO
2 · cos2(∠JOB)

=

√
r2 − r2

(r2 + d2 − y2b )
2

4r2d2

=

√
4r2d2 − (r2 + d2 − y2b )

2

2d
. (3.98)

Furthermore, S�BJOK can be derived as

S�BJOK = 2S△JBO = |JE| · |OB|

=
1

2

√
4r2d2 − (r2 + d2 − y2b )

2 (3.99)

Substituting S ̂JOKH
, S

ĴBKI
and S�BJOK into (3.91), the area of the shaded part is expressed as

Sshaded = r2 arccos

(
r2 + d2 − y2b

2rd

)
+ y2b arccos

(
y2b + d2 − r2

2ybd

)

− 1

2

√
4r2d2 − (r2 + d2 − y2b )

2. (3.100)
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Figure 3.22: BS is inside the bounded circular area

Hence, the cdf of Yb can be obtained as

FY (y) = Sshaded/S⊙(O,r)

=
1

π

[
arccos

(
r2 + d2 − y2b

2rd

)
+

y2b
r2

arccos

(
y2b + d2 − r2

2ybd

)

− 1

2r2

√
4r2d2 − (r2 + d2 − y2b )

2

]
, (3.101)

for d− r < yb ≤ d+ r.

Case III: yb > BL

In this case, as shown in Figure 3.21, we have BL = d + r and the overlapped part between

⊙(O, r) and ⊙(B, yb) is the whole area of ⊙(O, r), within which the movement of the studied

MU is restricted. Therefore, the cdf FYb
(yb) of the random distance Yb is expressed as FYb

(yb) =

S⊙(O,r)/S⊙(O,r) = 1 for yb > d+ r.

Summarising the above-derived cdfs in different cases, we are able to obtain Eq.(3.7) in Theo-

rem 3.3. Differentiating the above-derived cdfs in different cases with respect to yb, we may arrive

at the corresponding pdf of the distance Yb between the BS positioned outside the circular area and

the MU obeying the uniform mobility model within the circular area, as expressed in Eq.(3.8). As

a result, Theorem 3.3 has been proven.

3.B.2 The proof for Theorem 3.4

We draw another circle, whose centre is at point B and whose radius is yb, as shown in Figure

3.22. This circle is denoted as ⊙(B, yb). If the MU is within the overlapped area of ⊙(B, yb) and

⊙(O, r), the distance between the MU and the BS is shorter than yb. Since the studied MU may

appear at any position within the circular area ⊙(O, r), the cdf of the random distance Yb is the
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ratio between the overlapped area and the whole area of ⊙(O, r). When the BS is inside the studied

circular area and not at the centre, namely 0 < d ≤ r, the following cases need to be specifically

considered:

Case I: 0 ≤ yb ≤ BH

In this case, as shown in Figure 3.22(a), we have BH = r − d and the overlapped area is the

whole circular area of ⊙(B, yb). Hence, the cdf of the random distance Y should be expressed as

FYb
(yb) =

Sshaded

S⊙(O,r)

=
y2b
r2
, (3.102)

for 0 ≤ yb ≤ r − d.

Case II: BH < yb ≤ BL

As shown in Figure 3.22(b), we have BH = r−d and HL = r+d. In this case, the overlapped

area is denoted as the shaded part of Figure 3.22, which can be calculated by the same equation as

presented in Eq.(3.101) for r − d < yb ≤ r + d.

Case III: yb > BL

As shown in Figure 3.22(c), we have HL = r + d. In this case, the overlapped part between

⊙(O, r) and ⊙(B, yb) is the whole area of ⊙(O, r), within which the movement of the studied

MU is restricted. Therefore, the cdf FYb
(yb) of the random distance Yb is expressed as FYb

(yb) =

S⊙(O,r)/S⊙(O,r) = 1.

Summarising the above-derived cdfs in different cases, we are able to obtain Eq.(3.9) in Theo-

rem 3.4. Differentiating the above-derived cdfs in different cases with respect to yb, we may arrive

at the corresponding pdf of the distance Yb between the BS positioned inside the circular area and

the MU obeying the uniform mobility model within the circular area, as expressed in Eq.(3.10).

As a result, Theorem 3.4 has been proven.

3.B.3 The proof for Theorem 3.5

The cdf FYb
(yb) is defined as the probability of the random distance Yb being shorter than a specific

value yb. We draw a circle having point B as the centre and having yb as the radius. This circle

is denoted as ⊙(B, yb). The overlapped area between �HIJK and ⊙(B, yb) is shaded in Figure

3.23. Since the position of the MU is uniformly distributed within �HIJK according to the

uniform mobility model, the cdf FYb
(yb) can be further expressed as the ratio of the area of the

shaded part to the area of �HIJK. Given different values of yb, the following cases need to be

discussed in order to derive FYb
(yb).

CASE I: 0 ≤ yb ≤ BE.
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BQ < yb ≤ BI yb > BJ

yb

yb

BI < yb ≤ BJ

Figure 3.23: BS is outside the bounded square area

In this case, the circle ⊙(B, yb) does not overlap the square �HIJK. As a result the area

of the overlapped part is zero, which indicates that the cdf F I
Yb
(yb) is also zero when 0 ≤ yb ≤

d cos θ − a/2.

CASE II: BE < yb ≤ BH

In this case, as shown in Figure 3.23(a), the circle ⊙(B, yb) intersects the side KH at points

F and G. Extending the straight line BE, it intersects the circle ⊙(B, yb) at point C. As a result,

the overlapped area is a small segment, which is shaded in Figure 3.23(a). The area of this shaded

part can be calculated by Sshade = S
F̂BGC

− S△FBG, where S
F̂BGC

is the area of sector F̂BGC

and S△FBG is the area of the triangle △FBG.

In order to derive both S
F̂BGC

and S△FBG, we have to calculate the value of angle ∠FBC.

Since point F is on the circumference of ⊙(B, yb), we have BF = yb. Since we have obtained the

length of BE as BE = d cos θ − a/2, the cosine value of ∠FBC is expressed as

cos∠FBC =
BE

BF
=

d cos θ − a
2

yb
. (3.103)
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With the aid of the inverse trigonometric function, the value of angle ∠FBC is expressed as

∠FBC = arccos
d cos θ − a

2

yb
. (3.104)

As a result, the area of sector F̂BGC is derived as

S
F̂BGC

=
1

2
· 2∠FBC · BF

2
= y2b arccos

d cos θ − a
2

yb
. (3.105)

Furthermore, according to Pythagorean theorem, the length of straight line FG is expressed as

FG = 2EF = 2

√
BF

2 − BE
2
= 2

√
y2b −

(
d cos θ − a

2

)2

. (3.106)

Hence the area of triangle △FBG is derived as

S△FBG =
1

2
FG · BE =

(
d cos θ − a

2

)√
y2b −

(
d cos θ − a

2

)2

. (3.107)

As a result, the area of the shaded part can be derived as

SII
shade = S

F̂BGC
− S△FBG

= y2b arccos
d cos θ − a

2

yb
−

(
d cos θ − a

2

)√
y2b −

(
d cos θ − a

2

)2

. (3.108)

Finally, in this case, the cdf of the random distance Yb is the ratio between SII
shade and S�HIJK ,

which is presented as

F II
Yb
(yb) =

SII
shade

S�HIJK

=
1

a2

[
y2b arccos

d cos θ − a
2

yb
−

(
d cos θ − a

2

)√
y2b −

(
d cos θ − a

2

)2
]

(3.109)

for (d cos θ − a/2) < yb ≤
√
a2/2 + d2 − ad(sin θ + cos θ), where S�HIJK = a2.

