Online Appendix
On the Benefits of a Monetary Union:

Does it Pay to Be Bigger?
Chiara Forlati*

1 The zero-inflation deterministic steady state

In this appendix we argue that, given appropriate initial conditions, zero inflation is
a Nash equilibrium policy at the deterministic steady state under both regimes A and
B. This result is the first step to find the optimal policies under regimes A, B and C
using the linear quadratic approach pioneered by Benigno and Woodford (JET 2012).

Under regime A, the timelessly optimal policy problem of a monetary authority of
country i in area H can be formulated as the maximization of the following Lagrangian:
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where P;;/Pci; is determined as:
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while Cpp 4, Cpy, Cay and Cpy are taken as given Assume that M{ = U, A{ =1,
79 =71,2] =M, =1and Z/, =1 for all t and j # i with j € [0,1]. Then, since
7=1—(1-7)(1+4p)=7 it can be shown that zero inflation is an optimal policy at the
deterministic steady state. In other words, zero inflation is a solution to the first-order
conditions of the Lagrangian , and therefore the best response to the zero-inflation
policies of the other policy makers in areas F' and H. Indeed, if Z{ = IL;; =1 at all

t, from the first-order conditions of with respect to Cf, Y, Z}, K}, F} and II;;
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!Notice that this Lagrangian incorporates the additional constraints at time 0 that render the policy
timelessly optimal.



evaluated at the symmetric deterministic steady state it follows that:
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where (; = ‘;Ss;(jg;) is a steady-state symmetric solution to the optimal policy

problem just stated.

Consider now the monetary union in area F E| Suppose that for all i € [0, %),
IT; = Z} =1 at all times. Hence, F} = F, K; = K and F}/K; =1 for all i and ¢t. We
want to argue that also in this case, ITi = 1 for all ¢t and i € [%, 1] is the optimal best
response of the central bank in area F' to the other policy makers’ optimal strategies.
If for all ¢ € [%, 1], I} = 1 at all times, the optimal policy problem of the monetary

authority in area F' can be written as maximizing:
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2We follow closely Benigno and Benigno (JME 2006).
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Assume that p¢ = p, AL =1, 7 = 7and Z°; = 1 for alli € [0,1] and t. Then, it can
be shown that zero inflation is an optimal policy, because such a policy is consistent
with the first-order conditions of (). Indeed, if Z{ = II;; = 1 for all t and i € [1,1],
the first-order conditions with respect to C}, Y}’ for all ¢ and Z{, K}, F} and 1I;; all
1€ [%, 1] at the symmetric deterministic steady state can written as:
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where v, = anl‘f_ 7 and 0y = (1 — on)ay + noyp. As a consequence:
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where (, = %ﬁ - (17‘;:;)1(:35(11/3)2;)50 and (, = Tip Hence, being the best response for

both monetary union and the small open economy policy makers, zero inflation is a
Nash equilibrium solution under regime A.

Consider now the case of regime B and suppose that the central bank of area H set
Il = 1 for all ¢. In this case, given the symmetry of area H’s small open economies,
it has to be that in the absence of shocks II;; = 1 for all ¢ and i € [0, ). Hence, under
regime B the solution to the optimal policy problem in area F'is identical to the one in
for regime A and zero inflation is the best response of the policy maker in area F'
to a zero-inflation policy of the policy maker in area H. However under regime B, the
optimal policy problem of the policy maker in area H is symmetric to the one in area
F. Thus, we can conclude that zero inflation is a Nash equilibrium at the deterministic
steady state also under regime B.

2  Welfare criteria, welfare-relevant targets and
optimal policies under regimes A, B and C

In this section, we recover the purely quadratic approximations to the welfare criteria,
the welfare-relevant targets and the optimal policies under regimes A, B and C. We
will consider the case of the small open economy, the monetary union in the areas H
and F' and the world economy separately.

2.1 The case of the small open economy

We start by looking at the case of a small region located in area H.

2.1.1 The approximation of the welfare criterion

As a first step we need to approximate the small open economy representative agent
lifetime utility up to the second order. Recall that the period ¢ utility is:
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Then we can approximate the utility derived from private consumption for generic
region ¢ as:
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where ¢ stands for the log deviations of private consumption from the deterministic
steady state and t.i.p. for “terms independent of policy”. By the same token we can



approximate labor disutility. Since Z} = ! (p t(hi))% dh', it follows that, as showed
by Gali and Monacelli (REStud 2005):

5~ SVary(pi(h). (11)

In words, the approximation of Z} around the symmetric steady state is purely quadratic.
Moreover, following Woodford (NBER WP 8071 2001), it is possible to show that
00 . 00

S B Vary:(p(h')) = 13 Bin2, with A = w. Therefore, labor disutility can
t=0 t=0 ’

be approximated up to the second order as:
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By combining and and recalling that at the steady state C~7 = (1 — 7)Y%,
we can express the second-order approximation of U; as a fraction of steady state
consumption in the following way:
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Therefore, the second-order approximation to the welfare of region i representative
agent is given by:
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When ¢ € [0, %), the expression in can be rewritten in matrix form as:
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In order to rewrite the approximation in (15)) in a purely quadratic way, we need to
use the second-order approximations to both the aggregate demand and the Phillips
curve. The second-order approximation to the demand curve can be written as:
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Moreover, t.o.c. stands for terms out of control” of the policy maker which include the
average area variables besides the terms independent of policy.

