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In both natural and artificial evolution, populations search a space of possibilities using
the mechanisms of natural selection and random variation. However, not all variations
are equally likely. The directions which variation can take are themselves a key part
of the evolutionary machinery, determining the ability of evolution to create diversity
whilst obeying the constraints of phenotype space. To be e↵ective they must reflect the
structure of the selective environment in which they exist. Evolutionary algorithms are
often designed with a priori assumptions about this structure, but it can also be learned
on the fly using “model-building” algorithms. However, there are many open questions:
what information do populations contain about their selective environment? How can
it be extracted from a population and represented? And how can it be exploited to
facilitate more e↵ective evolutionary search?
In this thesis, a novel type of lossless compact model called Schema Grammar is introduced. Schema Grammar overcomes the current limitations of compact models by
enabling intrinsically non-sequential data to be compressed. It o↵ers a number of advantages over existing model-building approaches. In particular, the model is able to
infer a hierarchy of genetic schemata that is consistent with the compositional structure
of the selective environment, and has a strong predictive quality with respect to fitness.
By using this structure to facilitate variation at many di↵erent levels of scale, instances
of well-known test problems are shown to be solvable in low-order polynomial time,
matching the performance of state of the art methods.
The information-theoretic qualities of Schema Grammar also enable evolutionary information to be quantified in novel ways. Building on recent advances in information
and complexity theory, the model is used to quantify mutual information between populations and their selective environment, including environments containing complex
epistatic structure. It is also used to predict the fitness of individuals by measuring
their information distance to a fit population.
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Chapter 1

Introduction
The motivation for this work is the pursuit of evolutionary search algorithms that can
e↵ectively solve a wide range of relevant problems. We know that in the space of all
possible problems neither Evolution by Natural Selection (ENS), nor any other search algorithm, can o↵er advantages over any other, including random trial and error (Wolpert
& Macready, 1997). However, the problems that ENS faces in nature and the hard computational problems we consider in this thesis are not all possible problems. They are in
fact representative of particular subclasses of problem and they contain regularity. By
tacitly presupposing the nature of this regularity it is possible for an algorithm to learn
and then exploit the intrinsic constraints of each problem, without requiring specific a
priori knowledge. This ability can hold a powerful advantage over non-adaptive search.
What, then, is the nature of regularity in the space of relevant problems? This thesis follows the work of Simon (1962), who observed that natural systems are often decomposed
into a hierarchy of semi-independent parts. He referred to these as nearly-decomposable
systems. The concept of near-decomposability can be observed in biological systems,
in which life forms are typically constituted from a nested hierarchy of parts. It can
also be observed in human social systems, where people are often organised in a hierarchy of groups functioning at various levels of scale. In the context of problem solving,
near-decomposability relates to problems that can be decomposed into a hierarchy of
semi-independent sub-problems. This means that good solutions to sub-problems at
one level of detail often form component parts of good solutions at larger scales. Many
relevant and interesting problems are structured in this way. If problem solvers are able
to identify sub-solutions at the most granular level of detail, they can be recombined
to find sub-solutions at larger scales. The idea is that by repeating a cycle of search,
problem decomposition and recombination recursively, relevant problems can be solved
“from the bottom up” in sub-exponential time, without requiring specific details of the
problem instance to be known a priori.

1

2

Chapter 1 Introduction

In this thesis we study discrete optimisation problems in which each solution is defined
by a fixed number of dimensions over a finite alphabet. We follow a long line of research
in Genetic Algorithms (GAs) and Evolutionary Algorithms (EAs), which shows that
the decomposition of these problems can be understood in terms of schema structure.
Schemata are combinatorial patterns representing solutions to semi-independent subproblems. Schemata are equivalent to hyperplanes. Their fitness is defined as the
average fitness of all the solutions they contain. In the nearly-decomposable problems
we consider here, fit schemata at one level of specificity can be composed together to
form even fitter schemata at a more specific scale. For algorithms that are able to
detect and recombine relevant schemata, this can create a type of compositional fitness
gradient, leading from solutions with some fitness advantage to the global optimum.
The key contribution of this thesis is a novel type of evolutionary model building algorithm. Model building algorithms attempt to infer the schema structure implied by a
selective environment and use this knowledge to facilitate evolutionary variation. The
literature has suggested a variety of ways to do this, both implicit and explicit. These
will be reviewed in Chapter 2. Whilst this work has provided algorithms that are highly
e↵ective on a variety of problems, some key challenges remain. Model building algorithms must be able to infer schema structure that is multivariate in nature and often
organised in irregular, overlapping forms. However, current techniques are often not
capable of capturing this structure without loss of information. Algorithms must also
be able to use their models to guide search. Recent work has suggested how evolution might best exploit knowledge of its selective environment. Developing these ideas
and combining them with e↵ective models remains an important and open direction for
scientific investigation.
This context leads us to the research questions that will be investigated here:
• How can complex schema structure be inferred without loss of information?
• What is the most e↵ective way of exploiting schema structure in evolutionary
search?

1.1

Lossless Compression as a Modelling Strategy

Our starting point for investigating these questions is the Minimum Description Length
(MDL) principle (Rissanen, 1978), which holds that the best explanation of a data set
is the most compact representation of it. This principle relates to exact rather than
approximate representations of data and thus describes compact models of the lossless
kind. There are two key advantages of adopting the MDL perspective for model building.
Firstly, it is impossible to overfit the model to the data, as the model must describe the
data exactly. Secondly, given a formal equivalence between compression and probabilistic
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prediction, MDL drives models towards a superior predictive performance (Grünwald,
2007).
Where the MDL Principle doesn’t help is explaining how data should be compressed.
In fact, there is no right answer to this question. There is an equivalence between the
idealised MDL model of data and its Kolmogorov Complexity (KC), which is defined
as the shortest computer program that can generate the data (Kolmogorov, 1968). The
idea is that the more regularity there is in the data, the lower the KC, and in our
case the smaller the idealised MDL model. For two reasons, however, this quantity is
unknowable: it is formally uncomputable, and it depends upon the language used to
implement the program (Li & Vitányi, 2009). What this means in practical terms is
that the MDL Principle is a relative concept: it doesn’t tell us how to implement a
lossless model of the data, it just tells us that the smaller that model can be made, the
better.
It is easy to see the appeal of the principle with respect to the research questions. In
short, the intuition is that the most compact description of an evolutionary population
must implicitly capture the regularities within it, and is therefore the best model. MDLinspired algorithms have been used in evolutionary model building before, but only to
infer compact statistical models of a population, not to model the population itself
(Pelikan, 2002; Harik et al., 2006). As we will see, an ability to do the latter provides
powerful advantages. We can now formulate an overarching research hypothesis that
this thesis will investigate:
Research hypothesis: compact models of fit populations can reflect
the compositional structure of the selective environment and have
strong predictive qualities with respect to fitness.
In investigating this hypothesis we build directly on the work of Toussaint (Toussaint,
2006; Toussaint & von Seelen, 2007), who first suggested the idea of “compact models
as a search strategy” and the concept of Compression Evolutionary Algorithms (Compression EAs). Toussaint’s work provides inspiration and theoretical grounding for our
hypothesis. It shows formally that one way of minimising the distance between a model
of a population and the population itself is to find a compact representation of the population that minimises description length. It shows how compact representations can
be implemented by using complex G-P maps that encode repeating structure. Moreover, it describes the potential power of compact representations as a search strategy. If
complex variable interactions from phenotype space are captured in a G-P map, what is
left is a new compact genetic encoding in which variables are independent. This scheme
enables random exploration in genotype space, whilst respecting complex dependencies
in phenotype space.
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Toussaint demonstrated the concept of Compression EAs by inferring and exploiting
G-P maps using sequential lossless compression techniques. The problem with these
techniques is that they can only capture structure that is sequentially contiguous: they
are unable to capture order-independent combinatorial interactions. To use sequential
compression as the basis of a model building EA, biased sequential representations are
required that arrange related alleles together on the genome (the idea of tight linkage,
see Section 2.1.1). Given that the state of the art in evolutionary model building has
successfully overcome this limitation, sequential compression is not fit for purpose as
a contemporary modelling strategy. This shortcoming has inhibited adoption of Toussaint’s ideas in evolutionary model building (Yu et al., 2009).

1.2

Schema Grammar

In this thesis we introduce a novel type of compact grammatical model that overcomes
the constraints of sequential compression, which we refer to as Schema Grammar
(SG). We show that this model o↵ers a principled framework for describing and quantifying the information content of a population. Moreover, we show that SG is able to
infer a language that reflects the schema structure of the underlying problem. We then
use an SG-based Compression EA to show the power of this structure as an exploration
distribution.
The cornerstone of the SG solution is a representation that encodes solutions as an
unordered set of symbols, and production rules that specify recursive set membership
relations. The symbology of the representation defines each allele and its functional
context (locus) as a unique terminal symbol. As an example, consider an 8-dimensional
bit string written as 10010101. In the SG representation, terminal symbols exist for each
allele in a particular functional context. We use the notation xal to define a terminal
symbol representing an allele a at location l. Using this representation, the example
individual can be redefined as the set {x11 , x02 , x03 , x14 , x05 , x16 , x07 , x18 }, which has no inherent sequential order. This representation makes explicit the combinatorial information

represented by individuals and schemata, whilst removing the possibility of positional
bias.
Inference of SG models is performed using a type of lossless compression. The algorithm
recursively identifies co-occurring patterns of two or more symbols, representing epistatic
interactions occurring anywhere on the genome. If we imagine an epistatic interaction in
the selective environment, say between x16 and x18 , then in a population of fit individuals
these symbols are likely to co-occur together frequently. A lossless compression algorithm
working on frequency of co-occurrence in the manner just described may detect this cooccurrence and form a new symbol s with a rewriting rule of s ! {x16 ,x18 }. Not only can
this schema be used to compress the original population, it tells us something about the
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epistatic structure of the problem. Relating this back to the search space, what each of
these symbols really represents is a hyperplane, and the compression algorithm is using
these hyperplanes to describe regularity in the search space more compactly. Essentially,
the G-P map inferred by SG decomposes information in the population into a hierarchy
of schemata.
The fact that the SG model is a compact, lossless model of a population also creates
new capabilities that are beyond existing approaches to evolutionary model building.
The size of any such model can be regarded as an estimate of its KC. Essentially,
compressing a population with SG and measuring the size of the result estimates the
absolute information contained by the population. In this thesis we will combine this
property with recent theoretical work to show how the absolute mutual information
between a population and its selective environment can be quantified using SG. In other
words, we show how it is possible to measure the amount of information contained in
a population about fitness. The ability of SG to detect epistatic interactions of many
orders di↵erentiates it from existing attempts to do the same thing. As well as breaking
new ground for evolutionary model building, this is a significant contribution in its own
right.

1.3

Claims

In this thesis we use compact to mean a lossless description of a population that approximates its KC. Compact does not necessarily mean a globally minimal description.
Rather, it means a description that is compressed enough to approximate KC. The SG
grammatical formalism we will introduce in Section 3.3.4 does not satisfy this definition
of compactness in itself. Indeed, it would be perfectly possible to evolve, infer or design SG grammar instances that are not compact. In what follows we use the term “SG
model” to mean the grammatical formalism combined with the o✏ine inference algorithm
of Section 3.4. This algorithm is one possible means of generating compact instances
of SG. It would also be possible to evolve, infer or design compact instances as an alternative. The SG model is not fully deterministic nor guaranteed to infer the smallest
possible representation of a population. However, the work in this thesis demonstrates
that it is compact enough. This includes quantitive evidence that SG approximates KC
better than alternatives.
The usefulness of compact models is dependent upon the degree that we accept the MDL
Principle. In other words, that the smallest representation is the “best” representation.
This thesis provides good reasons for supporting this principle. It does this by showing
that compact models can infer a schema structure that is consistent with the intrinsic
structure of a decomposable problem and be used to achieve start of the art problem
solving performance.

6
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We can now specify some specific claims of the thesis:
• SG can infer a compact model of a sample population without sensitivity
to positional bias.

• By modelling a representative population of fit individuals, SG can infer
a schema structure that is consistent with the compositional structure
of the selective environment.
• By using SG to infer an exploration distribution that reflects the con-

straints of phenotype space, global function optimisation performance
can be achieved that is comparable with the state of the art in evolutionary algorithms.

• By exploiting the information-theoretic properties of SG as a compact
model, the information content of evolutionary populations and individuals can be quantified with more accuracy than alternative methods.

1.4

Thesis Structure

The chapters of this thesis are used to provide evidence for these claims and prove the
overarching hypothesis on a variety of di↵erent problem classes. Chapter 2 examines the
nature of evolutionary problem structure. It shows how many relevant problems can be
decomposed into a schema structure and describes the di↵erent forms this structure can
take. It then reviews the field of model building EAs, both implicit and explicit, and
describes the state of the art. It introduces an emerging class of evolutionary variation,
Multi-Scale Search (MSS), that o↵ers distinct advantages over alternative approaches.
MSS is used in Chapter 5 to define an SG-based Compression EA.
Chapter 3 describes and then formally defines SG as a compact model based on context
free grammar (CFG). It defines a symbolic representation for discrete search problems
using the model. Di↵erent types of schema structure are then considered, and it is shown
how they can be modelled using the grammar. A lossless o✏ine compression algorithm
is then defined, with a theoretical time complexity of O(n2 p), where n is the number of
problem dimensions and p is population size.
Chapter 4 demonstrates that the model inferred by SG can accurately capture the
schema structure of the selective environment. Model instances are inferred from populations of fit individuals, visualised, and compared to the original problem. This work
shows that not only does the model accurately reflect the structure of the environments
on which it is tested, the model’s schema structure reveals a compositional fitness gradient to the fittest solutions. This appeals to the intuition behind most model building
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EAs – that problems can be solved by recursively inferring and recombining fit schemata
together.
In Chapter 5, the power of the exploration distribution inferred by SG is explored.
Several classes of test problem with important theoretical properties are introduced.
The mutant spectra of the SG distribution is analysed for these problems. This reveals
that by using simple variation on the SG representation, more fit novel o↵spring can
be generated than by using alternative methods. This is then put to the test in global
function optimisation experiments, using a Compression EA that combines SG with
MSS. The results show that SG is able to solve each of the tested problem classes
efficiently, with performance comparable or superior to state of the art methods.
Chapter 6 shows how the SG model can be usefully applied to create new measures of
evolutionary information. Although quantitative measures of evolutionary information
have been suggested in the past, these are limited by their insensitivity to epistatic interaction. The measures are used to show that SG is able to quantify the information
that a population has inferred about its selective environment, even when the environment contains complex structure. The work also shows that the measures have a strong
predictive quality with respect to fitness. By parsing previously unseen individuals and
measuring their information content, the model is able to accurately predict their fitness,
matching state of the art classification methods from machine learning.
The insights and contributions of this work are discussed in Chapter 7. The chapter considers the implications for evolutionary model building, theoretical biology and machine
learning.

Chapter 2

Model Building in Evolutionary
Computation
This chapter reviews the field of model building algorithms in evolutionary computation.
The first part of the chapter introduces evolutionary problem structure and the key concepts used to describe it. This provides a conceptual framework for comparing di↵erent
approaches to model building and understanding the contributions of this thesis. Topics
in this section include unbiased black box optimisation (BBO), near decomposability,
schema structure and modularity. In the second part of the chapter, di↵erent approaches
to implicit and explicit model building are reviewed from the literature. The theory and
practice of implicit model building using crossover-based GAs is described, along with
the work that highlight its limitations. The start of the art in explicit model building
algorithms is then described, covering probabilistic models and more recent alternative
techniques.
This chapter does not review all the literature relevant to the contributions of this thesis.
In the interests of readability and relevance, some review topics have been moved to
the chapters to which they are most pertinent. Concepts that have specific relevance
to compact models, including lossless compression, Kolmogorov Complexity (KC) and
subspace clustering methods, are introduced in Chapters 3 and 6. Some schema-related
theory, including deception and Walsh Analysis is included in Chapter 4. Finally, some
search algorithm specifics, which are used to create comparison methods in Chapter 5,
are covered in that chapter.
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2.1
2.1.1

Evolutionary Problem Structure
Unbiased Black Box Optimisation

It is known from the No Free Lunch (NFL) theorems for search and optimisation that in
the space of all possible problems, no search process is better than any other, including
random search (Wolpert & Macready, 1997). These theories do not mean that nonrandom search processes (like evolution) o↵er no advantages. Rather, they show that
this is only the case if the subset of problems to which they are applied is so wide that
over all the problems in the subset, there are no observable correlations between problem
inputs and outputs. More formally, this mean subsets of problems that are closed under
permutation (Schumacher et al., 2001). This may seem like an extreme case, and indeed
it is: Igel & Toussaint (2003) show that the fraction of problem subsets in which this
criteria holds is vanishingly small. Within any narrower range of problems, specific
algorithms can o↵er comparative advantages over others – something that Droste et al.
(2002) describe as “free appetisers”.
The practical implication of free appetisers is that if search algorithms employ some
intrinsic knowledge of a particular problem domain, then they will o↵er better than
random performance on problems within that domain. Algorithms can be highly specific,
targeting relatively small subsets of problem instances of a particular class and achieving
very good search performance as a result. This is the case with many of the heuristic and
metaheuristic problem solving methods that are used in operations research. In contrast,
many workers in the field of evolutionary computation have attempted to find evolutioninspired search algorithms, perhaps even the algorithm, that can e↵ectively generalise
to as many “interesting” problems as possible. In a computational setting this is known
as black box optimisation (BBO), and “interesting” problem scope usually translates to
NP-hard problems1 .
A useful additional distinction is between variation methods that have an a priori bias
towards a certain arrangement of problem dimensions or input values and those that do
not. Lehre & Witt (2012) formally categorise these methods of variation as biased and
unbiased respectively. This distinction is particularly relevant in the context of GAs, as
the bias inherent in most crossover methods requires the dimensions of solution space
to be arranged into a sequential representation, with any related dimensions in a close
physical proximity. This is known as tight linkage. The efficacy of single and multi-point
crossover is drastically reduced on problems that do not adhere to this kind of positional
bias (Eshelman et al., 1989; Spears & De Jong, 1990). As we will see, the state of the art
in evolutionary model building, including the algorithms introduced by this thesis, has
moved well beyond this limitation. The field can now o↵er unbiased BBO algorithms
1

Arguably, if any algorithm assumes that problems fall within a limited scope then the box can
no longer be described as black. Nonetheless, we adopt the term here and use it as it is commonly
understood.
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with no positional bias, that have proven to be highly e↵ective on a range of NP-hard
problems.

2.1.2

Near Decomposability

NFL theory tells us that in order for any unbiased BBO algorithm to be e↵ective (on
average), then some regularity must exist across the space of problems to which it is
applied. Compelling evidence of such a regularity is provided by unbiased algorithms
that o↵er some added value across many di↵erent classes of NP-hard problem (e.g.,
hill-climbers, simulated annealing, GAs with uniform crossover). Inspiration can also
be taken from the natural world, where the often spectacular performance of ENS on
diverse problems suggests, by the same theory, a common order to them. The extent
and the precise nature of the regularity in both natural systems and hard computational problems is not currently known. The school of thought followed here is inspired
by Simon (1962), who observed that complex systems often contain regular structural
properties. Simon argued that systems are often naturally decomposable into a set of
semi-independent sub-systems, where there are strong dependencies within sub-systems
and weak dependencies between sub-systems. He called these systems nearly decomposable, and illustrated the idea with examples drawn from biology, physicochemical
systems and human social systems. He also suggested that these systems are often arranged into a hierarchy – in the words of Simon, “subsystems that, in turn, have their
own subsystems, and so on”. These observations are also consistent with recent work in
evolutionary biology, which shows that modular organisation is central to developmental processes (Schlosser & Wagner, 2004), and the current understanding of topological
modularity in networks (Newman, 2006).
Simon’s original concepts have led to new ways of thinking about evolutionary problem
structure. They have shown that good solutions to many interesting problems can be
composed from a combination of good solutions to smaller sub-problems. This has also
provided a new way of thinking about evolutionary problem solving. In contrast to the
traditional perspective of evolution, which views adaptation as a gradual accumulation of
individual traits, a compositional perspective suggests evolutionary adaption can work
by recursively identifying and recombining partial solutions together (Watson, 2006).
This philosophy can be seen at the heart of the implicit and explicit model building
algorithms reviewed in Section 2.2, and the Schema Grammar (SG) approach that will
be introduced by this thesis.
The performance of model building algorithms is largely dictated by their ability to identify the relevant partial solutions for a given problem and recombine them in an e↵ective
way. Given NFL, it is perhaps unlikely that a universal form to these relevant partial
solutions can exist for all problems of interest, let alone an algorithm that could consistently learn it. In this thesis we concentrate on structural forms that can be expressed
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in terms of epistatic interactions between alleles. These interactions and their fitness
e↵ects can be formalised using schemata, which are described in the following section.
Algorithms that can infer and exploit these structures, either directly or indirectly, have
been proven e↵ective on a variety of interesting and relevant NP-hard problems.
The form that decomposed schema structure can take depends on the problem. We will
consider classes of problem that decompose into regular, modular forms, and classes of
problem that decompose into irregular, randomised forms. This allows us to understand
and compare the capabilities of di↵erent types of model building algorithm. It also allows
the SG model, which is capable of inferring regular and irregular schema structure of
many di↵erent orders, to be fully understood. Model building algorithms may not infer
schemata directly. For example, they may first learn modular decomposition through
linkage learning and then sample module configurations from the population, or from
a probabilistic model. These approaches are reviewed in Section 2.2. Regardless of
whether inference of schema structure is direct or indirect, the ability of a model to
capture the structure of a problem is reflected in its ability to recall these patterns.

2.1.3

Schemata

Schemata are the central formalism we will use in this thesis for describing problem
structure. Every candidate partial solution can be understood as a pattern containing
a set of individual solution features. The fitness of each pattern can also be understood
in terms of the average fitnesses of all solutions which match that pattern. Holland
(1975) formalised this idea for discrete solution spaces with his concept of schemata.
Essentially, a collection of alleles that constitute a partial solution can be defined in
terms of a hyperplane over the partition of the problem space (collection of loci) on which
the alleles are defined. Each hyperplane is called a schema. The e↵ect on fitness of each
schema is defined using the average fitness of solutions contained by the hyperplane. If
the alleles in each schema do not all interact with respect to fitness, then it is possible to
describe their fitness e↵ects using lower order schemata, and the information represented
by the schema is redundant. If they do interact, then the schema represents potentially
useful information about problem structure that cannot be further decomposed. This is
particularly important for efficient solving if the interaction has superadditive e↵ects on
fitness.
We use the conventional notation for schemata found in the evolutionary computation
literature (e.g., Holland, 2000). This notation assumes a bit-string representation for
n-dimensional solutions over a binary alphabet. We can represent all possible schemata
in a solution space using the set H = {1, 0, ⇤}n . Each schema h 2 H can be represented
by an n-bit pattern, for example h = 10**10**. Each ⇤ is a wildcard that signifies that

no allele is specified in this dimension. The 1s and 0s define a hyperplane in the partition
they are specified. From the representation, it can be seen that there are 3n possible
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schemata in an n-dimensional binary problem space. The order of a schema refers to
the number of specified alleles; the defining length refers to the distance between the
first and last specified alleles (in a sequential bit string interpretation). The order and
defining length of the previous example are 4 and 6 respectively.
The fitness of a schema f (h) is the average fitness of solutions that are contained by that
schema, or equivalently the average fitness of solutions that match the pattern specified
by the schema. For example in a 4-bit problem the fitness of the schema f (1**1) is
calculated using the following equation:

f (1**1) =

1
[f (1001) + f (1011) + f (1101) + f (1111)]
4

The number of solutions contained by an order k schema is then 2(n

k) .

(2.1)
We say a higher-

order schema h2 (which can be a complete solution) is contained by a schema h1 if h2
matches the pattern specified by h1 . For example the schema 1*** contains the schema
1**0, both of which contain the schema 11*0. We can also say that high-order schema
11*0 is contained by both 1*** and 1**0 (and *1** etc). Note that containment here
runs contrariwise to the idea of strings and substrings. For example the string “hello
world” contains the substring “world”. However, even though the solution 11110000 . . .
appears as though it contains the schema 1111**** . . ., it does not: the solution is a
single point in the space and the schema is a (potentially vast) hyperplane than contains
2(n

4)

such solutions. As schemata get larger in order they thus specify an increasingly

smaller subspace, and this can be a confusing aspect of the string representation.
The comparative fitness of any schema depends upon the fitnesses of all schemata in
that partition – in other words, the alternative substates. Therefore, we can say that
each schema is a competitor in a hyperplane competition (Whitley, 1991). For example,
consider the order-2 schema 11***. The other competitors in this competition are the
schemata 00***, 01*** and 10***. Each order-k competition will have 2k competitors,
each with their own average fitnesses. The winner of the hyperplane competition is the
schema with the highest fitness. It is also beneficial for us to describe schema in each
competition as being of above-average or below-average schema fitness. The average
schema fitness is constant for all hyperplane competitions and is equal to the average
fitness of all solutions in the space.

2.1.4

Building Blocks

The term building blocks is used frequently in the evolutionary computation literature
when referring to problem structure. It has both a generic and a specific meaning. The
specific meaning comes from the Schema Theorem and Building Block Hypothesis (BBH)
(see Section 2.2.1) and refers to schemata of above-average fitness with a short defining
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length. This meaning is used to describe features that could be feasibly recombined
using single or multipoint crossover without disruption. The generic meaning of building
blocks in the literature is fit sub-solutions to decomposable problems. Intuitively, the
best solutions are constructed by combining together building blocks. In this context, a
building block can be interpreted as a schema with above-average or competition-winning
fitness and is independent of order and defining length. Unless otherwise specified, this
is the meaning we will adopt here.

2.1.5

Modularity

Since Simon first introduced his abstract concept of near decomposability, researchers in
the field of evolutionary computation have attempted to create more concrete definitions
of modularity and hierarchy. The concepts we describe here are based on a series of works
by Watson and his collaborators (Watson et al., 1998; Watson, 2002; de Jong et al.,
2004; Watson & Pollack, 2005; Watson, 2006). This work categorises the relationships
between di↵erent subparts of a system, although it does not prescribe any method for
decomposing a problem into these parts. Along with a number of associated texts, it has
spawned a number of synthetic test problems that evaluate the ability of algorithms to
infer and exploit modular and hierarchically modular structure, some of which we will
use in the thesis. These test problems are commonly known as building block problems, as
the fitness function is typically defined in terms of modular building block composition.
Consider a decomposition of a problem space into a set of disjoint partitions, each of
which we refer to as modules. The hyperplane competitors in each module are known
as module configurations, the number of which are denoted as C = 2k , where k is the
order of the partition. For any given module, we regard any module configuration that
is optimal in some context to be of potential value in composing a solution. We denote
the number of these module configurations as C 0 . If C 0 = 1 (for all modules), we say
the problem is separable, as the optimal configuration of each module does not depend
on any other. If 1 < C 0 < C then interdependency exists between subproblems. In this
case, we say that the problem is decomposable but not separable. If C 0 = C, then the
problem is not decomposable.
This definition of separability does not necessarily imply independence, rather that fitness must monotonically increase when sub-solutions are combined together, creating a
type of compositional fitness gradient. This is more general, and thus arguably more useful, than definitions of separability that are based on additively decomposable functions
(Pelikan & Hauschild, 2012). If a problem is separable down to the level of individual
variables then we say it is fully separable. This is functionally equivalent to the idea of
convexity in real-valued optimisation problems (Bertsekas, 2003). Fully separable problems can be solved trivially by algorithms that use a one-bit variation neighbourhood,
such as simple hill-climbing.
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If problems are either decomposable or separable, then there is an opportunity for model
building algorithms to reduce the combinatorial complexity of the search. Firstly, this
requires them to learn (either implicitly or explicitly) the correct decomposition of modules and module configurations. Even if a problem is separable this can be difficult,
as the optimal module configurations may only be inferred amongst many potentially
interesting configurations. Secondly, it requires them to recombine them in an efficient
way. The difficulty posed by this step is often overlooked, and random recombination
of module configurations will often only yield the optimal answer in exponential time.
Recent work has shown that often the most efficient way to facilitate recombination
is using incremental variation where the variation neighbourhood is adapted using the
inferred structure of the problem. This is the idea behind Multi-Scale Search (MSS) (see
Section 2.2.5).
Hierarchical modular interdependence describes modular interdependency that simultaneously exists at multiple levels of scale. Essentially, in problems with this structure,
the best solutions to sub-problems at the lowest levels are composed to form the best
solutions to sub-problems at the next level and so forth. This creates an analogy to
Simon’s original concept of hierarchy in the form of an evolutionary problem. The idea
is best characterised by the HIFF problem (Watson et al., 1998), which is detailed in
Section 4.3.3. In order to overcome hierarchical modular interdependency efficiently, it
is not just necessary to infer fit modular configurations at one level, but recursively as
search progresses. This introduces the idea of variation neighbourhoods having to adapt
dynamically to reflect emerging knowledge of problem structure.

