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Fundamental Advances in Hybrid Classical and Quantum Free Energy
Techniques
by Christopher Cave-Ayland

The efficient and accurate calculation of free energies of binding and hydration for

small molecules remains a valuable goal in the field of computational chemistry. We
focus on free energy calculations as a tool to predict free energies of binding and hy-
dration. Such calculations require the use of an energy model to compute the relative
energies of different configurations of a molecular system. Quantum mechanical (QM)
energy models offer excellent accuracy but at great computational cost, whereas clas-
sical energy models are more approximate but offer several orders of magnitude of

computational savings. Here we describe as hybrid those approaches that attempt to

combine both classical and quantum energy models to calculate free energies.

We demonstrate a fundamental validation step for the classical to quantum single
step free energy perturbation approach (SSFEP), by carrying out the reverse quan-
tum to classical perturbation. This required the generating of extensive trajectories
using molecular dynamics at the QM level, a costly and involving process. With this
data we demonstrate convergence between forward and reverse perturbations between
the different levels of theory, providing support for use of the technique. Such conver-
gence is dependent on the use of interaction energies when evaluating the free energy
difference, a practicality rarely alluded to in the literature. We go on to elucidate,
from first principles, the approximation engendered by the use of interaction energies

with theoretical work and demonstrative calculations in a series of model system.

A number of recently proposed and more sophisticated hybrid techniques are con-
sidered and compared with SSFEP and a novel approach, proposed by us. The exten-
sive QM trajectories generated previously are used again to a system within which
these techniques can be compared and benchmarked. We also consider extension of
each of these techniques to the use of interaction energies and demonstrate results of

superior convergence.

Finally, we set up and carry out simulation work with an isoform of the CD1 pro-
tein family. This forms preparatory work for the application of hybrid free energy

techniques within a protein-ligand system of clinical interest.
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1. Introduction

The accurate and rapid prediction of free energies of binding and hydration for small
molecule targets remains a long sought goal in the field of computational chemistry!.
A range of different techniques have been developed to tackle this problem, the most
accurate of which make use of extensive Molecular Dynamics (MD) or Monte Carlo
(MC) sampling and rigorously derived free energy difference estimators®3*. Two
factors limit the accuracy of these free energy techniques: the realism of the energy
model used to describe the potential energy surface of interest, and achieving a suf-
ficient degree of sampling of the system to obtain converged ensemble average statis-
tics. Highly realistic i.e. first principles Quantum Mechanics (QM) based energy
models are able to accurately model a system’s potential energy surface but are pro-
hibitively expensive to undertake sufficient sampling of even moderately sized sys-
tems. This practical restriction generally necessitates the use of classically inspired
Molecular Mechanics (MM) force fields. Although computationally far cheaper, the
approximate and parameterized nature of MM methods places inherent restrictions

on the achievable accuracy of calculations using MM potentials.

The dichotomy between MM and QM approaches has led to the development of hy-
brid methods that attempt to exploit the accuracy of QM models at a fraction of
the computational cost, through judicious combination with MM potentials®% 789,
These are known as hybrid free energy techniques and are based around a variety of

different approaches described fully in section 2.5.

In chapter 3 we consider the application of the mostly widely employed hybrid
approach, the single step free energy perturbation. Despite numerous occur-

rences®10,11,12,13,14,7,15,16,17.9

within the literature, the ability to rigorously calculate
converged free energy differences has yet to be demonstrated. We approach this prob-
lem directly by generating extensive molecular dynamics trajectories at the QM level
of theory. The considerable computational cost of this approach has previously pre-

vented the carrying out of this important validation step.

One of our key findings is the necessity of the use of interaction energies, in the place
of total potential energies when employing hybrid free energy techniques. In chap-
ter 4 the theoretical implications of this are fully explored from a statistical mechan-
ics basis and it is shown to introduce an error term. This is explored in a series of

model systems of increasing complexity.
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Chapter 5 deals with reweighting and ensemble building hybrid free energy tech-
niques. These are applied to the previously considered model systems of chapter 4
and the DNA base pair MD dataset of chapter 3. Particular attention is paid to the
combination of these approaches with interaction energies and some theoretical re-

sults to this end are given in addition to the computational work.

Finally, we consider preparation and MD work with a proposed crystal structure for
an isoform of the CD1 protein family. This serves as preparatory work for the future

application of hybrid free energy techniques with a CD1 isoform of interest.

This thesis attempts to place hybrid classical and quantum free energy techniques in
a rigorous context. We robustly examine the convergence behaviour and theoretical
shortcomings of currently accepted practice and consider extension of more recently

proposed approaches.

24



2. Theoretical Background

2.1. Statistical Mechanics

The foundation of the computational calculation of free energies is rooted in statisti-
cal mechanics. This is the theoretical branch of physics that deals with the prediction
of high level (macrostate) properties of molecular systems, e.g. temperature/pressure,
from low level (microstate) information e.g. atomic velocities and positions'8. A sim-
ple example is the calculation of the temperature of a system from the velocities of

its constituent N particles:

2K (v)

T =
3Nkp

(2.1)

where the temperature, T, is proportional to the total kinetic energy of the system,
K a function of the system velocities v, over N and the Boltzmann constant kg. The

classical kinetic energy term being given by:
1
K(v) =3 Z;mi|vi2 (2.2)
1=

the kinetic energy is a sum over all N particles where m; and v; are respectively

the mass and Cartesian velocities of the i*! particle. Thus microstate knowledge of
atomic velocities can be used to calculate the higher level macrostate system property
of temperature. Throughout this introduction, as here, we will not attempt any first
principles derivations of statistical mechanics results as these may be obtained from
a range of texts!?18:20:21,22  Tpstead we will present and attempt to intuitively ratio-
nalise the various widely used expressions relevant to the calculation of free energy

differences.

A central concept to the statistical mechanics of equilibrium systems is that of ensem-
bles. To explain this we start by considering a thermodynamic system of N particles.
In a three dimensional space each particle can be completely described by 6 degrees
of freedom, its position in each dimension and its corresponding velocity in each.
Thus a system of N particles can be described by 6N degrees of freedom in total. The
positional degrees of freedom are limited by the size of the system, whilst the velocity

degrees of freedom are unbounded. These 6N degrees of freedom can be represented
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in a phase space, also referred to as a state space, of 6N dimensions'. Any given
configuration of positions and velocities forms a point within the phase space, which
is bounded as described previously. The phase space describes every possible state
of the system at hand. However, equilibrium thermodynamics places restrictions on
how the phase space will be occupied. This leads neatly to the concept of an ensem-
ble which defines a set of restrictions or conditions on how a system will occupy its
associated phase space'®. The term ensemble is often also used to refer to the set of
system states that conform to the correct properties of the associated thermodynamic

ensemble.

The simplest example is known as the microcanonical ensemble, often abbreviated as
NVE for the three restrictions it imposes. N, the number of particles, V, the volume
and E, the energy of the system are all constant. A particular NVE ensemble is com-
posed of all the system configurations within the phase space that meet these three
conditions. In the case of the NVE ensemble there are points of the phase space that
are inaccessible due to the restriction on the energy of the system. This can be ex-

pressed formally by the probability density?!:

Pnyve(x,v) x 0(H(x,v) — E) (2.3)

where Pyv g is the probability density of a particular system configuration given by
v and x within the NVE ensemble. ¢ is the Dirac delta function, that has a value

of infinity where its argument is zero, but a value of zero everywhere else. When
integrated over however the Dirac delta gives a value of one. H is the system Hamil-
tonian, the formal name for the function that takes the system state as input and
gives its corresponding energy. The energy of the system is dependent on the posi-
tional degrees of freedom, x, and the velocities, v. We will consider the properties
of the Hamiltonian later in this section and in section 2.2. Equation (2.3) defines a
hyper-surface within the full phase space of the system and displays an important
property of the microcanonical ensemble. The Dirac delta function has a constant
value for all system states with the correct energy. Therefore, all structures that com-
prise the NVE ensemble have an equal probability of arising. The probability density
can be made absolute by introducing a normalisation constant, known in this context

as the partition function, Q2%

PyvE(x,V) = 5(H(SJ’V‘2E_ E) (2.4)
QnvE = /‘/5(H(X,V) — E)dxdv (2.5)

the partition function is simply given as an integral of all the degrees of freedom
within the system over the relative probability density. Here V denotes the limits

of integration imposed by the volume of the system. The microcanonical partition
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function corresponds to the volume of phase space containing structures that com-
prise the ensemble. Although of fundamental significance, the NVE ensemble rarely
corresponds to systems of interest. Biological systems in particular are not isolated
from fluctuations in energy. Rather these systems are often assumed to be accurately
modelled as being in temperature equilibrium with their surroundings by the canoni-
cal or NVT ensemble. In addition to the particle number and volume restrictions, T’
signifies that the temperature of the system is constant. As given in equation (2.1)
the instantaneous temperature is shown to be a function of particle velocities. How-
ever, the temperature of a system is a time-averaged property such that the kinetic
energy need not be restricted to being the same value throughout the ensemble. In
contrast to the microcanonical ensemble where certain system states are inaccessible
for particular values of F, in the canonical ensemble any position within the entire

phase space can be occupied with the following probability density:

Pnyr(x,v) = eXp[éii;X’v)] (2.6)
Qnyr = /Vexp[—,BH(x, v)]dxdv (2.7)

where § = a common abbreviation that will be used extensively throughout

this work. 'ﬁlﬁgis the famous Boltzmann distribution, with the numerator of equa-
tion (2.6) referred to as the Boltzmann factor. The canonical partition function is
similarly given as an integral over the relative probability density of the system. One
particularly desirable property of the partition function is that it can be directly

related to the free energy of a system!:

A= —; In Qv (2.8)

where A is defined as the Helmholtz free energy. The partition function in essence

is the term that links microstate data of the system to the macrostate property free
energy. Owing to the high dimensionality of the problem however, direct calculation
of the partition function is impossible for all but the simplest of systems. Techniques
that circumvent direct calculation of free energies are considered in detail in sec-
tion 2.4, but we shall first consider some simplifications that can be applied to the
problem. Returning to the definition of the system Hamiltonian, it is possible to give

the decomposition:

H(x,v) =U(x)+ K(v) (2.9)

where K is the kinetic energy of the system as defined in equation (2.2) and U is
the potential energy. The calculation of U based on the atomic configuration of the

system is an interesting problem, the details of which are discussed extensively in
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section 2.2. For now, observing the ability to split the Hamiltonian into separate
potential and kinetic terms is sufficient. Using equation (2.9), we can reconsider our

definition of the canonical partition function:

QNVT:/VeXp [—BH(x,V)] dxdv (2.10)
- /V exp [~B(U (x) + K(v))] dxdv (2.11)
:/Vexp [=BU (x)] exp [-BK(v))] dxdv (2.12)
:/ exp [ AU (x)] dx/exp [—BK(v)]dv (2.13)

1%
=7 X QK (2.14)

the first of these integrals, over the atomic positions of the system is often referred
to as the configurational integral and denoted by Z. The integral over the velocities
on the other hand can be treated analytically. This is straightforward as the kinetic
energy term, equation (2.2), is a sum over the contributions of each of the atoms.

The analytical result is given by'?:
o milvil?
Qg = /exp [—ﬂz 12 . ] dv (2.15)
N m;|vi|?
:/Hexp {—531] dv (2.16)
' 3
N 1 2
= 2rm;— 2.17
(L1205 0

the last term being derived from the general form of integration over a Gaussian func-
tion. The ability to treat components of the free energy analytically helps to simplify
the problem of calculating free energy differences by removing a source of statistical
error. In the rest of this work we will no longer consider the inclusion of the kinetic
energy component in the calculation of free energy differences but proceed with al-
most all derivations and explanations in terms of the potential energy component
and the configurational integral. Excluding the kinetic component, the free energy
difference between states can be given as:

Za

AA1_>2 = A2 - A1 =Iln— (218)
Z

thus the ratio of the partition functions of the two states is often the sought quantity
in evaluating AA;_,o. Here, as throughout this work, the configurational contribution
to the free energy is taken as being synonymous with the full free energy. This implic-

itly assumes cancellation of the kinetic terms. Where this is not the case appropriate
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corrections can be given using the analytical kinetic result.

Finally, we introduce the concept of an ensemble average:

[ X(x) exp [ AU ()] dx
X0 = [ exp[-BU(x)] dx (2.19)
[ X e -0 220)

this may be better explained as the expectation value of the system property X,
which is some function of x. In principle X could relate to any possible property of
the system, for instance a particular bond length or an energy term. Unlike the parti-
tion function, evaluating ensemble averages is computationally feasible and methods
for this are considered in section 2.3. The uses of ensemble averages in calculating

free energy differences are explored in section 2.4.

A free energy calculation is dependent on three separate components working to-
gether??. First, an energy function or model that realistically describes the potential
energy surface of the system of interest is combined with a sampling protocol that
generates an ensemble of configurations with the appropriate Boltzmann distribution
and finally a expression estimating the free energy difference is required. The follow-
ing sections provide a comprehensive overview of modern approaches to all of these

components.
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2.2. Energy Models

An energy model or potential energy function should comprise a function that takes
the atomic positions of the system as input and gives a value for the potential energy.
This is often used synonymously with the term Hamiltonian to distinguish thermody-

namic states as the kinetic energy term is identical between different energy models.

For theoretical calculations to be correct the energy model of a system must accu-
rately recreate the energies of the real system, i.e. it must be realistic. Speaking
broadly, energy models can be divided into two groups, those that employ classical
theory (also known as molecular mechanics or MM) and those that make use of quan-
tum mechanics (QM), also known as ab initio. These employ different underlying
theories to describe the potential energy surface of a system and the combination of
MM and QM energy models within free energy calculations forms the basis of the

‘hybrid’ nature of the work presented in this thesis.

2.2.1. Quantum Mechanics

QM theory provides access to a class of potential energy functions of very high
achievable accuracy but at great computational expense. In contrast to classical
theory QM calculations deal explicitly with the electronic component of a molecular
system. The field of electronic structure theory is vast, with a huge array of tech-
niques proposed displaying varying degrees of accuracy and computational expense.
What follows is a very restricted discussion of modern QM approaches that will focus
on laying out the problem at hand followed by an examination of early Hartree-Fock

and modern plane wave DF'T approaches.

At its core, quantum chemistry can be reduced to a constrained minimisation prob-
lem?* for the electronic component of the system. For a given configuration of the
system nuclei, the task at hand is to find the corresponding structure of the elec-
tronic degrees of freedom that minimise the system energy, subject to certain con-
straints. It is by now a well-known phenomenon that the QM description of sys-
tems, includes many effects that seem counter-intuitive from the classical perspective.
We will develop therefore an appropriate mathematical description of the electronic
system components such that the underlying physics is reflected. As such we will
not attempt to rationalise the physical properties of particles at the QM level but
take them as criteria to be met by our description. Once a suitable mathematical
form has been developed we shall consider methods to find minimised configurations

within the electronic configuration space.
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2.2.1.1. Electron wavefunctions

We start with the appropriate description for an isolated electron. Although classi-
cally understood as a particle, the electron is known to obey the Heisenberg uncer-
tainty principle. This states that an electron does not simultaneously have a well
defined position and momentum. The treatment of electrons as particles as in clas-
sical theory is therefore precluded?. Instead electrons are described in terms of a
wavefunction, denoted by ¢ (r). Here r corresponds to the Cartesian spatial degrees
of freedom, within which the electrons reside. An exact physical interpretation of the
wavefunction is still an open question in QM theory. An intuitive one that we shall
consider here is the Born interpretation, that the wavefunction of an electron can be

related to its probability density:
P(r) = |¢(r)[? (2.21)

If P(r) is a probability density then the constraint is placed upon the wavefunction
such that:

/P(r)dr = / [(r)[2dr = 1 (2.22)

i.e. as the square of the wavefunction is a probability density, the integral over all
possible states must give a total probability of 1. Our description of the single elec-
tron is still not complete however, as we have yet to account for the property of spin.
The spin state of an electron can be either up or down, this can be elegantly handled
by introducing the auxiliary variable w, and the two spin functions a(w) and S(w).
Such that:

/!a(w)]de :/\B(w)\de 1 (2.23)
/a*(w)ﬁ(w)dw = /B*(w)a(w)dw =0 (2.24)

where * denotes the complex conjugate of a wavefunction. This can be stated as
the requirement that o(w) and f(w) are orthonormal. A spin orbital can now be
defined based on the combination of a spatial wavefunction, given by #(r) and a spin

function?4:

X(x) = ¢(r)a(w) (2.25)

note we have here used x to denote the combination of r and w. This is in contrast
to the rest of this work, where atomic positions are denoted by x. However, this has
been adopted for the alternative purpose here to conform to existing conventions.

A spin orbital can be made with either spin function and any spatial wavefunction.
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Having defined an appropriate description of the single electron we now consider the

extension of this to a many-electron wavefunction, represented as:

xi(x1)  xz(x1) . xa(x1)
(x1. %o, .. %) = (IN!) Xl(:XQ) X2(:X2) Xn(:X2) (2.26)
x1(xn) x2(xn) o xa(xn)

where ¥ is an n-electron wavefunction, n being the number of electrons in the system.
In practice this is one of various ways to form a many-electron wavefunction from sin-
gle electron wavefunctions and is known as a Slater determinant!®. Its form is based
on the need for many electron wavefunctions to meet the anti-symmetry principle.

This requires that:

U(x1,X2,...,xN) = —V(x2,X1, ..., XN) (2.27)

i.e. exchanging the position of any two electrons should change the sign of the wave-
function. This statement reduces to the well known Pauli exclusion principle, that
two electrons cannot occupy the same quantum state. For two electrons to occupy
the same spatial orbital they must have different spins. The combination of a Slater

determinant and the previously defined spin functions satisfies this requirement.

Up to this point we have discussed the properties of wavefunctions but have yet to
describe the form that they take in practice. One common choice is to represent
single-electron wavefunctions within molecules as a linear combination of so-called
atomic orbitals. These are a collection of simple wavefunctions, of tractable form,
referred to as a basis and centred on the nuclei of the system. The spatial component

of single-electron molecular orbitals, v, are then expressed as:
Ny
Pi(x) = Ecil¢i(x) (2.28)
i=1

where the basis of atomic orbitals is denoted by ¢, Ny is the number of atomic or-
bitals and each atomic orbital is weighted by c. This allows us to consider an elec-
tronic configuration space made up by all possible values of the coefficient matrix c.
We can also express our problem as equated to finding the values of ¢ that minimise
the electronic energy. In principle 9 can be represented exactly in this way (when
the basis is said to be complete). This would require an infinite number of basis func-
tions. Instead a sufficiently large basis such as to be nearly complete is employed in
practical calculations. Many choices are available for ¢, most commonly hydrogen
orbitals (which can be derived analytically), Slater orbitals or Gaussian functions®®.