Consistently with Benigno Woodford (JEEA 2005), the second-order approximation
to the Phillips curve can be written as:
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Given and , it is easy to show that:
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where (s = % Then, we can write the second-order approximation to region i
welfare as:
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3Notice that ¢, determines also the Lagrange multipliers previously recovered for the optimal policy
problem of the small economy policy maker. See Benigno and Woodford (JEEA 2005).



Alternatively, can be written as:
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2.1.2 The welfare-relevant target

The next step is to express the approximations in in terms of deviations from the
welfare-relevant target of the small open economy policy maker. This target can be
determined by maximizing subject to good market clearing condition of region ¢,
namely:
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The Lagrangian associated with this problem can be written as:
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where §; indicates the welfare-relevant target for the variable ;. The first-order con-
ditions of L* with respect to & and ¢{ are:
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for all t and i € [0, %) and where ¢§ is the Lagrange multiplier of (21]). Condition (23)
can be also read as:
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Notice that the small open monetary authority takes ¢ and ¢p; as exogenous. Then
the system of equations in (24 allows to determine the target for ¢ g; and m;;. In
addition we can recover the target for 3,57 and 8;r; using the next equilibrium condi-
tions:
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The first condition in (27 expresses the target for the fluctuations of the efficient
firms’ marginal cost as a function of mark-up shocks and the two terms of trade that
are relevant from the small open economy viewpoint; the second condition combines
with , while the last condition expresses 87y, in terms of the exogenous shocks.



2.1.3 The optimal policy
By using , and , we can rewrite in terms of gaps, namelyﬁ

1 1 ¥ _ .
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and where Z} represents the gap of the variable Z; from its target ;. The timelessly
optimal monetary policy can be retrieved by maximizing with respect to g, 85,
S;py and miy subject to the following sequence of constraints:
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and taking into account the constraint on ;o implied by the timeless perspective.
The constraints in are recovered from the Phillips curve and conditions ,
and . The Lagrangian of the optimal monetary policy problem of the small open
economy can then be written as:
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4To recover condition first we rewrite the approximation in in deviations from the target using
(24). Then, we use conditions (25)) and (26 in deviations from the target to express the welfare approximation
as a function solely of §,°°, 87y ;, 85, and m; .



Minimizing £* with respect to g%, 53 ,, 55, and m;+ leads to the following first-order
conditions:

w0 = P Mp +0o) =95,
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The solution to this problem allows us to determine the best response of a small
open region ¢ in area H under regime A, given the state-contingent paths of 7p; and
all m;; with j € [0,1).

2.2 The case of the monetary union

We now move to the case of the monetary union in area H.

2.2.1 The approximation of the welfare criterion

By , the second-order approximation to the average welfare of the households living
in area H can be read as:
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As for the case of the small open economy, we retrieve a purely quadratic approximation
to the welfare of the households living in area H using the second-order approximations
to the demand and supply curves.

The second-order approximation to the demand curve of a generic region i located
in area H can be read as:
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By integrating over i € [0, %), we obtain:
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A symmetric approximation can be retrieved from the good market clearing conditions
of the regions in area F, namely:
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where fSF = hSH7 fSH = hS}m FSF,SF = HSH,SH; FSH,SH = HSF,Spa FSF,SF = HSH,SH-;
Fs, sy = Hs, s, and Fs, s, = Hg, s,. Conversely, the second-order approximation
to the Phillips curve of area F' can be recovered from:
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VSH,SH = 0 2(77 - 1)02 (71) - '73) 0 VSF,SF = 0 _47702 (1 - ’Yb) 0
0 0 0 0 0 0
0 0 0 0 0 0
Vousy = | 0 —4no? (15— 7s)* 0 Vspsyu = | 0 —4no? (1 —) (5 —vs) 0
0 0 0 0 0 0
(p+1)? —(p+1)
Vswu= 10 0

By integrating over i € [%, 1], we find that:

1 1-6 = . Lo 3, P e .
§V0 = T(l—ﬁ@)Zﬁ Eo[[ S;L;dZTSF‘f‘/O sffahrsH—/é uiah7"u—}—2/5 5) Rspposp8ydi

t=0 2
1t R B L LUV | %Ai y 2 g
—|—§ St R3H7sHstdz—|—§ ) 5idi' R, sp : stdz+§ ; sidi'Rg,; sy ; Spdi
2 2 2
3 L L, .
—i—/ §§di'RSF75H/1 §§di—[ 5 R5F7uﬁ§di] + s.0.t..p. (39)
0 2 2
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where:

=lp, om, 0] rg, =00, ol =w), 0]  r,=[e+1), —1

(e +2) TYs 0 0 0 0
Rspsp = 0Ys —myzo? + 1o —po? 0 Ripsu=10 (n—10%1—7) 0
0 0 eledl) 0 0 0
0 20(7b - ’75) 0 ) 0
Rspsp = | 20(m—7s) 200° (v —1%) 0 | Rsysy = —2770 — )2 0
0 0 0 0
0 20(1 — ) 0 (p+ 1 —(p+1)
Rs,. s, =10 —2n02 1= 0 |Rspu=1|0 0
0 0 0 0 0

Again, by using symmetry we can find a symmetric condition for the regions of area
H, namely:

1 1—09 > lAi. %Ai~ lAZ'. 1 1%" AL 7
5% = T(l — ﬂe);ﬁtEo[ﬁ StdZ/kSH —|—/O Stdl/kSF — ﬁ utdllku —+ 2/1 S¢ KSH7SH$tdZ

2 2 2

1 [ 1 1 (3 3 3 1
+2/1 §§di'KsH,sHﬁ §idi+2/0 §idilKSF7SF/O §%di+/0 éidi/KSH,SFﬁ Sydi

2 2 2

1
_ /1 /Ky djdi] + .0,

2

with ks, = rsp, ksp = sy, ku = 1w, Ksy sy = Rsposps Ksy sy = Rsp . sps Ksp.sp =
Rsy sys Ksysp = Rsp sy and Ky o = Rsp. . Then, it can be shown that:

= (1= G)hsy — (Cw — C)efsy — CGksy — (Cw — G)Tsy
0=(1-9Ghsy — (Cw—)efsr — Cksp — (Cw — G)Tsp

F op—1+(1/2)7 _ 7 :
with ( = 2 Tt T T=2m)er(=20)7 and (, = FurE Hence, we can write the second-

order approximation to the average welfare of area H as:

1 1 1

1 1 1
2 ., . . . 2 . 2 .
~ A 7 N N N NIRRT
/ 5 QSH’SHsédz+/ 5 QSF,SFsidz—{—Q/ Sidi QSH,SH/ 5;di
=0 0 > 0 0

L 1 3 1 3, ,
—l-Qﬁ éidi/QSpSF ﬁ StdZ + 4/ StdZ QSH Sk / Spdi — 2/ S QsH’uﬁidZ‘
= 0 0

2 2 2

[e.9]

1

1-7

1
) ﬁ 870, yliidi| + to.c. (40)

2

where:

Qopon = Wes+ (1 —0C)Hspy s — (Gw — B)0Fsy s — @Rspsn — (Cw — ) Ry osm
Qsp,sp = (1—Gup)H. SF.SF T (Cw — Cb)‘PFsp,SF — G Ksp s — (Cw — Cb)RsF,sF
Q550 = 3(1— G)Hspy 50 — 5(Cw — G)0Fs .80 — 3GKs,.50 — 5(Cw — () Rsyr 8
Qsp50 = 51— GOV Hsp 50 — 5(Co — ) Fsp.50 — 506K 50,50 — 5(Cw — Co) Ry,
(1= G@)Hsy 50 — 5(Co — 4)0FS, g, — 30K s,.50 — 5(Cw — GRS, s,
QSH,u = Ws,u - CstH,u Qsp,u = _(Cw - Cb)RSF,u (41)

QSbhsp =

13



and Qg sp> Qsposps Q55,555 Q5p.55, Q54,50 Qspu and Q. are respectively equal
to:

(I=Gle+1))p —Govys 0
_CbO"Ys WsHsH 0

1— +1
0 0 ( Cb()ﬂ\o ))e

*(Cw - (b)ff% WsFsF 0

—(Cw = @)@+ 1) —(Cw—C)oys O
0 0 _w

0 —Go (5 —7s) 0
—Go (W —Ys) WSHSH 0
0

0 0

0 —(Cw—=G)o(w—"s) O
—(Cw =)o (W —7s) wsFSF 0
0 0 0

0 —Go (L =) 0

—(Cw =)o (1 =) wsHsF 0

0 0

1

0 0
0 0

with:

[an)}

0
{ (I=Gle+D)@+1) Gle+1) ] { (o =W+ 1D? (Cw—G)e+1) ]
0
0

@)

wsgsg = (0 —1) (1 —7)
+ (1= Gp) (—no® (1 =77) + 6 — ws)
— (Cw — Cb) (1 =6+ ws)
— G (=no®y: + oty —o %)
— (Gw—G) (no® (1 =) — 0 (1 — )
wsrsk = (1 — Q) (1 — 0y + w3)
= (Cw = G)p(—no (1—75)+5b—OJ3)
— G (ot (l—m) —0o (1—%))
Gw = ) (n0®72 = noyy + o)
wsasr = (1= Ge)(no? (1 =77 —w (1 —)) +ws)
+ (G — G)p(no?y (1 — 1) + w3)
+Gno? (v —3)
+ (G — G (1= y)?
wsrsr = —(1 = Gp) (0 (1 — ) + ws)
= (G = G)pmo® (1 =77 = (1 =) +ws)
+Gno® (1—)°
+ (G — G)no” (v —2)
wsrsr = (1 — Ge)no®y (1 — )
— (Gw = G)eno?yn (1 — )
+Gono? (1 =) w
+ (Gw — ) (1= 1)

_l’_

/\/‘\

14



Now, we rewrite the welfare approximation in (40)) as:

12 oy ' -
/ §;—2/ §idi | Dy g;_g/ sidi ) di
2 O l K l
2 2
1 1 ) 1 ! . -
+2/1 §?—2[ $1di | Qg sr 81—2/1 sidi | di
2 2 5

1 1 ! %
2 . 2 . . .

