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On the Benefits of a Monetary Union:

Does it Pay to Be Bigger?
Chiara Forlati∗

1 The zero-inflation deterministic steady state

In this appendix we argue that, given appropriate initial conditions, zero inflation is
a Nash equilibrium policy at the deterministic steady state under both regimes A and
B. This result is the first step to find the optimal policies under regimes A, B and C
using the linear quadratic approach pioneered by Benigno and Woodford (JET 2012).

Under regime A, the timelessly optimal policy problem of a monetary authority of
country i in area H can be formulated as the maximization of the following Lagrangian:
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where Pi,t/PCi,t is determined as:

Pi,t
PCi,t

=

[
γs + (γb − γs)

(
C∗H,t
Cit

)−σ(1−η)
+ (1− γb)

(
C∗F,t
Cit

)−σ(1−η)] 1
1−η

(2)

while C∗H,t, C
∗
F,t, CH,t and CF,t are taken as given.1 Assume that µjt = µ, Ajt = 1,

τ j = τ , Zjt = Πj,t = 1 and Zj−1 = 1 for all t and j 6= i with j ∈ [0, 1]. Then, since
τ̃ = 1− (1−τ)(1+µ) ε

ε−1 it can be shown that zero inflation is an optimal policy at the
deterministic steady state. In other words, zero inflation is a solution to the first-order
conditions of the Lagrangian (1), and therefore the best response to the zero-inflation
policies of the other policy makers in areas F and H. Indeed, if Zit = Πi,t = 1 at all
t, from the first-order conditions of (1) with respect to Cit , Y

i
t , Zit , K

i
t , F

i
t and Πi,t

∗University of Southampton, Southampton United Kingdom, C.Forlati@soton.ac.uk.
1Notice that this Lagrangian incorporates the additional constraints at time 0 that render the policy

timelessly optimal.
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evaluated at the symmetric deterministic steady state it follows that:

C−σ = ζs1δs − ζs3σγsY C−σ−1

Y ϕ = ζs1 − ζs2(ϕ+ 1)Y ϕ(1− τ̃)− ζs3C−σ

Y ϕ+1 = −ζs2ϕY ϕ+1(1− τ̃) + ζs5(1− βθ)

ζs2(1− θ) = ζs4

ζs3(1− θ) = −ζs4

ζs2θεK = −ζs3θ(ε− 1)F + ζs4
θ

1− θ
K (3)

with γs = 1
αs

and δs = αs(1− ση) + γsησ. Hence:

Y = (1− τ̃)
− 1
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Π = ΠH = ΠF = Z = 1
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ζs3 =
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ζs5 =
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(1− βθ)

where ζs ≡ δs−(1−τ̃)
γsσ+δsϕ

is a steady-state symmetric solution to the optimal policy
problem just stated.

Consider now the monetary union in area F .2 Suppose that for all i ∈ [0, 12),
Πi
t = Zit = 1 at all times. Hence, F it = F , Ki

t = K and F it /K
i
t = 1 for all i and t. We

want to argue that also in this case, Πi
t = 1 for all t and i ∈ [12 , 1] is the optimal best

response of the central bank in area F to the other policy makers’ optimal strategies.
If for all i ∈ [12 , 1], Πi

t = 1 at all times, the optimal policy problem of the monetary
authority in area F can be written as maximizing:
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∞∑
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2We follow closely Benigno and Benigno (JME 2006).
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+ ζb,i5,t
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P ∗F,t−1
PF,t−1

−
(

Cit
Cit−1

)−σ
Pi,t
PCi,t

PCi,t−1
Pi,t−1

Π−1i,t

]
di

+
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(4)

where CH,t ≡ 2
∫ 1

2
0 Cit

1−ση
di and CF,t ≡ 2

∫ 1
1
2
Cit

1−ση
di and Pi,t/PCi,t and P ∗F,t/PF,t are

determined consistently with (2), the foreign counterpart of (2) and:

P ∗F,t
PF,t

=

[
αb + (1− αb)

(
PH,t
PF,t

)1−η
] 1

1−η

(5)

(
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C∗H,t

)
=

αb
(
PF,t
PH,t

)1−η
+ (1− αb)

(1− αb)
(
PF,t
PH,t

)1−η
+ αb


− 1
σ(1−η)

(6)

Assume that µit = µ, Ait = 1, τ i = τ and Zi−1 = 1 for all i ∈ [0, 1] and t. Then, it can
be shown that zero inflation is an optimal policy, because such a policy is consistent
with the first-order conditions of (4). Indeed, if Zit = Πi,t = 1 for all t and i ∈ [12 , 1],
the first-order conditions with respect to Cit , Y

i
t for all i and Zit , K

i
t , F

i
t and Πi,t all

i ∈ [12 , 1] at the symmetric deterministic steady state can written as:

C−σ = ζb1δb + ζb7(1− δb)− ζb3σγbY C−σ−1 − ζb8σ(1− γb)Y C−σ−1

Y ϕ = ζb1 − ζb2(ϕ+ 1)Y ϕ(1− τ̃)− ζb3C−σ

0 = ζb1(1− δb) + ζb7δb − ζb3σ(1− γb)Y C−σ−1 − ζb8σγbY C−σ−1

0 = ζb7 + ζb8
[
(ϕ+ 1)Y ϕ(1− τ̃)− C−σ

]
Y ϕ+1 = −ζb2ϕY ϕ+1(1− τ̃) + ζb5(1− βθ)

ζb2(1− θ) = ζb4

ζb3(1− θ) = −ζb4

ζb2θεK = −ζb3θ(ε− 1)F + ζb4
θ

1− θ
K (7)

where γb = αb
2αb−1 and δb ≡ (1− ση)αb + ησγb. As a consequence:

Y = (1− τ̃)
− 1
σ+ϕ

C = Y

F = K =
Y C−σ

1− βθ
=
Y ϕ+1(1− τ̃)

1− βθ
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Π = ΠH = ΠF = Z = 1

ζb1 = Y ϕ (1− ϕζb) ζb2 = − ζb
(1− τ̃)

ζb3 =
ζb

(1− τ̃)
ζb4 = −(1− θ)ζb

(1− τ̃)

ζb5 =
Y ϕ+1 (1− ϕζb)

1− βθ
ζb7 = −Y ϕϕ (ζw − ζb) ζb8 =

(ζw − ζb)
(1− τ̃)

(8)

where ζb ≡ 1
2

τ̃
σ+ϕ −

δb−1+(1/2)τ̃
(1−2γb)σ+(1−2δb)ϕ and ζw ≡ τ̃

σ+ϕ Hence, being the best response for
both monetary union and the small open economy policy makers, zero inflation is a
Nash equilibrium solution under regime A.

Consider now the case of regime B and suppose that the central bank of area H set
ΠH,t = 1 for all t. In this case, given the symmetry of area H’s small open economies,
it has to be that in the absence of shocks Πi,t = 1 for all t and i ∈ [0, 12). Hence, under
regime B the solution to the optimal policy problem in area F is identical to the one in
(7) for regime A and zero inflation is the best response of the policy maker in area F
to a zero-inflation policy of the policy maker in area H. However under regime B, the
optimal policy problem of the policy maker in area H is symmetric to the one in area
F . Thus, we can conclude that zero inflation is a Nash equilibrium at the deterministic
steady state also under regime B.

2 Welfare criteria, welfare-relevant targets and

optimal policies under regimes A, B and C

In this section, we recover the purely quadratic approximations to the welfare criteria,
the welfare-relevant targets and the optimal policies under regimes A, B and C. We
will consider the case of the small open economy, the monetary union in the areas H
and F and the world economy separately.

2.1 The case of the small open economy

We start by looking at the case of a small region located in area H.

2.1.1 The approximation of the welfare criterion

As a first step we need to approximate the small open economy representative agent
lifetime utility up to the second order. Recall that the period t utility is:

Ut ≡
Cit

1−σ

1− σ
− 1

ϕ+ 1

(
Y i
t Z

i
t

Ait

)ϕ+1

. (9)

Then we can approximate the utility derived from private consumption for generic
region i as:

Cit
1−σ

1− σ
' C1−σ

1− σ
+ C1−σ

(
ĉit +

1

2
(ĉit)

2

)
− σ

2
C1−σ(ĉit)

2 + t.i.p. (10)

where ĉit stands for the log deviations of private consumption from the deterministic
steady state and t.i.p. for “terms independent of policy”. By the same token we can
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approximate labor disutility. Since Zit =
∫ 1
0

(
pt(hi)
Pi,t

)−ε
dhi, it follows that, as showed

by Gaĺı and Monacelli (REStud 2005):

ẑit '
ε

2
V arhi(pt(h

i)). (11)

In words, the approximation of Zit around the symmetric steady state is purely quadratic.
Moreover, following Woodford (NBER WP 8071 2001), it is possible to show that
∞∑
t=0
βtV arhi(pt(h

i)) = 1
λ

∞∑
t=0
βtπ2i,t with λ ≡ (1−θ)(1−βθ)

θ . Therefore, labor disutility can

be approximated up to the second order as:

1

ϕ+ 1

(
Y i
t Z

i
t

Ait

)ϕ+1

' 1

ϕ+ 1
Y ϕ+1 + Y ϕ+1

(
ŷit +

1

2
(ŷit)

2

)
+ Y ϕ+1 ε

2λ
(πi,t)

2 +
ϕ

2
Y ϕ+1(ŷit)

2

− (ϕ+ 1)Y ϕ+1ŷita
i
t + t.i.p. (12)

By combining (10) and (12) and recalling that at the steady state C−σ = (1 − τ̃)Y ϕ,
we can express the second-order approximation of Ut as a fraction of steady state
consumption in the following way:

Ut − U
UCC

' 1

1− τ̃

[
(1− τ̃)ĉit − (1− τ̃)

(σ − 1)

2
(ĉit)

2 − ŷit −
ϕ+ 1

2
(ŷit)

2 − ε

2λ
(πi,t)

2

]
(13)

Therefore, the second-order approximation to the welfare of region i representative
agent is given by:

1

1− τ̃

∞∑
t=0

βtE0

[
(1− τ̃)ĉit − (1− τ̃)

(σ − 1)

2
(ĉit)

2 − ŷit −
ϕ+ 1

2
(ŷit)

2 − ε

2λ
(πi,t)

2

]
+ t.i.p.

