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UNIVERSITY OF SOUTHAMPTON
ABSTRACT

FACULTY OF SOCIAL, HUMAN AND MATHEMATICAL SCIENCES
MATHEMATICAL SCIENCES

Doctor of Philosophy

Exploring models in population biology through the simulation of species

invasions, natural selection and market-mediated gene flow
by Guy Sherwin Jacobs
Supervised by
T. J. Sluckin, T. Kivisild and J. Noble

In this thesis, I apply simulation techniques to investigate three questions in popula-
tion biology, which focus on movement and natural selection. The first model assesses
the theoretical implications of long-range dispersal in species invasions, identifying an
important interaction between the representation of a finite population and the rate of
population spread. The second investigates the genetic impact of movement distortions
among domestic animals due to human economic activity, suggesting that the market-
ing of animals could fundamentally impact their genetic variation and distribution. My
third model considers the problem of detecting evidence of positive natural selection in
the genome, refining and testing statistics designed to identify which genes have offered
a reproductive advantage in the past using population genetic data. These three sim-
ulation studies use very different approaches, and, separately, identify the critical and
practical importance of assumptions frequently encountered in population models. Such
assumptions - infinite population size, unbiased migration, and constant recombination
rate - each lead to interesting properties of model behaviour, and may be relevant to

interpretation and prediction in real world problems.
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During the PhD, I also provided considerable supervision to Susie Martin, an undergraduate at Southamp-
ton, on a project searching for selection signals in genomic regions showing phenotypic associations. She

received a First for this project, and it may lead to publication

A list of conference contributions is included as Thesis Appendiz Al.



Chapter 1

Concepts in modelling and

simulation

Mathematical models have played a fundamental role in the recent history of population
biology. Early examples include descriptions of population growth [7, 8], predator-prey
dynamics [9], species dispersal [10, 11], and genetic evolution (e.g. [12, 13, 14]; and prior
work). All of these, with the exception of population growth, were formalised in the early
20th century, and all remain active topics of research one hundred years later. My thesis,
as an exploration of models and modelling in population biology through simulation,
contributes to this tradition. Through three quite different examples - species invasions,
genomic signatures of natural selection, and market-mediated gene flow - and three quite
different simulation approaches, I will argue that simulations offer a tool with which to
flexibly tease apart the implications of modelling assumptions. Through this process, we
are able to gain insight into the appropriate use of different models and the generality

of their results.

The core research presented here consists of three largely independent studies, which
are united in using simulation to explore the role of migration and selection in mod-
els of population systems. By taking different approaches to different topical research
questions, I aim to draw practical conclusions about the role of simulation models in
population biology. Although models have long guided our theoretical understanding of
populations, the increasingly widespread availability of computational power allows for
the exploration of more complex models that better represent the many interacting, dis-
crete, heterogeneous agents of a population. Many different representations of a system
might be chosen. A strong message of my thesis is that these choices can substantially
impact model behaviour, and that simple simulation offers a useful tool through which

to investigate the importance of different choices.

The challenges in designing [15] models, testing or assessing them [16], and, espe-

cially, applying their results to our understanding of the world with appropriate caution

1
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[16, 17, 18] are subjects of continued debate. Given that the role and nature of modelling
is not uncontroversial, to draw valuable conclusions form my work about modelling as a
process it is is useful to have a clear understanding of what modelling and computational
simulation are. This introduction, then, begins with a brief discussion of the theoretical
and philosophical background of modelling as an approach in population biology. I then
turn to the advantages and disadvantages of different modelling approaches. Readers
interested more in the practical role of modelling may prefer to skip to my discussion of

modelling in population biology, 1.2.

1.1 Modelling in mind and science

There is a considerable philosophical literature on what models are and how they should
be used ([19] and references therein). To summarise even the core historical arguments
would rapidly become cumbersome and detract from the essential point of this thesis.
I do not propose to rigorously re-analyse the theory and philosophy of model-based
science. Details of whether models are fictional [20] or non-fictional [21] entities, or if
they are set-theoretic structures [22], are not critical. Rather, I am instead interested in
what scientists use models for, how they construct them, and the limitations different

types of model may face.

To guide this discussion, it is useful to have a working definition of a model. Drawing
on [23, 24, 25, 26|, I consider a model to be a modeller’s simplified representation of
a target entity. This is slightly broader than Maria [25], in that it does not make
claims about which features of the system should be represented, and perhaps narrower
than Wartofsky [23] who emphasises representation over simplicity. The requirement of
simplification is not obviously compatible with ideas of models as isomorphic with the
entity they represent (e.g.[27]) - though this may be so if the model is a simplification
only from the perspective of the person who designed it or it’s user. That a model is of
something (be it a biological system, or some data, or a physical object) and provides a
representation for someone, who is termed the modeller here without necessitating that

they designed the model, is taken at face value.

Our definition makes no statement on the general purpose of modelling, or its specific
role in scientific practice. To help clarify this, it is instructive to consider the broader

role of models in human reasoning.
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1.1.1 Modelling in human reasoning

Under the above definition, it seems likely that models are ubiquitous in human thought.
One idea incorporating this is the ‘mental model’, proposed explicitly by Craik [28] but
predicted by Peirce and others [29]. In Craik’s formulation, the process of reasoning
consists of three steps - mental ‘translation’ of the external world into some symbolic
internal representation, manipulation of this internal representation to arrive at other
symbols, and the ‘retranslation’ of these symbols into their implications for the exter-
nal world [28, pp50-51]. The internal construction and manipulation of a model yields
predictions about the external world. This interpretation of human reasoning has been
contrasted (e.g. [30]) to that of formal mental logic (e.g. [31]), while both have been crit-
icised for their difficulties in reconciling partially contradictory beliefs [32]. Whichever
conception of human thought is preferred, however, most practical descriptions of our

experience and ineraction with the world involve some process of representation.

The use of internal modelling, then, is to conceptualise and reason about the world. In
the context of mental models, Craik notes that the approach - translation, manipulation,
re-translation - allows us to observe a ‘final result similar to that which might have been
reached by causing the actual physical process to occur’ [28, Chapter 5]. There is some
debate about what it is in a model that allows us to retrieve valid conclusions about the
target system. This may rely on the entities in the model relating to one another in to
a way that reflects reality [33], although Craik did not demand this [29]. As the ability
of different representations and simplifications in models to yield valid conclusions is

relevant to this thesis, I return to this point with a focus on scientific models shortly.

1.1.2 Modelling in scientific reasoning

If human reasoning involves modelling, then it is inevitable that the action of scientific
investigation also involves modelling in a weak sense. The use of modelling in science,
however, is more formalised. Boltzmann argued, in the context of the physical sciences,
that the task of theory is ‘constructing an image of the external world’ through ‘carrying
out globally what on a small scale occurs within us whenever we form an idea’ [34, 29].
Parallels between scientific and internal modelling were also noted by other 19th century
physicists - Kelvin and Maxwell, for example [29]. This resemblance extends to the
process of constructing and using scientific models. Hughes [35] advocates an approach
in physics whereby a system is denoted through representation to create a model, with
the implications of that model then demonstrated through manipulation before relating
these back to the target system through interpretation. The similarity between this
approach and that suggested by Craik in the context of mental models, outlined above,

is clear.
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Given this blueprint for how a model is used in science and reasoning, several immediate
questions arise. Assuming that a target system has been chosen, it is not immediately
clear how to represent it and how to simplify it. To understand how these decisions are
made, it is useful to recognise that the modeller is motivated to learn about a target
system. Thus, before turning to the debate on complexity and modelling in biology, I
will consider how it is that manipulations of a simplified representation of a system can

yield valid conclusions about that system.

1.1.3 How do models provide information about a target system?

That models should be useful at all is not obvious. Representation is often thought of as
subjective (e.g. [36, 26]), such that almost any entity can be used to represent (e.g. [33])
or denote [35] any other entity. The implication is that the vast majority of possible
simplified representations of systems are very poor, such that any stated correspondence
between model and system is either so complex as to obscure understanding or so trivial
as to be worthless as an intellectual tool. In response to this problem, further constraints
on the types of representation used in modelling are often proposed - ranging from
isomorphism to similarity [19]. Strict isomorphism is a rigorous, perhaps impossible,
demand, and only useful when it allows a system to be translated into version that
is simpler for the modeller to manipulate. Similarity is difficult to define, and the
burden of assessing which similarities are important remains with the modeller [26].
An intermediate position is structural representation [33], such that ‘the patterns of
relations among the constituents of the represented phenomenon is mirrored among the
constituents of the representation itself’. This allows the model to be used for ‘surrogate
reasoning’, and appeals to the idea of manipulations of a model reflecting manipulations

of the target entity.