CASE III: BH < yb ≤ BK

In this case, as shown in Figure 3.23(b), the circle ⊙(B, yb) intersects the side KH of the

square �HIJK at point F and intersects the side HI of the square �HIJK at point G. BC is

perpendicular to FG and they intersect at point D. The overlapped area of ⊙(B, yb) and �HIJK

is denoted as the shaded part in Figure 3.23(b). Apparently, the area of the shaded part can be
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expressed as the following equation:

SIII
shade = S

F̂BGC
− S△FBG + S△FHG, (3.110)

where S
F̂BGC

denotes the area of the sector F̂BGC, S△FBG denotes the area of the triangle

△FBG and S△FHG denotes the area of the triangle △FHG. Next, we will derive these areas,

respectively.

Since points F and G are both on the circumference of ⊙(B, yb), we have BF = BG = yb. In

Figure 3.23(b), BE is parallel to HI. Hence, we have ∠EBG = ∠BGM . Furthermore, the sine

value of ∠EBG is given by

sin∠EBG = sin∠BGM =
BM

BG
=

a
2
− d sin θ

yb
. (3.111)

Therefore, with the aid of the inverse trigonometric function, the value of ∠EBG is derived as

∠EBG = arcsin
a
2
− d sin θ

yb
. (3.112)

Similarly, the cosine value of ∠FBE is derived as

cos∠FBE =
BE

BF
=

d cos θ − a
2

yb
. (3.113)

Therefore, with the aid of the inverse trigonometric function, the value of ∠FBE is derived as

∠FBE = arccos
d cos θ − a

2

yb
. (3.114)

As shown in Figure 3.23(b), given ∠EBG and ∠FBE, we can obtain ∠FBG as

∠FBG = ∠EBG+ ∠FBE = arcsin
a
2
− d sin θ

yb
+ arccos

d cos θ − a
2

yb
. (3.115)

Now, we are able to express S
F̂BGC

as

S
F̂BGC

=
1

2
· BF

2 ·∠FBG

=
y2b
2

(
arcsin

a
2
− d sin θ

yb
+ arccos

d cos θ − a
2

yb

)
. (3.116)
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Before deriving S△FBG, we must know the sine value of ∠FBG, which can be derived as

sin∠FBG = sin(∠EBG+ ∠FBE) = sin∠EBG cos∠FBE + cos∠EBG sin∠FBE

= sin∠EBG cos∠FBE +
√

1− sin2
∠EBG

√
1− cos2∠FBE

=
1

y2b

[
(
a

2
− d sin θ)(d cos θ − a

2
)

+

√
y2b − (

a

2
− d sin θ)2

√
y2b − (d cos θ − a

2
)2
]
. (3.117)

As a result, we can calculate S△FBG as

S△FBG =
1

2
· BF · BG · sin∠FBG

=
1

2

[
(
a

2
− d sin θ)(d cos θ − a

2
)

+

√
y2b − (

a

2
− d sin θ)2

√
y2b − (d cos θ − a

2
)2
]
. (3.118)

In order to derive S△FHG, we have to first obtain the length of FH and HG. According to

Pythagorean theorem, FE can be expressed as

FE =

√
BF

2 − BE
2
=

√
y2b − (d cos θ − a

2
)2. (3.119)

Since EH = BM = a
2
− d sin θ, the length of FH can be derived as

FH = FE + EH =

√
y2b − (d cos θ − a

2
)2 + (

a

2
− d sin θ). (3.120)

Furthermore, according to Pythagorean theorem, MG is calculated by

MG =

√
BG

2 −BM
2
=

√
y2b − (

a

2
− d sin θ)2. (3.121)

Since the length of MH is expressed as MH = BE = d cos θ− a
2
, the length of HG is derived as

HG = MG−MH =

√
y2b − (

a

2
− d sin θ)2 − (d cos θ − a

2
). (3.122)
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Therefore, the area of the triangle △FHG can be derived as

S△FHG =
1

2
· FH ·HG

=
1

2

[√
y2b − (d cos θ − a

2
)2
√

y2b − (
a

2
− d sin θ)2 − (d cos θ − a

2
)

√
y2b − (d cos θ − a

2
)2

+(
a

2
− d sin θ)

√
y2b − (

a

2
− d sin θ)2 − (d cos θ − a

2
)(
a

2
− d sin θ)

]
(3.123)

As a result, the area of the shaded part can be derived as

SIII
shade = S

F̂BGC
− S△FBG + S△FHG

=
y2b
2

(
arcsin

a
2
− d sin θ

yb
+ arccos

d cos θ − a
2

yb

)

+
1

2

[
(
a

2
− d sin θ)

√
y2b − (

a

2
− d sin θ)2 − (d cos θ − a

2
)

√
y2b − (d cos θ − a

2
)2

−2(d cos θ − a

2
)(
a

2
− d sin θ)

]
. (3.124)

Finally, in this case, the cdf of the random distance Yb is the ratio between SIII
shade and S�HIJK = a2,

which is presented as

F III
Yb

(yb) =
SIII
shade

S�HIJK

=
y2b
2a2

(
arcsin

a
2
− d sin θ

yb
+ arccos

d cos θ − a
2

yb

)

+
1

2a2

[
(
a

2
− d sin θ)

√
y2b − (

a

2
− d sin θ)2 − (d cos θ − a

2
)

√
y2b − (d cos θ − a

2
)2

−2(d cos θ − a

2
)(
a

2
− d sin θ)

]
, (3.125)

for
√
a2/2 + d2 − ad(sin θ + cos θ) < yb ≤

√
a2/2 + d2 − ad(cos θ − sin θ).

CASE IV: BK < yb ≤ BQ

In this case, as shown in Figure 3.23(c), the circle ⊙(B, yb) intersects the side JK of the square

�HIJK at point F and intersects the side HI of the square �HIJK at point G. BC and FG

are vertical lines and they intersect at point D. The overlapped area of ⊙(B, yb) and �HIJK

is denoted as the shaded part in Figure 3.23(c). Apparently, the area of the shaded part can be

expressed as the following equation:

SIV
shade = S

F̂BGC
− S△FBG + S�HGFK , (3.126)
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where S
F̂BGC

denotes the area of the sector F̂BGC, StriangleFBG denotes the area of the triangle

△FBG and S�HGFK denotes the area of the trapezium �HGFK. Next, we will derive these

areas, respectively.

Since points F and G are both on the circumference of ⊙(B, yb), we have BF = BG = yb. In

Figure 3.23(c), BE and HI are parallel lines. Hence, we have ∠EBG = ∠BGM . Furthermore,

the sine value of ∠EBG is given by

sin∠EBG = sin∠BGM =
BM

BG
=

a
2
− d sin θ

yb
. (3.127)

Therefore, with the aid of the inverse trigonometric function, the value of ∠EBG is derived as

∠EBG = arcsin
a
2
− d sin θ

yb
. (3.128)

In Figure 3.23(c), BE and JK are parallel lines. Hence, we have ∠FBE = ∠BFV . Furthermore,

given BV = EK = a
2
+ d sin θ, the sine value of ∠FBE is given by

sin∠FBE = sin∠BFV =
BV

BF
=

a
2
+ d sin θ

yb
(3.129)

Therefore, with the aid of the inverse trigonometric function, the value of ∠FBE is derived as

∠FBE = arcsin
a
2
+ d sin θ

yb
. (3.130)

As shown in Figure 3.23(c), given ∠EBG and ∠FBE, we can obtain ∠FBG as

∠FBG = ∠EBG+ ∠FBE = arcsin
a
2
− d sin θ

yb
+ arcsin

a
2
+ d sin θ

yb
. (3.131)

Now, we are able to express S
F̂BGC

as

S
F̂BGC

=
1

2
· BF

2 · ∠FBG

=
y2b
2

(
arcsin

a
2
− d sin θ

yb
+ arcsin

a
2
+ d sin θ

yb

)
. (3.132)
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Before deriving S△FBG, we must know the sine value of ∠FBG, which can be derived as

sin∠FBG = sin(∠EBG+ ∠FBE) = sin∠EBG cos∠FBE + cos∠EBG sin∠FBE

= sin∠EBG
√

1− sin2
∠FBE + sin∠FBE

√
1− sin2

∠EBG

=
a
2
− d sin θ

y2b

√
y2b − (

a

2
+ d sin θ)2 +

a
2
+ d sin θ

y2b

√
y2b − (

a

2
− d sin θ)2 (3.133)

