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SUMMARY 10

Survey data are often collected with unequal probabilities from a stratified population. In
many modelling situations, the parameter of interest is a subset of a set of parameters, with the
others treated as nuisance parameters. We show that in this situation the empirical likelihood ratio
statistic follows a chi-squared distribution asymptotically, under stratified single and multi-stage
unequal probability sampling, with negligible sampling fractions. Simulation studies show that 15

the empirical likelihood confidence interval may achieve better coverages and has more balanced
tail error rates than standard approaches, which involve variance estimation, linearization or re-
sampling.

Some key words: Design-based inference; empirical likelihood; estimating equation; inclusion probability; regression
parameter; unequal probability sampling. 20

1. INTRODUCTION

Suppose we wish to fit a model to sample data selected randomly with unequal probabilities.
When the random selection is ignored, estimators based on the assumption of independent and
identically distributed observations may produce invalid inferences, especially if the sampling
design is informative (e.g., Pfeffermann & Sverchkov, 1999, 2003). 25

We consider a design-based inference using empirical likelihood, with parameters defined
through population estimating equations. These allow complex parameters such as linear, non-
linear or generalized linear regression parameters to be estimated. We derive the asymptotic
properties under a sequence of finite populations and a sequence of sampling designs which
allow the sample sizes to tend to infinity (Isaki & Fuller, 1982); op(·) and Op(·) denote the 30

orders of convergence in probability with respect to the sampling design.
Let U be a finite population of units labelled i = 1, . . . , N . Suppose that U is stratified into H

non-overlapping strata denoted by Uh, where h = 1, . . . ,H and ∪H
h=1Uh = U . We assume that

H is bounded. Suppose that nh units are selected independently with replacement with unequal
probabilities pi from Uh, where

�
i∈Uh

pi = 1. Let s = ∪H
h=1sh denote the sample containing 35

the labels of the units selected after n =
�H

h=1 nh draws. The probability distribution of s is
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specified by the sampling design. Let vi be a vector containing the values of a set of variables for
a unit i ∈ U . Under a design-based inference, the vi are fixed, non-random, vectors.

It is common practice to treat without-replacement samples as if they were selected with re-
placement, as long as the sampling fraction, π̄ = n/N , is negligible. This implies a negligi-40

ble bias and slightly more conservative confidence intervals (e.g., Durbin, 1953; Gabler, 1984).
Sampling with replacement and large entropy sampling without replacement (Berger, 2011) are
equivalent when the sampling fraction is negligible (Hájek, 1981, p.112). Large-entropy designs
are mostly used in practice and can be considered as asymptotic designs (Berger, 2011). The
approach proposed here is valid under these sampling designs.45

Empirical likelihood is well-established under the classical independent and identical distri-
bution framework (Owen, 2001). Several empirical likelihood ratio statistics have been proposed
for unequal probability sampling, mostly for single parameters. The pseudo-empirical likelihood
ratio statistic (Wu & Rao, 2006) is based on design effects. Kim (2009) and Chen & Kim (2014)
developed an approach based on Poisson sampling, which is different from the sampling de-50

sign considered in the present paper. The generalized pseudo-empirical likelihood ratio statistic
(Tan & Wu, 2015) does not need design effects under large entropy sampling. Berger & De La
Riva Torres (2016) proposed a different approach, which again does not rely on design effects.
The present proposal is based on Berger & De La Riva Torres’s (2016) approach and deals with
multivariate parameters by profiling.55

Profiling consists in minimizing the empirical likelihood ratio statistic over any nuisance pa-
rameters in the model, thereby allowing inference for the parameter of interest. Qin & Lawless’s
(1994) profiling approach is limited to independent and identically distributed observations and
does not account for the sampling design and the unequal probabilities. We propose to profile
out the empirical likelihood ratio statistic proposed by Berger & De La Riva Torres (2016). We60

show that the empirical likelihood ratio statistic, evaluated at the true value of the parameter of
interest, follows a chi-squared distribution asymptotically.

Binder & Patak (1994) proposed a non-parametric version of likelihood-based score statis-
tics that can be used with nuisance parameters and relies on variance estimates. The bounds of
confidence intervals are the solutions to a system of equations that can be solved numerically.65

Godambe & Thompson (2009, p.92) pointed out that solutions may not exist.
Chen & Sitter (1999) and Zhong & Rao (2000) proposed an algorithm based on profiling

the pseudo-empirical likelihood ratio statistic when stratum totals of auxiliary variables are un-
known. For confidence intervals, the pseudo-empirical likelihood ratio statistic must be adjusted
by variance estimates. The pseudo-empirical likelihood and generalized pseudo-empirical like-70

lihood approaches (Tan & Wu, 2015) are limited to univariate estimating equations. There is no
general multivariate theory on profiling for these approaches.