And yet ‘black boxes’ are common in biological modelling, such that models will incor-
porate different entities to the systems they represent and emphasise some patterns of
relationship over others [37]. It is also difficult to reconcile hypothesis testing in statis-
tics with structural representation. The 2 sample ¢-test might be considered a model
in which two samples are normally distributed with the same mean. By applying this
model to data and using well understood properties of the model, we can characterise
how improbable the data would be under it, and hence learn about the data. The reason
that the model is useful is not that it captures a pattern of relations in the data, but
because it allows us to constrain the range of possible relations in the data. Another
problematic example from statistics is the curve-fitting problem [19], where data are
summarised by a curve of a certain form. This may offer useful insight while having an
undefined relationship with either the generative process of the data or individual data

points.
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Given the diversity of models and applications, it is pragmatic to follow Teller [36],
who considered the appropriate degree of similarity between model and target system
to depend on scientific context. It is likely that novel information about a target system
arises through different processes under different circumstances. Partial structural rep-
resentation may be important at some times, external information - such as knowledge
about how to manipulate certain types of model, or the specific context for conducting

a statistical procedure - at others.

1.2 Modelling in population biology: some debates

The challenge of modelling in population biology is often characterised as complexity.
More specifically, we tend to have a large (far greater than one but far less than infinite)
number of interacting organisms. Each of these has unique phenotypic characteristics
determined by internal biological processes, which are partially heritable but directed by
an individual’s mental and physical developmental process and environmental context.
The types of interaction between organisms are many and varied, and there is exten-
sive structure in the arrangement of these interactions. For example, intra- and inter-
specific behaviours differ, geographical and temporal proximity have a critical impact
on behaviour, and features such as kinship can also play a role. There are, furthermore,
abiotic stimuli for each organism, these being heterogeneous in time and space. This

intimidating list is not exhaustive.

How might we model such a system to obtain useful insight into it? To begin to answer
this question, and to provide some historical context of the difficulties involved, I will
introduce two debates on modelling in population biology. The first is J.B.S Haldane’s
A defence of beanbag genetics [38], a response to criticism of mathematical population
genetics. This will guide a discussion of the role of mathematics in modelling complex
systems. The second is that initiated by Richard Levins’ classic paper The strategy
of model building in population biology [15]. Here, the focus is on model design and
the robustness of modelling results. These three topics - the advantages of non-verbal
arguments, the challenge of model design and the extent to which we can rely on the
output of models - all have relevance to the role of simulation in modelling, a core subject
of this thesis.

1.2.1 A Defence

In 1964, Haldane wrote a flamboyant riposte to Mayr’s characterisation of mathematical
population genetics as ‘beanbag genetics’ that contributed little to evolutionary theory
(Mayr 1963, quoted in Haldane 1964). The reason, Mayr felt, for so limited a contri-
bution was that the classical theory of Wright, Fisher and Haldane (egs. [12, 13, 14])
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used too extreme a simplification of the evolutionary process. Selection is modelled as
acting on a single allele without epistatic interactions and with no explicit consideration
of developmental constraint, an idealisation he considered too unrealistic. Haldane’s
response was twofold - firstly, to offer examples showing that population genetics has
usefully guided our understanding of evolution, and, secondly, to defend the trade-off
between the simplifying assumptions used in mathematical arguments and the clarity

that this offers when compared to verbal ones.

Haldane’s examples from theory are diverse, and some, such as the detailed impact of
selective advantage or the relationship between mutation, diversity and selection, are
applied with little change today. Recent commentors have argued both that Mayr’s
characterisation of population genetics misunderstood the extent to which results were
robust to different assumptions [39], and that the contribution of population genetics to
evolutionary theory is more profound even than Haldane’s examples. Ewens proposes
that the entire modern synthesis of Darwin’s evolutionary theory and Mendel’s laws
of inheritance is based on mathematical genetics [40]. Updating the defence, he notes
how one of the most exciting recent developments in population genetics, the statistical
inference of regions of the genome that have been subject to natural selection (explored
in Chapter 4), was made possible by mathematical theory. Mathematical modelling has
been, and continues to be, a useful tool in characterising evolution; Haldane believed

that this is related to its logical exactness.

Mathematical exactness

The essential spirit of Haldane’s defence of mathematical reasoning is summarised by a
quote he takes from Hume (A treatise of human nature, Book 1, Part 3, Section 1, in
[41]):

There remain therefore algebra and arithmetic as the only sciences, in which we can
carry on a chain of reasoning to any degree of intricacy, and yet preserve a perfect

exactness and certainty.

Developing his position in relation to this, Haldane continues:

Not only is algebraic reasoning exact; it imposes an exactness on the verbal pos-
tulates made before algebra can start which is usually lacking in the first verbal

formulations of scientific principles
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The premise, then, is that the process of logic in mathematics ! is exact and that the
assumptions made are clearly specified. Thus, ‘a mathematical theory may be regarded
as a kind of scaffolding within which a reasonably secure theory expressible in words

may be built up’.

Leaving aside the problem of representation - the relationship between mathematical
models and the world - these two points offer the principle justification of mathematical
modelling. The detailed relationship between mathematics and logic depends on what
one considers mathematics and logic to be, a subject too distant from applied models
in population biology to delve into here. Nonetheless, Haldane is joined by others prac-
titioners (e.g. Kenneth Arrow in the context of the social sciences [43]) in emphasising
the especial suitability of mathematics for constructing logically sound arguments, and

the utility of this in applied sciences.

Two details should be emphasised here. Firstly, there is nothing that specifically pre-
cludes verbal arguments from fully stating their assumptions or making logical state-
ments. Haldane is instead condemning the normal use (c.f. Mayr) of such arguments
in evolutionary biology. Verbal reasoning can be quite robust (work on informal logic
is relevant here [44]), although it is often difficult to translate mathematical manipula-
tions of a model to verbal ones. Secondly, while mathematical models tend to be more
precise in their assumptions, they are not specified entirely. Complete rigour regarding
assumptions would be impractical (e.g. this is the objective of Whitehead and Russells
Principia Mathematica [45]), but a relevant example arises in Kot et al’s work introduc-
ing integro-difference equations as a continuous-population deterministic representation
of animal dispersal [46]. The possible importance of the continuous-population assump-
tion is mentioned only superficially in the final paragraphs of the paper. I build on this
model in Chapter 2, and find that correctly representing a population as finite radically
alters system behaviour. Later applications of the model do not mention this important

disconnect between reality and model at all (e.g. [47]).

Additionally, implicit assumptions may be included in the course of mathematical anal-
ysis. An example that I have been involved with investigating, and which is not in-
cluded in this thesis, is the finding that the specific implementation of natural selection
- whether as a modification to the rate of reproduction or of mortality - can impact the
behaviour of models in evolutionary game theory [5]. In the context of species invasions,

a traditional approach to approximating a discrete-time system with a continuous-time

! An over-simplification - Haldane does not make this claim of mathematics in general, while Hume
explicitly sets geometry aside from algebra and arithmetic. According to Hume, while it ‘far excels
[...] the loose judgements of the senses and imagination’ (A treatise of human nature, Book 1, Part
3, Section 1), application of geometric knowledge to the real world is limited by our ability to observe
the real world. In other words, while we can manipulate theoretical geometric objects, the relationship
between these and physical entities is an approximation, such that we cannot, with absolute certainty,
apply our geometric theories to the external world [42]. The population genetics of Haldane is only an
approximation of the actual details of population biology, such that, given Hume’s objection to geometry,
the quote is perhaps abused.
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one (as performed by Kendall in 1965 on a model of disease spreading, [48], and in Ap-
pendix 1 of the paper I present in Chapter 2) has been found, on more detailed analysis,

to be inexact when there is a significant time-lag between generations [49].

Finally, it is important to note that mathematical models suffer the same constraints
as all other models in striking a balance between accurate representation of a target

system and tractability, a subject explored in by Levins.

1.2.2 The Strategy

In 1966, Levins published what has become a highly influential paper on the strategy of
designing models in population biology [15]. The challenge of biological complexity has
not changed in the intervening fifty years, although our tools, especially computational
power, have improved. I will focus on two subjects raised by Levins that are particularly
relevant to the work in this thesis - different approaches to modelling complex systems

and the robustness of modelling results.

Complexity

Levins suggests that the naive approach to modelling complexity would be to use a ‘brute
force’ model, consisting of hundreds of partial differential equations through which the
processes of nature are accurately represented. This approach fails because it is not
analytically solvable, too difficult to compute, and yields results that are opaque to
human understanding. In practice, then, he identifies practical strategies, suggesting
that models inevitably sacrifice one of three desirable traits - generality, realism or
precision [15]. The logical necessity of this trade-off is not proven [50], and ultimately

depends on ones definition of these three terms [51].

For our purposes, the details of whether models can be productively characterised on
these dimensions, or on any of the many other possible dimensions [52], is not critical.
Any choice of model systematics is only important to the extent that one might assess
how fully one has modelled a system. More profound is the realisation that, in the
practice of modelling, one often has to make sacrifices. Levins’ point is best seen in its
historical context - as an argument against what he considered the ‘brute force” approach
of mid-20th-century systems ecology [53], exemplified by the International Biology Pro-
gram and pioneered by Watt (e.g. [54]) among others. While there has been a modern
resurgence of systems ecology modelling, exploiting the vast increase in computational
power since the 1960s, there is recognition that some balance between complexity and

simplification is needed (e.g. [55]).
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Robustness

Levins’ suggestion that different types of model, with different focusses and assumptions,
can inform on the same target system, raises the question of which modelling results
should be believed. Ultimately, he recommends the use of multiple models to yield
different insights on a process. This also offers an indication of whether a result is
robust, arising in many different partially independent models. There is an important
distinction to be made here between the robustness of a modelling result to the choices
of the researcher in designing the model and the likelihood of a result applying to the
real world target system. The Strategy is ambiguous as to which is meant, first implying
the former by suggesting that using multiple models indicates ‘whether a result depends
on the essentials of the model or on the details of the simplifying assumptions’, then the
latter by implying that it is more appropriate to assert robust theorems as ‘biological
fact’ than fragile ones [15]. Some of the same issues - particularly assessing model
independence - arise in both cases, and I consider these before returning to the more
complex relationship between model result robustness and expectations concerning real

world systems.

