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Abstract 

Underwater noise radiated from offshore pile driving got much attention in recent years due 
to its threat to the marine environment. This study develops a three-dimensional semi-
analytical method, in which the pile is modeled as an elastic thin cylindrical shell, to predict 
vibration and underwater acoustic radiation caused by hammer impact. The cylindrical shell, 
subject to the Reissner-Naghdi’s thin shell theory, is decomposed uniformly into shell 
segments whose motion is governed by a variational equation. The sound pressures in both 
exterior and interior fluid fields are expanded as analytical functions in frequency domain. 
The soil is modeled as uncoupled springs and dashpots distributed in three directions. The 
sound propagation characteristics are investigated based on the dispersion curves. The case 
study of a model subject to a non-axisymmetric force demonstrates that the radiated sound 
pressure has dependence on circumferential angle. The case study including an anvil shows 
that the presence of the anvil tends to lower the frequencies and the amplitudes of the peaks of 
sound pressure spectrum. A comparison to the measured data shows that the model is capable 
of predicting the pile driving noise quantitatively. This mechanical model can be used to 
predict underwater noise of piling and explore potential noise reduction measures to protect 
marine animals. 
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1. Introduction 

There is a rapid increase of offshore constructions over the world in the recent years, such as wind 
turbine installations, petroleum and gas platforms, artificial islands and oversea bridges. These 
constructions produce severe underwater noise pollution which has raised serious concerns from 
environmental protection organizations and academic world. Pile-driving noise is generally 
considered as the most severe underwater noise which would harm or even kill marine animals 
inhabiting around piling sites, such as fishes, dolphins and whales [1-3].  

It is necessary to establish an accurate and realistic mechanical model to understand the 
mechanism and propagation characteristics of the underwater noise radiated from pile driving. In 
order to predict the sound radiation accurately, the complex fluid-structure interactions between the 
pile wall and its surrounding fluid must be taken into consideration. The compressibility of the fluid 
alters the effective stiffness of the system and the fluid exerts inertial loading on the shell, which 
results in significant changing of the resonant frequencies.  The fluid-structural interaction problems 
of circular cylindrical shells partly or completely submerged and subjected to either external or 
internal fluid have caused interest to scientists. Green function and Fourier integral technique were 
used by Stepanishen [4] to evaluate the radiated loading and radiated power from a non-uniform 
harmonically vibrating surface on an infinite cylinder which was in contact with a fluid medium. The 
effect of fluid loading on the vibration and sound radiation of finite cylindrical shells has been studied 
by the authors [5, 6] who used in-vacuo shell modes to present the structural vibration field and, in 
order to compute the sound field, extended the finite shells to infinity at both ends by rigid co-axial 
baffles. The low-frequency structural and acoustic responses of a fluid-loaded cylindrical shell with 
structural discontinuities, corresponding to ring stiffeners and bulkheads, were investigated by  
Caresta and Kessissoglou [7]. The work was then extended to consider the sound radiation from a 
more detailed submarine structure in which the cylindrical shell is closed by truncated conical shells 
and circular plates [8]. Kwak, et al. [9] investigated the natural vibration characteristics of a hung 
clamped-free cylindrical shell partially submerged in fluid based on the added virtual mass approach. 
Detailed discussions of the dynamics of coupled fluid-shells can be found in [10-13]. 

The sound radiation of cylindrical pile has been getting increasing attention in recent years. The 
Finite Element Method (FEM) is a common method for establishing pile-driving models. 
Axisymmetric FEM models (two-dimensional models) are frequently used because they are 
computationally efficient. Axisymmetric FEM models were established to analyze underwater noise 
of pile driving, in which perfectly matched boundary conditions for water and sediment were applied 
to truncate the domain and emulate the Sommerfeld radiation condition [14, 15]. The discretization of 
the sound field at long distances by FEM models is impractical because the total number of unknowns 
of the system is limited due to computational reasons. It is common to use a hybrid scheme consisting 
of a discretized FEM model for pile and its surroundings combined with an approximate propagation 
model for long ranges. A combination of a FEM model and a parabolic wave equation (PE) model 
was used by Reinhall and Dahl [16]. A similar combination was also established by Kim, et al. [17] 
who used a modified version of the Monterey-Miami Parabolic Equation (MMPE) to predict long 
range noise propagation. Lippert, et al. [18] combined a FEM model with a head wave model to 
forecast the noise of pile driving. In their subsequent publication the significance of soil parameter 
uncertainties for the underwater noise is investigated based on the wave number integration scheme 
combined with an axis-symmetric FE model [19]. The model of Fricke and Rolfes [20] included a 
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FEM model for the computation of the vibration and the radiated sound of the pile, a parabolic model 
for the long-range propagation and an analytical model for hammer force estimate. Semi-analytical 
models are also used in predicting offshore pile driving noise. A model of a semi-infinite tubular pile 
was presented by Hall [21] to predict the peak pressure of the radiated sound pulse by linking with 
both depth-independent vibration and depth-dependent vibration. The model was then extended to 
compute the radiated sound of a pile with finite length in combination with the Ray theory which 
deals with the sound propagation in water and soil in a simple manner [22]. Another semi-analytical 
model was established by Tsouvalas and Metrikine [23] who expressed the shell displacements as the 
summation of the in-vacuo shell modes and expressed the sound pressure in fluid field as the 
summation of a set of analytical functions. 

In this study a linear semi-analytical model is developed to predict pile-driving noise based on a 
modified variational methodology, in which the shell is divided into several sub-shells along the axial 
direction and the effect of water and soil is taken into account as virtual work acting on the sub-shells. 
The mechanical model presented in the paper is similar to the previous one introduced by Tsouvalas 
and Metrikine [23]. What the authors do in this paper is to propose a new approach to solve the 
responses of the model. In addition, we expand upon sound propagation characteristics, pressure 
distributions and reveal the influence of the non-axisymmetric impact force and the anvil on the sound 
radiation. Compared to the approach used in [23], the effort to seek in-vacuo shell modes is avoided, 
which makes it capable of dealing with piles with more complex boundary conditions in which, for 
example, the pile anvil, cushions and the pile footing (usually a conical shell) are connected to the pile 
ends.  

The paper is arranged as follows. In the next section, the description and basic assumptions of 
the model are given. In Sec. 3, the basic theory of the methodology is introduced and the governing 
equations of the motion of the pile are derived. Sec. 4 gives a description of the sound propagation 
characteristics based on the dispersion relation curves of the pressure modes, followed by a numerical 
case with an axisymmetric hammer force in Sec. 5 and a numerical case with a non-axisymmetric 
hammer force in Sec. 6. The influence of the pile anvil on the sound radiation is investigated in Sec. 7. 
Sec.8 gives a comparison between modelling values and tested data, before the conclusions are 
summarized in Sec. 8.  

Nomenclature 

cx , cθ , cr equivalent viscous soil damping coefficients along the three coordinate 
directions 

Esoil elastic modulus of  soil 

I the total number of shell segments 

Ie the number of the shell segments in contact with exterior fluid 

j Imaginary unit: 𝑗𝑗 = √−1 

kx, kθ, kr equivalent soil spring coefficients along the three coordinate directions 

m orders of axial displacement functions 

M the highest order of the axial displacement functions 

n circumferential orders of displacement functions and pressure modes 
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N the highest order of the circumferential displacement functions 

p index of the wavenumbers of the sound pressure 

xi minimal vertical coordinate of fluid-structure interface on the ith submerged 
shell segment 

xi+1 maximal vertical coordinate of fluid-structure interface on the ith submerged 
shell segment 

xs1 minimal vertical coordinate of shell-soil interface on each shell segment 
beneath the seabed 

xs2 maximal vertical coordinate of shell-soil interface on each shell segment 
beneath the seabed 

μsoil Poisson ratio of  soil material 

ρsoil density of soil 

βsoil equivalent damping ratio of soil 

ζ the ratio of the impedance of the seabed to characteristic impedance of the 
fluid 

Ce, Ci, Csoil coupling matrixes introduced by exterior fluid, interior fluid and soil, 
respectively 

F(ω) generalized force vector 

K main structural stiffness matrix 

𝑲𝑲𝜆𝜆  stiffness matrix incorporated by interface forces and moment 

𝑲𝑲𝜅𝜅 stiffness matrix incorporated by least-squares weighted parameters 

M structural mass matrix 

q(ω) generalized coordinate vector 

δ( ) the variation of ( ) 

( )T the transpose of ( ) 

2. Model description 

The schematic diagram of the pile-driving model is shown in Fig. 1. The model  assumptions are 
similar with those introduced in [23]. The assumptions are listed as following: 

(1) The pile is modelled as a thin elastic cylindrical shell with finite length and constant thickness. 
The motion of the shell is subject to Reissner-Naghdi’s thin shell theory [24]. 

(2) The seawater inside and outside the pile is assumed to be compressible and inviscid fluid with 
constant sound velocity and density. There is no flow in the fluid field. 

(3) The influence of the air on the vibration of the pile is neglected. 
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(4) The sea surface (fluid-air interface) is assumed to be a pressure release boundary on which the 
sound pressure vanishes.  

(5) The shell and the fluid field are required to satisfy the normal velocity continuity condition on 
the shell-fluid coupling interface. 

(6) The seabed is assumed to be either an acoustic rigid boundary or an acoustic impedance 
boundary.  

(7) The soil surrounding the pile is modelled as uncoupled distributed springs and dashpots in 
three directions.  

(8) The impact force of the hydraulic hammer is modelled as distributed force acting on the 
circumference of pile top. 

The constants 𝐸𝐸, 𝜇𝜇, 𝜂𝜂,𝜌𝜌𝑠𝑠, 𝐿𝐿,ℎ  and 𝑅𝑅  correspond to the modulus of elasticity, Poisson’s ratio, 
structural loss factor, density, length, thickness and radius of the mid-surface of the cylindrical shell, 
respectively. 𝑐𝑐 and 𝜌𝜌𝑓𝑓 are the sound velocity and density of the seawater, respectively. The pile is 
filled by interior fluid at 𝑥𝑥𝑖𝑖𝑖𝑖 < 𝑥𝑥 < 𝑥𝑥𝑏𝑏 and surrounded by exterior fluid at 𝑥𝑥𝑒𝑒𝑒𝑒 < 𝑥𝑥 < 𝑥𝑥𝑏𝑏. 

 
Fig. 1.  Pile-driving model 

3. Basic theory 

A linear 3D semi-analytical mechanical model is established, in which the circular cylindrical 
tubular pile is divided into a number of shell segments along the symmetrical axis. A modified 
variation methodology is used to derive the mathematic equations governing the motion of the pile. 
The displacements of the shell segments are expressed as summation of a set of admissible 
displacement functions. The sound pressure in both exterior fluid domain and interior fluid domain is 
expressed as the summation of a set of analytical functions weighted by the generalized coordinates of 
the shell displacements. The soil is modelled as uncoupled distributed springs and dashpots in three 
directions. The coupling effects of fluid and soil on the pile are taken into consideration by 
incorporating corresponding virtual work into the variation equation. Linear equations in terms of 
generalized displacement coordinates can eventually obtained by seeking the stationary statement of 
the total functional.  

This methodology is of advantage in several aspects. Firstly, compared to the FEM models, the 
discretization of the fluid volume, the approximate treatment on the truncated artificial boundaries and 

5 



 

approximate modeling for sound propagation in far acoustic field are altogether avoided. Secondly, a 
semi-analytical model is generally more computationally efficient compared to a non-axisymmetric 
three-dimensional FEM model for high frequency response and for longer ranges, because a large 
amount of fluid elements require large storage space and long computational time. Thirdly, the 
analytical expression of the sound pressure makes it possible to examine the influence of some 
parameters on the sound radiation in a qualitative manner. Additionally, compared to the method 
using in-vacuo shell modes to express structural displacements, the effort to seek the modes is 
avoided and the variational methodology leads to a solution that is generally easier to obtain than by 
solving the differential governing equations directly. At last, this methodology is applicable to piles 
with more complicated boundary conditions or attachments, such as the pile anvil, cushions and the 
pile footing. However, the presented model fails to model the pressure wave propagating in the 
bottom or layered bottoms due to the simplification treatment on the soil, and to evaluate the effects 
of the pressure wave passing through the water-soil interface due to the rigid seabed or impedance 
seabed assumption.  

