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Chapter

Stochastic Geometry In The Cellular Networks

3.1 Introduction

3.1.1 Background and Related Works

Nowadays, the global communication communities pay much attention to the network-level de-
sign for the cellular communication. In order to digest a huge amount of tele-traffic in the near
future, heterogeneous networks [1] emerge as one of the key technique in the 5G system [2]. The
heterogeneous networks consist of different sizes of cells, which include macro-cells providing a
large coverage in the rural area, and pico-cells strengthening communication qualities in the urban
area, as well as the femto-cell supporting the communication in homes or offices. Furthermore,
apart from cellular communication, other communication techniques, which are operated on the
unlicensed frequency bands, such as IEEE 802.11 protocol [3] aided Wi-Fi hotspots, can also be
incorporated into the landscape of heterogeneous networks. All these centralised infrastructures
can be jointly scheduled in order to provide high reliability and high quality of communication
services.

There are two key issues attracting the most attention from both the academic and industrial
communities. The first one is the user association issue [4] [5]. Since a lot of centralised infras-
tructure is deployed, a user may simultaneously appear within the technical coverage of many base
stations (BSs). However, the qualities of the channels connecting the user to these BSs are different
from each other. Even more, some BSs might reject the access of the user due to the congestions.
Therefore, the network operator should jointly schedule all these BSs, analyse the qualities of the
channels and finally make an optimal decision on which BS the user should be connected to, so
as to optimise the communication performance. The second one is the tele-traffic offloading is-

sue [6] [7]. In order to reduce the maintenance cost and increase the profit, network operators

1



3.1. INTRODUCTION 2

always encourage their subscribers to give a higher priority to the low-cost IEEE 802.11 networks
supported by numerous Wi-Fi hotspots. Making full exploitation of the Wi-Fi hotspots, network
operators are capable of offloading a huge amount of tele-traffic from the congested cellular net-
works to the IEEE 802.11 networks, which may further improve their profits while accommodating
more tele-traffic demand.

However, both the user association issue and the tele-traffic offloading issue are dominated by
the geometrical positions of users. When the path loss (PL) is regarded as the only factor that
attenuates the channel, a BS or a Wi-Fi hotspot, which is geometrically closest to the user, have
to be employed by network operators for the sake of fulfilling the communication demand of the
user. Even when the stochastic attenuation factors, such as shadowing and multipath fading, are
taken into account, the closest centralised infrastructure are still more likely to be employed than
their counterparts. As a result, stochastic geometry has been widely investigated in the context
of heterogeneous networks. A commonly-accepted mathematical tool for modelling the geometric
positions of the users around a transmitter is Poisson-Point-Process (PPP). The PPP is characterised

by the following properties [8]:

e The number of isolated points falling within two regions A and B are independent random

variables, if A and B do not intersect each other.

e The expected number of isolated points falling within a region A is the measure of the region
A. This “measure” is often proportional to the area or volume of A, but some times more
elaborate measures are used. The measure must be defined in such a way that the measure

of the union of regions that do not intersect each other is simply the sum of their measures.

As a result, the probability of the number of X isolated nodes falling into region A is modelled by

a Poisson distribution, which is expressed as

(nSa)Te H5a

Pr(X =x) = ;
x!

3.1
Here, if A is regarded as a two-dimensional region, S 4 in Eq.(3.1) is the area of the region A and u
is the points density. In the research of the heterogeneous networks, the region A is often modelled
as a circular area, whose centre is a transmitter (e.g. BS or Wi-Fi hotspot) and whose radius
is the transmission range of this transmitter. The number of receivers (e.g. mobile users) in this
circular area is modelled by the PPP, while their positions are modelled by the independent uniform
distribution in the circular area studied. As a result, the statistical properties of the random distance
between the BS, which is at the centre of the circular area, and the MU, which roams within the

circular area, are exploited for evaluating the downlink transmission performance at the receiver
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end [9] [10] and for quantifying the uplink interference imposed on the transmitter end by these
receivers [11] [12]. However, this common assumption in the current research ignores some other
realistic scenarios. For example, the movement of mobile users (MUs) does not cover an area as
large as the complete coverage of the BS. Realistically, their movements are always bounded by a
specific region, such as an office or a building, and the BS can be at any arbitrary position inside
or outside these bounded areas. Hence, it is vital for us to study the distance variation between the
BS and the MU in these scenarios as well.

Apart from the heterogeneous networks, which are based on centralised infrastructure, direct
communication amongst MUs can also be exploited in order to further improve the quality and the
reliability of communication services. Direct communication amongst MUs can be realised by dis-
tributed IEEE 802.11 technique [13], the Bluetooth technique [14], and the LTE-aided device-to-
device technique [15]. With the aid of direct communication amongst MUs, the distance between
the transmitter and the receiver is significantly shortened, which remarkably reduces the adverse
channel attenuation incurred by the PL. Direct communication amongst MUs are also capable of
offloading the tele-traffic from the congested centralised infrastructure. In order to precisely anal-
yse direct communication amongst MU, it is crucial for us to study the distance variation between

a pair of MUs, both of which move within a bounded area.

3.1.2 Novel Contributions and Chapter Organisations

In this chapter, the movement of MUs is characterised by the following uniform mobility model:

Definition 3.1 (Uniform mobility model). The position of the 1—th MSN users during the t—th
time interval is denoted by P;(t), which obeys a stationary and ergodic process with a stationary
uniform distribution in a bounded area. Moreover, the positions of different MUs are independent

and identically distributed (i.i.d.).

This mobility model has been widely used for analysing the relevant performance metrics in
the mobile ad hoc networks [16] [17].

The main contribution and the structure of this chapter are summarised as below:

e In Section 3.2, we recall the distance distribution between the BS and the MU, when the BS
is at the centre of a circular cell, while the MU roam within the circular area by following the
uniform mobility model. Furthermore, we also provide the cdf and the pdf in closed-form
formulas for the random distance between the BS and the MU, when the cell is modelled by

a [-sided regular polygon.
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e In Section 3.3, we obtain the cdfs and the pdfs of the random distance between the BS and
the MU in closed-form formulas, when the BS is at an arbitrary position, outside/inside a
bounded area, while the MU roams within the bounded area by obeying the uniform mobility

model. The bounded area is modelled as a circular and a square area, respectively.

e In Section 3.4, we analyse the cdfs and the pdfs of the random distance between a pair of

MUs, both of which roam within a circular/square area.

e In Section 3.5, by exploiting the derived distance distribution, we characterise the statistical
properties of the time-variant PL, and the spectral efficiency of the single-hop transmission,

as well as the spectral efficiency of the multicast transmission.

e In Section 3.6, numerical results are provided for validating the accuracy of our theoretical

analysis and for revealing some insights on network design.

e Finally, we conclude this chapter in Section 3.7.

3.2 Distance distribution between BS and MU roaming in a cell

In this scenario, a BS is assumed to be located at the centre of a cell, while MUSs associated with
this BS may appear at any locations of this specific cell with equal probability. Let us first discuss
the distribution of the random distance between the BS and a MU for this scenario. This distance
distribution heavily depends on a specific shape of the cellular area. Apart from the maximum
allowable transmit power of the BS, the size and the shape of the cellular area are determined by
the minimum strength of the received signal, which is required by a MU in order to successfully
recover the contaminated signal induced by various channel attenuations. Theoretically speaking,
when only path loss is considered, the coverage of a cell should be a circular area, as shown in
Figure 1(a), because there are not any uncertainties affecting the range of the BS. However, when
uncertainties are introduced by shadowing and multipath fading, the coverage of a cell should be
in an irregular shape, as shown in Figure 1(b). Concerning the realistic implementation of cellular
networks, regular hexagon is invoked for modelling the coverage a specific cell, as shown in Figure
1(c).

In this scenario, the MU obeys the uniform mobility model given by Definition 3.1 within
a bounded cellular area, while the BS is at the centre of the studied cellular area. Two basic
shapes model the coverage area of a cell, namely circle and /-sided regular polygon. The statistical

properties of the random distance between the BS and the MU are given by the following theorems:
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(a) Circular coverage (b) Irregular coverage (c) Hexagon for realistic implementation

Figure 3.1: Various shapes of coverage area of a cell

Theorem 3.1 (Circular cell). If a cell is modelled by a circular area having a radius of r, the
cumulative distribution function (cdf) of the random distance Y, between the centre-positioned BS

and a MU obeying the uniform mobility model is given by

2
Yy
o O S S r,
Fyy () = 4 72 o (3.2)

1, Yp > T

Furthermore, the corresponding probability density function (pdf) can be derived as

2
Yo
o 0 S S T,
) =4 w2 o= (3.3)
0, otherwise.
Proof. Please refer to Section 3.A.1 for the detailed proof. U
Furthermore, integrating Y}, over the pdf (3.3), the average distance can be derived as
" 2 2
Bl = [ bl = [ - By, = 3. G4
” 0 r 3

The cdf and the pdf given by Theorem 3.1 have already been widely adopted by the communication
communities for the path loss analysis [], for the interference analysis [], as well as for the wireless

multicast/broadcast outage analysis [].

Theorem 3.2. If a cell is modelled by a l-sided (I > 3) regular polygon having r as its radius",
the cdf of the random distance Y), between the centre-positioned BS and a MU obeying the uniform

I'The radius of a [-sided regular polygon is the distance from the centre to one of the vertices.
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B3RS 010700 T R |
il Lot o g |
Librar
Figure 3.2: MUs move within some bounded areas
mobility model is given by
(7 Yo )2
, 0 <y, <rcosb,
[tan 6 (TCOSQ ==
1 ( Yo >2< ( Yo )1>
m — larccos
Fy, (y) = [tan € \rcos@ r cos 6 (3.5)
1 U \?2
+ < ) -1, rceos <y, <r
tan 6 \/ r cos 6 o
\ 1, otherwise.
Furthermore, the corresponding pdf can be derived as
2m Yn
. , 0<wy, <rcosb,
Irsind rcosf . ==
fyi () = - Yo m — larccos ( Yo ) , rcost <y, <, (3.6)
lrsin € rcos6 rcos 6
0, otherwise.
Proof. Please refer to Section 3.A.2 for the detailed proof. U

3.3 Random distance between BS and MU roaming in a

bounded area

Sometimes the assumption that MUs may appear at any positions of the cell is not quite realistic

because in some real scenarios, the movement of a MU is bounded within a specific area. As

shown in Figure 3.2, we list some typical bounded area as examples. Families and friends may
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enjoy the beautiful sunshine, have picnics and do sports in a park on weekends. In this scenario,
movements of people are bounded within the territory of a park. Employees work in their offices
every day, have routine meetings with their colleagues in meeting rooms and enjoy their short
break in entertaining rooms. In this scenario, movements of people are bounded within the building
where their company is located. Students walk between shelves of a library in order to find their
interested books, they watch some multimedia materials in multimedia rooms, and they take some
breath in the cafe bar. In this scenario, movements of people are bounded within the building
where a library is located. Before Christmas, people wanders in the shopping mall in order to find
some attractive deals and to prepare Christmas gifts for their friends and relatives. In this scenario,
movements of people are also bounded within the building of the shopping mall. As a result, for
the sake of further analysing and predicting the performance of wireless communication between
a BS and a MU, it is vital for us to obtain the statistical properties of the random distance between
a BS and a MU when the movement of the MU is restricted within a specific area.

Corresponding to the aforementioned realistic scenarios, we assume that a MU roams within
a bounded area by following the uniform mobility model. Without loss of generality, we model
the bounded area as a circular area and a square area, and derive the cdfs or pdfs of the random

distance Y} between a BS and a MU for these two scenarios, respectively.

3.3.1 Mobile users roam in a circular area

First of all, we model the bounded area by a circular area having point O as its centre and having
r meters as its radius. We denote this circular area as (O, r). A BS is located at point B, which
is d metres away from the centre O of the circular area. A MU roams within the circular area
®(0,r) by obeying the uniform mobility model. In the following two theorems, we provide the
cdfs and pdfs of the random distance Y} between the BS and the MU for the scenario that the BS
is outside the circular area ®(O, r) and the scenario that the BS is inside the circular area (O, r),

respectively.

Theorem 3.3. If the BS is outside the studied circular area ©(O, 1), namely d > r, the cdf of the
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random distance Y), between the BS and the MU is expressed as

( O, O S yb S d -,
1 22 a2 2 22— g2
— {arceos (%) + y—g arccos (ybzidr)
) 7 r r Yp
Fio ) = 1 2,72 2 4 g2 212
_ﬁ\/zlrd—(r +d?—y;)?|, d—r<y,<d+r,
\ 17 Yp > d + .
3.7
Furthermore, the corresponding pdf can be derived as
9 22— g2
igarccos<yb+7r), d—r <y <d+r,
frilyp) = ¢ 7 2ypd (3.8)
0, otherwise.
Proof. Please refer to Appendix 3.B.1 for the detailed proof. U

Theorem 3.4. If the BS is inside the studied circular area ©(O, 1), namely d < r, the cdf of the

random distance Y), between the BS and the MU is expressed as

( y2
_ga 0 S Yp S r— da
r
1 2 d2 2 2 2 d2 2
— [arccos (M) + y_g arccos (M)
Fy,(yp) = ™ ) 2rd r 2ypd
‘ﬁ\/‘lﬂdQ—(THdQ—yz)Q}, r—d<y, <r+d,
\ ]-7 Yp > d + 7.
(3.9
Furthermore, the corresponding pdf can be derived as
2
%7 0 S Yo S r— da
éryb y2 + d2 — 7’2
fo(?/b) = —2 arccos (I’QT), r—d<y, <d+r, (3.10)
b
0, otherwise.

For the special case of d = 0, the BS is at the centre of the studied circular area ©(O,r). Hence,
the cdf and the pdf of the random distance Y, are the same as Theorem 3.1.

Proof. Please refer to Appendix 3.B.2 for the detailed proof. U
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Ay Ay
K VI : VI J - K VI : VI J -
- - ‘JIF‘ //> - - ‘ilpl //>
AN | ,/ AN | ,/

VIII oo Vv VIII oo Vv
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(d) BSisoutside the square: (b) BSisinside the square:
dcos@>% dcos@ﬁ%

Figure 3.3: A square area

3.3.2 Mobile users roam in a square area

Let us model the bounded area as a square having point O as its centre and having «a as its side-
length. This square area is denoted by [1H I JK, as shown in Figure 3.3(a)(b). The area of the
studied square is Spprix = mz = a?. As shown in Figure 3.3(a)(b), we divide the whole space
into eight subspaces from I to VIII. Due to the symmetrical property of the square area, if the
BS finds a position in a specific subspace, it can also find corresponding symmetrical positions
within the other subspaces, respectively. The random distances between the roaming MU and
these symmetrical positions of the BS share the same statistical properties. As a result, we only
have to study the scenario that the BS is located in a specific subspace, say space I, as shown in
Figure 3.3(a)(b). The derived cdf or pdf of the random distance Y}, is capable of generalising the
statistical characteristics for Y3, regardless of which specific subspace the BS is in.

A BS is located at point 3, as shown in Figure 3.3(a)(b). The position of point 5 is determined
by a tuple (d, #), where d is the distance between point B and the centre O of JH I .J K and 6 is the
angle between the straight line OB and the horizontal line, as shown in Figure 3.3(a)(b). In order
to make sure that the BS is located in subspace I, the angle ¢ should be in the range of [0, 7/4].
No matter where the BS is, its position can be equivalently converted to a tuple (d,6) and the
corresponding subspace can be converted to subspace 1. Let us consider a two dimensional surface

20y, as shown in Figure 3.3(a)(b). The centre O of the square [(JH I J K is also the origin of the
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Figure 3.4: BS is outside the bounded square area

surface zOy. Given an arbitrary position of the BS, which is denoted as the coordinates (Zg,yp),
we can convert the conventional coordinates into a tuple (d, 6) associated with 6 € [0, 7 /4], which

are expressed as the following equations:

d: /5523—’_37237 COS@Z maX{lfB|7gB|}’ Sin9: mln{g3|7|§{23|} (311)
VIt Up VZIptUp

Furthermore, the horizontal distance between point B and the centre O is derived as d cos . If we
have dcosf) > HI/2 = a/2, as shown in Figure 3.3(a), the position B of the BS is outside the

studied square area [JHIJK. If we have d cosf < m/2 = a/2, as shown in Figure 3.3(b), the
position B of the BS is inside the studied square area [JH /.J K or on its boundary. A MU moves

within JH I J K by obeying the uniform mobility model. In the following sections, we will discuss
the statistical properties of the random distance Y; between the BS and the MU for the scenarios

that the BS is outside the square area and that the BS is inside the square area, respectively.

3.3.2.1 The BS is outside the square area

Let us first consider the scenario that the BS is outside the square area. In this scenario, the
horizontal distance from point B to the centre O is longer than the half of the side length, say
ON = dcosf > HI/2 = a/2, as shown in Figure 3.4(a)(b). However, we have to consider
two different cases for the vertical distance from point B to the centre O, which is expressed as
BN = dsinf. If the vertical distance is longer than the half of the side length, say dsinf > a/2,
the position B of the BS is below the horizontal line H I, as shown in Figure 3.4(a). In contrast,

if the vertical distance is shorter than the half of the side length, say dsin § < a/2, the position B
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of the BS is above the horizontal line I, as shown in Figure 3.4(b). In this section, we focus on
the derivation of the cdf or the pdf of the random distance Y}, for the case dsin < a/2, as shown
in Figure 3.4(b). Before taking any further actions, we have to obtain some important geometrical
properties of the studied scenario, namely the distances from point B to all the vertices as well as
to all the sides of JHIJK. Note that the formulas derived for dsinf < a/2 are also capable of
expressing the corresponding distances for dsin 6 > a/2.

As shown in Figure 3.4(b), given the position of point B, which is defined by the tuple (d, 9),
the horizontal distance from point B to the centre O is ON = dcosf, and the corresponding
vertical distance is BN = dsinf. As a result, the distance from B to the side K H is BE =
NU = ON — OU = dcosf — a/2. The distance from B to the side HI is BM = NM — NB =
a/2—dsin 6. The distance from B to the side I.J is BQ = BE+EQ = BE+HI = dcos0+a/2.
The distance from B to the side JK is derivedas FK = KU+UFE = KU+ BN = a/2+dsinf.

Furthermore, Pythagorean theorem is invoked for calculating the distances from point B to all

the vertices of [JH/ [ JK. The distance from B to vertex / is expressed as

BH = \/BM2+MH2: \/BM2+E2

= \/(g —dsin9>2 + (dcos@ — g)Q

= \/a2/2 + d? — ad(sin § + cos ). (3.12)

The distance from B to vertex [ is expressed as
— [===2 =2 [5—2 —==2
Bl =\ BM +MI =\/BM + BQ
2 2
:\/(g—dsine) +(g+dcosﬁ>

= \/a2/2 + d? + ad(cos§ — sin ). (3.13)

The distance from B to vertex .J is expressed as

BJ=\/BQ* + QI = \/BQ* + EK”

= \/(g +dcos€)2+ (g +dsin9)2

= \/a2/2 + d2 + ad(cos § + sin ). (3.14)
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The distance from B to vertex K is expressed as

BK = \/BE + EK’
a\? a . 2
—\/<d0050—§> +<§+dsm9)

= \/a2/2 + d? — ad(cosf — sin ). (3.15)

Based on these geometrical properties, the cdf Fy, (y,) is given by the following theorem:

Theorem 3.5. If the position B of the BS is outside the square area LJHIJK and is above the
horizontal line HI, namely dsinf < a/2 < dcos 6, within which the MU roams by obeying the
uniform mobility model, as shown in Figure 3.4(b), the cdf of the random distance Y, between the
BS and the MU is expressed by the following equation:

(

Ff(p), 0<y,<dcosf—g,

F)I/bl(yb)a deost — & <y, < +/a?/2 + d?> — ad(sinf + cos ),

FH(y),  /a%/2+ d2 — ad(sin @ + cos 0) < yy, < \/a?/2 + d2 — ad(cos  — sin ),
Fy, (yp) = F{/Z)V(yb), Va2/2 4+ d? — ad(cos 0 —sin ) < y, < dcosf + £,

F%(yb), deosf + % <y, < +/a?/2 + d? + ad(cos § — sin ),

F%I(yb), Va2/2 4+ d2 + ad(cos 0 — sinf) < y, < \/a2/2 + d? + ad(cos § + sin 0),
F%H(yb), yp > \/a2/2 + d? + ad(cos 6 + sin 9).

(3.16)

where FY. (y,) = 0 and Fy,'!(y,) = 1, while Fy!(ys) to Fy,' (ys) are given by Eqs.(3.109), (3.125),
(3.141), (3.150), and (3.169), respectively. Please refer to Appendix 3.B.3 for the exact expressions.