Quantifying the independence of results from different models is not simple [50]. The
problem has been discussed in the context of climate modelling [56], where an ensemble
of models yielding similar results is often taken as an indication of predictive power. It
has been suggested that models containing parameters intended to represent different
phenomena [57] is an indication of their independence. Another criteria relies on the
difference in results between models when given the same input parameterisation [58].
Weisberg suggests a robust result will occur in multiple models, and will have the same
‘causal structure’ in each [51]. He focusses on the reason that a result is observed rather

than the recurrence of a result itself.

Ultimately, the structural difference between models is in their assumptions, both with
respect to the aspects of the target system that they hope to capture and the details of
how these are represented mathematically or computationally. This suggests that the
use of multiple models doesn’t necessarily show if a result is robust, but can indicate
whether it is robust given certain combinations of assumptions. Although Orzack and
Sober [50] reject the idea of exploring this ‘assumption space’ - the space of assumptions
that might be taken in a model - offhand, judicious sampling of it to investigate the
role of specific assumptions is a common approach in theoretical population biology.
The local assumption space of models is indeed sometimes depicted in studies (e.g.
for invasion modelling see Fig. 1.1 in [59], for cell growth Fig. 1 in [60]). That the
assumption space of models might be more formally investigated has been suggested
in econometrics as ‘global sensitivity analysis’ [61, 62], although with statistical models

such as regression primarily in mind.

One relatively unambiguous use of independent models to confirm robustness is at-

tempted replication. Experimental data may be flawed, mathematical analysis may
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have errors, and computer programs may have bugs. For example, re-implementation
of a computational algorithm by different programmers helps to identify and eliminate
bugs. Based on my own programming experience, bugs that lead to extremely unex-
pected results are easily identified, but, as supported by the change-logs of the many

population genetics programs I have used, more subtle errors are common.

I have suggested that using multiple models to test the role of assumptions in modelling
results is valuable, and I follow this approach in some of the work presented in this
thesis. Even Orzack and Sober consider the use of multiple models a ‘useful heuristic’,
such that my approach is in general agreement with a range of authors [15, 52, 50, 51].
The more profound question is whether a result arising from many partially independent
models offers additional evidence for that result holding in the target natural system.
Orzack and Sober are suspicious, noting that this would appear to yield information
about the world without empirical observation. However, observation may be required
in the choice of which models to test and their representation [52], implying that in-
formation about the world can be obtained from sets of multiple independent relevant

models.

In this thesis, I use simulation to investigate the assumptions of relatively simple models
in an effort to identify the implications of different model assumptions, and I now explore

how simulations are used in modem scientific research.

1.3 Complexity, tractability and computational simulation

Levins identified the challenges inherent in designing and interpreting brute force models
as the primary motivation for using alternative model-building strategies, while Haldane
emphasised the value of exactness and clarity in mathematical models. Both authors
were in favour of simplification. Given these arguments, a question arises as to the role
of increasing computational power in modelling. The ability to do many calculations
rapidly and both store and quickly retrieve large amounts of data is highly suited to
numerically exploring the behaviour of complicated systems in greater detail. Unless
Levins’ case against the brute force approach has been tempered, such power may be
a mixed blessing. My argument is that a computational simulation of complex systems
does not need to be complex to be useful, and that much of the utility of simulation
arises in the logical consistency that makes mathematics so effective. To develop these
claims it is it is necessary to identify what computational simulation is, and what it is

not.
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1.3.1 Computational simulation

As with modelling, many definitions of simulation have been suggested. Some examples

covering a range of perspectives are

‘the operation of a model of a system’ (Maria 1997, [25])

‘the process of designing a model of a real or imagined system and conducting
experiments with that model’” (Smith 2003, [63])

‘the imitation of the operation of a real-world process or system over time’ (Banks
1998, [64])

‘a program that is run on a computer and that uses step-by-step methods to explore
the approximate behavior of a mathematical model’ (narrowly),

or,

‘a comprehensive method for studying systems’ (broadly; both concerning computer
simulation, both Winsberg 2015 in [65]).

These definitions vary from very broad [25, 63] to quite narrow [64]. Given this, it
is arguably appropriate to merely identify the important common themes between the
simulations conducted in this thesis. Thus, I will partially follow Smith and partially
Winsberg and view simulations as ‘experiments’ [63] that ‘explore the behaviour of a
mathematical model’ [65]. Details such as whether the time evolution of a system is
represented [64] - which happens to be the case for each simulation I present - are not
important, as there is no reason to believe that this quality is fundamental to the value

of simulation in testing models in population biology.

Why might we want to run experiments to explore a mathematical model? An indication
is given by Haldane, who highlighted the utility of simplifying assumptions in allowing
the pioneering population geneticists to ‘pose problems soluble by the elementary math-
ematics at [their] disposal’ [38]. The representation of a system mathematically is not
only limited by the imagination of the modeller, but also by their ability to manipulate
mathematical models so as to solve them. This bias against insoluble models - such
that convenience of manipulation is a constraint in model development - is pragmatic,
and no doubt responsible for many of the most successful applications of modelling.
Nevertheless, the possibility arises of systematic misrepresentation of target systems.
Simulations can be used to investigate intractable mathematical models, and, because
they are subject to different constraints, lend themselves to different representations of
a system. They are useful in this regard because they retain the logical exactness 2
of mathematics and provide evidence of assumptions through the simulation program

itself.

2Floating point errors aside
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The broad definition of simulation proposed above captures a wide range of approaches,
from detailed attempts to replicate biological complexity in silico, such as the Interna-
tional Biology Program (IBP) or the more recent Human Brain Project [66], to numerical
investigation of highly simplified mathematical models. While my focus in this thesis
is firmly directed toward the latter, having discussed Levins [15] in some detail it is

appropriate to briefly indicate the state of ‘brute force’ biological models today.

1.3.2 Complex simulations of ecological complexity

Simulations attempting to faithfully capture complex biological systems continue to
be widely implemented. A particularly dramatic example is the GUMBO model of
ecosystem services, with 930 variables and 1715 parameters used to describe ‘dynamic
feedbacks among human technology, economic production and welfare, and ecosystem
goods and services within the dynamic earth system’ [67]. The 43 variables connected
by 22 non-linear relationships used in Forrester’s World Dynamics model (1971, [68]),
with its rather dire predictions for our species’ future, pale in comparison. Although
GUMBO and its descendants (e.g. MIMES [69]) incorporate a complex biosphere model,
they do not focus on biological complexity per se. Increasingly, agent-based models
(ABMs) have been designed to represent ecological systems [70, 71] as an alternative
both to extreme mathematical simplification and to the brute-force use of hundreds
of differential equations as envisioned by Levins. ABMs take a ‘bottom-up’ approach,
attempting to capture the microscopic interactions between individual agents (often

organisms) and through these understand emergent system-level behaviour.

The use of ABMs in ecology represents a significant methodological development. This
is because they represent agents as discrete, autonomous and individually variable, qual-
ities that are usually summarised within the aggregate state variables (e.g. population
size or allele frequency) of traditional mathematical models [70]. It has been argued that
ABMs can be general, realistic and precise [72], capturing three properties that Levins
thought could only be maximised by brute-force models. The critical question is not
whether these models disprove Levins’ framework, but whether they have substantial
advantages as compared to other complex models. Thus, we return to Levins’ criticism
of brute-force modelling in ecology - that there are many parameters about which we
have little prior knowledge, that we cannot solve or sufficiently simulate very complex
models, and that the models are so complex that their results have little meaning to
us. I suggest that ABMs make most headway, as a modelling strategy, against the
issues associated with parametrisation and model interpretation, while computational

limitations remain a concern for all complex models.

Correct parametrisation is critical to obtaining meaningful results in both ABMs and
other models. The critical difference in ABMs is that the focus of parametrisation has

changed, such that many parameters refer to properties of the individual rather than
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to those of populations. This is an advantage only when it is easier to experimentally
measure traits of individuals, and to characterise individual variability, than to quantify
more abstract higher-level properties such as predation pressure or carrying capacity.
With respect to model interpretation, complex ABMs have a more quantifiable advan-
tage. While it remains possible to summarise the evolution of state variables, and thus
retrieve similar information as might be output from more abstract models, it is also
possible to follow the actions and experience of individual agents, the ‘narrative ap-
proach’ suggested by Millington et al [73]. It may be relatively easy to relate narratives

of agents to narratives of the organisms they represent.