An alternative to the linear combination of atomic orbitals approach is given in sec-
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tion 2.2.1.7.

2.2.1.2. QM Hamiltonian

An expression is needed to describe the interactions between different components of

the system. This is given by the QM Hamiltonian, in atomic units?*

SO BT INTLED D IEED 2 DLES W oY

Tir
= i=1I=1 =1 j>i I=1J>1

l\.’)\»—l

here lower case subscripts denote indices of electrons, whilst upper case subscripts de-
note indices of nuclei. V? denotes the Laplacian operator, g7 is the atomic number of
the Ith nuclei, r is the separation of the two subscripted particles, whilst M and N de-
note the number of nuclei and electrons in the system respectively. Thus the first two
terms give the kinetic energy component of the system, the third gives the energy for
the interaction between all electrons and nuclei, the fourth gives an electron-electron

repulsion term and the last a nuclei-nuclei repulsion term.

This full Hamiltonian can be simplified by making use of the observation that the
mass of the electron is much less than that of the nuclei and hence their movement
is much more rapid. This separation of timescales allows us to make the assumption
that for any given configuration of the nuclei, the electronic degrees of freedom will
instantaneously relax. This is known as the Born-Oppenheimer (BO) approximation
and allows formulation of an electronic Hamiltonian that considers the nuclear con-
figuration of the system as a parameter for the electronic system components rather

than as variables as in 2.29. This gives the electronic Hamiltonian:

M

N
E[elec =5 Z - %ZZ a Z Z — (230)

lelZ 21]>z

where all terms not including the electrons from equation (2.29) have been dropped.
Thus we derive a QM energy function that takes a nuclear configuration of the sys-
tem as input and uses the electronic Hamiltonian to derive the electronic energy. The
constant nuclear energy contributions in the full Hamiltonian can then be included.
Use of the electronic Hamiltonian leads to a great simplification versus the full Hamil-

tonian and underpins modern QM approaches.
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2.2.1.3. Schrédinger Equation

The stationary levels of a QM system is derived by finding solutions to the time-

independent Schrodinger equation??:

EV = H,,. U (2.31)

here the electronic energy is given by E and H.,.. is the electronic Hamiltonian ex-
pressed as an operator. This represents an eigenvalue problem such that the eigen-
values of H,e. represent the total electronic energies associated with the ground and
various excited states of the system. The ground state energy of the system is given
by the lowest eigenvalue of equation (2.31). We shall denote this eigenvalue as Ej
and the corresponding ground state wavefunction as Wy. Finding these eigenvalues
corresponds to finding the ground state energy and excited states of the system. A
method to find the ground state energy is given by the variational principle. The
corresponding electronic energy, E, of any trial wavefunction, ¥ can be calculated

using:

~ ~ ~

E = /\If*(Xl,XQ, ooy X ) Hepee U (X1, X2, ..., Xy )dX1dXo...dX N (2.32)

the variational principle states that for any given trial wavefunction, E > Ey. This
is in some ways obvious, Fy being the global minimum of the electronic energy, by
definition therefore any other point in the electronic configuration space must have
a higher energy. However, we can use this to show that the relative quality of a trial
wavefunction can be assessed by its energy, improved wavefunctions having lower

energies than their more approximate counterparts.

We have now defined the constrained minimisation problem that constitutes elec-
tronic structure theory. Essentially we wish to minimize the electronic energy of

a trial wavefunction, with respect to the weights of its basis set functions, c¢. This

is subject to the constraint (so long as our basis functions are orthonormal) that
the squared values of the columns of ¢ sum to 1. In practice, however, this is an ex-
tremely difficult problem. Directly finding solutions to the electronic Hamiltonian is
complicated by the presence of the electron-electron repulsion term. This constitutes
a notoriously difficult many-body problem, making the electronic energy surface a
complicated function of c. For this reason a large variety of techniques have been
developed based around forming approximations to the true electronic Hamiltonian.
In the following we shall derive Hartree-Fock theory, one of the first developed ap-
proaches, that conveniently demonstrates some of the fundamental properties of ab
initio calculations. This will be followed by the more modern and popular Density

Functional Theory (DFT), that is used extensively throughout this work.
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2.2.1.4. Hartree-Fock Theory

As one of the first methods developed for the approximate solution of the Schrédinger
equation?®, the Hartree-Fock method is frequently used as an introduction to the
field of electronic structure theory. In fact, the Hartree-Fock equations arise naturally
through the use of a Slater determinant to represent the many-electron wavefunction
of the system. This is due to the fact that the Slater determinant is too simplistic
to represent all possible many-body wavefunctions, making its use inherently ap-
proximate and leading to simplifications of the electronic Hamiltonian. More exact
methods, such as full configuration interaction, make use of a linear combination of
Slater determinants in order provide a complete description of the many-body wave-

function?.

The fundamental effect of employing a Slater determinant is to replace the electron-
electron term of equation (2.30) with a mean field term, such that each electron only
encounters the average effect of every other electron within the system. This is given

A~

by the Fock operator f:

N
f=h+> of —of" (2.33)
j

considering the various terms in more detail:

L N oM
. ) ;

:_75 ._E L 2.34
" 24 Vi T o= (234

this is the core Hamiltonian operator and contains all of the truly single electron
terms of equation (2.30). These are preserved unchanged and are simple to solve.

Next is the Coulomb operator:
1
o) = [Pl () (235)

as may be guessed, this accounts for the charge-charge interactions of the electrons.
However this is no longer a many-body problem but a series of effective single-electron
integrals. Electrons are considered as uncorrelated with one another and as will be
discussed this is the major short-coming of the Hartree-Fock approach. The final

term is known as the exchange operator:
N 1
oPnita) = [ g dxa () (2.36)

this term is a purely quantum effect, having no analogous classical equivalent, that

arises from the electron anti-symmetry requirement. The forms of the Coulombic and
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exchange operators are noted to be dependent on the value of the wavefunction. For
this reason the Hartree-Fock equations pose a non-linear problem and must be solved
self-consistently, through an iterative procedure. This is known as a self-consistent
field (SCF) procedure.

As mentioned above, the HF approach does not treat correlation effects between
electrons. This causes HF to consistently overestimate the ground state energy. The
correlation energy of a system is in fact defined as the difference between the best
estimate of the ground-state using HF theory and the true ground state energy of the
system. Despite its shortcomings however HF is still employed in molecular calcula-

tions.

2.2.1.5. Density Functional Theory

The calculations in this work are based around the method of Density Functional
Theory (DFT)?7, a more modern technique, popularly used across a range of applica-

tions?®. The fundamental quantity of DFT is the charge density, given by:

n(rl):N/.../|\IJ(X1,x2,...,XN)|2dw1dX2...de (2.37)

here we are carrying out an integration of the many-electron wavefunction of the sys-
tem over all electronic degrees of freedom but the spatial of the first electron. As we
have removed all spin variables the charge density is independent of spin. The charge
density is a much simpler description of the electronic component of the system, but
importantly it has been shown that the ground state wavefunction of a system can be
uniquely mapped to a ground state density and vice-versa. In principle we can now

define a series of functionals that act on the charge density to give the energy of the

system:

Eln(r)] = T[n(r)] + Vn(r)] + Uln(r)] (2.38)

the three terms from (2.30) are given by their functional equivalents, T" for the ki-
netic energy of the electrons, V' the electron-nucleus interaction and U the electron-
electron term. Whilst the form of the V' functional is trivially derived, there is no
known expression for T" or U. How this problem is handled has come to define the
various forms of DFT. The most successful, and seemingly ubiquitous in modern
computational chemistry approaches, is known as the Kohn-Sham formalism??, given
by:

T+U=Ty+ U+ Uy (2.39)

here Tj is the functional giving the kinetic energy of a set of N non-interacting elec-
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trons:
1 N
=3 E / i V:dr (2.40)

whilst equivalently Uy is the classical electron-electron Coulombic repulsion term:

Y ECIC a1

this can be directly compared with ¢¢ and is often known as the Hartree energy.
This leaves the final term U,,., the exchange-correlation functional, the correct form
of which also remains unknown. This term encompasses all of the non-classical ex-
change and correlation effects of electron interaction, as well as the correction to
the kinetic energy. It may seem that the situation has not improved much. However
this formulation has the significant advantage compared to equation (2.38) that the
contribution of the unknown, U,. is much smaller than the unknown terms 7" and
U, the majority of the physics of the system being captured by Uy and Tj. Using

equation (2.39) and the variational principle gives the set of N Kohn-Sham equations:

_7V2 Z " / 1o dI‘2 + ch(rl)] wi(rl) = Eiwz‘(rl) (2.42)

5UXC( (r))

Xt = )

(2.43)

where ¢; is the energy of ith wavefunction, and the use of § denotes a functional
derivative. This is effectively the Schrodinger equation for a set of N non-interacting
electrons in a fictional potential that gives the same ground state density as the po-
tential of the real interacting system. A Slater determinant is able to exactly repre-
sent the many-electron wavefunction of a non-interacting system and hence is suit-
able for representation of the charge density under the Kohn-Sham formalism. As
previously with Hartree-Fock theory, we note that the operator of equation (2.42)
contains the electron density and is hence the wavefunction of the system. Thus
solution of the Kohn-Sham equations may be performed iteratively with the SCF

procedure.

Whilst QM theory offers greater potential accuracy than classical approaches, the as-
sociated computational cost is much larger. Both Hartree-Fock and DFT calculations
bear a computational cost that scales as O(M?3). This has prohibited its wide-spread
application in free energy calculations; until recently the required computing power

has not been widely available. Recently, linear scaling formulations of DFT have been
proposed, making tractable QM calculations of protein-ligand complexes comprising

thousands of atoms.
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2.2.1.6. Exchange-Correlation Functionals

In practice we are able to partially evaluate the exchange-correlation term. Formu-
lation and improvement of novel approximations to U,. is a major pre-occupation in
the study of DFT. There are numerous constraints that can be applied to the form of
the functional and the use of ideal reference systems is popular. The first and most

basic of the proposed functionals is the Local Density Approximation (LDA)30:

ULPAp(r)] = / n(r)eze[n(r)]dr (2.44)

where ¢, is the exchange-correlation functional of the homogeneous electron gas of
matching density. Using the exchange-correlation contribution of such an idealised
reference system is obviously quite rudimentary and not particularly realistic. How-
ever it can provide surprising realism for many solid-state systems and forms an
important starting point for the construction of more sophisticated functionals. Con-
sidering separately the two parts of €., the exchange contribution is known and can

be expressed simply:

U] = -5 ()

where n, and ng are the up spin and down spin contributions to the electron density.

W=

/ (na(®)} + (ns(r))dr (2.45)

The correlation contribution is more problematic as no correct analytical expression
is known, while various suggestions have been made based on parameterisation ap-

proaches?!. This is discussed in slightly more detail in section 2.6.

Although use of the LDA functional provides a functional with the correct properties
it is not frequently used for biomolecular simulations. Instead a class of function-
als known as generalised gradient approximations (GGA) are more commonly used.
These include terms involving the gradient of the electron density to provide a more
powerful description of exchange and correlation. There are a great many different
GGA functionals, and their forms are somewhat more complex than the LDA. For
this reason we shall not consider them in detail, but content ourselves with noting
the popular Perdew-Burke-Ernzerhof (PBE)3? functional:

UPBE — /5C[n(r)] + H[n(r), Vn(r)|dr (2.46)

UrBE _ / e [n(0)] Fa[n(r), Vn(r)ldr (2.47)

this is developed from the uniform electron gas, where H and F) are additional cor-
rections dependent also on the gradient of the density, Vn(r). The PBE functional
has been shown to offer a good compromise between speed and accuracy in describ-

ing biological compounds®?, and is frequently used in this context34:35:36:37,38
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2.2.1.7. Plane Wave Basis Sets

Whilst the linear combination of atomic orbitals approach provides an intuitive
method for the construction of molecular orbitals a popular alternative has arisen

through the use of plane waves. Heavily used in the context of solid-state systems,

plane waves provide a natural and powerful description of periodic systems3".
P(r) = cgexpliG.r] (2.48)
G

where G are defined as reciprocal lattice vectors, defining waves of different frequency
and direction, cg are complex coefficients and i = v/—1. Unlike atomic centred basis
sets, plane waves are evenly spaced throughout the volume of the simulation cell. As
previously noted, to truly represent 1, an infinite number of plane waves would be
required so instead the number of plane waves is truncated at a set number. A great
advantage of plane waves however, is that the size of the basis set can be easily and
systematically varied. Typically the size of the basis is determined through use of the
kinetic cut off energy:

V2 expliG ——|G‘2
p[l .I'] - 9 SEcut (249)

where E.; is the cut off value used for the kinetic energy term. The magnitude of cg
is inversely proportional to the magnitude of G and hence high energy plane waves
can be excluded without greatly influencing the accuracy of . In practice an appro-

priate value of F.,; must be found for any given system of interest.

As plane waves propagate throughout the entire volume of the system, the number
of plane waves associated with a particular value of E.,; increases with the size of
the simulation cell. For this reason, the computational cost of plane wave DFT im-
plementations increase as a function of not only the number of electrons but also the

size of the periodic box.

An additional shortcoming of plane waves is that they are poorly suited to describing
electrons in non-valence orbitals'®. These core electrons tend to require large num-
bers of plane waves to be accurately described and additionally the wavefunctions of
valence electrons in the core region tend to oscillate rapidly also making them diffi-
cult to describe. Explicit treatment of the core electrons can be avoided by noting
that they are largely invariant with respect to the environment of an atom. Thus
rather than explicitly modelling the core electrons their effect is replaced by a modi-
fied potential that mimics their inclusion (see figure 2.1). Such pseudopotentials can
be formulated on a number of criteria, one of these being norm conservation. This
requires that the wavefunction generated with a pseudopotential, matches the density

of the true wavefunction. In general the use of pseudopotentials considerably reduces
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Figure 2.1.: Diagrammatic pseudopotential representation, taken from Payne et al.?*

The true nuclear-electron potential Z/r and the true wavefunction, ¢y as distance
from the nucleus increases. The pseudopotential Vpseudo replaces Z/r and gives rise
to the pseudo wavefunction ¥pseudo- At the distance from the nucleus, r., the pseu-
dopotential and pseudo wavefunction become equal to the true potential and wave-
function.

the computational cost of plane wave calculations with only minimal compromises in

accuracy.

2.2.2. Classical Theory

The rationale for classical energy models is the approximation of true energy surfaces
through the use of potentials with simple functional forms and fitted parameters.
The simple form of the potentials used are easy to calculate, hence making them well
suited to describing large molecular systems. The dependence on parameters greatly
limits their generality. This approach avoids directly considering the electronic de-
grees of freedom of the system. Replacing the complex nature of the electronic com-
ponent is the underlying cause of the high degree of parameterisation required for
classical models. Excellent efficiency savings in computational effort of several or-
ders of magnitude are produced however. A collection of potentials and parameters
is known as a force field model. The functional form of the AMBER force field?, a

popular and well known choice used throughout this work, is given by:

Ve = Y Kbt + Y Ka0-0?+ X () (1+cosfus - u)

bonds angles torsions

Aij Bij 4iqj
_ 2.50
+ Z (T’}f) ( T?j ) + (471'607““ ( )

nonbonded
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the energy of the system is given as the sum of a series of terms each designed to
approximate an actual physical interaction between atoms. Covalent interactions are
described by the first term which makes use of potential form known as a harmonic
oscillator. Here, the energy of each covalent bond, is a function of the deviation of
the actual bond length, b, from some ideal bond length, by, multiplied by the force
constant, K3, where b is the same as by the energy of this potential is zero. However,
the energy for squashing or stretching the bond increases quadratically. The angle
term is likewise a harmonic oscillator dependent on deviation of the angle 6 formed
between three bonded atoms, from an ideal angle, 6y (figure 2.2a). The torsion term
is more complex due to the need to represent multiple minima. The torsion angle ¢
is defined between fours of bonded atoms as shown in 2.2b. In parallel with the bond
and angle terms V;, acts as the spring constant, and ¢g gives the position of the first
peak. Additionally n is multiplicity of the torsion, defining the number of minima
within a full 360° turn.

The final components give the energy contributions from all pairings of atoms that
are not covalently bonded. r;; is the interatomic separation between atoms i and j.
The first two terms containing A and B comprise a Lennard-Jones potential, which
has multiple roles. At very short ranges the r~!? term dominates giving large energy
penalties as atoms approach one another; this mimics Pauli repulsion effects where
atoms repel one another as their electron orbitals overlap. The higher power of the
r~12 means that it drops off to zero at longer ranges more quickly than the =% term.
This gives favourable negative energies at longer ranges to model the effect of at-
tractive van der Waals interactions*!. The position of the potentials minima and its

depth are controlled by a combination of the parameters A and B.

The final term accounts for electrostatic interactions within the system, where ¢; and
g;j are the charges of the ith and j*" atoms respectively and ¢ is the vacuum permit-
tivity. It is typical for all atoms within classical models to be assigned a non-zero
partial point charge. This is to account for the partial charges arising due to differ-
ences in electronegativities between covalently bonded atoms. Within a molecule,
these energy terms are only calculated between atoms that are separated by at least
three bonds. Where separated by exactly three bonds these so called 1-4 terms are

scaled by an additional factor depending on the force field employed?40:43,

The functional form of a force field alone is not sufficient to describe the potential
energy surface of a molecular system. These must be combined with sets of parame-
ters that give the correct ideal bond lengths, angles etc. The fact that these must be
determined is the great disadvantage of force field models, as creation of parameter
sets is a computational and labour intensive task achieved by the fitting of simulation
data to match experimental quantities and high-level QM calculations. Many differ-
ent parameter sets have been developed for different applications. Necessarily the use

of fitted parameters limits the generality of different parameter sets which have been
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(a) Bond angles are considered between all triplets
of bonded atoms. This is considered as the small-
est angle formed by the two end atoms with re-
spect to the central atom.