(14)
When i ∈

[
0, 12
)
, the expression in (14) can be rewritten in matrix form as:

1

1− τ̃

∞∑
t=0

βtE0

[
ŝi
′
t ws −

1

2
ŝi
′
tWs,sŝ

i
t + ŝi

′
tWs,eê

i
t

]
+ t.i.p. (15)

where:

ŝi
′
t ≡

[
ŷit, ĉ

i
t, πi,t

]
w′s ≡ [−1, (1− τ̃), 0] êi

′
t ≡

[
ĉH,t, ĉF,t, â

i
t, µ̂it

]
Ws,s ≡

 (ϕ+ 1) 0 0
0 (1− τ̃)(σ − 1) 0
0 0 ε

λ

 Ws,e ≡

 0 0 (ϕ+ 1) 0
0 0 0 0
0 0 0 0


ĉH,t ≡ 2

∫ 1
2
0 ĉjtdj and ĉF,t ≡ 2

∫ 1
1
2
ĉjtdj.

In order to rewrite the approximation in (15) in a purely quadratic way, we need to
use the second-order approximations to both the aggregate demand and the Phillips
curve. The second-order approximation to the demand curve can be written as:

0 '
[
ŝi
′
t gs − êi

′
t ge +

1

2
ŝi
′
t Gs,sŝ

i
t − ŝi

′
t Gs,ee

i
t

]
+ t.o.c. (16)

where:
g′s ≡ [−1, δs, 0] g′e ≡ [−(δb − δs), −(1− δb), 0, 0]
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Gs,s ≡

 −1 0 0
0 δs + ω1 0
0 0 0

 Gs,e ≡


0 0 0 0

ω1 + ω2 −ω2 0 0
0 0 0 0
0 0 0 0


with δs ≡ αs(1− ησ) + ησγs, δb ≡ αb(1− ησ) + γbησ, γs ≡ 1

αs
and γb ≡ αb

2αb−1 , while:

ω1 ≡
(1− αs)ησ(σ − (1− αs)αs(1− ησ))

α2
s

ω2 ≡
(1− αb)ησ

(
σ +

(
α2
s + (1− 2αb)

)
(1− ησ)

)
αs(1− 2αb)

.

Moreover, t.o.c. stands for terms out of control” of the policy maker which include the
average area variables besides the terms independent of policy.

Consistently with Benigno Woodford (JEEA 2005), the second-order approximation
to the Phillips curve can be written as:

V0 =
1− θ
θ

(1− βθ)
∞∑
t=0

βtE0

[
ŝi
′
t vs − êi

′
t ve +

1

2
ŝi
′
t Vs,sŝ

i
t − ŝi

′
t Vs,eê

i
t

]
+ t.o.c. (17)

where

v′s ≡ [ϕ, σγs, 0] v′e ≡ [σ(γs − γb), −σ(1− γb), −(ϕ+ 1), 1]

Vs,s ≡

 ϕ(ϕ+ 2) σγs 0
σγs −ησ2 (γs − 1) γs − σ2γs 0

0 0 ε(ϕ+1)
λ



Vs,e ≡

 −σ(γb − γs) −σ(1− γb) (ϕ+ 1)2 −(ϕ+ 1)
ησ2γs (γb − γs) ησγ2s (1− γb) 0 0
0 0 0 0

 .
Given (16) and (17), it is easy to show that:

ws = (1− ϕζs)gs − ζsvs

where ζs = δs−(1−τ̃)
δsϕ+γsσ

.3 Then, we can write the second-order approximation to region i
welfare as:

− 1

(1− τ̃)

∞∑
t=0

βtE0

[
1

2
ŝi
′
t Ωs,sŝ

i
t − ŝi

′
t Ωs,eê

i
t

]
+ t.o.c. (18)

where:

Ωs,s ≡Ws,s + (1− ϕζs)Gs,s − ζsVs,s Ωs,e ≡Ws,e + (1− ϕζs)Gs,e − ζsVs,e
and Ωs,s and Ω′s,e are respectively equal to: (1− ζs(ϕ+ 1))ϕ −ζsγsσ 0

−ζsγsσ (1− τ̃)(σ − 1)− ζsσ2ηγs (1− γs) + ζsσ
2γs + (1− ζsϕ)(δs + ω1) 0

0 0 (1−ζs(ϕ+1))ε
λ



ζsσ(γb − γs) −ζsησ2γs (γb − γs) + (1− ζsϕ) (ω1 + ω2) 0
ζsσ(1− γb) −ζsησ2γs(1− γb)− (1− ζsϕ)ω2 0
(1− ζs(ϕ+ 1))(ϕ+ 1) 0 0
ζs(ϕ+ 1) 0 0


3Notice that ζs determines also the Lagrange multipliers previously recovered for the optimal policy

problem of the small economy policy maker. See Benigno and Woodford (JEEA 2005).
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Alternatively, (18) can be written as:

− 1

1− τ̃

∞∑
t=0

βtE0

[1

2
$1,s(ŷ

i
t)

2 +$2,sĉ
i
tŷ
i
t +

1

2
$3,s(ĉ

i
t)
2 +

1

2
$4,s(πi,t)

2 −$5,sŷ
i
t ĉH,t

−$6,sŷ
i
t ĉF,t −$7,sĉ

i
tĉH,t −$8,sĉ

i
tĉF,t −$9,sŷ

i
tâ
i
t −$10,sŷ

i
tµ̂
i
t

]
+ t.o.c. (19)

where:

$1,s ≡ [1− ζs(ϕ+ 1)]ϕ

$2,s ≡ −ζsγsσ
$3,s ≡ (1− τ̃)(σ − 1)− ζsσ2ηγs (1− γs) + ζsσ

2γs + (1− ζsϕ)(δs + ω1)

$4,s ≡ [1− ζs(ϕ+ 1)]
ε

λ
$5,s ≡ ζsσ(γb − γs)
$6,s ≡ ζsσ(1− γb)
$7,s ≡ −ζsησ2γs (γb − γs) + (1− ζsϕ) (ω1 + ω2)

$8,s ≡ −ζsησ2γs(1− γb)− (1− ζsϕ)ω2

$9,s ≡ [1− ζs(ϕ+ 1)] (ϕ+ 1)

$10,s ≡ ζs(ϕ+ 1) (20)

2.1.2 The welfare-relevant target

The next step is to express the approximations in (18) in terms of deviations from the
welfare-relevant target of the small open economy policy maker. This target can be
determined by maximizing (18) subject to good market clearing condition of region i,
namely:

ŷit = δsĉ
i
t + (δb − δs)ĉH,t + (1− δb)ĉF,t i ∈ [0,

1

2
) (21)

The Lagrangian associated with this problem can be written as:

Ls =
∞∑
t=0

βtE0

[
1

2
ŝs
′
t Ωs,sŝ

s
t − ŝs

′
t Ωs,eê

i
t + φst

(
ŝs
′
t gs − êi

′
t ge

)]
(22)

where ŝst indicates the welfare-relevant target for the variable ŝit. The first-order con-
ditions of Ls with respect to ŝs

′
t and φst are:

Ωs,sŝ
s
t − Ωs,eê

i
t = −φstgs

gsŝ
s
t − geêit = 0 (23)

for all t and i ∈ [0, 12) and where φst is the Lagrange multiplier of (21). Condition (23)
can be also read as:

$1,sŷ
i,s
t +$2,sĉ

i,s
t −$5,sĉH,t −$6,sĉF,t −$9,sâ

i
t −$10,sµ̂

i
t = φst

$3,sĉ
s
t +$2,sŷ

s
t −$7,sĉH,t −$8,sĉF,t = −δsφst

$4,sπi,t = 0

ŷst = δsĉ
s
t + (δb − δs)ĉH,t + (1− δb)ĉF,t (24)
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Notice that the small open monetary authority takes ĉH,t and ĉF,t as exogenous. Then
the system of equations in (24) allows to determine the target for ĉit ŷ

i
t and πi,t. In

addition we can recover the target for ŝiH,t and ŝiF,t using the next equilibrium condi-
tions:

ŝiH,t = −σγs(ĉH,t − ĉit) (25)

ŝiF,t = −σγs(ĉH,t − ĉit)− σ(2γb − 1)(ĉF,t − ĉH,t) (26)

Moreover, from the conditions in (24), (25) and (26) it follows that:

[1− ζs(ϕ+ 1)]m̂ce,si,t = ζs(ϕ+ 1)µ̂it + κsH ŝ
s
iH,t + κsF ŝ

s
iF,t

ŝsiF,t = ŝsiH,t − σ(2γb − 1)(ĉF,t − ĉH,t)

ŝsiH,t = κsaâ
i
t + κsµµ̂

i
t + κscH ĉH,t + κscF ĉF,t (27)

where m̂ce,si,t = (ϕ+σ)ŷit +
[
γs−δs
γs
− γb−δb

2γb−1

]
ŝiH,t + γs + γb−δb

2γb−1 ŝiF,t, while κsH , κsF , κsa, κ
s
µ,

κscH and κscF are defined as:

κsH ≡ −
as1

σγsδs
+

as2
σ(2γb − 1)δs

+

(
γb

2γb − 1
− 1

γs

)
[1− ζs(ϕ+ 1)]

κsF ≡ −
as2

σ(2γb − 1)δs
− 1− γb

2γb − 1
[1− ζs(ϕ+ 1)]

κsa ≡
1

as3
[1− ζs(ϕ+ 1)] (1 + ϕ)

κsµ ≡
1

as3
ζs(1 + ϕ)

κscH ≡ −
1

as3

[
as2
δs

+ (1− ζs(1 + ϕ))(σ + ϕδb)

]

κscF ≡
1

as3

[
as2
δs
− (1− ζs(1 + ϕ)) (1− δb)ϕ

]
(28)

with:

as1 ≡ −ζsσ2ηγs(1− γs) + (1− ζsϕ)ω1 + ζsσδs(1− γs) + ζsσγs(1− δs)

as2 ≡ −ζsσ2ηγs(1− γb)− (1− ζsϕ)ω2 + ζsσδs(1− γb) + ζsσγs(1− δb)

as3 ≡ [1− ζs(1 + ϕ)]

[
(ϕ+ σ)

δs
γsσ

+
(1− δs)
γs

]
+

as1
γsδsσ

. (29)

The first condition in (27) expresses the target for the fluctuations of the efficient
firms’ marginal cost as a function of mark-up shocks and the two terms of trade that
are relevant from the small open economy viewpoint; the second condition combines
(25) with (26), while the last condition expresses ŝsiH,t in terms of the exogenous shocks.

