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SEISMOLOGY OF ADOLESCENT (GENERAL RELATIVISTIC
NEUTRON STARS

by Christian Jiirgen Kriiger

Neutron stars are a unique laboratory for exciting physics under extreme conditions;
after their birth in a violent supernova explosion or due to accretion of matter or other
operative mechanisms during their lifetime, they are subject to oscillations. The iden-
tification of such oscillations, via their generated gravitational waves or their imprint
on electromagnetic signals, establishes the field of neutron star asteroseismology and
allows us to probe the otherwise unobservable interior of these stars.

In this study, we take the first steps towards the ambitious aim of developing the
computational technology to determine accurate spectra of lifelike neutron stars. Start-
ing from the widely used Detweiler & Lindblom formulation of the equations governing
perturbations of a perfect fluid star, we extend this formalism to account for density
discontinuities associated with distinct phase-transitions, an internal composition gra-
dient, thermal pressure, the elastic crust and superfluidity in an npeu-core described by
a modern equation of state. The latter two require different sets of equations for their
description and we show their derivation in detail, starting from a fundamental action
principle. Furthermore, snapshots of detailed cooling simulations allow us to study the
impact of thermal effects on the various oscillation modes.

We discover a new branch of short-lived w-modes; even though our results are
unambiguous, there is the option that these modes are an artefact of the numerical
algorithms employed. The simulations for single fluid stars show evidence for all ex-
pected oscillation modes and we can successfully extract the thermal evolution of the
spectrum as the star cools. The multi-fluid calculations reveal the existence of g-modes
in superfluid neutron star cores if at least one of fluids features an internal stratification.
During the short period of time where there are two individual superfluid regions, we
find evidence for two independent sets of superfluid modes. Our code proves to possess

very high accuracy, be robust and is ready for extension to include more physics.
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Chapter 1

Introduction

Neutron stars are a unique laboratory for exciting physics under extreme conditions;
nowhere else can we test the behaviour of matter at densities several times the nuclear
density. Due to their high compactness, a general relativistic treatment is inevitable for
an accurate investigation of their dynamics and it is believed that their vibrations serve
as a continuous source for gravitational waves. These waves, predicted by Einstein’s
theory of gravity, are a purely relativistic effect in the sense that they have no Newtonian
counterpart and their existence has as yet been proved only indirectly, e.g. by the
observation of the binary pulsar PSR B1913+16 in 1974 [2, 3]; this system is also
called Hulse-Taylor binary pulsar after its discoverers who were awarded with the Nobel
Prize in 1993. A direct detection of gravitational waves, however, is still pending. The
hope is that their direct observation will open up the new field of gravitational wave

asteroseismology which will help unveil details of the internal structure of distant stars.

The larger field of asteroseismology is a part of modern astronomy that studies
stellar oscillations in order to gain further insight into the internal structure of stars.
Such oscillations penetrate the star to different depths and thus can provide information
about the otherwise unobservable interior of stars. This might be the density profile of
the region in which the wave is travelling or a hint about the chemical composition.

Asteroseismology can be traced back over nearly one century to the realisation in
1918 that the periodic changes in the luminosity of Delta Cephei discovered by John
Goodricke in 1786 are the result of radial pulsations [4, 5]. A vast number of pulsating
stars have been discovered ever since; the most famous of them being the Sun for which
it is known that pressure modes and probably modes of other classes are excited. The
impressive success of so-called helioseismology, a branch of asteroseismology, fuelled
research in these fields; the combination of theoretical models and observations of the
Sun’s oscillations have enabled researchers to deduce a detailed model of its internal
structure. We have a precise knowledge of, for example, the sound speed at different
depths or the Sun’s rotational profile [6].

The observation of oscillations of neutron stars is disproportionately more difficult;
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not only are these stars considerably smaller, they are also much less bright since they
do not have powerful heat sources as a stellar remnant. Gravitational waves emit-
ted by these stars are a promising source of information; unlike electromagnetic waves
which are scattered and absorbed during their travel from source to detector, grav-
itational waves propagate virtually unaffected through the entirety of the universe.
However, since matter couples only very weakly to space-time, the amount of grav-
itational wave radiation is usually quite limited and therefore hard to detect. Five
decades have passed since the first attempts were made by Weber in the 1960s to
detect gravitational waves. Nowadays, there are several modern gravitational wave
detectors online (VIRGO, GEO600 and Advanced LIGO [under construction]) which
are huge Michelson-Morley interferometers with two several kilometre long orthogonal
arms. The strength of the waves is usually quantified in the relative change of spatial
separation, h = Al/l; however, even at sensitivities of h ~ 10722 of the present de-
tectors in relevant frequency bands, no gravitational wave signal has been detected as
of today. There is strong hope that with the improved versions Advanced LIGO and
Advanced VIRGO coming online within the next couple of years, finally gravitational
waves will be observed. Such detection would be a significant step towards gravitational
wave asteroseismology and finally verify a central prediction of the 100 years old theory
of general relativity. The identification of neutron star oscillations, in particular their
frequency and damping time, will help us understand their internal structure and to

adjust our current theoretical models of neutron star matter.

The detection of continuous gravitational wave signals emitted by neutron stars is
not the only channel through which we may detect oscillations of these compact objects;
we also expect them to have an impact on signals in the electromagnetic spectrum. The
first evidence for such observations are the quasiperiodic oscillations (hereafter referred
to as QPOs) seen in the X-ray tails that accompany magnetar giant flares. Magnetar
giant flares are highly energetic subsecond duration bursts of electromagnetic radiation
of soft gamma repeaters (which are believed to be magnetars) in the soft gamma and
hard X-ray spectrum. As of today, three giant flares have been observed: one of
SGR 0526-66 in 1979, one of SGR 1900+14 in 1998 and one of SGR 1806-20 in 2004. The
analysis of the latter two revealed a number of QPOs in the decaying X-ray tail; whilst
most of them have frequencies of a few tens of Hertz, oscillations of up to about 1.8 kHz
were discovered. These frequencies, in particular the ones with longer time periods, fit
those of torsional oscillations of the solid crust well; however, it was soon established
that not all of the observed QPOs can be explained purely by crustal oscillations as
the first overtones of these already have frequencies in the kHz regime [7, 8]. Other
models are necessary in order to fit the observations, the most promising being Alfvén
oscillations of magnetised neutron stars. The observations of these QPOs, which are
promising candidates for the first ever observations of oscillations of neutron stars, are

very exciting: not only do they provide the first credible example of actual neutron
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star asteroseismology, they also emphasise the significance of oscillation modes which
we would not expect to detect via their emission of gravitational waves due to their

extremly weak coupling to space-time.

The detection of these QPOs has triggered a series of theoretical studies, in par-
ticular regarding torsional oscillations of the crust and Alfvén modes in magnetars,
the latter of which we will briefly summarise in the following. While the dynamics of
non-rotating neutron stars without magnetic field can be investigated by the solution of
one-dimensional ordinary differential equations, the study of magnetised neutron stars
is somewhat more difficult since the presence of the magnetic field breaks the spherical
symmetry of the physical system and requires more involved calculations. Levin pointed
out based on toy model simulations that the Alfvén modes of magnetars could form a
continuum [9] and another subsequent toy model calculation indicated that the edges
or turning point of the continuum could correspond to long-lived QPOs [10]. Sotani
et al. have performed more detailed two-dimensional calculations in the framework of
general relativity but ignoring the solid crust [11]; they find different series of oscillation
modes in the Fourier spectrum where the frequencies depend on the location within
the star; this is to be expected as the frequency of Alfvén modes varies throughout the
star. For a particular location, the identified oscillation modes have frequencies with
nearly integer multiples of the respective fundamental frequency. Subsequently, they
extended the calculations to study the effect of an entirely type I superconducting core
that expels the magnetic field and confines it to the crust [12]. They find that such a
magnetic field geometry strongly affects the torsional modes and shifts their frequencies
to higher values, thereby ruling out such a geometry as the frequency shift makes it
impossible to explain all of the identified modes in the giant flare of SGR 1806-20. Co-
laiuda et al. thoroughly examined the system of partial differential equations describing
the Alfvén modes and discovered a coordinate transformation that not only reduces the
number of dimensions by one but also removed the necessity to use artificial viscos-
ity in order to achieve a stable time evolution of the perturbations [13]. All of these
findings cited above have been qualitatively confirmed through non-linear simulations
by Cerdé-Durdn et al. [14]. Whilst the above mentioned calculations were regarding
poloidal or mixed poloidal-toroidal fields, Lander et al. investigated the oscillations of
rotating neutron stars with purely toroidal fields in Newtonian theory on consistent
background configurations, i.e. taking into account the deformation of the equilibrium
model due to rotational or magnetic effects [15]. It was only recently when Gabler
et al. built a magnetar model that includes the crust, superfluidity in the core and a
magnetic field such that the whole range of observed QPOs in magnetar giant flares,
those with low frequencies (f < 150 Hz) as well as high frequencies (f > 500 Hz), can

be explained by axisymmetric, torsional magnetoelastic oscillations [16].

These exciting observations in the electromagnetic spectrum, paired with the prospect

of an advanced generation of gravitational wave detectors coming online soon, provide
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strong motivation for the improvement of the theoretical modelling of neutron star
dynamics towards realistic simulations. However, this is a complicated venture, due
to, firstly, the rich catalogue of physical aspects to be considered, and secondly, the
still remaining uncertainties regarding in particular the deep core (at several times the

nuclear saturation density).

The history of relativistic seismology spans nearly half a century and has been pio-
neered by Thorne & Campolattoro in the late 1960s who derived for the first time the
equations governing vibrations of a perfect fluid star in first order perturbation the-
ory [17]. For many years, the focus lay on the mathematical formulation of the problem
as well as the investigation of qualitative features of the spectra of such stars rather
than a detailed consideration of the involved physics. In fact, most of the literature
is on perfect fluid stars assuming a highly simplified polytropic equation of state that
resembles a realistic one only in the bulk properties. This is, nevertheless, a natural
start towards the understanding of the increasingly difficult problem and the studies
on the simple models revealed several fundamental facts of the stellar spectrum. The
first proof of existence of the fundamental f-mode and the pressure restored p-modes
by Detweiler & Lindblom came along with another milestone, namely the reduction of
the equations to a fourth order system [18, 19]. While these modes were well-known
from studies conducted in Newtonian theory (see e.g. Cowling [20] who also introduced
the nomenclature for the different classes of modes), the fundamentally new class of
gravitational wave w-modes was discovered by Kokkotas & Schutz in 1992 when they ex-
tended the mode search for strongly damped modes [21] for which numerical challenges
concerning the exterior solution had to be overcome. While they adopted a method
that had originally been developed for solutions of problems within the framework of
quantum mechanics, their findings were confirmed by Leins et al. [22] by borrowing a
method from black hole calculations; furthermore, they located another small set of

so-called wr-modes at even shorter damping times than the w-modes.

The spectrum of a general relativistic perfect fluid is hereby exhausted; new classes
of modes enter the spectrum only upon the inclusion of more physics. A naturally
existing composition gradient leads to the rise of gravity g-modes due to buoyancy
in the core which were first identified by Reisenegger & Goldreich [23]; the nature of
these modes has numerically been studied to more detail in simple (rotating) neutron
star models using polytropic equations of state in Newtonian theory [24] as well as
general relativity [25]. More complex neutron star models have not yet been consid-
ered in detail regarding composition g-modes. Closely related are the interface i-modes
which arise due to density discontinuities associated with phase transitions that oc-
cur predominantly in the crust [26, 27, 28, 29, 30]. In a sufficiently old star, when
the crust has crystallised, it supports shear stresses and hence the spectrum will be
enriched by shear modes; the equations describing crustal oscillations have been laid

out by Schumaker & Thorne [31] for axial perturbations and by Finn [32] for the polar
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counterpart. The first numerical solutions (in yet another formulation) for torsional
modes were presented by Samuelsson & Andersson [7] for the Cowling approximation
and a bit later by the same authors even taking a superfluid neutron component (see
following explanation) permeating the crust into account [33]. Furthermore, it is widely
accepted that parts of a neutron star’s core and its inner crust exhibit superfluidity at
sufficiently low temperatures; there are already constraints on the superfluid pairing
gaps (or equivalently, the critical temperatures) from the observed real-time cooling of
the remnant in Cassiopeia A [34]. The density dependence of the critical temperature
for the onset of superfluidity causes a layering of the star where different regions of the
star require a different mathematical description (like in the case of the elastic crust);
the mandatory multi-fluid description for neutron stars has been developed by Comer
et al. [35] who discovered a second set of superfluid modes, which bear similarity to the
pressure modes, in an entirely two-fluid star. This description was later refined by de-
riving appropriate junction conditions between layers of different nature within the star
to account for a perfect fluid envelope as well as a single fluid (central) core [36, 37]
where the latter also have taken further steps towards the investigation of the tem-
perature dependence of the superfluid modes and the inclusion of more sophisticated
entrainment models. While a zoo of different realistic equations of state has been pro-
posed over the decades, they all came with the drawback of being applicable to single
fluid stars only. In order to study oscillations of a realistic neutron star, access to a
realistic equation of state which accounts for the two-fluid nature of a neutron star’s
core, including information about the superfluid energy gaps and the entrainment, is
a basic requirement. It was only recently, when Chamel provided the first ever consis-
tent equation of state model including entrainment [38]; this PhD project will be the
first to use this modern equation of state for the numerical simulation of oscillations of

multi-fluid neutron stars.

A real neutron star features even more physics which is essential for a full grasp
of its dynamics: it supports a strong magnetic field (see discussion above) and it will
certainly rotate. Rotation has a severe impact on a neutron star’s spectrum and its
dynamics; first of all, the star loses its spherical symmetry owing to the centrifugal
force which enforces completely different numerical techniques for the solution of the
perturbation equations unless the slow-rotation approximation (in which the star is
assumed to be spherically symmetric) is applied. The oscillations of fast rotating (and
highly deformed) stars are investigated by time evolutions that are subject to numerical
instabilities which is why such calculations have been performed only using numerous
simplifications as of today; most notably the Cowling approximation, in which per-
turbations of the space-time are neglected, is widely applied. Jones et al. [39] were
the first to develop a numerical code that stably evolves the perturbations of a fast
rotating Newtonian polytrope in time. For the general relativistic counterpart, some

numerical difficulties had to be overcome in order to achieve a stable evolution [40]. In
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both studies, the effect of rotation on the fundamental mode, i.e. the breaking of the
degeneracy at zero spin frequency, as well as the emerging of the inertial modes, which
are due to the Coriolis force, have been considered. Both codes were later extended to
account for stratification [24, 25] and qualitatively similar results have been found; as
the star spins faster, the buoyancy driving the g-modes becomes increasingly dominated
by the Coriolis force and the modes of both classes approach each other. Effort has
also been made to investigate inertial modes in non-linear simulations [41]. Rotating
stars also have the freedom to rotate differentially; this allows to store considerably
more rotational energy in the neutron star than in a rigidly rotating star. The effect
of differential rotation on the so-called f-mode instability has been investigated in the
framework of general relativity [42]; this CFS instability, discovered by Chandrasekhar,
Friedman & Schutz [43, 44|, of the fundamental mode may drive a fast rotating neu-
tron star unstable due to the emission of gravitational waves given that the star’s spin
frequency exceeds a certain threshold. Subsequently, this code has been extended by
Doneva et al. [45] for the use with realistic equations of state in order to investigate
the f-mode instability window in more realistic neutron stars. There are also a few
studies of neutron star oscillations in full non-linear general relativity, however, their
number is still very limited due to the computationally extremely costly simulations;
radial oscillations of fast and differentially rotating stars in the Cowling approximation
have been investigated by Stergioulas et al. [46] whereas Zink et al. [47] studied the
CFS instability of the non-axisymmetric fundamental mode. Dimmelmeier et al. [48]
considered axisymmetric modes in differentially rotating stars in the so-called confor-
mal flatness approximation. If one is interested only in slowly rotating neutron stars,
the deviation from spherical can be neglected, and thus the angular dependence of the
problem vanishes. Such calculations have been performed regarding the rotational or
r-mode (which is generically unstable due to the CFS instability) [49, 50| and slowly
and differentially rotating stars have been studied, too [51, 52].

We take these studies as a starting point to take the first steps towards true realism
and to develop a comprehensive numerical code. The inclusion of all above mentioned
physical aspects would go well beyond the scope of this thesis, which is why we will
constrain ourselves to the following: we will start from the classic fluid formalism of
Detweiler & Lindblom [19] and extend it to account for density discontinuities associ-
ated with distinct phase transitions, interior composition gradients, thermal pressure,
the elastic crust and superfluidity in the core. The determination of the elastic or su-
perfluid regions requires a temperature profile of our model neutron star; in order to
remain consistent, we use snapshots of detailed cooling simulations based on our actual
neutron star model provided by Ho [53]. With this thermal evolution of our neutron
star at hand, we are able to track the different modes as the star matures. This exercise
sheds light on the influence of thermal effects on the various oscillations modes of the

star.
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The thesis will essentially be divided into two substantial chapters which are pre-
ceded by Chapter 2 that is devoted to the construction of our background model and
the equation of state we use.

In the following Chapter 3, we discuss the extension of the perfect fluid formalism
provided by Detweiler & Lindblom [19] and the derivation of perturbation equations
for the elastic crust for both polar and axial perturbations. We also revise the junction
condition problem and discuss associated puzzling findings. The last part of this chapter
comprises the results; firstly, we compare our new code against literature values and
perform a comprehensive high resolution scan for w-modes in the first quadrant of the
complex plane, after which we progress to increase the complexity of our neutron star
model until we reach the stage where we can extract the time evolution of the spectrum
of a single fluid neutron star.

The next big Chapter 4 covers the multi-fluid formalism and our subsequent results.
We start by revisiting an action principle from which we derive the equations of motion;
we show in detail how to account for leptons in the core which are electromagnetically
locked to the protons. We then produce a comprehensive matrix of junction conditions
for all possible cases. The results section again starts with sanity checks of our code
for different special cases, after which we turn to the low frequency spectrum in multi-
fluid stars and explain why such stars do support g-modes. Last, we produce the time
evolution of the spectrum of a multi-fluid star.

In Chapter 5, we conclude our work and provide an outlook on future research.

1.1 Conventions

e Greek indices run from 0 to 3 and denote space-time components (with 0 being the
time component), Latin indices run from 1 to 3 and denote spatial components.

We use the Einstein sum convention for these indices.

e Latin indices in roman typeset, e.g. n,p,x,... are constituent indices. We place
them liberally upstairs or downstairs in order to avoid cluttering and they do not

obey any kind of summation convention.

e The signature of the metric is (—,+,+,+) which means that time-like vectors

have a negative length.

e Unless stated otherwise, we carry out our calculations in units in which G =
c = Mg = 1. Whenever appropriate, we quote physical quantities in cgs-units;

occasionally we use MeV.

e Covariant derivatives of an arbitrary quantity f with respect to x* are written as

V. f, and we occasionally use the abbreviations 9, f or f, for partial derivatives.

7



Chapter 1 Introduction

e We abbreviate radial derivatives with a prime, f’ = 0, f, and temporal derivatives

with a dot, f = 8,f.

e For brevity, we will occasionally make use of the following short-hand notation
regarding tensor indices: for any tensor t,,, round brackets denote symmetri-
sation, 2t(,,) = tu + t,,, whereas square brackets are used to denote anti-

symmetrisation, 2¢(,,) := tu — tyy.




Chapter 2

The Background Model

The investigation of oscillations of neutron stars is very complicated. First, because
many different physical properties have to be taken into account, second, due to their
high compactness it is essential to encounter the problem within the framework of
general relativity. A well-known feature of these equations is their non-linearity which
poses different numerical challenges. However, since oscillations of a neutron star are
thought to be small, a widely used approach is to linearise the equations. Physically, the
problem has been reduced to studying the evolution of small perturbation on a star in
equilibrium. We will generally refer to the equilibrium as the background configuration
or short the background; mathematically, this removes the difficulty in dealing with
non-linear equations and allows us to consider the background and the perturbations

separately—their equations are fully decoupled.

In this chapter, we will describe the background model that we will use for our
studies. Aside from the fundamental equations describing the general structure of the
star, the essential piece that strongly affects the bulk properties of the star like mass
and radius is the equation of state (EoS hereafter). It connects pressure and energy
density in a one-to-one relation, p = p(p); while this relation is fairly well known for
lower densities which we find in the crust of the star, there are large uncertainties at
high densities in the deep core of neutron stars at several times the nuclear saturation
density. These uncertainties stem from our lack of knowledge of the behaviour of matter
at these extreme densities and they become apparent by the fact that many different
FoSs for the core of a neutron star have been proposed over the past decades. The
resulting background configurations (as well as the oscillation modes) may obviously
vary significantly when a different EoS is employed. Many studies on neutron star
oscillations use several different EoSs and investigate differences and similarities in the
results. However, our study has a different aim: Our focus lies on demonstrating how
our current understanding of physics relevant for neutron stars can be implemented and
incorporating more physics in a single simulation rather than trying to calculate precise

(as in realistic) oscillation frequencies. We are aware that the oscillation frequencies we
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calculate can only be exemplary as the EoS is still largely unknown. We will, therefore,
treat the EoS as a parameter in our study that can easily be exchanged once a more
accurate EoS has been developed. Until then, we choose one particular EoS that suits

our problem best and hope that it is somewhat realistic.

Apart from the EoS, we are going to account for several other physical properties
that influence the background model and the oscillations. In this part of the study,
we will account for density discontinuities in the background, stratification, a finite
temperature and an elastic crust. In the following we describe the construction of the

background model.

2.1 The Mathematical Description

The structure—i. e. the pressure and density profile—of a neutron star can be calculated
using the Einstein equations
G = 81T, (2.1)

where G, is the Einstein tensor expressing the curvature of the space-time and T},
the stress-energy tensor being the source of the gravitational field. The latter has to

satisfy the conservation law of energy and momentum, which reads
Vv, T* = 0. (2.2)

In order to solve the Einstein equations (2.1), a stress-energy tensor must be specified.
A neutron star (without heat or superfluidity taken into account) is well described as

a perfect fluid, for which T}, is given by

T,uz/ = (P + p) UpUy + PGuw- (2'3)

Here, p and p are the energy density and the pressure, respectively, and u, is the
4-velocity of the object. We point out that while we will account for elasticity of the
crust in the oscillations, we assume that the background configuration is unstrained.
If we were to consider a strained star, we would need to account for shear stresses in
the background stress-energy tensor. In the simplest case—a non-rotating star—the
4-velocity takes the form

ut = eV, (2.4)

with t* = (0;)* being the time-like Killing vector of the space-time. This particular form
is a result of the normalisation condition u#u, = —1 and the fact that u" = uw? =u?® = 0.
The spherical symmetry of the problem allows to reduce the number of non-vanishing

metric components and, by using spherical coordinates (r, 6, ¢), the line-element takes
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the form

ds? := g, dat dz¥ (2.5)
= e’ dt? + M dr? 412 (d6? + sin® 0 dg?) , (2.6)

where A and v are two metric potentials depending only on r.
These ingredients finally lead to the following three equations for the unknowns A,

v, p and p governing the structure of a compact object,

N et A
N = + 8mre’p, (2.7a)
r
A
-1
V= + 8mrelp, (2.7b)
r
1
P = —§(P +p)v. (2.7¢)

We refer to these equations as the Tolman-Oppenheimer-Volkov equations (abbrevi-
ated TOV), even though the original TOV equations have been published in a slightly
different form.

Obviously, the system is under-determined, because there are only three equations
for four variables. The missing bit is an equation of state, which relates pressure and
energy density in a unique way. We will explain the actual EoS used in more detail in
Section 4.2.

We also define the mass inside a ball of radius r to be
1 -\
M(r) = 3" <1 —e€ ) . (2.8)
Differentiating with respect to r and using (2.7a) yields
M' = 47r?p, (2.9)
which can be written in the more concise form
T
M(r) = 4n / p(#)7? dr. (2.10)
0

We find the reasonable result that the mass we have defined can be calculated from

integrating the energy density over the volume of a ball of radius 7.

Numerical Implementation. The TOV equations (2.7) represent an initial value
problem. They are solved from the centre of the star (r = 0), with some initial values
given, outwards to the surface.

As initial values, we take A(0) = 0, v(0) = 0 and the pressure p(0) is set as desired
(usually by specifying a central energy density p.). A(0) = 0 is equivalent to M (0) =0

11
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(the mass within the ball of radius zero vanishes) and the initial value of v(0) is irrele-
vant at this point as v does not appear in the background equations (only its derivative
V' does); after the integration, we will shift this metric potential by a constant value
in order to meet some boundary condition at the surface of the star, see below. The
equations are then integrated outwards using the Dormand-Prince method (DOPRI)
which is a member of the Runge-Kutta family of ODE solvers and has order eight; high
accuracy adaptive mesh refinement is used which generally leads to a higher resolution
close to the surface of the star. The surface is reached as the pressure reaches zero. In
the case of realistic EoSs, a different threshold must be applied since tabulated EoSs
usually have a cut-off at some positive pressure. It turned out to be reasonable to stop
integration at a very low mass density, e.g. p < 10 gcm™3. There will be a thin atmo-
sphere at densities lower than that, but in comparison to the star it contains negligible
mass and will not affect the oscillation modes. We can, therefore, safely neglect its
presence for this problem.
In the exterior of the star, the metric potentials A and v are given by the Schwarzschild

solution (if the star is non-rotating),

2M
er=e'=1-"— forr>R, (2.11)
r

where M is the mass of the neutron star and R its radius. The value of v(R) at the
star’s surface right after the integration will in general not fulfil this condition (because
we chose v(0) = 0); since v itself does not appear in the background equations, we can
add any constant to v and we choose this constant so that v(R) = —A(R).

The solution of the TOV equations for an exemplary neutron star with a central
energy density of p. = 1- 10" gem™ using our chosen EoS is depicted in Figure 2.1
by showing some quantities throughout the star. That star has a gravitational mass of
M = 1.447 My and a circumferential radius of R = 11.77km. In Figure 2.2, we show
a magnification of parts of the outer crust which makes the density discontinuities,

present in the crustal EoS, visible; see following section for details.

2.2 The Equation of State

To model our neutron star, we use a realistic equation of state. As our main interest is a
proof of principle rather than providing a truly accurate spectrum of a real neutron star
(which would be impossible given the large uncertainties in the equation of state), we
focus on a single, realistic equation of state for which we make use of different proposed
models for the different regions of the star, i.e. the crust and the core. We will match
these different pieces in a rather ad hoc fashion but we will see that this particular
equation of state perfectly serves the purpose of our study. In the following, we will

briefly explain the different EoSs. For the sake of brevity and clarity, we will refer to

12
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Figure 2.1: Pressure and energy mass density relative to their central values throughout
the star. The small inset depicts the metric potentials and their first derivative. The
vertical lines separate the different regions in the neutron star.

the low density region of a neutron star with p < 1- 10" gem™3 simply as the crust
or the crustal region, regardless of whether or not an elastic lattice has already shaped
during the ageing process of the star. Whenever we mean the solid /elastic region, we

designate this by explicitly using the adjective.

The Crustal Equation of State

We calculate our background model for densities as low as p = 10% g cm™3; the neutron
star envelope with p < 10%gcem™ has a tiny mass of about 10719 M, and is largely
irrelevant for the calculation of oscillation modes [54]. The composition of the outer
crust (up to the neutron drip, parip ~ 3.4-10" g cm™3) is characterised by the presence of
a sequence of nuclei: at a given pressure p, the ground state of matter is determined by
the condition that the Gibbs energy is minimised. The obvious fact that the number
of neutrons, N, and the mass number, Z, are discrete, leads to abrupt changes in
composition within the outer crust. Detailed calculations by Jog & Smith [55] have
revealed that a phase transition between two layers occurs over a very small pressure
range, Ap. Typically, this pressure range Ap is about four orders of magnitude smaller
than the pressure p at which it occurs, Ap < 107%p. In a real neutron star, this
corresponds to a transition layer with a width of a few millimetres only; hence, the

approximation of implementing sharp density jumps is a very good representation of
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Figure 2.2: A strong magnification on a small layer within the outer crust touching
the inner crust; the vertical dashed line depicting the neutron drip separates the outer
from the inner crust. The density discontinuities due to the phase transitions become
visible; we emphasise them with brown vertical lines. We also show the predominant
nucleus present in each layer.

the nuclear composition in the crust. The sequence of nuclei (and the eleven induced

density discontinuities) in our equation of state is shown in Table 2.1.

For the inner crust, we use an EoS which has been calculated using the Compressible
Liquid Drop Model to approximate the composition of the matter in this region of the
star. Instead of a layered structure where the layers are composed of mainly one
particular type of ions, this model results in a continuous function for the proton and
neutron number in the nuclei; these functions grow quickly and the atomic number
reaches values of around 600 at the crust-core boundary. Also, as this region is beyond
the neutron drip, the large number of neutrons results in neutrons dripping out of the
nuclei and forming a neutron fluid beside the ions. When we consider superfluids in
the second part of this study, this neutron fluid will become superfluid in sufficiently

old stars.

The models for the EoS which we use for the outer and inner crust have been
proposed by Douchin & Haensel [56] and we will refer to it as DH hereafter. In our study,
we use the crustal EoS as provided by Samuelsson [57], who provides the calculations
by Douchin & Haensel with a higher resolution, matched the EoSs for the inner and
outer crust at the neutron drip, and attached the shear modulus as given by Baym &
Pines [58].

14
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Table 2.1: The sequence of nuclei in the ground state of dense matter. Z is the atomic
number, N is the number of neutrons, pmax is the maximum density at which the
corresponding nucleus is present and the last column shows the fractional increase of
density at the phase transition.

Element Z N pyax Ap/p

[gem™] (%]
56Fe 26 30 7.83-10° 3.0
62Ni 28 34 271-108 3.2
64N 28 36 1.31-10° 3.1
66N 28 38 1.44-10° 2.0
86Ky 36 50 3.14-10° 3.3
81Ge 34 50 1.07-109 3.6
82Ge 32 50 2.86-109 3.9
807n 30 50 6.75-109 4.3
8Ni 28 50 8.00-10% 4.1

126Ry 44 82 1.36-10' 3.0
124\ o 42 82 1.96-1011 3.2

The Core

At densities pec > 1.03-10'* gem ™3 (which is about 37 % of nuclear saturation density,
proue = 2.8 - 10 gem™3), we use the SLy4 equation of state for which an analytical
representation is given by Chamel [38]. The EoS is calculated at zero temperature
and accounts for the presence of a mixture of superfluid neutrons and superconducting
protons in the core, also including entrainment effects. We opt for this particular EoS
as it will be essential when we extend our work to account for a superfluid core in the
second part of the study. We are going to sketch the idea of the calculation in more
detail in Section 4.2. For the single fluid calculations, a detailed insight is not essential,

we will merely give a brief overview of the fundamental ingredients.

The internal energy density of the core fluid is calculated, based on the assumption
that it consists of a mixture of neutrons, protons, electrons and muons (we will see that
the latter only exist above a certain threshold). From this quantity (which depends on
a number of parameters), we can deduce all other necessary quantities, which in the
single fluid case are the pressure, p, and the adiabatic index, ~g; the adiabatic index
of perturbed matter, v, which is the mathematical manifestation of stratification, can

also be calculated (see Section 4.2 for details).
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Matching the Different EoSs

As explained above, the EoS we use for our simulations consists of three pieces. We
have to “glue” these pieces together at the interface between the outer and the inner
crust (parip ~ 3.4-10M gem™3) and at the crust-core interface (pec = 1.03-10'* gem™3)
(the matching within the crust has already been performed by Samuelsson [57], so we
will simply cite the result). We have to take into account that the pressure profile of
a neutron star must be a continuous and strictly monotonic (increasing towards the
centre, obviously) function of the radius for physical reasons: a hypothetical pressure
discontinuity could not persist since the different pressures on either side of the discon-
tinuity would cause a motion of the neutron star matter towards the side with lower
pressure (which means the star is not in equilibrium). Secondly, the pressure gradient
is in such a way that it exactly balances the gravitational pull; if the pressure were
to decrease towards the centre of the star in some region, this would again imply a
motion of matter towards the centre of star and hence contradict the assumption of
equilibrium. However, the density is allowed to have discontinuities and we have seen
that these jumps are physically realised in the outer crust. By matching the three
pieces at their interfaces, we introduce two density discontinuities (at the neutron drip
and at the crust-core interface) which are listed in Table 2.2. While the new density
discontinuity at the neutron drip is artificial due to the matching of two different EoS
models and does not exist in a lifelike neutron star, at the crust-core interface matter,
in fact, undergoes a first order phase transition which comes with a jump in density;
however, since we picked two independent models for the crustal and core EoSs, we can
only guarantee that the resulting density discontinuity resembles reality qualitatively

(but not quantitatively).

Table 2.2: The density discontinuities introduced by matching the different EoSs at the
respective interfaces.

Interface Pmax Ap/p
[gem™]  [%]

outer/inner crust 3.38 .10 3.3
crust-core 1.03-10 3.0

This piecing together of different EoSs might appear ad hoc; however, for different
reasons, we will use our ‘made-up’ EoS: the first reason being that the core EoS is
still largely unknown and we have to choose one of the available EoSs. Since the SLy4
FoS is one of the most elaborate ones at present and more importantly, its multi-fluid
approximation proposed by Chamel [38] will be essential for our future work, this is our
number one choice. Secondly, and as a consequence of the former reason, this study

aims to be a proof of technology rather than providing an accurate stellar spectrum
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of a lifelike neutron star: once our understanding of a neutron star’s core has grown
and a more accurate EoS is derived, we can plug it into our code and calculate the

corresponding stellar spectrum.

2.3 Adding Temperature

The above derived equations do not require temperature to be taken into consideration;
they work for an idealised neutron star at zero temperature. However, in the early
stages of a neutron star’s life, temperature cannot be neglected and gives a substantial
contribution to the pressure leading to a bigger star; in more adolescent stars, the static
thermal pressure does not influence the background model anymore but will certainly

have an impact on the neutron star oscillation spectrum.
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Figure 2.3: Impact of thermal pressure on the neutron star’s size. The graph shows at
which radii the boundaries between the different regions in a neutron star, as well as
its radius, are found.

How strongly does the thermal pressure affect the background model? The answer
to this question can help us decide about the importance of thermal pressure in the
background model. Shen et al. [59] proposed a hot EoS which we can use to construct
background models at different temperatures. For simplicity, we assume the star to
be in an isothermal state (which in relativistic terms means that we take the red-
shifted temperature, Te”, to be constant). Our focus in this calculation lies on the
bulk properties of the star, here its radius R. We calculate a sequence of neutron

stars for temperatures between 10° and 10! K; the results are shown in Figure 2.3.
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The graph shows that, as soon as the star has cooled to approximately T, ~ 100K,
thermal pressure has almost no effect on the neutron star’s size anymore. A neutron
star cools to these temperature within seconds after its birth and reaches its final size.
As our focus lies on the adolescent neutron stars rather than very young neutron stars,
we will in this study neglect the effect of thermal pressure on the background model

and take it into account only for the perturbations.

2.3.1 A Sequence of Temperature Profiles
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Figure 2.4: The thermal evolution of our neutron star model with M = 1.447 M. As
is apparent from this graph, which shows the red-shifted temperature, the neutron star
is nearly isothermal after 100 years (without heat sources). Data courtesy of Wynn Ho.

=
»

According to the previous discussion, we will not include the thermal pressure in the
background model. This means that we can construct our equilibrium configuration
using a cold EoS and we will use separately provided temperature profiles from which
we calculate the corrections to the pressure perturbations. We use thermal profiles from
cooling simulations which are kindly provided by Wynn Ho [53]. As an initial temper-
ature profile, we start from a uniform temperature 7' = 10'° K, at which point the
thermal pressure can be neglected compared to the static pressure. Starting from this
initial temperature profile (this is artificial but filters out of the system very rapidly),

we evolve the interior temperature T'(r,t) of the neutron star using the relativistic
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equations of energy balance and heat flux [60]

e M2 g oT
€ Ay = o202
g (L) = e O e, (2.12)
L o
()2 v/2
- e K(?r <e T) , (2.13)

where L, is the luminosity at radius r, C is the heat capacity, €, is the neutrino
emissivity and K is the thermal conductivity. Note that we do not include internal
heat sources, which would appear as a further source term in Equation (2.12); without
these, neutron stars become essentially isothermal after about 100 years, as is apparent
in Figure 2.4 where we show the thermal evolution of our chosen neutron star.

As is apparent from Figure 2.4, the core of the neutron star cools more quickly than
the crust in the very early stages of its life. This is due to stronger neutrino emission
in the core and hence the crust is generally hotter than the core. In these very early
stages, thermal conductivity does not play a major role in the cooling evolution and the
cooling of the core and the crust can be considered more or less decoupled; this leads
to the rather big jumps in temperature at the crust-core transition, see Figure 2.4. The
jump between the outer and inner crust is due to the neutron drip. After about one
year or so, the star has cooled considerably, so that the cooling mechanisms become
less efficient and conductivity will smooth the temperature profile throughout the star,

finally bringing it into an isothermal state after about 100 years.
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Chapter 3

Perturbations of Single Fluid

Stars

In our calculations we will account for different physical properties of a neutron star,
each of which will result in a certain, distinct class of modes visible in the stellar spec-
trum. Additionally to the well-studied f- and p-modes [18, 19, 61] (due to the density
gradient) and the w-modes [21, 62] (which are present due to a non-static space-time),
we will find four classes of modes which will arise due to the following physical prop-
erties: we will account for composition gradients (leading to composition g-modes), a
finite temperature (thermal g-modes), an elastic crust (s-modes) and density disconti-
nuities (i-modes).

In this section we will start with an overview about the general ingredients needed to
derive the equations which govern perturbations around equilibrium. In the following,
we will briefly go into the perturbation equations for the simplest case of a non-rotating
perfect fluid which were derived by Detweiler & Lindblom [19] (which we will refer to as
DL85 hereafter); in the remainder of that section we will discuss how we incorporate the

different pieces of physics and how the perturbation equations are affected or derived.

3.1 Linear Perturbation Theory: Eulerian and Lagrangian

Perturbations

A system needs to be described by an observer and usually there are some preferred
observers or frames. These are called Fulerian or Lagrangian observers and they de-
scribe the system as follows. An Eulerian observer sits at a fixed point in space and
watches fluid elements pass by, measuring their properties like velocity, density and so
on; everything at the given location. A Lagrangian observer, on the other hand, is fixed
to a particular fluid element and keeps track of the changes of that fluid element as it
travels through space and time.

In the following, we will lay out the mathematically precise description of these
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concepts on an arbitrary manifold; we will follow the analysis of Friedman & Schutz [44]
as well as Frescura & Engelbrecht [63]. Our explanation will obviously be motivated
by the application to neutron stars and therefore rely more on intuitive explanations
than mathematical rigorousness, however, it will be formal enough so that it can be

extended to the general case without much effort.

While the definition of the Eulerian perturbation will not pose serious difficulties,
the Lagrangian perturbation needs a more careful treatment. As is clear from the
explanation above, we need to compare quantities at different points on the manifold
in order to define it; this is straightforward for scalars but not for vectors or tensors on
a general manifold. We need to find a way to uniquely transport a tensor, 7', from the
current fluid element’s position, 2, to its original position, 2*. This will lead us to the

Lie derivative.

Let F(x,t) be a flow and denote by ¢; the induced diffeomorphisms, ¢¢(x) = F(x,t).
The fluid element which at time ¢ = 0 occupies the position z, will be found at the
position F'(z,t) at time t. The tensor field T at this position has the value T'(F(x,t)) =
T (¢¢(z)), while it has the value T'(z) at its original position. We now have to transport
the value T'(¢:(z)) backwards (“against the flow”) to x in order to compare it with
T'(x). This procedure is called pull-back and is performed by the operator T'¢, L. The
result is more briefly denoted by ¢;T(x) = Té; ' (T(¢¢(x))). We can now define the Lie
derivative of T" along X (where X is the velocity field of the flow F') by

ST — 5T
LxT = lﬂ%% (3.1)
ST T
i 22T (3.2)
e—0 €

since ¢ is by definition the identity map, ¢g7" =T

Let us now come back to the perturbations. Suppose first that () denotes the
equilibrium solution of our neutron star, i.e. it denotes a set of quantities, e.g. @ =
{9 ut, p, p}; for simplicity we can think of it as a single quantity. Furthermore, let ()
be a smooth family of solutions (with Qg = @) to the time-dependant equations of our
system and we will suppose that this family of solutions is such that all of its members
can be reached by a family of maps v (2%, ) which track a given fluid element; i.e. if
v(t) is the world line of a fluid element in the equilibrium configuration then ¥y (v(t), t)
will be the world line in the perturbed configuration. The Eulerian perturbation of @)

can now be defined as

0Q = Qx(z,t) — Q(z,1). (3.3)

The difference is taken at the same point in space and is, hence, well defined.
The maps ) naturally define a family of vector fields ny which at every point is
tangent to the flow, n) (1 (2%, t),t) = ¥} (2%, t). The Lagrangian displacement vector &

is related to the vector field 7 for the parameter value A = 0. If we restrict ourselves
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to small perturbations, we can approximate the flows 1 by

DAl 1) = (e, 1) + AT (2t 1) + O(?) (3.4
= ' 4 Ao (', 1), (3.5)

where we used that A = 0 corresponds to the equilibrium configuration and hence
Yo(,t) = x;. Thus, we have & = 1y — 1y = Anp.

Let us now define the Lagrangian perturbation of a quantity (). In the unperturbed
flow, this quantity has the value Q(z,t) for a fluid element occupying position x at
time t. We want to compare this value to the value of ) of that fluid element in the
perturbed flow; this value is given by Qx (¢ (x,t),t). On a general manifold, we need to
pull-back this value along the flow 1) to the position z; this yields Q’L/J;l (Qx(z,t),t)) =
P3Qx(x,t). We can now define the Lagrangian variation of @ by

AQ = PQx(z,t) — Q(x, 1) (3.6)

and as motivated above, this a well defined quantity. In order to connect this definition
to the Eulerian perturbation, we rewrite this equation as (we omit the arguments for

clarity)

AQ =9 Qr—Qx+Qx—Q (3.7)
= [Y3Qx —Pp@a] + [Qx — Q. (3.8)

The first bracket is related to the Lie derivative while the second bracket is the Eulerian
perturbation §(),

=\, Q +0Q, (3.9)
where 7, is the velocity field of the flow ¥). Using & = Ang, we find the formula
AQ =0Q + L:Q. (3.10)

The relation AL, Q = Ly, can easily be shown from the definition of the Lie deriva-

tive.

3.2 Perturbation Equations for a Non-Rotating, Perfect
Fluid Star

In order to study oscillations of neutron stars, one usually considers small deviations

from equilibrium in order to avoid non-linearities of the Einstein equations. The metric
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for a non-rotating, spherically symmetric neutron star, reads
ds? = —e” dt? 4 * dr? 4 12 dh% + r%sin? 0 d¢>. (3.11)

Together with the normalisation condition u,u* = —1, the 4-velocity takes the form
ut = e_”/Q(l, 0,0,0). The Lagrangian perturbation formalism will turn out to be the
essential method in order to study multi-fluid systems. As the basic ingredients, it
needs the metric perturbation dg,, and the displacement vector £#. In the case of a
non-rotating star, the full solution can be decomposed into Legendre polynomials, P,
and the perturbations of different degrees [ are fully decoupled. It is, therefore, possible
to consider perturbations of one particular degree [ individually; we will define all
quantities for arbitrary degrees [ > 2 and derive the perturbation equations accordingly,
however, in the actual calculations we will with no exception consider the case | = 2.

We write the displacement vector for polar perturbations as

0
. Wr—le=M?2 ot
H=r Py(cos 0)e™”, (3.12)
—V7°7289

T rZsin20 ad)

where W and V are functions of r.

The metric perturbation in the Regge-Wheeler gauge [64] is

Hye¥ dwrH;y O 0
/ iwrHy Hye 0 0 ot
OGuw = —r Py(cos 0)e*", (3.13)
0 0 r’K 0
0 0 0 7r2sin?0K

where P, is the Legendre polynomial of degree [.
The perturbation equations which we have to solve are the perturbed Einstein
equations
0G = 87T, (3.14)

In order to solve these equations, we need expressions for the perturbed Einstein tensor,
0G,,,, and the perturbed stress-energy tensor, 07),,. The calculation of the perturbed
Einstein tensor G}, is tedious and not very insightful which is why we simply state the
result (cf. [49])

20GY, = —V\V g, + V"'Vabgp + V.V g5 — ¢V, V" 3gr0
— B)g5 — (V70910 — gOVAV g — RN 001, ) 8, (3.15)
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with R, being the Ricci tensor.