-/ ( / g;m) . ( / @;di) i
0 0 0

- ﬁ g -2 [ idi | Qepu |08 —2 /1 aidi | di

2 2

o0

1E%ZﬂtE°

t=0

[un
N

2 . .
+/ §1thi/(QSH,SH + Q5H75H)/ §1Z£di
0 0

1 1
+[ §7£d/i/(QSF75F + QSF,SF)[ §1thi
2 2

1 1
—2 ﬁ 8,di' Qs [ dydi| +t.o.c. (42)

2 2

Notice that the components expressed as the difference between specific-country and
average-union variables can be considered terms out of control of the policy maker (even
if they should be taken into account in the welfare evaluation). Indeed, movements

in the common nominal interest rate can just influence the average union economic
performance. Thus, (42)) can be read as:

o0

T 3 7~_ZBtEU

t=0

1

3 3 1 .
/ §;di/(QSH’5H + QSH,SH)/ §%d7’ + / §7idi/(QSFg5F + QSF,SF) [ §;d%
0 0 1

2

1 1 1 1 1 1
2 . . 2 . 2 . . .
—|—2/ §§di’QSH7SF[ §§di—2/ sidz'QsH,u/ uidz—?[ sidz’QsF,u/l uidz]
0 1 0 0 1

3
+t.0.c. (43)
which approximates the welfare criterion in in a purely quadratic way.

2.2.2 The welfare-relevant target

The next step consists in expressing in deviations from the welfare-relevant target of the
monetary union. In order to do so, we need first to determine this target. Consider that

15



can be rewritten as:

1-7 2 2

1 1, . 1. .
- ZBtEO |:SII‘I,t(QSHy5H + QSH;SH)SI_Lt + 78/F‘,t<QsF73F + QSF7SF)SF,t
t=0

Al N Al ~ ~t ~
+SH,tQSH,SF Skt — SH,tQSHyuuH7t - SF,tQSF,uuF,t] +t.o.c (44)

which corresponds to:

1 = 1 R o 1 1 1 R
1 7~_zjﬁtEo |:§w1,by2H,t + w2 pCra iyt + §w3,b0%,t + §w4,b7f%{,t + §w5,by%,t
t=0

1
PN ~2 N o PN ~ ~
+ we bCriYrt + 5PTCk + w8 bYH,tCFt + W9 bYFtCH t + W10,bCH tCF ¢

— W pYHGH s — W12,bYH el — W13bYFt0F: — wl4,b?)F,t,aF,t:| +t.o.c. (45)

wap = (00— 1)(1=7) 4+ (1= Gp)d — (Cw — G)e(1 = 8) — 1o 7(1 — %) (1 — Cwe + Cuw)
+ 02 G + (G — ) (1 — )]
wap = [1— Qe+ 1)}5

by
wsp = —(Cw — G)(p+ 1)
we,p = —(Cw — G) N0
w7 = (1= Gp) (1 — &) — (Cw — G) S — 102 (1 — ) (1 = Cwtp + Cuw)

+?[G (1 =) + (Cw — G
wsp = —C(1 =)o
—(Cw — )1 =)o
@10, =107 (1= %) (1 = G + Cuw)
@i = 1= Gl +D](p+1)
w2 = Glp +1)
@135 = —(Cw — )@+ 1)°
@14 = (Cw — G)(p + 1) (46)

The welfare-relevant target of the monetary authority in area H can be found by maximizing
subject to the aggregate market clearing conditions for areas H and F', namely:

3
i

r = 0pCr + (1 — 0p)éry
Urt = OpCry + (1 — 0p)Cry (47)

The Lagrangian associated with this problem can be written:

oo

Lb — ZﬁtEO

t=0

Ly b Ly b
§5H,t(QSH,SH + QSHSH)‘SHJ + isF,t(QSRSF + QSF,SF)SF,t

b 2b b N b N
+ SH,tQSH,SFSF,t - SH,tQSH,uuH,t - SF,tQSF>uuF7t

+ ¢Z}I,t (‘gl;‘[,thSH + §II)7,thSF)

+ Oy (35S + 1S5 ) ] (48)
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where the superscript b indicates the target of the big economy monetary policy maker. Using
the first-order conditions of L? with respect to §l}“, §%’t, (bl}{,t and (ﬁl};’t we obtain:

(Qsrr,sm + Qs ,500)381,0 + s 56850 — Qg ulirne = —Pprthsy — Spifsn
(QSF,SF + QSF,SF)élI?:’,t + Q%H,SFél}J,t - QSF,uﬁF,t = —¢l1)r,thp - ¢l;{,thSF
hsu 8ty + hspdh, =0
Fsedhe + fsudhy =0, (49)
Alternatively, we can rewrite as:
b0y + D2l + T plhy — Wipame — D12l = O
@s.505s + T6,pCh s + DopCh — D13 piE — DiapliE = Oy
w2,b§l;{,t + w3,bél;{,t + w9,b§%,t + wlo,bé%,t = _(5b¢l;{,t + (1 - 5b)¢l}‘,t)
Wﬁ,bgg,t + w7,bél;«“,t + w&bﬂl}{,t + Wlo,bél}j,t - *(5b¢%,t + (1 - 5b)¢l}1,t)
w4 pTH,;: = 0
Q?{,t = 5bél}1¢ + (1 —0p)Cre
?J%,t = 6bél;:‘,t + (1 - 5b)él;1,t- (50)
Since in equilibrium:
Sape = —02v — 1)(ér — CH 1) (51)
it can be shown that according to ﬂ
[1— Gl + D] mcsy = Gl + Vjime + K58 py
— (Go = @) (e + Ve = (Gu = ) (@ + Dt + 58k
$4pe = khlame — ame) + K5 (Are — fre) + Ko priie (52)

