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Abstract: This study discusses strategies for the design of permanent magnet motors (PMMs) exploiting two-dimensional
(2D) and 3D field models. Five most common methodologies are compared and errors arising from 2D classical models
considered. Examples comparing 2D and 3D results are presented and discussed for two selected types of motors. An
approach has been put forward which allows the accuracy of classical 2D models to be improved by introducing
correction coefficients arising from preliminary 3D simulations. A possibility of employing quasi-3D models has also
been explored for the design and analysis of PMMs with the stator and rotor lamination packets of different lengths.
Comparative analysis of results has been provided arising from the 2D and 3D models for a classical and a double
rotor PMM.
1 Introduction

Contemporary design and optimisation of permanent magnet motors
(PMM) usually incorporate field models – to achieve desired
accuracy – typically using commercial packages based on the finite
element formulation. Immediately, the designer is faced with an
important decision whether to use the more accurate, but
computationally complex and time-consuming three-dimensional
(3D) simulation or simpler and more efficient, but less accurate, 2D
modelling. When creating 2D models, symmetries are exploited
and components of the field are neglected which have little or no
influence on the main characteristics of the machine. For example,
2D models of the classical machines normally ignore the end
connections of the windings, whereas the magnetic field only in the
cross-section of the main core is considered. It should be noted,
however, that this simplification may not work if the machine is
short and broad. Moreover, the 2D treatment may not capture
correctly all the subtleties of the field in the case of singly and
doubly connected regions with induced currents, for example, in
the starting cage of a line-start permanent magnet synchronous
motor. Another drawback of 2D models is their inability to account
for different lengths of the lamination packets of the stator and the
rotor. This raises the question of how accurate 2D modelling really is.

The authors of this paper have been comparing 2D and 3D
modelling for some time with the purpose of establishing the
applicability of different models in the simulation, design and
optimisation of electromechanical devices. In particular, ways of
predicting the expected differences between 2D and 3D modelling
have been sought; such a priori assessments may often be
misleading and unreliable, thus a more thorough analysis is required.
To improve the accuracy of 2D results, the authors propose to use
correction coefficients which may be established by preliminary 3D
simulations. In the case of an analysis of motors where the lengths
of the stator and rotor lamination packets are different, a quasi-3D
model appears to be the best approach; some comparative analysis
against a full 3D solution is included later in this paper.
2 Strategies for PMM design using field models

Methodologies for the design of permanent magnet machines
evolved alongside the advances in computers and numerical
techniques. Currently, five different strategies may be identified, as
illustrated in Fig. 1. The most common approach relies exclusively
on 2D modelling (Path I) [1, 2], motivated by relative simplicity
and economy of computation. Using a 2D model, it is implicitly
assumed that no flux travels in a particular direction, for example,
along the z-axis, and thus one of the components of the magnetic
flux density is negligible, Bz in this case. Moreover, in the
classical approach it is implied that the lengths of all finite
elements in the direction perpendicular to the 2D surface under
consideration are the same, here assumed to be equal to l2D. As an
example, Fig. 2 shows a 9-edge element (prism) and how it can
be collapsed into a 2D representation; in consequence the edge
element formulation in 3D becomes a nodal formulation in 2D for
a particular component of the vector potential. Finally, some
designers use both models sequentially by following up 2D
computation with 3D verification of the results (Path II).

Classical 2D models must not be used for machines where the
lengths of the rotor and the stator are different or magnets are
skewed [3, 4]. Field distributions are fully 3D in such cases and
require full 3D models. Notwithstanding, in order to avoid
time-consuming 3D calculations, some designers employ
simplified 2.5D or quasi-3D models (Path III). The quasi-3D
models can be applied to machines of different stator and rotor
lengths and where the magnetic field in one direction may either
be neglected or treated approximately [5]. For illustrative purposes,
consider a PM motor where the rotor is longer than the stator
(Fig. 3). A 2D model assumes equal length of the rotor and the
stator and designers using commercial software are often unaware
of the error introduced, thinking erroneously that as the
computation is performed per unit length the difference between
lamination packet lengths does not matter. A quasi-3D model is a
better approach in this case; the magnetic flux in the axial
direction is neglected as in the 2D model, with only two
components of flux density and one component of current density
present. The difference, however, is because of the way in which
the air-gap between the stator and the rotor is represented where a
transition between elements of different lengths l occurs, where
l = l(x, y) as shown in Fig. 3. When creating a discrete model of
this transitional region it is possible to apply the simplification
similar to that of Fig. 2, bearing in mind that the edges in the gap
have different lengths. As a result, when using vector potential
formulation, a quasi-3D model similar to that of Fig. 2 is derived,
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Fig. 1 Strategies for PMM design using field models
in which the reluctances, for example, Rμ,1,1, depend on the
difference between the stator and rotor lengths.