As a result, we can calculate S△FBG as

S△FBG =
1

2
· BF · BG · sin∠FBG

=
1

2

[
(
a

2
− d sin θ)

√
y2b − (

a

2
+ d sin θ)2 + (

a

2
+ d sin θ)

√
y2 − (

a

2
− d sin θ)2

]

(3.134)

In order to derive S�HGFK , we have to first obtain the length of FK and HG. According to

Pythagorean theorem, FV can be expressed as

FV =

√
BF

2 − BV
2
=

√
y2b − (

a

2
+ d sin θ)2. (3.135)

Given KV = EB = d cos θ − a
2
, we have

FK = FV −KV =

√
y2b − (

a

2
+ d sin θ)2 − (d cos θ − a

2
). (3.136)

Furthermore, according to Pythagorean theorem, MG is calculated by

MG =

√
BG

2 −BM
2
=

√
y2b − (

a

2
− d sin θ)2. (3.137)

Since the length of MH is expressed as MH = BE = d cos θ− a
2
, the length of HG is derived as

HG = MG−MH =

√
y2b − (

a

2
− d sin θ)2 − (d cos θ − a

2
). (3.138)
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Therefore, given KH = a, the area of the trapezium �HGFK can be derived as

S�HGFK =
1

2
·KH · (HG+ FK)

=
a

2

[√
y2b − (

a

2
+ d sin θ)2 +

√
y2b − (

a

2
− d sin θ)2 − 2(d cos θ − a

2
)

]
(3.139)

As a result, the area of the shaded part can be derived as

SIV
shade = S

F̂BGC
− S△FBG + S�HGFK

=
y2b
2

(
arcsin

a
2
− d sin θ

yb
+ arcsin

a
2
+ d sin θ

yb

)

+
1

2

[
(
a

2
− d sin θ)

√
y2b − (

a

2
− d sin θ)2 + (

a

2
+ d sin θ)

√
y2b − (

a

2
+ d sin θ)2

−2a(d cos θ − a

2
)
]
. (3.140)

Finally, in this case, the cdf of the random distance Yb is the ratio of SIV
shade to S�HIJK = a2, which

is expressed as

F IV
Yb

(yb) =
SIV
shade

S�HIJK

=
y2b
2a2

(
arcsin

a
2
− d sin θ

yb
+ arcsin

a
2
+ d sin θ

yb

)

+
1

2a2

[
(
a

2
− d sin θ)

√
y2b − (

a

2
− d sin θ)2 + (

a

2
+ d sin θ)

√
y2b − (

a

2
+ d sin θ)2

−2a(d cos θ − a

2
)
]
. (3.141)

for
√
a2/2 + d2 − ad(cos θ − sin θ) < yb ≤ (d cos θ + a/2).

CASE V: BQ < yb ≤ BI

In this case, as shown in Figure 3.23(d), the circle ⊙(B, yb) intersects the side JK of the

square �HIJK at point F and intersects the side HI at point G. Moreover, the side IJ has two

intersection points with the circle ⊙(B, yb), namely points X and J , as shown in Figure 3.23(d).

The straight line BQ is perpendicular to the side IJ and intersect IJ at point Q, whose length is

BQ = d cos θ + a/2.

The shaded part in Figure 3.23(d) is slightly different from that in Figure 3.23(d). In order to

derive the area SV
shade of the shaded part in Figure 3.23(d), we have to subtract the area of a small

segment, which is formed by the arc X̂Y and the straight line XY , from the sum of the area of a

trapezium �HGFK and the area of a segment formed by the arc F̂CG and the line FG.
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Let us first derive the area of the small segment that is formed by the the arc X̂Y and the

straight line XY . The area of this small segment can be expressed as

Sseg = S
X̂BY

− S△XBY , (3.142)

where S
X̂BY

denotes the area of the sector X̂BY and S△XBY denotes the area of the triangle

△XBY . The cosine value of ∠XBQ is expressed as

cos∠XBQ =
BQ

BX
=

d cos θ + a
2

yb
, (3.143)

where BX = yb because point X is on the circumference of ⊙(B, yb). With the aid of the inverse

trigonometric function, ∠XBQ is derived as

∠XBQ = arccos
d cos θ + a

2

yb
. (3.144)

As a result, the area of the sector X̂BY can be expressed as

S
X̂BY

=
1

2
· BX

2 · ∠XBY =
1

2
· BX

2 · 2∠XBQ = y2b arccos
d cos θ + a

2

yb
. (3.145)

According to Pythagorean theorem, the length of XQ can be expressed as

XQ =

√
BX

2 − BQ
2
=

√
y2b − (d cos θ +

a

2
)2. (3.146)

As a result, the area of the triangle △XBY can be expressed as

S△XBY =
1

2
· BQ · 2XQ = (d cos θ +

a

2
)

√
y2b − (d cos θ +

a

2
)2. (3.147)

Therefore, the area of the small segment that is formed by the the arc X̂Y and the straight line XY

can be expressed as

Sseg = S
X̂BY

− S△XBY

= y2b arccos
d cos θ + a

2

yb
− (d cos θ +

a

2
)

√
y2b − (d cos θ +

a

2
)2. (3.148)

Since the sum of the area of a trapezium �HGFK and the area of a segment formed by the arc

F̂CG and the line FG has the same shape with the shaded part in CASE IV, as shown in Figure
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3.23(c)(d), this area can be calculated by Eq.3.140, which is derived for calculating the area of the

shaded part in CASE IV. As a result, the area of the shaded part in CASE V can be derived as

SV
shade = SIV

shade − Sseq

=
y2b
2

(
arcsin

a
2
− d sin θ

yb
+ arcsin

a
2
+ d sin θ

yb
− 2 arccos

d cos θ + a
2

yb

)

+
1

2

[
(
a

2
− d sin θ)

√
y2b − (

a

2
− d sin θ)2 + (

a

2
+ d sin θ)

√
y2b − (

a

2
+ d sin θ)2

+2(d cos θ +
a

2
)

√
y2b − (d cos θ +

a

2
)2 − 2a(d cos θ − a

2
)

]
. (3.149)

Finally, in this case, the cdf of the random distance Yb is the ratio between SV
shade and S�HIJK = a2,

which is presented as

F V
Yb
(yb) =

SV
shade

S�HIJK

=
y2b
2a2

(
arcsin

a
2
− d sin θ

yb
+ arcsin

a
2
+ d sin θ

yb
− 2 arccos

d cos θ + a
2

yb

)

+
1

2a2

[
(
a

2
− d sin θ)

√
y2b − (

a

2
− d sin θ)2 + (

a

2
+ d sin θ)

√
y2b − (

a

2
+ d sin θ)2

+2(d cos θ +
a

2
)

√
y2b − (d cos θ +

a

2
)2 − 2a(d cos θ − a

2
)

]
, (3.150)

for (d cos θ + a/2) < yb ≤
√

a2/2 + d2 + ad(cos θ − sin θ).