Pfeffermann & Sverchkov (1999, 2003) considered a semi-parametric approach that requires
modelling the survey weights. The variances of the model parameters are estimated through
linearization or re-sampling (e.g., Pfeffermann & Sverchkov, 1999). In Section 7, we compare75

our approach with that of Pfeffermann & Sverchkov (1999, 2003).
Standard confidence intervals based on variance estimates may perform poorly, when nor-

mality does not hold, as with skewed data and outlying values. Even when normality holds,
heteroscedasticity or model misspecification may affect the coverage of standard confidence in-
tervals (Owen, 1991). Furthermore, coverage may be affected by the bias of linearized or re-80

sampling variance estimators. The proposed confidence interval does not rely on the normality
of the point estimator. It is less computer-intensive than the bootstrap and simpler to implement
than linearization, because it does not require variance estimation or the derivation of linearized
variables. Our simulation studies show that the empirical likelihood confidence interval proposed
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has good coverage and balanced tail errors even when the point estimator is not normally dis- 85

tributed.

2. PARAMETERS AND ESTIMATING EQUATIONS

The parameter ψN ∈ Rb is the fixed finite population vector that is the unique solution to the
population multivariate estimating equation (Godambe & Thompson, 1986),

G(ψ) =
�

i∈U
gi(vi,ψ) = 0b, (1)

where gi(vi,ψ) is a b× 1 finite vector of estimating functions, vi is the vector of variables for 90

unit i, and 0b is the b× 1 vector of zeros. We replace gi(vi,ψ) by gi(ψ) for simplicity.
Inferences about the population parameters can be improved by incorporating known

population-level parameters, which may be available from administrative data, a census or popu-
lation projections (e.g., Hartley & Rao, 1969; Owen, 1991; Deville & Särndal, 1992; Chaudhuri
et al., 2008). Let ϕN be a vector of known population-level parameters, uniquely defined by the 95

solution to the population estimating equation
�

i∈U
fi(vi,ϕ) = 0·

For simplicity, we replace fi(vi,ϕ) by fi(ϕ). The vector ϕN may be of known population means,
totals, ratios, proportions, variances, quantiles or distribution functions of some of the auxiliary
variables within vi; see Berger & De La Riva Torres (2016). We assume that fi(ϕ) does not
depend on ψN , and has a finite dimension. The gi(ψ) may depend on ϕN . 100

3. EMPIRICAL LIKELIHOOD APPROACH FOR UNEQUAL PROBABILITY SAMPLING

3·1. Empirical log-likelihood function
Consider Berger & De La Riva Torres’s (2016) empirical log-likelihood function

�(m) =
�

i∈s
logmi, (2)

where the mi are unknown scale-loads allocated to data points {i : i ∈ s} (Hartley & Rao, 1968).
Let m̂i maximize (2) subject to the constraints mi > 0 and 105

�

i∈s
mi ci = C, (3)

with C =
�

i∈U ci and ci the r-vector

ci =
�
zT
i π̄ −1, fi(ϕN )

T
�

T. (4)

Here, the H-vector zi contains the values of the stratification variables; that is,

zi = (zi1, . . . , ziH)
T, (5)

where zih = πi for i ∈ Uh and zih = 0 otherwise. Here,

πi = nhpi, when i ∈ Uh·
We assume that the zi are known for all the sampled units.
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The vector C is known, because C = ( π̄ −1nT
str, 0

T)T, where nstr = (n1, . . . , nH)
T denotes110

the vector of stratum sample sizes. For the calculation of mi, π̄ −1 can be removed from ci and C
because it cancels in equation (3). We assume that C is an inner point of the conical hull formed
by

�
i∈smici, so m̂i is unique. Berger & De La Riva Torres (2016) showed that

m̂i = (πi + ηTci)
−1, (6)

where the vector η is such that (3) and mi > 0 hold. A modified Newton–Raphson algorithm
(Chen et al., 2002) can be used to compute η.115

The m̂i are always positive and play the role of survey weights. They are also calibrated,
because

�
i∈s m̂i fi(ϕN ) = 0. The calibration property is the consequence of the maximisation

of �(m) and the fact that ϕN is known.
The ci incorporate the information about the sampling design and the population-level pa-

rameter. When we use no population-level information and have a single stratum, we have120

ci = πi π̄
−1, η = 0, so m̂i = π−1

i are the basic design weights.

