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1 Introduction

The original Subzero vehicle was built by five Master of Engineering students in 1992
as their group design project for the course {1]. The specification was for a Im long
vehicle with 2 maximum diameter of 10 cm. The payload carried would be a
maximum of 3 kg with a target speed of 0 to 8 knots (approximately 0 to 4 m/s) and
depth capability of 6 meters. The duration of a mission was to be 15 minutes. The
vehicle has since evolved into Subzero II (shown in Fig 1) as it required considerable
redesign and enhancement to allow controller testing [2].

Fig 1 Subzero I

The thruster system consists of the propeller, which is linked to a DC motor and gear
box by a steel shaft with a universal coupling. The DC motor is controlled by a pulse
width modulated (PWM) drive running at 800 Hz.

On the tail are mounted the four control surfaces: two rudders and two sternplanes.
The two rudder surfaces are linked together to form a single rudder.

For H., autopilot design, there will be 3 control subsystems: forward speed control
system (driven by thruster), heading control system (driven by rudder) and depth
control system (driven by sternplane) . In order to verify the H,, autopilot at the design
stage, a full nonlinear model must be established. Moreover, a linearized plant model
must also be established for H., autopilot design.

Based on R.Lea’s research work [3,4], we have improved the nonlinear model of
Subzero I1. Instead of Visual C++, a Simulink® model, which is much casier to read
and to utilize, has been established.

The model is based on 6 DOF (degree of freedom) nonlinear motion equations
Subzero IT, and includes the dynamics of the actuators.

It should be noted that the model is currently restricted by the experiment facilities
available in the past and the limited testing that could be carried out. The accuracy of
the model needs to be improved by further tank tests. At present, some hydrodynamic
derivatives are gained from tank tests, while the other coefficients are estimated from
he Ocean Voyager {an AUV which is geometrically similar to Subzero II) developed



by Florida Atlantic University who kindly made available model data [4]. The effects
of the umbilical are also ignored.

2 Nonlinear Equations of Motion and its Simulink
Implementation

2.1 Full Nonlinear Equations of Motion

When analysing the motion of vehicles in 6 DOF it is convenient to define two
coordinate frames: the vehicle-fixed frame O- X,Y,Z, and the earth-fixed frame E-
En¢ as shown in Fig 2. The origin of the vehicle-fixed frame is specified as being at
the centre of the hull. The velocity of the vehicle is described as a vector

V=[u v W op g r]T (1
where u,v,w are translations along, and p,q,r are rotations around the three axes
X,,Y,,Z, respectively. The six different motions corresponding to movements in the
respective coordinates are surge, sway, heave, roll, pitch and yaw.
The vehicle’s position relative to the earth-fixed frame is described as a vector

P=[x y z ¢ 0 yf @)
where x,7,z are the position of the vehicle-fixed frame origin O relative to the carth-
fixed frame E-&nd , 6.0,y are the attitude angles of the vehicle relative to the earth-
fixed frame.

Fig 2 Coordinate systems

Since Subzero 11 has a torpedo shape, the standard submarine equations of motion
from DTNSRDC (David Taylor Naval Ship Research and Development Centre) [5]
can be applied to simulate its motion. In nonlinear equations of motion, the rigid body
data and the non-dimensional hydrodynamic derivatives of the vehicle are included.
(1) Rigid body data

m—mass of the vehicle (7kg)

p --density of the water (1000kg/m3)

[ -- length of the vehicle (0.98m)

W —weight of the vehicle (69.0N)

B—buoyancy (69.0N)

(xg»Ye»Zs) - position of the vehicle’s centre of gravity relative to the



vehicle-fixed frame (x; = 0.055m, y; = 0,z; = 0.006m )
(x5,¥5,25) - position of the vehicle’s centre of buoyancy relative to the
vehicle-fixed frame (x; = 0.055m,y, =0,z, =0)
,,I yodisd o i yz,I _.)-- the moments of inertia around the appropriate axes
2 2 2 _ _ — 2
(1, =0.006kgm*,I, =0.3kgm", I, =0.3kgm",1,, =0,1 =0,I_ =0.009%gm").

(2) Non-dimensional hydrodynamic derivatives
There are over 60 hydrodynamic derivatives need to be measured. However, restricted
by test facilities, only drag coefficients are fitted by the measurements of towing tank

tests, i.e.,
X =-1.56331+1.44963cosu +2.27372sinu +0.71716 cos 2u —1.53679sin 2u

—0.73919¢cos3u + 0.09957sin 3u + 0. 13634 cos 4u + 0.15798sin du

+0.00735cos 51 — 0.02748sin Su
Y, =-3.68x107,Z, =-3.68x107, X, = X, =4.7x107
The remaining hydrodynamic derivatives are estimated according to the
hydrodynamic derivatives of Ocean Voyager vehicle.