Both complicated ABMs and systems of many simultaneous non-linear partial differ-
ential equations are unlikely to be mathematically tractable, and hence computational
simulations are used to explore their behaviour. For complex models with many parame-
ters, this can require considerable computational power. While simulations of extremely
complicated models are now feasible, the number of parameter combinations in a model
increases as the power of the number of parameters. Even with modern computers one
can only explore a small portion of the parameter space for many-parameter models.

Whether this is important depends on the research question.

To summarise, complex models remain widely used in ecology, with a current focus on
ABMs. These, in particular, have changed the nature of modelling complex systems,

but the problems that Levins identified as limiting the use of brute-force models still

apply.

1.3.3 Simple simulations of mathematical simplification

An alternative use of simulations is the numerical investigation of simple models that
cannot be comprehensively studied through mathematical analysis® . This approach has
a long history - for example, in pioneering work modelling the dispersal of mosquitoes
published in 1906, Karl Pearson and John Blakeman [10] used mechanical integrators
to graphically calculate the distribution of random walkers over short times. They were
thus able to observe the approach of the population distribution over time to an easily
calculated approximation suitable at long times. The essential objective is similar to
that applied in this thesis - to test the robustness of mathematical models to the vio-
lation of their assumptions through numerical methods. Confirming analytic results in

this way remains a common technique in modelling.

Given that the combined use of simulation and mathematical analysis is already rela-

tively common in theoretical population biology, a question arises as to why I feel it

30ften, relatively simple mathematical models can be characterised in certain limits - for example,
as certain parameters tend to zero, or are equal - even if they cannot be solved.
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appropriate to dedicate a portion of my thesis to the methodological advantages this
offers. My answer is two-fold, partly practical and partly abstract. In practical terms,
I merely observe that my simulations have actually clarified the results of three mod-
els. Two of these are traditional mathematical models that have been studied for a
considerable period of time. That my findings were not previously known, and that
the techniques I have used, while varied, are not complicated, suggests that the role of
simulation in clarifying the impact of the assumptions of models in population biology

warrants emphasis.

My second argument in favour of using simple simulation along with mathematical
analysis is slightly more abstract. This is that there are various different ways that
simulation can be used to investigate model assumptions. I do not intend to develop
this point formally, but will return to it repeatedly through the thesis. The simplest
approach is to use simulation to explore the parameter space of a model, usually in
regions for which mathematical approximations are unavailable or poor. This process is
still assessing the impact of different modelling assumptions - each choice of parameters
in a model represents a different target system [50]. Some of the assumptions that I test
in this thesis are more complicated, in that they are integral to the design of the models.
For example, in Chapter 2 I assess the effectiveness of a mathematical model, describ-
ing an invasive species spreading over space, in capturing the microscopic properties of
the process it purports to represent. In Chapter 3, I modify the structure of a model
of animal migration between sub-populations to incorporate a simple representation of
animal trading, and, in doing so, find that breaking the assumption of random, unbi-
ased animal movement substantially impacts model results. In Chapter 4, I show that
relaxing the common and incorrect assumption of a constant recombination rate along
the genome can substantially impact our assessment of test statistics designed to detect
genomic signatures of natural selection. In the first case, I am testing an assumption
taken to simplify mathematical analysis, in the second, an assumption taken because it
is thought to best represent ecological systems, and in the third an assumption which
is known to be suspect that is applied in order to constrain parameter space. I sug-
gest that these three examples reflect the breadth of different assumptions that arise in
population biology models, and an awareness of the flexibility of simulation in testing

different types of assumption for different reasons is useful.

My simulation work has lead to a series of interesting findings, some primarily method-
ological, others with direct relevance to the real world. I now detail these and describe

the structure of my thesis.
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1.4 Outline of thesis and main results

The outline of the thesis is as follows. I will begin each chapter by summarising the
results and modelling included, and by emphasising the relationship between the work
presented and the use of simulation modelling in population biology. I will then give
details on the motivation and background of the specific modelling question addressed ,
as necessary *, before presenting a manuscript detailing some the findings of modelling
work that I have conducted. In each case I am the first author of the manuscript and all
co-authors are aware of the inclusion of it in this thesis. Details of the work that myself
and different co-authors performed are included in the Acknowledgements section. I
also indicate, in Thesis Appendix 1, conferences and forums where our results have
been presented. In the case of Chapter 2, on species invasions, the manuscript is the
final accepted version of a published manuscript, while those presented in Chapters 3
and 4 are drafts. Each chapter will continue with a more detailed discussion of the
methodology and model results, and conclude with some comments on the implications

of the work for the practical use of simulations in population biology.

I discuss and integrate my findings in Chapter 5, drawing together the work presented
to identify advantages and challenges of biological modelling in general, and the specific

role of simulations in improving models.

As the thesis progresses, I will present a number of core findings that are of relevance

to the modelling of the systems we explore, as follows:

1.4.1 Chapter 2 - Modelling species invasions

Long-range dispersal, stochasticity and the broken accelerating wave of ad-
vance

Published manuscript

Accelerating species invasions may lead to a particularly sudden and dramatic eco-
logical impact, so are of interest to invasion ecologists. We have clarified a critical
feature of the dispersal regime that leads to an accelerating species invasion in a finite
population model, and confirmed that this is correct for a variety of structurally differ-
ent models. Specifically, dispersal kernels - the distribution describing the probability
of dispersal at any given distance - that decay with a power law tail, K(z) o |z| 77,
cause acceleration when 5 < 3 in a 1-dimensional system incorporating stochasticity in

dispersal. Deterministic models, which assume a population is infinitely divisible, yield

“In some cases, the literature review of the manuscript presented in the chapter contains much of
this information
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a weaker constraint, suggesting that all fat-tailed dispersal kernels cause acceleration.

This confirms some previous results, but contradicts others.

The implication of this is that incorrectly specifying a model can lead to substantial
errors in the output. We have investigated the temporal dynamics of the error associated
with incorrectly using a deterministic mean-field model as opposed to a stochastic model.

Deterministic models are frequently encountered in the literature.

We further extend our modelling in two ways. Firstly, we note that there are limits to
the maximum dispersal distance of any organism, and explore the impact of truncating
the dispersal kernel to capture this property. This leads both our stochastic and deter-
ministic models to generate a constant velocity wave of advance, and we again explore
the error over time of correctly specifying a truncated kernel but using an incorrect
representation of stochasticity. Secondly, we identify important subtleties related to the
implementation of logistic density-dependent population growth that impact results from
the stochastic, but not deterministic, models of species invasions. Density-dependent

population growth is an expected attribute of real populations.

1.4.2 Chapter 3 - Modelling animal markets

On the counter-evolutionary effects of market mediated gene flow

Draft manuscript

The migration of domestic species is usually mediated through human choices, with
the trading of domestic animals being a clear example. The impact of gene flow through
markets has not, as yet, been characterised. We have adapted a simple model of migra-
tion between two patches to include some of the complex migration patterns that might
be expected when animals are traded by humans. The patches have unequal wealth
distributions, such that individuals from the wealthier patch are better able obtain their
preferred types of animal. In this model, wealth inequality can disrupt the action of
natural selection, such that an animal or breed with lower fitness may out-compete one
with higher fitness, even if it is not favoured in either of the two patches. This result

arises due to the interaction of migration and population regulation.

Given that our findings are counter-intuitive, I discuss in detail real world evidence for
the population dynamics narratives implied by our model. Current evidence is incon-
clusive, and the work is best considered an exploratory model showing evidence of the
types of phenomena that could occur given market-mediated gene flow rather than a
robust statement on expected patterns in the real world. This chapter explores only

one of many interesting questions that could be asked about the impact of markets on
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animal genetic variation.

1.4.3 Chapter 4 - Modelling natural selection

Refining the use of linkage disequilibrium as a robust signature of selection

Draft manuscript

Many statistics have been suggested to detect signatures of natural selection in pop-
ulation genetic data. We use simulations to test the statistical power of a large set of
statistics that do so by identifying characteristic distortions in the correlation between
the allelic state at different loci (linkage disequilibrium; see Chapter 4 definitions of
genetics terminology). An assumption of a constant recombination rate is often used
when testing selection statistics. There is considerable evidence that this assumption
is unrealistic, and we find that incorporating variation in the recombination rate neg-
atively impacts the performance of several selection statistics. We therefore suggest
modifications to currently used statistics, and also propose novel statistic formulations,

that improve statistical power to detect recent positive selection.

We further assess these statistics by quantifying their ability to replicate previously
identified signals of selection in real genetic data. These results broadly support our
proposal that controlling for expected recombination improves the power of selection

statistics.

I have also used patterns of linkage disequilibrium generated by positive natural selection
to help identify a selected variant in the CPTI1A gene among a northeast Siberian
population. My work also provided additional support in localising the causal SNP, a
high-frequency non-synonymous variant known to be associated with child mortality in
modern populations but inferred to have been under positive natural selection in the

recent past [2].