3.1. Shell decomposition 

 
Fig. 2.  Pile decomposition 

A structure decomposition method with high-order of accuracy and small requirement of 
computational effort [25, 26] is employed here to obtain the governing equation of shell vibration, in 
which the cylindrical shell is divided into several shell segments along its axisymmetric axis. As 
shown in Fig. 2, the pile is divided equally into I sub-shells with 𝐼𝐼𝑒𝑒 sub-shells coupled with exterior 
fluid and 𝐼𝐼𝑠𝑠 coupled with soil. The method involves seeking the solution of the equation given in Eq. 
(1), with subscript 𝑖𝑖 = 1, 2,⋯ , 𝐼𝐼  denoting the sequence numbers of the shell segments. 𝛱𝛱𝜆𝜆𝜆𝜆  is the 
interface potential defined on the common boundary of two adjacent shell segments, which 
incorporates the interface continuity conditions into equation. The geometrical boundaries on the two 
pile ends are treated as special interfaces [26]. This incorporation of the term δ𝛱𝛱𝜆𝜆𝜆𝜆 provides a great 
flexibility for the selection of admissible displacement functions, since the interface continuity 
conditions and geometrical boundary conditions are no longer imposed on the displacement functions, 
as their eventual satisfaction is implied in the variation statement. The kinetic energy 𝑇𝑇𝑖𝑖 and strain 
energy 𝑈𝑈𝑖𝑖 are all formulated based on Reissner-Naghdi’s thin shell theory [24] and their expressions 
are given by Eq. (3) and Eq. (4), where 𝐾𝐾 = 𝐸𝐸ℎ/(1 − 𝜇𝜇2)  and 𝐷𝐷 = 𝐸𝐸ℎ3/[12 (1− 𝜇𝜇2)]  are the 
membrane stiffness and bending stiffness of the shell, respectively. The modified term 𝛱𝛱𝜆𝜆𝜆𝜆 is referred 
to Qu’s work [25]. The term δ𝑊𝑊𝑖𝑖 is the virtual work of external force and is given in Eq. (2), where 
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δ𝑢𝑢𝑖𝑖, δ𝑣𝑣𝑖𝑖, δ𝑤𝑤𝑖𝑖 are corresponding virtual displacements of the 𝑖𝑖th shell segment in 𝑥𝑥, 𝜃𝜃 and 𝑟𝑟 direction, 
respectively. 𝑓𝑓𝑢𝑢𝑖𝑖 ,𝑓𝑓𝑣𝑣𝑖𝑖 ,𝑓𝑓𝑤𝑤𝑖𝑖  are the distributed forces acting on the 𝑖𝑖th  shell in the three directions, 
respectively. The impact force of the hydraulic hammer, the forces of springs and dashpots and the 
sound pressure of the fluid are all considered as external forces. Therefore, the effects of the fluid and 
soil on the pile are all included in the equation in the form of virtual work.  

In Sec. 5 and Sec. 6, the pile head is subject to free boundary condition, with the axial stress, 
circumferential and lateral shear stresses, and the bending moment being zero. The axial stress ‘equals 
zero’ in a sense that no geometrical constraint is applied in axial direction, but the axial stress does 
exist as the hammer imparts force to the pile head. Strictly speaking, the pile toe is a complicated 
boundary connected to springs and dashpots. However, it can be treated as a free boundary here 
because the effects of the springs and dashpots are included in the form of external virtual work. In 
Sec. 7, the geometrical boundary condition on the pile head are a little different due to the presence of 
the anvil, which will be discussed further later. 
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3.2. Admissible displacement functions 

The displacement components 𝑢𝑢𝑖𝑖, 𝑣𝑣𝑖𝑖 ,𝑤𝑤𝑖𝑖  can be expanded in terms of admissible displacement 
functions weighted by generalized coordinates. Due to the incorporation of the interface potentials, 
the admissible displacement functions of each shell segment are not constrained to satisfy any 
continuity conditions or geometrical boundary conditions. They are only required to be linearly 
independent, complete and differentiable, which creates considerable flexibility in the selection of 
displacement functions. Compared with the analytical method, the effort to seek the in-vacuo natural 
modes is avoided, which significantly simplifies the solution process.  

Good convergence has been observed when following four kinds of functions are adopted as axial 
displacement functions [26]: (a) Chebyshev orthogonal polynomials of the first kind; (b) Chebyshev 
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orthogonal polynomials of the second kind; (c) Legendre orthogonal polynomials of the first kind; (d) 
Hermite orthogonal polynomials [27]. In this model, Fourier series and Chebyshev orthogonal 
polynomials of the first kind are employed to expand the displacement variables in circumferential 
and axial directions, respectively. The displacement components of each sub-shell can be given as 
equation (5)~(7). 𝑇𝑇𝑚𝑚(𝑥𝑥) is the 𝑚𝑚th order Chebyshev polynomial. 𝑀𝑀 is the highest order Chebyshev 
polynomial taken in the computation. 𝑼𝑼(𝑥̅𝑥,𝜃𝜃),𝑽𝑽(𝑥̅𝑥,𝜃𝜃)  and 𝑾𝑾(𝑥̅𝑥,𝜃𝜃)are the displacement function 
vectors in the three directions. 𝒖𝒖𝑖𝑖(𝜔𝜔),𝒗𝒗𝑖𝑖(𝜔𝜔) and 𝒘𝒘𝑖𝑖(𝜔𝜔) are corresponding generalized coordinate 
vectors, with 𝜔𝜔 being the radian frequency and 𝑗𝑗 being the imaginary unit. It should be noted that the 
Chebyshev polynomials are complete and orthogonal series defined on 𝑥̅𝑥 ∈ [−1,1] interval while the 
actual axial coordinate in each sub-shell is defined on 𝑥𝑥 ∈ [0, 𝑙𝑙] . Therefore, the coordinate 
transformations in equation (8) are introduced. 
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3.3. The virtual work of fluid 

Based on the assumptions given in Sec. 2, the motion of the fluid in frequency domain is described 
by the velocity potential ∅(𝑥𝑥,𝜃𝜃, 𝑟𝑟,𝜔𝜔)  which satisfies Eq. (9). The fluid pressure in a circular 
cylindrical coordinate system, with certain regular boundary conditions, can be expanded as the 
summation of a set of analytical functions by applying variable separation technique. Each analytical 
function is considered as a pressure mode. The fluid-air interface is assumed to be a pressure released 
boundary and the seabed is considered as either a perfectly rigid boundary or a local impedance 
boundary. For the fluid field outside the pile, the fluid pressure and the velocity component normal to 
the surface of the shell can be given as Eq. (10) [23] and Eq. (11) [23].  

∇2∅(𝑥𝑥,𝜃𝜃, 𝑟𝑟,𝜔𝜔) + �
𝜔𝜔
𝑐𝑐
�
2
∅(𝑥𝑥,𝜃𝜃, 𝑟𝑟,𝜔𝜔) = 0 (9) 

𝑝𝑝�𝑒𝑒(𝑥𝑥, 𝑟𝑟,𝜃𝜃) = −𝑗𝑗𝑗𝑗𝜌𝜌𝑓𝑓 ���𝐷𝐷𝛼𝛼𝛼𝛼𝛼𝛼𝐻𝐻𝑛𝑛
(2)�𝑘𝑘𝑟𝑟𝑟𝑟𝑟𝑟� sin𝑘𝑘𝑥𝑥𝑥𝑥(𝑥𝑥 − 𝑥𝑥𝑒𝑒𝑒𝑒) cos(𝑛𝑛𝑛𝑛 + 𝛼𝛼

𝜋𝜋
2

)
∞

𝑝𝑝=0

∞

𝑛𝑛=0

1

𝛼𝛼=0

 (10) 

𝑣𝑣�𝑒𝑒𝑒𝑒(𝑥𝑥, 𝑟𝑟,𝜃𝜃) = ���𝐷𝐷𝛼𝛼𝛼𝛼𝛼𝛼𝐻𝐻𝑛𝑛
′(2)�𝑘𝑘𝑟𝑟𝑟𝑟𝑟𝑟� sin𝑘𝑘𝑥𝑥𝑥𝑥(𝑥𝑥 − 𝑥𝑥𝑒𝑒𝑒𝑒) cos(𝑛𝑛𝑛𝑛 + 𝛼𝛼

𝜋𝜋
2

)
∞

𝑝𝑝=0

∞

𝑛𝑛=0

1

𝛼𝛼=0

 (11) 
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In Eqs. (10) and (11), 𝜌𝜌𝑓𝑓 is the density of the fluid. 𝐻𝐻𝑛𝑛
(2) is the Hankel function of the second kind 

of order 𝑛𝑛 and 𝐻𝐻𝑛𝑛
′(2) denotes its derivative with respect to 𝑟𝑟.𝐷𝐷𝛼𝛼𝛼𝛼𝛼𝛼 are unknown coefficients which are 

dependent on the radial displacements of the shell segments in contact with the fluid. 

The terms 𝑘𝑘𝑥𝑥𝑥𝑥 and 𝑘𝑘𝑟𝑟𝑟𝑟 are wave numbers in 𝑥𝑥 direction and 𝑟𝑟 direction respectively and depend on  
radian frequency 𝜔𝜔 and boundary conditions on the sea surface and the seabed. The values of  𝑘𝑘𝑥𝑥𝑥𝑥 can 
be obtained according to Eq. (12), in which 𝑝𝑝 = 0, 1, 2,⋯ ,∞, and 𝑍𝑍�soil(𝜔𝜔) is the acoustic impedance 
of the seabed and can be measured with standard acoustic techniques [28]. It is obvious that 𝑘𝑘𝑥𝑥𝑥𝑥 are 
real values when the seabed is assumed to be perfectly rigid and complex values when the seabed is 
assumed to be an acoustic impedance boundary. 𝑘𝑘𝑟𝑟𝑟𝑟 = �(𝜔𝜔/𝑐𝑐)2 − 𝑘𝑘𝑥𝑥𝑥𝑥2  are the wave numbers in radial 
direction and must satisfy the condition that  Re(𝑘𝑘𝑟𝑟𝑟𝑟) ≥ 0 and Im(𝑘𝑘𝑟𝑟𝑟𝑟) ≤ 0 due to the requirement of 
radiation condition at 𝑟𝑟 → ∞. 

𝑘𝑘𝑥𝑥𝑥𝑥 =
(2𝑝𝑝 + 1)𝜋𝜋

2(𝑥𝑥𝑏𝑏 − 𝑥𝑥𝑒𝑒𝑒𝑒) , (Rigid seabed)

𝑡𝑡𝑡𝑡𝑡𝑡 𝑘𝑘𝑥𝑥𝑥𝑥(𝑥𝑥𝑏𝑏 − 𝑥𝑥𝑒𝑒𝑠𝑠) + 𝑘𝑘𝑥𝑥𝑥𝑥
𝑍𝑍�soil(𝜔𝜔)
𝑗𝑗𝑗𝑗𝜌𝜌𝑓𝑓

= 0 (Impedance seabed)
 (12) 

By making use of the normal velocity continuity condition on the fluid-structure interface and the 
orthogonality property of pressure modes, the unknown coefficient 𝐷𝐷𝑛𝑛𝑛𝑛 can be obtained. Then the 
sound pressure in the exterior fluid field can be expressed as the summation of a set of analytical 
functions weighted by the radial displacement coordinates of the shell, i.e. 𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖, as shown in Eq. 
(13). 

𝑝𝑝�𝑒𝑒(𝑥𝑥, 𝑟𝑟,𝜃𝜃,𝜔𝜔) = �� � ��𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 ⋅ 𝑃𝑃�𝑒𝑒,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

∞

𝑝𝑝=0

∞

𝑛𝑛=0

𝑀𝑀

𝑚𝑚=0

1

𝛼𝛼=0

𝐼𝐼𝑒𝑒

𝑖𝑖=1

  with: 

𝑃𝑃�𝑒𝑒,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 =
𝜔𝜔2𝜌𝜌
𝑓𝑓𝑝𝑝

𝐻𝐻𝑛𝑛
(2)�𝑘𝑘𝑟𝑟𝑟𝑟𝑟𝑟�

𝐻𝐻𝑛𝑛
′(2)�𝑘𝑘𝑟𝑟𝑟𝑟𝑅𝑅�

⋅ sin𝑘𝑘𝑥𝑥𝑥𝑥(𝑥𝑥 − 𝑥𝑥𝑒𝑒𝑒𝑒) ⋅ cos(𝑛𝑛𝑛𝑛 + 𝛼𝛼
𝜋𝜋
2

)

⋅ � 𝑇𝑇𝑚𝑚(𝑥𝑥 − 𝑥𝑥𝑖𝑖) ⋅ sin𝑘𝑘𝑥𝑥𝑥𝑥(𝑥𝑥 − 𝑥𝑥𝑒𝑒𝑒𝑒)𝑑𝑑𝑑𝑑
𝑥𝑥𝑖𝑖+1

𝑥𝑥𝑖𝑖
 

                      and 

𝑓𝑓𝑝𝑝 = �

𝑥𝑥𝑏𝑏 − 𝑥𝑥𝑒𝑒𝑒𝑒
2

                                                          (rigid seabed)
𝑥𝑥𝑏𝑏 − 𝑥𝑥𝑒𝑒𝑠𝑠

2
−

1
4𝑘𝑘𝑥𝑥𝑥𝑥

sin 2𝑘𝑘𝑥𝑥𝑥𝑥(𝑥𝑥𝑏𝑏 − 𝑥𝑥𝑒𝑒𝑒𝑒)            (impedance seabed)
 

(13) 

The effect of the fluid is considered as fluid loading acting on the pile. The virtual work done by 
the sound pressure on the shell is given as Eq. (14), with 𝑝𝑝�𝑒𝑒(𝑥𝑥,𝑅𝑅,𝜃𝜃,𝜔𝜔) being the sound pressure on 
the exterior surface of the shell and 𝛿𝛿𝛿𝛿  denoting the virtual displacement of the shell in radial 
direction. The derivation procedure of   the virtual work of the interior fluid is completely analogous 
as that of exterior fluid pressure. 

