NEW EXAMPLES OF GROUPS ACTING ON REAL TREES

ASHOT MINASYAN

ABSTRACT. We construct the first example of a finitely generated group which has Serre’s
property (FA) (i.e., whenever it acts on a simplicial tree it fixes a vertex), but admits a
fixed point-free action on an R-tree with finite arc stabilizers. We also give a short and
elementary construction of finitely generated groups that have property (FA) but do not
have (FR).

1. INTRODUCTION

In the 1970’s Bass and Serre developed the theory of groups acting on simplicial trees
(see [27]). In particular, they proved that if a finitely generated group G acts on a simplicial
tree non-trivially (i.e., without a global fixed point) and without edge inversions, then G
splits as the fundamental group of a finite graph of groups, where vertex groups are proper
subgroups of GG. Since then there has been a lot of interest in establishing similar results for
actions on more general (non-simplicial) trees. For example, Gillet and Shalen [17] proved
that if A is a subgroup of R of Q-rank 1, then any finitely presented group admitting a
non-trivial action without inversions on a A-tree splits (as an amalgamated product or an
HNN-extension) over a proper subgroup.

In the case when A = R, the first breakthrough was due to Rips, who laid the foundation
for the theory of groups acting on R-trees. In particular, he proved that if a finitely presented
group G admits a free isometric action on an R-tree then G is isomorphic to the free product
of free abelian and surface groups. Even though Rips never published his work on this topic,
two different proofs of Rips’s theorem for finitely generated groups appear in the paper of
Bestvina and Feighn [7] and in the paper [16] of Gaboriau, Levitt and Paulin.

In [7] Bestvina and Feighn generalized Rips’s theory to cover non-free actions. More
precisely, they proved that if a finitely presented group G acts non-trivially and stably on
some R-tree T, then G splits over an extension E-by-finitely generated abelian group, where
FE fixes an arc of 1. Here the action is called stable if every non-degenerate subtree S of
T contains a non-degenerate subtree S’ C S such that the pointwise stabilizer St (S”), of
any non-degenerate subtree S” C S, coincides with the pointwise stabilizer Stg(S’), of S’
in G (e.g., this happens if for any descending chain of arcs in A; O As O ... in T, there is
N € N such that Stg(A;) = Stg(A4;) for all 4,5 > N).

The next important contribution to this theory was made by Sela [26]. He showed that
if a freely indecomposable finitely generated group G acts non-trivially and super-stably on
an R-tree T" with trivial tripod stabilizers then T has a particular structure and G has an
associated decomposition as a fundamental group of a graph of groups (for the definition
of super-stability see [21, p. 160]). In a more recent work [21], Guirardel gave an example
showing that super-stability is a necessary assumption in Sela’s theorem; he also generalized
this result by substituting some of its assumptions with weaker ones.

As the above results show, in many cases the existence of a non-trivial action of a group
G on an R-tree (or a A-tree) T implies that G has a non-trivial splitting, and thus it acts
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non-trivially on the simplicial Bass-Serre tree associated to this splitting. In fact, Shalen
[28] asked whether this is true in general, i.e., if every finitely generated group admitting a
non-trivial action on an R-tree also admits a non-trivial action (without edge inversions) on
some simplicial tree. A clear indication that the answer to this question should be negative
was given by Dunwoody in [12], who constructed an example of a finitely generated group
which has a non-trivial unstable action on some R-tree with finite cyclic arc stabilizers,
but cannot act non-trivially on a simplicial tree with small edge stabilizers (although, as
observed in [12], this group does possess a non-trivial action on some simplicial tree).

Recall that a group G is said to have Serre’s property (FA) if any simplicial action of G
on a simplicial tree (by isometries and without edge inversions) fixes a vertex; similarly, G
has property (FR) if it cannot act non-trivially on any R-tree. Clearly (FR) implies (FA),
and Shalen’s question above asks whether the converse is true for finitely generated groups.
The aim of this work is to produce counterexamples to this question. More precisely, our
main result is the following:

Theorem 1.1. There exists a finitely generated group L which has property (FA) and admits
a non-trivial action on some R-tree T', such that the arc stabilizers for this action are finite.
Moreover, L is not a quotient of any finitely presented group with property (FA).

The theorem of Sela [26] mentioned above implies that a finitely generated group which
acts non-trivially on an R-tree with trivial arc stabilizers cannot have (FA), and Guirardel’s
work [21] shows that the same is true if one allows finite arc stabilizers of bounded size. In
Theorem 1.1 the stabilizers of a nested sequence of arcs will normally form a strictly increas-
ing sequence of finite groups, in particular the action of L on 7T is unstable. Nonetheless, our
construction is sufficiently flexible and allows to ensure that the finite arc stabilizers have
some extra properties. For example, one can take them to be p-groups (see Theorem 5.6
and the discussion above Lemma 6.3 in Section 6).

The last claim of Theorem 1.1 can be compared with the fact that any finitely generated
group with property (FR) is a quotient of a finitely presented group with this property
(this follows from a theorem of Culler and Morgan [11] establishing the compactness of the
space of projective length functions for non-trivial actions of any given finitely generated
group on R-trees; different proofs of this fact, using ultralimits, were given by Gromov [19]
and Stalder [29]).

The pair (L,T') from Theorem 1.1 is constructed as the limit of a strongly convergent
sequence (L;, T;)ien, where each L; is a group splitting as a free amalgamated product over
a finite subgroup and 7; is the Bass-Serre tree associated to this splitting. The morphism
from T; to Tj4+1 is not simplicial (but it is a morphism of R-trees), as it starts with edge
subdivision and then applies a sequence of edge folds (see Section 4). We analyze this
morphism carefully in order to control the arc stabilizers for the resulting action of L on T
The construction of L; uses an auxiliary group M satisfying certain properties (see (P1)-
(P4) below). The main technical content of the paper is in Section 6, where we construct a
suitable group M using small cancellation theory over hyperbolic groups, and in Section 5,
where we prove that the corresponding sequence (L;, T;)ien is strongly convergent (in the
sense of Gillet and Shalen [17]).

Theorem 1.1 also shows that finite presentability is a necessary assumption in the result
of Gillet and Shalen mentioned above (when the Q-rank of A is 1), because the group L
can be seen to act non-trivially on a D-tree, where D denotes the group of dyadic rationals
— see Remark 7.1 below.

However, we start this paper with a short and elementary proof that finitely generated
groups which have (FA) but do not have (FR) exist, a fact first proved in our preprint [14]
with M. Dunwoody, — see Section 2. It is based on the idea that it is possible to avoid
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many technicalities required for the proof of Theorem 1.1 if one is ready to give up the
control over the limit R-tree. Indeed, the amalgamated products L; and the epimorphisms
oi » Ly — L;11,1 € N, can be constructed in a purely algebraic way starting from any finitely
generated group M with the first two properties (P1), (P2) below, and (P3) is enough to
ensure that the direct limit L = lim; ,o(L;, ¢;) has property (FA). The fact that L acts
non-trivially on some R-tree 7" can be established by using the general ‘existence’ result
of Culler and Morgan [11] mentioned above (in contrast, the construction of the R-tree T
from Theorem 1.1 is quite explicit). This also gives an extra benefit that the auxiliary
group M is easier to construct, as it does not have to satisfy the last property (P4) (which
is needed to prove that the convergence of (L;,T;);cn is strong). The main disadvantage of
this approach is that we have no control over the arc stabilizers for the action of L on the
R-tree T".

Acknowledgement. The author is grateful to Gilbert Levitt and Yves de Cornulier for
their comments on the first version of this article, and to the referee for giving many useful
remarks and suggestions.

2. A sHORT PROOF THAT (FA) DOEs NOT mMpLY (FR)

In this section we will present a short proof of a simplification of Theorem 1.1, which
gives no information about arc stabilizers:

Theorem 2.1. There exists a finitely generated group L which has property (FA) and
admits a non-trivial action on some R-tree, i.e., L does not have (FR). Moreover, L is not
a quotient of any finitely presented group with property (FA).

The first proof of Theorem 2.1 appeared in the preprint [14] in 2012. Unfortunately this
article was subsequently withdrawn from arXiv, due to a disagreement between its authors
and will not be published. The proof of Theorem 2.1 given in this section is inspired by
the ideas from [14], which were obtained in collaboration of the author with M. Dunwoody.
However, the construction here is quite different from the one in [14], as it uses a single
base group M with property (FA) instead of a sequence of such groups, which allows to
shorten the proof of the property (FA) for the limit group L. Moreover our argument below
is purely group-theoretic and, unlike the proof from [14], it does not require any familiarity
with the theory of tree foldings. Finally, the folding sequence employed in [14] cannot be
used to produce a strong limit of simplicial trees, which is an essential ingredient in our
proof of the main result (Theorem 1.1).

2.1. The groups L;. Given a group G, a subset S C G and elements g, h € G, throughout
the paper we will employ the notation h9 := ghg™! and S9 := {gsg~! | s € S}. We will
also use N to denote the set of natural numbers {1,2,... } (without zero).

The proof of Theorem 2.1 will make use of a finitely generated group M, containing
a strictly ascending sequence of subgroups Gy < G < G2 < ... together with elements
a; € M, 1 € N, such that the following two conditions are satisfied for all i € N:

(P1) a; centralizes G;—1 in M;
(P2) M = (G;,G}").