=3

(b) Torsions are formed by groups of four contiguously
bonded atoms and represent rotation around bonds. Pic-
turing two planes that are defined by passing through the
first and last three atoms in the quartet, the torsion angle is
given by the intersection of these planes. This is equivalent
to the angle of intersection of the normal vectors of each
plane as shown above.

Figure 2.2.
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derived under specific chemical and physical conditions. Details of the parameter sets

used in this work and their derivation are given below.

Another notable disadvantage of the functional form of (2.50) is that it is too sim-
plistic to account for various physical effects. Covalent bonds are unable to break
for instance. As bonds are stretched the energy of their interaction should drop off
towards a constant value. However, the form of the harmonic oscillator models the
energy as continuously increasing. This prohibits the use of force field models in the
study of chemical reactions or enzymes where bonds must necessarily be allowed to
break and form. Additionally (2.50) does not include any terms that describe polari-
sation effects between molecules. Although various extensions have been proposed to
develop polarisable force field models, these remain in a tentative and experimental
stage**; an implementation extending polarisation effects to classical models is given

in section 2.2.2.5.

2.2.2.1. AMBER 94 Force Field (FF94)

FF94 was the first force field developed that matched the functional form of equa-
tion (2.50). For this reason, an in-depth examination is given here of the process that
was used to derive these parameters. The FF94 parameters are based on the preced-
ing force field by Weiner et al.*>%5, that was designed primarily for simulation work
with implicit solvation models. FF94 was designed with the aim of providing a force
field model that would be compatible with explicit solvent simulations using prevail-
ing models of water through a consistent algorithmic approach. The scope of the
force field was limited to the fitting of parameters for prevalent biological monomers,

namely amino acids and DNA bases?0.

The bond and angle parameters were taken directly from the Weiner et al. force field
and modified to reproduce the experimental vibrational frequencies of small molecule
fragments that make up amino acids and DNA bases. Dihedral parameters were

27 order Mgller-Plesset perturba-

fitted to reproduce the conformational energies of
tion theory (a high level QM technique). Lennard-Jones parameters were fitted to
reproduce empirical densities and enthalpies of vaporisation in liquid simulations of
chemically representative compounds. For instance, parameters for sp? hybridised
carbon and aliphatic hydrogen were fitted to liquid methane, ethane, propane and
butane, whilst aromatic carbon and hydrogen were fitted to liquid benzene. Parame-
ters for other elements - nitrogen, oxygen and sulphur - were taken directly from the
OPLS force field. Hydrogen parameters were given further post hoc modifications

to account for the particular sensitivity of hydrogen to its chemical environment. Fi-
nally partial charges for all atoms were determined using the Restrained Electrostatic
Potential (RESP) fitting®®, to multiple conformations, at the Hartree-Fock/6-31G*
level. A scaling factor of % for 1-4 interactions is used for this force field and its

derivatives.
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2.2.2.2. AMBER 99SB Force Field (FF99SB)

The development of the AMBER 99 force field was derived directly from FF94, and
focussed on the improvement of torsional terms through the inclusion of higher order
Fourier terms*?. Considerable improvements versus FF94 were observed in recreating
conformational energies at the GVB/LMP2 level. Further improvements to protein
backbone torsion angles were made and released as FF99SB47. FF99SB is used exten-
sively throughout this work to model an Adenosine-Thymidine DNA base pair and

full protein-ligand systems.

2.2.2.3. General Amber Force Field (GAFF)

The aim of GAFF*® was to provide a generic set of force field parameters suitable for
a wide variety of small molecules relevant to drug design. This provides a particular
challenge, as it is necessary to derive parameters that cover a sizeable portion of
chemical space. Combined however with effective algorithms for the determination
of partial charges, such as RESP and AM1-bcc, GAFF greatly improved the ease of

applying force field models to novel compounds.

GAFF parameters were designed to cover small organic compounds comprised of car-
bon, oxygen, nitrogen, phosphorus, hydrogen, sulphur and halogens. The chemical
range of all of these compounds was covered by 35 unique atom types. In principle
GAFF can be applied out of the box to any compound comprised of the above ele-

ments.

The majority of bond and angle parameters were derived as averaged values taken
from experimental X-ray and neutron diffraction data?®%?. Additional parameters
where also derived based on MP2/6-31G* calculations. Owing to the large number
of atom types, the basic GAFF parameter set is not complete, but included are em-
pirical rules for extrapolating missing parameters from those provided. Torsional pa-
rameters were derived by fitting potentials to recreate torsional scans at the MP4/6-
311G(d,p) level for a set of 200 model molecules. Lennard-Jones parameters were
adapted directly from the FF99 force field.

2.2.2.4. Water Models

As the ubiquitous biological solvent, considerable effort has been invested in develop-
ing an appropriate classical model for water. This has proved challenging however,
due to the unusual properties of water and the diversity of roles it fulfil?’. Very many
different potentials have been proposed®'. We shall here discuss only the two em-
ployed in this work. These are the TIP3P and TIP4P models®?.

A diagrammatic representation of the two models is given in figure 2.3 along with the
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Figure 2.3.: TIP3P and TIP4P water models.

charges associated with the relevant atoms. The internal geometry of each water is
kept rigid, allowing only three rotational and three translational degrees of freedom
per molecule. The key difference between the models is the inclusion of a fourth
dummy atom on the TIP4P model. This dummy atom is assigned a partial charge.
However, it does not have any Lennard-Jones interactions. Inclusion of the additional
site greatly improves the distribution of charge and gives more accurate densities®.
Full parameters for both models are given by Jorgensen et al.>?. Although the TIP4P
model offers benefits in terms of accuracy, the inclusion of an additional point charge

increases the computational cost.

2.2.2.5. Drude Oscillators

Multiple extensions to equation (2.50) have been proposed to account for polarisation
effects within classical systems. Here we shall consider the use of Drude oscillators®.
Firstly each atom, i, in the model system is assigned a point charge n; and a mobile
Drude particle. The Drude particle carries a point charge d; that does not interact

electrostatically with n;, instead each Drude particle is anchored to its corresponding
nucleus by a harmonic potential with a sufficiently large spring constant, k:ld, to pre-
vent significant displacement. The charge d; is able to interact electrostatically with
all other charges within the system, except n;. We also define the net charge on each

atom ¢; = n; + d;. Additionally, The energetic contribution of the Drude particles is
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given by:

{rDrude (1. ) de\rd| +ZZ ked;id; ZZ k nld ZZ kenng

=1 j>1 I1=1 j#1 =1 j>1
(2.51)

where k. is Coulomb’s constant, rﬁl denotes the displacement vector between the "
Drude particle and its paired nucleus. Values of r with multiple subscripts denote
Cartesian distances between system components, capital letters being nuclei and
lower case letters Drude particles. All of the distances can be written in terms of r?
and x, the nuclear configuration of the system, allowing UP""“ to be expressed as a
function of these. The system is treated using the Born-Oppenheimer approximation,
with the Drude particles considered as electronic degrees of freedom that relax instan-
taneously to their minimum for any given configuration of nuclei. This is denoted
by the only parametric dependence of equation (2.51) on x. Thus we write the polar

contribution to the potential energy:

UPeler (x) = min{UPr (x)} (2.52)

this represents the miminum energy configuration of the Drude degrees of freedom,
r, for a given configuration of nuclei. For each Drude particle, we have introduced
two free parameters, d; and k¢ that control the polarisability of each atom. Smaller
values of the spring constant increase the polarisability of an atom by allowing greater
displacement of the drude particle from the nucleus. On the other hand, increasing
the magnitude of d;, typically by making it more negative to simulate a polarised

electron density, will also increase the polarisability. Both of these parameters can be

related to a single term, the isotropic polarisability, a®:
d;
ki

typically values of k:f are chosen so as to minimize potential numerical problems that
can arise due to large displacements of Drude particles from their respective nuclei.

Specific values of a; can then be achieved by fitting the appropriate value of d;.

2.2.3. Ewald Summation

The treatment of electrostatics in molecular simulation is a well established problem,
especially compounded by the common use of periodic boundary conditions. The

% form of the electrostatic potential leads it to form very long-ranged interactions.
This potentially allows interactions between charges to span periodic images and

requires that such potentials are modelled appropriately. Ewald summation®® pro-
q b pprop y p
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vides an efficient and frequently used approach to calculate electrostatic energies in
infinite periodic systems. We will here deal with only a very simple qualitative de-
scription. Starting by slightly formalising the contribution of the Coulomb term from
equation (2.50):

peout - 3y Kedity (2.54)

i >t |rij‘

where r;; is the displacement vector between the i*® and j** atom. We now expand

this to account for interactions arising through periodic boundary conditions:

goou — ZZZ eq’bq” (2.55)

(rij +

where n is the displacement vector between the central image and the periodic image
under consideration and we are summing over all images. It can be shown that this
series is only conditionally convergent, i.e. the order in which the terms are consid-
ered changes the answer. Naively attempting to solve equation (2.55) is therefore a
very difficult process and has lead to the development of alternative approaches such
as the Ewald summation and its extension Particle Mesh Ewald (PME)57. The basic
insight is that equation (2.55) can be separated into short range terms that converge
quickly, and longer range terms that converge slowly, through the introduction of
Gaussian charge distributions that screen the interactions of the charges. The final
result for the Ewald energy, UFwald.

yEwald _ Z Z <Z i erfcr r_’i I )l (2.56)
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(2.57)

Z qi¥;

where we assume a cubic system of length L and carry out a summation over the set
of reciprocal lattice vectors k = 22—2“ k is a free parameter representing the width
of the Gaussian distribution used in screening the charges. The erfc is the complen-
tary error function, that has a steep transition between 0 and 1. Thus by choosing
an appropriately large value of k the first sum can be made such that only n = 0,
i.e. the sum over charges in the central image, contributes significantly and the rest
can be truncated. The larger the value of k used the greater the number of terms
are needed in the second sum over the reciprocal lattice vectors, but this provides a

straight forward convergent series.
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Particle Mesh Ewald extensions are based around the introduction of the fast Fourier
transformation (FFT) to handle the sums in reciprocal space. As the FFT is a dis-
crete operation it requires the potentials under consideration to be evaluated at
points on a grid. The use of the FFT provides a computational cost that scales as

O(Nlog N) compared with O(N?) for conventional Ewald summation.

48



2.3. Sampling Methods

Although the theory of statistical mechanics provides powerful tools for the treatment
of thermodynamic systems, large practical difficulties remain. Typical molecular sys-
tems have a very high (3N) dimensionality but only small, intricately shaped, regions
of the phase space contribute meaningfully to ensemble average values. This prob-
lem precludes the use of direct integration techniques to derive exact solutions for
systems of interest. Instead computer simulation techniques have arisen as an alter-
native approach to collect statistically meaningful information. These techniques

are employed to generate a collection of configurations that have the correct Boltz-
mann distribution of states and can be used in the evaluation of ensemble average

properties.

2.3.1. Molecular Dynamics (MD)

MD makes use of Newton’s Second Law of Motion22:

(2.58)

for a given configuration of a molecular system, at time ¢, the forces acting upon the
i*h atom, F; are accessible, and can be related to the associated set of accelerations,
a;, through the mass of each individual atom m;. The formal definition of the forces

acting within an isolated system is given by:

_dUx(1))

Fi(t) = dx;

(2.59)

such that the forces, F;(t), are given by the negative gradient of the potential energy
surface of the atomic coordinates at time t. This provides sufficient information to
advance the system through time taking into account the current velocities and the
accelerations to give a new set of atomic velocities and positions. This can be written
as the second order differential equation problem:

d*x;(t) dU (x(t))

= 2.60
dt2 dximi ( )

solving an equation of this form requires the boundary conditions x;(0) i.e. the start-

dx;(0)
dt

a closed form solution of equation (2.60) would be possible. However, we are faced

ing configuration of the system and = v;(0), i.e. the starting velocities. Ideally
with a notorious many body problem and are forced to fall back on numerical integra-
tion techniques. This is a very broad field and will not be covered here. However a
summary of some notable techniques including those used throughout this work are

included in appendix B.
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At present we have a formulation of MD that conserves energy, corresponding to the
NVE ensemble. Energy exchanges back and forth between the potential and kinetic
components of the system but the total energy remains constant. In order to model
different ensembles we need to extend the formulation to produce a Boltzmann dis-
tribution of states. This is achieved through the use of thermostats, algorithms that
modify the velocities or forces to enforce a desired distribution. There are various
forms of thermostat with different advantages and use cases. We shall here consider

t58

only the Langevin thermostat®®. This is implemented through modifying the force

term at every time step:

[N

FE(E) = Fi(t) — ymivi(®) + (2 gm0 PR(0) (2.61)
here we define the Langevin forces, F¥, in terms of the deterministic forces (equa-

tion (2.59)), a friction term and a ‘kick’ term. R(¢) is a Gaussian process, in practice
implemented as a pseudo-random number generator choosing values from a Gaussian
distribution of mean 0 and variance 1. The constant « is a free parameter, known as
the friction constant. The contrasting roles of the friction and kick terms act together
to give the overall correct Boltzmann distribution, the friction term removing energy
from the system whilst the kick term adds energy. Each particle is thermostated in-
dividually, making this form of thermostat unsuitable for measuring certain dynamic
properties such as diffusion rates. The friction constant controls the behaviour of the
thermostat by modifying the average kick experienced by each atom and the strength

of the friction term.

2.3.2. Monte Carlo (MC)

MC methods have found widespread use across many fields, defined by the use of
stochastic sampling approaches to evaluate system properties. The application of MC
in the calculation of numerical integrals is common. However, we will here consider
the application of Markov chain MC to the exploration of the configuration space of
molecular systems. A Markov chain is formally defined as a system that undergoes
stochastic transitions between states'. Such a system is said to be memoryless, i.e.
the transition probabilities depend only on the current state of the system and not

its previous states.

The hallmark of Markov chain MC is stochastic sampling of a system’s configura-
tion state space. As noted in section 2.1 the state space for molecular systems is
comprised of 3N dimensions with only small regions contributing significantly to
molecular integrals. Stochastically sampling such a phase space naively therefore is
very inefficient and the chance of randomly generating a point in the phase space
of the system that is relevant to the equilibrium distribution is vanishly small. This

problem is resolved through the use of importance sampling®®; this generates new

50



configurations using an alternative distribution and an acceptance test to recover
the desired Boltzmann distribution. States are added to the Markov chain with the
appropriate probability and hence are weighted equally.

A standard process for the construction of a Markov chain with importance sampling

is given by the Metropolis-Hastings algorithm°:

1. From some starting configuration x;, generate a trial configuration xo by small

stochastic displacement of x7.
2. Calculate the acceptance probability, P*?!, from x; and Xs.
3. Draw a random number, r, from a uniform distribution in the range 0 to 1.
4. If r is less than P%P! add x, to the Markov chain, xo becomes x;.
5. If r is greater than P%P!, add another copy of x; to the Markov chain.
6. Repeat from 1. as desired.

As stated above, a Markov chain requires that the chance of accepting a new con-
figuration should depend only on the current state and the proposed state. This is

reflected in the acceptance probability, known as the Metropolis test, given by:

PP(x; — x5) = min (1, igj;iﬁgj : i;;) (2.62)

as defined previously, P denotes the Boltzmann factor, such that:

= exp [-B(U(x2) — U(x1))] (2.63)

additionally, Py(x; — x2) represents the probability of generating configuration xs
from x;. The value of this term is dependent on the procedure used in generating
trial configurations. In the case outlined above the P, terms will cancel so long as the
displacements are drawn from a distribution symmetrical about zero. The difference
between x; and x5 can be arbitrarily large. However, using stochastic displacement,
the chance of generating a viable configuration is closely tied to the size of the move.
In practice, the size of the average displacement is tuned such that a reasonable ac-
ceptance rate is achieved. This leaves the acceptance test for the Metropolis-Hastings

algorithm as:

PPl(x) — Xo) = min (1, exp [-B(U(x2) — U(x1))]) (2.64)

the appropriate acceptance tests for more sophisticated structure generation pro-
cedures and their application to hybrid free energy calculations are considered in
section 2.5. The acceptance test is chosen such that the structures accepted into

the Markov chain follow the desired Boltzmann distribution. How this works can be
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demonstrated through the concept of a limiting (stationary) distribution. We start by

defining the transition operator, T, that acts on probability distributions!®:

Tpi(x) = pit1(x) (2.65)

where p;(x) is some arbitrary distribution over configuration space. The limiting
distribution of T is defined as:

P(X)iim = lim pi(x) (2.66)
thus meeting the criteria:
Tplim (X) = DPlim (X) (267)

rationalising the alternative name of stationary distribution as it is unaltered by
the application of T. As developed previously pym, is an eigenfunction of T with an
eigenvalue of 1. In practice we do not deal directly with probability distributions
but instead with a series of configurations. However, the process is analogous. By
successive applications of a transition operator to each configuration, the limiting
distribution is approached for the states within the Markov chain. We wish to de-
fine T therefore such that the limiting distribution corresponds to the equilibrium

Boltzmann distribution. This is given by the condition'?:

Z P(x)T(x; — x;) = Z P(x;)T(x; — x;) (2.68)

where T'(x; — x2) is the probability of the Markov chain transitioning from x; to
Xo. In practice a more restrictive condition is used, known as detailed balance. Here

equation (2.68) is satisfied by ensuring the condition is met for every j:

P(Xl)T(Xl — XQ) = P(XQ)T(XQ — Xl) (269)

the transition probability can be decomposed into the product of the probability of

generating a configuration and the probability of accepting a configuration:

P(x1)Py(x1 — XQ)Pant(Xl — Xg) = P(x2)Py(x2 — Xl)Pant(XQ — X1) (2.70)

for here, it can be shown that the Metropolis acceptance test meets the detailed

balance criterion:

P(Xg)Pg(Xg — Xl)

P P, — in |1
(x1)Py(x1 — x3) min » P(x1) Py (x1 — x2)
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P(Xl)Pg(Xl — Xg)

= P(x2)Py(x2 — x1) min |1, Plx2) Py (x5 = x1) (2.71)
min[P(x1)Py(x1 —xX2), P(x2)Py(x2 — x1)]
= min [P(x2) Py(x2 — x1), P(x1)Py(x1 — X2)] (2.72)

where we have multiplied into the brackets and cancelled the resulting fractions.
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2.4. Free Energy Difference Estimation

Whilst it is in principle possible to find the free energy of the thermodynamic system
through direct numerical solution of the partition function, for biologically relevant
molecular systems this is too complex to attempt. Instead free energy calculations
focus on calculating the free energy difference between two thermodynamic states
without directly calculating the partition function of either end point. There are
many different approaches to this form of calculation. However in this work we shall
make use primarily of a number of equilibrium techniques collectively referred to as
free energy perturbation (FEP). These constitute three different free energy differ-
ence estimators, each of which shall be derived and motivated in the following section.
The underlying idea behind all these approaches is that a free energy difference can

be expressed in terms of one or more ensemble averages!.