δ𝑊𝑊𝑝𝑝 = � � −Re(𝑝𝑝�𝑒𝑒(𝑥𝑥,𝑅𝑅,𝜃𝜃,𝜔𝜔)𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗) ∙ δ𝑤𝑤𝑤𝑤d𝑥𝑥
𝑥𝑥𝑏𝑏

𝑥𝑥𝑠𝑠
d𝜃𝜃

2𝜋𝜋

0
 (14) 
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3.4. The virtual work of soil 

A complete and absolutely exact evaluation of the influence of soil on the vibration and sound 
radiation of the pile is not easy to realize because the interactions between pile and its surrounding 
soil are very complex. In this work, the soil effect is incorporated into the model in a simple manner, 
in which the soil is modelled as uniformly distributed elastic springs and dashpots in all directions, as 
shown in Fig. 1. The effect of springs and dashpots on the pile shell is taken into consideration by 
incorporating their virtual work into the variation equation. The virtual works done by the springs and 
dashpots are given as equations (15) and (16), respectively. The spring coefficients and radiation 
damping are introduced to the model in a simple manner presented by Gazetas and Dobry [29]. The 
derivation of the radiation damping is based on the simplification treatment that the circular pile cross 
section is replaced by a square section having the same perimeter. It is further assumed that each of 
the four sides of the square emits only in the associated truncated quarter-plane and each of the four 
quarter-planes vibrates independently of the three others. Additionally, it is assumed that there is no 
tangential slip on the pile-soil interface. For detailed derivation of the radiation damping, the reader is 
referred to [29]. The derivation process of the spring coefficients is completely analogous as that of 
the radiation damping. The material damping of the soil is expressed with reference to an equivalent 
damping ratio of the soil throughout the frequency range for a certain strain rate [30]. The detailed 
expressions of the spring and damping coefficients are given in Appendix A.  

The introduction of springs and dashpots is of practical significance from an engineering point of 
view, but it presents a challenge in the realistic evaluation of the coefficients and creates uncertainty 
to the calculations. The influence of the chosen spring and dashpot coefficients on sound radiation 
was discussed in the previous work [23] in which the similar simplification treatment was used. A 
complete modelling of the soil effect should take a variety of factors into consideration, such as the 
wave propagation in the soil field, the inhomogeneity and material nonlinearity of the soil, slippage 
and separation behaviour of the pile-soil interface, etc., which requires theoretical and experimental 
supports. This would be a significant research topic to follow by the authors and readers.  

𝛿𝛿𝑊𝑊spring,𝑖𝑖 = −� (δ𝑢𝑢𝑖𝑖 ∙ 𝑘𝑘𝑥𝑥𝑢𝑢𝑖𝑖 + δ𝑣𝑣𝑖𝑖 ∙ 𝑘𝑘𝜃𝜃𝑣𝑣𝑖𝑖 + δ𝑤𝑤𝑖𝑖 ∙ 𝑘𝑘𝑟𝑟𝑤𝑤𝑖𝑖)d𝑠𝑠
𝑆𝑆

   (15) 

𝛿𝛿𝑊𝑊dashpot,𝑖𝑖 = −� �δ𝑢𝑢𝑖𝑖 ∙ 𝑐𝑐𝑥𝑥
∂𝑢𝑢𝑖𝑖
𝜕𝜕𝜕𝜕

+ δ𝑣𝑣𝑖𝑖 ∙ 𝑐𝑐𝜃𝜃
∂𝑣𝑣𝑖𝑖
𝜕𝜕𝜕𝜕

+ δ𝑤𝑤𝑖𝑖 ∙ 𝑐𝑐𝑟𝑟
∂𝑤𝑤𝑖𝑖
𝜕𝜕𝜕𝜕

� d𝑠𝑠
𝑆𝑆

   (16) 

3.5. Impact force of the hammer 

A practical and accurate evaluation of the impact force is of great importance for the prediction of 
the underwater noise because the force contains all the input energy of the interaction system.  
Analytic models [31, 32] were used to predict the pile-driving force for piles which transmit 
longitudinal wave. In these models the pile is simplified as a dashpot with constant impedance. For 
tubular piles the wave propagates along the pile with dispersion and the prediction of the impact force 
becomes more complicated. Reinhall and Dahl [16] got the approximate impact force as a step-
exponential function by using the Finite Element (FE) impact analysis with the effect of the cushion, 
water and sediment neglected. Zampolli, et al. [15] adopted the similar function and obtained the peak 
force and decay time constant of the function by fitting the step-exponential pulse with the forcing 
curve obtained from a publicly available tool known as IHCWave [33]. Tsouvalas and Metrikine [23] 
used an impact force taken from a real case as the input of the interaction system. The amplitude and 
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wave form of the exciting force of the hydraulic hammer can be influenced by many factors, such as 
the categories of the impact pile drivers [34], the properties of the anvil and cushion, the size of the 
pile and the precise boundary condition on the pile top. Systematic investigations and further 
discussions are needed for the evaluation of impact forces in different situations. 

In this work, the impact force is a fictitious one and it is assumed to distribute on the intersecting 
line of the neutral layer of the shell and the cross section on the pile top and is defined as Eq. (17). 
𝐹𝐹0(𝜃𝜃) is the distributed force dependent on 𝜃𝜃 and its unit is N m-1. 𝐻𝐻(𝑡𝑡) is the waveform function in 
terms of time and its peak value is 1.  

𝐹𝐹(𝑡𝑡) = 𝐻𝐻(𝑡𝑡)� 𝐹𝐹0(𝜃𝜃)𝑅𝑅d𝜃𝜃
2𝜋𝜋

0
 (17) 

3.6. Governing equations of the motion of the pile 

In this work, the derivation of the equations is implemented in frequency domain. Therefore, 
Fourier transform pairs with respect to time and frequency [27] are introduced herein to transform 
variables between time domain and frequency domain. By performing the variation operation to Eq. 
(1) with respect to the generalized coordinate vectors 𝒖𝒖, 𝒗𝒗, 𝒘𝒘 and substituting the virtual works of the 
hydraulic impact force, fluid pressure, spring and dashpot forces into the equation, the linear 
governing equations of the motion of the pile can be obtained as Eq. (18).  

[−𝜔𝜔2𝑴𝑴+ (𝑲𝑲−𝑲𝑲𝜆𝜆 + 𝑲𝑲𝜅𝜅)− 𝑪𝑪𝑒𝑒 + 𝑪𝑪𝑖𝑖 + 𝑗𝑗𝑗𝑗𝑪𝑪soil]𝒒𝒒(𝜔𝜔) = 𝑭𝑭(𝜔𝜔) (18) 

In the equation, 𝑴𝑴 and 𝑲𝑲 are the disjoint mass matrix and stiffness matrix of the shell, respectively. 
𝑲𝑲𝜆𝜆 and 𝑲𝑲𝜅𝜅 are the generalized interface stiffness matrices incorporated by the Lagrange multipliers 
and interface least-squares weighted residual method, respectively [25]. The expressions of the 
matrices 𝑴𝑴, 𝑲𝑲, Kλ, Kκ and generalized force vector 𝑭𝑭(𝜔𝜔) are given in the Appendix B. Matrices 𝑪𝑪𝑒𝑒, 
𝑪𝑪𝑖𝑖  and 𝑪𝑪soil  are coupling matrices introduced by the exterior sound pressure, the interior sound 
pressure and the soil in contact with the pile, respectively. The details of the matrices 𝑪𝑪𝑒𝑒, 𝑪𝑪𝑖𝑖 and 𝑪𝑪soil 
are given in Appendix C. The vector 𝒒𝒒(𝜔𝜔) is the generalized coordinate vector consisting of the 
displacement coordinate vectors of the shell segments and its expression is given in Eq. (19).  The 
sound radiation of the pile can be obtained by summing the pressure modes which are weighted by the 
radial generalized displacement coordinates. 

𝒒𝒒(𝜔𝜔) = �𝒖𝒖1T,𝒗𝒗1T,𝒘𝒘1
T,𝒖𝒖2T,𝒗𝒗2T,𝒘𝒘2

T,⋯ ,𝒖𝒖IT,𝒗𝒗IT,𝒘𝒘I
T�T (19) 
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4. Dispersion relation and sound propagation characteristics 

 
Fig. 3. Dispersion relation for rigid seabed 

The analytical description of the sound pressure makes it possible to show the dispersion relation 
and examine the influence of some parameters on the sound radiation in a qualitative manner. As 
mentioned above, the wavenumbers in radial direction 𝑘𝑘𝑟𝑟𝑟𝑟 (𝑝𝑝 = 0, 1, 2,⋯ )  depend on the radian 
frequency and the wavenumbers in vertical direction 𝑘𝑘𝑥𝑥𝑥𝑥  which are dependent on the acoustic 
boundary condition on the seabed. In this section, the propagation characteristics of exterior sound 
radiation for the perfectly rigid seabed are discussed based on the dispersion relation (𝜔𝜔 − 𝑘𝑘𝑟𝑟 curves). 
The depth of the exterior seawater is assumed to be 𝑥𝑥𝑏𝑏 − 𝑥𝑥𝑒𝑒𝑒𝑒 = 8 m and the sound velocity is 𝑐𝑐 =
1500 m s−1.  

For the rigid seabed, the wavenumbers in vertical direction are real and the wavenumbers in radial 
direction are either real (corresponding to propagating modes) or imaginary (corresponding to 
evanescent modes). The dispersion curves for the first ten pressure modes are shown in Fig. 3 for 
radian frequencies up to 6000 rad s-1. As the radian frequency increases, the curvature of each curve 
decreases gradually and the phase velocity approaches to the defined sound velocity 1500 m s-1. Each 
mode has a crossing point with the frequency axis which divides the frequency axis into a low 
frequency range and a high frequency range. In the low frequency range, radial wavenumber 𝑘𝑘𝑟𝑟 is 
imaginary and the mode is evanescent. In the high frequency range, the wavenumber is real and the 
mode works as a propagating mode. Therefore, a cut-off frequency 𝜔𝜔𝑐𝑐 for propagating modes can be 
found at the crossing point of the frequency axis and the curve of the first pressure mode 
(corresponding to 𝑝𝑝 = 0). Below the cut-off frequency, all modes become evanescent and no sound 
can propagate effectively away from the pile. By substituting the first equation of Eq. (12) into the 
expression 𝑘𝑘𝑟𝑟𝑟𝑟 = �(𝜔𝜔𝑐𝑐/𝑐𝑐)2 − 𝑘𝑘𝑥𝑥𝑥𝑥2 = 0, the cut-off frequency can be obtained as Eq. (20). It is obvious 
that the cut-off frequency is inversely proportional to the depth of the exterior fluid, which means 
low-frequency pile-driving noise in shallow waters is harder to propagate away than that in deep 
waters.  

For the impedance seabed, the wavenumbers in both vertical direction and radial direction are 
complex-valued and dependent on the impedance of the seabed. In this situation, a clear cut-off 
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frequency no longer exists. For a more detailed analysis of the influence of  the seabed impedance on 
the sound propagation, the reader is referred to [23]. 

𝜔𝜔𝑐𝑐 =
𝑐𝑐 ∙ 𝜋𝜋

2(𝑥𝑥𝑏𝑏 − 𝑥𝑥𝑖𝑖𝑖𝑖) (20) 

5. The case with an axisymmetric impact force 

A pile with a certain geometry and material parameters is chosen for the axisymmetric numerical 
case. The seabed is assumed to be a perfectly rigid acoustic boundary. The material properties of the 
shell, geometry and parameters of the model are summarized in Table 1. The impact force is assumed 
to be axisymmetric and uniformly distributed on the circumference of the pile top. For this case 
displacement functions and pressure modes for only circumferential order 𝑛𝑛 = 0 can be excited and 
the responses of the model are also axisymmetric. The distributed force is independent of angle 𝜃𝜃, 
given as 𝐹𝐹0(𝜃𝜃) = 1 × 106 N m-1.The time function of the force is assumed to be a half sinusoid wave 
with a very small duration 𝜏𝜏 = 2.5 ms and is given in Eq. (21).  

