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ABSTRACT

Microphone arrays have already been successfully applied to

record sound fields. They are typically composed of pres-

sure sensors and different designs have been suggested, each

trying to overcome practical difficulties, such as transducer

noise, spatial aliasing and non-uniqueness of the inverse so-

lution. Typical designs are of spherical (3D) or circular form

(2D) and use pressure sensors. The array corpus is usually

either solid or as acoustically transparent as possible.

In this paper, the theoretical model of a circular micro-

phone array, observing the tangential component of the pres-

sure gradient on its boundary is presented.

1. INTRODUCTION

Microphone arrays of various designs have become an impor-

tant subject of acoustics research. The general idea behind

microphone arrays is to measure both magnitude and direc-

tional components of an observed sound field. In theory this

goal can be achieved easily [1], while in practice there are a

number of design aspects and limitations leading to a degra-

dation of the results. Finding ways to reduce or minimise the

effects of those limitations has recently occupied the research

community.

The general approach of preceding works was to make use

of the orthogonality relation of the basis functions, describing

the applied model of the sound field [2] [3] [4] [5]. In order

for this approach to be valid, the sound field must be observed

continuously on that boundary. In practice, this is not feasible

and the general solution is to sample the sound field instead.

Craven, Law and Travis [6] suggested a spherical array

design based on tangential velocity sensors, concluding that

this would result in a better noise performance towards lower

frequencies.

This paper presents a circular microphone array observ-

ing the tangential component of the pressure gradient and the

pressure at at least one point. The first section introduces the

theoretical model and the following section presents a discre-

tised design with an additional pressure sensor. In the third

section, the array’s performance in the sound field of a single

plane wave is simulated and the final section concludes the

findings and gives an outlook on upcoming work.

2. MODEL OF THE SOUND FIELD

The model of the sound field under observation is based on

the Herglotz Wave Function. This model is exceptionally

convenient when considering only one incoming plane wave

(see section 4), although it has some limitations [7], which do

however not affect the undertaken research.

2.1. Plane-Wave Decomposition

The following equation, as given in [7],

p(x, ω) = (Hϕ) (x, ω) =

∫

Ω

H(x, ŷ)ϕ(ŷ, ω)dΩ(ŷ) (1)

describes the acoustic pressure at an arbitrary observation

point1

x =





x1

x2

x3





as a linear superposition of an infinite number of plane waves

travelling into all possible directions identified by the unitary

vector ŷ. Ω represents the unit sphere in R
3. The integral

operator H is also referred to as the Herglotz Wave Func-

tion2 [7]. The Herglotz density ϕ(ŷ, ω) describes the magni-

tude of the different plane waves, expressed through the ker-

nel H(x, ŷ) = eikx·ŷ. In principle, this equation is valid for

x ∈ R
3, however, in practice, it is usually sufficient to con-

sider the sound field within a bounded volume Λ.

In the subsequent analysis, all considerations are limited

to a two-dimensional scenario, assuming that the sound field

is constant with respect to the x3-axis. This leads to a polar

coordinate system with

x1 = rx · cosφx, and (2)

x2 = rx · sinφx, (3)

1This denomination is consistent with the work of Williams [1], chapter

8, page 258.
2Please note that the Herglotz Wave Function as given in [7] uses a com-

plex conjugate kernel e−ikx·ŷ instead, since Fazi et al. define ŷ as the di-

rection of arrival.



where φ = arctan x2

x1
is the polar angle of a vector x =

[x1, x2]
T . Additionally, the angular frequency ω as a func-

tion argument will be dropped for the sake of brevity.

In order to model a microphone array built of tangen-

tially aligned differential pressure sensors3 in a sound field

described by equation (1), the latter needs to be reformulated

accordingly. To allow for modelling both, a homogeneous or

a scattered sound field, the original kernel in (1) is replaced

by a modified Jacobi-Anger expansion [8]

H(x, ŷ) =

∞
∑

n=−∞
inRn(krx)e

inφxe−inφy , (4)

which then leads to the integral equation

p(rx, φx) =
∞
∑

n=−∞
inRn(krx)e

inφx ·
∫ 2π

0

e−inφyϕ(φy)dφy.

(5)

φx and φy correspond to the polar angles of x and ŷ, respec-

tively. Rn(krx) is a radial function describing either free field

conditions (FF) or the sound field being disturbed by the pres-

ence of a solid cylindrical scatterer (CS) of radius Rs at the

origin. According to [1], this is given by

Rn(x) =

{

Jn(x) , FF

Jn(x)− J ′

n(kRs)

H
(1)′
n (kRs)

H
(1)
n (x), x ≥ kRs , CS

(6)

with x = krx. The tangential component of the pressure

gradient as observed on the array’s boundary ∂V is defined

by

gT (φx, RV ) =
1

rx

∂p(rx, φx)

∂φx

∣

∣

∣

∣

rx=RV

, (7)

where RV is the radius of the array. Replacing p in (7) by (5)

leads to a new integral operator G, defined as

(Gϕ) (φx, RV ) :=

∞
∑

n=−∞

iRn(kRV )ni
n

RV

einφx

·
∫ 2π

0

e−inφyϕ(φy)dφy.