Surge motion equation:
(m=4 plP X, i+ mzg —mygr =3 pl* [ X, q* + X,r" + X rp]

+ —;-pf[X;rvr + X;,qwq}

+3PX LY X, W]

F PP Ky + X 85 Tt
—(W-B)sin@+T -4 pl* X u’

+mvr = wg +x5(q” +77) = yoqp — 251P]

where T 1is the thrust produced by the propeller.

€))

Sway motion equation:
(m =~ pPY)0 ~(mzg +3 pI*Y,) p + (mx =3 pI*T, )7
=1 pl*[Y,,plp|+ 7Y, Pa]
+4 pl* [Your + Y;up + Y;Pwp]
+ L o[V +Y,uv + Y, vV +w?]
+1 pl Y ut S
+(W-B)cos@sin ¢
+mlwp —ur+ y;(r* + p*) = 2597 — x5qp]
-1 pC, [ d(x)v+ xr)\/(w ~xq)* +(v+xr)dx
where C, (=0.9770) is the sideways drag coefficient of the vehicle and d(x)

is the diameter of the vehicle at a distance x from tail to nose.
X, =—0.545 (m),x, ., =0.435(m)

4
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0.02+2(x+0.545), —0.545< x <0435
d(x)=140.10, ~0.435<x <0385
2,/0.05% - (x—0.385)%, 0.385<x<0435

Heave motion equation:

(m—LplPZ, Yo+ mygp—(mxg +Lpl*Z)g =+ pl’1Z ug + Z,,vp]
+1 ol Z. u? + Z,uw]
+%p12[2;.u[w|+2;w|w|m}
+4 pl*Z s (5)
+(W-B)cosd cos ¢
+mluq —vp+25(p* +q°) —x57P =~ Yorq]
-LpC, _[j':' d(x)(w— xq)\/(w —xq)* +(v+xr)dx

Roll motion equation:
—(mzg + L Pl K)o+ mygi+ (I, —4 PP K, p— 14 = (L, + 4 UK )
=1 pl°[K,.qr+ K, p|p|]
+1 pl* K up+ Kur+K,,wp]
+1pP (K, u’ + K uv] ©
+LpP K ulsr
+(yW-y;BcosOsing +4pI’K, n’
+ iy (g = vp) = 76 (wp + )]
-, -1, )qr+ L qp~(*—q ), 1 pr
Pitch motion equation:
mzgi— (mxg + 21 M W -1 p+(I, —5IM)g—1 7
=-‘23-15M;Prp +%I4M;ug
+EPIM, M oaw+ M v+ w ]
+2PM |+ M, [ +w? ]
+EPM guSs (7)
—(x;W —xyB)cosBcosg—(z;W —z,B)sind
(I, —-Lyp+I,qr—(p* =), -1,qp
= m[z;(wq —vr) + x5 (ug —vp)]

+2C, fm xd(x)(w— xg)\/(w —xq)* + (v+xr)idx




Yaw motion equation:

—mygti+ (mxg =L NW— (I + 2PN p-1 .4+, —5I°N,)F
=£I°N,, pq+451*[N up + N ur]
+LP[N. u? + Ny + N, vlv? +w]

+ &P Ngu’dr

—(x W —xyB)cosOsing + (y W — y,B)sind
~(1,-1)pg+1,mm—(q" - p ), - 1Lrg
+m[xg (wp —ur) = yg (vr = wg))

-£C, f“ xd () + W (w—xg)* + (v + 37)  dx

®)

2.2 Simulink® Model

.
»

Forward speed

A4
————

—>C)

Yaw angle

Thrug -
Rudder deflection "I—P HATLAS L g MATLAB 1 —>(3)
—% unction Function I Depth

> & DCFNonliear — Coordinate | |

Stemplane deflecton N :
Equations of Mation Transform

Full Nonlinear Mode! of Subzero Il {(without dynamics of actuators)
Designed by Z.Feng,University of Southampton

Fig 3 Subzero II Simulink model without actuators

The Simulink model has 3 control inputs: thrust, rudder deflection and sternplane
deflection, and 3 outputs: forward speed u, yaw angle y and depth z.

The Simulink® model has two subsystems: 6 DOF Nonlinear Equations of Motion
and Coordinate Transform. The former calls the Matlab function--motion.m, which
calculates the motion acceleration of the vehicle according to the 6 DOF nonlinear
motion equations of Subzero II as described in Section 2.1. The later calls the Matlab
function — frame.m, which transforms motion speed from the vehicle-fixed frame to
the earth-fixed frame, i.e.

