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Abstract

In this paper we present a new method for optimizing designs of experiments for non-
linear mixed effects models, where a categorical factor with covariate information is a
design variable combined with another design factor. The work is motivated by the need
to efficiently design pre-clinical experiments in enzyme Kinetics for a set of Human Liver
Microsomes. However, the results are general and can be applied to other experimental
situations where the variation in the response due to a categorical factor can be partially

accounted for by a covariate. The covariate included in the model explains some systematic



variability in a random model parameter. This approach allows better understanding of the

population variation as well as estimation of the model parameters with higher precision.
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1 Introduction

Nonlinear mixed effects models have been extensively used in various applications, in particu-
lar in evaluation of the population pharmacokinetic and pharmacodynamic parameters in drug
development studies, see for example Chapter 5 of Fitzmaurice et al. (2009). It has been shown
that design optimization in the mixed models approach can reduce the number of observations
per individual and at the same time provide good predictions of the individual responses as
well as good estimates of the population parameters including their variances. This is par-
ticularly important in studies in which many observations per individual are not feasible, for
example when the patients are small children. Further improvements are possible by including
covariates which are partially responsible for the inter-individual variability of the observed

responses.

There has been some work done on covariate selection in non-linear mixed effects model build-
ing. Wu and Wu (2002) consider such a method in application to HIV data (viral decay rate),
which are usually very sparse for individuals, although the number of individuals and the inter-
individual variation may be large. There is also a large number of covariates available but only
some of the covariates are related to the base model parameters and account for inter-individual
variation in the measured viral decay rate. The authors compared various methods of choosing

a model given the data when there are missing covariate values. There is however an important



open question of how to choose the experimental variables so that the observed responses (data)
are most informative. The main design variable in this instance is the time of measuring decay
rate, but then the question is which individuals, that is which covariate values, will give best

information for the efficient model building and evaluation.

Ding and Wu (2001) added an indicator variable as a covariate in their mixed effects model of
viral decay for antiviral drugs in HIV to represent a treatment. The model parameters depend
on the covariate. They compared type I errors for various tests for the hypothesis of equality
of the treatment effects. In Wu and Ding (2002) they examined the effect of various sampling
times on the power for identifying a treatment difference. Retout et al. (2007) showed the
efficiency of D-optimum designs on the Wald test for such differences. However, they did not

consider the choice of covariate values in the design optimization.

Denti et al. (2010) showed that relating the model parameters to a selection of covariates can
decrease significantly the inter-subject variability due to random individual effects. A part of
the population variability can be explained by the covariates. They also pointed out that this can
lead to savings in the numbers of individual observations and so to increasing the efficiency of
the experiments. They also noted the potential of including covariate information at the design

stage. We are not aware, however, that this has been done.

Our work was initially motivated by applications in pre-clinical studies of evaluating potential
drug-drug interactions. The in-vitro experiments are done in Human Liver Microsomes (HLM)
as it is in the liver that most of the enzymes responsible for metabolism occur. These are
Cytochrome P450 enzymes (CYPs) and they can be partly responsible for the inter-HLM (inter-

subject) variability in respect of the drug metabolism, cf. Hasler et al. (1999).

Belle et al. (2000) showed that population analysis of sparse data can reduce coefficients of vari-



ation of some parameters in enzyme kinetic models. In experiments with HLMs they expressed
the inter-HLLM variability in terms of the parameter V,,,,, of a two-enzyme kinetic model. They
also found that the variability in this parameter was related to activity of CYP1A2. Including
the activity as a covariate into the model reduced the coefficient of variation (CV) of the param-
eter estimator from 70% to 39% and it also reduced slightly the error variance estimator’s CV

(intra-HLM variability). They do not however consider optimum planning of the experiment.

In this paper we present a method of planning experiments where covariates are treated as
design variables whose values are chosen, from the set of values in the available subjects, by
the experimenter in combination with other treatment factors. In Section 2 we present notation
for a general model and a population design, as well as a design optimality criterion. We also
derive the model approximation and the information matrix form. Section 3 is devoted to the
application in enzyme kinetics. We also show how the criterion of optimality can be extended
to allow for a model transformation in case the residuals do not follow the model assumptions.
We briefly present the numerical optimization algorithm and the results. Finally we comment

on our findings and in Section 4 we give brief conclusions.