__cb __cb . o~ X oy
where mc7;, and mcy, are defined consistently with mcy; , = (0 + @) Jr — g;b LSy — (14

¢)ap, and its foreign counterpart and

(v6 — 0p) (1 — (2¢p — Cuw) (¢ + 1))

R = 2027, — 1)
b= (v =00) (1= (26 — Gu)(p +1))
re 2(2v — 1)
wh = How — (e ;1)20(2% “D e+ 1))
Hz = _4(Cw - Cb)(‘p;; 1)0-(2717 - 1) [1 _ Cb(SD + 1)]

with:
a’ = (0(20, — 1) + (2% — 1) (1 = Cul(p +1))* = (0 + ) (20 — 1) (1 = (26w — Cu) (¢ + 1))

The first two conditions in determine the target for the fluctuations in the efficient marginal
cost in areas H and F, whereas the other condition expresses the target for the terms-of-trade

fluctuations as a function of the exogenous shocks.

5This result is not straightforward. A formal proof is available on request.
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2.2.3 The optimal policy

By conditions and , we can rewrite the objective of the policy maker of the monetary
union in area H in deviations from the welfare-relevant targets asﬂ

1 1 . s _
- WZBEEO [@15.6(F5r4)° + @166 (85 70) + @176 (0%0)? + ©ap(Ts)?] + to.c. (54)
t=0
where:
Lo )+ ( )= (1—8)( )
w = T — W, — (o — W — — w. — W
15, 25, — 1) b (2,6 60) + 5 (@sp 7.b b) (8,6 9,
1 1
+ W1 + W2 + §w3,w + W50 + §w6’w + @W7,w + @106
1
w16,b EW [(1 = 65)(20p — 1) (2,0 + @5.0) + (1 — 06)06(3,00 + @6,)
—(1- (51,)(2(51, — 1)W7,w - (1- (51,)2@10717]
1 1
T = (g, 1y O (20— @)+ 5 (@ — @re) = (1= 8) (@ — w0y
1 1
+ @s5,p + @20 t 5@sw + w50 + 56w + @70 + @106 (55)
with:
W2,w = _Cw’}/so'

@30 = (1= 7)(0 = 1) + (w0 + (1 = Cuwp)) — (1 = ¥2)no?(Cw + (1 = Cwp))
Ws,w = —Cwo (Y — Vs)

@ow = (1 =2 = 2(1 = %) %) 107 (Cw + (1 — 9w))

wrw =—0(1—%)Cw

Moreover, #¥ stands for the deviation of the variable Z; from its target 2. Before we formulate
the optimal monetary policy problem, we should rearrange its constraints as:

~b ~b (25b - 1) ~b
= —=5
Yt = Yrpy 0(2% _ 1) HFt

. —0p) .
Tar =M |(p+ J)le){,t + Mslﬁm + BE{mH 141} + U?I,t
(2% —1)
_ Yo — Ob)
TR = A [(‘P + U)y%,t - MS?{F,J + BEATR 1} + U%,t (56)

for all t and where:

A b b\ A b bn - b bA .
v = ——F (1 + kK + Kk — + Kk laFs — a
O S [( k) e + Kk, (e — fume) + Kpkg (A — am)]
A
b b b o~ b b - b bx .
Vpy = ——————— |Kpk + Kpk — + kpky(Gpt — @
F,t (wagb)(ﬁp‘i’l) [ FRuHMH L F p,(MFﬂf MH7t> F a( Ft H,t)]
6As for the case of the small open economy, first we show that conditions (50 determine the welfare-
relevant target of the monetary union, i.e., that (45) can be rewritten in deviations from the allocation
satisfying (50)). Then, we use condition (51)) to express (45)) as a function of Q?Lt, g]%’t and 3% £ exclusively.
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Then, the optimal policy problem of the big economy policy maker can be solved by minimizing
the following Lagrangian:

1

L' =Y "p'Ey {2 (@156 (§11.0)* + @160 (3570)” + @17,0(T0)* + @ap(Trr0)]
t=0

_ Yo — 0p -
+ 7/211],1& THt— A ((SD + U)yl;{,t + 2%—181}{17’0 - Ug],t] - wllj,tfle,t

[ ~ Yo — 0p -
+ 7/112],1& TRt — A ((90 + U)y%,t - 2 — lsl}iF,t> - Ul;’,t] - wg,t—le,t

. N 20, —1 _
+ wg,t yl}i,t - y%,t - U()sl}{F,t} } (57)

2’)/1,—1

with respect to 9% ,, 8%, ¥%, and 7. The corresponding first-order conditions are:

wlS,b@?I,t = ¢l1)7t)‘(80 +0) - wg,t

~b b Vo — 51) b Yo — (Sb b 2(51, -1
= A — A
W16,bSHFt 1bu 2 — 1 1/’2,t 2 — 1 + ¢3,t0(2% 1)
wl?,b?fl)«“,t = 1/}12),1:)‘(90 +0)+ wg,t
TW4bTHE = — (djit - wit—l) : (58)

The solution to this problem determines the best response of the area H policy maker under
regime B, given the state-contingent path of mr;. Notice that once the average-union variables
are recovered, the region-specific variables can be found by using the corresponding equilibrium
conditions. At the same time, the optimal best responses under both regime A and B can be
determined by solving the symmetric problem for the monetary union in area F. Indeed,
under this formulation, the optimal policy problem of the authority in area F' is independent of
whether in area H the small open economies are under monetary autonomy or share the same
currency.