The 2.5D models, also known as multi-slice or multi-layer, are
usually applied to machines with skewed magnets or stator slots.
The formulation relies on ‘slicing’ the region, where individually
the field is treated as 2D, and then ‘stitching’ them together with
some conditions on flux continuity. The 2.5D approach is well
known and often used [4, 6].

Path IV assumes a sequential 3D→ 2D→ 3D approach.
Preliminary 3D simulations allow introduction of correction
coefficients (e.g. equivalent length of the lamination of the motor)
to be then used in design optimisation based on 2D simulation [7].
This approach is universal and allows the designer to learn more
about the device being optimised, in particular study the
sensitivity of the change of parameters on the characteristics, prior
to the actual design, whereas the 2D model can be made more
Fig. 2 9-Edge element (prism)

a Reluctance model of 3D edge element
b Its 2D representation

2

reliable. The 2D results can ultimately be verified using a 3D
model. The approach may also be used for ‘fine tuning’ of 2.5D
and quasi-3D results.

The final strategy, Path V in Fig. 1, utilises a full 3D model all
along, which may have to be used – because of lack of appropriate
symmetry – should the 2D, 2.5D or quasi-3D models fail to
deliver sufficient accuracy [8, 9]. Unfortunately, the heavy
computational burden of 3D simulation often makes this approach
simply impractical.
3 Comparison of 2D classical and 3D models

To illustrate how easy it is to underestimate the errors associated with
2D treatment of 3D fields, a comparative analysis has been
conducted for two selected types of machines: (a) a surface
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Fig. 3 Air-gap representation when stator and rotor are of different lengths
permanent magnet (SPM) motor, with magnets fixed to the outside
of the rotor back iron [10] and (b) a PMM with twin cylindrical
rotors (PMTCR) and Gramme ring winding [11], as shown in
Fig. 4. The ratings and prime parameters of the two motors are
summarised in Table 1. Both motors have been designed and
analysed; the construction of the SPM is well known and often
considered with a 2D model used commonly by most designers.
The PMTCR motor offers some symmetries; notwithstanding a
full 3D model seems more appropriate.

For the electromagnetic field computation, an in-house dedicated
software package has been used based on the edge formulation in
terms of the vector potential, for both 2D and 3D analyses in the
PM machines, where the equations describe the edge values f of
the potential A. It was shown in [12] that the edge element
equations in terms of A are equivalent to loop equations of the
reluctance network (RN). The total number of equations for the
SPM motor – where half of the motor was meshed – was 44 283
for 2D and over 450 000 for 3D, whereas for the PMTCR motor –
where because of symmetry only 1/8 of the machine had to be
modelled – the respective figures were 17 280 and over 580 000
(the numbers quoted for the 3D models refer to motors of nominal
dimensions). For both 2D and 3D edge formulations, the equations
may be written as

kTe Rmkef = kTeQ (1)

where Rμ is the matrix of branch reluctances of RN (see Fig. 2), ke is
the transposed loop matrix of RN for 2D or 3D and Θ represents the
vector of branch magnetomotive forces (mmfs). In the two cases
considered here, the vector Θ may comprise two types of
components: (a) Θm related to branch mmfs in the regions
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containing permanent magnets and (b) Θ0 describing branch mmfs
because of currents in windings. When describing sources, the
electric vector potentials were used, Tm and T0, where Tm is the
magnetisation vector of permanent magnets, whereas T0 describes
the conduction field of currents in windings made of thin wires.
Details about how to establish the components Θm and Θ0 for 2D
and 3D formulations may be found in [12–14] and will not be
repeated here. Instead the procedure for finding the reluctance Rμ,i,j

will be explained. The reluctance may be calculated using the
following integral

Rm, i, j =
∫
Ve

wT
sinwsj dv (2)

where wsi and wsj are facet functions of Si and Sj, Ve is the element
volume and n is a tensor describing the reluctivity of the medium.
In the actual algorithm, an approximation of (2) has been used by
applying the formula

∫ ∫ ∫
Ve

fe(x, y, z) dV = Ve

nw

∑nw
i=1

fe(Pi) (3)

in which nw is the number of nodes of element Pi and fe(Pi) is the
integrand at the node Pi. This expression has been successfully
used to determine the relevant coefficients for both the 3D and 2D
models [15], as well as for the quasi-3D models. The algorithm
developed allows for the calculation of the electromagnetic
torque and electromotive force (emf). It is then possible to
derive relationships of the dependence of the torque and emf on
time or rotor position angle. The electromagnetic torque was
3



Fig. 4 View of motor construction of:

a SPM type
b PMTCR type
established using the Maxwell tensor method [16], whereas ‘emfs’
in the windings wound with thin wires used a formula presented in
[12, 14].
4