3·2. Maximum empirical likelihood point estimator
Let m̂∗

i (ψ) maximize �(m) subject to the constraints mi > 0 and
�

i∈s
mi c

∗
i (ψ) = C∗, (7)

with

c∗i (ψ) = {cTi , gi(ψ)T} T, C∗ = (CT, 0T
b )

T, (8)

for a given vector ψ = (θT, νT)T; where gi(ψ) is defined in Section 2. We assume that c∗i (ψ) is125

differentiable with respect to ν for all i ∈ s in a neighbourhood around the true population value
νN . The maximum value of �(m), for a given ϕN , under mi > 0 and the constraint (7) is

�(ψ,ϕN ) =
�

i∈s
log m̂∗

i (ψ)· (9)

The maximum empirical likelihood estimator ψ̂ of ψN is the vector that maximizes (9) over ψ.
Berger & De La Riva Torres (2016) showed that ψ̂ is the solution to

Ĝ(ψ,ϕN ) =
�

i∈s
m̂i gi(ψ) = 0b, (10)

We assume that gi(ψ) are such that equation (10) has a unique solution. Specifically, when m̂i =130

π−1
i , the equation (10) is the design-unbiased estimator of G(ψ), for a given ψ, and ψ̂ is Binder’s

(1983) pseudo-likelihood estimator.

4. INFERENCE IN THE PRESENCE OF NUISANCE PARAMETERS

Suppose that we wish to make inference about a p× 1 sub-parameter θN ∈ Θ ⊂ Rp, where
p < b; that is, ψN = (θT

N , ν
T
N)

T. The vector νN is the q × 1 nuisance parameter, which is not of135

primary interest. Here, νN ∈ Λ ⊂ Rq, q = b− p; and Θ and Λ are compact sets. The parameter
νN is assumed unknown and may need to be estimated when making inferences about θN . We
propose to test and construct a confidence region for the parameter of interest θN by using the
empirical likelihood ratio statistic,

r̂(θ,ϕN ) = 2
�
�(ψ̂,ϕN )−max

ν∈Λ
�(θ, ν,ϕN )

�
, (11)
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where �(θ, ν,ϕN ) = �(ψ,ϕN ) and ψ = (θT, νT)T. It can be shown that �(ψ̂,ϕN ) =
�

i∈s log m̂i, 140

where the m̂i are defined by (6), because (10) holds for ψ̂. In Appendix 1, we propose an algo-
rithm to compute (11).

In Section 5, we show that under regularity conditions and when θ = θN , expression (11)
asymptotically follows a chi-squared distribution with p degrees of freedom under unequal prob-
ability stratified sampling, where p denotes the dimension of θN ; that is, 145

r̂(θN ,ϕN ) → χ2
p (12)

in distribution, as n → ∞.
The pivotal statistics (11) can also be used to construct confidence intervals for a scalar sub-

parameter θN of ψN . In this case, νN denotes the remaining parameters of ψN , so r̂(θN ,ϕN ) follows
asymptotically a chi-squared distribution with one degree of freedom. Thus the α% empirical
likelihood confidence interval for θN is {θ : r̂(θ,ϕN ) ≤ χ2

1(α)}, where χ2
1(α) is the upper α- 150

quantile of the chi-squared distribution with one degree of freedom. The r̂(θ,ϕN ) is a convex
function of θ with a minimum value when θ = θ̂.

5. ASYMPTOTIC PROPERTIES

5·1. Regularity conditions
In this Section, we show that, under a set of regularity conditions, the property (12) holds. 155

We consider that υN−� � n/N � λ, where λ, υ and � are constants such that λ < 1, υ > 0 and
0 � � < 1/2. We assume that the πi and c∗i (ψN ) are such that the following regularity conditions
(Berger & De La Riva Torres, 2016), hold for ψN = (θT

N , ν
T
N)

T:

π̄ max
i∈s

(π−1
i ) = Op(1), (13)

N−1 || Ĉ∗
π (ψN )− C∗ || = Op(n

−1/2), (14)

max
i∈s

|| c∗i (ψN ) || = op(n
1/2), (15)

|| Ŝ∗(ψN ) || = Op(1), || Ŝ∗(ψN )
−1 ||= Op(1), (16)

n−1 π̄ τ
�

i∈s

�
|| c∗i (ψN ) || π−1

i

�τ
= Op(1) (τ = 2, 3, 4), (17)

where

Ĉ∗
π (ψN ) =

�

i∈s
c∗i (ψN )π

−1
i , Ŝ∗(ψN ) = −N−1 π̄

�

i∈s
c∗i (ψN ) c

∗
i (ψN )

Tπ−2
i .

The quantities c∗i (ψ) and C∗ are defined in (8). Here, || · || denotes the Frobenius norm. We 160

consider that c∗i (ψ) is differentiable with respect to ν for all i ∈ s in a neighbourhood around the
true population value νN .