For each ¢ € N, let M; be a copy of M with a fixed isomorphism 3; : M — M;. Let
Li == M xqg,_,—p,(c,_,) Mi be the amalgamated free product of M and M;, given by the
following presentation:

(1) Li=(M,M; | g=pBi(g) for all g € Gi_1).
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2.2. The epimorphism from L; to L;;. The next lemma defines an epimorphism from
L; to L;y1 and lists some of its properties.

Lemma 2.2. For each i € N there is a unique homomorphism ¢; : Ly — L;11 such that
(2) ¢i(9) =g VgeM, and ¢i(h) = Bis1(ai)B; ' (h)Bir1(a; ') Vhe M.

Moreover, the homomorphism ¢; has the following properties:
(i) the restrictions of ¢; to M < L; and to M; < L; are injective, ¢;(M) = M < L;yq
and ¢;(M;) = MP+1(9%) L L 1q;
(i) ¢; : L; — Litq1 is surjective;

(iii) i+1 — <¢z( z) z+1>

Proof. By the universal property of amalgamated free products, to verify that the homo-
morphism ¢; satisfying (2) exists, we just need to check that it is well-defined on the amal-
gamated subgroup G,;_1 = (;(G;—1). So, suppose that h = ;(g) € M; for some g € G;_1.
Then, recalling that g = 8;1+1(g) in L;y1 by definition and g% = g in M by (P1), we get

¢i(h) = Biv1(a:) B (M) Biv1(a;h) = gP1%) = By (¢%) = Bivi(g) =

Thus ¢;(h) = g = ¢i(g), as required. Evidently the homomorphism ¢; : Li — Lit1,
satisfying (2), is unique because L; is generated by M and M;.

Claim ( 1) follows immediately from the definition of ¢;. Now, the group M, is generated
by Bi+1(G;) and Bi1(G;") by condition (P2), which implies that in L;y; one has

Lit1 = (M, Bi11(Gy), Bir1(Gf)) = (M, MO0y = (¢y(M), ¢:(M;)) = i(Ls),
yielding claim (ii). To prove claim (iii), notice that
Lz'Jrl = <M, Mi+1> = <Mﬁi+1(ai)’Mi+1> (sz( z) z+1>
because (;y1(a;) € M;+q1 and ¢;(M;) = MPi+1(a) by claim (1). O

Remark 2.3. Since G;—1 < Gy, there is a ‘naive’ epimorphism &; : L; — L; 11, which restricts
to the identity map on M and to the composition [;1 oﬁfl : M; — M;,1 on M;. However,
this is different from the epimorphism ¢; : L; — L;y1 described above: for example, by
claim (i) of Lemma 2.2, ¢; sends both M and M; to conjugates of M, while r;(M;) = M;11.
It is not difficult to see that these ‘naive’ epimorphisms are actually useless for the purposes
of this paper.

2.3. The limit group L and property (FA). Let the sequence of groups L; and the
epimorphisms ¢; : L; — L;11, 1 € N, be as above. For 1 <1 < j, let ¢;; : L; — L; denote
the composition ¢;; := ¢j_10---0¢; (thus ¢; ;11 = ¢;). We also define ¢;; : L; — L; to be
the identity map.

The sequence of groups L;, equipped with the epimorphisms ¢;;, forms a directed family
which has a direct limit, denoted by L. This means that for each ¢ € N there is an
epimorphism 1; : L; — L such that

(3) 1 o ¢ij = 1p; whenever 1 < i < j.

In this section we will show that L has property (FA), provided the same holds for M.
So, assume that, in addition to (P1) and (P2), the group M satisfies

(P3) M has property (FA).
Lemma 2.4. Suppose that a finitely generated group M, a strictly ascending sequence of its

subgroups Go < G < ... and elements ai,as,--- € M satisfy conditions (P1)-(P3). Then
the limit group L defined above has property (FA).
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Proof. Assume that L acts simplicially without edge inversions on a simplicial tree S. Let
M = ¢y (M) < L and M; := 9;(M;) < L, i € N. For any subgroup H < L, Fix(H) will
denote the set of points in S fixed by all elements of H.

By (P3), there is a vertex u € Fix(M), and for each i € N the fixed point set ®; :=
Fix(M;) is a non-empty subtree of S. Since the tree S is simplicial, we can choose i € N so
that dg(u, ®;) is minimal, where dg denotes the standard simplicial metric on S.

If u € ®; then it is fixed by both M and M;. But L is generated by these two subgroups,
as L; = (M, M;) and so

L =i(Li) = (0i(M), s (M;)) = (i(prs(M)), M;) = (M, M;),

where we used (3) together with claim (1) of Lemma 2.2. Hence u € Fix(L).

Thus, we can further assume that dg(u, ®;) is a positive integer. Let v € ®; be the vertex
closest to u and choose any vertex w € ®;11. Clearly the geodesic segment [u,w] is fixed
by Q,Z)ZJrl(GZ) = ¢z+1(5@+1( )) as G; = BiJrl( ) =M N M;41 in L;;1. On the other hand,
Bit1(Gy") = Gﬁ”l(a’) < Miy1 N (M;) in Ly, which implies that the entire segment [w, v]
is fixed by the image of §;4+1(G;") in L.

Since S is a simplicial tree, the intersection of the geodesic segments [u, v], [u, w| and [w, V]
is a single vertex x of S, which, by the above argument, must be fixed by both 1;1(8;+1(G;))
and Y41 (Bi+1(G;")). But the latter two subgroups generate M1 = Yi1(Miy1) by (P2).
Thus = € ®;4;. Recalling that x € [u,v], the choice of ¢ and v implies that z = v.

It follows that v € ®; N ®;1. From this we can conclude that v € Fix(L), as L is
generated by M; and M, 1. Indeed, the latter can be derived from claim (iii) of Lemma 2.2
and (3), as

L = thiy1(Liv1) = i1 ((9i(Mi), Mig1)) = (0i(My), higr (Miy1)) = (M, Miga) .

Therefore we have shown that any simplicial action without edge inversions of L on a
simplicial tree S has a global fixed point, which means that L has property (FA). O

2.4. Using Thompson’s group V as M. In this subsection we will explain that one can
take M to be Thompson’s group V. Recall (see [8]) that V' is the group of all piecewise linear
right continuous self-bijections of the interval [0, 1), mapping dyadic rationals to themselves,
which are differentiable in all but finitely many dyadic rational numbers and such that at
every interval, where the function is linear, its derivative is a power of 2.

It is well-known that V' is finitely generated and even finitely presented [8]. The fact
that V has property (FA) is proved in [15, Thm. 4.4], thus (P3) holds for M = V. For
each i = 0,1,2,..., let G; := Sty ([0,1/2°"1)) be the pointwise stabilizer of the interval
[0,1/27F1) in V| ie.,

Gi={f € V| f(z) = 2 whenever z € [0,1/2"71)} < V.
Thus Gy = Stv([0,1/2)), Gi1 = Stv([0,1/4)), etc. Evidently Go < G1 < Gy < ... in V.
Finally, for each i € N, we pick the function a; : [0,1) — [0,1) according to the formula
x—l—ﬁ if x € [0,2}?)
ai(r):=4¢ x— 21% if x € [2” %) ,

x 1fx€[2“1)

in other words, a; simply permutes the intervals [0,1/2!7!) and [1/2/7!,1/2%). Clearly
a; € V and a; commutes with any element from G;_1 = Sty([0,1/2%)) in V, for all i € N.
Thus (P1) is satisfied. Observe that G; = Sty ([0,1/271)) and G = Sty ([1/2°71,1/27))
in V, so to verify (P2) it is enough to show that V is generated by Sty ([0,1/2¢*1)) and
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Sty ([1/27+1,1/2%)) for all i € N. The latter is a straightforward exercise. Indeed, recall that
V is generated by four elements A, B,C and 7 (see [8]), defined as follows:

- . x ifz e O,l)

s itocfod) - M,e&g)
Alx)=¢ z—1 ifze[],3) Bx)=¢ % ¢ 2
: 3 v—g ifze(]g)

2¢ — 1 1f:c€[z,1) ] -

2x — 1 1fx€[§,1)

243 ifxel0,d) e+l ifzelo,d)

Cle)=q 20—-1 ifze[},2) , mle)=1 22-1 ifze[},3)
x—i ifxe[%,l) x ifxe[%,l)

Fix any i € N. One immediately notices that B € Sty ([0, 1)) < G;, and mo € Sty ([2,1)).
Clearly there exists an element Dy € Sty ([0, z7)) = G; such that Dy ([3,1)) = [557, ),
hence Sty ([3,1)) = D' Sty ([5hr. &) D1 = Dy 'G{* Dy. Therefore B, m € (G;, G*).

We can also observe that B~1A € Sty ([£,1)) and 7, 'C € Sty ([3,3)). So, arguing as
above we can find elements Do, D3 € Sty ([0, ﬁ)) = @G, such that B~1A € D;lG?iDg
and 7, 'C € D3 'G{" D3, which yields that A,C € (G;,G"). Thus V = (G;, G$") for any
i € N, as claimed. Hence the group M = V satisfies properties (P1)-(P3) above.

2.5. Proof of the weaker theorem.

Proof of Theorem 2.1. Let M, the sequence of its subgroups Go < G; < ..., and the
elements a; € M, ¢ € N, be as in Subsection 2.4. Then we can define the groups L; and
the homomorphisms ¢; : L; — L;+1 as above, and we will let L be the direct limit of the
sequence (L;, ¢;)ien. It follows that there is a epimorphism ; : L1 — L, implying, in
particular, that L is finitely generated. Moreover, L has property (FA) by Lemma 2.4.