Proof. Please refer to Appendix 3.B.3 for the detailed proof. U

After differentiating Fy, (y,) given by Eq.(3.16) in each region, we can obtain the pdf of the
random distance Y;. Due to its complexity, here we choose not to present the pdf in this chapter.

Moreover, by following the same methodology as presented in Appendix 3.B.3, we are able to
derive the cdf of the random distance Y}, for dsinf > a/2. We do not have to consider as many
different y;, values as we discussed for dsinf < a/2. If we have 0 < y, < BH, the cdf of Y},
is zero. For BH < y, < BK, the cdf of Y, can be formulated by F{7/(y,) that is derived in
Eq.(3.125). If we have BK < y, < BI, the cdf of Y}, can be expressed by Fébv(yb) that is derived
in Eq.(3.141). For BI < y, < BJ, the cdf of ¥, can be formulated by Fy’(y) that is derived in
Eq.(3.169). Finally, if i, > BJ, the cdf of Y is equal to unity.
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3.3.2.2 The BS is inside the square area

Now, let us consider the scenario that the position B of the BS, which is denoted by the tuple
(d,0), is inside the square area (JHIJK. The centre of OHIJK is located at the origin (0, 0)
of the two-dimensional surface zOy. Without loss of generality, we assume that B is located in
subspace I, as shown in Figure 3.3(b). Hence, the coordinate (7, y5) of point B can be expressed
by the tuple (d, #), namely 75 = —dcosf and yp = —dsin 6, where we thus have ¢ € [0, ] and
dcosf > dsinf because B is located in subspace I, whereas we also have d cosf < 5 because
point B is in side the square area [J{/ I JK. Given a random position ()? , 57) of a MU, the random
distance Y} between this MU and the BS is derived as

Vi = (X =552+ (V= )2 = (X +deost)2 + (V +dsin0)2. (317
In order to derive the cdf or pdf for the random distance Y}, the following steps are proposed
relying on Eq.(3.17):
e Confirm the pdfs for the random coordinates XandY.

e Define new random variables, namely A, = X +dcosfand A, = Y + dsin 6, and derive

their pdfs, respectively.

e Define new random variables, namely Z, = A2 and Z,, = AZ, and derive their pdfs, respec-

tively.

e Given the pdfs of Z, and Z,, we are capable of deriving the cdf for the random distance Y},
which is defined as Y, = /2, + Z,,.

Now let us start the derivation of the cdf for the random distance Y}, according to the above-

mentioned steps. First of all, we have the following lemma:

Lemma 3.1. The pdfs for the random coordinates X and Y are expressed as

—s <1< -5 <1<

N2
N2

1 a 1 a
fe@) =4 o 2 fy@) =4 @ 2’ (3.18)
0, otherwise, 0, otherwise.

Proof. Since the MU’s movement is restricted within [JH /.J K by obeying the uniform mobility

model, X and Y are both uniformly distributed random variables in the region [—2, 2]. As aresult,

272
this lemma is readily proven. U
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For the second step, the pdfs of the random variable A, and A, are provided by the following

lemma:

Lemma 3.2. Given A, = X + dcosf, the pdf of the random variable A, is expressed as

1 a a
- —=4d 0<6,<—-+4+d 0,

fa,(0:) =3 a g TAOSUS0n s g s (3.19)
0, otherwise.

Similarly, given A, = Y + dsin 6, the pdf of the random variable A, is expressed as

, —g +dsing < ¢, < g+dsin0,

1
fa, (6,) = g (3.20)

otherwise.

Proof. This lemma is readily proven according since the sum of a uniformly distributed random

variable and a constant is still uniformly distributed. U

For the third step, the pdfs of the random variable Z, and Z, are provided by the following

lemma:

Lemma 3.3. Given Z, = A2, the pdf of the random variable Z, is expressed as

1 a 9
VR 0<zx<(§—dcosﬁ)
1
J2.(2) = TN (g —dcos)’ < 2z, < (g + dcos6)? (3.21)
0, otherwise.

Similarly, given Z,, = A;, the pdf of the random variable Z, is expressed as

1

a\/%’
1 a . a .
QQ@’ (5 —dsinf)? < 2y < (5 + dsin #)? (3.22)

0, otherwise.

0<z, < (g — dsin 6)?

ny(Zy) =

Proof. Please refer to Appendix 3.B.4 for the detailed proof. U
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In the last step, we should derive the cdf for the random variable Y}, = /Z, + Z,. Specifically,

the cdf of Y} can be expressed as

FYb(yb) = PI'(Y;) S yb) = PI'( V Zaﬂ + Zy S ?/b) = Pr(Zx + Zy S ?/g)

= / [ 202, (%0, 2y)d2pdzy, (3.23)
S

where fz, 7 (2, 2,) is a joint pdf of random variables Z, and Z, and S is a two-dimensional
integral area jointly determined by the domain of fz, 7 (2, z,) and the straight line z, + 2, =
Yi. According to Eqs.(3.21) and (3.22), the domain of the joint pdf [z, 7, (2., %,) is denoted as
the rectangular JOBH F' in Figure 3.5. Furthermore, since Z, and Z,, are independent random
variables, their joint pdf can be expressed as fz, 7, (s, 2,) = fz,(2:) - fz,(2,). However, given a
pair of values (z,, z,) in different regions, namely region I, II, III and IV, as shown in Figure 3.5,

we have different expressions for fz, 7 (2, z,), which is presented as the following equations:

f(i)zy(zm,zy) = a2\/ix_zy, 0 <z, < (% —dcosh)?

0 <z, < (%—dsinf)?

(11) 1 a 2 a 2

[0, 22y 2y) = PPN (5 —dcosf)® < z, < (§+dcost)

0<z,<(%—dsinb)?

[2.2, (20, 2y) = Yoo (3.24)

7.2, (%2, 2y) f<igy(zx,zy) prapy 0 <z < (%—dcos)?
(¢ —dsinf)® < z, < (£ +dsin6)?,

f(i‘;y(zm,zy) m, (5 — dcosh)? < z, < (5 + d cos 0)?
(4 —dsinf)? < z, < (% + dsin6)>.

\

We denote the points on the boundaries between different regions by their corresponding co-
ordinates in axes z,0z,, as shown in Figure 3.5. The coordinate of point A is ((% — dcos6)?,0),
and the coordinates of points B, C, D and E are given by ((£ 4 d cos0)?,0), (£ +dcosf)?, (& —
dsin®)?), (4 —dcosf)?, (4 —dsinf)?) and (0, (% — dsin#)?), respectively. Moreover, the coor-
dinates of points F', G, and H are given by (0, (% + dsin)?), (($ — dcosf)?, (% + dsin6)?), and
((% + dcost)?, (& + dsinb)?), respectively.

Furthermore, we must obtain the sum of each point’s z,-coordinate and z,-coordinate. For
example, we denote the sum of point A’s z,-coordinate and z,-coordinate as 24 = 24, + 24, =
(5 —dcos 0)2. As shown in Eq.(3.24), we have different expressions for the joint pdf of Z, and
Z, in different regions of Figure.3.5. In order to further derive the double integral of Eq.(3.23), we
must first sort the array {Z;|i € {A, B,C, D, E, F,G, H}} in an ascending order. The ascending
sort of the array {z;|i € {A, B,C, D, E, F,G, H}} is determined by the ascending sort of another
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Figure 3.5: The domain of the joint pdf fz, 7, (2z, 2y ).

array {OA, OB, AB,OE,OF ,EF}, where OA = (4 —d cos 0)? is the distance between points O
and A, as shown in Figure 3.5, OB = (£ + d cos §)? is the distance between points O and B, and
AB = (4 +dcosf)* — (& —dcos §)? = 2ad cos  is the distance between points A and B, whereas
OF = (% — dsin6)? is the distance between points O and E, OF = (4 + dsin6)? is the distance
between points O and F, and EF = (% + dsinf)? — (¢ — dsinf)? = 2adsin6 is the distance
between points E and F'. Obviously, since the angle 6 is in the region ¢ € [0, §], we have d cos 6 >
dsin 6. Furthermore, since the BS is located within the square area, we have d cosf < % As a
result, we have several apparent inequalities, which are OA < OF, EF < AB, OA < OB and
AB < OB, aswellas OF < EF, EF < OF,and OF < OB. In order to fulfil these inequalities,
we might have eight possible ascending sorts for the array {OA, OB, AB,OF,OF, EF'}, which
are presented as: 1)) OA < OF < FF < OF < AB < OB, if the BS’s location is within the red
area, as shown in Figure 3.6; ii))OA < OF < EF < AB < OF < OB, if the BS’s location is
within the green area, as shown in Figure 3.6; iii) OA < FF < OF < OF < AB < OB, if the
BS’s location is within the magenta area, as shown in Figure 3.6; iv) OA < FFF < OF < AB <
OF < OB, if the BS’s location is within the blue area, as shown in Figure 3.6; v) EFF < OA <
OF < OF < AB < OB, if the BS’s location is within the cyan area, as shown in Figure 3.6; vi)
EFFF<0OA<OF < AB < OF < OB, if the BS’s location is within the white area, as shown in
Figure 3.6; vii) FF' < OA < AB < OF < OF < OB, if the BS’s location is within the black
area, as shown in Figure 3.6; viii) EF' < AB < OA < OF < OF < OB, if the BS’s location is

within the yellow area, as shown in Figure 3.6.
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Figure 3.6: Different positions of the BS result in different cases.

According to Figure 3.6, we found that if we uniformly throw a BS into a square area, case 1)
OA<OFE < EF < OF < AB < OB is most likely to happen with a probability of 59.5%. As a
result, in order to show the methodology of solving the double integral of Eq.(3.23), we will take

case i as an example.

Theorem 3.6. Given a specific position of the BS (d,0), the following inequalities are assumed
OA<OF < EF <OF < AB < OB. The cdf of the random distance Y} between the BS inside

the square area and the MU roaming within the same area can be expressed as

,

F}(/i Yv), Ogybg%_dcosa7

a

Yp), 5 —dcos <y, <5 —dsind

2

, 2 —dsinf <y, < \/a%/2 + d2 — ad(cos 0 + sin ),
W), Va*/2+ d*> —ad(cosf +sinf) < y, < % + dsind,

)
)
)
)
F(w) = By
)
)
)
)

, %4dcost <y, <+\/a?/2+ d? — ad(cos 0 — sinb),

Y), \/a2/2+d% —ad(cosf —sin0)y, < \/a?/2 + d? + ad(cos f — sin0).

()
()
()
()
(yp), §+dsing <y, < g +dcost,
()
()
()
()

Fy(/f w), Va?/2+ d?+ ad(cos —sinf) <y, < \/a%/2 + d? + ad(cos 0 + sin 0).
Fy(/? W), Yb > \/a2/2+ d? + ad(cos 0 + sin6).

(3.25)

where the exact expressions for F}(,: )(yb) to Fg) (yp) are provided by Eqs.(3.176) to (3.184), as

presented in Appendix 3.B.5.

Proof. Please refer to Appendix 3.B.5 for the detailed proof.
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The calculations of Eq.(3.23) for the rest seven cases can be completed by following the same

methodology, as presented in Appendix 3.B.5, which are omitted because of space limit.

3.4 Random distance between a pair of MUs roaming in a

bounded area

In the past two sections, we discuss the random distance between a BS and a MU in different
scenarios, where the BS is a static node and the MU is a moving node. Generally speaking,
various distance distributions derived in the previous sections can be invoked for evaluating the
performance of wireless links connecting a static node and a moving node. In realistic wireless
communications, only centralised infrastructure, e.g. BSs and Wi-Fi hotspots, are often modelled
as static nodes. As a result, distance distributions derived in previous sections are only capable of
evaluating the performance of centralised wireless links, e.g. cellular links connecting MUs to a
BS and Wi-Fi links connecting MUs to a Wi-Fi hotspot.

However, as the rapid development of multi-functional mobile devices, direct communications
between a pair of MUs and its peer attracts much attention from both academic and industrial com-
munities. There are several techniques supporting direct communication between a pair of MUs.
Bluetooth and infrared transmission modes has been installed on mobile phones for decades, their
pairwise nature enables direct communication between a MU and its neighbour. However, due
to their short transmission range, it is impossible for these two techniques to deliver the informa-
tion to a far end. Apart from centralised communication between a MU and a access point, the
family of 802.11 protocols [28] is also capable of supporting purely distributed communication
between a pair of MUs. From the route establishment in network layer to the resource allocation
in medium-access-control layer, all the actions are completed by the direct or multi-hop commu-
nications amongst MUs equipped with Wi-Fi transmission modules without any aid of centralised
infrastructure. However, a purely distributed way of routing and resource allocation may impose
more overhead signalling and power dissipation, which might reduce the efficiency of the trans-
mission of the desired data. As a result, in order to improve the efficiency of route finding and
resource allocation, recently, cellular device to device communication [15] is becoming a more
favourite choice for realising direct communication between a pair of MUs. In the cellular device
to device communication, all the overhead signalling for route finding and resources scheduling is
carried out by the BS of the cell. After a pair of MUs fetch free resource and a direct link between
them is established, the transmitter may directly convey the required data to the receiver.

As a result, the distance distribution between a static node and a mobile node is not capable
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of evaluating the performance of a direct link between a pair of MUs due to the mobile nature
of both the transmitter and the receiver. Hence, in this section, we will characterise the distance
distribution between a pair of MUs in different scenarios in order to provide a more precise tool

for studying the link performance between a pair of mobile nodes.

3.4.1 Mobile users roam in a circular area

Let us first consider the scenario that a pair of MUs move within a circular area ®(O, r) having
point O as its centre and having r metres as its radius. The movements of this MU pair obey
the uniform mobility model, as introduced in Definition 3.1. However, it is difficult for us to
reflect the uniform-distributed characteristics of MUs within circular area ©(O, r) by invoking the
Cartesian coordinate system. People may argue that, why not try polar coordinate system? We will
also show the difficulties of deriving the random distance between a pair of MUs when the polar
coordinate system is invoked. The polar coordinate of MU; is given by (D;, ©;), where D; is the
radial coordinate and ©; is the angular coordinate. We are able to convert the polar coordinates
into the Cartesian coordinates on the two-dimensional plane zOy by invoking the following two
relationships: )?i = D, cos©; and }7; = D, sin ©;. As a result, the Euclidean distance between a

pair of MUs is expressed as

Vo /(% - X2+ (i — 122 = /DI + D3 — 2D, Dyeos(©, - ©2). (3:26)

In order to characterise the cdf or pdf of Y, expressed as Eq.(3.26), apart from the pdf of D?
and D%, we have to obtain the pdf for 2D; D, cos(©; — ©2). Unfortunately, these three random
variables are not independent of one another, which makes the cdf derivation of Y extremely hard.

However, we may readily derive the cdf or pdf of the random distance Y, between a pair of
MUs with the aid of Crofton’s mean value and fixed points theorems. Before introducing these
two theorems, we firstly provide the definitions of a 0 —algebra and of a measure in the probability

theory.

Definition 3.2 (A o—algebra). A c—algebra on a set S is a collection of subsets of S that is closed
under countable-fold set operations (complement, union of countably many sets and intersection

of countably many sets).

Definition 3.3 (A measure on a set). Let S be a set and let Vs be a o—algebra over set S. A
function defined as p : V — R, where R is the extended real number system, is called a measure

if it satisfies the following properties:
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e Non-negativity: For any subset A of S that belongs to Vs, we have p(A) > 0;
e Null empty set: For a null set ¢, we have p(¢) = 0;

e Countable additivity: For all countable collections {A;,i = 1,2,---, N} of pairwise dis-
joint sets in U, we have p(|N | Ai) = 2 o(A)).

Now, let us define a points set S, whose o—algebra is denoted as Ws. A measure over a subset
A that belongs to Ws is defined as ¢s : s — R. Specifically, if S is a point sets on two-
dimensional plane, the measure s(.A) is the area covered by a points subset 4. If S is a point
sets on three-dimensional space, the measure ¢s(.A) is defined as the volume of a points subset .A.
Based on the definition of a measure on a point set, if the probability of an event, which depends
on the positions of the points within A, is of interest, the Crofton’s fixed points theorem is defined

as

Theorem 3.7 (Fixed points theorem). Given a points set S, whose o—algebra is Vg, we let n
points {€;,1 = 1,2,....,n} be randomly distributed in a points subset A that belongs to Vs. We
define H as an event depending on the positions of these nodes. Let A’ be a subset belonging to
W, which is slightly smaller than A but contained within it, say A" C A. We also let § A be the
part of A, which is not within A'. Then the following relationships can be invoked for calculating
the probability of the event H occurring:

dPr(H) = n(Pr(H|e, € 8.A) — Pr(H)) [p(A)] " dp(A), (3.27)

where p(A) is a measure of the points subset A.

Furthermore, if the mean value of a random variable, which is determined by the positions of

the points within 4, is of interest, the Crofton’s mean value theorem is defined as

Theorem 3.8 (Mean value theorem). Given a points set S, whose o—algebra is Vs, we let n
points {€;,i = 1,2, ....n} be randomly distributed in a points subset A that belongs to Vs. Let
X be a random variable determined by the positions of these n points. Moreover, let A’ be a
subset belonging to Vs, which is slightly smaller than A but contained within it, say A" C A. We
also let § A be the part of A, which is not within A'. Then we have the following relationship for

calculating the mean value of the random variable X :
dE(X) = n(E[X|ey € 6A] — E[X]) [p(A)] " dp(A), (3.28)

where p(A) is a measure of the points subset A.
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Figure 3.7: The Cartesian coordinate system for calculating the cdf of the random distance Y

With the aid of the Crofton’s fixed points theorem and the mean value theorem, we arrive at

the following theorem:

Theorem 3.9. When a pair of MUs roam within a circular area having a radius r by obeying the
uniform mobility model, the pdf of the random distance Yy between this pair of MUs is expressed

as
8 S S S S 2
Fry) = —- [arccos 21— (2 ] , (3.29)

for 0 < y, < 2r. Furthermore, integrating the above-derived fy.(ys) over the region [0, ys], we
may obtain the cdf Fy.(ys) as

2 S 2 S . S S S 3 S 2
Fy,(ys) = ;{4 (g_'r’) arccos (ZQJ_T) + arcsin <g_r> — {g_'r’ +2 (3—T> } 1— (g_r) } (3.30)
Proof. Please refer to Appendix 3.C.1 for the detailed proof. U

3.4.2 Mobile users roam in a square area

In this scenario, we consider that a pair of MUs move within a square area by obeying the uniform
mobility model, as introduced in Definition 3.1. In order to derive the cdf or the pdf of the random
distance Y, between a pair of MUs roaming in the square area, the two-dimensional Cartesian
coordinate system 2Oy is invoked. The left bottom corner of the square area considered is placed

at the origin O and the side length of the square area is a, as shown in Figure 3.7.
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Let the Cartesian coordinate of MU, be ()?1, }71) and let that of MU, be ()?2, 172), where all
these random variables, namely X 1 X 9, 571, 572 are independent by obeying an identical uniform
distribution defined in the region [0, a]. For example, the pdf of the random variable X, can be

expressed as

1
- -, 0<7 <a,
fz. @) =4 a ! (3.31)
0, otherwise.

Thus, the random distance Y, between M U; and MU, can be expressed as

Y, = \/ (X1 — X5)* + (V1 — Y2)%, (3.32)

In order to derive the cdf and pdf of the random distance Y, the following steps are needed:

e We define two new random variable as A; = X 1 — )?2 and Ay = 171 - 172 Obviously, Az
and Ay are independent and identical random variables. We will firstly derive the pdfs for
both the Az and Ay.

e Then, we define another two random variables as Zz; = AZ and Z; = A?%. Obviously, Zz
and Zj are independent of each other and share an identical distribution. We will secondly
derive the pdfs for both the Zz and 7.

e Now, the random distance Y can be expressed as Y, = \/Zz + Z3. Given the pdfs of Z3
and Zz, we may finally arrive at the cdf and pdf of the random distance Y between a pair of

MUSs roaming within a square area.
First of all, the pdfs of the random variables Az and Ay are provided by the following lemma:

Lemma 3.4. Given that A5z = X 11— )?2 and both X 1 and )?2 are i.i.d. random variables, whose

pdfs are given by Eq.(3.31), the pdf of the random variable Az can be expressed as

0z +a

, —a <0z <0
a 5
fa:(0) =4 L= g<s<a (3.33)
a
0, otherwise.

Apparently, Ay = Y — Y, shares the identical pdf with Az.