Chapter 2

Modelling species invasions:
stochastic long-range dispersal

and invasion acceleration

2.1 Chapter introduction and summary

In this chapter, I explore a model of a species invading previously unoccupied territory
through repeated dispersal events that may occur across long distances. I focus on the
role of stochasticity in the dispersal process, showing that deterministic and stochastic
variants of the same model yield radically different spreading behaviour. The work
offers two contributions to the study of species invasions. Firstly, we are able to clarify
the conditions under which long-range dispersal may cause the rate of a the species
invasion to increase with time. Secondly, we build an awareness of the implications of a
widespread modelling assumption - deterministic dispersal due to an infinitely divisible
population - in distorting model behaviour. The first result is of practical importance,
and is potentially useful when predicting the actual course of species invasions. The
second has greater relevance to the core theme of this thesis, highlighting the potential

of a convenient mathematical simplification to strongly distort model results.

The approach in this chapter is to focus on the relationship between the model and the
world rather than to explore a model thought to be relevant to the world. In finding
that a frequently applied approximation, taken for mathematical convenience, is often
inappropriate, I am assessing the robustness of certain modelling results and, therefore,
the conditions under which the model is valid. In this way, simulation allows us to
identify important assumptions and quantify how important they are under different
situations. All the simulations I perform are highly idealised, demonstrating the utility

of simple simulations in honing our theoretical understanding of invasion events.

19
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The structure of this chapter is as follows. I will begin by reproducing a pre-print ver-
sion and supplementary material of Long-range dispersal, stochasticity and the broken
accelerating wave of advance [1], a paper published in Theoretical Population Biology
(doi:10.1016/j.tpb.2014.12.003) by myself and Tim Sluckin. This paper presents a range
of findings concerning the difference between a deterministic and stochastic model of
species invasion given long-range dispersal. We focus on how long an invasion event
takes, confirming and expanding on previous observations that the rate of invasion
can be qualitatively different under an identical dispersal regime for deterministic and
stochastic representations of dispersal. The deterministic representation essentially al-
lows individuals to be infinitely divisible, while the stochastic variant considers a finite
population size. We further show that the approach to the deterministic behaviour as
population size is increased is very slow under certain long-range dispersal regimes. The
implication is that widely used integro-difference models [46], which bear considerable
resemblance to our deterministic system, will often yield highly inaccurate results, even
if features like population growth and regulation, and dispersal patterns, are accurately
characterised. Appendices that were included in the submission for completeness but

essentially reproduce known results are included the Thesis Appendices section, §3.

Our approach to representing long-distance dispersal involves describing the relative
probability of dispersal over all distances with a simple statistical distribution. We chose
to use two families of distribution - power laws and stretched exponentials - that can be
used to represent a wide range of possible dispersal regimes. The choice of these specific
distributions falls neatly into the narrative of animal movement ecology, in that they
have been proposed to represent the movement patterns of various organisms. I explore
evidence for these distributions, and their possible generative functions, immediately

after the paper.

I close this chapter by considering the broader implications of our findings with respect
to the role simulation has in population models. I suggest that the flexibility of sim-
ulation allows us to probe the assumptions of mathematical models, and hence assess
their relevance to the real world. A similar theme arises in Chapter 4, in which I use
simulations as a tool to assess the performance of statistical tests designed to detect

natural selection in population genetic data.
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2.2 Long-range dispersal, stochasticity and the broken ac-

celerating wave of advance (Published manuscript)

G. S. Jacobs and T. J. Sluckin

2.2.1 Abstract

Rare long distance dispersal events are thought to have a disproportionate impact on
the spread of invasive species. Modelling using integrodifference equations suggests that,
when long distance contacts are represented by a fat-tailed dispersal kernel, an acceler-
ating wave of advance can ensue. Invasions spreading in this manner could have par-
ticularly dramatic effects. Recently, various authors have suggested that demographic
stochasticity disrupts wave acceleration. Integrodifference models have been widely used
in movement ecology, and as such a clearer understanding of stochastic effects is needed.
Here, we present a stochastic non-linear one-dimensional lattice model in which demo-
graphic stochasticity and the dispersal regime can be systematically varied. Extensive
simulations show that stochasticity has a profound effect on model behaviour, and usu-
ally breaks acceleration for fat-tailed kernels. Exceptions are seen for some power law
kernels, K (I) o ||~ with 8 < 3, for which acceleration persists despite stochasticity.
Such kernels lack a second moment and are important in ‘accelerating’ phenomena such
as Lévy flights. Furthermore, for long-range kernels the approach to the continuum
limit behaviour as stochasticity is reduced is generally slow. Given that real-world pop-
ulations are finite, stochastic models may give better predictive power when long-range
dispersal is important. Insights from mean-field models such as integrodifference equa-

tions should be applied with caution in such circumstances.

Keywords: long distance dispersal, wave of advance, species invasion, stochastic mod-

elling
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2.2.2 Introduction

The manner in which alleles, species and diseases spread over space is of fundamen-
tal interest to population biologists. These processes have an important impact on
many evolutionary and ecological systems, and are particularly relevant in the modern
world, where increasing global trade [74] and highly interconnected transport systems
[75] change the dynamics of disease and species dispersal. For example, international air
travel has been suggested as a major driver of the spread of disease, including the 2009
HINT influenza A swine flu virus pandemic [76]. Anticipating species invasions, and
identifying how they might progress in such conditions, is an immediate and relevant

problem.

Various models have been constructed in order to theoretically explore the dynamics of
spreading populations. These guide our predictions about future genetic, demographic
or disease prevalence trends, and our understanding of the history implied by current
patterns. A core feature of models is whether they explicitly incorporate stochastic-
ity. Traditional approaches tend to use deterministic approximations of the underlying
stochastic process. Here, there is an assumption that over many repeats of an event with
a random element the stochasticity will average out, and can be ignored without inval-
idating results. Such models can often be analysed mathematically, but are sometimes

sufficiently complex that a computational solution is necessary.

Stochastic models are usually more computationally intensive and less analytically trans-
parent, but accept that explicitly including the randomness of events is important. It
is often unclear which approach is preferable. In the specific case of species dispersal, a
finite population of organisms that move and reproduce with a degree of independence
implies a finite number of dispersal events. Stochasticity at small scales can have a sig-
nificant impact on larger scale behaviour, and it is possible that averaging these events

has a qualitative impact on model results.

One feature of population spread that is of particular practical interest is the expected
rate of invasion. Deterministic equations predict that under many conditions popula-
tion expansion occurs through a wave of advance travelling at constant velocity [77].
In certain cases, however, where there is a relatively high frequency of long-distance
dispersal events, this wave will accelerate indefinitely [46]. The integrodifference model
that retrieves this latter result has been widely applied in modelling species dispersal
[78, 79, 80, 81, 82, 47, 83]. However, the approach is deterministic, and it is not clear
that the underlying stochasticity of dispersal can be ignored without causing inaccura-
cies. The impact of randomness on the accelerating wave of advance will therefore be
the principal subject of this paper. We explore this by considering a range of stochas-
tic models and their mean-field deterministic approximations, in which many dispersal

events are described as a single average process.
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Fisher-Kolmogorov and its limitations

Classical modelling of population spread has taken the form of reaction-diffusion equa-
tions. Here, a diffusion approximation is used to model the underlying stochastic dis-
persal and reproduction processes, which occur concurrently and independently of one
another. This is a macroscopic approximation, obtained from the stochastic descrip-
tion by truncating in space or time to some finite order [84]. The paradigm is the

Fisher-Kolmogorov equation [11, 85, 86]:

gzzam1—£)+pv%, (2.1)
where n is population density at time ¢, o is the maximum growth rate, K is the car-
rying capacity (in some suitable units) and D is the diffusion constant. The equation
is continuous in space and time and expresses the combination of logistic growth and
Fickian diffusion. The diffusion constant, or diffusivity, describes the mean square dis-
tance over which a particle diffuses per unit time given a gradient of one unit, and may
be expressed in dimensions L>T~!. A higher diffusion constant implies that the flow of

organisms from full to empty space is easier and thus more rapid.

The use of a single parameter D to represent many possible dispersal regimes follows
from arguments based on the central limit theorem [87]. It is justified by the relationship
between Fickian diffusion and the stochastic process underlying it, Brownian motion.

We can describe this process mathematically as a random walk.

A basic random walk is a stochastic system in which the position, x, of a particle is
iteratively updated by its jump distance, drawn from a given probability distribution.
This probability distribution describes the probability of dispersal over a distance [ in
a time interval, and is known as the dispersal kernel, K(I). If we run many random
walks with a given starting position, the distribution of the particles will spread out
over time. Supposing a symmetric dispersal process, the mean position remains close
to zero, but the diffusivity can be captured by the deviations around this mean. For

Brownian motion, and indeed more general random walks,

< z(t)? >= 2Dt, (2.2)

with the constant of proportionality defining the diffusivity. The central limit theorem
prescribes that the distribution function of long-time positions is Gaussian so long as the
same kernel applies to all particles, there are no long-range correlations in jump-distance,
and the kernel has a finite first and second moment. D is related to the variance of the

kernel by
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D= ;/;OO PK(1)dl. (2.3)

When the variance is unbounded, D is similarly not well defined, a point we return to

shortly.