𝐻𝐻(𝑡𝑡) = �sin (𝜋𝜋𝜋𝜋/𝜏𝜏) 0 < 𝑡𝑡 < 𝜏𝜏
0 𝑡𝑡 < 0 or 𝑡𝑡 > 𝜏𝜏 (21) 

5.1. Truncation of the pressure modes and the number of sub-shells 

Table 1. Model parameters (reference values) for the examined case 

Parameters Value Unit 

E 2.1 × 1011 N m-2 

μ 0.28 − 

ρs 7800 kg m-3 

η 0.002 − 

L 28 m 

R 1 m 

h 0.02 m 

c 1500 m s-1 

ρf 1000 kg m-3 

xes=xis 10 m 

xb 18 m 

Esoil 5.0 × 107 N m-2 

μsoil 0.4 − 

ρsoil 1600 kg m-3 

In the analytical expression, the sound pressure equals the summation of unlimited number of 
pressure modes consisting of both propagating modes and evanescent modes. It is important to 
include the evanescent modes in the solution scheme of the fluid-pile-soil interaction problem, 
especially for low frequencies. For each excitation frequency, there are a set of radial wavenumbers 
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𝑘𝑘𝑟𝑟𝑟𝑟 = 0, 1, 2,⋯ ,∞  in the pressure expression, each of which corresponds to a pressure mode. 
Therefore, it is inevitable to truncate the modes in the computational program. As mentioned in Sec. 
3.3, the wavenumbers in radial direction must satisfy the condition Re(𝑘𝑘𝑟𝑟𝑟𝑟) ≥ 0 and Im(𝑘𝑘𝑟𝑟𝑟𝑟) ≤ 0 
because of the requirement of radiation condition at 𝑟𝑟 → ∞. It is noticed that evanescent modes are 
dramatically damped due to 𝑒𝑒Im�𝑘𝑘𝑟𝑟𝑟𝑟�∙𝑟𝑟 term. Therefore, only the modes with 𝑒𝑒Im�𝑘𝑘𝑟𝑟𝑟𝑟�∙𝑅𝑅 ≥ 𝜀𝜀 are retained, 
with 𝑅𝑅 being the radius of the pile and 𝜀𝜀 denoting a small parameter (𝜀𝜀 = 1 × 10−4). The modes with 
𝑒𝑒Im�𝑘𝑘𝑟𝑟𝑟𝑟�∙𝑅𝑅 < 𝜀𝜀 are disregarded because the contribution of the modes is negligible and the truncation 
leads to insignificant loss of accuracy.  

Due to the accuracy requirement of high-frequency computation, the pile should be decomposed 
into enough number of shell segments with enough orders of admissible displacement functions 
adopted in each. Theoretically, increase of both the number of shell segments and the terms of the 
displacement functions can improve the accuracy of the model. However, excessively high orders of 
displacement functions should be avoided for two reasons. Firstly, there exists numerical integration 
of displacement functions in the variational equation and the integration of high orders of 
displacement functions is relatively inefficient. Secondly, incorporation of excessively high orders of 
displacement functions leads to badly conditioned structural mass matrixes and stiffness matrixes. 
Therefore, a better settlement for high-frequency computation is to increase the number of shell 
segments. The sound pressure responses of an observing position located 3 m above the seabed and 16 
m away from the pile surface are calculated using different numbers of sub-shells, i.e. 𝐼𝐼 =4, 6, 8, 10. 
A set of displacement functions with the highest order 𝑀𝑀 = 8 is adopted in each sub-shell. The curves 
of the time histories are given in Fig. 4. Good convergence can be observed with such few sub-shells 
used. The curves of  𝐼𝐼 = 8  and 𝐼𝐼 = 10  are almost overlapped completely, which indicates a 
decomposition of 10 sub-shells would be accurate enough to predict the sound response of this case. 
In subsequent computation, the pile is decomposed into 12 sub-shells with 8 displacement functions in 
each.  Further discussions about Fig. 4 are given in Sec. 5.3. 

 
Fig. 4. Pressure histories at the observing position for different numbers of sub-shells 
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5.2. Acoustic responses 

𝑇𝑇𝑝𝑝(𝑥𝑥, 𝑟𝑟,𝜔𝜔) =
𝑝𝑝(𝑥𝑥, 𝑟𝑟,𝜔𝜔)
𝐹𝐹(𝜔𝜔)  (22) 

 𝑓𝑓ring =
1

2𝜋𝜋𝜋𝜋
�

𝐸𝐸
𝜌𝜌𝑠𝑠(1 − 𝜇𝜇2) (23) 

The force to pressure transfer functions, defined as Eq. (22), for three observed points located 4 m 
below the sea surface are shown in Fig. 5. The ordinate values in dB are given by 20log (|𝑇𝑇𝑝𝑝|/𝑇𝑇0), 
with the reference value 𝑇𝑇0 being 1 𝜇𝜇𝜇𝜇𝜇𝜇 𝑁𝑁−1. The distances from the pile surface to each observed 
point are 8 m, 25 m and 50 m, respectively. It is evident that the difference between the three curves is 
depedent on frequency. The transfer function of a nearer observed position is generally higher than 
that of a farther observed position. An obvious trough can be observed at the ring frequency of the 
pile (𝑓𝑓ring = 860 Hz), defined as Eq. (23). At the ring frequency, the quasi-longitudinal wavelength in 
the shell wall equals the shell circumference and an axisymmetric, 𝑛𝑛 = 0, ‘breathing’ or ‘hoop’, 
resonance occurs [11]. It was shown that a trough at this frequency also appeared on the frequency 
spectra of the radial pile displacement [21]. 

 
Fig. 5. Transfer functions for the observed points located 4 m below the sea surface 

An obvious difference between the transfer functions is observed below the cut-off frequency 𝑓𝑓𝑐𝑐 =
 46.8 Hz. In this frequency range the amplitutes are very small compared with those in the relatively 
high frequency range. This phenomenon can be ascribed to the fact that below the cut-off frequency 
there exist only evanescant modes which attenuate dramatically as radial distance increases. Below 
the cut-off frequency, the transfer function of the observed position at a distance of 50 m nearly 
vanishes and the curve climbs steeply at the cuf-off frequency.  

The time histories of the pressures at the three points are given in Fig. 6. Increase in observed 
distance  leads to both a lag along the time axis and an attentuation in amplitute. An estimated sound 
propagation speed from the figure is 1504 m s-1 which matches the defined sound speed 𝑐𝑐 = 1500 m 
s-1 very precisely.  
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Fig. 6. Time histories of pressure for the observed points located 4 m below the sea surface 

The force to pressure transfer functions for three observed points located 8 meters away from the 
pile surface are shown in Fig. 7. The points are positioned at 0.5 m, 4 m and 7.5 m below the sea 
surface, respectively. It is obvious that the sound pressure is depth dependent. Below 1400 Hz, The 
point close to the seabed has the highest peaks while the point close to the see surface has the lowest 
values. In the high frequency range, the trend no longer exists or even reverses. The pressure variation 
along depth depends on the terms sin𝑘𝑘𝑥𝑥𝑥𝑥(𝑥𝑥 − 𝑥𝑥𝑒𝑒𝑒𝑒) in pressure modes, as given in equation (10). For 
each mode, a pressure trough emerges on the pressure release boundary and a pressure crest emerges 
on the rigid seabed. The aforementioned phenomenon in the low frequency range occurs because the 
upper point is close to the trough while the lower point is close to the crest. As the frequency 
increases, fluid modes of higher value of 𝑘𝑘𝑥𝑥𝑝𝑝 and smaller wavelengths become dominant. In high 
frequency range, the phenomenon no longer exists because the dominant wavelengths become 
comparable to or even smaller than the distance from the observed points to the adjacent boundaries.  

 
Fig. 7. Transfer functions for the observed points located 8 m away from the pile surface 
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Fig. 8. Time histories of pressure for the observed points located 8 m away from the pile surface 

Fig. 8 shows the time histories of the sound pressures at the three observed points. The pressure 
curves see their first peaks at about 𝑡𝑡 = 10 ms and then fluctuate with a rapid attenuation along the 
time axis. The pressure amplitudes decrease to less than 5000 Pa after 70 ms. The point close to the 
seabed has the maximum pressure peaks while the point near the sea surface has the minimum values. 
This is based on the fact that in the low-frequency range the former observed point has the highest 
while the later one has the lowest pressure amplitude and most energy of the impact force is 
distributed in this frequency range. The absence of strong peaks at the depth of 0.5 m is discussed 
further in the Sec. 5.3. 

5.3. Pressure distributions in exterior fluid field 

In Fig. 9, the pressure level distributions on a cross section of the fluid field are shown for 4 
different frequencies. The values are presented in terms of sound pressure levels (SPL) calculated by 
Eq. (24), with the reference value being 𝑝𝑝�0 = 1 𝜇𝜇𝜇𝜇𝜇𝜇/Hz . The horizontal axis shows the radial 
distance from the pile surface and the vertical axis denotes the depth of the exterior fluid measured 
from the sea surface. As mentioned above, the pressure variation along depth depends on the terms 
sin𝑘𝑘𝑥𝑥𝑥𝑥(𝑥𝑥 − 𝑥𝑥𝑒𝑒𝑒𝑒) in pressure modes, with 𝑘𝑘𝑥𝑥𝑥𝑥 given in Eq. (12). For each mode, the pressure vanishes 
on the surface and reaches its wave crest on the seabed. From the Fig. 9 (a), it is observed that the 
mode corresponding to 𝑝𝑝 = 0 seems to be dominant over other modes. This can be explained by the 
dispersion curves given in Fig. 3. For this frequency 𝜔𝜔 = 2𝜋𝜋𝜋𝜋 = 314  rad s-1, only the mode 
corresponding to 𝑝𝑝 = 0 contributes as a propagating mode and all the other modes are evanescent. As 
for the Fig. 9 (b) whose radian frequency is 1256 rad s-1, there are two propagating modes 
contributing to the sound pressure, i.e. 𝑝𝑝 =0 and 𝑝𝑝 =1. A nodal line tends to emerge at the depth of 
5.3 m, which indicates that the later mode is predominant over the former one. When the frequency 
increases, there will be more propagating modes involved and their relative contributions to the 
pressure field are dependent on the structural deformation of the shell. It can be seen from the other 
two figures that the dominant modes for 1000 Hz and 2000 Hz are corresponding to 𝑝𝑝 =2 and 𝑝𝑝 =5, 
respectively. For all the four figures, the sound pressure levels attenuate as the radial distance 
increases. Due to the presence of evanescent modes which are only significant near the pile surface, 
the attenuations of the pressure levels are especially noticeable at the proximity of the shell surface. 
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SPL = 20 log10(
√2
2

|𝑝𝑝�𝑒𝑒(𝑥𝑥, 𝑟𝑟,𝜃𝜃,𝜔𝜔)|
𝑝𝑝�0

) (24) 

 
Fig. 9. Distributions of pressure level in dB re 1 𝜇𝜇Pa/Hz for  

(a) 50 Hz, (b) 200 Hz, (c) 1000 Hz and (d) 2000 Hz 

The evolution of the radiated exterior pressure with time for a radial distance up to 16 m is 
illustrated in Fig. 10.  The time step between two adjacent pictures is 2 ms. A compressional wave is 
excited by the impact force at the pile top and propagates rapidly downwards. When the structural 
wave goes through the fluid field, the fluid is compressed and generates a pressure peak which 
propagates outward along the radial direction. A minus pressure peak is generated immediately after 
the positive pressure peak due to the rarefaction following after the compression. The structural wave 
in the pile propagates faster than the sound velocity of the fluid, therefore a Mach cone [14, 16] is 
formed in the fluid field with an angle 𝛼𝛼 with respect to the pile axis. The angle depends on the 
relation 𝛼𝛼 = tan−1(𝑐𝑐/𝑐𝑐𝑠𝑠 ) in which 𝑐𝑐𝑠𝑠 is the propagation speed of the structural wave in the pile. An 
estimated value of the angle from the figure is 16.5°. The approximate propagation speed of structural 
wave is 5064 m s-1 which is slightly smaller than longitudinal wave velocity in the steel material 𝑐𝑐𝐿𝐿 =
�𝐸𝐸/𝜌𝜌𝑠𝑠 = 5188 m s-1. This presence of Mach cones was initially mentioned in [14] and was also 
observed in [16, 17, 23]. For a detailed description of the structural wave velocity and its dispersion 
characteristics in the pile wall, the reader is referred to [21, 22]. When the compressed structural wave 
arrives at the pile bottom it is reflected backward due to the impedance difference on the pile end. The 
upward reflected wave compresses the fluid and again an upward Mach cone generates in the fluid. 
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The upward Mach cone can be observed in the last two pictures. It is worth noting that there is an area 
along the sea surface where the downward Mach cones cannot be seen. Reinhall and Dahl [16] 
pointed out that the depth of the area is 𝐷𝐷∗ ≈ 𝑅𝑅 ∙ tan 𝛼𝛼, with 𝑅𝑅 being the radial distance from the pile 
source and α being the angle of the Mach cone. The absence of downward Mach cones on this area 
leads to the lack of strong pressure peaks at points close to the sea surface, which gives further 
explanation on the phenomenon observed in Fig. 8. Away from the pile interface and for the points 
0.5 m below the surface the powerful Mach cones are not present and strong pressure peaks cannot be 
found. However, if one moves very close to the pile-fluid interface, the pressure difference in vertical 
direction will no longer be so obvious due to the formation of the Mach cones. 

 
Fig. 10. Evolution of the sound pressure in Pa for time steps starting from 2.5 ms to 12.5 ms 

It takes about 0.01 s for the structural wave to travel twice the length of the pile. We call this 
duration a quasi-periodicity. In every quasi-periodicity, the vibration energy of the pile decays 
significantly as a portion of it is transmited into water and comsumed on the pile-soil interface. As a 
result, the sound energy has a similar decaying trend. If we examine the curve in Fig. 4 by an interval 
of about 0.01s, we can observe the quasi-periodicity and find the pressure decay in each quasi-
periodicity is very obvious. 