Condition (13) can be found in Krewski & Rao (1981, p.1014) and guarantees that πi and π̄
are of the same order of magnitude. Condition (14) assumes that Ĉ∗

π (ψN ) is
√
n design-consistent,

and can be justified by using the Isaki & Fuller (1982, p.91) sufficient conditions. Chen & Sitter 165

(1999) showed that (15) holds for most unequal probability sampling designs. In the independent
and identically distributed setting, (15) is the consequence of the Borel–Cantelli lemma (Owen,
2001, Lemma 11.2). Condition (15) is a generalization for unequal probabilities. We need to
include the constant π̄ within the definition of c∗i (ψN ) to ensure that (16) holds, but π̄ can
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be omitted for the computation of the function (11). Condition (17) ensures the existence of170

moments (e.g., Krewski & Rao, 1981).
It can be shown that the following simpler set of sufficient and stronger conditions,

π̄ −1max
i∈U

πi = O(1), (18)

n−1
�

i∈s
|| gi(ψN ) ||τ = Op(1), n−1

�

i∈s
|| fi(ϕN ) ||τ = Op(1), (19)

n(1−ζ)φ1N−1
�

i∈U
|| gi(ψN ) ||2ζ = O(1), n(1−ζ)φ2N−1

�

i∈U
|| fi(ϕN ) ||2ζ = O(1)

(20)

175

imply (13), (14), (16) and (17), where τ = 1, 2, 3, 4, ζ = 1, 2 and 0 � φ1,φ2 < 1. The proof
may be found in an unpublished 2016 technical report available from the second author. The
conditions (18) ensure that πi are in the vicinity of π̄ . The conditions (19) and (20) are conditions
on the sample and population moments, which hold when || gi(ψN ) || and || fi(ϕN ) || are both
bounded by constants or when the distributions of the || gi(ψN ) || and || fi(ϕN ) || do not have180

heavy tails.

5·2. Asymptotic properties of the empirical likelihood point estimator
THEOREM 1. Under (13)–(17), and for any ψ such that

n−1 π̄ 2
�

i∈s

�
|| gi(ψ) || π−1

i

�2
= Op(1), (21)

we have that Ĝ(ψ,ϕN ) in (10) is approximately equal to the regression estimator (23); that is,

N−1Ĝ(ψ,ϕN ) = N−1Ĝreg(ψ,ϕN ) + op(n
−1/2), (22)

with185

Ĝreg(ψ,ϕN ) = Ĝπ(ψ)− B̂(ψ,ϕN )
T f̂π(ϕN ); (23)

where B̂(ψ,ϕN ) is a matrix of regression coefficients defined by

B̂(ψ,ϕN ) = v̂ar{f̂π(ϕN )}−1 ˆcov{f̂π(ϕN ), Ĝπ(ψ)}·
Here,

f̂π(ϕN ) =
�

i∈s
fi(ϕN )π

−1
i , Ĝπ(ψ) =

�

i∈s
gi(ψ)π

−1
i

v̂ar{f̂π(ϕN )}=
�

i∈s
f̆i(ϕN )f̆i(ϕN )

T−
�

i∈s
f̆i(ϕN )z̆i

T

��

i∈s
z̆iz̆i

T

�−1�

i∈s
z̆if̆i(ϕN )

T, (24)

ˆcov{f̂π(ϕN ), Ĝπ(ψ)}=
�

i∈s
f̆i(ϕN )ği(ψ)

T−
�

i∈s
f̆i(ϕN )z̆i

T

��

i∈s
z̆iz̆i

T

�−1�

i∈s
z̆iği(ψ)

T,190

f̆i(ϕN ) = fi(ϕN )π
−1
i , and ği(ψN ) = gi(ψN )π

−1
i ·

The proof can be found in the Supplementary Material.
The matrix v̂ar{f̂π(ϕN )} is the stratified Hansen & Hurwitz (1943) variance estimator of

f̂π(ϕN ). The matrix ˆcov{f̂π(ϕN ), Ĝπ(ψ)} is an estimator of the covariance between Ĝπ(ψ)

and f̂π(ϕN ). Expression (22) implies that the maximum empirical likelihood estimator of ψN195
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is asymptotically design-consistent. Expression (23) is the asymptotic design-optimal regression
estimator proposed by Berger et al. (2003).