The perturbed stress-energy tensor is given by
6T, = (0p + dp)uyu” + 0pdy, + (p + p)(u”duy, + wydu” + u”u)‘égw\). (3.16)

The velocity perturbations can be derived in the following way: Let t* be the time-like
Killing vector of the space-time which is tangent to the unperturbed world lines of the

fluid elements. The velocity then is
ul = 1|t =t (—guet’t) 2. (3.17)

As t* is constant, its Lagrangian variation vanishes, At* = 0. This immediately implies
the relation .
Aut = Eu“u”ugAgW (3.18)

for the Lagrangian perturbation of the velocity field and thus we have
v 1 v, o
out = g L,8" + §u“u udgye, (3.19)
where
q" =g +utu”, (3.20)

and the Lie derivative of a vector field £ along u* is given by

L& = u'V 0 — €V . (3.21)

We still need to find expressions for dp and dp. We start from the Lagrangian

perturbation of the baryon number density, ny, [17]

Any 1
=——g"™Ag,,. 3.22
s 2(] 9u ( )

The Lagrangian perturbation of the metric is given by

Aguy =09 + Leguw (3.23)
= 09 + Vb + Vi, (3.24)
= 59;11/ + 2V(/J,£l/)’ (325)

where we have used the compatibility of the metric with the covariant derivative,
Vogu = 0. The round brackets in the last equation denote symmetrisation; for any
tensor t,,,

2 () = tuw + oy (3.26)

Given the definitions (3.12) of the displacement vector, and the metric perturbations
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(3.13), we find

Any

ny

. 1
— i et [vﬂ (K T §Ho> U+ DV — (L D)W —reNPW | (3:27)

The fundamental laws of thermodynamics relate the Lagrangian perturbations of the

energy density and the number density to each other

p+p

Ap = Any, (3.28)
np
from which we can calculate dp to be
An
ép=(p+p) n—bb -p'€. (3.29)

The Eulerian pressure perturbation can be obtained from the definition of the adiabatic

+p (0
v = 2P < p> 7 (3.30)
8

index,
p \dp
where the index § indicates that the partial derivative is to be taken in B-equilibrium.
The meaning of S-equilibrium being that the composition of the star is stationary with
regards to the Urca processes (see Section 4.2.1 for a detailed discussion). Then, we
have
An

=0 e (3.31)
ny

op = Yop
For the derivation of the perturbation equations, it turns out to be useful to define

a quantity which is closely related to the Lagrangian pressure perturbation,
X = —rle’2Ap. (3.32)

This makes sense as the Lagrangian pressure appears naturally and it has the positive
side effect that the derivative of the energy density, p’, which is not necessarily contin-
uous and hence may pose numerical difficulties, does not appear in the perturbation

equations.

The equations governing small perturbations of a perfect fluid are then given by the
Einstein equations and have been under thorough investigation already [19, 21, 61, 29].
We write them in the following form (which has first been derived in this form by

Detweiler & Lindblom and we refer to this formulation as DL85 hereafter):

, 1, , I+1 e
Hi= |5 (N =v) = — | Hi+ — [Ho+ K — 167(p + p)V], (3.33a)
1 1 1, I+1 8
K=y " [y/ Sk } K — T2 (p 4 p)W, (3.33)
T T T T
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I+1 —v/2 (141 1
W' =— * W + re? [e X — (t )V+—H0+K ,
r Yop T 2

(3.33¢)

1 1 v 1
x =ty ipe2 2wy freter + P 1y
r 2 r 2 r

1 I(l+1 1
+ |:§I// - —] K — I/MV - - [87?(,0 + p)e? 4 2w2MN 2
r

2 r T
!
—r? <7°_2€_)\/21//) } W} ) (3.33d)
where we have defined )
= §(l +2)(1—1). (3.34)

The Einstein equations imply that not all five perturbation quantities Hy, Hy, K, V

and W are linearly independent, but there is the following relation between them:

7"67)\

(rz/—2)—|—(n+1)}H0—reA[aﬂre”— ]Hl

1
+ [nr —wirde™ — i r2e N (r/) — 2)] K +8rr3e™/2X. (3.35a)
The definition of X gives us another algebraic relation,
2 —u/2 L, w=x/2 1 V)2
X =w(p+ple "V - pe W+ §(p+p)e Hy. (3.35Db)

We describe the perturbations of a perfect fluid by the six variables Hy, H, K, V, W
and X for which we have two algebraic relations plus four differential equations. These
are enough for a complete description of the problem. Furthermore, we can understand
the four first-order ODEs as a system of two (second-order) wave equations; one for
each wave degree of freedom. We obviously have oscillations of the perfect fluid, which
are covered by the ODEs for W and X and lead to the well-known f-modes and p-
modes. Due to general relativity, we also have two ODEs for the metric perturbations,

H, and K, which leads to the appearance of w-modes [21].

3.2.1 The Taylor Expansion at the Centre of the Star

Since the perturbation equations (3.33) are singular at the origin due to the use of
spherical coordinates, we will expand all variables by Taylor series near the origin,
r = 0, in order to approximate the solution of the ODEs; we will comment on the
accuracy of this approximation at the end of this subsection. For all our perturbation

variables Hy, H1, K, V, W and X, we will use an expansion of the form

1 1
q(r) = qo + 57“2612 + ZT4Q4 +0(rh), (3.36)
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and insert this expansion into perturbation equations. This will lead, in general, to
polynomial expressions in r on both sides of the equation. The conditions for the
coeflicients then follow by equating the coefficients of the same power of r on either

side of the equation.

Note that in this subsection regarding the Taylor expansion (and consistently through-
out all subsections of similar type), subscripts of the background quantites (and only
these) will denote the order of the coefficient within its corresponding Taylor expansion
around the origin. E.g. 15 denotes the second Taylor coefficient of the (background)
metric potential v. In order to avoid confusion, we will not adopt this convention for
the adiabatic index, 7g, the zeroth-order coefficient of which we will simply refer to as
7(0), as well as the perturbation variables, for the coefficients of which we will write
Hy(0), H{(0) and so on.

The procedure is nearly straightforward; only the exponential function requires a
little extra care. The term €” and similar terms appear often in the perturbation equa-

tions. The Taylor expansion follows by using the Taylor expansion of the exponential

function,
eV — eu0+%7"2v2+%7’4V4+0(7’6) (337)
00 k
1 /1 1
= "0 il <§T2V2 + Z’I“4V4 + O (T6)> (3.38)
k=0
=" 1+11/ 2 E Lz) O (rf 3.39

Similar expressions can be obtained for the terms e*/2, e, ¢ etc. We note that in
expression (3.36), we have omitted the coefficients ¢1, g3, and so on for odd orders.
This is for simplicity as the background and perturbation equations imply that all odd
orders vanish in our problem, g; = g3 = 0. We do not show the proof for this as the

proof itself is purely technical and does not give further insight into the problem.

Here and in the following, we need the expansion coefficients of the background
quantities, v, A, p and p as well which can be obtained from the background equations
(the TOV equations plus the EoS). We have expanded them in the same way as specified
in (3.36); their zeroth-order coefficients are simply their values at the centre of the star,
Ao =0, vg = v(0), po = p(0) and py = p(0); their second- and fourth-order coefficients

are given by

16
)\2 = ?T{'po, (3.40)
8
vp =g (po + 3po) , (3.41)
1
p2 = —5v2(po +po), (3.42)
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_ p2(po + po) (3.43)
70(0)po
4 1.,
A = 3 47T(p2 + )\2/)0) — g)\Q , (344)
vy = 47 [p2 + p2 + A2(po + po)] — A, (3.45)
1 1
Pa = —51/4(,00 +po) — 1’/2(,02 + pa2). (3.46)

We make use of the fourth-order coefficients for the background quantities as they will
shorten the equations for the second-order coefficients of the perturbation variables a
little.

The zeroth-order constraints imposed on the perturbation variables by the pertur-

bation equations are

_ 21K (0) + 167 (o + po) W (0)

H,(0) Ty , (3.47a)
w2

X(0) = (po + po)e’? BK(O) + <%u2 - Te‘””) W(O)} , (3.47b)

V(0) = W (0), (3.47¢)

Ho(0) = K(0), (3.474)

which demonstrates that, once K(0) and W (0) are chosen, the remaining expansion
coefficients, Hy(0), H1(0), V(0) and X (0) are determined. We define two auxiliary
variables Q¢ and 1 so that

H{(0) = K"(0) + Qo, (3.48)
V0) = Qi - (llﬁ) W (0). (3.49)

These two variables are given by

Qo = 2 { [wze”o — n;— 11/2] H(0) — [WQBVO + %M] K(0) + 87T€VO/2X(O)} ;
(3.50a)

1 3 I+1 e~vo/2
Q1 = — {§K(o) +— AW (0) + %(O)po)((o)} , (3.50b)

where (3.50a) and (3.50b) stem from (3.35a) and (3.33c), respectively. The second-
order coefficients of the perturbation variables are then given by the following linear
system:

w?(1+3) _,

—%(Po +po) K" (0) + [pz + (po +po)me ] W”(0) + e /2X"(0)
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2

1 1 w —u
= Hor+ K (0) - [2p4 D+ (o2 + 302 } w(0)
1 1
- 5u2e*”0/2X<0) +5(p0 +Po)Qo +w (po + po)e Q1 (3.51a)
n+1 [+2
——H1{(0) + —5=K"(0) + 4 (po + po)W"(0)
1 1 1
= §VQK(O) —4m |:p2 + p2 + 5)\2([)0 +p0):| W(O) + 5@0, (3.51b)
l + 3 " " l + 3 "
—H - K —4
5 H1(0) (0) = 4 (po + po) = W"(0)

8w

21 +3 1
— 1 |22 = ] 1.0) + T2+ pW ) + 500

— 87 (po + po)Q1, (3.51c)
2

y 42 w? _,
oo+ e |22~ 2l 4 p0) - e | W0

l+2

1
" (o + o) 2 HY(0) + —= X" (0)

4
l P2 vo/2 w2 ) 1
= 2 +p0X(0) + (po + po)e 5 € H1(0) + §V2K(0)
I+1 1 1 w? 1
+ |: 5 V4_§)\4+§)\%+Z€ 0(21/2_)\2):| W(0)+ZQO
1
_"‘; y2Q1:| . (3.51d)

The individual equations (3.51a) to (3.51d) are derived from (3.35b), (3.33b), (3.33a)
and (3.33d), respectively. These expressions look messy but the linear system can be

understood in the simple form
TY"(0) = UY(0), (3.52)

where Y (0) = (H1(0), K(0),W(0),X(0)) is a vector representing the zeroth-order co-
efficients of the Taylor expansion. Y”(0) is the second-order counterpart; T and U are
4 x 4 matrices which depend only on background quantities like vy, Ag, po, 2 and so on
as well as parameters of the problem like w, [ etc. Keep in mind that U is a 4 x 4 matrix
if we insert the expressions for @y and @1 into (3.51) whereby the right-hand sides are
linear combinations of only the components of Y (0). The solution to this linear system
is then simply given by

Y"(0) = T1UY(0). (3.53)

The most computational effort in solving this linear system, hence, is inverting the 4 x 4

matrix 7', which is negligible compared to the solution of the differential equations.
Using the zeroth-order and second-order coefficients of the Taylor expansion, we

can approximate the solution of the differential equations using equation (3.36) near

the origin where these equations are singular. We have to keep in mind that this is only
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a second-order approximation and we should use it only in the close vicinity of » = 0.
In fact, in our simulations, we use the Taylor expansion up to about Rruy1 =~ R/1000
(the actual value depends slightly on the chosen EoS by virtue of the implementation)
where R is the star’s radius; then we switch to the differential equations and we use the
values obtained from the Taylor expansion as initial values for the numerical integration.
For the modes we are interested in (mainly low order modes), this poses an excellent
approximation as their eigenfunctions display a very regular behaviour close to the
origin. We can confirm this from our simulations and have also investigated the effect
of choosing a different radius Ruy1 at which to switch from the Taylor approximation to
integrating the ODEs: The obtained frequencies are highly insensitive to such changes
and the discrepancy is less than one part in a million even for modes of order ten and
R1ay1 = R/20. However, one has to keep in mind that if one were to investigate higher
order modes which display a strong oscillatory behaviour even close to the origin, this
approximation becomes less accurate and one has to either retain more terms in the

Taylor expansion or choose a smaller Ry (or both) in order to obtain accurate results.

We will not go into further detail about these equations since they already have
been studied thoroughly. Instead, we will investigate how we have to modify these
equations if we want to study perturbations of a more realistic neutron star model.

This will be subject of the following sections.

3.3 Accounting for Stratification

As a first step, we will account for stratification; the composition of a neutron star
changes with depth inside the neutron star. Let us consider an oscillating fluid ele-
ment. Weak interaction processes ought to adjust its composition to the surrounding
matter which is in S-equilibrium as it moves into different layers during one oscillation
period. However, as Reisenegger & Goldreich [23] have argued, the timescale of the
relevant weak interaction processes is much longer than typical oscillation periods and
thus perturbed fluid elements are not able to equilibrate during one oscillation period.
Hence, the assumption that the composition of a perturbed fluid element is frozen, is

accurate and the adiabatic index v of the perturbed fluid is

p+p<0p>
TP (22 , 3.54
v > \9p) s (3.54)

where we assumed that the temperature T of the considered fluid element does not
change as well. This is the so-called slow reaction limit. We note that we, in contrast
to definition (3.30) which we evaluate in [-equilibrium, have kept the composition

constant (via the number density).
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Closely related to the study of g-modes is the Schwarzschild discriminant

d d d
g4 _ _op dp _ (1_l> i (3.55)
Yo ) dr

which determines the local stability of a pulsating star [65]; all normal modes are stable
as long as S > 0 throughout the star. For our particular equation of state this condition
holds as we have v > 79 everywhere. Note that we have used equation (3.30) in order
to achieve the last equality of equation (3.55).

In the opposite limit of fast reactions the weak interaction is considered sufficiently
fast to fully adjust the perturbed fluid element’s composition such that it stays in
(B-equilibrium at all times. Such a star is called barotropic and both adiabatic indices,
~ and 7, then coincide and as a consequence, the Schwarzschild discriminant vanishes,
S = 0. In this case, perturbed fluid elements are not subject to buoyancy and all
g-modes due to stratification will be degenerate at zero frequency and therefore absent
from the stellar spectrum.

In order to account for stratification, the perturbation equations will only be mar-
ginally modified. In the expression for the Eulerian pressure perturbation (3.31), o
has to be replaced by ~; this leads to the same substitution in the differential equation
(3.33c) for W and likewise in equation (3.50b) for the Taylor expansion. No other
modification to the perturbation equations need to be made; we will, hence, not repeat
the equations. The modified value of « will result in the appearance of g-modes in the
low frequency domain of the spectrum; more precisely, it enforces the g-modes to have
a non-zero frequency whilst they are still existent but degenerate at zero frequency

when v = 7o [49].

3.4 Including the Thermal Pressure

Acting in a fashion similar to that of composition gradients, the presence of a finite
temperature leads to a thermal pressure that influences the fluid dynamics. This effect
may be important in young neutron stars. Since our equation of state models zero
temperature physics, we will account for thermal effects by adding the thermal pressure
of a Fermi liquid of the form [66]
2

P (nx, T) = %nka% (3.56)
to the pressure at zero temperature. Here, ny is the number density of the relevant
species, x=n, p, e and p for neutrons, protons, electrons and muons, respectively, k is
the Boltzmann constant and E% is the Fermi energy of the given species. Note that, in
our case kT'/E%. < 1 throughout most of the star (as our thermal evolutions begin at
kT ~ 1 MeV), whereas, e.g., [67] consider the thermal pressure when k7" 2 1 MeV. As
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the electrons are relativistic, their Fermi energy is much higher than that of protons
or neutrons and as a result their contribution to the thermal pressure is much lower
in comparison. Hence, we will only account for thermal pressure due to neutrons
and protons. The non-relativistic nucleon Fermi energy is given by E}L = p%x /2mi
with ppyx = hkpyx and kpy = (371'2nx) 1/3 and m} being the Landau effective mass of the
corresponding species (for simplicity, we will take the effective mass to be constant in the
following and secondly, that these of neutrons and protons coincide, m* := m} = m;)
[68]. Since the EoS gives us information about the composition of the neutron star
core, we have all the information we need to account for the thermal pressure due to

neutrons and protons, and the total pressure p becomes

p=npolpp) + Y Pi(ng, T), (3.57)

X=n,p

where pg is the pressure of the zero temperature equation of state described in Sec-
tion 2.2 and =, = np/ny is the proton fraction (n, = n, + n, is the baryon number
density). In order to see how the thermal pressure enters the perturbation equations,
we have to calculate the pressure perturbation. Since we are assuming the composition
to be frozen we have Az, = 0, where A represents a Lagrangian perturbation. The

perturbed pressure then is

_ (9po Py o,

p p
+ <%> Any, + <%> AT. (3.58)
T np

It is, of course, the case that the (cold) energy density p is a function of the baryon
density only. We need to transform the Lagrangian perturbations An,, An, and AT
into known ones. For the former two, we resort to (3.22), which also holds for the
different species (neutrons and protons) separately. Since we consider a single fluid
star in which protons and neutrons are unconditionally comoving, they obviously have

the same displacement vector and thus we have

Any,  Any

(3.59)

Mo np

We need to relate each fraction to the entire baryon density ny = n, + np. We start

from the fraction An—’:“ and extend it with the baryon density ny,
An An n An n
f=——— 4 =P (3.60)
Nn Nn Np + Np Nn N + Np
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Making use of (3.59) for the second term yields

A A
— S S (3.61)
Nn + Np Nn + Np
Any
= — 3.62
p (362)
Altogether, we have
An, A A
fo _ DNp _ 27 (3.63)

At last, we need to find a relation that translates AT into Any. The assumption of
adiabatic oscillations, AS = 0, will give this final link. The total entropy is given by
S =5, + S, with [69]

w2 T
Sx = — ==, 3.64
2 T% ( )
where the Fermi temperature, Tj = E}./k, is a function of the number density only,
TE = T (nx). From the total entropy, we find the temperature
2 [1 171"
T==SS|—+-—= . 3.65
5|7+ ) (409
Later, we will need the following partial derivative
OTre 1 0 (k%
= X 3.66
Ony 2k Ony < m* ( )
1 [ 12k, k%, om* Okpx _ krx
- x _ Fx ith = 3.67
2k [m* 3ny  m*2 Ony W Ony 3ny ( )
1 k%x 2 1 ny Om*
= %am [37 T anj (3.68)

()

TFX 5 m*
= - — . 3.70
T [3 m } (3.70)
In this derivation, we have used the logarithmic derivative %ﬁ?}x = % — 1 given by

Prakash et al. [69]. We can now calculate the Lagrangian temperature variation

271 117!t
AT="|—+ | A 71
w2 [Tpn + TFJ \/_OS (371)
2 1 1172%2( 1 oTr 1 OTr
Sy SAn, + —— PA 3.72
T [Tpn * TFJ (T};n e = T TE ", ”p> ’ (3.72)
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where we have used ATpy = 887;5; x Any. Using (3.65) and (3.70) for both neutrons and

protons yields

1 11745 m* 1 An 1 An
—T +—] [—— }( =+ p), 3.73
|:Tpn Trp 3 m Trn Nn Trp np ( )

and finally applying (3.63) gives us the simple result

5 m*| Ang
=T |- ——| —. 3.74
[3 m} ny ( )

The last thing we need to note is that from the specific form of the thermal pressure
(3.56), it immediately follows that

<8T >nx_ - <6nx K (3.75)

Using the relations (3.63), (3.74) and (3.75) we can eliminate Any, An, and AT

from the perturbed pressure given in (3.58) and arrive at

op}, op?, A
Ap = [’Ypo + M ny (—pth> + M*n,, (—pth> ] =, (3.76)
on, ) ¢ ony )|
where we introduced the abbreviation M* = 11 — 6%*. For the first term, which

accounts for the EoS at zero temperature (7' = 0), we made use of the thermodynamic

relation

Ap = p+pAnb (3.77)
ny

and the definition (3.54) of . This provides us with a straightforward way to incorpo-
rate the thermal pressure in the perturbation problem. In our simulations, we account
for the individual thermal pressures of neutrons and protons in the core. In the crust,
there are free neutrons as well as ions present. For simplicity, we assume all baryons
contribute as a single Fermi liquid. This is a simplification which in essence implies a
maximal thermal component of the pressure. This assumption will be relaxed in future
work using the results of, e.g., [67].

Regarding the perturbation equations, the thermal pressure can be incorporated by

the simple substitution

op? op?
M*n, | —t M* —th | 3.78
Yo —  po+M*n <3nn>T+ np<3np . (3.78)

Effectively, this substitution just modifies the value of +; it could be absorbed into the

adiabatic index via

1 op, op?,
— + = |M*n, th) + M*n (—th> ] 3.79
v v po[ <8nn T P ony, T ( )
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Since all quantities in this expression are positive, there is no doubt that the inclusion of
the thermal pressure will lead to convectively stable g-modes, according to an analysis
of the Schwarzschild discriminant (3.55).

3.5 The Crust Elasticity

The approximation of the neutron star to be a perfect fluid has to be abandoned in
view of the solid crust which forms in the very early stages of a neutron star’s life. This
elastic crust supports shear stresses which by definition do not exist in a perfect fluid.
Accounting for such stresses means to introduce off-diagonal terms in the stress-energy
tensor. As we are assuming the background to be in a relaxed, unstrained state, these
alterations appear in the perturbed stress-energy tensor only and leave the equilibrium

configuration untouched.

Following [32], the shear strain tensor is given by

1 (o 1 g
dsl = 5 <LHL’\” -3 1y1 A) Agoxr (3.80)

and enters the stress-energy tensor via the anisotropic stress tensor
om, = —2fidsy, (3.81)
where /i is the shear modulus and the projection operator L7 is given by
LZ: 5Z — N7N,,. (3.82)

We have assumed a Hookean relationship between the shear strain and stress. The

total perturbed stress-energy tensor then takes the form
6Tt = 6Ty + 6T, (3.83)

which leads to severe alterations of the perturbation equations when compared to the
set of equations (3.33) and (3.35) which govern the perturbations of a perfect fluid.
It turns out to be useful to define two new variables which are related to the traction.

The radial traction, 77, and the tangential traction, T5, are defined by
Ty := 67" and Ty :=onl. (3.84)

Both traction variables vanish in the perfect fluid case. However, we will later see
that they are crucial in the implementation of the junction conditions at the crustal
interfaces (see Section 3.6).

The perturbations of the elastic crust are governed by the perturbed Einstein equa-
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tions and hence the pulsation equations follow from
0G,, = 8m0T,, and §(V,T")=0, (3.85)

where §T"” denotes the total stress-energy tensor as given in equation (3.83). In ad-
dition, we have the definitions of the two traction variables, 77 and T5, which in their

expanded form read

T =

Q| W~

i [e*W(m — W + 2re 2W +12(K — Hp) — (1 + 1)V] , (3.86)

T = —2j [eWW -2V - rv’] . (3.87)

Furthermore and identically to the perfect fluid case [18], we will use the Lagrangian

variation of the pressure as an independent variable

1
X = —ﬁe'/ﬂAp (3.88)

1
- %em N VW 4 re VW —r2 (K 4 SH) + 10+ DV| . (3.89)

For brevity and clarity, we have suppressed the angular dependence.

The full set of perturbation equations for the elastic crust (we have used the back-

ground equations in order to simplify the expressions) then reads:

;o [1,, o 1+l e
Hi = |5\ =) = —— | Hy+ — [Hy + K — 167(p +p)V], (3.90a)
1 1 1, 1+1 8
K = 2H,+ 2 H1+[— ot ]K——ﬂe)‘/Q(p—Fp)I/V, (3.90b)
r 2 r r
1, 1-1 1 1 l 16
H) =K' —re " W?Hy — |=v/ + — | Hy— |2/ + = | Ho + “K — =215, (3.90¢)
2 r 2 r T T
I+1 —v/2 I(1+1 1
S e Vo) L U )V+—H2+K : (3.90d)
r Yp 72 2
1 A2 2—1
Vie T+ w2y, (3.90¢)
2nr T T
1 4ne i
Ty = —§TGA(P+p)Ho+ [ ni a —e)‘”er(p—i-p)] V + MW
1 1 I+1
+ rerv/? (X—WeV/2T1>+ [5()\'—1/)— J; }TQ. (3.90f)

In addition to these six ODEs, we have three algebraic relations:

Hy = Hy + 6471V, (3.91a)

[Te (T’l// —2)4+ (n+ 1)7} Hy = re=? [w27’6" _ntl l//:| H,

2 2
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1
+ [nr —wWrleTV — ZT26_>‘1/(TV' — 2)] K

+ 8mr3e /2 X 4 8wrTy — 167re M, (3.91b)

e V2t X — prTl = [iyp [26_>\/2W — K +1(1+ 1)V} . (3.91c¢)

The origin of the equations are as follows (for brevity, we denote the components
of the Einstein equations with [uv] as a shortcut for G, = 877),,): Equations (3.90a),
(3.90b) and (3.90c) are [t0], [tr] and [r8], respectively; (3.90d) and (3.90¢) are due to the
definitions of X and T, respectively; (3.90f) is 6 (V,I}') = 0; (3.91a) is the difference
[06] — [p¢]; (3.91b) is [rr] and (3.91c) is obtained by removing W' from the definitions
of X and Tj.

In comparison to the perfect fluid case, the differential equations for Hj, K’ and
W' are only slightly altered; merely Hp got replaced by Hj. The equation for H)—
which we do not use in the perfect fluid case—now involves the tangential traction as
well as terms for Hy and Hy whose separation was not visible beforehand since we had
Hy; = Hy. The equation for V' is new and does not have a perfect fluid equivalent; it
becomes a tautology in the i — 0 case. The differential equation for T3 used to be
the algebraic relation between the variables Hy, V, W and X, cf. equation (3.35b).
We do not use the equation § (VﬂTgﬂ ) = 0 anymore; it used to serve as the evolution
equation solely for X’ and it now contains the radial derivatives of both X and 77,
neither of which can be isolated since they appear nowhere else. We could introduce a
new variable

Y =X+ T—126”/2T1 (3.92)

and transform the latter equation into a differential equation for the derivative Y.
However, we choose not to do so since we would only extend the set of variables by
a new one without gaining new insight or simplicity. For completeness, we show this

equation here:

1 ! l 1
(X + —26”/2T1> = —— <X + —26”/2T1> +—(p+pe ”/2 {[ }
r T T 2

n+1 (z+1)

+ [Tw2e" + T] Hi + [3 } K—-—Vv—V

1
_Z [&r(p +p)eM? 4 22N g2 <T7267)\/2V/) } W

16
—T”TQ} > Lo 3Ty +1(1 4+ 1)T3], (3.93)

The algebraic equations (3.91a) and (3.91b) are not very different from their per-
fect fluid equivalents; they are simply corrected for the appearance of elastic stresses.
Equation (3.91c) is new and has no equivalent in the non-elastic case.

In the limit of a vanishing shear modulus, & — 0, it can easily be shown that the
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equations for the solid crust reduce to the fluid equations. We will, however, use this
new set of equations only in the region where the elastic crust is present; for both the
core and the fluid ocean, we still use the perfect fluid equations.

The simple relation Hy = Ho between these two metric perturbations, which is valid

for the perfect fluid, is broken up by the presence of the crust. Instead, we now have
Hy = Hy + 647iiV. (3.94)

Furthermore, we have to deal with six instead of four independent variables for
which we have to solve differential equations. This makes sense in that we expect a
third wave degree of freedom equation for the crustal oscillations giving us two more

first order differential equations.

3.5.1 The Formation of the Crust

We have now derived the equations governing perturbations of the elastic crust. How-
ever, in which region do we have to apply them? This obviously depends on the
temperature of the star and subsequently where the crust has crystallised during the
star’s ageing process.

In order to quantify the thermal effects on the star’s oscillation spectrum, we use
thermal profiles from cooling simulations; a detailed description of how these profiles
were obtained can be found in Section 2.3.1. Using these temperature profiles and a
model for the crust crystallisation, we can determine the region in which the crust is
solid. The standard idealised model for the crust of a neutron star is a one-component
plasma, in which ions of charge Ze, ion number density n; and temperature 1" are free
to move. The thermodynamics of such a plasma can be described by the dimensionless
Coulomb coupling parameter ,

Ze

= %, (3.95)
where a = (47ny/3)~1/3 denotes the inter-ion spacing and k is the Boltzmann con-
stant. Calculations by Farouki & Hamaguchi [70] show that the crust crystallises as T
increases (due to cooling) above I',,, &~ 173. The EoS (see Section 2.2) as provided by
Samuelsson [57] we are using provides us with all parameters required to quantify the
crust freezing. Given the temperature profiles from our thermal evolution we calculate
I" and assume the crust to be elastic in the region in which I' > I';,,. This must be seen
as an approximation for two different reasons. Firstly, the quantity I',, is associated
with uncertainties of a few percent; a slightly different value will affect the thickness
of the crust and thereby the frequencies of the shear modes. Similar to the choice of
the EoS, we do not further investigate these effects in this study and take the value of
Iy = 173 as given. It can easily be adjusted once more accurate data are available.

Secondly, we neglect the fact that the crystallisation does not happen immediately as
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soon as I' crosses a certain threshold, but is a process that happens over a certain
period of time.

In Figure 3.1, we show how the crust region evolves as the star cools. The crust
of the neutron star stays liquid for a bit more than a day; then the crust starts to
crystallise close to the core-crust interface. The outer boundary of the solid crust is
determined by the threshold I';;, = 173 for the Coulomb coupling parameter, while we

0 gcem™ as the

choose the crust-core interface at the fixed density of p,. = 1.03 - 1
inner boundary. Within the first three years the crust gains quickly in width up to
about 580 m. After about hundred years without any significant further crystallisation,
the temperature has dropped below the melting temperature also in the outer layers of

the crust and the elastic crust eventually extends nearly to the surface of the star.

6 T T T I T T T T I T T T

liquid core crystallised crust i

surface of star

log(age of star [yr])
o
I
core-crust interface

crust / fluid ocean |

_6 1 1 1 | 1 1 1 1 | 1 1 1
11 115

radius [km]

Figure 3.1: The formation of the solid crust over time. We show only the outer layer of
our model star. The area where the crust is crystallised is shaded in grey; this region
is calculated using a sharp threshold of I > 173 (see text).

3.6 The Implementation of Interfaces and Density Dis-

continuities

In a realistic neutron star, we expect phase transitions to occur; primarily in the crust
where detailed calculations suggest a layering of the matter where each layer is com-
posed of a certain type of ions. As we have described in Section 2.2 the transition

happens over a very narrow pressure range. This requires a high resolution at the
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phase transition in order to resolve the rapid change in density over a short distance—
a TOV solver with adaptive mesh refinement will automatically lower the step size at
these locations. Alternatively, we can approximate such phase transitions by an actual

discontinuity in density rather than a sharp but continuous change.

Aside from the change of nuclear composition in the crust, we will have three inter-
faces in our particular neutron star model. There is the neutron drip in the crust, the
appearance of muons in the core (see Section 4.2) and we also have an artificial den-
sity discontinuity at the crust-core interface due to our matching between the different

FoSs. Furthermore, we need to account for the inner and outer edges of the solid crust.

In terms of our simulations, we need to evaluate how these different interfaces impact
the perturbation variables. Some of the variables might be continuous whilst others
may be discontinuous. We have to distinguish between interfaces where all background
quantities are continuous and interfaces where the density has a discontinuity. Unfor-
tunately, the analysis of the latter situation leads to a contradiction which we have not

been able to resolve yet.

3.6.1 The Formalism to Determine the Junction Conditions across
Interfaces

An essential tool for this analysis are the first and second fundamental forms which
both have to be continuous across the perturbed interface [71] (we do not have “delta-
function-like” discontinuities here). In order to calculate these, we have to describe
the perturbed surface by a normal vector, N#. There are different possibilities to
define these interfaces, e.g. their location given by r = r; + £, or hypersurfaces given
by level surfaces of the pressure or other scalar quantities. Since we need to do this
analysis for several different cases (single fluid vs. multi-fluid, fluid-solid interface,
density discontinuities, and so on), we will keep the analysis as general as possible and

specialise to the actual variable defining the hypersurface only when necessary.

Let us consider level surfaces of a given scalar quantity q. The space-like normal to

these surfaces is given by
9" Vuq

VVaqVAg’

and by construction we have N*¥N,, = 1. The first fundamental form (or the induced

Nt = (3.96)

three-metric) on the level surfaces, 7,,, is
oy :LZLZ Jors (3.97)
where the projection operator L is given by

19=§7 — N°N,. (3.98)

41



Chapter 3 Perturbations of Single Fluid Stars

The second fundamental form, K, (the extrinsic curvature) is defined as
Ky =—171) VeNy. (3.99)

We decompose the scalar quantity which defines our level surfaces into a background

and a perturbed part,
q(t,r,0) = qo(r) + dq(t,r.0). (3.100)

To keep the analysis universally valid, we will use the bare components of the perturbed
metric (for polar perturbations) and resort to our specific definition (3.13) only later.

The non-trivial components of the first and second fundamental form are

Ve = —€” + Ogu, (3.101a)
Sa
Ver = O0Gtr — 6/\—?, (3.101b)
90
]
Tro = _6)\ q;e, (3.101C)
0
00 = 17 + 8900, (3.101d)
Yo = r?sin? 6 + 5g¢¢, (3.1016)
and
/ - /
Va2 a2 d L. L oo, Vo, 3
Ktt = 56 — e % + W(Sgtr - QQT/Q(Sgtt — Ze 597’7’7 (3102&)
/ 5 .
K, = % <6A/2_? - e—A/Z(;gtr) , (3.102b)
90
0q o 1
Kyp— —eM? <q—6 _ §5gtr79> , (3.102)
A2
K= — q,’g, (3.102d)
rooqp
_ T 7/209,00 1 ;T
Kog = vz e a BEEYE (5999 — e_A&g””> , (3.102¢)
— 2 r /2 0g,6 1 / r
K¢¢ = —sin“6 <M + cot fe E + még¢¢ — 263—>‘/25ng . (3.102f)

These components have to be continuous across the interfaces which allows us to impose
junction conditions for the background variables as well as the perturbation variables

(since we can construct a background independently of the oscillations).

Independent of the actual physical content of the quantity ¢ as well as the nature
of the interface, we can draw the first conclusions on the continuity of several variables.
We start with the background variables (omitting the first-order terms in the above

components for a moment). We denote by [g], the jump of the quantity at the interface
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located at the radius r,

lq]r == ?_}n% q(r+e) — ;I_I)I(l) q(r —e). (3.103)

The continuity of 4, K9 and Ky imply
v, =0, [,=0, [].=0, (3.104)

in that order. The latter two in combination with the background Einstein equations

enforce continuity of the pressure in equilibrium
[po] = 0. (3.105)

The equation (2.7c) governing the radial pressure derivative yields

po(r) _ po(r) + po(r) (3.106)

Po(r)  po(r) + po(r)’

where we have used the tilde to distinguish between the values of the quantities on
either side of the interface; a tilde denotes that the quantity is to be evaluated on the

side of the interface which has the lower density (as seen from the surface of the star).

We now turn to the perturbation variables and hence consider the entire coefficients,
as given in (3.101) and (3.102). We note that the temporal and angular derivatives of
dq are irrelevant for this discussion since we consider single frequency modes and hence
have

d¢ = iwdq, and dgg = 5q%, (3.107)
and likewise for higher or mixed derivatives. In terms of continuity, we can treat these
derivatives as if there simply appeared dq since the differential operators turn into
continuous factors. In conjunction with the background junction conditions (3.104),

we find that the components v, Y99, 1r¢ and 7y, imply
og
[Ho), =0,  [K], =0, [q—,]r =0, [Hi], =0, (3.108)
0
respectively, in that order.
We point out that up to this point, the analysis is completely generic and does not
rely on any assumptions on the nature of the adjacent layers nor the physical content
of the scalar quantity ¢g. As a side note, if we follow Finn’s [32] approach and let ¢

describe the location of the perturbed surface, i.e. g = r and dg = £", then the generic

condition in (3.108) turns into [{"],. = 0 which is equivalent to

(W1, = 0. (3.109)
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The physical meaning of this condition is that there cannot be a gap in the perturbed

matter.

It is also worth noting that we have fully exhausted the continuity of the first funda-
mental form, 7,,,, which already implies continuity of the components K., Ky and K¢
of the extrinsic curvature; merely the continuity conditions on K and Kgg potentially

contain new information (the continuity of Ky, is equivalent to the continuity of Kgg).

Let us first consider Ky:. After applying the previously derived junction conditions,

the continuity of Ky implies

/

v
5gy + Ee”_)‘égrr =0. (3.110)
T
As per our definition of the perturbed metric, 6gy = —rle’ Hy and 6g,. = —rte* Hy, we
find the condition ,
v
[Ho), = =5 [Ha], (3.111)

In the same way, we can infer

r 1
[5939 - e—)\5grr} =0 = [K],=-[H)], (3.112)
T
from the continuity of Kgg, where we have used dggg = —r"T2K.

3.6.2 Interfaces Involving the Solid Crust

Depending on the temperature of the star, parts of the crustal region may be solid. We
need to work out the junction conditions at the “surfaces” of the solid crust as well as
junction conditions for the variables at interfaces within the solid crust which are due

to phase transitions. As we have shown, we have Hy # Hj in the solid crust.

First, we combine the continuity conditions (3.112) and (3.111), by subtracting
them to
[Hy— K'] =-— i/Jrl [H>) (3.113)
0 o 5 T 2, .
and then apply this condition to differential equation (3.90c) for H{ which we recast

into the following form

ro—1 rq I . 16
H - K =—re"PH — |2+ "2 Ho— |L 42 o+ K - 201y, (3.114)
2 r 2 r T T

in order to make the application of the above continuity condition (3.113) obvious. After

applying the other conditions, too, we find the continuity of the tangential traction,

[T), = 0. (3.115)
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Second, we apply condition (3.112) to the equation (3.90b) for K’ which leads to
[(po + po)W], = 0. (3.116)

We keep the extra factor of (pg + pg) in here in order to account for possible density
discontinuities. If the density is continuous, this condition reduces to the continuity of
the radial displacement, [IW]. = 0. In contrast, at a phase transition with density dis-
continuity, we would expect a jump in the radial displacement. This seems paradoxical
as a discontinuous displacement will lead to voids in the perturbed matter fluid; we
will address this issue in detail in Section 3.6.4.

Additionally to these conditions, the equations of motion allow us to derive con-
tinuity conditions; these conditions, however, are not independent of the previously
derived ones but they can give further insight into the problem. When implementing
the junction conditions, we have to be careful not to select a non-independent set. We

quote the algebraic condition (3.91b), recast into

—A n+1

2

8rrde V12X + 87rTy = [Te (r/ —2)+ (n+ 1)7} Hy + [WQTGV - I//:| H,y

1
— [m“ —wirde™ — Z?”267)‘I//(7°V/ — 2)} K + 167re M.

(3.117)

As per the discussion above, the quantities on the right-hand side are continuous with-

out exception; this implies continuity of the left-hand side as well, i.e.

[Holr = [Hi], = [K], = 1], =0 = r’e V?X + Ty =0, (3.118)

T

Furthermore, the algebraic condition (3.91a) leads to

[H,), = 64r [i1V] (3.119)

re

3.6.3 Interfaces within a Perfect Fluid

We will now consider the case of a perfect fluid. In principle, this is a special case of
the previous section, where we disregard the traction, 77 = T = 0, and set Hy = Hy;
however, as this case will become important again in the multi-fluid case, we will give
it some consideration here.

At first, we will simply repeat the previous analysis and specialise it to the per-
fect fluid case. While the continuity of K (which now implies [Hj] = 0, cf. equa-
tion (3.111)) does not provide new information anymore, the continuity of Kyy applied
to (3.33b) for K’ yields the same results as before,

[(po + po)W], = 0. (3.120)
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However, this is in contrast to the unconditional continuity of W, as derived in (3.109).
Since this condition physically makes more sense, we will opt for [W], = 0 in our
implementation; see also Section 3.6.4.

We can also use the algebraic condition (3.35b) on the perturbation variables which

now leads to the continuity of the Lagrangian pressure perturbation,
[Hol, = [H1], = [K], =0 = [(X]. =0. (3.121)

This is the reduced version of condition (3.118); we see that the continuity of Hy, H;
and K immediately imply the continuity of X.

Altogether, we can choose the four independent conditions
[Hi], = [K], = [W], = [X], =0 (3.122)

for the matching at e.g. density discontinuities. These four variables are usually the
ones we integrate within a perfect fluid layer (cf. the perturbation equations (3.33)).
Since they have to be continuous, there is no need to slice the neutron star into more
layers at a density discontinuity; the continuity conditions allow us to continue inte-

grating the ODEs across the discontinuity without further ado.

3.6.4 More Junction Conditions and Undesirable Results

We have already highlighted that we have arrived at contradicting results. Using Finn’s
approach, where the hypersurfaces are located at r; = r+&", we found the unconditional

continuity of the radial displacement, see equation (3.109),
(W], =0, (3.123)
while the continuity of Kyy and thence the continuity of K’ implied
[(po +po)W]; =0, (3.124)

as shown in (3.120). The problem emerges as soon as we consider an interface at a
density discontinuity; this is true for this entire discussion: as long as the density is
continuous, no problem arises.

This is a clear mathematical contradiction: we have proved that a given function is
continuous and discontinuous at one point at the same time, which obviously cannot be
true. Physically, it makes sense that the radial displacement, W, is continuous as this
condition ensures that no gap in the perturbed fluid emerges; and we will implement
strictly this condition in our code.

We are unable to resolve this issue at the time, but we point out another related

discrepancy. In his work on the elastic crust, Finn claims to arrive at the following two
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junction conditions due to the extrinsic curvature (cf. equations (64) in [32]):

1 /
0= [51/1{2 + Hj+ 12 <1/e’>‘/2> W] , (3.125)

r
0= [HQ — K42 <7°_1e_)‘/2)/ W} . (3.126)

r
The appearance of H|, as well as K’ in both these conditions suggest that they stem
from the continuity of Ky and Kyg, respectively; this is in agreement with our analysis
where exactly these two components remain (see general discussion at the beginning
of this section). After a few algebraic manipulations and using our definition for the

perturbed metric, we find

2eM 2V 1, , 2 ) o jae
— Ky = 51/ Hy + Hpy + (y’ + —> Hy+2e Vrw*Hy —2r e ¥~ / W, (3.127)
T T
2¢*? / 2 —)\/2
T Kgg = Hy — 1K' + 4K + 2r 22 W gy, (3.128)
.

where we have specified to [ = 2 for easier comparison. Our expressions and Finn’s
coincide to the first two terms but the remainders differ and we are unable to ver-
ify by means of algebraical transformations or using background and/or perturbation
equations that they are identical (they have to differ anyway due to slightly different
definitions of the displacement vector and the metric perturbations; however, these
differences by continuous factors are irrelevant for this discussion here). In fact, we
should not be able to prove their equality since, while the three remaining terms in
(3.127) are continuous, this is not the case for the one remaining term in (3.126) due

to the appearance of the discontinuous quantity A o p.

We can view that problem from a different perspective. If we assume continuity of
the displacement, [W], = 0, then we can prove, using (3.108), that Finn’s second con-
dition (3.126) holds true. It further implies that K’ is not continuous across interfaces
where the density jumps. This contrasts our finding that [K'], = 0, cf. equation (3.112)
(remember that [Hs], = 0 in a perfect fluid).

Where is the flaw in our derivation of [K'], = 07 The calculations are laid out by
Finn [32] as well as Andersson et al. [36] to great detail and up to and including the first
fundamental form we fully agree with both calculations. However, their results for the
second fundamental form differs. While we are able to verify the results of Andersson
et al. (and we are confident of the correctness due to the small steps taken in the
derivation), knowledge of the precise derivation of Finn’s results (of which we are not
aware, unfortunately) would shed light on this issue. As a temporary solution, we will

avoid using the continuity of K’ in our study.

