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Abstract

We investigate long-time thermal activation behaviour in magnetic particle chains of variable length. Chains are modelled
as Stoner-Wohlfarth particles coupled by dipolar interactions. Thermal activation is described as a hopping process over
a multidimensional energy landscape using the discrete orientation model limit of the Landau-Lifshitz-Gilbert dynamics.
The underlying master equation is solved by diagonalising the associated transition matrix, which allows the evaluation
of distributions of time scales of intrinsic thermal activation modes and their energy representation. It is shown that as
a result of the interaction dependence of these distributions, increasing the particle chain length can lead to acceleration
or deceleration of the overall relaxation process depending on the initialisation procedure.
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1. Introduction

A common feature in systems with hysteresis is a large
number of metastable states leading to multiscale dynam-
ics, ageing, and memory effects [1]. A phenomenological
description of thermal activation processes in such systems
assumes that the time scales τ of the available relaxation
modes depend on the effective energy barriers, δe, emerg-
ing from internal interactions and disorder. Their proba-
bility distribution, ge(δe), is a characteristic of the system
and its optimisation has been central to modern magnetic
recording technology [2] and to applications of magnetic
nanostructures in biology and medicine [3].

A standard way of identifying the energy barrier distri-
bution ge(δe) has been based on the least square fitting of
the integral expression:

M(t) = M0

∫ ∞
0

ge(δe)e
−t/τ(δe)d(δe) (1)

to the time dependent thermal relaxation magnetisation
data [4]. Here M0 is the initial magnetisation, τ(δe) =
τ0 exp(δe) following the Arrhenius law, and δe is assumed
in the units of thermal energy kBT . However, a recent
study [5] demonstrated that the representation of thermal
decay using Eq. (1) is inconsistent with the collective na-
ture of thermally activated processes in interacting particle
systems, and instead identified consistent relation:

M(t) = M0

∫ ∞
0

f(ε)e−t/τ(ε)dε (2)
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Here, the auxiliary variables ε are defined as τ(ε) =
τ0 exp (ε), where τ are the eigenmodes (reciprocals of
eigenvalues) of the master equation associated with the
discrete orientation model limit of the Landau-Lifshitz-
Gilbert dynamics [5, 6]. Thus f(ε) weights the contri-
bution of a particular eigenmode τ , represented by ε =
ln(τ/τ0), to the overall magnetisation decay at any time t.
The variables ε have no direct physical meaning and have
been introduced for convenience of comparing the eigen-
modes with the energy scale of barriers δe, even though
they have been found to reduce to δe in the non-interacting
case or for geometrically symmetric particle clusters [5].
An equivalent formulation of Eq. (2) in terms of the intrin-
sic times τ can be obtained by substitution, which amounts
to replacing f(ε) by f(ln(τ/τ0))/τ in the new integral over
τ [7].

It is thus evident that the identification of the intrinsic
properties of magnetic nanoparticles in the presence of in-
teractions requires first relating f(ε) and ge(δe) in specific
cases. Here we explore this issue for dipolar-coupled mag-
netic particle chains. This allowed to show that increasing
the chain length can lead to acceleration or deceleration of
thermal relaxation depending on the initialisation. The ef-
fect of initialisation on relaxation processes has been rarely
addressed and cannot be explained based solely on the
knowledge of ge(δe), as suggested also earlier [8].

2. Method

A magnetic particle chain is modelled as a collection
of interacting Stoner-Wohlfarth particles having spherical
volume V = πa3/6, where a is the particle diameter. Each
particle is represented by a single macrospin unit vector ŝi
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Figure 1: (a) An example of a transition network in the state-space
α = 0, . . . 3 of a 2-particle system ŝ1 and ŝ2. Thick arrows indi-
cate the particle moment orientations within the microstates α. The
edges along the perimeter of the network describe ‘single-particle’
transitions, the diagonal edges show transitions when both particle
moments reorient simultaneously. (b) Stable particle moments ŝi
correspond to energy minima in Eq. (3), and are confined in the

plane defined by the anisotropy vector k̂i and the total local (effec-

tive) field ~h+ ~hdipi .

subject to anisotropy ~ki = kik̂i and effective field ~h+~hdip
i

as shown in Fig.1(b), where ~h is the external applied field

and ~hdip
i is the dipolar field produced by all neighbours of

particle i. The total energy of a chain with Ns particles
is:

E

V
=

Ns−1∑
i=0

(
ki

(
k̂i × ŝi

)2

− ŝi · ~h− ŝi · ~hdip
i

)
(3)

where ~hdip
i = I

∑Ns−1
j 6=i r−3

ij (−ŝj + 3r̂ij (ŝj · r̂ij)) is the
dipolar interaction field with r̂ij = ~rij/rij and all dis-
tances normalised by a. The I = µ0M

2
s /24 is the in-

teraction strength and Ms the saturation magnetisation
of the particles. The total system energy Eq.(3) has mul-
tiple minima that correspond to meta-stable states, re-
ferred to here as the microstates of the system and labeled
α = 0, 1, . . . ,Ω− 1. For high energy barriers the system is
confined to this set of discrete microstates and the ther-
mally activated dynamics occur as a stochastic hopping
process between these microstates. Fig. 1(a) illustrates
the 4 microstates corresponding to a 2-particle system,
where the nodes and edges represent the microstates and
possible transition paths of the system, respectively. In a
constant magnetic field ~h, each microstate α is represen-
tative of a specific particle moment configuration and has
a definite magnetisation value mα. The transition rates
between each pair of microstates α, β are computed us-
ing the Néel-Arrhenius law that relates the energy barrier
δeαβ between the microstates α and β to the transition
rate: Wαβ = τ−1

0 exp [−δeαβ ], where τ−1
0 is the attempt

frequency (taken here constant 109 s−1), and δeαβ are in
units of kBT .

The probability that the system resides in a microstate
α at a time t is denoted pα(t). The time evolution of all
microstate probabilities ~p(t) is studied by solving the mas-
ter equation [9, 10] motivated by the discrete orientation

model limit of the Landau-Lifshitz-Gilbert dynamics [6]:

d

dt
~p(t) = W~p(t) (4)

with W being the Ω×Ω transition matrix. The matrix el-
ements Wαβ correspond to the Arrhenius transition rates
from microstate β to α. In a constant external magnetic
field, Eq. (4) represents a system of linear first-order dif-
ferential equations subject to an initial condition ~p(0), and
the general solution can be expressed by diagonalisation of
the transition matrix [5, 9], yielding the time evolution of
the probability of each state as:

pα (t) =

Ω−1∑
r=0

cru
α
r e
−λrt (5)

In Eq. (5), λr > 0 are the eigenvalues of the transition
matrix W relating to thermal activation modes with time
scales τr = 1/λr, u

α
r are the components of the right eigen-

vectors of W , and cr are constants specified by the initial
condition ~p(0). The overall time dependent magnetisation
for a chain is Mq(t) =

∑
αmαpα(t), which after inserting

Eq. (5) and arranging gives:

Mq (t) =

Ω−1∑
α=0

Ω−1∑
r=0

mαcru
α
r e
−λrt =

Ω−1∑
r=0

ξre
−λrt (6)

where ξr =
∑
α crmαu

α
r are the weights of the contribution

of relaxation modes τr to the overall magnetisation decay
of a chain. For convenience, we define the energy repre-
sentation εr of the relaxation modes τr as τr = τ0 exp (εr),
which reduces to energy barriers (δeαβ + δeβα)/2 in the
non-interacting case. Eq. (6) resembles the form of Eq.
(2) for a single particle chain.

To apply this formalism one must first identify all ap-
plicable microstates α, energy barriers δeαβ , and the tran-
sition rates Wαβ , which soon becomes a nontrivial nu-
merical minimisation problem as the number of particles
Ns in a chain increases. An algorithm to achieve this
in the weakly interacting case has been discussed in [5],
where the assumption of weak interactions allowed consid-
ering only single particle transitions and approximate the
δeαβ underlying these transitions by single particle Stoner-
Wohlfarth-like effective barriers.

3. System of two interacting particles

We demonstrate the concepts developed above by con-
sidering a 2-particle example. In the weakly interacting
case in zero field ~h = 0 we expect each particle to exhibit
two states, which leads to 22 = 4 system microstates (Fig.
1(a)), and the likelihood of only single particle transitions.
The most general form of the matrix W is in this case:

W =


−
∑

0 w01 w02 0
w10 −

∑
1 0 w13

w20 0 −
∑

2 w23

0 w31 w32 −
∑

3

 (7)
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Figure 2: (a) The time-dependent magnetisation M (t) for 106 4-
particle chains as computed with Eq. (2) (−) using the normalised
distribution f(ε) shown in (b). The histogram representing the joint
probability density function D (ε, ξ) used to compute f(ε) in Eq.(10)
is shown in (c). In (a), the dashed line (−−) correspond to equivalent
kinetic Monte-Carlo simulations. The model parameters used are
discussed in the text.

where
∑
i correspond to the sum of all elements in the

column i. Calculating the eigenvalues of the matrix W ,
in order to set up Eq.(6), requires employing standard nu-
merical methods.