CASE VI: BI < yb ≤ BJ

In this case, as shown in Figure 3.23(e), the circle ⊙(B, yb) intersects the side JK at point F

and intersects the side IJ at point X . The straight line BC is perpendicular to the line FX and

intersects FX at point D and intersect the circle ⊙(B, yb) at point C. WX is a horizontal line and

intersect the side KH of �HIJK at point Z. The overlapped area between the circle ⊙(B, yb)

and the square �HIJK is denoted as the shaded part in Figure 3.23(e). This shaded part comprise

three different areas, namely a trapezium �KFXZ, a rectangular �HIXZ, and a small segment

surrounded by an arc F̂CX and a straight line FX . Since the area of the small segment can be

derived as Sseg = S
F̂BXC

− S△FBX , the area of the shaded part can be expressed as

Sshade = S
F̂BXC

− S△FBX + S�KFXZ + S�HIKZ, (3.151)

where S
F̂BXC

denotes the area of the sector F̂BXC, S△FBX denotes the area of the triangle

△FBX , S�KFXZ denotes the area of the trapezium �KFXZ and S�HIKZ denotes the area of
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the rectangular �HIKZ. Let us derive these areas, respectively.

As shown in Figure 3.23(e), point F is on the circumference of ⊙(B, yb). Hence, we have

BF = yb. Given BV = EQ = a/2 + d sin θ, we may derive the sine value of ∠V FB. Since BQ

is parallel to JK, we have ∠QBF = ∠V FB. hence, the sine value of ∠QBF can be derived as

sin∠QBF = sin∠V BF =
BF

BV
=

a
2
+ d sin θ

yb
. (3.152)

With the aid of the inverse trigonometric function, the value of ∠QBF can be expressed as

∠QBF = arcsin
a
2
+ d sin θ

yb
. (3.153)

Given WZ = BE = d cos θ − a/2 and ZX = HI = a, the length of WX can be derived as

WX = WZ + ZX = BE +HI =
a

2
+ d cos θ. (3.154)

Since point X is on the circumference of ⊙(B, y), we have BX = yb. As shown in Figure 3.23(e),

WX is parallel to BQ. Therefore, the value of ∠QBX is equal to the value of ∠WXB. As a

result, the cosine value of ∠QBX can be expressed as

cos∠QBX = cos∠WXB =
WX

BX
=

a
2
+ d cos θ

yb
. (3.155)

With the aid of the inverse trigonometric function, the value of ∠QBX can be expressed as

∠QBX = arccos
a
2
+ d cos θ

yb
. (3.156)

As a result, the value of ∠FBX can be expressed as

∠FBX = ∠QBF − ∠QBX = arcsin
a
2
+ d sin θ

yb
− arccos

a
2
+ d cos θ

yb
. (3.157)

Then, the area of the sector F̂BXC can be expressed as

S
F̂BXC

=
1

2
· BF

2 · ∠FBX

=
y2b
2

(
arcsin

a
2
+ d sin θ

yb
− arccos

a
2
+ d cos θ

yb

)
. (3.158)

Furthermore, in order to derive the area of △FBX , we have to obtain the sine value of ∠FBX ,
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which can be calculated as

sin∠FBX = sin∠QBF cos∠QBX − cos∠QBF sin∠QBX

= sin∠QBF cos∠QBX −
√
1− sin2

∠QBF
√
1− cos2∠QBX

=
a
2
+ d sin θ

yb
·

a
2
+ d cos θ

yb
−

√
1−

( a
2
+ d sin θ

yb

)2
√

1−
( a

2
+ d cos θ

yb

)2

. (3.159)

Hence, the area of △FBX can be derived as

S△FBX =
1

2
· BF · BX · sin∠FBX

=
1

2

[
(
a

2
+ d sin θ)(

a

2
+ d cos θ)

−
√

y2b − (
a

2
+ d sin θ)2

√
y2b − (

a

2
+ d cos θ)2

]
. (3.160)

According to Pythagorean theorem, the length of BW can be expressed as

BW =

√
BX

2 −WX
2
=

√
y2b − (

a

2
+ d cos θ)2. (3.161)

As a result, the length of KZ can be derived as

KZ = VW = BV − BW = (
a

2
+ d sin θ)−

√
y2b − (

a

2
+ d cos θ)2. (3.162)

Similarly, according to Pythagorean theorem, the length of FV can be obtained as

V F =

√
BF

2 − BV
2
=

√
y2b − (

a

2
+ d sin θ)2. (3.163)

As a result, the length of KF can be derived as

KF = V F − V K = V F − BE =

√
y2 − (

a

2
+ d sin θ)2 − (d cos θ − a

2
). (3.164)
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Therefore, the area of the trapezium �KFXZ is derived as

S�KFXZ =
1

2
·KZ · (KF + ZX)

=
1

2

[
(
a

2
+ d sin θ)

√
y2b − (

a

2
+ d sin θ)2 + (d cos θ − 3

2
a)

√
y2 − (

a

2
+ d cos θ)2

−(
a

2
+ d sin θ)(d cos θ − 3

2
a)−

√
y2b − (

a

2
+ d sin θ)2

√
y2b − (

a

2
+ d cos θ)2

]
. (3.165)

Furthermore, the length of HZ is expressed as

HZ = HK −KZ = (
a

2
− d sin θ) +

√
y2b − (

a

2
+ d cos θ)2. (3.166)

Hence, the area of the rectangular �HIXZ can be obtained as

S�HIXZ = HI ·HZ = a

[
(
a

2
− d sin θ) +

√
y2b − (

a

2
+ d cos θ)2

]
. (3.167)

Then, we arrive at the expression of the shaded part in Figure 3.4(g), which is derived as

SV I
shade = S

F̂BXC
− S△FBX + S�KFXZ + S�HIKZ

=
y2

2

(
arcsin

a
2
+ d sin θ

yb
− arccos

a
2
+ d cos θ

yb

)

+
1

2

[
(
a

2
+ d sin θ)

√
y2b − (

a

2
+ d sin θ)2 + (d cos θ +

a

2
)

√
y2b − (

a

2
+ d cos θ)2

+2a(
a

2
− d sin θ)− 2(

a

2
+ d sin θ)(d cos θ − a

2
)
]

(3.168)

Finally, in this case, the cdf of the random distance Yb is the ratio between SV I
shade and S�HIJK = a2,

which is expressed as

F V I
Yb

(yb) =
SV I
shade

S�HIJK

=
y2b
2a2

(
arcsin

a
2
+ d sin θ

yb
− arccos

a
2
+ d cos θ

yb

)

+
1

2a2

[
(
a

2
+ d sin θ)

√
y2b − (

a

2
+ d sin θ)2 + (d cos θ +

a

2
)

√
y2b − (

a

2
+ d cos θ)2

+2a(
a

2
− d sin θ)− 2(

a

2
+ d sin θ)(d cos θ − a

2
)
]
, (3.169)

for
√
a2/2 + d2 + ad(cos θ − sin θ) < yb ≤

√
a2/2 + d2 + ad(cos θ + sin θ).
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Figure 3.24: The integral area for different values of
√
zx.

CASE VII: yb > BJ

In this case, as shown in Figure 3.23(f), the whole square area of �HIJK is completely

surrounded by the circle ⊙(B, yb). As a result, the overlapped area, which is denoted as the shaded

part in Figure 3.23(f), is equal to the area S�HIJK = a2. In this case, the cdf of the random

distance Yb is the ratio between SV II
shade and S�HIJK , which is presented as F V II

Yb
(yb) = 1 for

yb >
√
a2/2 + d2 + ad(cos θ + sin θ).
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3.B.4 The proof for Lemma 3.3

Since the random variable Zx is defined as Zx = ∆2
x, the cdf of Zx should be expressed as

FZx
(zx) = Pr(Zx ≤ zx) = Pr(∆2

x ≤ zx) = Pr(−√
zx ≤ ∆x ≤ √

zx)

=

∫ √
zx

−√
zx

f∆x
(δx)dδx. (3.170)

Jointly considering Eq.(3.170) and Eq.(3.19), we can see that the integral domain of Eq.(3.170)

is determined by the specific value of
√
zx. When we have 0 ≤ √

zx ≤ a
2
− d cos θ, the integral

domain is [−√
zx,

√
zx], as shown in Figure 3.24(b). As a result, the cdf FZx

(zx) can be expressed

as

FZx
(zx) =

∫ √
zx

−√
zx

f∆x
(δx)dδx =

∫ √
zx

−√
zx

1

a
· dδx =

2
√
zx
a

. (3.171)