We are going to study multi-fluid stars at later stages of this project. In this case,

it might make more sense to resort to a different scalar than the radial component of
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the displacement vector in order to describe hypersurfaces. Andersson et al. [36] have
opted for the pressure as scalar quantity. They have derived junction conditions for the
multi-fluid problem; however, also in this case are we able to arrive at contradicting

junction conditions.

They make extensive use of the Eulerian pressure perturbation which can be written

as
/

v —v

op =1t

During the general analysis in Section 3.6.1 we have seen that it is not dp which is
continuous but the fraction dp/pj. We use (3.106) in order to relate the Eulerian

pressure on either side of the interface,

é op
_%?:Tf?:é :/304-1?0
Do Py Po + Po

5p. (3.130)

We insert expression (3.129) for the Eulerian pressure into this equation and after a

few algebraic manipulations and making use of (3.109) we find

g fotpy ver ( _ho+p

+ po)W, 3.131
po + Po 2R.e? 0 +p0> (po + po) ( )

where R, is the radius at the interface. This means that, in general, the Lagrangian
pressure perturbation, X, is not continuous across interfaces where the density changes
discontinuously. (If the density is continuous, pg = pg, the last equality simplifies to
X = X.) This is in contrast to the earlier result, [X], = 0 (cf. equation (3.121)), which

holds independent of any density discontinuities.

We could go further and assume that both (3.121) and (3.131) are correct. Substi-

tuting the latter into the former, we arrive at the relation

VleV/Q

= W(po +p0)W at r = Rc, (3132)

which links X and W to each other at the interface. This link, however, holds only at
interfaces where the density is discontinuous; a similar condition cannot be deduced if
the density is continuous. While such a condition is to be questioned from a physical

point of view, we have not yet found a clear mathematical contradiction in this case.

At this moment, we are, unfortunately, unable to resolve this issue. The problem
of the junction conditions has been addressed by several authors in different physical
set-ups. Finn [27], Sotani et al. [29] as well as Miniutti et al. [30] considered the
case of density discontinuities in neutron star matter in different settings; without
showing a detailed calculation, they claim that the radial displacement, W, as well as
the Lagrangian pressure perturbation, X, are continuous. Schutz [72] also considered

density discontinuities (in general, without immediate application) and argues that X
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must be continuous across such interfaces. Finn reconsidered the problem for an elastic
crust [32] while Andersson et al. worked on the two-fluid case [36]; both articles show
a fairly detailed calculation (which we followed to a great extent during the analysis
in this section), however, neither of them uncover the contradictions stated above.
The knowledge of the precise derivation of Finn’s results for the components of the
second fundamental form would probably help in resolving the contradictions and to
understand why the results of Andersson et al. and Finn disagree.

We do not fully understand where precisely the problem lies, but we understand that
it turns up once we take the continuity of dq/q( or Kpp into account. From a physical
point of view, it makes sense that firstly, the radial displacement is continuous, [W], =
0, in order to “avoid a void” in the perturbed matter and, secondly, the Lagrangian
pressure perturbation is continuous, [X], = 0, since a discontinuous pressure would lead
to a net force at the considered location. However, the actual density discontinuities
are small and whether we, e.g., implement [W],. = 0 or [(po + po)W], = 0 will most
likely have only a negligible impact on the oscillations spectrum. Our solution to this
problem will be to choose a healthy mix of junction conditions which are derived from
the continuity of the fundamental forms or which appear physically more sensible.

Nevertheless, a thorough analysis of this problem needs to be undertaken.

3.6.5 The Junction Conditions for a Single Fluid Star

Table 3.1: The junction conditions for the boundaries between a fluid and /or an elastic
layer. The three generic conditions [Hy|, = [Hi], = [K], = 0 are applied at every
interface; we do not mention them in the table again.

‘ fluid ‘ elastic
fuid | ], —o | V=0
[T, =0
W], =0

1 L [W:I'r = _
elastic V], =0

T3], =0

[T, =0

We have derived the junction conditions that tell us how to connect the solutions
of two adjacent layers. In a single fluid star, each layer will be either fluid or elastic
and we have to choose junctions conditions for three different combinations (it does not
matter if an interface is fluid-elastic or elastic-fluid—the conditions will be the same in
both cases). At each interface, we apply the three generic conditions, i.e. the continuity
of Hy, Hy and K. As the analysis above has shown, the radial displacement, W, has
to be continuous in a single fluid star. This makes sense in order to “avoid a void” in

the fluid. When at least one of the layers is elastic then the continuity of the tangential
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traction, T5, is another independent condition. Finally, we need one more condition
in case we want to join two elastic layers. As such an interface is within the elastic
medium, we follow Finn’s [32] argument and demand the tangential displacement, V,
to be continuous, too. We show the junction conditions in Table 3.1.

Besides the rather evident interfaces between the crust and the fluid as well as
density discontinuities, we have to impose boundary conditions at the centre and the
surface of the star, too. A Taylor expansion of the ODEs at the centre of the star,
r = 0, reveals that not all quantities are independent, see Section 3.2.1. At the surface
of the star, we demand the Lagrangian pressure variation to vanish, X (R) = 0. We will
always have a fluid ocean in our neutron star model, which means that this boundary

condition holds independent of the state of the matter inside the star.

3.7 Numerical Strategy

The numerical solution of the described problem is not straightforward and requires
more steps than one might think at a first glance. It is natural to split the solution
into two parts; one part concerns the solution in the interior of the star, the other one
the solution in the matter-free exterior. Both regions require a conceptually different
treatment.

The interior solution is a boundary value problem that has the centre and the surface
of the star as its boundaries. The imposed boundary conditions determine the solution
up to an arbitrary amplitude; this is not an issue since we work on a linear problem in
which the amplitude does not play an essential role. We describe the interior solution
in the first part of this section.

The second part of this section is devoted to the solution in the exterior of the
star. Even though the mathematical description is considerably simpler due to the
lack of matter, its numerical solution is peppered with difficulties; our aim is impose
the boundary condition of no incoming waves “at infinity”. Firstly, we have to “ap-
proximate” infinity by a large radial coordinate, secondly—and this poses the major
challenge—we need to numerically separate two solutions, one of which is exponentially
growing while the other one is exponentially decaying.

Once both part solutions are calculated, they can be matched at the surface of
the star. The final result of the procedure is the knowledge of the two amplitudes of
incoming and outgoing gravitational waves for a prescribed complex frequency w. We
then need to find such frequencies w for which the incoming wave amplitude vanishes;

these are the eigenfrequencies of our system.

3.7.1 The Inner Solution

Our numerical strategy to determine the oscillation modes is conceptually the same

as in several previous studies about polar oscillations, the closest being Lin et al. [37]
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where a three-layer star is considered. The essential difference is that the “middle”
layer in their study is considered superfluid whereas in our case this layer shapes the
elastic crust. However, we also have to deal with different sets of equations depending
on whether a given layer is considered a perfect fluid or the elastic crust as well as

junction conditions in order to connect the layers.

Now, we will describe the details of the numerical procedure for the interior solution.
In this chapter, we consider a star with up to three layers. However, as more physics
enters the arena, we will have to slice the neutron star into more layers, each of which
extends over a region in which the neutron star matter is homogeneous in the sense
that it can be described by one and the same set of equations. Thus, in prospect of
extending our work to account for superfluidity, where we will certainly have more
than three distinct regions within the star, we will for generality as well as for clarity
consider a star with n layers. Furthermore, the same procedure with exactly the same
underlying idea and very similar junction condition has already been explained to great
detail for a three-layer star by Lin et al. [37]. Hence, using this n-layer description and
applying it to our 3-layer star together with the junction conditions from Section 3.6

is straightforward.

Let us now consider a neutron star which radially consists of n layers. The interfaces
between the layers, including the centre and the surface of the star, are located at the
radii 0 = Rg < R < Ry < --- < R,_1 < R, = R, where R is the star’s radius.
Within each of the different layers, the dynamics and the perturbations, respectively,
are governed by a certain set of equations which obviously depends on the nature of

the matter within this region. It could be, for instance, a perfect fluid, the elastic crust

or a superfluid etc. We conveniently write the equations for layer i € {1,2,...,n} as
dOvy A A
= OQ.- DY for re[Ri_1,Ril (3.133)
where DY = (y1,--.,Yk,;) is an abstract vector field with as many entries, say k;, as

there are independent variables in this layer (in most of the cases, we will have four or
six independent variables); WQ = WQ(r,1,w) is a k; x k; matrix (depending also on
the background fields, which we have suppressed in this notation). The variables y; are

placeholders for the corresponding perturbations variables, like Hy, K, V, etc.

Let us now find the general solution in layer . Since we, a priori, do not have any
boundary conditions for this layer, we have to choose some set of values for Y (R; 1)
and integrate through this layer using (3.133) until we reach » = R;. In order to find
the general solution, we have to repeat this procedure k; times; each time starting
with a different set of values for DY (R;_1), where all these ‘start vectors’ ought to be

linearly independent. This generates k; linearly independent solutions and the general
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solution (within layer i) will be some linear combination of these, i.e.

k;
Oy (r) = Zcm(i)Yj(r) for r e [Ri—1,Ri], (3.134)
j=1

where the coefficients ¢; ; with i = 1,...,n (denoting the layer) and j = 1,...,k;
(counting the different solutions inside a particular layer) are constants to be determined
by interface and boundary conditions. Before we turn to these, we want to mention
some peculiarities while integrating the different layers. Firstly, in some cases it is
possible to reduce the computational effort. This happens if some interface condition
essentially is a fixed boundary condition for this layer; for instance, a condition could
require a variable to vanish at an interface and we will then, of course, apply this
condition when choosing the ‘start vectors’, effectively reducing the number of linearly
independent solutions. Secondly, the innermost layer at the centre of the star (number
1 in our way of counting) needs special treatment as the differential equations, due to
the use of spherical coordinates, are singular at the origin. We will therefore expand
the solutions at the origin into Taylor series, calculate the Taylor coefficients up to
second-order and use this expansion up to a small radius at which the ODEs can safely
be integrated numerically. The Taylor expansion also reveals that not all perturbation
quantities are independent at the origin, whereby the number of solutions is reduced.
Thirdly, the outermost layer n is traditionally integrated from the surface of the star
inwards since in most of the cases the Lagrangian pressure perturbation, X, is used as

a variable which has to vanish at the surface, X (R) = 0.

Finally, we use the (remaining) interface conditions in order to determine the ), k;
coefficients ¢; ;. An interface condition connects the solutions between layer ¢ —1 and 7.
After fixing the overall normalisation by choosing the value of one of the coefficients ¢; ;,
we expect to have (), k;) — 1 interface and boundary conditions (less the conditions
we have already used in order to reduce the computational effort) in order to uniquely
determine the solution. We give a full list of the junction conditions used throughout
the whole study and show that we have specified the right number in Section 4.9.
The actual interface conditions can take a variety of forms and they become more
complicated when we take superfluidity into account. We are going to write down the
conditions in full (also for the multi-fluid case) but will not repeat conditions which

differ from listed ones only by a different choice of variables.

Y

We use the superscript “—” in R, to denote that we consider the value of a quantity
at the inner edge of the interface (as seen from the centre of the star) at radius R;
whereas the superscript “+” denotes the value at the outer edge of the interface (as

seen from the surface), i.e.

QR,) =1lmQ(Ri =), Q(R]):=lim Q(R: +2). (3.135)
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Written in full length, the interface conditions read

ki kit1
[Hilp, =0 & > e VHI(R)) =) e VHI(R]),  (3.136)
J=1 j=1

and likewise for other continuous quantities. We also have
(2 1 1

ki
Wi(B) -~ Wy(B)=0 & Y ey [(“WX(R—) — @ Wy(R-_)] —0, (3.137)
j=1

and likewise for 0 = Wy (R;") — Wy (R;) (which we obviously have to evaluate in the
(i + 1)-th layer). Finally,

k; ki1
W(By) = Wy(RY) & Y e OWu(By) =Y e FOWL(RF). (3.138)
j=1 j=1

This completes the general description of the interior problem.
We note that now, given this interface formalism, only the set of equations for each

layer has to be specified and the interface conditions may be given in a short notation.

3.7.2 The Exterior Solution

In the previous section, we described how we find the solution (unique up to an arbitrary
amplitude) in the interior of the star. There is a solution for each choice of w but
only a discrete set of values for w correspond to actual eigenfrequencies of the star.
At an arbitrary frequency w, we can understand the oscillations of our star to be
the reaction to incoming gravitational waves; and obviously it also emits gravitational
waves. We have to continue our interior solution outside the star in order to decompose
the solutions into incoming and outgoing waves. When the star oscillates even when
there is no incoming radiation, then we have found an eigenfrequency of the star. For
reasons that become clear soon, we will consider both polar and axial perturbations at

the same time in this section.

The Analytic Description of the Exterior Problem

Outside the star, the fourth-order system of equations for a perfect fluid reduces to
a second-order system since there is no matter and the fluid perturbations vanish.
Fackerell [73] has shown that the perturbation equations (for polar perturbations) in
the exterior can—by means of a suitable variable transformation—be put into the form

of a one-dimensional wave equation

d2z

d—rf + [WQ — VZ(T*)] Z=0, (Zerilli’s equation) (3.139)
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where r, = r 4+ 2M log(r — 2M) is the tortoise coordinate which naturally emerges in

the study of black hole oscillations and the effective potential V() is given by

VZ(T*) =2 <1 — ﬂ) nQ(n + 1)7'3 + 3In2 Mr? + InM2r + 9M3

.14
r3(nr 4+ 3M)? ’ (3.140)

,
with n being the shortcut n = (I + 2)(I — 1). In order to integrate Zerilli’s equation,
we need to specify initial values for Z(R) and Z'(R) at the surface of the star. These
are given by Hi(R) and K (R) from the interior solution by the transformation

o PR (3.141)
z'| Tk=h\_p ¢ ) \mH
where the functions f, h and k are
2 2
f- n(n + 12;(n:rin3]\z\447;+ 6M 7 (3.142)
2 _ _ a2
o e o
k= _TQM. (3.144)

Before we proceed to explain the further procedure, we cast an eye on the axial
problem. Since a perfect fluid is not subject to axial perturbations, the problem is
considerably easier to start with; the equations governing axial metric perturbations in
the perfect fluid ocean continue to hold in the exterior of the star, too. As was shown
by Regge & Wheeler [64], the equations can also be written as a one-dimensional wave
equation

d?Q

2 + [w2 —Vr(r)] Q =0, (Regge-Wheeler equation) (3.145)

where the Regge-Wheeler potential Vi (ry) is given by

Vi(r,) =2 (1 - ﬂ) (ntbr—3M (3.146)

r r3

The initial values Q(R) and @’(R) can be obtained from ho(R) and hi(R) by

Cl_p( f—2M ho (3.147)
Q' —w? —(R—2M)2) \hi) '

Chandrasekhar has shown that the physical content of Zerilli’s equation and the
Regge-Wheeler equation is identical and how the corresponding functions Z and @ are

related [74]; while this statement has been proven with mathematical rigour, the deeper
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physical origin of this link, however, remains obscure [75]. The relevance for us lies in
the fact that we can solve the exterior problem for both polar and axial perturbations
conveniently in the same way. We choose to work with the Regge-Wheeler equation
as it is slightly simpler than Zerilli’s equation. The Regge-Wheeler function @) can be

obtained from the Zerilli function Z via the relations

Q= m (v +28°f) Z - 287"] (3.148)
Q= % (k5 + 2wB) Z — (v +26°f») Q] (3.149)

where the coefficients are

p=6M, (3.150)
k=4n(n+1), (3.151)
2M 1

The Numerical Solution of the Exterior Problem

We can now turn to the numerical solution in the exterior of the star. We will follow
the approach by Andersson et al. [61] and outline the relevant ideas. They introduce a

new independent variable ¥ where

o\ ~1/2
Q= <1 — —> v, (3.153)
r
The Regge-Wheeler equation (3.145) for @) then turns into the new differential equation
d2
(@ + U(T’)) U = 0, (3.154)
where ) ,
2M N\~ 2M  3M
Ur)=(1-"— -V ——-—. 3.155
m=(1-25) | -vet+ 25 - 2 (3.155)
The ansatz .
UF = ¢ 2exp [ii / q(7) dy‘%} (3.156)
R
for the two linearly independent solutions yields the non-linear differential equation for
q, ) )
1 d=q 3 [dq 9
——4_ 2 (X —U=0. 1
2qdr?  4¢? <dr> T -U=0 (3.157)

Instead of a linear wave equation, we now have to solve a non-linear equation; this may
seem more complicated at first sight. However, the new differential equation comes

with favourable properties: even when the solution to (3.154) oscillates wildly, the
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function ¢ may be slowly varying only which makes a numerical solution much easier.
Furthermore, when U is a slowly varying function of r (which is the case for r — o0)
then by means of the ansatz (3.156), ¢ is also varying slowly and its derivatives in
(3.157) can be neglected; this means we can use ¢ ~ VU to generate initial values for
the integration of (3.157) at a large distance from the star; they are g(“far away”) = /U
and ¢/ (“far away”) = U’/2/U.

The next step is to solve (3.157) for a particular value of w from a point sufficiently
far away from the star; this gives us values for ¢ as well as ¢’ at the surface of the
star. We assume that the physically acceptable solution for the interior of the star

corresponds to a mixture of outgoing and ingoing waves at spatial infinity, i.e.
U= A, U 4 Ay . (3.158)

Using (3.153) and (3.156), we first find U*(R) = ¢~/2 and second, we can solve for
the ingoing and outgoing amplitudes, A;, and Agy. Since the solution is determined
only up to a constant factor due to the linearity of the problem, it is more reasonable

to investigate the ratio of the amplitudes,

(3.159)

where all variables are to be evaluated at the surface of the star. A quasi-normal mode
corresponds to a zero of this ratio as a function of w.

In this discussion, we have obscured the fact that the coordinate r is taken to be
complex in the exterior. It is important for the method to integrate along a straight
line in the complex plane rather than along the real z-axis. The slope of this straight
line depends on the chosen value of w and is optimally taken to be tan § = —Imw/Rew.
The derivatives with respect to (complex-valued) r can easily implemented numerically
using the relation

dg  _;dg
1A 3.160
3 = ¢ 1 ( )

where p is the real distance along the integration path from the surface of the star.

3.8 Reformulating the Perfect Fluid Equations for Low

Frequencies

Having laid out the physics that goes into our problem and what the corresponding
equations are that govern the perturbations, we should be able to find the oscillation
modes. However, it turns out that, as we are considering low-frequency oscillations

like g-modes or i-modes, we are running into numerical difficulties, which firstly lead
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to undesirable noise in the very low frequency regime in the stellar spectrum (higher
order g-modes or thermal g-modes of old neutron stars as well as --modes would fall
into this regime), preventing us entirely from determining any eigenmode. Secondly,
in regions of slightly higher frequency but still well below the f-mode frequency, the
stellar spectrum appears to be reasonable; however, we are unable to reliably calculate
the eigenfunctions as a kink appears at the point near the origin where we switch from

the Taylor expansion to actually solving the ODEs.

The problem is of purely numerical origin and it mainly stems from the algebraic
equation, which is used to calculate the perturbation variable V' (cf. equation (A14) in
[18]):

W (p+p)V =e2X + %p/e”*)‘/QW - % (p+p) e’ Hp. (3.161)

A Taylor expansion around the origin (see [19]) reveals that all perturbation variables
appearing in this equation, Hy, V, W and X, are of the same order of magnitude in
proximity of the origin. The same holds for the coefficients appearing on the right-
hand side. As we are dealing with low frequencies, w ~ 0.001, the left-hand side of
this algebraic relation forces the sum of the three terms on the right-hand side to be
many orders of magnitude smaller than then sum’s constituents, inevitably leading to

numerical cancellation and hence inaccurate results.

This problem has already been addressed by Finn [26], who proposed a different
set of equations for the study of low-frequency modes in which the Eulerian pressure
perturbation rather than the Lagrangian pressure perturbation is used as an indepen-
dent variable. The implementation certainly improves the accuracy of our results as
the effect of the cancellation is not as severe; nevertheless, the outcome does not fully
satisfy our demands. Instead, we derive a new set of equations where the indepen-
dent variables are a subset of the “fundamental” variables, namely Hy, K, V and W.
An algebraic equation like (3.161) does not appear in this formulation and thus the

cancellation is avoided.

The perturbation equations for this set of variables then read

;o [1,, o 1+l e
Hy = |5 (X =) = ——=| Hi+ — [Ho+ K — 167 (0 +p) V], (3.162a)
1 1 1 1
K = 2Hy+ 2 H1+[—1/—l+ ]K—M&QW, (3.162b)
r 2 T T
w— - [ P e [0 (2 Ly ) WD L
N r F F 20 r2 20 ’
(3.162c)
/ G p S v 1 —A/2. 1 1 A2
Vi=|S+v == |V+s=5e"(Ho+ —e VUvW | +rHy — —e"/°W, (3.162d)
r 2w T T

where S is closely related to the Schwarzschild discriminant S (corrected for the thermal
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pressure) and given by
S B S B p/ pl

T ot p (3.163)
and we have introduced the abbreviation
op® op?
Fi=~p+ M*n,— + M*n,—th 3.164
P " ony, P ony, ( )

Here, M* =11 — 6%* as introduced in Section 3.4. The Einstein equations imply the
following algebraic relation between the perturbation variables, which we use for the

calculation of Hy:

—A n-+1

[(n + 1)r — re (rX + 2)} Hy = r?e™ [wQTe_” - 1/} H,

1
+ [nr —wirde™ — ZT267>\I//(T’V/ - 2)] K +4nr2(p + p) <ef)‘/21/W + 2w2ef”V) .
(3.165)

The origin of the equations is basically the same as in the DL85 formulation but deserves
a few comments. In order to arrive at this set of equations, we start at the DL85 set of
equations. Since the algebraic relation (3.161) causes numerical problems, we solve it for
X and substitute it into the other equations. After some algebraic manipulations and
making use of the background equations as well as the other perturbation equations, we
then arrive at our set of perturbation equations. In compact form: (3.162a), (3.162b)
and (3.165) are [tf], [tr] and [rr], respectively; (3.162¢c) is due to the definition of (the
no longer appearing) X; (3.162d) is 6 (V, 7¥) = 0 and (3.161), which has been used as
an auxiliary equation only, is 6 (V1)) = 0.

Before we can solve (3.165) for Hy, we have to assure that its coefficient is non-
singular at any point. In order to prove this, we rewrite the coefficient as

-2

(n+1)r— e (r\ 4 2) = 3M — 473 p + nr, (3.166)

which we can easily achieve by using the background equations (2.7a) and (2.8). We
then have

s T
3M =3 / 42 p(7) di > 3 / 42 p(r) dr = 4mr®p, (3.167)
0 0

where we have used (2.10) for the first equality and monotonicity of the density inside
the star, p(r) > p(7) for < 7, for the estimate. Thus, the coefficient will be singular
only at the origin, r = 0, where we will use a Taylor expansion anyway.

The price we have to pay for eliminating the cancellation is the appearance of p’
in the perturbation equations. Since this quantity is not known during the integration
of the TOV equations, we have to calculate it numerically on an uneven grid; even

worse, it may not be well-defined everywhere since p(r) is not necessarily differentiable
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as density discontinuities may occur inside the star. We use the method proposed
by Sundqvist & Veronis [76] to tackle the former problem. In order to overcome the
latter, we will use this new set of equations only in a region near the origin up to a
certain radius Ry, up to which the perturbation variables have changed their order of
magnitude sufficiently enough so that (3.161) can be applied without significant loss of
accuracy and then switch back to the DL85 perfect fluid equations—this encourages a
rather high value for Ry . However, when choosing Ry, we have to ensure that there
are no discontinuities in p inside the interval [0, Ry | and furthermore, the calculation
of p/ suffers from (however small but still present) numerical errors, which favours a
low value for Ry . The “optimal” value for Ry can be found by trial and error only. In
our simulations we find that Ry =~ 5km is a good choice as in this case we can reliably
extract eigenmode frequencies down to ~ 15 Hz (the actual lower limit slightly depends
on the problem under consideration, see Section 3.10). For lower or higher values of
Ry, either of the above discussed numerical issues becomes more severe and in the end

the low frequency spectrum is spoiled by noise up to a higher frequency.

Altogether, our proposed set of equations allows us to calculate an unspoiled stellar
spectrum down to lower frequencies and secondly, we are able to extract the eigenfunc-

tions to higher accuracy also at intermediate frequencies.

3.8.1 The Taylor Expansion at the Centre of the Star

As in the previous formulation where equations (3.33) described the perturbations, the
perturbation equations (3.162) are singular at the origin, too. We will use a Taylor
expansion in exactly the same fashion as described in Section 3.2.1 which is why we

will only state the results here. The entire procedure is completely identical.

We use an expansion of the form
L, 1y 4
Q(T):C]O+§7” QQ+ZT qu+0(r), (3.168)

and the coefficients for the background are the same as given in (3.40). The zeroth-order

coefficients for the perturbation variables are

_ 20K(0) + 167 (po 4 po) W (0)
B I(1+1)

1
H,(0) , V(0) = =7 W(0), Ho(0) = K(0), (3.169)
which demonstrates that, once again that as soon as K (0) and W (0) are chosen, the
remaining expansion coefficients, Hy(0), H1(0) and V(0) are determined. The second-
order coeflicients of the perturbation variables are then given by the following linear

System:

[+3 1 1
—TH{’(O) + §K"(0) — 87 (po + po)V"(0) + §H6/(0)
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= %(1/2 — A2)H1(0) — Ao K (0) + 87 [p2 + p2 + A2(po + po)] V(0),

(3.170a)
"L (0) — SEER0) Al + po)W(0) + 5 H(0)
= —JnaK(O) 4 2x 2002+ p2) + Malpo + o) W(0),  (3.1700)
—(n+1)ypoV"(0) — H—Tg’YPOW”(O)
= —% (3vpo +po + po) K(0) + [n _; L \avp0 — 1o
— e 0w (po + po)} V(0), (3.170c)
1+ 2)V"(0) + W"(0)
Vo
= 2H(0) = i)_z <Popjp0 - %) KO
+ |:é)\2 I, (2 - le:;’z) (% - ﬁ)] V(0), (3.170d)
gK”(O) - g 5(0) = [n i 1V2 - wQe_”O] H,(0) + [wQe_”O - %V2:| K(0)
— 8me " w?(po + po)V (0) + 8mpa W (0). (3.170¢)

The five equations (3.170) are derived from the equations (3.162a), (3.162b), (3.162c),
(3.162d) and (3.165) in that order.

3.9 The Perturbation Equations for Axial Perturbations

Additionally to the polar perturbations described in the previous section, there are axial
perturbations. Axial perturbations in a non-rotating star change their sign like (—)"+!
under space reflection. Comparably little attention is paid to axial perturbations in
non-rotating stars for a simple reason: in the simplest case of modelling the star as a
perfect fluid, there cannot be any axial perturbations connected to fluid motion since
the pressure p is a scalar quantity and a space reflection would result in a sign change
in the [ = 2 case—which immediately implies p = 0 throughout the star. However, in
contrast to Newtonian theory where the spectrum of a non-rotating perfect fluid star
is actually void of modes, in general relativity there do exist axial perturbations in

non-rotating stars; these are the axial w-modes.
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We write the displacement vector for axial perturbations in the form

0
0 .
et =yl U Py(cos 0)e™", (3.171)

" sinf a¢
U sin 60y

where U is a function of r only, while the metric perturbation in the Regge-Wheeler

gauge is [64]
0 0 0 dwrhgsin 60y
I 0 0 0 r2h;sinfy ot
OGuw = —T Py(cosf)e™".  (3.172)
0 0 0 0
iwrhosinf0y 12hysinfdy 0 0

Inserting these ingredients into the Einstein equations in the same way as we did for

the polar perturbations, we find the perturbation equations

2ne” -1
L= |r - hi———h 1
0 [r w%«} 1= ——ho, (3.173a)
2 I+2
A [—(A’— - J; hi, (3.173b)
U =0. (3.173¢)

One of the three unknowns, U, which describes the perturbation of the fluid, turns out
to vanish throughout the star. The two metric perturbations, hg and h;, however, are
governed by a system of two first-order differential equations; this is the origin of the

axial w-modes.

If we take the elastic crust into account, i.e. we use the modified stress-energy
tensor (3.83), we end up at the following more complicated system of equations:

1 2

r

= |50/ + )

1[1-1 2
1+ 1)] h{ + - |:T(V,+)\/) + %L(eA - 1)] ho,

APTD

1
+ rhy + [l +4- §T(V' + X)} hi — 16me U, (3.174a)

w? 1 1+2 327 jie?
By = ——e Vho+ [=(N =) — h U 3.174b
==+ |G =) - T e P (3.1740)
2.,V 1—1 2 —v I — 2 —v,.2 1 —2
A VY Ul i DY T L2 - LU (3174c)
327 327 327 T

The system consists of two ODEs of first order and one ODE of second order; this is as

expected as the elastic crust allows for torsional modes, or t-modes, for which we need
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a second wave equation. It is worth noting, that the motion of the matter is confined

to the elastic crust; in the perfect fluid regions of the star, we have U = 0.

3.9.1 The Taylor Expansion at the Centre of the Star

As in the polar case, the perturbation equations are singular at the origin; and again
we tackle this issue by using a Taylor expansion around the origin for the perturbed

quantities in the following way

1
ho(r) = hoo + 57%hoz + O(rY), (3.175)

1
hq (’I“) = hio + §T2h12 + O(T’4). (3.176)

As only two variables, hy and hy, are involved—the third variable, U, vanishes—the
expressions for the Taylor coefficients are relatively short. Again, the perturbation
equations imply a relation between the zero-th order coefficients which means that the

two perturbations are not independent. The behaviour at the origin is given by

w2

_— 1
T+ 2en ™ (3:177)

hip = —
for the zero-th order coefficients, whereas the second-order coefficients follow from the

linear system

1
§(l + 1)w2h02 + ne”ohlg = (w2 — ’I’LBVOIJQ) hlo, (3178)
€7V0w2h02 + (l + 4)h12 = €7V0w2(V2 — )\Q)hoo + ()\2 — VQ)th. (3.179)

3.9.2 The Junction Conditions

As in the polar case, we also have to find boundary conditions for the crustal interfaces
and possibly density discontinuities. The analysis will be identical to the polar case, see
Section 3.6; however, it comes with two considerable differences: firstly, the definition
of the metric perturbations is obviously different, secondly, the scalar quantity which
is being used to define the normal vector, N*, will be a purely background quantity
since scalar quantities are not subject to axial perturbations. We will hence use the
(unperturbed) location of an interface.

With the same definitions as before, we arrive at the following expressions for the

non-trivial components of the first and second fundamental form,

Yoo = —€”, (3.180a)
Y03 = 5903, (3.180b)
Y13 = 0913, (3.180c)
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and

Koz =
K3 =
Koy =
Koz =

K33 =

Vo2 =17, (3.180d)
33 = r?sin? 6, (3.180e)
7//
= EeV*A/Q, (3.181a)
1 )
22 (561 — 3df) (3.181b)
o= M2
- 5913, (3.181C)
—re M2, (3.181d)
e N2 cos 6
0 -2 1) 3.181
5 ( 913,60 sin g 913> ) ( e)
—rsin? e N2, (3.181f)

Again, these components have to be continuous across the interfaces. We repeat the

background conditions only for completeness,

0, A =0, V'], =0. (3.182)

The continuity of the components g3, y13 and Kpg then imply

[hO]r - 07

[hi]r =0, and  [hg], =0, (3.183)

in that order, where we have used (3.107) in order to remove the temporal derivative.

The junction conditions are already exhausted and we note that there is no condition

put on the tangential displacement, U; the solid crust can slip freely along the fluid

core as well as the fluid ocean.
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3.10 Results

In this first chapter, we have started from the well studied Detweiler & Lindblom
formulation (DL85) of the perturbed perfect fluid and have gradually put in more
physics. At first, we present several checks against literature values for a polytropic
neutron star in order to prove the accuracy of our code and build an understanding of
the different modes that are present in non-rotating neutron stars. This will not only
show that our code is working in many different special cases, we will also highlight
certain features of mode classes as well as limitations of the code. After our discussion
of the special cases, we will take the key bits of physics into account step by step. This
will gradually enrich the spectrum with more and more classes of oscillation modes.
The natural steps are: (i) taking only composition gradients into account, (ii) switching
on temperature using the thermal evolution and (iii) accounting for the crystallisation
of the elastic crust. The density jumps, leading to i-modes, are built in to the EoS, so
we cannot easily switch them on or off. Hence, these modes will always be present in

the star’s spectrum.

Let us briefly comment on the actual implementation of the density discontinuities.
As discussed in Section 3.6 we have two alternatives. Either represent the phase tran-
sition by a real jump in density in the EoS, or have a continuous transition with a large

gradient p’ in the background model. We opt for the former variant, just by choice.

One feature of the frequency domain approach in solving the oscillation problem is
that one finds both the oscillation frequency (real part) and the damping time (imag-
inary part) at the same time. This works very well for the strongly damped w-modes
whose imaginary part is comparable (in order of magnitude) to their real part. All other
modes are much more weakly damped, which is equivalent to a very small imaginary
part; typically, it is between 6 and 12 orders of magnitude smaller than the real part
(depending on the nature of the mode and its order), which makes a numerical deter-
mination due to the finite machine precision difficult and in many cases even impossible
(with the current method). As in earlier work [19, 61], we will not actually calculate
the complex frequencies of the quasinormal modes; we ignore the damping of the mode.
Instead, we construct the asymptotic amplitude Aj;, for real-valued frequencies and lo-
cate the quasinormal modes by approximating the zeros of this function (essentially
resonances in the problem). To visualise the spectrum, we plot the logarithm of the
incoming amplitude, log | A4;,| (log always refers to the logarithm to base 10 throughout
this study), as a function of the frequency in arbitrary units (as e.g. in Figures 3.23,
3.28, 3.31 and 3.32). Since we have linearised the problem, the actual amplitude is
arbitrary and has no physical content; thus we do not show any scaling on the y-axis
in these graphs but mention only briefly that there is a factor of 10 between two large,
adjacent tick marks. The logarithm turns the zeros into much more visible spikes or

singularities and an eigenfrequency can be found where this function ideally tends to
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—o0. For brevity, we will occasionally refer to the plots of log|Ai,| as a “spectrum”,

even though this is technically not correct.

We also comment here on the stability of our numerical procedure. As explained
earlier, the calculation of the ingoing wave amplitude is spoilt by noise in the low
frequency regime and, in practice, the lower limit for reliably extracting frequencies
lies at about 18 Hz. In our simulations, we find that this lower limit gets shifted down
to approximately 10 Hz when we include composition, i.e. when we use v instead of
7o in the equations (see next subsection). This gives us a further hint to the origin
of the instability in the equations. However, this is not the only crucial point since
the noisy behaviour is almost non-existent for polytropic equations of state (which we

implemented as a test of the numerics).

Note that, while our perturbation equations are valid for any degree [ > 2, we will

always use [ = 2 in our simulations.

3.10.1 A Polytropic Neutron Star as Test Case

We start by calculating neutron star spectra for polytropic models; these kind of models
employ the most basic EoS that lead to somewhat realistic neutron star models. They

appeal by their simple analytic structure—the pressure-density relation is given by
p=Kp'tw, (3.184)

where N is the polytropic index and K is a constant that allows to scale the units.
We intentionally avoid denoting the exponent 1 + % by v for the following reason; in
the literature, two subtly different variations of this EoS are used: several studies on
neutron stars in general relativity interpret p as the energy density [77, 78] (which we
denote by p throughout this thesis), whereas other literature understands p as the rest-
mass density (for which we use pg) and the energy density is then thermodynamically
consistent given by p = pg + Np (see e.g. Tooper [79]).

We will compare our results to the articles by Kokkotas & Schutz [21] (KS92 here-
after) and Andersson et al. [61] (AKS95 hereafter) and thus adopt their interpretation
of p for our calculations when considering a polytropic EoS; both articles use the former
version of the polytropic EoS where p denotes the energy density, which leads to the
slightly odd-looking adiabatic index defined by (3.30)

p+pdp ( 1>< p>
o =PEPE (L 2 (142, 3.185
0=, ~ ’ (3.185)

We pick model 4 of KS92 which has a central energy density of p = 1-10'6 gcm™3; the
parameters of the EoS are chosen to be N =1 and K = 45.85. As a result, this model
star has a mass of M = 1.3 My and a radius of R = 6.466 km.
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Figure 3.2: Logarithmic plot of log |Ain /Aout| for wM € [0,2]x [0, 1] € C. The resolution
of this graph is AwM = 0.002 (for both the real and the imaginary part). The blue dots
indicate eigenfrequencies of the stellar system. The red dots are peaks of the plotted
function. Their exact meaning is not clear, see also text.

In Figure 3.2, we show the colour-coded value of log | Aj, /Aoyt | in the first quadrant
of the complex plane with a resolution of AwM = 0.002 in both directions; red encodes
positive values, blue encodes negative values and the darker the colour the larger the
magnitude of the value; hence, we are most interested in dark blue spots which indicate
eigenmodes of the system. We can spot two dark red dots and eight dark blue dots—
seven of which seem to lie on a curved line starting approximately at wM =~ 0.4+ 0.01.
These dots correspond to the w-modes found by KS92 and our values coincide well
with their published values; we list them in Table 3.3. In Figures 3.3 and 3.4, we
show the eigenfunctions of H1 and W for the first six of these w-modes; they agree
visually well with the eigenfunctions published in Leins et al. [22]. The amplitude of
the eigenfunctions is largest in the centre of the star and the number of nodes in radial
direction increases with frequency by one per mode. This is as expected for w-modes
which are essentially vibrations of the space-time and hardly excite fluid motion; we
find that at the surface of the star, the amplitude of the displacement W is roughly
one order of magnitude smaller than the amplitude of the metric perturbation Hi.

We determine the zeros of the function |Ajy/Aout| using the method of Muller [80];
this method needs three initial values and then assumes that these three points are part

of a complex-valued parabola. The zero of the function is then approximated by the
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Figure 3.3: Eigenfunctions of H; of the w-modes inside the star; we have normalised

them to Hi(R) = 1.
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Figure 3.4: Eigenfunctions of W of the w-modes inside the star; we have normalised

them to W(R) = 1.
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zero of the parabola which is closer to the previous approximation. When searching for
w-modes, this method turns out to be very reliable and fast; after only a few iterations
the method converges with high accuracy. The w-modes form an infinite class of modes
for which the frequency increases with higher order; with our code, we can easily find
the first hundred of these modes, provided that we carefully increase the grid resolution

in order to resolve every single node accurately.
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Figure 3.5: Same as Figure 3.3 but here for the w-modes with Im(wM) =~ 0.6.

Besides the w-modes discussed, we find more zeros (the blue dots) in the complex
plane in Figure 3.2. Quite prominently lies a series of blue dots on a nearly straight
line with imaginary part Im(wM) = 0.6. Our code converges quickly to any of these
points to very high accuracy. However, neither have any authors identified these modes
before (e.g. [21, 22, 61]) nor did we expect to find modes there for any physical reason.
We show the eigenfunction of Hy in Figure 3.5 and their frequencies in Table 3.2; we
call them w-modes in order to distinguish them from the known branch of w-modes;
however, we retain the letter w for them due to their similarity to the w-modes, see
below. From the graphs it becomes apparent that one of their characteristics is the
small amplitude of H; and W at the centre of the star compared to at the surface;
this effect is very strong for W. Again, the ratio |H;(R)/W (R)| reveals that the fluid
motion is strongly suppressed which suggests that these modes are some sort of space-
time modes, too. Whilst the discovery of a new branch of strongly damped modes is
very exciting, we have to ask what the physical origin of these modes is. At present,
we are unsure of the exact meaning of these modes. Are they physical? Why have they

not been identified in previous studies? Could they possibly be an artefact of some
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Figure 3.6: Same as Figure 3.4 but here for the w-modes with Im(wM) ~ 0.6.

of the applied numerical methods? The latter two questions are not independent—we
have implemented the same numerical methods as AKS95 (but with higher numerical
accuracy), however, they did not identify these modes. One possible reason could be
that the computational power which allowed us to quickly scan the entire rectangle
[0,2] x [0,1] € C (and even more than that) for modes was not available at that time.
These modes deserve further consideration and a confirmation of their existence using
different methods for the exterior solution would be very exciting. However, the aim
of this study lies on the low frequency spectrum and a thorough investigation of the

w-modes would go well beyond the scope of this thesis.

Table 3.2: Eigenfrequencies of model 4 of KS92 of the modes with Im(wM) ~ 0.6.
Since these modes have not been identified yet, we call them w, and start counting
from the lowest frequency.

Mode Re(wM) Im(wM)

w1 0.1550  0.6580
w,  0.3750  0.6135
w3 0.6533  0.5894
wy 09737  0.5978
ws 1318 0.5912
wg  1.692 0.5752
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The one blue dot at wM = 0.559 + 0.3831 belongs to a (probably) different class of
w-modes which has first been found by Leins et al. [22]. They have identified two further
modes with even larger imaginary parts (at wM = 0.353 + 0.8381 and 0.142 + 1.2861)
which we are unable to find with our code (Leins et al. use a method for the exterior
solution of the star that is based on a continued fraction). This is somewhat surprising
as we implemented the identical procedure as AKS95 for the numerical solution of
the problem and they did find the mode at wM = 0.353 4 0.838[. Furthermore, as
computational power has considerably increased during the last 20 years, we would
expect our code to be more accurate and able to find this mode.

To get a better idea of what is going on, we investigated the behaviour of the w-
modes for large real parts. (We also extended the search for large imaginary parts but
we were not able to identify any modes with Im(wM) > 1.) We show the results in
Figure 3.7; it becomes apparent that the two “branches” of w-modes are merging into
each other at about Re(wM) ~ 4. The merging is not perfect in the sense that the zeros
in the complex plane are neither equidistant nor do they follow a different but simple
pattern. Their imaginary parts Im(wM) vary between 0.4 and 0.5. The eigenfunctions,
too, give no further insight into the problem. This is somewhat unsatisfactory and
leaves space for further research. However, our results for the already identified modes
are in excellent agreement with published results (less than 0.3 % discrepancy). We
are unable to clarify the situation at this time and strongly encourage more thorough

studies of these issues.

Convergence Test on w-modes

A numerical study can be comprehensive only if it features convergence tests which
show that the accuracy of the solution is increased when the calculation is carried out
on a finer grid. In our study, convergence tests come with a few caveats and feature a
few peculiarities.

Firstly, the determination of the incoming wave amplitude, A;,, as a function of
a prescribed frequency, w, requires the solution of three fundamentally different sets
of ODEs with different boundary conditions: After constructing the stationary back-
ground model using the TOV equations (2.7), the perturbation equations have to be
solved in the interior of the star (DL85 and similar depending on the nature of the mat-
ter); finally, the exterior solution has to be determined (the non-linear ODE (3.157)
derived from the Regge-Wheeler equation). For the solution of all these differential
equations, we use a Runge-Kutta solver of order eight with adaptive mesh refinement
(DOPRI); in our simulations, we demand an accuracy of 10~1°.

A difficulty of the convergence test stems from the fact that we integrate two differ-
ent sets of differential equations over the same domain (the background and the interior
solution) for which in general very different step sizes are necessary in order to achieve

the same accuracy. This issue becomes manifest already in the background configura-
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Figure 3.7: As Figure 3.2 but for a larger region of the complex plane. Due to the
large area covered, we have decreased the resolution in the upper right corner slightly,
compared to the rest of the graph (AwM = 0.02 for Re(wM) > 2 and Im(wM) > 0.6.
Besides the w-modes with Im(wM) ~ 0.6, we find an array of peaks (the red dots) at
larger imaginary parts. The graph indicates a link between these w-modes and these
peaks.

tion, which we have to store on some grid since we need its values for the perturbation
problem. It turns out that the step sizes chosen by the integrator in order to achieve an
accuracy of 1071Y vary over several orders of magnitude from a few centimetres close
to the surface and the centre of the star to several hundred metres in the middle of the
computational domain. With such large steps we cannot expect to reliably interpolate
background quantities for the calculation of the perturbations at the same accuracy; we
need to (and do) enforce a maximum step size on the background. In return, this es-
sentially results in the background configuration being more accurate than demanded,
making a convergence test somewhat difficult. This peculiarity has to be taken into

account when interpreting the results of the performed convergence tests.