2 Theory and methods

2.1 Modelling

Assume that we intend to study the effect of a treatment factor on members of a population. We
denote by x a vector of levels of a treatment factor, continuous or discrete, although in regres-
sion models they are usually continuous, such as concentration of a drug injected into blood

plasma, time of taking measurements or temperature at which a chemical reaction is run. We



also assume that the population under investigation is diverse in its nature and the diversity can
be partially explained by some concomitant variables (covariates) of the population members.
These, for example, could be size of a tumor, its grade and a number of affected lymph nodes of
cancer patients taking part in a clinical trial or enzyme activity in drug metabolism in preclini-
cal studies. We denote by z a vector of such covariates. If the purpose of the experiment is to
estimate and make inferences on some treatment parameters, then the following question arises:
are some values of the covariates more informative than others and, if so, what combinations
of individuals with the values of the treatment factors should be used? In Section 3 we show
that we can improve the efficiency of estimation of Michaelis-Menten model parameters by an
optimum selection of liver tissue preparations characterized by enzymes’ activities combined

with levels of concentration of the drug under investigation.

We denote by I, a set of available elements of the population S, that is, I, = {1,2,...,s} and
by I,y any subset of I, of size n, that is I,y = {(1),(2),...,(n)}, where the round brackets
are used to index the elements in /,,). For example, I, could be all potential HLMs which could
be included in an experiment and [,y a set of HLMs actually selected for the experiment. We
could also think of S as a treatment factor with s available levels. For simplicity, we will call
the elements of population S subjects. Furthermore, let x € X C Rt andlet 2 € Z C RY,

where ¢ and ¢ are some natural numbers.

In general terms, we can write a response model for the j-th value of «, (k)-th subject and i-th

replication as follows,

Yij(k) = n(a:j(k)aﬁ(k)) + €ij(k)s 1=1,... » Tj(k)s Jj=1... y TU(K) (k') € [(n)7 (2.1)

where 7) is a model function relating the response to the runs of the experiment. In most appli-

cations relevant to the work presented in this paper it is a non-linear function with respect to



both the explanatory variables and the parameters. Furthermore, 3y denotes a p-dimensional
vector of functions of the covariates z(;) associated with the (k)-th subject, unknown constant

parameters 3 € RP' and a p,-dimensional vector of random effects b(k), that 1s,

9in (B, by, 2))
B = : ;
9ky(Bs bry, Z())
where functions g can be linear or non-linear with respect to both the parameters and the co-

variates.
(k)

The total number of observations is N' = >/ > 21 Titk) = D (myer,,, Mk Where my) =

> ik, Ti(k)- We assume that
by ~ Ny (0,%), €3y lbey ~ Ning,, (0,02T)  forall (k) € I, (2.2)

where ;) denotes the vector of random errors for subject (k). We denote by -« a vector of all

the model parameters of interest, that is

p2(p2—1) 1
v = (8% 0" e RMHFET X R (2.3)
where 87 = ( B,,) and o = (o2 o2 .o o 02) consists of the vari-
1y Ppy 1o s Upys U12y + o5y Upa—T1,pay Y

ances and covariances of the random effects vector b (elements of matrix 3) and the error

variance.

2.2 Design

Each subject (k) € I, is characterized by some covariates 2 ;). For an efficient experiment we

need to choose subjects, which implies the relevant levels of the covariates, paired with values



of the vector x. A set of such pairs for subject (k) is denoted by

( )
Z1(k) Zn ) (k)
§wy =9 \ @i Togyy ] (0 F) € Loy Ty € X, 20y € RIO, 750 € N
\ rl(k;) Ce Tn(k)(k)
Wy
(2.4)
o . Zi(k) _ ,
The replications 7 of the support points are natural numbers, that is we consider
Lj(k)

exact designs. Further in this paper we assume that for a given level (k) the same covariates
are used and we assume that their values do not change with the changes in . Hence, index j

in z;() can be omitted and the design (2.4) can be written in the following way

wl(k) a:n(k)(k)
k) = D Z(k) (- (2.5)

Tl(k) Tn(k)(k)

The experiment is performed over a subset I,y of the available subjects of population S and

the design for the subset is denoted by

C={), -, &m} (2.6)

We call ¢ a population design, where subjects (k) and values of the explanatory variables x
are the design variables. Each subject chosen for the experiment has its individual plan of the
experiment (individual design) &,. In some cases, all subjects will have the same individual
design. Sometimes we will have groups of subjects having the same individual design. The

theory presented in this paper covers all such cases as long as the subjects are independent.