When we have a
2
−d cos θ <

√
zx ≤ a

2
+d cos θ, the integral domain is [a

2
−d cos θ,

√
zx], as shown

in Figure 3.24(c). As a result, the cdf FZx
(zx) can be expressed as

FZx
(zx) =

∫ √
zx

a
2
−d cos θ

f∆x
(δx)dδx =

∫ √
zx

a
2
−d cos θ

1

a
· dδx =

√
zx +

a
2
− d cos θ

a
. (3.172)

When we have
√
zx > a

2
+ d cos θ, the integral domain is [−a

2
+ d cos θ, a

2
+ d cos θ], as shown in

Figure 3.24(d). As a result, the cdf FZx
(zx) can be expressed as

FZx
(zx) =

∫ a
2
+d cos θ

− a
2
+d cos θ

f∆x
(δx)dδx =

∫ a
2
+d cos θ

− a
2
+d cos θ

1

a
· dδx = 1. (3.173)

In a nutshell, the cdf of Zx can be expressed as

FZx
(zx) =





2
√
zx
a

, 0 ≤ zx ≤ (
a

2
− d cos θ)2,√

zx +
a
2
− d cos θ

a
, (

a

2
− d cos θ)2 < zx ≤ (

a

2
+ d cos θ)2

1, zx > (
a

2
+ d cos θ)2.

(3.174)

Differentiating FZx
(zx) with respect to zx both in the domains [0, (a

2
− d cos θ)2] and ((a

2
−

d cos θ)2, (a
2
+ d cos θ)2], the pdf of Zx can be expressed as Eq.(3.21) in Lemma 3.3.

Similarly, by following the same methodology, we may derive the cdf FZY
(zy) for the random
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Figure 3.25: The integral area S given different value of y2

variable ZY = ỹ + d sin θ, which is expressed as

FZy
(zy) =





2
√
zy

a
, 0 ≤ zy ≤ (

a

2
− d sin θ)2,

√
zy +

a
2
− d sin θ

a
, (

a

2
− d sin θ)2 < zy ≤ (

a

2
+ d sin θ)2

1, zy > (
a

2
+ d sin θ)2.

(3.175)

Hence, the corresponding pdf for Zy can be expressed as Eq.3.22 in Lemma 3.3. The lemma has

been proven.
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FYb
(yb) =

∫∫

S
fZxZy

(zx, zy)dzxdzy =

∫∫

SI

f
(I)
ZxZy

(zx, zy)dzxdzy,

=

∫ y2
b

0

dzx

∫ y2
b
−zx

0

1

a2
√
zxzy

dzy = π
(yb
a

)2

. (3.176)

FYb
(yb) =

∫∫

S
fZxZy

(zx, zy)dzxdzy

=

∫∫

SI

f
(I)
ZxZy

(zx, zy)dzxdzy +

∫∫

SII

f
(II)
ZxZy

(zx, zy)dzxdzy

=

∫ (a
2
−d cos θ)2

0

dzx

∫ y2
b
−zx

0

1

a2
√
zxzy

dzy

︸ ︷︷ ︸
Double integral on SI

+

∫ y2
b

(a
2
−d cos θ)2

dzx

∫ y2
b
−zx

0

1

2a2
√
zxzy

dzy

︸ ︷︷ ︸
Double integral on SII

=
1

a2

[
π

2
y2b + y2b arcsin

a
2
− d cos θ

yb
+ (

a

2
− d cos θ)

√
y2b − (

a

2
− d cos θ)2

]
(3.177)

3.B.5 The proof for Theorem 3.6

This ascending sort OA ≤ OE ≤ EF ≤ OF ≤ AB ≤ OB, assumed in Theorem 3.6, indicates

(a
2
− d cos θ)2 ≤ (a

2
− d sin θ)2 ≤ 2ad sin θ ≤ (a

2
+ d sin θ)2 ≤ 2ad cos θ ≤ (a

2
+ d cos θ)2. As

a result, the ascending sort of the array {z̃i|i ∈ {A,B,C,D,E, F,G,H}} in this case is given by

z̃A ≤ z̃E ≤ z̃D ≤ z̃F ≤ z̃G ≤ z̃B ≤ z̃C ≤ z̃H .

Since the joint pdf fZxZy
(zx, zy) has different expressions in different domains, as shown in

Eq.(3.24) and Figure 3.5, we have to generally divide the integral area S into four parts, namely

SI = S ∩ Domain I, SII = S ∩ Domain II, SIII = S ∩ Domain III and SIV = S ∩ Domain IV.

When 0 ≤ y2b ≤ z̃A, we have yb ≤ (a
2
− d cos θ) and the integral area S is shown by the shaded

part in Figure 3.25(a). As a result, the double integral given by Eq.(3.23) can be further derived as

Eq.(3.176).

When z̃A < y2b ≤ z̃E , we have (a
2
− d cos θ) < yb ≤ (a

2
− d sin θ) and the integral area S is

shown by the shaded part in Figure 3.25(b). As a result, the double integral given by Eq.(3.23) can

be further derived as Eq.(3.177).

When z̃E < y2b ≤ z̃D, we have (a
2
− d sin θ) < yb ≤

√
(a
2
− d cos θ)2 + (a

2
− d sin θ)2 and the

integral area S is shown by the shaded part in Figure 3.25(c). As a result, the double integral given

by Eq.(3.23) can be further derived as Eq.(3.178).

When z̃D < y2b ≤ z̃F , we have
√
(a
2
− d cos θ)2 + (a

2
− d sin θ)2 < yb ≤ (a

2
+ d sin θ) and the
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FYb
(yb) =

∫∫

S
fZxZy

(zx, zy)dzxdzy

=

∫∫

SI

f
(I)
ZxZy

(zx, zy)dzxdzy +

∫∫

SII

f
(II)
ZxZy

(zx, zy)dzxdzy +

∫∫

SIII

f
(III)
ZxZy

(zx, zy)dzxdzy

=

∫ y2
b
−(a

2
−d sin θ)2

0

dzx

∫ (a
2
−d sin θ)2

0

1

a2
√
zxzy

dzy +

∫ (a
2
−d cos θ)2

y2
b
−(a

2
−d sin θ)2

dzx

∫ y2
b
−zx

0

1

a2
√
zxzy

dzy

︸ ︷︷ ︸
Double integral on SI

+

∫ y2
b

(a
2
−d cos θ)2

dzx

∫ y2
b
−zx

0

1

2a2
√
zxzy

dzy

︸ ︷︷ ︸
Double integral on SII

+

∫ y2
b
−(a

2
−d sin θ)2

0

dzx

∫ y2
b
−zx

(a
2
−d sin θ)2

1

2a2
√
zxzy

dzy

︸ ︷︷ ︸
Double integral on SIII

=
1

a2


π

2
y2b + y2b arcsin

a
2
− d cos θ

yb
− y2b arcsin

√
y2b − (a

2
− d sin θ)2

yb

+(
a

2
− d sin θ)

√
y2b − (

a

2
− d sin θ)2 + (

a

2
− d cos θ)

√
y2b − (

a

2
− d cos θ)2

]
. (3.178)

integral area S is shown by the shaded part in Figure 3.25(d). As a result, the double integral given

by Eq.(3.23) can be further derived as Eq.(3.179).

When z̃F < y2b ≤ z̃G, we have (a
2
+ d sin θ) < yb ≤ (a

2
+ d cos θ) and the integral area S

is shown by the shaded part in Figure Figure 3.25(e). As a result, the double integral given by

Eq.(3.23) can be further derived as Eq.(3.180).

When z̃G < y2b ≤ z̃B , we have (a
2
+ d cos θ) < yb ≤

√
(a
2
+ d sin θ)2 + (a

2
− d cos θ)2 and

the integral area S is shown by the shaded part in Figure Figure 3.25(f). As a result, the double

integral given by Eq.(3.23) can be further derived as Eq.(3.181).