2.1.5.1

Modular Schema Structure

In Chapter 4, SG models are used to infer a schema structure from modular and hierarchically modular problems. This begs the question, which schema structure correctly
represents the problem? In other words, what does modularity look like in terms of
schemata? Although this depends on the fitness function structure, it is useful to provide a general illustration, which we do here using a binary GA representation.
The partition occupied by a module directly translates to a schema partition. Module
configurations of interest (i.e., the configurations that make up C 0 ) are schema instances
specified over that partition. As an example, consider a fitness function with a modular
composition, with a module covering the first 2 dimensions (on a sequential bit string
representation) of an 8-dimensional solution space. Let us say there are two module
configurations that are optimal in alternative contexts – an all-1s and all-0s configuration. This structure is represented by two schemata: 11****** and 00******, which we
would expect an accurate model to be able to recall.
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The presence of modular interdependence in a problem means that combinations of
module configurations interact with respect to fitness. For a model to capture relevant
structure, it should be able to recall interactions that are optimal in some context. Consider an identical module present in the third and fourth dimensions of the previous
example. Let us say there are two combinations that meet these criteria, 1111***** and
0000****, which we would expect an accurate model to be able to recall. To e↵ectively
promote such interactions when they are the result of (modular) sign epistasis or reciprocal sign epistasis (Weinreich et al., 2005), where the individual module configurations
may be less favourable, requires the model to capture structure at a higher level of organisation. This is also the case if synergistic interactions are to be e↵ectively exploited
by search.
Hierarchical modular interdependence in a problem means the presence of modular interdependence at multiple levels of scale. If the form of the hierarchy in the fitness
function is a tree, as is the case with HIFF (Watson et al., 1998), HXOR (ibid.), hierarchical trap functions (Pelikan & Goldberg, 2000) and H-SBB (Mills et al., 2014), then
the modules are arranged as a strictly nested structure. In these problems, it is also the
case that the hierarchical epistatic interactions are synergistic. In other words, there is
a fitness bonus to be gained from co-ordinating modules. Following the reasoning in the
previous paragraph, to e↵ectively exploit these synergistic interactions in search, these
interactions need to be captured by the model. In schema terms, this translates to a
nested hierarchy of optimal module configurations. Using an 8-bit (unshu✏ed) HIFF
function as an example, the relevant module configurations are the following:
00******, 11******, **00****, **11****, ****00**, ****11**, ******00, ******11
0000****, 1111****, ****0000, ****1111
00000000, 11111111

2.1.6

Irregular Forms

Outside of the building block problems that are used to test algorithms on modular
structures, the arrangement of epistasis in real problems is rarely neat. In reality, beneficial interactions may occur on partitions of many di↵erent orders, which can overlap
in an irregular way throughout the problem space. Structure of this nature is usually
referred to simply as as overlap. Its defining characteristic is an unpredictability in
the form of interactions, which makes it distinct from hierarchical modularity, in which
modules also overlap, but usually in a strictly nested tree (Yu et al., 2009). Overlap
complicates modelling considerably as modular structure at each level of scale cannot
typically be captured using a disjoint linkage model. Many of the explicit modelling
methods we will consider are unable to model overlapping problem structure. Overlapping, irregular structures are not inconsistent with the formal definitions of modularity
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provided by Watson, but most problems that have been designed to exhibit modularity
do not have irregular, overlapping structures.
It has been suggested that irregular structure in problems originates from what is known
as backbones. The term was first coined by Monasson et al. (1999), and refers to the
subset of variables that are common in all globally optimal solutions, or in the case of
graph colouring problems, the subset of order-2 interactions that are common. PrugelBennett (2007) refined this idea by suggesting critical backbones as the “small critical
subset of variables necessary to be in the basin of attraction of the global solution”.
The fittest solutions to a problem are likely to exist on multiple backbones that relate
to each other in a complex way. Therefore, in a population under selection, inference of
the relevant backbones is likely to involve inference of complex overlapping structure. In
the words of Prugel-Bennett: “a successful search algorithm is one that can e↵ectively
search the space of critical backbones”.

2.1.6.1

Irregular Schema Structure

Irregular structure is manifested in fit schemata that do not follow a predictable topology.
Interactions may overlap in the space of alleles, for example 1111**** and **00***,
in terms of loci, for example 1111**** and **111**, or both, for example 1111****
and **011*1*. This presents a particular difficultly for linkage-learning algorithms,
as fit interactions often cannot be recalled by recombining a set of disjoint module
configurations. The SG model that we introduce in Chapter 3 can infer a hierarchical
schema structure containing complex overlapping forms, and this is demonstrated in
Chapter 4.
The relative advantage conferred by modelling overlapping schema structure is not yet
known. Interestingly, the algorithm currently considered to be the state of art in model
building, LTGA (Section 2.2.5.1), can only model overlap in a strictly nested hierarchy,
yet can outperform EDAs that are able to model more complex overlapping structures
(Sadowski et al., 2013).

2.2
2.2.1

Algorithms
The Schema Theorem and Building Block Hypothesis

After genetic algorithms were first adopted and established as an e↵ective solving method
on a variety of problems, attention turned to how they worked. A widely-held belief
was that crossover-based variation was able to implicitly infer the schema structure
of the problem from a population under selection, allowing fit sub-solutions to be recombined. A seminal contribution in this regard was provided by Holland (1975) and
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the Schema Theorem. The Schema Theorem shows mathematically that under certain
conditions, the frequency of a schema in an evolving population that is reproducing
through crossover, will grow in proportion to its fitness. Goldberg advanced this idea
with the Building Block Hypothesis (BBH) (Goldberg, 1989b). The idea is that if evolution is able to identify and recombine fit low-order blocks together, then fitter high order
blocks can be discovered, and this process can be repeated recursively. The implication
is that by using crossover, hierarchical problem structure of many di↵erent orders can
be automatically inferred and exploited.
There are three key limitations with the Schema Theorem and BBH. Firstly, the theoretical foundations for the Schema Theorem have been criticised, and it has not been
proven over more than one generation (Beyer, 1997). Because of this, it is regarded
as an ansatz rather than a proof for the general behaviour of crossover. Secondly, the
assumptions used to prove the Schema Theorem cause difficulty for the idea of GAs as
unbiased BBO algorithms. The Schema Theorem holds (for one generation) when the
probability of each schema being disrupted is relatively low. This means that schemata
need to be “short” and of low order, which explains the BBH definition of a building
block. The problem with this is that a high-dimensional solution space has no concept
of “short” or “long” – these are only valid on problem representations where a sequential
order is imposed on those dimensions by the algorithm designer. This means that variation is no longer random, but a function of sequence and thus has an intrinsic positional
bias. In order then for crossover to be e↵ective, a sequential representation with “good
linkage” has to be designed that essentially preloads the algorithm with assumptions
about where fitness-e↵ecting interactions are likely to be found (Goldberg, 1991). Positional bias can be removed from GAs by using a uniform crossover operator rather than
one-point or two-point sequential crossover. Research has shown, however, that once
positional bias is removed, GAs struggle to identify and recombine schema structure at
multiple levels of scale (Thierens, 1995, 1999). It also destroys their ability to identify
and recombine modular structure (Watson, 2002, 2006). The third limitation is that
on some test problems with good linkage, crossover has been expected to do well but
has been shown to perform poorly. Of particular note are its performance on deceptive
functions (Goldberg, 1987; Pelikan, 2002), and the “Royal Roads” problem (Mitchell
et al., 1993; Forrest & Mitchell, 1993), where there is evidence to suggest that it o↵ers
no advantages over simple-hill climbing methods with a stochastic element. These results show that even in functions with a biased sequential representation, the two basic
things that crossover is required to do – promote and recombine the fittest schemata –
may not occur in practice.
Despite the limitations of the theory, simple GAs remain an e↵ective search method for
some applications. However, in the context of unbiased BBO methods, other techniques
are proving to be far more e↵ective.
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Compositional Evolution

Using his framework of Compositional Evolution, Watson (2006) shows that if evolutionary variation is guided correctly by a model, then the central intuition behind the
Schema Theorem and BBH can indeed be realised. In other words, he shows how it is
possible for evolutionary search to efficiently decompose and recombine problem structure without positional bias, and how it can efficiently solve problems that gradualist
approaches to search, such as hill-climbing, cannot. Central to the idea is model guided
variation: evolution itself evolving an e↵ective variation neighbourhood. The concept is
demonstrated practically using the SEAM algorithm on shu✏ed HIFF problems (Watson & Pollack, 2000), which crossover methods are unable to solve efficiently. This
symbiotic algorithm performs a type of recursive clustering to identify relevant module
configurations, then recombines these to create o↵spring.
The key contribution of the work is not the SEAM algorithm itself, which is only e↵ective
on very contrived problems, but a conceptual framework that interprets Simon’s original
ideas in the context of evolutionary systems. In particular, it highlights the potential
power of an evolutionary search process that is able to infer an exploration distribution
that reflects the constraints of the selective environment. The contributions of this thesis
lend further support for this framework.

2.2.3

Estimation of Distribution Algorithms

Estimation of Distribution Algorithms (EDAs) originated in the late 1990s (Mühlenbein
& Paaß, 1996) and are also known as Probabilistic Model Building Genetic Algorithms
(PMBGAs). These algorithms have been shown to successfully overcome the shortcomings of crossover based GAs on a variety of di↵erent problem classes. In this section
we consider EDA variants for discrete problem spaces. Across this field many di↵erent
approaches have been developed and the literature continues to grow. Here, we focus on
summarising the key themes and cornerstone works that characterise the development
of the field since its inception, and their capabilities with respect to inferring and exploiting schema structure. Additional information about each of the described methods
can be found in the review papers of Pelikan et al. (2002); Hauschild & Pelikan (2011).
All the works we consider are unbiased BBO techniques and do not assume problem
representations contain an inherent sequential order.
In contrast to sexual and asexual reproduction, in which implicit model building is decentralised, EDAs build a single, centralised model of a larger subpopulation. The idea
is to iteratively apply selective pressure to a population to identify a subpopulation of
comparatively fit individuals. This subpopulation is often described as a collection of
“promising solutions”, and the subsequent model as a hypothesis for the regions occupied by promising solutions in search space. By sampling this probabilistic model, the
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idea is that other (hopefully fitter) solutions can be found. The model typically contains
two logical components: a decomposition of population structure, and a probability distribution over this decomposition. The ability of an EDA to model the schema structure
of a problem can be evaluated by its ability to recall relevant schemata when the model
is sampled. This is largely dependent on the problem decomposition over which a distribution is inferred. Early EDAs assume a decomposition a priori, whereas more modern
methods are able to infer a decomposition.
Algorithm 1: The Canonical Estimation of Distribution Algorithm
Initialise a population of candidate solutions
while objective not reached do
1. Use selection to identify a subpopulation of fit individuals
2. Assume or infer a structural decomposition of fit subpopulation
3. Infer a probability distribution of fit subpopulation over structural
decomposition
4. Generate o↵spring by randomly sampling probability distribution
5. Use survivor selection to integrate o↵spring back into population
end
The canonical pattern of an EDA is shown in algorithm 1. In step 4, variation is performed by randomly sampling the probability distribution to generate o↵spring, which
are integrated back into the population using survivor selection. This type of variation
is often referred to as mixing.
The first wave of EDAs modelled problem structure at the level of individual problem
variables, and thus the probabilistic models they infer are over a univariate decomposition assumed a priori. Algorithms in this category include the Univariate Marginal
Distribution Algorithm (UMDA) (Mühlenbein & Paaß, 1996) and two incremental EDA
variants: Population-Based Incremental Learning (PBIL) (Baluja, 1994) and the Compact Genetic Algorithm (Harik et al., 1998). The results from these works show that
they are often more e↵ective than crossover based GAs. They also have an advantage in
terms of the simplicity of the model: inferring a distribution has linear time complexity
and the model requires very little memory (Sastry et al., 2007).
The results show that univariate EDAs are most e↵ective on fully-separable problem
structures that match the assumed univariate decomposition. On structures containing
higher order epistasis, more sophisticated models have proven to be more e↵ective.
Amongst these are algorithms that infer a joint probability distribution over a bivariate
decomposition. By linking bivariate structures together they are able to sample the
model through a chain of conditional probabilities. For example:
p(X0 ) = p(X0 |X4 )p(X4 |X1 )p(X1 |X7 )p(X7 )
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The MIMIC algorithm (De Bonet et al., 1997) uses a single linked list to model this
chain, Baluja & Davies (1997) uses a tree structure and the Bivariate Marginal Distribution Algorithm (BMDA) (Pelikan & Mühlenbein, 1999) creates independent clusters
of trees. As the algorithms are able to model bivariate interaction, they enjoy superior
performance to univariate algorithms on problems with such interactions – such as 2d
spin-glass systems. However, on problems that contain interactions of higher orders, i.e
those that contain separable modularity or anything more complex, they are unable to
identify and recombine schemata efficiently (Bosman & Thierens, 1999).
The Extended Compact Genetic Algorithm (ECGA) (Harik, 1999) is able to model
multivariate interactions by inferring a modular decomposition of the fit subpolutation
(step 2), then inferring a joint probability distribution over this decomposition (step 3).
The author refers to this approach as a Marginal Product Model. The decomposition
is able to capture interdependency within disjoint modules, allowing it to reflect the
structure of problems with separable modularity. The results show that ECGA can
solve certain problems of this kind in low order polynomial time, which is beyond the
capability of univariate and bivariate models. The modular decomposition of ECGA is
inferred through a greedy agglomerative clustering process that is guided by the MDL
principle, which ensures the right balance between the size of the joint probability tables
and the accuracy of the model.
By following MDL, it could be argued that ECGA, by being the most compact model,
is the best model. However, this is subject to two limitations that are very pertinent to
this thesis. Firstly, given the uncomputability of KC, this argument only applies to the
class of models that make the same assumptions. In other words, other linkage learning
models that assume a structure of separable modularity. Secondly, it only applies to
models of the probability distribution of the population and not the population itself.
This creates an important contrast to the compact SG model introduced in Chapter 3,
which models the population directly.
The Bayesian Optimisation Algorithm (BOA) (Pelikan et al., 1999) is a multivariate
EDA that is also able to capture structure containing separable modularity. In this case
the algorithm captures problem decomposition in a Bayesian Network, which models
variable dependencies in a directed acyclic graph. On each iteration of the algorithm,
a network structure is inferred using a greedy algorithm and a scoring metric that also
appeals to MDL. It then infers joint probability tables over this structure. The results
show that this algorithm can also solve separable problems in low order polynomial time.
In principle, Bayesian Networks can model modular interdependence through variable
to variable dependency relationships and joint probability tables of the correct size.
This overcomes the key limitation with ECGA, which is only able to model separable
modularity. However, the practical problem with this is scalability: the size of the model
grows exponentially with the number of interdependencies between variables.
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To address these challenges an improved version of BOA was created that uses decision
trees to compress the joint probability tables. This is called the Hierarchical Bayesian
Optimisation Algorithm (hBOA) (Pelikan, 2002). hBOA has proven itself more e↵ective
that alternative EDAs and GAs on problems containing hierarchical modular interdependence (ibid.). When combined with a local hill-climbing step, it has also proven
more e↵ective that other EDAs when solving problems containing irregular, overlapping
structures (see next section). Until recently, hBOA was considered the state of the art
in discrete EDAs and model building algorithms more generally.
Since the development of BOA and hBOA, a class of multivariate EDAs has been introduced that uses undirected Markov Networks rather than directed Bayesian Networks
to model dependency structure (Shakya & Santana, 2012). They are sometimes known
as Distribution Estimation Using Markov (DEUM) algorithms (Shakya, 2006). These
approaches factorise the joint probability distribution using the cliques of the network.
Although performance that is similar to other multivariate PMBGAs has been reported
on some tests (Shakya & Santana, 2008), the techniques are yet to establish any distinct
benefits over alternative methods.

2.2.4

Hybrid Methods

Both EDAs and crossover based GAs share two key limitations. The first limitation is
that the variation distribution of both methods can make efficient navigation of local
landscape topologies difficult. Both are able to recombine potentially useful features
of many di↵erent orders, allowing them to cross fitness valleys that defeat gradualist
approaches such as bit-flip hill climbing and mutation-only variation. However, the
distributions are often biased against small search steps required to reach local peaks
(including the global optimum) efficiently.
Recent research has shown that hybrid methods, which combine recombinative variation
with bit-flip hill climbing, can o↵er an e↵ective solution to this problem. These methods
have been described as Hybrid EAs (Pelikan, 2010). The approach benefits from the
exploratory power of recombination with a repair stage that navigates local topology.
The technique has been successfully applied to EDAs, showing that hBOA can solve
problems with irregular, overlapping structure in polynomial time (and more efficiently
than some other hybrid EDA methods) (Pelikan & Goldberg, 2003; Pelikan, 2008; Pelikan
et al., 2009; Pelikan, 2010).
The same approach has been used on GAs with uniform crossover, creating a new type
of unbiased BBO algorithm usually referred to as a Hybrid GA (previous references plus
Prugel-Bennett, 2007, 2010). The results show that Hybrid GAs will often outperform
vanilla GAs. Interestingly, they have been shown to solve separable problems in polynomial time, despite not being able to infer an explicit model of modular structure.
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Arguably, the performance of Hybrid GAs on problems with an irregular structure is
competitive with (hybrid) hBOA (see results in Pelikan, 2008), but without the overhead
of explicit modelling. Given the strength of these results, a Hybrid GA is used as an
implicit modelling comparison method in Chapter 5.

2.2.5

Multi Scale Search

The second limitation with vanilla EDAs and GAs is that recombination does not benefit
from incremental trial and error, which allows directed mutations (of any order) to
be tested one at a time. Recently, new approaches to explicit model building have
emerged that overcome this limitation with powerful e↵ect. These approaches employ
centralised model-building in an iterative loop, like EDAs. However, they do not employ
probabilistic models. Instead, they infer a problem decomposition and use this as a
variation neighbourhood in stochastic macro hill climbing. These approaches have been
described in recent work as Multi-Scale Search (MSS) (Mills et al., 2014). This work uses
test problems containing modular interdependence to demonstrate that once the modular
decomposition of a problem has been learned, MSS can find the optimal combination
of modules in provably linear time. In comparison, EDAs take exponential time to
find the correct solution using random recombination. As well as these theoretical
results, the experimental work described in this section shows that on many di↵erent
problems, including problems with irregular, overlapping structures, MSS methods are
outperforming both vanilla and hybrid EDAs and GAs.
The Building Block Hill Climber (BBHC) (Iclanzan & Dumitrescu, 2007) and MACROH (Mills, 2010; Mills et al., 2014) are MSS algorithms that decompose problems into
a library of schemata using a similar agglomerative clustering method. This method
joins together alleles that only ever co-occur together (they have maximal mutual information). By decomposing problems in this way and applying MSS principles, they
show that building block problems can be solved in linear or sub quadratic time. This
clustering method proves the MSS concept. However, given the absolute nature of the
joining mechanism, it is only e↵ective on synthetic building block problems that are
free of noise. A variation of the idea, which seeks to overcome this limitation using
probabilistic “soft joins”, is described in Mills (2010).
More recently, another MSS algorithm has been introduced that arguably represents
the state of the art in model building algorithms: the Linkage Tree Genetic Algorithm
(LTGA) (Thierens, 2010). This algorithm adopts the same general MSS approach, but
supports a richer problem decomposition that has proved to be highly e↵ective on a
variety of di↵erent problem structures.
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2.2.5.1

The Linkage Tree Genetic Algorithm

LTGA and its variants are MSS algorithms that decompose problem structure into what
is known as a Family Of Subsets (FOS) model (Thierens & Bosman, 2011). The idea is
that the linkage structure of a problem can be represented using a collection of subsets
of problem dimensions. Consider the following example, which illustrates a FOS for a
10-dimensional problem:

F = {{1, 3, 10, 2}, {10, 3, 1}, {3, 10}, {3, 1}, {1, 3, 4, 8}, {5}}
Each subset within an FOS is unordered and describes a partition of the search space in
which multivariate interactions can be observed. In theory, subsets can be disjoint, can
overlap in a strictly nested way (where one subset is a subset of another), or overlap in
an unnested way (where one subset intersects with, but is not a subset of, another). The
LTGA algorithm produces a class of FOS that can contain a subset of these relations,
and can be interpreted as a tree.
The LTGA clustering process is illustrated in figure 2.1. A population is initialised using
steepest-ascent hill climbing, which applies initial selection pressure. On each iteration,
a linkage tree is inferred from the population, using bottom up agglomerative clustering
and an information-theoretic distance metric. Clustering starts by populating a linkage
tree with individual problem loci as leaf nodes. On each iteration of clustering, the
algorithm measures the distance between leaf nodes in the tree. On the first iteration,
there are ⇥(n2 ) such distance measures, describing the information distance between
pairs of loci. The “closest” subsets are merged into a new subset which is then added to
the tree as a descendent of the two original subsets. In the next iteration, the original
subsets are removed from the distance calculation, and the new subset is used instead.
This process continues until there is only one leaf node containing a subset of length
n: a state that is guaranteed within n
(2n

1 steps. The result is an FOS that contains

1) partitions. The length n partition is discarded, as a linkage pattern describing

the whole genome does not make sense. Usually, any common ancestors of a node with
0 information distance between them are also discarded, as they are redundant.
LTGA produces a class of FOS where the subsets can be interpreted as a binary tree. It
is capable of modelling modular and hierarchically modular linkage structures that are
strictly nested. However, given the nature of the way subsets are clustered, it cannot
capture unnested overlapping structure.
In LTGA, MSS-style variation is performed by combining the linkage structure in the
tree with allele values sampled from the population. In the original algorithm, two
parents are randomly selected from the population: each acts as an initial condition
for macro hill climbing. The linkage tree is then enumerated, usually in a smallest first
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Figure 2.1: An illustrated example of linkage tree construction from LTGA (see text).

order (see Goldman & Tauritz, 2012). Each subset acts as a bit mask, which, when
applied to each parent, produces two specific schema. The schemata are crossed over to
each parent to create two mutant o↵spring. If either of the o↵spring are fitter than the
fittest parent, then both parents are replaced by the o↵spring. This process continues
until all the linkage patterns in the FOS have been enumerated. In later approaches,
a Global Optimal Mixing EA (GOMEA) strategy is preferred to two-parent crossover
(Thierens & Bosman, 2011; Goldman & Tauritz, 2012). In this strategy, a parent is
chosen at random and cloned as an initial condition for macro hill climbing. For each
enumerated subset, a random “donor” parent is selected from the population and a
schema is created. This is used as a macro mutation operator which is tested on the
o↵spring.
Two di↵erent information distance metrics have been used in the literature to create
linkage trees through agglomerative clustering: the original “cluster distance” metric
and a “pairwise distance” metric (see the referenced literature for specific details of
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both methods). The cluster distance metric requires the joint entropy of each potential
cluster to be calculated. As cluster entropy calculation scales exponentially with the
size of the clusters, this can create a high computational burden. The pairwise distance
metric (Pelikan et al., 2011; Thierens & Bosman, 2011) simplifies computation by using
bivariate information measures only to guide the clustering process. It is essentially a
heuristic approximation of the cluster distance. This is computationally very efficient –
scaling reliably at ⇥(n2 ). Use of the pairwise metric means that the entire linkage tree
is constructed using information calculated from bivariate interactions only. Perhaps
surprisingly, aside from the saving in computation, the pairwise metric has proven to be
more e↵ective in overall optimisation performance than the original, reducing required
population sizes and fitness evaluations (Pelikan et al., 2011; Thierens & Bosman, 2011;
Goldman & Tauritz, 2012).
MSS using LTGA appears to o↵er a number of advantages over EDAs. In terms of
modelling complexity, the linkage tree can be reliably built in ⇥(n2 p) (Pelikan et al.,
2011), where n is the problem size and p is the population size. This is considerably
faster than the O(n3 + n2 p) o↵ered by hBOA (Pelikan et al., 2000). LTGA has also been
shown to have superior performance to leading EDA methods on a variety of problems.
This includes ECGA on concatenated trap and nearest-neighbour NK-landscape problems (Thierens & Bosman, 2011), and hBOA on MAX-SAT problems (Sadowski et al.,
2013). It has also been shown to perform efficiently on more difficult NK-landscape
problems containing neutrality (Goldman & Tauritz, 2012), MAXCUT and hierarchical trap problems (Thierens & Bosman, 2012). One interesting result is that although
LTGA cannot model unnested overlap, it can outperform EDAs that can model this
structure (Sadowski et al., 2013). This is reflected upon further in Section 5.3.
Overall, we regard MSS using LTGA as the state of the art in explicit model building
methods. As such, it is used as a comparative modelling method in Chapter 5.

2.3

Summary

In this chapter we have explored the nature of evolutionary problems, and shown how
they can be described in terms of hierarchical schema structure. We have reviewed the
field of evolutionary model building algorithms, and examined the ability of each algorithm to infer and exploit schema structures of various kinds. Two methods have been
identified as the state of the art in implicit and explicit model building respectively: Hybrid GAs and LTGA. Both of these methods are capable of solving problems containing
various types of complex, high-order schema structure in polynomial time. They will be
used as comparison methods in Chapter 5.
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The thesis now moves on to describe the Schema Grammar model, its ability to infer
the explicit schema structure of evolutionary problems, and the advantages it o↵ers over
the current state of the art.

Chapter 3

Schema Grammar: A Compact
Model of Problem Structure
3.1

Introduction

The research hypothesis being tested is that compact models of fit populations can reflect the compositional structure of the selective environment and have strong predictive
qualities with respect to fitness. This hypothesis appeals directly to the MDL principle,
which claims that the “best” explanation of a data set is the most compact representation of it. We follow the intuitions of the Schema Theorem, BBH and Compositional
Evolution, and assume that selective environments can be decomposed into a hierarchy
of semi-independent parts, which can be represented by schema structure. In the context, the challenge is in inferring a compact model that can capture schema structure
without positional bias.
Typical lossless compression techniques are inadequate as their capabilities are restricted
to compressing sequential structure only. Although it is common in evolutionary algorithms to represent individuals as sequences over a finite alphabet (for example, the
“bit string” representation), unbiased algorithms must be able to treat the order of this
representation as arbitrary (Rowe & Vose, 2011). In other words, interactions between
variables will not necessarily be visible in contiguous loci, meaning problem structure is
not reflected in sequential structure. Sequential compression is also limited by its inability to infer information about absolute position. In the problems we consider here, the
functional context of alleles is key: it is the combination of alleles and loci that specifies a
genome’s semantics. However, sequential compression will only detect relative patterns
and inspecting these patterns will often reveal little about the underlying structure of
the problem. For both these reasons, a new approach is required that can be described
as combinatorial compression.
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In this chapter a new type of grammar-based compression is introduced that is capable of
compressing a population of sample individuals by inferring a hierarchical structure from
which it can be composed. We refer to it here and throughout as Schema Grammar (SG).
SG is a lossless model, meaning that the original population can be recreated without
any loss of information. SG achieves compression by identifying frequently recurring
combinatorial patterns – schemata – in a population of phenotypes, capturing these in a
compact G-P map, then encoding individuals in a factorised genetic representation. The
SG model is inferred from a population directly using grammatical inference techniques,
which are detailed in Section 3.4. This section defines an o✏ine algorithm that adopts
features of two existing sequential lossless compression algorithms, modifying them to
remove positional bias.
Generative grammar is able to model a compact genetic representation using symbol
substitution and recursive rewriting. Each of the symbols inferred into the grammar
expands into a schema or complete phenotype by recursively rewriting a hierarchical
composition of smaller schemata. There is a topological equivalence between this and
the description of hierarchical schema structure introduced in Chapter 2. The power of
the model is three fold. Firstly, it allows a schema structure for the selective environment to be explicitly inferred and inspected, which is illustrated in Chapter 4. Secondly,
it allows model-based evolutionary search to generalise about the selective environment
in terms of explicit schemata. This is demonstrated in Chapter 5. Finally, as a lossless compact model it o↵ers a principled way of capturing the information content of
the population, whilst respecting complex epistatic interdependency and decomposable
problem structure. In Chapter 6, this property is used to create new quantitive measures
of evolutionary information that have a strong predictive quality with respect to fitness.