When calculating a free energy difference between two states it is convenient to de-
fine function that describes a smooth transition between the end-points. The most

frequently used form is given by:

Uy=AU1 + (1 -\ (2.73)

where Uy and U; are the potential energy function of the end-points, denoted as
states 0 and 1 respectively, and A is a scaling factor taking a value between zero
and one. The functional dependence of U on x has been skipped here for clarity.
This is referred to as the A-coupling approach and will be used, at least implicitly,

throughout this section.

2.4.1. The Zwanzig Equation

This is also known as exponential averaging, or the perturbative method. This is the
first derived of the estimators we shall consider being given by Zwanzig in 19542, The

derivation is given as follows:

At = A, (2.74)

1 7

-l (2.75)

1. [exp[-pUn]dr

-l 2 (2.76)

_ 1y Jep[-BU]exp[-B(Us — Up)ldr (2.77)
E Zo

_ 1, Je[-BUblexp [-B(U1 — Up)] dr (2.78)
B Zo

= —; In (exp [~B(U1 — Uo)])g (2:79)
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_ _; In (exp [~ BAU]), (2.80)

where AU = U; — Uy and the ensemble average is over state 0. The formulation of
the Zwanzig equation provides the convenient property that it is based on a single
ensemble average, hence only requiring MD or MC sampling of one state. This fact
is used profitably to calculate MM to QM free energy differences efficiently, as will
be discussed in section 2.5. However, the Zwanzig equation has some notable draw-
backs. The exponential term within the ensemble average leads to poor numerical
behaviour as snapshots are weighted unevenly. Thus individual configurations can
have a disproportionately strong influence on the ensemble average, making it diffi-
cult to assess whether a calculation has converged?®. There is no way to rule out that
there is not some, as yet unsampled, configuration that will contribute strongly to
the free energy difference. This effect lowers the efficiency of the operator requiring
the end-states of the calculation to be more similar to one another than other esti-
mators. This increases the number of intermediate windows that must be used for a
perturbation and leads to the Zwanzig equation not being as commonly used in free

energy calculations'®.

2.4.2. Thermodynamic Integration (TI)

Also known as the integration method. This estimator, given by Kirkwood?, is de-

rived explicitly using the A coupling approach:

AAg1 = Ay — A (2.81)
-/ 854;@ (2.82)

:/1 L“MﬂdA (2.83)
8212? %Z;dx (2.84)

/121;982;@ (2.85)

_ 5/1 1 8fexpa)\ﬁU,\] dr]d)\ (2.56)
=3/ /eXpmﬁUA“d dA (2.87)

_ / / [exp | - (iUA] [_aﬂx Ul gran (2.88)
/ 7 / [—BU,| [;;A]drd)\ (2.89)

. drd\ (2.90)

A
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/01 <8U*> (2.91)

/1< AUL + ( 1—/\)Uo]> QA (2.92)

0 A
/ d) (2.93)
0

the resulting integral can be evaluated using numerical quadrature approaches as

outlined in appendix A. In contrast to the Zwanzig equation this expression requires
the evaluation of at least two ensemble averages for solution of the integral. Typi-

cally however, the integral is further subdivided at multiple intermediate values of

A. The great benefit of T1 is that it avoids the exponential weighting of the Zwanzig
equation, making it considerably less unstable numerically and giving smoother con-
vergence behaviour!. TI also has the notable advantage that the ensemble average at
each A\-window is dependent only on that value of A. This allows one retrospectively
to add additional A points to a calculation without the need to re-evaluate averages

at previously completed A\-windows.

2.4.2.1. Finite-Difference Thermodynamic Integration (FDTI)

For practical reasons the final steps of the previous derivation i.e.:
oUy >
N vy~ vy, (294)
< O /'y

can be difficult to implement. This lead to the development of FDTI as a workaround

for this problem and an alternative to regular TI®!. Starting as previously:

AAgy1 = Ay — Ag (2.95)
L 94y
— 2.
oA (2.96)

we then note the following limit:

9AN _ lim Axin —Axop

2.97
oA h—0 2h ( )
and introduce its finite difference approximation:
A —Axn  Angn— Axon
1 ~ 2.
hso  2h 2h (2.98)
Axoarn — Axsa—n
~ 2.99

the finite difference approximates the limit well so long as h is sufficiently small. The
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Zwanzig equation is then used to evaluate the free energy differences in this term

giving:

2.1
T (2.100)

Ady; ~ /1 {exp [~ B(Un+n = Un)y — {exp [=B(Us-n = Un)D 4,
0
The two ensemble averages in this expression are for the same value of A and hence
can be evaluated with a single simulation. Although this formulation makes use of
the Zwanzig equation the small values of h used ensure excellent overlap of states and
rapid convergence of the perturbations. The use of FDTI has been reported to offer

superior convergence characteristics to TI6!.

2.4.2.2. Replica-Exchange Thermodynamic Integration (RETI)

A further augmentation suggested for TI is the use of Hamiltonian Replica Exchange
(HRE)%2. In practice this method is compatible with any of the estimators presented
in this section, however, it is most commonly used in the form of RETI and hence
is considered here. HRE takes the form of a specialised MC move undertaken at
regular intervals through a TT calculation. Such a calculation consists of a number of
simultaneous MC or MD simulations carried out at a range of A values. A HRE move
attempts to swap configurations between simulations with neighbouring X\ values,
subject to the acceptance test%:

PEETI(

XA m» X)\n) =

min(1, exp [=B((Unn(xxm) = Unn(%an)) = (Urm (Xam) — Unm(x2n)))])  (2.101)

where Am and An represent neighbouring A windows within a calculation. Corre-
spondingly Xy, and x),, are configurations generated by sampling at each A window.
If the move is accepted the configurations are swapped between A values, x),, becom-

ing x), and vice versa.

This process is designed to enhance sampling at each A window by providing access
to a larger volume of configuration space provided by sampling under similar, but
distinct, Hamiltonians. The real advantage of this process is that it comes at almost
no additional computational cost, the only restriction being that computations must

be carried out concurrently.
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2.4.3. Bennett’s Acceptance Ratio (BAR)

The derivation of this estimator is somewhat a more complex than either of the two

proceeding and is not given here in full, but is developed along the following lines?:

Ao = _; i 2 (2.102)
_ 1 Zig(x) exp[=B(Uo + U1)]
T B 1 Zog(x) exp [—B(Up + Ur)] (2.103)
_ 1 g(x)exp[-pUL])
B : (g(x) exp [-BUp)), (2.104)

here g(x) is an arbitrary weighting function, that modifies the potential energy sur-
face. As it appears in both the numerator and the denominator, the value of the
weighting function does not influence the free energy difference, but its value will
influence the statistical properties of equation (2.104). As g(x) can be freely chosen,
the best choice is the value of the function that minimises the statistical variance.
The details of this are not given here, but it can be shown that the optimal value is

given by:

g(x) = (i(o) exp [—pU| + ii exp [—BUO]) (2.105)

substituting equation (2.105) into equation (2.104) gives the final result:

1 <F(U0 - U +C)>1 1 ny
Adg g = -1 +C——In2t 2.106
TGP re) LA A (2:100)
1
C:AA(HNLBIH% (2.107)

here F(z) is the Fermi function F(z) = (1 + exp[Bz])~!, whilst ng and n; are the
number of snapshots sampled from each state. From an arbitrary initial guess equa-
tions (2.106) and (2.107) are solved self-consistently until a converged estimate of
AAg_,; is obtained. Here C is a constant that adjusts the relative heights of the po-
tential energy surfaces, Uy and U;. Self-consistent solution gives the near-optimal
value of C that minimises the variance of AAg_,1. At this value of C, denoted here
as CP', the condition (f(Uy — Uy + C?)), = (f(Ur — Uy — C°")), is met. BAR is
often considered the most efficient estimator of those presented, as its derivation is
performed with the minimisation of the variance of calculated free energy differences

in mind.
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2.4.4. Free Energy Cycles

Whilst in principle the methods outlined above allow the calculation of free energy
differences between any two thermodynamic states, this does not mean that such cal-
culations are inherently practical to attempt. The greater the difference between the
end points of the calculation the greater the number of A windows will be required
to evaluate it. Long simulation times at each A are also required to allow the conver-
gence of ensemble averages as large scale conformational differences may be observed

between windows.

The direct calculation of free energies of binding or solvation can be circumvented
through the use of thermodynamic cycles as shown in figures 2.4a and 2.4b'9. At-
tempting to evaluate (in the case of hydration) either of the terms AA9! or AASQ"ZU
can be computationally intensive. As the ligand is inserted into the water, large scale
changes in the structure of the solvent to form hydration shells can occur on rela-
tively long timescales. Calculation of relative free energy differences (again in the
case of hydration defined as AAA%’EQ = AASQ"ZU — AA%™) can be achieved much more

efficiently, through use of the relation:
AAAR, = AAZY — AARY = AABY, — A4, (2.108)

calculation of the terms AA%@Q and AA%’LQ is comparatively easy due to the inher-

ent state space overlap between thermodynamic states in the same phase. Assuming
that P and Q are similar enough to one another no large shifts within the solvent
structure or protein binding site are likely to occur providing ideal conditions for
free energy calculations to converge quickly. Other practical advantages are offered
through the cancellation of systematic errors in both computational free energy calcu-
lations and experimental determination of free energies. Whilst relative free energies
cannot be used to assess the absolute potency of a potential drug molecule they are
valuable in optimisation procedures. Starting from a lead molecule of demonstrated
efficacy, systematic modifications can be made to explore the nearby chemical space

for increases in binding affinity using relative free energy calculations’.

2.4.5. Single vs Dual Topology Calculations

Calculation of terms such as AA%.LQ, AA%.@Q and AA%LQ relies on establishing a

non-physical pathway between different molecules, often referred to as an alchemical
perturbation. This can pose practical challenges as the choice of path is arbitrary
and, to provide optimal convergence, should be chosen to minimise fluctuations in the

free energy as a function of A.

Use of the single topology approach makes use of A-coupling as given by equation (2.73)

and requires the simulation of a single ligand molecule. Atoms shared between the
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Figure 2.4.: Thermodynamic cycles for the calculation of relative free energy differ-
ences of the two ligands P and Q.
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Figure 2.5.: Single topology ligand. The small blue spheres indicate dummy atoms
drawn within the van der Waals radius of a hydrogen atom.

end points of the perturbation are mapped onto one another and the value of A is
used to scale potential energy functions. Some difficulty is introduced where the end
states have differing numbers of atoms. This requires the introduction of dummy
atoms that make no contribution to the energy but which are gradually switched on
to interact with the rest of the system. Such dummy atoms are normally withdrawn

within the van der Waals radii of their bonding partner (see figure 2.5).

An alternative to single topology approaches is offered through the use of dual topol-
ogy, allowing one to side step the issues of mapping atoms between ligands and

dummy atoms. This makes use of a distinct form of A-coupling:

Uf\lual — 8’ntra + Ulintra + )\Ulinter + (1 o )\)Uénter + Urest (2109)

where U and U are the interaction and intra-molecular energies associated
with the ligand, and U"**! is the energy of the system not involving either ligand.
When A is 0, ligand 0 is fully interacting with the rest of the system and ligand 1 is
in the gas phase, and vice versa when X is 1. The interaction between the two ligands
is not included at any time. Using Uf\l““l, equivalent relative free energy differences
can be calculated using the modified thermodynamic cycles in figure 2.6. In the case
of the solvation free energy, the cycle can be reduced to a single calculation as the
contributions of the gas phase free energy difference are implicitly accounted for. For
the binding free energy, it is simple to see that the gas phase contributions within the

cycle cancel out making figure 2.6b directly equivalent to figure 2.4b.

61



AAAER

Pag) + Qg Qg) + Py

(a) Relative free energy of hydration calculation

AANAE?,

Pag) + Qg Qag) + Py

m bind
A Abind AAY

P + Q) o Qe TP
AAAY

(b) Relative free energy of binding cycle

Figure 2.6.: Dual topology thermodynamic cycles for the calculation of relative free
energy differences of the two ligands P and Q.
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2.4.6. Potential of Mean Force (PMF) Calculations

In parallel with the concept of a potential energy surface we may develop the idea of

a free energy landscape, or PMF, that can be defined formally as%*:
1
AN) = 3 1n/5[)\ —y(x)] exp [-BU (x)] dx (2.110)

where by analogy we have written the free energy as a function of the variable A,
known in this context as the reaction coordinate, and the corresponding -y is an ar-
bitrary function of the spatial coordinates. The role of ~ is to map A to a chosen
degree of freedom within the system. A simple example would be v(x) = x5, denot-
ing the z-axis coordinate of the jth atom within a system. This definition can be
useful to define say the PMF of an ion within an inhomogenous medium such as a
lipid bilayer. As « is arbitrary however A can be mapped to any degree of freedom
desired, for instance the value of a torsion angle, or the distance between the centres
of mass of two molecules. This definition can easily be generalised to consider PMF's

over multiple degrees of freedom.

The PMF can be thought of as showing how the free energy of a thermodynamic
state is partitioned over a particular degree of freedom. As there are many arbitrary
ways of quantifying the degrees of freedom of any given system so too there are corre-

sponding PMFs. The physical meaning of A(\) can be made apparent by noting:

P(A) = exp[-BAN)] = (6[A —~v(x)]) (2.111)

where P()) is the probability density of the unconstrained system over A. Thus,
where an appropriate degree of freedom is chosen for the reaction coordinate, the
PMF offers considerable information about the behaviour properties of the system

under study e.g. prediction of the relative occupancies of different minima.

In theory the PMF could be calculated from an unconstrained simulation by his-
togramming occurrences of different A values. This can be highly inefficient where
large free energy barriers exist within the PMF however. Several different approaches
have been developed therefore to speed convergence of such calculations. The best
known of these is Umbrella sampling®, however we shall consider use of the potential

of mean constraint force.

Using the formalism of TT and equation (2.110) the free energy change associated

with different values of ) is given by:5

A <a(exp [—BIU(x; Ap) — U(x; AA)H)> A\ (2.112)
A

Ag) — A(Aa) :/ 2

Aa

where we are considering the free energy difference between the system at A4 and Ap
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and the potential energy has been written as parametrically dependent on A. The
ensemble average can be interpreted as the mean force experienced by a system con-
strained to a particular A value. By differentiating equation (2.112) with respect to
A it is easy to see that the slope of the PMF is directly related to the mean force ex-
perienced by a system constrained at the associated A value. By running a series of
MD simulations with different constrained values of A, and calculating the magnitude

of the force required to maintain the constraints, the value of d’zg\)‘) at a number of

points can be determined. These may then be used to determine A(X) through in-
tegration with, for example, the Euler method (appendix B). Algorithms to enforce
constraints and provide the corresponding forces are widely implemented, for instance
the SHAKE and RATTLE algorithms.67:68

This result can be more intuitively rationalised by noting that any degree of freedom
within a molecular system may be considered as sampling under a potential that
constitutes the averaged effects of the rest of the degrees of freedom of the system.
Equation (2.110), the PMF, can in fact be thought of as the definition of this. If

we accept this interpretation, then we can use equation (2.59) to demonstrate the
relationship between the forces experienced at each A window and the gradient of the
PMF.
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2.5. Hybrid Quantum and Classical Free Energy Techniques

Owing to the above stated advantages and disadvantages of classical and QM theory
various attempts have been made to combine them in simulation work such as to get
the most out of both®78:6%10 " A range of different strategies have been explored and
are developed in technical detail. This is followed by a discussion and comparison of
the collection of techniques that comprise the state of the art and the focus of this

work.

2.5.1. MM/QM

The first, and perhaps most straightforward, combination of MM and QM theory was
developed by Warshel, Levitt and Karplus® as the so-called QM /MM method, for
which they were awarded 2013 Nobel Prize in Chemistry. They proposed the idea

of embedding a QM region within a classical simulation as a method of studying en-
zyme reaction mechanisms. MM methods are inherently unable to deal with chemical
reactions, as they are cannot capture bond breaking or charge transfer polarisation ef-
fects. Assuming such effects are only relevant within the reaction site of the enzyme,
suitably accurate results can be achieved using this method. By limiting the size of
the QM region, only a fraction of the computational expense is required compared to
treating the whole system at the QM level. This technique has since been widely em-
ployed in the study of biological systems and many others (the reviews Lin & Truhlar
[70] and Senn & Thiel [71] give an impression of the extent of its use and details of

its implementation).

The main technical difficulty in the implementation of QM/MM is dealing with

the interface between the two regions of the system. Covalent bonds that cross the
QM/MM boundary can be handled in a number of ways, by introducing additional
moeities, or special cap atoms that satisfy the electronic requirements of the QM
region’?. The treatment of the non-covalent interactions across the boundary may
also be handled with varying degrees of complexity™. The simplest form known as
mechanical embedding, treats the van der Waals forces purely classically and does
not describe Coulomb interactions. More sophisticated electrostatic embedding main-
tains the classical Lennard-Jones interactions, but includes the classical point charges
within the QM Hamiltonian. This allows the MM region to polarise the QM region,

placing it within a more realistic electrostatic context.

The flexibility of QM/MM methods allows them to be used to study a great range of
problems. Although considerably cheaper than pure QM methods, use of a QM /MM
Hamiltonian in free energy calculations is still comparatively expensive. For this
reason specialised approaches for the efficient calculation of free energy differences
have been developed. These can be freely combined with the QM /MM approach,

providing an additional level of improvement.

65



2.5.2. QM Corrections with the Zwanzig Equation

QM/MM MM MM QM/MM
A=0 A=1
AG, AG, (RETI) AG;
A (bound) —— A (bound) —» B (bound) E— B (bound)
AGpen(bound)
AGying(Acorr) AGying(Bicorr)
AGping(A,MM) AGying(BMM)
AGg AG,
AG, AGq (RETI) AGs
A (aq) - A(aq) D B (aq) e B (aq)
AGpen(ad)

Figure 2.7.: Extended MM/QM free energy cycle, diagram taken from ref Beierlein
et al. [6].