A convergence test is supposed to demonstrate the convergence of a numerically
determined quantity to the exact solution with increasing accuracy of the calculation.
In our case, we obviously do not have the exact solution at hand, and a standard
solution to this issue is to take the result of a high resolution run as the exact solution

and investigate the convergence of the code towards this solution.

For brevity, we will not show detailed results regarding the convergence of the back-

ground solution, but simply state that an increased accuracy results in a more accurate
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Figure 3.8: The convergence test for the ws-mode. We show the relative error of
both the real and imaginary part of the frequency of this mode and plot it against the
demanded accuracy of the DOPRI solver. The solution of the problem clearly converges
with increased accuracy of the integration; the straight, dashed lines are least squares
fits to the respective data points.

background model. Much more interesting is the convergence of the frequencies of the
oscillation modes to a fixed value. We show this exemplary for the mode w3, which
is the third of the modes which we deem spurious; in some cases, a convergence test
can identify numerical artefacts in which case the solution will not converge to some
value when the accuracy of the calculation is increased. We show the convergence test
for this mode in Figure 3.8; we plot the relative error of the frequency of this mode
(as compared to a high resolution simulation) against the demanded accuracy of the
DOPRI solver. In order to simplify the convergence test, we keep the accuracy of
the TOV integration fixed at 107'? and vary only the accuracy of the integration of
the perturbation equations over several orders of magnitude. The graph clearly shows

convergence of the frequency of the ws-mode; we fit a straight line of the form
log;, “relative error” = alog;y “accuracy of integration” + b (3.186)

to the real and imaginary parts of the solution by means of a least squares fit. We find
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for the two parameters a and b the values

a = 0.5138 + 0.0254
b= —2.542 £0.170

for the real part, (3.187)

a = 0.4850 + 0.0311
b= —2.190 £ 0.208

for the imaginary part. (3.188)

We also see that the data points do not lie on a straight line but oscillate rather wildly
around it; this is owing to the fact that, as explained earlier, the integrations both
for the background and the perturbations will in general be subject to fundamentally
different step sizes. The overall behaviour of the data points, however, shows a clear
convergence to the result of the high resolution simulation. A convergence test, in this
case, cannot rule out the physical reality of the new branch of w-modes (we find similar

results for all other w-modes, too).

Fundamental and Pressure Modes
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Figure 3.9: Contour lines of | Ajp /Aoyt | for the f-mode. The contour lines are equidistant
with a difference of 0.1. The map of |A;y/Aous| was produced with a resolution of
ARe(wM) = 1075 and Alm(wM) = 107%. The contour lines are well defined and
demonstrate the high accuracy of our code.

In theory, we should also find blue spots for the slowly damped f- and p-modes, very

close to the real axis. However, there is no sign of any mode in this graph. The reason
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Figure 3.10: As Figure 3.9 but for the mode p;. The resolution of the data are
ARe(wM) =5-10710 and Alm(wM) = 210710,

is simple: they do not appear in this figure because they cause very narrow singularities
for which there is no hope that these could be resolved in Figure 3.2 at the resolution
of AwM = 0.002. We show contour lines for the fundamental mode and a high order
pressure mode in Figs. 3.9 and 3.10 (we will explain in the following paragraph how
we found them). These graphs clearly indicate a pronounced singularity for either
mode. We chose to show contour lines for |Aj,/Aout| instead of its logarithm; since the
singularities are very narrow, this makes the graphs clearer. The lowest contour line we
show is for |Aj,/Aout| = 0.05 but we point out that we are able to find wM such that
the magnitude of this ratio is less than 10~7; this is our threshold for locating zeros
(or more precisely: minima). The imaginary parts of w are tiny compared to their
real parts; they differ by 5 and 8 orders of magnitude for the two mentioned modes,
respectively. These graphs have been produced using a resolution of AwM = 1-1076
for the f-mode and AwM = 2-1071° for the p;-mode.

Similar to the w-modes, we expect to find the slowly damped modes by iterating
using Muller’s method. The main difficulty is that the slowly damped modes cause much
narrower singularities than the w-modes. This means that in order for Muller’s method
to converge, we need three initial values which are already pretty close to the mode’s
frequency. If the three initial values are not within close vicinity of the singularity,
we find that this method is prone to doing large jumps in different, unpredictable
directions, finally converging to some w-mode in most of the cases. We can understand

this as follows: if we have only a rough approximation for a mode, say, we choose the
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three real parts are 1.70, 1.72 and 1.74 and Im(wM) = 5-107° as a first approximation
for the f-mode. We can see from Figure 3.9 that with these three values, we are well
beyond the 0.9 contour line which gives us very similar values (somewhere between 0.9
and 1) for the ratio at these three points in the complex plane. Thus, the zeros of a
parabola containing these three points will be far away and Muller’s method will start
with a huge jump which destroys any hope to find the f-mode using these initial values.

We need a different tool to approximate the frequencies of slowly damped modes.

The idea, which has frequently been used [81, 61, 35], relies on the fact that the
modes correspond to zeros of the asymptotic amplitude A;,. If such a mode is located
close to the real axis, it might be possible to approximate the mode by plotting log | Ajy |
for real values of w and not normalise for the outgoing amplitude Ayy;. This approach
works very well as we can see in Figure 3.11. Narrow singularities and spikes (at their
negative end) in this graph correspond to slowly damped eigenmodes of the neutron
star. This graph has a resolution of AwM = 0.005 and can be quickly produced. It
allows a precise determination of a mode’s frequency (but not its damping time). Using
these values as initial values, we can apply the bisection method to achieve even higher
precision. In nearly all cases (apart from modes with very high order), we can easily
push the value of log|Ajy| below -6. We find that the relative difference between the
real part of the actual (complex-valued) zero of an oscillation mode and the value we
approximated on the real axis is usually less than 10~*. Hence, we assume that we
can determine the frequencies of the slowly damped modes to sufficient accuracy from

purely real-valued calculations.

The first singularity in Figure 3.11 at Re(wM) = 0.171 belongs to the fundamental
or f-mode, the following spikes (15 of them are visible in this graph) are the pressure
restored p-modes. We show the frequencies of the f-mode, the first ten p-modes and
the first eleven w-modes in Table 3.3; their values are in excellent agreement (the
discrepancy is less than 0.3 %) with the values of AKS95 (they did not provide values
for the higher order p-modes).

Once we have determined the real value of the frequency to good precision, we can
start iterating for the imaginary part. We find that even with a precise knowledge of the
real part of w, Muller’s method is prone to large jumps (as explained above) and does
not converge to the desired zero. There are a number of methods which we potentially
could use to solve our problem, A;, = 0. However, every method comes with certain
conditions that must be fulfilled for a successful application. These make several of the
methods impracticable for our problem. The Newton-Raphson method, for example,

requires the knowledge of the first derivative ag‘:)“, which we can only approximate by

finite differences and even this would be computationally very expensive. The multi-
dimensional bisection method (Lehmer-Schur algorithm) would require us to specify an
area within which the zero is definitely to be found and is considerably more complicated

than the one-dimensional bisection method. This raises the problem as to how big an
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Figure 3.11: The incoming amplitude as a function of purely real frequencies wM; the
resolution is AwM = 0.0005. A narrow singularity corresponds to a slowly damped
mode. The f-mode and the first 15 p-modes are easy to distinguish.

area we should specify as initial conditions. Furthermore, any method that tries to
find zeros of real-valued function is ruled out since Aj, is complex-valued. By means
of the magnitude we can turn our root-finding problem A;,(w) = 0 into the a problem
of finding a root of the positive definite, real-valued function |A;,(w)|. However, due
to finite computer precision, we cannot expect that our code will ever return precisely
|Ain(w)| = 0 for some value of w. We rather have to minimise the function |Ain/Aout|-
We have effectively turned our problem into an optimisation problem. In the end we
opt for the “Downhill Simplex” method [80] which is an optimisation method for non-
linear functions. The basic idea is to place a small triangle in the close vicinity of
the minimum and the value of the function is determined at the three vertices. The
algorithm then replaces the worst (largest) of these values by a better one; this is
found by reflecting, expanding or shrinking the triangle according to certain rules. The
convergence rate of this method is fairly slow if applied to our problem but we take

this expense in favour of reliability and robustness.

In practice, we determine the real part of w to four to five digits precision. We then
choose a small triangle in the complex plane. Its actual size and location are not very
important—e.g. for the f-mode, it should be located somewhere within the graph in
Figure 3.9 but it may also be a bit outside. The length of any side should not exceed

10~* which is of the order of magnitude of the imaginary part of the expected frequency
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(and accordingly smaller if even smaller imaginary parts are expected). If in doubt, it is
essentially impossible to make the triangle too small. The algorithm will automatically
expand the triangle. We appreciate this freedom in the initial conditions given by the
Downhill Simplex algorithm and it is fairly easy to determine the imaginary part of an
eigenmode. We show them for the first ten pressure modes in Table 3.3 (second pair of
columns). Compared to AKS95, we are able to accurately calculate the damping times
even for higher order p-modes and our results agree well for the lower order p-modes
(we do not observe discrepancies in the real parts of the frequencies and the imaginary
parts differ no more than 2% for the f- and ps-mode—due to the limited numerical
accuracy of AKS95, the discrepancy is considerably larger for the imaginary parts of
the other p-modes, 10% and more). This is due to the fact that we integrate the
differential equations to higher accuracy than AKS95; we use a Runge-Kutta solver of
order eight with adaptive mesh refinement (DOPRI) and enforce accuracy of 10710 for
the background as well as the perturbations. We can infer that our calculated damping
times are accurate even though they are ten orders of magnitude smaller than the real
parts. However, depending on the threshold we impose for having “determined” an
eigenmode, our code reaches its limit at the 10th p-mode. For higher order modes, we
still see the iteration converging to a well-defined point in the complex plane, however,
it becomes harder and sometimes impossible to achieve log |Ain/Aout| < —7 (which has
been our previous threshold).

We show the eigenfunctions of the displacement for the f-mode and the first four p-
modes in Figure 3.12; we have normalised them again to W (R) = 1. It is clear that the
largest amplitude of these modes is close to the surface. The number of nodes in radial
directions is zero for the f-mode and it increases by one per mode. Similar to the w-
modes, we have also calculated the fraction Hy /W at the surface of the star. In contrast
to the w-modes where we found H7 to be approximately one order of magnitude larger
than W, it is about two orders of magnitude smaller for the f-mode and decreases
quickly with the order of the p-modes. This indicates that these modes are essentially

oscillations of the fluid that are weakly coupled to space-time.

Additional Features of the Spectra

Coming back to the graph in Figure 3.11, we point out that the graph features a
number of peaks. Their presence is somewhat unclear. We find that they are somehow
linked to the w-modes. In order to make this clearer, we plotted merely the incoming
amplitude |A;j,| in Figure 3.13 rather than the ratio. The graph is very similar to the
graph in Figure 3.2; the blue and red spots from this graph are still present. However,
we get a number of new red dots along the real axis as well as one blue spot. The blue
spot corresponds to the f-mode. We should also find one blue spot for every p-mode,
however, their singularities are again too narrow in order to be resolved. Instead, we

find an array of red dots, and they seem to be well correlated to the w-modes which are
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Figure 3.12: Eigenfunctions of W of the f- and first four p-modes of model 4 of KS92.
The functions are normalised to W(R) = 1. The largest displacement is in the outer
layers of the star and it is apparent that the number of nodes increases by one per
mode.
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Figure 3.13: As Figure 3.2 but here we have plotted log|A;,| instead of log | Ain/Aout]-
The main difference are the singularities appearing close to the real axis which seem to
be linked to the w-modes.
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Table 3.3: Some eigenfrequencies of model 4 of Kokkotas & Schutz [21]. The first
two columns show the highly damped w-modes (not the w-modes); their values are
in excellent agreement with Andersson et al. [61]. The second pair of columns shows
the frequencies and damping times of the fundamental (first row) and pressure modes
(remaining rows); our results agree very well with AKS95 for the real part and the
imaginary part of the lower order p-modes. For the higher order p-modes we find a
discrepancy of up to factor 10 which most likely stems from the limited numerical
accuracy of the code which AKS95 have used. The last pair of columns shows again
the eigenfrequencies of the f- and p-modes, however, this time for the stratified model
4 where we artificially set v/v9 = 1.1. We do not show the w-modes of the stratified
star as they are identical to the ones of the barotropic star.

Highly damped modes (w) Slowly damped modes (f,p)
Barotropic Stratified (/70 = 1.1)
Re(wM) Im(wM) Re(wM) Im(wM) Re(wM) Im(wM)
0.471 0.056 0.1708  6.193-107°  0.1709  6.204-107°
0.653 0.164 0.3436  2.460-107%  0.3663  2.521-1076
0.891 0.227 0.5025 3.965-107°  0.5320 2.172-107°
1.127 0.261 0.6578  3.384-107%  0.6940  2.084-1076
1.362 0.287 0.8101  6.737-10"7  0.8530  3.846-1077
1.598 0.307 0.9605 1.685-10"7  1.010 8.718 - 1078
1.835 0.324 1.110 4.947 1078 1.166 2.274-1078
2.072 0.339 1.258 1.636 - 1078 1.322 6.395 - 10~
2.309 0.351 1.406 5.922 - 1077 1.477 1.872-107°
2.546 0.363 1.554 2.273-1077  1.631 5.400 - 10710
2.782 0.374 1.701 9.091-1071  1.786 1.418 -10719

located farther away from the real axis with a larger imaginary part. We note that these
peaks do not lie precisely on the real axis but have small imaginary parts. The precise
origin of these peaks remains unclear. We can provide another piece for this puzzle;
the locations of these peaks depend on the chosen normalisation. Remembering that
we deal with a linear problem, we realise that the interior solution is unique only up to
an arbitrary amplitude, see Section 3.7.1. In our simulations, we choose W(R) =1 as
normalisation condition. This also leads to the clearly visible spikes in the spectrum for
the following reason. If the incoming gravitational wave is in resonance with the star,
in particular with a slowly damped mode which essentially is an oscillation mode of the
fluid, then only a weak incoming wave (low Aj,) is necessary in order to excite a strong
response of the fluid (large W). Even an excitation at a frequency slightly different
from the eigenmode leads to a response of the fluid—this causes the singularities to
have a “width”. If a resonance of the fluid couples strongly to space-time vibrations

then it can lose energy quicker via the emission of gravitational waves. The other way
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around, such a mode can be excited by gravitational waves whose frequency deviates

from the resonance frequency.
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Figure 3.14: The spectrum as shown in graph as in Figure 3.11 compared to the spec-
trum when normalised with Hyo(R) = 1. Both times we have used the resolution
AwM = 0.001. In the spectrum normalised with Hy(R) = 1, the p-modes are essen-
tially indistinguishable—but they are there; they become visible when using a higher
resolution. The peaks associated with w-modes are at different locations in both spec-
tra.

If we, instead, enforce Ho(R) = 1, we are still able to locate the p-modes but it
is incomparably harder; the spikes are even more narrow. This is because for slowly
damped modes space-time and the fluid are not strongly coupled. The response of the
fluid to deviations from the resonance frequency is less sensitive than the response of
the space-time. We will, therefore, stick to the condition W (R) = 1. However, when
using the normalisation condition Hp(R) = 1 then the broad peaks that seem to be
connected to the w-modes have considerably shifted frequencies (but we still find one
peak per w-mode). We show a comparison of both spectra in Figure 3.14. We have kept
the resolution for both spectra at AwM = 0.001 in order to demonstrate the severe

difficulty in locating the p-modes when the normalisation Hy(R) = 1 is used.

The Effect of Stratification and Gravity Modes

We have now discussed the spectrum of a barotropic star. We successfully identified the
w-modes as well as f- and p-modes and our results for model 4 of KS92 agree very well

with published values; we were able to improve the accuracy of some results. As a next
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Figure 3.15: The spectra of the barotropic model 4 of KS92 as well as its stratified
counterpart, where we artificially set v/v = 1.1. In the stratified spectrum (solid
line), we observe the appearance of g-modes in the low frequency part and that the
p-modes are shifted to slightly higher frequencies.

step we will extend this basic model by introducing an artificial composition gradient.
For this, we will simply increase the adiabatic index v of the perturbed matter, so
that v/~ = 1.1 throughout the star. This change strongly affects the gravity modes
or g-modes which are all degenerate at zero frequency in a barotropic star [49]; these
modes will populate the low frequency part of the spectrum at frequencies below the
f-mode. Since the increased value of v directly influences Ap, cf. equation (3.31), we

also expect that the pressure modes are affected by this change.

We show the spectra of both the barotropic and stratified star in Figure 3.15. The
f-mode is entirely unaffected by the stratification. To the right of the f-mode, we
observe that the p-modes have slightly increased in frequency. The effect is stronger
the higher the order of the p-mode is. We also find that the damping times (not visible
in this graph) are increased compared to the barotropic star; we show them also in
Table 3.3. For a clearer picture, we plot the complex frequencies of the f- and p-
modes in Figure 3.16. We find the same surprising behaviour as AKS95; the damping
time of the pi-mode is considerably longer than that of the po-mode. If we leave the
first p-mode out then the data indicate that the damping times grow approximately
exponentially with the order of the p-mode. Apart from a small increase, the damping

times of these modes are barely affected by stratification.
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Figure 3.16: The complex frequencies of the slowly damped modes of model 4 of KS92.
The crosses are for modes of the barotropic star whereas circles denote the frequencies
of the stratified counterpart. The f-mode is entirely unaffected by stratification, the
first p-mode is only slightly affected. Stratification slightly increases the frequency as
well as the damping time of the higher order p-modes.

To the left of the f-mode in Figure 3.15, we observe a few small spikes. These
are the gravity modes or g-modes. The g-mode with the highest frequency is located
at Re(wM) = 0.0454 and it is the g-mode of lowest order; this is a generic result
proved by Andersson & Comer [82] who have reformulated the eigenmode problem as
a Sturm-Liouville problem which has an infinite set of eigenfuntions as solution. In
the case of the g-modes the lowest order mode has the highest frequency and with
increasing order of the mode, the number of nodes in the radial direction increases and
their frequency decreases and finally converges to zero. This means that the frequency
difference between higher order g-modes gets smaller and smaller. We show a zoom-
in in Figure 3.17 at very low frequencies which as been produced with a resolution of
AwM = 1079 and shows 37 g-modes. It is obvious that the modes move closer together
at low frequencies. While oscillation modes of this high order are astrophysically most
likely irrelevant, this graph clearly demonstrates the high accuracy of our code; at the
lower end we can clearly distinguish modes which are only AwM = 4.2 - 10~ apart.
We show the eigenfunction of the first five g-modes in Figure 3.18; it is apparent that,
in contrast to the p-modes, these modes have their largest amplitude at the centre of
the star. Similarly, we see that the number of nodes in radial direction increases by one

per node with the lowest order mode having one radial node very close to the surface
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Figure 3.17: A zoom-in into the low frequency domain of the spectrum shown in Fig-
ure 3.16. This graph indicates 37 g-modes which at lower frequencies move closer to
each other. This graph proves the accuracy of our code; we are able to distinguish
modes that are AwM = 4.2-1076 apart.

of the star.

We also attempt to determine the damping time of the lowest order g-modes. This
proves to be challenging and we are able to determine damping times for the three lowest
g-modes; we show them in Table 3.4. The real value of w can easily be determined
to high accuracy. However, the damping times in these cases are very small—the
imaginary part of w is 10 or more orders of magnitude smaller than the real part which
definitely scratches the limits of our numerical accuracy. While we are confident that
the damping time for gy is somewhat accurate, we quote the damping times for g; and
go with care and they should be used only as a guideline. However, it is clear that
g-modes are very long lived modes and the damping time seems to increase even faster
than for p-modes when going to higher order.

All eigenmodes of neutron stars, apart from the w-modes, have quite long damp-
ing times which makes their determination within the framework we use here difficult.
Therefore, we will quote damping times only in a few cases where we can determine
them to acceptable accuracy and more for academic reasons; we are mainly interested
in the frequencies of the oscillation modes in this study. We point out that the frequen-
cies of high order modes can generally be accurately determined within the Cowling
approximation in which oscillations of the space-time are neglected; in this framework,

the equations are simpler (due to the neglected degree of freedom) and their solution
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computationally less expensive. This approach works the better the smaller the damp-

ing due to gravitational wave emission is, that is, the higher the order of the modes.

Table 3.4: Eigenfrequencies of the three lowest g-modes of model 4 of Kokkotas &
Schutz [21] to which we have added stratification (/79 = 1.1). The real value of w can
easily be determined to high accuracy. The damping times in brackets should be taken
with care as we do not fully trust these results due to limited numerical accuracy. For
the modes g3 and g4, we did not attempt to calculate the damping times.

Mode  Re(wM) Im(wM)

go  4.535-1072 1.41-107'2
g1 3.070-1072 (1.1-10713)
go  2323-1072 (8-10716)
gz 1.871-1072 -
gs  1.570-1072 -
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Figure 3.18: Eigenfunctions of W of first five g-modes of model 4 of KS92 (including
stratification, /79 = 1.1. The functions are normalised to W(R) = 1. The largest
displacement is at the centre of the star and it is apparent that the number of nodes
increases by one per mode.

3.10.2 Brief Summary on the Test Cases

Along with the comparison to established knowledge from literature, we have discussed

the spectrum of a polytropic neutron star and built an understanding what to look for
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and how to find it; we identified all mode classes expected for such a star, which are

the f-, p-, g- and w-modes.

The w-modes are strongly damped which means their complex frequency has a
comparatively large imaginary part and they are quite easy to find using Muller’s

method. Our code reproduces literature values with excellent agreement.

The complex frequencies of slowly damped modes, i.e. f-, p- and g-modes, have
very small imaginary parts and are most efficiently determined by approximating them
purely on the real axis. In many cases, the imaginary part of the latter cannot reliably
be determined due to limited numerical accuracy. Our calculated values for the f- and
p-modes agree well with literature values, while the results for the g-modes serve as

qualitative evidence for the correct implementation of the physics.

When we put more physics into our neutron star model, we will encounter more
classes of oscillation modes, all of which have very long damping times. This means
that we will mainly focus on logarithmic plots of |A;j,| along the real axis in order to
quantify the frequency spectrum of our model neutron star; the w-modes will always be
present, of course, but they are a feature of the space-time rather than the neutron star
itself and they will not be affected when we alter the physics of the neutron star model
(but not its matter distribution). The slowly damped modes of a realistic neutron star

will be the subject of the following sections.

3.10.3 Towards Reality: Perturbations of a Realistic Neutron Star
Model

In the following, we will focus on a more realistic neutron star model. This model will
be built using the EoS we have explained in Section 2.2. As before, we will, for a better
understanding, put in more physics into our model step by step. After the investigation
of the polytropic model in the previous section, we have a good understanding of the
spectrum of a stratified, perfect fluid star. We will, therefore, take a stratified star as
our starting point for the investigation of the more realistic model. However, owing to
the EoS, we cannot omit the presence of density discontinuities—they are built into the
EoS. This does not pose a serious problem since the corresponding interface modes (or
i-modes) are easy to distinguish by their eigenfunction and there is exactly one mode
per discontinuity (in contrast to the other classes of modes which normally consist of

an infinite set of modes).

Our model neutron star which we will thoroughly study, has a central energy density
of p. = 1-10" gem™3. This leads to a mass of M = 1.447 M, and a circumferential
radius of R = 11.77km. The EoS consists of the (tabulated) SLy4 force in the core and
the DH EoS for the crust (cf. Section 2.2).
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Figure 3.19: The adiabatic indices of our EoS. The solid line depicts the background
adiabatic index =y, whereas the dashed line depicts the adiabatic index of the perturbed
matter, v. For clarity, we have marked with dashed lines the density at which the
neutron drip occurs and the density of the crust-core interface.

: T T T T I T T T T T T T T
3l!
@
3
i
ER=
)
g g
= L
o 25 T%‘
g Lo 1
8 |
8] [ |
B — Y, (barotropic) il
---- y (frozen composition)| |
21/ .
E 1 1 I 1 1 1 I 1 1 1 1
14 145 15 155

log p [gcm]

Figure 3.20: As Figure 3.19 but zoomed into the core region. These are essentially the
adiabatic indices of the SLy4 force.
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Figure 3.21: The ratio /79 of adiabatic indices from our EoS in the core. We do
not show the crustal region since we have v = g there. The ratio increases nearly
discontinuously at about log p ~ 14.3 which is where the muons appear.

Composition Gradient

At first, we look at the pressure modes (and obviously the fundamental mode). We
compare the spectrum for the barotropic model with the spectrum where we account
for stratification in Figure 3.22. We find a prominent singularity for the f-mode at
1.938 kHz, and seven more singularities for the p-modes p; to p7; we show their frequen-
cies including damping times (where our code converged) in Table 3.5. It is apparent
that the difference between the barotropic and the stratified spectrum is only marginal.
This is due to the rather small difference between v and -, cf. Figure 3.21; the ratio
v/~ never reaches 1.07 and quickly decreases towards the centre of the star. In fact,
the ratio stays below 1.02 for large parts of the core. When we studied the polytropic
case, we artificially employed a ratio of v/vy = 1.1 throughout the star in order to
perturb the g-modes away from zero frequency; this fraction is much larger than the
fraction as calculated from the EoS we use. This leads to a smaller correction of the

pressure perturbation and hence a less pronounced shift in frequency of the p-modes.

As in the polytropic case, an accurate determination of the real part does not pose
a problem; we can easily iterate and achieve several digits precision (given that our
background model has the same precision). However, we find it very hard to calculate
the damping times. For the modes f and pj, our code converges relatively quickly

to a reasonable result; 186 ms and 4062 ms, respectively. For higher order p-modes,
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Table 3.5: Eigenfrequencies of the f-mode and the seven lowest p-modes of our
barotropic neutron star model. The damping times in brackets should be taken as
guideline only; for the modes p5 to p7, our code did not converge when iterating for the
damping times.

Mode Frequency Damping time

[kHz] [ms]
f 1.938 186
p1 6.281 4063
P2 9.410 (2-109)
D3 11.10 (2-109)
P4 12.46 (6 - 109)
D5 14.43 -
D6 16.87 -
7 18.29 -
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Figure 3.22: The spectra of our realistic model. The dashed line is for the barotropic
star, the solid line shows the spectrum when accounting for stratification.
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the iterations take much longer and we cannot push log | A, /Aout| below about -4 (the
minimum we can achieve depends on the mode, of course); firstly, this is a few orders
of magnitude above our desired threshold of -7, secondly, a high resolution run at the
estimated location of the eigenmode does not result in a neat (“pointy”) singularity as
in the polytropic case but rather in a depression with a (“flat”) minimum. We quote
the damping times for the modes po, ps and ps4 but note that they should be taken with
care. While we cannot determine the damping time accurately, we still feel confident
to say that the po-mode has a considerably longer damping time than the p;-mode—
in contrast to the polytropic case where the ps-mode had an about 10 times shorter
damping time. Iterating for the damping times of the mode ps or higher p-modes is

entirely unsuccessful.

We will now turn to the low frequency part of the spectrum. As discussed earlier,
we will inevitably find interface modes in the spectrum due to the phase transitions in
the crust and also at the neutron drip and due to the artificial matching of the crust and
core EoS. When we “switch on” stratification, we will also find g-modes. We show the
low frequency domain up to 200 Hz as well as a zoom in at the lower the lower end of the
frequency window for our neutron star model with zero temperature and without solid
crust in Figures 3.23 and 3.24. In order to resolve all different modes, we have to choose
a rather high frequency resolution, in particular for the lower end of the spectrum. For
example, it turns out that the spike at roughly 30Hz in Figure 3.24 actually consists
of two separate singularities (cf. Table 3.6). We choose AwM = 5-10~% for the lowest
frequencies and find that a much coarser grid with AwM = 4 -107° is enough in order
to identify the modes above 80Hz. It is imperative to select a potentially too high
resolution to begin with since some of the singularities are incredibly narrow and can

easily be overlooked if the resolution is too low.

The frequency range shown in Figure 3.23 contains all (slowly damped) low fre-
quency modes that are present in the model below the f-mode. We note that our
code is not able to produce reasonable results for very low frequencies; below 18 Hz,
the spectrum gets quickly spoilt by noise which makes an eigenmode determination
impossible. For comparison we show the spectrum for both the unstratified star (solid
line) and the corresponding stratified star (dashed line). All low-frequency modes in an
unstratified star are i-modes due to density discontinuities and there is precisely one
interface mode associated with each density discontinuity. We order them by frequency

and label them as i, (n > 1), where i; is the interface mode with the highest frequency.

It turns out that the association with interface modes and specific density disconti-
nuities is not unambiguous. The rule that the radial displacement of an interface mode
has its peak amplitude exactly at the phase transition does not hold in our case [29].
The eigenfunctions have their maximum at a phase transition but we find that several
interface modes would belong to the same phase transition according to this procedure.

Likewise, there are discontinuities at which none of the i-modes have a maximum.
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Figure 3.23: The low frequency spectrum of our neutron star at zero temperature
and without a solid crust. Figure 3.24 shows a magnification of the dash-dotted box.
The resolution varies between AwM = 51078 at lower end of the spectrum and
AwM = 4-107% at the upper end. The solid line shows the spectrum of the pure
perfect fluid star, while the dashed line includes composition gradients. All spikes in
the solid spectrum are interface modes as there is no composition gradient present; for
each of these modes, there is also a mode present in the spectrum of the stratified star
(with the exception of the mode at 90.4 Hz; see text). The “new” modes in the dashed
spectrum are composition g-modes.

This is the result of the presence of several discontinuities in close vicinity which affect
each other. We show the eigenfunctions of five interface modes in Figure 3.25, where
the kinks at the phase transitions are clearly visible. The modes i4 and i5 have their
strongest peak at the same transition. However, the ¢; mode has its highest amplitude
at a transition where no other interface mode has its strongest peak. This suggests that
this mode is associated with the transition 80Zn — "®Ni. The iy-mode apparently has
its most prominent peak much deeper in the star and is associated with the artificial

discontinuity at the crust-core interface due to the matching of the EoS.

Finn [27] provides a simple formula to give an estimate for the frequency of an
i-mode; his calculations show that—in an idealised situation—the frequency of the
interface mode is proportional to the relative jump in density, Ap/p, and the distance,
Ar, of the associated phase transition from the surface of the star. Even though our
results qualitatively agree, the formula is, unfortunately, not accurate enough for our

purposes to make the exact association. As mentioned above, we find that the mode
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Figure 3.24: Magnification of the dash-dotted box in Figure 3.23.

i1, which has the highest frequency amongst the interface modes in our star, is most
likely due to the transition 3Zn — "®Ni. This transition has the largest relative jump
in density of Ap/ps ~ 4.3% and is located rather deep in the star when compared to

the other phase transitions.

All interface modes (except for the one at 90.4 Hz; see below) are still present in the
stratified star. However, we find a set of new modes appearing in the spectrum; these
are the composition g-modes due to the stratification of the core (composition variations
in the crust distinguish different layers and so only lead to interface modes associated
with transitions from layer to layer). g-modes and i-modes are easy to distinguish
if one examines their eigenfunctions. While the g-modes are mainly confined to the
core and have their largest amplitude usually close to the centre of the star, the radial
displacement of the i-modes nearly vanishes in the core and exhibit kinks at the phase
transitions where they also have their peak amplitudes (cf. Figure 3.25). In contrast
to the i-modes, the set of g-modes is infinite and we label them as g,, where gq is
the g-mode with the highest frequency and n will correspond to the number of nodes
of the radial displacement in the core—we have to make this distinction here because
we account for stratification only in the core region; in the crust the g-modes are still

somewhat affected by the phase transitions.

We show the eigenfunctions of the first six g-modes in Figures 3.26 and 3.27 for the

core and the crust, respectively; as the physics of the core and crust are very distinct the
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Figure 3.25: The radial displacement, £", for five i-modes of the unstratified star. The
vertical, grey lines show the location of the different density discontinuities within the
star; the interface at r/R ~ 93 % is the crust-core interface. The amplitudes of the
different modes are scaled so that they are of comparable size. The kinks at the phase
transitions are clearly visible and the displacement nearly vanishes in the core (with
the exception of the is-mode which is associated with the crust-core transition). The
eigenfunctions are largely unaffected if stratification is switched on (again with the
exception of the is-mode which turns into a g-mode, see text).

separation allows to scale both parts differently. The distinct g-mode pattern becomes
apparent in Figure 3.26: the amplitude is largest at the centre of the star and the
number of nodes in radial direction increases as the mode number increases. In the
crust, the g-modes exhibit some kinks similar to the i-modes but their amplitude is

smaller than in the core.

Let us have a brief look at the modes g5 and ig which have very similar frequen-
cies: 30.17Hz and 30.12Hz, respectively. We want to point out that our code has
no problem to distinguish these modes from each other; their two singularities in the
spectrum are well separated given that AwM is chosen small enough. Furthermore,
their eigenfunctions are clearly different and perfectly show the distinct characteristics
of the respective mode classes. The ig-mode has its largest amplitude in the crust and
its displacement essentially vanishes throughout the core whereas the gs; has a large
displacement throughout the core. However, both modes also bear striking similarities.
If one looks at the core or the crustal region separately, one finds that their eigenfunc-

tions are (apart from a proportionality constant) basically identical; the two constants
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Figure 3.26: The eigenfunctions of the first six g-modes of our model neutron star. We
show only the core region here (see Figure 3.27 for the crustal region) and we have
normalised the functions to W (Re.) = 1. It is apparent the number of radial nodes
increases as the mode number increases and the amplitude is largest at the centre of
the star.

for crust and core differ considerably. We find

W(g5)|...e = €1 W (ig)|
W (g5)| ot = €2 W (ig)|

(3.189)
(3.190)

core ’

crust ’

where ¢1 /¢y & —4000. This number means that if the eigenfunctions of g5 and ig have

the same amplitude, say, in the core, then they differ by a factor of -4000 in the crust.
Starting from the surface of the star, the 13th jump in density, which is due to the

manual matching of the EoS at the crust-core interface, deserves a few more comments
since no associated interface mode can be found in the stratified star. When the star
is barotropic (not stratified), we find an i-mode at 90.4 Hz associated with this density
discontinuity. This discontinuity lies within (or at least at the edge of) the region where
we account for stratification and an interface mode can be understood as a special kind
of composition g-mode in the following way: a sudden change in density indicates
a phase transition and as a result, a perturbed fluid element crossing this interface
will experience buoyancy due to the different composition. This motivates that this
i-mode loses its character and turns into the g-mode of lowest order when the star is

stratified. To verify this, we ran a series of separate simulations in which we slowly
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Figure 3.27: Same graph as in Figure 3.26 but here for the crust only. The g-modes
are to some extent influenced by the phase transitions in the crust—they exhibit the
same kinks as the i-modes.

Table 3.6: Frequencies of the i-modes and composition g-modes in the stratified, cold
star.

Mode Frequency | Mode Frequency

[Hz] [Hz]
g0 147.3 gs 30.2
i1 121.1 ig 30.1
g1 95.6 96 25.6
19 67.8 i7 23.2
go 62.8 i 23.1
i3 52.5 g7 22.1
g3 44.6 19 20.6
iy 41.2 gs 19.6
i5 36.4 110 18.3
g4 35.6
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increased the composition gradient via the adiabatic index v from “no stratification” up
to “full stratification” (as given in the EoS). The interface mode accordingly increased
in frequency and its eigenfunction changed, turning into the gy mode of the stratified
star. This example illustrates the close relationship between these two classes of modes.

We list the low frequency modes of the stratified star in Table 3.6. The spectrum of
the barotropic star can be easily extracted from this table by the following procedure:
Remove all g-modes from this table and add one i-mode at 90.4 Hz. The frequencies
of the i-modes are barely affected by stratification (they vary only by a few tenths of a
hertz).

3.10.4 Accounting for Finite Temperature

log |A, |

0 100 200 300 400
frequency [HZ]

Figure 3.28: The low frequency spectrum when the star is 3 seconds old; including
thermal pressure but without solid crust. Figure 3.29 shows a magnification of the
dash-dotted box in the upper panel. The resolution varies between AwM = 5-10"% at
low frequencies and AwM =4 -1076 at high frequencies.

The next step is to move away from the assumption that the neutron star is cold.
As we have already described, we account for the thermal pressure by adding it to the
static pressure of the cold equation of state used to determine the background. This
leads to the results shown in Figure 3.28, which shows the low frequency spectrum of
an isothermal neutron star with temperature Te” = 1019 K (our initial configuration).
In comparison to the result at zero temperature (cf. Figure 3.23), we find a vastly

enriched spectrum. A careful investigation reveals that all composition g-modes found
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Figure 3.29: Magnification of the dash-dotted box in Figure 3.28.

in the cold, stratified star are still present in the hot star at only marginally altered
frequencies (the difference is generally less than 0.1%, only the high frequency g-modes
are shifted by up to 4%); likewise their eigenfunctions are unaltered. This is as expected
since the composition g-modes in our model originate from the composition gradient in
the core. The thermal pressure, however, is negligible in the core and hence does not
affect the g-modes.

For the i-modes the situation is somewhat different. We find all interface modes
in the hot star, too; however, while the low frequency interface modes maintain their
frequency throughout the thermal evolution of the star, four interface modes with high
frequencies (i1, iz, i4 and i5) have their oscillation period decreased. We are unable
to provide a reason as to why this behaviour is observed for precisely these interface
modes but not others.

In order to track the evolution of the spectrum as the star ages, we produced a time
evolution of the low frequency modes in the following way: we start with the isothermal
star at Te” = 10'° K, for which the spectrum is that shown in Figure 3.28, and extract
temperature profiles at 120 time steps uniformly distributed on a logarithmic timescale
up to the age of one million years. After extracting the mode frequencies for each of
these temperature profiles, we are able to trace the evolution of the oscillation modes
over time. This leads to the results shown in Figure 3.30. All modes exhibit avoided
crossings which are easily visible in the high frequency part of the graph; they are also

present in the low frequency part, where a higher resolution is necessary to resolve the
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different modes.

We now find a set of new modes spread over the entire spectrum; these are the
thermal g-modes. Their frequency decreases as the star cools and after about 100 years
nearly all the thermal g-modes have frequencies of 18 Hz or less (below our noise cut-
off). This is when the temperature has decreased so far that the thermal pressure is

almost negligible and does not affect the frequencies of the g- and i-modes anymore.
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Figure 3.30: The star’s low-frequency spectrum as the star cools. The thermal g-modes
quickly decrease in frequency and are below 18 Hz after about 100 years. Four of the
high frequency interface modes are affected by the thermal pressure (i1, i2, i4 and is).
All modes clearly exhibit avoided crossings.

For completeness, we considered the impact of thermal pressure on the fundamental
and pressure modes. As an illustration of the results, we show the star’s spectrum after
10 seconds, one month and 100 years in Figure 3.31. Since the f-mode is mainly due to
the surface of the star and depends on the average density, it does not change (especially
since we do not account for thermal pressure in the background model). The p-modes,
however, should be affected since the thermal pressure contributes to the restoring force
acting on sound waves. In our simulations we observe a slight increase in frequency
by up to roughly 10 %, but only for p-modes of higher order and only in young, hot
neutron stars. As is apparent from Figure 3.31, after just one month the frequencies of

the p-modes are only slightly affected by the thermal pressure.

3.10.5 The Evolution of the Spectrum of a Star with Elastic Crust

Finally, we add the elastic crust to the model. As explained in Section 3.5.1, we define

the region in which the crust is solid via the condition I' > 173 for the Coulomb
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Figure 3.31: The stellar spectrum up to 20 kHz for three different temperature profiles.
Clearly visible are the f-mode and first seven p-modes. Where the frequency of a
p-mode varies visibly over time, an arrow indicates this change.

coupling parameter. As in the previous section, we start from an isothermal star with
Te? = 1019K. At this point, the crust is above its melting temperature and hence
liquid; after approximately 1.1 days, the crust starts to crystallise (cf. Figure 3.1). In
Figure 3.32 we show the spectrum up to 8 kHz for the neutron star at an age of 100
years, including the thermal pressure and composition gradients. Figure 3.33 provides
a zoom-in at low frequencies. The two most prominent oscillation modes at 1.938 kHz
and 6.315kHz are the f-mode and the first p-mode, respectively; see also Figure 3.31.
As expected, they are unaffected by the presence of the solid crust.

We want to comment on how we produced the graph in Figure 3.32. Apart from
the relatively easy to identify f- and p-modes, we have, firstly, the gravity modes at
low frequencies, but, secondly, we also find new modes with very thin spikes across the
entire spectrum; these are the shear modes associated with the elastic crust (see below
for discussion). They cause very narrow spikes which are nearly impossible to identify
at the resolution of AwM = 5-10~* which we normally use to find pressure modes.
We have therefore produced the spectrum using two different approaches; firstly, we
have increased the overall resolution which at least reveals a few of the shear modes
with lower frequencies. Due to their nature, the shear modes will appear approximately
equidistantly spaced in the spectrum—this gives us a hint where to run the search again

with higher resolution. The higher the frequency (or the order of the shear mode) the
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Figure 3.32: The spectrum of our model star including thermal pressure and an elastic
crust, after hundred years of the star’s life. This figure shows the high frequency
domain, while Figure 3.33 zooms in at low frequencies to resolve the g- and i-modes.
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Figure 3.33: Magnification of the low frequency domain in Figure 3.32 in order to
resolve the g- and i-modes.
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harder it becomes to find it in the spectrum. Once we have revealed a shear mode in
the spectrum, we resolve its close environment with a resolution of AwM = 10~8 which
yields the clear spikes visible in Figure 3.32. The low frequency domain which covers the
gravity modes is obviously also covered with a high frequency resolution; we have used
the same approach as earlier and increased resolution as we get to lower frequencies.
The highest resolution used for this part of the spectrum is AwM =5-1078.

The low frequency domain again shows evidence for a large set of oscillation modes.
However, only very few modes have maintained their frequency compared to the perfect
fluid star. This is not surprising as we have changed the physics of the crust considerably
and all the interface modes stem from phase transitions within the crust. We show the
evolution of the low frequency spectrum of the star with elastic crust in Figure 3.34; for
comparison we include the evolution of the star without elastic crust (the dash-dotted
lines). Since the crust crystallises only after about 1.1 days (or log(t/yr) ~ —2.56),
both evolutions coincide in the very early stages of the star’s life. As soon as the
crust exhibits elastic parts, the spectra start to diverge from each other. The modes at
higher frequencies tend to slightly increase in frequency, whereas the modes at lower

frequencies are shifted to lower frequencies.

mode frequency [HZ]

log(age of star [yr])

Figure 3.34: A zoom-in of Figure 3.41 at low frequencies in order to resolve the nu-
merous g-modes and interface modes. We include the evolution of the low frequency
spectrum of the star without elastic crust (dash-dotted lines) for comparison. As the
crust of our model star is fluid during its very early stages, the evolutions coincide for
about 1.1 days until the crust starts to crystallise. Then the evolution of the low fre-
quency modes is affected by the solid crust, leading to partially higher mode frequencies.
The vertical dashed line indicates the time at which the crust starts to crystallise.
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The threshold between these to different characteristics is the mode at 86.2 Hz; as
soon as the crust starts to solidify, this mode gets shifted up to 86.7Hz and a new
mode appears in close vicinity at 82.3 Hz which cannot be directly linked to any other
oscillation mode present in the star that previously had no solid crust. We show in
Figure 3.37 that we trace the two adjacent modes at 86.7 Hz and 63.5 Hz correctly. In
Figure 3.38, we compare the eigenfunction of the mode at 86.7 Hz with the eigenfunction
of the newly emerged mode at 82.2Hz. Both modes bear resemblance to each other
both in the core and the outer crust, whereas they differ within the inner crust. These
modes are clearly different and we cannot find a mode in the fluid star that could be
linked to the new mode. However, we are unable to find a physical reason as to why
this mode appears as the crust solidifies. It is clearly not a shear mode—eigenfunction
as well as frequency easily annihilate this suggestion, see discussion below. This is
the only new mode appearing in the spectrum (which is accessible to us, i.e. down to
~ 18 Hz).

Another interesting feature is the disappearance of interface modes in the ageing
star. As can be seen from Figure 3.34, the number of modes in the low frequency
spectrum of the star with elastic crust is smaller than if the star was a perfect fluid.
The eigenfunctions of the present modes, which we show in Figure 3.35, reveal that the
elasticity of the crust prevents the for interface modes characteristically large radial
displacement at the phase transitions: the few interface modes we can find all have
their maximum radial displacement in the thin fluid ocean, whereas their amplitude
is considerably smaller within the elastic crust. For the last model of our cooling
sequence at an age of one million years, we are able to identify only one interface mode
at a frequency of 26.4 Hz; we show its eigenfunction in Figure 3.35. In this graph it
becomes obvious that its amplitude is strongly confined to the surface of the star. Its
peak is located at » = 11.745km which, firstly, is the location of the second phase
transition (as counted from the surface from the star), and secondly, is just outside
the solid crust. The fact that this interface mode has its peak at the second phase
transition suggests that there is one more interface mode present. However, we are not
able to locate it and we suspect that it has a frequency of less than 18 Hz which is

below the noise cut-off of our code.