3.1.1

Kolmogorov Complexity

Kolmogorov Complexity (KC), otherwise known as algorithmic complexity, describes the
complexity of an object as the the shortest Universal Turing Machine that can generate
it. KC measures the absolute information contained by an object. This contrasts with
Shannon information, which is a probabilistic measure describing the average information transmitted by a random source (Grunwald & Vitanyi, 2004). KC provides the
theoretical cornerstone for compression, Bayesian inference and the MDL principle (for
full details see Vitányi & Li, 2000; Li & Vitányi, 2009). Essentially, it shows that the
size of a lossless, compact model of an object is an estimate of its absolute information
content. If the object is highly structured then it will contain redundancy, will be highly
compressible and will thus have “low complexity”. If an object contains no recurring
structure then it will not be compressible, thus having “high complexity”.
If we are to describe the sophistication of life in terms of its complexity (Bedau, 2009),
then the Kolmogorov interpretation is misrepresentative. After all, it would consider a
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randomly disordered object to be more “complex” than one which contains the regularity
of form that characterises life. However, by applying careful interpretation the theory
can be used to derive measures of evolutionary information that are genuinely revealing.
This is demonstrated by the work in Chapter 6, which shows how the compact SG model
can be used to approximate the amount of “knowledge” contained in a population about
its selective environment, even if the structure of that environment contains complex
epistatic interaction.
One of the key results of KC theory is that it is computationally undecidable. Essentially,
this means that measuring the information content of an object is subject to how it is
represented, and there can be no such thing as the best compact model across all possible
representations. An implication of this is that if compressed size is used as an estimate
of information content, it is only valid with respect to a particular representation. It
also means that SG and sequential compression methods, which employ fundamentally
di↵erent representations, are not directly comparable. However, they can be used to
construct relative measures which are comparable, and this is the approach taken in
Chapter 6.
The examples contained in this chapter are primarily intended to illustrate the symbology and function of SG and SG inference. The compression achieving by using symbol
rewriting in SG is pointed out in some examples, but it is left to the work of later chapters to demonstrate the degree of compression that SG is capable of and how this relates
to population structure, problem structure and KC.

3.1.2

Grammatical Evolution

It is important to draw a distinction between the techniques introduced in this thesis
and other applications of generative grammar in evolutionary computation, in particular
Grammatical Evolution (GE). GE was first introduced by Ryan et al. (1998) as a way
of evolving solutions to Genetic Programming (GP) problems. Many applications and
variants have since been described in the literature (see Mckay et al., 2010, for a review).
The canonical approach of GE is to predefine a library of production rules that act as
a G-P map, then evolve genotypes that are defined in terms of this map. A variety
of grammars have been used for this purpose, including sequential grammars and tree
grammars (ibid.). The rules of the grammar constrain phenotypes to be composed from
a range of prevalidated forms, so evolutionary exploration can proceed whilst respecting
these forms. In this respect GE follows the intuition of SG exactly: variation is best
guided by modelling the inherent constraints of phenotype space. The key di↵erence
between GE and SG is that GE grammars are usually predetermined by the algorithm
designer or evolved (O’Neill & Ryan, 2004), whereas in SG they are inferred directly
from a fit population.

32

Chapter 3 Schema Grammar: A Compact Model of Problem Structure

Although GE is usually applied to GP problems, some variations show that the technique can be used to evolve solutions to GA problems. The Gauge algorithm (Ryan
et al., 2002) uses grammar to map GP genotypes, which are defined using a sequence
of integers, into a state machine that generates GA phenotypes. The model is orderindependent (in phenotype space) and ensures that phenotypes are not over-specified.
The authors show that the Gauge compares favourably with Messy GAs (Goldberg
et al., 1989) on some very simple problems, thus demonstrating the concept. Some
success has also been reported applying Gauge to Sudoku puzzles (Nicolau & Ryan,
2006). Given that the production rules in Gauge do not capture any constraints of
phenotype space except its size, it is hard to envisage the general advantage it may o↵er
over any other unbiased implicit model such as uniform crossover. The meta-Grammar
Genetic Algorithm (mGGA) (O’Neill & Brabazon, 2005) uses sequential grammar and
a wrapping operator to map GP genotypes onto GA phenotypes. The production rules
can be predefined or evolved to capture the constraints of phenotype space, although as
a sequential grammar these can only be expressed in terms of alleles that are independent of functional context. Unlike Gauge, the model is not order-independent. The
authors use rules pre-defined with module configurations to evolve solutions to building block problems, although they do not o↵er any comparisons with non-GE methods.
Given that neither of these methods constitute an unbiased model building EA nor been
established as an EA performance benchmark, they will not be considered further here.

3.1.3

Related Methods in Machine Learning

Some techniques exist in machine learning that share characteristics with the combinatorial compression model implemented by SG. First amongst these are feature extraction
techniques that attempt to reduce the dimensionality of data by finding and exploiting
redundancy. The best known of these is Principal Component Analysis (PCA), in which
multidimensional data spaces are remapped with a new set of dimensions (components)
that are oriented such that the lowest order components explain the most variance in the
data and the highest order components the least. The distribution of variance over the
components can reveal information about multivariate structure in the original data.
Indeed, by using PCA, multivariate correlation structure has been shown to exist in
evolutionary problems (Tayarani-N & Prugel-Bennett, 2014). PCA shares the concept
of factorising the original data with lossless compression. In compression grammars, the
information structure is captured in the production rules of the grammar; in PCA the
information structure is captured in the components. As well as the analytical capabilities it provides, PCA decomposition can actually be used for compression directly. By
discarding components which explain the least variance, the space can be concatenated,
although this is a lossy rather than lossless process. It would be an interesting piece of
further work to look at the relation between SG and PCA more closely.
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A related type of unsupervised learning method is subspace clustering (see Parsons et al.,
2004, for a review). The primary objective of this type of algorithm is to categorise
multi-dimensional data samples into discrete groups (ibid., Section 3.2), which can be
either disjoint, overlapping or hierarchical. Clustering can be used for analysing highdimensional order in data (as with PCA) and it can also be used to automatically label
data as a precursor to supervised learning, a technique that is known as semi-supervised
learning (Chapelle et al., 2006). The core model implemented by both SG and LTGA
can be regarded as a type of subspace clustering.
Another related area is association mining, in particular the Apriori algorithm (Agrawal
& Srikant, 1994), and biclustering methods in bioinformatics (Madeira & Oliveira, 2004).
These methods use pointwise frequencies of association to identify interactions in combinatorial data, and capture higher-order interactions by merging lower level interactions
together. Pointwise relates to micro state interactions as opposed to variable interactions. For example, if a data set contained two columns named “Species” and “Status”,
then association mining might detect an interaction between “Panda” and “Endangered”
in a subset of rows. In an evolutionary context, this is the di↵erence between inferring
schemata and linkage structure. In bi-clustering applications association mining is used
to find interactions in gene expression. SG is similar in many ways to association mining methods. A common feature is that they both support the inference of overlapping,
pointwise interactions of many orders. Additionally, both use pointwise frequency of
association to detect information in the data set.

3.2

Context Free Grammar

In this section some relevant concepts and terminology from the field of context free
grammar (CFG) will be briefly introduced. For more detailed information, a standard
text on formal grammars should be consulted (e.g., Webber, 2008). The concepts in
this section will be described in the context of sequential languages. In the next section
the set-based symbolic representation and production rules that distinguish SG from
conventional CFGs will be defined.
Formal grammars are models of how languages can be generated. Each language is a
sequence of symbols that follows a particular structure. Each symbol in a language is
drawn from a finite alphabet, each element of which is known as a terminal symbol. The
English language for example uses an alphabet of 26 characters as well as digits and
punctuation marks, and each of these is a terminal symbol. The fundamental precept
of formal grammar is that language can be derived from a higher-level symbolic representation. This higher-level representation makes use of variables called non-terminal
symbols to represent concepts or features, and production rules which define how the
concepts interrelate with each other and produce the language. Each rule associates a
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non-terminal symbol with a sequence of symbols with which it can be replaced, which
can include both terminal and non-terminal symbols. Any given extract of language
can be derived from a starting sequence of symbols by recursively applying production
rules associated with those symbols. Derivation can thus be explained as the recursive
expansion of symbols into language. The non-terminal symbols and the production rules
of a grammar, model the structure of the language.
As an example, consider sequences of DNA drawn from the four nucleobases {G, A, T, C},

each of which we model as a terminal symbol. A sequence GAT CGAT CAT C can be
derived from a grammar with the following production rules:
s ! x1 x1 x2
x1 ! Gx2
x2 ! AT C
In this grammar, the non-terminal symbols are given by the set {s, x1 , x2 }. The symbol
s, known as the start symbol, is a special case and is the root of the derivation. Each of

the production rules relates a non-terminal symbol with a sequence of symbols it should
be substituted with. Starting with s the sequence D can be recreated without loss of
information through recursive rewriting in the following sequence of steps:
1. s
2. x1 x1 x2
3. Gx2 Gx2 AT C
4. GAT CGAT CAT C

This simple grammar provides an early intuition into the idea of using grammar for compression: there are 11 symbols in the original sequence and 8 symbols on the right-hand
side of the grammar’s production rules. The non-terminal symbols represent a hierarchy
of recurring patterns in the sequence that are used to compress the representation. At
the bottom level x2 expands to AT C and x1 extends that sequence to GAT C. Also note
that in the production rules, no two symbols co-occur together more than once. This
suggests that the sequence has been completely factorised by the grammar – in other
words that the information in the sequence has been captured by the production rules
and it cannot be further compressed.
The CFGs produced by most lossless compression algorithms are known as straight-line
grammars (SLGs). SLGs are more constrained than regular CFGs: every non-terminal
symbol can only appear on the left-hand side of one production rule and derivation cannot loop. For example, the rule x1 ! x1 x2 would recurse infinitely and therefore cannot

appear in an SLG. As a result of this constraint derivation is finite and deterministic,
which is of course necessary for lossless compression. The grammar in the example above
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is an SLG. Kie↵er & Yang (2000) refer to SLGs as admissible grammars and provide
formal definitions.

3.3

Schema Grammar

SG is a type of SLG that enables inherently combinatorial data sets to be modelled
grammatically. It introduces two key modifications to the CFG formalism:
1. Language is described using unordered sets of symbols, as opposed to
sequences. Using this modification, both individuals and schemata can be described using an unordered set of traits.
2. Production rules define set merge operations rather than string rewrite
operations. This modification allows individuals to be described as a recursive
composition of symbols, each representing a schema. This creates a model that
can explicitly represent hierarchical schema structure.

3.3.1

The Language of Problems

In SG candidate solutions are represented by an unordered collection of terminal symbols. Each terminal symbol is used to represent a discrete parameter of the search space.
Let the set of terminal symbols of an SG instance be given by the finite set:

⌃ = {↵1 , . . . , ↵j }

(3.1)

Let the language of an SG instance be given by the powerset:
L = P(⌃)

(3.2)

Individual objects are represented using a sublanguage of L: an unordered subset of
terminal symbols. SG can represent and compress any population of objects that can

be expressed in this way. Here, we introduce a symbolic representation for problem
spaces of fixed dimensionality over a binary alphabet that are canonical in GAs. We
use this representation throughout the thesis to demonstrate problem structure being
inferred and exploited. In Section 7.2.1, two examples of alternative representations are
presented.
Each terminal symbol is used to represent a specific combination of locus and allele, the
notation for which we abbreviate to xji , where i is the locus and j is the allele. For GA
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problems let the terminal symbols of SG be given by:
⌃ = {xji : i 2 {1, 2, . . . , n}, j 2 {0, 1}}

(3.3)

This is simply the set of all possible traits in a problem space. As an example of the
representation consider a 4-dimensional GA problem. The terminal symbols are given
as:
⌃ = {x01 , x11 , x02 , x12 , x03 , x13 , x04 , x14 }

(3.4)

Using this symbology we can reinterpret the bit string individual 1100 as the set:
p = {x11 , x12 , x03 , x04 }
As p is order-independent is could equivalently be written as:
p = {x03 , x11 , x04 , x12 }
Schemata can be expressed in the same way as individuals using combinations of terminal
symbols. For example, an order-3 schema on a 5-dimensional problem 0**01 can be
expressed using the set:
s = {x01 , x04 , x15 }
This representation is similar to the representations used in so-called moving locus
schemes including messy coding (Goldberg et al., 1989). In these representations, genes
are expressed as explicit combinations of locus and allele and have no intrinsic sequential order. For example, in messy coding, genotypes and schemata are specified using
variable length strings in ((locus allele). . .(locus allele)) format like follows:
((1 0)(5 1)(4 0))
Which would specify the same schema as the previous example.

3.3.2

Set Merge Production Rules

In SG the operation of production rules is redefined to perform recursive set merging
instead of string rewriting. This allows both schemata and phenotypes to be derived
from a hierarchical, order independent, composition of traits. We note that set merge
has been suggested by the Minimalist Programme of linguistics as “an indispensable
operation of a recursive system ... which takes two syntactic objects A and B and forms
the new object G = {A, B}” (Chomsky, 1999, p.2). This suggests the fundamental
importance of merge operations in the general study of grammar and linguistics.
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Let the non-terminal symbols of a SG be given by the finite set V , which includes one
or more start symbols. Let each of the production rules in SG be of the form:
v ! p, v 2 V, p 2 P(V [ ⌃)

(3.5)

Each v is a non-terminal symbol representing a specific combination of traits. The
production symbol ! specifies that v should be be replaced by merging in the contents
of the RHS of the rule. P(V [ ⌃) is the powerset (set of all subsets) of the terminal

and non-terminal symbols. This is best served by an example. Consider a grammar
containing three production rules of the form:
g1 ! {s1 }

s1 ! {x06 , x04 , x03 , s2 }

s2 ! {x17 , x15 , x12 , x11 }
In this example s1 and s2 are non-terminal symbols, and g1 is a start symbol representing
an individual. During expansion of g1 each of the non-terminal symbols that appear are
recursively replaced by merging in the contents of the rules associated with those nonterminal symbols. The steps in the resulting expansion are as follows:
1. {g1 }
2. {s1 }

3. {x06 , x04 , x03 , s2 }

4. {x06 , x04 , x03 , x17 , x15 , x12 , x11 }
The expansion of g1 thus giving the phenotype 1100101. The mathematics of sets requires that unique symbols do not occur more than once. This removes the possibility
of over-specification through repeating symbols, although it does not prevent that mutually exclusive alleles appearing together in a set. In other words, the representation
does not formally disallow the production rule:
s ! {x00 , x10 }
If grammar instances are inferred using the algorithm defined in Section 3.4, mutually
exclusive alleles cannot be inferred in the derivation of the population (assuming they
do not appear together in the population). If symbols inferred into the grammar are
used to facilitate variation (e.g., by using the methods described in Chapter 5), then it
is up to the variation mechanism to ensure that mutual exclusivity is upheld.
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Schema Grammar as a G-P Map

We can now formalise the concept of using SG as a genotype-phenotype map. In what
⇤

follows, the notation v =
) X is used to specify an equivalence closure relation, where
v 2 V and X 2 P(⌃). This simply means that the non-terminal symbol v yields
(through repeated application of the production rules to conclusion) X, a schema or
⇤

phenotype. So from the example in the previous section g1 =
) {x06 , x04 , x03 , x17 , x15 , x12 , x11 },
⇤

and s2 =
) {x17 , x15 , x12 , x11 }. By using equivalence closure we can say that non-terminal

symbols represent individual genotypes and schemata. In what follows we also use
+

notation v =
)

to specify a transitive closure relation. This means that v can lead to
+

the production of . Using the same example, we can say that g1 =
) s2 is true.
First we formalise the properties of SG as an SLG. Let each non-terminal symbol in
V appear once and only once as the LHS of a rule in R, and let there be no cycles in
production:
8v 2 V : |{↵ !

2 R : ↵ = v}| = 1
+

6 9v 2 V : v =
)v

(3.6)
(3.7)

These properties mean that each non-terminal symbol deterministically yields a finite
combination of terminal symbols. This allows the grammar to be used as a surjective
mapping into problem space. This does not necessarily mean that the grammar is
unambiguous (in the formal grammar sense): it is possible for di↵erent derivations to
yield the same phenotype pattern. Whether or not this is the case depends on how the
grammar is inferred. The grammars inferred by the algorithms defined in this chapter
(Section 3.4) are unambiguous, but this might not be the case with other inference
algorithms.
Let the non-terminal symbols of the grammar V contain two finite unordered sets representing genotype symbols and schema symbols respectively:
V = {G, S}

(3.8)

Where G = {g1 . . . gp } is non-empty and each element of G is a start symbol. S =

{s1 . . . sl } may be empty. Now we can explicitly define the relationship between an

instance of the grammar and a population of phenotypes. Let the population mapping
of a grammar instance G be defined through the equivalence closure:
⇤

{{g1 }, . . . , {gp }} =
)P

(3.9)

Or equivalently:
⇤

G=
)P

(3.10)
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Where each element of P is a sub-language of L(⌃) (Equation 3.2).
This means that a population of phenotypes of size p can be represented using a SG
instance with p genotype symbols. Consider the following grammar for a population of
two phenotypes:
P1 = {x11 , x12 , x13 , x04 , x05 , x06 , x17 } (1110001)
P2 = {x11 , x12 , x03 , x14 , x15 , x06 , x17 } (1101101)

This population can be represented compactly using the following instance of SG. The
recursive expansions of each non-terminal symbol are shown in the right-hand column
in binary schema format:
⇤

Production rule

)
=

g1 ! {s1 , x13 , x04 , x05 }

1110001

s1 !

11***01

g2 !

{s1 , x03 , x14 , x15 }
{x11 , x12 , x06 , x17 }

1101101

Where g1 and g2 are the genotype symbols and s1 is a schema symbol. The population can be recreated without loss of information by recursively expanding each of the
genotype symbols into its own set:
⇤

{{g1 }, . . . , {gp }} =
) {{P1 }, {P2 }}
Even in this simple example, containing a population of just two samples, the compactness achieved by the representation can be observed. In the original population 14
symbols occurrences are used in the RHS of the grammar’s rewrite rules, whereas in the
compact version only 12 symbols are used. In larger populations containing significant
amounts of predictable structure, this ability to factorise frequently-recurring patterns
into schema symbols and reduce the overall size of the representation is significantly
amplified.

3.3.4

Schema Grammar Defined

We can now formally define SG using the following tuple:

GSchema = (V, G, S, ⌃, R), where:

(3.11)
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V = {G, S}
G

is a set of non-terminal symbols (variables)
is a finite non-empty set of genotype starting symbols that yield phenotypes

S

is a finite set of non-terminal symbols that yield schemata, which may
be empty

⌃

is a finite non-empty set of terminal symbols representing order-1 hyperplanes

R

3.3.5

is a finite set of production rules, R : V ! P(V [ ⌃)

Hasse Diagrams

Up to now we have illustrated the structure of SG in terms of production rules. However,
a richer, more intuitive visualisation is possible using Hasse diagrams. These diagrams
are used to represent the topology of a set. In our case the elements of the set are
the grammar symbols (⌃ [ V ), and the topology we wish to represent is the relations
between symbols, expressed in terms of hierarchical schema production.

Formally, Hasse diagrams depict the transitive reduction of a partially ordered set (poset)
(see Simovici & Djeraba, 2014, for more complete details). Strict partial order is specified
+

by a binary relation R. In our case we use x =
) y as the relation – this is true if y is
produced through the recursive expansion of x. Any two symbols x and y are said to be
+

comparable if x =
)y

+

y=
) x. Not all symbols are comparable (i.e., neither produces

the other), hence partial order. This partial order has the following properties, which
are satisfied as the grammar is an SLG:
+

Irreflexive 6 9x 2 (⌃ [ V ) : x =
)x
+

+

Antisymmetric 6 9(x, y) 2 (⌃ [ V ) : x =
)y^y =
)x
+

+

+

Transitive if x =
) y and y =
) z then x =
)z
Each SG Hasse diagram is a directed acyclic graph. Symbols are represented as nodes
and order as edges. We label symbols using their recursive expansion, which illustrates
their meaning in phenotype space. We describe the result as the hierarchical schema
structure of a grammar instance. As an example consider the following SG instance
from a GA problem.

Chapter 3 Schema Grammar: A Compact Model of Problem Structure

41

Figure 3.1:
A Hasse diagram showing the schema structure of an example SG
instance with three genotype symbols and two schema symbols.

Production rule

⇤

=
)

g1 ! {x11 , x12 , s1 }

1111

g3 !

0011

g2 !
s1 !
s2 !

{x11 , s2 }
{x01 , s2 }
{x13 , x14 }
{x02 , s1 }

1011
**11
*011

A Hasse diagram for the schema structure of this grammar instance is shown in Figure
3.1. This diagram illustrates the topology of the grammar and the derivation of each
genotype inside it. Posets and Hasse diagrams will be used in Chapter 4 to decompose
evolutionary problem structure and compare it with the structure of SG.

3.3.6

Representing Canonical Forms

In this section we show by example how the canonical forms of schema structure described in Section 2.1.5 can be represented in instances of SG. Each of the examples is
assumed to have been inferred from a population of above-average fitness individuals
and for clarity only the schema symbols are shown. In each case the inferred structure
happens to be sequentially contiguous: this is for the purposes of illustration. The examples serve to illustrate the representational capabilities of SG, rather than describe a
typical problem instance.

3.3.6.1

Separable Modularity

In this instance schema symbols capture the module configurations from which the global
optimum 1111 is composed:
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Production rule
s1 ! {x11 , x12 }
s2 !

3.3.6.2

{x13 , x14 }

⇤

)
=

11**
**11

Modular Interdependence

In this instance schema symbols capture each of the module configurations from which
the fittest candidate solutions are composed:
Production rule
s1 ! {x11 , x12 }

11**

s3 !

00**

s2 !
s4 !
3.3.6.3

⇤

)
=

{x13 , x14 }
{x01 , x02 }
{x03 , x04 }

**11
**00

Hierarchical Modular Interdependence

In this instance schema symbols capture the hierarchy of interdependent module configurations from which the the fittest candidate solutions are composed (only part of the
hierarchy is shown for brevity):
Production rule
s1 ! {x11 , x12 }

11******

s3 !

00******

{x13 , x14 }
{x01 , x02 }
{x03 , x04 }

**11****

s6 ! {s3 , s4 }

0000****

s2 !
s4 !

s5 ! {s1 , s2 }

3.3.6.4

⇤

)
=

**00****
1111****

Overlap

In this instance schema symbols capture specific combinations of alleles that overlap in
linkage space:
Production rule

⇤

)
=

s1 ! {x11 , x12 }

11**

s3 !

**11

s2 !
s4 !
s5 !

{x12 , x13 }
{x13 , x14 }
{x01 , x03 }
{s2 , x04 }

*11*
0*0*
*110
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Grammatical Inference

In this section an o✏ine algorithm is defined that is capable of inferring instances of
SG from populations of phenotypes. The time complexity of the algorithm is shown to
be O(n2 p), where n is the problem dimensionality and p is the size of the population.
The algorithm starts by initialising the grammar with a set of genotype symbols G that
directly encode the phenotype population in an uncompressed G-P mapping. As the
algorithm progresses, the genotypes are factorised by creating a hierarchy of schema
symbols that encode frequently recurring hyperplanes. It is important to note that the
algorithm is not guaranteed to find the most compact possible model of a population.
A limitation with grammatical models in general is that given an object and a way of
describing it, finding the shortest description of it is NP-complete (Charikar et al., 2005).
This is known as the smallest grammar problem.
The o✏ine algorithm is adapted from two existing sequential compression algorithms
that use grammar codes: RE-PAIR (recursive pairing), an o✏ine algorithm from Larsson & Mo↵at (2000), and SEQUITUR, an online algorithm from Nevill-Manning &
Witten (1997). Both algorithms compress a sequence of characters by identifying cooccurring symbols (digrams) and substituting these with non-terminal symbols. This
process repeats recursively to build a hierarchy of symbols that expand into sequential motifs of various orders. In both cases, the resulting grammar has an important
property: no two symbols co-occur anywhere in the grammar’s production rules more
than once. Essentially, the compression process identifies recurring sequential structure
present in the original string of symbols and refactors it into a hierarchical symbol table,
resulting in a compressed version of the original with redundant structure removed.
In the algorithm the general o✏ine dictionary-based approach of RE-PAIR is adopted
together with the rule utility constraints of SEQUITUR that collapse unnecessarily
deep hierarchies of order-two production rules into larger, flatter productions. The key
conceptual adaptation we introduce is inference of production rules that yield unordered
sets rather than ordered sequences. This turns out to be a simple adaptation that results
in grammars with analogous properties to those inferred by sequential compression. To
proceed, we adopt an alternative definition of co-occurrence. In the following sequential
CFG production rule:
s ! ababc
we would consider the co-occurrences present to be all the digrams present in the righthand-side of the rule, i.e.:
{(a, b), (b, a), (a, b), (b, c)}
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In contrast we define the co-occurrences in a SG production as all the order-2 subsets
present in the right-hand-side of the rule. So for example the SG production rule:
g1 ! {x11 , x02 , x03 }
contains the following order-2 subsets:
{{x11 , x02 }, {x11 , x03 }, {x02 , x03 }}
Let the co-occurrences in a production rule ↵ !
produced by the function:

Co-occur :

2 R be the set of order-2 subsets

! {A 2 P( ) : |A| = 2}

Where P( ) is the powerset of the RHS of the rule and |Co-occur( )| =

(3.12)
| |
2

. The

o✏ine algorithm works by counting all co-occurrences in a grammar’s production rules
to identify the most frequent, which is then substituted. This requires the following
operations to be defined. Let the co-occurrences in a grammar be the multiset union of
order-2 subsets across all production rules:
C=

]

Co-occur( )

(3.13)

↵! 2R

If we now introduce two production rules to the example:
g1 ! {x11 , x02 , x03 }
g2 ! {x11 , x12 , x03 }
Then:
C = {{x11 , x02 }, {x11 , x03 }, {x02 , x03 }, {x11 , x12 }, {x11 , x03 }, {x12 , x03 }}
Let function F return the most frequent co-occurrence in a multiset X, or an empty set
if no two symbols co-occur more than once:
m : X ! argmax f (A)
A2X
(
m(X) : if |m(X)|
F:X!
;
: otherwise

(3.14)
2

(3.15)

Where f (A) is the multiplicity function counting the instances of A. Using the same
example then F(C) = {x11 , x03 } (2 occurrences).
The o✏ine algorithm is defined in Algorithm 2. It begins by generating C from the
genotype symbol rules (the only non-terminal symbols in the grammar). It then runs
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Figure 3.2: A sequence of Hasse diagrams showing the o✏ine compression algorithm
factorising the representation of three individuals using a hierarchy of schemata.

symbol replacement in a loop. At the beginning of each iteration the most frequently
co-occurring pair of symbols F (C) is identified. If the frequencies of two or more cooccurrences are equal then one is selected randomly. A new schema symbol is then
created that yields F (C), and each occurrence of F (C) in the rules is replaced with the
new symbol, shortening the length of each such rule by 1 symbol. Using the previous
example, the first substitution would create the following rules:
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g1 ! {x02 , s1 }
g2 ! {x12 , s1 }

s1 ! {x11 , x03 }

During this replacement the multiset C is updated as the contents of the rules change.
This substitution process repeats until no co-occurrence appears more than once anywhere in the production rules – i.e. until F (C) = ;. Larger schema symbols are formed

through the recursive substitution of co-occurring symbols, creating symbol hierarchies.
Figure 3.2 shows the compression process working using the poset representation of SG
(Section 3.3.5).

3.4.0.5

Rule Utility

The rule utility constraint adopted from SEQUITUR and incorporated into Algorithm
2 stipulates that non-terminal symbols that are referenced only once in the right-handside of the production rules should be removed as they are redundant. This is best
explained by an example. Consider a frequently occurring schema 1111**** (for example
if the population were local optima of concatenated trap-4 functions). Without the rule
utility constraint this schema would be inferred into the grammar in a hierarchy like the
following:
Production rule

⇤

)
=

g1 ! {s3 , x14 , x16 , x17 , x18 }

11111111

s1 !

11******

g2 !
s2 !
s3 !

{s3 , x04 , x06 , x07 , x08 }
{x11 , x12 }
{s1 , x13 }
{s2 , x14 }

11110000
111*****
1111****

In these production rules symbols s1 and s2 are only referenced once and are unnecessary in order to encode the schema 1111**** efficiently. By enforcing the rule utility
constraint the production for s1 would be back-substituted into s2 and s2 back into s3 ,
and the now-redundant symbols removed, leaving:
Production rule

⇤

)
=

g1 ! {s3 , x14 , x16 , x17 , x18 }

11111111

s3 !

1111****

g2 !