2.2.1 Criterion of design optimality

We are interested in efficient estimation of the model parameters ~ as defined in (2.3) and we
choose the D-criterion for finding optimum designs. We have ¢ covariates available, but in fact

7



we may be interested in a subset of the covariates only. Two special cases are all ¢ covariates

or a single covariate included in the model.

We denote the information matrix corresponding to model (2.1) by M ((,~). Then the criterion

of optimality can be written as

V4 (¢,7y) = logdet M(C, 7). (2.7)

By definition, the information matrix for = is equal to

924 92¢
2B3T 9B T

0% T 9%
0B0cT OcdoT

where ¢ denotes the log-likelihood function for the parameters given the observations. Here,

M=-E

however, the marginal density function of vector y whose entries are as in (2.1) does not have
a closed form. To approximate the distribution a Taylor series expansion of the model is often
applied. The resulting linear combination of random variables gives a normal distribution if the

variables are normal.

2.3 Model approximation

Lindstrom and Bates (1990) and Gilberg et al. (1999) use the first order approximation of the
Taylor expansion of the model function 7 around the fixed parameters and the random effects
at their estimates. They are interested in methods for parameter estimation and they assume
that there are data available to calculate the required initial estimates. At the design stage there
are no data to hand. Hence, we evaluate the approximation at a prior guess of the fixed effects

and at the assumed expectation of the random effects. In our paper we are using a point prior,



denoted by 3°, and we assume that E(b(;) = 0. That is, we expand the model for

B o B° B°
9 = about 9" = —
b E(b)) 0

and approximate the model by truncating the expansion as follows:

Mgy |\
Mtk = M) go + ( 5 |0o> (9 — ")
ol (2109 Y (3 1 (D) ) 29
77](19) 290 aﬁ 90 ab(k) 90 (k?) *

iy, ' iy, \ "
=%m T\ g oo ) B+ b oo ) b

where

T
_ k) 0
k) = (k)| g0 — 93 g0 ) B
Here the derivatives are evaluated at known values 19° and so are known functions. Furthermore,

due to the chain rule, the derivatives can be written as

677]’(16) _ aﬁj(k) ag(k)l/ ' =1.. .. p l=1.... 2}
aﬁl ag(k)l’ a/Bl ? ) 7 ) ) (2 9)
iy Oy Oguyr

= '=1,....p,l=1,...,p
Obay O gmyr by ?

Writing the above in the matrix notation we have
Nk = @) + Fi ZwB + I Hba), (2.10)

where

FT— (%(k) 3%‘(@)}
09wy’ Ogmp/)

J(k) —
09y
Zy = {
( 851 U'=1,..,p;l=1,...p1 |00
09y
Hy = {8b g0
(k) I'=1,...,p;1=1,...,p2

-----

Then, model (2.1) including all observations for individual (k) can be written as

Yy = oy + FioyZ)B + Foy H by + €y, (2.11)
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where oy, 1s the m;)-dimensional vector of constants o), €each repeated 7 times, Fiy) is

the (mx) x p)-dimensional matrix whose rows are ij(k), each row repeated r;(;) times.

We assume that random vectors by and ;) are independent and have multivariate normal
distributions as in (2.2). Hence, the approximate expectation and the dispersion matrix of

vector y(y) are, respectively,

by = E(yw) = aw + FinyZwB

and
‘/(k) = Var(y(k)) = F(k)H(k)EH(T;;)F(};) + O‘?Im(k).

The distribution of y ) is approximately normal, that is,

Yy ~ N By Vi)

approx

where ;) depends on the vector of parameters 3, while V(;) depends on the vector of the

variances and covariances o.