"4 e, —oys, H 85,6, sS,+ese; 000 0 M
P C,8,  CC 85,8 —Sc+ess; 000 0 ”
B -5, 51€, 6, 0 ¢ 0.,
é =1 0 0 0 1 s¢, ¢f, » )
é 0 0 0 0 ¢ -3
s ¢ d
v 0 0 0 0 =X r
i c, ¢ |- -

where
¢, =cosg,s, =sing,c, =cosb,s, =sinf,c, =cosy,s, =siny,t, =tand



3 Thruster Model

3.1 Pulse width modulated (PWM) DC motor model

The DC motor has two inputs: control command M, and the load torque

(propeller torque) Q,,,,. » the output is the rotation speed ».

rop ?

V. =9.6(0)
E =2mk,
_ M, dead _zone(V,,V,)— & (10)
“ 2500 R, + R,
n= ! {dead _ zonelk, - dead _zone(l,, 0017, %,0.0014[1-Q,,,,}
T R, +R,

where
k, =0.0374-3.88x107|n|+2.02x10°n? =5.63x107 o +120x107n*

R, =0223Q),R, =1.577(Q), L, = T4(uH) ,J, =1.65(kg.m")

and
0, |a| <b
dead _zone(a,b)=<a-b a>b
a+b a<-b

The Simulink model is as shown in Fig 4.

lul
@—E’:! L Ia
= —
|" Gasd_Zons ot
&
I E

flu} 2%pi

N J

x
b

Qprop
DC Motor PWM Control System
Designed by Z.Feng,iSVR,07/01

Fig 4 DC Motor

3.2 Propeller Model

The propeller has two inputs: the rotation speed # and the flow speed , and has
two outputs: thrust 7 and torque @

prap *



S = atan2(1,0.7:mD) (Advance angle)
T =1mpD?C,[1* +(0.7mD)?]

Qprop = £ pD’C [u® +(0.77mD)*}
where C,,C, are the thrust and torque coefficient ,and

a:o

o s 3[4, cos(iB) + b, sin(if)]

C =

A 2 .
€, =2+ 3 la, cos(if) +b, sin(i5)]

(11)

(12)

Fig 5 shows the relationship between the thrust and torque coefficients and the

advance angle.
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Fig 5 Thrust and torque coefficient

3.3 Thruster model

By connecting the DC motor model with the propeller model, the thruster model is
established as shown in Fig 6. The mode! has two inputs: DC motor control command
and the vehicle’s forward speed. The output of the model is the thrust. The model
calls two Matlab functions—Ct.m and Cq.m, which calculates the thrust and torque

coefficients respectively.

350 400



Thruster Model

Fig 6 Thruster mode]

4 Rudder and Sternplane Actuator Models

Rudders and Sternplane are driven by two DC motors respectively. Their dynamics
can be modelled as the following transfer functions:

6.921
Sris) = 222 5 13
v(s) 769 r, (S) (13)
10.377
Ss(s) = =22 14
56 =193 4

where &,& are the actual rudder and stern plane deflections, while &r,,ds, are the
desired rudder and stern plane deflections.

5 Full Nonlinear Model of Subzero 11

5.1 Simulink® Model

By connecting the thruster, rudder and sternplane actuator dynamic models to the
nonlinear equations of motion, the full nonlinear model of Subzero II is established as
shown in Fig 7. The model has 3 control inputs: DC motor control command M,

desired rudder deflection &, and desired sternplane deflection ds,, and 3 outputs:
forward speed u, yaw angle w and depth z. The limitations of the actuators are also
considered in the model: -2100<M, <2100, —20° <& <20°, and
-30° < ds <30°.

10



Subzeroll Nonlinear Simulation with Actuators
Designed by Z.Feng,ISVR,07/01

deltar w, i

deltas | 1 z
P ——{ 5

Nonlinear equatians of Motian

deltrd $+11.53 i
&

deitsd

Fig 7 Full nonlinear model of Subzero II

5.2 Simulation Results

Suppose the vehicle is at rest.

(1) Forward acceleration

The motor control command increases at a ramp of 52.2/s, and holds at 522 after 10s.
The vehicle will accelerate from Om/s to 1.3m/s and then retain the constant speed of
1.3m/s. However, the depth also changes while the vehicle accelerates. The
simulation results are shown in Fig 8.