Proof. Please refer to Appendix 3.C.2 for the detailed proof. U
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For the second step, the pdfs of the random variables Zz and Z5 are provided by the following

lemma:

Lemma 3.5. Given Zz = A2, the pdf of the random variable Z3 can be expressed as

1

fZ;(Z%) - /25
0,

T o OSZxSGQ

(3.34)

otherwise.

Moreover, the random variable Zz = A% shares the same pdf with Z.

Proof. Please refer to Appendix 3.C.3 for the detailed proof.

O

Finally, with the aid of Lemma 3.4 and Lemma 3.5, the cdf and the pdf of the random distance

Y, are provided by the following theorem:

Theorem 3.10. The cdf of the random distance Y, which is defined as Ys = \/ Zz + Z, between

a pair of MU roaming within a square area having a as its side length can be expressed as

FYs (ys) =

e

\

1 83 4
<7T2 ys+ys

a? * 3a  2a2)
1 9 o 24— yg 4
o) [st arcsin TE + ga
4 2
Y a
) P -
Ys 7942 + 3 } ’

L

0<ys<a

(3.35)
a<ys< \/Qa

ys > V2a.

After differentiating Fy,(ys) in each region with respect to y,, we arrive at the pdf of the random

distance Y, which is expressed as

st (ys) =

Proof. Please refer to Appendix 3.C.4 for the detailed proof.

1 8y2 293
— (27rys _ 2y ys),
a a

S

0,

0<ys<a
3

a2

1 242 — 84/, 9

— (4y8arcsina72ys+£\/y§—a2—4y5— ys), a<ys <+v2a
a Yy a

a2
otherwise.
(3.36)

O

3.5 Application of distance distribution in cellular networks
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In wireless communications, long-distance between a transmitter and receiver pair imposes signif-
icant channel attenuation, which is regarded as the path loss (PL). The PL is normally considered

as a deterministic parameter in the following scenarios:

e Both transmitters and receivers in the studied wireless network are static nodes. The varia-
tion of the channel gain is mainly incurred by the stochastic shadowing effect and multipath

fading.

e The distance variations incurred by the movement of both transmitters and receivers are
much slower than the variations of the stochastic shadowing effect and multipath fading. In
this scenario, the varying PL incurred by the slow movements of the nodes are ignored by

the performance evaluation of the wireless link

When mobility pattern of the MUs is taken into consideration, most of research focus on the
connectivities of wireless links, such as the link life time [], link change rate [] and link arrival rate
[]. Apart from these issues in terms of network topology, MUs’ mobility may also influence the

physical-layer performance of wireless links in the following scenarios:

e The distance between a transmitter and receiver pair is significantly changed between two
successive transmission blocks. As a result, the variation of the PL keeps the same pace with

the variations of the stochastic shadowing effect and multipath fading [].

e When the single-transmitter-multiple receiver transmission mode, namely broadcast and
multicast transmission, are taken into consideration, the positions of the single transmitter
and multiple receivers may get refreshed for different transmission blocks []. For the sake
of discussing the multicast spectral efficiency and the statistical properties of the number of
outage MUs in the broadcast context, we have to consider the varying PL in addition to the

shadowing and multipath fading.

In this section, by considering the distance variation incurred by the MUs’ mobility, we present
a list of applications in performance analysis of the wireless channel in mobile cellular networks.
With the aid of the various distance distribution, we first study the statistical properties of the
time-varying PL, then analyse the spectral efficiency for a single hop link and further evaluate the
statistical properties of the number of outage MUs in the cellular broadcast. Finally, we analyse

the multicast spectral efficiency.
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3.5.1 Time-varying PL

Given a specific distance y; between a transmitter-receiver pair, which is assumed to be longer than
the reference distance d determining the edge of the near-field, the PL model is defined by the
following equation

Pro

W = ?; = (g—;) , Y1 = do, (3.37)

where P, is the power received at the receiver y; m away from the transmitter, P, is the power
received at the reference point that is dy m away from the transmitter and ~ is the PL exponent.
Note that the index ‘I’ is a generic subscript, which represents ‘b’ when the BS is the transmitter,
while it represents ‘s’ when a MU is the transmitter. In the rest of this chapter, subscripts ‘I’, ‘b’
and ‘s’ hold the same meaning. The free-space PL model [18] is exploited for calculating the PL

from the transmitter to the reference point, which is expressed as

P, (47)%d2 Ardy \
= L= = 3.38
o Py A c/fic) ' (-38)

where \; = c¢/f.; is the wave-length, c is the speed of light, f., is the carrier frequency, and
P, is the transmit power. Thus, the received reference power P, is obtained as Py = P/wi.
Unfortunately, Eq.(3.38) is invalid for calculating the PL in the near-field of the transmit antenna.
As a result, we assume that, when the distance y; between the transmitter and receiver is shorter
than dy, the received power P, is approximated to be the received reference power P, at the
reference distance dy. This assumption is reasonable and it provides an accurate approximation
when the reference distance dj is far shorter than the size of the bounded area within which the
MUs move by obeying the uniform mobility model. In a nutshell, given an arbitrary distance y;,
the PL model is defined as

wi,0, 0 S Ui S d07

B

L " (3.39)

P, W0 (%) . Y > do,
0

where the path loss w; o at the reference distance dj is given by Eq.(3.38).

According to the uniform mobility model, as introduced in Definition 3.1, the position of a
MU is a stationary stochastic process by obeying the uniform distribution. Thus, the distance Y;
between the transmitter and the receiver is also a stochastic process given that at least the receiver
is a MU. As shown in Eq.(3.39), the path loss w; is a function with respect to the distance y;. As a

result, the path loss €); is also a stochastic process. The cdf of the time-varying PL €, is defined as
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the probability of €2, being lower than w;. Let us now discuss the cdf Fy, (w;) for the time variant
path loss €; given different value of w.

According to Eq.(3.39), the minimum value for {2; is w; o. As aresult, {2; could not take a value
lower than w;o. Hence, if we have w; < wj g, the cdf of €; is Fy, (w;) = 0.

However, if we have w; > wj o, the cdf of the time-varying PL €); can be expressed as

Fo,(w) = Pr($y < w;) =Pr (wz,o <ﬂ> < wz) = Pr (?/z <dy f/ ﬂ) (3.40)
do Wi,
~ Fy, (do ,“/ﬂ) . (3.41)
wi,0

In a nut shell, the cdf of the time-varying PL {; between a transmitter and a receiver can be

expressed as

0, Wy < Wi

FQZ (wl) = Pr(Ql S wl) = (do K ﬂ) W) > Wio (342)

Fy,

1

Apparently, the cdf Fy, (w;) derived in Eq.(3.42) is not a continuous function because lim,, St =

Fy,(dy) # 0. However, if dy is quite shorter than the size of the area studied, Fy,(dp) is very
close to zero. In order to maintain the continuity of Fy, (w;), we may normalise the pdf fy,(y)
of the random distance Y; by (1 — Fy,(dp)). The consequent cdf fyl (y;) can be expressed as
Fy.(y1) = (Fy,(y1) — Fy;(do))/(1 — Fy,(do)) for y; > dy. Obviously, we have Fy(do) = 0. This
slight revision on the original cdf Fy,(y;) may not change its statistical property a lot if Fy;(dy) is
very close to zero.

If we differentiate Eq.(3.42) with respect to w; in the region w; € [w; o, +00), we arrive at the

pdf of the time-varying PL €);, which is expressed as

d k[ w dy [ w kW
fo,(w) = —Fy, | do =) === fvi | do =) w > Wi,0- (3.43)
dw, Wi, Kkwy \l wio Wi,0

By substituting the corresponding cdf Fy, (y;) and pdf fy, (y,) into Egs.(3.42) and (3.43), we
may arrive at the cdf and the pdf of the time-variant PL between the BS and a MU. Let us consider
the scenario that a cell is modelled by a circular area having r as its radius and the BS is at the
centre of this circular area, while the MU moves within the circular cell by obeying the uniform
mobility model. Note that since the maximum value for the random distance Y} is the radius r,

the corresponding maximum value for the time-varying PL €, is wjo(7/dp)". As a result, by
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substituting Fy, (y5) of Eq.(3.2) into Eq.(3.42), the cdf of €2, is expressed as

K 2 K
, (&) 1<_<(T) , (3.44)
Wh,0 Wh,0 do

Moreover, we have Fg, (w,) = 0 for wy/wpg < 1, while Fo, (wy) = 1 for wy/wee > (r/dp)".
Furthermore, by substituting fy, (y5) of Eq.(3.3) into Eq.(3.43), the pdf of 2, is expressed as

2 K
2 (do w [y ) < r )
—\ - ) 1 < - S )
fa,(wp) = Kwp \ 7\ who Wh0 do (3.45)

0, otherwise.

d

o

FQb (wb> =

7\3|

Then, Let us consider the scenario that a pair of MUs both move within a circular area having
r as its radius by obeying the uniform mobility model. We note that the maximum value for the
random distance Y is the diameter 27 and the corresponding maximum value for the time-variant
PL € is w; o(2r/dp)". As a result, by substituting Fy, (y;) of Eq.(3.30) into Eq.(3.42), the cdf of

(), is expressed as
2 do » ? dy » do »
Fo,(w) ==¢4(= ) arccos [ 20/ 4 aresin | <2 /2L (3.46)
' T 2r \ wpp 2r \ wpp 2r \ wyo
dy #[w do ~ [ \° do w5 \° w 2r\ "
Go ®[ Wy | o (%0 "W 1_ (%o "/ B
2r \[ weo 2r \| wpp 2r \l weo Ws 0 do

Moreover, we have Fq_(ws) = 0 for ws/wso < 1, while Fq_(ws) = 1 for ws/wso > (2r/dp)".
Furthermore, by substituting fy, (ys) of Eq.(3.29) into Eq.(3.43), the pdf of (2, is expressed as

(1 “’bﬂ i)
— ] — arccos | —
Thwy \ T\ Weo 2r \ wspo
fou(ws) = do w [ Wy do W\ ow (2 (4D
Ws,0 ws(] T Ws,0 - dO

\ 0, otherwise.

3.5.2 Ergodic Spectral efficiency for a single hop link

n [19], the authors discussed the time scale of a MU’s mobility and that of an information trans-
mission. In line with [19], we assume the slotted ALOHA [20] as the medium-access-control

(MAC) protocol. We first portray the mobility time slot in Figure 3.8(a), from which we can ob-
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Figure 3.8: Mobility and transmission time scales [19].

serve that the performance of the information transmission during the ¢ mobility time slot varies
from that during the (¢ + 1)™ mobility time slot due to the time-variant PL incurred by the mo-
bility of the transmitter and the receiver. As shown in both Figures 3.8(b) and (c), we assume an
information transmission starts at the beginning of a mobility time slot and completes before the
end of the mobility time slot. Then, the next information transmission starts at the beginning of
the subsequent mobility time slot.

In the following two scenarios, the multipath fading effect does not need to be considered for

deriving the ergodic spectral efficiency for a single hop link:

e In broadband communications, various advanced diversity techniques are employed at the
receiver end, such as selective combining technique, maximum ratio combining technique
and equal-gain combining technique, so as to counteract the adverse effect of the multipath

fading.

e In narrowband communications, if the information transmission duration is comparable to
the duration of a mobility time slot, as shown in Figure 3.8(b), the information transmis-
sion duration may include numerous multipath fading block. According to the law of large
numbers, the channel amplitude during the entire transmission duration may converge to
the average value of the multipath fading. Hence, the stochastic properties of the multipath

fading do not influence the channel in this scenario.

Bn contrast, in the next scenario, we have to jointly consider both the multipath fading effect

and the time-varying PL effect on the ergodic channel spectral efficiency:
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e In narrowband communications, if the information transmission duration is much shorter
than the duration of a mobility time slot, the channel fluctuation during the ¢ information
transmission duration are quite different from that during the (¢ + 1) information transmis-
sion duration, as shown in Figure 3.8(c), due to the joint effect of the stochastic multipath

fading and the time-varying PL.

According to the information theory [21], the channel capacity is defined as the upper bound
of the information rate that can be achieved with arbitrarily small error probability. As a result,
in the presence of the noise, the spectral efficiency, which is defined as the information rates per

bandwidth, can be expressed as

B Pylyl?
;=1 1+ SNR;) =1 1+ ——+ | =1 1+ — 3.48
| = logy(1 + SNR;) ng( t g ) ettt ) (3.48)

where |h;|? is the power amplitude of the random multipath fading having a unity average value
and (), is the time-varying PL incurred by the mobility of both the transmitter and the receiver,
whereas N is the power spectrum density of the noise and B; is the communication bandwidth,
whereas P, is the normalisation of the actual transmit power P, by the noise power Ny B;.

Then we will discuss the statistical properties for the spectral efficiency C; defined in Eq.(3.48)

with and without considering the multipath fading effect.

3.5.2.1 Spectral efficiency without the multipath fading effect

In this scenario, the power amplitude |/;|? of the multipath fading is a deterministic constant which
is equal to a unity. The spectral efficiency (] is dominated by the time-varying PL €2;. Since the
time-varying PL €); is caused by the distance variation, the spectral efficiency thus depends on the
statistical properties of the random distance Y; between the transmitter and the receiver. The cdf
Fe,(¢;) of the spectral efficiency C is defined as the probability of C; being lower than a specific

realisation ¢;, which is further expressed as

20 — 1
P
=1-Fy (4) : (3.49)

where [, (-) is the cdf of the time-variant PL, whose generic expression is given by Eq.(3.42).

P P
FCZ(CI) = PI'(Cl S Cl) =Pr |:10g2 (1 + ﬁl) S Cl:| = Pr (Ql Z l )
l

According to the PL model proposed in Eq.(3.39), the minimum PL value is w; o, which further
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produces the maximum possible value for the random spectral efficiency Cj:

P
Clmax = l0g, (1 + —l> : (3.50)
w0
Similar to the derivation of Eq.(3.42), the cdf F(,(¢;) has a different expression given a specific
value of ¢;. We omit the derivation process here and directly present the generic expression for the
cdf of the random spectral efficiency Cj:
K Fl

1 - F d - L, .~ 9 0 < C S C max»
Fo,(cr) = ATV w2 - 1) = (3.51)

) c > Cl,max;

where Fy, (-) is the cdf of the random distance Y;. Note that the complementary cumulative distri-
bution function (ccdf) (1 — F,(¢;)) is normally invoked for outage analysis of the channel, where
¢; often takes the value of the minimum acceptable spectral efficiency. After differentiating F¢, (¢;)
of Eq.(3.51) with respect to ¢; in the region (0, ¢; max], We arrive at the pdf of the random spectral

efficiency, which is expressed as

do 2%1n 2 ® ?l ® ?l
= =2. . . dog | ———L
fCl (Cl) K 20[ _ 1 (,Ul70<2cl _ 1) f)/l 0 wl70(201 o 1)

) 0< C S Cl max; (352)

and fc,(¢;) = 0, otherwise, where fy;(-) is the pdf of the random distance Y.

By substituting the corresponding cdf Fy, (y5) and pdf fy, (y,) into Egs.(3.51) and (3.52), we
may arrive at the cdf and the pdf of the random spectral efficiency C}, between the BS and a MU.
Let us first consider the scenario that a cell is modelled by a circular area and the BS is at the
centre of this circular area, while the MU moves within the circular cell by obeying the uniform
mobility model. We note that since the maximum value for the random distance Y} is the radius r,

the corresponding minimum value for the random spectral efficiency Cj, is

P, [(do\"
Comin = 10g, [1 + 1t <—°> } (3.53)

wb@ r
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As a result, by substituting Fy, (y,) of Eq.(3.2) into Eq.(3.51), the cdf of € is expressed as

0, 0 < ¢ < Chmin,
2
do * P,
Fcb (Cb) = 1- - > Cbmin S Cp S Cp,max (354)
r\ wo(2% — 1)
\ 17 Cp > Ch,max

where ¢ max 15 derived by substituting P, and wpo into Eq.(3.50). Furthermore, by substituting
fv, (yp) of Eq.(3.3) into Eq.(3.52), the pdf of the random spectral efficiency Cj, is expressed as

2

20+ 2 dy P,

= — . — — min < S max) 355
be (Cb) /{(2% _ 1) r Wb70(26b — 1) y Cb, Cp Cyp, ( )

and fe, (cp) = 0, otherwise.

Second, we consider the scenario that a pair of MUs both move within a circular area having
r as its radius by obeying the uniform mobility model. We note that since the maximum value
for the random distance Y is the diameter 27, the corresponding minimum value for the random

spectral efficiency C is

P, [(do\"
Comin = log, [1+ <—°) } (3.56)
Ws,0 2r

As a result, by substituting Fy, (ys) of Eq.(3.30) into Eq.(3.51), the cdf of the random spectral

efficiency C is expressed as
— 2
1 dO " Ps
2r \| wso(2% —1)

3
2 do * P, do * P,
F G I O [Lipy R S Uy S -
G,(es) =1+ {% w02 —1) (27’ ws (26 — 1)
—_— 2 —_—
do * Py do * P,
— 4 -— I —— arccos -— s —
2r \ ws (2% —1) 2r \ ws (2% —1)

in | L0 P, < <
— arcsin Z m y Cs,min = Cs = Csmax, (3.57)

where ¢, max 1s derived by substituting P, and ws,o into Eq.(3.50). We also have F, (c;) = 0
if 0 < ¢5 < Csmin, While Fi (¢5) = 1if ¢5 > ¢4 max. Furthermore, by substituting fy, (ys) of
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Eq.(3.29) into Eq.(3.52), the pdf of the spectral efficiency C| is expressed as
_ 2 _ — 2
20521 2 do * P, do * Py do * Py
fcs(cs):ci A\ (9es — 1) BErR | mvrramrael Rl B ) v ey
(20 —1) | 7 | wso(2% —1) 2r \ ws (2% —1) 2r \ ws (2% —1)
dO " ﬁs
(0 “s i < s < .
—+ arccos (2’[“ w&o(ZCS — 1)):| y Cs;min = Cs = Cs max, (3 58)

and fe,(Cs) = 0, otherwise.

3.5.2.2 Spectral efficiency with the multipath fading

We assume that the amplitude h; of the channel gain follows the uncorrelated Rayleigh fading
associated with a unity mean. As a result, the power amplitude X = |Iy|* of the channel gain
obeys the exponential distribution associated with a unity mean, whose pdf and cdf are given by
fx(xz) =e®and Fx(z) = 1 —e ", respectively. In the scenario, which is shown in Figure 3.8(c),
the spectral efficiency C; is dominated by both the time-varying PL {2; and the random multipath
fading |hy|%. The cdf Fi,(¢;) of the spectral efficiency C is defined as the probability of C; being

lower than a specific realisation ¢;, which is further expressed

P
Fe,(a) =Pr(Cy < ¢) =Pr [IOgQ (1 + ﬁl : |hz|2> < Cz] : (3.59)
I

Given a specific realisation 2; = w; of the time-varying PL, the conditional cdf of the spectral

efficiency C is expressed as

W
FCZ(CI|QI = wl) = Pr(C’l S Cl‘Ql = wl) =Pr |:|h'l|2 S (QCZ — 1)?[‘91 = wl:|
l

=1 — e 1-Dw/P1 (3.60)

According to Bayesian principle [22], by exploiting the generic expression of the pdf of the time-
varying PL €; of Eq.(3.43), the cdf Fi,(c;) of the spectral efficiency can be further derived as

Fey(e)) = / Fo (el = ) fo (wr)deo

oo c ) d R K
_ / (1-ctmm). b [“r <d0 ﬂ) Qo o >0, (3.6])
wi0 KWy 'y Wio wL,o
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where fy,(y;) is the pdf of the random distance Y; between the transmitter and the receiver. By
differentiating Fy, (y;) with respect to ¢;, we arrive at the pdf of the spectral efficiency Cj, which is

expressed as

Foo c = doln2 =« K
fCl(Cl) = / 9cte—(2U=1)wi/Pr Gollz —mj W fy; <d0 (:‘}_l> dw;, ¢ >0, (3.62)

Lo kP wi,0 1,0

Note that when the multipath fading is not taken into consideration, the spectral efficiency C;
cannot exceed its upper bound ¢; . because the minimum value for the PL is w; o according to
the PL model expressed in Eq.(3.39) considered in this chapter. However, if the multipath fading
effect is considered, the uncertainty of the channel’s power amplitude might greatly fluctuate the
spectral efficiency C) and make it possibly take any value larger than zero.

Unfortunately, we are not able to derive the close-form formulas for the statistical properties
of the random spectral efficiency C) by considering both the time-varying PL and the multipath
fading effect. Alternatively, we express both the cdf and the pdf of C; in terms of a single integral,
as shown in Egs.(3.61) and (3.62) which can be easily solved by numerical algorithms, such as the
adaptive quadrature algorithm [23].