{s3 , x04 , x06 , x07 , x08 }
{x11 , x12 , x13 , x14 }

11110000

A worked example of the o✏ine algorithm including the rule utility steps is shown in
Table 3.1.
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Algorithm 2: O✏ine Compression Algorithm
input : phenotype population P = {P1 , . . . , Pp }
output: grammar instance G = {V, G, S, ⌃, R}
// initialise grammar
G=S=R=⌃=;
// enumerate phenotypes and encode
for P 2 P do
// ensure all terminal symbols are stored
for ↵ 2 P do
⌃ = ⌃[↵
end
// encode each genotype with 1-1 mapping
g = NewSymbol()
G=G[g
R = R [ (g ! P )
end
// build co-occurrence multiset
C=;
for ↵, 2 R do
// Co-occur( ) returns all order-2 subsets in
C = C ] Co-occur( )
end
// now implement symbol replacement loop
while F(C) 6= ; do
// create a new schema symbol
s = NewSymbol()
S =S[s
// add it to production rules
R = R [ (s ! F(C))
// now find all rules containing F(C) (see text)
M = Find(R, F(C))
for ↵, 2 M do
// update co-occurrence multiset from current rule
C = C \ {{A, B} 2 Co-occur( ) : A 2 F(C) _ B 2 F(C)}
// replace co-occurring symbols with new schema symbol in rule
= s [ { \ F(C)}
// update co-occurrence multiset from updated rule
C = C ] {{A, B} 2 Co-occur( ) : s 2 {A, B}}
end
end
// now find any underutilised schema symbols (see text)
U = FindUnderutilised(R, S)
for s, s , r 2 U do
// s is symbol rule and r is only rule where symbol is yielded
r = s [ { r \ s}
// remove unused schema symbol
S =S\s
end
return {G [ S, G, S, ⌃, R}
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Step

Action

Production Rules R

0

Initialise genotype
symbols from
sample phenotypes

1

g1 ! {x01 , x12 , x13 , x04 , x05 }
g2 ! {x01 , x12 , x03 , x04 , x05 }
g3 ! {x11 , x02 , x13 , x04 , x05 }
g1 ! {x01 , x12 , x13 , s1 }

Substitute
{x04 , x05 i}

(3 co-occurrences)

g2 ! {x01 , x12 , x03 , s1 }
g3 ! {x11 , x02 , x13 , s1 }
s1 ! {x04 , x05 }

2

g1 ! {s2 , x13 , s1 }

Substitute
{x01 , x12 i}

(2 co-occurrences)

g2 ! {s2 , x03 , s1 }

g3 ! {x11 , x02 , x13 , s1 }
s1 ! {x04 , x05 }
s2 ! {x01 , x12 }

3

g1 ! {s3 , x13 }

Substitute
{s1 , s2 }

(2 co-occurrences)

g2 ! {s3 , x03 }

g3 ! {x11 , x02 , x13 , s1 }
s1 ! {x04 , x05 }
s2 ! {x01 , x12 }
s3 ! {s1 , s2 }

4

Back-substitute
s2 into s3 as only

g1 ! {s3 , x13 }
g2 ! {s3 , x03 }

g3 ! {x11 , x02 , x13 , s1 }

referenced once,

s1 ! {x04 , x05 }

and delete s1

s2 ! {x01 , x12 }

s3 ! {s1 , x01 , x12 }
5

Stop (no cooccurrences with

g1 ! {s3 , x13 }
g2 ! {s3 , x03 }

g3 ! {x11 , x02 , x13 , s1 }

frequency > 1)

s1 ! {x04 , x05 }

s3 ! {s1 , x01 , x12 }

Table 3.1: A worked example of the o✏ine compression algorithm incrementally compressing three sample individuals from a 5-dimensional binary population. Highlights
in the grammar rules show changes made by each action.

3.4.0.6

Grammar Size

In this section we show that the number of schema symbols generated by the o✏ine
algorithm is linear in population size and problem dimensionality. This is intuitive:
there would be no compression advantage without this property. The proof applies to
all representations with finite dimensionality and not just GA problems.
Theorem 3.1. The number of schema symbols created by the o✏ine algorithm is upper
bounded by the binary relation:
|S| 

p(n

1)
2

Where |S| is the number of schema symbols, p = |G| is the size of the population and n
is the number of the problem dimensions.
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Proof. The production rule associated with each genotype g 2 G will initially have cardinality |g|  n. Each schema symbol substitution replaces two symbols in a production
rule with a new schema symbol (line 21 in Algorithm 2). The maximum number of
substitutions is therefore n

1 per rule and p(n

1) across the population. Given that

each schema symbol replacement occurs in at least two rules (Equation 3.15), then the
total number of new schema symbols is upper bounded by

3.4.0.7

p(n 1)/2.

Computational Complexity

In this section we show that the theoretical scalability of the o✏ine algorithm is O(n2 p).
The proof we o↵er relates to the construction and update of the multiset of co-occurring
symbols C during the symbol substitution process which dominates computation and
provides the lower bound to scaling.
Theorem 3.2. The computational complexity of the o✏ine algorithm is given by:
Offline(n, p) = O(n2 p)
Proof. For any given production rule the operation Co-occur( ) (Equation 3.12) requires each unique pair of symbols in
| |(| |+1)
2

to be identified, which by definition requires

operations. On initiation the co-occurrence multiset C must be populated by

calling Co-occur( ) (line 12 in Algorithm 2) for each genotype. At this stage, the
length of each rule is the length of each genotype, so this requires up to

n(n+1)
2

opera-

tions per genotype.
The maximum number of symbol substitutions per genotype is n

1 and we assume

this case. On each substitution the length of the RHS of the rule | | is decremented by
1. The size of each rule therefore changes in an incremental series running from n to 2.
For each substitution the update of C on line 20 requires 2(| |

1) operations (| |

1

for each symbol in the pair being substituted) and the update of C on line 22 requires
| |

1 operations. So on each substitution there are 3(| |

these operations across the series | | = (n, n

1) operations. Summing

1, . . . , 2) yields:

3 (1 + 2 + · · · + (n

1))

(3.16)

which is a divergent series given by the triangular number:
3n(n 1)
2

(3.17)
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The number of operations per rule can thus be derived by adding the operations from
the initial population of C with the update on substitution. This yields:
n2 + n 3n2 3n
+
2
2
4n2 2n
=
2
= n(2n 1)

(3.18)

Using these operations as the dominant term and multiplying across the population gives
an overall complexity Offline = O(n2 p).

3.5

Implementation Notes

The practical scalability of the algorithm depends on implementation details. Items that
may a↵ect scalability include the following:
1. Lookup, insert and delete on set and multiset data structures.
2. The function F(C) (Equation 3.15) which returns the most frequently co-occurring
pair of symbols from C.
3. The function Find(R, F(C)) which returns the production rules containing F(C).
4. The function FindUnderutilised(R, S) which returns the schema symbols only
referenced once and the rules which reference them.
The key data structure in the o✏ine algorithm is the co-occurrence multiset C. This is
essentially a counter (or property bag) of all symbol co-occurrences in the grammar. A
natural and computationally efficient structure for counting co-occurrences is an interaction matrix, but this would not work well here for two reasons. Firstly, the number of
symbols changes during execution, so such a matrix could not be statically sized. Secondly, it would not be scalable memory-wise to dynamically size a matrix. The number
of symbols scales at O(pn) (Theorem 3.1). Therefore, the interaction matrix would need
to scale at O((pn)2 ) which would quickly become infeasible. It would also be very sparse
and thus inefficient with respect to memory.
A more efficient alternative is to store each co-occurring pair of symbols as distinct
items in a hash map, using the value of each map entry to represent the frequency
count. In this way the content of the C multiset can be explicitly modelled. This
structure would need to be indexed using an unordered hash of each symbol pair (in
other words Hash({A, B}) = Hash({B, A}). Bearing in mind that the function F(C)
is required to return the most frequently co-occurring pair of symbols, then it is also
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beneficial for the hash map to be dynamically sorted in descending order of value. By
doing this the F(C) function can be implemented trivially by returning the first item in
the map or ; if the largest co-occurrence count is 1.
In order to efficiently implement the Find(R, F(C)) function, which returns the production rules containing F(C), and the FindUnderutilised(R, S) function, which returns
the schema symbols only referenced once and the rules which reference them, a hash map
of symbols to the rules in which they occur can be maintained. This provides a horizontal
remapping of the rules, and thus is sized proportionally to pn. To find the rules in which
the two symbols {A, B} appear then the intersection operation Map(A) \ Map(B) can

be performed. Using this approach the FindUnderutilised(R, S) function can also be
implemented by scanning the map for symbols where the number of referencing rules is
1.
These notes provide some insight into the best ways of implementing the algorithm,
although many alternatives are possible. Investigating each of these is beyond the scope
of the thesis. In the implementation used to produce the results reported here, empirical
computational scalability was found to be in the region ⇥(n2 p) to ⇥(n3 p), depending
on the amount of regularity present in the population.

3.6

Discussion

How can we compare the grammatical model and inference algorithm introduced by this
chapter with others? In terms of SG as a compression algorithm, it is typical in the data
compression literature to compare the performance of two algorithms in terms of their
compression ratio. In other words, how e↵ective they are at shrinking the size of a data
stream. In the same way, one idea may be to compare compression ratios of the o✏ine
algorithm with a sequential compressional algorithm. The problem with this is that
SG uses a di↵erent information model to that of sequential compression algorithms. It
views the world as combinations of symbols where order is explicit, which contrasts with
viewing the world as sequences of symbols where order is implicit. The compressibility
of one view of the world is not directly comparable with the compressibility of another.
However, it is possible to construct relative measures using the two di↵erent approaches
that are comparable in a specific context. Chapter 6 compares the ability of SG and a
sequential compression algorithm to infer problem structure. It does this quantitatively,
using their compressed sizes, by constructing relative measures and exploiting recent
theoretical understandings of KC in an evolutionary context.
In terms of comparing SG to other evolutionary model building algorithms, the two
canonical axes of comparison are computational complexity and overall search performance. Chapter 5 deals with the latter, comparing SG against implicit and explicit
reference models in global function optimisation. In terms of computational complexity,
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the o✏ine algorithm defined in Section 3.4 o↵ers theoretical scalability of O(n2 p) and
empirical scalability of ⇥(n2 p) to ⇥(n3 p). The fairest comparison of this is with the two
leading models that are capable capturing overlapping, multivariate structure: hBOA
and LTGA. hBOA can theoretically rebuild its model in O(n3 + n2 p) steps (Pelikan
et al., 2000), and LTGA has shown reliable scalability of ⇥(n2 p) using the “pairwise
distance” clustering method (Pelikan et al., 2011). Overall, then, the SG o✏ine algorithm is generally competitive with the state of the art, but cannot match the reliable
scalability of LTGA in empirical tests. Is it possible to do better?
At the heart of the o✏ine algorithm is an adaptation of the RE-PAIR sequential lossless compression algorithm. This algorithm is simple and compresses data well, but
online algorithms like LZ77 (Ziv & Lempel, 1977) and SEQUITUR are faster, use less
memory, and are favoured in practice. In the same way as RE-PAIR was adapted for
SG, it is likely that many alternative compression algorithms could also be adapted.
This o↵ers the potential for new SG inference algorithms with superior time complexity.
A glimpse of this potential can be seen in section 7.2.3, where an online algorithm is
outlined that has the potential to scale linearly in n. Being able to develop faster compression algorithms like this is important for the future of SG, in the field of evolutionary
optimisation at least.

3.7

Summary

In this chapter we have introduced and formally defined the SG modelling framework.
We have shown how SG can infer a compact model of an evolutionary population without
sensitivity to positional bias. This creates a new capability that allows Toussaint’s
concept of “compact models as a search strategy” to be properly developed and used as
the basis for unbiased, model-based BBO. As a lossless, compact model SG also unlocks
a new way of estimating the algorithmic complexity of objects. The rest of this thesis
explores these capabilities in depth.

Chapter 4

Inferring Compositional Schema
Structure
The previous chapter showed how Schema Grammar (SG) can capture the information
present in a population of samples in a grammatical representation. We now consider
the form of this information. The intuition runs that by inferring the structural form of
a representative population, a model-building algorithm may be able to generalise about
the structural form of a problem. This can provide valuable insight in its own right. It
can also be used to guide evolutionary search – a topic that is considered in Chapter 5.
The literature reviewed in Chapter 2 describes a myriad of ways in which populations
can be modelled. In this chapter we show that SG models are able to capture population
structure in a way that appeals directly to the spirit of the Schema Theorem, BBH and
Compositional Evolution. Specifically, that SG models can decompose populations of
fit individuals into a compositional schema structure (CSS).
What better way to decompose a population than to infer how it could be composed?
In the abstract, both BBH and Compositional Evolution describe a search algorithm
that composes complete solutions by identifying and recombining partial solutions, or
building blocks. The power of this algorithm lies in its potential to transform the
scale and gradient of fitness landscapes, by using building blocks that reflect intrinsic
problem structure as variation neighbourhoods. These theories describe building blocks
that emerge from the recursive recombination and selection of fit schemata, creating
a hierarchy of stepping stones (Forrest & Mitchell, 1993) from which fit solutions can
be constructed. It is this hierarchy we refer to as compositional schema structure. To
infer a CSS from a population is to infer a hypothesis about how it could be evolved by
compositional search.
The approach we take is to define CSS in terms of potential compositional pathways to an
individual, and a population of individuals, in a particular selective environment. This is
a theoretical rather than practical construction that illustrates the space of possibilities.
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We formalise the concept of CSS using the mathematical framework of partially-ordered
sets. This framework builds on the existing concepts of schemata, building blocks and
hyperplane competitions. A benefit of the poset formalism is that CSS can be visualised
as a lattice using Hasse diagrams, which also allows it to be compared to SG structure.
In the second part of the chapter we use experiments to show cases where the hierarchical
schema structure inferred by SG is not just any schema structure, but is also a CSS.
In other words, the hierarchy of schemata used to compress the population is shown
to be of above average fitness, with fitness monotonically increasing in the direction of
composition. Moreover, the form of the schema structure is shown to be consistent with
the intrinsic structure of the fitness function. This is shown on problems with modular,
hierarchically modular and overlapping structures.

4.0.1

Walsh Analysis

The CSS concept we introduce in this chapter provides a means of describing problem
structure and interpreting the model inferred by SG. An alternative way of decomposing
and interpreting problem structure is through Walsh Analysis (Bethke, 1980; Goldberg,
1988). The methods are related as both infer a model of problem structure that is
explicit in nature and defined over partitions of the search space. Walsh Analysis uses a
type of Fourier Transform to decompose a fitness function into a nested sum of individual
fitness contributions. Fitness contributions are defined for every partition of the problem
space (including the null partition and individual dimensions). Their magnitude is given
by the Walsh Coefficient of the partition (a product of the transform) and their sign
by the bit pattern of the individual over that partition. More formally, the fitness of a
candidate solution X is given by:
f (X) =

n 1
2X

wj

j (X)

(4.1)

j=0

The Walsh Coefficient wj specifies the average fitness e↵ects of interactions that occur
in the partition indexed by j. The position of the 1s in the binary representation of j
indicate the dimensions included in the partition. For example, on a 4-bit problem j
values of 1, 2, 4, and 8 (0001, 0010, 0100 and 1000) index the paritions covering single
dimensions. The coefficient w0 covers the null partition and is equal to the average
fitness of all solutions in the space. The Walsh Function

j (x)

specifies the direction

of each fitness e↵ect and is a function of the bit pattern in X over the partition. Walsh
Functions can be computed easily (see references for details). They are orthogonal,
allowing each Walsh Coefficient to be calculated using the 2n possible solutions, x, and
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their corresponding fitness values f (x):
n

2 1
1 X
wj = n
f (x)
2

j (x)

(4.2)

x=0

Walsh Analysis has important limitations as a technique for decomposing problem structure. Perhaps most importantly, it is computationally unscalable. As can be seen from
Equation 4.2, calculating a Walsh decomposition requires fitness to be fully observable
and exhaustively evaluated. Secondly, the meaning of the Walsh Coefficients needs to
be carefully interpreted. Each non-zero coefficient over the k dimensions indexed by j
represents an epistatic interaction within that partition of at least order k. But this is
not the same as detecting the presence or fitness of individual fitness-e↵ecting schemata
of order k. As an example, consider a “needle in a haystack” fitness function, where a
specific point in an n-dimensional search space has a fitness of 1 and all other points
have a fitness of 0. Intuitively, we would consider one relevant interaction to be present
in the fitness function, of order n. However, a Walsh Analysis results in Walsh Coefficients that are all non-zero as the single order-n “needle” interaction is covered by every
combination of dimensions in the space.
Despite these limitations, the technique can provide some useful insights into the epistatic
structure of problems. It is by these means that researchers have been able to confirm
the presence of high-order epistasis in biological species (Weinreich et al., 2013). When
fitness is fully observable, Walsh Analysis also provides a faster way of calculating the average fitness of individual schemata, which we do later in this chapter using the method
detailed by Goldberg (1988).

4.1

Deception

CSS builds upon the concept of deception, which has been developed by a number of
authors (Goldberg, 1989a; Liepins & Vose, 1991; Whitley, 1991; Deb & Goldberg, 1993).
Deception provides an important perspective for understanding problem difficulty from
a compositional perspective. There is no universally-adopted definition of deception.
However, the one we use here follows the approach, terminology and notation of Whitley
(1991).
Essentially, deception describes the relationship between a high-order objective schema
h (which can be a fully-formed individual) and the set of low-order schemata that contain it, which are referred to as the schemata relevant to h. For example, the schema
***000*** is relevant to 111000111, and the schema 0******* is relevant to the schema
000******. We will use the notation <h to specify the set of schemata relevant to h.

We can say that deception exists in the problem if any schema hc 2 <h is not the
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winner of its hyperplane competition. For example if h = 1111 and hc = 11** then
if f (hc )  max {f (00**), f (01**), f (10**)}, deception would exist between hc and h.
Usually, the global optimum is assumed as h, and thus deception exists if any relevant
schema down to the level of individual alleles is not a hyperplane competition winner.
The idea of deception was motivated in the literature by trying to understand the nature
of problem difficulty. If some component part of the global optimum is not the fittest
alternative then it follows that the search process could be led away from the global
optimum (and hence be deceived).
If we interpret deception as being analogous to difficulty, this sets a very stringent
criterion for a problem not being classified as difficult. Essentially, deception describes
a solution that can’t be composed in the simplest way – i.e., by assembling together the
fittest building blocks from the lowest level upwards. But this ignores the possibility
that the fitness of di↵erent features of the global optimum might still have higher-than
average fitness. For example, consider a global optimum f (1111) = 1.0 and the average
fitness of four competing schemata:
f (00**) = 0.9, f (01**) = 0.6, f (10**) = 0.57, f (11**) = 0.88, f¯ = 0.7
Where f¯ specifies average fitness. Clearly the gradient between 11** and 1111 is deceptive, but categorising it in this way ignores the fact that is has a very high average
fitness. In other words, a relevant schema can have a strong positive fitness signal and
be deceptive, which is an oxymoron. If a search mechanism recognised both 00** and
11** from their fitness signal and used both for recombination, either stochastically or
enumeratively, then there is a strong possibility (depending on the rest of the fitness
gradient to 1111) that the global optimum can be composed. The term deceptive is thus
in itself deceptive: it is really just a description of local problem difficulty that can often
be overcome.
Deception perhaps makes more sense when considered at the level of individual binary
alleles, which can only be hyperplane competition winners or losers. In this case a
relevant allele which has lower individual fitness than its alternative, will by definition
be of below average fitness and may well lead an algorithm to the wrong answer. At
this level deception is intuitive. At higher orders with greater numbers of hyperplane
competitors, the concept of deception is very limited in the amount of useful information
it represents about a problem.

4.2

Compositional Schema Structure

CSS sits within the same conceptual framework of schema and schema fitness as deception. It relaxes the criteria deception implies for relevant schemata that may be of
interest – from hyperplane competition winners, to schemata of above average fitness.
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This provides a more intuitive understanding of how compositional algorithms, including
the Schema Search algorithm we define in Chapter 5, are able to solve problems through
decomposition and recombination. It is also more consistent with Watson’s definition of
relevant sub-problem solutions (see Section 2.1.5, also Watson, 2006, p.138-140).
Consider an n-dimensional problem. The total number of relevant schemata |<h | is equal

to all combinations of individual alleles over the partition, except the schema h itself
and the null case, giving:

|<h | = 2l

2

(4.3)

Given the above, if h is equal to an individual, then it is contained by (2n
schemata, ranging from n individual alleles to larger order-(n

2) relevant

1) schemata. These

schemata can be modelled as a transitive hierarchy that builds from the least specific
lowest-order schemata, individual alleles, to the most specific highest-order schemata
(the individual itself). Each of these is a competitor in a separate order-k hyperplane
competition over the partition they occupy. We can use partially-ordered sets and
Hasse diagrams, which were introduced in Section 3.3.5, to formalise and visualise this
topology.
Let the relevant schema structure of any schema h be the partially ordered set (<h , >).
The binary relation > relates pairs of members of the set (x, y) 2 <h and is true if the
hyperplane specified by schema x contains the hyperplane specified by schema y. For

example 000*** > 000*1* is true and 0*0*** > **0*** is false. Not all members of the
set are comparable (hence partial order). This is the case when neither x > y nor y > x,
for example when x = 1***** and y = *****0.
Each poset creates an ordered compositional hierarchy from a set of relevant schemata.
Its transitive reduction can be visualised using a Hasse Diagram, an example of which is
illustrated in Figure 4.1. In the diagram, the joins (upward edges) and meets (downward
edges) of the partial order have meaning. The joins specify composition of multiple lower
order schemata into higher-order schemata, or in other words a hyperplane intersection.
The meets from higher-order schemata into lower-order schemata specify hyperplane
union.
By filtering and reordering the relevant schemata, we can now use the poset formalism
to define CSS. We allow any relevant schema with average fitness and above to be a
member of the CSS. This then includes all schemata that can lead to the composition
of the individual, either absolutely (i.e., in a non-deceptive sense) or probabilistically.
This relaxes the notion of problematic schemata invoked by deception, excluding only
those unequivocally misleading schemata with below average fitness.
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Figure 4.1: A Hasse diagram showing the relevant schema structure of an individual
as a partially ordered set (poset). Each member of the lattice is a schema containing
the individual, has an (average) fitness, and competes in a hyperplane competition with
other schemata. The poset framework provides a natural representation for showing
compositional hierarchy.

Figure 4.2: An illustration of the compositional schema structure (CSS) of an individual. Above-average fitness schemata containing the individual are ordered by
containment and fitness. This results in a transitive hierarchy of schemata from which
the individual can be composed.

A partial ordering is defined on the members of the CSS, to reflect compositions of
schemata that confer a fitness advantage and excluding those that do not. As an example
of the latter, consider an individual with fitness f (1111) = 1.0, two relevant schemata
f (1***) = 0.7 and f (1**1) = 0.6 and a problem average fitness f¯ = 0.5. Our approach
posits that both relevant schemata are of above-average fitness and could be selected
for. Both schemata could be used to compose the individual as this represents a fitness
gradient. However, there is no fitness advantage of 1**1 over 1***, and so there should
be no compositional pathway between them in the CSS (in partial order terms they
should be incomparable). We can formalise this with the following definition:
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Figure 4.3: A Hasse diagram showing the compositional schema structure (CSS) of
a population of fit individuals from a 4-bit HIFF problem. The theoretical space of
compositional possibilities can be huge.

b h , composes),
Definition 4.1. The CSS for the schema h is the partially ordered set (<
b h is the subset of h-relevant schemata that have average fitness or above:
where <
n
b h = x 2 <h : f (x)
<

o
f¯

And binary relation composes is given by:

x composes y () (x > y) ^ (f (x)  f (y))
In words, x composes y is true if schema x contains y (in the hyperplane sense) and it
has a lower or equal schema fitness. It is named to reflect containing lower-order schema
suggesting composition of the high-order schema. For example if f (1****) = 0.6 and
f (11*1*) = 0.65 then 1**** composes 11*1* would be true. The relation is transitive,
so if f (11*11) = 0.7 then both 11*1* composes 11*11 and 1**** composes 11*11 would
be true. The results of this definition is a lattice of compositional pathways to a schema
or individual, with fitness monotonically increasing in the direction of composition. An
example CSS for an individual is shown in Figure 4.2.
The definitions provided above can be applied to any schema or individual in the search
space. We can also use the same approach to define the CSS of a population of individuals. This employs the same binary relation, but over a superset of all above-average
fitness schemata relevant to members in the population. Let P = {P1 , P2 , . . . , Pp } be a
population of individuals:

b P , composes,
Definition 4.2. The CSS of the population P is the partially-ordered set (<
b P is the union of all P-relevant schemata that have above average fitness:
where <
bP =
<

[

P 2P

bP
<
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In Figure 4.3 the CSS for four members of a fit population from a 4-bit HIFF problem
are shown as a Hasse diagram (see Section 4.3.3 for a definition of the problem). Note
that the Hasse diagram is a transitive reduction. For example, there is no direct join
between 00** and **00 at 0000, although there is a transitive join. Although the CSS
is restricted to above-average fitness individuals, and the ordering only admits those
schemata with a fitness gradient between them, the figure shows that the space of theoretical compositional possibilities can be exponential in the size of the problem. A large
amount of redundancy is clear, with multiple opportunities for constructing the same
schema.

4.2.1

Summary

In this section we have shown that the structure of a problem can be understood as a
population of schemata of above-average fitness, partially ordered by fitness composition. This provides a topology to schema structure and a way of understanding how
compositional algorithms may use the structure as a fitness gradient to the fittest solutions. In the next section we show that SG models are able to infer a compact CSS
from a population of representative individuals. In other words, they are able to infer a
hypothesis about how compositional evolutionary algorithms may be able to construct
fit individuals.

4.3

Inferring Compositional Schema Structure

The nature of lossless compression is such that given a sample population, a structure
of some kind will be modelled. The question is whether this is the right structure. More
specifically, does the structure used to compress the population reflect the intrinsic
structure of the selective environment, and does it form a compact CSS? This section
describes a series of experiments in which representative populations from a variety of
selective environments are modelled using SG and the o✏ine algorithm. Examining the
SG model inferred from each population demonstrates the ability of the model to infer
the structure of the selective environment.
The SG model infers a G-P map and a collection of factorised genotypes for each population. Three di↵erent techniques are then used to analyse the schema structures inferred
into SG. Firstly, the derivations of the global optima in each grammar model are extracted and analysed. These derivations show the inferred building block decomposition
of each optimum and allow consistency with CSS to be validated. Secondly, the complete library of schema symbols in each grammar is extracted and visualised spatially,
allowing qualitative comparison with intrinsic fitness function structure. Finally, the
fitness distributions of the inferred schemata are compared to the expected statistical
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pattern of CSS: schemata of above average fitness, with fitness monotonically increasing
with order.
Two building block test problems are examined first: modular trap functions and HIFF.
For these problems the nature of the structure inferred by the grammar is straightforward
to assess as the problems are contrived and their structures well studied. Both fitness
functions have a modular decomposition which is reflected in the structure of the fittest
individuals – and which the grammar would therefore be expected to infer. In the case
of HIFF, the decomposition is hierarchical and this should be reflected in the grammar.
Then, problems with less regular structures are analysed: 2D spin glasses and nearestneighbour NK landscapes. In these problems, structure is randomised and no specific
forms can be expected. Nevertheless, the neighbourhood structures of both problems are
regular and spatially contiguous (in a functional sense – neighbourhood structure is still
regular when the problem dimensions are shu✏ed). This means that where synergistic
epistatic interactions occur in the fit population, although they may be irregular and
overlapping, they can still be expected to occur in spatially contiguous neighbourhoods.
In these cases we would expect to see regularity in the spatial distribution of inferred
schemata.
For clarity of presentation the un-shu✏ed versions of each problem type are used in this
section. The results in Chapters 5 and 6 prove that SG is not sensitive to positional
bias, so this is done without loss of generality.

4.3.1

Methodology

Given the computational demands of Walsh Analysis, and to allow the results to be
easily visualised, small problem instances were used: n = 12 in all cases except for
HIFF, where 3-level n = 8 instances were used. These problem sizes are insignificant
in practical terms. However, they allow the concept to be proven in principle and the
nature of SG models to be visualised in a way that is understandable. This is sufficient
for present purposes. Much larger problem sizes are used in Chapter 5 to assess the
performance of SG models in global function optimisation.
The inferred grammar structure for a representative instance of each problem is captured.
One instance of each problem is created (random in the case of NK-landscape and 2D
spin glass) and the fittest individuals in the solution space, including the global optimum,
are sampled. For the n = 12 problems this is set to the most fit 1% of the population, for
8 bit HIFF this is set to the top 15%. The sample population is then compressed using
the o✏ine algorithm. Each schema symbol inferred by the grammar and its transitive
closure (recursive expansion) is recorded. The fitness of each of the schema symbols
is then calculated using the Walsh Coefficients and the method described in Goldberg
(1988). The derivation of each global optimum is also extracted and partially ordered
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as per Section 3.3.5. The fitnesses of each schema symbol are superimposed onto Hasse
diagrams of each derivation, allowing them to be assessed in terms of CSS. Finally, the
statistical profile of inferred schemata is captured for 2d spin glass and NK landscape
problems across multiple random problem instances. The fitness and order of all inferred
schemata is recorded across 1000 random trials of each problem type.
To allow comparison across multiple trials and for consistency of presentation across
problem types, fitness values are normalised using the following function, which is generated for each problem instance:

fn (X) =

f (X) f¯
max(f ) f¯

(4.4)

Where f (X) is the original fitness function, f¯ is average schema fitness (equal to the
w0 Walsh Coefficient) and max(f ) is the fitness of the global optimum. This linear
remapping returns a transformed fitness of 0 for solutions of mean fitness and 1 for the
global optimum, with all other fitnesses scaled accordingly.

4.3.2

Concatenated Traps

Deceptive trap functions (Deb & Goldberg, 1993) are a commonly used mechanism for
creating test problems with a modular structure and a tuneable level of difficulty. The
concatenated variant of the problem creates a fitness function by composing m identical
trap functions together and summing their individual fitnesses. The result is a structure
exhibiting separable modularity (Section 2.1.5). Each function is defined over k separate
input bits, creating a total problem length of n = mk bits. The fitness contribution of
each trap is a function of the number of the bits in the trap that are equal to 1. We
use

=(

1,

2, . . . ,

m)

to represent the partition of an input string X into functions.