5·3. Asymptotic distribution of the empirical likelihood ratio statistic
For (12) to hold, r̂(θN ,ϕN ) needs to converge to a quadratic form, which has a chi-squared

distribution asymptotically. This is supported by the following Theorem. 200

THEOREM 2. Under (13)–(17), we have that r̂(θN ,ϕN ) converges to a quadratic form; that is,

r̂(θN ,ϕN ) = Ĝreg(ψN ,ϕN )
T Q̂(ψN ,ϕN ) Ĝreg(ψN ,ϕN ) +Op(n

−1/2), (25)

where

Q̂(ψN ,ϕN ) = (Ib − Â◦) V̂ −1
reg ·

Here, Ib denotes the b× b identity matrix and

Â◦ = V̂ −1/2
reg ∇̂◦

g

�
∇̂◦T

g V̂ −1
reg ∇̂◦

g

�−1∇̂◦T
g V̂ −1/2

reg ,

∇̂◦
g =

�

i∈s

∂ğ◦i (ψ)
∂ν

���
ψ=ψN

,

ğ◦i (ψ) = ği(ψ)− B̂(ψ,ϕN )
T f̆i(ϕN )·

The definition of ği(ψ), f̆i(ϕN ) and B̂(ψ,ϕN ) can be found in Theorem 1. The random matrix
V̂reg is the stratified Hansen & Hurwitz (1943) variance estimator of the regression estimator 205

Ĝreg(ψN ,ϕN ); that is,

V̂reg =
�

i∈s
ğ◦i (ψN ) ğ

◦
i (ψN )

T −
�

i∈s
ğ◦i (ψN ) z̆i

T

��

i∈s
z̆i z̆i

T

�−1�

i∈s
z̆i ğ

◦
i (ψN )

T· (26)

The proof can be found in the Supplementary Material.
For the property (12) to hold, we need to show that the quadratic form in (25) follows a chi-

squared distribution asymptotically. This can be achieved by assuming that the sampling design
is such that 210

V̂ −1/2
reg Ĝreg(ψN ,ϕN ) ∼ N (0b, Ib) (27)

holds. Evidence for the normality of the regression estimator can be found in Scott & Wu
(1981). Under sampling with replacement, standard large-sample theory can be used to show
(27) (Prášková & Sen, 2009). By using expression (25) and condition (27), the random variable
r̂(θN ,ϕN ) given by expression (11) follows asymptotically a chi-squared distribution with p de-
grees of freedom, because (Ib − Â◦) is a symmetric idempotent matrix with trace p, where p is 215

the dimension of θ. Hence, property (12) holds.

6. STRATIFIED CLUSTERED POPULATION

The population may be subdivided into a large number M of small disjoint finite subsets
Ũi (i = 1, . . . ,M) called clusters. Consider a stratified with-replacement sample s of n clus-
ters selected with unequal probabilities. For example, clusters may be selected with proba- 220

bilities proportional to their sizes. Units are sampled within the selected clusters. Let ψN be
the unique solution to the equation (1), which can be re-written as

�M
i=1 gi·(ψ) = 0b, where

gi·(ψ) =
�

j∈Ũi
gij(ψ). Here, gij(ψ) = gij(vij ,ψ) is the estimating function for a unit j ⊂ Ũi,

where vij is the corresponding vector of variables defining ψN .
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We propose to use an ultimate cluster approach (e.g., Hansen et al., 1953) described as fol-225

lows. Let ĝi·(ψ) be an unbiased estimator of gi·(ψ) for a given ψ. The approach proposed in the
previous sections can be used by treating the clusters as sampling units. That is, we substitute
gi(ψ) by ĝi·(ψ) in (8). Now, pi is the selection probability of the ith cluster. With population-level
information, the fi(ϕN ) in (4), are defined at cluster-level. When ϕN is a function of unit-level
variables, the fi(ϕN ) are replaced by unbiased estimates (e.g., Estevao & Särndal, 2006).230

We assume that the regularity conditions (14)–(17) hold with gi(ψN ) replaced by ĝi·(ψN ). The
equation (25) shows that r̂(θN ,ϕN ) is approximated by a quadratic form with an ultimate cluster
covariance matrix which is consistent as long as n/M = o(1) (e.g., Särndal et al., 1992, Ch.4).
Hence, r̂(θN ,ϕN ) follows a chi-squared distribution asymptotically as n → ∞.

7. SIMULATION STUDY235

7·1. Approaches considered
We compare the Monte Carlo performance of the empirical likelihood confidence inter-

vals with those based on Wald’s parametric test statistic, the Q-weighted approaches, pseudo-
likelihood and the rescaled bootstrap (Rao et al., 1992). The linearization approach (Binder,
1983) is omitted, because with the models considered, pseudo-likelihood or Q-weighted ap-240

proaches reduce to linearization.
Q-weighted approaches are based on a Q-weighted estimator of the estimating equation (1).