800 T T T T ¥ T T T T 14
sl 3 12t
id
Ly B
- B—
= »
I -E E' -
m-/
4 4
00 2 1
TR R M- R TR R VR - T - R R TR R TR
time/s 1ime/s
(a)Motor control command (b) Propeller rotation speed
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& fdeg

£2r
04+
LB

48r

-1
0

: L L L L B . L .
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{g) Sternplane command
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i
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£
S
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YT wm ® W & @ M W @

limels

(f) Yaw angle

L . : L . ¢ L X L
a W0 20 3}/ 40 5 % 0 83 W 0
ime/s

(f) Depth

Fig 8 Vehicle acceleration

(2) Steering

The DC motor contro] command increases at a ramp of 52.2/s, and holds at 522 after
10s. The vehicle will accelerate from Om/s to 1.3m/s and then retain the constant
speed of 1.3m/s. Then the rudder command steps from 0° to 5° at 50s and steps from
5° to 0° at 54s, the simulation results are shown in Fig 9.

12
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(3) Diving

The motor control command increases at a ramp of 52.2/s, and holds at 522 after 10s.
The vehicle will accelerate from Om/s to 1.3m/s and then retain the constant speed of
1.3m/s. Then the sternplane command steps from 0° to 2° at 50s and steps from 2° to
0° at 52s, the simulation results are shown in Fig 10.
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10F
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(a)Motor control command {b) Propeller rotation speed
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Fig 10 Vehicle diving
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6 Linearized model

6.1 Linearized model

When designing a linear controller for the vehicle, e.g. an IH. autopilot, it is often
necessary to establish linearized models around representative operating points. The
linearized model is extracted from the full nonlinear model of the vehicle. For
Subzero II, the nonlinear model is composed of the nonlinear equations of motion
(Eqs.3-8) and the actuator models (Egs.10-14). We write the nonlinear model in a
state-space form
X = f{x,u
f(xu) (15)
y = h(x,u)
where x, u and y denote states, control inputs and outputs, respectively, and
x:[uvagrxyz¢'6’y/n§rc‘is]r
u=[Md o, &sd]T

y=lu y =f
By linearizing the nonlinear model (15) around a steady operating point (X5,45), 4

linearized state-space model can be obtained
Ax = AAX + BAu

(16)
Ay = CAx + DAu
where
AX =X -X,, Au=u-u,, Ay =y-y, =h(x,0) - h(xy,u,)
and
A= % (X0:u0) ? B= %{; (X0,00)? = ‘g;il" (X0.U0) ? D= % {Xgs00)

Once a linearized state-space has been established, the transfer function can be

obtained directly from (16), i.e.
AY(s)=G(s) - AU(s) (17)

where G(s)=C(s/—A)"B+D (18)

6.2 A linearized model of Subzero 11

Around a representative operating point of (x;,u,) as
X0=[M0 Vo Wy Dy G0 T X Yo Zo @ By ¥o M & é‘SolT
=[t3009 0 0 0 0 0 0 0 00 0 0 136722 0 0f
ua:[Mdo o &dU]T=[522 0 O]T

the linearized state-space model is established, the dynamic matrices ABCD are as
follows:

15



-0.5558
0.0000
0.001%

0.0000 -

0.0365
0.0000
1.0000
0.000¢
0.0000
0.0000
0.0000
0.0000
7.2126
0.0000
0.0000

A

0.0000 0.0474 ©0000 0.0516 0.0000 0.0000 0.0060 0.0000 0.000¢ 0.0038 0.0000 0.0582 0.0000 0.8272
22,1336 00000 -0.0780 0.0000 0.3200 00000 0.0000 ©€.0000 0.0000 0.0000 0.0000 0.0000 124627 0.0000

0.0000 -2.1258 0.0000 -0.3734 0.0000 0.00C0 00000 0.0000 ©.£000 -0.0175 0.0000 -0.0001 0.0000 -18.8972
2.4947 0.0000 -24.6893 0.0000 -16.8760 0.000¢ 0.0000 0.0000 0.0000 0.0000 0.0000 0.0060 -44.2841 0.0000
0.0000 -7.9967 0.0000 -8,7665 0.0000 0.0600 0.0000 0.0000 0.0000 -0.6474 0.0000 -0.0038 0.0000 -139.5066
7.9629 0.0000 -03036 0.0000 -8.9107 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 -93.5532 0.0000