Recall that, by definition, each L; splits non-trivially as an amalgamated free product,
hence it admits a non-trivial action on the associated simplicial Bass-Serre tree T; (cf. [27,
[.4.1, Thm. 7]), i € N. In particular, L; does not have property (FR) for any ¢ € N. Since
property (FR) is open in the topology of marked groups (see [29, Thm. 4.7] or [19, Sec.
3.8.B]), its complement is closed, and so the group L also does not have (FR), as a direct
limit of groups without this property (because direct limits are limits in the topology of
marked groups).

An alternative way to prove that L has a non-trivial action on some R-tree would be to
use an earlier result of Culler and Morgan [11] about compactness of the space of non-trivial
projective length functions for actions of a finitely generated group on R-trees. Indeed, since
L; is an epimorphic image of L1, for each i € N we get a non-trivial action of L; on T;
(which factors through the action of L;). The set of such actions determines a sequence
in the space PLF(Ly), of non-trivial projective length functions of L on R-trees — see [11].
In [11, Thm. 4.5] it is shown that the space PLF(L1), equipped with a natural topology,
is compact, which implies that the above sequence has a subsequence converging to a non-
trivial (projective) length function A : L; — R. It is easy to see that A determines a
non-trivial (projective) length function X : L — R of L (defined by \(¥1(g)) := A(g) for any
g € Ly), yielding a non-trivial L-action on some R-tree.

The final assertion of the theorem, is a consequence of a standard argument, showing
that every finitely presented group P which maps onto the direct limit L must actually
map onto some L; (see [10, Lemma 3.1]). Hence P will act non-trivially on the simplicial
tree T;, and so it does not have (FA). O
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3. PRELIMINARIES

The rest of this paper is devoted to proving Theorem 1.1. In this section we will recall
some theory and terminology that will be used later on.

3.1. Notation. If G is a group acting on a set X and Y C X, then Stg(Y) < G will denote
the pointwise stabilizer of Y in G. If e is an edge in a simplicial tree S, then e_ and e will
denote the two endpoints of ¢ in S.

3.2. Lambda-trees. Let A be an ordered abelian group. A set X, equipped with a function
d: X xX — A, is a A-metric space, if d enjoys the standard axioms of a metric (it is
positive definite, symmetric and satisfies the triangle inequality). In this paper the group
A will always be a subgroup of R (under addition).

Given a A-metric space (X, d), a geodesic segment in X is a subset isometric to an interval
Apja ={veA|X<wv < pu}forsome \,u € A, X < . A geodesic segment in X is an
arc if it is not degenerate (i.e., its endpoints are distinct).

(X,d) is geodesic if for any two points x,y € X there exists a geodesic segment [x,y]
joining them. Intuitively, a geodesic A-metric space is a A-tree if it does not contain non-
trivial simple loops. Formally, (X,d) is a A-tree if it is geodesic, the intersection of any two
geodesic segments with a common endpoint is a geodesic segment in X, and the union of
any two geodesic segments which only share a single endpoint is a geodesic segment (see
9)).

Standard examples of A-trees are Z-trees (which are in one-to-one correspondence with
simplicial trees) and R-trees (which can be characterized as connected metric spaces that
are 0-hyperbolic in the sense of Gromov — see [9, Lemma 4.13]). Given a positive number
r € R, any simplicial tree S can be made into an R-tree by proclaiming that every edge
is isometric to the segment [0, 7] (the vertex set of S then becomes an (r)-tree, where (r)
denotes the cyclic subgroup of R generated by 7). R-trees that can be obtained this way
are called simplicial R-trees. If r = 1 the R-tree obtained from S is actually the standard
geometric realization of S. However, further on we will also be using r = 1/2% for some
1€ N.

As explained in the Introduction the R-tree 7', on which the limit group L acts non-
trivially, will be constructed as a limit of some simplicial R-trees T;. However the morphism
from T; to T;41 will not be simplicial, as we perform edge subdivision. Therefore, we will
use a more general notion of a morphism, suggested by Gillet and Shalen in [17]. Given two
A-trees S” and S”, a map f : S’ — S” is a morphism if for any two points a,b € S’ there
are points a = xg,x1,. .., T, = b such that the geodesic segment [a, b] is subdivided into the
union of geodesic segments [z, z1] U -+ U [z,_1,z,] and the restriction of f to [x;_1,x;] is
an isometric embedding of A-metric spaces, for every i = 1,...,n (see [17, Sec. 1.7]). This
notion of a morphism allows to subdivide edges and fold edges together, which is what we
will employ later.

Since we will be interested in (isometric) group actions on trees, it is convenient to operate
in the category of A-trees with symmetry, which was also introduced in [17]. The objects
in this category are pairs (H,S), where S is a A-tree and H is a group with a fixed action
on S by isometries (in the case when S is a simplicial tree, we will also require that the
action is simplicial and without edge inversions). Given two objects (H',S") and (H",S")
in the category of A-trees with symmetry, a morphism between these objects is a pair (¢, ),
where ¢ : H' — H" is a group homomorphism and ¢ : S’ — S” is a morphism of A-trees
which is equivariant with respect to ¢, i.e., ¢(h) o p(s) = p(hos) for all h € H and s € .

A natural source of morphisms in the category of simplicial trees with symmetry comes
from morphisms of graphs of groups, which were introduced and studied by Bass in [2].
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Given two finite graphs of groups G’ and G”, a morphism G’ — G” consists of a simplicial map
between the underlying simplicial graphs together with the collection of homomorphisms
between the vertex and edge groups of G’ and (possibly conjugates of) the vertex and edge
groups of G”, satisfying natural compatibility conditions. We refer the reader to [2, Sec. 2]
for a formal definition. Let H’, H” be the fundamental groups and let 77, T” be the
associated Bass-Serre trees of G', G” respectively. In [2, Prop. 2.4] Bass proves that any
morphism from G’ to G” gives a homomorphism ¢ : H' — H” and a morphism of simplicial
trees ¢ : T" — T”, which is equivariant with respect to ¢. Clearly scaling the simplicial
metrics on 7" and T” by the same real number r > 0 does not affect these maps, so if one
views T" and T” as simplicial R-trees, then (¢, ) becomes a morphism from (H',T") to
(H",T") in the category of R-trees with symmetry.

3.3. Strong limits. Suppose that we are given a sequence (7;);cn of A-trees together with
A-tree morphisms ¢; : T; — Tj11, @ € N. Then we can form a direct system (7j,p;;) of
A-trees, by setting ¢;; := pj_10---0¢; : T; — Tj, whenever 1 < i < j.

Let d; denote the (A-) metric on T, i € N. Following [17, Sec. 1.20], we will say that
the sequence (T;,d;, ;)ien converges strongly if for any | € N and any two points x,y of
T there exists k € N such that d;(y;(s),v1;(t)) = di(vw(s), ei(t)) for any s,t € [z,y]
and all j > k. In particular, this implies that for all x,y € T; the sequence of distances
dj(@ii(x),v15(y)) € A, j > [, eventually stabilizes (since A-tree morphisms are always
distance-decreasing the latter condition is actually sufficient for the sequence to converge
strongly).

Assuming that each map ¢; : T; — T;41 is surjective and the sequence (T}, ;)ien con-
verges strongly, one can construct the limit A-metric space (7', d) for this sequence as follows
(see [17, Sec. 1.21]). Define the pseudometric d on 71 by d(xz,y) := lim;_,e0 d; (ri(z), p1i(y))
for all z,y € T1. We now set T to be the quotient of T by the equivalence relation ~, where
x ~ gy if and only if Ei(:c,y) = 0.

In [17, Prop. 1.22 and 1.27] Gillet and Shalen proved that the function d : 7" x T" — A,
given by d(z,y) = a(az,y) for any choice x,y € Ty representing the equivalence classes
Z,y € T, is a A-metric on T and (7,d) is a A-tree. In the case when A = R this can be
easily shown using the 0-hyperbolicity characterization, mentioned above. We will say that
(T',d) is the limit A-tree for the sequence (T3, d;, ¥;)ieN.

For every i € N we have a natural map of metric spaces 0; : (T;,d;) — (7, d) defined as
follows. The map 61 sends = € T to its equivalence class under ~. And if 4 > 1 then for any
y € T;, choose an arbitrary = € T3 such that y = ¢1;(z) and set 0;(y) := 61(x) (this gives a
well-defined map since for any other point 2’ € Ty, with ¢y;(2’) = y, one has z ~ /). In
[17, Prop. 1.22] it is shown that these maps 0; : T; — T' are actually morphisms of A-trees.

4. CONSTRUCTION OF THE MORPHISMS

The desired pair (L,T) from Theorem 1.1 will be constructed as a direct limit of a
sequence (L;, T;)ien, where L; is a group acting non-trivially by isometries (and without
inversions) on a simplicial R-tree 7; in the category of R-trees with symmetry. In fact,
as we will see later, the groups L; will be the amalgams from Subsection 2.1, for suitable
choice of the group M, and T; will be the corresponding Bass-Serre trees. In order to show
that for each 7 € N there is a natural morphism between the pairs (L;, T;) and (L;y1, Ti+1),
we will look at the corresponding graphs of groups. Namely, we will construct a sequence
of graphs of groups G; so that L; will be the fundamental group of G; and T; will be the
geometric realization of the corresponding Bass-Serre tree (where the standard simplicial
metric is appropriately rescaled).
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As before, we will need an auxiliary finitely generated group M which contains a strictly
ascending sequence of subgroups Gy < G; < G2 < ... together with elements a; € M,
i € N, satisfying properties (P1) and (P2) from Subsection 2.1. Again, for each i € N, we
take a copy M; of M, and fix an isomorphism 3; : M — M.