The fitness of each function

f( ) =

is as follows:
(

f⇣high
1

u( )
k 1

⌘

: if u( ) = k
flow : otherwise

Where k is the size of the function, u( ) is the number of bits in

(4.5)

set to a value of 1,

and 0 < flow < fhigh . Unless otherwise stated, values of fhigh = 1.0 and flow = 0.9 are
used. The two bit-flip local optima of each trap are when all the bits are 0s (f ( ) = flow )
and when all the bits are 1s (f ( ) = fhigh ). In all other states except the optimum there
is a negative correlation between the number of 1s and the fitness contribution. This
property misleads most local search mechanisms and so presents a source of problem
difficulty. Finding the optimum configuration of each trap function typically requires
stochasticity in initial conditions or variation to find the right basin of attraction. The
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Figure 4.4: The structure inferred by SG using the o✏ine algorithm and a population
of fit individuals on a concatenated trap problem. (a) Derivation of the global optimum
in the grammar, shown as a Hasse diagram. Each node represents a reusable building
block (symbol) used by the grammar to compress the population. The inferred structure
of the global optimum is a compact CSS: schemata of above average fitness partially
ordered by containment and fitness. It is also consistent with the intrinsic structure
of the fitness function. (b) The complete set of schema symbols inferred from the
population. Each row represents a locus and each column a schema symbol. White
squares represent 0s, black 1s and grey not specified. The grammar captures di↵erent
combinations of local optima at multiple levels.

overall fitness value of a concatenated trap problem is a sum of the fitness contributions
of each function, defined as follows:

f( ) =

X

f ( i)

(4.6)

i=1...m

Problem difficulty caused by the deceptive building blocks is bounded. If the variation
neighbourhood of search is restricted to the two local optima of each function then the
problem is separable (although this requires a compositional algorithm that can infer
and exploit this neighbourhood). In CSS terms, the fittest solutions in the search space
can be composed using recursive recombination of local function optima.
What would we expect an ideal compact model to look like in this experiment? The
fittest individuals in the sample population are generally constructed from combinations
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of module configurations, such as 111*********, that follow the intrinsic modular structure of the original problem. Each one of these module configuration appears multiple
times in the population, creating redundancy and an opportunity for compression. To
a lesser extent, specific higher-order combinations of these module configurations also
appear multiple times, for example 111***111***. The schema structure in an ideal
compact model, then, would be expected to contain a hierarchy of schema symbols.
This hierarchy would include all of the relevant module configurations at the lowest
level as well as specific combinations of these modules. By capturing modular decomposition in this way, the model would be able to represent many di↵erent combinations
of fit module configuration in a compact way.
The results of the experiment on a k = 3 concatenated trap problem are shown in
Figure 4.4. The top part of the figure shows the inferred schema structure of the global
optimum, which reflects the following production rule derivation (the symbol indexes
have been changed for clarity):
Production rule

⇤

=
)

g1 ! {s1 , s2 }

111111111111

s2 ! {s5 , s6 }

***111***111

s4 !

******111***

s1 ! {s3 , s4 }
s3 !
s5 !
s6 !

{x11 , x12 , x13 }
{x17 , x18 , x19 }
{x14 , x15 , x16 }
{x110 , x111 , x112 }

111***111***
111*********
***111******
*********111

These results clearly show that the grammar has decomposed the solution using a nested
hierarchy of schemata of two di↵erent orders, including a decomposition of the individual
local optima. Each of these schemata are used at least twice to compress individuals in
the population – they are common building blocks. The lack of order 2, 4, 5, 7, and 8
schemata is explained by the rule utility constraints of o✏ine inference (Section 3.4.0.5).
Intermediate symbols of these orders are created during bottom-up inference. However,
they are only ever referenced once (by their parent) and are thus merged. This process
creates a clearly-identifiable building block structure that reflects the structure of the
fitness function.
The figure also shows that the derivation forms a CSS. In other words, the partial
order of symbol production is consistent with a partial order of schema containment
and monotonically increasing schema fitness. This gives credence to the idea that the
schema structure inferred by SG is a hypothesis for how the solution could be evolved
in a compositional search. It also shows that this is a compact CSS: a small subset of
the complete space of possibilities specified by Definition 4.1, pruned for redundancy.
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In Figure 4.4(b) the complete schema symbol structure of the grammar instance is
expanded. In the figure, each row represents a locus and each column a schema symbol.
White squares represent 0s, black 1s and grey not specified. The figure demonstrates that
the grammar contains only a compact subset of all schemata relevant to the population.
The number of schema symbols is upper bounded by p(n

1)/2

(Theorem 3.1), although in

this case there are only 56 schema symbols used in the derivation of 40 individuals. This
low ratio indicates a highly regular structure that SG is easily able to compress. The
figures show that inferred schema structure is consistent with intrinsic modular structure
of the fitness function: schemata representing combinations of module configurations
with above average fitness.
The results show that the grammar can infer some schemata with below average fitness
(e.g., 10******), even when all members of the population have above-average fitness.
Where these appear in the derivation of certain individuals, we can say that the grammar
structure is not strictly compositional. Throughout the experiments these schemata were
found in the minority of cases (this is best illustrated by Figure 4.8).

4.3.3

Hierarchical If-And-Only-If (HIFF)

Hierarchical if-and-only-if (HIFF) problems are a type of hierarchically decomposable
function (HDF) (Watson et al., 1998). We use them here to examine the capabilities of
SG on problems containing hierarchical modular interdependence (Section 2.1.5). Each
HIFF problem is defined over multiple logical levels. At the lowest level (l = 1) the input
vector is divided into n/k non-overlapping partitions with an identical fitness function
on each, as with concatenated traps. The fitness function used is an if-and-only-if (IFF)
function that has a value of k l if the input bits are either all 1s or all 0s, or 0 otherwise.
We use k = 2 functions in all cases. This creates two optima of equal fitness for each
function – 11 or 00.
At subsequent levels the IFF functions recurse, such that the first k functions on one
level feed the first function on the next level. This creates a logical pyramidal structure
with a single IFF function at the top level. To create the input bit for the next logical
level an IFF function maps its k input bits to a single output bit that represents its
overall state. The output value of each function is set to 1 if the function is in an all
1s configuration, 0 for an all 0s configuration and null (“-”) otherwise. This structure
creates a fitness bonus for co-ordinating module configurations. For example, composing
together 11** and **11 into 1111 creates a fitness bonus. It also introduces hierarchical
modular interdependency into the problem structure. This structure is best illustrated
by an example – a decomposition of fitness for a k = 2, l = 3, n = 8 HIFF problem with
the input vector 10001111 is shown in Figure 4.5.

66

Chapter 4 Inferring Compositional Schema Structure

Figure 4.5: A fitness decomposition of the candidate solution 10001111 on a HIFF
problem instance with 3 hierarchical levels. At the lowest level each fitness function is
defined over a partition of the input bits. At subsequent levels each function is defined
over “meaning” bits provided by the functions below.

HIFF problems are deceptive in the formal schema sense as although the composite
features of each global optimum have average or above average schema fitness, they
are not unambiguous hyperplane competition winners. To overcome this compositional
ambiguity requires the modular composition of the problem to be learned and variation
to be facilitated at multiple levels of scale.
The results of the experiment for the 8-bit HIFF problem are shown in Figure 4.6. The
results show that, as with concatenated traps, SG infers a compact schema structure
that is consistent with the hierarchically modular structure of the fitness function. In the
top half of the figure, the derivation of one global optimum is shown. The derivation is
composed of a compact two level hierarchy that includes the fittest module configurations
at each level. The fitnesses and ordering of the schemata show that the derivation is
consistent with CSS. In the bottom half of the figure, the rest of the schemata are
shown to be generally consistent with the hierarchically modular structure of the fitness
function. As with concatenated traps, alternative configurations are captured for each
module.

4.3.4

2D Spin Glasses

Ising spin glass systems are simple models of physical systems that exhibit disorder.
Each system is defined in terms of n identical nodes or spins that can be in one of two
symmetrical states, 1 or -1 (mapped to 1 or 0 in binary representations), and weighted
edges that connect some or all of the nodes. Each weighted edge wij specifies a constraint
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Figure 4.6: The structure inferred by SG using the o✏ine algorithm and a population
of fit individuals on a 3-level n = 8 HIFF problem. The figures show that SG is able
to infer all three scales of hierarchical organisation in the population for both global
optima.

between the pair of nodes {xi , xj } it connects: if it is positive, nodes with correlated

(matching) states are preferred; if it is negative, nodes with anti-correlated states are
preferred. The magnitude of the weight specifies the magnitude of the constraint. These
constraints can be in conflict, creating frustration in the system that is measured in terms
of energy. The objective in optimising a spin glass is to find the ground state(s) in which
energy (and thus frustration) is at its minimum. There are at least two global optima
for each problem instance due to symmetry: the complement of each ground state will
have the same energy. Frustration is analogous to epistasis and is a source of problem
difficulty.
The local energy of each pairwise constraint is calculated by negating the product of the
node states and the edge weight. For example, if xi =
gives

1, xj =

1 and wij =

1 this

xi xj wij = 1. Note that the sign of the two node states is irrelevant, only whether

they are correlated or anti-correlated. For example xi = 1, xj = 1 gives the same result
as the previous case. The total energy of the system is given by:

E(X) =

n
X

wij xi xj

(4.7)

ij

We calculate fitness by reversing the sign of the energy function to have consistency with
the other test problems used, and present optimisation as a maximisation rather than
minimisation task:
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f (X) =

E(X)

(4.8)

Nodes on the 2D spin glasses we use here are arranged as a wrapped square lattice with
each node connected to its 4 spatially adjacent nodes. We use edge weights randomly
chosen from {+1, 1}. This subset of problem instances are known as 2D ± J Spin

Glasses (Saul & Kardar, 1994). We use them here as the ground states for random
instances that can be solved in polynomial time, enabling them to be used as optimisation benchmarks in evolutionary computation literature (Pelikan & Goldberg, 2003;
Goldman & Punch, 2014). 2D spin glasses are randomised problems that do not contain predictable explicit structure. However, where structure emerges this is expected
in spatially contiguous regions of the problem space.
The results of the experiment for the 2D spin glass problem are shown in Figure 4.7. In
the upper panel, one of the two complementary global optima and its grammar derivation are shown using a spatial representation of the problem. The 1D GA representation
(shown for each schema in the bottom half of the figure) maps to the spatial representation in a left-to-right, top-to-bottom order. For example, locus 1 maps to cell (1, 1),
locus 4 maps to cell (1, 4) and locus 5 maps to cell (2, 1). Edges extending at the
boundaries indicate toroidal wrapping. For example, the four connected neighbours of
cell (1, 1) are cells (1, 2), (2, 1), (1, 4) and (3, 1). The figure shows that the optimum is compressed using a compact CSS, with all schemata of above-average fitness
and fitness monotonically increasing in the direction of composition. A spatial order
can also be seen, with contiguous spatial interaction agglomerating up the hierachy, to
cover neighbourhoods of increasing size.
A spatial pattern is also present in the lower part of the figure, with most schemata occupying contiguous regions of the (2D) space. What can also be seen is a certain a degree of
redundancy caused by the symmetric nature of spin glasses. In most cases, schemata are
inferred in complementary pairs (for example *00********* and *11*********). This
is the result of inference detecting absolute, rather than relative, correlations between
variables.
An interesting feature of the results is that although SG can model overlapping structure
that is not strictly nested (for example 11* and *11), only a small amount of this can
be seen in the schemata (it is better observed in the next section). Instead, an implicit
linkage structure appears to emerge that is overlapping in a nested, hierarchical sense.
Given the amount of overlap intrinsic in the energy function, this is perhaps unexpected.
One possible reason is that these problems may contain a critical backbone of problem
dimensions that form the basin of attraction of the fittest solutions (Prugel-Bennett,
2007), and decomposition of the fittest solutions may be shaped around this backbone.
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Figure 4.7: The structure inferred by SG using the o✏ine algorithm and a population of fit individuals on a 2D spin glass problem where n = 12. (a) The phenotype
expansions of each symbol are rendered on the spin glass lattice and show the inferred
hierarchical spatial structure of a global optima. Edges extending at the boundaries
indicate toroidal wrapping. (b) Complementary spin configurations for each of the two
global optima are successfully inferred. White and black cells indicate + and
spin
states respectively.

An additional experiment run on the spin glass problem captures the distribution of
schema fitnesses over 1000 random problem instances. This provides an additional perspective for analysing inferred schema structure. The results of this experiment are
shown in Figure 4.8(a). The distributions are arranged by order of schema, and they
show a statistical pattern that is consistent with the presence of CSS: schemata of aboveaverage fitness with fitness monotonically increasing with schema order.
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Figure 4.8: The distribution of schema symbols inferred by SG on 1000 random
instances of 2D spin glass and NK-landscape problems. The distribution of schema fitnesses is grouped by order of schema. The figure shows that SG captures above-average
fitness schemata with fitness monotonically increasing in the direction of hierarchical
composition. The box plot whiskers extend to the minima and maxima.

4.3.5

Nearest Neighbour NK-Landscapes

NK-Landscapes are a well known test problem containing randomised epistatic interactions of various orders (Kau↵man, 1993). The amount of epistasis in each problem is
tuned using parameter k = {0, 1, . . . , n

1}, which specifies the number of “neighbours”

of each bit. The fitness contribution of each bit xi is taken from a lookup table fi ,
which maps each of the 2k+1 unique states of the bit and its neighbours to a randomised
value in the range 0 to 1. In fitness landscape terms k controls the ruggedness of the
landscape, and allows the difficulty of the problem to be tuned. When k = 0 each bit
has no neighbours and the function is fully separable. As k increases the amount of
epistasis in the problem increases, creating an increasing number of local optima.
The nearest neighbour variant of the problem was used, in which the k neighbours of
each bit are taken from its immediate neighbours in the problem representation. Where
the neighbourhood extends beyond the end of the individual then it is wrapped. The
nearest-neighbour structure provides more intrinsic regularity than selecting neighbours
randomly, as each bit participates in the same number of epistatic interactions. In
the unshu✏ed version of the problem used here, neighbours are arranged contiguously,
therefore some sequential regularity can also be present.
The overall fitness F of a n-bit bitstring X with state {x1 , x2 , ..., xn } is given by:
n

F (X) =

1X
fi (xi , ⌦(i))
n
i=1

(4.9)
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Figure 4.9: The structure inferred by SG using the o✏ine algorithm and a population
of fit individuals on a nearest-neighbour NK landscape problem where n = 12 and k = 3.
The inferred schemata demonstrate SGs capability to capture irregular overlapping
structure.

Where ⌦(i) is the state of the k neighbours of bit i. Nearest-neighbour NK landscapes
are randomised problems and their specific structure is unpredictable. However, given
that their epistatic neighbourhoods are formed in a regular, contiguous, overlapping
pattern, then structure can be expected to emerge in spatially-contiguous regions.
The results of the first experiment for the nearest-neighbour NK-landscape problem are
shown in Figure 4.9. The derivation of the global optimum is shown in the top part of
the figure. In this case there is a deeper, more complex hierarchy. Note that some of the
larger schemata appear to only cover one smaller schema – this is because the joins with
terminal symbols are not shown in the diagram for brevity. Both branches of schemata
used in the derivation occupy particular spatial neighbourhoods, with these becoming
more specific in lower orders. This follows the neighbourhood structure of the fitness
function. The derivation is largely consistent with a compact CSS, although there are
two anomalies. Firstly, the schema ***0*0***** is inferred by the grammar, which is
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of below average fitness. Secondly, fitness does not monotonically increase between the
schemata 1*******0010 and 1****0**0010.
Figure 4.9(b) shows the full set of schema symbols inferred by SG. This is a compact
subset of all relevant schemata of the population – 40 building blocks reused by 40 individuals. The schemata are generally formed in contiguous regions of locus space, which
is consistent with the spatial structure of the fitness function. As with spin glasses, inferred schemata suggest an implicit linkage structure or critical backbone in the problem.
In this case though, un-nested, overlapping schemata are more prevalent (for example,
*001******** overlaps with ***01*1*****, *****1*1**** with *****0**1***), showing
that SG is capable of capturing these features. The results of the second experiment,
capturing the distribution of schema fitnesses over 1000 random problem instances, are
shown in Figure 4.8(b). Again, they show a statistical pattern that is consistent with the
presence of CSS: schemata of above-average fitness with fitness monotonically increasing
with schema order.

4.4

Discussion

The CSS framework presented in Section 4.2 provides a topology to schema structure
that appeals to the nature of compositional search algorithms. Each CSS is relevant
to a selective context and can be used to describe both individuals or populations of
individuals. It provides an additional perspective for thinking about problem difficulty.
In contrast to deception, which has a focus on compositional problems, it highlights
compositional opportunity. Figure 4.3 shows that the space of these opportunities can
be very large.
It is interesting to consider whether the compositional order of relevant schemata generally follows the order of fitness. In other words, to what extent is it naturally the
case that smaller order schemata have a lower average fitness than the higher order
schemata they contain. If this is true, the implication is that in many problems a natural compositional schema structure is likely to exist in a fit population. This structure
would provide a natural gradient toward the fittest solutions for compositional search
algorithms that were able to incrementally infer and then exploit schema structure. By
definition schemata contain exponentially fewer points in search space as their order
increases. Variance in schema average fitnesses can therefore be expected to increase
as order increases1 and be at its highest at the level of individual solutions. Therefore,
to the extent that a problem is decomposable, it is logical that higher order relevant
schemata are generally higher fitness than the lower order relevant schemata. The experimental results shown in Figure 4.8 provide support for this theory,
1
Note that this concept of variance refers to the distribution of schema fitnesses and not the fitness
of solutions each schema contains. The latter is known as schema variance (Goldberg & Rudnick, 1991),
and this is generally (but not always – (ibid.)) expected to decrease in higher orders.
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The results in Section 4.3 demonstrate the SG model inferring schema structure from
a variety of problems. This schema structure is shown to be compact, consistent with
the structure of the fitness function, and in most cases exhibits a compositional fitness
gradient from low to high order. This provides strong evidence for the claim that SG
can infer a schema structure that is consistent with the compositional structure of the
selective environment. Each model is a hypothesis for how a population could be evolved
by compositional evolutionary search. In Chapter 5 this information is used to generalise
about the selective environment, by using inferred schema structure as an exploration
distribution.
It is perhaps not remarkable the SG can learn the decomposition of simple building
block problems. There are numerous examples of multivariate model building algorithms
that can do something similar, and both hBOA (Pelikan, 2002) and LTGA (Thierens,
2010) can do so using a hierarchical model. Both support the modelling of the nested
hierarchies that are intrinsic to these problems. In problems with a less regular structure,
hBOA can also capture overlapping structures that are not strictly nested. However,
there are two key reasons why the results here are novel and significant. Firstly, SG is
the first model that is able to decompose an explicit, hierarchical schema structure from
a population and describe each individual in the population in terms of this structure.
In some ways this closes the loop between model-building, Schema Theorem and BBH.
Secondly, it proves that compact models can e↵ectively capture non-sequential structure
on combinatorial optimisation problems. Together, these contributions create significant
new research opportunities for evolutionary model building.
It is important to note that the schema structures used in this chapter were on un-shu✏ed
problems as this made the results easier to visualise. When positional bias is removed
from the representation using the random shu✏ing, then the same functional results are
observed. SG inference is driven by the combinatorial co-occurrence of symbols, and is
order independent.

4.5

Summary

In this chapter a new framework was introduced for describing the schema structure
of decomposable problems in terms of partially ordered sets. Compositional Schema
Structure (CSS) allows schema structure to be understood and visualised as a hierarchy
of above-average fitness schemata, with fitness monotonically increasing with schema
order. CSS captures the idea of schemata acting as a fitness gradient for compositional
model-building algorithms. Experimental results demonstrated that SG models are able
to successfully infer CSS from populations of fit individuals in a variety of selective
environments, supporting the claims of this thesis. Chapter 5 explores the potential of
this structure for directing evolutionary variation.

Chapter 5

Compact Models as a Search
Strategy
Chapter 4 illustrated the form of schema structure captured by SG models and showed
cases where this form was consistent with the compositional structure of the selective
environment. This chapter investigates the qualities of SG schema structure with respect
to evolutionary variation, and how it can be successfully applied to practical function
optimisation.
Evolutionary populations only reveal partial information about the selective environment from which they are sampled. However, if regularity exists in the problem space
then there is a possibility to generalise this information. In the current context, to generalise means to use information about the selective environment to generate o↵spring
that are both high quality with respect to the objective function and novel. Arguably,
the performance of evolutionary systems attempting to minimise or maximise objective functions are ultimately driven by these abilities. The typical interpretation of
fitness in evolutionary computation is the state of the population with respect to the
objective function. Although this use of fitness can measure progress toward an objective in absolute terms, it does not capture the ability to generalise. This has lead
researchers to propose the concept of e↵ective fitness (Stephens & Vargas, 2000; Toussaint & von Seelen, 2007). E↵ective fitness is a more holistic measure of adaptedness,
which considers not only the (objective function) fitness of individuals but the number
of fit o↵spring they are able to produce. For an evolutionary system to be e↵ectively fit,
the variation neighbourhood used to evolve the population must respect the constraints
of phenotype space. Not only does this protect against disastrous mutations that violate
key dependencies, it also allows problem decomposition to be exploited, by recombining semi-independent partial solutions together. E↵ective fitness has been suggested as
an explanation for the evolution of e↵ective representations (Nordin & Banzhaf, 1995;
Stephens & Vargas, 2000; Toussaint & von Seelen, 2007). In this thesis, where we infer
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representations directly, it provides a useful conceptual framework for thinking about
the fitness of those representations.
The first half of the chapter examines the qualities of the SG model with respect to
e↵ective fitness and its ability to generalise. It shows that by inferring a language
of variation expressed in terms of hierarchical schema structure, SG is able to guide
evolutionary search in an explicitly directed way. Experiments are used to analyse the
variation neighbourhoods created by SG models, in a variety of selective environments.
The quantity and fitness of novel mutant o↵spring produced by SG-guided variation is
compared to unguided recombinative variation using uniform crossover. These results
show that on the tested problems, uniform crossover produces only a fraction of the fit
novel o↵spring produced by SG-facilitated variation. SG is also compared to a state
of the art model-guided variation method, LTGA global mixing, and is shown to have
comparable or superior performance in all cases.
In the second part of the chapter the model is applied to global function optimisation,
establishing SG as an instance of a Compression EA (Toussaint, 2006). The search algorithm follows the general framework of Multi-Scale Search (MSS) (see also Section 2.2.5).
Essentially, MSS describes evolutionary algorithms that use iterated model-guided hillclimbing as a variation mechanism. MSS exploits models that are able to specify an
explicit variation neighbourhood for multi-scale hill climbing. This approach benefits
from the efficiency of systematic trial-and-error search, combined with the opportunity
for large scale recombination. Indeed, recent theoretical work has proved that MSS can
radically reduce the complexity of additive decomposable problems (Mills et al., 2014).
Arguably, MSS-style search is emerging as the state of the art in model-building EAs. It
can be seen in a series of recent works that demonstrate superior performance to standard EDAs on a variety of problems. This includes work utilising LTGA global mixing
(Thierens & Bosman, 2011; Goldman & Tauritz, 2012; Goldman & Punch, 2014), BBHC
(Iclanzan & Dumitrescu, 2007), MACRO (Mills, 2010) and compact grammatical models
related to this thesis (Cox & Watson, 2014a,b).
The SG search algorithm implements MSS by adopting inferred schema structure as a
variation neighbourhood. The performance of the algorithm is evaluated on a range
of NP-hard problems containing modular, hierarchical modular and randomised overlapping structures. Two algorithms that are comparable in a MSS framework are also
tested: LTGA with global mixing and a hybrid GA. The latter is not strictly an MSS
search. However, it is closely related as it combines crossover-based variation and hill
climbing in an iterated population-based search (Section 2.2.5 contains more details on
hybrid algorithms). The results in this section show that on the tested problems, SG
significantly outperforms the hybrid GA in terms of time complexity, and is comparable
to the state-of-the-art method. This establishes SG as a credible alternative to leading
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Figure 5.1: An illustration of the SG exploration distribution. A population compressed by SG is defined in a factorised symbolic representation. SG expands each
genotype into the “language” of phenotype space, which follows its own structure. Independent mutational variability in genotype space corresponds to directed mutation
variability in phenotype space.

model-building optimisation algorithms. It also demonstrates for the first time the potential of compact models for unbiased BBO, and provides additional support for the
claim that SG can capture the information structure of an evolutionary population.

5.1

Inferring a Language of Variation

In what follows we adopt the general notation and concepts introduced by Toussaint
(Toussaint, 2006; Toussaint & von Seelen, 2007). This work provides a useful framework
for describing variation in the context of compact models. The variation neighbourhood
of a population at any point in time can be expressed as a probability distribution over
phenotype space, P , which we denote using ¯ (p). In any given evolutionary generation, ¯ (p) gives the probability that variation will produce a mutant o↵spring p 2 P .
Ultimately, we will characterise e↵ective fitness using the objective function fitness of
o↵spring sampled from this distribution.
In an important sense, evolutionary algorithms di↵erentiate themselves by the way they
construct ¯ . The approach typically adopted by model-building algorithms is to infer
a model of fit phenotypes in the current generation, then use this model to generate
o↵spring phenotypes in the next generation. This approach addresses phenotype space
directly, obviating the need for a genotype to phenotype (G-P) map1 . These “direct
EDAs” can be described as performing “complex adaptation on an arbitrary representation”. An alternative approach is to perform “simple adaptation on a suitable
1

Strictly, it implies an injective 1:1 mapping.
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representation”. If the dependencies of phenotype space can be captured in a G-P
map, and genotypes factorised using this map, then independent mutational variability
in genotype space can correspond to directed mutation variability in phenotype space.
Toussaint describes this idea as an “indirect EDA”, and provides theoretical results that
suggest compact models are optimal in this context. The indirect approach can be formalised by expressing the variation in terms of mutant o↵spring in genotype space. Let
(g) be the exploration distribution over genotype space G, and

: g ! p be a sur-

jective G-P mapping. Phenotypic variation can now be described in terms of genotypic
variation:

¯ (p) =

X

(g)

(5.1)

g2[p]

Where [p] =

1 (p)

is the neutral set of all genotypes from which p can be derived.

Figure 5.1 illustrates this idea in the context of SG. The left of the figure shows a
compact SG instance inferred from a population of phenotypes, which are shown to the
right of the figure. The “language” of phenotypic structure is factorised into the schema
symbol structure of the grammar (the G-P map), leaving an information-less encoding
in genotype space. Random variation in genotype space is mapped by the grammar onto
directed variation in phenotype space.
A practical question remains regarding how to actually invoke random mutation in factorised genotype space. The approach we take here is to randomly select a schema
symbol from the grammar and use it as a mutation operator. This set of symbols typically includes smaller building blocks which often form the base of the grammar’s symbol
hierarchy, and larger composite building blocks which appear in the top-level compressed
representation. We create mutant o↵spring by reproducing a genotype symbol randomly
selected from the population and expanding it into a fully-formed phenotype. Then, a
mutation schema symbol is selected from the grammar’s symbol table at random and
expanded into the same phenotype, overwriting any existing alleles. As an example, con⇤

⇤

sider a parent genotype g =
) 11110000 and a mutation schema symbol s =
) ****1111.
⇤

The generated o↵spring g 0 would yield g 0 =
) 11111111. This is similar to the idea of

over-specification in the Messy GA (Goldberg et al., 1989). Intuitively this kind of variation has the opportunity to produce novel o↵spring that would be well compressed by
the grammar, which, as shown in Section 6.2, is analogous to the grammar classifying
the o↵spring as fit.
The concept of e↵ective fitness is hard to define and interpret across evolutionary time,
although it is certainly possible (Stephens & Vargas, 2000). Here, we choose to examine e↵ective fitness in a single evolutionary generation, allowing the characteristics
of each exploration distribution to be easily visualised and intuitively understood. We
use populations of fit individuals as parents, the majority of which are locally optimal
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with respect to the bit-flip fitness landscape. This particular stage of evolution is examined as it arguably presents the most challenging time for evolutionary variation: when
simple micro-mutation has exhausted its possibilities and more radical recombination
is required. Performance across evolutionary time is assessed separately, by measuring function evaluations in global function optimisation tasks. These experiments and
results are described in Section 5.2.

