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IN THIS TALK:IN THIS TALK:
External structure: bilinear on external variables

Internal structure: state equations

From data to state model

HOW:HOW:

Loewner matrix ; state trajectory ; equations︸ ︷︷ ︸
Two-variable polynomial matrices
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w ′i
>

wj

λi +µj

]
i,j=1,...,N
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For state equations solve for A, B, C, D[
µ1x1 . . . µNxN

y1 . . . yN

]
=

[
A B
C D

] [
x1 . . . xN
u1 . . . uN
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Duality: the higher-order case

x state for w ∈ B, x ′ for w ′ ∈ B⊥:

w ′>w =
d
dt
(
x ′>x

)
...same as 1st order case:

• Factorize Loewner matrix L = X ′>X ;
• Solve for E , F , G

[
E F G

] Xdiag(µi)i=1,...,N
X
W

 = 0

• B =
{

w | ∃ x s.t. E d
dt x + Fx + Gw = 0

}
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An identifiability condition

Theorem: Assume N > n, the McMillan degree of the
system.
If there are n linearly independent wi(·) = wieµi ·,
and L = X ′>X is a rank-revealing factorization, then

rank X = n .

Proof: Assume rank X < n, then ∃ αi s.t. w.l.o.g.∑n
i=1 xiαi = 0.

Now
∑n

i=1 xiαi = x(0), where x(·) is state trajectory of
w(·) :=

∑n
i=1 wieµi ·αi .

w(·) belongs to “autonomous" (w/out inputs) subbe-
havior =⇒ w(·) = 0 =⇒ contradiction.
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• General (non vector-exponential) discrete-time
case (w/ Birthday Boy # 2) also possible.
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Relations with interpolation

Looking for H ∈ Rp×m(ξ) such that:

u′∗i H(µi) = y ′∗i , i = 1, . . . ,N
H(λi)ui = yi , i = 1, . . . ,N .

LCF/RCF H(ξ) = N(ξ)D(ξ)−1 = P(ξ)−1Q(ξ) =⇒
model vector-exponential trajectories[

ui
yi

]
eµi · and

[
u′i
y ′i

]
eλi ·

of

B = ker
[
Q
( d

dt

)
−P

( d
dt

)]
and

B⊥ = ker
[
D>

(
− d

dt

)
−N>

(
− d

dt

)]
,

respectively.
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−
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R(ξ)M(ξ) = 0p×m =⇒ ∃ Ψ(ζ, η) such that

R(−ζ)M(η) = (ζ + η)Ψ(ζ, η) = (ζ + η)X ′(ζ)>X(η)

with X
( d

dt

)
, X ′

( d
dt

)
state maps for B, resp. B⊥

R(−ζ)M(η)
ζ+η

= X ′(ζ)>X(η) !
[

w ′i
>

wj

λi +µj

]
i,j=1,...,N

= X ′>X
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