Let G; be the graph of groups with one edge, where the two vertex groups are M and M;
and the edge group is G;_1, equipped with the natural inclusion into M, so that the embed-
ding of this edge group into M; is given by the restriction of 5; to G;_1 (see the first line of
Figure 1). Let L; be the fundamental group of G; and let T; be the corresponding Bass-Serre
tree. Then L; is naturally isomorphic to the amalgamated free product M *q, | —g,(q,_,) Mi
with presentation (1), which was discussed in Subsection 2.1. Each tree T; will be viewed
as a simplicial R-tree, equipped with a natural metric d; in which every edge is isometric
to the interval [1,1/2°71] (i.e., the standard simplicial metric of T} is downscaled by 2¢71).

Now, let us describe the morphism (¢;, ¢;) : (Li, T;) = (Li+1, Ti+1) in the category of R-
trees with symmetry. This morphism is obtained via a composition of several intermediate
morphisms, which we call steps. The pictorial illustration of these steps, in terms of the
respective graphs of groups, is given in Figure 1. The morphism from the first step simply
corresponds to edge subdivision in 7T;. The intermediate morphisms from the remaining
steps will come from the morphisms between the corresponding graphs of groups (in the
sense of Bass [2]).

Step 1. We start by inserting a new vertex with the group G;_1 at the middle of the edge
in G; to obtain the graph of groups G; 1. This means that the corresponding Bass-Serre tree
T; 1 is obtained from 7; by subdividing all edges. Evidently the fundamental group L;
of G;1 is the same as before, i.e., it is equal to L;. Strictly speaking, this does not give
rise to a graph of groups morphism from G; to G; 1, as the induced map on the underlying
graphs is not simplicial. However, clearly we do have a morphism (L;, T;) — (L1, 75,1) in
the category of simplicial R-trees with symmetry, where the edge length in 7;; is defined
to be half of the edge length in T;.

Step 2. Clearly, the subgroup of L; ; generated by G; and (;(G;) is isomorphic to the free
amalgamated product G; *g, ,—g,(q,_,) Bi(Gi). To pass from G; 1 to G; 2, we apply a graph
of groups morphism, which does not change the underlying graph, sends the vertex groups
M and M; to themselves (identically) and naturally embeds the middle vertex group G;
into the subgroup (G;, 5;(G;)) < L;. It also sends the edge groups to the corresponding
edge groups using the natural inclusions G;—1 — G; and 5;(Gi—1) < B;(G;).

It is not difficult to see that the Bass-Serre tree T;o for G;o is obtained from 7;; by
folding some edges together. In fact, if the group G; is finitely generated, this morphism
can be obtained as a composition of several Type IIA folds in the terminology of Bestvina
and Feighn — see [6, Sec. 2]. Recall (cf. [27, Sec. 1.4.1 and 1.5.3]) that vertices of the
Bass-Serre tree T; 1 correspond to left cosets of M, M; and G;—; and edges correspond to
left cosets of Gj_1. In these terms, the morphism from 7;; to T;2 can be described as
follows: if v is a vertex of T; ; corresponding to the coset M, for some x € L; 1, and e is an
edge adjacent to v, corresponding to the coset of zG;_1, then e is folded together with all
the edges adjacent to v which come from the coset G; of G; (such edges will correspond
to the cosets of the form zyG;_1, where y runs over representatives of the cosets G;/G;_1);
similarly, edges adjacent to a vertex corresponding to a coset of M; are folded with the
edges at that vertex corresponding to the same coset of 5;(G;).

As before, the fundamental group L; 2 of G; 2 is unchanged, i.e., it is naturally isomorphic
to L; (the standard presentation of L;s can be obtained from the presentation of L; by
applying a finite number of Tietze transformations — see [22, Sec. 11.2]).
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Gifl = ﬂz(szl)

Start. G;: ®
M

=e

Gifl = Gifl Gifl = ﬂz(szl)

Step 1. gi,li

=@
Qe
|

=®

Step 2. gi722

=9
§.

Gi*g,_, Bi(Gi)

Gi = Biy1(Gy) o Bi+1(G{) = Bi(G) o
M1 M;

'

Gi = ﬁi-i—l(Gi) ﬁi-}-l(Gi) = Bi(Gi)BiJrl(a;l)
].\4 J.MBHJ(G;I)
i+1 i

Step 3. gi732

Ze

Step 4. G; 4:

=0

Gi = Biy1(G;
Step 5. gi’5l o +1( ) L ]

M #g, Miﬁiﬂ(af ) M1

Gi = Biy1(Gi)
Step 6. Git1: ® o
M Mity

Ficure 1. The morphism from G; to G; 1.

Step 3. The graph of groups G; 3 is obtained from G; 5 by applying a vertex morphism (using
the terminology of [13]). The underlying graph stays the same and the maps between the
corresponding vertex and edge groups are natural isomorphisms/identities, except for the
vertex groups in the middle, where the epimorphism

Gi %G, =gi(Gi_y) Bi(Gi) = My,

sends G; to Bi+1(G;) < M,;q1 (via the map g — fi11(g) for all g € G;) and S;(G;) to
Bi+1(G{") < My (via the map S;(g) — Bit1(g®%) for all g € G;). Note that we used
(P1) together with the universal property of the amalgamated free products to conclude
that these maps extend to a homomorphism between the middle vertex groups of G; » and
Gi 3. The fact that this homomorphism is surjective follows from condition (P2) above, as

M1 = (Bi+1(Gy), Bir1(G)).
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Step 4. In this step, we keep the same group L; 4 = L; 3 with the same action on the same
tree T; 4 = T; 3, but we choose a different fundamental domain for this action, giving rise
to the graph of groups G; 4. Again, this gives a graphs of groups morphism from G; 3 to

) -1
Gia, sending M; and the adjacent edge group 3;(G;) in G; 3 to the conjugates of Miﬁlﬂ(ai )

and the adjacent edge group ﬁi(Gi)BiH(“i_ " in Gia by the element (;41(a;), which belongs
to the vertex group M;;1 at the middle of G; 4. This step is only auxiliary, as it neither
changes the group nor the tree on which it acts, but it makes the description of the next
step easier.

Step 5. The graph of groups G; 5 consists of a single edge, where the ‘right’ vertex group
] —1

is M;11 and the ‘left’ vertex group is the subgroup of L; 4 generated by M and MZB (e ).

The morphism from G; 4 to G;5 glues together the two edges of the former. The middle

vertex group M;y1 of G; 4 is mapped identically to the ‘right’ vertex of G; 5. The maps from

—1
the vertex groups M and MZB e o Gi 4 to the ‘left’ vertex group of G; 5 are the natural
inclusions. On the level of the Bass-Serre trees, T; 5 is obtained from 7; 4 by applying an
edge folding of Type IA (see [6, Sec. 2]). The fundamental group L; 5, of G; 5 is not affected
and coincides with L; 4 (as before, one can verify this by applying Tietze transformations
to the standard presentation of L;4). It is also important to note, that for any edge e of
T; 4, it is only folded with edges that have the same stabilizer, therefore the stabilizer of e
in L; 4 is mapped identically to the stabilizer of its image in L; 5.
—1
Now we need to observe that the left vertex group (M, MZB i )>
naturally isomorphic to the amalgamated free product

< Lijy in G5 is

. -1 5 -1 ) —1
*Gi:Bi(Gi)Bi+1(a;l) MiBHl(CLZ : = <M7 Mzﬁ ) ’ 9= /Bi(g)ﬁlJrl(ai )7 for all g € Gl>

Indeed, this can be seen by looking at Step 4 on Figure 1, which shows that L; 4 has the
presentation

) -1 ) -1
(M, M) My | g = Biaa(9) = Bi(9)P @), for all g € Gi),
which is also a presentation of the double amalgamated free product:

Bit1(a; ")
(4) <M *Gi:ﬁi(Gi)BiJ’l(ai—l) MZ ) *Gi:6i+1(Gi) Mi-i—l-
Therefore L; 4 is naturally isomorphic to the double amalgamated free product (4), implying

) —1
that the subgroup generated by M and Mfz-‘rl(di )
amalgam along G; = B;(G;)P+1(a ).

is naturally isomorphic to their free

Step 6. To perform the final step, observe that the ‘left’ vertex group in G; 5 is isomorphic
to the double M xg,—g, M, of M along G;. Therefore, this double retracts onto M by
identifying the second copy of M with the first one. More precisely, the map

) -1
nit M IR Vi

Gi=Bi(Gy)Pi+1(e
is defined by

(5) ni(g) = g for all g € M, and

©) " (h6i+1(a;1>> = B (h) for all h € M;.
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To show that these maps indeed can be combined to the homomorphism from the amal-
gamated free product to M, one has to check that the formulas (5) and (6) give the same

result for any g € G;. Indeed if g € GG; then g = ﬁi(g)ﬁ“rl(“i_l) in L; 5, so, using (6), one gets
) o _
milg) = mi (Bilg)* 1)) = 87 (Bi(9)) = g

which agrees with (5).