An initially isolated population that behaves according to the Fisher-Kolmogorov equa-
tion spreads out over time, creating a ‘wave of advance’, while maintaining a logistically
determined level of occupation behind the travelling front. The model has been subject
to much mathematical investigation, and a range of velocities can be sustained. How-
ever, under suitable initial conditions [85], including those most relevant to biological

invasions, the wave speed (after transient acceleration) asymptotically approaches

c=2VaD. (2.4)

For ¢ to be asymptotically constant both D and o must exist and be asymptotically

constant.

Laying aside model-specific issues such as environmental heterogeneity, advection, and
qualities of population growth such as Allee effects, there are two general concerns about
the application of the Fisher-Kolmogorov equation. Firstly, long distance dispersal may
complicate the diffusion term. Secondly, stochasticity may invalidate results obtained

from averaged processes. We deal with these points in turn.

Long-distance dispersal through integrodifference models

Standard theory suggests the diffusivity D can capture a wide range of stochastic disper-
sal processes through the relationship in Eq. (2.2). In the context of population spread,
a naive assumption of a normally distributed dispersal kernel would seem reasonable.
However, many species appear not to follow this dispersal pattern, with dispersal better
represented by a ‘fat-tailed’ kernel. These kernels involve an excess probability of dis-
persal at longer distances; specifically, the tail of the dispersal kernel decays more slowly
than an exponential distribution. Such dispersal regimes have been observed in fungal
spores [88], plant seeds [89], and in mammals and birds [90]. Under these conditions,
it becomes less clear that D will capture the dispersal process faithfully, and there is a

strong argument for explicitly incorporating the dispersal kernel itself into a model.

As we have noted, some fat-tailed kernels decay so slowly that the variance or other
moments are not well defined. Specifically, when the tail of a kernel decays as a power
law, K(I) o< 177 as | — oo, the (8 — 1)™" and greater moments are not finite. This
phenomenon is due to the dominant role that rare large values have on the character-
istics of the distribution, and is useful for incorporating a relatively high probability of

extremely long-range events into the dispersal regime. If § < 3, we can predict dispersal
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behaviour by considering a particular class of random walks, known as Lévy flights, for

which the second moment is undefined [91, 92].

When the variance is unbounded the effective diffusivity increases with time, termed
superdiffusion. Given the role of D in the Fisher-Kolmogorov equation, we might expect
these kernels to lead to an accelerating wave of advance. Indeed, reaction-diffusion
equations of the Fisher-Kolmogorov type that model Lévy flights as fractional diffusion
have been investigated, and lead to exponentially accelerating waves [93]. There is
a significant body of theoretical and empirical work investigating Lévy flights in the

context of foraging behaviour [94].

Several authors [95, 46] have pointed out that systems subject to fat-tailed kernels which
nevertheless still possess a finite variance (and hence a well-defined D) may also exhibit
anomalous behaviour at long times. This is reflected in the lack of analytic behaviour of
K (k) at low k, where K (k) is the Fourier transform of the dispersal kernel K (). The low
k non-analyticity then leads to problems in the application of the central limit theorem
at long times. To determine more accurately the implications of such anomalous kernels
for species diffusion, we need to describe the dispersal process explicitly, rather than

summarising it merely in terms of a diffusivity D.

Kot et al [46] achieve this mathematically by incorporating the dispersal kernel directly

in an integrodifference equation of the form:

n(x,t+1) = e K(x —y)fin(y,t)]dy. (2.5)

—o0
The function f[n(y,t)] applies the population growth process, while the (normalised)
dispersion kernel K (x — y) represents the relative probability of dispersal between po-
sitions = and y in continuous space, with [ = y — x. Importantly, there is no assump-
tion that the underlying stochastic dispersal process is Brownian. However, unlike the
Fisher-Kolmogorov equation, time-steps are discrete, which can lead to velocity devia-
tions from the continuous time case in similar systems [96, 49]. Furthermore, growth
and dispersal are no longer concurrent and independent. Rather, growth and dispersal

occur sequentially, such that there is a coupling between the two processes.

We can describe Eq. (2.5) as a mesoscopic representation of the stochastic dispersal and
growth processes, in that the random behaviour of individual organisms is averaged as a
probability density function [84]. The time-evolution of the probability distribution for
occupation over space is then studied, which can be considered population density when
a population is large. The approach thus captures elements of organism movement that
are summarised by D in the macroscopic reaction-diffusion model of Eq. (2.1). Under
certain circumstances, such as a normally distributed dispersal kernel combined with

logistically limited growth, Eqs. (2.5) and (2.1) retrieve identical wave velocities [46].
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However, this does not imply that the microscopic processes for which they provide

deterministic approximations are identical.

In apparent contradiction to Fisher-Kolmogorov predictions, certain fat-tailed dispersal
kernels with finite second moments lead to indefinitely accelerating waves of advance [46]
in the integrodifference modelling framework. Given that more information is preserved
about the dispersal kernel in the integrodifference approach, we might regard it as more
broadly applicable. Specific kernels with this effect include stretched exponentials and
power laws, where for large dispersal distance I, K(I) o< e " : 4 < 1 and K(I)
|l|7% : B > 3 respectively. The stretched exponential kernel leads the spatial extent of

1
the wave to increase as a power law over time, with exponent — [84]. Evidence from

both reaction-diffusion equations [97, 93] and integrodifference models [46, 98] indicate
that power law kernels cause wave velocity to increase exponentially with time, an effect

that persists when g > 3 [97].

There are many documented examples of apparently accelerating species invasions (eg.
rice water weevil, Lissorhoptirus oryzophilus, in Japan, [99]; cheatgrass, Bromus tecto-
rum L., in North America, [100]; among other diverse plant species, see [101]; potentially
Californian sea otters, Enhydra lutris nereis, [47]; also see [102]). In some cases, these
behaviours may be due to factors other than long-range dispersal. Nevertheless, the link
between long distance events and accelerating waves has been explicitly suggested with
respect to the spread of several plant and human pathogens using data from empirical
studies and observed invasion events [103]. In these cases dispersal is either by wind or

via avian vectors.

As Kot et al noted, indefinite acceleration is biologically unsustainable, and can break
down for several reasons. These include the introduction of an Allee effect, a long-
distance cut-off to the dispersal kernel, and effectively introducing a spatially determined
cut-off to dispersal by limiting system size [46]. Stochasticity can also have a pronounced

effect on system behaviour.

Although the implications of certain of these features remain unclear, integrodifference
equations are frequently used in species invasion modelling. The flexibility afforded by
explicitly representing the dispersal kernel has allowed authors to explore various phe-
nomena, often incorporating long-distance dispersal [46, 78, 79, 80, 81, 82, 104, 47, 83,
98]. Recently, the approach has been suggested as one of four preferred methods for
pest risk analysis [105]. It must be emphasised that models in general, and here the in-
tegrodifference equations method in particular, are only an approximation of real-world

behaviour, and if the implicit assumptions are incorrect the results will also be unreliable.

Demographic stochasticity: ambiguous results
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Both the descriptions of population spread introduced above are deterministic. They
are justified by the belief that they will capture the essential behaviour of the underlying
stochastic processes of reproduction and dispersal. Under which circumstances they are

the correct deterministic limits is unclear.

Demographic stochasticity is known to have an impact on model behaviour. A reduc-
tion in wave velocity is usually suggested [106, 107, 108], though contradictory results
exist for a two dimensional stochastic cellular automata model [109]. In the simple, lin-
ear case, where population growth and dispersal are not density-dependent, work with
branching random walks suggests that introducing demographic stochasticity does not
generally slow invasions [110]. Separately, the interaction between dispersal kernel and
reproductive rate has been highlighted as having an important impact on the structure
of the wave [111].

In the context of the non-linear Fisher-Kolmogorov equation, a productive route of
enquiry has been approximating stochastic effects by introducing a cut-off to the pop-
ulation growth term, thereby reducing wave velocity [112]. This approach has allowed
the characterisation, for example, of stochasticity-induced velocity corrections where the
dispersal kernel is exponential, representing the boundary case past which the Fisher-
Kolmogorov approach cannot be naively applied [113]. In cases where acceleration is
predicted by deterministic models, demographic stochasticity has been suggested to
break acceleration, even given extremely fat-tailed kernels with unbounded variance
[106, 108]. However, noting Lévy flight predictions and Mollison’s density-dependent
model of epidemic spread in continuous time [95], which preserves acceleration in the

context of these kernels, results remain ambiguous.

In summary, models that are able to incorporate long-distance dispersal, demographic
stochasticity due to finite population size, and density-dependence (which has a deep
theoretical history, [8]) are most biologically plausible but least understood. It is un-
clear, for example, when exactly wave acceleration should be broken by stochasticity in
dispersal or reproduction, and how this might occur. To explore this in more detail, we
here present the results of simulation modelling of population spread incorporating two
well-known classes of dispersal kernel. Although explicitly incorporating stochasticity
into models is intuitively most relevant when predicting the spread of species with lower
population size/fewer dispersal events, we find that doing so may be prudent in many

situations, and particularly when dispersal is best represented by a fat-tailed kernel.