5.4. The effect of varied impact force on the sound radiation 

Deeks and Randolph [31] revealed that the amplitude and the duration of the pile-driving force 
was strongly influenced by the cushion stiffness, the anvil mass and the cushion damping. The 
variation of the impact force can make a significant difference to the pile driving noise. In this section, 
the effect of varied impact force on the sound responses is investigated.  

A set of half sinusoid forces 𝐹𝐹𝑖𝑖(𝑡𝑡), as given in Eq. (25), are used as the inputs of the model, with 
𝐹𝐹0𝑖𝑖 and 𝜏𝜏𝑖𝑖 being the peak distributed force and the duration of the force 𝐹𝐹𝑖𝑖(𝑡𝑡), respectively. They are 
assumed to impart equal impulse 𝐼𝐼𝐹𝐹 = ∫𝐹𝐹𝑖𝑖(𝑡𝑡)d𝑡𝑡 to the pile head and satisfy Eq. (26), with  𝐹𝐹0 = 1 ×
106  𝑁𝑁𝑚𝑚−1 , 𝜏𝜏0 = 2.5  ms. The evaluated durations 𝜏𝜏𝑖𝑖  increase from 1.25 ms to 5 ms, while the 
corresponding peak distributed forces 𝐹𝐹0𝑖𝑖 decrease from 2F0 to 0.5F0. The evaluated output quantities 
are the peak sound pressure level (SPLpeak) and the single sound exposure level (SEL), derived from 
the sound pressure 𝑝𝑝 at the observed position 4 m below the sea surface and 40 m away from the pile 
surface. The output quantities are defined as Eq. (27) and Eq. (28), with the reference pressure and 
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time being 𝑝𝑝0 = 1 𝜇𝜇𝜇𝜇𝜇𝜇  and 𝑡𝑡0 = 1 𝑠𝑠 , respectively. The sound response of interest is within the 
interval between t1 and t2.  

The SPLpeak  and SEL curves for the forces are given in Fig. 11. Both curves experience a 
significant decline as the force duration increases. Four times of decrease in force peak (from 2F0 to 
0.5F0) leads to a decline of   SPLpeak and SEL as much as 20 dB, which means the peak pressure 
decreases 10 times. The fact that the change in sound pressure is more significant than the change in 
the force peaks would be explained by evaluating the structural wave excited by the hammer force. In 
addition to the force peak, the force duration make a significant impact on the structural wave. At the 
very moment when the hammer bounce away from the pile top, the structural deformation covers a 
length of  𝑐𝑐𝑠𝑠𝜏𝜏𝑖𝑖  on the pile, which indicates that, for a short force duration τi , the structural 
deformation covers less length and the radial displacement varies more sharp in axial direction. It 
means that a more powerful structural wave would generate, transmit on the pile, and radiate higher 
level of underwater sound. The results suggest that it would be a potential way to reduce pile driving 
noise by choosing appropriate anvil and cushion.  

𝐹𝐹𝑖𝑖(𝑡𝑡) = �2𝜋𝜋𝜋𝜋𝐹𝐹0
𝑖𝑖 sin�

𝜋𝜋𝜋𝜋
𝜏𝜏𝑖𝑖
� 0 < 𝑡𝑡 < 𝜏𝜏

0 𝑡𝑡 < 0 or 𝑡𝑡 > 𝜏𝜏
,   (𝑖𝑖 = 1, 2,⋯ , 21) (25) 

� 2𝜋𝜋𝜋𝜋𝜋𝜋0𝑖𝑖sin (𝜋𝜋𝜋𝜋/𝜏𝜏𝑖𝑖)
𝜏𝜏𝑖𝑖

0
d𝑡𝑡 = � 2𝜋𝜋𝜋𝜋𝐹𝐹0sin (𝜋𝜋𝜋𝜋/𝜏𝜏0)

𝜏𝜏0

0
d𝑡𝑡 (26) 

SPLpeak = 20 log10 �
max [𝑎𝑎𝑎𝑎𝑎𝑎(𝑝𝑝)]

𝑝𝑝0
� (27) 

SEL = 10 log10 �
1
𝑡𝑡0

 �
𝑝𝑝2

𝑝𝑝02
d𝑡𝑡

𝑡𝑡2

𝑡𝑡1
 � (28) 

 

Fig. 11. SPLpeak (re 1 𝜇𝜇Pa) and SEL (re 1 𝜇𝜇Pa2/𝑠𝑠) values for varied impact force. 
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6. The case with a non-axisymmetric impact force 

In the previous case, the impact force is an ideal one which only excites axisymmetric vibration 
and sound radiation. In practice, it is difficult to keep the impact force absolutely parallel with pile 
axis and uniformly distributed on the circumference. In this section, a non-axisymmetric case whose 
impact force is dependent on circumferential angle is studied. The material and geometrical 
parameters are summarized in Table 1 and the impact force of the hammer is an assumed distributed 
force given in Fig. 12. The force can be considered as the summation of a uniformly distributed force 
𝐹𝐹1 = 1 × 106 N m-1 and an angle-dependent distributed force. The time function 𝐻𝐻(𝑡𝑡) is the same 
with the previous case and is given in Eq. (21). Other than the axisymmetric case in which only the 
axisymmetric modes (corresponding to 𝑛𝑛 = 0) are included in the program, a non-axisymmetric case 
must take the non-axisymmetric modes (corresponding to 𝑛𝑛 > 1) into consideration. For the specified 
force given in Fig. 11, one only needs to include the modes with 𝑛𝑛 = 0 and 𝑛𝑛 = 1 into the program 
because the force doesn’t excite pressure modes with higher circumferential orders. 
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Fig. 12. Modeling of the non-axisymmetric impact force 

In Fig. 13, the sound responses in frequency domain of four observed positions located 40 m away 
from the pile surface and 4 m below the sea surface are shown. The first 3 curves are spectrums of the 
points positioned at θ = 0, π/2 rad and π rad, respectively. The last curve is the pressure response of 
the axisymmetric case in which only the axisymmetric distributed force 𝐹𝐹1 is applied. In this non-
axisymmetric case, the impact force as well as the acoustic response can be regarded as the 
summation of two components, i.e. the axisymmetric component and the non-axisymmetric 
component. Therefore, the difference in µPa s between each curve and the fourth curve equal the 
pressure response caused by the non-axisymmetric component. The axisymmetric response is 
completely overlapped with the pressure spectrum of the position located at θ = π/2 rad, which 
means that the sound pressure caused by the non-axisymmetric component vanishes at this point. 
Theoretically, there exists a cross section plane (θ = π/2 rad) in the exterior sound field on which the 
sound pressure caused by the non-axisymmetric component vanishes. This is based on the fact that the 
pressure modes corresponding to n = 1 contribute to the non-axisymmetric sound radiation and this 
section plane is on the nodal plane of the pressure modes.  

The curves in Fig. 13 experience several evident troughs as the frequency increases. An analysis of 
the frequency spectrum of the impact force finds that its amplitude decreses as the frequency increases 
and vanishes at the frequencies 𝑓𝑓𝑞𝑞 = (1/2 + 𝑞𝑞)/𝜏𝜏, with the index being 𝑞𝑞 = 1, 2, 3,⋯. Therefore, the 
pressure spectrums of the observed points see a downward trend as the frequency arises and 
experience several sharp troughs. The first trough emerges at 𝑓𝑓1 = 600 Hz and troughs appear again 
every 400 Hz along the frequency axis. For a specific shape of the impact force, a small duration of 
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the force will lead to a result that the main energy of the force distributes on a wide range. In other 
words, the faster the force attenuation is in time domain, the slower the spectrum attenuation is in 
frequency domain. The impact force used in the model determines how the energy is distributed in the 
frequency domain. Actually, the frequency spectrum of the sound pressure in the fluid field is 
atrongly influenced by the wave shape, amplitude and duration of the hammer force. Generally, the 
impact force of pile driving has a duration within several milliseconds, and the sound energy is mainly 
distributed on the low frequency range. As can be seen from Fig. 13, the SPL peaks over 2000 Hz are 
approximately 40 dB less than the peaks below 500 Hz. The impact forces in these two cases are 
hypothetical ones which create great convenience for the computation. However, as mentioned in Sec. 
3.5, systematic studies and further discussions are necessary for more accurate and practical 
evaluations of the impact force with a variery of factors consided.  

 
Fig. 13. Pressure levels of four observed positions distributed 4 m below the sea surface 

Fig. 13 shows that the axisymmetric response has an obvious trough around the ring frequency 
(𝑓𝑓ring = 860 Hz), which is consistent with the phenomenon observed in Fig. 5. However, the trough 
cannot be found from the non-axisymmetric responses at the observed points with 𝜃𝜃 = 0 and 𝜃𝜃 = 𝜋𝜋/2 
rad. The comparison between the curves shows that the radiated sound is not uniformly distributed in 
circumferential direction for the entire frequency range and the circumferential non-uniformity is 
especially obvious around the ring frequency of the pile. It is clear that around the ring frequency only 
the responses of non-axisymmetric modes are significant. The difference between the curves indicates 
that experimental signal acquisition of underwater pile-driving noise in just one direction would not 
be enough, especially when the impact force has a significant non-axisymmetric component. The 
discovery of circumferential non-uniformity of the sound field is of guiding significance for the 
experimental tests of the underwater pile driving noise.  

7. The case including the pile cap 

On the one hand, the interaction between the ram, the cushion, the anvil and the pile influences the 
impact force [31, 35], and on the other hand their presence would influence the mechanical responses 
of the pile. In this section, a pile anvil seated on the pile head is included into the model, as illustrated 
in Fig. 14. Following assumptions are used to this model: a). the impact force is a vertical force 
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coaxial with the pile axis; b). the anvil is assumed as a lumped mass simply supported on the pile head, 
i.e., the anvil moves vertically together with the pile head without separation and the interface 
between the anvil and the pile head doesn’t sustain shear forces and bending moments.  The impact 
force is the same with the one used in Sec. 5.1~ Sec. 5.3.  

The second assumption means that an additional axial inertia force is applied to the pile head as 
the anvil moves along with it. The effect of the anvil is taken into account by incorporating the kinetic 
energy of the anvil 𝑇𝑇𝑎𝑎 into the variational equation (1).  Then the variational equation turns to be Eq. 
(29), with 𝑇𝑇𝑐𝑐  given in Eq. (30). 𝑢𝑢0 is the displacement of the pile head in axial direction. By this 
approach, one only needs to change the mass matrix of the first sub-shell to get the new governing 
equations. The mass sub-matrix of this case is also given in Appendix B. 

� �δ𝑇𝑇𝑐𝑐 + �(δ𝑇𝑇𝑖𝑖 − δ𝑈𝑈𝑖𝑖 + δ𝑊𝑊𝑖𝑖)
𝐼𝐼

𝑖𝑖=1

�d𝑡𝑡
𝑡𝑡1

𝑡𝑡0
+ � � δ𝛱𝛱𝜆𝜆𝜆𝜆

𝑖𝑖,𝑖𝑖+1

 d𝑡𝑡
𝑡𝑡1

𝑡𝑡0
= 0 (29) 

𝑇𝑇𝑐𝑐 =
1
2
𝑚𝑚𝑐𝑐𝑢𝑢02 (30) 

 
Fig. 14. The impact model of the anvil 

In Fig. 15, the SPL curve of the case including an anvil (𝑚𝑚𝑐𝑐 = 600 kg) is compared with the case 
without the anvil at an observed position. It is shown that the anvil tends to reduce the corresponding 
frequencies of the peaks, which can be explained by the fact that the anvil introduces additional mass 
to the coupling system. Furthermore, the corresponding amplitudes of the peaks tend to decrease due 
to the presence of the anvil. Both the trends become more evident in the high-frequency range. The 
incorporation of the anvil changes the geometrical boundary condition on the pile top, and changes 
the resonance frequencies and the response amplitudes of the model. The change becomes 
increasingly sensitive to the variation of boundary condition as the frequency goes up. In this case, the 
incorporation of the anvil doesn’t result in obvious losses in SPLpeak and SEL at the position, which 
are just 0.5 dB and 0.3 dB, respectively. It can be concluded that the losses in SPLpeak and SEL will 
be more significant if a sharper force impacts on the pile, since a sharper force carries more energy on 
the high frequency range. 

The variational formulation makes it quite tractable to deal with piles with complex boundary 
conditions in which some attachments are connected to the pile ends, such as the pile cap (anvil), the 
pile cushion and the pile footing. Compared to the method using differential equations to solve the 
shell displacements, the effort to seek in-vacuo shell modes for different geometrical boundary 
conditions is avoided. This advantage makes it possible to establish a more complete model for 

23 



 

influence evaluation of the attachments and to explore potential noise-reducing measures, which 
would be a potential work for the authors and the readers. 

 
Fig. 15. Pressure levels at the point located 4 m below the sea surface  

and 10 m away from the pile surface. 