As developed fully in section 2.4, the Zwanzig equation is able to express the free

energy difference between two systems in terms of an ensemble average over only a
single state. Noting that the same chemical state, described using different Hamil-
tonians, constitutes separate thermodynamic states we can apply the same process
to calculate the free energy difference between the MM and QM descriptions of the

system:

Adriaison = —; In {exp [~ B(Uonr — Uniar)]) nyay (2.113)

calculations of this form can be combined with a purely classical thermodynamic
cycle!® to give QM corrections to MM free energy differences (see figure 2.7). How
this is more efficient than a purely quantum calculation is not immediately obvious,
as each MM energy used within the estimator is paired with a QM energy. However,
due to the nature of MD and MC sampling, the consecutive configurations produced
are highly similar. As such there is no value to include all configurations within the
estimator. Instead snapshots are chosen from the trajectory at a constant interval.
In this sense the MM state is being used as a reference state, to produce a series

of uncorrelated snapshots that can be post processed to the QM level. This is far
more efficient than attempting to complete the alchemical perturbation purely at
the QM level, which would requiring sampling of the QM state and would generate
many correlated configurations at great cost. This approach has also been used by a

number of different groups for a range of applications!!»12:13:14.6

Whilst it is common practice to subdivide a perturbation between states using a
A-coupling approach, in this case any intermediate A window carries the same compu-
tational cost as sampling under the full QM Hamiltonian. To maintain the efficiency
of the method therefore it is necessary to carry out all MM to QM perturbations in

a single step. This method will be referred to throughout this work as the single-step
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free energy perturbation (SSFEP) approach.

An appealing improvement on this method is offered by the use of enveloping distri-
bution sampling (EDS).”™ This approach defines a reference Hamiltonian constructed

from a combination of the MM and QM Hamiltonians, as given by:

Ueps = —; In (exp[~BUn M| + exp[—BUqum]) (2.114)

where Uggp is the reference state potential energy function. An MM to QM free
energy difference can then be ascertained by simulation of the reference Hamiltonian
and use of the Zwanzig equation to perform two individual perturbs to both the MM
and QM states from a single simulation trajectory. As the reference Hamiltonian is
constructed of both Hamiltonians it provides good phase space overlap with both
the MM and QM states. This ensures good convergence of the perturbations from
the reference state. Unfortunately a potential energy function of the form given by
equation (2.114), contains QM contributions and hence sampling of the reference

state will be as computationally intensive as direct sampling of the QM level.

2.5.3. Molecular Mechanics Based Importance Function (MMBIF)

This collection of methods aims to generate an appropriately distributed QM en-
semble from sampling only on an MM potential. The term MMBIF was coined by
Iftimie® ™ from work deriving QM free energy surfaces and reaction rates from MM
potentials. This was adopted by Woods and Mulholland” and applied to the rela-
tive hydration free energy of water and methane. Using the same free energy cycle
as the SSFEP methodology but using MMBIF to generate ensembles cheaply at the
QM level it is feasible to employ a A-coupling approach to subdivide the MM to QM
perturbation. This allows the use of (more efficient) estimators than the Zwanzig
equation. In the case of Woods and Mulholland, TI was used. What follows is a tech-
nical development of the technique as used by Iftimie and Mulholland using Multi-
‘Timestepping’ Monte Carlo (MTMC).

MTMC has been used for various applications in computational physics and chem-
istry"®7"7. The basic idea of the technique is to generate a Markov chain at the
QM level. Structures for this Markov chain are, however, not generated through

the Hastings method (stochastic atomic displacements) but instead by sampling on
an auxiliary Markov chain at the MM level. This necessitates the use of a specialised

acceptance test given by:

Prryprre(x1 — x2) = min (1, exp [-SAAU]) (2.115)
AAU = (Ugnr(x2) — Unrar(x2)) — (Ugnr (1) — U (x1))  (2.116)
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the algorithm is given in full as follows”:

1. From some starting configuration xi, carry out a series of MC moves at the
MM level with the Metropolis-Hastings algorithm (see section 2.4) to generate

X3.

2. Get the QM energy of x5 i.e. calculate the value of Ugas(x2)

3. Apply the acceptance test equation (2.115)

4. If test passed xo is added to the Markov chain becomes x;

5. If test failed discard xo and x; is again added to the Markov chain
6. Repeat from 1. as desired

The derivation of the acceptance test equation (2.115) is given as follows. Starting

from the general form of the acceptance test at the QM level:

. P, M(Xg)P (X2 — Xl)
PAH(x) — x3) = min <1, Q g 2.117
Qur (x1 = x2) Pour(x1) Py (x1 — xa) (2.117)
using the Boltzmann distribution for the QM state:
P, X
Poulba) _ cxp [ s(qgar (o) — Ugas (1) (2118
Powm (x1)
we are left with the need to determine, %. The basis of the technique is that

we use a classical Markov chain to carry out the structure generation process, the
chance of a structure being generated is therefore the outcome of a series of standard

classical MC moves™:

a(x1 = x2) = [ [ T (%71 — %) (2.119)

here x| are the intermediate, classically generated, configurations between x; and x3
as we define x; = x? and x2 = x7. T is the classical transition probability. This is

readily extended to give the quantity we desire:

Py(x2 = x1) [ Tum(xi = xi71)

= : . 2.120
Py(x1 = x2) [l T (xi' — x1) ( )
'3 i—1 i—1
we use the classical Markov chain detailed balance condition, Tarar (x}jxl .) — Puu (Xli ),
MM (X7 —=xY) Py (x5)
to give:
i—1
Py(x2 = x1) [ Pum(xy ) (2.121)

Py(x1 = x2)  TIiy Pum(x})
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_ Puu(x)
= Parar (1) (2.122)
~ Pyv(xa)
= Parar(x2) (2.123)
= exp [—,B(UMM(Xl) - UMM(XQ))] (2.124)

inserting equations (2.118) and (2.124) into equation (2.117) gives the full acceptance
test:

Py (x1 — x2) (2.125)
— min PQM(XQ)P (XQ — Xl)

=i (1. 2 (2120)
= min (1, exp[—B(Uqn (x2) — Ugu (x1))] exp[=B(Unn (x1) — Unn(x2))])  (2.127)
= min (1, exp [-SAAU]) (2.128)
— Punrprr(2.115) (2.129)

2.5.4. Non-Boltzmann Reweighting

The most recently proposed of this class of techniques was put forward by Konig
and Boresch®. Borrowing from the theoretical basis of the PMF technique Umbrella

Sampling, they use its core relation%:

(X exp[BV]),

DBV, (2.130)

here u represents an ensemble average on an unbiased system, and b represents a
biased system. V is the bias potential by which the two states differ and X is some
property of interest.Most commonly this is chosen as a Harmonic potential and X
is chosen as the PMF. More generally however this result can be seen as recovering
an ensemble average of property X from sampling under a different Hamiltonian.
Sampling of the biased state is sometimes referred to as non-Boltzmann sampling
of the unbiased state, giving rise to the name of this technique. Maintaining the

formalism of biases for the moment, V' can be defined as:

V = Uny — Ugur (2.131)

this definition will allow the recovery of QM ensemble average properties from sam-

pling under an MM Hamiltonian i.e.:

(X exp[BV]) v
(exp[BV]) s

(X)om = (2.132)
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this can be profitably applied to the calculation of free energies, starting with the
Zwanzig equation at the QM level:

1
AAQMmo0—+1 = 3 In (exp[—B(Uqrr,1 — Ugn,0)]) garo (2.133)

here and in the following subscripts denote both the level of theory and an alchemical
change. So whilst Ugnr,0, Ugm,1, Um0 and Uprar,1 all correspond to thermodynami-
cally distinct states, only differences in numeral denote changes to chemically distinct

states. We then choose X = exp [—5(Ugnm,1 — Ugnmro)l:

exp [—BAAQM,0-1]
= (exp [-B(Uqm, — Ugnm0))) garo (2.134)
_Jexp[=BUquo] exp [=B(Uqnr1 — Ugaro)] dx

[ exp [-BUqn 0] dx (2.135)
_ Jexp[=BWUnn0 — Uninro)] exp [=BUqur0] exp [~ B(Uqnsa — Ugaso)] dx (2.136)
Jexp [=B(Unaro — Uninro)] exp [—BUqgnr 0] dx '
[ exp [=BUnnr0] exp [—B(Ugnmn — Ugmo)] exp [—B(Ugnro — Uniaro)] dx
J exp [=BUnrro] exp [=B(Uqaro — Unnrp)] dx '
fexp [—BUn M 0] dx
_{exp [-B(Uqnra — Ugnr)] exp[BVo]) yra
a <eXp[/8V0]>MM,O (2.138)
giving the so called non-Boltzmann Zwanzig result:
xp |— B (U, —U, xp|BVL
Agrro o = —éln (exp [-B(Uqm,1 — Ugnm,0)] exp[BV0]) prar0 (2.130)

(exp[f VODMM,O

where Vo = Unraro — Ugumo- This result in principle gives the correct free energy
difference between two QM states, from sampling of only a single MM state and can
me applied as a post-processing technique. Note that for each snapshot both Ugar,o
and Ugps,1 must be calculated requiring two different QM computations. This does
not offer any apparent computational savings over the use of SSFEP therefore. As
the difference between the two QM states is likely to be greater then that between
each QM and its respective MM state, use of this result is unlikely to be practical.
However the above derivation is very flexible and through a completely analogous

series of steps can be used to derive non-Boltzmann BAR:

" L (F(Ugm,o — Ugma + C) exp[BVA]) yrpr 1 (exp[BV0]) a0 +C
= ——11n
QMO 5\ (F(Uqars — Ugaro + C) exp[BVal) yar.0 (xpIBVA]) yrar
(2.140)
C = Adgnrost + éln Z—; (2.141)
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MM @ @E@ - @E® ®
QM 0 0

Figure 2.8.: Use of non-Boltzmann BAR (NBB) to calculation QM correction terms
to an MM perturbation. Circles in gray represent sampled states across the A coordi-
nate, states in recovered using reweighting through NBB. Diagram taken from Konig
et. al®

where Vi = Uypn — Ugar,1- By allowing use of BAR as an estimator therefore the
numerical limitations of the Zwanzig equation are circumvented, at the cost of twice
the number of snapshots being processed at the QM level. This does not alleviate
the problem of poor overlap between Ugas,o and Ugar,1 so this result remains unlikely
to have any practical usage. Instead the non-Boltzmann results can also be used to

perturb between MM and QM states. For the non-Boltzmann Zwanzig equation:

1 ({exp[=BUnmm — Ugn)] exp[BV0]) prarg
AAQM—MM0—1 = 3 In @DVl arars (2.142)

similarly, an equivalent result using BAR can be derived. This can be used to effi-
ciently calculate free energy differences by using a typical A-coupling window at the
MM level, but using equation (2.142) to correct the final perturbation at each end-
point (see figure 2.8). This allows the majority of the alchemical change to be carried
out at the MM level, but the use of BAR to calculate corrections to the QM level.

2.5.5. Discussion

The above techniques for hybrid free energy calculation have mostly been presented
in the literature as proof of concept demonstrations in the context of free energies.

d6’10’11’12’13’14’7’15’16’17’9 , and

As the first proposed, SSFEP is the most extensively use
has been applied to the most ambitious collection of test systems, including protein-
ligand calculations®. The use of MMBIF approaches has been limited to simple wa-
ter to methane perturbations’ and model fluids”®. The non-Boltzmann approach of
Boresch has been applied to a set of free energy of hydration calculations™ with both

implicit and explicit solvent.

Despite being the most widely used, SSFEP suffers from the drawback of depending
on the Zwanzig equation as an estimator. Its formulation allows for efficient one-
sided sampling. However, this in turn also leads to the poor numerical behaviour of
estimator. Determining the convergence of such calculations is challenging particu-
larly given the restriction that the perturbation must be carried out in a single step.
For this reason both MMBIF and non-Boltzmann approaches represent appealing

alternatives, having been used with TT or BAR, respectively. Both of these methods
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come at a greater degree of computational expense however. Use of TI or BAR ne-
cessitates that at least two MM ensembles must be post-processed to the QM level.
Some questions remain as to whether or not this increased cost is amply compen-
sated by more sophisticated estimators. The use of and validation of SSFEP is the
focus of the first chapter.

The use of MMBIF to derive free energy differences has been demonstrated using a
water to methane perturbation by Woods et al.”. A range of different water models
was used to carry out this process and in doing so demonstrate the drawback of this
approach. It was found that when attempting to use TIP5P as the classical water
model very poor acceptance rates for the QM Markov chain are observed, i.e. the
system gets stuck and is unable to find configurations suitable for the QM ensemble.
As they note this is likely due to poor phase space overlap of the two Hamiltonians.
Given the simplicity of the test system they consider, this is perhaps surprising and
suggests a potential shortcoming of this technique. Although MMBIF reduces the
requirement of overlap between states by allowing the use of TI as an estimator this
is replaced by the need for sufficient phase space overlap to carry out construction
of the ensemble. Whether this represents a true gain in the efficiency of MM to QM
calculations is therefore an open question. On the other hand the acceptance rates
of MMBIF moves provide valuable information about the quality of the simulation.
In contrast to SSFEP calculations where it is difficult to tell if a perturbation has
converged due to poor overlap, MMBIF calculations provide a key indicator that can

highlight problematic calculations.

Augmentations to the MMBIF methodology have been proposed that aim to alleviate
the degree of overlap required between states’®. Coe et al. note that the tempera-
ture and pressure of the classical auxiliary Markov chain can be considered as free
parameters, as these properties are corrected to the appropriate values at the QM
level by the acceptance test. They then develop the argument that for any simulation
there is some optimum value for the classical temperature/pressure that maximises

acceptance to the QM ensemble, and propose an approach to determine these values.

Some points of similarity can be remarked between the MMBIF and non-Boltzmann
approaches. Both make use of an MM potential as reference state to derive QM
properties. In the case of MMBIF the actual ensemble is recovered, whereas non-
Boltzmann approaches recover the value of any given ensemble average property by
appropriate reweighting of the MM. In principle it is possible to use both MMBIF
and non-Boltzmann approaches to carry out perturbations completely at the QM-
level, with intermediate alchemical QM states matched by the corresponding al-
chemical MM reference potential. The QM calculations required for the intermediate

states, however, may simply obscure any benefits of this approach.

A practical benefit of the non-Boltzmann and SSFEP approaches are that the QM

calculations are not sequentially dependent on one another. In both of these cases,
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an MM simulation is run, and a series of snapshots are selected and post-processed
to the QM level. Such calculations are therefore able to exploit the massively paral-
lel architecture of modern super computers, leading to savings in real time if not in
CPU time. In contrast, for MMBIF calculations each new configuration for a QM
calculation is dependent on completion of the preceding. As the scalability of individ-
ual calculations is inherently limited by system size this can provide a bottleneck in
the time taken for such calculations. This drawback is compensated by the power of
MMBIF to bias sampling towards the desired ensemble, whereas other approaches are
able only to evaluate those configurations that are generated by the MM potential.
This introduction of biasing is argued to improve the efficiency of sampling offered by
MMBIF by increasing the probability of generating configurations compatible with
the QM ensemble®? (this is considered in chapter 5).

Some reservations have been expressed within the literature regarding the use of
hybrid free energy techniques. Many studies have focussed on demonstrating that
converged calculations can be obtained through these methodologies however the
work of Beierlein®, Warshel'® and Woods” have all noted a decrease in the accuracy
of hybrid free energy calculations relative to purely MM calculations. All three note
a decrease in accuracy in the calculation of the free energy of hydration of methane.
Woods suggests that this discrepancy is due to MM water models not being well opti-
mised for use in QM /MM work. However, the same explanation cannot be extended
to the results of Warshel. Ultimately, the different QM and sampling approaches in
these studies make it very difficult to form a solid conclusion; that each seems to en-
counter the same problem is interesting. It may be that the increased expense of the
QM calculations prevents adequate convergence in the examples considered, or simply
that the particular test cases considered are already well described by the parame-
terised MM potentials. That said, Beierlein does achieve improvement in the results

of a protein-ligand free energy calculation employing COX-2.
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2.6. Software Packages

The aim of this section is to briefly outline the technical details of the software pack-

ages used throughout this work for clarity and brevity.

2.6.1. AMBER 12

The AMBER?®? software suite comprises a collection of programs focussed on MD
sampling of MM energy models. The core applications that carry out MD are SANDER
and PMEMD, dynamics being propagated using the leapfrog integrator. A number
of algorithms are available for pressure and temperature regulation of the system.
Long range electrostatics are handled through the use of PME or conventional Ewald
summation in periodic systems. A CUDA implementation of PMEMD for use on
GPUs was also employed. AMBER 12 is used extensively throughout the molecular

simulation community.

The MM representation of molecules throughout this work have been produced

through use of the ANTECHAMBER application. This executable takes a molecular
structure as input and determines GAFF atom types and assigns partial charges for
all atoms. A number of methods can be used for partial charge derivation. However,

the AM1-bcc method was used exclusively in this work.

2.6.2. ProtoMS 2.6 and 3.0

A code developed in-house, ProtoMS76, is designed to undertake MC sampling of
MM systems using the Metropolis-Hastings algorithm. ProtoMS implements the
FF99 and GAFF force fields. As such ANTECHAMBER is used to determine ap-
plication of the GAFF force field to small molecules. Long range electrostatics are
not treated specifically and a distance cut off is used for both LJ and charge-charge

interactions.

In addition to periodic boundary conditions, ProtoMS is frequently used to simulate
systems with a solvent cap. Here a sphere of waters is placed around the contents
of the simulation cell. Any waters that stray outside off the defined cap radius are
penalised energetically by a Harmonic term. This is often combined with the use

of a protein scoop, whereby residues beyond a specified distance of a user-defined
point are removed from the protein structure. The scoop is usually placed around the

binding site of protein and used to limit the system size.
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2.6.3. CASTEP 5.5

CASTEP?! is a plane-wave DFT package using Born-Oppenheimer MD with the Ve-
locity Verlet algorithm. Long range electrostatics are treated using Ewald summation.
It is designed for massively parallel calculations with strong scalability. It supports
the use of pseudopotentials and offers ’On-the-fly’ pseudopotential generation. A
wide range of functionals are available including hybrid functionals such B3LYP as
well PBE and LDA. The employed implementation of the LDA functional is given by

Perdew and Zunger®?.