The above epimorphism from the ‘left’ vertex of G; 5 to the ‘left’ vertex of G,y allows
to apply the corresponding vertex morphism to the graph of groups G; 5, resulting in the
graph of groups G; 1. For the ‘right’ vertex groups and for the edge groups in these graphs
of groups the corresponding maps are the natural identifications/isomorphisms. Let 7); :
L; 5 — Li+1 denote the induced map of the fundamental groups. Then the restriction of 7;
to M;y1 is the identity map and its restriction to the ‘left’ vertex group is n;. Therefore, as
6¢+1(ai) S Mi+17 in Li-i—l we have

(7) 7i(h) = Biv1(ai)n; (hﬁi“(a;l)> Biv1(a;t) = B (h)P+1@) for all h e M;.

Thus we have constructed a sequence of morphisms (in the category of R-trees with
symmetry), starting with the pair (L;,7;) and ending with the pair (L;y1,T;41). Let
(diypi) : (Liy T;) — (Liy1,Tiv1) be the composition of these morphisms. Evidently ¢; re-
stricts to the identity map on M, and (7) shows that it maps each h € M; to 3; 1(h)ﬁ“rl(ai).
Therefore ¢; : L; — L;11 obtained this way is the same as the epimorphism from Lemma 2.2
in Subsection 2.2. In particular, further we can use all the claims of Lemma 2.2.

Let us summarize the main properties of the morphism (¢, ;) : (L;, T;) = (Lit1, Tit1)
which will be used later:

Lemma 4.1. For any ¢ € N, let © and y be the vertices of the Bass-Serre tree T; corre-
sponding to the subgroups M and M; of L; respectively, and let e be the edge of T;, joining
these vertices and corresponding to G;—1 < L;. Let e = e; Uey be the subdivision of e in the
union of two segments e; and ey such that e;_ = x, eay =y and e;y = ea_ s the midpoint
of e. Then &1 := p;(e1) and és := @;(e2) are edges of T;11 meeting at the vertex v, which is
the p;-image of the midpoint of e in T;11, and the following properties hold:

( ) Sth-H (‘Pl( )) M, Sth-H (‘Pl(y)) = MﬁiJrl(ai) and StLi-&-l(’U) = Mi-l-l'
(2) Str,,,(e1) =Gy, Sth+1( 2) = Bit1(G}); in particular, € # e in Tiy.
(3) If c € M\ Gj_1 then ey is identified with co ey in Tiy1 if and only if c € G;.
(4) If c € M;\ Bi(Gi—1) then ez is identified with coey in Tiy1 if and only if ¢ € B;(G;).

Proof. The fact that ; and és are edges of T;41 is clear from the construction, and property
(1) holds by Lemma 2.2. The stabilizers of the images of e; and ey in T; 9 increase to G;
and 3;(G;) respectively at Step 2, but the remaining steps induce isomorphisms on the edge
stabilizers, so, according to Lemma 2.2, in L;; we have

Str.,, (21) = $i(Gi) = G = Bis1(Gy) and Sty (€2) = $i(Bi(G) = GV ) = 5,1 (GH).

Therefore

(Str,i(81),Str,, 4 (82)) = (Biy1(Gi), Biy1(GF)) = Bir1 ((Gi, GiY)) = Bis1(M) = My,
Since G; # M, we have £;11(G;) # M;+1, and so €; # é; in T;41. Thus (2) holds.

To prove (3), observe that if ¢ € G; \ G;_1 then e; is folded with coe; at Step 2, hence
pi(er) = pi(coer) in Tipy.

Now, suppose that ¢ € M \ G; (then the images of the edges e; and c o e; after the
folds at Step 2 are distinct). Since the restriction of ¢; : L; — L;y1 to M is injective by
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Lemma 2.2.(i), ¢ ¢ G; implies that ¢;(c) ¢ ¢;(G;) = Stz,,, (€1) (see property (2)). Therefore
pi(coer) = ¢i(c)oey # é1 in Ty1, as required.

The proof of property (4) is similar to the the proof of (3), and is left as an exercise for
the reader. (]

5. SHOWING THAT THE CONVERGENCE IS STRONG

In this section we will prove that if M satisfies the condition (P4), described below, in
addition to (P1),(P2) from Subsection 2.1, then the sequence (73, ¢;)ien converges strongly
in the category of R-trees. We will then check that the limit group L, defined in Subsec-
tion 2.3, acts on the resulting limit R-tree 7" so that the stabilizers of arcs are isomorphic
to subgroups of G, n € NU {0}.

Further in this section we will assume that, in addition to properties (P1) and (P2)
((P3) is not needed here), the finitely generated group M, its ascending chain of subgroups
Gop < Gy < ... and elements a; € M also satisfy the following condition:

—1 —1
(P4) for all i € N and ¢ € G; \ Gj_1, neither (G, G;*“* ) nor (G;,Gy* ““') is contained
in a conjugate of G, in M for any n € NU {0}.

Consider the sequence (L;, T} )ien, of R-trees with symmetry, together with the morphisms
(¢iy i)+ (Liy T;) = (Liy1, Ti+1), ¢ € N, constructed in Section 4. The construction together
with surjectivity of ¢; : L; — Li+1 (see Lemma 2.2.(ii)) imply that each map ¢; : T; — T;41
is surjective. For 1 < 7 < j, let ¢;; : T; — T denote the R-tree morphisms given by
©ij = @j_10---0 ;. These maps are equivariant with respect to the epimorphisms
¢ij + Li — Lj; which have already been defined in Subsection 2.3. For convenience of
notation, we let ;; : T; — T; be the identity map.

Lemma 5.1. Let ey and ey be two distinct edges of the tree T;, for some i € N, which are
adjacent to the same vertex v = e;_ = ea_ of T;. Suppose that the subgroup of Str,(v)
generated by Str,(e1) and Str,(e2) is not contained in a conjugate of Gy, or in a conjugate
of Bi(Gy) in L;, for anyn € NU{0}. Then for every j > i, p;j(e1) Ngij(e2) = {gij(v)} in
T;.

Proof. Since the action of L; on T; has exactly two orbits of vertices, we can assume that
either Str, (v) = M or Str,(v) = M;.

Arguing by contradiction, suppose that for some j > i, ;;(e1) N;j(ez) is strictly larger
than ¢;;(v) in the simplicial tree T;. Then this intersection must contain at least one edge
[ of Tj, which is adjacent to ¢;;(v ) (as pij(e1) and @;j(e2) are simplicial subtrees of Tj by
constructlon) Then ¢;; (Stz,(e1)) and ¢;; (Str,(e2)) will both stabilize f in T},
)

(8) (i (Str,(e1)) ; dij (Stri(e2))) = i (StLi(61)7StLi(€2)>)<StLj(f)<StLj(<pij(v))-

If Stz,(v) = M then Sty (pi;(v)) = M and Sty (f) = G?_l for some h € M. Since ¢;;
induces the identity map between the stabilizer of v in T; and the stabilizer of ¢;;(v) in T}
(see Lemma 2.2), we can use (8) to conclude that (Stz,(e1),Str,(e2)) C G;Ll in M (and
hence in L;), contradicting the assumptions.

So, suppose that Sty (v) = M; in L;. Then, by Lemma 2.2, Sty (¢;;(v)) = M? for some
be Lj Sty (f) = (G;’-fl)h for some h € M®, and ¢;; induces an isomorphism between M;
and M?, which maps conjugates of 3;(G;—1) in M; to conjugates of G?el in M°. Hence (8)
shows that the subgroup (Str,(e1),Str,(e2)) is contained in a conjugate of 5;(Gj_1) in M;
(and thus in L;), which, again, leads to a contradictions with the assumptions. O

Suppose that S; and Sy are (simplicial) subtrees of the tree T; for some i € N. We will
say that a folding happens between Si and Sy at stage j, for some j > i, if the intersection
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©;i,j(S1) N ;i ;(S2), of the images of Sy and Sy in T}, is strictly larger than the ¢;_i-image
of the intersection of their images in Tj_1, i.e.,

©j—1(©ij-1(S1) Nwij-1(52)) G ©i;(S1) N i ;(S2) in Tj.

Recall that each tree T; is equipped with the metric d;, which is obtained from the
standard simplicial metric after downscaling by 2~!'. In other words, every edge of Tj is
proclaimed to be isometric to the interval [0,1/2¢7!]. This takes into account the edge
subdivision that occurs in our morphisms, making sure that the d;-distance between two
endpoints of an edge from 7; is equal the d; 1-distance between the images of these endpoints
in T;41: see the lemma below.

Lemma 5.2. If 1 < i < j then the restriction of the map @;; : T; — T to any edge e of
T; is injective, and thus it induces an isometric embedding of e in T; with respect to the
metrics d; on T; and d; on Tj.

Proof. Since T; has only one orbit of edges, we can assume that e is the edge from the
fundamental region, and so Str,(e) = G;—1. First, note that ¢; ;411 = ¢; and, according to
Lemma 4.1, the image of e in T;41 is subdivided into two distinct edges p;(e) = €1 U éq,
which are adjacent to the vertex v that is the image of the midpoint of e in Tj;;. Therefore
the restriction of the map ¢; : T; — T;41 to e is injective.

Now we show that M; 1 cannot be contained in any conjugate of G,, or £;+1(Gy) in Ly
for any n € NU {0}. Indeed, if M;1; C GZ for some h € L;1 then M;;1 would fix both v
and howu, where u is the vertex of T;1 fixed by M (as G,, < M). Moreover, v # howu, as v
and u lie in different L;1-orbits, implying that M;;1 must fix an edge adjacent to v in T; ;.
The latter is impossible as M; 1 is strictly larger than 5;11(G;)? for any g € M;;+1. On the
other hand, if M;1 C Bi41(G,)" for some h € L;yq, then, clearly, h ¢ M;1q = Str,,, (v),
and so M1 fixes two distinct vertices v and how in T;y1. The latter again contradicts the
fact that M; 1, does not fix any edge of T4 1.