5.1.1

Methods

In this section we describe an experiment to evaluate the e↵ective fitness of SG and its
ability to generalise. Two recombinative variation methods are used as comparisons:
uniform crossover and LTGA global mixing (see also Section 2.2.5.1). Both of these
methods are not sensitive to positional bias, so can be seen to occupy the same category
of BBO. Both can also be used in MSS-style search, which allows them to be compared
with SG in Section 5.2. Uniform crossover is chosen as it represents the traditional
approach to unbiased GA recombination. Both random single-bit mutation and a combination of uniform crossover and mutation were also tested, however neither of these
methods performed better than uniform crossover at this stage of evolution. LTGA
global mixing is chosen as it arguably represents the state of the art in evolutionary
model building, and has proven to be e↵ective at modelling and solving the classes of
problems tested here (Thierens, 2010; Pelikan et al., 2011; Thierens & Bosman, 2011,
2013; Goldman & Punch, 2014).
In the experiment 500 shu✏ed instances of four test problems classes are generated:
n = 64 k = 3 modular traps, n = 64 6-level HIFF problems, n = 64 8 ⇥ 8 2d spinglasses and n = 64 k = 3 NK-fitness landscapes. Each of these problems is described

and defined in Chapter 4. On each problem instance a sample population of 100 unique
parents with above-average fitness is created using stochastic bit flip hill climbing. Each
parent is initialised to a random bit string. A random permutation of the n loci is then
iterated and for each locus the allele value is flipped. If the flip creates a strict fitness
improvement then it is kept, otherwise it is discarded. Any parents already represented
in the population are discarded and the process is repeated. 1000 mutant o↵spring
are then generated for each method using the processes described in the paragraphs
that follow. O↵spring overlapping with the parent population are removed, as are any
o↵spring with a fitness lower than the lowest fitness parent. This leaves a population
of o↵spring that is both novel and fit. The size of this population is recorded for each
method, as well as the distribution of o↵spring fitnesses. Results are aggregated across
the 500 instances for each of the problem classes.
Each sample population is compressed using SG and the o✏ine algorithm. 1000 o↵spring are created by cloning randomly-chosen members of the parent population, then
expanding a randomly chosen grammar schema symbol into the individual, overwriting
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any existing allele values. Duplicates and o↵spring already represented by the sample
population are discarded, leaving novel o↵spring only. The fitness values of the mutants
are then calculated and recorded.
For the uniform crossover neighbourhood, to generate each o↵spring two parents are
chosen at random from the sample population. To create the o↵spring, the first parent
is cloned and alleles from the second parent crossed over with a probability of 0.5. As
before, any duplicates and mutants already in the sample population are discarded.
To create each LTGA variation neighbourhood the population is modelled using pairwise
distance clustering (see Section 2.2.5.1). This creates a tree of 2n

2 subsets for each

problem instance. The order 1 subsets are discarded, as order-1 mutations are used to
generate the sample population. To create each mutation a parent and a donor individual
are selected at random from the sample population, as well as a random subset from the
linkage tree. The parent individual is cloned, then crossover performed from the donor
to the mutant using the mask specified by the subset. This operation is equivalent to
a single step of the “global mixing” crossover strategy. Essentially, LTGA creates a
mutation operator dynamically by combining a linkage pattern from the FOS with an
allele pattern randomly sampled from the population. The maximum number of unique
mutations is bounded by 2p(n

1), where p is the size of the population and n is the

problem, which is of the same order as SG (Theorem 3.1). As before, any duplicates
and o↵spring already represented by the sample population are discarded.
To allow comparison across multiple trials and for consistency of presentation across
problem types, fitness values are normalised using the following function, which is generated for each sample population:

f 0 (p) =

f (p) min(Fpop )
max(Fpop ) min(Fpop )

(5.2)

Where f (p) is the original objective function fitness and Fpop represents the fitnesses
of the sample population. Scaling in this way means o↵spring with fitness equal to the
least fit member of the sample population have a fitness of 0, and o↵spring that are
fitter than any member of the sample population have a fitness > 1.

5.1.2

Results

The results for each of the problem types are shown in Figures 5.2, 5.3, 5.4 and 5.5.
In summary, the results show that random variation on the compact SG representation was able to consistently generate far more and far fitter novel phenotypes than
crossover-based recombination. In many cases SG was able to combine decomposed
problem features of many orders to create novel o↵spring, whereas uniform crossover
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Figure 5.2: Comparison of exploration distributions for the modular trap function,
measured over 500 random trials. (left) The fitness distribution of novel o↵spring generated by each method. Fitness was scaled such that 0 represents the least fit parent and
1 represents the most fit parent. The whiskers on each box plot extend to the minima
and maxima. (right) The number of novel fit mutants generated by each method, shown
on a log scale. In the experiment SG was able to combine building block configurations
to generate fit o↵spring, significantly outperforming unguided crossover. Unguided
uniform crossover typically destroyed the modular configuration of the parents and on
average produced only 1 fit o↵spring per instance. In comparison to LTGA, SG created
the most viable o↵spring and had the highest median and maximum o↵spring fitness.

was restricted to “hopeful monsters” that often violated the constraints of phenotype
space. This was particularly noticeable on the concatenated trap problem, where compositional schema structure follows a strict modular pattern. In this case uniform crossover
performed poorly as there was a very high chance of modular configurations being corrupted, creating on average less than one fit o↵spring in 1000 attempts. In contrast, SG
was able to combine inferred building block configurations to create large numbers of
novel o↵spring, some of which were significantly fitter than any member of the parent
population.
The comparative advantage of the SG variation distribution over uniform crossover
held across all of the problems, including spin glasses and NK landscapes, which have
an irregular, randomised structure. If we accept that fit o↵spring in this experiment
(o↵spring with an objective function fitness greater than or equal to the least fit member
of the parent population) are analogous to viable o↵spring, then the results show the
dramatic impact that representations can have on the viability of random recombination.
This is summarised in Table 5.1.
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Figure 5.3: Comparison of exploration distributions for the HIFF function. In the
experiment, SG was able to recombine the problem’s building block structure to find
fit new regions of the search space, performing significantly better than the unguided
method. The chances of uniform crossover destroying modular configurations were less
than the deceptive traps case, and the method was able to generate some o↵spring that
were fitter than the fittest parent. SG o↵spring had a similar interquartile range to
LTGA, although created more fit o↵spring and the o↵spring with the highest fitness.

Problem
Concatenated Traps
HIFF
2D Spin Glasses
Nearest-Neighbour NK

Proportion of Viable Mutant O↵spring
Uniform Crossover SG Macro Mutation
0.89%
40.03%
26.28%
81.07%
19.42%
80.29%
20.93%
79.44%

Table 5.1: The viability of mutant o↵spring generated using random recombination
(uniform crossover), compared to random variation using the compact SG representation.

One possible objection to the comparison between the e↵ective fitness of SG and uniform
crossover, is that the latter is sometimes only e↵ective when followed with a bit-flip hillclimbing phase, allow a mixture of recombination and repair. This is the idea behind
hybrid GAs, which have been shown to be e↵ective in a number of search tasks (PrugelBennett, 2007; Pelikan, 2010; Prugel-Bennett, 2010). The exploration distribution of
uniform crossover on its own will not capture the potential benefit of the hybrid variation
method. Although this is the case, it is also true that SG-facilitated macro mutation
combined with bit-flip micro mutation might also produce better results than SG on its
own. In Section 5.2, the search algorithms incorporate bit-flip moves into all of the tested
methods, allowing a comparison between hybrid GAs, SG and LTGA over evolutionary
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Figure 5.4: Comparison of exploration distributions for 2D spin glass problems. In
this case problem structure was randomised and irregular. Nonetheless, SG was able
to produce far more and far fitter o↵spring than unguided recombination. The fitness
distributions of SG and LTGA o↵spring were similar, with both creating o↵spring
fitter than the fittest member of the original population. LTGA had a slighter fitter
interquartile range, although SG created the most fit o↵spring overall.

Figure 5.5: Comparison of exploration distributions neighbourhoods for nearestneighbour NK landscape problems. The results on this randomised problem were very
similar to the spin glass case, with both model-building methods o↵ering a clear advantage over unguided uniform crossover.
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time. The results are shown to be consistent with the comparative result here, confirming
that the variation neighbourhood o↵ered by the compact SG representation o↵ers a far
more powerful exploration distribution than unguided variation.
The results show that the performance of SG was comparable if not superior to the state
of the art model-building method, LTGA. The o↵spring of both methods had fitness in
a similar interquartile range, although SG consistently produced the fittest individual
o↵spring. The size of the SG exploration distribution, in terms of the number of viable
o↵spring it was able to generate, was also significantly larger than LTGA in all cases. The
most likely reason for this is that LTGA does not support the modelling of overlapping
subsets that are not strictly nested. This means that any fit schemata that occur within
these subsets cannot be inferred or exploited by LTGA, limiting the size of the e↵ective
neighbourhood. The results suggest that this did not negatively e↵ect the fitness of the
neighbourhoods that LTGA was able to exploit, which were significantly larger than
uniform crossover in all cases. However, in some instances it may have implications for
search, and represents a comparative disadvantage in exploratory power.

5.2

Global Function Optimisation

In this section the compact SG model is incorporated into an evolutionary algorithm
and applied to global function optimisation tasks. This provides an empirical test of the
e↵ective fitness of SG-facilitated variation, and a comparative assessment of practical
problem-solving performance. The algorithm is inspired by the concept of Compression
EAs proposed by Toussaint (2006). The idea of Compression EAs is to replace the
approach of traditional EDAs – complex model-building and sampling in phenotype
space – with simple model-building and sampling in a compact, factorised genotype
space. Toussaint demonstrated the concept in his work, but until now the idea has
been limited by the constraints of sequential compression. Compressing phenotypes
with sequential methods can only capture information that is observable in contiguous
patterns on sequential representations. It cannot capture functional context, and it
cannot capture combinatorial patterns that are not observable sequentially. This renders
the idea ine↵ective for unbiased BBO. As we have seen, SG overcomes these constraints
and can compress data with no positional bias. This advance enables Compression EAs
to be re-examined as a contemporary optimisation method.
We adapt the general solving framework of Compression EAs to accommodate recent
advances in evolutionary model-building. Instead of building and sampling a simple
probabilistic model over compressed genotype space, essentially performing recombination using multiple random macro mutations, we use an MSS-based search method. This
uses the SG symbol structure as an indirect variation neighbourhood in a stochastic hillclimbing process. As discussed in the introduction to this chapter, this benefits from
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the efficiency of systematic trial-and-error search, combined with the opportunity for
large scale recombination. It also enables a meaningful comparison between SG and the
state of the art in model building, LTGA global mixing, which follows the same basic
approach.
A comparison with unguided variation in a contemporary context is also possible. Recent
research has shown that hybrid methods than combine recombination and bit-flip hill
climbing are often more e↵ective than recombination alone. This approach benefits from
the exploratory power of radical recombination combined with local optimisation and
repair. It has been proven e↵ective using uniform crossover (Prugel-Bennett, 2007, 2010)
and a variety of EDA-based recombination methods (Pelikan & Goldberg, 2003; Pelikan,
2008; Pelikan et al., 2009; Pelikan, 2010). The term hybrid evolutionary algorithms has
been suggested to represent the idea (Pelikan, 2010). Combining implicit or explicit
modelling with hill-climbing appears closely related to MSS (Mills et al., 2014). For the
purposes of this thesis, the commonality between the methods allows a meaningful and
contemporary comparison between SG and uniform crossover.
The experiments described in this section are performed on the previously introduced
test problems. Performance is measured in terms of function evaluations until the global
optimum of each problem is found. This is evaluated across a range of problem sizes,
allowing time complexity to be estimated.

5.2.1

Search Framework

The overall search framework is shown in Figure 5.6. The framework is based around the
functional overlap between MSS, LTGA global mixing and Hybrid EA methods. The
framework defines an iterative, population based evolutionary search process. Variation
is performed using one of two di↵erent approaches. In the Hybrid GA approach o↵spring are created by replicating and recombining parents, then repairing the o↵spring
with a local search step. In the MSS approach o↵spring are created by modelling the
population and performing stochastic multi-scale hill-climbing, using the parent population as initial conditions. O↵spring are integrated back into the population using a
replacement strategy (described in Section 5.2.2). This search process continues until
a global optimum is found or no more improvements are made in a single evolutionary
generation. The selective environment is manifested in two ways. Firstly, both bit-flip
and multi-scale hill-climbing incorporate selection by accepting mutations that improve
the objective function fitness of the individual (strictly in the bit-flip case). Secondly, the
replacement process implements survivor selection using both objective function fitness
and niching.
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Figure 5.6: The search framework used for global function optimisation. The framework allows both Hybrid EAs and MSS algorithms to be compared in a unified evolutionary search process. See text for details.

Each of the components of the framework was developed using a combination of best
practice from recent literature and experimentation. The pseudocode for the overall algorithm incorporating SG compression, which we denote using the term Schema Search,
is shown in Algorithm 3. Schema Search uses the o✏ine compression algorithm defined
in Algorithm 2 for inferring the compact representation. The implementations of both
Schema Search and LTGA global mixing have some key features that are worth highlighting. In both cases the multi-scale hill climbing step allows both bit flip mutations
and larger macro mutations. For SG this is enabled by including both terminal symbols
and schema symbols in the variation neighbourhood; for LTGA it is enabled by including
the single locus subsets in the linkage tree. So, bit-flip mutations are attempted first, followed by any order-2 mutations and so forth. The multi-scale hill climb also enumerates
schemata / subsets in reverse size order. This was found to produce marginally better
performance on some problems and is consistent with recent approaches to LTGA (Goldman & Tauritz, 2012; Goldman & Punch, 2014). The niching strategy used for both
methods is to ensure that the population only contains unique individuals. This stops
premature convergence and was found to produce better performance than alternative
strategies, including restricted tournament replacement (Pelikan & Goldberg, 2001). It
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is also consistent with recent work that adopts the same strategy for LTGA (Goldman
& Punch, 2014).

5.2.2

Methods

A stochastic “greedy ascent” hill climb is adopted for bit-flip hill climbing. When being used to initialise the population, random bit strings are used as initial conditions.
When used as a repair step in the Hybrid GA, recombined o↵spring are used as initial
conditions. A random permutation of the n loci is iterated and for each locus the allele
value is flipped. If the flip creates a strict fitness improvement, it is kept and the process
is restarted. Otherwise, it is discarded. This continues until no more improvements are
made. This process generates a local optimum in O(n log n) steps (Mühlenbein, 1992).
On each iteration of Schema Search the population is modelled using the o✏ine algorithm. Then, o↵spring are generated by performing indirect mutational variation over
the population. The union of grammar schema symbols and terminal symbols create
a dictionary of mutation symbols. This encompasses both single-bit mutations and directed macro mutations at many di↵erent levels of scale. The multi-scale hill-climbing
step is run for each member of the parent population. For each parent an o↵spring is
initialised by replicating the parent phenotype. This is more efficient than replicating
and then expanding the inferred genotype symbol. Then, a random selection of m symbols is drawn from the mutation dictionary. In early experiments it was found that
m = O(n) produced the best results; we therefore set m = 2n

2 to create consistency

with LTGA global mixing. The mutation symbols are applied in reverse order of size.
If a mutation produces equal or improved objective function fitness it is kept, otherwise
it is reversed. If a mutation has no e↵ect on the phenotype then a fitness evaluation is
not performed. Each new mutant created is added to a population of o↵spring. The
replacement strategy uses truncation selection combined with niching. A set of unique
individuals is formed from the union of o↵spring and the original population, discarding
any duplicates. The top p individuals are selected and the remainder are discarded. If
no new o↵spring are included in the selected population then search terminates in a
failure.
LTGA is performed in a very similar way to Schema Search, with the only di↵erences
in the variation step. On each iteration the population is modelled into a linkage tree
using the pairwise distance clustering (see Section 2.2.5.1). This creates a tree of 2n

2

subsets for each problem instance. Then, o↵spring are generated using direct mutational
variation. For each o↵spring a random permutation of the 2n

2 subsets is enumerated

in size order. For each subset a random donor phenotype is selected from the population.
The allele values specified by the subset are sampled from the donor and then applied to
the o↵spring as a mutation in the same way as Schema Search. This process is equivalent
to “smallest first” global mixing (Goldman & Tauritz, 2012).
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Algorithm 3: Pseudocode for the Schema Search Algorithm
input : population size p
input : objective function f : {0, 1}n ! R
input : global optimum fitness fmax
input : number of multi-scale hill-climbing steps m
output: global optimum, or ; if not found
P = ; // initialise population
while |P| < p do
// use random local search to seed the population
P = P [ {HillClimb(f )}
end
// main search loop
while maxP 2P f (P ) < fmax do
// infer a compact representation for the population
// V = non-terminal symbols, G = factorised genotypes
// S = schema symbols, ⌃ = terminals, R = production rules
{V, G, S, ⌃, R} = Offline(P) // offline SG compression, see Algorithm 2
O = ; // initialise set of offspring
// initialise the set of all possible mutations: the union of
terminal (bit-flip) and schema symbols
⇤ = S[⌃
// stochastic multi-scale hill-climbing
for P 2 P do
// initialise mutant from phenotype
// we don’t need to re-expand from genotypes
O=P
// randomly select neighbourhood of m symbols
N = RandomSelection(⇤, m)
// enumerate neighbourhood smallest-first
for 2 SortByOrder(N) do
// recursively expand symbol into offspring using rules
M = ExpandInto(O, , R)
if M 6= O then
if f (M ) f (O) then
O=M
end
end
end
// add unique offspring
O = O [ {O}
end
// truncation replacement: select p fittest unique individuals
Pnew = Fittest(P [ O, p)
// exit if no new offspring
if Pnew \ P = P then
return ;
end
P = Pnew
end
return argmaxP 2P f (P )
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The Hybrid GA uses uniform crossover for recombination. In each generation p o↵spring
are created. For each o↵spring two parents are selected at random from the population.
The first is reproduced and the allele values of the second parent are crossed over with
a probability of 1/2. A repair step is then run using bit-flip hill climbing. A small
performance improvement can be obtained by limiting the number of function evaluations in this repair step. Therefore, we limit the repair to 2n

2 evaluations to create

consistency across all 3 variation methods. The best replacement strategy found was a
truncation selection scheme. The o↵spring are pooled with the parents and the most fit
p individuals are retained. Note that this is di↵erent from the replacement strategy used
by Schema Search and LTGA, as duplicates are allowed. For the problems tested, this
is found to produce better performance. It is also found to produce better performance
than both Boltzmann selection (Prugel-Bennett, 2007, 2010) and restricted tournament
replacement (Pelikan & Goldberg, 2001).
Each problem type is tested for a range of di↵erent problem sizes. Populations are
statically sized using bisection for each solving method, requiring 19 out of 20 runs to
find the global optimum in under 106 function evaluations. The Hybrid GA is not able
to satisfy these criteria for some larger problem sizes. Therefore, experimental results
for these configurations are not recorded.
400 instances of each problem type and size (random in the case of spin glasses and NK
landscapes) are generated. Global optimisation is then performed using Schema Search
and the two comparison methods and the results recorded.

5.2.3

Results

The results for each of the di↵erent problem classes will be presented and discussed in
turn. A full summary of the results, including population sizes, fitness evaluations and
estimated scalability for each method is provided in Table 5.2.
The results for concatenated traps are shown in Figure 5.7. Given the results earlier in
this chapter examining the exploration distribution of SG, and the results in the previous chapter showing the hierarchical schema structure it can infer, it is no surprise that
it can solve this additively decomposable problem so e↵ectively. By using an MSS style
search, once the problem structure is decomposed then the problem can typically be
solved trivially in a small number of attempts. Across all the problem sizes, the average
number of generations used by Schema Search to solve the problem was 1.64, and 2.26
for LTGA. The better absolute performance of LTGA on this problem is predominately
explained by a consistently lower population requirement. The nature of the lossless
compression algorithm is such that each module configuration (e.g., ***111***) must
be present in at least two separate contexts for it to be inferred as a schema symbol
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Figure 5.7: Global function optimisation results for the concatenated trap problem, shown on a log-log scale. Mean fitness evaluations are shown for Schema Search,
LTGA global mixing and the Hybrid GA. A regression line is fitted for each method.
The results show both SG and LTGA achieved similar sub-quadratic scaling in n. In
comparison, the polynomial scaling in the uniform crossover method was much higher
order. Experiments were terminated above n = 54 as the method could not reliably
succeed in under 106 evaluations.

(otherwise it would not o↵er any value for compression). In contrast, LTGA only models linkage structure, which is present in much smaller populations. In order for each
module configuration to be sampled only one instance needs to be present in the population. The Hybrid GA using uniform crossover appeared to achieve polynomial scaling
without any positional bias in the representation, although it was significantly outperformed by the two explicit model-building methods. As expected, building blocks were
frequently corrupted by recombination. However, the repair step restored them to fully
formed module configurations. This provided a kind of “two-scale search”, combining
large neighbourhood variation through crossover and single bit neighbourhood variation
through hill climbing. In the problem sizes tested, the average number of generations
required by the Hybrid GA to solve the problem was 18.33.
Figure 5.8 gives the results for the HIFF problem. The comparative results in this
case were similar to concatenated traps, suggesting that both modelling methods were
able to exploit knowledge of problem structure to solve the problem efficiently. An
analysis of the average number of generations taken to solve the problem shows this was
approximately logarithmic in n for both modelling methods. This is consistent with the
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Figure 5.8: Global function optimisation results for the HIFF problem, shown on a
log-log scale. SG and LTGA achieved very similar sub-quadratic scaling in n, whilst
scaling of the Hybrid GA was much higher order, with experiments terminated above
n = 32.

intuition that the hierarchical levels in the problem need to be solved recursively, with
the variation neighbourhood size doubling on each recursion. Once again, the Hybrid
GA appeared to achieve polynomial scaling, however it was significantly outperformed
by the two other methods.
The results for the 2D spin glass problem are shown in Figure 5.9. Problem instances
in this class contain overlapping, randomised structure, which is expected to emerge
in spatially contiguous neighbourhoods. The results show that both modelling methods
were able to achieve efficient, low-order polynomial scaling that was significantly superior
to the Hybrid GA. They also suggest some advantage to the SG model over LTGA, with
slightly better scaling in larger problem sizes. This result might be expected from the
fact that the SG model is able to infer un-nested overlapping structure, whereas LTGA
can only model strictly nested overlap. Performance of the Hybrid GA was once again
a higher-order polynomial in n, and experiments were terminated above n = 100.
The results for the nearest-neighbour NK landscape are shown in Figure 5.10. One
significant di↵erence on this problem was that the Hybrid GA was not able to achieve
polynomial scaling, with an exponential rise in fitness evaluations seen above n = 30.
This is likely to be a reflection of the large amount of epistasis in the problem, compared
to spin glasses, and the inability for uniform crossover to implicitly model the correct
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Figure 5.9: Global function optimisation results for the 2D spin glass problem. Problem instances in this class contain overlapping, randomised structure. SG and LTGA
achieved similar low-order polynomial scaling. SG appeared to have the advantage
overall, with better scalability in larger problem sizes. The Hybrid GA also achieved
polynomial scaling, however this was much higher order and experiments were terminated above n = 100.

structures. Table 5.2 shows that on this problem, the absolute performance of SG was
superior to LTGA and required significantly smaller population sizes. The approximate
scaling of SG was also slightly better. Combined with the results on the 2D spin glasses,
this starts to suggest that as problem complexity increases then the more flexible schema
structure o↵ered by SG may o↵er an advantage over LTGA. Proving whether or not
this is the case is beyond the scope of this thesis, as we only intend to show that the
compact SG model o↵ers a credible alternative to the state of the art. Nevertheless, an
important direction for future work is identifying the problem classes where SG o↵ers a
clear advantage over the alternatives and vice versa.

5.3

Discussion

The results in Section 5.1 demonstrate that by inferring the compositional schema structure from fit populations, SG models are able to generalise about the selective environment, creating an exploration distribution that not only respects the dependencies of
phenotype space, but facilitates large scale compositional variation without resorting
to “hopeful monsters”. The exploration distribution is implemented indirectly, using
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Problem Class

Concatenated
Traps k = 3

9
18
27
54
81
162
243
486
729
8
16
32
64
128
256
512

HIFF

2D Spin Glass

NK
Landscape
k=5

n

16
25
36
49
64
81
100
121
144
169
196
225
256
289
324
361
400
10
15
20
25
30
35
40
45
50
55
60
65
70
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Population Size
SG
LTGA
HyGA

SG

Mean Fitness Evaluations (s.d.)
LTGA
Hybrid GA

7
6
34
17
13
59
20
14
85
27
18
212
30
20
37
24
40
26
47
30
50
32
Estimated scalability

295 (193)
746 (188)
1,236 (324)
3,456 (452)
5,877 (669)
14,514 (1,161)
23,894 (2,027)
57,286 (4,765)
96,624 (12,425)
⇥(n1.308 )

168 (99)
449 (91)
616 (71)
1,674 (137)
2,901 (185)
7,107 (234)
11,644 (417)
27,141 (1,106)
44,158 (2,496)
⇥(n1.287 )

956 (846)
14,318 (3,760)
57,320 (7,529)
863,032 (55,232)

6
6
6
12
9
21
16
16
105
21
21
25
26
27
32
30
44
Estimated scalability

55 (35)
340 (133)
1,376 (366)
4,783 (837)
13,884 (1,936)
36,280 (4,251)
93,966 (8,386)
⇥(n1.511 )

47 (27)
214 (56)
952 (149)
3,040 (276)
8,387 (388)
21,908 (609)
62,950 (1,123)
⇥(n1.494 )

64 (57)
1,137 (732)
33,309 (10,199)

8
11
8
11
16
12
20
19
24
27
21
40
34
24
58
40
28
79
45
32
104
50
37
54
42
58
47
62
54
65
61
69
69
72
77
74
87
77
97
80
109
Estimated scalability

140 (108)
547 (376)
2,206 (1,003)
5,278 (1,616)
10,189 (2,541)
17,173 (3,111)
25,868 (3,730)
37,585 (5,500)
53,483 (8,668)
70,145 (9,616)
92,058 (11,198)
115,766 (15,193)
144,906 (16,878)
178,288 (20,529)
211,370 (21,039)
253,659 (25,467)
300,364 (27,293)
⇥(n1.753 )

145 (127)
687 (482)
1,970 (886)
4,218 (943)
7,180 (1,217)
11,883 (1,490)
18,355 (2,208)
27,714 (2,662)
39,954 (3,597)
54,360 (4,071)
76,423 (5,889)
101,626 (7,306)
136,196 (9,108)
178,259 (11,056)
231,428 (13,255)
296,109 (14,402)
378,502 (16,121)
⇥(n2.173 )

146 (136)
720 (588)
3,839 (2,807)
15,452 (8,075)
41,121 (18,514)
106,634 (40,180)
221,003 (63,857)

20
20
22
36
41
29
57
65
61
75
91
66
101
127
80
109
150
712
118
178
131
191
153
208
163
253
190
268
208
290
224
316
Estimated scalability

323 (303)
1,505 (1,531)
4,903 (3,998)
11,970 (7,482)
21,661 (11,381)
30,040 (15,921)
40,297 (17,375)
53,757 (20,501)
75,992 (29,840)
91,956 (32,505)
116,327 (35,009)
142,865 (42,147)
171,490 (46,441)
⇥(n3.134 )

278 (259)
1,530 (1,628)
6,108 (4,566)
12,786 (8,046)
23,719 (11,898)
37,541 (15,460)
52,360 (19,546)
68,102 (21,763)
84,371 (23,122)
116,587 (32,407)
137,208 (42,916)
161,899 (30,464)
198,003 (40,129)
⇥(n3.259 )

339 (354)
1,377 (1,276)
5,719 (4,468)
13,763 (8,758)
29,198 (13,972)
229,406 (130,996)

Table 5.2: Results of global optimisation experiments (see text).

⇥(n3.862 )

⇥(n4.517 )

⇥(n4.082 )

⇥(20.351n )
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Figure 5.10: Global function optimisation results for the nearest-neighbour NKLandscape problem. This is another example of a problem class with an overlapping,
randomised structure. In this case, the Hybrid GA scaled exponentially in the problem
size, whereas SG and LTGA achieved a similar low-order polynomial scaling. A slight
advantage is suggested in the use of SG.

“simple variation on a suitable representation”, with the structure of the problem inferred into the hierarchical schema structure of SG. This representation provides a map
between independent mutational variation in genotype space and directed variation in
phenotype space. These directions have a powerful impact on e↵ective fitness, allowing
large number of fit and novel o↵spring to be generated, even when the parent population
are at local peaks on the fitness landscape. The results suggest a significant advantage
of indirect model-guided variation over unguided recombination.
In Section 5.2 the performance of SG in global function optimisation experiments is
shown to match the state of the art, LTGA. Given the similarity in performance between SG and LTGA on the problems tested in Chapter 5, an obvious question arises:
is SG just LTGA in disguise, and if so, why use SG instead of LTGA? Both create hierarchical models using agglomerative clustering, and both facilitate explicitly directed
variation using schemata (although in the LTGA case alleles are sampled from the population and are extrinsic to the model). As we have seen, both can create a powerful
exploration distribution that enables evolutionary search performance far superior to unguided methods. LTGA cannot model complex overlapping structures. However, we are
yet to see examples where this creates a significant disadvantage when compared with
SG, or in fact any other contemporary model-building algorithm. It is also simple and in
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practice often builds its model faster than SG, o↵ering reliable ⇥(n2 ) performance. Perhaps, for the problems we have examined here, SG does not distinguish itself as the clear
method of choice. However, it is the potential of the SG model for other problems and
applications, on top of its outright performance here, that a↵ords its significance. This
is illustrated in the next chapter, where SG is used to create to quantitative measures
of evolutionary information that break new ground for evolutionary model building.