Forces for molecular dynamics and structure minimisation are calculated analytically

with the expression:

OH
F=> ¢ / ¥; (1) —i(x')drdr’ (2.143)
.3

Where v; and 1; are the plane-wave functions of the basis, and x are the nuclear
spatial coordinates. This makes the evaluation of forces relatively cheap once a con-

verged electron density has been calculated.®3
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3. Single-Step Free Energy Perturbation

3.1. Introduction

Of the presented approaches to hybrid free energy techniques by far the most
commonly applied of these is the single step free energy perturbation (SS-
FEP)$10.1L1213,147,15,16,17.9  The Zwanzig equation? is used for the calculation of
additional QM correction terms to MM based free energy cycles using a single-step

free energy perturbation'® (figure 3.1) as given by:

Adninison = —; In {exp [~ B(Uonr — Uniar)]) nyay (3.1)

The one-sided sampling of the Zwanzig equation allows the technique to avoid ex-
tremely costly sampling with the QM Hamiltonian. This advantage is countered
however by a more stringent requirement for overlap between perturbation end states

than other free energy difference estimators (see section 2.5).

The unstable numerical formulation of the Zwanzig equation and its inherent direc-
tionality make it difficult to determine whether the condition of sufficient overlap
has been met! - there may be rare, as yet unsampled configurations, that will heav-
ily influence the calculated free energy difference. To our knowledge, it has yet to
be rigorously demonstrated that in general the overlap of QM and MM free energy
surfaces is sufficient to allow its use. Previous work from this group has developed
an alternative approach based around charge perturbation to test for convergence
of hybrid MM and QM calculations®. This provides a necessary but not sufficient
condition for convergence. We directly address the convergence of single step per-
turbations by considering the calculation of the reverse QM to MM process. As free
energy is a state property the free energy difference between the MM and QM states
is invariant based on the direction of the calculation. This provides a rigorous test for

convergence based on the condition:

AAyv—om + AAgy—mm =0 (3.2)

in addition to the previously defined AAp;p—gar the reverse perturbation, from the
QM to the MM state is denoted by AAga—arar. In this chapter we present results
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Figure 3.1.: Free energy cycle for the calculation of QM correction terms to an MM
free energy difference for the ligand L.

considering direct assessment of the quality of phase space overlap between MM and
QM states through extensive generation of QM MD trajectories to allow calculation
of the reverse, QM to MM, perturbation. Throughout this work the deviation from

zero of equation 3.2 will be referred to as the discrepancy of a perturbation.

An adenosine-thymidine DNA base pair is used as a model system, chosen to repre-
sent a compromise between biological realism and computational tractability. Pre-
vious work has considered the suitability of different MM water models in hybrid
calculations'. However, the base pair system we consider here provides a far more
ambitious and biologically relevant system. The size of the system is sufficient to al-
low extensive sampling of the QM phase space, whilst also representing a ubiquitous

biological dimer.

We generate DFT QM ensembles using MD with the PBE?? and LDA?? function-
als. The PBE functional has been shown to offer a good compromise between speed
and accuracy in describing biological compounds®?, and is frequently used in this
context3435:36:37:38 " The LDA functional provides a less realistic description of the
system’s dynamics but usefully demonstrates the behaviour of the single-step pertur-
bation where the MM and QM phase-spaces differ more markedly. Classical trajecto-
ries are generated using the AMBER ff99SB** and GAFF*® force fields.

It is common practice when employing hybrid free energy techniques to make use
of interaction energies in the place of total energies within the free energy difference
estimator®10:11,12,13,14,7,15,16,17.9 " The interaction energy of a system, Uj&’;er, is given

by:

Ui =Uap —Ua—Ug (3.3)
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where A and B denote two different components of the system. The interaction en-
ergy of the two is given by the energy of the complex, Usp, minus the energy of the
two components in isolation, U4 and Upg. In the case of a typical MM model the
interaction energy can simply be derived by summing the appropriate terms of the
force field. For QM models additional calculations for the individual system com-
ponents are required as the electronic structure of each in isolation will differ from
that in the complex due to polarization effects between them. Interaction energies
are then simply substituted in the place of total energies within the estimator. In the
case of the Zwanzig equation:

Ady g = —; In (exp[— BAT™7]) (3.4)

0

this substitution is not without theoretical difficulties as the derivation of the Zwanzig
equation is carried out using total energies. As such the consequences of this approxi-
mation are unclear and form the basis of chapter 4. As defined above, the interaction
energy of a system includes the energy of polarization and hence free energy calcula-

tions using interaction energies are still able to capture these effects.
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3.2. Measuring Phase Space Overlap

Given the requirement for phase space overlap between perturbation end states, it

is desirable to be able to estimate overlaps of probability distributions within phase
space. We here consider two expressions as developed by Bennett?. Firstly we note
the expression given for direct calculation of phase space overlap in the form of the

following integral:

02 [ oI 4 (3.5)
Py(x) + Pi(x)

where Py(x) and Pj(x) give the probability of a configuration x under different states.
Owing to the unfeasibility of evaluating integrals of more than a few dimensions, we
make use of this expression in only a few single dimensional cases to estimate phase

space overlap of particular degrees of freedom. A more practical method for evaluat-
ing overlap within higher dimensionality systems is also given by Bennett, directly re-
lated to the acceptance ratio method. BAR is given by equations (2.106) and (2.107).
As described previously in section 2.4.3, these are solved self-consistently until a con-
verged estimate for AAg_,1 is obtained. This provides the value, C°P! that minimises
the variance of free energy difference estimate. Bennett notes that the value to which
the ensemble averages converge (we shall refer to this as Opar) provides information

about the phase space overlap of the end states of a perturbation, and is given by:

Opar = (f(Uo — Ui+ C")), = (f(U1 — Uy — C™)), (3.6)

a value of 1 would indicate perfect overlap of the Boltzmann distributions of Uy and
U, within phase space. Where the converged value of Op4r is small (compared to
unity) the overlap of end states is poor. Although this property is discussed directly
by Bennett?, to our knowledge it has not been profitably used to calculate overlaps
between perturbation end states. Evaluation of Opapg requires sampling of both
states 0 and 1, and hence cannot be used to assess quality of phase space overlaps
for use of the Zwanzig equation, without additional simulation work. One might

be curious regarding the relationship between equations (3.5) and (3.6). Figure 3.2
demonstrates their precise equivalence in the case of a single dimensional harmonic

spring test case, this is more fully explained in section 4.3.
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Figure 3.2.: Comparison of Opar and the overlap integral (equation (3.5)).
3.3. Methods and Calculation Setup

3.3.1. QM Calculations

All QM calculations were carried out using the plane-wave DFT package CASTEP
5.581. Calculations using the LDA?? functional were carried out with a kinetic energy
cutoff of 900 eV with norm-conserving pseudopotentials®. PBE3? calculations used
a kinetic energy cutoff of 500 eV and ultra-soft pseudopotentials automatically gener-
ated by CASTEP. Kinetic energy cutoffs in each case were tested and chosen based
on the requirement of converged energies. Electronic energies were converged to a
tolerance of 107° eV per atom between SCF cycles, using a maximum g-vector of 0.1
A1 for charge mixing and a grid spacing factor of 2.0 relative to the diameter of the
cutoff sphere. A cubic periodic box with sides of 20 A was used for LDA calculations
and 25 A for PBE; both box sizes are more than sufficient to accommodate the A-T

dimer. Long range electrostatics were treated through Ewald summation.

3.3.2. MM Calculations

All MM calculations were carried out using the AMBER 12 software suite®%%. Cal-
culations were carried out using both the GAFF4® and ff99SB*? force fields. Partial
charges for use with the GAFF force field were produced with ANTECHAMBER
using the AMI-bce charge method®687. A cut-off of 8 A, was used in the calculation
of non-bonded interactions and the Particle Mesh Ewald (PME) method was used
for long range electrostatics. The PME was validated against the conventional Ewald
approach for electrostatics to confirm the equivalent treatment between the MM and
QM Hamiltonians (see Supporting Information). A cubic periodic box with sides of
20 A was used for ff99SB calculations and 25 A for GAFF.
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3.3.3. Molecular Dynamics and SSFEP

The same MD protocol was used for both the MM and QM systems. Initial struc-
tures for production MD were generated by the NAB module of AMBER, and sub-
sequently minimised for 50 iterations with the appropriate potential energy function.
Bases were modelled with the associated deoxyribose component but without phos-
phate present. For each Hamiltonian, 5 independent repeats with the same starting
configuration were run. All MD calculations were carried out with a time-step of
0.25 fs, as determined by the requirement for constant energy dynamics under the
NVE ensemble. Production MD runs were carried out in the NVT ensemble with
periodic boundary conditions. Temperature control was achieved using the Langevin

thermostat with a collision constant of 0.1 ps~! to regulate the system at 300 K.

The only differences between MD calculations for the MM and QM systems, besides
the choice of Hamiltonian, lies in the different algorithms used by CASTEP and AM-
BER. AMBER employs the leap-frog integrator to solve equations of motion, whilst
minimisations employed the conjugate gradient algorithm. Born-Oppenheimer ab
initio MD calculations in CASTEP employed the velocity Verlet algorithm, whilst
minimisations were based on the Broyden-Fletcher-Goldfarb-Shannon (BFGS) algo-
rithm®®.

Generation of QM and MM trajectories was carried out simultaneously and were con-
tinued until the discrepancy of all perturbations with interaction energies was close
to zero. Five repeat NVT trajectories were calculated under each Hamiltonian. In
total, for the GAFF and PBE trajectories, 80,000 configurations were generated per
repeat, for the LDA and ff99SB, 5000 configurations were generated per repeat. For
calculation of free energy differences the first 500 configurations from each trajectory
were discarded as equilibration and every one in ten frames was post-processed with
all Hamiltonians for the calculation of total and interaction energies. Calculation of

free energy differences was carried out with a custom python script implementation.

3.3.4. Potential of Mean Force Calculations

Potential of Mean Force calculations were carried out using MD with linear con-
straints with CASTEP.®? An additional 25 short (1500 time-steps) MD runs were
carried out with linear constraints placed on the N-H-N hydrogen bond between
thymidine and adenosine. The N-H and H-N bonds were considered as separate de-
grees of freedom constrained at 0.2 A intervals, from 1.0 - 1.8 A. This gives a 5 by

5 grid of points, corresponding to the 25 runs. Constraints were enforced using the
RATTLES" algorithm. The mean force required to maintain each constraint is equal
to the gradient of the free energy surface at that point. The surface itself is then gen-
erated through use of the Euler method®, taking the lowest point of the PMF to be

Z€ero.
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Figure 3.3.: Convergence of QM energies with increasing E,;.
3.4. Results and Discussion

3.4.1. Validation of Kinetic Cutoff Energies

As considered more fully in section 2.2.1.7, a necessary prerequisite for the use of a
plane wave DFT package such as CASTEP, is the selection of an appropriate kinetic
cutoff energy, F.y, for the basis set. This should be sufficiently large to provide con-
verged energies, but is associated with increased computational costs and hence the
minimum value that offers convergence is desirable. Calculated energies for the LDA
and PBE functionals over a range of E.,; are shown in figure 3.3 support the use

of the select cutoff values of 500 eV and 900 eV for the PBE and LDA functionals

respectively.

3.4.2. Validation of MD Procotol

As an extensive amount of MD work was to be undertaken, it was considered desir-
able to validate the MD protocol under use. A simple test for the stability of an MD
trajectory is its ability to conserve energy under the NVE ensemble. This allows se-
lection of an appropriate timestep for the integration algorithms used by the different
software packages (see appendix B and section 2.6). The results shown for short NVE
trajectories for both classical MD with ff99SB in AMBER and QM MD with the
LDA functional in CASTEP. These results were generated using the same protocol
as given by section 3.3 but without the use of the Langevin thermostat. The classical
results show good conservation of average energy across all timesteps considered. Al-
though the averages are well maintained considerable differences in the variability of

the energy are seen.

Molecular dynamics at the QM level is noted to require shorter time-steps due to

the presence of the iterative SCF procedure at every time step??. Regardless of the

83



| T
— 025fs i
-] 0.5fs |
1.0 fs
— 2.0fs |
) _
% i
£ _
B
% i
9 _
=
] i
.5 |
| |
[w’“ ww MMW M‘W IVN'AVWWJUUI\M’VWWWWm “W M'u me‘" W‘M’ W.ﬁ il NW ‘u'v‘. "‘WM’“FM 'HWVYMWM 'MWM N“WWW'LVu“yﬂ.ﬂv‘ﬂ.ﬂy’w
-6 VA SN A A AN A A A A A SAAANANASAAAANAVA A |
. | | l : | . | . |
200 400 600 o L
Time Step
(a) Classical MD
b | l T T | T
— 0.25fs |
0.5fs
| 1.0 fs |
} 208 AN
M Al
| (Wﬂ/\u W N )
!
% -8902.2 | W ‘W |
EE e _
E w‘\‘Wm
M 89023 . \J\'WW n —
\AWWM |V
AWWN%«W» —
ww
[T W««WMM
-8902.4 Hﬁ/ %% |
e ' | ! | ! | ! | !
0 100 200 s n |
Timestep

(b) QUantum MD

Figure 3.4.: System total (potential and kinetic) energies under constant energy MD
conditions with different timesteps.
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Figure 3.5.: System total (potential and kinetic) energies under constant energy MD
conditions with different tolerence values used for convergence of the electronic en-
ergy calculation.

timestep used for the QM MD, net drift in the total energy of the system is seen,
although this is markedly improved for the 0.5 and 0.25 fs trajectories. This effect
arises from the extrapolation of wavefunctions carried out between timesteps. The
number of SCF cycles required for convergence of the system energy at each timestep
can be greatly reduced if a good estimate of the final density is used to start the pro-
cedure. It is typical for QM MD packages therefore to extrapolate an estimate of the
system density at each timestep by using the final density of the previous timestep.
This extrapolation is then subject to the standard SCF procedure. This practice how-
ever has the unfortunate property of breaking the time reversibility of the integration
scheme i.e. the energy of any configuration becomes dependent on the configuration
before leading to the observed drift in energies?!. Drift arising for this reason can be
reduced by altering the electronic energy convergence tolerance used with the SCF
procedure. Results showing the change in total energy drift as a function of the toler-
ance are given in figure 3.5 for trajectories generated with a timestep of 0.25 fs. The
use of 107° eV/atom and 1076 eV /atom are comparable. However 10~7 eV /atom of-
fers a marked improvement, confirming the source of energy drift as being due to the
wavefunction extrapolation. The similarity in drift magnitude between the tolerances
of 107% eV /atom and 107% eV /atom arises due to the length of the convergence win-
dow used. CASTEP requires that the electronic energy remains converged to the
specified tolerance for a specified number of SCF cycles (in this case 3). This allows

the electronic energy to converge beyond the required tolerance. MD runs using 10~°
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eV /atom as the required tolerance typically actually converge to 1076 eV /atom, lead-
ing to little practical difference between these values. Additional cycles are required
however to converge the electronic energy more tightly to 10~7 eV /atom, leading to
a decrease in the energy drift of the system. Owing to the increased computational
cost, however, it was decided to use a 0.25 fs timestep and the default electron energy

convergence tolerance of 107° eV /atom.

3.4.3. Minimised Configurations

(a) LDA

(b) PBE
Figure 3.6.: Initial minimised configurations used for QM MD runs.
The minimised initial configurations used for MD with the four different Hamilto-
nians are shown in figures 3.6 and 3.7. FF99SB is the only Hamiltonian to give a

planar orientation of the bases. This may be due to parameterisation of this force

field to reproduce stacking within DNA duplexes. Heavy atom RMSD values be-
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(a) gaff

(b) f99SB

Figure 3.7.: Initial minimised configurations used for classical MD runs.
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Hamiltonian 1 2 3 4 5
PBE 1.180 | 1.154 | 0.993 | 1.389 | 1.382
LDA 1.086 | 1.099 | 1.066 | 1.382 | 1.391

GAFF 1.080 | 1.092 | 1.006 | 1.320 | 1.319
FF99SB 1.083 | 1.091 | 1.011 | 1.373 | 1.374

Configuration | RMSD vs. PBE ‘ RMSD vs. FF99SB

PBE
LDA
GAFF
FF99SB

0.00
0.35
3.98
3.84

()

3.85
3.93
0.49
0.00

Figure 3.8.: 5 bond lengths (in A) with the greatest difference in minimised configura-
tions between Hamiltonians. Bond positions are highlighted on the structures in (a).
Corresponding lengths under different Hamiltonians are given in (b). (c) Heavy atom
RMSDs (in A) of minimized configurations under different Hamiltonians. Structures
were aligned to the heavy atoms of the bases, excluding the sugars.
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tween different structures are given in figure 3.8c and show the closest accordance
between structures at the same level of theory. Agreement of the LDA structure with
the more sophisticated PBE functional suggests an, at least, reasonable description
of the system is achievable with the former. Although RMSDs provide information
about similarities in Cartesian space it is informative to consider explicitly details of
the internal geometry. Figure 3.8b gives the five bond lengths within the base pair
that show the largest difference between Hamiltonians. It is interesting to note that
in each case there tends to be a specific outlier that does agree well with the other
structures. Although we might expect the supposedly poorer LDA and GAFF Hamil-
tonians to show greater variability, no particular trend can be observed within the
outliers. For bonds 1 and 2 PBE is the outlier, for bond 3, LDA, for bonds 4 and 5,
GAFF. The consequences of marked differences in the bonded degrees of freedom are

discussed in more detail in section 3.4.6.

3.4.4. Single-Step FEP

Results of all perturbations between the four considered Hamiltonians are given in
figure 3.9. Although our stated aim is to examine perturbations between MM and
QM states, it was considered trivial additional work to complete the calculations for
all possible perturbations. Using the protocol described in section 3.3.3, gave 8000
data points for each repeat of the perturbations between GAFF and PBE and 450

data points for all other perturbations.