When z̃B < y2b ≤ z̃C , we have

√
(
a

2
+ d sin θ)2 + (

a

2
− d cos θ)2 < yb ≤

√
(
a

2
− d sin θ)2 + (

a

2
+ d cos θ)2

and the integral area S is shown by the shaded part in Figure Figure 3.25(g). As a result, the double

integral given by Eq.(3.23) can be further derived as Eq.(3.182).

When z̃C < y2b ≤ z̃H , we have

√
(
a

2
− d sin θ)2 + (

a

2
+ d cos θ)2 < yb ≤

√
(
a

2
+ d sin θ)2 + (

a

2
+ d cos θ)2

and the integral area S is shown by the shaded part in Figure Figure 3.25(h). As a result, the double
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FYb
(yb) =

∫∫

SI

f
(I)
ZxZy

(zx, zy)dzxdzy +

∫∫

SII

f
(II)
ZxZy

(zx, zy)dzxdzy +

∫∫

SIII

f
(III)
ZxZy

(zx, zy)dzxdzy

+

∫∫

SIV

f
(IV )
ZxZy

(zx, zy)dzxdzy

=

∫ (a
2
−d cos θ)2

0

dzx

∫ (a
2
−d sin θ)2

0

1

a2
√
zxzy

dzy

︸ ︷︷ ︸
Double integral on SI

+

∫ (a
2
−d cos θ)2

0

dzx

∫ y2
b
−zx

(a
2
−d sin θ)2

1

2a2
√
zxzy

dzy

︸ ︷︷ ︸
Double integral on SIII

+

∫ y2
b
−(a

2
−d sin θ)2

(a
2
−d cos θ)2

dzx

∫ (a
2
−d sin θ)2

0

1

2a2
√
zxzy
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∫ y2
b

y2
b
−(a

2
−d sin θ)2

dzx

∫ y2
b
−zx

0

1

2a2
√
zxzy

dzy

︸ ︷︷ ︸
Double integral on SII

+

∫ y2
b
−(a

2
−d sin θ)2

(a
2
−d cos θ)2

dzx

∫ y2
b
−zx

(a
2
−d sin θ)2

1

4a2
√
zxzy

dzy

︸ ︷︷ ︸
Double integral on SIV

=
1

2a2


πy2b + y2b arcsin

a
2
− d cos θ

yb
− y2b arcsin

√
y2b − (a

2
− d sin θ)2)

yb

+ (
a

2
− d sin θ)

√
y2b − (

a

2
− d sin θ)2 + (

a

2
− d cos θ)

√
y2b − (

a

2
− d cos θ)2

+2(
a

2
− d cos θ)(

a

2
− d sin θ)

]
(3.179)

integral given by Eq.(3.23) can be further derived as Eq.(3.183).

At last, when y2b > z̃H , we have yb >
√
(a
2
+ d sin θ)2 + (a

2
+ d cos θ)2 and the integral area

S is the whole domain of the joint pdf fZxZy
(zx, zy), as shown in Figure 3.25(i). As a result, the

double integral given by Eq.(3.23) can be further derived as Eq.(3.184).

Differentiating the corresponding cdfs of different regions with respect to yb, we may get the

pdf fYb
(yb) in different regions for the random distance Yb between the BS and a MU roaming in a

bounded square area, when the position of the BS is defined by the tuple B(d, θ).

The cdfs of other cases from ii) to viii) can be derived by obeying the similar methodology.

Another particular case that the position B of the BS is placed at the centre O of the square area

�HIJK needs our further attention. The radius r of �HIJK, which is defined as the distance

from the centre O of �HIJK to any of the four vertices, can be obtained as r = HI/ cos π
4
=√

2a/2. Buy substituting r into Eq.(3.5) and Eq.(3.6) of Section 1.2.2 and letting l = 4, we may

obtain the cdf and the pdf of the random distance Yb between the BS, which is placed at the centre

of the square area �HIJK, and the MU, which moves within �HIJK.
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FYb
(yb) =

∫∫

SI

f
(I)
ZxZy

(zx, zy)dzxdzy +

∫∫

SII

f
(II)
ZxZy

(zx, zy)dzxdzy +

∫∫

SIII

f
(III)
ZxZy

(zx, zy)dzxdzy

+

∫∫

SIV

f
(IV )
ZxZy

(zx, zy)dzxdzy

=

∫ (a
2
−d cos θ)2

0

dzx

∫ (a
2
−d sin θ)2

0

1

a2
√
zxzy

dzy

︸ ︷︷ ︸
Double integral on SI

+

∫ y2
b
−(a

2
−d sin θ)2

(a
2
−d cos θ)2

dzx
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b
−zx

(a
2
−d sin θ)2

1

4a2
√
zxzy

dzy

︸ ︷︷ ︸
Double integral on SIV

+

∫ y2
b
−(a

2
−d sin θ)2

(a
2
−d cos θ)2

dzx

∫ (a
2
−d sin θ)2

0

1

2a2
√
zxzy
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∫ y2

y2
b
−(a

2
−d sin θ)2

dzx

∫ y2
b
−zx

0

1

2a2
√
zxzy

dzy

︸ ︷︷ ︸
Double integral on SII

+

∫ y2
b
−(a

2
+d sin θ)2

0

dzx

∫ (a
2
+d sin θ)2

(a
2
−d sin θ)2

1

2a2
√
zxzy

dzy +

∫ (a
2
−d cos θ)2

y2
b
−(a

2
+d sin θ)2

dzx

∫ y2
b
−zx

(a
2
−d sin θ)2

1

2a2
√
zxzy

dzy

︸ ︷︷ ︸
Double integral on SIII

=
1

2a2


πy2b + y2b arcsin

a
2
− d cos θ

yb
− y2b arcsin

√
y2b − (a

2
− d sin θ)2)

yb

− 2y2b arcsin

√
y2b − (a

2
+ d sin θ)2

yb
+ (

a

2
− d sin θ)

√
y2b − (

a

2
− d sin θ)2

+ (
a

2
− d cos θ)

√
y2b − (

a

2
− d cos θ)2 + 2(

a

2
+ d sin θ)

√
y2b − (

a

2
+ d sin θ)2

+2(
a

2
− d cos θ)(

a

2
− d sin θ)

]
. (3.180)

3.C The proofs for the theorems in Section 3.4

3.C.1 The proof for Theorem 3.9

Let us discuss how to derive the pdf of the random distance Ys between a pair of MUs roaming

within a circular area ⊙(O, r) by exploiting the Crofton’s fixed points theorem, as introduced in

Theorem 3.7. For solving this problem, we define the set S2 as a two-dimensional plane contain-

ing all possible points on it, whose σ−algebra is denoted as ΨS2 . A measure over a subset A that

belongs to ΨS2 can be defined as the area covered by A. For the scenario that a pair of MUs roam

within a circular area ⊙(O, r), A is defined as a subset containing all possible points within a cir-

cular area ⊙(O, r), whose measure should be defined as ϕ(A) = πr2. As a result, the differential

of ϕ(A) can be derived as dϕ(A) = 2πrdr. We uniformly distribute two points {ǫ1, ǫ2}, represent-

ing two MUs, within the points subset A. Furthermore, we let δA be the subsets containing all the
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FYb
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f
(III)
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∫∫
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=
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dzx
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1

a2
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︸ ︷︷ ︸
Double integral on SI