As a test, we artificially extended the elastic crust close to the surface of the star
(using the temperature profile of our star at the age of 10% years and keeping it fixed)
so that only one phase transition would lie within the fluid ocean. In the low frequency
spectrum (down to our numerical limit of about 13 Hz; this is lower than in our other
simulations as we chose to increase the resolution for this test), we identified the first 13
g-modes and one i-mode at about 16.9 Hz whose radial displacement is largely confined
to the fluid ocean. We gradually increased the thickness of the elastic crust but the
spectrum did not change significantly as long as the phase transition stayed within the

fluid ocean. As soon as the phase transition got “swallowed” by the elastic crust, the
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Figure 3.35: The eigenfunctions of the remaining oscillations modes of our model neu-
tron star with solid crust at an age of one million years. We have normalised them to
W(Re) = 1, where R is the location of the crust-core interface. All modes display
the characteristics of g-modes.

corresponding i-mode quickly decreased in frequency as the crust thickens. We conclude
that the crust elasticity effectively suppresses interface modes. However, the numerical
instabilities in the low frequency region prevent us from quantitatively investigating
at what frequencies interface modes, which are caused by phase transitions within the
elastic crust, can be found. As the interface modes are still present in the spectrum
even shortly after the phase transition has been absorbed into the elastic region, we
assume that their frequencies quickly approach zero but in fact do not reach it as we
cannot reasonably argue that the interface modes should become degenerate suddenly
whilst the star’s parameters (in particular the temperature and hence the thickness of
the crust) vary smoothly without reaching a boundary of their domain.

When we consider higher frequencies, we find several narrow spikes in the spectrum.
These belong to the shear modes associated with the solid crust. We list the frequencies
of the twelve lowest shear modes when the star is 100 years old in Table 3.7. In
Figures 3.39 and 3.40, we show the radial and transverse displacement of the second
shear modes sz and s5, respectively (for our neutron star at the age of three months);
we order the shear modes by frequency and denote the n-th shear modes by s,, where
s1 has the lowest frequency. Note that we have scaled the transverse displacement,
represented by the variable V', by a factor of 0.02 for so and by 0.05 for s5. That is, the

displacement is predominantly transverse. Furthermore, the displacement is strongly
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Figure 3.36: The eigenfunction of the only interface mode which we are able to identify
in the old star. The amplitude is strongly confined to the surface of the star. We depict
the crust-core interface as well as the surface of the star, however, we cannot depict the
outer edge of the crust (the crust-ocean interface) as it is so close to the surface that it
could not be resolved in this graph (the ocean has a depth of only 24 m at this stage).

confined to the crust (apart from a small, almost constant, radial displacement in the
fluid ocean). Both displacement variables exhibit one oscillation to very good precision;
however, they are out of phase by approximately m/4 which indicates an ellipsoidal
motion (rather than circular due to the dominance of the transverse displacement) of
the “fluid elements” in the crust. The eigenfunctions for the other shear modes show
a similar behaviour; higher order shear modes exhibit more oscillations, in particular,
the number of oscillations increases by one half per order. This feature is well visible
for the two shear modes we show in Figures 3.39 and 3.40 which to good approximation

exhibit two and five half oscillations, respectively.

The frequency of the shear waves deserves a further comment. For reasons that
will become more clear later, we again consider our neutron star at the age of three
months. It has a solid crust in the region from R.. = 10.947km (core-crust interface) to
R, = 11.292km (crust-ocean interface). As is apparent from Figure 3.39, the s, mode
essentially fits one oscillation into this region, suggesting a wavelength of A\ =~ 345 m.
This is the same behaviour as observed for axial shear modes [7]. Together with the
frequency of 2.673 kHz we infer a wave speed of ¢ = Af &~ 0.922-10% cm/s. Thisis in good
agreement with the shear velocity ¢; = \//Z—/p, which varies between 0.98 —1.4-10% cm /s
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Figure 3.37: The eigenfunctions of the two modes adjacent to the newly emerging
mode. For each mode we show two eigenfunctions: one of them while the crust is still
fluid (at the time log(t/yr) = —2.559), the other one just after the first bits of matter
have solidified (at the time log(t/yr) = —2.548). The two eigenfunctions of the same
mode at different times are in very good agreement which undoubtedly proves that we
trace the modes correctly. (We show the eigenfunction only for the outer parts of the
star; the eigenfunctions continue basically constant throughout the core and agree well
there, too.

Table 3.7: Frequencies of the high frequency modes for the neutron star model at the
age of hundred years (as shown in Figure 3.32).

Mode Frequency | Mode Frequency

[kHz] [kHz|

S1 1.304 S7 6.417

f 1.938 S8 7.333

S92 2.205 S9 8.229

S3 3.049 $10 9.101

S4 3.818 D2 9.489

S5 4.622 $11 9.966

Sg 5.504 S12 10.844

D1 6.315

104



Chapter 3 Perturbations of Single Fluid Stars

" |— modeat 86.7 Hz
2 |- |---- mode at 82.2 Hz (new)

radial displacement

crust-core interface
surface of star

|
10.5 11 115 12
radius [km]

-10

©
©
o
|
o

Figure 3.38: We compare the eigenfunction of the mode at 86.7 Hz with the eigenfunc-
tion of the newly emerged mode at 82.2 Hz. They coincide well in the very outer parts
of the star for r 2 11.3km but then start to deviate from each other as we go deeper
into the star down to the crust-core interface. Within the core, both eigenfunctions are
again approximately identical (apart from a proportionality constant).

in the elastic region (as calculated from values provided by the DH EoS). The slight
disagreement stems from the fact that the so-mode does not exactly exhibit a full
oscillation period but slightly less; its associated wavelength is, hence, a bit longer than
360m which also increases the wave speed closer to the expected interval. A similar
behaviour can of course be observed in older stars, too. However, as the elastic crust
spans a wider region in older stars, the shear speed begins to significantly vary with

depth which effectively distorts the neat sinusoidal shape of the eigenfunctions.

In Figure 3.41 we show how the high frequency part of the spectrum changes with
time. We can identify the two frequencies, 1.938 kHz and 6.315 kHz, which are eigen-
frequencies of the star during its entire lifetime (apart from very short periods when
a shear mode crosses over and the two modes in question exhibit an avoided cross-
ing); these are the f-mode and the first p-mode, respectively. Since the crust does
not form until the star is about 1.1 days old, we do not expect to see other modes in
the spectrum. As discussed above, we expect the frequency of the shear modes to be
determined roughly by the shear speed and the thickness of the elastic crust; when the
crust starts to crystallise, the shear modes will have very high frequencies to begin with.
Since the crystallised region grows as the star cools, while the shear speed is subject

to only small variations, we expect the shear mode frequencies to decrease with time.
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Figure 3.39: The displacement associated with the second shear mode, s3. The star is
three months old and its so-mode has a frequency of 2.673 kHz. Within the crust, the
amplitude of the eigenfunction exhibits to good approximation one full oscillation in
the radial direction.

T T T I T T

0_5__ — W 20 _
o | ]
f=
> B i
- -
s OF/—m o
Q - -
]
£ B g
@ - ]
©
= - |
g- -0.5- _

L core solid crust fluid ocean
_1_ 1 1 | 1 1 1 1 | 1 1
11 115
radius [km]

Figure 3.40: The displacement associated with the fifth shear mode, s5. The star is
three months old and its ss-mode has a frequency of 6.459 kHz. Within the crust,
the amplitude of the eigenfunction exhibits to good approximation two and a half
oscillations in the radial direction.
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Figure 3.41: The graph shows how the mode frequencies of the star with elastic crust
change as the star cools. As Figure 3.30 but this time for the high frequency part of
the spectrum, where our model star accounts for the elastic crust. The two modes
at constant frequencies, 1.938kHz and 6.315kHz, are the f-mode and first p-mode,
respectively, whose frequencies remain unaffected. The shear modes appear at the top
end of the spectrum after about 1.1 days when the crust starts to crystallise (indicated
by the vertical dashed line). At the bottom of the graph the low frequency g-modes
and interface modes are visible.

The described behaviour is clearly visible in Figure 3.41: the shear modes occur at the
top end of the spectrum after about 1.1 days and quickly decrease in frequency until
the crust reaches a “plateau” after about 1 year. For the next hundred years or so,
the crust does not significantly increase in width (cf. Figure 3.1) and hence the shear
modes remain largely unaffected. After this phase the crust gains in width quickly,
causing the shear mode frequencies to drop almost discontinuously. After roughly 1000
years, the solid crust has almost reached its final thickness. Thus, the shear modes do
not experience a significant change in frequency later.

Our findings for stratified stars with an elastic crust are in agreement with results
from McDermott et al. [83] who considered a star with an elastic crust in Newtonian
theory. Qualitatively, our numerical calculations confirm their spectra; we find the
same sets of mode, that is f-, p-, g-, i- and s-modes. However, while McDermott et al.
find two different sets of g-modes which they label surface g-modes and core g-modes,
according to the region to which they are mainly confined, our simulations do not
reproduce these findings as we do not have a detailed ocean model here. Furthermore,

the frequencies for the g-modes which McDermott et al. find are much lower (below
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3Hz) than in our simulations. This is due to the rather low temperature (107 K) used
in their calculations. At these temperatures we would expect similar frequencies in our
simulations but the numerical procedure does not allow us to investigate the spectrum
at these low values. Nevertheless, our results agree qualitatively with the results of
McDermott et al. [83].

3.11 Summary of Single Fluid Calculations

The main aim of this project was to build technology which enables us to study quasi-
normal modes of compact stars in full general relativity. We have started with the
widely used perfect fluid formalism as described by Detweiler & Lindblom [19], includ-
ing suggested improvements on the numerical solution of the problem (see Andersson
et al. [61]); we extended it to account for stratification as well as thermal pressure
due to neutrons and protons in the core which is accomplished by only small modifica-
tions. We derived a new set of equations which governs perturbations in the solid crust.
We also revisited the junction condition problem which examines the behaviour of the
perturbation variables across interfaces; we encountered mathematically contradictory
results when considering the continuity of the extrinsic curvature when there is a phase
transition in the background matter. We were able to find a satisfactory set of junction
conditions without the need for the use of the second fundamental form. However, the
implications of its continuity need further investigation.

A fundamental ingredient for the study of oscillations of realistic neutron stars is
obviously the model of a realistic neutron star. In Chapter 2, we lay out how we
constructed one particular background model which served amongst more simplified
models for test cases as the main model on which we test our code. We choose a
tabulated equation of state for the crustal region of the star and a recent analytical
representation of the SLy4 force for the core region which accounts for npeu-matter
and provides us with all necessary coefficients to describe the dynamics of two-fluid
systems. In constructing the background model, we accounted explicitly for density
discontinuities due to phase transitions in the crustal region as well as due to the
artificial matching of the core and crustal EoS. These discontinuities which appear
solely in the background but not in the perturbation equations caused interface modes
to appear in our calculated spectra.

We started our calculations by comparing the results of our code to published
results; we find excellent agreement with the results published by Andersson et al. [61].
The increase of computational power during the past two decades allowed us to perform
a comprehensive search for w-modes covering a large area of the complex plane with
high resolution. Similar to [61], we were not able to identify the different branch of
w-modes that has been found by Leins et al. [22] (who have used a different method

for the exterior solution), but our simulations uncovered a new set of w-modes with
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slightly shorter damping times than the w-modes known so far. This new set of w-
modes appears to consist of eigenmodes with slowly increasing damping time as the
oscillation frequency increases. After a few tens of modes, this new branch and the
known branch of w-modes appear to “merge” into each other. We have not expected to
find this kind of fast damped modes in our simulations and we also cannot physically
reason their existence. It could be the case that these modes are an artefact of the
exterior solution of the perturbation problem; this part of the solution relies on certain
approximations and is peppered with numerical challenges. Further research is strongly

encouraged to be undertaken in this direction in order to gain insight into this issue.

We then turn to the low frequency part of the spectrum and find it to be popu-
lated by g-modes as soon as we take stratification into account. Test simulations for
polytropic neutron star models with an artificially set ratio of v/~vy = 1.1 prove the
high numerical accuracy of our code; we are able to distinguish modes that are only
AwM = 4.2 -107% apart. The only limitation is numerical noise that emerges for very
low frequencies and prevents us from investigating the spectrum at frequencies below
roughly 10 - 20 Hz. Thus, we derived a new set of equations for the low frequency do-
main in order to circumvent a numerical cancellation. This new set of equations allows
us to investigate the spectrum at lower frequencies; however, there is still a limit below

which the noise is not eliminated. This issue needs to be studied in further detail.

After the tests of our code against literature values, we turn to investigating a
realistic neutron star model. The EoS we use to construct this neutron star consists of
the DH EoS for the crust and an analytical representation of the SLy4 force for the core.
Our model star has a radius of R = 11.77km and a mass of M = 1.447 M. It turns
out that the low frequency spectrum is populated mainly by interface modes, the ones
with the highest frequencies being the interface modes due to the artificially introduced
density gap at the core-crust interface and on the other hand, as a second order phase
transition, the appearance of muons in the core. Accounting for composition gradients
in the core only shifts the frequencies of these two interface modes to slightly higher
frequencies, whereas the interface modes due to the phase transitions in the crust are

unaffected.

When we account for thermal pressure due to neutrons and protons in the core,
we find that several thermal g-modes enter in the low frequency part of the spectrum.
Some of the higher frequency interface modes experience an increase in frequency while
most of the interface modes stay unaffected. Using the thermal evolution of the neutron
star, we are able to investigate the change of frequencies of the different modes over
time. After approximately 100 years, all thermal g-modes have dropped below 18 Hz in
frequency (the noise cut-off in our simulations) and the thermal effect on the interface
modes has almost vanished. However, we have not accounted for thermal pressure in
the crust yet, and since the thermal pressure will not negligible in comparison to the

static pressure in the crust, we expect to observe significant changes in the spectrum
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when we extend our study to include thermal pressure in the crust.

Finally, we took the crystallisation of the crust into consideration and investigated
the according changes to the spectrum. From our thermal evolution, we approximately
calculated the region in which the star is solid. For the low frequency domain we
find that those interface modes which existed due to phase transitions inside the now
solid crust, have vanished or have been lowered in frequency. On the other hand, the
spectrum is enriched by the shear modes which have a very long damping time (or very
small imaginary part) and therefore appear as tiny spikes in the spectrum only. The
shear modes show an oscillatory behaviour in the solid region and we confirmed that
their frequencies are in good agreement with the shear speed. Our overall findings are
in good agreement with results from previous studies, in particular [83].

We have demonstrated the first step towards a comprehensive computational tech-
nology to study quasinormal modes of single fluid compact stars. Subsequently in the
second part of this project, we will extend this work to account for a multi-fluid core
where we consider the neutrons to be superfluid and the protons to be superconducting.
An important part of this study will be to include the equation of state proposed by

Chamel [38] in which entrainment is considered.
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Perturbations of Multi-Fluid
Stars

It is widely accepted that the core of neutron stars has a superfluid component. Similar
to electrons forming Cooper pairs in a superconductor according to the BCS theory,
neutrons as well as protons can form Cooper pairs in a neutron star core once the
neutron star has cooled below a critical temperature. The onset of superfluidity, i.e.
the critical temperature, strongly depends on the density and the quantum state of the
nucleons. We will get back to this matter in more detail in Section 4.7; for the moment
we focus on the important fact that neutrons and/or protons which are superfluid
form a separate component within the neutron star core and are able to penetrate the
non-superfluid component. Effectively, the neutron star core is a multi-fluid system
consisting of several components which are able to flow freely; however, the strong
interaction between protons and neutrons leads to a coupling between these components
whereby their flow is not entirely independent; this is the so-called entrainment effect.

The difficulty now lies in the fact that the Einstein equations alone are not enough
to determine the behaviour of the multi-fluid system. We need another set of equations
of motion for the second fluid. Furthermore, as in the case of the elastic crust, we need
to link regions of different nature to each other. We will tackle both these problems in

this chapter.

4.1 The Variational Approach

The principle of stationary action has been proven very useful in all different fields
of physics, starting from classical mechanics to modern quantum field theory. The
fundamental idea is that the realised trajectory of a particle (or more general, the path
of a system within a configuration space) is the one for which the so-called action, S, is
stationary, .5 = 0. The action is defined via an integral over the Lagrangian, L. The

condition of stationary action then leads to the equations of motion—for trajectories
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of particles in classical mechanics or for the fields in field theories.
As we deal with the gravitational field we will focus on the field theoretical version
of this principle. In this case, the action, S, is defined as an integral of a Lagrangian

density, £, over the entire space-time:

S = /E\/—_gdA‘x, (4.1)

where ¢ is the determinant of the metric tensor. The Einstein-Hilbert action which
yields the Einstein field equations through the principle of stationary action is obtained
by setting .

Lrg = ER’ (4.2)
where R is the Ricci scalar. As there are only geometric quantities involved in this La-
grangian, we will obtain the Einstein equations for a vacuum space-time. The presence
of matter will be accounted for by adding the matter Lagrangian to the Einstein-Hilbert

action,

1
S = / (—R + ﬁmmer> V—gdiz. (4.3)
167

4.1.1 The Matter Lagrangian for a Single Fluid

We will lay out the procedure first for a single fluid and later consider multi-fluids. The
central quantity is the so-called master function, A, which is a function of the scalar
n? = —n,nt only, ie. A = A(n?), where n* is the number density current associated
with the flow of the fluid. By making this definition, we assume that the matter is
locally isotropic. In the action principle, the master function serves as the Lagrangian
density, i.e.

Ematter =A. (44)

We will now calculate the variation of the master function as we will need it for the

action principle. At first, since A is a function of n? only, we have

A
6A = %W. (4.5)

The variation of n? can be decomposed as
on? = =3 (gun*n”) = —ntn"8g,, — 2n,on". (4.6)

Inserting this into the previous equation, we get

OA oA 5
A\ = —QWnuén“ — Wn“n Y (4.7)
1
= p,on” + 571“;/59“1,, (4.8)
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where we have made the definitions

oy = Bny, with B := —2%. (4.9)

1, is the momentum covector and it is conjugate to n”; its magnitude can be understood

to be the chemical potential of the particles in the corresponding fluid.

4.1.2 Derivation of the Equations of Motion

We can now derive the equations of motion from the principle of stationary action.

Recalling that the action is given by

S = / (%RJFA) V—gdiz, (4.10)

the action principle implying 65 = 0, requires us to determine the variation of the
integrand. For clarity, we consider the geometric part, the Einstein-Hilbert Lagrangian,

and the matter part, separately. We start with the geometric part,

B 1 V-9 | OR R 0v—g v
5(\/—g£EH)—5<s/—gER> = Tom [angr\/—_g g Sgh. (4.11)

Lengthy but straightforward calculations reveal the two identities (we do not show the

actual derivation as they can easily be found in text books, e.g. [71])

oR 1 0y—g 1
RMV and —__g ag“y —_gguu

for the two terms in the square brackets. We see immediately that the term in the square

dghv

(4.12)

brackets in (4.11) is nothing other than the Einstein tensor, G, = R, — %ng, ie.
we have

5 (V=9Lmm) = —L2G 5, (4.13)

167
We will lay out the calculation of the variation of the matter Lagrangian, Ly atter =

A, in more detail. Later, we will need the variation of the four current which is given
in [84]

on" = —Len” —n <VU§U + %gopégap> . (4.14)

Here, & is the Lagrangian displacement vector of the fluid. We have
) (\/—gA) =V —g0A + Ad\/—g. (4.15)

Using the identity §/—g = —%\/—g (gu0g"”) and (4.8) yields

1 1
=g | pon” + §n“,u"6gw, — §Aguy5g“" (4.16)
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1
=/—g [M,,(Sn” + 3 (n*u” 4+ Ag"”) 5gﬂy] (4.17)

1
=g [—uuﬁgn” — '’V " + 3 (n“u” + Agh” — wag“”> 5gﬂu] ,

(4.18)

where we have used (4.14) for the variation of the four-current. We continue by expand-

ing the Lie derivative, Len” = £V, n” — n#V ,£¥, and using the product rule to refor-
A

mulate the existing terms as well as defining the generalised pressure as ¥ := A — uyn?,

=Vv—9| - fuvu (any) + nuvu (MVSV) - Nunyvugu (4.19)
1
_|_nM£VVVMﬂ - nugyv,u,uu +§ (nMMV + \Ilglw) 5g,uz/ , (4-20)
:nﬂgl’wuu

where we have defined w,,, := 2V, ). The first and third term in the brackets can be
combined to form a covariant derivative while the second one can be transformed into
a covariant derivative by noting that V, n* = 0 due to baryon number conservation.

We also define the stress-energy tensor TH := n*u” + Wgh”,
174 14 14 1 174
= V=9V, (0" — " mn”) +v—g [n“{ Wy + §T“ 5guy] i (4.21)

Via the relation \/—¢gV,A* = 0,(/—gA"), which can easily be proven by expanding
the covariant derivative in Christoffel symbols, the first term can be transformed into

a total derivative,

= a,u [\/—_g (nu,uugy - gﬂ,ul/ny)] + \/__g |:_£Vf1/ + %Tﬂuéguu] 5 (4'22)

where we have also introduced the force density, f, := n*w,,. Via Stokes’ theorem,
the total derivative contributes to the action integral only through surface terms which

are irrelevant for the deduction of the equations of motion.

We can now combine the variations of the Einstein-Hilbert Lagrangian and the

matter Lagrangian, and we arrive at

1 1
§ [V=9 (Lrn + Lmatter)] = V=9 — 152G 5T | dg — V=g f8” (4.23)

+ “boundary terms”. (4.24)

As the variations of the metric, dg,,, and the displacement vector, £”, are arbitrary,

the action principle demands that both their coefficients must vanish. This leads to
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the equations of motion

G = 81T}, (4.25a)

f,=0. (4.25b)

We note that if the complete set of equations of motion (4.25) is satisfied, it is auto-
matically true that the divergence of the stress-energy tensor vanishes (as we consider

only one species of particle here, its four-current must be conserved, V, n# = 0):

VTl =V, (Vo) +np,) (4.26)
=V, <A — n)‘/@\> + 'V + o, Vo (4.27)

=0
=V, A — i3 Von + f. (4.28)

By virtue of the definition of the momentum covector p, as given in (4.9), we have
V., A = %Vﬂ”ﬂ = /@\V,m)‘, and hence

V. T} = 0. (4.29)
This result, together with the above derived equations of motion, demonstrates that
we have chosen meaningful Lagrangian densities for our problem.

In using this approach, we have changed our description of the star from using
quantities that describe the fluid as a whole, namely the energy density, p, and the
pressure, p, to using quantities which are intrinsic to an individual fluid, i.e. its number
density current, n”, and momentum covector, u,. This ansatz will make it much easier
to model multi-fluid systems in which several dynamically independent fluids penetrate
each other. The analysis of the equations of motion for such system will be subject of

the following section.

4.1.3 The Matter Lagrangian for a Multi-Fluid

We will now take an important step and generalise the previous model for a single
fluid to a model for a multi-fluid in which the interpenetrating fluids can move relative
to each other. This step is necessary as it is generally accepted that the outer core
of a neutron star contains superfluid neutrons, superconducting protons as well as a
highly degenerate gas of electrons and the inner crust will be permeated by a neutron
superfluid.

In order to distinguish between quantities assigned to the different fluids, we will
introduce constituent indices x and y which range over the constituents under consider-
ation; amongst the more obvious particles like neutrons (n), protons (p), electrons (e)
or muons (), we could also consider the entropy (s) as a fluid or take the possibility of

more exotic quark matter in the deep core into account. In our study, we will restrict
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ourselves to the former four particle species, n, p, e and p.

In order to avoid cluttering of the indices, we will place the constituent indices lib-
erally upstairs or downstairs; furthermore, the Einstein sum convention will not apply
to constituent indices. A sum like this, ) , means that x runs over all present con-
stituents; we keep the set of constituent indices variable as in the core of a neutron star,
we will certainly find a mixture of neutrons, protons and electrons, i.e. the constituent
index will run over {n,p,e}, however, above a certain threshold density, muons will
start to appear and the index will run over the set {n,p,e, u}.

We will assume that the different species are separately conserved, i.e. their number

density four-currents, n¥, are divergence-free,
Vnk = 0. (4.30)

As in the single fluid case, the central quantity will be the “master” function, A,

which in this case is a function of all scalar combinations of the four-currents, nk. Aside

the scalars n2 = —g,,,nkn¥, we also have mixed scalars
niy = —gwnkny for x#y. (4.31)
The variation of the master function, A = A(ni,n)%y,nf,,...), is, in analogy to the

previous section,

1
OA =" pion + 3 g <Z n§u§> Gy (4.32)

where we have defined

=By + Y Ay, (4.33)
y#X
A
BX = —2%, (434)
OA
Xy .— 2 f . 4.
A a2, or X#y (4.35)

The A*Y are the so-called entrainment coefficients and they are by definition symmetric
in their constituent indices, A*Y = AY*. Apparently, these coefficients are responsible
for the fact that the momentum of a particular fluid does not need to be parallel to
its current. Furthermore, these coefficients make no distinction between entrainment
for a superfluid-superfluid system and a superfluid-normal fluid system; the current
understanding is that the entrainment does not depend (to leading order) on the nature
of the individual interpenetrating fluids. This can be understood by noting that both
entrainment as well as Cooper pairing are due to the strong force, and hence the

exchange of virtual gluons, which should be independent of whether or not the nucleons
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participating in the gluon exchange are Cooper paired to another nucleon.

A calculation analogous to the single fluid case, yields for the variation of the

Lagrangian

5 (V=9A) = 5v79

g+ n“u] g — V=9 Y _ [X& (4.36)
+ “boundary terms”, (4.37)

where we now have the definitions

Ui=A-) nip, (4.38)
fr=nkwh,, with  wh, = 2V),u5. (4.39)

Note that we necessarily have introduced separate displacement vectors, &%, for each

fluid; our underlying motivation was to account for several individual fluids that pene-

trate each other but may flow independent of each other.

Turning to the equations of motion obtained from the action principle, we obviously
need to add the Einstein-Hilbert term (4.13) first. Since the displacement vectors, £,

are independent variations, their individual coefficients must vanish, i.e. we have

GH = 8aTH, (4.40a)
fX =0 for each present constituent x, (4.40b)

v

plus the conservation conditions (4.30). The stress-energy tensor is given by

T = Wgh” + Znﬁ,ui, (4.41)

and by virtue of the number density conservation conditions as well as (4.40b), we will
again find V,T* = 0, as desired.

We see that, in general, our set of equations of motion consists of 10 equations from
the Einstein equations plus 4 equations for each independent fluid. In our study, the
actual number of non-vanishing and independent equations is significantly lower due to
the several symmetries of non-rotating stars.

At last, we will comment on a particular case which will be very important for
this project. We will assume that the electrons and muons (if present) are electromag-
netically locked to the protons and thereby do not have an independent displacement

vector, i.e.
& =& =¢. (4.42)

We can apply this condition directly to the Lagrangian in (4.36), whereby it takes the
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form

5 (V=ah) = 5973

Vgt + Znﬁﬂil OGuv — V=9l& — V=g <Z f;f) 5;

xeP
+ “boundary terms”. (4.43)

We have introduced and denoted by P the set of constituents locked to each other in
the proton fluid. In the above equation, we have P = {p,e, u}; however, the same cal-
culation holds also for the case where muons are absent, i.e. P = {p,e}, for example in
the outer core below the density at which muons appear. The essential difference is the
last term in which only the proton displacement { appears instead of the displacement
vectors for protons, electrons and muons.

The resulting four equations of motion (4.40b) for the individual fluids, are replaced
by two equations: one for the neutron fluid and one for the fluid composed of protons,
electrons and muons. For simplicity, we will refer to the latter as the proton fluid. The

equations of motion are

G = 8nTH, (4.44a)
=0, (4.44D)
L+ 1+ 1 =0 (4.44c)

Of course, as before, the last equation has to be replaced by fJ + f¢ = 0 if we are below
the threshold for the appearance of muons (or if we want to neglect their presence for
academic reasons).

While this set of equations contains all necessary information to describe the dy-
namics of a multi-fluid star, we are not constrained to using exactly these equations.
As we said before, the divergence of the stress-energy tensor vanishes, V, 7" = 0, and
we may as well include this equation into the set of equations of motion. This equation
does not give us new input but may provide the available information in a different
way which could make it easier to derive the preferred set of perturbation equations.
In practice, we will perturb all available equations of motion, expand them into the
fundamental perturbations quantities and then pick those equations which are most

suitable for numerical implementation.

4.2 A Two-fluid Model for Superfluid Neutron Star Cores

If we want to make use of the multi-fluid formalism, we need to have an equation of
state given in terms of the master function, A, rather than tabulated. The upside is that
for such an EoS, we will be able to calculate all necessary quantities analytically as well

as unambiguously accurate to our desired precision. This is preferable over a tabulated
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FoS where the interpolation between different points is subject to ambiguities in the
choice of method. However, the other side of the coin is that a unique description of
the real EoS of neutron star matter, spanning the entire density range of a neutron star
from the atmosphere at about p ~ 10% gcm™ up to the star’s core at several times the
nuclear saturation density, p ~ 2 - 10'% gcm ™3, is most likely not possible (at least not
in an analytically handsome way) due to the very different physics governing different
regions of the star. Several separate FoSs will need to be matched at certain interfaces

between the different layers.

The first studies on oscillations of superfluid neutron stars by Comer et al. [35]
and Andersson et al. [36] have employed relativistic polytropes for the different fluids
(the polytropic parameters were allowed to vary between the fluids), where the latter
introduced a simple entrainment model. Lin et al. [37] have implemented a more
sophisticated EoS, the so-called “PAL” EoS [85] whilst using an independently provided
entrainment model (Comer & Joynt [86]). Only briefly after their work was completed,
Chamel [38] provided the first ever consistent EoS model including entrainment. This
FoS is valid in the outer core: The composition under consideration is a uniform
mixture of neutrons, protons, electrons and muons that is expected to be found at
densities above the crust-core transition density, pec ~ 1.4 - 10 gem™3, and below
< 2 — 3puuc, where puue ~ 2.8 - 101 gem ™ is the nuclear saturation density. Despite
the upper limit on the considered composition, we will assume the same composition
for higher densities, too; once for simplicity and second due to the lack of accurate

knowledge about the actual composition of neutron star cores.

In the following we will summarise the formalism laid out in the paper by Chamel [38].
As we are going to deal with non-rotating stars in this study opposed to rotating equi-
librium configurations, many of the relations given by Chamel will simplify. In equilib-
rium, the four-velocities for all fluids will be the same and given by u* = (e_”/Q, 0,0,0);
the number density currents are nk = nyut. In this case, the master function, A, coin-
cides with the negative of the internal energy density, A = —Uj,s. The static pressure

reads
U= nypix — Uins, (4.45)
where uy is the chemical potential of species x, defined by

L anns
Fac = ony

(4.46)

4.2.1 The Equilibrium Composition of the Neutron Star Core

The rates of electroweak processes, which transform particles of different species into

each other, determine the composition of the neutron star core. As an axiomatic
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condition from particle physics, the baryon number is always conserved,
Vunlf =0, (4.47)

where nj’ := nii + nj is the baryon number density current. Neutrons and protons can

be transformed into each other by means of the direct Urca process

n—p+L+ v, (4.48a)
p+L—n+uyy, (4.48b)

where £ is electron or muon. This process is allowed at sufficiently high energy densities;
should the densities be lower than a certain threshold, similar reactions are allowed to

occur, i.e. the modified Urca processes

n+N—=>p+N+L+10, (4.49a)
p+N+L—n+ N+, (4.49b)

which involve an additional spectator nucleon N (neutron or proton) and are there-
fore considerably slower. Regarding the leptonic part, electrons and muons can be

transformed into each other via the lepton-modified Urca processes

e +X = pu + X+ v, + v, (4.50a)
p+X —=e + X+ 0+, (4.50b)

where X is a nucleon or lepton.

An analysis of the reaction rates [87, 88] reveals that the relaxation times of
these B-processes (neglecting nucleon superfluidity) are approximately given by 7P~
20Ty 45 for the direct and 7(M) ~ Ty 6 months for the modified Urca process, respec-
tively (Ty is the temperature in units of 10° K). Very high temperatures of the order of
~ 10" K as found in proto-neutron stars result in equilibrating the core matter within
microseconds, justifying the background model assumed to be in S-equilibrium. After
about 1yr, the star has cooled down to approximately 10° K (cf. Figure 2.4), which
results in relaxation times of 20s for the direct Urca and several months for the mod-
ified Urca process; the relaxation times grow even more rapidly once the temperature
has dropped below the threshold for the onset of superfluidity. Consequently, during
the short time-scales of ~ 0.1 — 100 milliseconds relevant for the oscillations under
consideration in this study, the composition of the fluid elements remains essentially
frozen in stars which are older than one year. For younger stars, relaxation times can
be as low as 2ms for the direct Urca process at the beginning of the cooling sequence
and the perturbed matter cannot be well approximated by either of the two extremes,

frozen composition or steady [-equilibrium; for simplicity, we will assume a frozen com-
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position in young stars, too, but emphasise the need for a more elaborate approach in
future studies. Thus, for our study, we will assume that the constituents are separately

conserved
Vb =0, V,nl=0. (4.51)

The very short time-scale of the comparably (to the electroweak interaction) strong

electromagnetic interaction leads to electroneutrality of neutron star matter, thus
Np = Ne + Ny (4.52)

This condition and baryon number conservation in conjunction with (4.51) leads to the

conservation of the other currents, too, V,nfi =0 and V,nj, = 0.

Chamel further argues that, under the assumption that neutron stars become trans-
parent to neutrinos already a few seconds after their birth, both the direct and modified
Urca processes can be translated into conditions for the chemical potentials of the par-

ticles involved. In particular, we have

Hn = fp =+ fe, (4.53a)
Np = Ne + Ny, (4.53c)

where we, for completeness, have repeated the condition (4.52) for electroneutrality.
These three equations determine the composition of the core once, e.g. the neutron

number density or the baryon number density, is given.

If matter is in equilibrium, the static pressure as given in (4.45), can be reduced to
U = MUnTy — Uins (4.54)

by means of the equilibrium conditions (4.53).

4.2.2 The Internal Static Energy
The internal static energy, Uiy, can be decomposed into several contributions
Uins(nna Np, Ne, n,u) = UN(nna np) + UCoul(np) + UL(ne) + UL(nu), (4'55)

where Uy is the nucleon part, Ucgy is the Coulomb part and Uy, is the lepton part.

The proton Coulomb energy can be approximated to

3 2 3 18 4/3
UCoul(np) = _Ze <_> ’I’Lp/ . (456)

™

121



Chapter 4 Perturbations of Multi-Fluid Stars

The leptons behave like an ideal relativistic Fermi gas and hence their kinetic energy

is given by

h
Up(ng) = FQCM |:xg(21'% +1)y/22 +1—1In (w + /a2 + 1>] , (4.57)
14

where \y = h/myc is the Compton wavelength and the dimensionless parameter z; is

defined by
T .= MNekry, (4.58)
with kpy the Fermi wave number given by
ke = (3m%ny) 13, (4.59)

The Fermi momentum is defined to be pgy := hkpy. We neglect the electron mass in our
calculations, thus the electron energy density is obtained by taking the limit me — 0
of (4.57), yielding

4

. _ DPreC
UL(ne) - W&go UL(ne) 4W2(h0)3 (460)

The nucleon energy density is assumed to be
U = 2y I Bini + By (nZ +n2) + B 4.61
N (1, np) = npymc” + 2T + Binj + Bs (nn + np) + Bsnyy (4.61)
+ By (nuTa + npTp) + Bsni T + Beny (n?1 + ng) , (4.62)
where we have defined the kinetic energy densities of the nucleons
3

Tx = ¢ (3#2)2/3 n?3 for x=n,p, (4.63)

in units of A%2/2m, and 7, := 7, + Tp. The coefficients B,, can be used to approximate

different tabulated EoSs; see the following Section 4.2.3 for more details.

4.2.3 The Core EoS Quantitatively

In the previous section, we have introduced a two-fluid model for a neutron star core
and the different contributions to the master function. For our study, we will use
the parametrisation given in Tab. 4.1 which is an approximation to the SLy4 force.
Chamel [38] provides two more parametrisations, however, as our study is of quanti-
tative character and wants to provide technology rather than precise results, we can
pick one of the provided sets of values. We opt for the SLy4 force as it comes with the
advantage that we can easily match it at the crust-core interface to the DH EoS (see
Section 2.2) which we use for the crust.

As explained above, given a number density, we can use (4.53) in order to calculate
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Table 4.1: Parameters of the chosen SLy4 force. The units of energy and length are
MeV and fm, respectively.

‘ By By B3 By Bs Bg @

SLy4‘—1763.39 1660.1 32.473 49.3128 1925.34 -2128.55 1/6

8% T T T I T T T I T T T T T T T T T
— %, (proton fraction)
— X, (electron fraction)

[}
-8 _
6% [ | — X, (muon fraction)
A=
c o
(@) =
§ i 8
o 7
T 4% 2
S 1 ©
% 0
< |
2%
O% E 1 1 1 | 1 1
14.0 14.2 144 14.6 14.8 15.0

log,, p [gcm ]

Figure 4.1: Particle fraction of protons, electrons and muons in the core.

the remaining number densities of the other species and hence the matter composition
of the core. We show the electron fraction, e = ne/np, the muon fraction, z, = n,/ny
and the proton fraction, xz, = ny/ny in Fig. 4.1. The neutron fraction can easily be
obtained from n, =1 — ny. Due to electroneutrality, we obviously have z, = z. + x.
As we can see from Fig. 4.1, muons start to appear at about p ~ 2- 10" gcm™3 in this
particular parametrisation. Assuming that p &~ mn; at these densities, the equivalent
baryon number density at which muons start to appear is roughly n, ~ 0.12fm™3.
While the exact value for n, depends on the chosen parametrisation (the B, values),
we can easily calculate the proton number density at which muons appear. From the
equations (4.53) for B-equilibrium we know that pe = p,. For the electron chemical

potential, we find -
_ OUns  9UL(ne)
He = one  One

which is the Fermi energy of a massless particle. After a tedious but straightforward

= hckpe = Prec, (4.64)
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calculation, we find for the muon chemical potential the fairly simple expression

. 2 +1
OUins _ OUL(ny) _ o \/T _ (4.65)

Hi = "on, on, N

Again, simple algebraic manipulations reveal the relativistic energy of a particle with
mass
Ly = p%MC2 +mzct, (4.66)

as expected. Equalising these two chemical potentials and setting the muon number

density n, = 0 (implying z,, = 0), yields

1 3
k=X = mp=ne=c (%) ~ 0.005185 fm 3, (4.67)

for the proton number density at which muons appear. As the proton fraction is
approximately 4 % at this density also for the other proposed parametrisations given

by Chamel, the baryon number density for the transition is roughly ny &~ 0.12 fm 3.

For a better understanding of the core EoS, we have calculated the adiabatic indices
for matter in B-equilibrium as well as for perturbed matter in frozen composition as
defined in (3.30) and (3.54).

31 T T T T T T T T T T T T
3L S N
29| -
ol ]
] L ]
g I ]
S) | —
% 281 —— Y (npep-matter) | -
S Yo (npey-matter)|
2.7+ — Y (npe-matter) —
I — Y (npe-matter) Z
26 .
2.5 1 1 1 I 1 1 1 I 1 1 1 I 1 1 1 i
14.2 14.4 14.6 14.8 15

log,, P [gcm’]

Figure 4.2: The adiabatic indices for matter in S-equilibrium and frozen composition.
The dashed lines are for npep-matter whereas the solid lines depict the indices of muon-
free matter.
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The adiabatic indices, 79 and =, are plotted for the core region of the star for
matter with and without muons in Figure 4.2 for comparison. The graph for 7y for
npep-matter exhibits a kink at about log p ~ 14.3 which is where muons start to appear.
The appearance of a new particle species softens the core matter slightly. In contrast,
the kink in vy does not appear anymore when we remove the muons.

As can be seen from the graphs, the value for v is larger than =y throughout the
core; for npep-matter as well as matter without muons. According to the analysis of
the Schwarzschild discriminant as defined in (3.55), pulsations of our model neutron
star are stable against convection.

The quantity /vy appears in the Schwarzschild discriminant and has been taken
to be constant for simplicity in previous, qualitative studies on g-modes [24, 25]. In
Figure 4.3, we show this ratio both for an npeu-core and an npe-core. At first, we
observe that the ratio is strictly below 1.07 throughout the core. The appearance of
muons at log p & 14.3 is clearly visible by a nearly discontinuous increase after which
the ratio again drops. In both cases, the ratio continues to decrease as the density
increases and it reaches values close to 1.0. We therefore expect composition g-modes
to have a larger amplitude closer to the crust-core interface compared to the centre of
the star.

4.2.4 Constructing a Multi-Fluid Background

We have now all necessary ingredients to construct a multi-fluid equilibrium model. We
have several different possibilities on how to construct such a model; this new freedom
stems from the larger number of quantities that we now associate with the individual
fluids. Apart from the bulk properties of the fluid like pressure p and energy density p,
we also have individual chemical potentials p, and number densities ny for the different
components.

The master function as described in the previous Section 4.2.3 provides us with
one-to-one relations between these. Hence, we can choose between different equivalent
formulations; we will present two of them here. This freedom concerns only the matter
part of the equations; the metric potentials ¥ and A will always be described by the

two equations

1—er

r

et —1 N
V= + 8mre’ W, (4.69)
r

— 8rreA, (4.68)

which follow directly from the Einstein equations, G\, = 87T),,,. We have substituted
the pressure p and the energy density p by the generalised pressure ¥ and the master
function —A, respectively.

The most straightforward approach for the matter distribution would be to simply
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1.06 - ---- Y 1y, (npep-matter) ]
- — Y 1y, (npe-matter) ]
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14.0 14.2 144 14.6 14.8 15.0

log,, p[gcm ]

Figure 4.3: The ratio of the two adiabatic indices, 7/vp. In the outer layers of the core
the ratio varies between 1.02 and 1.065 and since muons never appear there, the ratio
does not depend on whether we account for the presence of muons in the EoS or not.
If we account for muons then the ratio increases nearly discontinuously at log p ~ 14.3
up to a value of 1.04 and then quickly drops towards higher densities; it takes values
below 1.01 when log p 2 14.6. If we neglect the presence of muons, the ratio continues
to decrease monotonically throughout the core and takes values very close to 1.0; for
densities with log p € [14.7,15.0] the ratio is below 1.0004.

continue using the complete set of TOV equations, i.e.

v = _%V'(\p _A), (4.70)

along with the two equations for the metric potentials above. Assuming S-equilibrium,
a given value of ¥ can uniquely be translated into four (or three) number densities
for neutrons, protons, electrons and (possibly) muons from which all other necessary

quantities can be calculated.

Another approach would be to make use of the equations of motion which we have
derived from the variation principle. In particular, we will use f! = 0. We note that

in a non-rotating star, the number density currents take the simple form

nk = nyut, (4.71)
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and the same holds true for the momentum covectors,
pl = puut (4.72)

where p, is the chemical potential of species x and u* is the four-velocity of the equilib-
rium configuration. It is, of course, identical to the single fluid velocity and we repeat it
here for completeness, u* = (e™" /20,0, 0). We can now expand the equation of motion

for the neutron fluid

0=1f) (4.73)
=nlh (Vi — Vo) - (4.74)
The covariant derivatives turn into partial derivatives since the Christoffel symbols are

symmetric in their two lower indices. Using the fact that the matter in the equilibrium

configuration is at rest yields
= ngu’ (O — O, u}) . (4.75)

The temporal derivative vanishes since the equilibrium is not time-dependant and we

are left with (only the r-component of this equation does not vanish)

0=0, (,une”/Q) (4.76)
or equivalently
/ 1 /
Hn = =5 b (4.77)

This equation complements the two equations for the metric potentials, (4.68) and
(4.69). In order to find a background solution, we need to specify a central chemical
potential for the neutrons. In practice, we will prescribe a central neutron number

density and then calculate the corresponding chemical potential (in S-equilibrium).