Completion of the larger cycle allows for a more rigorous test of convergence through
the computation of cycle closures. Unfortunately cycle closures are non-trivial to
calculate as each leg has two separately calculated free energy differences associated
with it. Different forward and reverse calculations can be used in any permutation to
provide a value for the cycle closure. We compromise by calculating all possible per-
mutations for each cycle and reporting the minimum, maximum and mean unsigned
closures. It is immediately apparent from these results that interaction energies pro-
vide much tighter cycle closures than using total energies. Although the reported
minimum closures using total energies are close to zero, the large associated standard
errors suggest this is simply spurious, through a fortunate combination of different
components of the cycle. The mean and maximum closures are exceedingly poor
however, and suggest the unsuitability of total energies in hybrid free energy work.
Although a recent paper has presented results that give successful convergence with
total energy calculations, the general applicability of this approach has yet to be

demonstrated in a system as complex as that considered here®.

The convergence of each leg of the cycle can be assessed by calculating the discrep-
ancy between the forward and reverse perturbation as given by equation 3.2. This
is shown in figure 3.10. For total energies no particular leg in the cycle can be high-

lighted as responsible for the poor convergence; even the best converged leg (the PBE
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to LDA perturbation) has a discrepancy of greater than 10 kcal.mol~!. The use of
interaction energies however, is much more compelling. All perturbations fall close to
or less than one standard error from zero, with the exception of the PBE to ff99SB
calculations (p-value < 0.05 from an unpaired Student’s t-test that the free energy

differences in either direction are drawn from different distributions).

The magnitude of the free energy differences are considerable when using total en-
ergies. Interpretation of these values should be taken with care as all energies cal-
culated are given with respect to an arbitrary reference value, determined by the
Hamiltonian. The difference in this reference value between Hamiltonians gives very
large apparent free energy differences. The use of the free energy cycles such as in
figure 3.1 accounts for this reference state effect and gives meaningful relative free
energy changes. Interpretation of the values associated with individual legs of the

cycle should be carried out with care.

It might be argued that the convergence of calculations using total energies fails sim-
ply due to the large differences in the size of the energy values associated with each
Hamiltonian. To test for the possibility of numerical instability caused by difference
in reference state, arbitrary constants were used to adjust energy values within indi-
vidual perturbations. This allows for the exponential terms in figure 3.1 to be scaled
to numerically tractable regions and the unadjusted free energy difference can then
be recovered by removing the arbitrary constant used. In practice this procedure was
found to have no effect on the discrepancy of the each perturbation. Moreover, it can
be shown analytically that the discrepancy is invariant with respect to the difference
in reference state between Hamiltonians (see appendix D). As long as care is taken
to avoid numerical overflows in the exponential terms, the difference in scale of the

energy values has no effect on the convergence properties of a calculation.

These results indicate that, in practical terms, the use of single step perturbation
techniques is restricted to interaction energies. In addition to the significantly su-
perior convergence properties of interaction energies, they provide a more intuitive
interpretation for the resulting free energy differences, as differences in the strength
of interaction under different Hamiltonians. For interaction energies, all Hamiltonians
share a naturally defined common reference state, namely the two bases at infinite
separation. In practice, the use of interaction energies is commonplace with hybrid
MM and QM work.6:10:11,12,13,14,7,15,16,17.9 Degpite this prevalence however interaction
energies are not formally correct in the context of free energy calculations based on
the Zwanzig equation which is derived for total energies. A rigorous theoretical and
practical examination of the consequences of using interaction energies are presented
in chapter 4. In practice however, the poor convergence of total energy calculations

leaves little choice but to use interaction energies.

The failure of calculations using total energies is suggestive of poor overlap between

the potential energy surfaces of the different Hamiltonians. That only total energies
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are affected suggests the problem pertains to the intra-molecular degrees of freedom

of the system. This is considered in more detail in a section 3.4.6.

3.4.5. QM MD Trajectories

Within the QM trajectories some examples of proton exchange were observed be-
tween the N-H of the thymidine and the N hydrogen bonding partner of adenosine
(see figure 3.11). Marked exchange events were observed within two of the five trajec-
tories with the LDA functional; this is particularly significant given their short du-
ration. In contrast, the PBE functional demonstrated comparatively little exchange,
only two events occurring within one the five repeats of considerably greater length.
Characterisation of the free energy barrier of proton exchange under the LDA func-
tional was carried out through potential of mean force of constraint (PMFC) calcu-
lations, using CASTEP. This reveals a free energy barrier of around 1.0 kcal.mol™?,
well within the range expected to be crossed due to thermal fluctuations at 300 K.
This value is perhaps underestimated due to the coarse resolution of the PMF and
the short, constrained trajectories used to generate it. The key features of the land-
scape appear to be recreated however, and transitions between the minima occur
across the saddle point. The observation of hydrogen exchange within this system
may also be attributed to the propensity of DFT functionals to underestimate proton

exchange barriers.”?

The comparative rarity of proton exchange events under the more accurate PBE func-
tional suggests that exchange is due to the shortcomings of the LDA functional, lead-
ing to unphysically low barriers within the MD runs. Production of an LDA ensem-
ble is still of considerable value as it is noted that a converged free energy difference
can still be calculated even where the QM Hamiltonian includes non-classical effects,
such as charge transfer or polarisation. Owing to the formulation of the Zwanzig
equation, configurations with very high energies in the classical Hamiltonian (such
as a highly stretched covalent bond in the case of the proton exchange) are negligi-
bly likely to occur under classical dynamics and hence do not contribute to the free
energy difference. Conversely, whilst sampling under the QM Hamiltonian, configu-
rations stabilised by non-classical effects have large negative values of AU and hence

small contributions to the overall free energy difference.

3.4.6. Phase Space Overlap

The failure of calculations to converge with the use of total energies is indicative of
a violation of the requirement for sufficient phase space overlap of not only the MM
and QM potential energy surfaces, but of all the energy models. That this problem
can be ameliorated with the use of interaction energies suggests the practical reason

for the widespread use of this approximation.
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Figure 3.9.: Free energy cycles constructed between all Hamiltonians. A single stan-
dard error for each perturbation is shown, derived from the standard deviation of the
5 repeats of each calculation. As each leg of the cycle has two associated free energy
differences there are multiple different combinations that can be used to construct

a closed cycle. We calculated all combinations and on the right of each diagram
present the minimum, maximum and mean closures of the illustrated cycle. Stan-
dard errors for closures are calculated by summing the variance of each leg of the
cycle involved. Standard errors for mean closures were calculated by taking the aver-
age variance of all possible leg permutations for each cycle. All free energy differences
are in kcal.mol™!.

Perturbation Total Energies Interaction Energies
GAFF < ff99SB | 3.71 x 1073 £3.72 x 102 | 0.98 + 0.00
LDA « ff99SB | 4.38 x 10719 £ 8.75 x 10719 | 0.12 4+ 0.04
LDA < GAFF 1.46 x 10716 +£2.91 x 10716 | 0.08 +0.04
PBE < ff99SB | 5.46 x 107°+£1.20 x 10~* | 0.56 4+ 0.02
PBE < GAFF | 9.77 x 10712 +£1.38 x 10711 | 0.40 &+ 0.03
PBE « LDA 219 x 107°+1.76 x 107° 0.56 + 0.14

Table 3.1.: Opag values for each perturbation using total and interaction energies,
calculated as described in section 3.2.
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Figure 3.10.: Discrepancies for forward and reverse perturbations within the free cy-
cles. One standard error is shown for all results, calculated by summing the variance
of the forward and reverse calculation.

To examine the extent to which using interaction energies improves phase space over-
lap, the value of Opar was calculated for all perturbations using total and interac-
tion energies (table 3.1). Although values of Op4gr cannot profitably be compared
between perturbations due to differing simulation lengths, values for total and inter-
action energies within perturbations can be compared directly as they are produced
from the same data. The use of interaction energies provides between 5 and 16 orders
of magnitude improvement in the value Opagr. The smaller overlap values for interac-
tion energies between the LDA functional and classical potentials can be rationalised
in terms of the proton transfer events seen in the LDA trajectories. It is comforting
to note that the calculated overlap is superior between the PBE functional and clas-
sical potentials, than to the LDA functional. Perhaps unsurprisingly, the specialised
parameters of the ff99SB force field are noted to offer enhanced overlap with the PBE
functional compared to the GAFF force field. Regardless, the values of Opagr pre-
sented for perturbations involving GAFF are still more than sufficient to suggest the

feasibility of the single-step perturbation.

The striking improvement in phase space overlap provided by interaction energies
suggests that the poor total energy results are likely due to the failures in the overlap
of intra-molecular degrees of freedom. Using interaction energies reduces the number
of degrees of freedom that are considered within the perturbation to exclude intra-
molecular terms. Additionally, it is noted generally that intra-molecular potentials
tend to be less ‘soft’ then their inter-molecular counterparts. This suggests that in
general it is easier to satisfy the required phase space overlap for inter-molecular

interactions that have broader probability distributions.

To pinpoint the particular intra-molecular degrees of freedom that give rise to poor
total energy overlaps, a simple analysis restricted to the system bond lengths was
used. From the trajectory data, distributions for all bond lengths under the PBE and

GAFF Hamiltonians were generated, as these are the longest and hence best sampled
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Figure 3.11.: (a) and (b) show example configurations from an LDA MD run, with
the proton exchanged (a) and not exchanged (b). (c) and (d) give time series of rl
and r2 from an example LDA (c) and PBE (d) MD run. (e) Free energy surface of
proton exchange between bases using the LDA functional. The solid lines indicate

the paths taken by the 5 LDA MD trajectories. Dashed contour lines are plotted
every 0.25 kcal.mol .
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Figure 3.12.: (a) Distribution of overlaps between GAFF and PBE ensembles for
covalent bonds in the base pair calculated using equation 3.5. (b) Distribution of
bond C4-0O4 bond of thymidine under different Hamiltonians.

trajectories. Overlaps between the distributions of corresponding bonds under differ-
ent Hamiltonians were then calculated using equation 3.5. The 64 covalent bonds in
the base pair give rise to a distribution of overlaps as shown in figure 3.12a. The ma-
jority of bonds display excellent overlap between the MM and QM ensembles, but a
number demonstrate considerably reduced overlap caused by an offset in equilibrium
lengths. The worst example of this is given in figure 3.12b, showing the C4-O4 bond

within thymidine (using the Amber force field atom naming conventions*3).

Each bonded degree of freedom can be approximated as varying independently with
respect to the other bonds of the system (figure 3.13 shows a correlation analysis
between all bonded degrees of freedom). An estimate of the combined overlap of the
PBE and GAFF Hamiltonians can therefore be obtained by taking the product of the
overlaps for each individual bond. This overlap estimate is limited to a sub-region of
the configuration space of the system as defined by those covalently bonded degrees
of freedom and gives a value of 2.132 x 10~°. This represents a generous upper-bound
on the overlap of the two states as the inclusion of additional degrees of freedom can
only serve to lower the combined overlap of the system. Although the majority of
bonds within the system present an overlap of greater than 0.95, the comparatively
small number with poor overlap values can combine to give a globally poor overlap
between states. This estimate of the overlap falls short of that required for the con-
vergence of calculations using BARY3. As a less efficient estimator, the Zwanzig equa-
tion requires even better phase space overlap between states. The values of Opagr
for the different perturbations presented in table 3.1 support the use of the Zwanzig
equation as they suggest significant overlap is achieved between inter-molecular de-

grees of freedom.
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3.5. Conclusions

The data presented in this chapter constitute a direct validation of the MM to QM
single step free energy perturbation procedure, through completion of the reverse
QM to MM perturbation. This required the generation of extensive ab initio MD
trajectories within a model biological system. The A-T DNA dimer chosen for these
calculations represents a compromise between biological complexity and expense of

calculations. In total over 100 ps of ab initio MD was generated using plane-wave
DFT.

Importantly the practical restriction that perturbations must be carried out with
interaction energies instead of total potential energies is established. Discrepancies
between forward and reverse perturbations are shown to be on the order of 10s of
kcal.mol !, for total energies, but nearing zero for interaction energies. Although
single step perturbation techniques have been used for some time, the requirement to

use interaction energies is often glossed-over or not explicitly stated.

The failure of total energy calculations with the Zwanzig equation is explained in
terms of poor phase space overlap between MM and QM Hamiltonians. Marked dif-
ferences between the phase-space distributions of intra-molecular degrees of freedom
are highlighted as problematic. Although limited to only the covalently bonded de-
grees of freedom, our analysis gives very low upper-bound estimates for total energy
phase-space overlap. This analysis also suggests caution in hybrid free energy work
around the common practice of enforcing bond length constraints. Constraints may
improve overlap between MM and QM ensembles, by removing problematic degrees
of freedom from being sampled, but run the risk of constraining ensembles outside
their global minimum, distorting calculated free energy differences. The extent to
which this problem may be avoided through the use of interaction energies is unclear.
Konig et al. has examined the effect of bond length constraints in a simple hybrid

free energy perturbation of ethane to methanol®.

Interaction energy calculations are demonstrated to exhibit markedly better overlap
between ensembles, and improved convergence of single step free energy calculations.
The presence of non-classical proton exchange interactions between the bases does

not prevent stable convergence of the calculated free energy differences.

In addition to the single step methodology considered here, there have been other no-
table suggestions for hybrid free energy work based around more elaborate sampling
or reweighting techniques”®. The generated QM ensembles to provide a valuable data
set for the analysis of other methodologies, and this is considered chapter 5. The
contents of this paper have been published under the title “Direct Validation of the

Single Step Classical to Quantum Free Energy Perturbation”?4.
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4. Interaction Energies

4.1. Introduction

An aspect of hybrid free energy calculations that is not widely discussed in the liter-
ature is the use of interaction energies. The interaction energy of a system is some-
what subjectively defined. Generally, where the study of the interaction of two com-

ponents of a thermodynamic system are considered3*:

UL =Uap —Ua —Ug (4.1)
Uis" = Uap — ULE" (4.2)

Where the interaction energy, Uj;(jé”, of the two system components A and B is given

by the total energy of the complex, U4p, minus the total energy of each component
in isolation, Uy and Up. We here refer to the combined energies of the isolated sys-
tem components as the system’s intramolecular energy, Ui‘"ém. This definition can be
intuitively applied to systems of common interest for free energy calculations. When
calculating free energies of hydration for instance, the solvent can be considered one
system component and the solute another. In the case of protein-ligand free energy
calculations the protein can be grouped with the solvent as one component and the
ligand treated as the second. Despite the name, the intramolecular energy term may
contain energetic interactions between molecules (eg. solvent molecules), although
never between the two different components of the system. The terminology is some-
what inconsistent therefore and might be better thought of as the intra-component

energy, however we shall proceed with the use of intra-molecular.

As demonstrated in the results of chapter 3 the use of interaction energies is largely
necessitated in the hybrid free energy calculations in order to provide sufficient over-
lap between perturbation end-points . Some benefit is also gained in certain situa-
tions by simplifying free energy cycles, as when using interaction energies, some free
energy differences are necessarily zero, eg. the alchemical transformation of a lig-
and in vacuo. This produces free energy calculations analogous to those used in dual

topology calculations (figure 2.6).

Interaction energies are used within free energy calculations by simply substituting

them in the place of the appropriate total energy values. For instance in the case of
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the Zwanzig equation, equation (2.80) becomes:

. .
AATLT = ] In (exp [—BAU™"]), 3

Where AU™r = yinter — [jinter . The Zwanzig equation is derived with the use of
total energies and we are not aware of any attempt to justify the use of interaction
energies on a statistical mechanics basis. Although it is only explicitly stated in a

6,10,11,12,13,14,7,15,16

few papers it is understood that the use of interaction energies is

implicit in the majority of hybrid free energy work.

Similarly, the effect of interaction energies on calculations using MMBIF and non-
Boltzmann approaches are unknown. In their application to water and methane,
Woods and Mulholland go so far as to keep the solutes entirely rigid, thereby remov-
ing the effect of intramolecular degrees of freedom”. The extent to which this may
be expected to achieve realistic results when applied to more complex systems of

biological interest is unknown. Their approaches are addressed in chapter 5.

A great deal of theoretical uncertainty is introduced through the use of interaction

24,3 and

energies as free energy techniques are formally derived using total energies
the validity of carrying out a straightforward substitution with interaction energies is
not readily apparent. This chapter shall consider the use of interaction energies as a
proxy for total energies in free energy calculations through a thorough first-principles
statistical mechanics analysis. It is shown that under certain conditions interaction
energies fail as an appropriate substitute for total energies. To our knowledge this
forms a novel theoretical critique of common practice in hybrid free energy calcu-
lations and further theoretical observations are made that lay the ground work for
design of appropriate diagnostic tools for use on a calculation by calculation basis.
The derived theoretical results are applied and verified in a series of test systems of
increasing realism. The wider implications in the context of single and dual topology

calculations are also considered.
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4.2. Theoretical Analysis

Here we work from first-principles statistical mechanics to provide some insight into
the effects of using interaction energies in free energy calculations. The use of interac-
tion energies is most common with the single step free energy perturbation (SSFEP)
approach. For this reason interaction energies within SSFEP are used as a starting

point for this analysis. To recap briefly, SSFEP is carried out through application of

the Zwanzig equation?:

Adg1 = —; In{exp[—BAU)o (4.4)

for clarity we reiterate that AAg_,1 is a configurational free energy difference between
the thermodynamic states 0 and 1, where we only consider the potential energy terms
from the system Hamiltonian. All references to total energies in this chapter refer to
total potential energies, as the kinetic energy component can be factorised out and

treated analytically where necessary (see section 2.4). Equation (4.4) is an ensemble

average and can therefore be rewritten as an integral over configuration space?:

AAyg = —éln/Po exp [-BAU (x)] dx (4.5)

Where x are the configurational degrees of freedom of the system and Py is the Boltz-

mann probability term:

Py(x) = TR0 [_EOUO(X)] (4.6)
__exp[—BUp(x)]
[ exp [-BUy(x)] dx (4.7)

the use of interaction energies with (4.4) in practice is carried out by simple substitu-
tion of interaction energies in the place of total energies, to give the interaction free

energy difference:

1

AAgielr _ IB In <exp [_IBAUinter] >0 (48)
ST =L [ P exp [ 3807 (1)

where AU™er = yinter _ gyinter  The Boltzmann probability term P, is unchanged
between equations (4.5) and (4.9) as the Hamiltonian under which sampling is car-
ried out is the same. Although they are used interchangeably in hybrid free energy
work, it is not self evident however, what relation AA%TL_tg” bears to AAg_1. The
Zwanzig equation is derived with the use of total energies and the physical interpreta-

tion of the weighting of interaction energies by the total energy Boltzmann factor is
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3:P(aq) >4:Q(aQ)

Figure 4.1.: Example thermodynamic cycle for the calculation of relative free energies
of hydration of P and Q. The shown numbers are used to label the different states
of the cycle. The free energy of hydration for P and Q are denoted by AAp,qP and
AApyaQ respectively. Whilst AAy_5 and AA3_,4 give the free energy differences
between states 1 and 2 and states 3 and 4 respectively.