The layout of the paper is as follows. In §2.2.3 we introduce the modelling framework
of our simulations. In §2.2.4 we present results for both stochastic and determinis-
tic models, finding that most waves which accelerate in the mean-field model do not
when stochasticity is introduced (§2.2.4.3, 2.2.4.2). However, acceleration persists in
the stochastic model for power law kernels when 8 < 3. We also examine the impact of

reducing stochasticity by increasing the carrying capacity. Here, the behaviour of the
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finite-population, stochastic model only approaches that of the mean-field system slowly
when dispersal is represented by fat-tailed kernels, §2.2.4.4. This has important impli-
cations regarding the situations in which averaging approaches such as integrodifference
equations may be successfully applied. In our final simulations, we consider the effect
of a long-distance kernel cut-off on wave velocity and dispersal dynamics, §2.2.4.5. This
represents an interesting case as truncated dispersal kernels, particularly power laws,
are often encountered in the literature [114, 115, 116]. We conclude by confirming our
results for several variations on our model, §2.2.4.6, and discussing our results in the

context of previous work, §2.2.5.

2.2.3 Simulation modelling

We here introduce our two dispersal models, a stochastic model and its mean-field ap-
proximation, and describe our methods of data analysis and the simulations conducted.
The stochastic model design builds on the simple epidemic model explored by Mollison
[95] and also bears some resemblance to the dispersal model of Clark et al [106] and
to Kot et al’s linear branching random walk model for population spread [110]. Our
models incorporate density dependence in the dispersal process, and follow an algorithm
that might be described as a ’seeding random walk’. As with the models of Mollison
and of Clark et al, dispersal and reproduction are united as a single process. As a re-
sult, they more closely resemble the emission of seeds by plants than animal dispersal,
in which movement is coupled with reproduction. Given this, we also briefly discuss
the differences between our model of dispersal and the Fisher-Kolmogorov population

diffusion model.

___HE EEEEEE ' | CINEEEEEE) CEEEEEEE

FiGUrRE 2.1: Diagram of simulation design and example evolution for the models

explored. a) The stochastic Model 1, with N = 1; b) the mean-field deterministic

Model 2 and c) the stochastic Model 1, with N = 2 and a resultant reduction in
stochasticity.

All invasions occur across a l-dimensional lattice of size L and are discrete in both
space and time. Initial conditions have all sites unoccupied apart from the left-most
site, n(z = 0,t = 0) = 1.0 and n(z > 0,t = 0) = 0.0. A dispersal/growth process

is iterated through time, and simulations are terminated when system filling, n(L),
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L

reaches 90% (n(L) = Z

t
n(z,1) > 0.9). This termination condition implicitly defines
=0

our measure of wave velocity, which is estimated using the time until termination for
different size systems. For simulations incorporating death we apply other measures of

population extent, see §2.2.4.6.

We ignore dispersal events to sites outside of the lattice. Such boundary conditions
are biologically reasonable in many cases. However, they lead to two possible concerns.
Firstly, there is the possibility of extinction by over-dispersal in some models [86, 117].
We generally ignore death in our simulations in order to focus on stochasticity associ-
ated with dispersal, so this is rarely a problem. Secondly, a finite-size system limits the
maximum distance that a propagule can travel. As we repeat simulations with increas-
ing system size, an artefactual increase in the distance to which the dispersal kernel
stretches occurs. This in turn implies a change in the rate of reproduction. Given these
concerns, we explore periodic boundary conditions (see Appendix 2, §2.2.7), with no

qualitative change to results.

Stochastic Model 1: We begin by describing our stochastic model algorithm, repre-
sented in Fig. 2.1a and 2.1c. Occupation at each lattice site, n(x,t), is a value %, with
integer n: 0 < n < N. After setting up the initial conditions, we proceed through a

series of iterated steps:

1. The population of each site reproduces, making n(x,t)N reproduction attempts

with successful birth probability b for each event.

2. Each newborn individual disperses a random distance [ drawn independently from

the dispersal kernel K (|l]), with a logistic probability of success 1 — n(xz + [, ).

3. Once each reproduction/dispersal event has occurred, the population of each site
is updated according to the number of successful propagules arriving at it. Each

successful propagule increases site filling by 1/N.

4. Death is now implemented, each individual dying with a probability d, such that
there are up to n deaths in a site with filling n(x,t) = n/N.

5. For any site with filling n(x,t) > 1.0, the population is reduced to n(x,t) = 1.0.

6. Steps 1 to 5 are repeated until the termination condition is met, or population

extinction occurs.

Dispersal can occur in either direction. When N = 1, dispersal is highly stochastic,
each occupied site making a single dispersal attempt per generation. As N is increased,
a fully occupied site releases increasingly many propagules of decreasing size. Stochas-

ticity decreases, and we approach the mean-field model presented below; we conjecture
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that in the limit N — oo we indeed recover this mean-field model. In these models,
stochasticity arises both in the dispersal/birth process and through death. However,
here we focus on the randomness of dispersal, and usually set b = 1 and d = 0. Our

main results are found to be robust to positive d and b < 1.0, as explored in §2.2.4.6.

Mean field Model 2: This is an average deterministic representation of Model 1,
represented in Fig. 2.1b. We now follow a mean-field approach, in that we assume that
the dispersal of very many interacting propagules can be described in terms of a single
average process. The occupation of each site can now be defined so that 0.0 < n(z) < 1.0.
After setting up initial conditions, we update the system iteratively using our mean-field

equation,

400
n(z,t+1) = (1 —d)n(x,t) + (1 — d)b[l — n(z,1t)] Z K(|l|)n(x +1,1), (2.6)
l=—00

where d and b are considered the average effect of the birth and death probabilities in
Model 1, with 0 < d, b < 1.0. In this equation, site occupation at ¢+ 1 is determined by
a logistically limited dispersal from all other sites, with birth rate b, followed by a death
stage. The model resembles the integrodifference version of the simple epidemic explored
by [104], though differences exist in our application of death and in the lattice structure.
Given that birth and dispersal are not always commutative in reaction-diffusion systems
[118], these differences may be important. As such, we intend this equation as a tool
to investigate our stochastic algorithm rather than a general representation of most

dispersal processes.

Note that this is not a spatially discretised version of the integrodifference equation Eq.
6 in Kot et al [46]. In that model, a potentially non-linear population growth function
is followed by dispersal that is not logistically limited. Integrodifference models of this
form are popular in the literature and more closely reflect the life history certain organ-
isms than our models. We therefore confirm our main results in a lattice variant of this

integrodifference system in §2.2.4.6.

Dispersal kernels: To represent complex dispersal regimes, we follow Kot et al [46] in
describing a dispersal kernel. Our models are discrete in space, and the probability of

dispersal between sites x and y, over a distance [ = y — z, is:

K(|i) oc f(I),  1€Z,1#0 (2.7)

We define K(0) = 0 in all cases, in order to avoid an infinite probability of zero-length

jump distance for power law kernels.
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To represent kernels incorporating long-distance dispersal, we use two classes of function
that can lead to fat-tailed distributions:

fa(l) - e—\l|7’ (2.8)
fo) =177, (2.9)

with [ # 0 and | € Z in both cases. When functions {f,} or {f,} apply for [[| — oo,
they respectively describe the stretched exponential (if ¥ < 1.0) and inverse power
law functions. In the real world, short-range behaviour may deviate substantially from
these idealised distributions. However, such deviations are unlikely to impact long-time
invasion behaviour. For this reason, we also expect that distortions to our dispersal
kernels in the model, due to the discrete lattice or constraining K(0) = 0, to have

minimal impact on qualitative system behaviour.

Our chosen kernel forms offer flexibility in investigating wave of advance behaviour.
For functions {f,}, v = 1 is an exponential distribution and v = 2 is a Gaussian.
Functions {f;} with 3 < 1+ z lack finite moments greater or equal to the z'" moment.
In one dimension, kernels with 5 < 3 do not have finite variance, leading to interesting

behaviour. These are the kernels leading to Lévy flights.

Having determined the relative probability of a dispersal at each distance, we normalise

to obtain the kernel:

+lmax

> K(I) =1 (2.10)

—lmax
Note that taking the absolute value of [ in the above formula corresponds to symmetrical
dispersal behaviour in both directions. Although the kernel should theoretically extend
to lmax = 00, for practical reasons we define a cut-off distance over which dispersal
cannot occur. This is set to lymax = 2 x 108, far larger than most of the invasion lattices

explored, and can be regarded as a sum out to infinity.

Some caution must be applied here. One needs to have I« large, but small enough for
computer memory considerations. In the case of power-law kernels (2.9) we can check
the validity of this approach through an alternative method of constructing the kernel,
using the Hurwitz zeta function [119]. This check sometimes indicated an artefactual
increase in filling time for very large systems (L > 107), particularly using long range
power law kernels, 8 < 3. In some of our simulations we investigate the impact of a
cut-off to dispersal distance, by reducing l;,,x to values less than the system size and

normalising as above, §2.2.4.5.
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Comparison of Models: The above models share various essential features. Specifi-
cally, they are discrete in space and time and incorporate dispersal and growth through
a logistically limited “budding” process. Dispersal distance is determined according to
a dispersal kernel. Initial conditions, the treatment of boundaries, and termination con-
ditions are the same. Finally, in the main body of the work all models ignore population
death, other than that implicitly included when population growth is seen as a net pro-
cess of death and birth. We assess the effects of including death in §2.2.4.6. In many

important points the two models above are comparable.