8. Experimental validation 

To validate the modeling approach described in Sec. 3, a comparison between measured data from 
the sound test of a mini pile and computed values from the mechanical model is given in this section. 
The experiment was conducted in a lake whose water depth was much less than that of an offshore 
site and the size of the pile was also far lower than that of a real pile used in offshore pile driving. The 
data comparison presented in this work offers experiment support for the modeling approach, but both 
the measured data and the computed values cannot reveal the real characteristics of the offshore pile 
driving noise due to the huge size difference.   

A pile with a length of 4.6 m, a diameter of 139 mm and a thickness of 2 mm was driven into the 
lake bottom. The length of the pile below the water-soil interface was about 0.4 m. The material 
parameters of the pile are listed in Tab. 1. The average water depth of the site was about 1.7 m. A 
disc-shaped pile cap with a mass of 2.5 kg was fixed on the pile top by a flange connection. A 
hammer, equipped with a force sensor, impacted on the geometrical center of the upper surface of the 
cap and the sound signal was collected by a hydrophone located at the position 3 m away from the pile 
surface and 0.65 m below the air-water surface. The impacts were repeated 5 times for average and 
the time interval between any two adjacent impacts was large enough for the sound signal excited by 
the former impact to vanish. The average peak force was 1817 N and the average duration of the force 
was 1.95 ms. The data were collected with a sampling frequency of 8192 Hz. The test of the ambient 
noise found it was negligible compared with collected pile driving noise. At the observed position, no 
significant reflected sound wave from the lake shore was detected during the time interval of interest.  

The bottom of the site was characterized by a thin layer of soft clay with a thickness of 
approximately 0.8 m, overlying a relatively hard clay bottom. In the theoretical computation, the soil 
parameters were chose according to the upper layer of soil. A sample analysis of the upper layer 
suggested its density was about 𝜌𝜌soil = 1720 𝑘𝑘𝑘𝑘/𝑚𝑚3. The soil’s elastic modulus and the Poisson’s 
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ratio used for theoretical computation were respectively 𝐸𝐸soil = 3.5 𝑀𝑀𝑀𝑀𝑀𝑀  and 𝜇𝜇soil = 0.4  , which 
were chose according to the suggestion of the reference [36] for soft clay. In the theoretical model, the 
water-soil interface is assumed to be a rigid acoustic boundary, and the radial displacement 𝑤𝑤 at the 
pile top is confined to be zero in consideration of the effect of the flange connection.  

A comparison between the computed sound pressure and the measured sound pressure is given in 
Fig. 16, in which the measured data are the average output of the five impacts. The curves show that 
the model can reproduce the main characteristics of the response in both time domain (Fig. 16a) and 
frequency domain (Fig. 16b), albeit with some deviations on the pressure peaks and resonance 
frequencies. In the frequency range of interest, the resonance frequencies are not as dense as those 
presented in Fig. 5 and Fig. 7, which can be explained by the fact that the modal density of the mini 
pile is far lower than that of the previous one within this frequency range. The computed SPLpeak and 
SEL values are respectively 3.4 dB and 1.4 dB larger than their corresponding measured data. Both 
the soil simplification and the rigid assumption of acoustic bottom introduce accuracy loss to the 
model, and these errors are inevitable on this topic due to the complex composition of the model. Due 
to a number of uncertainties, prediction errors of underwater pile driving noise at these scales are 
common [19, 23], such as the parameter uncertainties of soil, the contact condition uncertainties at the 
pile-soil and anvil-pile interfaces, and the variations of the pile geometry. In addition to the 
overestimate of pressure peak, the theoretical model gives a higher evaluation to the pressure decay 
over time, which suggests that the spring and dashpot model would overrate the damping of the soil. 
The comparison to the experiment data indicates that the presented model is capable of predicting the 
underwater pile driving noise quantitatively in both time domain and frequency domain, albeit with 
some errors.  

 
Fig. 16. Comparison of computed and measured sound pressures at the position located 3 m away from  

the pile surface and 0.65 m below the air-water interface in (a) time domain and (b) frequency domain. 
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9. Conclusions 

In this work, a new semi-analytical methodology is proposed to establish the mechanical model for 
predicting the underwater noise for a pile-water-soil interaction system subject to piling hammer 
impacts. Based on the study, following conclusions can be obtained: 

The dispersion relation curves show that for perfectly rigid seabed there is a cut-off frequency for 
sound propagation in the exterior fluid field. Underwater noise below the cut-off frequency cannot 
propagate effectively away from the pile. The value of the cut-off frequency is inversely proportional 
to the depth of the exterior fluid, which indicates that low-frequency pile-driving noise in shallow 
waters is harder to propagate away than that in deep waters. The sound outputs of a set of impact 
forces with equal impulse shows that both the SEL and the SPLpeak decreases significantly as the 
force duration increases. The non-axisymmetric case indicates that the radiated sound pressure has 
dependence on circumferential angle, and around the ring frequency of the pile the sound pressure is 
mainly contributed by the non-axisymmetric pressure modes. The presence of the anvil tends to 
reduce the corresponding frequencies and amplitudes of the peaks of the sound pressure level, and this 
tendency becomes more obvious as the frequency increases. However, in the presented case the anvil 
doesn’t influence the underwater SEL and the SPLpeal significantly.  

A mini pile experiment has demonstrated that the developed semi-analytical method is reliable to 
predict the pile driving noise in both time and frequency domains, albeit with some accuracy loss.  
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Appendix A. Expressions of the spring and damping coefficients 

The equivalent spring coefficients for the soil model in three directions are given as 
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(A.1a-c) 

with 𝑉𝑉𝑠𝑠 = �𝐸𝐸𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠/[2(1 + 𝜇𝜇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)𝜌𝜌𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠]  being the shear wave velocity of the soil and 𝑉𝑉𝐿𝐿𝐿𝐿 =
3.4𝑉𝑉𝑠𝑠/[𝜋𝜋(1 − 𝜇𝜇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)] denoting the Lysmer’s analog wave velocity [29]. 

 The equivalent damping coefficients in three directions are given as  
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(A.2a-c) 

In each equation ,the first part in the right side is the radiation damping coefficient in corresponding 

direction [29], while the second part denotes corresponding material damping coefficient, with 𝛽𝛽𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 

being the equivalent damping ratio depending on the level of soil strain [30], which can be evaluated 

roughly by examining the vibration responses of the soil-free model. 

Appendix B. Expressions of 𝑴𝑴, 𝑲𝑲, 𝐊𝐊𝛌𝛌, 𝐊𝐊𝛋𝛋 and 𝑭𝑭(𝝎𝝎) 

The disjoint mass and stiffness matrices 𝑴𝑴, 𝑲𝑲 are respectively given as  

𝑴𝑴 = diag[𝑴𝑴1,𝑴𝑴2,⋯ ,𝑴𝑴𝑖𝑖,⋯ ,𝑴𝑴𝐼𝐼];   𝑲𝑲 = diag[𝑲𝑲1,𝑲𝑲2,⋯ ,𝑲𝑲𝑖𝑖,⋯ ,𝑲𝑲𝐼𝐼] (B.1a-b) 

in which sub-matrices 𝑴𝑴𝑖𝑖 and 𝑲𝑲𝑖𝑖 are mass and stiffness matrices of the 𝑖𝑖th sub-shell given as 
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According to Reisser-Naghdi’s thin shell theory, the elements of the sub-matrices 𝑴𝑴𝑖𝑖 and 𝑲𝑲𝑖𝑖 can 
be given as Eqs. (B.3a-c) and (B.4a-f), where 𝐾𝐾 = 𝐸𝐸ℎ/(1 − 𝜇𝜇2) and 𝐷𝐷 = 𝐸𝐸ℎ3/[12 (1− 𝜇𝜇2)] are the 
membrane stiffness and bending stiffness of the shell, respectively.  

For the case with the anvil included, the additional mass sub-matrix 𝑚𝑚𝑐𝑐𝑼𝑼𝑥𝑥=0
𝑇𝑇 𝑼𝑼𝑥𝑥=0 is added to the 

left side of the expression of 𝑴𝑴𝑢𝑢𝑢𝑢
1  which is the mass sub-matrix corresponding to the sub-shell 

connected to the anvil. 𝑼𝑼𝑥𝑥=0 is the polynomial vector of the axial shell displacement valued at 𝑥𝑥 = 0. 
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The stiffness matrices 𝑲𝑲𝜆𝜆  and 𝑲𝑲𝜅𝜅  can be obtained respectively by assembling the sub-matrices 
𝑲𝑲𝜆𝜆
𝑖𝑖,𝑖𝑖+1 and 𝑲𝑲𝜅𝜅

𝑖𝑖,𝑖𝑖+1  which are the interface matrices between the 𝑖𝑖th subshell and the (𝑖𝑖 + 1)th subshell. 
The interface matrix 𝑲𝑲𝜆𝜆

𝑖𝑖,𝑖𝑖+1 is given as 

𝑲𝑲𝜆𝜆
𝑖𝑖,𝑖𝑖+1 = �

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝑲𝑲�𝑢𝑢𝑖𝑖𝑢𝑢𝑖𝑖 𝑲𝑲�𝑢𝑢𝑖𝑖𝑣𝑣𝑖𝑖   𝑲𝑲�𝑢𝑢𝑖𝑖𝑤𝑤𝑖𝑖

𝑲𝑲�𝑢𝑢𝑖𝑖𝑣𝑣𝑖𝑖
T 𝑲𝑲�𝑣𝑣𝑖𝑖𝑣𝑣𝑖𝑖   𝑲𝑲�𝑣𝑣𝑖𝑖𝑤𝑤𝑖𝑖

𝑲𝑲�𝑢𝑢𝑖𝑖𝑤𝑤𝑖𝑖
T 𝑲𝑲�𝑣𝑣𝑖𝑖𝑤𝑤𝑖𝑖

T   𝑲𝑲�𝑤𝑤𝑖𝑖𝑤𝑤𝑖𝑖

𝑲𝑲�𝑢𝑢𝑖𝑖𝑢𝑢𝑖𝑖+1 𝑲𝑲�𝑢𝑢𝑖𝑖𝑣𝑣𝑖𝑖+1 𝟎𝟎
𝑲𝑲�𝑣𝑣𝑖𝑖𝑢𝑢𝑖𝑖+1 𝑲𝑲�𝑣𝑣𝑖𝑖𝑣𝑣𝑖𝑖+1 𝑲𝑲�𝑣𝑣𝑖𝑖𝑤𝑤𝑖𝑖+1

𝑲𝑲�𝑤𝑤𝑖𝑖𝑢𝑢𝑖𝑖+1 𝑲𝑲�𝑤𝑤𝑖𝑖𝑣𝑣𝑖𝑖+1 𝑲𝑲�𝑤𝑤𝑖𝑖𝑤𝑤𝑖𝑖+1

𝑲𝑲�𝑢𝑢𝑖𝑖𝑢𝑢𝑖𝑖+1
T 𝑲𝑲�𝑣𝑣𝑖𝑖𝑢𝑢𝑖𝑖+1

T 𝑲𝑲�𝑤𝑤𝑖𝑖𝑢𝑢𝑖𝑖+1
T

𝑲𝑲�𝑢𝑢𝑖𝑖𝑣𝑣𝑖𝑖+1
T 𝑲𝑲�𝑣𝑣𝑖𝑖𝑣𝑣𝑖𝑖+1

T 𝑲𝑲�𝑤𝑤𝑖𝑖𝑣𝑣𝑖𝑖+1
T

𝟎𝟎 𝑲𝑲�𝑣𝑣𝑖𝑖𝑤𝑤𝑖𝑖+1
T 𝑲𝑲�𝑤𝑤𝑖𝑖𝑤𝑤𝑖𝑖+1

T

𝟎𝟎            𝟎𝟎                𝟎𝟎        
𝟎𝟎            𝟎𝟎               𝟎𝟎       
𝟎𝟎            𝟎𝟎               𝟎𝟎       ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

𝑅𝑅d𝜃𝜃
2𝜋𝜋

0
 

(B.5) 

The elements in the matrix 𝑲𝑲𝜆𝜆
𝑖𝑖,𝑖𝑖+1 are given by Eqs. (B.6) ~ (B.19), with 𝐾𝐾�  and 𝐷𝐷� defined as 𝐾𝐾� =

𝐾𝐾(1 − 𝜇𝜇)/2 and 𝐷𝐷� = 𝐷𝐷(1 − 𝜇𝜇)/2. 