(8)

To recover ϕ(φy) from the observation of gT (φx), (8)

needs to be solved for ϕ(φy) by inversion of the operator G.

2.2. Functional Analysis of the Tangential Gradient

The two quantities of major interest in the given sound field

model are the Herglotz density ϕ(φy) and the pressure gra-

dient component gT (φx). In accordance with the theory of

functional analysis, the new integral operator G : A → B

3Being aware that, in theory, this denomination is correct, it should be

noted that these will be henceforth conventionally referred to as tangential

pressure gradient sensors.

maps a given ϕ(φy) ∈ A to the corresponding gT (φx) ∈ B,

where A and B are open Hilbert spaces.

To solve the inverse problem given by (8), the Singular

Value Decomposition (SVD) of G is performed.

2.3. Singular Value Decomposition of G

The SVD formally decomposes G into a weighted sum of the

orthonormal basis functions bn(φx).

(Gϕ)(φx) =

∞
∑

n=−∞
bn(φx)σn 〈an|ϕ〉Ω (9)

where 〈f |g〉Ω =
∫

Ω
f∗(x)g(x)dΩ(x). an(φy) and bn(φx)

represent two sets of orthonormal functions in A and B, re-

spectively. The weights for the two series representing ϕ(φy)
and gT (φx) in the corresponding Hilbert spaces are defined

as

ϕn := 〈an|ϕ〉Ω , and (10)

gT,n := 〈bn|gT 〉∂V . (11)

In the context of the SVD, bn(φx) are the left-singular func-

tions and an(φy) the right-singular functions, while the non-

zero singular values σn complete the singular system. For the

sake of brevity, the SVD is not carried out in detail, but its

result is given by

σn = 2π
|nRn(kRV )|√

RV

, (12)

an(φy) =
einφy

√
2π

, (13)

bn(φx) =
einφx

√
2πRV

γn, (14)

γn = ei((n+1)π
2 +arg{nRn(kRV )}), (15)

where n ∈ Z\0. The exception of n = 0 is crucial, be-

cause singular values are defined as being non-zero and posi-

tive real-valued. Additionally, this requires that

Rn(kRV ) 6= 0, ∀n. (16)

Interestingly, (16) is a requirement that is well known in the

field of microphone array research [9] [11], which often leads

to array designs with a rigid scattering body (see (6)). Fur-

thermore, the singular values should normally be sorted in

descending order with respect to their magnitude. However,

from Figure 1, it can be seen that this cannot be done consis-

tently for all frequencies.

One obvious difference that can be observed by compar-

ing the array’s singular values with that of arrays composed

solely of pressure sensors, as presented in [9], Figure 2, is

that Fig. 1 does not include the 0th order. That is because an

array using only tangential pressure gradient sensors does not
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Fig. 1. Singular values σn for n = 1 . . . 6, f = 10 . . . 20 ·
103Hz, solid cylindrical array at the origin with RV =
0.1m. At lower frequencies, the attenuation increases towards

higher orders.

allow for the recovery of the 0th order. In theory, this poses

a substantial problem, but, as will be shown later, this can be

overcome in practice. The additional component
2π|n|√
RV

shifts

the individual graphs upwards, which is the reason why the

attenuation is even non-negative above a certain frequency

(within the range of human hearing). Hence, similar to a de-

sign using radially outward pointing gradient sensors [9], the

new design is expected to achieve a better noise performance

than arrays based purely on pressure sensors [6]. Even though

this seems promising regarding the noise performance, unfor-

tunately the additional factor
2π|n|√
RV

may have an impact on the

aliasing performance.

2.4. Solution of the Inverse Problem

Considering equations (9), (10), (11) and the fact that the left-

and right-singular functions are orthonormal, it is straightfor-

ward to see that a solution of the inverse problem, if it exists,

is given by

ϕ̃(φy) =

∞
∑

n=−∞
n6=0

an(φy)
1

σn

〈bn|gT 〉∂V . (17)

However, the validity of (17) as a solution is bound to both

conditions of Picard’s theorem being satisfied [10] [8]. The

first condition implies that gT must be of the form

gT (φx) =

∞
∑

m=−∞
m 6=0

gT,m · bm(φx). (18)

The second condition

∞
∑

m=−∞
m 6=0

| 〈bn|gT 〉 |2
σ2
m

< ∞,

may potentially not be satisfied. This is, however, of no fur-

ther concern, because a limitation of the recovered order is

always applied in practice. In theory, if either of these condi-

tions were not satisfied, the solution would not exist.

Finally, the result of the SVD leads to the solution

ϕ̃(φy) =
∞
∑

n=−∞
n6=0

einφy (−i)n+1RV

4π2nRn(kRV )

∫ 2π

0

e−inφxgT (φx)dφx.

(19)

It follows from (10) and (19) that the recovered series coeffi-

cients are given by

ϕ̃n =
(−i)n+1RV

nRn(kRV )(2π)
3
2

∫ 2π

0

e−inφxgT (φx)dφx, ∀n ∈ Z\0.
(20)

This approach leads to a valid Herglotz density, which sat-

isfies equation (8). However, since the array is blind to 0th or-

der components of the sound field, the solution ϕ̃(φy) recov-

ered from the observation of gT may differ from the under-

lying original Herglotz density ϕ(φy) by an additional factor.