For two identical particles with aligned anisotropy axes
differing only by the anisotropy value ki, it can be shown
by straightforward symmetry arguments that w01 = w32 =
wa, w10 = w23 = wb, w20 = w13 = wc, and w31 = w02 =
wd. In this case, the eigenvalues can be calculated in closed
form:

λ1 = 0 λ2 = w

λ3,4 =
1

2

(
w ±

√
w2 − (wawc + wbwd)

) (8)

with w = wa+wb+wc+wd. As can be seen, λ1 corresponds
to the thermodynamic equilibrium and λ2 is simply a su-
perposition of the relaxation rates evaluated directly from
the energy barriers δeαβ . However, λ3 and λ4 are nonlin-
ear combinations of the transition rates wa, . . . , wd, which
complicates identification of their relation to δeαβ unless
the functional form of the non-linear dependence is known.
Such information is only rarely available in practice.

The next level of reduction is to consider two identical
interacting particles. The higher level of symmetry sim-
plifies the W matrix even further with wb = wc = w0 and
wa = wd = w1, the corresponding eigenvalues are:

λ1 = 0 λ2 = 2(w0 + w1)

λ3,4 = w0 + w1 ± |w0 − w1|
(9)

This case also allows identification of the energy barri-
ers by minimisation of the full energy expression Eq. (3):
δe0 = kV/kBT ((1− 2I∗)2 − I∗2) and δe1 = kV/kBT ((1 +
2I∗)2 − I∗2), where I∗ = I/(2k) with I being the interac-
tion strength entering in the dipolar term in Eq. (3), and

k = |~ki| for all particles.

Expressions (8) and (9) allow the calculation of the time
and energy representations of the relaxation modes respec-
tively as τr = 1/λr and εr = ln(τr/τ0). This in turn allows
the evaluation of the microstate probability distribution

(a) (b) (c)

Figure 3: An example of the computed normalised probability dis-
tribution f(ε) for an ensemble of 4-particle chains initialised in an
external field oriented parallel to the chain axis. For comparison,
(b) shows the probability distribution gε of ε obtained directly as
eigenvalues of the transition matrix W , and (c) the distribution ge
of energy barriers δe obtained by the direct minimisation of Eq. (3).

in Eq. (5), the coefficients ξr, and ultimately the mag-
netisation decay using Eq. (6). The required microstate
magnetisations mα are obtained from direct minimisation
of Eq. (3). In the following we apply these concepts to in-
vestigate ensembles of particle chains with spherical distri-
butions of anisotropy axes. Such chains require analysing
general matrices, such as Eq. (7) for the 2-particle case,
and employing numerical methods. Describing ensembles
of chains also requires a statistical approach to be intro-
duced below.

4. Ensembles of particle chains

In Figs. (2)-(4) we consider thermal relaxation behaviour
in uniform ensembles of 106 independent chains of length
Ns = 2, . . . , 9, assuming zero external magnetic field and
initialisation in the remanent state prepared by applying
saturating field parallel to the chain axis. For comparison,
in Fig. 4(b) we also included calculations for initialisa-
tion in a perpendicular magnetic field. As a simulation
parameter set we use a = 10 nm, T = 300 K, spherically
randomised anisotropies ~ki with k = |~ki| = 107 J/m3 for
all i, giving kV/kBT ≈ 12.5, and Ms = 4×105 A/m which
gives I = 8.4×103 J/m3. For every chain in the ensemble,
we evaluate the eigenvalue problem and identify all quanti-
ties ξr and τr entering in Eq. (6), and find εr = ln(τr/τ0).
Next, following Ref. [5], we use histogram techniques to
find the joint probability distribution D(ε, ξ) correspond-
ing to an ensemble of chains, and compute the distribution
f(ε) entering in Eq. (2) as:

f(ε) = M−1
0

∫ ∞
−∞

ξD(ε, ξ)dξ (10)