𝑲𝑲�𝑢𝑢𝑖𝑖𝑢𝑢𝑖𝑖 = 𝐾𝐾
𝜕𝜕𝑼𝑼𝑖𝑖

T

𝜕𝜕𝜕𝜕
𝑼𝑼𝑖𝑖 + 𝐾𝐾𝑼𝑼𝑖𝑖

T 𝜕𝜕𝑼𝑼𝑖𝑖

𝜕𝜕𝜕𝜕
 

(B.6) 

𝑲𝑲�𝑢𝑢𝑖𝑖𝑣𝑣𝑖𝑖 =
𝐾𝐾𝐾𝐾
𝑅𝑅
𝑼𝑼𝑖𝑖
T 𝜕𝜕𝑽𝑽𝑖𝑖
𝜕𝜕𝜕𝜕

+
𝐾𝐾�
𝑅𝑅
𝜕𝜕𝑼𝑼𝑖𝑖

T

𝜕𝜕𝜕𝜕
𝑽𝑽𝑖𝑖 

(B.7) 

𝑲𝑲�𝑢𝑢𝑖𝑖𝑤𝑤𝑖𝑖 =
𝐾𝐾𝐾𝐾
𝑅𝑅
𝑼𝑼𝑖𝑖
T𝑾𝑾𝑖𝑖 

(B.8) 
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𝑲𝑲�𝑢𝑢𝑖𝑖𝑢𝑢𝑖𝑖+1 = −𝐾𝐾
𝜕𝜕𝑼𝑼𝑖𝑖

T

𝜕𝜕𝜕𝜕
𝑼𝑼𝑖𝑖+1 

(B.9) 

𝑲𝑲�𝑢𝑢𝑖𝑖𝑣𝑣𝑖𝑖+1 = −
𝐾𝐾�
𝑅𝑅
𝜕𝜕𝑼𝑼𝑖𝑖

T

𝜕𝜕𝜕𝜕
𝑽𝑽𝑖𝑖+1 

(B.10) 

𝑲𝑲�𝑣𝑣𝑖𝑖𝑣𝑣𝑖𝑖 = (𝐾𝐾� +
𝐷𝐷�
𝑅𝑅2

)(
𝜕𝜕𝑽𝑽𝑖𝑖T

𝜕𝜕𝜕𝜕
𝑽𝑽𝑖𝑖 + 𝑽𝑽𝑖𝑖T

𝜕𝜕𝑽𝑽𝑖𝑖
𝜕𝜕𝜕𝜕

) 
(B.11) 

𝑲𝑲�𝑣𝑣𝑖𝑖𝑤𝑤𝑖𝑖 =
𝐷𝐷
𝑅𝑅2

𝜕𝜕2𝑽𝑽𝑖𝑖T

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝑾𝑾𝑖𝑖 −

𝜇𝜇𝜇𝜇
𝑅𝑅2

𝜕𝜕𝑽𝑽𝑖𝑖T

𝜕𝜕𝜕𝜕
𝜕𝜕𝑾𝑾𝑖𝑖

𝜕𝜕𝜕𝜕
−

2𝐷𝐷�
𝑅𝑅2

𝑽𝑽𝑖𝑖T
𝜕𝜕2𝑾𝑾𝑖𝑖

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
 

(B.12) 

𝑲𝑲�𝑣𝑣𝑖𝑖𝑢𝑢𝑖𝑖+1 = −
𝜇𝜇𝜇𝜇
𝑅𝑅
𝜕𝜕𝑽𝑽𝑖𝑖T

𝜕𝜕𝜕𝜕
𝑼𝑼𝑖𝑖+1 

(B.13) 

𝑲𝑲�𝑣𝑣𝑖𝑖𝑣𝑣𝑖𝑖+1 = −(𝐾𝐾� +
𝐷𝐷�
𝑅𝑅2

)
𝜕𝜕𝑽𝑽𝑖𝑖T

𝜕𝜕𝜕𝜕
𝑽𝑽𝑖𝑖+1 

(B.14) 

𝑲𝑲�𝑣𝑣𝑖𝑖𝑤𝑤𝑖𝑖+1 = −
𝐷𝐷
𝑅𝑅2

𝜕𝜕2𝑽𝑽𝑖𝑖T

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝑾𝑾𝑖𝑖+1 +

𝜇𝜇𝜇𝜇
𝑅𝑅2

𝜕𝜕𝑽𝑽𝑖𝑖T

𝜕𝜕𝜕𝜕
𝜕𝜕𝑾𝑾𝑖𝑖+1

𝜕𝜕𝜕𝜕
 

(B.15) 

𝑲𝑲�𝑤𝑤𝑖𝑖𝑤𝑤𝑖𝑖 = 𝐷𝐷

⎣
⎢
⎢
⎢
⎡�−

𝜕𝜕3𝑾𝑾𝑖𝑖
T

𝜕𝜕𝑥𝑥3
−

2 − 𝜇𝜇
𝑅𝑅2

𝜕𝜕3𝑾𝑾𝑖𝑖
T

𝜕𝜕𝜕𝜕𝜕𝜕𝜃𝜃2
 �𝑾𝑾𝑖𝑖 + �

𝜕𝜕2𝑾𝑾𝑖𝑖
T

𝜕𝜕𝑥𝑥2
+
𝜇𝜇
𝑅𝑅2

𝜕𝜕2𝑾𝑾𝑖𝑖
T

𝜕𝜕𝜃𝜃2 �
𝜕𝜕𝑾𝑾𝑖𝑖

𝜕𝜕𝜕𝜕

+𝑾𝑾𝑖𝑖
T �−

𝜕𝜕3𝑾𝑾𝑖𝑖

𝜕𝜕𝑥𝑥3
−

2 − 𝜇𝜇
𝑅𝑅2

𝜕𝜕3𝑾𝑾𝑖𝑖

𝜕𝜕𝜕𝜕𝜕𝜕𝜃𝜃2
 �+

𝜕𝜕𝑾𝑾𝑖𝑖
T

𝜕𝜕𝜕𝜕
(
𝜕𝜕2𝑾𝑾𝑖𝑖

𝜕𝜕𝑥𝑥2
+
𝜇𝜇
𝑅𝑅2

𝜕𝜕2𝑾𝑾𝑖𝑖

𝜕𝜕𝜃𝜃2
)
⎦
⎥
⎥
⎥
⎤
 

(B.16) 

𝑲𝑲�𝑤𝑤𝑖𝑖𝑢𝑢𝑖𝑖+1 = −
𝜇𝜇𝜇𝜇
𝑅𝑅
𝑾𝑾𝑖𝑖

T𝑼𝑼𝑖𝑖+1 (B.17) 

𝑲𝑲�𝑤𝑤𝑖𝑖𝑣𝑣𝑖𝑖+1 =
2𝐷𝐷�
𝑅𝑅2

𝜕𝜕2𝑾𝑾𝑖𝑖
T

𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝑽𝑽𝑖𝑖+1 

(B.18) 

𝑲𝑲�𝑤𝑤𝑖𝑖𝑤𝑤𝑖𝑖+1 = 𝐷𝐷 �
𝜕𝜕3𝑾𝑾𝑖𝑖

T

𝜕𝜕𝑥𝑥3
+

2 − 𝜇𝜇
𝑅𝑅2

𝜕𝜕3𝑾𝑾𝑖𝑖
T

𝜕𝜕𝜕𝜕𝜕𝜕𝜃𝜃2�
𝑾𝑾𝑖𝑖+1 − �

𝜕𝜕2𝑾𝑾𝑖𝑖
T

𝜕𝜕𝑥𝑥2
+
𝜇𝜇
𝑅𝑅2

𝜕𝜕2𝑾𝑾𝑖𝑖
T

𝜕𝜕𝜃𝜃2 �
𝜕𝜕𝑾𝑾𝑖𝑖+1

𝜕𝜕𝜕𝜕
 

(B.19) 

The interface matrix 𝑲𝑲𝜅𝜅
𝑖𝑖,𝑖𝑖+1 introduced by the least-squares weighted residual terms between the 

𝑖𝑖th subshell and the (𝑖𝑖 + 1)th subshell is given as 

𝑲𝑲𝜅𝜅
𝑖𝑖,𝑖𝑖+1 = �

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 𝑲𝑲�𝑢𝑢𝑖𝑖𝑢𝑢𝑖𝑖  𝟎𝟎       𝟎𝟎

𝟎𝟎     𝑲𝑲�𝑣𝑣𝑖𝑖𝑣𝑣𝑖𝑖       𝟎𝟎
𝟎𝟎      𝟎𝟎   𝑲𝑲�𝑤𝑤𝑖𝑖𝑤𝑤𝑖𝑖

𝑲𝑲�𝑢𝑢𝑖𝑖𝑢𝑢𝑖𝑖+1   𝟎𝟎 𝟎𝟎
𝟎𝟎 𝑲𝑲�𝑣𝑣𝑖𝑖𝑣𝑣𝑖𝑖+1 𝟎𝟎
𝟎𝟎   𝟎𝟎 𝑲𝑲�𝑤𝑤𝑖𝑖𝑤𝑤𝑖𝑖+1

𝑲𝑲�𝑢𝑢𝑖𝑖𝑢𝑢𝑖𝑖+1
T 𝟎𝟎 𝟎𝟎
𝟎𝟎 𝑲𝑲�𝑣𝑣𝑖𝑖𝑣𝑣𝑖𝑖+1

T 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝑲𝑲�𝑤𝑤𝑖𝑖𝑤𝑤𝑖𝑖+1

T

𝟎𝟎           𝟎𝟎           𝟎𝟎
𝟎𝟎           𝟎𝟎           𝟎𝟎
𝟎𝟎           𝟎𝟎           𝟎𝟎 ⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

𝑅𝑅d𝜃𝜃
2𝜋𝜋

0
 

(B.20) 
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The elements in the interface matrix 𝑲𝑲𝜅𝜅
𝑖𝑖,𝑖𝑖+1 are given by Eqs. (B.21) ~ (B.29), with 𝛼𝛼𝑢𝑢, 𝛼𝛼𝑣𝑣, 𝛼𝛼𝑤𝑤 and  

𝛼𝛼𝑟𝑟 being the least-squares weighted residual parameters [25].  

 𝑲𝑲�𝑢𝑢𝑖𝑖𝑢𝑢𝑖𝑖 = 𝜅𝜅𝑢𝑢𝑼𝑼𝑖𝑖
T𝑼𝑼𝑖𝑖 (B.21) 

𝑲𝑲�𝑢𝑢𝑖𝑖𝑢𝑢𝑖𝑖+1 = −𝜅𝜅𝑢𝑢𝑼𝑼𝑖𝑖T𝑼𝑼𝑖𝑖+1 (B.22) 

𝑲𝑲�𝑣𝑣𝑖𝑖𝑣𝑣𝑖𝑖 = 𝜅𝜅𝑣𝑣𝑽𝑽𝑖𝑖T𝑽𝑽𝑖𝑖 (B.23) 

𝑲𝑲�𝑣𝑣𝑖𝑖𝑣𝑣𝑖𝑖+1 = −𝜅𝜅𝑣𝑣𝑽𝑽𝑖𝑖T𝑽𝑽𝑖𝑖+1 (B.24) 

𝑲𝑲�𝑤𝑤𝑖𝑖𝑤𝑤𝑖𝑖 = 𝜅𝜅𝑤𝑤𝑾𝑾𝑖𝑖
T𝑾𝑾𝑖𝑖 + 𝜅𝜅𝑟𝑟

𝜕𝜕𝑾𝑾𝑖𝑖
T

𝜕𝜕𝜕𝜕
𝜕𝜕𝑾𝑾𝑖𝑖

𝜕𝜕𝜕𝜕
 

(B.25) 

𝑲𝑲�𝑤𝑤𝑖𝑖𝑤𝑤𝑖𝑖+1 = −𝜅𝜅𝑤𝑤𝑾𝑾𝑖𝑖
T𝑾𝑾𝑖𝑖+1 − 𝜅𝜅𝑟𝑟

𝜕𝜕𝑾𝑾𝑖𝑖
T

𝜕𝜕𝜕𝜕
𝜕𝜕𝑾𝑾𝑖𝑖+1

𝜕𝜕𝜕𝜕
 

(B.26) 

𝑲𝑲�𝑢𝑢𝑖𝑖+1𝑢𝑢𝑖𝑖+1 = 𝜅𝜅𝑢𝑢𝑼𝑼𝑖𝑖+1
T 𝑼𝑼𝑖𝑖+1 (B.27) 

𝑲𝑲�𝑣𝑣𝑖𝑖+1𝑣𝑣𝑖𝑖+1 = 𝜅𝜅𝑣𝑣𝑽𝑽𝑖𝑖+1T 𝑽𝑽𝑖𝑖+1 (B.28) 

𝑲𝑲�𝑤𝑤𝑖𝑖+1𝑤𝑤𝑖𝑖+1 = 𝜅𝜅𝑤𝑤𝑾𝑾𝑖𝑖+1
T 𝑾𝑾𝑖𝑖+1 + 𝜅𝜅𝑟𝑟

𝜕𝜕𝑾𝑾𝑖𝑖+1
T

𝜕𝜕𝜕𝜕
𝜕𝜕𝑾𝑾𝑖𝑖+1

𝜕𝜕𝜕𝜕
 

(B.29) 

Assuming that the exciting forces acting on the circumference of the pile top are, respectively, 𝐹𝐹𝑥𝑥 
in vertical direction, 𝐹𝐹𝜃𝜃 in circumferential direction and 𝐹𝐹𝑟𝑟 in radial direction, the generalized force 
vector 𝑭𝑭(𝜔𝜔) can be given as 

𝑭𝑭(𝜔𝜔) = �𝒇𝒇𝑥𝑥1 ,𝒇𝒇𝜃𝜃1 ,𝒇𝒇𝑟𝑟1 ,𝟎𝟎,𝟎𝟎,𝟎𝟎,⋯ ,𝟎𝟎,𝟎𝟎,𝟎𝟎�T,    (B.30) 

where 𝒇𝒇𝑥𝑥1, 𝒇𝒇𝜃𝜃1, 𝒇𝒇𝑟𝑟1 are given by Eqs. (B.31) ~ (B.33). For vertical axisymmetric impact forces, 𝐹𝐹𝜃𝜃 =
𝐹𝐹𝑟𝑟 = 0 and the vectors 𝒇𝒇𝜃𝜃1 = 𝒇𝒇𝑟𝑟1 = 𝟎𝟎. 