Therefore we can apply Lemma 5.1 to conclude that for any j > ¢ 4+ 1 one has

(9) Pit1,j(€1) N piv15(€2) = {@it1,;(v)} in Tj.
Thus no folding can happen between e; and és at any stage j > i + 1.

Let j > 4; we will show that the restriction of ¢;; to e is injective by induction on j — i.
The case when j —¢ = 1 has already been considered, so assume that j > i + 1. Suppose
that ¢;;(u) = ¢;j(w) for two distinct points u,w € e, such that (without loss of generality)
@i(u) # v. Since j — (i + 1) < j — i, by the induction hypothesis the restriction of ¢;y1 ;
to each of €; and ey is injective. Hence ¢;;(u) = @it1,;(wi(u)) # @it1,;(v); by the same
reason @;(u) # @;(w) cannot both belong to €; or é;. Therefore ;11 ;(v) and ¢;;(u) are
two distinct points of the intersection ;i1 ;(€1) N @it1,;(€2), which contradicts (9). Thus
¢;; induces an isometry of e with its image in T}. O

Lemma 5.3. Let a and b be two distinct edges of T} for some | € N. Then there can be no
more than four different stages at which foldings happen between a and b.

Proof. Suppose that k € N, k > [, is a stage by which two different foldings between a and b
have already occurred. Then, by Lemma 5.2, ¢y;(a) and ¢ (b) are simple simplicial paths
in T}, and the intersection ¢y (a) N ¢uk(b) is a geodesic segment [u,w] for some vertices u
and w of Ty, u # w. Let a—, a4 and b_, by denote the endpoints of a and b, respectively, so
that [u, w] = [pi(a-), w] N [ew(b-), w] = [u, gix(ar)] N [u, @1k (by)] in T

By Lemma 5.2, any folding happening between a and b at any stage j > k has to come
either from a folding between the geodesic segments [u, ¢ (a—)] and [u, @ (b_)], or from a
folding between [w, pix (a4 )] and [w, ¢k (b4 )]. If a folding happens between p1 := [u, @i (a—)]
and pg := [u, ¢ (b—)] at some stage j > k, then pick minimal such j. Then the restriction of
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the map @g; to the union p; Ups is still injective, where i := j— 1, and so ¢k;(p1) Nk (p2) =

{oki(u)} in T;.
Note that v := pg;(u) is a vertex of T;. Let e denote the first edge of ¢x;(p1), and let f
denote the first edge of pg;(p2) in T;; thus e- = f_ = v (see Figure 2).

oii(a—) oii(a+)

v = pri(u) i (W

wii(b-) o1 (b+)

FIGURE 2. The images of the edges a and b in the tree T;.

Since T; has only one orbit of edges we can assume that Stz,(e) = G;—1 and either
Str,(v) = M or Str, (v) = M;. Let us suppose that Str,(v) = M (the other case is similar).
Then f = coe for some ¢ € Str,(v) = M. Note that ¢ ¢ G,_; = Stp,(e) as e # f. Now
let us recall how the morphism from 7 to T;41 = T} works. First we subdivide the edge e
into two halves e; and ep, such that ey =e_ =v, eg;. = ey and ea, = e;. Then f is
subdivided into the union of f; = coe; and fo = co es.

If ¢ ¢ G; then, according to Lemma 4.1.(3), the images of e; and f; in T;4; are distinct,
which means that no folding between p; and ps can happen at stage j = ¢+ 1, contradicting
the choice of j.

Hence ¢ € G; \ G;_1, in which case p;(e1) = ¢;(f1) in L;+1 by Lemma 4.1.(3). Since
Str,. . (¢i(e2)) = Bix1(Gy") < M1 (by Lemma 4.1.(2)) and ¢;(c) = ¢ € M, we have

StLi (pi(f2)) = Str, (9i(c) e pile)) = Bira(GF')° = Bina (G7™),

where the last equality holds because ¢ € G; is identified with £;11(c) € Bi+1(G;) in Ly
by the definition of L;;;. It follows that

(10)  (Str,, (i(e2)), Stre,, (9i(£2)) = Brn (G2, GE)) = By (G, G2 y)Prvr(@),

1 )
Recalling that ¢ € G; \ G;—1, we see that 311 ((GZ-, G?" m’)) is not contained in a conjugate
of Bi41(Gr) in M;y1 = Sty (ea—), for any n € NU{0}, by (P4). Since the stabilizer of any
edge adjacent to ez in T;41 is conjugate to f;11(G;) in M1, we can argue in the same

way as in the proof of Lemma 5.2, to show that ﬂi+1((Gi, G?i cai>) cannot be contained
in a conjugate of G,, or in a conjugate of B;11(G,) in L;y1, for any n € NU {0}. In view
of (10), the latter allows us to apply Lemma 5.1, concluding that no further folding can
happen between p; and ps at any stage m with m > ¢+ 1 = 3.

Thus at most one folding is possible between p; = [u, pip(a—)] and p2 = [u, @i (b-)].
Similarly, at most one folding is possible between [w, ¢y (a4 )] and [w, gy (by)]. This shows
that there can be no more than four different stages when foldings happen between a and
b, as claimed. O

Lemma 5.4. Let e be an edge of T;, for some i € N. Then for any j > i, Sty (pij(e)) =
i (St (e))-
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Proof. The statement will again be proved by induction on j — 4. Assume, first, that
j =i+ 1. Since T; contains only one orbit of edges under the natural action of L;, we
can assume that Stz,(e) = G;—1 and Sty (e—) = M, for some endpoint e_ of e. By the
construction, ¢;(e) = e; Ueg in Tj41 with Stz (e1) = Bi41(G;) and Sty (e2) = Bit1(GP?)
in M;1 = Str,,, (v), where v the vertex of Tj,, adjacent to both e; and eg, which is the
image of the midpoint of e in Tj41. Since B;41 : M — M; 41 is injective, we can observe that

(11) StLi+1 (‘Pl(e)) - StLi-H (61) N StLi-H(eQ) - 6Z+1(GZ) N 6Z+1(G?Z) = /8i+1(Gi N G?)
Now, let us show that G;NG}* = G,;_1 in M. Indeed, G;—1 C G;NG;" by (P1), and if there

existed d € (G; NGy*) \ G;—1, then d = a,icai_1 for some ¢ € G; \ G;—1. Hence G; = Gf =
icast a;ca;t .. .

G?’ " ,and so (G;,G;" * ) = Gy, contradicting (P4). Therefore G; N Gi" = G;_1, and

(11) gives Str, ., (pi(e)) = Bi+1(Gi-1). But Biy1(Gi-1) = Gi—1 = ¢i(Gi—1) = ¢i(Str,(e)) by

the definitions of L;y; and ¢;. Hence

(12) StLi+1(@i(e)) = StLi+1(61) N StL¢+1 (62) = ¢Z(Sth(e)) in Li+1'
Thus we can now assume that 7 > ¢+ 1. Then
(13) St (i (€)) = St (g 5(e1)) NSt (i s (e2) in L.

Since j — (i + 1) < j — i, the induction hypothesis implies that

(14)  Str;(pit15(e1)) = ¢it1,j(Str,,,(e1)) and Str, (pit1,5(e2)) = bit1,5(Str,,, (e2)).

It remains to note that Sty ,(e1) and Stz (e2) are both subgroups of M; | = Stz (v)
and ¢;41,; is injective on M1 by Lemma 2.2.(i), hence

(15) ¢i+17j(StLi+1 (61)) N ¢i+17j(StLi+1 (62)) = ¢i+17j(StLi+1 (61) N StL¢+1 (62))'

Collecting the equalities (13)-(15) together and recalling (12), we achieve
StLj (Soij (e)) = ¢i+17j(StLi+1 (61) N StL¢+1 (62)) = ¢i+17j(¢i(StLi(e))) = ¢ij(StLi(e))’

as required. O

Proposition 5.5. The sequence of simplicial R-trees (T;,d;, vi)ien defined above is strongly
convergent.

Proof. Consider any [ € N and any points z,y in T;. Let p be some finite simplicial path in
T; containing x and y. By Lemma 5.2, for every ¢« € N, ¢ > [, the restriction of ¢;; to each
edge of p is injective, and by Lemma 5.3, for any pair of edges a and b of p, there exists
K = K(a,b) € N such that restriction of ¢;; to ¢y;(a) U ¢ (b) is injective, provided j > i >
K. Since p contains only finitely many edges (in 7}), we can conclude that the restriction
of ¢r; to ¢(p) is injective for any j > k, where k := max{K(a,b) | a,b are edges of p}.
Therefore d;(y5(s), vi5(t)) = dp(@ik(s), ik (t)) for any points s,¢ € p and any j > k. O

Since the sequence (T},d;, ;) converges strongly, we can form the limit R-tree (T, d),
as discussed in Subsection 3.3. Keeping the same notation, we let 6; : (7;,d;) — (T, d),
1 € N, denote the resulting R-tree morphisms. We will also use the pseudometric d and the
equivalence relation ~ on 77 defined in Subsection 3.3.

It is easy to see that the group L; acts by isometries on the R-tree (7, d) in the following
manner. If g € Ly and & € T, then pick any = € T} with 0;(x) = Z and define g o = :=
O1(gox)eT.