AA3—>4

not readily apparent; certainly its treatment as being equivalent to equation (4.4) is

difficult to justify without further analysis.

It should be noted that whilst the values given by equations (4.5) and (4.9) are not
directly equivalent, interaction energies are not employed to calculate individual free
energy differences between two thermodynamic states. Instead they are employed
within thermodynamic cycles to calculate relative free energies of hydration or bind-
ing such that an additional free energy calculation is always performed. For this
reason, we shall proceed by considering the application of equations (4.5) and (4.9)
within the context of a relative free energy of hydration calculation. As given in fig-
ure 4.1 we shall consider the notional relative free energy of hydration of the com-
pounds P and Q. Using equations (4.5) and (4.9) we can give expressions for the rel-
ative free energy of hydration, AAAy,4, and its equivalent using interaction energies
AAA%:;T:

AAApyg = AAs4 — AA1o (4.10)
S ln/P3 exp [—B(Us — Us)] dx + 1 ln/P1 exp [—f(Uz — Up)] dx
B B
(4.11)

Combining logarithms:

1. [ Pyexp[-B(Us — Us)] dx
= B TP e AT — U] dx (112
Expanding P5 and P;:
[ exp [-BUs] exp [—B(Us — Us)] dx
_ 1 Zs
=-3 In [ exp [-BU] exp [-B(Uz — Uy)] dx (4.13)
Z

Expanding Z3 and Z;, and cancelling Us and Us:
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J exp [-BU4] dx
1 [ exp [-BU;] dx
=——1 4.14
. [ exp [—BUs] dx ( )
Jexp [-BU] dx
and:
ANATST = NASY (4.15)
1 . .
=-3 In / Pyexp [—B(UM™" — Us™e")] dx (4.16)
Expanding Ps:
_ _l n f exp [_B(Ugntra + U?z)'nter)] exp [_B(Uinter _ Uénter)] dx (417)
B Z3
Expanding Z3 and cancelling U3
_ _l n fexp [_B(Ugntra + Ui’nter)] dx (4 18)
B [ exp [-BUs] dx '

here the subscripted numbers are used to denote the different thermodynamic states
corresponding to the cycle of figure 4.1. We have made use of the equality noted in
section 2.4.4 to relate the relative hydration free energy to the two alchemical per-
turbations AAs_,4 and AAj_5. Although the total energy expression is the standard
ratio of partition functions, the interaction energy term contains the partition func-
tion of state 3, along with a hybrid partition function containing the intramolecular
terms of state 3 and and the intermolecular terms of state 4. The interaction free
energy difference can therefore be thought of as the perturbation between state 3 and
the hybrid state. Equations (4.14) and (4.18) are general expressions of the relative
free energy difference. We can tailor these for the calculation at hand by noting the

following decompositions for the potential energy at each point in the cycle:

4.19
4.20
4.21
4.22

= U3""*(x) + U™ (x) = Up(x) + U*(x) + U5 (x)

(
(
(
= U7 (x) + U™ (x) = U (x) + U* (x) + U™ (x) (

)
)
)
)

states 1 and 2 correspond to the molecule in vacuo and hence only contain the ligand
energy terms, UL (x) and Uéz (x). The potential energy function used for the ligands
is the same for states 1 and 3 and states 2 and 4 respectively. Additionally states

3 and 4 contain contain solvent molecules as an environment for the ligand and as
such we have introduced the observation that the intramolecular energies can be
decomposed into the contributions of the ligand, U', and the solvent U*. The solvent
molecules intramolecular energy term, U®, is unchanged between states 3 and 4 and

hence not subscripted. We note that this assumption is true in the case of a chemical
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perturbation as considered here. In the case of an MM to QM perturbation where
states 3 and 4, are described at a different level of theory, the energy model used

for the solvent is different between the states and hence separate U$(x) and Uj(x)
potential energy functions would be required. This distinction does not qualitatively
influence the results presented here and the MM to QM perturbation case is not
explicitly considered and we proceed with the more general decompositions as given.
The interaction potential energy terms always vary depending on the ligand present

and hence are distinct between states 3 and 4. From equation (4.14):

[ exp [—ﬁ(U(l;z +U° + Uj;”te’“)} dx
1 N [exp [-B(UL + Us + Uirter)] dx

AAApyg = —=1 (4.23)
p [ exp [—6Ué2} dx
[ exp [—ﬁU{)] dx
and from equation (4.18):
) o Ul Us Uinte'r d
aaagsr — Ly, Jexp [Z0Wp + U+ U] dx (4.24)
Y B [exp [—ﬁ(Ull3 +Us + Ugnte’")] dx

this now looks a little more promising and it is apparent that if cancellations of the
solvent and ligand contributions to the free energy difference were allowed these ex-
pressions would be equivalent. However as currently written in equations (4.19) to
(4.22) all of the potential energy terms are a function of the same set of Cartesian
coordinates, x. We can proceed further by introducing the concept of internal coordi-
nates, which provide an alternate description of the degrees of freedom of molecular

system,” as applied to equations (4.19) to (4.22):

Ur(x') = Up(r)) (4.25)
Us(x!) = U4 (rh) (4.26)
Us(r,q) = U3™"(r) + U™ (v, q) = Up(x') + U°(r*) + U3 (r, q) (4.27)
Ua(r,q) = U™ (x) + U™ (v, q) = UG (x!) + U (x*) + U™ (r, q) (4.28)

we are choosing here to represent U as a function of an internal coordinate set such
that N degrees of freedom x have been subdivided into three different categories. In
general there will be a set of G global degrees of freedom that correspond to rigid
body translations and rotations of the system. These do not contribute to the poten-
tial energy of the system and hence do not appear in the above. Of the remaining N
- G degrees of freedom, a subset r of size L. degrees of freedom can be defined such
that the intramolecular energy is a function of only r . The final N - L - G degrees

of freedom are the interaction degrees of freedom and are denoted q . The interac-
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tion energy of the system can then be written as a function of both r and q . The
ability to write the potential energy in this form is independent of the energy model
used. Thus these results can be readily applied in the context of both MM and QM
calculations. We also note that the intramolecular degrees of freedom can be decom-
posed into those of the ligand being mutated, and the rest of the system, denoted
by the superscripts [ and s. These terms are directly comparable to equations (4.19)
0 (4.22), but written using the internal coordinate system. Whilst U’ and U*® can
be written as functions of their individual degrees of freedom, the interaction en-
ergy terms remain a function of all of non-global degrees of freedom of the system.
Updating equations (4.23) and (4.24) using the internal coordinate system given by
equations (4.25) to (4.28) gives:

Jexp [=BUL0Y) + U5 (%) + U (r, )| dr'drda
1 | [exp [-B(UL(x!) 4+ Us(r®) + Uier (r, q))] drldrsdq

AAApyg = —— 4.29
S J exp [-3U4(x")] .
[ exp [—BUL(xh)] dr!
and:
imter Lo Jexp [=B(UR () + U*(x*) + U™ (r, q))] dr'dr®dq
AAAhyd = Bl fexp [ /8 ( ) US(I‘S) + U?z;nter(nq))] drldrsdq (4.30)

as we have undertaken a change in coordinate system, the contribution of the Jaco-
bian should be considered?®, as each change of the coordinate system is paired within
a fraction, however these contributions to the free energy difference cancel exactly.
Adopting internal coordinates gives expressions with a reduced degree of dependence
between the terms of the potential energy function. However separation of the in-
tegral into a product of simpler terms is still precluded by the interaction energy
term that remains a function of all the degrees of freedom of the system. However, a

separated approximation of the equations (4.29) and (4.30) can be given by:

AAApya
~AAAT) (4.31)
Introducing (r) in the place of r:
J exp [~BUL") + U (%) + U< (1) ,)) | dr'drdg
1, Jep [FBWLEY) + US(r*) + U™ (r)p )] dr'dr*da
J exp [~UL (x| dr’
[ exp [—BUL(x")] dr!
Separating the integrals:

(4.32)
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rS

[ exp [—BU&(rl)} dr! [ exp [-BU*(r*)]
lln [exp [-BUL(rh)] drt [ exp [-BU*(r®)]
[ exp [ BU,

[exp [-8

exp [~BU}"" (), )| da
ex [ Uznter(<r>P ,Q))] dq

dr® [
dr® [ ex
(x)] ar'
Up (r!)]

r!

dr!
(4.33)

Cancelling all intra terms:

1 N [ exp [—BUinter“ﬂQ aQ))} dq (4.34)
B [exp [-pU ({r)p ,q))] dg

and:

AAAT
~ANATEED) (4.35)
Introducmg (r) in the place of r:
fexp [—B(UL(xY) + U (r®) + U™ ((r)p , q))] dr'dridg
ﬂ fexp [—B(UL(x!) + U (r®) + U™ ((r)p , q))] drldrsdg
Separatlng the integrals:
L Jexp [-BUR()] dr' [ exp [-BU*(x)] dr* [ exp [-AU™" ({r)p,q)] dg
5 fexp [ BUé(rl)] dr! [exp [—BU*(r®)] dr® [ exp [—ﬁUg”t”(<r>P ,q)] dq
(4.37)

(4.36)

Cancelling all intra terms:
J exp [-BUF™" ({r)p, q))] dq
= l : 4.38
B Jexp AU (e, )] da (439

where the notation (r) is taken to denote the equilibrium values of the intramolecular
degrees of freedom. Each of these has a subscript denoting the thermodynamic state
from which the averages are taken and dictated by the intramolecular terms within
each integral. The above represents an approach for writing separated approxima-
tions to integrals over multiple variables”®. By including the averaged value of r it
is removed as an explicit degree of freedom that must be integrated over, from here

separation of the integral into its components follows naturally.

The obvious question is under what conditions do equations (4.34) and (4.38) well
approximate their counterparts. It is above noted that each of the integrals within
equations (4.29) and (4.30) corresponds to a partition function which can be related
to the probability distribution of a thermodynamic state by equation (2.6). The full
expressions are well approximate by their separations where the probability distribu-
tions of the system degrees of freedom are unchanged in isolation. This is tantamount
to the requirement that the probability distributions of the intramolecular and in-

teraction degrees of freedom are independent of one another i.e. uncorrelated. For

106



example, consider the separation:

[ e [0 + U ) + U (1)) e

~ [ oxp [-pUbe] dr' [ exp-5U* @] dr* [ exp [~6U (w)q @) da
(4.39)

within the full integral, the probability distribution of the intramolecular degrees of
freedom r is altered by the presence of the U, j”t‘”. The separated expression treats
the intramolecular terms in isolation however, allowing cancellation with the gas
phase term. The more closely the probability distribution of r matches between the
isolated terms and the full interacting system the better the approximation given
by the separated integral expression. This same condition applies in reverse, consid-
ering the effect of the intramolecular energies on the interaction degree of freedom,
with the exception that this time we are simplifying the integral by freezing the in-

tramolecular terms at their averaged values.

In the limit of AAA%? ) and AAAZ':;T(SGP ), providing sufficiently accurate approxi-
mations to equations (4.29) and (4.30), the use of interaction energies in free energy
calculations may be considered comparable to total energies, with a discrepancy

given by:

_ inter
AAA(L?@P) — AAA(Sep) _ AAAinter(sep) _ —ll fexp [ ﬁU4 ((I‘)Q 7q))} dq
dif f hyd hyd B feXp [_/BUinter(<r>P 7q))] dq

(4.40)

interpretation of equation (4.40) requires some care. The difference lies in the equilib-
rium values used for the intramolecular degrees of freedom in the different states of
the cycle. Under what conditions then might this term be expected to be negligible?
The degrees of freedom subsumed in r are r! and r®. The majority of values in (r)q
will be the same as in (r)p excepting those ligand degrees of freedom that are mu-
tated. If the mutated terms lead to significant changes in internal geometry however
this may be expected to generate contributions to equation (4.40). The inclusion of
the solvent intramolecular degrees of freedom meanwhile suggest that changes in the
solvent structure caused by the perturbations in the ligand may also contribute to

this term.

Having noted the lack of rigour inherited through the use of interaction energies,
questions are raised about properties of interaction free energy differences. In partic-
ular, are the free energy differences calculated with interaction free energies pathway

independent? We address this issue through the introduction of an additional A win-

107



dow into the above derivations. For total energies:

AAAZ?)d = (AAs_ 35+ AAzs4) — (AA115 + AA159) (4.41)
_ 1 Z3 1 Z3.5
1 215
Zy
1.z
L (4.43)
A
= AAApyq (4.44)

for interaction energies:

AN (4.45)
=AAPNT S+ AATE, (4.46)
_ 1y Jexp [-BUFM + U§Y")| drdg 1 . [ exp [-B(UYre + Uter)] drdq

B | exp [—BUs] drdq B [ exp [—BUs 5] drdq
(4.47)
FANAGET (4.48)

where AAA}); and AAAZZ;T’Q’\ are the total and interaction free energies of hy-
dration calculated using 2 A windows. As expected AAA,q is invariant with the
number of A windows, as it creates a smooth succession of states i.e. a perturbation
from 3 to 3.5 and then from 3.5 to 4. However this is not the case with the use of
interaction energies. As discussed above, AAAZLZ?T can be understood as the free
energy difference between state 3 and a hybrid of states 3 and 4. The introduction
of a A-window however does not create a connection of states. Rather we have a per-
turbation from state 3 to a hybrid intermediate of states 3 and 3.5, followed by a

perturbation from 3.5 to a hybrid of states 3.5 and 4.

4.2.1. Discussion

In the preceding analysis we have shown that the use of interaction energies, al-
though common place, lacks the theoretical correctness associated with total energies.
This is a prominent disadvantage as one of the noted strengths of free energy tech-
niques is their rigorous theoretical derivation. The use of interaction energies adds
an additional degree of approximation, although the magnitudes of such errors as
will be introduced in calculations with systems of biological complexity are not read-
ily apparent. In this context we have reached the limits of the purely theory-based

analysis as presented here and must move on to consider what can be learned from
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calculations performed in practice. This is carried out in the form of a model ther-
modynamic system in section 4.3, a full protein-ligand system in section 4.4 and an
extension of the model system to consider polarisation in section 4.5. First, however,

some additional observations are made on the basis of theory alone.

Despite the loss of rigour it engenders, the interaction energy expression 4.18, has
advantages with regard to the use of total energies. As previously noted the resultant
simplification of the free energy cycles to exclude a vacuum calculation provides some
computational savings. It might be argued that this is minimal, as simulations in
vacuum are comparatively cheap, but this may not always be the case. Consider the
free energy of hydration of a MM/QM system where the QM ligand is embedded in
MM solvent. Here the MM component of the system contributes negligibly to the
computational requirements in the aqueous phase of the calculation. This entails that
the vacuum simulation of the ligand at the QM level will therefore require almost
exactly as much CPU time to complete. Differing computational requirements of
the gas and aqueous phase will be more prominent as the solvent is modelled more
intensively. However in this case the use of interaction energies reduces the cost of

the computation by approximately half.

A second benefit is also suggested by the separated equations (4.34) and (4.38). The
integral in these terms is reduced to cover only the interaction degrees of freedom.
The number of interaction degrees of freedom are far fewer than the number of in-
tramolecular degrees of freedom. Reducing the dimensionality of the integrals sug-
gests far superior convergence characteristics for the interaction energy expressions
and can be viewed in terms of reducing the requirement for phase space overlap be-
tween states of the perturbation. As only the interaction degrees of freedom con-
tribute directly to the free energy difference, only overlap of the relevant sub-volume
of the total phase space is required. This aspect of the use of interaction energies is

demonstrated in detail in chapter 3.

A valuable distinction can be made between the use of interaction energies in the
context of single and dual topology calculations. The alternative A-coupling approach
used in dual topology calculations is given by equation (2.109). Use of this with any
of the free energy difference estimators leads to the cancellation of intramolecular
energy terms, leaving only the interaction energies. The work of this section has im-
plicitely assumed the use of single-topology calculations, through the form of the
potential energy functions specified. Although superficially single topology with in-
teraction energies and dual topology approaches appear similar, it is shown in ap-
pendix C that interaction energies remain rigorously correct in the context of dual
topology. Despite being unsuitable for single step MM to QM perturbations with
the Zwanzig equation, when combined with some of the alternative approaches con-
sidered in section 2.5, dual topology calculations may provide a way to circumvent

difficulties associated with the use of interaction energies. This is discussed in more
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detail in chapter 5.

There are notable points of comparison warranted between our theoretical analysis
and the work of Boresch??7% related to the treatment of bonded terms within free
energy calculations. Boresch’s treatment is limited to considering the decomposition
of the free energy difference of the ligand degrees of freedom into three different con-
tributions® and uses this to conclude the equivalency of the single and dual topology
free energy calculations. This does not consider the effect of interaction potentials
on the intramolecular degrees of freedom however as their independence is simply
assumed. Our analysis therefore builds on the work of Boresch and considers situa-
tions in which the influence of interaction degrees of freedom violates the assumed

independence.
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Figure 4.2.: Interaction energy model system. The covalent bond is shown as a solid
line whilst the dashed lines denotes Lennard-Jones potentials. Marked are the two
bond lengths r; and 7o that constitute a complete internal coordinate system.

4.3. Model System

Having proposed the theoretical results of the previous section we proceed by explor-
ing the implications of the derived terms in the context of a model thermodynamic

system. The system under consideration is shown in figure 4.2. This meets the crite-
ria of having a well defined interaction energy term but is sufficiently simple to allow
precise solution, through numerical evaluation, of its partition function. As shown in
figure 4.2 the system is composed of three atoms and three potentials in a one dimen-
sional non-periodic box of length L. Atom 1 is kept stationary against the left wall of
the box leaving a system with 2 degrees of freedom. The configuration of the atoms

is also maintained such that ro > 0, i.e. the third atom is not able to pass through

the central atom and maintains its position to the right. The potential energy of this

system is given by:

UmOdel(Tl,’l"Q) :Hm(rl) + LJA(TQ) + LJB(Tl +