After every step on the radial grid, we have to calculate the composition in S-
equilibrium from the chemical potential in order to determine pressure and energy
density—computationally, there is no real advantage in using (4.77) compared to (4.70).

In the case of a non-rotating star, this is a matter of personal choice; we use (4.77).

In order to avoid any doubts, we will show that equations (4.77) and (4.70) are
physically equivalent. Multiply the former equation with n; and remember that in
B-equilibrium the simple relation ¥ — A = u,ny, holds (cf. equation (4.45)). We arrive
at

Y —%V'(\I’ —A). (4.78)

We will (again!) make use of S-equilibrium which allows us to treat the energy density of
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the background configuration as a function of n; only; hence we can write A’ = g—é\bng =

—pmny, which proves our statement. Furthermore, it is now obvious that, even though
un depends on the entrainment A"P, our background will be entirely independent of
the entrainment effect.

In order to construct the equilibrium configuration, we do not necessarily need to
use the equation of motion (4.44c) for the proton fluid. However, we will need it when
we derive the perturbation equations which is why we give it brief consideration now.

As for the neutron fluid, we expand the equation

0=> f3=2) nlVuy (4.79)
xeP xeP

We make use of the symmetry of the Christoffel symbols and the fact that the config-

uration is time-independent, which yields

=— Z nxu! Oy 1. (4.80)

xeP

Furthermore, the star is at rest and the momenta depend only on r, which means that

only the component with v = r of the previous equation does not vanish; we obtain,

0="> nx(u) (4.81)

xEP

In -equilibrium, this equation is equivalent to the equation of motion (4.77) for the
neutron fluid, and hence does not contain new information. This can easily be proven by
remembering that pf = —e*/?p, from (4.72) and repeatedly applying equations (4.53)

for S-equilibrium.

4.3 Entrainment and the Low-Velocity Expansion

A bit earlier, when we discussed the multi-fluid Lagrangian, we have seen that the
momentum (4.33) of a fluid does not necessarily need to be proportional to the ve-
locity of that fluid. This is due to the entrainment effect which becomes manifest in
the coefficients A*Y. Physically this means that the individual fluids are not entirely
independent but are influenced by each others presence and motion; this is the case
when there is a coupling between two interpenetrating fluids.

In our four-constituent star, we account for two of these couplings. Firstly, even
if neutrons are superfluid and can permeate the proton fluid, the strong interaction
between the nucleons couples both fluids. This effect will be reflected in a non-vanishing
A"P. Secondly, the electromagnetic interaction couples electrons and muons to the
proton fluid. Due to the comparatively low mass of electrons and muons, we have

assumed that all charged particles are fully locked to each other. Rather than having
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AP¢ £ 0 or AP* #£ 0, we account for the electromagnetic coupling by enforcing that
their displacement vectors are identical, £ = & = §;. This assumption simplifies our
equations as we now have AP® = AP* = (. In fact, the only non-vanishing coefficient is

AP (there is no entrainment between neutrons and leptons).

We want to shed light onto these coefficients from a different angle. For this we will

closely follow the analysis of Andersson et al. [36]. The key quantity for the entrainment

is the variable niy = —nkn},. We can write the four-currents in the form
nk = nyuk, (4.82)
where uk denotes the total velocity of fluid x and is normalised by uﬁu’; = —1. Let 7«

denote the proper time of the fluid elements of fluid x, then the world line of a fluid

element is given by

-%'LL(TX) = (t(TX)7x§<(TX)) > (4'83)
and its four-velocity by
dzk
== 4.84
= (4.8

Let us consider a small region within the fluid across which the gravitational field
does not considerably change. To a good approximation, this region has Minkowski

geometry and the metric can be written like the flat metric,
ds® = —d(ct)? + 8;; da’ da’. (4.85)

We can define the 3-velocity of the fluid elements as usual in Euclidean space by

- dat
(S 4.86
uX dt ) ( )

J

and its magnitude wuy is given by u? = 6ijuf(u . With these prerequisites, it can be

shown that the 4-velocity can be written as
wW=——rn and wul=-—F2—. (4.87)

Using these relations, we can calculate the entrainment variable,

niy = —nyuinyu;, (4.88)
= —nyny (udud — ulul) (4.89)
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bl
1 — diuluy

V1= 1 —ul

When we consider neutron star oscillations, then the individual 3-velocities of the fluid

(4.90)

= NxNy

elements will be very small compared to the speed of light, i.e.

ui] < 1, (4.91)

2
Xy

approximation; alternatively, the quantity ny, — nyny is very small and is well-suited

and then obviously {ui{ < 1, too. This implies that we have ny, ~ nyn, to a good

as an expansion variable in a Taylor series.
While the previous discussion is true for any combination of fluids x and y, we will

restrict ourselves for simplicity to the neutron and proton fluid only. This means that

our equation of state (the master function) is given by

A= A(n},n2,n%,) (4.92)
= A(ni,nip,ng,nQ nz) (4.93)

The fact that the leptons do not take part in any entrainment allows us to separate
them off into individual pieces, e.g.
n2 n2 2 2
A= A" (ng,ngp.ng) + AS(nZ) + A (nf). (4.94)
In general, we would need one (part-) master function for each pair of fluids that is
mutually entrained; as explained above, we consider merely the neutron-proton entrain-

ment due to the strong interaction. For the baryon part, A"P, we will now make use of

the fact that the velocities are small and expand this function like

A" (n2, n ,n2 Z)\np (2 —nnnp)k, (4.95)

np

where the )\zp are the Taylor coefficients whose meaning we are going to explain below.

Given this expansion, we can calculate the coefficients

n oA > n k=1
A S — —ng = — Zk)\kp (ni,n%) (n121p - nnnp) ) (496)
OA 1 0A
n_ 0N 1 4,
1 8)\ n 8)\k k
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and

ON 1 |ONP wp 6>\k "2 k
BP QW_—— anp+ ngA Zann —npnp) | (4.99)

For a complete and convenient description, we need three other quantities, the relevance
of which will become clear later and we denote them by B“), BPY and A"P). The
expressions for them are lengthy and given in Appendix A; there we also show that
they are closely linked to the partial derivatives of the chemical potentials. In the

low-velocity expansion, they take the form

Opin 0 P2AIP 92N, k
[ — :Bn = — — n —nnn s 4100
Onn 0 (Ony)? kzzl (Gnn)Q( P v) ( )

% — Bro — 62>‘8p - 82)‘210

2 k
_ _ — ngny)" 4.101
on, 0 (Ony)? (Onp)? (12p = o) (4101

k=1

and

0 0 0’ \oP SN2

Fn _ OFp _ qopo . PH0 E(n2 —nanp)” (4.102)
on,  Ony onpony — onpony
The magic of this currently rather messy looking expansion becomes apparent when
we evaluate the different quantities on the background where we have n,, = nynp;
the infinite sums collapse and only the two coefficients Ay and A]” remain. We can

immediately grasp their physical relevance; on the background, we have
A =XP or A=A 4+ A+ A, (4.103)

which tells us that Ay is the (negative) internal energy density of the baryonic com-

ponent. Furthermore, the other coefficient encodes the entrainment effect since
AP = TP (4.104)

This decomposition enables us to specify the equation of state and the entrainment

separately.

We use the entrainment provided by Chamel [38] in conjunction with the analytic
representation of the SLy4 force; the entrainment coefficient is
B3 . 2m

AP =-m——— with f3=

—- B3, 4.105
1+ B3ng h?2 3 ( )

where Bj is the parameter given in Table 4.1.
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4.4 Prerequisites for the Derivation of the Perturbation

Equations

We have determined the equations of motion for a multi-fluid star (see equations (4.40)
or (4.44)), we now need to populate them with ansétze for different quantities which
stem from the specific properties of our problem in order to find the perturbation
equations which govern small perturbations of a multi-fluid star. These ansatze will not
differ very much from those for the single fluid problem which we have described to great
detail in Section 3.2. The main difference is that we will now have one displacement
vector for each individual fluid.

Our ansatz for the metric perturbation for even perturbations is identical to the

one in the single fluid problem (cf. equation (3.13)), but we will repeat it here for

completeness,
e“Hy iwrH;y 0 0
;| iwrH €*Hy 0 0 o
Ogu = —r Py(cos 6)e™", (4.106)
0 0 r’K 0
0 0 0 r?sin? 0K

where P;(cos 6) is the Legendre polynomial of degree . The definition of the displace-
ment vectors differs only by the constituent index which we will assign to each quantity

that is specific to an individual fluid. We have

¢ =0, (4.107)
er = ple=r2Wap it (4.108)
T
Vi dP,
0 I ¥x L iwt
i TR (4.109)
=0, (4.110)

where x runs over all constituent indices of the individual fluids; Vi and Wy are the
tangential and radial displacement of the respective fluid.

In our case, the constituents are (essentially) n for the neutron fluid and p for the
proton fluid. We point out that this is a simplified statement as we actually consider
a 4-constituent fluid, consisting of npeu-matter, where we assume that the electrons
and muons are electromagnetically locked to the protons and hence their displacement
vectors coincide (see equation (4.42)). However, while the displacement vectors of these
three constituents are indistinguishable, other quantities associated with the different
species, like their number density, ny or their chemical potentials, uy, will surely have
different values for each species. We, therefore, cannot simply assume that the electrons

and muons are lumped together with the protons and forget about their presence; in
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several occasions, starting from the equations of motion (4.44), associated quantities

will inevitably appear in our equations.

As a next step, we will have a look at the equations of motion. In foresight of the
application to our specific problem—a 4-constituent star with two individual fluids—we
will investigate the more specialised set of equations (4.44), but we emphasise that a

generalisation to a differently composed neutron star is possible without much effort.

4.4.1 The Perturbed Einstein Equations

Even though we consider a multi-constituent star now, several perturbation equations

will still stem from the Einstein equations—as in the single fluid case. We have to solve

Gy = 870T,

s (4.111)

where dG,, is given in (3.15). The perturbed stress-energy tensor will take a slightly
different form since we have expressed it in quantities different from the ones we used

to describe the single fluid. We will give the complete expression in Section 4.4.4.

4.4.2 The Euler-type Equation for the Neutrons

The second equation of motion is the one for the neutron fluid (or more general, the
equation of motion for one individual fluid; the constituent index n can be exchanged

for the general index x without any problems). We have
0=2f) = 2n[{V () = 2n{0) 10, (4.112)

where we have achieved the last equality by using that the Christoffel symbols are sym-
metric in their lower indices. Decomposing the “full” quantities into their background

part and Eulerian perturbation, we find
0 =2 (nl +ont) 3, (;f;} + (w;}) . (4.113)

Since the unperturbed part, ngawgl = 0, must be fulfilled for the background, too,

we have
= 1l (0u0py, — D, 0u) + onlt (Opupsy — Oypily) (4.114)

after linearisation. We will focus on the second term in this expression now and show

that it vanishes. In the cases v = 6 and v = ¢, this term vanishes since, first, py =
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pg =0 and, second, p), does not depend on ¢ or ¢. If v = ¢, we have

onyy | Oukty — Oy | = onOupyt = onyOrpy =0 (4.115)
=0

where the second equality is due to the fact that uj' is a function of r only and the last

one is due to the background equation, 0,u = 0. The last case, in which v = r, yields

oniy | Ou py —Orpy | = —6nk o =0, (4.116)
~—
=0
which vanishes due to fact that y, differs from zero only for y = t and again the

background equation, d,u} = 0. Altogether, the second term in (4.114) vanishes and

we are left with
0= ny, Qb — D0p7) (4.117)
where we have used that nf # 0 only for u = t. Thus, we have
O, = 0,0uy. (4.118)

4.4.3 The Euler-type Equations for the Proton Fluid

The remaining equations of motion will be due to (4.44c),

P+ =Y =0 (4.119)

xeP

In contrast to the previous equations of motion, this one is obviously specific to our
problem as it concerns an individual fluid consisting of three constituents. When muons
are absent, f/ obviously vanishes from this equation.

Starting in a similar fashion to the previous section, we expand the terms in (4.119)
and decompose them into their background and perturbation parts. After making use

of the background equation (4.81) and linearisation, we arrive at

S [0t (G~ ) + ont O~ 0a)] =0 (1120
xeP

Again, we will show that the second term (which we abbreviate with =,) identically
vanishes. Due to the three constituents involved, this requires a bit more effort.
We want to show that

By =Y onk (O — Oypy) = 0. (4.121)
x€eP
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As an abbreviation, we define (x := J,uf and we note that the background equation
(4.81) can be written as ) ny(x = 0 using this definition. As before, the cases v = 6

and v = ¢ are trivial. Let us turn to the case v = t:

= onk (Dupy — Ouk) = Y onbOuur = onliy, (4.122)

xeP xeP xeP

where we have used y, = ,uﬁ(r) in the last equality. The Eulerian perturbation, dnZ,
can be written as

ony, = nyduy, + ul dng = nydul. (4.123)

~—
=0

The perturbed velocities are identical in this case since we consider the constituents of
the proton fluid which are locked together. Thus,

Br = nlle=0up Y nee =0, (4.124)
xeP xeP
=0

by means of (4.81). Last but not least, v = r:

Er= Z 5”5 (8MM)T‘( - T‘/’L,)L(L) (4125)
xeP
=— Z onOr 1y, iy, # 0 only for p =1 (4.126)
x€eP
==Y onli (4.127)
x€eP

with dnl = u'dny due to du’ = 0, we find

S— Z Sy (4.128)

xeP

The relation between Eulerian and Lagrangian perturbations yields

= —u! Z <Anx — n;e*A/zrlAWX) (x (4.129)
xeP
t A”x —A/2,0-1
= —u Z « +ule Z Ny Wi Cx. (4.130)
xeP xeP

We can now use the fact that the displacement vectors are identical, W, = W, = W,,,

and that hence the fractions Any/ny are independent of the species, too,

A
— 20 Z Ny Cx —i—ute_)‘/Zrl_le Z nl (s = 0. (4.131)
np xeP xeP
=0 =0
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We are left with the proof that the last sum actually vanishes. For this, we will make
use of the equations (4.53) for f-equilibrium. First, we note that pu. = p, implies
Ce = (u. Starting from (4.81), we have

0= Z Ny(x = anp + nele + nuCu = anp + (ne + nu) Ge = np(Cp + Ce)a (4-132)
——

xeP =np

which implies ¢, 4+ (. = 0. Hence, reversing this calculation yields

0=n}(Cp+ Co) = npp + (nh+ 1)) Co = npGp + niele + 1 G = > nily,  (4.133)
——

_ xEP
_np

as desired.

We have shown that =, = 0 and therefore the equations of motion reduce to

0= nl (0.0 — 0,01%) (4.134)
xeP

= Z nyu® (Opps — 0,0u%), (4.135)
x€eP

where we have used that u” = u? = u® = 0. Finally, we have

0= Z Nx (3#5#),5 - 8V5/’[%() ) (4136)
xeP

which is a bit more complicated than the equation (4.118) for the single constituent

fluid because we have to account for the three constituents in this case.

We point out that the result is identical if muons are absent, i.e. if P = {p,e}. Only
the derivation of )" n/(x = 0 cannot be used “literally” (as in symbol by symbol) but

the necessary modifications are obvious.

4.4.4 The Perturbations of y}, G* and T"

We are now a big step closer to deriving the perturbation equations for our four-

constituent two-fluid neutron star. We have to solve

IGH = 8mdTH, (4.137a)

Oop,, = 0,0uy, (4.137b)

0= nyx (06 — B, 0u7), (4.137¢)
xeP

where the set of constituent indices, P, can be P = {p,e} or P = {p,e,u}. We have

already calculated the perturbed Einstein tensor G*¥ in equation (3.15) and we do
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not repeat the result here. The perturbation of the stress-energy tensor (4.41) is
0Ty = 0Wdl + Yy (uson¥ + dpxnk) | (4.138)

for which we need the perturbation of the generalised pressure, ¥ = A — )" n¥pu¥, and
the perturbation of the momentum covectors, dus. For the calculation of §¥, we use
(4.32),

00 = 6A = (Spin¥ + pionk) (4.139)

1 A X X
The variations of the momentum covectors py as given in (4.33) are
Sy = OB s + BXon + Y (SAVnY + AVén) . (4.141)
y#x

Our aim is to have dpu;; expressed solely in the variations én; and dg,, since we know
how to express these in terms of the displacement vectors and the metric perturbations.

We rewrite the variations 6B* and §.4% as

oB* oB*
(SBX — W{;ngl + Z Z 8n2 5’1’L§1Z2, (4142)
z1 21 z] Zg;ﬁzl 2172
i} DA DA
SAY =3 53 onZ 4+ > Wangm. (4.143)
Z1 21 Z1 ZQ#Zl 2122

In general, we have to account for all partial derivatives of B* and A*Y with respect to

the number density currents ngl as well as the mixed currents n? We give a more

7122 "
detailed insight into the lengthy calculation in Appendix A. In our special case, for-
tunately, a great amount of these partial derivatives vanishes, leading to much simpler
expression. We account for entrainment only between neutrons and protons, which
implies A % 0 only for (x,y) = (n,p) (or (x,y) = (p,n) of course); furthermore, the
partial derivatives % vanish if x # y, the only exception being again (x,y) = (n,p)

(or reversed). We also use the two identities

on? =—¢ (nnsgh) (4.144)
= —2nkdny, + ngnidg, (4.145)

and
5n)2(y = —nyony, — niong, + ningogu, (4.146)
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for which we have used the identity g = —g"*¢*?8gy,. Finally, we need to resolve
5”2 for which we consider the temporal and spatial parts separately. The temporal

part yields

Iny = d(nxuf) = udny + nyduy (4.147)
1
= wdny + Enxut@qtt (4.148)
where we have used that all background velocities are identical, uy, = uy,, and
Suf = gyoul + dguul (4.149)
1
= = guu'u' u'dgy + dguu’ (4.150)
25—~ —
=-1
L
The spatial part of the number density current yields
ony = nyouy, (4.152)
since u; = 0.
We insert these expressions into (4.141), and arrive at
ou ou 1
x _ _ v/2 X et _ = v
oy = —e 8nx5nx+ Z anyény 5 Hxe 0gu | (4.153)
y#X
ot = B¥nyoul + Z AV ngou . (4.154)
y#X

In the expression for the temporal component of iy, we have used the partial deriva-

tives of the chemical potentials. That this makes sense becomes clear if we write
OpF = paduy + wilpix, (4.155)

and use this in (4.153); we arrive at

Ot Ot
Sy = 6, Sy, 41
= an " +y§any "y (4.156)

which is as it should be. This should not obscure the fact that we have arrived at
(4.153) via the rather lengthy calculation as explained above; the coefficients of dny
and ény in this equation are given in Appendix A where we call them B3 and A,

respectively. Their expressions are lengthy; by comparison with (4.153), it turns out
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that they are simply the partial derivatives of the chemical potentials

op
X == 4.1
B 0 anx7 ( 57)
Oux — Op
e = = 4.158
A ony  Ony’ ( )

which are easier to grasp.

As for the spatial components (4.154), we see that the approach via the lengthy
calculation was essential in order to see that the variation of the momentum of one
species depends on the perturbed velocities of other species via the entrainment. We
could not have arrived at the concise expression (4.154) without the comprehensive

calculation.

4.5 The Equations Governing Perturbations of a Multi-
Fluid

We have everything we need to plug into the equations of motion (4.40). In a similar
fashion to previous studies [19, 35|, we define variables, Xy, which are related to the

Lagrangian pressure variation, one for each species,

X, = %unnne”/QHo +we 2, (B"ny Vo + A"Pn, V)

— =N/ 2% (B dna Wy + A" n, W) (4.159a)
X, = %upnpe”/zHo + wze*”/an (BPnpVp + A"y Vy)

— e/ 2”%’ (BPnp Wy + A0, W3) (4.159b)
X, = %uenee”/zHo + w?eV?n, (B°neVe)

— e(”_k)ﬂn?‘é (BegneWe) , (4.159c¢)
X, = %MunHeV/QHO + w267”/2nu (B*n,V,)

n/
_ e(u—A)/QTH (B“9n, W) . (4.159d)

Note that we have left the electron and muon displacements explicitly in these defini-
tions for the sake of generality. However, in the following, we will immediately apply

Wy, = We =W, and V,, = Vi, =V, for simplicity. As an abbreviation, we also define

£ = —n2 A9 1 n2BPIB"Y + n2BXYB + n2 BB, (4.160)

139



Chapter 4 Perturbations of Multi-Fluid Stars

By inspection of the equations, it turns out that the combination

Xp = Z Xy =X, + X+ X, for npep-matter (4.161)
xeP
or
Xp = Z Xy =Xp + Xe for npe-matter, (4.162)
xeP

serves as a useful perturbation variable. The reason for this is that we consider electrons
and muons electromagnetically locked to the protons; from a physical point of view it
is intuitively clear that the variation of the partial pressure of the whole proton fluid
(described by the new variable Xp) plays a more important role than the variations
of the partial pressures of the individual species. We intentionally use the capitalised
index P opposed to the similar looking lower case p which we use for protons only, as it
reflects the fact that this quantity is assigned to the “proton fluid” which also includes

the electrons and (perhaps) muons. The final perturbation equations then are

1 I+1 A
H| = [5 (N =) - —;: } Hy+ e? [Ho + K — 167 (ptnnn Voo + pnpVp)],  (4.163a)
, 1 n+1 1, I+1 gme?/?
K'=—Hy+ Hy+ |5V = == K = = [ Wa + pmnp W], (4.163b)
(141 I+1
W = eM? [gHo +rK — @VH] Sy
T T

AnpO ! n’
Ty L0 [ﬁ - —p] [BPOR2 W, + A™0n,n, Wy + BEGn2 W, + B4n2 W, ]

o 58 Nn  Np
BPOn? + Bin2 + BHIn? n,, ArpY
p 0'% 01 (A\—v)/2 p 0 _(A\—v)/2
T
(+1 I+1
W! = M2 [gHo—i-rK— ( j )Vp] Sy

A™E [y, 0 0,2
+ 58 |:7”L_p — ’I’L_z [Bnonnann + Anpoanp]
Bn(o] A—v)/2 p -Anpg A—v)/2
+ 5—86( )/ ’I"XP — n—ng—ge( )/ ’I"Xn, (4163d)
X’——EX —|—16V/2 n oo - L + A™G (nhng — niny) | H,
n — , n 9 HnTn r HnMn 0 p'in n''p 0
1 1 1
+ UnTn —e”ﬂi + Zwire V2| Hy
2 r 2
v/2 v/ 1 / np0 (. / /
+e pntin {7 = 5 ) = fan + APy (npnn — nnnp) K
l(l + 1) v/2 / ! gnp0 ! 4np0
+ Te (unnnVn = npy A onn Vi + ny A Oanp)
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—v 2
— eA2 W? (Wi — AP nanpg Wi + A" ngn, W)
— 47T€)\JQFV Mn’r = (NnnnW + :U’nan )

+ez = [((n{oAnpg)’nan — (n;Anpg)’anp) — i, Wy

<

2 N-=v , N I
+ ;—i— (tpmaWn —n .AponnW + np A"POn,, W),

2
(4.163e)
, [ 1 v/2 1 / / np0 (7 /
Xp = _;XP + 56 HnTlp ; -V — HpMp — A 0 (npnn - nnnp) HO
1 1 1
+ fnnp —e”ﬂﬂ + —wire 2| H,
2 2
v/2 v/ 1 / np0 (. / /
+e panp (g =5 ) T Haltp — APPG (nnn — npng) | K
(l+1
+ U :; )e”/2 (np A™0nn Vo — np AP0ng Vi, + ppnpVp)
A—v w2
— e — (A™Pnpn, Wy — A nyn, Wy, + punnpWp)
—dre T PR (i W+ gy W)
r
v=x1
e . [(—(n%Anpg),nan + (np A™0) np W) — pinnp Wy
2 N=V
+ <; + 2 > ( Anponn n—"n Anpo”pr + “;”PWP)
(4.163¢)

These six differential equations are complemented by three algebraic equations

1
Xu = Spunae”/?Ho + e Pny (Buna Vi + Aupnp V)

!/
—e”ak%(sn 1 Wa + A0, W), (4.164a)

1
Xp = §unnpe”/2H0 + w2ev/? (Anpnnnp Vi — AnpnnnpVp + pnnpVp)

7/*)\

! !
—e < pAnponn n— %Anf’gnpwp + %anp> , (4.164b)

n+1

|:—6_>\’I“(T‘V/ —2)+ (n+ 1)7“] Hy = e 2 [w re "V — 1/] H,
1
+ [m“ —wirle™ — ZrzefAV’(rl/ - 2)} K +8rrde™/?(X, + Xp). (4.164c)

The origin of these equations are (for brevity, we denote the components of the Einstein
equations with [uv] as a shortcut for G, = 877T),,): Equations (4.163a) and (4.163b)
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are [t0] and [tr], respectively; (4.163c) and (4.163d) are f3' = 0 and ) _p fF = 0;
(4.163¢) and (4.163f) are f = 0 and ) p f¥ = 0; (4.164a) and (4.164b) are due to
the definitions of X,, and Xp; (4.164c) is [rr].

Throughout these equations, we have already applied the simple identity Ho = Hy
which holds in the fluid case. The last equation (4.164c) can be used to calculate Hy
from the other quantities, while the first two algebraic equations (4.164a) and (4.164b),
can be simultaneously inverted to find V;, and V/,.

We also make extensive use of the relations (4.53) for S-equilibrium, which allows
us to remove, to the greatest possible extent, quantities which are directly associated
with the muons and also the ones associated with the electrons. This shortens several
equations drastically. We also chose to use the relations for the chemical potentials and
their radial derivatives in order to replace, firstly, the coefficients B* by uy and A®
and, secondly, the coeflicients BXB by ! and .Axyg.

Most of the equations are now entirely void of quantities referring to electrons or
muons—the only two equations containing electron or muon quantities are the differ-
ential equations for Wy, (explicitly) and W), (only via the abbreviation £). This makes
it very easy to find the equations for npe-matter (without muons) or if we are inter-
ested in the two-constituent case with neutrons and protons only: In order to “remove”
one species from the equations, we have to set the according number density to zero,
ny, = 0 or ne = 0 (or both). This removes two terms (per species) in the equation
for W/ and it shortens the definition of £} (if we remove both electrons and muons
from our equations, it is easy to show that they are equivalent to the equations for
a pure neutron-proton conglomerate presented by Comer et al. [35]). Of course, we
must not forget to remove the correspondent terms from our master function as well

(or equivalently, the internal static energy as given in (4.55)).

4.5.1 The Taylor Expansion at the Centre of the Star

As in the previous cases, we need the Taylor expansion of the equations (4.163) at the
centre of the star » = 0. The entire procedure is completely identical to the one given
in Section 3.2.1; we will state only the results of the calculation here.

Since the coefficients of the Taylor expansion are lengthy, we will use an overbar

and an overhat to designate zeroth and second order, respectively. We have

. — ~ 1
q = qo, q = =q2, ab = agby, ab = > (apba + azby) . (4.165)

The zeroth order constraints are

2
%6”0/25’“714 Wi (0)

1 —_—
Xn(O) = 561}0/2MnnnK(O) _ |:eyo/2ﬁn8n8nn 4

—_—_— 2 —_—
. |:euo/2ﬁnAnp8np + wTello/QAnpnnnp:| Wp(())’ (4166&)
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2
Fnnip K (0) — [ /25 AnOn, npA™POn, + wTeyo/QAnpnnnp] Wh(0)

1
XP(O) = 561/0/2

_ |: V0/2 p (,U' __A p )_|_w72e vo/2 p(u _Anpnn):| Wp(0)7 (4.166b)
LK(0) + S (T Wa(0) + s Wy (0)

H = 4.1
1(0) e , (4.1660)
as well as the simpler equalities
n W, (0
H(0) = K(0), Vo (0) = - 2@ v, 0) = -0 (4.167)

This completes the zeroth order. Similar to the single fluid case, the specification of the
three perturbations K (0), Wy (0) and W, (0) is sufficient to determine the remaining

perturbation quantities at the origin.

For the computation of the second order coefficients of the perturbation variables,
we also need the Taylor coefficients of the background variables. The background

equations imply

No = —167%0, (4.168a)
vy = 8%(3@0 o), (4.168b)
nh = %w (A"POBE) + A"PBH) — BPOBG — BPOBM) — BEOBHY) (4.168¢)
nE = o (AW~ B'G) (B + B9) (4.1684)
ng = %mg (A™ — BO) B, (4.168¢)
nly = %uﬂzg (A" — B™)) B, (4.168f)
Az = —pg(ny +n3), (4.168g)
Uy = —%ug(nf} + ng)va, (4.168h)
wy = —%M8V27 (4.168i)
My = —H%TAQ - %A%, (4.168;)
Vi — %M + éVQ(AQ o) + 27(Wodg + W), (4.168K)
1 1
i = —5Vaty — gVaky, (4.1681)

W (0 o gotn T RE T
n = 22 (AQPBeg + A B — BoYBRGBeG — BgBRYBI) — BrYBGBH)

13 ( 070 1 AnpO0RR0 — Rp0Re0 _ FAp0Rn0 _ Re0Ra0) _ 2H4ANS
14

210
p_ M (20 1502 2110 02001260 072p0 1210 01200 2140
— _ < n (&) n — n e — n — n e
n, = D A Py Be + A Pe Bl — BryBryBey — BrgBryBrg — By BegBhy
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_ 2ufnd

n o — — — —
— L2 (AvwQBeg + AveQBHg — BrYBEG - BrgBeg) — TEA2 (4.168n)
2H0
where D is given by the determinant
BYy A3 0 0
AnpO BpO BeO 0
D= (O] 8 0 AL (4.169)
APy BPy 0 BHy
0 1 -1 -1

It proves useful to define the three auxiliary variables (o, @n and @}, so that

Hy(0) = K"(0) + Qo, (4.170)
" _ [+3 /

Vi (0) = @n — T 1)Wn (0), (4.171)
" o 1+3 1

These three variables are then given by

Qo = 2 [(wQe”O _nt 11/2> Hy(0) — (%)\2 +w26”°> K (0)

n 2
+8me /2 (X,(0) + Xp(0)) ] : (4.173a)
Q— 1 §K+ l+1)\_(np_ np)w W(O)
" |27 g 2T Vol TRl ) e "
ooy (AR + 2B + B
—(”0”5—%”8)( e 280 0 W,(0)
n~0
2Bp0+n28e0+n28p0 n., Anp0
—vo/2 [ MRET0 T B0 T PO ) gy L omro/2 ("2 AT0 ) x o
te ( 20 n(0) —e (n 58) PO
(4.173b)
Q 1 3K + (ngnd nnnp)mw (0)
= — N\ 0 — Ty - A0 n
PTn+12 2 0 9
[+1 W
+ Ao + (nfnb — nhnd) | 22 W5(0)
4 2 o EQ '
—u n Anpo —V BnO
—e 0/2<n_p 500>Xn(0)+6 0/2<5—00>XP(0)]' (4.173¢)
n 0 0

The second order coefficients can then be obtained by solving the following linear
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system:
1 n . —wgns (+3)
- §Mn”nK”(0) + (Bngnnn2 +e B %m> Wy (0) + <A POnpny
(l+3) " —vo/2 !
0 A%y, n w0 w/2X7 (0
‘A p l(l ) p( )+ e n( )

— =0 P 1
= innn K (0) — [Qnangnn + B"dn, (2712 — 5)\271121)

2 —_— - 1
+l(:V0 (28“77,121 — VQBHn%>] WH(O) — [ Anponp + Anpgnp <2n2 — 5)\2n121>
w2 — [ 1 71/0/2 1—
+l6V0 (2Anpnnnp — VQAnpnn’l’Lp> Wp(O) + 56 VQXn(O) + §Mnan0
+ e w?Bn2Q, + e 0wl A%Pnyn, Qp, (4.174a)

1 w3 (1 + 3)
— §,unnpK”( )+ <Anp npnh + e "0 AP nnnpﬁ

JLECEREE 0

) Wy (0) + ( PNy — Areln,, POnpny

[
+e (o — A"Pny)n Np 10+1)

—_— 1
= [anp K (0) — [QnQAnponn + A0 POy, <2n£ — 5)9715)

2 . - -

+ZZV0 (an”nnp - ”2“4“p”n”p)} Wa(0) — [2n3«4“p8np — 2png — pan
w2 —_— — 1 0 op
+le"0 (2 <Anpnnnp o ,unnp) -2 (Anpnnnp - ,Unnp)) + 5)\2/@"0

- 1 1 1
+A"P0n,, <2ni1 - 5)\2713)} Wp(0) + §€_VO/2V2XP(0) + §Mnan0

+ eil'osznpnnann + ef”(’wQ(,un — A1, )np,Qp, (4.174b)

— (n+ 1) H{(0) + (1 + 2)K"(0) + 87fmnn Wy (0) + 8nfim, Wy (0)

— — 1
=1, K(0) — 87 <2,unnn + 5)\2,unnn> Wh(0) — 8 <2,unnp + 5)\2,unnp> W, (0)

+ Qo, (4.174c)
l + 3 l+3 [+ 3
( ) — K//( ) — 47T/innnn—_{_1erll( ) — 47T,unnp?Wp (0)
1 16m _—_ 16m _—_ 1
-9 (1 +2)A2 —v2) Hi(0) + Tﬂnnan(O) + Tﬂnanp(O) + §QO
— ST — STRTQy, (4.174d)
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1 142 = 2
711' GVO/QMnTLnHi/(O) +6V0/2 <%”1218n8nn+2ﬂ',unnn2+ %6 Yo Bnp, >W//( )

17 [+2 — w2 —V0 ANpy,, 1
Te 0/2 ( 5 Anponp + QWMnnnﬂnnp =+ 76 OAnpnnTLp> WI/),(O)

142
+ LX”(o)
w2 —v0/2 1 vo /2 1 n0 n
= _|_7 InnnH1(0) — 3¢ 21/2,unnn + 3ny <B o + A Ponp) K(0)
1 e0/2 [ AT oy [ Moy — L (BnO)Qn ny — TN TnTin2

1
+ <an()\2 — (I +2)n) — (14 2)n} | Bdn,

1 Bon. o, —
Fteng (Z(VQ — A2)Bhnn, — Bnnnﬂ Wa(0) + €"0/2 [—47TM,Unnp
l +2, 4 n R SR L(nb
2 ('A pO) ’I’LS’I’LQ - 7T)‘2;“nnn,unnp + 5 (./4 p8)0n2 (n_?lnz — ng)
0
1 -
+ (anzl()\Q - (l +2)va) — (I + 2)n2> Anpgnp

—

1 _ N
+w?e g <Z(V2 — Ag) APn, — Anpnp>] W, (0) + L’lj Z + 4@] 1X1(0)

1
5 ¢ mmnQo + (n + 1)e”?n} 3 (BrnnQu + A%Gn,Qy ) (4.174e)

1 [+
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+ (n + 1)e0/2 A0, nbQ, + (n + 1)e"0/2 (15 — (.Anpg)o n%) ngQp, (4.174f)

We point out that—similar to the differential equations (4.163)—we decided to remove
the explicit appearance of quantities assigned to electrons or muons to greatest possible
extent. The only place where such quantities appear explicitly are the variables @,
and @, as given in equations (4.173b) and (4.173c), respectively. Again, as in the
previous case, the equations valid for npe-matter or a simple neutron-proton fluid can

be obtained by removing the electron or muon quantities from the equations.

4.6 The Single Fluid Limit

We have derived the equations governing perturbations of a multi-fluid, consisting of
two individual fluids (where the proton fluid has three constituents). When the star is
very young and hot, none of the components will be in the superfluid state yet; all four
constituents will be locked together and the neutron star core will behave like a single
fluid. We therefore have to specialise our equations for the single fluid case. In contrast
to Andersson et al. [36] who considered this limit by letting the number density of
one of the constituents vanish, we will choose a different approach: similar to how we
locked the charged particles together, we will now lock all four constituents together

by assuming that their displacement vectors are identical,

Wi=Wy =W, =W, =W, (4.175)
Vi=Va=V,=V.=V,. (4.176)

This will simplify the perturbation equations (4.163) somewhat and more importantly
reduce the number of differential equations by two; we will have only one wave degree
of freedom for the fluid.

In order to have a consistent description, we will again define the variables Xy for
each species as in (4.159a). However, the variable which is relevant for the numerical

solution will be the total Lagrangian pressure variation

X =) Xe=Xo+ Xp+ Xe + X (4.177)

This is similar to the multi-fluid case in the sense that we have precisely one variable
for the Lagrangian pressure per individual fluid; we had two of them for the two-fluid
case (X, for the neutron fluid and Xp for the proton fluid), whereas now we have only
one X valid for the entire fluid.

Also, the definition of the variable 58 changes. As it takes a different form, we call
it ) now. We have

Fo = B"n2 + 2A™5n,n,, + Bpgng + B°9n? + B"gni. (4.178)
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How can we understand the particular form of this variable (and of £3)? These
two variables appear only in the differential equations for the radial displacements,
Wx. These equations are generally arrived at by defining the variables Xy as above
and then solving a linear system simultaneously for all independent W/-s. The linear
system in general consists of the equations f) = 0 where x runs over all constituents
(which means we get one equation per constituent); it turns out that one of the terms
in f7 is proportional to

BSn2W! + Z AxyonxnyW}',. (4.179)
y#x
Solving for the individual W/-s is essentially equivalent to inverting the matrix of the
coefficients of the W/-s which introduces its determinant to the equations; the variables
.7-"8 and 58 are precisely these determinants.

The matrix has as many dimensions as we have individual fluids; locking several

species together “removes” some of the Wy from the problem. In the two-fluid case

discussed above, we assumed W, = W, = W,,. Hence, we find

fo =0
fo + 5+ 1y
Bn0n2 AP0y n w! R
n 0P n = "], (4.180)
APOnyny,  BPOn2 4+ BGng + BrgnZ, | \ W) Rpep

~~

=F
where R, and R, denote the remaining terms of the equations of motion. It is easy
to see that the determinant of the matrix E is closely linked to 58,

E)=n2det E. (4.181)

If we lock all four constituents together, W := W, = W, = W, = W, we find that ]:8
is proportional to the coefficient of W’.

The perturbation equations for a four-constituent single fluid then are;

/ 1 / / l+ 1 6)\
Hi= |5 (N =) - Hy+ — (Ho + K — 16wpnnp V) (4.182a)

r r

, 1 n+1 1, 1+1 8met/2

K'=~Hy+ Hi+ |V — K — fnn, W, (4.182b)

r T

I+1 /2 I(1+1

W' = _Lw+7~e>\/2 [e X — ( + )V—|— H0+K (4.182c¢)

/

l 1 v
X' = —;X + 561//2/1,1177,{, { [; — 5] Hy+ [wQTe_V +

n+1

|

JA1+1)

r2

1
[3—V——]K—1/

—V - - [87T,unnbe 2 _ 2(&}26)\/271}] W}
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1 2 N-v
+ e(V—A)/Q; |:<; + 5 v > Iu; — Mﬁ] W, (4.182d)

where ny, = n, +np. We also have two algebraic constraints

1 /
X = §,unnbe”/2H0 +we PV — e(’“)‘)/QMVV, (4.183a)
r
and
1 1
§e_>‘r(r1/ —2)+(n+ 1)7“] Hy = e M? [aﬂre—” _n ;_ 1/] H,

1
+ [nr —wirde™ — ZT267>\I//(T’V/ - 2)] K +8rr3e™/2X. (4.183b)
The origin of these equations is essentially the same as for the two-fluid equations

(4.163); we will not repeat the derivation here.

We want to point out the similarity to the DL85 formulation (see equations (3.33))
which we used at the beginning of the project for a perfect fluid star. The most obvious
substitution is unny = p + p which is the Euler relation. The last coefficient of W in
the equation for X’ is not so obvious but straightforward to prove when using the
background equation u, = —%1/’ tn. The remaining necessary substitution takes place

in the differential equation for W’. By comparison, we find
Fo=p. (4.184)

That we indeed have yp on the right-hand side of this equation and not ~yp (the
background term), can be seen as follows. We start from the right-hand side and use
the definition of -, equation (3.54),

= (p+p) (%)n, (4.185)

where the partial derivative has to be evaluated at constant (frozen) composition. If
we take the neutron number density n, as reference (this is no restriction, we could
as well start with the number density of any other species), then assuming a frozen

composition means mathematically

0=d <@> or equivalently dny = I dny. (4.186)
n

X n

We use this relation to express dp solely in terms of the neutron number density,

n 1
dp = ,un—l—z,uyn—y dn, = (p—i—p)n— dny,. (4.187)
y#n " "
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where we have used py = 8_(21& and the Euler relation. In the same way we consider the

pressure to be a function of the number densities and we find for its differential,

- Z O 1y | g (4.188)

6nn any Ny

We can also calculate dp starting from the Euler relation,

P=Y_ Hxnx— p, (4.189)
which implies
dp = Z (,ux dny + ny dﬂx) - Z Hx dny (4.190)
Oty
= ny ony dny. (4.191)

an Ot (4.192)

6ny Ony
and plug them into (4.188),
Ol Olbx M

dp = — | dny 4.193
P Bnn+zz 8nynn dn ( )

L y#n X
= Z n2Bx) + Z Z nyny AVH | — dnn, (4.194)

X y#x

where we have replaced the partial derivatives of the chemical potentials using

Opix and AY) = %

BXO — — ’
Ony Ony

(4.195)

and we have rearranged the sums. Note that the relations for dp and dp have been

derived under the assumption of frozen composition.

We can now focus on our specific four-constituent fluid, where only neutrons and

protons are entrained, i.e. only A"P # 0. This immediately shows that

1
dp = }‘gn— dny,. (4.196)
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In conjunction with (4.187) and (4.185), we find
F§ = p, (4.197)

as we have claimed above. This shows that the variational approach automatically
assumes a frozen composition.

As in the two-fluid case, the presence of different particle species is almost entirely
hidden; only the coefficient F| 8 witnesses their existence. If we want to specialise to a
system without muons and maybe also without electrons, this can easily be done by

removing the corresponding terms from F| 8. No other changes are necessary.

4.6.1 The Taylor Expansion at the Centre of the Star

As in the previous cases, we need the Taylor expansion of the equations (4.182) at the
centre of the star » = 0. In the early stages of a neutron star’s life, its core temperature
will certainly exceed the critical temperature for the onset of superfluidity and hence
the matter will appropriately be described by a single fluid. We will calculate the
Taylor expansion consistent with the other cases. Hence, we will state the results only
and refer to Section 3.2.1 for the precise meaning of the variables used here. We also

use the abbreviations (4.165) as introduced in Section 4.5.1.

The zeroth order constraints are

w2
X(0) = e *fimmg (%K(O) + EVQ - Te”ﬂ W(0)> , (4.198a)
H,(0) = elC) JfZ@W(O), (4.198b)
Ho(0) = K(0), (4.198c¢)
V(0) = —w, (4.198d)

All second order coefficients for the background, which appear in the linear system

below, are identical to the ones given in Section 4.5.1.

We again define the two auxiliary variables 0y and @ so that

H(0) = K"(0) + Qo (4.199)
V'(0) = Q1 — l(lli?i) W’ (0). (4.200)

These two variables are then given by

2 1 L
Qo = — sze”o — n—2|— Vz] Hy(0) — [5)\2 + wzeuo] K(0) + 87T67V0/2X(0) )
n

(4.201a)
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1
n+1

3

0, S [+ 1)\2W( 0) + uo/z<%8>xp(o)] . (4.201b)

The second order coefficients can then be obtained by solving the following linear

system:
1 1 w?(l+3)

i K" (0 _ AT —w —Vo/QX// 0
5 Pl ()+unnb[ 22 ¢ e (0)

. 1 _ 1 w? o~
= [nnp K (0) — [—iﬂgngﬁ + Ty <2M2 - 5)\2/@) +on (20 — VZMnnb)} W (0)

1
+ —e /20, X (0) + §,unan0 + e WM Q1 (4.202a)

DN | =

— (n+ 1)H{(0) + (I +2)K"(0) + 87imnsW" (0)

— 1
=1 K(0) — 87 (2,unnb + 5)\2,unnb> W(0) + Qo, (4.202b)

[+3 [+3

L3 110) — K7(0) — 2w o)
1 16m _— 1 _
5 ((l + 2))\2 — VQ) Hl(O) ] ,unan( ) + 5@0 — 8y @1, (4.202C)
1 2 2
_ %em/Zunan{/(O) + eV0/2 UsTinTiG -+ 27T,Unnb2 + %e_yo,unnb W”(O)
[+2
—iz_ X”(O)

2

w 1 —
= +7€7V0/2:U'nanl(0) + 56”0/21/2%%}((0) + /2 | —AnTmmg iy
l —|— 1

1
—T AT + e = g — pinh + VAT
2

W 0 (9 — o VT FonTtp 1 b%
e (24 )\g)unnb} W(0) + [Mnnb + v 1X(0)

1, n+1 , .
+ - 1€ T #) 5 € /2 o T Q1. (4.202d)

This linear system determines the second order coefficients of the perturbations vari-

ables.