By substituting the corresponding pdf fy, (y;) into Egs.(3.61) and (3.62), we may arrive at the
cdf and the pdf of the random spectral efficiency C}, between the BS and a MU. Let us first consider
the scenario that a cell is modelled by a circular area associated with a radius of  and the BS is at
the centre of this circular area, while the MU moves within the circular cell by obeying the uniform
mobility model. Note that since the maximum value for the random distance Y}, is the radius r,
the corresponding maximum PL iS wp max = who(r/dp)”. As a result, by substituting fy, (y5) of
Eq.(3.3) into Eq.(3.61), the cdf Fi, (c;) can be expressed as

Wh, max . - 2 d K 2
Fe,(cy) = / (1 e b*”Wb/Pb) R e e N ) (3.63)
Wh,0 RWy T wb70

Similarly, by substituting fy, (y,) of Eq.(3.3) into Eq.(3.62), the pdf f¢, (¢,) can be expressed as

b max c 5 2 (dy«fwp )\’
fo,(cy) = / g tlg— (21w /Py | % ) (70 :’T”) dwy, > 0. (3.64)
Wh,0 b ,0

By substituting the corresponding pdf fy, (ys) into Egs.(3.61) and (3.62), we may arrive at the
cdf and the pdf of the random spectral efficiency C'; between a pair of MUs. Let us consider the
scenario that both the transmitter and the receiver move within a circular area having a radius of

r by obeying the uniform mobility model. We note that since the maximum value for the random



3.5. APPLICATION OF DISTANCE DISTRIBUTION IN CELLULAR NETWORKS 34

distance Y is the diameter 2r, the corresponding maximum PL is wg max = ws0(27/dp)". As a
result, by substituting fy, (v;s) of Eq.(3.29) into Eq.(3.61), the cdf F, (cs) can be expressed as

Ws, max 7% 16 d K S ? d " S
Fe,(cs) = / (1 —e s ) : <_0 i ) {arceos <—0 ~ )
eo ThwWs \ 27 \| Wso 2r | wso
d K s dy * s 2
[ \/ Go ~f W ) dws, c¢s>0. (3.65)
Ws,0 Ws ,0
Similarly, by substituting fy, (ys) of Eq.(3.29) into Eq.(3.62), the pdf fc, (c,) can be expressed as
Ws,max _ (298 —1Dws ln 2 d K[ W 2 d kW
) = 203+4 Ps . . -0 / u = -
sz (C ) /u;s’o ¢ 7T/{P (QT Ws 0) |:arccos (QT Ws,0

k[ W, do k[ W, 2
dws, c¢s>0. (3.660)

wsO wsO

3.5.3 Broadcast outage event

In the broadcast scenario, a transmitter broadcasts a series of messages in a broadcast channel. All
the receivers that are interested in these messages tune their radio front to this broadcast channel
so as to receive the messages. However, the broadcast technique is quite different from both the
point-to-point and multicast communication techniques, where the transmitter aware the existence
of the all the receivers. The broadcaster does not have any knowledge of the receivers. As a result,
no additional techniques, such as retransmission, are adopted for guarantee the reliability of the
message reception at a specific receiver end. Once the receiver is in the outage state during the
transmission of a packet, it may never receive this packet afterwards.

We first consider the BS-based broadcast, where the transmitter is a static node. In a specific
area, either the whole coverage of a cell or other bounded area, N receivers move independently
by obeying the uniform mobility model. As a result, each link connecting the broadcaster to a
specific receiver is independent of all the other links in the broadcast scenario since the positions
of the receivers are independently distributed in the studied area. In this section, we consider the
scenario that the BS is at the centre of a circular cell, whose radius is » m, while the N receivers
move within this circular cell by following independent uniform mobility model.

If the ergodic spectral efficiency of a link connecting the broadcaster to a specific receiver is
lower than a pre-defined threshold C},, this receiver falls into the outage state. Given the closed-

form cdf of the ergodic spectral efficiency in a single hop link, whose generic equation are ex-
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pressed as Eq.(3.51) for no multipath fading case and expressed as Eq.(3.61) for multipath fading
case, we may further derive the probability F,,; of a specific receiver staying in the outage state
during a packet transmission.

Since the distances between /N receivers and the broadcaster are independent of each other, the
discrete random variable N representing the number of receivers that are in the outage state can
be modelled by a binomial distribution. As a result, the probability mass function (pmf) of A/ can
be expressed as

(1= Pu)V ", (3.67)

n out

Pr(N = n) — (N) pr

When only the path loss between the broadcaster and the receiver is taken into account, P,,; in
Eq.(3.67) is obtained by substituting c;;, into Eq.(3.54). When both the path loss and the multipath
fading is jointly considered, F,,; in Eq.(3.67) is obtained by substituting ¢, into Eq. (3.63).

Note that Eq.(3.67) is derived based on the fact that when the broadcaster is a static node,
the random distances between this broadcaster to any other receivers are independent random
variables. As a result, the cdf of the joint distance distribution from the broadcaster to /N receivers
can be formulated as Fy, | .. v, v (b1, -+, Yb,N) = I, Fy, . (Yv,n). However, this fact is not true
if the broadcaster is also a mobile node since the independence amongst the random distances from
the receivers to the broadcaster is damaged according to the relevant research in [25] and [26]. For
example, if we consider that the broadcaster and NV receivers all move in a a X a square area by

following the uniform mobility model, the joint distance distribution should be formulated as

N
1 a a
FYs,l,---,YS,N(ys,la te 7ys,N) = ﬁ /0 dl’/(; dy H Fyb(ys,nKxu y))7 (368)
n=1

where Fy, (ysn|(z,y)) is the cdf of the random distance between the broadcaster, which is located
at a given reference point (, ), and the n™ receiver, which is uniformly distributed in the square
area. Iy, (ysn|(z,y)) can be derived by following the methodology developed in Section 3.2.2.
However, as shown in Section 3.2.2, Fy, (ys.»|(x, y)) is too complicated to be exploited for further
deriving the joint distribution Fy,, ... Yan (Ysa,- -+, Ys,n), Which makes the derivation of the pmf
Pr(N = n) even more difficult. Hence, in this section, we only consider the scenario that the

broadcaster is a static node.

3.5.4 Spectral efficiency for multicast transmissions

In the multicast transmissions, a multicaster has to multicast the same message to multiple re-
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ceivers, which produces multiple links for delivering the message of common interest. Here, we
assume that N receivers independently move within a certain region of the plane by following the
uniform mobility model and they are all connected to the multicaster. Different from the broad-
cast technique, in the multicast scenario, the multicaster is aware of all the receivers and it has to
guarantee every single packet successfully delivered to all the receivers. Hence, in the multicast
transmission, both the outage and the retransmission events are dominated by the receiver, who
has the weakest link with the multicaster. As a result, we define the spectral efficiency (channel
capacity) for the multicast transmission as the spectral efficiency of the weakest link [24], which

is expressed as

- . Pl‘hn|2 o . ?l‘hn|2
Cl,m = n:r?,-l-r-l,N {10g2 <]. + m = n:I{l,-l-I-l,N 1Og2 1+ T’n s (369)

where |h,,|? is the power amplitude caused by the multipath fading of the link connecting the
n'™ receiver to the multicaster and ), is the time-varying PL of the same link incurred by the
movement of both the n' receiver and the multicaster, whereas P; is derived by normalising the

transmit power F; by the noise power Ny B5;.

3.5.4.1 Spectral efficiency for multicast transmission without the multipath fading

In this scenario, the power amplitudes {|%,|*|n = 1,---, N} for the N receivers are all deter-
ministic constants equal to a unity. As a result, the multicast spectral efficiency can be simplified

as
e (P 3.70

where C},, is the spectral efficiency for a single-hop link from the multicaster to the n™ receiver.
Since the positions of these N receivers are independently and identically distributed in the area
considered, according to the relationships between the distance variation and the time-varying PL,
as derived in Section 3.5.1, the PLs {{;,|Jn = 1,---, N} between the multicaster and the N
receivers are also independent and identical random variables. According to Eq.(3.70), in this

scenario, the multicast spectral efficiency Cj,, only depends on the time-varying PL. The cdf of
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the multicast spectral efficiency is expressed as

P
FCL,M (Cl,/\/i) = PI'(CI’M S CI,M) = Pr [ minN {10g2 (1 + Q—l>} S CI,M}

n=1l,-, Ln

N P N P
:1—HPr{log2<1+Q—l)ZCl,M]:l_HPr<le§2qu 1)
I,n T

n=1 ol
a P - N
P, P,
=1- n||1 FQz,n (m) =1- |:FQZ (m)} . (3.71)

where F, () is the cdf of the time-varying PL, whose generic expression is given by Eq.(3.42).
According to the PL. model proposed in Eq.(3.39), the minimum PL value for a single-hop link is
wy 0. When the PLs between the multicaster and all the receivers are equal to w; o, the maximum

possible value for the multicast spectral efficiency C; ¢ is achieved, which is expressed as:

P
e = log, (1 + —l) . (3.72)

w0

As a result, by substituting Iy, (-) of Eq.(3.42) into Eq.(3.71), we arrive at the generic formula for
the cdf of the multicast spectral efficiency without the multipath fading effect:

N

K Fl
1= | Fy | doy )| ——t— || ) 0 <cipn <,
Fo, v (am) = L \/wz,o(%M —1) LM = Cpm (3.73)
17 M > C?l/a(,

where Fy,(-) is the cdf of the random distance Y; between a transmitter and a receiver. Note that
if we let ¢; o be a specific spectral efficiency threshold for the multicast links connecting the
multicaster to the receivers, the cdf I, ,, (c;,a¢) represents the outage probability of the multicast
transmission. By differentiating the cdf Ft, ,,(c;a¢) With respect to ¢; o, the pdf of the multicast

spectral efficiency Cj r( can be expressed as

N -2aM]n 2 ® FI " FI
_ eemme Lo donf|— 0
fermlcim) = — @) % \/%0(2%M Y fyi | do \/Wl70(20l7M )

N-1

FYZ do \/m s for 0 < Ci,M < Cl,M’ (374)

and fc, ,,(c,m) = 0, otherwise.
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By substituting the corresponding cdf Fy, (y;) and pdf fy, (ys) into Eqs.(3.73) and (3.74), we
may arrive at the cdf and the pdf of the multicast spectral efficiency Cj 4 between the BS and
multiple MUs, where the BS plays the role of the multicaster. We assume that a cell is modelled
by a circular area having a radius of r and the BS is at the centre of this circular area, while N
MUs move within the circular cell independently by obeying the uniform mobility model. Note
that since the maximum value for the random distance Y}, is r, the corresponding maximum PL is
Whmax = Who(r/dp)". When the PLs between the BS and all the NV MUs are equal to wj max, the

following minimum multicast spectral efficiency is achieved:

- P Py (do\"
Czn}& = 10g2 (1 + b ) — 10g2 [1 + il <_0) :| . (3.75)
’ b,max Wh,0 r
As aresult, by substituting Fy, () of Eq.(3.2) into Eq.(3.80), the cdf Fg, ,, (cy, am) can be expressed
as
( 07 0< Cp, M < C;)njl\ljt
— 2N ’
= do " Pb min max
Fo,m@am) =9 1-| — \/ @ )| SRS am <R (3.76)
\ 17 Cp, M > C?}%,

where Cot is derived by substituting /7, and wy, o into Eq.(3.72).
By substituting both Fy, (y,) of Eq.(3.2) and fy, (y5) of Eq.(3.3) into Eq.(3.74), the pdf of the

multicast spectral efficiency Cj, ¢ can be formulated as

2N

2N . ch’M ln 2 d(] K ﬁb min max
be,M (Cb,/\/l) = —K ‘ (20(,7/\4 — 1) . 7 \/wb,o(ch,M — 1) 1Cb, M < Co, M < Cp M> (377)

and fc, ., (csm) = 0, otherwise.

Similar to the broadcast scenario, if the multicaster also moves within the area studied, the
distances between the multicaster to the /V receivers are no longer independent random variables.
Due to its extreme complexity, we thus omit the derivation of the cdf and pdf for the multicast

spectral efficiency.

3.5.4.2 Spectral efficiency for multicast transmission with the multipath fading

We model the amplitude h; of the channel gain by the uncorrelated Rayleigh fading associated

with a unity mean. As a result, the power amplitude X,, = |h,|? of the channel gain between the
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multicaster and the n' receiver obeys the exponential distribution associated with a unity mean,
whose pdf and cdf are given by fx, (x,) = e *" and FY, (z,) = 1 — e ", respectively. If the
multicaster is a static node, the multicast spectral efficiency C; is dominated by the independent
time-varying PLs {€;,|n = 1,---, N} and the random multipath fading {|h,|*ln = 1,--- | N}.
Since the time-varying PLs {2, ,|n = 1, --- , N} are incurred by the distance variations, the multi-
cast spectral efficiency thus depends on the statistical properties of the random distance Y; between
the multicaster and the receiver. The cdf Fg, ,, (¢,m) of the multicast spectral efficiency Cj r is
defined as the probability of Cj \( being lower than a specific realisation ¢; o¢, which is further

expressed as

Py|h,|?
FCZ,M(CI,M) = PI'(CLM S Cl,M) = Pr |: min {10g2 <1 + g | )} S CI,M:|

n=1, N In
N —_—
Pi|h,)?
—1— EPr [mg2 <1 + o > | - (3.78)
Substituting a vector of specific PLs’ realisation {€;,, = w;,|n = 1,---, N} into Eq.(3.78), the

conditional cdf for the multicast spectral efficiency C; x4 can be further derived as

N N LM
Wy p(29M — 1) _ @ 7D
Fo (qgmlwr, -, wy)=1— Pr(thZ’f =1- e b
l,M( ) | 1 N) TH | | Pl }_[1
(3.79)
Since the time-varying PLs {€;,|n = 1,---, N} are independent random variables, the joint

pdf of {4 ,|n = 1,---, N} can be expressed as fo, ,..q,, (W1, -, Win) = HnN:1 fau, (@in).

According to Bayesian principle [22], the cdf of the multicast spectral efficiency C) A can be

finally derived as
Foy(cm) =/

dwl,l e / FCLM (Cl,M\wl,h ce 7Wl,N)le71---Ql72<wl,17 e 7wl,N>dwl7N
wi,N

w1
N +o0  wp@tM-o1
=1- H/ e T fo(wn)dws
n=1"Y%,0
N LM _
400 _L‘Jl,n(2? 1) do % (W] K (W1
=1- H € l le do e dwlm
ne1 w0 RWwin \ Wio W0

X N
+oo w9 M-o1 K K
-1 — [/ e se =~ 7 .ﬁ ﬂ . le (do ﬂ) dwl] ’ (3.80)
w ,0
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for ¢; o > 0, where fy,(+) is the pdf of the random distance Y; between a transmitter and receiver
pair, and Fg, , (c;0m) = 0, otherwise. The second equality of Eq.(3.80) is obtained due to the
independence of the random variables {{;,|n = 1,---, N}. The third equality of Eq.(3.80) is
derived by substituting Eq.(3.43) into the second line. Finally, we arrive at the fourth equality
of Eq.(3.80) since random variables {€2; ,|n = 1,--- , N} have identical distributions, where the
generic symbol w; replaces the specific symbol w; .

By differentiating Fo, ,,(c;.a1) of Eq.(3.80) with respect to ¢; o, the pdf of the multicast spec-

tral efficiency can be formulated as

+oo go2emInQ _w M1
0 ) n = -/ K[ Wy K[ W
fevmlam) =N+ / ——=—e [ fy (do —) dwy
wr,0 K‘Pl wl,O Wl,O

N-1
too wEtM-ony g n
/ . = Y e v, <d0 ﬂ) dwl] ’ (3.81)

1,0 Kty wr,0 wio

for ¢, o > 0, where fy,(+) is the pdf of the random distance Y; between a transmitter and receiver
pair, and f¢, (¢ m) = 0, otherwise.

Note that in the scenario that the multipath fading is not taken into consideration, the multicast
spectral efficiency C ( cannot exceed its upper bound ¢;"{y because the minimum value for the PL
is w; o according to the PL model expressed in Eq.(3.39). However, if the multipath fading effect
is considered, the uncertainty of the channel’s power amplitude might greatly fluctuate the spectral
efficiency Cj r, and make it possibly take any value larger than zero.

By substituting the corresponding pdf fy, (y;) into Eqs.(3.80) and (3.81), we may arrive at the
cdf and the pdf of the multicast spectral efficiency Cj, o between the BS and N MUs, where the
BS plays the role of the multicaster. We assume that a cell is modelled by a circular area having a
radius of r and the BS is at the centre of this circular area, while N MUs move within the circular
cell independently by obeying the uniform mobility model. Note that since the maximum value for
the random distance Y is the radius 7, the corresponding maximum PL is wp max = weo(r/dp)". As

aresult, by substituting fy, (y,) of Eq.(3.3) into Eq.(3.80), the cdf Ft, ,,(cp1q) can be expressed as

_wp(2 M1 9 N
“bmax 9ea Py do K[ Wy
FCbM(Cb,M) =1- / _— | — _— dwb y CbM > 0, (382)
’ W0 KWy r Wh,0

and Fg, ,,(com) = 0, otherwise.
By substituting fy, (y) of Eq.(3.3) into Eq.(3.81), the pdf of the multicast spectral efficiency
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Ch,m can be formulated as

c 2
oy | [rgeting ey =0 (dy <[ Wy d
be,M (Cb,M) — . — ¢ b . Wh
Wh,0 Py " Wb,0

- 7wb(2cb7M—1) ) N-1
Whimax e Py do v w
0 b
= (22 ) dw|  am >0 (3.83)
W0 KWy r Wh,0

and fc, ., (csm) = 0, otherwise.

Similar to the broadcast scenario, if the multicaster also moves within the area studied, the
distances between the multicaster to the [V receivers are no longer independent random variables.
Due to its extreme complexity, we thus omit the derivation of the cdf and pdf for the multicast

spectral efficiency.

3.6 Numerical results

After offering the analytical derivation, we move onto the numerical results for both the various
distance distribution and the relevant communication metrics. Note that in all the numerical results
presented in this section, the solid lines represent the analytical results, which are obtained via
the closed-form equations in sections 3.2-3.5, while the markers represent the simulation results,

which are obtained via the Monte-Carlo simulation.

3.6.1 Distance distribution

Let us first study the distance distribution between the BS and a specific MU in the typical scenario
of cellular communication. In this scenario, the BS is located at the centre of the cellular area,
while the MU roam within this cellular area by obeying the uniform mobility model. As shown
in Figures.3.9(a) and (b), we plot both the cdf and the pdf of the random distance for the cells in
different types of shape, including the triangular cell that is portrayed by the red solid line and the
triangle marker, the square cell that is portrayed by the blue solid line and the square marker, and
the hexagon cell that is portrayed by the green line and the diamond marker, as well as the circular
cell that is portrayed by the pink line and the circle marker. And all these cells share the same
radius, which is » = 1 km. As shown in Figure.3.9(a), given a specific distance, say y, = 0.6 km,
the circular cell achieves the lowest cdf, which indicates that the random distance is more likely to
take a higher value than the cells in other shapes. As shown in Figure.3.9(b), except the random

distance in the circular cell, the random distance in the polygon cells have two-fold pdfs. These
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Figure 3.9: The distance distribution between the BS and the MU, when the BS is at the centre of the cell.
The radius is 7 = 1 km for all the cells in different types of shape. The analytical results of the
cdfs are derived by Eqgs.(3.2) and (3.5), while the analytical results of the pdfs are derived by
Eqgs.(3.3) and (3.6).

pdfs linearly increase and then subside after reaching their peaks. Furthermore, the accuracy of the
analytical results expressed in Egs.(3.2) and (3.3), as well as (3.5) and (3.6) are demonstrated by
the Monte-Carlo simulations, as shown in both Figures.3.9(a) and (b).

Then we study the distance distribution between the BS and a specific MU, when the BS is
arbitrarily located outside a circular area, while the MU roams within the circular area. The radius
of the circular area is r = 50 m. Since the BS is outside the circular area, the distance d from
the BS to the centre of the circular area should be longer than the radius . We observe from both
Figures.3.10(a) and (b) that the minimum achievable distance from the BS to the MU is (d — r)
m, while the maximum achievable distance is (d + r) m. Furthermore, as the BS becomes farther
away from the centre of the circular area, which indicates a higher value of d, both the cdf and
the pdf are drifted towards the right hand side. Moreover, the accuracy of the analytical results
expressed in Eqgs.(3.7) and (3.8) are validated by the Monte-Carlo simulation, as shown in both
Figures.3.9(a) and (b).