In this paper, a comparison of 2D against 3D characteristics has
been undertaken and selected results will be presented. The
electromagnetic torque has been analysed in the time domain
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Table 1 Ratings and main dimensions of the two motors analysed in
Section 3

Parameter SPM motor PMTCR motor

rated power Pm, kW 0.95 18.5
rated speed nn, rpm 1500 822
supply voltage Urms, V 64 500
frequency f, Hz 50 109.6
RMS current Irms, A 9.8 24
number of poles p [–] 4 16
efficiency η, % 0.89 0.91
external motor radius rz, mm 75 170
lamination packet length l2D, mm 50 165
slot pitch region t, ° 90 22.5
magnet angular width γm, ° 61.5 20

Fig. 5 Difference between 3D and 2D calculations of the torque, for two types o

Fig. 6 Difference between 3D and 2D calculations of the torque, for the two typ

Fig. 7 Difference between 3D and 2D calculations of the first harmonic of emf f
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when motors have been supplied with three-phase system of
sinusoidal currents of Irms = 9.8 A for the SPM motor and Irms =
24 A for the PMTCR motor at a torque angle of δ = 90°. Fig. 5
shows the difference εT between the results for the average torque
obtained from 3D and 2D analyses {εT = (T3D− T2D)/T3D·100%}
as a function of the ratio of the length l2D of the packet of
laminations to the external radius rz of motor (see Fig. 4), for the
range 0.166·rz < l2D < 3·rz. Fig. 6 presents the dependence of the
difference εT on the ratio of the angular width of the magnet γm to
the pole pitch t. The difference has been calculated for l2D/rz = 1.

Another comparison, in Fig. 7, looks at the emf under light
running conditions of both motors. The difference εemf between
3D and 2D results {εemf = (e3D− e2D)/e3D·100%} is again
f motors, as a function of l2D/rz

es of motors, as a function of γm/t

or two types of motors
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Fig. 8 Difference between 3D and 2D calculations of the first harmonic of emf as a function of γm/t

Fig. 9 Motor construction of

a SPM with longer rotor, lr > ls
b SPM with shorter rotor, lr < ls
c PMTCR with longer rotor, lr > ls
d PMTCR with shorter rotor, lr < ls

Table 2 Relative differences εT between average torques and εemf
between the first harmonics of the ‘emf’ obtained from 2D and quasi-3D
modelling

Classical 2D
model

Quasi-3D model

εT, % εemf, % εT, % εemf, %

SPM motor with longer rotor 1.62 1.56 −0.12 0.49
SPM motor with shorter rotor −8.93 −10.23 −1.36 −1.04
PMTCR motor with longer rotor 2.72 5.18 −1.56 1.03
PMTCR motor with shorter rotor −7.15 −7.33 −1.73 −1.67
expressed in terms of the ratio l2D/rz = 1, for different ratios of γm/t,
that is the width γm of the magnet to the pole pitch t (see Fig. 8).

An attempt was made to fit analytical functions into the computed
results. For example, for the SPM motor the curve from Fig. 5 was
approximated using the function εT =−2.45·(l2D/rz)−0.925, which
was then incorporated into a design procedure based on 2D
modelling by adding a correcting coefficient. The particularly
encouraging outcome was an observation that after this correction
has been applied the resultant torque in the range l2D∈ (0.166·rz,
3·rz) was within 1.3% (at worst) of the values obtained from full
3D analysis. A similar treatment has been applied to the first
harmonic of the ‘emf’ computed using a 2D model of the PMTCR
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Fig. 10 Differences εnT between the nth harmonic of the function T(α) for
motor of

a SPM
b PMTCR, both with the longer rotors, lr > ls

Fig. 11 Differences εnT between the nth harmonic of the function T(α) for motor

a SPM
b PMTCR, both with the longer stator, ls > lr
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motor. It was found that the relationship between the difference εemf

and the ratio of the average length of a single turn in the 3D model
lw_3D and the length l2D in the 2D model may be expressed as
1emf = 3.48 · lw 3D/l2D

( )
. It should be noted that the above

correction functions are provided for illustrative purpose only. In
the case of the design or performance analysis of a particular
motor, a data set of values of εi should be created describing the
relationships between parameters – such as torque, power, losses,
currents etc. – for the selected proportions of dimensions, but also
different technologies and/or material properties, as discussed, for
example, in [7]. Such a database of differences should be
established individually at the outset of the design process.