An example of the calculation for an ensemble of 106 4-
particle chains is shown in Fig. 2. In Fig. 2(a), the mag-
netisation decay is calculated using Eq. (2) assuming f(ε)
shown in Fig. 2(b). The f(ε) was evaluated using Eq. (10)
with D(ε, ξ) shown in Fig. 2(c), obtained as a normalised
two dimensional histogram over all ξ and ε in the ensemble
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Figure 4: Box-and-whisker plots of the different types of distributions
computed for particle chains of length Ns. The ‘box’ corresponds to
lower and upper quartiles of the distribution, and the lower and up-
per ‘whiskers’ mark the tails of the distribution. The horizontal line
through the box is the median. (a)-(b) f(ε) corresponding to initial-
isation of a thermally activated process in external field parallel (a)
and perpendicular (b) with respect to the chain axis. (c) distribution
gε(ε) obtained directly from the eigenvalues of the transition matrix
W , and (d) distribution ge(δe) of energy barriers obtained by the
direct minimisation of the energy function Eq. (3).

when they are viewed as correlated random variables. The
distribution D(ε, ξ) provides a complete description of the
thermally activated magnetisation decay behaviour of en-
sembles of chains. As can also be seen in Fig. 2(c), there is
a dense ε region, approximately between 6 < ε < 8, where
ξ = 0. According to Eq. (6), this region corresponds
to those relaxation modes not contributing to the mag-
netisation decay, and relates to symmetric orientations of
anisotropy axes of particles within the chains which are
likely to be present in the ensemble.

Fig. 3 compares the distribution f(ε) for an ensemble of
4-particle chains (Fig. 3(a)), as already shown in Fig. 2(b),
the corresponding full distribution of relaxation mode en-
ergies gε(ε) =

∫∞
−∞D(ξ, ε) dξ (Fig. 3(b)), and the energy

barrier distribution ge(δe) obtained by directly mapping
the energy landscape (Fig. 3(c)). Clearly, gε(ε) and ge(δe)
have different functional form than f(ε), and while the dis-
tributions gε and ge are intrinsic characteristics depending
only on the complexity of the energy landscape, f(ε) re-
flects the nature of the measurement. For example, an
equation analogous to Eq. (6) could in principle be de-
rived for thermal fluctuations of the magnetic moment,
which would lead to a different definition and functional
profile for the distribution f , while the distributions gε and
ge would remain unchanged.

Fig. (4) shows a systematic study of the behaviour of
distributions f , gε, and ge for ensembles of particle chains
of increasing length Ns, using box-and-whisker plots. The
box corresponds to the lower and upper quartiles of the
distribution and the whiskers mark the tails of the distri-
bution (corresponding to 1% and 99% percentiles). The
horizontal line through the box is the median. Figs. 4(a),
(c), and (d) are analogous to Fig. (3), and are extended to
include ensembles of chains with increasing Ns. As can be
seen, the median of the distribution f(ε) moves upwards
as Ns increases, which implies an increasing characteristic
time scale of thermal relaxation during the approach to
equilibrium, since increasing ε implies longer τ . It is also

evident that the overall trend of distributions gε and ge
is markedly different from f . In Fig. 4(b) we also added
the behaviour for ensembles of chains initialised in a dif-
ferent state obtained in perpendicular magnetic fields with
respect to the chain axis. The trend as a function of Ns is
markedly different, leading to accelerated relaxation. This
highlights the importance of the initial condition in the
overall relaxation process, as also discussed in [5] for more
general cases of particle clusters.

5. Conclusions

We studied thermal relaxation behaviour in magnetic par-
ticle chains. Evaluating Eq. (2) we found that interactions
can cause acceleration or deceleration of thermal relax-
ation process as the chain length increases depending on
the initialisation. Our findings illustrate rich behaviour of
thermally activated processes in interacting particle sys-
tems, which may be completely missed if the analysis is
based on the energy barrier distributions ge(δe), as is of-
ten done in practice. Because ge(δe) relate to the over-
all topography of the energy landscape, they inherently
cannot account for the initialisation dependent thermally
activated hopping processes and, therefore, cannot be di-
rectly used to quantify the magnetisation decay behaviour.
Thus, fundamentally, the inverse problems to identify in-
trinsic properties of interacting magnetic particle systems
are ill-posed, unless the initialisation procedure is included
in the analysis through consistent evaluation of thermal
activation modes.
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