We next study the distance distribution between the BS and a specific MU, when the BS is
located at an arbitrary position inside a circular area, while the MU roams within this circular area
by following the uniform mobility model. The radius of the circular area is r = 50 m, while

the distance between the BS and the centre of the circular area varies from d = 10 m to d = 40
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Figure 3.10: The distance distribution between the BS and the MU, when the BS is outside a circular area.
The radius of the circular area is 7 = 50 m. The analytical results of the cdfs are derived by
Eq.(3.7), while the analytical results of the pdfs are derived by Eq.(3.8).
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Figure 3.11: The distance distribution between the BS and the MU, when the BS is inside a circular area.
The analytical results of the cdfs are derived by Eq.(3.9), while the analytical results of the
pdfs are derived by Eq.(3.10). The radius of the circular area is r = 50 m.

m. In Figures.3.11(a) and (b), we portrays the cdf and the pdf of the random distance for this

scenario, respectively. As shown in Figure.3.11(a), the minimum achievable value for the random
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Figure 3.12: The distance distribution between the BS and the MU, when the BS is outside/inside a square
area. The side length of the square area is a = 100 m. The analytical results of the cdfs are
derived by Eq.3.16 and Eq.3.16, respectively.

distance are all zeros for all the different values of d. In contrast, the maximum achievable values
depends on the specific d and the radius . For example, if d takes value of 40 m, the maximum
distance in this case is d + r = 90 m. As apparently shown in Figure.3.11(a), if the BS is farther
away from the centre of the circular area, which is indicated by a larger value of d, the random
distance may vary in a larger regions. Furthermore, as shown in Figure.3.11(b), the pdfs of the
random distance linearly increase at first, and then subside after reaching their peaks. As the BS
becomes farther away from the centre of the circular area, the linear parts of the pdfs diminish till
completely disappear when the BS is located at the circumference of the circular area. Moreover,
the accuracy of the analytical results expressed in Egs.(3.9) and (3.10) are validated by the Monte-
Carlo simulations, as shown in both Figures.3.9(a) and (b).

Let us now study the cdfs of the random distance between the BS and a specific MU, when
the BS is arbitrarily located outside/inside a square area, while the MU roams within the square
area by obeying the uniform mobility model. The side length of the square area is ¢ = 100 m. In
both Figures.3.12(a) and (b), the same angle ¢ = 7/6 is assumed, while the distance from the BS
to the centre of the square varies. As shown in Figure.3.12(a), when the BS is outside the square
area, both the minimum and maximum achievable distances depends on the distance d. As the
BS becomes farther away from the centre of the square area, the random distance between the BS

and the MU may take higher minimum and maximum values, which results in the cdf is drifted
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Figure 3.13: The distance distribution between a pair of MUs, when both of the MUs roam within a circu-
lar/square area. The analytical results of the cdfs are expressed in Egs.(3.29), (3.30), (3.35)
and (3.36), respectively. The circular area and the square area both have a radius of » = 50 m.

towards the right hand side. However, as shown in Figure.3.12(b), only the maximum achievable
distance between the BS and the MU depends on d, while the minimum achievable distances are all
zeros for different values of d. As the BS becomes farther away from the centre of the square area,
the random distance between the BS and the MU is distributed in a larger region. Moreover, the
accuracy of the analytical results that we derived in Section 3.3.2 is validated by the Monte-Carlo
simulations, as shown in both Figures.3.12(a) and (b).

At last, we evaluate the cdf and the pdf of the random distance between a pair of MUs, who
both roam within a circular/square area by obeying the uniform mobility model. The radius of the
circular and square areas are both » = 50 m. Note that the corresponding side length of the square
area is @ = 70.7 m. As shown in Figure.3.13(a), the cdf of the random distance between a pair of
MUs for the square area is higher than that for the circular area. As shown in Figure.3.13(b), both
of the pdfs for these two scenarios firstly increase and then subside after achieving their peaks.
Furthermore, we also observe from Figure3.13(b) that the random distance for the square area is
more likely to take a small value than that for the circular area. Moreover, the accuracy of the
analytical results that are expressed in Eqgs.(3.29), (3.30), (3.35) and (3.36) are validated by the

Monte-Carlo simulation, as shown in both Figures.3.13(a) and (b).
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Table 3.1: PARAMETERS OF THE PHY LAYER

BS to MUs MUs to MUs
Transmit Power | P, =20 ~ 50dBm | P, =0 ~ 15dBm
Carrier Freq fer = 1.8 GHz fes =2.4GHz
Bandwidth W, = 10 MHz W, =10 MHz
Noise PSD Ny = —174 dBm/Hz (20°C)
PL Parameters | Exponent: x = 3; Ref Distance: dy = 1 m
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Figure 3.14: The PL between the BS and a specific MU, when the BS is located at the centre of a circular
cell, while the MU roam within this cell, and that between a pair of MUs, when both of the
MUSs roam within a circular area. The analytical results of the cdfs are expressed in Eqs.(3.44)
and (3.46), respectively.

3.6.2 Communication metrics evaluation

Now, we focus on the various communication metrics incurred by the movements of the MUs. The
physical layer parameters are provided in Table 3.1. Specifically, the parameters for the commu-
nications between the BS and the MUs corresponds to the LTE-Advanced system [27], while the
parameters for the communications amongst MUs corresponds to the IEEE 802.11 protocol [28].
All the following numerical results concerning the path loss and the spectral efficiency as well as

the broadcast outage event are based on these physical layer parameters.
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3.6.2.1 Time-varying path loss

Let us first evaluate the cdf of the time-varying PL between the BS and a specific MU in Figure
3.14(a), when the BS is located at the centre of a circular area, while the MU roams within this
cell by obeying the uniform mobility model. We vary the radius of the circular cell from » = 100
m to r = 2000 m. The carrier frequency for the BS’s transmission and the reference distance are
given by Table 3.1. As shown in Figure 3.14(a), the cdfs of the PL exponentially increase until
they reaches the unity. Furthermore, for all different value of r, the minimum achievable PL is
around 60 dB because the minimum achievable PL mainly depends on the reference distance dy.
In contrast, the maximum achievable PL depends on the radius of the circular cell. As the radius
increases, the maximum achievable PL also increases. For example, when the radius is » = 2000
m, the maximum achievable PL is around 137 dB. Then we evaluate the cdf of the time-varying
PL between a pair of MUs in Figure 3.14(b), when both of the MUs roam within a circular area.
The radius of the circular area varies from 7 = 50 m to » = 200m. As shown in Figure 3.14(b),
the cdfs of the PL in this scenario firstly increases very fast but then slow down its pace toward the
unity. Similarly to Figure 3.14(a), the minimum achievable PL for all different radius is around
60 dB as well. Increasing the radius of the circular area may consequently increase the maximum
achievable PL. For example, the maximum achievable PL is 100 dB for » = 50 m, but when the
radius is increased to r = 200 m, the maximum achievable PL also increases to 118 dB. Moreover,
the accuracy of the analytical results derived in Eqs.(3.44) and (3.46) is validated by the Monte-

Carlo simulations, as shown in both Figures 3.14(a) and (b).

3.6.2.2 Spectral efficiency of a single-hop link

Let us now study the spectral efficiency for the single-hop link connecting a specific MU to the
BS, when the BS is located at the centre of the circular cell, while the MU roam within the circular
cell by following the uniform mobility model. The radius of the circular cell is 7 = 1 km. The
transmit power P, of the BS varies from 20 dBm to 50 dBm, while all the other physical layer
parameters correspond to Table 3.1. We portray the spectral efficiency without considering the
multipath fading in Figure 3.15(a). When no multipath fading exists in the transmission, the spec-
trum efficiency is jointly determined by the time-varying PL and the transmit power. Since the
radius of the cell is fixed at » = 1 km, the maximum achievable path loss is a constant value. As a
result, the minimum achievable spectral efficiency is determined by the transmit power of the BS.
We observe from Figure 3.15(a) that the minimum achievable spectral efficiency increases as we
increase the transmit power of the BS, which simultaneously results in the right hand drift of the

cdf curves. However, when considering the multipath fading, the wireless environment becomes
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Figure 3.15: The single-hop spectral efficiency between the BS and a specific MU, when the BS is located
at the centre of a circular cell, while the MU roam within this cell. The radius of the circular
cell is r = 1 km. The analytical results of the cdfs are formulated in Egs.(3.54) and (3.63),
respectively.

even worse. As a result, the spectral efficiency is no longer bounded by the maximum PL and it
is likely to take values very close to zero, as shown in Figure 3.15(b). Furthermore, since the cdf
of the spectral efficiency can be interpreted as the outage probability, we can observe from Figure
3.15(b) that given a specific spectral efficiency as the threshold, the channel is less likely in outage
state if we have a higher transmit power. Moreover, the accuracy of the analytical results derived
in Egs.(3.54) and (3.63) is validated by the Monte-Carlo simulations, as shown in both Figures
3.15(a) and (b).

We now study the spectral efficiency for the single-hop link connecting a pair of MUs, when
both of the MUs roam within a circular area by following the uniform mobility model. The radius
of the circular area is » = 50 m. The transmit power P; of the MUs varies from 0 dBm to 15 dBm,
while all the other physical layer parameters correspond to Table 3.1. We portray the spectral
efficiency without considering the multipath fading in Figure 3.15(a). When no multipath fading
exists in the transmission, the spectrum efficiency is jointly determined by the time-varying PL
and the transmit power. Since the radius of the circular area is fixed at » = 50 m, the maximum
achievable path loss is a constant value. As a result, the minimum achievable spectral efficiency is
determined by the transmit power of the MUs. We observe from Figure 3.15(a) that the minimum

achievable spectral efficiency increases as we increase the transmit power of the MUs, which
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Figure 3.16: The single-hop spectral efficiency between a pair of MUs, when both of the MUs roam within
a circular area. The radius of the circular cell is 7 = 50 m. The analytical results of the cdfs
are formulated in Egs.(3.57) and (3.65), respectively.

simultaneously results in the right hand drift of the cdf curves. However, when considering the
multipath fading, the wireless environment becomes even worse. As a result, the spectral efficiency
is no longer bounded by the maximum PL and it is likely to take values very close to zero, as shown
in Figure 3.15(b). Furthermore, since the cdf of the spectral efficiency can be interpreted as the
outage probability, we can observe from Figure 3.15(b) that given a specific spectral efficiency
as the threshold, the channel is less likely in outage state if we have a higher transmit power.
Moreover, the accuracy of the analytical results derived in Eqgs.(3.57) and (3.65) is validated by the

Monte-Carlo simulations, as shown in both Figures 3.16(a) and (b).

3.6.2.3 PMF of the outage MUs in the broadcast

Let us now study the pmf of the outage MUs in the BS-based broadcast, when the BS is located at
the centre of a circular cell, while N = 50 MUs roam within this cell. The radius of the circular
cell is 7 = 1 km. The transmit power of the BS is /, = 20 dBm. We portray the pmf of the
outage MUs in the BS-based broadcast in Figure 3.17(a) by only considering the time-varying PL.
In this case, the minimum achievable spectral efficiency is around 0.52 bps/Hz. Hence, we set
the outage threshold of the spectral efficiency to be ¢, = 0.6, 0.8, 1.2 bps/Hz so as to quantify
their influences on the pmf of the outage MUs. We observe from Figure 3.17(a) that as the outage
threshold increases from c¢;;, = 0.6 bps/Hz to ¢y, = 1.2 bps/Hz, more MU s fall to the outage state.



3.6. NUMERICAL RESULTS 50

0.2 0.2
IS /—\ —A—cp= 06bpsHz| & —A— ¢y, = 0.6 bps/Hz
k3] = I3 =
§ 015 —B- ¢y = 0.8 bps/Hz £ 015 —=— qh_ 0.8 bps/Hz
2 /‘ \ —— ¢p= 12bpsHz| 2 —6— ¢y = 1.2bps/Hz
g 0 ﬁ IS
2 2
2 2
Ko} Qo
o o
o 10 20 30 40 50
Number of MUsin the outage state Number of MUsin the outage state
(a) Without the multipath fading (b) With the Rayleigh fading

Figure 3.17: The pmf of the outage MUs in the BS-based broadcast, when the BS is located at the centre
of a circular cell, while N = 50 MUs roam within this cell. The radius of the circular cell is
r = 1 km. The transmit power of the BS is P, = 20 dBm. The analytical results of the cdfs
are formulated in Eq.(3.67), respectively.

For example, the average number of outage MUs is increased from 4.5 when ¢;;, = 0.6 bps/Hz
to 25 when ¢, = 1.2 bps/Hz. We also portray the pmf of the outage MUs in Figure 3.17(b) by
jointly considering both the time-varying PL and the multipath fading. By comparing the results of
Figure 3.17(a) to those of Figure 3.17(b), we observe that when the multipath fading is taken into
account, the channels connecting the BS to the MUs become even worse, which results in more
MUs falling to the outage state. For example, when the outage threshold is ¢;;, = 0.6 bps/Hz and
we additionally consider the effect of the multipath fading, the average number of outage MUs is
16.5, which is far higher than the average number 4.5 when only the time-varying PL is taken into
account. Moreover, the accuracy of the analytical results derived in Eq.(3.67) is demonstrated by

the Monte-Carlo simulations, as shown in both Figures 3.17(a) and (b).

3.6.2.4 Spectral efficiency of multicast links

Then we move onto the spectral efficiency of the multicast transmission from the BS to the N MUs,
when the BS is located at the centre of a circular cell, while all the NV MUs roam within this circular
cell. The radius of the circular cell is 7 = 1 km and the transmit power of the BS is P, = 30 dBm.
The number of the MUs varies from 1 to 20. Observe from Figure 3.18(a) that there is a common
minimum achievable multicast spectral efficiency, which is around 2.5 bps/Hz, since the transmit
power and the radius of the cell are the same for all different cases. In contrast, when the multipath
fading is taken into consideration, the wireless environment becomes even worse. As a result, the
spectral efficiency is no longer bounded by the maximum PL and it is likely to take values vary
close to zero, as shown in Figure 3.18(b). Furthermore, observe from both Figures 3.18(a) and

(b) that given a specific spectral efficiency value as the threshold, the outage probability for the
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Figure 3.18: The multicast spectral efficiency between the BS and N MUs, when the BS is located at the
centre of a circular cell, while all of the N MUs roam within this cell. The radius of the
circular cell is = 1 km. The transmit power of the BS is P, = 30 dBm. The analytical
results of the cdfs are formulated in Eqs.(3.76) and (3.82), respectively.

multicast transmission increases as we increase the number of MUs in the circular area because
the outage event in the multicast transmission is dominated by the weakest link. Moreover, the
accuracy of the analytical results derived in Eqs.(3.76) and (3.82) is validated by the Monte-Carlo

simulations, as shown in both Figures 3.18(a) and (b).

3.7 Conclusions

In this chapter, we derive the distance distribution between the BS (static transmitter) and the MU
(mobile transmitter or receiver) as well as the distance distribution between a pair of MUs, when
the MUs roam within a bounded area by following the uniform mobility model, as introduced in
Definition 3.1. Firstly, we study the scenario of the classic cellular communication, when the BS
is located at the centre of the cell while the MU roam within the cell by following the uniform
mobility model. The cell is modelled by either a circular area or a [-sided regular polygon area.
Both the cdf and the pdf of the random distance between the BS and the MU are derived in closed-
form formulas. Then, we focus on the distance distribution between the BS and the MU, when
the MU roams within a bounded area, modelled by either a circular area or a square area, while

the BS is located at an arbitrary position either outside or inside the bounded area. Again, the
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cdf and the pdf of the random distance between the BS and the MU are derived in closed-form
formulas for this scenario. At last, we further derive the closed-form cdf and pdf of the random
distance between a pair of MUs, when both of the MUs roam within a bounded area, which can be
modelled by either a circular area or a square area.

After obtaining the statistical properties of the random distance between the BS and the MU
and those of the random distance between a pair of MUs, we are able to evaluate the impact of the
varying distance, which is incurred by the movement of both the transmitter and the receiver, on
the wireless communication performance metrics. The most straightforward consequence resulted
in by the distance variation is the time-varying PL. Distance variations incurred by the movement
of transmitters/receivers generate PL fluctuation, which further introduces the fluctuation of the
channel gain. As a result, apart from the multipath fading, the fluctuation of the PL can be regarded
as another type of fading, which may greatly affect various communication performance metrics.
In this chapter, we then obtain the cdf and the pdf for the time-varying PL in closed-form, based on
which we further study the statistical properties of the spectral efficiency in single-hop transmission
and in multicast transmission as well as the outage MUs in the broadcast scenario. According to
our numerical results, the accuracy of our theoretical analysis perfectly match the Monte-Carlo
simulation results.

Apart from the time-varying PL and the spectral efficiency, in the following chapters, the statis-
tical properties of the distance distribution between the BS (static transmitter) and the MU (mobile
transmitter or receiver) as well as those of the distance distribution between a pair of MUs are

further exploited in our research of content dissemination.

Appendix

3.A The proofs for the theorems in Section 3.2

3.A.1 The proof for Theorem 3.1

In this scenario, the cell is modelled by a circular area having point O as its center and having r
as its radius, which is denoted as ®(O, 7). The BS is positioned at the centre of this circular area,
within which a MU roams by obeying the uniform mobility model, as presented in Definition 3.1.
We draw another circle having O as the center and ¥, as the radius, which is denoted as ®(O, y3),
as shown in Figure 3.19. According to the uniform mobility model, the MU might appear at any
position in the circular area with equal probability. Therefore, if the MU appears within (O, y),
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@wyp < O)yp > r
Figure 3.19: Circular cell

the distance between this MU and the BS is shorter than y,. Furthermore, since the probability
of the MU appearing within ®(O, 1) is equal to the ratio between the area Sg(0,,) of ®(O, ys)
and the area Sg (0, of ®(O,r), the cumulative distribution function (cdf) Fy, (y,) of the random
distance Y} between the BS and the MU is derived as

Seowm) _ T _ Ui

Fy, (ys) = Sotom w2 2 (3.84)

for 0 < y, < r. Since the movement of the MU is bounded within the studied circular area
®(0,r), the MU is unlikely to appear within the annulus, when v, is longer than r, as shown in
Figure 3.19(b). As a result, for y;, > r, the cdf Fy, (y,) is apparently equal to one.

Summarising the above cdf results, we finally arrive at the cdf of the random distance Y}, be-
tween the centre-positioned BS and the MU obeying the uniform mobility model within a circular
cell, as expressed in Eq.(3.2) of Theorem 3.1. Differentiating the cdfs with respect to y; in differ-
ent regions, we may obtain the corresponding pdfs, as expressed in Eq.(3.3) of Theorem 3.1. As a

result, Theorem 3.1 has been proven.

3.A.2 The proof for Theorem 3.2

In this scenario, the cell is modelled by a [-sided regular polygon having O as the centre and
having r as the radius. The radius of a regular polygon is defined as the length of the straight
line connecting the centre to one of the vertices. The coverage of this cell is denoted as a triple
0(O,r,1), where [ is the number of sides. The BS is positioned at the centre of this [-sided
regular polygon, within which a MU roams by obeying the uniform mobility model, as defined in

Definition 3.1. We draw an circle having O as the centre and , as the radius. This circular area
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(@ 0<y <OF (b) OF <y, <0OI (© w>O0I

Figure 3.20: [-sided regular polygon cell: a regula hexagon example

is denoted as ®(O, y;), as shown in Figure 3.20. According to the uniform mobility model, the
MU might appear at any locations within the [-sided polygon with equal probability. Therefore, if
the MU appears within the overlapped area of the [-sided regular polygon [J(O, r, [) and the circle
®(O, yp), the distance between this MU and the BS is shorter than y,. This overlapped area is
denoted as the shaded part in Figure 3.20. As a result, the cdf Fy, (y,) for the random distance Y,
between the BS and the MU is expressed as the ratio between the area of the shaded part and the
area of the studied /-sided regular polygon.

As shown in Figure 3.20, we assume ZFEOI = f. Hence, the length of straight line OF is
equal to OF = OI cos ZEOI = rcos@. Furthermore, the length of the side H I is derived as
HI =2FT = 201 sin ZEOI = 2rsin . Due to the symmetry of the [-sided regular polygon, the

area of (J(O, r, [) can be derived as

11—
Soo,r) =1 Sanor =1+ §H] -OF

= Ir?sinfcos @ (3.85)

where the angle 6 is determined by the number of sides that the regular polygon have, which should
be derivedas § = 1 - 2* = .