Let L be the direct limit of the sequence (L;, ¢;)icn (see Subsection 2.3). We are finally
ready to prove the main result of this section:
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Theorem 5.6. The group L acts on the R-tree (T,d) non-trivially and by isometries.
Moreover, given two distinct points T,y of T, there exists m € N such that the pointwise
L-stabilizer of the geodesic segment [T, y] is isomorphic to a subgroup of Gp,—1.

Proof. By definition, L = Ly /N for the normal subgroup N = J;2, ker(¢y;) < Ly. The
natural action of L; on T; induces an action of Ly on T;, for which every element h € ker(¢1;)
acts as identity on T;. Consider any point z € T} and any h € N. Then h € ker(¢y;) for
some ¢ > 2, hence d;(p1;(x),¢1j(h ox)) = 0 for all j > i. Therefore h oz ~ x, thus
h acts as identity on T. Therefore the above action of L; on T naturally induces an
isometric action of L = Li/N on T. If this action was trivial, then there would exist a
point y € 11 such that d(y,goy) = 0 for all g € L. Let {g1,...,gn} be some finite
generating set of L. By Proposition 5.5, there exists j € N such that d;(y1;(v), ¢15(gi0y)) =
d;(e1(y), d15(q1) © p15(y)) = 0 for any I € {1,...,n}. Hence the point ¢y;(y) € T} is fixed
by ¢1j(91),--.,%1(gn), which generate L; = ¢1;(L1). This contradicts the fact that the
action of L; on Tj is non-trivial. Therefore the action of L on T" must also be non-trivial.

Suppose that Z,y are two distinct points in T" and x,y are some preimages of z,y in T}
respectively. By Proposition 5.5, there is £ € N such that for any m > k the restriction
of the natural map 0,, : (T)n,dm) — (T,d) to [pim(x), p1m(y)] is an isometry. Choose
some m > k so that 22~™ < d(z,7). Then the distance d,,(¢1m (), 01m(y)) = d(z,7) is
greater than twice the edge length in T,,,, therefore the geodesic segment [p1,,(x), ©1m (V)]
contains some edge e of T,,. It follows that € := 0,,(e) is contained in the geodesic segment
[Z,9] = Opm([p1m(x), p1m(y)]) of T. Evidently, Stz ([Z,y]) < Str(€), so it remains to show
that Sty (e) is isomorphic to a subgroup of G,,—1.

Assume that g € Stz (e) and take any g € Ly with 11(g) = g, where the epimorphisms
¥+ Ly — L, 1 € N, were defined in Subsection 2.3. Choose any points s,t € T} that are
preimages of the endpoints e_ and e of e respectively. Since g € Sty (€), by the definition
of the action of L on T, the element g € L; must fix e = 0,,(e_) and ey = O,,(ey) in
T, thus gos ~ sand got ~t in T7. Therefore, according to Proposition 5.5, there exists
J = m such that d;(¢1j(g05),¢15(s)) = 0and d;(p15(got), p1;(t)) = 0in T;. Consequently
$15(9) 0 p15(s) = p1j(g0 ) = p15(s) and ¢1;(g) 0 p15(t) = p1j(got) = 1;(t) in T}, yielding
that ¢1;(g) 0 om;j(e-) = omj(e-) and ¢1;(g) o pmj(e+) = pm;(e4) in Tj. Recall that ¢,,;(e)
is a simple path in the tree T; by Lemma 5.2, so it is completely determined by its endpoints,
and thus ¢1,(g)opm;(e) = pm;(e). Now we can apply Lemma 5.4, claiming that there exists
h € Str,, (e) such that ¢1;(g) = ¢m;(h). Therefore, in view of (3), we get

g =11(9) = ¥j(915(9)) = ¥j(dm;i(h)) = ¥m(h),

which shows that Stz (e) < ¢, (Stz,,(e)). Since 1, is injective on vertex and edge stabi-
lizers for the action of L, on T, (this follows from Lemma 2.2.(i)), we can conclude that
m (Str,, (e)) = Str, (e) = Gp—1, as claimed. O

6. CONSTRUCTION OF A SUITABLE GROUP M

In this section we suggest a construction of a finitely generated group M together with
its ascending sequence of subgroups Gg < G1 < ... and elements a; € M, i € N that
satisfy properties (P1)-(P4) above. (Unfortunately Thompson’s group V, together with its
subgroups G; and elements a;, discussed in Subsection 2.4, does not enjoy (P4). Indeed,
given i € N, choose any ¢ € Sty([0,3/272)) C G; such that ¢ ¢ Sty([0,1/2%) = G;_1.

—1
Then a;ca; * € Sty([0,1/2772)) = Giy1, hence (G, G ) C Gy in V)

The construction will be based on the small cancellation theory over (word) hyperbolic

groups proposed by Gromov in [18] and developed by Olshanskii in [25]. For convenience



18 ASHOT MINASYAN

we will actually utilize a generalization of Olshanskii’s techniques obtained by the author
in [24].

Recall, that a group is said to be elementary if it contains a cyclic subgroup of finite
index; in particular any finite group is elementary. For any non-elementary subgroup H of
a hyperbolic group F' there exists a unique maximal finite subgroup Er(H) < F that is
normalized by H in F' (see [25, Prop. 1]). Given a non-elementary hyperbolic group F, we
will say that a subgroup H < F'is a G-subgroup if H is non-elementary and Ep(H) = {1}
(according to [25, Thm. 1], this is a special case of Olshanskii’s definition of a G-subgroup
from [25, p. 366]). Evidently, Ep(F) < Ep(H) for any non-elementary subgroup H of F.
In particular, if F' contains at least one G-subgroup then Er(F) = {1}.

Let H be a subgroup of a group F' and let @ C K. Following [24] we will say that @
is small relative to H if for any two finite subsets P, P, C I, H is not contained in the
product P,Q'QP; in F.

Given a hyperbolic group F' with a fixed finite generating set X, let I'(F, X') denote the
Cayley graph of F' with respect to X. Recall also that a subset @ of F' (or of I'(F, X)) is
said to be quasiconvex if there exists £ > 0 such that for any pair of elements u,v € @ and
any geodesic segment p connecting u and v, p belongs to a closed e-neighborhood of @ in
I'(F, X). It is well known that quasiconvexity of a subset is independent of the choice of
the finite generating set X of F' (see [18]).

The following statement is a special case of [24, Thm. 1]:

Lemma 6.1. Let Hy, Hy be G-subgroups of a non-elementary hyperbolic group F. Assume
that @ C F is a quasiconver subset which is small relative to H;, i = 1,2. Then there exist
a group K and an epimorphism £ : F — K such that

(i) K is a non-elementary hyperbolic group;
(i) & is injective on Q;
(ili) §(H1) = &(H2) = K;
(iv) Ex(K) ={1}.

Below we will only be interested in the case when the quasiconvex subset @) is a union of
finitely many quasiconvex subgroups. In this case smallness of @ relative to H is easy to
check (see [24, Thm. 3]):

Lemma 6.2. Suppose that Cy, ..., Cr are quasiconvex subgroups of a hyperbolic group F
and H < F is an arbitrary subgroup. Let @ := Ule C; C F. Then Q is small relative to
H provided |H : (HOC'Zf)| = o0 for everyi=1,...,k and each f € F.

It is obvious that any finite subgroup of a hyperbolic group is quasiconvex, and it is well
known that any infinite cyclic subgroup is quasiconvex (see, for example, [1, Cor. 3.4]).
Since the union of a finite collection of quasiconvex subsets is again quasiconvex (see [20,
Prop. 3.14] or [23, Lemma 2.1]), we can conclude that in any hyperbolic group F a finite
union of elementary subgroups is quasiconvex.

The required group M will be obtained as a direct limit of a sequence of hyperbolic groups

Kj, 7 =0,1,2,.... We start with a strictly increasing sequence Gy < G < Ga < ... of
finite groups such that |G1| > 2 and the following condition is satisfied:
(16) for each i € N, if N 9 G; and N C G;_; then N = {1},

i.e., G;_1 does not contain non-trivial normal subgroups of G;. As a matter of convenience
we will assume that Gy = {1} is the trivial group, and we will let v;_; : G;—1 — G; denote
the embedding of G;_1 into G;, i € N.

The obvious choice would be to take G;’s as a sequence of finite simple groups: e.g.,
G; = Alt(i + 4) for « = 1,2,..., equipped with the standard embedding of Alt(j) into
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Alt(7 + 1) (as the subgroup leaving the last element of {1,2,...,7 + 1} fixed). On the
opposite spectrum, one can choose G;’s to be nilpotent, by letting G; = UT (i + 2,FF) be the
group of unitriangular matrices over a finite field F, i = 1,2, ..., where UT(j, F) is naturally
embedded into UT(j + 1,F) as the stabilizer of the last vector from the standard basis of
Fi+L,

Now, take any non-elementary hyperbolic group Ky with property (FA) (e.g., a hyperbolic
triangle group — see [27, 1.6.3, Ex. 5]). Without loss of generality we can suppose that
Ek,(Ky) = {1} (to achieve this, one can always replace Ky with the quotient K¢/Ek,(Ky)).
We can also assume that Gy = {1} < Kj, and take Qo := {1} C Kp.

Lemma 6.3. There exist a sequence of groups K, j € N, epimorphisms (j_1 : K;j_1 — Kj,
subsets Q; C K; and elements t; € K such that the following properties are satisfied for
all j € N:
(a) K; is a non-elementary hyperbolic group with Ex (K;) = {1};
(b) Q; is a finite union of elementary subgroups of K;;
(c) -1 is injective on Qj—1, and (j—1(Qj—1) C Qj;
(d) Gj < KJ’ and Gj g Qj,’
(¢) G-1(Gj1) = Gj1 € G and (j1(g) = vj-1(g) for every g € Gj1;
(f) tj centralizes (j_1(Gj—1) = Gj—1 in Kj;

t,

—1 —1

(h) for every c € Gj\ Gj_1, c 1" has infinite order in K;, and (¢ ) C Q.