2.3 The case of cooperation

As a last step, we solve the optimal policy problem when there is one single policy maker for
the entire economy.

2.3.1 The approximation of the welfare criterion

The average welfare of the world economy can be approximated to the second order as:

o7} 1
1 2 -/ 1 -/ . -/ .
LS, { / {g; wy = 55 We o8t + 5 Wma;} di
— ;
t=0

1
-7 1 .’ . ., .
—|—/1 {éi W — iéi W, s81 + 8} W&uﬂé} dz} + t.i.p. (59)
2
where wg, W s and W, ,, were defined in the Appendix It is easy to show that

Ws = (1 - @C’w)hSH + (1 - SDCw)(PfSH - kaSH - CwTSH
Ws = (1 - @Cw)hSF + (1 - Sacw)@fSF - kaSF - CwTSF (60)
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1

N R NS N B,
,/ Q;“H sy dl+§/; ZQ?S“F sp dz—l—/o Sydi QE’H)SH/O Sydi
2
L 1 3 1 3,
+ﬁ §§di’Q1§F7SF/1 §§di+2£ §§di’Q§’H7sFﬁ §f§dz’—A 5 QF LUkdi

2 2 2

1
*/; slQu aldi

2

Eq

+tip. (61)

where:

Qs = Wes + (1= 0Cu) Hop s + (1= 0Cu0) Fspr i — Culspsn — CuRsn s
QZUF,S’F = We,s + (1 - ‘PCw)Hsp,sp (1 - SDCw) SF,SF C'UJRSF7SF - CwKsp,sp
Vg, 55 = 11— @Cw)Hsy 50 + 3(1 = 0Cuw)Fspy 50 — 2CuKsu, 80 — 3CwRsu,su

5(1 = @Cuw)Hsp s5p + 5(1 = 9Cuw) Fsp.5p — 5¢uwKsp sp — 56w Rsy sp
QE)H,SF = %(1 — ¢Cuw)Hsyy sp + %(1 - wa)FéF,sH - %CwKSH,SF -
QL =Wsu = Culspu Q80 0 =Wesu — Culspu

SF,U

w _
QSF7SF =

1
3¢y, s,

with (, = gi and QF, ., QF, ¢, QF, s, and QF  respectively equal to:

(1=Culp+ 1))y —0vsCw 0
—07sCw (1=7)(0 = 1) + (Cuwo® + (1 = Cuwi)) = (1 = 72)n0*(Cuw + (1 = Cwtp)) 0
0 0 =0—Culpt1))
0 —o (% = 7s) Cw 0
—0 (=) Cw (1 =72 =21 =) ) 10> (Cw + (1 — ©Cw)) 0
0 0 0
0 —0 (1 — 'Yb) Cw 0
—o(1=m)Cw 2(1—%)wno? (Cw+ (1 —¢Cw)) 0
0 0 0
(1 =Cule+))e+1) Culp+1)
0 0
0 0

At the same time, Q. =QF . Q¢ o =QF, o, and QY , =QF . Alternatively, (61)
can be written as:

JR 1 v ! 1 v 1 !
- ﬂtEO|: wl’w/ (A ) dl+WQw/ é%il]zdz+2?Z5w/ (A) dl+ W4w/ (ﬂ—i,t)2di
t=

2

1
+ 2ws 4 </ ytdz/ ctdz—i—/ ygdz/ ctdz> + We,w </ ctdz/ ctdz—i—/ di/ é;dz>
3
+ 2w </ g;‘dz’/2 é;’dz'+/2 yzdi/ éidi +2w&w/ éidi/z éidi—w&w/ giaidi
s o o s s o

1
~ @ [ ] +ti. (62)
0
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where:

Wiw = [1 - Cw(@ + 1)] ¥

W2,w = _Cw’Yso-

@3 = (1= 7)(0 = 1) + (Cuo? + (1 = Cwp)) = (1 = )m0?(Cuw + (1 = Cup))
Diw = (1= Calp + IS

Wsw = —CwO'(’}/b - ’Ys)

@6 = (1 =75 —2(1 =) ) 10 (Cw + (1 = 9Cu))
7w = —0 (1 =) Cu
Wew = 2 (1 - 'Yb) 'YanQ (Cw + (1 - @Cw))

@o,w = [1 = Cu(p+ 1) (p+1)
@100 = Cuw(p + 1) (63)

Condition represents a purely quadratic approximation to the welfare criterion in .

2.3.2 The welfare-relevant target

The welfare-relevant target of the cooperative policy maker can be determined by maximizing
subject to for all ¢ € [0, %) and their foreign counterparts. The Lagrangian associated
with this problem can be written as:

o0 1 /2 1/t 3 B
= ZBtEO 5/ gi’ O s i Ydi+ = 5 / g’ O sp8 &b ydi +/ ’wdi’Qng’SH / 50 ydi
=0 0 3 0 0

1 1 1 1
+[ b wdl QSFaSF/l 5% wdl+2/ Alwd'LIQSH’SF[ 50 wdl
3 3 0 3
L 1
—/ gvor di—/l sv'Qu aidi
0 3