In order to further obtain the cdf for the random distance Y}, we need to derive the overlapped
area of the [-sided polygon J(O, r,[) and the circle ®(O, y,). However, given different value of
Yp, we have to discuss the following cases for calculating the overlapped area and the cdf Fy, (y):
Casel: 0 < y, < OFE

In this case, the circle (O, y;) is surrounded by the [-sided regular polygon (J(O, a), as shown
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in Figure 3.20(a). Hence, the overlapped area is equal to the circular area of ®(O, ), which is
shaded in Figure 3.20(b) and derived as Sspq4 = ﬂyg. As a result, the cdf of the random distance

Y} in this case is expressed as

Sshade ™ Yo
Py () = ==

2
: - 0=y <rcosd 3.86
Sty Ltand \rcos 9) VS S TC0S (3.86)

Casell: OF < y, < OI

In this case, the overlapped area is an irregular shape, which is shaded in Figure 3.20(b). Ap-
parently, the circle ®(O, y,) is intersected by each side of the [-sided regular polygon (J(O, r, 1),
which produces a small segment, such as segment C'F'DFE. The number of this small segment is
equal to the number [ of sides. Let us see how to derive the area of this small segment. As shown
in Figure 3.20(b), the area of segment C'F'DE can be derived by subtracting the triangular area
Sacop from the sector area S 55,- The key to the areas of both ACOD and sector CODF
is the value of the angle ZFOD. Since point D is on the circumference of ®(O,y,), we have
OD = y,. Given OF = r cos 6, the cosine of ZEOD is cos ZEOD = 8;5 = “y%fe. With the aid

rcosf

of inverse trigonometric functions, we can express the value of ZEOD as ZEOD = arccos S

Furthermore, according to Pythagorean theorem, the length of E D is expressed as

ED =\/OD' —OFE" = \/y2 — 12 cos? 0. (3.87)

As a result, the area of segment C' F'DF is derived as

1 s 1
Scrpe = Sggp — Sacop = 5 - 2ZEOD-0OD” = 5 -2ED - OF

0
= g7 arccos TO8Y _ cos 01/ y? — r?cos? 0. (3.88)
Yo

Furthermore, the area of the shaded part is derived by subtracting the number [ of identical seg-

ments like segment C'F'D E from the area of the circle ©(O, y;), which is expressed as

Sshaded = So(0,y,) — - ScrpE

0
= my; — yil arccos P87 4 ir cos 01/ yE — r?cos? 0.
Yo
0
=i (7? — Jarccos 2 ) +Ircosfy/y2 — r?cos? 6 (3.89)
Yo
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Figure 3.21: BS is outside the bounded circular area

As a result, the cdf of the random distance Y}, in this case is expressed as

(yb) _ Sshaded
St0,m1)

i () b)) (o)
— _ _1 .
[tand (T cos 8) (W Larccos (r cos * tan® V \rcosf , (3.90)

forrcosf <y, <.
Case III: y, > OI
For this case, the [-sided regular polygon (O, 1) is completed surrounded by the circle

®(O, yp). As a result, the random distance between the BS and the MU is surely shorter than y,
with a unity probability, which indicates that the cdf of the random distance Y}, is Fy, (y,) = 1 for
yp > T

Summarising the above-derived cdfs in different cases, we are able to obtain Eq.(3.5) in Theo-
rem 3.2. Differentiating the above-derived cdfs in different cases with respect to v, we may arrive
at the corresponding pdf of the distance Y}, between the centre-positioned BS and the MU obeying
the uniform mobility model within a [-sided regular polygon, as expressed in Eq.(3.6). As a result,

Theorem 3.2 has been proven.

3.B The proofs for the theorems in Section 3.3

3.B.1 The proof for Theorem 3.3

The bounded area, which restricts the movement of the MU, is modelled by the circular area
®(0,r), as shown in Figure 3.21. The BS is at the position B, which is d m away from the centre

O. Since the BS is outside ®(O,r), we have d > r. We draw another circle, whose centre is
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at point B and whose radius is y,. This circle is denoted as ®(B,y,). If the MU is within the
overlapped area of ®(B, y,) and ®(O, r), the distance between the MU and the BS is shorter than
yp- Since the studied MU may appear at any positions within the circular area ©(O, r), the cdf
of the random distance Y is the ratio between the overlapped area and the whole area of ®(O, ).
When the BS is outside the studied circular area, namely d > r, the following cases need to be
specifically considered:
Casel: 0 < y, < BH

In this case, as shown in Figure 3.21(a), BH = d — r and ®(B,y,) does not overlap with
®(0,r). As aresult the area of the overlapped part is zero, which indicates that the cdf Fy, () is
also zero when 0 < g, < d — 7.
Casell: BH < y, < BL

In this case, ®(B,y;) intersects ®(O, r) at points I and K, as shown in Figure 3.21. We
connect points B and O with a straight line O B, which intersects ®(B, ;) and ®(O, ) at points
H , I and L, respectively, and we therefore have BH =d —rand BL = d + r. We also connect
points I and K with a straight line TK, which intersects OB at point E. In order to derive the
cdf Fy, (yp), we have to derive the area of the overlapped part of ®(O, ) and ®(B, y;), which is
denoted as the shaded part in Figure 3.21(b). Apparently, the area of the shaded part can be derived

by the following expression:

Sshaded = (S ;5775 — Snsor) + (Sig; — SasBk)

= (S5 + Siir) — (Sasox + SasBk)
= (Sjemn T Sizry) — SoBiok, (3.91)
where S 57, and S 757, denote the areas of sectors JOKH and JBKI , respectively, whereas
Snjor and Sa jpk denote the areas of triangles AJOK and AJBK, respectively, and Spp ok
denotes the area of polygon LJBJO K. Afterwards, we will derive these areas.
According to the law of cosines, given that OJ =r, BJ = yp and OB = d, we have the

following two equations for evaluating the values of cosines for the angles Z/JOB and £J BO:

0T +0B" —BI" 1*+d—y?

£JOB) = 2L 2P —P) 3.92
cos{ ) 207 - OB 2rd 652
—2 —2 —2
BI'+BO ~ 0T g@+d—1°
cos(£JBO) = 22 1 2Y — G A E T (3.93)
2BJ - BO 2ypd

Furthermore, we can express the exact values for ZJOB and ZJBQO in terms of inverse cosine



3.B. THE PROOFS FOR THE THEOREMS IN SECTION 3.3 58

function as

22— o2
ZJOB = arccos i , (3.94)
2rd
2 4 g2 g2
ZJBO = arccos Yot a1 (3.95)
bed

respectively. Given the exact values of ZJOB and £.JBQO, the area of sector JOKH and that of

sector J/B\KI can be derived as

1 2 2 2
S 6w = 3 r?.2/JOB = r? - arccos (%Tyb) , (3.96)
Siprr = 3 -y - 2£JBO =y, - arccos (W ) (3.97)

In order to derive Sppjox we must decide the length of vertical line JE. According to

Pythagorean theorem, the length of JE is derived as

TE = \[70" ~OF = \/70° - 70" - cos2(£JOB)

_ \/,,,2 2 (r* +d* — ?/5)2

4r2d?
Ar2d2 — (r2 4 d2 — 9?)2
_ VA (;(; h)® (3.98)
Furthermore, Sqgjox can be derived as
Sopsox = 2Sasp0 = |JE| - |OB|
_ %\/4r2d2 — (12 d2 — y2)? (3.99)

Substituting S ;575 S ;577 and Sopyor into (3.91), the area of the shaded part is expressed as

2 d2 a2 2 d2 2
Sshaded = T2 arccos (T.ET%) + yl? arccos (C%ZTT)

1
. 5\/47»2d2 (22— ). (3.100)
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@ 0<wy,<BH (b) BH <y, <BL (© > BL (d) Special case:d = 0

Figure 3.22: BS is inside the bounded circular area

Hence, the cdf of Y}, can be obtained as

FY(y) = Sshaded/SQ(O,r)

1 P d -y | Y yp +dt =1
= — |arccos | ———— > | + ZF arccos | Z——
T 2rd r? 2upd

1
22 \/‘Wd2 = (r?+d? - yﬁ)ﬂ , (3.101)

ford—r <y, <d+r.
CaseIll: y, > BL

In this case, as shown in Figure 3.21, we have BL = d + r and the overlapped part between
®(0,r) and ©(B,y,) is the whole area of ®(O, r), within which the movement of the studied
MU is restricted. Therefore, the cdf Fy, (y,) of the random distance Y} is expressed as Fy, (y) =
Se./Se0r) = 1fory, >d+r.

Summarising the above-derived cdfs in different cases, we are able to obtain Eq.(3.7) in Theo-
rem 3.3. Differentiating the above-derived cdfs in different cases with respect to v, we may arrive
at the corresponding pdf of the distance Y}, between the BS positioned outside the circular area and
the MU obeying the uniform mobility model within the circular area, as expressed in Eq.(3.8). As

a result, Theorem 3.3 has been proven.

3.B.2 The proof for Theorem 3.4

We draw another circle, whose centre is at point B and whose radius is 3, as shown in Figure
3.22. This circle is denoted as ®(B, y,). If the MU is within the overlapped area of ®(B, y,) and
®(0, ), the distance between the MU and the BS is shorter than y,. Since the studied MU may

appear at any position within the circular area ®(O, r), the cdf of the random distance Y}, is the
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ratio between the overlapped area and the whole area of ©(O, ). When the BS is inside the studied
circular area and not at the centre, namely 0 < d < r, the following cases need to be specifically
considered:
Casel: 0 < y, < BH

In this case, as shown in Figure 3.22(a), we have BH = r — d and the overlapped area is the

whole circular area of ®(B, 1, ). Hence, the cdf of the random distance Y should be expressed as

2

Sshaded o Yy
— o>

Son 17

Fy, (ys) = (3.102)
for0 <y, <r—d.
Casell: BH < y, < BL

As shown in Figure 3.22(b), we have BH = r —d and HL = r+d. In this case, the overlapped
area is denoted as the shaded part of Figure 3.22, which can be calculated by the same equation as
presented in Eq.(3.101) forr —d < y, <7 +d.

CaseIll: y, > BL

As shown in Figure 3.22(c), we have HL = r + d. In this case, the overlapped part between
®(0,r) and ©(B,y,) is the whole area of ®(O, ), within which the movement of the studied
MU is restricted. Therefore, the cdf Fy, (y,) of the random distance Y} is expressed as Fy, (y) =
Seom/Seomn = 1.

Summarising the above-derived cdfs in different cases, we are able to obtain Eq.(3.9) in Theo-
rem 3.4. Differentiating the above-derived cdfs in different cases with respect to v, we may arrive
at the corresponding pdf of the distance Y} between the BS positioned inside the circular area and
the MU obeying the uniform mobility model within the circular area, as expressed in Eq.(3.10).

As aresult, Theorem 3.4 has been proven.

3.B.3 The proof for Theorem 3.5

The cdf Fy, (ys) is defined as the probability of the random distance Y} being shorter than a specific
value y,. We draw a circle having point B as the centre and having y; as the radius. This circle
is denoted as ®(B, y,). The overlapped area between [JH [ JK and &(B, y,) is shaded in Figure
3.23. Since the position of the MU is uniformly distributed within [JH I.JK according to the
uniform mobility model, the cdf Fy,(y;) can be further expressed as the ratio of the area of the
shaded part to the area of [JH [JK. Given different values of y;, the following cases need to be
discussed in order to derive Fy, (y5).

CASEI: 0 < y, < BE.
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Figure 3.23: BS is outside the bounded square area

In this case, the circle ®(B,y;) does not overlap the square JH [ JK. As a result the area
of the overlapped part is zero, which indicates that the cdf Féb(yb) is also zero when 0 < y, <
dcos — a/2.

CASEIL: BE < y, < BH

In this case, as shown in Figure 3.23(a), the circle ®(B, 1) intersects the side K H at points
F and G. Extending the straight line BE, it intersects the circle ®(B, ;) at point C. As a result,
the overlapped area is a small segment, which is shaded in Figure 3.23(a). The area of this shaded
part can be calculated by Sspage = S FEGC — SArBa, Where S rEac 1s the area of sector 1@?0
and Sappg is the area of the triangle AF BG.

In order to derive both S rEoc and SarBa, We have to calculate the value of angle Z/F'BC.
Since point F' is on the circumference of ©(B,y,), we have BF = 1. Since we have obtained the
length of BE as BE = d cos — a/2, the cosine value of ZF BC' is expressed as

BE _ dcost — 3

cos ZFBC = — ) (3.103)
BF Yo




3.B. THE PROOFS FOR THE THEOREMS IN SECTION 3.3 62

With the aid of the inverse trigonometric function, the value of angle /F' BC' is expressed as

dcosf — 5
/FBC = arccos ————=. (3.104)
Yb
As a result, the area of sector FB/EC is derived as
1 — 5 dcost — 5
SeBoe = 3 2/FBC - BF" = y; arccos T (3.105)

Furthermore, according to Pythagorean theorem, the length of straight line F'G is expressed as

. . . . 2
FG:2EF:2\/BF2—BE2:2\/y§— (dcose—g> . (3.106)

Hence the area of triangle A F' BG is derived as

Sarpc = %F—G~ﬁ: (acost - g) \/yg ~ (deost— g)Q (3.107)

As a result, the area of the shaded part can be derived as

11 _
Sshade - SFE(TC’ o SAFBG

dcost — % 2
= Y7 arccos qesv "5 (dcos@ — ﬁ) \/yg — (dcos@ — ﬁ) . (3.108)
Yp 2 2

Finally, in this case, the cdf of the random distance Y}, is the ratio between ST . and Sop;jk,

which is presented as

I Sihad
B =g e
1 dcost — ¢ 2
=— yiarccosg— (dcos@—g) \/yg— (dcos@—g> ] (3.109)
a (3 2 2

for (dcos® — a/2) <y, < \/a%/2 + d® — ad(sin 6 + cos 0), where Soprix = a?.
CASEIIl: BH < y, < BK

In this case, as shown in Figure 3.23(b), the circle ®(B, ) intersects the side K H of the
square JHIJK at point F and intersects the side H 1 of the square JHI.JK at point G. BC is
perpendicular to F'G and they intersect at point D. The overlapped area of ®(B, y;) and OHIJK
is denoted as the shaded part in Figure 3.23(b). Apparently, the area of the shaded part can be
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expressed as the following equation:

St e = Spza0 — Sarsc + Sarnc, (3.110)

where SF@C denotes the area of the sector FB/EC, Sarpa denotes the area of the triangle
AFBG and Sapge denotes the area of the triangle AF HG. Next, we will derive these areas,
respectively.

Since points F and G are both on the circumference of ©(B, y,), we have BF = BG = 1. In
Figure 3.23(b), BE is parallel to HI. Hence, we have /EBG = /BGM. Furthermore, the sine
value of ZE BG is given by

BM _ %—dsin0

sin /EBG =sin /BGM = — 3.111)
BG Yo

Therefore, with the aid of the inverse trigonometric function, the value of Z/F BG is derived as

. 5 —dsind
/FEBG = arcsin =——. (3.112)
Yo
Similarly, the cosine value of ZF' BE is derived as
BE  dcosf — 2
cos /FBE — 2= — 297 75 (3.113)
BF Yo

Therefore, with the aid of the inverse trigonometric function, the value of ZF' BE is derived as

dcost — 5
/FBE = arccos ——=. (3.114)
Yo
As shown in Figure 3.23(b), given Z/F BG and ZF BE, we can obtain ZF BG as
. 5 —dsinf dcost) — 5
/FBG = /EBG + ZFBE = arcsin =——— + arccos ———=. (3.115)
Yo Yo
Now, we are able to express S rEae 88
1 ——2
Sesee = 3 BF" - /ZFBG
2 2 —dsinf dcosf — ¢
— % ( aresin 2217 + arccos L) . (3.116)
2 Yv Yp
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Before deriving S rpa, we must know the sine value of ZF' BG, which can be derived as

sin ZFBG = sin(ZEBG + ZFBE) = sin ZEBG cos ZFBE + cos ZEBGsin ZFBE

=sin ZEBG cos Z/FBE + \/1 —sin? /ZEBGV1 — cos?2 /FBE

1 71.a ) a
= [(5 — dsinf)(dcosf — 5)

—i—\/yf—(g—dsinﬁ)Q\/yg—(dcosﬁ—g)z ) (3.117)

As a result, we can calculate SAppg as

SAFBG’: WB—GSIDAFBG

N~

[(5 — dsinf)(dcosf — 5)

—|-\/yg—(g—dsinﬁ)Q\/yg—(dcosﬁ—g)z . (3.118)

In order to derive Sappmc, we have to first obtain the length of FH and HG. According to

Pythagorean theorem, F'E can be expressed as

FE = \/BF2 ~BE’ = \/yg — (dcosf — 3)2. (3.119)

Since FH = BM = 5 — dsin 0, the length of F H can be derived as

FH=TE+FEH= yg—(dcose—g)2+(g—dsine). (3.120)

Furthermore, according to Pythagorean theorem, M G is calculated by

MG = \/BG2 ~BIM = \/yg - (g — dsinf)2. (3.121)

Since the length of M H is expressed as M H = BE = dcosf) — 5» the length of HG is derived as

AG = MG - MH = yf—(%—dsin@)Q—(dcosﬁ—g). (3.122)
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Therefore, the area of the triangle A F H G can be derived as
-FH-HG

[\/yg — (dcos — 3)2\/3/5 — (g —dsinf)? — (dcos — %)\/yg — (dcos — g)Q

Sarnc =

N~ N~

+(g — dsin 0)\/3/2 — (g —dsin#)? — (dcosf — g)(g — dsin 0)} (3.123)
As a result, the area of the shaded part can be derived as
St = Sisae — Sarse + Sarnc

2 ¢ _dsinf dcos@ — &
— % (arcsin 2 1 arccos 72)
2 Yo Yo

a

Ll g > (Y gsing)? — _ N 2 = Y
+2{(2 dsm@)\/yb (2 dsinf)? — (dcosf 2)\/yb (dcos b 2)

a..a ,
—2(dcos — 5)(5 - dsm@)} : (3.124)

Finally, in this case, the cdf of the random distance Y is the ratio between SZ/I. and Soprix = a2,

which is presented as

R ) = e
b SDHIJK '
- 23/_52 (arcsin W + arccos dcosy#)
+ 2—22 [(g . dsme)\/yg - (g _ dsin)? — (dcosf — g)\/yg ~ (dcost — g)z
~9(dcosf — g)(g _ dsin 9)] , (3.125)

for \/a2/2 + d2 — ad(sin § + cos 0) < y, < \/a2/2 + d? — ad(cos § — sin ).
CASEIV: BK < y, < BQ

In this case, as shown in Figure 3.23(c), the circle ©(B, ;) intersects the side JK of the square
OHIJK at point F and intersects the side H 1 of the square JHI.JK at point G. BC and FG
are vertical lines and they intersect at point D. The overlapped area of ®(B,y;) and OHIJK
is denoted as the shaded part in Figure 3.23(c). Apparently, the area of the shaded part can be

expressed as the following equation:

Sivede = Srsae — Sarse + SoHGFK, (3.126)
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where SFBGC

AFBG and Sopgri denotes the area of the trapezium [JHGF K. Next, we will derive these

denotes the area of the sector F'BGC, Siyiangierpc denotes the area of the triangle

areas, respectively.

Since points F and G are both on the circumference of ©(B, y,), we have BF = BG = 1. In
Figure 3.23(c), BE and HI are parallel lines. Hence, we have /EBG = ZBGM. Furthermore,
the sine value of ZE B(' is given by

BM 2 —dsin6
sin /ZEBG = sin ZBGM = el . (3.127)

Yb

Therefore, with the aid of the inverse trigonometric function, the value of Z/ F BG is derived as

4 dsm@
/EBG = arcsin 2—— (3.128)

Yo
In Figure 3.23(c), BE and JK are parallel lines. Hence, we have Z/F BE = /BFYV . Furthermore,
given BV = EK = ¢ + dsin0, the sine value of ZF BE is given by
BV 5 +dsind

sin/FBE =sin /BFV = (3.129)
BF Yo

Therefore, with the aid of the inverse trigonometric function, the value of ZF' BE is derived as

@ 4 dsinf
/FBE — arcsin 22517 (3.130)
Ub

As shown in Figure 3.23(c), given ZEBG and ZF BE, we can obtain ZF BG as

5 —dsind . 5 +dsind
/FBG = /EBG + ZFBE = arcsin =——— + arcsin =——. (3.131)
Yo Yo
Now, we are able to express Sp55, as
1 ——2
SFE(TC 3 F - ZFBG
2 4 —dsinf 2 4+ dsinf
— % (arcsin ik + arcsin ﬂ) . (3.132)
2 () (7
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Before deriving S rpa, we must know the sine value of ZF' BG, which can be derived as

sin ZFBG = sin(ZEBG + ZFBE) = sin ZEBG cos ZFBE + cos ZEBG sin ZFBE

— sin /EBGV1 — sin® /FBE + sin /ZFBE\/1 — sin? /EBG

2 —dsind L
=z 2 \/yf—(g+dsin0)2+ﬂ\/y§—(g—dsin0)2 (3.133)

Yy yl?