5.4

Summary

In this chapter the e↵ective fitness of SG was tested over evolutionary time using global
function optimisation experiments. The results demonstrate that a Compression EA,
implemented using a compact SG model, is able to exploit inferred problem structure
to solve important classes of test problem in low order polynomial time. They show a
significant benefit of the compact model and the exploration distribution it o↵ers over
traditional (unbiased) GA crossover. Moreover, they show that this approach can match
state of the art performance. This establishes SG as a first class alternative to existing
model-building algorithms, and demonstrates for the first time the potential of compact
models for unbiased BBO.

Chapter 6

Quantifying Information in
Evolutionary Populations
Having examined the use of SG for search, we can now consider additional benefits it
provides over alternative model-building algorithms. This chapter takes advantage of
the information-theoretic properties of SG as a lossless compact model. In particular, it
exploits a relationship between lossless compression and Kolmogorov Complexity (KC)
that makes it possible to approximate the information content of data by measuring the
size of its compressed representation in SG. This approach not only enables quantitative
evidence supporting the thesis, it also allows information measures to be created that are
useful in their own right. The advantage of using SG in this context is that it is able to
detect information even when it contains complex epistatic structure. This sets it apart
from both sequential compression, which can only detect sequential interactions, and
some alternative measures of evolutionary information, which do not detect interactions
at all.
The first half of this chapter builds upon recent theoretical work, which shows how the
entropy of evolutionary populations relates to knowledge about their selective environments (Adami & Cerf, 2000). Using this theory it is possible to create measures that
estimate how much knowledge about evolutionary problems di↵erent population models
contain. Three di↵erent models are compared in this way: SG using o✏ine compression;
a lossless sequential compression model; and an evolutionary complexity model from the
literature. A number of problems are used to test the models, including problems with a
simple univariate structure, a symmetric bivariate structure, a modular structure, and a
complex overlapping structure. Un-shu✏ed versions of the problems are tested, in which
there is an inherent sequential order to the problem representation, as well as shu✏ed
versions, where this positional bias is removed.
The results show that SG can detect information content across all the problems tested,
whilst on some of the problems sequential compression and evolutionary complexity
97
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models fail. In every case, SG is able to detect more information about the problem
than the alternatives. These results prove that SG is able to capture information about
complex selective environments from a population, including those containing overlapping, high-order and both sequential and non-sequential epistatic interaction.
The second half of the chapter shows that the quantity of information detected by SG has
a strong predictive quality with respect to fitness. Instances of the model are trained
using representative populations of fit individuals in di↵erent selective environments.
Then, the fitnesses of previously-unseen test individuals are predicted by measuring
how well they fit the model. This is performed by parsing the individuals using the
grammar’s production rules, which infers a genotype. The size of the parsed genotype
provides a quantitative estimate of “distance” between the individual and the model.
This method is compared against a distance measure based on PCA, the Mahalabonis
Distance (MD), which is also able to deal with data sources with interacting variables.
The results in this section demonstrate that on all tested problem classes there is a correlation between an unseen individual’s actual fitness and the fitness predicted by the
SG model. Moreover, for each of the problem classes tested, there is a greater correlation using the SG model than the PCA-based approach. These results provide further
evidence that SG models are able to infer the structure of the selective environment.
They also suggest the potential of SG as a more general classification algorithm for
combinatorial data sets – an idea explored further in the chapter’s conclusions.

6.1

Approximating Population Knowledge

A number of recent works have shown that it is possible, using KC theory, to construct
measures analogous to Shannon mutual information for models containing absolute information (Bennett et al., 1998; Li et al., 2004; Cilibrasi & Vitányi, 2005). These measures
relate to the information shared between objects, and contrast with classical measures
of mutual information, which relate to the average information shared between random
sources of data. Using K(X) to specify the complexity of an object (the shortest program that can generate it), the mutual information between two objects A and B is
given by:

I(A : B) = I(B : A)
= K(A)

K(A|B)

= K(B)

K(B|A)

(6.1)

Which holds within a logarithmic error term (Bennett et al., 1998). In words, the
information shared between the objects is equal to the smallest possible representation
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of one of the objects without using knowledge of the other, minus the smallest possible
representation of the same object with knowledge of the other. The non-computability
of KC tells us that any estimate of this measure is subjective. Therefore, the clearest
interpretation of any such estimate is that it represents the mutual information between
particular models of A and B.
We use work by Adami & Cerf (2000) to relate this measure to evolutionary populations
and their selective environment. The authors show that the mutual information between
an individual s and a selective environment e can be written in terms of equation 6.1:
I(s : e) = K(s)

K(s|e)

(6.2)

The authors refer to this as the physical complexity of the individual s. Here K(s) is
the unconditional complexity of s – its model complexity in the absence of selection,
and K(s|e) is the conditional complexity of s – its model complexity in the presence
of selection1 . The variable s is an abstract concept, representing an individual that is
not instantiated in any particular environment. Individuals physically sampled from a
population will be subject to the selective pressure of the environment from which they
were taken. Therefore, estimating their complexity gives an estimate of K(s|e). The
authors show that K(s) is equal to the expected complexity of an individual – in other
words, the average complexity of all possible instantiations of an individual in a given
space.
We can generalise this approach to the population modelling case that we are interested
in here. We consider an abstract population P of phenotypes, not taken from any
particular selective environment, and a physical sample population Pe taken from a
selective environment e. Following the approach described above, we can define the
mutual information between a population and its environment as:
I(P : e) = K(P)

K(Pe )

(6.3)

Where K(P) is the expected model complexity of a population instance and K(Pe ) is
the complexity of a sample population taken from a selective environment e. We can
turn I(P : e) into a relative measure that is comparable between models by normalising
it. We refer to this measure as the population model information content (PMIC):

I(P : e)
K(P)
K(Pe )
=1
K(P)

PMIC(P, e) =

1

(6.4)

The original authors use K(s) and K0 (s) to di↵erentiate between the complexity and unconditional
complexity of s.
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Figure 6.1: A Venn diagram illustration of the Population Model Information Content
(PMIC). The amount of information contained in a population about an evolutionary
problem can be estimated by measuring the di↵erence between the expected and observed information the population contains.

Where 0  PMIC(P, e)  1. A PMIC value of 0 indicates that a model detects no
mutual information between a population and a selective environment, and a PMIC
value of 1 indicates that a model detects complete overlap. This measure is analogous
to the concepts of grammar redundancy (Ebeling & Jiménez-Montaño, 1980), which is
defined using the length of a grammar’s production rules instead of K, and Shannon
redundancy, which is defined using entropy. Using this measure, we can quantitatively
compare the ability of models to infer the structure of various problems from populations
of fit individuals. The PMIC concept is illustrated in Figure 6.1.
To make this measure practical, K(P) and K(Pe ) need to be approximated for each model
considered. We now show how to do this for a sequential compression benchmark, SG,
and a benchmark based on univariate entropy.

6.1.1

Sequential Compression Models

Work by Cilibrasi & Vitányi (2005); Li et al. (2004) has shown that the length of a
compression code for sequence X, C(X), can be used to estimate K(X). Substituting
into equation 6.4 gives the following:

PMIC(P, e) ⇡ 1

C(Pe )
C(P)

(6.5)

For any given sample population Pe , C(Pe ) is simply the length of its losslessly compressed representation in bits. C(P) is equivalent to the average compressed length of all
possible instantiations of the population. This can be estimated by generating a large
number of random populations of the same size as the sample population, compressing
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them and taking the average compression length. In the experiments described below
this procedure was performed using 10,000 random population instances.
We use the Deflate algorithm as a sequential compression benchmark. This algorithm
combines LZ77 compression (Ziv & Lempel, 1977) with Hu↵man coding (Hu↵man, 1952)
and was configured for maximum compression. To compress each population, bit string
representations of each individual were concatenated into a single source sequence.

6.1.2

Schema Grammar Instances

SG instances inferred using lossless compression are compact information models, but
are not complete entropy codings in themselves. Therefore, a di↵erent approach to estimating complexity is required. Fortunately, it is possible to calculate the unnormalised
entropy of compression grammars (Kie↵er & Yang, 2000), giving an idealised estimate of
C(P) and C(Pe ). The unnormalised entropy calculation is based on straight-line grammars with sequential production rules. However, this does not e↵ect the calculation
of entropy as this is a permutation-independent calculation based on symbol frequency
only.
Grammar entropy is calculated over the rule hierarchy of the grammar rather than the
language yielded by the grammar. The calculation regards the production of each symbol
as an independent event. However, as interactions in the original data are factorised
by lossless compression into non-terminal symbols, the information they represent is
captured by the entropy calculation.
Following the approach of Kie↵er & Yang (2000) the RHS of all production rules are
first aggregated into a single collection. Let ⇢G be the multiset union of the right hand
side of each production rule in R, with the first instance of each non-terminal symbol
removed:
⇢G =

8
< ]
:

↵! 2R

9
=
;

\V

(6.6)

⇢G is a multiset, meaning that the contents of the set are unordered and each item may
appear more than once. As an example, the grammar instance described in Section 3.3.5
gives:
⇢G = {x11 , x12 , x11 , x01 , s2 , x13 , x14 , x02 , s1 }
We use the multiplicity function f (↵, ⇢G ) (shortened to f (↵) for brevity) (Blizard, 1988)
to indicate the frequency of occurrence of ↵ in ⇢G , so in the previous example f (x11 ) = 2.
Given this, we can now define unnormalised entropy.
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Definition 6.1. The unnormalised entropy of an SG instance G is given by:
H(G) =

X

log

↵2⇢G

✓

|⇢G |
f (↵)

= |⇢G | log |⇢G |

◆

X

log f (↵)

↵2⇢G

So using the same example, and taking logarithms in base 2:
H(G) = 9 log 9

f (x11 ) log f (x11 )

f (x13 ) log f (x13 )

f (s2 ) log f (s2 )
= 9 log 9

2 log 2

1 log 1

f (x12 ) log f (x12 )

1 log 1

1 log 1

f (x01 ) log f (x01 )

f (x14 ) log f (x14 )
1 log 1

1 log 1

f (s1 ) log f (s1 )
1 log 1

1 log 1

= 26.53 bits

(6.7)

We can now rewrite equation 6.4 using the grammar entropy.

PMIC(P, e) ⇡ 1

H(Ge )
H(G)

(6.8)

Where G and Ge are SG instances inferred from P and Pe respectively. For each sample
population, Ge is generated by losslessly compressing Pe using the o✏ine algorithm,
from which H(Ge ) is then calculated. H(G) is estimated by generating a large number
of random populations of the same size as the sample population, compressing them with
SG and taking the average entropy. As before, for the experiments described below, this
procedure was performed using 10,000 random population instances.

6.1.3

Per-Site Entropy Models

One possible information model for a population is to consider each dimension as an
independent variable. Summing the entropy of each dimension then provides a way of
estimating the regularity of traits across a population. Per-site entropy can then also
be used to estimate mutual information between populations and selective environments
in the way that has been described. This was the approach used to first demonstrate
the concept of physical complexity (Adami & Cerf, 2000; Adami et al., 2000; Adami,
2002). The key limitation of this idea is that multivariate mutual information cannot be
detected by the model: it is univariate. Nevertheless, it provides a useful benchmark for
comparing against the compression-based approaches. In what follows, we assume that
each individual in the population is of fixed dimensionality n, with each trait defined
over a fixed alphabet ⌃. PMIC can be estimated as follows:
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H(Pe )
H(P)

PMIC(P, e) ⇡ 1
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(6.9)

Where H(X) is the per-site average entropy summed over the n sites of X:
n X
X

H(X) =

p(Xi = ↵) log p(Xi = ↵)

(6.10)

i=1 ↵2⌃

In this case, the value H(Pe ) is simply the per-site entropy of the sample population,
calculated as above. H(P) is equivalent to the average entropy of all possible instantiations of the population. One possible approach to quantifying this (and that taken in
Adami et al’s work) is to use the entropy of an infinitely sized population of all possible
individuals, which we define as Hmax (X). Let N = |⌃|n be the number of all possible
individuals:

Hmax (X) =

N
X

N

1

log N

1

i=1

= log N

(6.11)

= n (taking logarithms to base |⌃|)
The problem with this approach is that it uses a di↵erent modelling assumption to that
used to generate H(Pe ): specifically, that the population is infinite. This is erroneous as
a finite random population is expected to have a small amount of accidental regularity
in it. To create a better estimate, we follow a similar approach to that used in the
compression models: 10,000 random population instances were created and the entropy
of each population was calculated and then averaged. For the population sizes used in
the experiments this returned an entropy of 0.9928 bits per bit, which contrasts with
the rate of 1 bit per bit in an infinite population, reflecting the anticipated accidental
regularity.

6.1.4

Methodology

All experiments used a fixed population size of 100 individuals and binary problems
with a dimensionality fixed to n = 50. Test problems were selected to measure the
information detection capabilities of each model across a variety of di↵erent structure
types and problem difficulties. This allowed unconditional complexity estimates for each
model to be generated in advance using 10,000 random population instances.
For each problem instance, a sample population of unique individuals with above-average
fitness was generated using stochastic bit flip hill climbing. Each individual was initialised to a random bit string. A random permutation of the n loci was then generated
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and for each locus the allele value was flipped. If the flip created a strict fitness improvement then it was kept, otherwise it was discarded. Any generated individuals already in
the population were discarded and the process was repeated. On the unimodal and bimodal test problems that were used (OneMax, OneMax⇤ , TwoMax and TwoMax⇤
– see below) hill-climbing was terminated after n/2 steps to prevent convergence on a
single global optimum, whilst still generating above-average fitness individuals.
Once sample populations were generated then the conditional complexity of each population K(Pe ) was estimated for each model using the approaches defined above, and
PMIC calculated. Results were averaged over 400 random instances of each test problem type. The resulting figures represent the average amount of information detected
by each model about each problem type.

6.1.5
6.1.5.1

Results
Simple Univariate Problems

Two fully separable problems with no epistasis and a simple univariate structure were
selected: OneMax and a variant with shu✏ed allele values we define as OneMax⇤ . The
OneMax problem fitness is given as a function of the number of ones in the candidate
solution X:

OneMax(X) =

n
X

Xi

(6.12)

i=1

The results of the experiment for OneMax are show in Table 6.1. In this case, the
selective environment causes individuals of above average fitness to have alleles with a
higher probability of being 1 than 0. This appeals directly to the per-site entropy model,
and the results show that it was able to detect information as expected. The sequential
compression model works by detecting and exploiting information that is observable as
sequential allelic structure. Although the problem contains no such structure intrinsically, the univariate structure that is present implicitly favours sequential patterns of
1s. The results show that the model was able to detect information in this way, although
the signal was not as strong as the entropy model case.
In the case of SG compression, the model works by detecting and exploiting interactions
between alleles across the population (either sequential or non-sequential). Once again,
although the problem contains no such structure intrinsically, it implicitly favours interactions between alleles of many di↵erent orders and these were detected by the model.
In fact, this provided the strongest information signal of the three di↵erent approaches.
These results also demonstrate that a uniquely multivariate model can be sufficient to
detect information from a problem with a uniquely univariate structure.
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Problem
OneMax
OneMax⇤
TwoMax
TwoMax⇤
M-TwoMax
SM-TwoMax
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PMIC Information (Standard. Dev.)
Sequential
Schema
Univariate
Compression
Grammar
Entropy
0.095 (0.009) 0.246 (0.009) 0.175 (0.008)
0.004 (0.007) 0.246 (0.009) 0.175 (0.008)
0.079 (0.009) 0.082 (0.02)
0.000 (0.003)
0.003 (0.007) 0.084 (0.02)
0.000 (0.003)
0.425 (0.011) 0.796 (0.008) -0.001 (0.003)
0.015 (0.011) 0.797 (0.008) -0.001 (0.003)

Table 6.1: Average PMIC information measure for each modelling method (see text).

In the OneMax⇤ function the all-1s optimum is replaced with a single, random, global
optimum X ⇤ . Fitness is calculated using the hamming distance between the candidate
solution and the global optimum. This creates a problem with an identical bit-flip fitness
landscape to the OneMax problem, which is convex and trivial to navigate, but with
no implicit order to allele values:

OneMax⇤ (X) = n

n
X
i=1

|Xi⇤

Xi |

(6.13)

The results show that in this case, the information signal detected by both SG and
the per-site entropy model was identical to the OneMax case. This is expected, as
both models are unbiased with respect to specific allele values and the problems are
combinatorially identical. However, the sequential compression algorithm struggled to
detect any information. The di↵erence in this case is that although sequential patterns
still exist between alleles in the population, they do not all look the same. Each such
pattern thus occurs far less frequently, and the algorithm is not able to generalise in the
same as OneMax.

6.1.5.2

Simple Epistatic Problems

The level of complexity was raised by introducing two problems with a simple epistatic
structure. The TwoMax function is a bi-modal extension of OneMax with global
optima at the all-0s and all-1s configuration. It is defined as follows:

TwoMax(X) = max

(

n
X
i=1

Xi , n

n
X
i=1

Xi

)

(6.14)

In this selective environment, the distribution of 1s and 0s in each above-average fitness
individual is bimodal rather than unimodal. The bit-flip fitness landscape of TwoMax
is convex and trivial to solve, as with the OneMax problems. However, there is no
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univariate structure in the problem. Instead, structure is defined by pairwise epistatic
interactions between each of the variables. The results in Table 6.1 show that the persite entropy failed to detect any information. This demonstrates a case where a uniquely
univariate model is not sufficient to detect information about a uniquely multivariate
problem structure. The sequential compression model was able to detect information,
and only slightly less than the OneMax case. As before, SG detected the most information, although considerably less than the OneMax case, and only slightly more than
sequential compression.
As with OneMax, a version of TwoMax was created that removes the regularity of
allele values in the global optima. In this problem, the optima are defined using a
random configuration X ⇤ :

⇤

TwoMax (X) = max

(

n
X
i=1

|Xi⇤

Xi |, n

n
X
i=1

|Xi⇤

Xi |

)

(6.15)

As with OneMax⇤ , the results show that removing the regularity in allelic values made
it difficult for sequential compression to detect any information, although this did not
have a detrimental e↵ect on SG.

6.1.5.3

Simple Modular Problems

A problem with a simple modularly separable structure was created by concatenating
TwoMax functions together, each of length k = 5, into an additive fitness function:

M-TwoMax(X) =

m
X

TwoMax(X1+(j

1)k , . . . , Xjk )

(6.16)

j=1

The problem structure contains m = 10 modules, each with two locally-optimal configurations (all-1s and all-0s), and 2m global optima. In this case, the members within each
module all interact with one another but there is no interaction between modules. As
before, the bit-flip fitness landscape is convex, and each member of the sample population was located on a unique global optimum. The results in Table 6.1 show that once
again the univariate entropy model failed to detect any information in the population.
On the other hand, both compression models detected strong information signals, with
SG returning the largest value at 0.796. The strength of performance of both models
is explained by the fact that problem structure was decomposable into 2m module configurations. This structure essentially transforms the size of the search space, creating
a huge amount of redundancy in the original problem dimensions. This redundancy
is observable without noise in both the sequential and combinatorial structure of the
sample population.
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Figure 6.2: Information detection rates on nearest-neighbour NK landscape problems
with varying epistasis k.

A shu✏ed version of M-TwoMax was also tested. In this variation a random bijective
re-mapping of problem dimensions, (i), is applied to the M-TwoMax fitness function:
SM-TwoMax(X) =

m
X

TwoMax(X

((1+(j 1)k) , . . . , X (jk) )

(6.17)

j=1

This re-mapping does not e↵ect the underlying epistatic structure or difficulty of the
problem, but it essentially removes its observability in a sequential representation. The
results show that as SG observes combinatorial and not sequential interaction, it was not
e↵ected by the change. On the other hand, the sequential compression model, which
relies on the presence of sequential order, was able to detect less than 1/27th of the
information it was previously able to.

6.1.5.4

Problems Containing Higher-Order Epistasis

The models were tested on NK-landscape problems, which were defined in Section 4.3.5.
Figure 6.2 illustrates the results for the di↵erent models across a range of k values. They
show that the univariate model detected a strong information signal from the population
for low k, with a non-negligible signal up to k = 5. This demonstrates a case where
a uniquely univariate model is able to detect information from a uniquely multivariate
problem structure, in contrast to TwoMax, and suggests that simple univariate EDA’s
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can o↵er some benefit on problems with a complex epistatic structure. Sequential compression was also able to detect a clear information signal for low k, but this was not
as strong as the other methods. Detected information tailed o↵ quicker than the other
methods as complexity was raised, returning a non-negligible signal up to k = 4. The
SG compression model had the best comparative performance, with a very strong information signal for low k and a slower tail-o↵ than the other methods, returning a
non-negligible signal up to k = 7.

6.2

Classifying Fit Individuals

By using the same framework of information and complexity theory, it is possible to
test quantitatively the predictive quality of the SG model with respect to fitness. In
this section a continuous measure is defined that calculates the information distance
between previously unseen test individuals and SG models of fit training populations.
The distance is estimated by parsing each test individual using the production rules of
SG. This infers a compact genotype representation of the individual using the CSS of
the grammar as a G-P map. The size of the inferred genotype reflects how well a model
instance recognises a previously unseen individual. In this case then, compressibility
is synonymous with classification. The results in this section demonstrate that for the
test problems examined, using SG parsing to classify fitness performs as well as an
established PCA-based method from the machine learning literature.

6.2.1

Information Distance

By using the Kolgorov Complexity analogues of Shannon information, a number of authors have created information distance measures for objects using absolute information.
The original formulation of information distance between two objects x and y was proposed by Bennett et al. (1998) as the following:

E(x, y) = max{K(x|y), K(y|x)}

(6.18)

If the complexity of x and y is identical, this measure is simply equal to the amount
of absolute information in each object that is not shared. The reason for using the
maximum of K(x|y) and K(y|x) is in order to create a measure that is symmetric
between x and y. The idea of information distance has since been developed further,
and a relative version of the measure called the Normalised Information Distance (NID)
proposed (Li et al., 2004; Cilibrasi & Vitányi, 2005). In this variant, information distance
is rescaled relative to the absolute size of the objects x and y:
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NID(x, y) =

max{K(x|y), K(y|x)}
max{K(x), K(y)}
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(6.19)

Assuming that at least one of K(x) and K(y) is non-zero, then 0  N ID(x, y)  1.0.

The authors argue that scaling the measure in this way allows comparison between pairs
of objects of di↵erent sizes, which is similar to the approach taken with PMIC in the
previous section. Again, the use of the max terms is in order to create a measure that is
symmetric between x and y. These works also show that NID can be approximated using
the size of the compressed versions of the objects as a substitute for their complexity.
Reworking Equation 6.19 so it can be expressed in terms of the individually and jointly
compressed versions of the objects gives the Normalised Compression Distance (NCD):

NCD(x, y) =

C(x, y) min{C(x), C(y)}
max{C(x), C(y)}

(6.20)

⇡ N ID(x, y)
The intuition here is that mutual information between two objects will lead to a space
saving when they are compressed together. In this section, we wish to measure the
information distance between a population under selective pressure, Pe , and a previously
unseen test individual t. In this case it is likely that K(Pe )

K(t). This means that if

a NID based measure is adopted then the K(Pe |t) and K(Pe ) terms that would appear
using Equation 6.19 would dominate the K(t|Pe ) and K(t) terms respectively, rendering
the scale of the measure difficult to interpret for the use case.
For our purposes here it is not necessary to make the distance measure either symmetric
or relative, allowing us to create a simpler variant of the concept that we refer to as the
Distance To Population (DTP). DTP is illustrated in Figure 6.3, and is given as follows:

DTP(t, Pe ) = K(t|Pe )
= K(t, Pe )

K(Pe )

(6.21)

In words, this says that the information distance between an individual and a population
is equal to the amount of absolute information contained by the individual, minus the
information it shares with the population.

6.2.2

Classification By Parsing

One approach to estimating DTP is to infer a SG instance from the sample population Pe
on its own, then infer another instance using the population together with test individual.
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Figure 6.3: A Venn diagram illustration of the information distance of previously
unseen test individuals to a fit population. By interpreting the fit population as a
proxy for the selective environment, the fitness of each individual can be predicted
using the distance measure.

Step
1
2
3
4
5
6
7
8
9
10
11
12
13

Parse Rule State
gt ! {x11 , x12 , x13 , x14 , x05 , x06 , x07 , x08 }
gt ! {s1 , x13 , x14 , x05 , x06 , x07 , x08 }
gt ! {s1 , s2 , x05 , x06 , x07 , x08 }
gt ! {s1 , s2 , x05 , x06 , x07 , x08 }
gt ! {s1 , s2 , x05 , x06 , x07 , x08 }
gt ! {s1 , s2 , x05 , x06 , x07 , x08 }
gt ! {s1 , s2 , x05 , x06 , x07 , x08 }
gt ! {s1 , s2 , s7 , x07 , x08 }
gt ! {s1 , s2 , s7 , s8 }
gt ! {s9 , s7 , s8 }
gt ! {s9 , s7 , s8 }
gt ! {s9 , s7 , s8 }
gt ! {s9 , s12 }

⇤

=
)
11110000
11110000
11110000
11110000
11110000
11110000
11110000
11110000
11110000
11110000
11110000
11110000
11110000

Schema Symbol
s1 ! {x11 , x12 }
s2 ! {x13 , x14 }
s3 ! {x01 , x02 }
s4 ! {x03 , x04 }
s5 ! {x15 , x16 }
s6 ! {x17 , x18 }
s7 ! {x05 , x06 }
s8 ! {x07 , x08 }
s9 ! {s1 , s2 }
s10 ! {s3 , s4 }
s11 ! {s5 , s6 }
s12 ! {s7 , s8 }

⇤

)
=
11******
**11****
00******
**00****
****11**
******11
****00**
******00
1111****
0000****
****1111
****0000

Table 6.2: A step-by-step illustration of parsing the test phenotype 11110000. The
parse process walks through the schema symbol table. If the schema symbol rule is
a subset of the parse rule then the schema symbol is substituted. The result in the
example is the factorised genotype gt ! {s9 , s12 }

Measuring the unnormalised entropy of each of these SG models will provide estimates
of K(Pe ) and K(t, Pe ) respectively. However, this is computationally expensive, as the
second procedure has to be performed for each test individual.
Another approach is to infer an SG instance from the sample population Pe on its own.
Then, the individual t can be parsed using the production rules of the SG instance.
⇤

Parsing infers a factorised genotype for the individual, gs =
) t, using the compositional

schema structure of the grammar as a G-P map. Essentially, the smaller the parsed
genotype then the closer the distance from the individual to the population. In the
following description of parsing, we assume that the SG instance was inferred using
the o✏ine algorithm (Section 3.4). SG instances inferred by the o✏ine algorithm have
schema symbols created in order of frequency of symbol co-occurrence. This allows a
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simple parsing algorithm to be defined that has a time complexity linear in the number of
schema symbols in the grammar. Additionally, it ensures that the resulting derivations
are unambiguous and consistent with the genotype derivations already in the grammar.
In practice, alternative inference and parsing algorithms could be used, but the approach
taken here is sufficient for current purposes.
To enable parsing we assume the set of schema symbols in each grammar, S = {s1 , s2 ,

. . . , sn }, is ordered in sequence of creation by the inference algorithm. Parsing proceeds

by creating a new production rule for the test phenotype, which we specify as gt ! . For

example, and assuming a binary problem representation, if the test phenotype t = 10101
= {x11 , x02 , x13 , x04 , x15 }. Then the production rule for each schema symbol in S is

then

evaluated in sequence. Here we use ↵ !
If

is a subset of

to specify each evaluated production rule.

then these symbols are removed from
{x11 , x02 , x13 },

example, if the evaluated rule was s1 !
would give gt !

{s1 , x04 , x15 }.

and replaced with ↵. For

then the resulting replacement

This process continues until all schema symbols have been

evaluated. The process is defined in Algorithm 4. An example parse that illustrates the
process is shown in Table 6.2.
Algorithm 4: Simple parsing algorithm for SG instances inferred using the o✏ine
algorithm.
input : test phenotype to parse t
input : SG instance G = {V, G, S, ⌃, R}
⇤
output: parsed production rule for inferred genotype gt , where gt ! and gt =
)t
// Initialise parse rule
=t
// Enumerate schema symbol rules in order of creation
for s 2 S do
// Retrieve the production rule associated with s
= R[s]
// Is the production rule associated with s a subset of ?
if ✓ then
// Substitute the symbols with the schema symbol s
= { \ } [ {s}
end
end
return
Once parsing is complete, DTP can be estimated using the size of the new parsed rule,
calculated in terms of unnormalised entropy. Given Ge as the SG model of the original
⇤

sample population, where Ge =
) Pe , let G+t
e be the same model with the parsed genotype
added:

⇤

G+t
) {Pe , t}
e =
This allows DTP to be estimated as follows:

(6.22)
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DTP(t, Pe ) ⇡ H(G+t
e )

H(Ge )

(6.23)

In practical terms, this can be calculated in linear time for each test individual, by
copying and incrementing the symbol frequencies used to calculate H(Ge ).