1 1 1
2 .
—|—/ by (ézw Js +/ §§ Ydi'gs, —|—/ §i’wdi'gsF> di
0 0 1
1 1 1
+[ Ve §zw Js +[ 5, di’ gs,, +/ 5,"di'gs, | di (64)
1 1 0
2 2

where the superscript w indicates the target of the cooperatlve policy market. By integrating

the first-order conditions of L* with respect to 52 v and ¢4, we obtain:

R . . 1 1
(Q,;UH SH + QgH,SH)S%,t + QEH,SFS%,t - Q;UH,utut = _qsz,t(gs + ggSH) - d)%,tigsl«“
w w AW w’ AW ~ 1 w 1
(QSF SF + QSF,SF)SF,t + QSH,SFSH,t - QSF uu (th(gS + 2951—1) - ¢H,t§gSF
1 AW 1 AW
(95 + §QSH)5H¢ + 598rSFt = 0
1 o 1 -
(9s + igSH)SF,t + §gSFSH,t =0. (65)
Alternatively:
1wl + (T2,0 + @s5.0)Cory + @7wCE L — W9 wlHt — Wi0wilH,t = Py
@1,wli e T (2,0 + @s5,w)CE s + T7wCH ; — WowlFt — Wi0,whlFt = Py
(w2, + w5,w)yA}UI,t + (w30 + WG,w)é%,t + @7wlpe T @swlpy = _(5b¢%,t + (1 - 5b)¢%t)
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(@20 + @5,0)0F + (T30 + T6,0)C8 + @1l + Ts,wli = —(060h; + (1 — 06) k)
Wa,wTH,: =0
Wa,wTr: = 0
Z)Iuj(,t = 5176%,15 + (1 - 517)@113),15
Z)?,t = 5bé11g,t + (1 - 5b)é7}§r,t (66)
It can be shown that the conditions above imply that:
[1— Culp + Dmey’s = Cule + 1)fim e
[1 = Cule + D] mery = Gule + 1)iir
8Hrt = Ko (Gpe — ) + Ky (flpe — fEe) (67)

where mey;, and mcy, are defined as above and:
: :

o 25—+
C 20 -De+ 2w - 1o

KUY = (2617 - 1)Cw(§0 + 1) (68)
(=Gl + 1)) [(20 — D + (27 — 1)0]

The first two conditions in determine the target of the cooperative policy maker for the
fluctuations of the efficient marginal cost. The other conditions are the market clearing condi-
tions and the condition that expresses the target of the fluctuations in the terms of trade as a
function of the underlying shocks of the model. By using , and and the first-order
conditions of L, we can express in deviations from the welfare-relevant target as:

1 &1
1—%25 PR
t=0

1

= 1
2
o / (885007 di + / (825)2) + 12,0 (F0)? + (720)°)

2

1
+W13,w(§1}é}1F,t)2 + W4,w/ (7Ti,t)2d7;:| + t.i.p. (69)
0
where:
D10 = —5— [6201,0 + 26520 + 3,0
yw 0_2’_)/3 s yWw S , W ,w
1 1 1
W12,w = §’W17w + wW2,w + 5’133’11, + wW5,w —+ §w6’“’ —+ 7w + §w8’w
1
Ry R [(265 — 1) (1 = 8) (2,0 + @30 + @s5,0) + 0 ((1 — 0) w6,
1
—(20p — 1)) w70 — B} ((1 - 5b)2 + 52) W8, w (70)

Given (69), the objective of the world monetary union policy maker can be written as:

I & 1 o o 1 o 1
D 5 | yeraal( + 0P + i Gm? + g (e + )

1_7:15:0 2 2 2

+ t.o.c. (71)
In condition (71]), similarly to the case of a monetary union in areas H and F, we consider

the difference between region-specific and average-area variables as terms out of control of the
world monetary union policy maker. This assumption does not affect the choice of the optimal
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policy. Then, the timelessly optimal monetary policy can be retrieved by maximizing
subject to the following sequence of constraints:

- _ 1—-6 .
Upe =Yg+ msﬁm

_ b — Op -
THt = A [(@ + )G + ;,WJ_IS%FJ,] + BEATH 141} + Vi,

~w Yo — 61) ~w w
TRt = A {(@ +0)p, — 2%)_15HF,75:| +BEATE 1} + VR,

~w w
Tre — Tt = ASfpy + Vi py (72)

for all ¢ and the constraints on mg o and mpo that render the policy timelessly optimal. In
addition in we define

oo =
A - Cw((P+ 1)
o At
ot 1- Cw(‘p + 1)

U%Fi = K,,;U(A(AIF¢ — A&H,t) + KZ)(A/QF,t — AILALH’t)

and z}’ = &; — 2}’ so that Z}” represents the gap of the variable Z; from its target £;”. The
associated Lagrangian can be written as:

(oo}
w 1 ~W ~w Sw
LY = ZﬁtE0{2 [wllw((yH,t)Q + (yF,t)2) + w137w(5HF,t)2 + w4,w(77§{,t + ﬂ%‘,t)]
t=0

[ ~ Yo — Op -
0t e =3 (o4 i+ 2, ) - o] — vt
w [ ~w b — )3 ~w w w
+ 7/12,t Ee— A (p+ U)yF,t - 2y — 15HF,t —VUp¢| — q/’2,t—17rF7t

w _~u) ~w 255 -1 ~w
+ U3 |Ume — Ype — mSHF,t

U e = 7 = A, - viir } @
The first-order conditions of L* with respect to ¥ 4, S¥rpy, Yiys THt and Tp; are:

@12,wY = Wiu,t)‘(@ +0)— Y3y

o w \ Vb — 0 w Vb — 0 w 206, —1 w w
Wi3,wSFH,t = ‘/’Lt)‘mb -1 7’[’2792% -1 + w?),ta(?% -1 +Ya: — BEy {¢4,t+1}
@12,whpe = VoA + o) + 5y
W4 wTHt = — (¢7iljt - ¢ﬁt—1) + i
Wy TR = — (ngt - %/Jgftq) — iy (74)

3 Parametrization of shocks
As anticipated in the main text, we assume that:
G 4n = patt + iy
ﬂ;+1 = pufly + EL,t (75)

where €, , and €}, , are white noise innovations with zero mean and standard deviation equal
to o, and o, respectively. Moreover, the innovations to productivity and mark-up shocks can
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be decomposed into purely idiosyncratic and common components, i.e.,:

_ 7
€a,t = Mat T Mgt

_ 7
Eu,t = Nt + nu,t

with nfm = tht — N, and ni’t = sfm — Ny, being the idiosyncratic components. We assume
that:

i J — Ta,ni =7
Cov {na7t7na,t} { 0 Z#]

and
2 . .
; ; o 1=
Cov{ L } = o
Msts Mt 0 i # 7.
Notice that as a consequence:
2 2 C_
; j oL, oo 1=
Cov {Efmvgé t} = { g e C
o Tam i F
and
Cov {gi € t} = { 0’2“7 T =
pitr S py o2, i j.

4  The desired steady-state levels under incom-
plete financial markets

In this appendix we formulate the optimal policy problem to find the optimal subsidy and the
corresponding desired levels of steady-state output under incomplete financial markets. Under
financial autarky the good market equilibrium condition implies:

A P\ "r .
Y; = @ (P ’.t ) {CZ + 2(ab - aS)QZHTH,t + 2(1 — ab)QZFTF,t} (76)
Ci

e

. . oe—1 1 == 1 .
for all i and with ;i = [ fy e(h) = dhi] ", Yoy = fF Q5 CIdj and Yy = [} Q5 1CTd).
9,

Pir for all s € [0,1], Qi p = Pra

MOreOVer Q?,H = &17 ﬁ
time, Q; g, Q; F can be determined as:

for all ¢ € [0,1]. At the same

1—n 1—n i—n
abS + (1 — ab)S’ 1
Qig = = ic(0,5)
g+ (ap — ag)Si " + (1 — ) S 2
OébS 7T (1 — Ozb)Szl g 1=n ) 1
Qiy = ' EvaE iel51 (77)
as + (ap — ozs)SiF +(1—w)S;y 2

while If# can be written as:
C?,t
Piv _ 1-n 1—7 T . 1
Poy |:O[s + (ap —as) Sy + (1 —aw)S;p } i€lo, 5)_ (78)

Symmetric conditions apply to Q; p and it with ¢ € [1 1]. In addition, under financial
Ct,t

autarky the value of production of each small open economy should be equal to the domestic
expenditure for home produced goods i.e.,:

Pzt

o Y} = Ci (79)
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for all i.
In order to find the desired level of output at the steady state under cooperation, we

maximize:
0 1 il—o i\ p+1
C} 1 Y;
B> g i~ (% di
DN Vo (1—0 ¢+1(A%> > z} (50)

t=0

with respect to C}, Y}, Si m, Si.r, Sur and Sp g for all i € [0,1], subject to , and
their foreign counterparts and taking into account that: 1) Sy rp = gf—g for all i € [0,1),
SpH = ZZZ for all 7 € [%, 1] and Sp r = ﬁ; 2) Qim, Qi,r and P;;/Pci, are determined
according to , and their foreign analogues.

Consider now the case of the small open economy . Under financial autarky, the desired
steady state from the small open policy maker’s perspective can be retrieved by maximizing:

00 il—o i\ o+l
Ci 1 (Y
By |G oL (t)
O;B l-0  o+1\A4]

with respect to C}, Y/, Si, g and S; p subject to and and where Q; i, Q; r and
P; 1/ Pci 4 are determined consistently with to , its foreign akin and , while — differently

i

Si

from the case of cooperation — T+ and YTr, are taken as given. Moreover, Sy r =
all i € [0,3).

In the case of the monetary union policy maker in area H, the desired level of steady-state
output can be determined by maximizing:

oo % Czlfa 1 thl p+1 .

t=0

L for
H

C{YE, Sim, Sip, Sur and Sp gy for all i € [0,1] and subject to:

Py (1—7) V¥

=— — 82
Poiy A%er Cy (82)

for all 7 € [%, 1], the constraints , and their foreign counterpartsﬂ In addition the

authority of the monetary union takes into account that: 1) Sy p = ?—g for all i € [0,3),

SrH = ‘;—’; for all ¢ € [%, 1] and Spgr = ﬁ; 2) Qi n, Qi,r and P;;/Pci; can be recovered

from ,1 and their foreign counterparts.

Finally, it can be shown that if the steady state is symmetric once we allow for trade in
one riskless international bond, the desired levels of output at the steady state are the same as
those resulting from the optimal policy problems just stated.

"Condition implicitly states that the policy maker of Area H takes as given the strategy 7 chosen
by a symmetric policy maker in Area F'.
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