2.4 Fisher Information Matrix

The log-likelihood function for the full vector of parameters, given the responses of (k)-th

subject, 1s

1 T, 1
Cay = U(B,o|yw)) = const. — §(y(k) — K()) V(k)l (Ywy — o)) — 3 log det(V(x)).

The Fisher Information Matrix for subject (k) € I, is

M B 0BIBT 98BI T B(k) 0
(k;) = -— p— ,
205 \ T 92
( 9B T ) 00da T 0 C(k)
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where

op} ot \
)y (®) .
Bw =53 V(k>1< 5 = ZyFiy Vi Fin Z

1 1 8V(k) 1 aVv(/’f)
C(k) = 5 {trace (‘/(k) 80i ‘/(k) 8Ui’ i >
1,1 = D3

77777

where o; are elements of the p3-dimensional vector o. We assume that the subjects are inde-
pendent. Hence, the information matrix for the whole design, which we will call the Population
Fisher Information Matrix and denote by M, is the sum of the individual information matrices.

That is,

By 0 > ket B 0

(k)EI(m) (k)El(n) 0 Cu 0 Z(k)ef (n) Cwy
(2.12)

Then, the D-optimality criterion function is

B 0
log det M = log det = logdet B det C' = logdet B + log det C,

0 C

where

B = Z B(k), and C = Z C(k).

(k)El (k) (k)el (k)

3 Application

3.1 Enzyme Kinetics model

In a typical enzyme kinetics reaction enzymes bind to substrates and turn them into products.

The binding step is reversible while the catalytic step irreversible. In chemical notation

S+E+—FES—FE+P,
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where S, I/ and P denote substrate, enzyme and product. The reaction rate is represented by

maxx

the Michaelis-Menten model v =
K,+zx

, where x is the concentration of the substrate ([S])
and V.« and K, are the model parameters: V.« denotes the maximum velocity of the enzyme
and K, is the Michaelis-Menten constant; it is the value of x at which half of the maximum

velocity V.« 1S reached.

In our example /; is the set of all available HLM preparations. We have s = 47 and the substrate

concentration « is assumed to belong to the interval X = [0.3, 50].

Typically, there would be several concentration levels and each would be used for measuring
the response (the reaction rate) from each HLM. In Figure 4.2 we present observations for
the 47 liver microsomal preparations of such a standard experiment. We will call the design
rich. The differences among the subjects are clearly seen in the values of parameter V.., the

horizontal asymptote of the Michaelis-Menten model.

There are six cytochrome P450 enzymes specific for each HLM, characterized by the enzyme

activities (covariates z, ¢ = 6).

We model the response function 1 as the Michaelis-Menten function, where the parameters
may depend on the covariate values of the subjects (HLMs), which is indicated by the index

(k), that is,

Vinax(k) (k)
Tiky, 3 =
1w Bw) = o
If we include just one covariate related to V;,.¢(x) only (activity of one enzyme) then vector 3y

can be written in the matrix form as follows

Vmax(k) 9y ePo+B12(k)+b(i)

K, g(k)2 e’
The dimensions here are p = 2,p; = 3,p, = 1,p3 = 2. Also, by ~ N(0,07) and y* =

12



(BT, 0T) = (Bo, b1, Ba, 02, 02). Matrices Fii, Z ) and Hy, are as follows.

£

F(k) = {(1Tj(k) X -f]T(‘k?))|'L90}

. )
=1 ny, (k)El(y)

where
o ( k) Vinas(b) Ti(k) ) R T P03
(k) = , — - s ’
IO TN Kn +ayw) B+ zm)?) " e +ain’ (€% +ajm)?
650+ﬂ12(k)+b(k) 660+:813(k)+b(k) Z(k:) 0 658+6?2(k) 668+B?2(k) Z(k) 0
Zy = ‘190 -
0 0 652 0 0 66(2)
and
eBo+B17(k) (k) 658+5?Z(k>
H, = 90 = )
0 0

dropping the notation |0 for notational clarity. These applied to (2.12) will give the population

Fisher information matrix for our example.

3.2 Transformation

In practical situations relevant to this work it is often the case that the random errors of obser-
vations are not normally distributed. If this is a possible scenario, we propose to transform the

model and adjust the optimality criterion to take into account the transformation parameter.