+
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−d cos θ)2

0

dzx
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2
+d sin θ)2

(a
2
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1

2a2
√
zxzy

dzy

︸ ︷︷ ︸
Double integral on SIII

+

∫ y2
b
−(a

2
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(a
2
−d cos θ)2

dzx

∫ (a
2
−d sin θ)2

0

1

2a2
√
zxzy

dzy +

∫ y2
b

y2
b
−(a

2
−d sin θ)2

dzx

∫ y2
b
−zx

0

1

2a2
√
zxzy

dzy

︸ ︷︷ ︸
Double integral on SII

+

∫ y2
b
−(a

2
+d sin θ)2
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2
−d cos θ)2

dzx

∫ (a
2
+d sin θ)2

(a
2
−d sin θ)2

1

4a2
√
zxzy

dzy +

∫ y2
b
−(a

2
−d sin θ)2

y2
b
−(a

2
+d sin θ)2

dzx

∫ y2
b
−zx

(a
2
−d sin θ)2

1

4a2
√
zxzy

dzy

︸ ︷︷ ︸
Double integral on SIV

=
1

2a2


πy2b − y2b arcsin

√
y2b − (a

2
− d sin θ)2

yb
− y2b arcsin

√
y2b − (a

2
+ d sin θ)2

yb

+ (
a

2
− d sin θ)

√
y2b − (

a

2
− d sin θ)2 + (

a

2
+ d sin θ)

√
y2b − (

a

2
+ d sin θ)2

+2a(
a

2
− d cos θ)

]
(3.181)

points on the circumference of ⊙(O, r). We define H as an event that two points are separated by

a distance between ys and (ys + dys). Let us first derive the term of Pr(H|ǫ1 ∈ δA) in Eq.(3.27).

Pr(H|ǫ1 ∈ δA) is the probability that, when point ǫ1 is placed on the circumference of ⊙(O, r),

ǫ1 and ǫ2 is separated by a distance between ys and (ys + dys). As shown in Figure 3.26, we draw

a circle ⊙(ǫ1, ys) having ǫ1 as the centre and having ys as the radius. ⊙(ǫ1, ys) intersects ⊙(O, r)

at points A and B. We draw another circle ⊙(ǫ1, ys + dys) having ǫ1 as the centre and having

(ys + dys) as the radius. If point ǫ2 appears within the shaded annulus of Figure 3.26, the distance

separating ǫ1 from ǫ2 is between ys and (ys+dys). Since ǫ2 is uniformly distributed within ⊙(O, r),

Pr(H|ǫ1 ∈ δA) can be derived as the ratio of the area of the annulus to the area of ⊙(O, r).

In order to derive the area of the annulus, we have to obtain the length of the arc ÂCB first.

According to the law of cosine, the cosine value of ∠Aǫ1O can be expressed as

cos∠Aǫ1O =
ǫ1A

2
+ ǫ1O

2 − AO
2

2ǫ1Aǫ1O
=

y2s + r2 − r2

2ysr
=

ys
2r

. (3.185)
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FYb
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∫∫

SII

f
(II)
ZxZy

(zx, zy)dzxdzy +

∫∫
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dzx
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0

1
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√
zxzy

dzy

︸ ︷︷ ︸
Double integral on SI

+

∫ (a
2
−d cos θ)2

0

dzx

∫ (a
2
+d sin θ)2

(a
2
−d sin θ)2

1

2a2
√
zxzy

dzy

︸ ︷︷ ︸
Double integral on SIII

+

∫ y2
b
−(a

2
−d sin θ)2

(a
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−d cos θ)2

dzx

∫ (a
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−d sin θ)2

0

1

2a2
√
zxzy

dzy +

∫ (a
2
+d cos θ)2
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b
−(a

2
−d sin θ)2

dzx
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b
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0

1
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dzy

︸ ︷︷ ︸
Double integral on SII

+
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b
−(a

2
+d sin θ)2

(a
2
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dzx

∫ (a
2
+d sin θ)2

(a
2
−d sin θ)2

1

4a2
√
zxzy
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−(a

2
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b
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2
+d sin θ)2

dzx
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1

4a2
√
zxzy

dzy

︸ ︷︷ ︸
Double integral on SIV
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1

2a2
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− d cos θ) + 2y2b arcsin
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+ cos θ

yb
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√
y2b − (a

2
− d sin θ)2)

yb

− y2b arcsin

√
y2b − (a

2
+ d sin θ)2

yb
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a

2
− d sin θ)

√
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a

2
− d sin θ)2

+2(
a

2
+ d cos θ)

√
y2b − (

a

2
+ cos θ)2 + (

a

2
+ d sin θ)

√
y2b − (

a

2
+ d sin θ)2

]
. (3.182)

With the aid of inverse trigonometric function, we can obtain the exact value of the angle ∠Aǫ1B

as

∠Aǫ1B = 2∠Aǫ1O = 2 arccos
ys
2r

. (3.186)

Therefore, the length of the arc ÂCB can be derived as ÂCB = ys∠Aǫ1B = 2ys arccos(ys/2r).

Furthermore, the area of the shaded annulus is expressed as Sannulus = ÂCBdys = 2ysdys ·
arccos(ys/2r). Thus, Pr(H|ǫ1 ∈ δA) can be expressed as

Pr(H|ǫ1 ∈ δA) =
Sannulus

S⊙(O,r)

=
2ysdys
πr2

arccos
ys
2r

. (3.187)

Substituting Pr(H|ǫ1 ∈ δA), n = 2, ϕ(A) = πr2 and dϕ(A) = 2πrdr into Eq.(3.27), we may
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︸ ︷︷ ︸
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a2 − ad(sin θ + cos θ)− 2d2 sin θ cos θ

]
. (3.183)
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︸ ︷︷ ︸
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︸ ︷︷ ︸
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= 1 (3.184)
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O

A

B

Cys dys
ǫ1

Figure 3.26: Calculate Pr(H|ǫ1 ∈ δA) in the circular area ⊙(O, r) considered

obtain the following differential formula:

dPr(H) = 2

(
2ysdys
πr2

arccos
ys
2r

− Pr(H)

)
· 2πrdr

πr2
. (3.188)

Rearranging the terms in Eq.(3.188), we have the following formula:

r4dPr(H) + 4Pr(H)r3dr =
8ysdys

π
· r arccos ys

2r
dr. (3.189)

Integrating both side with respect to r, we arrive at

r4Pr(H) =
8ysdys

π
·
∫

r arccos
ys
2r

dr

=
8ysdys

π
· y

2
s

8

[(
2r

ys

)2

arccos
ys
2r

− 2r

ys

√
1−

( ys
2r

)2
]

=
8r3dys

π
· ys
2r

[
arccos

ys
2r

− ys
2r

√
1−

( ys
2r

)2
]
. (3.190)

Based on the definition of the event H, Pr(H) can be further derived as Pr(H) = FYs
(ys + dys)−

FYs
(ys), where FYs

(ys) is the cdf of the random distance Ys representing the probability of Ys being

shorter than ys. As a result, with the aid of Eq.(3.190), the pdf of the random distance Ys can be
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derived as

fYs
(ys) = lim

dys→0

FYs
(ys + dys)− FYs

(ys)

dys
= lim

dys→0

Pr(H)

dys

=
8

πr
· ys
2r

[
arccos

ys
2r

− ys
2r

√
1−

( ys
2r

)2
]
, (3.191)

for 0 ≤ ys ≤ 2r. The theorem has been proven.

3.C.2 The proof for Lemma 3.4

The cdfs of the random variable ∆x̃ = X̃1 − X̃2 can be expressed as

F∆x̃
(δx̃) = Pr(X̃1 − X̃2 ≤ δx̃) =

∫∫

S
fX̃1X̃2

(x̃1, x̃2)dx̃1dx̃2, (3.192)

where fX̃1X̃2
(x̃1, x̃2) is the joint pdf of X̃1 and X̃2 and S is the integral area surrounded by the

domain of fX̃1X̃2
(x̃1, x̃2) and the upper part of straight line x̃1 − x̃2 = δx̃. Since X̃1 and X̃2 are

independent and identical random variables, whose pdfs are both given by Eq.(3.31), fX̃1X̃2
(x̃1, x̃2)

can be expressed as

fX̃1X̃2
(x̃1, x̃2) = fX̃1

(x̃1)fX̃2
(x̃2) =





1

a2
, 0 ≤ x̃1, x̃2 ≤ a,

0, otherwise.
(3.193)

Let us now discuss the result of the double integral Eq.(3.192) given different value of δx̃. If

δx̃ < −a, as shown in Figure 3.27(a), the straight line x̃1 − x̃2 = δx̃ does not intersect the square

domain of the joint pdf fX̃1X̃2
(x̃1, x̃2). Therefore, the cdf of ∆x̃ is derived as F∆x̃

(δx̃) = 0.