0.0000 0,0000 0.0000 ©.000¢ GH000 006000 0.0000 0.0060 0.0000 G.0000 0.0000 0.0000 0.0000 0.0000
1.0600 0.0000 0.0000 ©.0000 00000 00000 ©0.0000 0.0000 0.0000 ©.0000 1.300% 0.0000 0.6000 0.0000
0.000¢ 1.0000 0.0000 0.0000 ©0,0000 0.0000 0.0060 0.0000 00600 -1,3609 0.0000 00006 0.0600 0.0000
0.0000 0.0000 1,0000 ©.0000 00000 €000¢ €.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0,0000 0.0000 0.0000 1.0000 0.000¢ ©.0000 €000 00000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0060 0.0000 00000 1.000¢ 00000 ©.0000 0.0000 0.0000 0.0000 00000 00000 0.6000 0.€G00
0.0000 £.0000 00000 0.0000 00000 0.0000 00000 0.0000 0.0000 0.0060 0.0000 -4.0814 0.0000 0.0000
0.0000 ©.0000 0,0000 0.0000 00000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 ©.0000 -7.6900 0.0000
0.0000 0.000¢ ©.0000 0.0000 0.0000 0.0000 0.0000 0.0000 G.0000 0.0000 0.0000 ¢.0000 0.0000 -11.5300

B

G.0000 0.5000 0.0000
0.0000 00000 0.0000
0.0000 00000 0.0000
0.0000 0.0000 00000
0.000C  0.0000 0.0000
0.000¢ §.0000 00000
0.008¢ 0.0000 $.0000
0.0000 ©.000G £.0000
0.0000 0.0000 ©.0000
0.0000 G.0000 G.0000
0.0000 0.0000 0.0000
0.0000 0Q.0000 0.0000
0.0492 0.0000 0.000¢
0.0000 1.0000 0.000¢
0.0000 0.0000 1.0000

C

1.0000 0.0000 0.0000 0.0000 0,0000 0.0000 0.0000 0.0000 ©¢.0000 0.0000 0.0000 0.0000 0.0000 00060 0.0000
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 00000 00000 0.0000 1.0000 0.0000 0.0000 0.000C
0.0000 0.0000 00000 0.0000 0.0000 0.0000 0.0000 0.0000 10000 0.0000 00000 0.000¢ 0.0000 0.0060 0.0000

D

0.0000 0.0060 0.0000
G¢.0000 0.0000 0.0000
0.0000 0.0000 0.0000

From the linearized state-space model, the transfer function matrix can be obtained

where

g”(S) 2208 g;(8)
G(5) =] g,,(5) gn(s) gu(s)
gu(5) gn(s) &y;(s)

_0.002864 5% +0.03101s? +0.04628 5 +0.00354
1) = T 54757 768255 +96.23 57 35,615 + 2.285
g,(5)=0

_0.8272s" +4.2395” +3.525% +5.664¢-14s + 5.205¢-15
81(5) = s +27s° +246.65" +883.15% +1145s> +412.95+26.35
g, (5)=0

B -93.555% - 2397 5-2394
& ()= §° +43.425% +558.65° +25665% +2946s
gi(s)=0
() = -5.07e- 0065’ +0.0002706 52 +0.0004672s +1.841e-018

s% +15.47s° +68.255% +96.23s* +35.61s* +2.285s

16



gx(s)=0
-18.95%-18.58s° +464.758* +959.55+331.5
s7 +27s% +246.65° +883.1s* +11458> +412.95* +26.35s

g3 (s)=

It is necessary to verify the linearized model established. The direct way of
verification is to compare the responses of the linearized model and the nonlinear
model from which the linearized model is extracted under the same small
perturbations of the control inputs. The comparison of the responses under small
perturbations of control inputs is shown in Figs 11-13. In Fig 11, the DC motor
control command is perturbed by +52.2 (+10%) while the desired rudder and
stemplane deflections remain unchanged. In Fig 12, the desired rudder deflection is
perturbed by +5° at 1s and -5°at 5s. In Fig 13, the desired sternplane deflection is
perturbed by +5° at 1s and -5° at 5s. From a comparison of responses, we can
conclude that the linearized model is reliable.
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Fig 11 Comparison of response under the DC motor control command perturbation
(a)-control inputs,(b)-forward speed,(c)-yaw angle, (d)-depth
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Fig 12 Comparison of response under the desired rudder deflection perturbation
{(a)-control inputs,(b)-forward speed,(c}-yaw angle, (d)-depth
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Fig 13 Comparison of response under desired sternplane deflection perturbation
{a)-control inputs,(b)-forward speed,(c)-yaw angle, (d)-depth

7 Summary

This report summarizes the research work of the first stage in the IMPROVES project
completed by the University of Southampton. The full nonlinear model and the
linearized models around several representative operating points have been
established. It should be noted that the accuracy of both monlinear and linearized
models can be improved via further detailed tank tests to measure the hydrodynamic
derivatives. However model uncertainty will be unavoidable.

The future research work will be the design of an H.. autopilot for Subzero II and
modelling of Seaeye ROV dynamics.
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