Proof. The group Ky and the subset Qg C Ky have already been defined. So, arguing
by induction we can assume that for some n € N we have already constructed the groups
Ky, ..., K,_1, together with epimorphisms (;_1 : K;_1 — Kj, subsets Q; C K; and ele-
ments t; € Kj, j =1,...,n — 1, satisfying properties (a)-(h) above.

In order to construct the group K,,, define an auxiliary group F,, by the following pre-
sentation:

Fn = (Kn-1,Gntn | g =m-1(9), tagt,' =g for all g € G,_1).

In other words, F}, is an HNN-extension of the free amalgamated product of K, 1 with G,
along Gp,—1 = Yp—1(Gp—1) — see Figure 3.

tn
Gpo1 = Gn—l

Gpo1 = 'Yn—l(Gn—l)

oG,

Ficure 3. The graph of groups for F,,.

According to this definition, F), is the fundamental group of a finite graph of groups
with hyperbolic vertex groups (as K, is hyperbolic by (a) and |G, | < co) and finite edge
groups (as |Gp—1| < 00). Therefore F), is also a hyperbolic group (e.g., by the Combination
theorem of Bestvina and Feighn [4, 5]). Clearly F, is non-elementary and ¢, centralizes
anl in Fn

Let @, be the subset of F;, defined by

Qu=0QnaUGU ] (e lenetty,

c€G\Gn—1
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Then @, is a finite union of elementary subgroups in F,,. Hence @,, is quasiconvex in Fj,,
and, by Lemma 6.2, @),, is small relative to any non-elementary subgroup H < F,.

Let us check that K, 1 and H := (G, Gl») are G-subgroups of F,,. The subgroup K,,_1
is non-elementary by (a). On the other hand, it is easy to see that H is isomorphic to the

free amalgamated product G, *Gpo1=Gin | G'», which contains non-abelian free subgroups

because |Gy, : G—1| = |Gl - G' || > 2 (by (16) as |G1| > 2) — see [3, Thm. 6.1]. Therefore
H is also non-elementary.

In order to check the second part of the definition of a G-subgroup we will need the
following auxiliary lemma:

Lemma 6.4. Suppose that F is a group acting on a simplicial tree S without edge inversions
and v is a vertex of S such that H := Stp(v) is finitely generated and does not fix any edge
of S. If E < F is a finite subgroup normalized by H in I then £ C H.

Proof. Since |E| < oo, the fixed point set Fix(FE) is a non-empty convex subtree of S (cf.
[27,1.6.3, Ex. 1]) that is invariant under the action of H, as E' is normalized by H. By the
assumptions, v € Fix(H) # (), therefore every element h € H fixes some point of the subtree
Fix(E) (cf. [27, 1.6.4, Cor. 2]). Thus H acts on the tree Fix(E) so that each element acts
as an elliptic isometry. Since H is finitely generated, we can conclude that H fixes some
vertex u € Fix(E) (see [27, 1.6.5, Cor. 3]). But v is the only vertex of S fixed by H because
H does not fix any edge of S. Hence v = u € Fix(F), implying that E C Stp(v) = H, as
claimed. ]

Now let us continue the proof of Lemma 6.3. The group F),, constructed above, acts on
the Bass-Serre tree S corresponding to its natural representation as a fundamental group of
a graph of groups, and all edge stabilizers for this action are finite (as they are conjugates of
Gpn—1). On the other hand, K,,_; is infinite (by condition (a)) and so it cannot fix any edge
of S, although it is the stabilizer of some vertex of S. Hence we can apply Lemma 6.4 to
conclude that Ep, (K,,—1) € K,,—1 in F,. It follows that Er, (K,—1) C Ek, ,(K,—1) ={1}
by (a); thus K,,_1 is a G-subgroup of F),.

Since H = (G, Gi) normalizes Ep, (H) and G,,G' < H, we deduce that both G,
and GIr normalize Fp, (H) in F,. Recall that G,, = Stg, (v) for some vertex v of S, by
definition, and so G'» = Stp, (t, ov). On the other hand, neither G,, nor GIr fixes any edge
of S (as |G| = |G| > |Gp—1]), therefore Er (H) C G, N Gl by Lemma 6.4. However,
according to Britton’s lemma for HNN-extensions (see [22, Sec. 1V.2]), G,, N Gl» = G,,—1,
so Ep,(H) is a normal subgroup of G,, contained in G,,_;. Hence, recalling (16), we can
conclude that Ep, (H) = {1}, i.e., H is a G-subgroup of F,.

Thus all the assumptions of Lemma 6.1 are verified, hence there exists a non-elementary
hyperbolic group K, and an epimorphism &, : F,, — K, such that &,_; is injective on
an fn—l(Kn—l) = fn—l(H) = K,, and EKn(Kn) = {1} Let Cn—l : K,,_1 — K,, denote the
restriction of &, 1 to K,,_1. To simplify the notation we will identify @Q,,, G, and t, with
their &,_1-images in K,. It is now easy to check that the properties (a)-(h) all hold for
j = n. Indeed, the properties (a)-(f) are evident from construction and (g) follows because

K, = fnfl(H) = Snfl ((Gn’G%n» = <GTL’Gf’Ln>

To establish (h) for j = n, we first observe that for every ¢ € G, \ G,,—1 the element

~Letnetn’ has infinite order in F, (e.g., by applying Britton’s lemma again). Now, since

o

¢ Letnctn 1> C @, in F,, and &, is injective on ), we are able to conclude that the element
“letnctn' = ¢,y (cletetn') still has infinite order and (c~lctetn') C €, 1(Qn) = Qy in

—~

5@
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Thus for every j € N we have constructed the groups K; together with epimorphisms
(-1 : Kj—1 — Kj, subsets Q; C K; and elements t; € K; that satisfy conditions (a)-(h)
above. (]

Theorem 6.5. There exists a finitely generated group M which contains a strictly ascending
sequence of subgroups Go < G1 < ... and elements a; € M, i € N, that satisfy the four
properties (P1)-(P/) above.

Proof. Define M :=lim;_, (K}, (;) as the direct limit of the sequence (Kj,(;) constructed
in Lemma 6.3. Let 7; : K; — M denote the canonical epimorphism, j € NU {0}. The
properties (c¢) and (d) of Lemma 6.3 imply that 7; is injective on G; and @, therefore we
will identify G; and its elements with their images in M for every j € NU {0}. Property
(e) yields that G;—1 < Gj in M, for all j € N. For every j € N we let a; := 7(t;) € M.
Then property (f) of Lemma 6.3 implies (P1), and property (g) gives (P2). The group M is
a quotient of Ky, which has (FA), hence M has (FA) as property (FA) passes to quotients,
thus (P3) also holds. So it remains to check (P4).

Take any j € N and consider any ¢ € G\ G;—1 in M. Then, by condition (h), the element

—1
¢ 1 will have infinite order in K ; and the cyclic subgroup generated by this element
will be contained in ;. Since the epimorphism 7; is injective on (), we can conclude

1 1 1 caTl
that 7;(c ™' ) = ¢ 1¢%“%  has infinite order in M. Clearly ¢~ 'c¢%“% € (G, G(;J “ )
—1
a]-ca]-

thus the subgroup (G, G

] ) < M is infinite. One can also note that the element

i in M. Consequently, the

—1
) a. “caj, . . . _ :
c(c7H)% 4 ¢ (Gj,G; ) is a cyclic conjugate of ¢ Letsea
S Tcaj

subgroup (Gj,ij ) < M is also infinite. Recalling that for each n € N U {0}, the
subgroup G,, < M is finite, we are able to conclude that (P4) holds. O

7. PROOF OF THE MAIN RESULT

We are finally prepared to prove the main result.

Proof of Theorem 1.1. Let M be the finitely generated group given by Theorem 6.5. Then
we can construct the limit group L and the R-tree T' as in Section 5. The group L is
finitely generated and acts on T non-trivially by isometries with finite arc stabilizers by
Theorem 5.6, since each G,, < M is a finite group by construction (see Section 6). Moreover,
L has property (FA) by Lemma 2.4.

Finally, if P is a finitely presented group then any epimorphism from P to L factors
through some epimorphism P — L; for some i € N, because L is the direct limit of the
groups L; (see [10, Lemma 3.1] for a proof of this fact). Therefore P inherits from L;
a non-trivial action on the Bass-Serre tree T; (corresponding to the splitting of L; as an
amalgamated free product), and thus P does not have (FA). O

Remark 7.1. Recall that, by construction, each L; acts on the simplicial R-tree T}, ¢ € N,
where the length of an edge is set to be 1/2¢1. Since T; converge to T strongly, it is clear
that their 0-skeletons converge to a D-tree S, where D < Q is the group of dyadic rational
numbers, and 7" is the R-completion of S (see [17, Sec 1] for a discussion of A-completions).
Evidently the natural action of L on S is still non-trivial, thus the pair (L, S) gives an
example of a finitely generated group L which has property (FA), but admits a non-trivial
action, without inversions, on a D-tree S. Since the Q-rank of D is 1, this example shows
that finite presentability is a necessary assumption in the results of Gillet and Shalen [17,
Prop. 27 or Thm. C], mentioned in the Introduction.
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