We apply the transform both sides method as follows

A o)) . .
ylgj()k) = {n(®jw), B}~ + ey, i=1....mm, J=1,...,n0), (k) € In), @D
where () indicates the Box-Cox transformation function, that is,

Z’A—_l, when A # 0;
yN =y (3.2)

logy, when A\ =0.
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Gilberg et al. (1999) compared estimation results for a Michaelis-Menten mixed effects model
which is weighted and/or transformed on both sides by various methods. For their example the

transform both sides models worked better than the non-transformed ones.

The transformation requires adjustments in the linearized model (2.8) and in the information
matrix. For a given value of A # 0, the derivative of n™ with respect to /3; is n*~! gg and

similarly for the derivative with respect to b);. Hence, for A # 0 we have
N~ ) X Mg\
~ —1 i (k 0
My = Moy loo + ey o ( bo) (9 —97)

3.3)
~ TR AT ZCTIRS
= Q) T+ (k) |190 58 |190 /3 +1n j(k |190 8b |190 b(k)a

where
Qj(k) = 77](‘?/3)}190 - (k) }190 (ag]ﬂk) bo)T 8.
Let
Fitw = lgo Fitw
Then, the linearized transformed model including all observations for individual (k) has the
same form as (2.11) with oy replacing o) and f’(k) replacing F{;), where oy is the my)-
dimensional vector of constants c (), each repeated r;;) times, ﬁ’(k) is the (m ) x p)-dimensional

matrix whose rows are fﬁk), each row repeated r;;) times. That is,

y<(2>) >~ &) + Fay Zy B+ Fy Hbgy + €x). (3.4)

This model should be now used to obtain the information matrix M which will have the same

form as (2.12) with the adjusted derivatives to account for the transformation.

In our example vector f;T(k) takes the form
0 \A 0 \A
T (nj(k)) ~ (nj(k))
J(k) €B8+B?Z(k) ! 668 + _ij(k) ’
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where

o = 2T
(k) B 4 Zitk)

The transformation parameter \ is usually unknown and has to be estimated. This means that

now we have a multiple objective: efficient estimation of both A and ~y.

Since the joint estimation leads to difficulties with computation and interpretation, to find A

stabilizing the random errors we use the simple fixed effects model (Latif and Gilmour, 2012)

A
yi(j()k) = Tjtk) + 5z‘j(k)7 5z‘j(k) ~ N(0, Jg) 3.5)

This can be considered as a simple ANOVA model, with Box-Cox transformation, with the

vector 7 of treatment effects 7).

We denote by M (¢, T, 0%, \) the information matrix for all the parameters of model (3.5), that
is for the treatment effects, the unknown variance and the unknown transformation parameter
A. As we are interested in efficient estimation of the transformation parameter we choose a

criterion to minimize the variance of its estimator, that is
Ur((,N) = —log [Var(:\\)} = —log [CTM(C,T,O'(%, A7, (3.6)
where ¢' = (0,0,...,0,1) has dimension 2 (kyely, k) T 2

This is a part of the compound criterion, which also includes a criterion for efficient estimation

of the parameters =y.
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That is, the compound optimality criterion function is

1/’(§a v, /\) = wz\(Cv )‘) + 77/}’7(§a 7)

= —log [cTJT/I/((,T,ag, A) '] + log det M(C,’y!)\ =\

(3.7)
g et M A=) log 4t B((,BIA =A%) det C (¢, o|A = A%)
CTM(C,T,JE, A~ le cTﬁ(C,‘r,ag, A~ le
det B(¢, 8|\ = %) det C(¢, 0|\ = \0)

= log + log

VMmoot N e \JET MG T ot ) e
3.3 Optimal design search algorithm

The typical method of finding optimal designs for moderate to large run sizes is to seek contin-
uous optimal designs and round them to the run size required. However, in this case this is not
possible since the optimality criterion is not proportional to the run size N. This is a feature
of mixed models where we are interested in the variance components. Instead, we search for
exact locally optimal designs under the criterion ¢ ((,~y, A), given in (3.7), for different run

sizes, using the Fedorov exchange algorithm.

For each run of the experiment, we must choose an HLM, which implies a choice of a covariate
value and of a substrate concentration. Since the substrate concentrations are on a continu-
ous scale, we reduce the problem by choosing values from a candidate set. In practice, this
candidate set should be spaced out according to what could be expected to be practically dif-
ferent concentrations. In the following illustration, we used a discrete subset of concentrations

from the interval [0.3, 50] and the set of 47 HLMs, which were used to obtain the rich design.