As a result, we can calculate SArpg as

SAFBG: WB—GSIHZFBG

N~ N~

{(g —dsin@)\/yg - (g + dsinf)? + (g +dsin9)\/y2 — (g — dsin )2

(3.134)

In order to derive Soyari, we have to first obtain the length of FK and HG. According to

Pythagorean theorem, F'V can be expressed as

FV:\/BFQ—BV2:\/y§—(g+dsin9)2. (3.135)

Given KV = EB = dcosf — 5, we have

FK:FV—KV:\/yg—(g+dsin8)2—(dcos@—g). (3.136)

Furthermore, according to Pythagorean theorem, M G is calculated by

MG = \/302 — BN = \/yg - (g — dsinf)?. (3.137)

Since the length of M H is expressed as M H = BE = dcosf) — 5, the length of HG is derived as

AG = MG - MH = y?—(%—dsin@)Q—(dCOSQ—g). (3.138)
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=

Therefore, given K H = a, the area of the trapezium [JH G F'K can be derived as

Sonerk = = - KH - (HG + FK)

N N~

[\/yg - (g +dsing)? + \/yg - (g — dsinf)? — 2(dcosf — g) (3.139)

As a result, the area of the shaded part can be derived as

Shyede = Spiae — Sarse + Soncrk
2 @ _ dsiné a4 4 dsiné
= Y (arcsin 2 | arcsin 27>
2 Yo Up

+% [(g - dsin@)\/yi - (g — dsin )2 + (g +dsin9)\/y§ — (g + d sin 0)?

“2a(dcos b — g)} . (3.140)

Finally, in this case, the cdf of the random distance Y} is the ratio of S g,yade to Soyrsx = a?, which

is expressed as

R () = e
DHIIK ‘
= 2y—(i (arcsin %:me + arcsin %:me)
+ 2%12 [(g — dsin@)\/yg - (g — dsinf)? + (g +dsin9)\/y§ — (g + d sin 0)?
~2a(dcosf — g)] . (3.141)

for /a2/2 + d2 — ad(cos § — sin 0) < y, < (dcosf + a/2).
CASEV: BQ < y, < BI

In this case, as shown in Figure 3.23(d), the circle ®(B,y,) intersects the side JK of the
square (JH IJK at point F' and intersects the side H I at point G. Moreover, the side I.J has two
intersection points with the circle ®(B, y,), namely points X and .J, as shown in Figure 3.23(d).
The straight line BQ) is perpendicular to the side I.J and intersect I.J at point (), whose length is
BQ = dcosf + a/2.

The shaded part in Figure 3.23(d) is slightly different from that in Figure 3.23(d). In order to
derive the area S}, ;. of the shaded part in Figure 3.23(d), we have to subtract the area of a small
segment, which is formed by the arc XY and the straight line XY, from the sum of the area of a

trapezium [JH G F'K and the area of a segment formed by the arc FCG and the line FG.
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Let us first derive the area of the small segment that is formed by the the arc XY and the

straight line XY". The area of this small segment can be expressed as
Sseg = Sxpy — SAXBY (3.142)

where S@ denotes the area of the sector @ and Saxpy denotes the area of the triangle
A X BY'. The cosine value of ZX B() is expressed as
BQ  dcost+ 5

cos ZXBQ = =— = , 3.143
Q 5 " ( )

where BX = y, because point X is on the circumference of ®(B, y;). With the aid of the inverse

trigonometric function, /X B() is derived as

dcosf + 5
/X B(@) = arccos ———=. (3.144)
Yo
As a result, the area of the sector X BY can be expressed as
1 —» 1 — dcosf + 2
Sm:§~BX -AXBYzﬁ-BX ~24XBQ:y§arccosT2. (3.145)

According to Pythagorean theorem, the length of X Q can be expressed as

XQ=1\/BX —BQ = \/yg— (dcos9+g)2. (3.146)

As a result, the area of the triangle A X BY can be expressed as

Saxpy = = - BQ-2XQ = (dcosf + %)\/yg — (dcos + 3)2. (3.147)

1
2
Therefore, the area of the small segment that is formed by the the arc XY and the straight line XY

can be expressed as

Sseg = Sm - SAXBY
dcost + 5
Yb

= yl? arccos

- (dcos@+g)\/yg— (dcos@Jrg)Q. (3.148)

Since the sum of the area of a trapezium [JH G F'K and the area of a segment formed by the arc
FCG and the line FG has the same shape with the shaded part in CASE 1V, as shown in Figure
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3.23(c)(d), this area can be calculated by Eq.3.140, which is derived for calculating the area of the
shaded part in CASE IV. As a result, the area of the shaded part in CASE V can be derived as

Vv _qQlv
Sshade - Sshade - SS@Q

2 4 _—dsiné 2+ dsinf dcosf + 2
_% (arcsin P + arcsin ﬂ — 2 arccos Lﬂ)
Yo Yo Yo
1
+ = (g—dsinﬁ) yg—(g—dsin0)2+(g+dsin0) yg—(g+dsin0)2
22 2 2 2
+2(d cos b + g)\/yg — (dcost + g)Q — 2a(d cosf — g)} . (3.149)

Finally, in this case, the cdf of the random distance Y}, is the ratio between wade and Sy x = a2,

which is presented as

v
FV — shade
v (v) SoH1IK
2 4 dsing 4 4 dsinf deost + &
= y—b2 (arcsin 2 7Y L arcsin 2 TOMY g recos Lﬁ)
2a Yo Yo Yo
1 a ) a ) a . a .
53 [(5 — dsm@)\/yg — (5 — dsinf)? + (5 +dsm9)\/y§ — (5 + dsin 6)?
a a a
+2(d cos 6 + 5)\/3/5 — (dcosf + 5)2 — 2a(d cos — 5)} ) (3.150)

for (dcos® + a/2) < yp < \/a%/2 + d* + ad(cos ) — sin6).
CASE VI: BT < y, < BJ

In this case, as shown in Figure 3.23(e), the circle ®(B, y,) intersects the side JK at point F
and intersects the side I.J at point X. The straight line BC is perpendicular to the line F'X and
intersects F'X at point D and intersect the circle ®(B, ;) at point C. WX is a horizontal line and
intersect the side K H of OHIJK at point Z. The overlapped area between the circle ®(B, y5)
and the square [JH [ J K is denoted as the shaded part in Figure 3.23(e). This shaded part comprise
three different areas, namely a trapezium LK F' X 7, a rectangular L1H I X 7, and a small segment
surrounded by an arc FCX and a straight line FX. Since the area of the small segment can be

derived as Sicy = Sy5w, — Sarpx, the area of the shaded part can be expressed as

Sshade = Sppxe — Sarex + Sukrxz + SoHIk 7, (3.151)

where SFE)?C denotes the area of the sector FBXC, Sarpx denotes the area of the triangle

AFBX, Soirxz denotes the area of the trapezium LJK F X 7 and Spyxz denotes the area of
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the rectangular [JH [ K Z. Let us derive these areas, respectively.

As shown in Figure 3.23(e), point F' is on the circumference of ®(B, ;). Hence, we have
BF = y,. Given BV = EQ = a/2 + dsin 6, we may derive the sine value of £V F B. Since BQ
is parallel to JK, we have ZQBF = /V F B. hence, the sine value of Z()BF can be derived as

BE ¢+ dsind
sin ZQBF — sin /VBF = 22 _ 2~ 45m0 (3.152)
BV Yo

With the aid of the inverse trigonometric function, the value of Z() BF' can be expressed as

5 +dsind
Yy '

/ZQBF = arcsin (3.153)

Given WZ = BE = dcosf — a/2 and ZX = HI = a, the length of WX can be derived as

WX:WZ+ZX:BE+m:g+dcos9. (3.154)

Since point X is on the circumference of ® (B, y), we have BX = 1. As shown in Figure 3.23(e),
WX is parallel to BQ. Therefore, the value of ZQBX is equal to the value of ZWXB. As a

result, the cosine value of Z()BX can be expressed as

WX B %ercosﬁ

cos ZQBX =cos ZWXB = (3.155)
BX Yo

With the aid of the inverse trigonometric function, the value of Z() BX can be expressed as

5 +dcost
/(QBX = arccos =—. (3.156)
Yo
As aresult, the value of ZF'BX can be expressed as
. 5 +dsind 5 +dcost
/FBX = /ZQBF — ZQBX = arcsin =——— — arccos =——. (3.157)
Yo Yo
Then, the area of the sector FBXC can be expressed as
1 ——=2
Serve = 3 BF - /FBX
2 4 4 dsiné &+ dcosb
_ % <arcsin g tasmi arccos ﬂ) ) (3.158)
2 (7 Yo

Furthermore, in order to derive the area of AF B.X, we have to obtain the sine value of /FBX,
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which can be calculated as
sin /FBX =sin ZQBF cos ZQBX — cos ZQBF sin ZQBX
= sin ZQBF cos ZQBX — \/1 —sin? ZQBF+/1 — cos? ZQBX
_ 5 +dsind §4dcost \/1 B <% + dsin@)Q\/1 B <% +dcos'9)2. (3.159)
Yo Yo Yo Yo
Hence, the area of AF BX can be derived as
I — —< .
SAFBX:§' F-BX - -sin/ZFBX
1
=3 [(g + dsin@)(g + dcos)
2 _ (8 - 2 _ (8
—\/ Y — (5 +dsinf)?y Jy; — (5 +dcosf)?| . (3.160)
According to Pythagorean theorem, the length of B} can be expressed as
2 2 a
BW = \/BX -WX = \/yg—(§+dcose)2. (3.161)
As a result, the length of K Z can be derived as
KZ=VW =BV — BW = (g + dsinf) — \/yg — (g + dcos6)2. (3.162)
Similarly, according to Pythagorean theorem, the length of I’V can be obtained as
B 2 2 [, a g
VF =\/BF — BV = yb—(§+dsm9) ) (3.163)
As a result, the length of K'F can be derived as
KF=VF-VK=VF - BE = \/y2 - (g +dsin)2 — (dcosf — g). (3.164)
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Therefore, the area of the trapezium LIK F' X 7 is derived as

1

S[]prz—— KZ. (KF+ZX)
1 3 a
22 —i—dsm9 Y2 +dsm9) (dcos@—§a) 2—(§+dcosﬁ)2
(2 + dsinf)(dcosf — §a) \/yg — (g + dsinﬁ)z\/yg — (g + dcos@)Q} : (3.165)

Furthermore, the length of H Z is expressed as

HZ:HK—KZ:(g—dsine)Jr\/yf—(g+dcose)2. (3.166)

Hence, the area of the rectangular [JH / X Z can be obtained as

Somixz =HI-HZ =a {(g — dsinf) + \/yg - (g + dcosf)?| . (3.167)
Then, we arrive at the expression of the shaded part in Figure 3.4(g), which is derived as
Sshade = Spﬁc — Sarex + Sokrxz + SowHikz

y? ( . 5+ dsind %+dcos€)
= = | arcsin =—— — arccos =——
2 () (7

—l—% [(g +dsin9)\/y§ — (g + dsin6)? + (dcos + g)\/y,? — (g + d cos 0)?

+2a(g — dsin) —2(%+dsin9)(dcos€— g)} (3.168)

Finally, in this case, the cdf of the random distance Y, is the ratio between SY! . and Soprix = a2,

which is expressed as

SV
VI _“shade
Fy (o) = SoHIIK

2 2 1 dsiné ¢ 1 dcos®
= y—b2 <arcsin 2 arccos 27)
2a Yb Yb

L |a - 2 _ (4 02 @ 2_ (& 2
+2a2 {(2+dsm9)\/yb (2—|—dsm9) +(dcos€+2)\/yb (2+dcos9)

+2a(§ —dsinf) — 2(2 + dsinf)(d cosf — g)] ) (3.169)

for \/a2/2 + d2 + ad(cos § — sin 0) < y, < \/a2/2 + d2 + ad(cos 0 + sin 0).
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Domainfor fa,(0,) # 0

\\

. 5“5
—5 —dcost) —5 +dcost 5 —dcost 5 +dcost
(@ Domain for fa,(d,) # 0
Integral domain for £, (2,)
= LOVRNN L
—%—dcos@ —%+dcos€ o] 9—dcos«9 %+dcos€
(b)0< /2, < § —dcos
o Integral domainfor Fz, (2,)
-V \ N\ ;"
—5 —dcost —5 +dcost 5 —dcosf 5 +dcost
() 5 —dcost < \/z, < 5 +dcosl
__________ Integral domain for Fz_(z,) B
_:\/% \ \ \/'@ 5x>

—5 —dcost) —5 +dcost 5 —dcost 5 +dcost
a
(d) 2z > § +dcost
Figure 3.24: The integral area for different values of /2.

CASE VII: y, > BJ

In this case, as shown in Figure 3.23(f), the whole square area of LJHIJK is completely

surrounded by the circle ®(B, y,). As a result, the overlapped area, which is denoted as the shaded

part in Figure 3.23(f), is equal to the area Soy;yx = a®. In this case, the cdf of the random
= 1 for

distance Y}, is the ratio between S}'% and Sppsk, which is presented as Fy '/ (y,)

Yy > \/a%/2 + d* + ad(cos 0 + sin 0).
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3.B.4 The proof for Lemma 3.3

Since the random variable 7, is defined as 2, = Ai, the cdf of Z, should be expressed as

Fy (z) =Pr(Z, < z,) = Pr(Ai < zp) =Pr(—v/z: <A, < V/Z)

VZz

_ / Fa. (6,)d6.. (3.170)
—VzZ

Jointly considering Eq.(3.170) and Eq.(3.19), we can see that the integral domain of Eq.(3.170)

is determined by the specific value of /z,. When we have 0 < /2, < 3 — dcos0, the integral

domain is [—/Z;, /2|, as shown in Figure 3.24(b). As a result, the cdf F';, (2,) can be expressed

as

ves ven 2
R A NCAT Y R (3.171)
_\/% _\/wa a a

When we have § —d cos € < /z, < §+dcos0, the integral domain is [§ —d cos 0, /2], as shown
in Figure 3.24(c). As a result, the cdf Fz,(z,) can be expressed as

VE Va T+ % —dcost
Fy,(2) = fan(8,)dd, = Logy, = Ve tamdeost (3.172)
%—dcos@ %—dcos@ a a

When we have /z, > § + d cos0, the integral domain is [—§ + dcos 6, § 4 d cos 0], as shown in
Figure 3.24(d). As a result, the cdf Fz, (z,) can be expressed as

%ercose %ercose 1
Fy () = / fa,(0,)do, = / —-dé, = 1. (3.173)
—5+dcosf —5+dcost a

In a nutshell, the cdf of Z, can be expressed as

2y/7y
\f_, 0<z < (g—dcosﬁ)Q,
Fr ()= Y1 i €080 (@ Geost)? < 2, < (5 + deoso)’ (3.174)
1, 2y > (g + dcos6)?.

Differentiating Fz, (z,) with respect to z, both in the domains [0, (% — dcosf)?] and ((
dcos0)?, (% + dcos6)?], the pdf of Z, can be expressed as Eq.(3.21) in Lemma 3.3.

Similarly, by following the same methodology, we may derive the cdf Fz, (z,) for the random

a
2
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9 Zz <y’ <Zc (h) Ze <y* < Zu (i) y*>Zu

Figure 3.25: The integral area S given different value of 3>

variable Zy = y + dsin 6, which is expressed as

2,/%
< ngyg(g—dsinﬁ)Q,
a
2y + 5 —dsind
Fz,(z) = Y2 : (g —dsinf)? < 2z, < (g + dsin 0)?
a
1, 2y > (g + dsin 6)?.

(3.175)

Hence, the corresponding pdf for Z, can be expressed as Eq.3.22 in Lemma 3.3. The lemma has

been proven.
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Fy, (yp) // foZy Zyy 2y)d2ydzy, = // f(l) (22, 2y )d2pd2zy,

yb Zx
Yo
/0 Zx/o a2,/z$zy v ﬂ(a) (3.176)

Fy, (yp) / [ 202, (%0, 2y)d2pdz,

/ £y (20, 2)dzpdz, + / / o (20, 2y)dzadz,
Sir

2

(7fdcos )2 Yy —2a 1 vp Yi—2z 1
= / dZ;L- 27d,2y _'_ / dzx / 27d2y
0 0 a%\/Zzzy B (% —dcos )2 0 2a Rz Ry

. (. /

Double in;:jgra] on Sy Double intggral on Sy
1 [7, ) . 5 —dcost a 5 0
= — | zy; +y; arcsin =——— + (= — dcos0), /y; — (= — dcos0)? (3.177)
212 Ub 2 2

3.B.5 The proof for Theorem 3.6

This ascending sort OA < OF < EFF < OF < AB < OB, assumed in Theorem 3.6, indicates
(¢ —dcos)® < (& —dsinf)? < 2adsing < (4 + dsind)® < 2adcosf < (% + dcosf)?. As
a result, the ascending sort of the array {z;|i € {A, B,C, D, E, F, G, H}} in this case is given by
24a<zp<Zp <Zp <zg <Zp < Zc < Zg.

Since the joint pdf f7, 7, (2., z,) has different expressions in different domains, as shown in
Eq.(3.24) and Figure 3.5, we have to generally divide the integral area S into four parts, namely
S = SN Domain I, S;; = S N Domain II, S;;r = & N Domain III and Sy = S N Domain IV.

When 0 < y? < Z,4, we have y, < (§ — dcos ) and the integral area S is shown by the shaded
part in Figure 3.25(a). As a result, the double integral given by Eq.(3.23) can be further derived as
Eq.(3.176).

When z4 < y? < Zg, we have (5 —dcostl) <y, < (§ — dsind) and the integral area S is
shown by the shaded part in Figure 3.25(b). As a result, the double integral given by Eq.(3.23) can
be further derived as Eq.(3.177).

When Zp < y; < Zp, we have (2 — dsinf) < y, < /(% —dcosf)? + (£ — dsin6)? and the
integral area S is shown by the shaded part in Figure 3.25(c). As a result, the double integral given
by Eq.(3.23) can be further derived as Eq.(3.178).

When Zp < y7 < Zp, we have /(2 — dcos0)? + (2 — dsinf)? < y, < (£ + dsinf) and the
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Fy, (yp) / [2.2,(%, 2y)d2pdz,
:/ szZ (22, 2y )dz2d 2y +/ fgfz) (24, 2y )d2ydzy + // féilzl)(zm,zy)dzxdzy
St Y Srr Y Siir !

y2—(&—dsin0)? (&—dsin0)? 1 (§—dcos)? Y~z 1
0 0 \/Zmzy Y7 —(%—dsin6)? 0 A=\ /Zx2y

N J/

Double 1ntegral on Sy

y2 Yp—2z 1 y2—(%£—dsin6)? Y2 —za 1
+/ dzx/ ——dz, + dz$/ —dz
(-deosoyr  Jo 200ZE0 o (4—dsinop 207/ %y

J/ N J/

Double integral on Sy Double integral on Sy
a __ 1 2
1|7, . §—dcost \/yb 5 —dsin0)
= — |5V ty,arcsin =——— — y? arcsin
a® |2 Yn (I

—i—(g —dsin@)\/yg — (g — dsinf)? + (g —dcos@)\/yg — (g —dcos@)ﬂ . (3.178)

integral area S is shown by the shaded part in Figure 3.25(d). As a result, the double integral given
by Eq.(3.23) can be further derived as Eq.(3.179).

When Zp < y; < Zg, we have (§ + dsinf) < y, < (% + dcosf) and the integral area S
is shown by the shaded part in Figure Figure 3.25(e). As a result, the double integral given by
Eq.(3.23) can be further derived as Eq.(3.180).

When Z; < y; < Zp, we have (£ + dcost) < y, < /(% +dsinf)? + (2 — dcosf)? and

the integral area S is shown by the shaded part in Figure Figure 3.25(f). As a result, the double
integral given by Eq.(3.23) can be further derived as Eq.(3.181).

When Zp < y? < Z¢, we have

\/(g + dsin6)? + (g —dcosf)? <y, < \/(g — dsinf)? + (g + d cos6)?

and the integral area S is shown by the shaded part in Figure Figure 3.25(g). As a result, the double
integral given by Eq.(3.23) can be further derived as Eq.(3.182).