Q-weighted confidence intervals are based on linearization (Binder, 1983). We consider two ver-
sions. The Q-weighted 1 confidence interval is based on the design-based Hartley & Rao (1962)
variance estimator. The Q-weighted 2 approach uses the conditional variance estimator (Pfeffer-245

mann & Sverchkov, 2003). The Wald and the Q-weighted approaches do not take into account
the population-level information. Pseudo-likelihood confidence intervals rely on a variance esti-
mator of an estimating equation, for a given value of θ. Binder & Patak (1994) mentioned two
versions, denoted pseudo-likelihood 1 and 2. For the pseudo-likelihood 1 confidence interval,
we replace ψN in the variance estimator by its estimate. With the pseudo-likelihood 2 approach,250

the nuisance parameter is kept as a function of θ. The rescaled bootstrap consists in selecting
B = 1000 bootstrap samples of size m = n− 1. The quantiles of the 1000 bootstrap values are
used for the confidence intervals.

We consider 95% confidence intervals. The standardized length is the average length of the
confidence interval divided by {2× 1·96√MSE(θ̂)}, where MSE(θ̂) is the Monte Carlo mean255

square error of the point estimator. The ratio of average lengths is average length divided by
that of the empirical likelihood confidence intervals. We also consider the standard deviation
of the confidence intervals’ lengths. The ratio of standard deviations is the standard deviation
of the lengths divided by that of the lengths of the empirical likelihood confidence intervals.
Shapiro & Wilk’s (1965) test is used to assess the normality of the point estimators. In all cases,260

we selected 1000 random samples by using the randomized systematic sampling design with
inclusion probabilities πi and a single stratum. We used the Hartley & Rao (1962) variance
estimator for approaches requiring variance estimates.

7·2. Linear regression
We generate a population of size N = 10,000 according to the model proposed by Hansen,265

Madow & Tepping (1983),

yi | xi ∼ Γ{0·04x−3/2
i (8 + 5xi)

2, 1·25x3/2i (8 + 5xi)
−1}, with xi ∼ Γ(2, 5),
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Table 1. Hansen et al. (1983) population. 95% confidence intervals of the slope of (28).
Shapiro & Wilk p-value � 0·49. n = 500. 1000 randomized systematic samples

Observed Lower tail Upper tail Standardised Ratio Ratio
coverages % error rates % error rates % length average standard

lengths deviations

Empirical likelihood 94·8 3·1 2·1 0·98 1·00 1·00
Wald 76·6* 23·8* 0·1* 0·63 0·96 0·53
Q-weighted 1 95·7 3·0 1·3* 0·99 0·86 0·63
Q-weighted 2 96·2 2·7 1·1* 1·03 0·89 0·64
Pseudo-likelihood 1 94·0 3·5* 2·5 0·95 0·97 1·07
Pseudo-likelihood 2 94·8 3·3 1·9 0·97 0·99 1·09
Bootstrap 96·5* 2·4 1·1* 1·03 1·05 0·91

∗: Coverages or tail error rates significantly different respectively from 95% or 2·5%, p-value � 0·05.

Table 2. Linear model with outlying values. 95% confidence intervals of the slope. Shapiro
& Wilk p-value = 0·057. n = 500. 1000 randomized systematic samples

Observed Lower tail Upper tail Standardised Ratio Ratio
coverages % error rates % error rates % length average standard

lengths deviations

Empirical likelihood 95·0 2·5 2·5 1·05 1·00 1·00
Wald 94·1 2·8 3·1 0·96 0·91 0·33
Q-weighted 1 93·3* 4·9* 1·8 0·97 0·93 0·69
Q-weighted 2 93·7 4·6* 1·7 1·00 0·95 0·71
Pseudo-likelihood 1 93·3* 4·9* 1·8 0·97 0·93 0·69
Bootstrap 94·1 4·1* 1·8 1·00 0·95 0·71

∗: Coverages or tail error rates significantly different respectively from 95% or 2·5%, p-value � 0·05.

where Γ(· , ·) denotes the gamma distribution. The sample size is n = 500. The πi are propor-
tional to zi = 5 + yi + xi + �i, where �i are generated from the unit exponential distribution.

The following linear regression model is fitted to the sample data,

yi = ν + θxi + σiei, (28)

where σi = x
3/4
i and the ei denote the residuals. Thus, 270

gi(ψ) = (1, xi)
T(yi − ν − θxi)σ

−2
i , (29)

where ψ = (θ, ν)T. Let ψN = (θN , νN )
T be the solution to (1) with gi(ψ) given by (29).