If −a ≤ δx̃ < 0, the integral area S is shown as the shaded part in Figure 3.27(b). Hence, the

cdf of the random variable ∆x̃ can be further derived from Eq.(3.192) as

F∆x̃
(δx̃) =

∫ δx̃+a

0

dx̃1

∫ a

x̃1−δx̃

1

a2
dx̃2 =

(δx̃ + a)2

2a2
. (3.194)

If 0 ≤ δx̃ < a, the integral area S is shown as the shaded part in Figure 3.27(c). Hence, the cdf

of the random variable ∆x̃ can be further derived from Eq.(3.192) as

F∆x̃
(δx̃) =

∫ δx̃

0

dx̃1

∫ a

0

1

a2
dx̃2 +

∫ a

δx̃

dx̃1

∫ a

x̃1−δx̃

1

a2
dx̃2 =

a2 + 2aδx̃ − δ2x̃
2a2

(3.195)

If δx̃ ≥ a, the integral area S is the whole domain of the joint pdf fX̃1X̃2
(x̃1, x̃2), as shown in
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(a) (b)

(d)(c)
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O a−a

a

O a−a

a

O a−a
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O a−a

Domain of the joint

δx̃ < −a −a ≤ δx̃ < 0

δx̃ ≥ a0 ≤ δx̃ < a

fX̃1X̃2
(x̃1, x̃2)

x̃1

x̃2

−δx̃

δx̃ + a

x̃1 − x̃2 = δx̃

x̃1

x̃2

−δx̃

x̃1 − x̃2 = δx̃

x̃1

x̃2

x̃1 − x̃2 = δx̃

x̃1

x̃2

x̃1 − x̃2 = δx̃

Figure 3.27: Different integral area S for the derivation of F∆x̃
(δx̃) given different δx̃.

Figure 3.27(d). Hence, the cdf of the random variable ∆x̃ can be further derived as F∆x̃
(δx̃) = 1.

After differentiating both Eqs.(3.194) and (3.195) with respect to δx̃, we arrive at the pdf of the

random variable ∆x̃, as expressed in Eq.(3.33). The lemma has been proven.

3.C.3 The proof for Lemma 3.5

Given that Zx̃ = ∆2
x̃, the cdf of Zx̃ should be derived as

FZx̃
(zx̃) = Pr(Zx̃ ≤ zx̃) = Pr(∆2

x̃ ≤ zx̃) = Pr(−√
zx̃ ≤ ∆x̃ ≤ √

zx̃)

= F∆x̃
(
√
zx̃)− F∆x̃

(−√
zx̃). (3.196)

If 0 ≤ √
zx̃ ≤ a, which also indicates that −a ≤ √

zx̃ ≤ 0, the cdf of the random variable can be

further derived from Eq.(3.196) as

FZx̃
(zx̃) = F∆x̃

(
√
zx̃)− F∆x̃

(−√
zx̃)

=
a2 + 2a

√
zx̃ − zx̃

2a2
− (a−√

zx̃)
2

2a2
=

2
√
zx̃
a

− zx̃
a2

. (3.197)
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pdf

(a) (c)(b)
−a

Domain of the joint

O OO

fZx̃Zỹ
(zx̃, zỹ)

0 ≤ y2s ≤ a2 y2s > 2a2a2 < y2s ≤ 2a2
y2s − a2

zx̃ + zỹ = y2s

a2 zx̃

a2

y2s

y2s

zỹ

a2 zx̃

a2

zỹ

zx̃ + zỹ = y2s

a2 zx̃

a2

zỹ

zx̃ + zỹ = y2s

Figure 3.28: Different integral area S for the derivation of FYs(ys) given different ys.

If
√
zx̃ > a, which also indicates that −√

zx̃ < −a, the cdf of the random variable can be further

derived Eq.(3.196) as

FZx̃
(zx̃) = F∆x̃

(
√
zx̃)− F∆x̃

(−√
zx̃) = 1− 0 = 1. (3.198)

After differentiating both Eqs.(3.197) and (3.198) with respect to zx̃, we arrive at the pdf of the

random variable Zx̃, as expressed in Eq.3.5. The lemma has been proven.

3.C.4 The proof for Theorem 3.10

Given that Ys =
√

Zx̃ + Zỹ, its cdf can be formulated as

FYs
(ys) = Pr(Ys ≤ ys) = Pr(

√
Zx̃ + Zỹ ≤ ys) = Pr(Zx̃ + Zỹ ≤ y2s)

=

∫∫

S
fZx̃Zỹ

(zx̃, zỹ)dzx̃dzỹ, (3.199)

where fZx̃Zỹ
(zx̃, zỹ) is the joint pdf of the random variables Zx̃ and Zx̃, and S is the integral area

surrounded by the domain of fZx̃Zỹ
(zx̃, zỹ) and the lower part of the straight line zx̃ + zỹ = ys.

Since Zx̃ and Zx̃ are independent and identical random variables, their joint pdf can be expressed

as

fZx̃Zỹ
(zx̃, zỹ) =





1

a2

(
1√
zx̃

− 1

a

)(
1

√
zỹ

− 1

a

)
, 0 ≤ zx̃, zỹ ≤ a2,

0, otherwise.

(3.200)
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Given different value of y2s , we have different integral area S for calculating the cdf of Ys. If we

have 0 ≤ y2s ≤ a2, as shown in Figure 3.28(a), which indicates that 0 ≤ ys ≤ a, the double integral

of Eq.(3.199) can be further derived as

FYs
(ys) =

∫ y2s

0

dzx̃

∫ y2s−zx̃

0

1

a2

(
1√
zx̃

− 1

a

)(
1

√
zỹ

− 1

a

)
dzỹ

=
1

a2

(
πy2s −

8y3s
3a

+
y4s
2a2

)
. (3.201)

If we have a2 < y2s ≤ 2a2, as shown in Figure 3.28(b), which indicates that a < ys ≤
√
2a, the

double integral of Eq.(3.199) can be further derived as

FYs
(ys) =

∫ y2s−a2

0

dzx̃

∫ a2

0

1

a2

(
1√
zx̃

− 1

a

)(
1

√
zỹ

− 1

a

)
dzỹ

+

∫ a2

y2s−a2
dzx̃

∫ y2s−zx̃

0

1

a2

(
1√
zx̃

− 1

a

)(
1√
zỹ

− 1

a

)
dzỹ

=
1

a2

[
2y2 arcsin

2a2 − y2s
y2s

+

(
4

3
a+

8

3a
y2s

)√
y2s − a2 − 2y2s −

y4

2a2
+

a2

3

]
(3.202)

If we have y2s > 2a2, as shown in Figure 3.28(c), which indicates that ys >
√
2a, the integral area

is the whole domain of the joint pdf fZx̃Zỹ
(zx̃, zỹ). As a result, the cdf of the random distance Ys is

derived as FYs
(ys) = 1.

In a nutshell, the cdf of the random distance Ys between a pair of MUs that move within a square

area by obeying the uniform mobility model can be summarised as Eq.(3.35). After differentiating

the cdf FYs
(ys) of Eq.(3.35) with respect to ys, we arrive at the pdf of the random distance Ys,

which is expressed as Eq.(3.36). The theorem has been proven.
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