4.7 The Superfluid Gap

The knowledge of the equations governing perturbations of a multi-fluid system alone
is, of course, not enough. We need a criterion that helps us decide in which parts of the

star we will actually find a superfluid component, i.e. we need a critical temperature T,
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for the onset of superfluidity below which (parts of) the neutron star matter behaves as
a superfluid. We will lay out the fundamental concept and how the critical temperature
is modelled as found in [89, 90, 60].

When we say that the neutron star matter behaves as a superfluid, we actually mean
that one (or more) of the present species undergo Cooper pairing according to BCS
theory for classic superconductors. The bosonic Cooper pairs are formed of two fermions
and can assume different states depending on the spin alignment of the constituents.
More precisely, we distinguish in principle between three different possible pairings as
suggested by Ho et al. [60]: neutrons will undergo singlet-state Cooper pairing in the
crust and triplet-state pairing in the core, while protons undergo single-state pairing
in the core. For every type of Cooper pair, there is a specific model for the superfluid
energy gap A(kp) on the Fermi surface. This quantity is key in the description of
nucelon superfluidity; it corresponds to half the energy required to break up a Cooper

pair. The critical temperature is closely related to this quantity by

kT, ~ 0.5669A (kpx) for singlets and (4.203)
kT, ~ 0.8418A(kpx) for triplets, (4.204)

where k£ is the Boltzmann constant. It is customary to use the following parametrisation

of the energy gap

(kpyx — ko)? (kpyg — k2)?
(kpy — ko)? + k1 (kpy — k2)? + ks

A(kpx) = Ao for ko < kpx < ko, (4.205)
where ppy = hkpy is the Fermi momentum of species x and Ag, kg, k1, ko, and k3 are
parameters specific to the gap model; they are given in Table 4.2 for the three cases
mentioned above (we provide two different models for the neutron triplet). If the Fermi

momentum lies outside the range [hkg, hkz|, then the energy gap is taken to be zero.

Table 4.2: Phenomenological parameters for superfluid energy gap as provided by [60].

Shallow  Deep
Proton Neutron neutron neutron

singlet  singlet triplet triplet

Ao [MeV] 120 68 0.068 0.15
ko [fm~1] 0 0.1 1.28 2

kp [fm~1] 9 4 0.1 0.1
ko [fm~1] 1.3 1.7 2.37 3.1
ks [fm~1] 1.8 4 0.02 0.02

In Figure 4.4, we show the different critical temperatures according to the listed

models for our model neutron star. In our simulations, we will, for simplicity, only

153



Chapter 4 Perturbations of Multi-Fluid Stars

check whether any of the species is superfluid but not account for separate superfluid
components. The models for the neutron triplets are, thus, irrelevant for our study since
the protons are superfluid anyway whenever neutrons could form triplet states. The
crustal region becomes permeated by a neutron superfluid at fairly high temperatures,
however, we will not account for superfluidity in the crust yet; this will be future work.
However, a small portion of the neutrons close to the core-crust boundary become
superfluid before the protons start forming singlets. This will lead to two separate
superfluid regions in our star for a short time period during our cooling sequence. See

the results Section 4.10.4 for more details.
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Figure 4.4: The superfluid critical temperatures as a function of density for our par-
ticular EoS. The solid line depicts the critical temperature for proton singlets, the
dash-dotted line depicts neutron singlets, and the dashed lines depict neutron triplets
(depending on model). The protons become superfluid in the core at high tempera-
tures, i.e. very soon into the neutron star’s life; the same is true for the neutrons in the
crust, however, we do not account for this possibility here. The neutron triplets form
only at comparably low temperatures.

The Superfluid Critical Velocity

We have modelled the superfluid energy gap as a function that depends on the tem-
perature as well as the density of the matter. In reality, the energy gap also depends
on the relative motion of the superfluid and normal liquid components, as Gusakov
& Kantor [91] have argued recently; a relative motion between these two components

results in a modified critical temperature for the onset of superfluidity and above a
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certain relative velocity, the superfluid critical velocity, the formation of Cooper pairs
and thus superfluidity is completely suppressed. This effect will influence neutron star
dynamics considerably but its implementation is in no way straightforward; whether
the superfluid critical velocity is exceeded in a lifelike neutron star highly depends on
to what extent particular oscillation modes are excited and what their corresponding
velocity amplitude is. In this study, we will disregard the existence of this threshold and
assume for simplicity that the superfluid energy gaps are independent of the relative

motion of the fluids.
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4.8 Crust Elasticity Revisited

The inner crust of a neutron star surrounds the neutron star core. Unlike the core, we
still find atomic structures in this region; more precisely, we encounter highly neutron-
rich nuclei. The outer boundary of the inner crust is defined to be the neutron drip; this
is the density above which neutrons are so abundant that they start to drip out of the
nuclei and form a neutron fluid. In a mature neutron star that has cooled sufficiently,
the neutron-rich nuclei form an elastic lattice. We have described the perturbations of
the solid crust (which may extend also into the outer crust) in Section 3.5.

As we just explained, we also find a neutron fluid within the inner crust. In suf-
ficiently cold neutron stars, these neutrons will be superfluid and flow relative to the
elastic crust. The dynamics of this system are relevant for a range of problem from
pulsar glitches to oscillation modes and gravitational wave emission. An appropriate
modelling of this region as a multi-fluid system is therefore compulsory; in this section,
we will derive the perturbation equations for an elastic crust permeated by a neutron
superfluid.

A comprehensive description of elastic matter in the framework of general relativity,
which is sometimes referred to as relasticity, is very involved and goes beyond the scope
of this thesis. We will, therefore, not show the derivation of the relevant quantities,
but motivate the key results as derived by Karlovini & Samuelsson [92] and Andersson
et al. [93].

An appropriate start for the derivation of the relevant equation is, as in the multi-
fluid case which we have described in Section 4.1, the Lagrangian density of the system.

The solid (elastic) contribution to the matter Lagrangian is
Aol = _,[1'82, (4206)

where /i is the shear modulus and s? is the shear scalar. The entire matter Lagrangian
then is
Amatter = Aliq + Asola (4207)

where Ajjq is the Lagrangian density of the liquid as described in Section 4.1.1.

In order to keep things simple, we will consider a single fluid now, A = A(n?). We
apply the action principle to our system described by the Lagrangian A = Agy + Ajig +
Ago1; the presence of the shear scalar leads to an additional term in the stress-energy
tensor,

TNV = (A - nA/’L)\)gul/ + Nyty + ynz (4208)

where the new term 7, encodes the anisotropic pressure, cf. (4.41). Since we will deal
only with perturbations on an unstrained background, s> = 0 and T = 0, we will not
state the precise expressions for these quantities here. The Einstein equations imply

that the divergence of the stress-energy tensor vanishes, V,T*" = 0. Given number
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density conservation V,n# = 0, it is easy to show that
20"V py + Vim,\ =0 (for elastic matter). (4.209)
It is instructive to compare this result to the perfect fluid case; there we have
20"V, py =0 (for a perfect fluid). (4.210)

The elastic force of the solid matter is represented by the divergence of the anisotropic

pressure tensor.

We can now turn to the multi-fluid case, or more precisely, to our specific case in
which a solid crust is permeated by a neutron superfluid. This means that we have to
account for two (possibly coupled) fluxes. Within the crust, we have the two fluxes n¥
and ny, where the constituent indices ¢ and f distinguish the confined baryons in the
lattice from the free neutrons (which may be superfluid depending on the temperature).
A distinction by species, i.e. in protons and neutrons, does physically not make sense in
this case; the confined baryons, described by n¥, have contributions from both species.
Note that we do not account for the presence of electrons (which are necessary for
charge neutrality) explicitly here. The solid component of the master function, Ay, is
the same as before (see equation (4.206)) but associated solely with the confined flux;

i.e. the shear modulus is a function of n. only, i = fi(n.).

The liquid contribution will be analogous to the multi-fluid case; Ajq is now a

function of the three scalars

2 _ f, o u 2 __ c 2 _ c, M
ng = —n,ng, ne=-—nynk and ng = —n;ng, (4.211)

and we will continue to use the same notation as in the multi-fluid case. We have the

canonically conjugate momenta

uh = gﬁ? = 881:;1 and p;, = g—ﬁé, (4.212)
and we write formally
ut, = Binl, + A%nS, (4.213)
uS = BnS + Anf (4.214)
with the definitions
Bf = —zg—%, B = —25—% and A = —z%. (4.215)
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The stress-energy tensor takes the form

TH =Wok+ > nlp+xh, (4.216)

x=c,f

with the generalised pressure

U=A-> niul. (4.217)

x=c,f

These results are in full analogy to the multi-fluid case; the elasticity becomes manifest
in the presence of 7}, in the stress-energy tensor. We consider the two fluxes to be indi-
vidually conserved, i.e. we assume that the time scales of the corresponding reactions

are much slower than the dynamical time scale; we have
V,nl = V,n¥ = 0. (4.218)
In this case, the equations of motion take the form

2V psy 4+ Vim =0, (4.219a)
20 Vi, iy =0, (4.219D)

paired with the Einstein equations, of course. The shape of these equations is not
surprising after we have discussed the single fluid case in the previous section. The
free neutrons are governed by equation (4.219b), which is the equation of motion for
a perfect fluid. The confined baryons, however, governed by equation (4.219a), are

subject to an elastic force due to the anisotropic pressure.

The equations (4.219) are neither independent nor uncoupled. The entrainment co-
efficient Af appearing in the momentum covectors couples the two fluxes to each other.
Furthermore, both equations combined ensure the conservation of energy momentum,

V, T} = 0 which is already implied by the Einstein equations.

4.8.1 The Entrainment between the Crust and the Superfluid

For the superfluid entrainment in the crust, we will follow the approach by Samuelsson
& Andersson [33]. They make use of the small velocity expansion for the liquid part of

the Lagrangian which we described in Section 4.3 and write
Aig = —p + Aent, (4.220)

where p denotes the velocity independent energy density (in the unstrained background)

and Agnyy encodes the effects of the relative current.
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The entrainment Lagrangian can then be written as [92]

f
c
Aent =

C

(ngf — neng) (4.221)

where mj is the effective mass of the neutrons and m is the neutron mass.
When calculating the coefficients and in particular the occuring partial derivatives,
we have to take care to accurately use the definitions of, e.g. the number density
= \/ni% = ,/—nﬁnﬁ, which is why we will show these calculations in more detail.

Two of the coefficients are straightforward; we have

c OA mi
Acf = T = T (4.222)
cf c
and
OA op mi 1 [/ 0p
f c f
—_9 " _o F 4, c_ = (I 4.22
B on? on? + ng N <8nb e ) ( 3)
where we have used
ony  0/n?2 1 ony,
For the coefficient of the confined baryons, we find
OA
B¢ =-2— 4.225
on? ( )
(3,0 8 1 f 2 mf 6 2
= 2W -2 [WH_J me (ncf - ncnf) 2_% (nc ncnf) (4.226)
1 1 !
_ Lo + —ml (n — neng) + ey (4.227)

n2

nedny | n3 2

After we have taken the derivatives, we can now evaluate this expression on the back-

ground, i.e. ngf = n¢nf, which yields

:i(@+ﬁﬁ> (4.228)
ne

ony  ne

The derivative aa—p can be easily evaluated by means of the fundamental law of ther-

modynamics (3.28); we find

dp _p+p
— = . 4.229
ony, ny ( )

We must emphasise that in the derivation of the B* coefficients, we have made the
assumption that the p is a function of the total number density n; only. This leads to
the relation

w = 1 (4.230)
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on the background. However, this is true only for the equilibrium configuration; in
general, p is a function of both n? and n? which is essential for the correct calculation

of the coefficients

aUc a/tf aﬂc
cO f0 cf0 231
B¢ = .t By = —nf’ and A%§ = g’ (4.231)

i.e. the partial derivatives of the chemical potentials. When calculating these, it is
imperative that first the derivative is taken and only then the result is evaluated in

equilibrium.

4.8.2 The Perturbation Equations for an Elastic Crust Permeated by
a Superfluid

Let us now turn to the Lagrangian perturbations of this system. We need to work
with Lagrangian perturbations rather than Eulerian perturbations since the Lagrangian
perturbations have the advantage that they commute with the covariant derivative.
Having two distinct displacements 5; and & naturally leads to introducing Lagrangian

perturbations with respect to either of these; we define
Ay =0+ Lex, (4.232)

where § is the Eulerian perturbation, L¢x the Lie-derivative along &%, and the con-

stituent index x represents either f or ¢ throughout this section. We have
v 1 v o\
Axty = =519 Axgon, (4.233)

where
Axguv = 09w + 2V (&) (4.234)

The perturbation equations which we have to solve stem from the perturbed equations
of motion (4.219). We take the Lagrangian perturbation of these equations with respect

to the corresponding displacement and arrive at

MUV Aoty + V¥ Actryy = 0, (4.235)
2n¥ V[, Agprly = 0. (4.236)

We need to calculate the Lagrangian perturbations of the momenta. We take equations
(4.213) and (4.214) as starting point. The calculation itself is lengthy and consists of
algebraic manipulations only, hence, we do not show it here. After rearranging terms
appropriately, we find

Al = (B, + AS) A + (Y, + A) Axn,
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50 [0+ (Bl + A5) nd + (03 + &) )| Acons, (4.237)

1
2

where we have y # x. We have defined

B, = B g — 2(;—271’;71’;, (4.238)
Xy = —2 3n; nyny, (4.239)
A = —STB)Q:; (niny +nyn,) — g;g: nyny, (4.240)
Al =AY g, — gn—B;ynﬁn’,j — gf?j; nyny, — g“:;: nyn,. (4.241)

We obviously need a “mixed” Lagrangian variation of the number density, too, i.e. the
Lagrangian variation of the free neutrons as seen from the confined baryons (which is

Acny) and vice versa. Defining the difference vector

V=8 — & (4.242)
we find the simple relation

Axng = Aynéf + wavVnéf - n;vuw);:)m (4243)

which can easily be proven by appying the definition (4.232) of the Lagrangian variation
and eliminating dny from Ayny and Ayn{. We have now all things together to derive
the perturbation equations for an elastic lattice permeated by a neutron superfluid.
Inspired by the derivation of the perturbation equations in the other cases, we again

define in analogy two variables, X; and X, by
X¢ = %anfey/QHO + w?e Y ?n; <Bfanf + .ACfnCVC>
— e/ 2%%(Bf One Wi + An W), (4.244a)
X, = %ucnce”ﬁHo + w2eV/? <BCnCVC + ACfanf>
- e(”_/\)/Q%(BCSnCWC + Ane Wy, (4.244b)
And as an abbreviation, we define

0 = —n2A%0% 4 n2BOBI0. (4.245)
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We could factor out n? from this variable but we leave it in here for consistency with

the other formulations. The final perturbation equations then are

1 I+1 e
Hi= |5 (N =) - %} Hy + — [Ho + K — 167 (une Vi + pencVe)] (4.246a)
+1 1 1+1 gmeM/?
K = —H2 NIy - [51/ - —} K — " [neWe + peneWe],  (4.246D)
1 [—1 1 l 1
H)=K'— re Vw?H, — [iy/ + —] Hy — [51/ + } Hy + - K — ﬁTQ, (4.246¢)
T
A2 2—1
- 1 . .. (4.2464)
20r T T
1 Aneji
Ty = —§T€)‘MCHCH0 + [ nen eA”rszCng} Ve
— 7 Vrw? Agenen Vi + e>‘/2n/c <BCOnCWC + A°f8anf)
1 I+1]
L2 (X, — ieu/le + =N =) - + Ty, (4.246¢)
2r2 2 r
l 1 2 1 1
Xf, = —_Xf + —ey/Q/J/fnf = — V| Hy+ peng nt e/? 4 ZWtremv/? H;
4 r 2r 2
, o | Vo1
— Ze /2 |:IU,fTLfV + 2n¢ <Bf0nf + .ACfOncﬂ Hy + e"/? _anf (Z - 5)
I(l+1
—nf <Bf ng —i—ACfonC)] K+ ——~+ ( + ) e’/?n) <Bf neV + AN, C)
87 /2 (=21 1 ( 1af0 cf0
- wengTs + e . [—nf (B "ngWi + AY o'ne C)
om! N -
+ (% + 5 Y ’I’Lé — ’I’Lé’) (Bf TLfo + ./40 UZS c>:|
— 4Pt/ i (peeneWe + peneWe)
_ e(A—u)/2°‘f_nf (BInsWe + ATn W) (4.246f)
I(l+1 l+1
Wi = W[ Hy+rK — L+ )Vf:|——+ We
T
cf0 /
LAy {& _ n_] (BGn2We + A%Gnen 17 )
ng 50 ng Ne
212c0 cf0
neB -2, x, _ e A0 vz, x 4.246
+n?586 TAf ng 586 TAc, ( g)
I(l+1 [+1
W, = eM? [ZHQ‘FTK_ L)‘/C] _ We
2 T T
ACfg n/c ’I’L% £0 f
Ne _ M| (o W cf0 QW)
e [nc ng ( onenetWe + ATonicle
f0 cf0
n B_Ooe(A—uvzr ¥ EA_Ooe@—v)/zr X:. (4.2461)

50 P ne 50
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These eight differential equations are complemented by four algebraic equations

Hy = Hy + 6471V, (4.247a)

1
w?Bng Vi = 6”/2Xf - §6V,Ufan0 — w? AgenencVe

41 ~e! Mg (Bfonfwf + A W, ) , (4.247b)
-\
1
0= — [TZ (rl/ —2)4+ (n+ 1)7} Hy + rle A [w27’6" — n—2|— V| Hy
1
+ [m” —wirde™ — Zr (! — 2)} K
+ 8nrde 2 (Xg + X¢) + 8urTy — 16mre Ty, (4.247¢)
&8 —\/2 2 1 &9
0= iz G (2672 = 2K 410+ 1)V ) + 4BfOT1
2 oo AN (me ng £0 £0
— 36 / TN Bf8 n—z — n_f (AC oncWe + B Oanf)
) cf0
el (X _ Eéfo Xf> (4.247d)

The origin of these equations are (for brevity, we denote the components of the Einstein
equations with [uv] as a shortcut for G, = 87T, ): Equations (4.246a) (4.246b) and
(4.246¢) are [t6], [tr] and [rf], respectively; (4.246d) is due to the definition of Tb;
(4.246¢) is due to f§ + VFr,e = 0; (4.246f) is due to ff = 0; (4.246g) and (4.246h) are
due to the definitions of X, and Xf; (4.247c) is [rr]; (4.247a) is [06] — [p¢]; (4.247D) is
f5 = 0; (4.247d) is obtained by eliminating W/ and W/ from the definitions of X., X¢
and T7.

Altogether, we describe the perturbation by the means of twelve variables; four for
the metric perturbations, Hy, H1, Ho and K; four for the displacement of the two fluids,
We, We, V. and V;; we defined two traction variables, T and T5; and we defined to
variables related to the Lagrangian pressure variation, X. an X;. For these variables,
we have eight ODEs (4.246) and four algebraic constraints (4.247). The problem is
thereby completely determined; the equations can be solved by integrating the eight
coupled ODEs, then use (4.247a) to determine Ha, then (4.247b) to determine V; and
finally solve (4.247c) and (4.247d) simultaneously for X. and 77.

In contrast to the multi-fluid case where we eliminated the appearance of quantities
related to the leptons, we left all coefficients B* and A largely untouched. The fact
that we find neutrons bound in the nuclei as well as freely flowing (above the neutron
drip) makes it complicated to establish relations between the variables p. and pug.
Formally, they are defined identically to the chemical potentials in the multi-fluid case;
however, in the current situation we have difficulties to interpret them in this way. We

can understand the problem if we try to put one more neutron into the inner crust; the
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chemical potential would tell us how much energy we need in order to do that. The
problem arises from the fact that we have two individual components (the elastic lattice
as well as the neutron fluid) but we do not know a priori in which of these two “bins”
the neutron will end up. Hence, neither p¢ nor u. can flawlessly be understood as some
chemical potential. Both quantities serve rather as useful variables in the description

of the problem.

4.9 The Junction Condition Matrix for Multi-Fluid Sys-

tems

As in the single fluid case, we have to take care about the different interfaces in our star.
Simply due to the fact that we model our neutron star as a multi-fluid, we will have a
number of new interfaces. One example is the boundary of a superfluid component; on
the one side the matter is described by a single-fluid whereas we need the multi-fluid
equations for the other side. We then need to match these two solutions using certain
junction conditions. The analysis is fundamentally identical to the single-fluid case
which we discussed in Section 3.6.1; we define hypersurfaces using some scalar quantity
and then impose that the first and second fundamental form are continuous across these
hypersurfaces.

However, as we have laid out, the analysis led to contradictions, in particular in
the case of density discontinuities. For the multi-fluid problem, we will use the same
temporary solution as in the single fluid case; mathematically pedantic calculations
peppered with well-defined physical intuition will result in a comprehensive set of junc-
tion conditions for our multi-fluid problem. In particular, we will not make use of the
continuity of [K'], = 0 (cf. equation (3.112)) as derived for a purely fluid interface. If

applied, we would, owing to (4.163b), arrive at the condition
(B Wh + ppnpWp) |r- = ((p + P)W) | p+ (4.248)

at an interface between a multi-fluid and a single fluid, where R~ and RT denote
evaluation on the respective sides of the boundary. If we were to impose a “lockstep”
condition for the superfluid as has been done, e.g. by Lin et al. [37] (see below for
discussion), i.e. Wy(R™) = W,(R™), we would then arrive at

(0 + )W) |r- = ((p + )W) |+, (4.249)

where we have used the Euler relation pnn, + ppnp = p 4+ p. A density discontinuity,
p(R™) # p(R") then implies that W,(R™) # W(R™) which (as in the single fluid case)
corresponds to a gap in the perturbed matter. The contradiction is not as obvious

as in the single fluid case and is based rather on physical arguments rather than on
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mathematical ones but we are obviously not satisfied with this result. In order to
circumvent these issues, we will consider the two components (fluid and superfluid
or elastic matter and superfluid) separately and derive junction conditions using the

approach based on the location of some interface within this component of the fluid.

Before we turn to this type of junction conditions, we want to discuss the boundaries
of a superfluid layer first. That is, we consider a location within the star where its
temperature is precisely the critical temperature for the onset of superfluidity. On one
side of this location where the star is colder, we will find a superfluid component (for the
following discussion we will assume that the neutrons are superfluid while the protons
behave as a normal fluid) and we need to describe the perturbations there using the
multi-fluid equations; on the other side, where the temperature is higher, we will find
a single fluid only. What are the implications for the perturbed matter? In particular,
what happens to superfluid elements when they cross into a region which is above the
critical temperature during an oscillation cycle? This problem has two natural limits; it
depends on the heat conduction and how fast the temperature of the superfluid element
equilibrates with its surrounding. If heat is only slowly transferred, then this superfluid
element may temporarily move into the single fluid region without losing its identity.
Mathematically this means that there is no condition imposed on W, at this boundary;
in return, we would require the associated Lagrangian pressure variation, X, to vanish
as the boundary is a free boundary of the superfluid. The opposite limit is when the
heat conduction is much faster than the time scale of the oscillations, which means that
a superfluid element loses its character immediately after its transit into the single fluid
region. This essentially locks the velocities at the interface and as a result the superfluid
displacement W, is linked to the single fluid displacement W. Since we assumed that
the protons behave like a normal fluid in this case, their displacement W, is also linked
to the single fluid displacement W. Essentially, we will use the “lockstep-condition” at

interfaces between single and multi-fluids in the form of

Wa(R*) — Wy (R") =0, (4.250)
W, (R*) = W (R"), (4.251)

where R* is the location of such an interface. All variables have obviously to be eval-
uated on the respective side of the interface. These are the first of our “multi-fluid
conditions”. We note that this condition takes a slightly different form if the multi-
fluid layer has an elastic component; we then deal with quantities associated with the

confined and free components and hence we write

We(R*) — Wi(R") = 0, (4.252)
Wo(R*) = W(R"). (4.253)
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We collect all conditions in Table 4.3; we have copied the junction conditions for
purely single fluid interfaces from Table 3.1 in the single fluid part of this thesis and
we have also used the condition [T3], = 0 from (3.115) wherever an elastic component

is present.

Table 4.3: The junction condition matrix. It summarises the junction conditions im-
posed on the perturbation variables at different interfaces. We do not show the con-
ditions [Ho|, = [Hi], = [K], = 0 which are valid at any interface. For an interface,
located at radius r, between layers I and II, they can be found and understood as fol-
lows: Locate the nature of layer I in the first column and the nature of layer II in the
top row; the junction conditions are then found in the intersecting cell of the matrix.
A pure “continuity condition” written like “[Q], = 0” means that the corresponding
quantity is well-defined in both layers and is continuous across the interface. Where
a junction condition is written like “Q1 = ()2”, this means that the quantity on the
left-hand side, ()1, is well-defined in layer I, whereas Q5 is well-defined in layer II. Both
quantities have to be evaluated on the respective side of the interface and their values
are identical at the interface. We point out that this matrix is symmetric in the sense
that junction conditions found in cell (ij) are found in cell (ji) just with their sides of
the equation swapped.

‘ fluid ‘ two-fluid ‘ elastic ‘ elastic/fluid
W =W, (W], = W=
fluid W], =0 P " 0=W.—W;
0=W,-W, 1], =0
[T2], =0
Wy =W,
[Wh]r =0 Wy =W
) Wy=W Wy =Wt
two-fluid Wyl =0 Wy —=W,=0
Wn - Wp =0 Vn = ‘/f
[Vn]r - [TQ]T‘ =0
[T2], =0
W =W,
W =W, W]=0
) W]=0 0=W,—W;
elastic 0=Wy—-W, V], =0
[T2]r:0 [T] —0 [T] —0 V=V
2lr — 2lr — [TQ]r —0
(Wil =0
We =W, We=W
We=W We=W, | We-wi=o| V=0
elastic/fluid | W, — W; = 0 o c T [Vilr =0
Vi=Wy Ve=V
[TQ]T =0 [TQ] _ [TQ] -0 [‘/C]T‘ =0
r r [TQ]r —0

Let us now come back to the case where a single fluid has a boundary with a multi-
fluid. As just explained, we apply a lockstep-condition for the superfluid component.
Whilst this was a purely physical argument (and actually an approximation) based on

time scales of certain reactions and should be investigated further in order to account
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for the actual time scales of the problem, we can take a more fundamental approach
for the junction condition between the single fluid and the normal component of the
multi-fluid. We consider these two components, irrespective of the presence of the
superfluid, and locate the interface (the radius where the temperature is critical) at
r = r; + &, where £ is the single fluid displacement. Obviously, we can also define
this location using the displacement of the normal fluid (as seen from within the multi-
fluid), i.e. 7 = r; +&). These radii define a hypersurface and we can determine the
induced three-metric on this hypersurface. Its continuity (in particular the continuity

of the rf-component, see Section 3.6.1 for details) then implies the condition
W = W,, (4.254)

at the interface (where both quantities obviously have to be evaluated on that side
of the interface where they are defined). Should the multi-fluid under consideration
have an elastic component, then the same analysis holds if we consider the confined
component instead of the normal fluid. Physically, this means that the elastic matter

pushes the single fluid out of its way. We then implement the condition

W =W.,. (4.255)

Another important case is where the neutron superfluid extends across the crust-
core interface (see Section 4.7). If the star is old enough, so that the neutrons in
the outer core as well as the inner crust are superfluid and that the inner crust is
elastic, then we will find a multi-fluid system on either side of the crust-core boundary.
In the outer core, we have a normal proton fluid whereas in the crust we have an
elastic component; both of these components are penetrated by a neutron superfluid.
Again, we take our point of view that we can consider either the neutron superfluid
separately or the combination of proton fluid and elastic matter. In the former case
of a neutron superfluid, there is no obvious crust-core boundary apart from the fact
that the number density of neutrons in the core, n,, and the number density of the free
neutrons in the crust, ng, differ (a density discontinuity within the fluid!). However, as
we have discussed earlier, if we take the location of this boundary as a starting point
for an analysis of the fundamental forms, we find that irrespective of any (number)
density discontinuity, we find that the radial displacement is continuous. In this case

this implies the condition

Wi = Wk, (4.256)

which physically means that there will be no void in the neutron superfluid. An anal-
ogous argument, but now for the elastic component in the crust and the proton fluid
in the core yields the condition

W, = We. (4.257)
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This is analogous to condition (4.255).

For completeness, we need to consider the cases where we have some sort of interface
within a multi-fluid (e.g. due to a phase transition) where the nature of the matter
on both sides of the interface is identical; e.g. we find a multi-fluid system with or
without an elastic component. In such cases, we will proceed as before and consider the
superfluid component separate from the elastic component (or the normal component).
The analysis will be identical to the one in the previous paragraph and yields the

intuitive results

(Welr = [Wi], =0  for multi-fluids with an elastic component, (4.258)
and

(Wplr = [Wh]r =0 for multi-fluids without an elastic component. (4.259)

These results tell us that there will be no gaps in either component.

Our discussion of the junction conditions is nearly complete. However, we still need
more conditions in order to connect two multi-fluid layers or two elastic layers. We
follow Finn’s argument [32] and demand that within the elastic crust, the tangential
displacement has to be continuous. While a fluid can freely slip along the solid crust
(in general, we have [V], # 0 at its boundaries), we forbid that two solid layers, which
may be physically distinct due to a phase transition, can slip along each other. This
imposes the conditions

V], =0, or [VJ,=0 (4.260)

at an interface where both sides are purely elastic or permeated by a superfluid, re-

spectively, and

V=" (4.261)

at the boundary of the superfluid component within the elastic crust. We find the
last junction conditions by demanding the same physical behaviour for the superfluid

components of multi-fluid layers, i.e.

Vil =0 (4.262)
for the neutron superfluid in the crust,

Valr =0 (4.263)
for the superfluid component in the core, and

Vo=V (4.264)
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at the crust-core boundary which is permeated by a neutron superfluid.

This completes the discussion of the junction conditions. We show them in the
junction condition matrix in Table 4.3. We also point out that by construction, all
these conditions are independent. This is essential as otherwise we would attempt to

solve an under-determined system of equations.

Table 4.4: The number of independent variables in a layer dependant on its nature.

nature of layer ‘ fluid ‘ two-fluid ‘ elastic ‘ elastic/fluid

number of independent variables ‘ 4 ‘ 6 ‘ 6 ‘ 8

While we have motivated an extensive set of independent junction conditions, we
also need to assure that they suffice to uniquely (up to an arbitrary amplitude) deter-
mine the interior solution. According to Section 3.7.1, we decompose our star into n
layers, each of which has a certain composition which is one of the following: perfect
fluid, elastic, multi-fluid or multi-fluid with elastic component. For each layer, we find
k; linearly independent solutions. In Table 4.4 we show the number of independent
variables for each type of layer. The total number of linearly independent solutions,

say ngol, that we have to link to each other through the entire star is then

n n—1
Moot = » ki =Y ki+4. (4.265)
=1 =1

Note that we always have a perfect fluid ocean (the crust never extends to the surface
of the star), i.e. k, = 4; the inner-most layer never has an elastic component, either,
so we have k; = 4 or k; = 6, depending on the age of the star and whether its central
temperature is below the critical temperature or not. Let us now count the junction
conditions as given in the junction condition matrix, i.e. Table 4.3 (remember that in
fact each cell implicitly has three more entries than shown due to the continuity of the
metric perturbations Hy, H; and K). In conjunction with the values in Table 4.4 we
find that the number of junction conditions j; applied at interface ¢ between the layers
1 and ¢ 4+ 1 obeys the simple relation

Ji = = (ki + kix1) . (4.266)

N |

We have to add up all these j;’s for ¢ = 1,...,n — 1, plus the boundary conditions
applied at the star’s surface (one condition, X(R) = 0) and at the centre (the Taylor
expansions around r = 0 yield %kl boundary conditions, see Sections 3.2.1 and 4.5.1).

The total number of junction conditions then is

n—1

1 .
Njunc = §k1 + Z]i + 1. (4267)
i=1
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A simple calculation using (4.266) and k,, = 4 yields
Nsol — Njunc = 17 (4268)

which means that we have precisely one fewer junction condition than independent
solutions. This is as desired as it allows us to freely specify the amplitude of the

interior solution.
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4.10 Results

4.10.1 Various Test Cases

We will apply the new formalism to our model neutron star. Our first results will be a
comparison of the spectra obtained using the variational approach (applied to a single

fluid) against our results from the DL85 formulation.

Variational Approach vs. Perfect Fluid Formulation

In Section 4.6, we have derived equations governing perturbations of a perfect fluid using
the variational approach. Physically, these equations (4.182) are equivalent to the DL85
equations (3.33) (including stratification) as they describe the same problem, however,
in two different ways. We show a comparison of the high frequency domains of the
spectra obtained for our model neutron star (p. = 1-10% gecm™3, R = 11.77km, M =
1.447 M) once using the variational approach and once using the DL85 formulation
in Figure 4.5. They are essentially identical—as expected; the relative difference of the

frequencies of the f- and p-modes is in the order of 10™%, usually considerably less.

— analytica
---- tabulated

|n|
LRI

l'llll

log |A.

10 15
frequency [kHZ]

o
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o

Figure 4.5: Comparison of the high frequency spectra obtained using two different
formulations of the same problem. The dashed line is obtained using the DL85 formu-
lation and a tabulated version of our EoS; the solid line is obtained using the single
fluid limit equations (cf. (4.182)) which involve the analytical representation of the
EoS. The spectra are virtually identical.

In Figure 4.6, we compare the g- and i-mode spectra as determined from the different
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formalisms. As for the high frequency part of the spectrum, we find a very high degree
of agreement. The agreement is a little less striking than for the high frequency modes
and we find that it depends on the mode class as well. The relative difference in
frequency is less than 5 - 1073 for the g-modes while the agreement for the i-modes is
about one order of magnitude better; their frequencies differ by less than 4 - 1074,

We find similarly good agreement for the w-modes as well, the discrepancy is less
than 5-107°.

— analytical
---- tabulated

log A, |

L
0 50 100 150 200
frequency [HZz]

Figure 4.6: As Figure 4.5 but now for the low frequency part of the spectrum. The
spectra coincide to a high degree, too.

Even though the physical content of the two sets of evolution equations is identical,
they make use of a completely different set of variables to describe the neutron star core.
There are several aspects as to why we should expect some small discrepancy in the
results. First, the finite numerical precision will inevitably lead to different rounding
errors at different places which affects the final results. Secondly, the background
models are actually not precisely identical; while we prescribe a certain central energy
density (and hence a pressure) for the DL85 formulation of the problem, we need to
start with a central number density in the new formulation. We have chosen n,(0) =
0.5067 fm~2 which is equivalent to p. = 1.000136 - 10'® gcm™3; compared to our DL85
model with p. = 110" gem™ this is a tiny but nonetheless existent discrepancy
in the background model which affects radius and mass of the star and hence the
frequencies of (some) modes to a similar extent. Furthermore, when using the DL85

formulation, we decided to produce a tabulated version of the SLy4 force for our DL85
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implementation rather than extending this code to calculate all background quantities
analytically at runtime. With 215 given points, our tabulated EoS for the core is very
accurate; however, interpolation in between the points introduces some small error,
too. In particular the numerical computation of the adiabatic index + will be afflicted

with some approximation error.

Overall, the results of the two formalisms agree very well with each other and we
are able to explain the small discrepancies in the results. Since the new formalism
comes into effect only in the core of the neutron star (in the crust we continue to use
the DL85 formalism and the tabulated DH EoS), we expect the modes in this region
to be affected most. This is indeed the case; the g-modes, which arise only due to the

composition gradient in the star’s core, have the largest discrepancy.

Multi-Fluid Stars

We are convinced that the variational approach gives identical results in the single fluid
case. Our next test will concern the multi-fluid formulation. In the simplest scenario,
we assume that the entire star is superfluid and there is no entrainment between the two
fluids (which means that both fluids are coupled only via the space-time); we need to
apply equations (4.163) for the special case of no electrons or muons throughout the star
(how this special set of equations is obtained from the full equations is explained in the
same section). This case has been studied by Comer et al. [35] (CLL99 thereafter) in the
first numerical multi-fluid study on neutron star oscillations. They used a polytropic

FEoS for each fluid; in particular, their choice of master function is

A(n?, ng) = —mny, — ognl —mng, — apngp, (4.269)
where m is the nucleon mass and for simplicity the difference between neutron and
proton mass is neglected. The oy and (y are coefficients of the polytropic EoS. An
immediate consequence of this master function is that A" = A"Y = 0. We have to
comment briefly on the boundary conditions at the surface of the star since we did
not cover this particular case (which is a test case only) when we discussed these in
Section 4.9. In the perfect fluid case, we demand the Lagrangian pressure to vanish at
the surface of the star, X (R) = 0. Here, we will have two individual fluids extending to
the surface of our model; we demand that both their corresponding partial Lagrangian
pressure variations vanish, X, (R) = X,(R) = 0.

We use Model Two of CLL99 in order to test our code. The polytropic parameters

of this model are

on =02, By = 2.5, (4.270)
op = 0.5, By = 2.0, (4.271)
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and the central neutron number density is n,(0) = 1.3 fm™3.

Chemical equilibrium
(ttn = pp) enforces np(0) = 0.741 and the resulting star has a radius of R = 7.957km
and a mass of M = 1.361 M. Our model neutron star is slightly larger and heavier
than the one constructed by CLL99, however, the difference is less than 0.5 % and will

not significantly affect the comparison with their results.

" [— Model Two [Comer et al. (1999)] i
< :
O i
° = =

i 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 |

0 0.2 0.4 0.6 0.8 1

Re wM

Figure 4.7: The high frequency domain of the spectrum of Model Two of CLL99. Most
notably, there is an additional mode at Re(wM) ~ 0.16, which is some duplicate of the
f-mode due to the second fluid.

We determine the frequencies and damping times of the first few f-, p- and w-
modes of this model and show them in Table 4.5. The first pair of columns is for the
w-modes, the second pair is for the ordinary f- and p-modes, and the last pair is for
the new class of superfluid modes; before we explain their nature, let us comment on
our quantitative results. We observe an excellent agreement with the values published
in CLL99; our results generally agree to at least three significant digits (even though
the bulk properties of the star are slightly different)—the largest discrepancy of about
1% is for the ordinary f-mode, all other modes differ by at most 0.5 %.

We show the spectrum of Model Two in Figure 4.7. The most prominent change
is another smaller spike to the right of the f-mode at Re(wM) =~ 0.16. A closer
investigation reveals that actually every expected p-mode is also accompanied (the
frequency difference becomes larger for higher order p-modes) by another new mode.
These modes are due to the presence of the second fluid and we call them superfluid

modes. We denote the n-th mode by 5,, with an overbar in order to distinguish them
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Table 4.5: Complex eigenfrequencies of Model Two of CLL99 which are in excellent
agreement with their published values (where provided). The first pair of columns
shows the strongly damped w-modes (not the w-modes); the second pair and third pair
of columns show the frequencies and damping times of the ordinary (f and p; to p4)
and superfluid modes (59 to 54), respectively.

Highly damped modes (w) Slowly damped modes (f,p, )
ordinary superfluid
Re(wM) Im(wM) Re(wM) Im(wM) Re(wM) Im(wM)
0.428 0.397 0.1374  7.171-107°  0.1568 4.113-1077
0.510 0.194 0.3060 6.539-107%  0.3545  5.057-107F
0.853 0.316 0.4493  3.154-1077 05239 5.624-107%
1.190 0.369 0.5854  5.611-107%  0.6877 3.238-107%
1.523 0.406 0.7185 3.223-107?  0.8443  6.295-107°
i T T T I T T T T T T T T T ]
- Wn(pl) /,’/—
I Wp) /]
b we A
5 I . we s
£ 051 ) —
2 R - ]
S g T
— b e ——— ——————m -0 /;’;/’/ -
g oo oo T TR ]
-0.5F -
_1_ Il Il Il I Il Il Il I Il Il Il I Il Il Il ]
0 2 4 6 8
radius [km]

Figure 4.8: The eigenfunctions of the radial displacements of the first ordinary (dashed
lines) and superfluid (dash-dotted lines) pressure mode. While the displacements of
neutrons and protons are in phase for the ordinary mode, they are out of phase in case
of the superfluid mode.
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from the shear modes. By their eigenfunction, these different modes are quite easy to
distinguish. As an example, we show the eigenfunctions of the two radial displacement
variables W), and W}, of the p;- and the 51-mode in Figure 4.8; they clearly exhibit
one node in radial direction as we expect from p-modes. The key feature of this graph
is that the motion of the two fluids are in phase in case of the ordinary mode; for
the superfluid mode, which has a slightly higher frequency, the neutrons and protons
are counter-moving—their motion is out of phase. This also explains the different
damping times which in many cases are much longer for the superfluid modes than for
the ordinary modes. When the two fluids in a superfluid mode are counter-moving,
the mass distribution of the whole star changes much less than it would if the two
fluids were comoving; hence, the impact on space-time is lower and subsequently the
gravitational wave emission due to this mode is reduced. This immediately raises the
question if it could be that a particular oscillation mode is such that the motions of
the fluids counteract each other in a way so that no gravitational radiation is emitted
at all. Andersson et al. [36] have proven that such modes can exist only in stars whose
matter obeys an EoS which belongs to a very special (and unrealistic) class; thus, we

will always expect some gravitational radiation from each mode.

We have also calculated the damping times of the five lowest f- and p-modes;
we show them in Table 4.5 and plot them in Figure 4.9. The graph suggests that
the damping times of the ordinary modes are exponentially decreasing (the crosses lie
nearly on a straight line) with mode frequency; there is also no sign of a “kink” between
the first and second p-mode which we observed in the case of the perfect fluid star we
considered earlier (cf. Section 3.10.1). The damping times of the superfluid modes,
however, seem irregular. They are often but not always considerably longer than the
damping time of the respective ordinary mode and amongst the first five damping times
we cannot detect any pattern; in order to rule out numerical errors, we performed a
convergence test on these modes, see Section 4.10.1. Unfortunately, the finite precision
of the numerics prevents us from reliably determining damping times of higher order

modes.

We do not show the very low frequency domain of the spectrum. Even though we
demonstrated in Section 4.6, where we discussed the single fluid limit of the multi-fluid
equations, that the variational approach accounts by construction for stratification,
which generally leads to the existence of g-modes, we do not observe any evidence for
gravity modes in this two-fluid neutron star model. This is in accordance with the
analysis of Andersson & Comer [82]; they showed that a two-fluid star, consisting of
individual neutron and proton fluids, does not support g-modes. However, the two
fluids give rise to two independent sets of high-frequency modes; these are, firstly, the
ordinary f- and p-modes which we already know from single fluid stars and are acoustic
waves travelling with the speed of sound, and secondly, a similar set of superfluid modes

which exist as a result of the two independent fluids; the frequencies of the latter
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Figure 4.9: The complex frequencies of the slowly damped modes of Model Two of
CLL99. The crosses are for the ordinary modes; they lie—to good approximation—on
a straight line which suggests exponential decrease of the damping time with mode
frequency. The circles denote the frequencies of the superfluid modes and there is no
obvious pattern.

modes are governed by the proton speed of sound. Both sets of modes share the same
characteristics; they have an infinite number of members and their frequencies obey
Re(wy) — 0o as n — oo (where n is the number of nodes in the radial direction); both
sets are intertwined in the high frequency spectrum of the star. The findings from our

test runs above confirm these analytical results.