16



We start with a candidate set of treatments which is obtained by all possible combinations of

selected concentration levels and 47 HLM:s.

A randomly (with replacement) selected /V treatments from the candidate set is considered as
the initial design, which is then updated using the exchange algorithm. To compete with the
initial design, a competing design is obtained by interchanging the first treatment of the initial
design by a treatment of the candidate design. The initial and competing designs are compared
with respect to the design criterion 1((, -y, A) and the competing design is considered as the
current best design (Case I) if it corresponds to the higher design criterion value than that of the
initial design, otherwise, the initial design is considered as the current best design (Case II). To
compete with the current best design, the new competing design is obtained either by replacing
the second treatment (for Case I) or the first treatment of the current best design (for Case II)
with a new treatment of the candidate set. This search procedure is continued while there is a
competing design with higher design criterion value than the current best design, otherwise, the
current best design is considered as the optimal design. For exact design, there is no guarantee
that the exchange algorithm leads to the global optimal design, so in practice it is preferable
to repeat the search procedure for a number of different initial designs to obtain the optimal

design.

3.4 Numerical results

The surface V) as a function of the concentration and of the covariate (activity of enzyme 2B6,
standardized) is shown in Figure 4.3. We can see that as the covariate value increases so does
the asymptote of the response, that is the value of the parameter V},,.x. The covariate explains

some of the variability in the response.

17



For the single covariate, we obtained designs for N = 50, 100, 150, 200, 250 and compared
them here with the design used for the rich data, which had 2N = 846, being all combinations

of 47 HLMs with the 9 concentrations
{0.3125,0.625, 1.25,2.5, 5.0, 10.0, 20.0, 40.0, 50.0}

repeated twice. We used estimates of the parameters obtained from the rich design as prior
values for finding the optimum designs which are Vmax = exp{ Bo + 312}, Bo = —3.155, Bl =
0.744, K,, = exp{Ba}, B> = 0.5463,52 = 0.373,52 = 0.059. For our optimization we used a
regular grid of concentrations in the region of [0.3, 50] in steps of 0.1 after refining the more
course grid and the same set of HLMs as in the rich design. The points selected by the algorithm

for N = 50, 100, 150, 200, 250 are shown in Figure 4.4 together with the rich design points.

Some patterns, with minor variations, are clear. The structure of these optimum designs is very
different from the typical set-up used in practice. Only four concentrations are used, apart from
the design for N = 250 where there is one point chosen at a fifth concentration. The low-
est possible concentration is combined with the HLMs with the lowest covariate values. The
second and third chosen concentration values, close to the prior value assumed for /,,, are
combined with several HLMs with the highest values of the covariate. Finally, the highest pos-
sible concentration is used with many HLMs, starting with those at each extreme and working

towards the middle as the run size increases.

The marginal optimal designs shown in Figure 4.5 indicate the number of replications of the
support points for the considered cases of /N. Both concentration and the activity values on the

borders of the design region are chosen much more often than the internal points.

In particular, it is interesting to observe two characteristics of the marginal design for the choice
of covariate values: first, that all the available values are chosen and second that the weight

18



is mostly put on the border values. The former characteristic is related to the fact that the
response depends on the covariate z via the parameter V..., and latter is related to the fact that
the response depends linearly on V.« and so the end points of the parameter region will be

most informative.

Note that this shows only the covariate value and does not distinguish between different HLMs
with the same value, some of which existed in the data set used. The designs are given in full

in Tables 1-5 in the Web Appendix (on-line supplementary material).

Furthermore, looking at the marginal design for the concentration values, we see that a large
weight is put on the biggest concentration value, which gives information on the V., pa-
rameter, which is considered as random. On the other hand, parameter K, is assumed to be
constant and so only some of the covariate values are combined with the concentrations which

give information on this parameter.

Relative efficiency measure

We use a relative efficiency measure for a population design ( compared with another design,
for example a standard design used in practice. In our case we compare the optimum design (*

and the rich design ¢"" in a space of population designs A, that is

RSHES

) (3.8)

Eff:{ det M (¢*,7°) }

det M((7F, 7%)

where both designs are evaluated at some prior parameter values ~°.