The results for the PMTCR motor were somewhat surprising
although. It was anticipated that because of the winding design
(the Gramme winding type) and two-level arrangement of the
magnets, the differences between results of 2D and 3D analysis
would be bigger than those obtained from the comparative
analysis. These smaller than expected differences are likely to
have resulted from weaker end effects in the PMTCR motor than
in the SPM motor, but may also be due to the fact that PMTCR
has a smooth (toothless) stator and a large air-gap between the
magnetic cores of the stator and the rotor, thus leading to smaller
harmonic content in the air-gap flux waveform created by the
permanent magnets.
4 Comparison of 2D classical against quasi-3D
models

In the authors’ opinion in the case of PM motors of different stator
and rotor lengths, the most promising approach is to use a
of
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Fig. 12 Differences 1n emfbetween the n-harmonics of the waveform emf for motor of

a SPM
b PMTCR, both with the longer rotors, lr > ls
quasi-3D model as depicted in Fig. 3. To substantiate this
recommendation, a comparative analysis has been conducted for
the two motors SPM and PMTCR with the ratio l2D/rz = 0.5 where
the rotors have been: (a) prolonged by 6.5% (Figs. 9a and c) and
(b) shortened by 6.5% (Figs. 9b and d ). Both 2D and quasi-3D
models were attempted and results compared with a full 3D
analysis; for the 2D case, the assumption was made of the stator
and rotor to be of equal lengths and equal to the length of the
stator ls (Fig. 9). The edge element formulation and setting up of
the matrix Rμ were described in Section 3.

The comparative analysis is focused on the torque and ‘emf’
characteristics. In torque calculations, a sinusoidal current in the
windings was assumed of a known root-mean-square (RMS) value
(assumed to be 9.8 A for the SPM motor and 24 A for the
PMTCR motor). The 3D results were taken as a benchmark with
which 2D and quasi-3D results were compared. Table 2
summarises the differences εT and εemf between computed torque
and fundamental harmonic of the ‘emf’ for the motors with
elongated and shortened rotors. The differences εnT and 1n emf
related to higher harmonics of the torque as a function of the rotor
position T(α), as well as the ‘emf’ shape at light running, have
also been considered. The differences εnT for the nth harmonic of
the torque T(α) have been calculated from

1nT = Tn 3D − Tn 2D

Tn 3D
· 100% for 2D models (4a)
8

and

1nT = Tn 3D − Tn q3D

Tn 3D
· 100% for quasi− 3D models (4b)

whereas the differences 1n emf for the nth harmonic of the ‘emf’ from

1n emf =
en 3D − en 2D

en 3D
· 100% for 2D models (5a)

and

1n emf =
en 3D − en q3D

en 3D
· 100% for quasi− 3D models (5b)

where Tn 3D, Tn 2D, Tn q3D and en 3D, en 2D, en q3D represent the
differences in the nth harmonic of the torque or emf, respectively,
for the 3D, 2D and quasi-3D models. The calculated differences
εnT and 1n emf are shown in Figs. 10–13.

The results for both motors at various core lengths of the stator and
the rotor indicate that the quasi-3D approach is more accurate than
2D and yields results closer to the full 3D analysis. The ‘worst’
improvement was two-fold for the case of the PMTCR motor with
a longer rotor; all other cases resulted in even better accuracy.
Perhaps this was to be expected intuitively, but having some
quantitative assessment is hoped to be more convincing.
IET Sci. Meas. Technol., pp. 1–10
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Fig. 13 Differences 1n emf between the harmonics of the waveform emf for motor of

a SPM
b PMTCR, both with a longer stator, ls > lr
Finally, magnetic saturation was also considered and it was
concluded that there was very little impact of the magnetic
saturation on the performance characteristics of these types of
machines; this was in fact expected as a consequence of a large air
gap and the relative permeability of the permanent magnets being
close to unity – a common feature of contemporary permanent
magnet machines. Thus, although not completely negligible, the
effect of saturation was found to be marginal; consequently, no
particular results have been included here as they do not add any
useful information to the treatment.
5 Conclusions

In the paper, different strategies for exploiting 2D, quasi-3D and 3D
field modelling for the design and analysis of the PMMs have been
discussed. It has been demonstrated, using particular examples that
the a priori assessment of the accuracy of 2D modelling is difficult
and may be unreliable. The accuracy of the 2D simulation is
influenced not only by the slenderness of the machine, which is a
common view, but also by the actual distribution of sources,
dimensional proportions and properties of materials, as had been
observed before [7]. Thus the initial assessment of the machine
may often be incorrect. It is the authors’ opinion that in the design
process of permanent machines the most reliable is Path IV, where
the main design optimisation is based on a 2D model, which is
IET Sci. Meas. Technol., pp. 1–10
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ultimately verified by a 3D simulation, but prior to the design
stage relevant correction coefficients are introduced (such as
described in [7, 17]) also utilising 3D models. Finally, it has been
pointed out that using quasi-3D models leads to improved
accuracy in cases where stator and rotor are of different lengths.
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