8



2.1.3 The optimal policy

By using (24), (25) and (26), we can rewrite (19) in terms of gaps, namely:4

− 1

(1− τ̃)

∞∑
t=0

βt
1

2
E0

[
$1,s(ỹ

i,s
t )2 +$11,s(s̃

s
iH,t)

2 +$12,s(s̃
s
iF,t)

2 +$4,s(πi,t)
2
]

+ t.o.c.

(30)

where

$11,s ≡
1

σγs

[
2$2,s

(
δs
σγs

+
1− δb

σ(2γb − 1)

)
+

1

σ2γ2s
$3,s

]
$12,s ≡ −2

$2,s

σγs

1− δb
σ(2γb − 1)

(31)

and where x̃st represents the gap of the variable x̂t from its target x̂st . The timelessly
optimal monetary policy can be retrieved by maximizing (30) with respect to ỹst , s̃

s
iH,t,

s̃siF,t and πi,t subject to the following sequence of constraints:

πi,t = λ

[
(ϕ+ σ)ỹi,st +

(
γs − δs
γs

− γb − δb
2γb − 1

)
s̃siH,t +

γb − δb
2γb − 1

s̃siF,t

]
+ βEt{πi,t+1}+ υsi,t

ỹi,st =

[
δs
σγs

+
1− δb

σ(2γb − 1)

]
s̃siH,t −

1− δb
σ(2γb − 1)

s̃siF,t

s̃siH,t = s̃siF,t (32)

where:

υsi,t =
λ

1− ζs (ϕ+ 1)

[(
1 + κsµ(κsH + κsF )

)
µ̂it + (κsa(κ

s
H + κsF )) âit

+ (κscH(κsH + κsF ) + κsFσ(2γb − 1)) ĉH,t + (κscF (κsH + κsF )− κsFσ(2γb − 1)) ĉF,t] (33)

and taking into account the constraint on πi,0 implied by the timeless perspective.
The constraints in (32) are recovered from the Phillips curve and conditions (21), (25)
and (26). The Lagrangian of the optimal monetary policy problem of the small open
economy can then be written as:

Ls=
∞∑
t=0

βtE0

{
1

2

[
$1,s(ỹ

i,s
t )2 +$11,s(s̃

s
iH,t)

2 +$12,s(s̃
s
iF,t)

2 +$4,s(πi,t)
2
]

+ ψs1,t

[
πi,t − λ

(
(ϕ+ σ)ỹi,st +

(
γs − δs
γs

− γb − δb
2γb − 1

)
s̃siH,t +

γb − δb
2γb − 1

s̃siF,t

)
− υsi,t

]
− ψs1,t−1πi,t

+ ψs2,t

[
ỹi,st −

(
δs
σγs

+
1− δb

σ(2γb − 1)

)
s̃siH,t +

1− δb
σ(2γb − 1)

s̃siF,t

]
+ ψs3,t

(
s̃siH,t − s̃siF,t

)}
(34)

4To recover condition (30) first we rewrite the approximation in (19) in deviations from the target using
(24). Then, we use conditions (25) and (26) in deviations from the target to express the welfare approximation
as a function solely of ỹi,st , s̃siH,t, s̃

s
iF,t and πi,t.
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Minimizing Ls with respect to ỹist , s̃siH,t, s̃
s
iF,t and πi,t leads to the following first-order

conditions:

$1,sỹ
i,s
t = ψs1,tλ(ϕ+ σ)− ψs2,t

$11,ss̃
s
iH,t = ψs1,tλ

(
γs − δs
γs

− γb − δb
2γb − 1

)
+ ψs2,t

(
δs
σγs

+
1− δb

σ(2γb − 1)

)
− ψs3,t

$12,ss̃
s
iF,t = ψs1,tλ

γb − δb
2γb − 1

− ψs2,t
1− δb

σ(2γb − 1)
+ ψs3,t

$4,sπi,t = −
(
ψs1,t − ψs1,t−1

)
. (35)

The solution to this problem allows us to determine the best response of a small
open region i in area H under regime A, given the state-contingent paths of πF,t and
all πj,t with j ∈ [0, 12).

2.2 The case of the monetary union

We now move to the case of the monetary union in area H.

2.2.1 The approximation of the welfare criterion

By (14), the second-order approximation to the average welfare of the households living
in area H can be read as:

1

(1− τ̃)

∞∑
t=0

βt2

∫ 1
2

0
E0

[
ŝi
′
t ws −

1

2
ŝi
′
tWs,sŝ

i
t + ŝi

′
tWs,uû

i
t

]
di+ t.i.p. (36)

ŝi
′
t ≡

[
ŷit, ĉ

i
t, πi,t

]
w′s ≡ [−1, (1− τ̃), 0] ûi

′
t ≡

[
ait, µ

i
t

]

Ws,s ≡

 (ϕ+ 1) 0 0
0 (1− τ̃)(σ − 1) 0
0 0 ε

λ

 Ws,u ≡

 (ϕ+ 1) 0
0 0
0 0


As for the case of the small open economy, we retrieve a purely quadratic approximation
to the welfare of the households living in area H using the second-order approximations
to the demand and supply curves.

The second-order approximation to the demand curve of a generic region i located
in area H can be read as:

0 ' ŝi′t gs +

∫ 1
2

0
ŝitdi

′gSH +

∫ 1

1
2

ŝitdi
′gSF +

1

2
ŝi
′
t Gs,sŝ

i
tdi+

1

2

∫ 1
2

0
ŝi
′
t GsH ,sH ŝ

i
tdi

+
1

2

∫ 1

1
2

ŝi
′
t GsF ,sF ŝ

i
tdi+

1

2

∫ 1
2

0
ŝitdi

′GSH ,SH

∫ 1
2

0
ŝitdi+

1

2

∫ 1

1
2

ŝitdi
′GSF ,SF

∫ 1

1
2

ŝitdi

+ ŝi
′
t Gs,SH

∫ 1
2

0
ŝitdi+ ŝi

′
t Gs,SF

∫ 1

1
2

ŝitdi+

∫ 1
2

0
ŝitdi

′GSH ,SF

∫ 1

1
2

ŝitdi+ s.o.t.i.p. (37)

where:

g′s ≡ [−1, δs, 0] g′SH ≡ [0, 2(δb − δs), 0] g′SF ≡ [0, 2(1− δb), 0, ]
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Gs,s ≡

 −1 0 0
0 δs + ω1 0
0 0 0

 GsF ,sF ≡

 0 0 0
0 2(1− δb) + 2ω3 0
0 0 0


GsH ,sH ≡

 0 0 0
0 −2ησ2(1− γ2s ) + 2(δb − δs)− 2(ω1 + ω3) 0
0 0 0


GSH ,SH ≡

 0 0 0
0 4

(
ησ2(1− γ2s )− ησ2γb(1− γb) + 2ω1 + 2ω2 + ω3

)
0

0 0 0


GSF ,SF ≡

 0 0 0
0 −4

(
ησ2γb(1− γb) + ω3

)
0

0 0 0

 Gs,SH ≡

 0 0 0
0 −2 (ω1 + ω2) 0
0 0 0


Gs,SF ≡

 0 0 0
0 2ω2 0
0 0 0

 GSH ,SF ≡

 0 0 0
0 4

(
ησ2γb(1− γb)− ω2

)
0

0 0 0


and with:

ω3 ≡
(1− αb)ησ(σ + 2(1− αb)(1− ησ))

1− 2αb

By integrating (37) over i ∈ [0, 12), we obtain:

0 '
∫ 1

2

0
ŝitdi

′hSH +

∫ 1

1
2

ŝitdi
′hSF +

1

2

∫ 1
2

0
ŝi
′
t HsH ,sH ŝ

i
tdi+

1

2

∫ 1

1
2

ŝi
′
t HsF ,sF ŝ

i
tdi

+
1

2

∫ 1
2

0
ŝitdi

′HSH ,SH

∫ 1
2

0
ŝitdi+

1

2

∫ 1

1
2

ŝitdi
′HSF ,SF

∫ 1

1
2

ŝitdi+

∫ 1
2

0
ŝitdi

′HSH ,SF

∫ 1

1
2

ŝitdi

+ s.o.t.i.p.

with
h′SH ≡ [−1, δb, 0] h′SF ≡ [0, (1− δb), 0, ]

HsH ,sH ≡

 −1 0 0
0 −ησ2(1− γ2s ) + δb − ω3 0
0 0 0

 HsF ,sF ≡

 0 0 0
0 (1− δb) + ω3 0
0 0 0


HSH ,SH ≡

 0 0 0
0 2ησ2(1− γ2s )− 2ησ2γb(1− γb) + 2ω3 0
0 0 0


HSF ,SF ≡

 0 0 0
0 −2

(
ησ2(1− γb)γb + 2ω3

)
0

0 0 0

 HSH ,SF ≡

 0 0 0
0 2ησ2γb(1− γb) 0
0 0 0


A symmetric approximation can be retrieved from the good market clearing conditions
of the regions in area F , namely:

0 '
∫ 1

1
2

ŝitdi
′fSF +

∫ 1
2

0
ŝitdi

′fSH +
1

2

∫ 1

1
2

ŝi
′
t FsF ,sF ŝ

i
tdi+

1

2

∫ 1
2

0
ŝi
′
t FsH ,sH ŝ

i
tdi

+
1

2

∫ 1

1
2

ŝitdi
′FSF ,SF

∫ 1

1
2

ŝitdi+
1

2

∫ 1
2

0
ŝitdi

′FSH ,SH

∫ 1
2

0
ŝitdi+

∫ 1

1
2

ŝitdi
′FSF ,SH

∫ 1
2

0
ŝitdi

+ s.o.t.i.p.
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where fSF = hSH , fSH = hSF , FsF ,sF = HsH ,sH , FsH ,sH = HsF ,sF , FSF ,SF = HSH ,SH ,
FSH ,SH = HSF ,SF and FSF ,SH = HSH ,SF . Conversely, the second-order approximation
to the Phillips curve of area F can be recovered from:

V0 =
1− θ
θ

(1− βθ)
∞∑
t=0

βtE0

[
ŝi
′
t vs +

∫ 1

1
2

ŝitdi
′vSF +

∫ 1
2

0
ŝitdi

′vSH − û
i′
t vu +

1

2
ŝi
′
t Vs,sŝ

i
t

+ŝi
′
t Vs,SF

∫ 1

1
2

ŝitdi+ ŝi
′
t Vs,sH

∫ 1
2

0
ŝitdi+

1

2

∫ 1

1
2

ŝit′VsF ,sF ŝ
i
tdi+

1

2

∫ 1
2

0
ŝi
′
t VsH ,sH ŝ

i
tdi

+
1

2

∫ 1

1
2

ŝitdi
′VSF ,SF

∫ 1

1
2

ŝitdi+
1

2

∫ 1
2

0
ŝitdi

′VSH ,SH

∫ 1
2

0
ŝitdi+

∫ 1
2

0
ŝitdi

′VSH ,SF

∫ 1

1
2

ŝitdi

−ŝi′t Vs,uûit
]

+ s.o.t.i.p. (38)

where:

v′s ≡ [ϕ, σγs, 0] v′SF ≡ [0, 2σ(γb − γs), 0] v′SH ≡ [0, 2σ(1− γb), 0] v′u ≡ [ (ϕ+ 1), −1]

Vs,s ≡

 ϕ(ϕ+ 2) σγs 0
σγs ησ2 (1− γs) γs − σ2γs 0

0 0 ε(ϕ+1)
λ

 Vs,SF ≡

 0 2σ (1− γb) 0
0 −2ησ2 (1− γb) γs 0
0 0 0



Vs,SH ≡

 0 2σ (γb − γs) 0
0 2ησ2γs (γs − γb) 0
0 0 0

 VsF ,sF ≡

 0 0 0
0 2(η − 1)σ2 (1− γb) 0
0 0 0



VsH ,sH ≡

 0 0 0
0 2(η − 1)σ2 (γb − γs) 0
0 0 0

 VSF ,SF ≡

 0 0 0

0 −4ησ2 (1− γb)2 0
0 0 0



VSH ,SH ≡

 0 0 0

0 −4ησ2 (γb − γs)2 0
0 0 0

 VSF ,SH ≡

 0 0 0
0 −4ησ2 (1− γb) (γb − γs) 0
0 0 0



Vs,u ≡

 (ϕ+ 1)2 −(ϕ+ 1)
0 0
0 0


By integrating (38) over i ∈ [12 , 1], we find that:

1

2
V0 =

1− θ
θ

(1− βθ)
∞∑
t=0

βtE0

[ ∫ 1

1
2

ŝitdi
′rSF +

∫ 1
2

0
ŝitdi

′rSH −
∫ 1

1
2

ûitdi
′ru +

1

2

∫ 1

1
2

ŝi
′
t RsF ,sF ŝ

i
tdi

+
1

2

∫ 1

1
2

ŝi
′
t RsH ,sH ŝ

i
tdi+

1

2

∫ 1

1
2

ŝitdi
′RSF ,SF

∫ 1

1
2

ŝitdi+
1

2

∫ 1
2

0
ŝitdi

′RSH ,SH

∫ 1
2

0
ŝitdi

+

∫ 1
2

0
ŝitdi

′RSF ,SH

∫ 1

1
2

ŝitdi−
∫ 1

1
2

ŝi
′
t RsF ,uû

i
tdi
]

+ s.o.t.i.p. (39)
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where:

r′SF ≡ [ϕ, σγb, 0] r′SH ≡ [0, σ(1− γb), 0] r′u ≡ [(ϕ+ 1), −1]

RsF ,sF ≡

 ϕ(ϕ+ 2) σγs 0
σγs −ηγ2sσ2 + ηγbσ

2 − γbσ2 0

0 0 ε(ϕ+1)
λ

RsH ,sH ≡
 0 0 0

0 (η − 1)σ2 (1− γb) 0
0 0 0



RSF ,SF ≡

 0 2σ(γb − γs) 0
2σ(γb − γs) 2ησ2

(
γ2s − γ2b

)
0

0 0 0

RSH ,SH ≡
 0 0 0

0 −2ησ2 (1− γb)2 0
0 0 0



RSF ,SH ≡

 0 2σ(1− γb) 0
0 −2ησ2 (1− γb) γb 0
0 0 0

RsF ,u ≡
 (ϕ+ 1)2 −(ϕ+ 1)

0 0
0 0


Again, by using symmetry we can find a symmetric condition for the regions of area
H, namely:

1

2
V0 =

1− θ
θ

(1− βθ)
∞∑
t=0

βtE0

[ ∫ 1

1
2

ŝitdi
′kSH +

∫ 1
2

0
ŝitdi

′kSF −
∫ 1

1
2

ûitdi
′ku +

1

2

∫ 1

1
2

ŝi
′
t KsH ,sH ŝ

i
tdi

+
1

2

∫ 1

1
2

ŝitdi
′KSH ,SH

∫ 1

1
2

ŝitdi+
1

2

∫ 1
2

0
ŝitdi

′KSF ,SF

∫ 1
2

0
ŝitdi+

∫ 1
2

0
ŝitdi

′KSH ,SF

∫ 1

1
2

ŝitdi

−
∫ 1

1
2

ŝi
′
t KsH ,uû

i
tdi
]

+ s.o.t.i.p.

with kSH = rSF , kSF = rSH , ku = ru, KsH ,sH = RsF ,sF , KSH ,SH = RSF ,SF , KSF ,SF =
RSH ,SH , KSH ,SF = RSF ,SH and KsH ,u = RsF ,u. Then, it can be shown that:

ws = (1− ϕζb)hSH − (ζw − ζb)ϕfSH − ζbkSH − (ζw − ζb)rSH

0 = (1− ϕζb)hSF − (ζw − ζb)ϕfSF − ζbkSF − (ζw − ζb)rSF

with ζb = 1
2

τ̃
σ+ϕ −

δb−1+(1/2)τ̃
(1−2γb)σ+(1−2δb)ϕ and ζw = τ̃

σ+ϕ . Hence, we can write the second-
order approximation to the average welfare of area H as:

− 1

1− τ̃

∞∑
t=0

βtE0

[∫ 1
2

0
ŝi
′
t ΩsH ,sH ŝ

i
tdi+

∫ 1

1
2

ŝi
′
t ΩsF ,sF ŝ

i
tdi+ 2

∫ 1
2

0
ŝitdi

′ΩSH ,SH

∫ 1
2

0
ŝitdi

+2

∫ 1

1
2

ŝitdi
′ΩSF ,SF

∫ 1

1
2

ŝitdi+ 4

∫ 1
2

0
ŝitdi

′ΩSH ,SF

∫ 1

1
2

ŝitdi− 2

∫ 1
2

0
ŝi
′
t ΩsH ,uû

i
tdi

−2

∫ 1

1
2

ŝi
′
t ΩsF ,uû

i
tdi

]
+ t.o.c. (40)

where:

ΩsH ,sH ≡Ws,s + (1− ϕζb)HsH ,sH − (ζw − ζb)ϕFsH ,sH − ζbKsH ,sH − (ζw − ζb)RsH ,sH
ΩsF ,sF ≡ (1− ζbϕ)HsF ,sF − (ζw − ζb)ϕFsF ,sF − ζbKsF ,sF − (ζw − ζb)RsF ,sF

ΩSH ,SH ≡ 1
2(1− ζbϕ)HSH ,SH − 1

2(ζw − ζb)ϕFSH ,SH − 1
2ζbKSH ,SH − 1

2(ζw − ζb)RSH ,SH
ΩSF ,SF ≡ 1

2(1− ζbϕ)HSF ,SF − 1
2(ζw − ζb)ϕFSF ,SF − 1

2ζbKSF ,SF − 1
2(ζw − ζb)RSF ,SF

ΩSH ,SF ≡ 1
2(1− ζbϕ)HSH ,SF − 1

2(ζw − ζb)ϕF ′SF ,SH −
1
2ζbKSH ,SF − 1

2(ζw − ζb)R′SF ,SH
ΩsH ,u ≡Ws,u − ζbKsH ,u ΩsF ,u ≡ −(ζw − ζb)RsF ,u (41)
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and ΩsH ,sH , ΩsF ,sF , ΩSH ,SH , ΩSF ,SF , ΩSH ,SF , ΩsH ,u and ΩsF ,u are respectively equal
to:  (1− ζb(ϕ+ 1))ϕ −ζbσγs 0