The parameter of interest is the slope θN , and the intercept νN is the nuisance parameter. In
Table 1, we do not reject the normality of the point estimators, because the Shapiro & Wilk test
p-values are greater than 0·49. The coverages of θN for Wald and bootstrap confidence intervals
are significantly different from 95%. The Q-weighted confidence intervals are the most stable, 275

because they have a smaller ratio of standardised length, but the upper tail error rates are sig-
nificantly different from 2·5%. The rescaled bootstrap has the widest confidence intervals on
average.

In the Supplementary Material, the significance of the intercept in (28) is tested by treating the
slope as the nuisance parameter. For sample sizes less than 300, the empirical likelihood test has 280

higher rejection rates than the model-based F-test, the Wald-test, the pseudo-likelihood tests and
the Q-weighted tests.
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7·3. Linear regression with outlying values
We consider a population of size N = 10,000. We generate population values by using

yi = 1 + xi + σei, where xi ∼ N(8, 1), ei ∼ N(0, 1), and σ = 0·75. We replace 5% of the285

yi by small values generated randomly from the uniform distribution U(mini∈U yi, u1), with
u1 = y(0·25) − 1·5(y(0·75) − y(0·25)), where y(0·25) and y(0·75) are respectively the lower and
upper quartiles of yi (i ∈ U). We replace 5% of the yi by large values generated from
U(u2,maxi∈U yi), with u2 = y(0·25) + 1·5(y(0·75) − y(0·25)). The inclusion probabilities πi are
equal to π̄ .290

The parameter ψN is the solution to (1) where gi(ψ) given by (29) with σi = 1. The slope is
the parameter of interest. Table 2 shows that the empirical likelihood approach gives the correct
coverages and tail error rates. The other confidence intervals have marginally lower coverages,
but are slightly shorter and more stable. The distribution of the point estimator departs from
normality, because the Shapiro & Wilk p-value is 0·057. This explains the lower coverages of the295

alternative approaches. The pseudo-likelihood 2 approach is omitted from Table 2, because the
pseudo-likelihood 2 confidence intervals did not exist for some samples (Godambe & Thompson,
2009, p.92).

7·4. U.K. Labour Force Survey
We apply our approach to the first quarter 2011 U.K. Labour Force Survey, which contains data300

for 16–60 year-old females and 16–65 year-old males. We quadrupled the dataset to create an
artificial population of size N = 13,048. The πi are proportional to the reciprocal of the survey
weights provided in the dataset. The variable yi is the binary variable: yi = 1 if the individual i is
unemployed for one year or more; yi = 0 otherwise. The variable xi specifies the gender, xi = 1
for male and xi = 0 for female. We consider the logistic regression model with the response305

variable yi and one explanatory variable, xi,

gi(ψ) = (1, xi)
T
�
yi − exp(ν + θxi){1 + exp(ν + θxi)}−1

�
(30)

where ψ = (θ, ν)T. Let ψN = (θN , νN )
T be the solution to (1) with gi(ψ) given by (30). The

parameter of interest is the slope θN .
In Table 3, the coverages are similar and not significantly different from 95%. The rescaled

bootstrap confidence intervals are less stable. The Q-weighted 1 approach is the same as lin-310

earization (Binder, 1983), because the same variance estimator is used and the point estimators
are the same when xi is a binary variable. Population-level information is considered in the
Supplementary Material. Similar coverages and tail error rates are observed.

8. DISCUSSION

There are analogies between empirical likelihood and calibration (Deville & Särndal, 1992),315

although they differ. Empirical likelihood gives survey weights (6), which are naturally calibrated
because of the maximisation of empirical log-likelihood function (9), and the fact that a known
population parameter is fixed within the function (9). The empirical likelihood approach does
not always require population-level information. With the calibration approach, the calibration
distance function is only used to derive calibration weights for point estimation, and plays no role320

in testing or constructing confidence intervals. The empirical log-likelihood (9) is used for point
estimation, testing and confidence intervals. Calibration relies on linearized variance estimates.
Variance estimation is not needed for empirical likelihood. The empirical likelihood weights are
positive and asymptotically optimal. Calibration weights can be negative and not necessarily
asymptotically optimal.325
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Table 3. U.K. Labour Force Survey data. 95% confidence intervals of the slope of the logistic
model. Mean squared error of the point estimator = 0·03. Shapiro & Wilk p-value > 0·6.

n = 600. 1000 randomized systematic samples.