𝒇𝒇𝑥𝑥1 = ∫ 𝑼𝑼T𝐹𝐹𝑥𝑥𝑅𝑅d𝜃𝜃2𝜋𝜋
0     (B.31) 

𝒇𝒇𝜃𝜃1 = ∫ 𝑽𝑽T𝐹𝐹𝜃𝜃𝑅𝑅d𝜃𝜃2𝜋𝜋
0     (B.32) 

𝒇𝒇𝑟𝑟1 = ∫ 𝑾𝑾T𝐹𝐹𝑟𝑟𝑅𝑅d𝜃𝜃2𝜋𝜋
0     (B.33) 

Appendix C. Coupling matrices 𝑪𝑪𝒆𝒆, 𝑪𝑪𝒊𝒊 and 𝑪𝑪𝐬𝐬𝐬𝐬𝐬𝐬𝐬𝐬 

The sound pressure in exterior surface of the shell can be expressed in matrix form as Eq. (C.1). 

𝑝𝑝�𝑒𝑒(𝑥𝑥,𝑅𝑅,𝜃𝜃,𝜔𝜔) = �� � ��𝑤𝑤𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 ⋅ 𝑃𝑃�𝑒𝑒,𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖

∞

𝑝𝑝=0

∞

𝑛𝑛=0

𝑀𝑀

𝑚𝑚=0

1

𝛼𝛼=0

𝐼𝐼𝑒𝑒

𝑖𝑖=1

 
(C.1) 
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= [� 𝑃𝑃�𝑒𝑒,1𝛼𝛼1𝑛𝑛𝑛𝑛
𝛼𝛼,𝑛𝑛,𝑝𝑝

, � 𝑃𝑃�𝑒𝑒,1𝛼𝛼2𝑛𝑛𝑛𝑛
𝛼𝛼,𝑛𝑛,𝑝𝑝

,⋯ , � 𝑃𝑃�𝑒𝑒,1𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼
𝛼𝛼,𝑛𝑛,𝑝𝑝

, � 𝑃𝑃�𝑒𝑒,2𝛼𝛼1𝑛𝑛𝑛𝑛
𝛼𝛼,𝑛𝑛,𝑝𝑝

,⋯ , � 𝑃𝑃�𝑒𝑒,2𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼
𝛼𝛼,𝑛𝑛,𝑝𝑝

, 

⋯ , � 𝑃𝑃�𝑒𝑒,𝐼𝐼𝑒𝑒𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼
𝛼𝛼,𝑛𝑛,𝑝𝑝

] ⋅ [𝑤𝑤1𝛼𝛼1𝑛𝑛,𝑤𝑤1𝛼𝛼2𝑛𝑛,⋯ ,𝑤𝑤1𝛼𝛼𝛼𝛼𝛼𝛼,𝑤𝑤2𝛼𝛼1𝑛𝑛,⋯ ,𝑤𝑤2𝛼𝛼𝛼𝛼𝛼𝛼,⋯ ,𝑤𝑤𝐼𝐼𝑒𝑒𝛼𝛼𝛼𝛼𝛼𝛼]T 

By substituting the displacement functions of the sub-shells and Eq. (C.1) into Eq. (14), the total 
virtual work of sound pressure on the 𝑖𝑖th submerged sub-shell can be obtained as Eq. (C.2), with the 
sub-matrix 𝑪𝑪�𝑖𝑖𝑖𝑖  given in Eq. (C.3). The component term −𝛿𝛿[Re(𝒘𝒘𝑖𝑖

T𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗]Re(𝑪𝑪�𝑖𝑖𝑖𝑖𝒘𝒘𝑘𝑘𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗) presents the 
virtual work done by the sound pressure contributed by the 𝑘𝑘th sub-shell. Due to the presence of 
matrixes 𝑪𝑪�𝑖𝑖𝑖𝑖  and 𝑪𝑪�𝑘𝑘𝑘𝑘 , an additional coupling relation is applied between the vibrations of  the 𝑖𝑖th 
submerged sub-shell and the 𝑘𝑘th submerged sub-shell. The terms 𝛿𝛿[Re(𝒘𝒘𝑖𝑖

T𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗] can be removed from 
the variational equation due to the randomicity of the variation. At last, the variational equation Eq. (1) 
is simplified to a linear equation without 2th order terms of complex variables. The global coupling 
matrix 𝑪𝑪𝑒𝑒 can be obtained by assembling the sub-matrixes 𝑪𝑪�𝑖𝑖𝑖𝑖 together based on the arrangement of 
the generalized coordinate vectors as shown in Eq. (19). The derivation of the interior coupling matrix 
𝑪𝑪𝑖𝑖 is similar with that of the exterior coupling matrix. 

𝛿𝛿𝑊𝑊𝑖𝑖 = −𝛿𝛿[Re(𝒘𝒘𝑖𝑖
T𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗] ∙ Re�� � 𝑾𝑾T ∙ Re(𝑝𝑝�𝑒𝑒𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗)𝑅𝑅d𝑥𝑥

𝑥𝑥𝑖𝑖+1

𝑥𝑥𝑖𝑖
d𝜃𝜃

2𝜋𝜋

0
� 

= −𝛿𝛿[Re(𝒘𝒘𝑖𝑖
T𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗]

∙ Re

⎩
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𝑾𝑾T ⋅ [� 𝑃𝑃�𝑒𝑒,1𝛼𝛼1𝑛𝑛𝑛𝑛
𝛼𝛼,𝑛𝑛,𝑝𝑝

, � 𝑃𝑃�𝑒𝑒,1𝛼𝛼2𝑛𝑛𝑛𝑛
𝛼𝛼,𝑛𝑛,𝑝𝑝

,⋯ , � 𝑃𝑃�𝑒𝑒,1𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼
𝛼𝛼,𝑛𝑛,𝑝𝑝

,

� 𝑃𝑃�𝑒𝑒,2𝛼𝛼1𝑛𝑛𝑛𝑛
𝛼𝛼,𝑛𝑛,𝑝𝑝

,⋯ , � 𝑃𝑃�𝑒𝑒,2𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼
𝛼𝛼,𝑛𝑛,𝑝𝑝

,⋯ , � 𝑃𝑃�𝑒𝑒,𝐼𝐼𝑒𝑒𝛼𝛼𝛼𝛼𝛼𝛼𝛼𝛼
𝛼𝛼,𝑛𝑛,𝑝𝑝

] ⋅ 𝑅𝑅d𝑥𝑥
⎠

⎟
⎞𝑥𝑥𝑖𝑖+1

𝑥𝑥𝑖𝑖
d𝜃𝜃

2𝜋𝜋
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∙ �𝑤𝑤1𝛼𝛼1𝑛𝑛,𝑤𝑤1𝛼𝛼2𝑛𝑛,⋯ ,𝑤𝑤1𝛼𝛼𝛼𝛼𝛼𝛼,𝑤𝑤2𝛼𝛼1𝑛𝑛,⋯ ,𝑤𝑤2𝛼𝛼𝛼𝛼𝛼𝛼,⋯ ,𝑤𝑤𝐼𝐼𝑒𝑒𝛼𝛼𝛼𝛼𝛼𝛼�
T𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 ⎭
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= −𝛿𝛿[Re(𝒘𝒘𝑖𝑖
T𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗] ⋅ Re ��𝑪𝑪�𝑖𝑖1,𝑪𝑪�𝑖𝑖2,⋯ ,𝑪𝑪�𝑖𝑖𝐼𝐼𝑒𝑒� ⋅ �𝒘𝒘1

T,𝒘𝒘2
T,⋯ ,𝒘𝒘𝐼𝐼𝑒𝑒

T �T𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗� ,        (1 ≤ 𝑖𝑖
≤ 𝐼𝐼𝑒𝑒) 

(C.2) 

𝑪𝑪�𝑖𝑖𝑖𝑖 = � �

⎝

⎜
⎛
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𝛼𝛼,𝑛𝑛,𝑝𝑝

,

⋯ , � 𝑃𝑃�𝑒𝑒,𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘𝑘
𝛼𝛼,𝑛𝑛,𝑝𝑝

]𝑅𝑅d𝑥𝑥
⎠

⎟
⎞𝑥𝑥𝑖𝑖+1

𝑥𝑥𝑖𝑖
d𝜃𝜃

2𝜋𝜋

0
, (1 ≤ 𝑘𝑘 ≤ 𝐼𝐼𝑒𝑒) 

(C.3) 

Provided that the minimum and maximum vertical coordinates of the pile-soil contact surface on a 
sub-shell are 𝑥𝑥𝑠𝑠1 and 𝑥𝑥𝑠𝑠2, respectively. By substituting displacement functions (𝑢𝑢 = 𝑼𝑼 ∙ 𝒖𝒖𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗, 𝑣𝑣 =
𝑽𝑽 ∙ 𝒗𝒗𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗, 𝑤𝑤 = 𝑾𝑾 ∙ 𝒘𝒘𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗) into Eq. (15) and (16), the virtual works done by the springs and dashpots 
can be given as Eq. (C.4) and (C.5), respectively. Therefore, the additional term incorporated into the 
governing equation can be expressed as Eq. (C.6), with its sub-matrices given in Eq. (C.7a-c) and 
(C.8a-c). The global coupling matrix 𝑪𝑪soil can be obtained by assembling the matrixes 𝑪𝑪𝑠𝑠0 together. 
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𝑥𝑥𝑠𝑠2

𝑥𝑥𝑠𝑠1

2𝜋𝜋

0
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(C.5) 
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(C.6) 

𝑲𝑲𝑢𝑢𝑢𝑢 = 𝑘𝑘𝑥𝑥 � � 𝑼𝑼T𝑼𝑼𝑅𝑅d𝑥𝑥d𝜃𝜃
𝑥𝑥𝑠𝑠2

𝑥𝑥𝑠𝑠1

2𝜋𝜋

0
 

𝑲𝑲𝑣𝑣𝑣𝑣 = 𝑘𝑘𝜃𝜃 � � 𝑽𝑽T𝑽𝑽𝑅𝑅d𝑥𝑥d𝜃𝜃
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(C.7a-c) 
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2𝜋𝜋

0
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2𝜋𝜋
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(C.8a-c) 
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Fig. 1.  Pile-driving model 
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Fig. 2.  Pile decomposition 

Fig. 3. Dispersion relation for rigid seabed 

Fig. 4. Pressure histories at the observing position for different numbers of sub-shells 

Fig. 5. Transfer functions for the observed points located 4 m below the sea surface 

Fig. 6. Time histories of pressure for the observed points located 4 m below the sea surface 

Fig. 7. Transfer functions for the observed points located 8 m away from the pile surface 

Fig. 8. Time histories of pressure for the observed points located 8 m away from the pile surface 

Fig. 9. Distributions of pressure level in dB re 𝜇𝜇Pa/Hz for (a) 50 Hz, (b) 200 Hz, (c) 1000 Hz and (d) 
2000 Hz 

Fig. 10. Evolution of the sound pressure in Pa for time steps starting from 2.5 ms to 12.5 ms 

Fig. 11. SPLpeak (re 1 µPa) and SEL (re 1 µPa2/s) values for varied impact force. 

Fig. 12. Modeling of the non-axisymmetric impact force 

Fig. 13. Pressure levels of four observed positions distributed 4 m below the sea surface  

Fig. 14. The impact model of the anvil 

Fig. 15. Pressure levels at the point located 4 m below the sea surface and 10 m away from the pile 
surface 

Fig. 16. Comparison of computed and measured sound pressures at the position located 3 m away 
from the pile surface and 0.65 m below the air-water interface in (a) time domain and (b) frequency 
domain. 

 

35 


	1. Introduction
	2. Model description
	3. Basic theory
	3.1. Shell decomposition
	3.2. Admissible displacement functions
	3.3. The virtual work of fluid
	3.4. The virtual work of soil
	3.5. Impact force of the hammer
	3.6. Governing equations of the motion of the pile

	4. Dispersion relation and sound propagation characteristics
	5. The case with an axisymmetric impact force
	5.1. Truncation of the pressure modes and the number of sub-shells
	5.2. Acoustic responses
	5.3. Pressure distributions in exterior fluid field
	5.4. The effect of varied impact force on the sound radiation

	6. The case with a non-axisymmetric impact force
	7. The case including the pile cap
	8. Experimental validation
	9. Conclusions
	Acknowledgements
	Appendix A. Expressions of the spring and damping coefficients
	Appendix B. Expressions of 𝑴, 𝑲, ,𝐊-𝛌., ,𝐊-𝛋. and 𝑭(𝝎)
	Appendix C. Coupling matrices ,𝑪-𝒆., ,𝑪-𝒊. and ,𝑪-𝐬𝐨𝐢𝐥.
	References
	List of figure captions