When Z¢ < y? < Zy, we have

\/(g — dsinf)? + (g +dcosh)? <y, < \/(g + dsinf)? + (g + dcos6)?

and the integral area S is shown by the shaded part in Figure Figure 3.25(h). As a result, the double



3.B. THE PROOFS FOR THE THEOREMS IN SECTION 3.3 79

I II II7
Fyu () = / 1D, (o 2)dzadz, + / 1) (g, )zl + / U0 (. 2)dzd,
Sy Srr Srrr

v
+/ félzzl(zw, 2y )dz,dz,
Srv

(%7dCOS'9)2 (§*d51n9)2 1 (%7dc059)2 Y7 1
:/ dZ;L-/ 2 dzy+ dzm/ 27dzy
0 0 a?.\/Zz 2y 0 2_dsing)? 20°\/Z2y

N 2

(. J

R Vv Vv
Double integral on Sy Double integral on Sy

y7—(%—dsin0)? (4 —dsin6)? 1 y? Y2 —zo 1
+/ dz$/ 27dzy+ dz$/ — dz,
(§—dcosh)? 0 2a <%z RY y2—(%—dsin0)> 0 2a N

5—
(. J

~
Double integral on Sy

yl%f(%fdsine)2 ygfzz 1
+ / dz / 1 .
(2 —dcos 6)? (2—dsin6)? 4&2\/ Rz iy Y

27 27

N J/

TV
Double integral on Sy

1 ., %—dcos® , \/yi—(%—dsin@?)
= 55 [TV + Y arcsin —————— — y; arcsin
2a Yo Yo

+ (g —dsinf), |y — (g —dsinf)% + (g — dcos@)\/yg — (g — dcosf)?

+2(g —dcosf)(= — dsin 0)] (3.179)

a
2

integral given by Eq.(3.23) can be further derived as Eq.(3.183).

At last, when y; > Zy, we have y, > /(% + dsinf)? + (£ + d cos0)? and the integral area
S is the whole domain of the joint pdf f, Z,,(Za;, 2,), as shown in Figure 3.25(i). As a result, the
double integral given by Eq.(3.23) can be further derived as Eq.(3.184).

Differentiating the corresponding cdfs of different regions with respect to y,, we may get the
pdf fy, (ys) in different regions for the random distance Y}, between the BS and a MU roaming in a
bounded square area, when the position of the BS is defined by the tuple B(d, 0).

The cdfs of other cases from ii) to viii) can be derived by obeying the similar methodology.
Another particular case that the position B of the BS is placed at the centre O of the square area
OH IJK needs our further attention. The radius r of JH I J K, which is defined as the distance
from the centre O of (JHIJK to any of the four vertices, can be obtained as r = HI/ cos§ =
v/2a/2. Buy substituting r into Eq.(3.5) and Eq.(3.6) of Section 1.2.2 and letting | = 4, we may
obtain the cdf and the pdf of the random distance Y} between the BS, which is placed at the centre
of the square area [1H I J K, and the MU, which moves within JH I J K.
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Fyy (1) = / P 2z, +

// (IV ZJC, 2y)dz,dz,
Srv

(ﬁ—dcose 7fdsm9) 1 yi—(5—dsin0) Yp—2x 1
] / S o[ 1
) Y T 2 Y
/o 0 a*\/Zy 2y (2—dcos6)? & —dsin0)? 4a?,/Zx %y

A J/

f(H) (22, 2y)dzedz, + / f(IH)(Zxa 2zy)dzpdzy
Sir Srrr

R Vv Vv
Double integral on Sy Double integral on Sty
2

y7—(%—dsin0)? (4 —dsinb) 1 Yy Y2 —zo 1
+ / dzy / ————dz, + dzy / — dz,
(§—dcos )2 0 \/ ZxRY y2—(%—dsin0)> 0 2a N/ Rz Ry

J

Double mtegral onSyr

(2+dsinb) (% +4dsin6)>? 1 (% —dcos 0) Y2—zs 1
+/ dz$/ dz, + dz$/ Rr— dz,
0 (ﬁfdsme 2(1 xRy ygf(%ersinG)Q (%fdsinG)Q 2a v/ Rxy

N J/

TV
Double integral on Sy

1 ., %—dcosh ,\/yﬁ—(%—dsin@z)
=55 | ™Y T Y arcsin —————— — y; arcsin

2a Yo Yo

2 a : 2

y; — (44 dsinb)

— 2y; arcsin \/ 2y + (g — dsin 9)\/y§ — (g — dsin 0)?
b

+ (g —dcos@)\/yg — (g — d cos §)? —1—2(% —i—dsin@)\/yg — (g + dsin 6)?

+2 (— — dcosQ)(— — dsm@)] (3.180)

3.C The proofs for the theorems in Section 3.4

3.C.1 The proof for Theorem 3.9

Let us discuss how to derive the pdf of the random distance Y, between a pair of MUs roaming
within a circular area ®(O, r) by exploiting the Crofton’s fixed points theorem, as introduced in
Theorem 3.7. For solving this problem, we define the set S; as a two-dimensional plane contain-
ing all possible points on it, whose o —algebra is denoted as Ws,. A measure over a subset .4 that
belongs to W, can be defined as the area covered by A. For the scenario that a pair of MUs roam
within a circular area ©(O, ), A is defined as a subset containing all possible points within a cir-
cular area ©(O, r), whose measure should be defined as (. A) = 772, As a result, the differential
of ¢(.A) can be derived as dp(.A) = 27rdr. We uniformly distribute two points {1, € }, represent-
ing two MUs, within the points subset .A. Furthermore, we let 6.4 be the subsets containing all the
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Fu () = / P 2z, + [

// (IV ZJC, 2y)dz,dz,
Srv

(& —dcos 0)? £ —dsin6)? 1 §—dcos0) (5 +dsin0) 1
:/ dZm/ 2 dzy+ dz:l}/ P dzy
0 0 Q% /22y o (&—dsin0)2 207\ /Zg 2y

A . J/
~~

f(H) (22, 2y)d2od2, + / f(IH)(Zxa zy)dzpdzy
Sir Srrr

~
Double integral on Sy Double integral on Sy

yp—(5—dsin0) (% —dsin 0) 1 y? Y2 —zo 1
+ / dzy / ————dz, + dzy / — dz,
(§—dcos )2 0 \/ ZxRY y2—(%—dsin0)> 0 2a N/ Rz Ry

J

Double mtegra] onSyr

(2+dsinb) (%+4dsin6)>? 1 Y —(5—dsin®) Yp — 2 1
+/ dz$/ dz, + dzgg/ 27dzy
(§—dcos )2 (§—dsin )2 40’ \/ Rz Ry Y7 —(%+dsin0)? (§—dsin )2 4a \/ Rz Ry

N J/

Double integral on Syy

\/yg—(g—dsinﬁ) \/yb 2 + dsin6)?

1 .
= — |7y — yi arcsin — y7 arcsin
2a Yo (7

+ (g —dsin@)\/yg — (g —dsinf)? + (g —l—dsin@)\/yg - (g + dsin )2

+2a(g - dcos@)] (3.181)

points on the circumference of ®(O, ). We define H as an event that two points are separated by
a distance between y, and (ys + dys). Let us first derive the term of Pr(H |e; € §.A) in Eq.(3.27).

Pr(H|e; € 0.A) is the probability that, when point ¢, is placed on the circumference of ©(O, 1),
€1 and €, is separated by a distance between y, and (ys + dys). As shown in Figure 3.26, we draw
a circle ® (e, y,) having €; as the centre and having y; as the radius. ®(ey, y,) intersects ©(O, r)
at points A and B. We draw another circle ® (e, ys + dys) having €; as the centre and having
(ys + dys) as the radius. If point e, appears within the shaded annulus of Figure 3.26, the distance
separating €; from e, is between y; and (ys+dys). Since €, is uniformly distributed within ©(O, ),
Pr(H|e, € 0.A) can be derived as the ratio of the area of the annulus to the area of ®(O, r).

In order to derive the area of the annulus, we have to obtain the length of the arc A/C\B first.

According to the law of cosine, the cosine value of ZAe;O can be expressed as

61A2+6102 ~A0° B y:+r?—r? s

cos LAe O = S = = 25
! 296, Ae, O 2y,r 2r

(3.185)
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Fy, (yp) / fZ 7 (24, 2y)dzpdzy + / fg% (22, 2y)d2pd2, +/ f(IH)(zx,zy)dzxdzy
Srir

Sir
IV)
// [2.7, (22, 2y)d2udz,
Srv

(% —dcos 0)? (% —dsin6)? 1 (% —dcos 6)? (%+dsin6)? 1
[ g [ g [ [ 1
0 0 A~ \[Zp 2y o (&—dsin0)? 20°,/Zp 2y

A (. J/
~~

~
Double integral on Sy Double integral on Sy

ygf(%fdsm@) (2 —dsin6)? 1 (2+dcose) Yp— 2z 1
+ / dzy / ———dz, + dzy / R— dz,
(§—dcos0)? 0 \/ “zcY yi—(§—dsin6)? 0 2a \/ Rz Ry

J

Double mtegra] onSyr

y—(5+dsin0) (%+dsin6)? y?—(%—dsin0)? Yp— 2 1
+ dzy dz dz —dz
y T 2 Y
(§—dcos )2 (§—dsing)2 4a V xRy $+dsin )2 (§—dsin )2 4a V xRy

J/

Double 1ntegral on Sy

1 +cos€ \/yg—(%—dsinﬁ)Q)

— — |2a(2 — dcosh) +2 277 2aresi
5.7 a(2 cos ) + 2y; arcsin 2 m y;, arcsin m

2 a : 2

y; — (4 +dsinb)

— 7 arcsin \/ 23/ + (g — dsin 9)\/y§ — (g — dsin 6)?
b

—1—2(% +dcos€)\/y§ — (g + cos )2 + (g +dsin9)\/y§ — (g +dsinf)?| . (3.182)

With the aid of inverse trigonometric function, we can obtain the exact value of the angle £/ Ae; B

as

/Ae\B = 2/Ae;0 = 2 arccos g— (3.186)
r
Therefore, the length of the arc ACB can be derived as ACB — ysZLAer B = 2y, arccos(ys/2r).
Furthermore, the area of the shaded annulus is expressed as Su,nuius = A/C\des = 2y.dys -
arccos(ys/2r). Thus, Pr(H |e; € §.A) can be expressed as

Sannu us 2 Sd S S
Pr(H|e € 0A) = lus _ Zs%Ys orecos g— (3.187)

S0, 2 r

Substituting Pr(H|e; € 6A), n = 2, p(A) = 7r? and dp(A) = 27rdr into Eq.(3.27), we may



3.C. THE PROOFS FOR THE THEOREMS IN SECTION 3.4 83

Fy, (y») // (I) zw,zy Vdzpdz, + / fgfz)y(zx, 2y )dzpdz, + // féilzif(zm,zy)dzxdzy
Sr Sir ) Srir )
+/ f(lv (24, 2y)dzpd2,
Srv

(% +dsin 0) (£ +dsinb) 1 (5+dcosb) Yp — 2z 1
- / dz, / s+ dz, / S~
(& —dcos )2 (%—dsin6)2 da %z Ry y2—(%+dsin6)? (&—dsin 0)2 4a 2z 2y

/

~
Double integral on Sty

(77dcoso9) (%70lsin9)2 1 (%+dcos€)2 (%70lsin0)2 1
+ / dz, / ————dzy + / dz, / —
0 0 a7/ Zx2y B (% —dcos )2 0 2a \ Rz Ry

N

Vv Vv
Double integral on Sy Double integral on Sy
(§—dcos0) (2+dsinb) 1
+f i | .
T 2 Y
0 ($—dsin )2 2a V Rz Ry
A o
v
Double integral on Sy
3 2
5 . 24cosh \/yb 3 +dsing)?)
=53 Yp arcsim ——— — yb arcsin
2a Up Yb

+(5 +dcos0)\/y§ — (5 +cos0)” + (5 +dsin0>\/y2 — (5 +dsin6)?

+ga2 — ad(sin @ + cos 0) — 2d* sin 6 cos 9} : (3.183)

Fy, (yp) :/ f 707, (24, 2y)d2zzdzy, + /

// (W zm, 2y )dz,dz,
Srv

——clcos@)2 §—dsin9)2 1 (%—l—clcos@)2 (%—clsin@)2 1
:/ dzgg/ 27dzy+/ dz$/ —
0 0 A%/ Zx2y (§—dcos )2 0 2a \ Fxly

N J/ )

B f(H (zx,zy)dzxdzij/S f(HI (22y 2y)dzdz,
II IIr

Double integral on Sy Double integral on Sy
(5—dcos ) (2+dsinb) 1 (5+dcos0) (2£+dsin )2 1
+/ dzx/ ——dz +/ dz / —dz
2 ) x 2 €T
R 0 % —dsin )2 2a v Rz Ry B (§—dcos )2 (§—dsing)2 4a V Pz iy |
Double integral on Sy Double integral on Syy/

=1 (3.184)
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Figure 3.26: Calculate Pr(H |e; € J.A) in the circular area (O, r) considered
obtain the following differential formula:
2ysdys Ys 2mrdr
dP =2 — —P . . 3.188
r(H) ( 3 Arccos o r(H) p— ( )
Rearranging the terms in Eq.(3.188), we have the following formula:
8 Sd S S
rtdPr(H) + 4Pr(H)ridr = Ys%s . 1 arccos g—dr. (3.189)
7 r
Integrating both side with respect to r, we arrive at
8 Sd S S
r*Pr(H) = Yss . /r arccos 2 dr
m 2r
8ysdys y> (QT) 2 2r 2]
= = || — | arccos— — — 1—( )
7r 8 Ys T Ys
srédy, v, | Ys  Ys Ys \ 2
- s LA 1—(—) . 3.190
s 2r arecos 2r  2r 2r ( )

Based on the definition of the event H, Pr(#) can be further derived as Pr(H) = Fy, (ys + dys) —

Fy,(ys), where Fy, (ys) is the cdf of the random distance Y representing the probability of Y being

shorter than y,. As a result, with the aid of Eq.(3.190), the pdf of the random distance Y can be
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derived as
T FYs(yS + dyS) — Iy, (yS) T PI‘(H)
Fulo) = it dys = am, dys
8 ys ys Z/s ys 2
-2 % Y Us 1-(-) , 3.191
mr 2r [arccos 2r  2r 2r ( )
for 0 < y, < 2r. The theorem has been proven.
3.C.2 The proof for Lemma 3.4
The cdfs of the random variable A; = X 11— X 5 can be expressed as
Fa.(65) = Pr(X; — X5 < 6;) = / / Fz.5, (@1, T2)dT1dTs, (3.192)
S

where [z )?Q(El, T9) is the joint pdf of X, and X and S is the integral area surrounded by the
domain of f3 5 (71,72) and the upper part of straight line 7, — 7, = 3. Since X, and X, are
independent and identical random variables, whose pdfs are both given by Eq.(3.31), f5, 5, (Z1, )

can be expressed as

1
- - - —, 0< 7,13 <a,
f2.2,(T1,0) = fg,(T1) f5,(@2) = @ b (3.193)
0, otherwise.

Let us now discuss the result of the double integral Eq.(3.192) given different value of dz. If
07 < —a, as shown in Figure 3.27(a), the straight line 71 — 7o = Jz does not intersect the square
domain of the joint pdf f¢ 5 (71, 72). Therefore, the cdf of Az is derived as Fa_(0z) = 0.

If —a < 43 < 0, the integral area S is shown as the shaded part in Figure 3.27(b). Hence, the
cdf of the random variable Az can be further derived from Eq.(3.192) as

dz+a a ~ 2
Fa.(55) = / 47, / Lz, = et al (3.194)
0 T

2 2
=5, @ 2a

If 0 < 7 < a, the integral area S is shown as the shaded part in Figure 3.27(c). Hence, the cdf
of the random variable Az can be further derived from Eq.(3.192) as

0z a a a 2 2
T 1 ~ 1 2 55 — 0%
FA5(55> = / dl’1/ _2de +/ dZC1/ —2d£U2 = a 0,2 z (3195)
0 0o @ bz -0z 4 2a

If 6z > a, the integral area S is the whole domain of the joint pdf f5 z, (71, 72), as shown in
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Zo T2

""" |

,,,,, |
Domain of thejoint - i
pdf f)zl)}z(fh@) !

T1—To =0z

I

|
a T -a (¢} 0z +a a T
@ 9z < —a (b) —a <6z <0

-'172 72

Ty — Ty =0z
a T a
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,,,,,,,,,,,,,
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©0<dz<a (d) 0z > a

Figure 3.27: Different integral area S for the derivation of Fa_(dz) given different 5.

Figure 3.27(d). Hence, the cdf of the random variable A; can be further derived as Fa_(d0z) = 1.
After differentiating both Eqs.(3.194) and (3.195) with respect to dz, we arrive at the pdf of the

random variable Az, as expressed in Eq.(3.33). The lemma has been proven.

3.C.3 The proof for Lemma 3.5
Given that Zz = A%, the cdf of Z; should be derived as

Fp(2) = Pr(Zz < 23) = Pr(A] < 23) = Pr(—/zz < Az < /)
— Fa(VE) - Fa(—vE). (3.196)

If 0 < /23 < a, which also indicates that —a < /23 < 0, the cdf of the random variable can be
further derived from Eq.(3.196) as

Fio(22) = Fay (V) - Fas(—V3)
_CrVE - (0-VE WE a (3.197)

2a? 2a? a a?’
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A A
%y 2y 2y

; . . Zz+ 25 =Y,
az az 2 Y s

y: Domain of the joint

\pdf fziz,; (2557 Za)
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rrrrrrrrrrr a2 =Us
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@0<y<a’ (© yZ > 2a°

Figure 3.28: Different integral area S for the derivation of Fy, (ys) given different ys.

If \/2z > a, which also indicates that —,/zz < —a, the cdf of the random variable can be further
derived Eq.(3.196) as

Fy (%) = Fa.(V7) — Fa(—z) =1—-0=1. (3.198)

After differentiating both Eqs.(3.197) and (3.198) with respect to zz, we arrive at the pdf of the

random variable Z3, as expressed in Eq.3.5. The lemma has been proven.

3.C.4 The proof for Theorem 3.10

Given that Y, = \/Zz + Z, its cdf can be formulated as

Fy,(ys) = Pr(Y, < ws) = Pr(\/Zz + Zy < ) = Pr(Zz + Z5 < 42)

:// f2:2,(2z, 25)dzzd2g, (3.199)
< ;

where f7.7(2z, z5) is the joint pdf of the random variables Zz and Zz, and S is the integral area
surrounded by the domain of fz_ 7 (2, z7) and the lower part of the straight line 2z + 25 = y..

Since Z; and Z; are independent and identical random variables, their joint pdf can be expressed

as

1 ( 1 1) ( 1 1) o< _
) - = S 2z, 2y S an,
fraz () =4 @ \Va  a  a ! (3.200)

0, otherwise.



3.C. THE PROOFS FOR THE THEOREMS IN SECTION 3.4 88

Given different value of 32, we have different integral area S for calculating the cdf of Y;. If we
have 0 < yz < a?, as shown in Figure 3.28(a), which indicates that 0 < y, < a, the double integral
of Eq.(3.199) can be further derived as

ys Zz 1 1 1
Fy (v, dzs 2 ) dz
Ysy / Z/ <\/ a)( <y a) &
8y i
= 2 s s ). 201
a? (ys 3a Jr2(12) (3:201)

If we have a> < y? < 2a?, as shown in Figure 3.28(b), which indicates that a < y, < v/2a, the

double integral of Eq.(3.199) can be further derived as

2 2

vi—a @ 9 /0 1 1 1
FYs(ys) — / dza:/ a2 <\/Z - 5) <—Z§ — 5) ng
vi—7 1 1 1 1
y2—a? a Z; a
4 2

— 4 8
{Qy arcsin T?ys + (5(1 + 3_?/5) VY2 —a?—2y° — % + C; (3.202)

If we have y? > 2a?, as shown in Figure 3.28(c), which indicates that i, > v/2a, the integral area
is the whole domain of the joint pdf f,_ Zg(zg, z5). As aresult, the cdf of the random distance Y is
derived as Fy, (ys) = 1.

In a nutshell, the cdf of the random distance Y between a pair of MUs that move within a square
area by obeying the uniform mobility model can be summarised as Eq.(3.35). After differentiating
the cdf Fy,(y,) of Eq.(3.35) with respect to y,, we arrive at the pdf of the random distance Y5,

which is expressed as Eq.(3.36). The theorem has been proven.
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