The relative efficiency of the optimal designs obtained for various values of N to the rich

design are shown in Figure 4.6. We also calculated the relative efficiency for the optimal

19



design replicated 2, 3, 4 and 5 times. We can see that two replications of a 250-point optimal
design is better then the rich design (which is a 423 point design replicated twice). This means
that we could use 500 runs of the experiment rather than 846 to obtain the same efficiency of
estimation if we do the design optimization including a covariate which explains a significant

part of the response variability.

The 50-point design, even when replicated 5 times, is worse than the rich design. This is
because it does not carry enough information on the variable parameter V},.,; not all available
covariates are combined with the largest value of the concentration. On the other hand, the 100-
point design replicated five times is almost equally efficient as the 250-point design replicated
twice. In fact, in both designs all covariate values are combined with the largest concentration
value. Furthermore, if we could use similar number of runs as in the rich design, then for
example, the 200-point design replicated four times would give a higher efficiency, still with

slightly fewer runs.

We performed some simulations to examine the precision of parameter estimation. The results

are given in Table 1.

The table gives values of the bias of the estimates and their standard deviations, estimated
from the simulations, and the mean estimated standard errors, as well as the ratio of the last
two, calculated for simulated observations based on four designs: twice replicated 150, 200,
250 point design and the rich design. For all the cases there were 10000 simulations and the
estimates of the parameters from the real data set were used as prior values. As we can see
there is not much difference in the precision of estimation, but the rich design gives us slightly

smaller bias in estimating \.
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4 Conclusions

In this paper we presented a new method of designing experiments for non-linear mixed effects
models where covariates are design variables combined with an explanatory variable or another
treatment factor. We gave forms of the information matrix and of the D-optimality criterion for
such a case and also expanded the criterion to allow for transformation of the response in case

of non-normal random errors.

The theory is exemplified by the real-life data on the Human Liver Microsomes with various
enzyme activities. Several optimized designs are presented and their properties studied. We
observe that substantial savings can be achieved by using such designs. The new designs can
be equally efficient using less experimental material than is needed in standard practice or, if a

similar experimental effort is allowed, then we can achieve higher efficiency.

Furthermore, using mixed-effects models with covariates we also get information on the pop-
ulation variability and are able to asses the variation of the response due to the covariates.
This can be particularly useful for stratification of the population and also for personalizing the

treatments.

In this paper we assume that we know which covariate is important for the response and we
chose values of this covariate to optimize the design. More work is needed to further develop
the methodology to optimally choose among several covariates during the stage of designing

experiments.

Web Appendix referenced in Section 3.4 is available with this paper at the Biometrics website

on Wiley Online Library.
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Figure 4.2: Observations of reaction rates for a substrate in 47 HLM preparations.
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Figure 4.3: The transformed model surface fitted to the rich data set.
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of the total number of observations N allowed (grey points indicate rich design).
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Table 1: Simulation results

2N Bo b1 B2 Tp o A
300  bias 0.0044  -0.0005 -0.0009 -0.0083 -0.0076 0.0292
sd 0.0556 0.0320 0.0567 0.0406 0.0057 0.0198
se 0.0556 0.0312  0.0560 0.0174
sd/se 1.0006 1.0246 1.0128 1.1383
400 bias 0.0043  -0.0001 -0.0011 -0.0100 -0.0054 0.0203
sd 0.0556 0.0278 0.0570 0.0410 0.0050 0.0171
se 0.0552 0.0264 0.0554 0.0149
sd/se 1.0076 1.0534 1.0293 1.1462
500  bias 0.0027  -0.0005 -0.0010 -0.0096 -0.0044 0.0163
sd 0.0559 0.0237 0.0560 0.0405 0.0044 0.0150
se 0.0550 0.0233  0.0551 0.0133
sd/se 1.0157 1.0206 1.0152 1.1239
Rich bias 0.0006 0.0002 -0.0005 -0.0102 0.0009 -0.0016
(846) sd 0.0551 0.0223  0.0550 0.0388 0.0072  0.0270
se 0.0543 0.0222  0.0542 0.0193
sd/se 1.0162 1.0073 1.0145 1.3977
Data est —3.1547 0.7439 0.5463 0.3730 0.0591 0.2800
se 0.0556 0.0555 0.0223 0.0192
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