Therefore please note that every density of the form

ϕ(φy) = ϕ̃(φy) + αϕ0(φy), α ∈ C (21)

is also a solution of (8).

With the original goal in mind to record the entire sound

field with tangential pressure gradient sensors only, this result

is quite unfortunate. Nevertheless, once the solution is refor-

mulated for a discretised version of the array, this problem

can be overcome by adding one single pressure sensor to the

design.

3. DISCRETE MODEL USING LINEAR ALGEBRA

In the subsequent sections, we assume that the sound field’s

highest orders do not exceed those captured by the array. A

design composed of L = 25 tangential pressure gradient sen-

sors distributed uniformly along a circle of radius RV = 0.1m

captures orders up to |n| = ρ = L−1
2 = 12. For reasons of

brevity, the argument of the radial functions Rn(kRV ) will

be omitted in the following.

With L = 25 sampling points, equation (20) is discre-

tised, yielding

ˆ̃ϕn =
RV

in+1nRn(2π)
3
2

25
∑

l=1

e−in∆φxlgT (∆φxl)∆φx, (22)

where ∆φx = 2π
25 .



As a result of the discretisation, equation (22) can be

rewritten in matrix form. As stated earlier, an additional pres-

sure sensor, located at φx = φp = π
6 , allows for the recovery

of the 0th order, where the pressure sensor has been placed

arbitrarily between two pressure gradient sensors to ensure

practicability. Therefore, combining (5), (8) and (22) leads to

the linear equation system

d =



























ˆ̃ϕ−ρ

...
ˆ̃ϕ−1

ˆ̃ϕ0

ˆ̃ϕ1

...
ˆ̃ϕρ



























= (HJ)−1











p(φp)
gT (1 ·∆φx)

...

gT (L ·∆φx)











= (HJ)−1g,

(23)

where

J = diag(R−ρ, . . . , R−1, R0, R1, . . . , Rρ)

and

H =











i−ρei(−ρ)φp · · · 1 · · · iρei(ρ)φp

M−ρe
i(−ρ)1·∆φx · · · 0 · · · Mρe

i(ρ)1·∆φx

... · · ·
... · · ·

...

M−ρe
i(−ρ)L·∆φx · · · 0 · · · Mρe

i(ρ)L·∆φx











with

Mn = i
1√
RV

innL, ∀n. (24)

Since there are more sampling points than modes (L + 1 =
26 > 25), the system described by

g = Yd, (25)

where Y = JH, is overdetermined and can therefore be

solved in a least-squares sense by making use of the Moore-

Penrose-Inverse, given by

Y† = (YHY)−1YH . (26)

The modal sound field decomposition is then given by

dLS = Y†g. (27)

Provided that the sound field leading to the observation of

g does not contain any modes |n| > ρ, the Moore-Penrose-

Inverse Y† leads to a unique (least-squares) solution for d

[12].

4. MEASURING THE SOUND FIELD OF A PLANE

WAVE

The Herglotz density of a single plane wave of unity magni-

tude travelling in the direction φ1 is given by

ϕ(φy) = δ(φy − φ1). (28)

This leads to the following function gT observed by the array.

gT (φx) =
1

RV

∞
∑

n=−∞
iRnni

neinφxe−inφ1 (29)

Using (20), the coefficients gained from the observation

above are given by

ϕ̃n =
1√
2π

e−inφ1 . (30)

A reproduction based on a simulated measurement ˆ̃ϕn of an

incoming plane wave with f = 5kHz and φ1 = π
7 can be seen

in Figure 2. It shows that the reproduction is satisfyingly ac-
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Fig. 2. f = 5kHz and φ1 = π
7 , (left) Sound field as repro-

duced from the observation of ϕ̃n, using the microphone array

described above. (right) Underlying sound field of the virtual

measurement.

curate. In fact, the local error is below −280dB in magnitude

and is likely to originate from numerical inaccuracies in the

calculation process.

5. CONCLUSIONS AND OUTLOOK

A circular microphone array design based on tangential pres-

sure gradient sensors and an additional pressure sensor has

been presented. The model describing the array and the solu-

tion for the recovery of the sound field information has been

derived by means of functional analysis and singular value

decomposition. It has been shown, that the new array gains

on traditional arrays based on pressure sensors when regard-

ing the impact of transducer noise. This conclusion is how-

ever based on the assumption that both transducer types are

of equal quality.

The subject of future work is the analysis of the array

aliasing performance, where the SVD results allow for an ab-

stract analysis. Furthermore, the extension to a three dimen-

sional model is planned. Finally, since this work assumes a

perfect observation of the tangential component of the pres-

sure gradient, the performance of a prototype based on the

presented theory needs to be investigated. Of particular in-

terest is the impact of the actual quality and limitations (e.g.

noise, asymmetry, etc.) of state-of-the-art differential trans-

ducers.
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