Observed Lower tail Upper tail Standardised Ratio Ratio
coverages % error rates % error rates % length average standard

lengths deviations

Empirical likelihood 94·9 2·4 2·7 1·01 1·00 1·00
Wald 94·2 3·4 2·4 1·00 0·97 0·92
Q-weighted 1 94·4 2·5 3·1 0·99 0·98 0·97
Q-weighted 2 95·1 2·2 2·7 1·01 1·00 0·99
Pseudo-likelihood 1 94·2 3·0 2·8 0·99 0·98 1·01
Pseudo-likelihood 2 94·3 2·9 2·8 0·99 0·98 1·04
Bootstrap 94·6 2·4 3·0 1·01 1·00 1·86
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SUPPLEMENTARY MATERIAL 330

Supplementary Material available at Biometrika online includes the proof Theorem 1 in Ap-
pendix 2, the proof of Theorem 2 in Appendix 3, additional simulation studies in Appendix 4
and examples of estimating equations in Appendix 5.

APPENDIX 1
An algorithm for computing the empirical likelihood ratio statistic 335

As the m̂∗
i (ψ) maximize �(m) under the constraint (7), for a given ψ = (θT, νT)T, we have that

m̂∗
i (ψ) = {πi+

∗
η(ψ)Tc∗i (ψ)}−1, as in expression (6), where ∗

η(ψ) is such that constraint (7) holds. Equiv-
alently, ∗

η(ψ) is the solution to

Υ1(η, ν) =
�

i∈s

�
πi+

∗
η(ψ)Tc∗i (ψ)

�−1
c∗i (ψ)− C∗ = 0r+b· (A.1)

Let �(θ, ν,ϕN ) = �(ψ,ϕN ). By using (9), we have

�(θ, ν,ϕN ) = −
�

i∈s

log{πi+
∗
η(ψ)Tc∗i (ψ)}· (A.2)

In order to compute (11), we need to maximize (A.2) over ν. Let ◦
ν(θ) be the vector ν that maximizes 340

(A.2) for a given value of θ. As c∗i (ψ) is assumed to be differentiable with respect to ν, the vector ◦
ν(θ) is

the solution to

∂�(θ, ν,ϕN )

∂ν
=

∂
∗
η(ψ)T

∂ν

�

i∈s

m̂∗
i (ψ) c

∗
i (ψ) +Υ2{∗η(ψ), ν} = 0q, (A.3)

with Υ2{∗η(ψ), ν} =
∗
η(ψ)T

�
i∈s m̂

∗
i (ψ)∂c

∗
i (θ, ν)/∂ν. Here, c∗i (θ, ν) = c∗i (ψ), with ψ = (θT, νT)T.

Equation (A.3) reduces to

Υ2{∗η(ψ), ν} = 0q, (A.4)
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because
�

i∈s m̂
∗
i (ψ) c

∗
i (ψ) = C∗, as the m̂∗

i (ψ) satisfy constraint (A.1) and ∗
η(ψ)T C∗ = 0, see Lemma345

1 in Appendix 3.
Let ◦

ν=
◦
ν(θ) and ◦

η =
∗
η(

◦
ψ) with

◦
ψ= {θT,

◦
ν(θ)T}T. By definition, the vectors ◦

η and ◦
ν satisfy the equa-

tions (A.1) and (A.4). In other words, ◦
η and ◦

ν are the solutions to

Υ(η, ν) = 0r+b+q, (A.5)

where Υ(η, ν) = {Υ1(η, ν)
T,Υ2(η, ν)

T}T.
A root-search algorithm, such as the Newton–Raphson algorithm can be used to solve equation (A.5).350

This algorithm is based on the Taylor approximation of Υ(η, ν) in the neighbourhood of (ηT
t , ν

T
t )

T:

Υ(η, ν)−Υ(ηt, νt) � ∇̂(ηt, νt)

�
η − ηt
ν − νt

�
, (A.6)

where

∇̂(η, ν) = ∂Υ(η, ν)/∂(ηT, νT)T· (A.7)

The iterative Newton–Raphson algorithm consists in combining (A.5) and (A.6) to obtain the following
recursive formula.

∇̂(ηt, νt)

�
ηt+1 − ηt
νt+1 − νt

�
= −Υ(ηt, νt)· (A.8)

For the first iteration (t = 0), η0 = 0 and ν0 = ν̂, where ν̂ is the maximum empirical likelihood estimate355

of νN . The solution (ηt+1, νt+1) to the system of equations (A.8) gives a new set of vectors used for the
next iteration. We repeat this process until convergence. At convergence, we have ◦

η and ◦
ν.

Finally, by using (A.2), we have

max
ν∈Λ

�(θ, ν,ϕN ) = �(θ,
◦
ν,ϕN ) = −

�

i∈s

log{πi+
◦
η Tc∗i (θ,

◦
ν)}· (A.9)

We obtain the value of r̂(θ,ϕN ) by substituting (A.9) into (11).
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