Convergence Test for the Superfluid Modes

For completeness, we perform a convergence test on the frequencies and damping times
of the superfluid modes as their damping times appear to be irregular; this irregularity
may be a numerical artefact due to the fact that the imaginary part of the eigenfre-
quency w is several orders of magnitude smaller than the real part. If we, for example,
demand an accuracy of 107°, we should not expect to find reliable results for the
damping time of the mode 53 as Im(w(53))/Re(w(53)) < 1077,

As in Section 3.10.1, we keep the accuracy of the background fixed at 10~'? and vary
merely the accuracy of the perturbations; we show the results for the convergence test

of the mode 53 in Figure 4.10; a straight line given as in equation (3.186) approximates
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the results best with the coefficients

a = 0.5423 £+ 0.0529
b= —2.556 £ 0.359

for the real part, (4.272)

a = 0.5609 £ 0.0701
b=0.07831 £ 1.09

for the imaginary part. (4.273)

As expected, the accuracy of the damping times (related to the y-intercept given by b)
is worse compared to the accuracy of the frequency. (The error of 1.09 in the y-intercept
for the fit of the imaginary part appears to be large but can be put into perspective
by noting that the value of b is very close to zero just by coincidence.) However, the
convergence speed of both components is nearly the same; the convergence is clearly
visible and we find comparable results for all other superfluid modes as well as the
normal fluid pressure modes. The apparent irregularity of the damping times of the
superfluid modes is, hence, no numerical artefact.

We would like to point out one more peculiarity of the convergence tests which are
visible only for slowly damped modes. As both the frequency and the damping time
are encoded in the same quantity—the complex variable w—and the damping time
(the imaginary part of w) is usually between 5 and 10 (or more) orders of magnitude
smaller than the frequency (the real part), we would expect a much more inaccurate
solution for the damping time than for the frequency. However, our convergence tests
show a somewhat different behaviour in several cases. E.g. in Figure 4.10, the damping
time is accurate to only about two fewer digits than the frequency, even though their
magnitude differs by seven orders of magnitude. We have no obvious explanation for
that, but we could argue that it is possible, due to the smallness of the imaginary part,
firstly, to treat it as a perturbation to a purely real-valued variable w, and secondly,
that the real and imaginary part of the perturbation equations (which are coupled
only via the appearance of w?) fully decouple if such a decomposition is assumed (and
quadratic terms of the imaginary part are neglected by means of linearisation). This
way, frequency and damping time can be calculated separately and would both be
accurate to some desired level. However, the actual realisation of such a decomposition
is very tedious and not prioritised in this study, which is why we cannot show further

details here.

4.10.2 The Perturbations of a Realistic Multi-Fluid Star

We have demonstrated that our implementation of the multi-fluid approach reproduces
literature values to excellent agreement. We can move on and investigate the dynamics
of our model neutron star, which we have considered to consist of a single fluid in

Section 3.10.3, in more detail now. Instead of treating the neutron star core as a single
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Figure 4.10: The convergence test for the $3-mode. We show the relative error of
both the real and imaginary part of the frequency of this mode and plot it against the
demanded accuracy of the DOPRI solver. The convergence of the solution is clearly
visible; the straight, dashed lines are least squares fits to the respective data points.
Note that the two plotted quantities (real and imaginary part) are not fully independent
and we expect the imaginary part to be less accurate as it is several orders of magnitude
smaller than the real part.

fluid and using a tabulated version of the EoS, we will now specifically consider the
core to consist of neutrons, protons, electrons and possibly muons and account for the
possibility of superfluidity. As a reminder, our neutron star model has the following
characteristica: a central neutron number density of n,(0) = 0.5067 fm 3 (equivalent
to pe = 1-10® gem™3), which leads to a radius of R = 11.771km and a mass of
M = 1.447 M. The EoS we use will again consist of two parts; the DH EoS for the
crust and the SLy4 force for the core. As we consider multi-fluids now, we will use the

analytical representation of the core EoS instead of resorting to a tabulated variant.

As a first test case, we assume that the entire core of the star is superfluid while
the crust behaves like a perfect fluid. We point out that we will not encounter such a
neutron star model when we use the cooling sequence for more realistic results later;
a mature neutron star constructed as part of our cooling sequence will indeed have
an entirely superfluid core, however, it would also possess a crystallised crust and our
simulations would account for thermal pressure. We neglect both of these properties
for testing purposes. We can then compare these results to the case where we model

the star as perfect fluid (at zero temperature).
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Figure 4.11: The high frequency spectra of our model neutron star (both at zero tem-
perature). The dashed line is for the star modelled entire as a perfect fluid, the solid
line is for the star where we treated the whole core as a two-fluid system. We have also
artificially set the entrainment to zero.

In Figure 4.11, we show the high frequency spectra of our neutron star model at
zero temperature. We compare the spectrum for the star when it is modelled entirely
as a perfect fluid, to the spectrum when the whole core is considered superfluid. We
have also switched entrainment off for this particular test, A" = 0. We make two key
observations: firstly, all pressure modes of the single fluid system are still eigenmodes
of the multi-fluid system (the frequencies are altered only marginally), secondly, we
find a series of new modes in the spectrum. These new modes are due to the presence

of the superfluid component in the neutron star core.

When we try to assign the modes to the sets of ordinary and superfluid modes based
on their eigenfunctions, we are confronted with a new difficulty. While this assignation
was fairly easy in the polytropic case, this is not possible in an unambiguous way
anymore. The key difference is that the two individual fluids (the neutron and the
proton fluid) are physically more different than they are in the polytropic case; in that
case, the corresponding eigenfunctions of the displacement, W, and W, bore similarity
to each other and were easy to classify as counter- or co-moving. We do not find this
behaviour in our realistic neutron star model anymore; the eigenfunctions of W, and W,
of a particular mode are in most of the cases quite different in their overall behaviour

and exhibit a quite different number of nodes in the radial direction (which previously
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used to be a criterion for the determination of the order of a p-mode). We find that the
linear combination W := pn "o Wh 4 pipnp, W, which appears in the differential equation
(4.163b) for K’ (and reduces to (p+p)W in the case of identical displacements), serves
as a good indicator for the nature of a mode; while the individual displacements Wy
and W, may have very different characteristics, we observe that W allows us classify
a mode according to the number of its nodes. Another important point is that the
eigenfunction of a mode may exhibit a radial node within the crust (or, more general,
in a region of the star which is modelled as a single fluid) which would be hidden if we

looked at the variables Wy only; these are not defined for a single fluid.
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Figure 4.12: The radial displacements W, and W, as well as their linear combination
W (see text for details) of the pyg-mode. The proton eigenfunction is clearly different
from the neutron or the combined eigenfunction. Note that W, or W}, are not defined
in the single fluid part of the star (the crust). The model star has a two-fluid core
(with no entrainment), a single fluid crust, and sustains no thermal pressure; we show
the crust-core interface as well as the surface of the star with dashed lines.

As an example, we show the radial displacements of the ps-mode at 12.51kHz in
Figure 4.12 which is also an eigenmode of the purely single fluid system (at 12.50kHz).
The combined eigenfunction W clearly exhibits four nodes in the radial direction (and
is essentially identical to the eigenfunction of W in the corresponding ps-mode in the
single fluid star). While the neutron eigenfunction W, is nearly identical in the core
region (it is not defined outside the core), the proton eigenfunction W, displays an
entirely different behaviour; it exhibits six nodes within the core region and they are

at locations very different from the nodes of the neutron eigenfunction.
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Figure 4.13: As Figure 4.12 but for the superfluid mode at 11.85 kHz. The eigenfunction
W exhibits four nodes in the radial direction and it looks very similar to W in the
other graph (the radial nodes are only a few tenths of metres apart). However, the
displacement eigenfunctions W, and W), differ drastically from W; in amplitude as well
as number and location of nodes.

We continue this example and show the same graph in Figure 4.13 but for the mode
at 11.85kHz; its eigenfunction W also exhibits four nodes in the radial direction. We
denote it therefore with 54. We do not show it explicitly, but the eigenfunctions W(p4)
and W(§4) are very similar; their radial nodes are only a few tenths of metres apart
and their overall amplitudes do not differ very much. We observe that the displacement
eigenfunctions W, and W), of the individual fluids have essentially no characteristics in
common with their linear combination W; they have four and five radial nodes within
the core, respectively. We also see that the amplitude of the proton eigenfunction is
about one order of magnitude larger than that of the neutron eigenfunction. Looking
at both graphs in Figures 4.12 and 4.13, we realise that the distinction of co- and
counter-moving fluids, which was obvious in the polytropic case, turns out not to be as

useful in the realistic case.

Our approach of dividing the high frequency modes into ordinary and superfluid
ones is by comparing to the single fluid spectrum; p-modes which are also eigenmodes
of the single fluid star go into the ordinary bin while the others go into the superfluid
bin. The result of this procedure is shown in Table 4.6, where we list the frequencies

and damping times of the f- and some p-modes for the single fluid star as well as for the
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Table 4.6: The frequencies and damping times of the first few f-, p- and s-modes of
our neutron star. We compare the single fluid model to the two-fluid model where we
assume the entire core to be superfluid. We have grouped the high frequency modes
by the number of radial nodes in W as described in the text. Where a mode p,, or s,
exhibits a different number of nodes than n, we note the number in brackets next to
the frequency.

Single Fluid Core Two-Fluid Core

ordinary superfluid

Mode f [kHz] 7 [ms] f[kHz] 7 [ms] f[kHz] 7 [ms]

f 1.938 186 1.938 186 2.750 (1) 1.67e6 3¢
D1 6.315 4071 6.317 4116 5.287 4.70e5 51
D2 9.476 1.65e6 9.381  2.43e6 7.522 1.92e6 s
D3 11.12 2.15e6 11.11  2.13e6  9.797 (2) 4.85e6 353

D4 1250  7.13¢6 1251  7.82¢6  11.85 408 5y
s 1448 297 1448  5e8  14.04 (8) — 5
D6 16.94 2e8 16.97 - 16.13 — 3
D7 18.32 - 18.31 - 18.34 N
s 20.18 - 20.02 = 20.61 — 5
Do 22.31 - 22.27 0 2262(12) - S

star with a two-fluid core; for higher order p-modes, our code is not able to determine
the damping times reliably or does not converge at all. Whenever the number n of
nodes in the radial direction does not correspond to the order of the eigenmode, we
show the actual number of nodes in parentheses. For example, we find two superfluid
modes with two nodes but none with three nodes. Another outlier is the mode at

14.04 kHz which surprisingly exhibits eight radial nodes instead of five.

We repeat this calculation with entrainment, i.e. we consider our model neutron star
again with no elastic crust, no thermal pressure and a two-fluid core while accounting
for entrainment. We compare the spectrum of this star to the spectrum of the single
fluid star in Figure 4.14. As before we find that p-modes of the single fluid star are—
in most cases—still eigenmodes of the two-fluid star. However, the discrepancy when
accounting for entrainment is a bit larger than in the star without entrainment. We
encounter the same difficulties as in the case without entrainment when we try to split
the modes into ordinary and superfluid modes: we resort to the linear combination W
(defined as above) in order to determine the order of a p-mode; the eigenfunctions of
the individual displacements W, and W}, show a similarly “arbitrary” behaviour with

no obvious link (regarding amplitude or location and number of nodes) to W.

We show the frequencies and damping times (where accessible to us) of the en-

trained model in Table 4.7. In two rows, there appears “N/A” for the frequency and
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Figure 4.14: As Figure 4.11 but with entrainment switched on. While the ordinary
modes are hardly affected, the superfluid modes got shifted to higher frequencies.

Table 4.7: As Table 4.6, but we account for entrainment in the core.

Single Fluid Core Two-Fluid Core

ordinary superfluid
Mode f [kHz] 7 [ms] f [kHz] 7 [ms] f [kHz] 7 [ms]

f 1.938 186 1.938 186 3.274 (1)  1.35e6 3o
1 6.315 4071 6.251 5768 6.460 1.38%9¢4 5

Do 9.476  1.65¢6  9.540 1.62¢6  9.027 209 39
D3 1112 2.15e6  11.12  1.67¢6  N/A N/A 55
D4 1250  7.13¢6 1250  7.69¢6  11.74 3e8 5y
D5 14.48  2.9e7  14.34  3.8e7 14.53 - 55
D6 16.94 2e8 16.70 - 17.21 - 56
pr 18.32 - 18.33 - N/A N/A 5
s 20.18 - 19.50 - 20.21 - 35
Do 922.31 - 22.98 ~ 2220 (12) - 59

184



Chapter 4 Perturbations of Multi-Fluid Stars

damping time; that is, we are unable to find superfluid modes with three or seven nodes,
respectively. Instead of continuously counting the superfluid modes, we decide that it
makes more sense to skip some ordinals. This way, we ensure that the superfluid mode
Sp, has n nodes (apart from a few exceptions) and its frequency is usually comparable

to the frequency of the ordinary mode p,,.

4.10.3 The Return of the g-modes

In Section 4.10.1, we discussed the tests of our multi-fluid code against other formula-
tions of the equations or literature values using simple neutron star models. For the
multi-fluid models, there was no need to discuss the low-frequency spectrum since An-
dersson & Comer have proved mathematically that it is void of eigenmodes [82]; a high
resolution run quickly confirmed this result (up to a certain finite but high resolution).
However, the observant reader will have noticed that the very low frequency part (at
frequencies below 500 Hz) of the spectra in Figures 4.11 and 4.14 is not smooth. It
turns out that this is not an artefact of our numerical implementation but something
physical is going on there. We will therefore reconsider the low frequency problem.

Andersson & Comer [82] studied the perturbation equations of multi-fluid stars in
the Newtonian limit; the advantage of this approach is that these equations are easier to
handle since the underlying theory is simpler (compared to general relativity), however,
we can expect quantitatively comparable results. Their investigation of two-fluid stars,
consisting of a neutron and a proton fluid, reveals that such stars do not support g-
modes at non-zero frequencies. This is somewhat counter-intuitive as one might have
expected one set of g-modes for each of the two fluids; however, the presence of two
individual fluids counteracts the buoyant forces (when a fluid element of one fluid is
shifted out of equilibrium then, rather than experiencing buoyancy, a fluid element of
the other fluid moves accordingly eliminating the buoyant force on the former fluid
element), preventing the existence of low-frequency modes in such stars.

What is going on at low frequencies in Figure 4.117 Instead of zooming into this
region, we will first consider a simpler neutron star model; more precisely, we will strip
off the perfect fluid region (which is calculated using a rather complicated, tabulated
EoS) surrounding the star’s core and investigate only an entirely superfluid neutron star
core, for which we use our analytically given SLy4 force. We construct this neutron star
model by prescribing the same central neutron number density of n,(0) = 0.5067 fm 3
but then discontinue the integration of the background equations once we reach the
bottom of the core at 10.948km; it has a mass of M = 1.437 M. Another impor-
tant value is the radius R, = 10.648 km, which is where muons start to appear; only
the outermost 300m of the core consist of muon-free matter, most of it is an npeu-
conglomerate. We note that these dimensions obviously depend on the central density
of the star; in a less compact star, we have to penetrate the star much deeper before

we find muons.
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Figure 4.15: The low frequency domain of the spectra of superfluid neutron star cores
(see text for explanation). The solid line is for a core consisting of npep-matter, whereas
the dashed line is for muon-free matter. It is obvious that the presence of muons gives
rise to low frequency modes.

We show the low frequency spectrum in Figure 4.15, where we find a series of modes
below Re(wM) =~ 0.186 (for clarity we zoom in on a region at lower frequencies); these
modes are indeed g-modes. To understand their origin (after we have argued that
superfluid stars do not support g-modes), we show the spectrum of a purely npe-core
in the same graph; it is perfectly void of modes. The new modes are apparently closely
linked to the presence of muons in the core. This makes sense since only the muons
introduce a composition gradient within the proton fluid; this in turn means that a fluid
element of the proton fluid is, in fact, subject to buoyant forces originating from the
proton fluid. In contrast, when we remove the muons from the star, charge-neutrality
imposes the condition n, = n. throughout the star which means that the composition
of the proton fluid is constant; a fluid element of the proton fluid will not experience

buoyancy when traveling within the proton fluid.

This discussion makes clear that g-modes are a feature of individual, stratified fluids.
A composition gradient between two interpenetrating (super-)fluids will not give rise
to g-modes and this is what has been proven in [82]. Taking this further, if both fluids
were to have a composition gradient, then (without proof) we would expect to find two
sets of g-modes. However, in our simulations merely the proton fluid is intrinsically

stratified whereas the neutron fluid is not; thus, we will find one set of g-modes.
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Figure 4.16: The radial displacement eigenfunctions of the mode gsg of the npeu-core.
The two dashed vertical lines are for the appearance of muons in the core and for the
surface of the core, respectively. The eigenfunctions show clear characteristics of a g-
mode: the amplitude is largest at the center of the star and the radial nodes accumulate
towards the outer boundary of stratification. Furthermore, it is obvious that the radial
nodes are confined to the region with muons present. The eigenfunction associated
with the neutron fluid exhibits nodes only in the deep core. We have chosen to display
W, along with the negative of W}, in order to clearly show their behaviour in the outer
layers of the core (plotting the magnitude would have made the graph less clear); hence,
the motion of protons and neutrons is out of phase in the deep core.

In Figure 4.16, we show the eigenfunction of the 36th g-mode of our neutron star
core which we find at Re(wM) = 6.1678 - 10~*. We have intentionally chosen this
rather high order for several reasons. Firstly, because we can; it demonstrates the high
accuracy of our code and it poses no difficulty to isolate this mode from others in close
vicinity in the spectrum and the 36 nodes in radial direction are well resolved. We could
have shown the eigenfunctions of a mode with even higher order but we chose not to
do so for the clarity of presentation. Secondly, we clearly see that the characteristic
behaviour of the g-mode is well confined to that region of the star where muons exist;
the amplitude is largest in the center of the star whereas the nodes accumulate towards
the boundary of the stratified region—there are no nodes within the small muon-free
layer of 300 m thickness at the outer edge of the core. This provides another clear
link to the presence of muons. Thirdly, it is merely the radial displacement W, of

the proton fluid that actually exhibits nodes; the radial motion of the neutron fluid
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(shown by W), in the graph) follows the proton fluid to some extent but it exhibits
nodes only deep in the core. There, their motion is out of phase with the protons (note
that we have plotted the negative of W},); we find this behaviour in general: when the
radial displacement of both proton and neutron fluid exhibits nodes then the nodes are
located at very similar locations and both fluids are out of phase. Anyway, the lack
of nodes in the neutron displacement in conjunction with the presence of the nodes in
the proton fluid proves the fact that the proton fluid is the origin of the g-modes; the
neutron fluid plays more of an observer role.

When we enclose this naked core by the DH crust, the spectrum gets enriched by
the interface modes due to the phase transitions there; the g-modes are not affected
as their origin lies entirely in the core (the physics of which remains untouched). The
frequencies of the i-modes are identical to the ones we found for a barotropic star in

Section 3.10.3. Since there is nothing new, we will not further elaborate on this case.

4.10.4 The Temporal Evolution of the Stellar Spectrum

The next logical step after we have considered an entirely superfluid core surrounded
by a fluid crust, is to advance to more realistic neutron star models. This implies that
we have to account for the superfluid gap as well as the crust crystallisation. In the
following, we will summarise how we determine the structure of our model neutron star
and what approximations we make for simplicity.

In order to do this in a somewhat realistic way, we will reuse the cooling sequence
which we already considered in the first chapter; given a temperature profile, we will
not only determine where the crust is solid but also in which region of the core neutrons
or protons are superfluid. For the crust, we will strictly use the criterion I'y,, > 173
(with I'y,, as defined in equation (3.95)) from Section 3.5.1 in order to determine where
the crust has solidified, whereas in the core we will employ the gap model described in
Section 4.7. That is, we consider crust and core essentially separately. In reality, the free
neutrons in the crust will form a superfluid in a certain region, too, and permeate the
elastic crust (or the perfect fluid where matter has not solidified yet). However, we will
account for thermal pressure due to neutrons and protons in the crust in the same way
as we have laid out in Section 3.4. In the core region, we use the superfluid gap model
to determine whether any of the present species is superfluid but we will not distinguish
between different superfluids; once the temperature drops below any of the four critical
temperatures at some point in the core, we consider this location to be superfluid and
then employ the two-fluid equations in this region. As a last approximation, we use the
cooling sequence as calculated for a perfect fluid star; that is, even though we consider
superfluid cores, we do not account for its effect on the cooling process. This is in line
with the ad hoc EoS which we use to construct our neutron star models; both EoS and
temperature profiles are parameters of our simulations which can easily be exchanged

once more realistic data are available.
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Figure 4.17: The evolution of the state of the neutron star matter. The inset zooms in
on the outer layers of the star in order to make the features more clearly visible. At
approximately ¢t &~ 4.2 min, the neutrons in the outer layer of the core become superfluid
(note that the superfluid region does not extend to the crust-core interface); as the star
cools, the superfluid region grows. After about ¢ ~ 4.4 hr, a thin superfluid layer forms
next to the crust-core interface (in fact, it extends into the crustal region of the star
but we do not account for superfluidity outside the core at this stage). Both superfluid
regions merge when the star is t ~ 13.9hr old and from this time onwards, the entire
core of the star is superfluid (the region shaded in grey). The crust starts to crystallise
at t =~ 22hr and its formation is as described in Section 3.5; the yellow shaded area
depicts the region where the crust is solid.

We show the resulting radial profiles of our cooling sequence in Figure 4.17; this
figure can be seen as an extension of Figure 3.1 where we have shown only the crustal
region (since we treated the entire core solely as a single fluid). We now show the entire
star and zoom in on the outer layers of the star in the inset figure. The region shaded
in grey is the region where our model star is superfluid, the region shaded in yellow
is elastic; both regions are separated by the crust-core interface and do not overlap.
After about t ~ 4.2min, a small superfluid regions emerges in the outer core at a
radius of r &~ 10km. This region grows quickly, primarily towards the center of the
star. Up until about 1.1 days into the neutron star’s life, its center is still above the
critical temperature for the onset of superfluidity. Hence, we find a perfect fluid ball in
the center of the star, enclosed by a superfluid shell of increasing thickness. However,
before the central perfect fluid ball shrinks away, we notice a very thin superfluid layer

forming at the crust-core boundary (at ¢t &~ 4.4hr). In reality, this layer would extend
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into the crustal region of the star but we do not account for this fact at the moment.
This second, thin layer exists for roughly 9.5 hours before the two superfluid regions
merge into one region at ¢t ~ 13.9hr. Then, from the age of 1.1 days onwards, the
entire core behaves as a two-fluid system. At this time the crust has already started
to crystallise for a while (since ¢t ~ 22hr). We have described this process in detail in
Section 3.5.1 and will therefore not repeat it here; the only difference being that the

core now is a two-fluid system rather than a single fluid system.

Table 4.8: The layering of our model neutron star after about half a day (¢ ~ 11.4hr)
assuming the cooling sequence as described in Section 2.3.1. The crust has not crys-
tallised yet; in the core of the neutron star, two regions have cooled below the critical
temperature and are superfluid.

nature of layer thickness region

[km]

perfect fluid 2.816

two-fluid 8.053
neutron star core

perfect fluid 0.035

two-fluid 0.045
fluid ocean 0.823 } neutron star crust

Table 4.9: The layering of our model neutron star after about ¢ ~ 21.9hr. Compared
to the structure shown in Table 4.8, the superfluid layers in the core have grown and
merged and the crust has started to crystallise.

nature of layer thickness region

[km]|
perfect fluid 1.116 }
neutron star core
two-fluid 9.833
elastic crust 0.005 }
neutron star crust
fluid ocean 0.818

After this discussion, it becomes obvious that the layering of the star in the radial
direction can be fairly complex. In particular at an age where the core is nearly (but
not entirely) superfluid and the crust has already started crystallising. For clarity, we
pick two time points from our cooling sequence with a particularly complex layering
structure and show the respective layers in Tables 4.8 and 4.9; the age of our neutron
star is 11.4 hr and 21.9 hr, respectively. In the former case, we need five layers to describe
our star, in the latter, we need four layers; their nature as well as their thickness is also
given in the tables. We want to highlight that our code determines the necessary number

of layers, their nature and thickness as well as the appropriate junction conditions
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Figure 4.18: The schematic representation (not to scale) of the radial structure of our
neutron star at an age of 21.9 hr, cf. Table 4.9. At this age, the star is described by four
distinct layers, the nature of which is displayed in the top row; the interfaces between
them are located at Ry = 1.116 km (boundary of superfluidity within the core), R =
10.948km (core-crust interface), Re, = 10.953km (crust-ocean interface). Directly
below the horizontal line, we show for each region which perturbation variables are
integrated within them; the applied junction conditions are aligned with the respective
interfaces (we have omitted the continuity of Hy, H; and K as well as the boundary
conditions at the center and surface of the star for clarity).

across the boundaries as given in Table 4.3 fully automatically once a temperature
profile is given. As an example, the particular model at an age of 21.9hr is split
into four layers (one of them is quite thin with 5 metres width only); we show a
schematic representation as generated by our code in Figure 4.18. Our code integrates
246+ 6+ 3 = 17 linearly independent solutions within the layers (the number of
solutions in the inner- and outermost layer are reduced due to boundary conditions)
which are linked by 16 junction conditions across the three boundaries. This uniquely
defines the inner problem (up to an arbitrary amplitude).

When we account for superfluidity of the free neutrons in the crust or employ more
realistic cooling models (accounting for superfluidity in the core or heat sources etc.),
we cannot rule out the possibility that even more layers are necessary for an accurate
description of the star. No problem, our code is ready.

Let us now have a look at the spectra of the neutron stars along our cooling sequence.
As usual, we combine the spectra into one graph that displays the evolution of the
mode frequencies, see Figure 4.19 where we show the high frequency domain (up until
f =20kHz) of the spectrum; we will explain below as to why we do not show the time
evolution further than log(¢/yr) = —2.3. At the very beginning of our cooling sequence,
the entire star is too hot to have superfluid components and the crust has obviously
not crystallised yet; thus, we observe the spectrum of a perfect fluid star with one
f-mode and the first six p-modes. After about 4.2 minutes (log(t/yr) = —5.1), parts
of the core matter becomes superfluid; the spectrum immediately gets enriched by the
superfluid modes and the ordinary modes are essentially unaltered. The superfluid

mode with the lowest frequency, Sp, has a frequency of 2.471kHz to start with and
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Figure 4.19: The evolution of the high frequency spectrum of our neutron star model
over time. The vertical, dashed line at log(¢/yr) = —5.1 depicts the earliest time at
which we find superfluid matter in the core; the time period during which we find two
separate superfluid layers (cf. Figure 4.17) is shaded in grey; for completeness, we show
the beginning of the crystallisation of the crust which happens at log(t/yr) = —2.6. In
the very early stages, we observe a perfect fluid spectrum. Once the neutrons become
superfluid, we find associated superfluid modes; the frequency of the superfluid 55-mode
remains fairly constant whereas the higher order modes decrease in frequency as the
superfluid region grows. In the grey shaded region, as long as we have another very
thin superfluid layer, we find another superfluid mode which we name 5{)1. All modes
exhibit avoided crossings.

slowly increases to 3.274 kHz while the superfluid region grows; however, its frequency
is subject to only small variations throughout the neutron star’s life. On the contrary,
the higher order superfluid modes show a behaviour similar to that of the shear modes;
when then superfluid layer is thin, they have a high frequency (the frequency of 5;
lies at ~ 20kHz in the beginning) and the expansion of the superfluid region comes
with a considerable decrease in frequency. We have no intuitive explanation as to why
the lowest order superfluid mode, 3y, displays such a different behaviour compared to
the other superfluid modes; the same behaviour has been observed by Lin et. al [37]
who investigated the spectrum of a neutron star with one superfluid layer at different
temperatures. The pressure modes remain largely unaffected; however, they exhibit
avoided crossings with the superfluid modes. Towards the right edge of the graph, we
find, aside the well-known f- and p-modes, also the first seven superfluid modes. At

this point, the neutron star core is entirely superfluid and the region of superfluidity
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will not grow anymore; this is reflected by the fact that the frequencies of the superfluid
modes are virtually unaffected in the upcoming stages of the neutron star’s life.

The area shaded in grey covers the time period from about 4.4 hr to about 13.9 hr
in our cooling sequence. This is the time during which the thin, superfluid layer at
the crust-core boundary is still detached from the larger superfluid region deeper in
the core (see Figure 4.17); the thickness of this layer (the part of it which lies within
the core) can reach up to ~ 54m. While this layer exists, we find one more superfluid
mode in our spectrum just below the f-mode; its frequency monotonically increases
from 1.514kHz to 1.571kHz. We name this mode Eg since it is the superfluid mode
of lowest order associated with the second superfluid layer. In fact, we would expect
another full set of superfluid modes, however, the frequencies of the higher order modes
exceed the frequency domain which we cover for our eigenmode search. The superfluid
mode 5{)1 comes and goes as quickly as the thin layer appears, with no trace before or
after.

The fact that the cut-off in our evolution graph is only briefly after the crust starts
to solidify and when the shear modes start to enter the spectrum is no coincidence.
Firstly, since we have the core and the crust completely decoupled in our neutron star
model, there is not much exciting physics to be expected. It is straightforward to
explain how the graph continues while the star matures; the fundamental, pressure and
superfluid modes remain at (essentially) constant frequency since none of the physics
relevant for these classes of modes (radii of star or superfluid region, sound speeds)
is affected; this spectrum is then overlaid by the pure shear mode spectrum (see e.g.
Figure 3.41, but remove the f- and p;-mode from this graph). Finally, one only needs
to account for the avoided crossings exhibited by the various modes. Secondly, we have
severe difficulties in producing a well resolved graph, in particular for the time period
log(t/yr) € [—2.3,0] during which the crust quickly gains in width and in return the
shear modes drop drastically in frequency. This undertaking was feasible for a perfect
fluid core with only a few pressure modes but our endeavours were without success when
accounting for a superfluid core; there are too many superfluid modes and subsequently
avoided crossing which need to be resolved. A higher time resolution in the cooling
sequence would be necessary. However, we content ourselves with the spectrum of a
mature neutron star at an age of 10 years which we show in Figure 4.20; this spectrum
provides evidence that our code is able to deal with realistic neutron star models which
account for phase transitions, composition gradients, thermal pressure, an elastic crust

as well as superfluidity using a realistic EoS in linearised general relativity.

4.11 Summary of Multi-Fluid Calculations

We have extended our work to account for superfluidity in neutron star cores. For this,

we have laid out the derivation of the equations of motion, which describe the dynamics
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Figure 4.20: The spectrum of our model neutron star at an age of 10 years up to 10 kHz.
We find the f-mode, the first two p-modes, the first three superfluid modes and the
first eleven shear modes. The graph has been produced with an overall resolution of
Af = 5.58 Hz; in order to resolve the shear modes (which in some cases appear only as
tiny blips at that resolution), we increased the resolution in their near environment up
to Af = 4.5-10"*Hz. Note that while the two modes 52 and s19 cannot be resolved
graphically here, they are easily distinguishable at higher resolution; they lie 28.7 Hz
apart.

of multi-fluid systems, starting from a fundamental action principle. Guided by the
calculation in [84], we extended previous work to account for the presence of leptons in
the star’s core which are locked to the protons. We derived equations of motions for a
two-fluid system consisting of npep-matter where one fluid is made of the neutrons while
the other fluid comprises the charged particles which are electromagnetically locked to
each other.

As equation of state, we use the analytic representation of the SLy4 force as pro-
posed by Chamel [38] which is well suited for the use in multi-fluid calculations since
it provides all necessary coefficients and includes entrainment.

We derived the perturbation equations for a superfluid neutron star core; we find
that when the background is assumed to be in S-equilibrium, variables associated with
the leptons in the perturbation equations can be replaced by baryonic variables to large
extent. The limiting cases of muon-free matter (as in the outer layers of the outer core)
or even lepton-free matter (as an academic concept) can then easily be deduced.

The solid crust will be permeated by a neutron superfluid a sufficiently low tem-
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peratures; we have derived a set of perturbation equations also for this case. An essen-
tial ingredient for the calculation of this particular region of the star, are the partial
derivatives of the chemical potentials. While the equivalent quantities for neutron star
cores have been published a few years ago, this is not the case for the crustal region.
Chamel [94] kindly provided us with a set of values, however, temporal constraints did
not allow us to produce reliable results in time for this thesis; we are currently working
on this particular case.

We have revisited the junction condition problem within two-fluid systems. The
issue with physically counter-intuitive results, as described in Section 3.6.4 for single
fluid systems, persists. We proceeded in a similar way and considered each fluid in
the multi-fluid system separately; we found a sufficient number of junction conditions
based on physical arguments.

Our first results demonstrate numerically the equivalence of the DL85 formulation
and the perturbation equations derived from the variational approach. We also compare
our results for two-fluid systems against literature values and found excellent agreement.
We calculated the damping times of the slowly damped modes; like in the single-fluid
case, they are challenging to calculate. Our results suggest an exponential increase in
damping time for the ordinary modes, while the damping times of the superfluid do
not show a regular pattern.

The presence of leptons in the core is crucial for the determination of the low
frequency spectrum of a superfluid neutron star; when we considered a bare superfluid
neutron star core, we found that the presence of muons, which leads to an instrinsic
stratification of the proton fluid, gives rise to g-modes in such stars. As expected (and
mathematically argued) there are no g-modes in the spectrum of a muon-free neutron
star core.

Finally, we attach the DH EoS for the crustal region of the neutron star to the core
FoS and investigate the spectrum of a neutron star model, which we have constructed
using a realistic EoS, accounting for density discontinuities, a stratified superfluid core,
and thermal pressure in the elastic crust. The regions in which the core is superfluid and
in which the crust is elastic are determined (automatically by our code) by making use
of the Coulomb criterion for the crystallisation of the crust and using modern models
for the superfluid energy gap. We find all expected modes in the spectrum; ordinary ( f-
and p-) modes, superfluid modes, gravity modes, shear modes and gravitational wave
modes. The superfluid gap model we employ in conjunction with the thermal profiles
suggest the formation of a second superfluid layer next to the core-crust boundary
for a short period of time. This second superfluid layer gives rise to another set of
superfluid modes; we locate the lowest order mode of this new set in our spectrum.
The higher order modes have frequencies beyond our search range. We obtained the
evolution of the high frequency domain of the spectrum from our simulations and find

avoided crossings between ordinary and superfluid modes. Concerning older stars,
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whose spectrum is vastly enriched by all types of oscillation modes, we are still able to
clearly distinguish them.

The numerical limitations are identical to the single fluid case; we find a fairly sharp
noise cut-off at low frequencies of about 10 — 20 Hz which makes the location of modes
impossible; at the other end of the spectrum, we find weak noise entering at roughly
10 — 20kHz which makes the eigenmode determination a bit more challenging but not

impossible.
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Conclusion and Outlook

In this thesis, we have taken considerable steps towards the aim of developing the
computational technology for the accurate determination of spectra of realistic neutron
stars. While the different physical properties of neutron stars have been investigated
regarding their impact on the stellar dynamics individually during the past decades, we
have now taken many of them into account in a new comprehensive code written from
scratch using modern coding practices. We have made the effort to introduce as few
simplifications as possible or, where accurate data are not yet available, to implement
the most recent results in such a way so that revised data can easily be accounted for.
We make the widely used assumption that the deviations from equilibrium are small

and we can, thus, linearise the Einstein equations.

Our numerical code produces satisfactory results for all kinds of modes under con-
sideration. We give a comprehensive list here: we find the fundamental and pressure
modes, accounting for space-time perturbations gives us gravitational wave modes,
density discontinuities result in interface modes, stratification gives rise to composition
gravity modes, the thermal pressure introduces thermal gravity modes, shear modes
appear due to the elastic crust, and if we consider a superfluid core we find superfluid
modes. The identification of all these oscillation modes works reliably to high accuracy;

merely the low frequency spectrum is hidden to us due to numerical noise.

This leads us immediately to potential paths of continuation of this work. As for
the modes present in our spectra, the origin of the new branch of fast damped w-modes
which we discovered needs to be investigated to greater detail in order to ascertain either
their physical existence or appearance as an artefact due to the particular numerical
solution of the (exterior) problem. For slowly damped modes, it would be interesting to
learn more about the damping times, in particular the irregular pattern that is displayed
by the superfluid modes. We also encourage further research on the numerical noise

that emerges in mode searches at low frequencies.

Apart from these improvements on the code, there are obviously other physical

properties of the star which need to be taken into account. Most prominently (since
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we have derived the equations already), the superfluidity of the free neutrons in the
crustal region is the next natural step to take. In fact, we are currently implementing
this feature and hope to obtain new results soon. For the sake of completeness, thermal
pressure in the core of the multi-fluid star should also be taken into account, even though
this will lead to only small corrections in the spectrum.

While our code incorporates a wide range of physics, we are still quite far from a fully
realistic description. Most obvious in the list of neglected reality are magnetic fields
and rotation. The latter not only strongly affects the mode spectrum in that it breaks
the degeneracy of quadrupole (and higher order) modes and, of course, introduces a
new family of oscillations driven by the Coriolis force, it also leads to the instability
of particular oscillation classes which may be of high relevance for the explanation of
the seemingly existent upper limit (notably lower than the Kepler limit) on observed
rotation rates of neutron stars.

Furthermore, it is imperative when accounting for superfluidity to distinguish neu-
tron Cooper pairs and proton Cooper pairs (and also the different states in which they
can be found). This leads to the presence of regions in mature neutron stars which
are near the superfluid transition; thermal effects may have significant impact on the
dynamics of the system. Another direction of research concerns modifications of the
background model; the spin-down of sufficiently mature stars inevitably leads to an
increasingly strained crust. We have not taken this possiblity into account yet but this
case certainly requires further consideration.

We have laid out a mathematical description of neutron star dynamics which incor-
porates many different aspects of neutron star physics; the used formalism explicitly
allows for extension to include more physics. Accordingly, our code is written in such
a way that it can accompany the gradual adolescence of the mathematical models. It
provides the compulsory link between symbols and nature and once a reasonably accu-
rate description of lifelike neutron stars has been developed, one is equipped with an
efficient tool for calculating the spectra of realistic neutron star models which provide

valuable information for the realisation of gravitational wave asteroseismology.
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Appendix A

The Perturbations of the
Conjugated Momenta

The variations of the momentum covectors p as given in (4.33) are

opy = 0B n} + Bonk + > (SAYNY + AVn) . (A1)
y#X

Our aim is to have du3 expressed solely in the variations én¥ and dg,, since we know
how to express these in terms of the displacement vectors and the metric perturbations.

In order to achieve this, we need to rewrite the variations d53* and 6. A as

< oB* _ 4 oB* _ 4
OBY =) o fnp + D Y 5a—0n],,, (A.2)
71 z1 71 7Z9>71 21722
\ DA DA
SAXY = 52 on2 + Z Z 2 on2 .. (A.3)
71 “1 z1 72>z A172

For the sake of generality, we have used z; and zy as constituent indices. Even though
these formulae are not very complicated, they already look messy. If we were to perfrom
the whole calculation in full, we would end up with numerous triple sums and lengthy
expressions which obscures the main purpose of this calculation. We will, therefore,
resort to our special case of the four constituents n, p, e and u for which the only
non-vanishing entrainment parameter is A"P; the other five mixed coefficients are zero.
We will also make use of the fact that

B = B%(n?, nzp, ng), (A.4)
2 2 2

BP = BP(ng, nop, ny), (A.5)

A™ = A™(nF, ni,mp), (A.6)

B¢ = B%(n?), (A7)

Bt = B*(n2), (A.8)
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which removes numerous partial derivatives from the calculation. In fact, we will show
the calculation only for neutron momentum covector du;, since the proton equivalent
can simply be obtained by swapping n and p throughout the calculation and the leptonic

covectors are special cases of vanishing entrainment coefficients.

First, we simplify (A.2) to

8" 5n + DD O 52, (A.9)

7= n,p 7Z1= n,ng;ézl Z1Z2
oB" , OB , OB
=50 26nn—|— o 25np o2, on? Mps (A.10)

sAm = Y Tt Y z s (A1)

z=n,p 21 nng;ézl 2
DA™, §ANP n DA™
= G0+ 5 : oy + Tz S on2,, (A.12)

and then plug these into the expression for the variation of the momentum covector

Sus = 6B nk + Bhon} + SA™RE 4+ A™P§nd (A.13)
oB™ .,  OB" OB" . 5\ o pncow
<a 70+ G0 angpénnp> R
OA"P 2 | 3.4n 9  OA™ p P 5,,P
n A14
+ < on? on 8nl% ong + oz, ong, | ny + APony ( )

Next, we make use of the identities

on? = -6 (nin’;g‘“’) (A.15)
= —2nkdny, + niniog, (A.16)

and similarly
5n)2(y —ngony, — nyony, + nkngdgu, (A.17)

for which we have used the identity dg"* = —gH*¢*?8gy,. After appropriate grouping,

we arrive at

N oB™ | .Anp oB* . 0A"P 0
Sy =—(2 o nynl + 2 o nh + oz, n\nk + o2 ninﬁ) ony,
n np

0
op» , , oB* ,, OB"
on? nkn? o2 nhng + o2, nkn > NG + B ony

( oB" OA™ oB" OA™

28712 nang + 2 92 ninf + P ninb + o2 ninﬁ) ony,
p p np np

0A™ 0A™ 0A"

A A nhny + 3A2 nkn p> nYgu + APont (A.18)

on

2
p
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We have now arrived at a point where the expression looks quite messy with no obvious

possibility for further simplification.

As our aim is to find expressions for du} for our particular system, we will now
apply the appropriate values. First, we will calculate the spatial components of (A.18),
i.e. A =i4. This leads very quickly to a simple expression since we have n¥ = 0. We

find
Suy = Bonl + A™Pon?. (A.19)

Let us now study the time component. The calculation will, unfortunately, not be
as quick. As a very first step, we use that all number density currents have a time

component only, nk = ny(e 7”/2,070,0)7

N 85’“ OA"P oB® 0A"P N
Sy =+ 0 2nnnn+2 2 Npny + n 2 5 NnNp + 871121;) ——5—Npnp | 0Ny
oB* oB* oB* 9
— | =7nnn + 5npnp + nnnp> e P nndgu + B"on}
< on2 on? on2,
oB™ 0A"P oB* 0A"P P
+ Qa—n%nnnp + 26—7%npnp o 2 —— NNy + an—%pnpnn ony
0A"P 0A"P A"P /9 o
— | =N + ——npnp + —nnnp> e v/ npdgu + AP on; (A.20)
< on? on? on2,
Next, we will replace dny by
1
Iny = (n*uf) = nydul + udng = —e’26n, + ie_V/QnX(Sgtt (A.21)

This yields after cancellation and appropriate grouping

oB* 0A"P oB* 0A"P
oy = (B + 26 2 NNy + QWnpnn + Wnnnp + Wnpnp> e’26n,
n np np
1
+ Bn§ef'//2nn5gtt
oB* 0A"P oB" 0A"P
P2 n 2 A5 MnMn + n V125
(.A + 32n np + aannp—i—angpnn —i—an%pnpn)e np
1
+Anp§e_”/ Npdgit. (A.22)
Now, we define new variables
oB* 0A"P oB" 0A"P
Bno =B + 28 2 NnNy + QWnpnn + a777‘1177113 + Wnpnp, (A23a)
n np np
GBn 0A"P oB* 0A"P
npO np 2) . 2 ——— NNy [ n A.23b
A"Pg = A + o 2n np + o2 npnp + Bnﬁpn Nn + 8ngpnpn , ( )

and equivalent variables B* for x = p, e, u, which allow us to write the variation of the
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momentum covectors in the compact form

o = —ev/* [B™)on, + A"PYon,] + %Mne—v/%gﬁ, (A.24)
oup = —ev/* [BPYon, + A"PYon,| + %,upe_”/%gtt, (A.25)
Syt = " *B%ne + s e S, (A.26)
opy = —e"/28“85nu + %pueﬂ'ﬂégtt, (A.27)

We arrive at another very important result if we calculate the variation of the chemical
potential. We do this exemplary for the neutron chemical potential, but equivalent

statements hold for the other species, too. We have
n 1 t
Opg = 0 (pnvie) = wedpin + pn 5w 0g, (A.28)
which we can use to in conjunction with (A.24) to solve for du,. We find
Spin = B Y0ny + A™P)on,,. (A.29)

This immediately tells us that we can abandon the complicated expressions (A.23) for
Bxg and .Axyg if we have access to the partial derivatives of the chemical potentials

since we can identify (in general)

Opx _ B*Y and O
Oony

B = = AV, (A.30)

Note that it is necessary to have knowledge about the chemical potentials of the species

away from chemical equilibrium in order to correctly calculate these partial derivatives.
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