6.2.3

Mahalanobis Distance

In order to compare the predictive quality of SG, a PCA-based benchmark was used.
Mahalanobis Distance (MD) (Mahalanobis, 1936) is a continuous measure of the distance
between a single point and a collection of samples. It is calculated using the Euclidian
distance between the point and the centre of the samples in transformed principal component space. By transforming the space using the covariance of the sample data, the
measure is able to support interactions in the data set. Additionally, it is insensitive to
sequential ordering. For these reasons it is a good comparison benchmark for the SG
DTP measure. MD is commonly used in the machine learning literature for classification
and clustering (for a good example see Xiang et al., 2008).
In the following, we assume a binary problem representation. We treat each test individual s as a vector of length n and each sample population of fit individuals Pe a matrix
of dimensionality n ⇥ p, where p is the size of the population. Using Pe to represent the
mean of Pe and Covar(Pe ) the covariance, the MD D(s, Pe ) is given by the following:
q
D(s, Pe ) = (s

Pe )T Covar(Pe )

1 (s

Pe )

(6.24)

This measure is unitless and scale invariant.

6.2.4

Methodology

For each problem instance a population of 100 unique above-average fitness individuals
was generated using the methods described in the previous section, with one exception.
The covariance calculation used in MD can degenerate if the sample population is highly
discontinuous. A good example of this occurring is when the sample population contains
bit-flip local optima of the M-TwoMax problem. In this circumstance, it is not possible
to invert the covariance matrix and thus to calculate the MD comparison measure. To
avoid this, the local search step for M-TwoMax was terminated after n/2 steps. The fit
sample populations were then modelled by inferring an instance of SG using the o✏ine
algorithm, and their mean and co-variances calculated for the MD.
For each problem instance test, individuals were generated across a wide distribution
of fitness values. Bit-flip hill climbing and descent searches were run alternately, with
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each mutant on the adaptive path added to the test population if unique. Any test
individuals already present in the fit sample population were discarded. This process
continued until 100 previously unseen test individuals were generated. For each test
individual the DTP distance measure was estimated using SG parsing, as well as the
MD distance measure and the actual fitness.
Experiments were run using OneMax, TwoMax, M-TwoMax and k = 3 nearestneighbour NK-landscapes problems as selective environments. The allele and locus
shu✏ed versions of the problems were not tested as neither distance measure is sensitive
to these permutations. Results were aggregated over 1000 separate problem instances
of each type. To enable aggregation and comparison across problem instances, the fitness values of each test individual were normalised using the distribution of the training
population fitness:

fn (t) =

f (t)
f

f¯

(6.25)

Where f (t) was the fitness of the test individual according to the original fitness function,
f¯ was the average fitness of the fit sample population Pe , and f was the standard
deviation of the fit sample population.

6.2.5

Results

The results of the experiments are shown in Figure 6.4. For each problem class the
fitnesses of the test individuals are plotted against their distance to each model. Linear
R2 correlation values are shown in each case, which gives an indication of how well fitness
is classified by the distance measures.
Both distance measures are shown to have a significant negative correlation with fitness
on the problems tested. This indicates that both are able to detect information containing univariate, bivariate, modular, and higher-order overlapping structure. In the case
of SG, this is consistent with the previous experiment. In the case of MD, it confirms the
ability of PCA to detect complex interactions even when the sample sizes (populations)
are relatively small.
In all cases, the correlation values of SG were more significant than the MD case. This
suggests that it o↵ers a stronger predictive model of the selective environments over the
range of fitnesses tested. The di↵erence in performance is most apparent as the structure
of the selective environment becomes more complex. In the case of NK-landscapes, which
contain overlapping, higher order structure, the MD model can be seen deteriorating
as the fitness of the test individual moves further away from the training population
distribution. This illustrates the limitation of the bivariate PCA model in the presence
of more complex interactions.
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Figure 6.4: Classifying fitness using Schema Grammar. Training populations
containing individuals of above-average fitness were selected and modelled using SG and
a PCA-based control. The fitness of previously unseen test individuals was predicted
by measuring their distances to each model. In the SG case, this was performed by
parsing the test individual using the grammar model and measuring the unnormalised
entropy delta. Distances are in bits in the SG case, and unitless in the MD case.

Chapter 6 Quantifying Information in Evolutionary Populations

115

The results show the ability of SG to generalise about fitness, including when the test
individual fitnesses fall outside the range seen in the training population. In the upper
ranges where test individuals are fitter than any member of the training population, an
accurate prediction signifies test individuals sharing more information with the training
population (as a whole) than any of its members. At the lower end, where individuals
have a fitness below that of any member of the training population, the model predicts
fitness as a function of information that isn’t shared with the population.

6.3

Discussion

The results in this chapter Section 6.1 provide quantitative support, grounded in information and complexity theory, for the claim that the SG model is able to infer the
structure of the selective environment. More generally, the work creates an important
link between KC and evolutionary model building, allowing model-guided evolutionary
search to be understood in information and complexity-theoretic terms.
The work also contributes new measures of evolutionary information that are sensitive
to complex epistatic interaction. It demonstrates the limitations of both sequential compression and the “physical complexity” model (Adami, 2002) for detecting information
when it contains complex structure, and that these limitations are overcome by the SG
model. To the author’s knowledge, a general purpose measure of absolute information
that is sensitive to both functional context and epistatic interaction has not yet appeared in the literature. Therefore, this presents a potentially exciting avenue of further
research.
The results for NK landscapes also provide useful insights into the nature and difficulty
of this class of problem. They show, for the SG model at least, when epistasis might
become so complex that there is no observable information in the population about its
selective environment. The relationship between epistasis and PMIC information content
seems to reflect the canonical relationship between epistasis and ruggedness, although
the latter is a description based on bit-flip fitness landscapes. The work presented here
suggests it may be possible to create general measures of problem difficulty that are
grounded in information and complexity theory and avoid the need to presuppose a
variation neighbourhood. This also presents a potentially exciting avenue of further
research.
In Section 6.2 the ability of SG to classify fitness was demonstrated. This has provided
quantitative evidence that the structure inferred by the SG model has a strong predictive
quality with respect to fitness. It also shows that SG can be used to create a useful
information distance measure in its own right, and can outperform a well established
distance metric in certain cases. What makes this more impressive is the fact that SG
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can be used for a variety of purposes and is not just a distance measure, whereas this is
not the case for MD, or in fact most other alternatives.
Overall, the work represents an interesting new direction for the theory and practice of
evolution. It also has the potential to be applied outside of the field as a more generic
machine learning mechanism. This is taken up further in Chapter 7.

6.4

Summary

This work breaks new ground by using evolutionary model building to create quantitative
measures of evolutionary information. These measures have been used to provide strong
quantitative support for the hypothesis that compact models of fit populations can reflect
the compositional structure of the selective environment and have strong predictive
qualities with respect to fitness. Beyond this, being able to measure absolute information
whilst respecting multivariate interaction is an important contribution in its own right.
Developing these ideas further is an important direction for future research.

Chapter 7

Conclusions
7.1

Thesis Summary

This work aimed to further the theory and practice of evolutionary search. It has introduced a new type of compact evolutionary model, Schema Grammar, which overcomes
the limitations of positional bias that have hampered the development of compact models. The work has proved the hypothesis that compact models of fit populations can
reflect the compositional structure of the selective environment and have strong predictive qualities with respect to fitness. This has established compact models in the state
of the art in evolutionary model building. Beyond this, it has shown that the foundational idea of the Schema Theorem, BBH and Compositional Evolution – efficiently
constructing good solutions to difficult problems by recursively finding and recombining
fit schemata together – can be explicitly implemented using SG.
For the first time, it has been shown how it is possible to infer an explicit model of
a problem’s schema structure with no a priori assumptions. It has also been shown
how evolution can use schema structure to guide variation in an explicitly directed way.
By combining the new model with MSS methods, an evolutionary search algorithm has
been created that is competitive with the state of the art. Moreover, by exploiting the
information-theoretic qualities of the model, a new method for quantifying the information content of evolutionary populations has been created. This capability sets SG
apart from alternative methods.
We can now revisit our original claims and reflect on the evidence that we have provided
for each, as well as the implications.
• SG can infer a compact model of a sample population without sensitivity
to positional bias.
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Canonical compression methods are only capable of detecting structure that is
visible in contiguous sequences, rendering them unsuitable as modelling methods in unbiased BBO. This has inhibited further research into compact models.
By introducing a lossless compression model that overcomes positional bias, and
demonstrating its unique qualities with respect to alternatives, a new paradigm
for unbiased evolutionary modelling has been established. Moreover, the potential
of compact models has been established and further research in this area has been
enabled.
• By modelling a representative population of fit individuals, SG can infer
a schema structure that is consistent with the compositional structure
of the selective environment.
Since the Schema Theorem and BBH, researchers in the field of evolutionary computation have been inspired by the notion that evolution may be able to learn
and then exploit the schema structure of a problem. However, until now, this idea
has not been adequately demonstrated. The work in Chapter 4 shows that the
SG model is able to capture the compositional schema structure of the underlying problem from a population of fit individuals. This contributes important new
knowledge and practical techniques to the pursuit of these foundational ideas.
• By using SG to infer an exploration distribution that reflects the con-

straints of phenotype space, global function optimisation performance
can be achieved that is comparable with the state of the art in evolutionary algorithms.
The results in Chapter 5 establish SG as a state of the art model-building algorithm. But they also have a wider significance. Firstly, they are a powerful demonstration of Toussaint’s ideas of “compact models as a search strategy”, and “simple
variation on a suitable representation” as an alternative to “complex adaptation
on arbitrary representations”. This creates some tantalising prospects regarding
our understanding of evolutionary development and the emergence of complex
Gene Regulation Networks (GRN). These prospects are discussed further in Section 7.2.4. Secondly, they demonstrate the potential of using schema structure to
guide variation in an explicitly directed way. This potential was always assumed
by proponents of the Schema Theorem and BBH, but could not be adequately
demonstrated. Finally, they add further support to the emergence of MSS as the
pre-eminent approach to evolutionary model-building.

• By exploiting the information-theoretic properties of SG as a compact
model, the information content of evolutionary populations and individuals can be quantified with more accuracy than alternative methods.
Luminaries in evolutionary thinking have often described the idea of evolution
“learning” about its environment. In the words of Deutsch (2011) “genes embody
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knowledge about their niche”, and according to Wilson (2001), organisms have “encoded the predictable occurrence of nature’s storms in the letters of their genes.”1
This idea is also supported by the behaviour of model-building algorithms, which
can often be observed employing relevant knowledge to generalise about fitness.
However, until now it has been difficult to measure the quantity of this knowledge in all but the simplest problems. The work in Chapter 6 shows that the SG
model can be used to measure evolutionary information in a way that respects
the complex epistatic nature of problems. This not only breaks new ground for
evolutionary model building, it is a novel and significant contribution in its own
right.

7.2
7.2.1

Research Directions
Beyond Bit String Representations

In the field of evolutionary model building, comparison of any two models is usually
based on performance in global function optimisation. It is usually also subjective. Variables include the class of problem used, algorithm configuration, experimental methodology and how time complexity is measured (absolute time, function evaluations or
hill-climbing steps). To compare a new algorithm to an existing one, one approach is
to use problems and a set of parameters that suit the new algorithm, creating a new
problem class if necessary. This has the benefit of being able to clearly illustrate something that the new algorithm can do that the others cannot. The downside is that you
are competing on your own (implicitly favoured) terms. The alternative, which is the
approach taken by this thesis, is to adopt the parameters favoured by the original literature. This has the potential benefit of being able to show competitive performance
against a benchmark on its own terms. The downside is that it is sometimes not clear
what the new algorithm can do that the others cannot.
The results in Chapter 5 illustrate this dichotomy. The SG methods use a binary GA
“bit-string” representation and compete with the state of the art on a subset of problem
classes that the compared methods have already reported results for. The SG Schema
Search algorithm does well; o↵ering similar, and in cases, arguably superior performance
to LTGA on a variety of problems. This establishes SG as a credible alternative to the
state of the art, but in themselves the performance results do not a↵ord it a special
significance.
Beyond the qualities of SG being able to infer explicit schema structure and quantify
evolutionary information, how could further research demonstrate the special significance
1

These eloquent descriptions of information in evolutionary systems were originally collected by
Adami (2002).
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Figure 7.1: An example order-2 Sudoku puzzle. The objective is for each row, column
and 2x2 sub puzzle to contain the digits 1-4. (a) Puzzles are defined by a subset of
digits that are fixed into place. (b) A candidate phenotype: 4 constraints are violated
reducing fitness. (c) The global optimum with no constraints violated.

of SG for global function optimisation? One of the advantages of SG is its flexibility to
model all kinds of problem “languages”. In principle, any individual that can be specified
as a set of discrete symbols can be modelled and compressed using the grammar. There
are also no constraints on the length or the subset of symbols used in the encoding of
each individual. Compression is generic, and will deal with whatever is there. The fact
that the model is lossless also means that inference of individual symbols cannot overgeneralise. If, for example, a non-terminal symbol is inferred that yields a 10 symbol
schema, then there are at least two samples where those 10 symbols appear together. In
this context, binary GA “bit-string” representations are only a small subset of the space
of possibilities. We now consider some examples that illustrate the alternative problem
representations that the model is capable of dealing with. These examples suggest a
variety of interesting directions for future work.

7.2.1.1

Sudoku

Sudoku is a popular NP-complete puzzle played on a square grid (Takayuki & Takahiro,
2003). The order of the puzzle is given by s and is usually 3, although in the example
here, we use s = 2 for brevity. The sudoku puzzle grid is composed of s2 rows and
s2 columns, and divided into square sub-grids each of which containing s rows and s
columns. An example s = 2 puzzle is shown in Figure 7.1. Each box on the grid must
contain a digit from the alphabet D = {1, 2, . . . , s2 } – in the example this is equal

to the digits 1 to 4. The objective of the game is to complete the grid so that the
contents of every row, column and sub grid are equal to D, which requires the digits to
form a Latin square in which no digit appears more than once in any row or column.
Each problem instance is defined by a subset of cells containing immutable digit values.
Solving the puzzle requires digits to be assigned to the remaining cells without violating
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the constraints. Problems are set so that only one such solution exists. An example
instance is shown in Figure 7.1(a).
It is straightforward to model sudoku phenotypes using the SG set representation. We
can define the terminal symbols of the grammar as the set of all possible digit and cell
combinations, each of the form hRow, Column, Digiti. For example the tuple h1, 2, 4i

represents a digit 4 at row 1 column 2. If we define the immutable cells of each puzzle
as F , then the terminal symbols are given by:

⌃ = {hr, c, di : r, c, d 2 D} \ F

(7.1)

This scheme allows each phenotype to be specified as an unordered set of s4

|F |

symbols. The global optimum of the example puzzle shown in Figure 7.1(c) can then be
specified as a phenotype {h1, 2, 3i, h1, 3, 2i, · · · , h4, 2, 4i, h4, 3, 1i}. It is straightforward
to see how schemata can be modelled using the set presentation also. Consider an
interaction between the 3 free digits on the bottom row of the example. This could be
represented using the schema {h4, 1, 3i, h4, 2, 4i, h4, 3, 1i}.
The SG representation for Sudoku would have to be combined with a variation operator
in order for the Schema Search process to be viable. One simple approach is to initialise
the game board with each sub-grid randomly populated with the digits 1 to s2 . Each
variation would be defined as a subset of terminal symbols, representing a set of digits
being placed in specific locations. In order for the game grid to be left consistent upon
each mutation, the operator could overwrite any existing digits and use the displaced
digits to repair each sub-grid.

7.2.1.2

TSP

Travelling Salesman Problem phenotypes are usually represented as permutations. In
a symmetrical TSP problem with n = 5 cities, a phenotype might be specified as the
sequence (3, 1, 2, 5, 4) which contains an implicit link from city 4 to city 3 to complete
the tour. One way of encoding TSP phenotypes is to represent the tour as a combination
of edges. Using this scheme, each terminal symbol would be defined as an unordered
pair of cities of the form {CityA, CityB}. A full set of terminal symbols can then be
defined using the power set of all subsets of all cities P({1 . . . n}):
⌃ = {↵ : ↵ 2 P({1 . . . n}) ^ |↵| = 2}
For a map with n cities the cardinality of ⌃ would be equal to
tation the example phenotype could be encoded as:

(7.2)
n
2

. Using this represen-
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{{3, 1}, {1, 2}, {2, 5}, {5, 4}, {4, 3}}
This representation is not degenerate and is capable of capturing structure in noncontiguous parts of the tour. For example, consider the two schemata S1 = {{2, 5}, {1, 2}}
and S2 = {{3, 1}, {4, 5}}. In these examples S1 captures the sequential pattern of cities

(1, 2, 5) or (5, 2, 1) and S2 captures a non-sequential pattern of cities: an edge between
cities 4 and 5 co-occurring with an edge between cities 3 and 1. Using this symbology,
each variation would be defined as a subset of one or more edges yielded by a grammar
symbol. Given the way that the symbols are inferred into the grammar, each such variation would be guaranteed to be self-consistent. In other words, each variation would
constitute a valid partial tour (not necessarily a contiguous sub-tour). In order for
Schema Search to work, the variation operator would have to repair tours as variations
(of many orders) are applied by schema search. This is standard in TSP meta-heuristics.

7.2.1.3

Variable Length Representations

SG inference does not require phenotypes of a fixed length. As long as individuals can
be represented using sets of terminal symbols, they can be compressed into an instance
of SG. This raises the possibility that SG could be used to solve a class of problems
rather than just an instance. Consider a TSP map containing 100 locations, and a class
of TSP problems that includes a problem instance for every subset of the 100 locations.
Rather than infer an SG instance for each of these subsets, it would be possible to build
a model across the entire problem class using a population of fit tours of various lengths.
SG inference would create a grammar representing the language of route-finding on this
map.
Using such a model, it would be possible to generalise about good routes to previously
unseen problem instances. Schema search could quickly generate a suggested route using
schema symbols that yield locations in the problem. This is very similar to the mental
model that is used by couriers every day. Given a subset of previously unseen locations,
a courier can quickly construct a good route around the locations using knowledge built
up over time and many di↵erent lengths of route. The same principle could be used on
other problems.

7.2.2

New Applications of Evolutionary Information Measures

In Chapter 6 the SG model was used to create measures of population model information content (PMIC) and information distance between an individual and a population
(DTP). These measures were used to provide quantitative support for the overarching
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hypothesis that compact models of fit populations can reflect the compositional structure of the selective environment and have strong predictive qualities with respect to
fitness. Beyond this, other useful applications exist. One example is to use the PMIC
measure for tracking the progress of an evolutionary algorithm. As evolutionary adaptation progresses, the PMIC measure would be expected to rise. This would o↵er an
alternative to tracking the distribution of population fitnesses and would work even if
fitness was not directly observable.
Another possible application of PMIC is as a measure of problem difficulty. Existing
measures such as autocorrelation (Weinberger, 1990) and fitness-distance correlation
(Jones & Forrest, 1995) regard difficulty in terms of the shape of the bit-flip fitness
landscape. The limitation with this approach is that there are many contexts, some of
which are described in this thesis, where a well-adapted evolutionary search process will
use a more exotic variation neighbourhood. This renders difficulty measures predicated
on a rigid view of variation as invalid. As an alternative, fit individuals (not necessarily
bit-flip local optima) could be selected from a landscape and compressed with SG to
create a PMIC measure. This would give a measure of difficulty based on the similarity between fit individuals, but derived from an e↵ective variation distribution for
evolutionary search that can include complex interaction.
The DTP measure could also be used for tracking evolutionary progress by measuring
the distance from a population to an objective (e.g., a global optimum). Another possible application is a generative mechanism for EDA-style search. In the Schema Search
algorithm, the grammar’s symbols are used as a library of neighbourhood operators in
systematic trial and error mutation. An alternative approach to variation is to generate new o↵spring by “sampling” the SG model and then subjecting them to survivor
selection. This is the approach taken by most PMBGAs including BOA. In the SG
case, a process akin to “reverse parsing” could be used to perform this sampling. The
idea is to generate random new o↵spring that would be well compressed by the model
– in other words, they would have short parses and a short information distance to the
population. A probability distribution for sampling schema symbols that reflects compressibility could be created using the unnormalised entropy of each symbol occurrence
and the size of the schemata they yield. This could also be parameterised so that the
average information distance of each new o↵spring fell within a desired distribution,
allowing the balance of exploration and exploitation to be tuned.
The theory underlying PMIC and DTP could be used to create other useful measures.
One example is to create a measure of mutual information between two populations of
potentially di↵erent sizes, A and B. SG compression could be combined with simple
complexity-theoretic algebra to estimate absolute mutual information: K(A) + K(B)
K(AB). It could also be used to create a relative measure by dividing this through by
K(AB).
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New Inference Methods

In Section 3.4 an o✏ine inference algorithm for SG was defined. This algorithm is just
one possible algorithm for inferring instances of SG. The o✏ine algorithm is based on
the RE-PAIR sequential lossless compression algorithm (Larsson & Mo↵at, 2000). This
algorithm is simple and compresses data well, but online algorithms like LZ77 (Ziv &
Lempel, 1977) and SEQUITUR (Nevill-Manning & Witten, 1997) are faster, use less
memory, and are favoured in practice. In the same way as RE-PAIR was adapted for
SG, it is likely that many alternative compression algorithms could also be adapted. As
an example, consider the following outline sketch for an online compression algorithm.
When some time is spent examining what SG compression really does, the realisation is
that it essentially works by identifying and factorising the overlap between phenotypes.
Consider the following two binary individuals:
P1 = 110011
P2 = 000000
Compression of this population with the o✏ine algorithm yields the following grammar:
Production rule

⇤

)
=

g1 ! {x11 , x12 , x15 , x16 }

110011

s1 !

**00**

g2 !

{x01 , x02 , x05 , x06 }
{x03 , x04 }

000000

s1 encodes the overlap between the two phenotypes. In set-theoretic terms this overlap
is just the intersection between P1 and P2 :
s1 ! P1 \ P2
The benefit of inferring s1 in this way is that the operation is O(n). In contrast, o✏ine
compression will use the frequency of co-occurring symbols in the population, which
is generated in O(n2 ). It turns out that it is possible to infer a complete SG instance
solely using intersection rather than frequency of co-occurrence. The algorithm is online,
meaning it builds the SG model iteratively one sample at a time. It is very similar to
the parsing operation defined in Algorithm 4.
When a sample phenotype is added to the grammar, a new non-terminal genotype symbol is created with a production rule that yields the phenotype directly. Then, the
production rules of the grammar are iterated in order. At each step the set intersection
between the new rule and the compared rule is taken. If the intersection is equal to the
compared rule the relevant symbols are replaced in the new rule and iteration continues. This is equivalent to a single step of parsing. If the intersection is a subset of the
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compared rule and larger than a single symbol, then a compression benefit exists in creating a new schema symbol. A symbol and rule are created which yield the intersecting
symbols. The rule is then inserted into the rule table before the current location. The
new non-terminal symbol is substituted into both the new rule and the compared rule
and iteration continues. As an example, consider the following 4 phenotypes, which will
be compressed in order:
P1 = 111000
P2 = 111111
P3 = 000000
P4 = 111101

At step 1 the grammar is empty, so P1 is added to the grammar as a new genotype
symbol:
Step 1
⇤

=
)

Production rule
g1 ! {x11 , x12 , x13 , x04 , x05 , x06 }

111000

At step 2 a new rule for P2 is created: g2 ! {x11 , x12 , x13 , x14 , x15 , x16 }. Then, the existing
rules in the grammar are iterated. In this case, there is a single rule for g1 . The
intersection of g1 and g2 is taken. This yields:
g1 \ g2 = {x11 , x12 , x13 }
As the intersection is a subset of the production rule for g1 and greater than one symbol
in size, a new schema symbol is created and inserted into the table. The new schema
symbol is then substituted into both rules. Iteration is then finished, and the new rule
is added to the end of the table. This gives the following:
Step 2
Production rule

⇤

)
=

s1 ! {x11 , x12 , x13 }

111***

g2 !

111111

g1 !

{s1 , x04 , x05 , x06 }
{s1 , x14 , x15 , x16 }

111000

At step 3 P3 is compressed. There is no intersection with s1 , but there is with g1 .
Following the same process as above, yields the following grammar:
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Step 3
Production rule

⇤

)
=

s1 ! {x11 , x12 , x13 }

111***

g1 ! {s1 , s2 }

111000

g3 !

000000

s2 !

{x11 , x12 , x13 }

***000

g2 !

{s1 , x14 , x15 , x16 }
{s2 , x01 , x02 , x03 }

111111

At the final step P4 is compressed by the algorithm. During iteration there is an intersection between g4 and s1 . In this case the intersection is simply equal to s1 , therefore
the relevant symbols in g4 are replaced by s1 . This gives g4 ! {s1 , x14 , x05 , x16 }. Iteration
then continues. There is also an intersection with g2 , creating a new schema symbol.
The final version of the grammar is as follows:
Step 4
Production rule

⇤

)
=

s1 ! {x11 , x12 , x13 }

111***

g1 ! {s1 , s2 }

111000

g2 !

111111

s2 !

{x11 , x12 , x13 }

***000

s3 !

{s1 , x14 , x16 }
{s3 , x15 }
{s2 , x01 , x02 , x03 }
{s3 , x05 }

1111*1

g3 !
g4 !

000000
111101

The online algorithm sketched above performs each intersection operation in O(n).
When encoding a complete population, each time a sample is added to the grammar, the
existing encoded population is scanned, the size of which grows on each iteration. This
operation is triangular in nature, giving scalability of O(p2 ) where p is the size of the
population. Overall then, we can estimate the overall time complexity of model building
as O(np2 ). If confirmed, this would mean that model building is linear in problem size
yet able to capture multivariate interactions of many orders. This would be something
of a first for evolutionary model building. Therefore, developing this and associated
algorithms is an important direction for ongoing work.

7.2.4

Theoretical Biology

In this thesis, we have considered models over a population of co-existing individuals
at a single point in evolutionary time. Although these models can be used to guide
evolutionary search to great e↵ect, on first consideration they seem to o↵er very little
in terms of biological insight. After all, how could a population-wide model be realised
in the biological domain? One alternative perspective is to consider the phylogenetic
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history of a single species as a population from which a model may emerge. The idea here
is that evolution could learn the constraints of the environment by observing phenotypic
patterns that have been selected for over evolutionary time, then encode these into
developmental processes.
Research has recently been published that shows this idea in action, using GRN models
that coevolve with an asexual species over evolutionary time (Watson et al., 2014). The
results show that evolution can develop a “memory” of fit phenotypic patterns that are
then “recalled” during the development of an o↵spring, demonstrating a cycle of implicit
model-building and model-guided variation. Furthermore, evolutionary adaptation of
the GRN is shown to be Hebbian in nature (Hebb, 1949) and analogous to the type
of learning found in neural networks. This work suggests a deep relationship between
evolvability and machine learning. It also shows that our scientific understanding of
evolutionary model building can inform our scientific understanding of evolvability.
This then relates back to Toussaint’s concept of compact models as a search strategy
(Toussaint, 2006) and the idea that developmental systems may evolve to form a compact
encoding of phenotype space. In this thesis we have demonstrated the potential of this
idea persuasively in the context of population modelling and optimisation. A significant
contribution could be made by showing how the same ideas can be applied to studies
of evolvability. There is plenty to build on in this regard. This not only includes the
work of Toussaint, but the study of L-Systems (Lindenmayer, 1968; Prusinkiewicz et al.,
1990), which suggests a deep relationship between grammatical encoding and biological
development.

7.2.5

Machine Learning

Many of the ideas realised by this thesis could be applied outside the domain of evolutionary computation. SG finds patterns in populations of objects that are defined in
terms of sets of symbols. It is straightforward to see how this framework could model
data sets in machine learning tasks. Consider a table of data, with each row defined
over a set of discrete variables. In the same way that we considered an individual to
be a set of distinct alleles, we can also consider a row to be a set of distinct attributes.
We can compress the table with SG in the same way as we compress an evolutionary
population. The resulting grammar could reveal the schema structure of the data set
in the same way as SG can reveal the schema structure of the selective environment,
creating an alternative to existing association mining methods.
The theory and algorithms described in Chapter 6 would also apply to more generic
machine learning representations. So, just as we could measure the absolute mutual
information between two evolutionary populations using SG, we could also measure the
similarity between two data sets. And just as grammatical parsing can be used to predict
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the fitness of a previously unseen individual, it could also be used to classify a test set in
a machine learning task. Consider an image divided into a set of discrete pixels. We can
create a set of terminal symbols by quantising each pixel, and describe each sample using
a subset of these. Inferring an SG instance over a population of images representing a
concept will infer a graphical language for this concept. Then, a test set of images could
be classified using SG parsing and DTP of each image.
Similar opportunities have occurred for sequential compression, with applications in clustering (e.g. Christen et al., 2004; Cilibrasi & Vitányi, 2005), classification (e.g. Ferragina
et al., 2007; Alvarado et al., 2012) and a host of works in bioinformatics (Giancarlo et al.,
2009). All of these advances have exploited the relationship between compression and
KC, but have been subject to the constraints of sequential compression. If the concept of
combinatorial compression introduced by SG can be developed sufficiently, then it might
be possible to apply compact models to a host of new machine learning applications.
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