−ζbσγs ωsHsH 0

0 0 (1−ζb(ϕ+1))ε
λ


 −(ζw − ζb)(ϕ+ 1)ϕ −(ζw − ζb)σγs 0
−(ζw − ζb)σγs ωsFsF 0

0 0 − ((ζw−ζb)(ϕ+1))ε
λ


 0 −ζbσ (γb − γs) 0
−ζbσ (γb − γs) ωSHSH 0
0 0 0


 0 −(ζw − ζb)σ (γb − γs) 0
−(ζw − ζb)σ (γb − γs) ωSFSF 0
0 0 0


 0 −ζbσ (1− γb) 0
−(ζw − ζb)σ (1− γb) ωSHSF 0
0 0 0


 (1− ζb(ϕ+ 1))(ϕ+ 1) ζb(ϕ+ 1)

0 0
0 0

  −(ζw − ζb)(ϕ+ 1)2 (ζw − ζb)(ϕ+ 1)
0 0
0 0


with: ωsHsH ≡ (σ − 1) (1− τ̃)

+ (1− ζbϕ)
(
−ησ2

(
1− γ2s

)
+ δb − ω3

)
− (ζw − ζb)ϕ(1− δb + ω3)

− ζb
(
−ησ2γ2s + ησ2γb − σ2γb

)
− (ζw − ζb)

(
ησ2 (1− γb)− σ2 (1− γb)

)
ωsFsF ≡ (1− ζbϕ)(1− δb + ω3)

− (ζw − ζb)ϕ(−ησ2
(
1− γ2s

)
+ δb − ω3)

− ζb
(
ησ2 (1− γb)− σ2 (1− γb)

)
+ (ζw − ζb)

(
ησ2γ2s − ησ2γb + σ2γb

)
ωSHSH ≡ (1− ζbϕ)(ησ2

(
1− γ2s − γb (1− γb)

)
+ ω3)

+ (ζw − ζb)ϕ(ησ2γb (1− γb) + ω3)

+ ζbησ
2
(
γ2b − γ2s

)
+ (ζw − ζb)ησ2 (1− γb)2

ωSFSF ≡ −(1− ζbϕ)(ησ2γb (1− γb) + ω3)

− (ζw − ζb)ϕ(ησ2
(
1− γ2s − γb (1− γb)

)
+ ω3)

+ ζbησ
2 (1− γb) 2

+ (ζw − ζb)ησ2
(
γ2b − γ2s

)
ωSHSF ≡ (1− ζbϕ)ησ2γb (1− γb)

− (ζw − ζb)ϕησ2γb (1− γb)
+ ζbησ

2 (1− γb) γb
+ (ζw − ζb)ησ2 (1− γb) γb
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Now, we rewrite the welfare approximation in (40) as:

− 2

1− τ̃

∞∑
t=0

βtE0

[
1

2

∫ 1
2

0

(
ŝit − 2

∫ 1

1
2

ŝitdi

)′
ΩsH ,sH

(
ŝit − 2

∫ 1

1
2

ŝitdi

)
di

+
1

2

∫ 1

1
2

(
ŝit − 2

∫ 1

1
2

ŝitdi

)′
ΩsF ,sF

(
ŝit − 2

∫ 1

1
2

ŝitdi

)
di

−
∫ 1

2

0

(
ŝit − 2

∫ 1
2

0
ŝitdi

)′
ΩsH ,u

(
ûit − 2

∫ 1
2

0
ûitdi

)
di

−
∫ 1

1
2

(
ŝit − 2

∫ 1

1
2

ŝitdi

)′
ΩsF ,u

(
ûit − 2

∫ 1

1
2

ûitdi

)
di

+

∫ 1
2

0
ŝitdi

′(ΩsH ,sH + ΩSH ,SH )

∫ 1
2

0
ŝitdi

+

∫ 1

1
2

ŝitdi
′(ΩsF ,sF + ΩSF ,SF )

∫ 1

1
2

ŝitdi

+2

∫ 1
2

0
ŝitdi

′ΩSH ,SF

∫ 1

1
2

ŝitdi

−2

∫ 1
2

0
ŝitdi

′ΩsH ,u

∫ 1
2

0
ûitdi

−2

∫ 1

1
2

ŝitdi
′ΩsF ,u

∫ 1

1
2

ûitdi

]
+ t.o.c. (42)

Notice that the components expressed as the difference between specific-country and
average-union variables can be considered terms out of control of the policy maker (even
if they should be taken into account in the welfare evaluation). Indeed, movements
in the common nominal interest rate can just influence the average union economic
performance. Thus, (42) can be read as:

− 2

1− τ̃

∞∑
t=0

βtE0

[∫ 1
2

0

ŝitdi
′(ΩsH ,sH + ΩSH ,SH )

∫ 1
2

0

ŝitdi+

∫ 1

1
2

ŝitdi
′(ΩsF ,sF + ΩSF ,SF )

∫ 1

1
2

ŝitdi

+2

∫ 1
2

0

ŝitdi
′ΩSH ,SF

∫ 1

1
2

ŝitdi− 2

∫ 1
2

0

ŝitdi
′ΩsH ,u

∫ 1
2

0

ûitdi− 2

∫ 1

1
2

ŝitdi
′ΩsF ,u

∫ 1

1
2

ûitdi

]

+ t.o.c. (43)

which approximates the welfare criterion in (36) in a purely quadratic way.

2.2.2 The welfare-relevant target

The next step consists in expressing (43) in deviations from the welfare-relevant target of the
monetary union. In order to do so, we need first to determine this target. Consider that (43)
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can be rewritten as:

− 1

1− τ̃

∞∑
t=0

βtE0

[
1

2
ŝ′H,t(ΩsH ,sH + ΩSH ,SH )ŝH,t +

1

2
ŝ′F,t(ΩsF ,sF + ΩSF ,SF )ŝF,t

+ŝ′H,tΩSH ,SF ŝF,t − ŝ′H,tΩsH ,uûH,t − ŝ′F,tΩsF ,uûF,t
]

+ t.o.c. (44)

which corresponds to:

− 1

1− τ̃

∞∑
t=0

βtE0

[1

2
$1,bŷ

2
H,t +$2,bĉH,tŷH,t +

1

2
$3,bĉ

2
H,t +

1

2
$4,bπ

2
H,t +

1

2
$5,bŷ

2
F,t

+$6,bĉF,tŷF,t +
1

2
$7,bĉ

2
F,t +$8,bŷH,tĉF,t +$9,bŷF,tĉH,t +$10,bĉH,tĉF,t

−$11,bŷH,tâH,t −$12,bŷH,tµ̂H,t −$13,bŷF,tâF,t −$14,bŷF,tµ̂F,t

]
+ t.o.c. (45)

where:

$1,b ≡ [1− ζb(ϕ+ 1)]ϕ

$2,b ≡ −ζbγbσ
$3,b ≡ (σ − 1)(1− τ̃) + (1− ζbϕ)δb − (ζw − ζb)ϕ(1− δb)− ησ2γb(1− γb)(1− ζwϕ+ ζw)

+ σ2[γbζb + (ζw − ζb)(1− γb)]

$4,b ≡ [1− ζb(ϕ+ 1)]
ε

λ
$5,b ≡ −(ζw − ζb)(ϕ+ 1)ϕ

$6,b ≡ −(ζw − ζb)γbσ
$7,b ≡ (1− ζbϕ)(1− δb)− (ζw − ζb)ϕδb − ησ2γb(1− γb)(1− ζwϕ+ ζw)

+ σ2[ζb(1− γb) + (ζw − ζb)γb]
$8,b ≡ −ζb(1− γb)σ
$9,b ≡ −(ζw − ζb)(1− γb)σ
$10,b ≡ ησ2γb (1− γb) (1− ζwϕ+ ζw)

$11,b ≡ [1− ζb(ϕ+ 1)](ϕ+ 1)

$12,b ≡ ζb(ϕ+ 1)

$13,b ≡ −(ζw − ζb)(ϕ+ 1)2

$14,b ≡ (ζw − ζb)(ϕ+ 1) (46)

The welfare-relevant target of the monetary authority in areaH can be found by maximizing
(44) subject to the aggregate market clearing conditions for areas H and F , namely:

ŷH,t = δbĉH,t + (1− δb)ĉF,t

ŷF,t = δbĉF,t + (1− δb)ĉH,t (47)

The Lagrangian associated with this problem can be written:

Lb =

∞∑
t=0

βtE0

[
1

2
ŝb
′

H,t(ΩsH ,sH + ΩSH ,SH )ŝbH,t +
1

2
ŝb
′

F,t(ΩsF ,sF + ΩSF ,SF )ŝbF,t

+ ŝb
′

H,tΩSH ,SF ŝ
b
F,t − ŝb

′

H,tΩsH ,uûH,t − ŝb
′

F,tΩsF ,uûF,t

+ φbH,t

(
ŝb
′

H,thSH + ŝb
′

F,thSF

)
+ φbF,t

(
ŝb
′

F,tfSF + ŝb
′

H,tfSH

)]
(48)
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where the superscript b indicates the target of the big economy monetary policy maker. Using
the first-order conditions of Lb with respect to ŝb

′

H,t, ŝ
b′

F,t, φ
b
H,t and φbF,t we obtain:

(ΩsH ,sH + ΩSH ,SH )ŝbH,t + ΩSH ,SF ŝ
b
F,t − ΩsH ,uûH,t = −φbH,thSH − φbF,tfSH

(ΩsF ,sF + ΩSF ,SF )ŝbF,t + Ω′SH ,SF ŝ
b
H,t − ΩsF ,uûF,t = −φbF,tfSF − φbH,thSF

hSH ŝ
b
H,t + hSF ŝ

b
F,t = 0

fSF ŝ
b
F,t + fSH ŝ

b
H,t = 0. (49)

Alternatively, we can rewrite (49) as:

$1,bŷ
b
H,t +$2,bĉ

b
H,t +$8,bĉ

b
F,t −$11,bâH,t −$12,bµ̂H,t = φbH,t

$5,bŷ
b
F,t +$6,bĉ

b
F,t +$9,bĉ

b
H,t −$13,bâF,t −$14,bµ̂F,t = φbF,t

$2,bŷ
b
H,t +$3,bĉ

b
H,t +$9,bŷ

b
F,t +$10,bĉ

b
F,t = −(δbφ

b
H,t + (1− δb)φbF,t)

$6,bŷ
b
F,t +$7,bĉ

b
F,t +$8,bŷ

b
H,t +$10,bĉ

b
H,t = −(δbφ

b
F,t + (1− δb)φbH,t)

$4,bπH,t = 0

ŷbH,t = δbĉ
b
H,t + (1− δb)ĉF,t

ŷbF,t = δbĉ
b
F,t + (1− δb)ĉbH,t. (50)

Since in equilibrium:
ŝHF,t = −σ(2γb − 1)(ĉF,t − ĉH,t). (51)

it can be shown that according to (50):5

[1− ζb(ϕ+ 1)] m̂c
e,b
H,t = ζb(ϕ+ 1)µ̂H,t + κbH ŝ

b
HF,t

− (ζw − ζb)(ϕ+ 1)m̂c
e,b
F,t = (ζw − ζb)(ϕ+ 1)µ̂F,t + κbF ŝ

b
HF,t

ŝbHF,t = κba(âF,t − âH,t) + κbµ(µ̂F,t − µ̂H,t) + κbµH µ̂H,t (52)

where m̂c
e,b
H,t and m̂c

e,b
F,t are defined consistently with m̂c

e
H,t ≡ (σ + ϕ) ŷH,t− δb−γb

2γb−1 ŝHF,t− (1 +

ϕ)âH,t and its foreign counterpart and

κbH ≡
(γb − δb) (1− (2ζb − ζw)(ϕ+ 1))

2(2γb − 1)

κbF ≡
(γb − δb) (1− (2ζb − ζw)(ϕ+ 1))

2(2γb − 1)

κba ≡
4(ζw − ζb)(ϕ+ 1)2σ(2γb − 1)

ab
[1− ζb(ϕ+ 1)]

κbµ ≡ −
4(ζw − ζb)(ϕ+ 1)σ(2γb − 1)

ab
[1− ζb(ϕ+ 1)]

κbµH ≡ −
4(ζw − ζb)(ϕ+ 1)σ(2γb − 1)

ab
(53)

with:

ab ≡ (σ(2δb − 1) + ϕ(2γb − 1)) (1− ζw(ϕ+ 1))
2 − (σ + ϕ)(2δb − 1) (1− (2ζw − ζw)(ϕ+ 1))

2

The first two conditions in (52) determine the target for the fluctuations in the efficient marginal
cost in areas H and F , whereas the other condition expresses the target for the terms-of-trade
fluctuations as a function of the exogenous shocks.

5This result is not straightforward. A formal proof is available on request.
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2.2.3 The optimal policy

By conditions (50) and (51), we can rewrite the objective of the policy maker of the monetary
union in area H in deviations from the welfare-relevant targets as:6

− 1

(1− τ̃)

∞∑
t=0

βt
1

2
E0

[
$15,b(ỹ

b
H,t)

2 +$16,b(s̃
b
HF,t)

2 +$17,b(ỹ
b
F,t)

2 +$4,b(πH,t)
2
]

+ t.o.c. (54)

where:

$15,b ≡
1

(2δb − 1)

[
δb ($2,b −$6,b) +

1

2
($3,b −$7,b)− (1− δb) ($8,b −$9,b)

]
+$1,b +$2,w +

1

2
$3,w +$5,w +

1

2
$6,w +$7,w +$10,b

$16,b ≡
1

σ2(2γb − 1)2
[(1− δb)(2δb − 1)($2,w +$5,w) + (1− δb)δb($3,w +$6,w)

−(1− δb)(2δb − 1)$7,w − (1− δb)2$10,b

]
$17,b ≡−

1

(2δb − 1)
[δb ($2,b −$6,b) +

1

2
($3,b −$7,b)− (1− δb) ($8,b −$9,b)]

+$5,b +$2,w +
1

2
$3,w +$5,w +

1

2
$6,w +$7,w +$10,b (55)

with:

$2,w ≡ −ζwγsσ
$3,w ≡ (1− τ̃)(σ − 1) + (ζwσ

2 + (1− ζwϕ))− (1− γ2s )ησ2(ζw + (1− ζwϕ))

$5,w ≡ −ζwσ(γb − γs)
$6,w ≡

(
1− γ2s − 2 (1− γb) γb

)
ησ2 (ζw + (1− ϕζw))

$7,w ≡ −σ (1− γb) ζw

Moreover, x̃bt stands for the deviation of the variable x̂t from its target x̂bt . Before we formulate
the optimal monetary policy problem, we should rearrange its constraints as:

ỹbH,t = ỹbF,t +
(2δb − 1)

σ(2γb − 1)
s̃bHF,t

πH,t = λ

[
(ϕ+ σ)ỹbH,t +

(γb − δb)
(2γb − 1)

s̃bHF,t

]
+ βEt{πH,t+1}+ υbH,t

πF,t = λ

[
(ϕ+ σ)ỹbF,t −

(γb − δb)
(2γb − 1)

s̃bHF,t

]
+ βEt{πF,t+1}+ υbF,t (56)

for all t and where:

υbH,t ≡
λ

1− ζb(ϕ+ 1)

[(
1 + κbHκ

b
µH

)
µ̂H,t + κbHκ

b
µ(µ̂F,t − µ̂H,t) + κbHκ

b
a(âF,t − âH,t)

]
υbF,t ≡ −

λ

(ζw − ζb)(ϕ+ 1)

[
κbFκ

b
µH µ̂H,t + κbFκ

b
µ(µ̂F,t − µ̂H,t) + κbFκ

b
a(âF,t − âH,t)

]
6As for the case of the small open economy, first we show that conditions (50) determine the welfare-

relevant target of the monetary union, i.e., that (45) can be rewritten in deviations from the allocation
satisfying (50). Then, we use condition (51) to express (45) as a function of ỹbH,t, ỹ

b
F,t and s̃bHF,t exclusively.
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Then, the optimal policy problem of the big economy policy maker can be solved by minimizing
the following Lagrangian:

Lb =

∞∑
t=0

βtE0

{
1

2

[
$15,b(ỹ

b
H,t)

2 +$16,b(s̃
b
HF,t)

2 +$17,b(ỹ
b
F,t)

2 +$4,b(πH,t)
2
]

+ ψb1,t

[
πH,t − λ

(
(ϕ+ σ)ỹbH,t +

γb − δb
2γb − 1

s̃bHF,t

)
− υbH,t

]
− ψb1,t−1πH,t

+ ψb2,t

[
πF,t − λ

(
(ϕ+ σ)ỹbF,t −

γb − δb
2γb − 1

s̃bHF,t

)
− υbF,t

]
− ψb2,t−1πF,t

+ ψb3,t

[
ỹbH,t − ỹbF,t −

2δb − 1

σ(2γb − 1)
s̃bHF,t

]}
(57)

with respect to ỹbH,t, s̃
b
HF,t, ỹ

b
F,t and πH,t. The corresponding first-order conditions are:

$15,bỹ
b
H,t = ψb1,tλ(ϕ+ σ)− ψb3,t

$16,bs̃
b
HF,t = ψb1,tλ

γb − δb
2γb − 1

− ψb2,tλ
γb − δb
2γb − 1

+ ψb3,t
2δb − 1

σ(2γb − 1)

$17,bỹ
b
F,t = ψb2,tλ(ϕ+ σ) + ψb3,t

$4,bπH,t = −
(
ψs1,t − ψs1,t−1

)
. (58)

The solution to this problem determines the best response of the area H policy maker under
regime B, given the state-contingent path of πF,t. Notice that once the average-union variables
are recovered, the region-specific variables can be found by using the corresponding equilibrium
conditions. At the same time, the optimal best responses under both regime A and B can be
determined by solving the symmetric problem for the monetary union in area F . Indeed,
under this formulation, the optimal policy problem of the authority in area F is independent of
whether in area H the small open economies are under monetary autonomy or share the same
currency.

2.3 The case of cooperation

As a last step, we solve the optimal policy problem when there is one single policy maker for
the entire economy.

2.3.1 The approximation of the welfare criterion

The average welfare of the world economy can be approximated to the second order as:

1

1− τ̃

∞∑
t=0

βtE0

{∫ 1
2

0

[
ŝi
′

t ws −
1

2
ŝi
′

t Ws,sŝ
i
t + ŝi

′

t Ws,uû
i
t

]
di

+

∫ 1

1
2

[
ŝi
′

t ws −
1

2
ŝi
′

t Ws,sŝ
i
t + ŝi

′

t Ws,uû
i
t

]
di

}
+ t.i.p. (59)

where ws, Ws,s and Ws,u were defined in the Appendix 2.1. It is easy to show that

ws = (1− ϕζw)hSH + (1− ϕζw)ϕfSH − ζwkSH − ζwrSH

ws = (1− ϕζw)hSF + (1− ϕζw)ϕfSF − ζwkSF − ζwrSF (60)
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− 1

1− τ̃

∞∑
t=0

βtE0

[
1

2

∫ 1
2

0

ŝi
′

t ΩwsH ,sH ŝ
i
tdi+

1

2

∫ 1

1
2

ŝi
′

t ΩwsF ,sF ŝ
i
tdi+

∫ 1
2

0

ŝitdi
′ΩwSH ,SH

∫ 1
2

0

ŝitdi

+

∫ 1

1
2

ŝitdi
′ΩwSF ,SF

∫ 1

1
2

ŝitdi+ 2

∫ 1
2

0

ŝitdi
′ΩwSH ,SF

∫ 1

1
2

ŝitdi−
∫ 1

2

0

ŝi
′

t ΩwsH ,uû
i
tdi

−
∫ 1

1
2

ŝi
′

t ΩwsF ,uû
i
tdi

]
+ t.i.p. (61)

where:

ΩwsH ,sH ≡Ws,s + (1− ϕζw)HsH ,sH + (1− ϕζw)FsH ,sH − ζwKsH ,sH − ζwRsH ,sH
ΩwsF ,sF ≡Ws,s + (1− ϕζw)HsF ,sF + (1− ϕζw)FsF ,sF − ζwRsF ,sF − ζwKsF ,sF

ΩwSH ,SH ≡
1
2 (1− ϕζw)HSH ,SH + 1

2 (1− ϕζw)FSH ,SH − 1
2ζwKSH ,SH − 1

2ζwRSH ,SH

ΩwSF ,SF ≡
1
2 (1− ϕζw)HSF ,SF + 1

2 (1− ϕζw)FSF ,SF − 1
2ζwKSF ,SF − 1

2ζwRSF ,SF

ΩwSH ,SF ≡
1
2 (1− ϕζw)HSH ,SF + 1

2 (1− ϕζw)F ′SF ,SH −
1
2ζwKSH ,SF − 1

2ζwR
′
SF ,SH

ΩwsH ,u ≡Ws,u − ζwKsH ,u ΩwsF ,u ≡Ws,u − ζwRsF ,u

with ζw = τ̃
σ+ϕ and ΩwsH ,sH , ΩwSH ,SH , ΩwSH ,SF and ΩwsH ,u respectively equal to:

 (1− ζw(ϕ+ 1))ϕ −σγsζw 0
−σγsζw (1− τ̃)(σ − 1) + (ζwσ

2 + (1− ζwϕ))− (1− γ2s )ησ2(ζw + (1− ζwϕ)) 0

0 0 ε(1−ζw(ϕ+1))
λ


 0 −σ (γb − γs) ζw 0
−σ (γb − γs) ζw

(
1− γ2s − 2 (1− γb) γb

)
ησ2 (ζw + (1− ϕζw)) 0

0 0 0


 0 −σ (1− γb) ζw 0
−σ (1− γb) ζw 2 (1− γb) γbησ2 (ζw + (1− ϕζw)) 0
0 0 0


 (1− ζw(ϕ+ 1))(ϕ+ 1) ζw(ϕ+ 1)

0 0
0 0


At the same time, ΩwsF ,sF = ΩwsH ,sH , ΩwSF ,SF = ΩwSH ,SH and ΩwsF ,u = ΩwsH ,u. Alternatively, (61)
can be written as:

− 1

1− τ̃

∞∑
t=0

βtE0

[
1

2
$1,w

∫ 1

0

(ŷit)
2di+$2,w

∫ 1

0

ĉitŷ
i
tdi+

1

2
$3,w

∫ 1

0

(ĉit)
2di+

1

2
$4,w

∫ 1

0

(πi,t)
2di

+ 2$5,w

(∫ 1
2

0

ŷitdi

∫ 1
2

0

ĉitdi+

∫ 1

1
2

ŷitdi

∫ 1

1
2

ĉitdi

)
+$6,w

(∫ 1
2

0

ĉitdi

∫ 1
2

0

ĉitdi+

∫ 1

1
2

ĉitdi

∫ 1

1
2

ĉitdi

)

+ 2$7,w

(∫ 1

1
2

ŷitdi

∫ 1
2

0

ĉitdi+

∫ 1
2

0

ŷitdi

∫ 1

1
2

ĉitdi

)
+ 2$8,w

∫ 1

1
2

ĉitdi

∫ 1
2

0

ĉitdi−$9,w

∫ 1

0

ŷitâ
i
tdi

−$10,w

∫ 1

0

ŷitµ̂
i
tdi

]
+ t.i.p. (62)
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where:

$1,w ≡ [1− ζw(ϕ+ 1)]ϕ

$2,w ≡ −ζwγsσ
$3,w ≡ (1− τ̃)(σ − 1) + (ζwσ

2 + (1− ζwϕ))− (1− γ2s )ησ2(ζw + (1− ζwϕ))

$4,w ≡ [1− ζw(ϕ+ 1)]
ε

λ
$5,w ≡ −ζwσ(γb − γs)
$6,w ≡

(
1− γ2s − 2 (1− γb) γb

)
ησ2 (ζw + (1− ϕζw))

$7,w ≡ −σ (1− γb) ζw
$8,w ≡ 2 (1− γb) γbησ2 (ζw + (1− ϕζw))

$9,w ≡ [1− ζw(ϕ+ 1)] (ϕ+ 1)

$10,w ≡ ζw(ϕ+ 1) (63)

Condition (61) represents a purely quadratic approximation to the welfare criterion in (59).

2.3.2 The welfare-relevant target

The welfare-relevant target of the cooperative policy maker can be determined by maximizing
(61) subject to (21) for all i ∈ [0, 12 ) and their foreign counterparts. The Lagrangian associated
with this problem can be written as:

Lw =

∞∑
t=0

βtE0

[
1

2

∫ 1
2

0

ŝi,w
′

t ΩwsH ,sH ŝ
i,w
t di+

1

2

∫ 1

1
2

ŝi,w
′

t ΩwsF ,sF ŝ
i,w
t di+

∫ 1
2

0

ŝi,wt di′ΩwSH ,SH

∫ 1
2

0

ŝi,wt di

+

∫ 1

1
2

ŝi,wt di′ΩwSF ,SF

∫ 1

1
2

ŝi,wt di+ 2

∫ 1
2

0

ŝi,wt di′ΩwSH ,SF

∫ 1

1
2

ŝi,wt di

−
∫ 1

2

0

ŝiw
′

t ΩwsH ,uû
i
tdi−

∫ 1

1
2

ŝiw
′

t ΩwsF ,uû
i
tdi

+

∫ 1
2

0

φwi,t

(
ŝi,w

′

t gs +

∫ 1
2

0

ŝi,wt di′gSH +

∫ 1

1
2

ŝi,wt di′gSF

)
di

+

∫ 1

1
2

φwi,t

(
ŝi,w

′

t gs +

∫ 1

1
2

ŝi,wt di′gSH +

∫ 1
2

0

ŝi,wt di′gSF

)
di

]
(64)

where the superscript w indicates the target of the cooperative policy market. By integrating

the first-order conditions of Lw with respect to ŝi,w
′

t and φwi,t, we obtain:

(ΩwsH ,sH + ΩwSH ,SH )ŝwH,t + ΩwSH ,SF ŝ
w
F,t − ΩwsH ,uûH,t = −φwH,t(gs +

1

2
gSH )− φwF,t

1

2
gSF

(ΩwsF ,sF + ΩwSF ,SF )ŝwF,t + Ωw
′

SH ,SF ŝ
w
H,t − ΩwsF ,uûF,t = −φwF,t(gs +

1

2
gSH )− φwH,t

1

2
gSF

(gs +
1

2
gSH )ŝwH,t +

1

2
gSF ŝ

w
F,t = 0

(gs +
1

2
gSH )ŝwF,t +

1

2
gSF ŝ

w
H,t = 0. (65)

Alternatively:

$1,wŷ
w
H,t + ($2,w +$5,w)ĉwH,t +$7,w ĉ

w
F,t −$9,wâH,t −$10,wµ̂H,t = φwH,t

$1,wŷ
w
F,t + ($2,w +$5,w)ĉwF,t +$7,w ĉ

w
H,t −$9,wâF,t −$10,wµ̂F,t = φwF,t

($2,w +$5,w)ŷwH,t + ($3,w +$6,w)ĉwH,t +$7,wŷ
w
F,t +$8,w ĉ

w
F,t = −(δbφ

w
H,t + (1− δb)φwF,t)
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($2,w +$5,w)ŷwF,t + ($3,w +$6,w)ĉwF,t +$7,wŷ
w
H,t +$8,w ĉ

w
H,t = −(δbφ

w
F,t + (1− δb)φwH,t)

$4,wπH,t = 0

$4,wπF,t = 0

ŷwH,t = δbĉ
w
H,t + (1− δb)ĉwF,t

ŷwF,t = δbĉ
w
F,t + (1− δb)ĉwH,t (66)

It can be shown that the conditions above imply that:

[1− ζw(ϕ+ 1)] m̂c
e,w
H,t = ζw(ϕ+ 1)µ̂H,t

[1− ζw(ϕ+ 1)] m̂c
e,w
F,t = ζw(ϕ+ 1)µ̂F,t

ŝwHF,t = κwa (âF,t − âH,t) + κwµ (µ̂F,t − µ̂H,t) (67)

where m̂c
e,w
H,t and m̂c

e,w
F,t are defined as above and:

κwa ≡
(2δb − 1)(ϕ+ 1)

(2δb − 1)ϕ+ (2γb − 1)σ

κwµ ≡
(2δb − 1)ζw(ϕ+ 1)

(1− ζw(ϕ+ 1)) [(2δb − 1)ϕ+ (2γb − 1)σ]
(68)

The first two conditions in (67) determine the target of the cooperative policy maker for the
fluctuations of the efficient marginal cost. The other conditions are the market clearing condi-
tions and the condition that expresses the target of the fluctuations in the terms of trade as a
function of the underlying shocks of the model. By using (25), (26) and (51) and the first-order
conditions of Lw, we can express (62) in deviations from the welfare-relevant target as:

− 1

1− τ̃

∞∑
t=0

βt
1

2
E0

[
$11,w(

∫ 1
2

0

(s̃wiH,t)
2di+

∫ 1

1
2

(s̃wiF,t)
2di) +$12,w((ỹwH,t)

2 + (ỹwF,t)
2)

+$13,w(s̃wHF,t)
2 +$4,w

∫ 1

0

(πi,t)
2di

]
+ t.i.p. (69)

where:

$11,w ≡
1

σ2γ2s

[
δ2s$1,w + 2δs$2,w +$3,w

]
$12,w ≡

1

2
$1,w +$2,w +

1

2
$3,w +$5,w +

1

2
$6,w +$7,w +

1

2
$8,w

$13,w ≡
1

σ2(2γb − 1)2
[(2δb − 1) (1− δb)($2,w +$3,w +$5,w) + δb ((1− δb)$6,w

− (2δb − 1))$7,w −
1

2

(
(1− δb)2 + δ2b

)
$8,w

]
(70)

Given (69), the objective of the world monetary union policy maker can be written as:

− 1

1− τ̃

∞∑
t=0

βtE0

[
1

2
$12,w((ỹwH,t)

2 + (ỹwF,t)
2) +

1

2
$13,w(s̃wHF,t)

2 +
1

2
$4,w(π2

H,t + π2
F,t)

]
+ t.o.c. (71)

In condition (71), similarly to the case of a monetary union in areas H and F , we consider
the difference between region-specific and average-area variables as terms out of control of the
world monetary union policy maker. This assumption does not affect the choice of the optimal
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policy. Then, the timelessly optimal monetary policy can be retrieved by maximizing (71)
subject to the following sequence of constraints:

ỹwH,t = ỹwF,t +
1− δb

σ(2γb − 1)
s̃wHF,t

πH,t = λ

[
(ϕ+ σ)ỹwH,t +

γb − δb
2γb − 1

s̃wHF,t

]
+ βEt{πH,t+1}+ υwH,t

πF,t = λ

[
(ϕ+ σ)ỹwF,t −

γb − δb
2γb − 1

s̃wHF,t

]
+ βEt{πF,t+1}+ υwF,t

πF,t − πH,t = ∆s̃wHF,t + υwHF,t (72)

for all t and the constraints on πH,0 and πF,0 that render the policy timelessly optimal. In
addition in (72) we define

υwH,t ≡
λµHt

1− ζw(ϕ+ 1)

υwF,t ≡
λµFt

1− ζw(ϕ+ 1)

υwHF,t ≡ κwa (∆âF,t −∆âH,t) + κwµ (∆µ̂F,t −∆µ̂H,t)

and x̃wt ≡ x̂t − x̂wt so that x̃wt represents the gap of the variable x̂t from its target x̂wt . The
associated Lagrangian can be written as:

Lw =

∞∑
t=0

βtE0

{
1

2

[
$12,w((ỹwH,t)

2 + (ỹwF,t)
2) +$13,w(s̃wHF,t)

2 +$4,w(π2
H,t + π2

F,t)
]

+ ψw1,t

[
πH,t − λ

(
(ϕ+ σ)ỹwH,t +

γb − δb
2γb − 1

s̃wHF,t

)
− υwH,t

]
− ψw1,t−1πH,t

+ ψw2,t

[
πF,t − λ

(
(ϕ+ σ)ỹwF,t −

γb − δb
2γb − 1

s̃wHF,t

)
− υwF,t

]
− ψw2,t−1πF,t

+ ψw3,t

[
ỹwH,t − ỹwF,t −

2δb − 1

σ(2γb − 1)
s̃wHF,t

]
+ ψw4,t

[
πF,t − πH,t −∆s̃wHF,t − υwHF,t

]}
. (73)

The first-order conditions of Lw with respect to ỹwH,t, s̃
w
HF,t, ỹ

w
F,t, πH,t and πF,t are:

$12,wỹ
w
H,t = ψw1,tλ(ϕ+ σ)− ψw3,t

$13,ws̃
w
FH,t = ψw1,tλ

γb − δb
2γb − 1

− ψw2,tλ
γb − δb
2γb − 1

+ ψw3,t
2δb − 1

σ(2γb − 1)
+ ψw4,t − βEt

{
ψw4,t+1

}
$12,wỹ

w
F,t = ψw2,tλ(ϕ+ σ) + ψw3,t

$4,wπH,t = −
(
ψw1,t − ψw1,t−1

)
+ ψw4,t

$4,wπF,t = −
(
ψw2,t − ψw2,t−1

)
− ψw4,t. (74)

3 Parametrization of shocks

As anticipated in the main text, we assume that:

âit+1 = ρaâ
i
t + εia,t

µ̂it+1 = ρµµ̂
i
t + εiµ,t (75)

where εia,t and εiµ,t are white noise innovations with zero mean and standard deviation equal
to σa and σµ respectively. Moreover, the innovations to productivity and mark-up shocks can
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be decomposed into purely idiosyncratic and common components, i.e.,:

εia,t = ηa,t + ηia,t

εiµ,t = ηµ,t + ηiµ,t

with ηia,t ≡ εia,t − ηa,t and ηiµ,t ≡ εiµ,t − ηµ,t being the idiosyncratic components. We assume
that:

Cov
{
ηia,t, η

j
a,t

}
=

{
σ2
a,ηi i = j

0 i 6= j

and

Cov
{
ηiµ,t, η

j
µ,t

}
=

{
σ2
µ,ηi i = j

0 i 6= j.

Notice that as a consequence:

Cov
{
εia,t, ε

j
a,t

}
=

{
σ2
a,η + σ2

a,ηi i = j

σ2
a,η i 6= j

and

Cov
{
εiµ,t, ε

j
µ,t

}
=

{
σ2
µ,η + σ2

µ,ηi i = j

σ2
µ,η i 6= j.

4 The desired steady-state levels under incom-

plete financial markets

In this appendix we formulate the optimal policy problem to find the optimal subsidy and the
corresponding desired levels of steady-state output under incomplete financial markets. Under
financial autarky the good market equilibrium condition implies:

Y it = αs

(
Pi,t
PCi,t

)−η [
Cit + 2(αb − αs)Qηi,HΥH,t + 2(1− αb)Qηi,FΥF,t

]
(76)

for all i and with Y it ≡
[∫ 1

0
yt(h

i)
ε−1
ε dhi

] ε
ε−1

, ΥH,t ≡
∫ 1

2

0
Q−ηj,HC

j
t dj and ΥF,t ≡

∫ 1
1
2
Q−ηj,FC

j
t dj.

Moreover, Qi,H ≡
P∗H,t

EHi,tPCi,t
for all i ∈ [0, 1], Qi,F ≡

P∗F,t
EFi,tPCi,t

for all i ∈ [0, 1]. At the same

time, Qi,H , Qi,F can be determined as:

Qi,H =

[
αbS

1−η
i,H + (1− αb)S1−η

i,F

αs + (αb − αs)S1−η
iH + (1− αb)S1−η

iF

] 1
1−η

i ∈ [0,
1

2
)

Qi,H =

[
αbS

1−η
i,H + (1− αb)S1−η

i,F

αs + (αb − αs)S1−η
iF + (1− αb)S1−η

iH

] 1
1−η

i ∈ [
1

2
, 1] (77)

while
Pi,t
PCi,t

can be written as:

Pi,t
PCi,t

=
[
αs + (αb − αs)S1−η

iH + (1− αb)S1−η
iF

]− 1
1−η

i ∈ [0,
1

2
). (78)

Symmetric conditions apply to Qi,F and
Pi,t
PCi,t

with i ∈ [ 12 , 1]. In addition, under financial

autarky the value of production of each small open economy should be equal to the domestic
expenditure for home produced goods i.e.,:

Pi,t
PCi,t

Y it = Cit (79)
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for all i.
In order to find the desired level of output at the steady state under cooperation, we

maximize:

E0

∞∑
t=0

βt

[∫ 1

0

(
Cit

1−σ

1− σ
− 1

ϕ+ 1

(
Y it
Ait

)ϕ+1
)
di

]
(80)

with respect to Cit , Y
i
t , Si,H , Si,F , SH,F and SF,H for all i ∈ [0, 1], subject to (76), (79) and

their foreign counterparts and taking into account that: 1) SH,F =
Si,F
Si,H

for all i ∈ [0, 12 ),

SF,H =
Si,H
Si,F

for all i ∈ [ 12 , 1] and SH,F = 1
SF,H

; 2) Qi,H , Qi,F and Pi,t/PCi,t are determined

according to (77), (78) and their foreign analogues.
Consider now the case of the small open economy i. Under financial autarky, the desired

steady state from the small open policy maker’s perspective can be retrieved by maximizing:

E0

∞∑
t=0

βt

[
Cit

1−σ

1− σ
− 1

ϕ+ 1

(
Y it
Ait

)ϕ+1
]

with respect to Cit , Y
i
t , Si,H and Si,F subject to (76) and (79) and where Qi,H , Qi,F and

Pi,t/PCi,t are determined consistently with to (77), its foreign akin and (78), while – differently

from the case of cooperation – ΥH,t and ΥF,t are taken as given. Moreover, SH,F =
Si,F
Si,H

for

all i ∈ [0, 12 ).
In the case of the monetary union policy maker in area H, the desired level of steady-state

output can be determined by maximizing:

E0

∞∑
t=0

βt

[
2

∫ 1
2

0

(
Cit

1−σ

1− σ
− 1

ϕ+ 1

(
Y it
Ait

)ϕ+1
)
di

]
(81)

Cit , Y
i
t , Si,H , Si,F , SH,F and SF,H for all i ∈ [0, 1] and subject to:

Pi,t
PCi,t

=
(1− τ̃)

Ait
ϕ+1

Y it
ϕ

Cit
−σ (82)

for all i ∈ [ 12 , 1], the constraints (76), (79) and their foreign counterparts.7 In addition the

authority of the monetary union takes into account that: 1) SH,F =
Si,F
Si,H

for all i ∈ [0, 12 ),

SF,H =
Si,H
Si,F

for all i ∈ [ 12 , 1] and SH,F = 1
SF,H

; 2) Qi,H , Qi,F and Pi,t/PCi,t can be recovered

from (77), (78) and their foreign counterparts.
Finally, it can be shown that if the steady state is symmetric once we allow for trade in

one riskless international bond, the desired levels of output at the steady state are the same as
those resulting from the optimal policy problems just stated.

7Condition (82) implicitly states that the policy maker of Area H takes as given the strategy τ̃ chosen
by a symmetric policy maker in Area F .
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