The algorithm for dispersal and birth in our models well-represents the spread of many
plants, and combining the two processes follows the approach of other workers (eg. [106]
in a population dispersal context, and [95] for modelling epidemic spread). However, the
differences between this and the Fisher-Kolmogorov model could lead to difficulties in in-
terpreting our results and situating them historically. In addition to the non-Markovian
characteristics of our model, whereby dispersal and reproduction no longer occur in-
dependently and concurrently, a particular difference between the Fisher-Kolmogorov
model appears in the application of the logistic effect. To investigate this latter point, we
give a basic derivation of a diffusive limit of our mean-field equation (2.6) in Appendix
1 (§2.2.6).

This derivation highlights similarities with a diffusion approximation of Mollison’s simple
epidemic [59], and we find that several analytic results from his model hold when we
reduce the spatial and temporal scale of our system, §2.2.4.1. Our application of the
logistic effect based on filling at the target site translates to a non-linearity in the
diffusion term, see Eq. (A2.8), having greatest impact when the system nears filling.
We nevertheless expect our mean-field results to be qualitatively quite general. The
Linear Conjecture states that the speed of a wave of advance is governed by the linear
properties of the governing partial differential equation far ahead of the front itself, and
is thought to apply when the average reproductive rate of an individual is maximised
in virgin territory and individuals have negligible impact on the environment far from
their current location [120]. These conditions hold for our model. Note that the latter
point refers not to long-distance dispersal, but to effects such as local population growth

causing global environmental degradation [121].

In support of this argument, we find agreement between our simulations and standard
wave number selection methods [122] for determining wave speed, see Fig. 2.2 and Ap-
pendix 3 (§2.2.8). We also find that explicit mean-field simulations in which the logistic
effect is contributed by the home site yield very similar results to Model 2, although
there are interesting deviations in the stochastic case under some long-range dispersal
regimes, see §2.2.4.6. As a more general point, the partitioning of the logistic effect
between the home range, the target of dispersal, and sites along the route of dispersal

technically depends on the life-history one seeks to describe. As such details can impact
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deterministic and stochastic systems in different ways, there is an argument for consider-
ing them when designing models for ecological applications, especially when long-range

dispersal is important.

Methodological comments: To investigate the impact of stochasticity on the dis-
persal process, we perform simulations of the two models for various parameterisations
of the two types of dispersal kernel. This allows us to explore a highly stochastic sce-
nario with N = 1, a deterministic scenario, and the effects of reducing randomness by

increasing V.

To quantify the velocity behaviour of the different dispersal regimes, we use finite size
scaling [123]. Here, the size of the lattice is varied over several orders of magnitude,
102 < L < 107 where possible, and the filling time recorded. This method effectively
switches the dependent and independent variables, such that we no longer have to follow
the wavefront explicitly. The approach allows us to obtain reliable results given noisy
systems, in which the wavefront can consist of a large, sometimes widening, region of
sparse filling that is difficult to define. The behaviour of filling time as system size is
increased is used to identify the relationship between the dispersion kernel and wave
velocity and acceleration. Appropriate functional forms are used to interpret results in

the different cases.

Finite size scaling: For systems in which invasion takes place through a constant

velocity wave of advance, the filling time can be approximated as

L L
T~ —c~ — 2.11
c’c T’ ( )

where L is system size, T is filling time (or average filling time in stochastic systems)

and c is the velocity of the wave of advance.

Some accelerating waves can be approximately described by the relation

L ~aT?, (2.12)

with parameter a dominating early time velocity and parameter B > 1 describing accel-
eration. Log-log plots of InT" against In L enable us to approximate the value of these

parameters using a linear fitting

1 1
lnTNElnL—Elna. (2.13)

In certain systems, rapid exponential acceleration has been observed [46, 97, 93]. In

such cases, filling time and system size scale as
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T~gnL+h, (2.14)

where the parameter h describes early time behaviour and parameter g the acceleration
effect. A linear fitting to a semi-log plot of T" against In L is appropriate for estimating
the parameters. This model can be seen as a correction to the non-local dispersal case,
where propagules disperse to random sites on the lattice and total system filling, n(L),

follows

1
n(L)=e* = t~—Inn(L), (2.15)
(6%

for early times.

These relations represent tools with which we can characterise our idealised systems in
the parameter space explored, and do not necessarily correspond to analytically retriev-

able behaviour.

The relationships of the various variables above to the kernel parameters were estimated
using the non-linear regression analysis package GraphPad Prism version 6.0 (GraphPad

Software, La Jolla California USA, www.graphpad.com).

Supplementary investigations: We also conducted several additional investigations
in order to clarify the behaviour of our simulations and facilitate comparison with the

work of other authors:

(a) We have verified the behaviour of our simulation model in several ways. Allowing
the model to approach the limits of continuous space and time, we retrieve analytic
results for the simple epidemic (§2.2.4.1). Our dispersal kernels yield expected
diffusion coefficients, Fig. 2.14, and wave velocity given a fat-tailed kernel in our
stochastic system remains within expected bounds, Fig. 2.5, as defined by an

approach suggested in Clark et al [106].

(b) To assess the implications of the various dispersion kernels, we directly estimated
D using a random walk simulation and Eq. (2.2). The relationship between D

and wave velocity is explored in Appendix 4, §2.2.9.

(c) We also investigated the impact of stochasticity in birth and death, a stochastic
model following the integrodifference equation of Kot et al, and a version of Model
1 with the logistic effect acting on propagules but arising at the home site, §2.2.4.6.

These models confirm our main results.

(d) To clarify the behaviour of potentially more realistic dispersal scenarios, simula-
tions were conducted using the bivariate Student’s ¢ dispersion kernel, as recom-
mended and investigated by Clark et al [106], Appendix 6 (§2.2.11). Our main
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results also hold qualitatively when using different methods of measuring wave ve-
locity, eg. Fig. 2.10, and when applying periodic boundary conditions, Appendix
2 (§2.2.7).

2.2.4 Results

One of our key observations will be that, when long-range dispersal is important, demo-
graphic stochasticity gives rise to qualitative differences in wave velocity behaviour, as
compared to predictions from integrodifference modelling [46] and our own mean-field
model (See Fig. 2.3 and Table 2.1). We find that stochasticity breaks wave acceleration
caused by fat-tailed kernels, except in the case of power law kernels with 8 < 3.0. This
critical point supports some previous results [95] but deviates from expectations based
on the behaviour of similar systems in which stochasticity also disrupts acceleration in
the Lévy flight case [106, 108].

The difference in wave velocity behaviour between stochastic and deterministic models,
which can persist even when N is large (see Figs. 2.6, 2.8), suggests that a realistic
representation of demographic stochasticity is important in models of species invasions

incorporating long-range dispersal.

2.2.4.1 Testing model behaviour

We applied several tests to confirm that our programs display expected model behaviour.
Firstly, we obtained the asymptotic velocity of our mean-field Model 2 for several simple
kernels (nearest-neighbour: K(I = +1) = 0.5, K(I # +1) = 0.0; normal distribution;
exponential distribution). When b = 1 and our standard spatial scale is applied, these
deviate somewhat from both Fisher-Kolmogorov expectations and those for the infinite-

population limit of the simple epidemic in continuous space and time (see [59], Table

1).

We therefore explored the impact of increasing the resolution of the spatial lattice, by
defining our kernels as K(|l,|), with [, = i, @l € Z, and of the time steps, by reducing
b. Here, b serves as a temporal scale rather than a birth rate, so we normalise the
resulting velocity according to % Results obtained for the simple epidemic model with
a nearest neighbour dispersal kernel are approached as b — 0.0, see Fig. 2.2a. For the
normal and exponential distributions, analytic results are approximated when b < 1.0
and ¢ > 1. These findings are unsurprising, as low-b, large ¢ systems more closely
resemble models that are continuous in time and space, and the simple epidemic model

structurally resembles our system.

We also applied a well-known argument based on the marginal stability of the linearised

form [77, 122, 124] of the population function far ahead of the wave front, see Appendix
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FIGURE 2.2: Testing model behaviour: a) Approach to expected asymptotic velocity
for the nearest-neighbour kernel (D = 0.5) as birth rate, b, is reduced, with velocity
rescaled as described in the main text; b) Agreement between asymptotic velocity ob-
tained by simulation and expected velocity obtained using the marginal stability of the
linearised wave front for exponential family kernels, v > 1.0; ¢) Approach to mean-field
(Model 2) asymptotic velocity as N is increased in Model 1, thereby reducing demo-
graphic stochasticity, using the nearest neighbour kernel and 5-20 replicates. Relative
standard errors are plotted, but are minimal.

3 (§2.2.8). This allowed us to correctly estimate the wave velocity for the nearest-
neighbour (¢ ~ 0.78) and exponential family of kernels (7 > 1.0) in the mean-field
Model 2 case, both for b = 1.0, =1 (see Fig. 2.2b) and when b < 1.0, > 1.

Finally, we confirmed the convergence of wave velocity to the mean-field Model 2 result
as stochasticity is reduced by increasing N. We use the nearest-neighbour kernel, Fig.

2.2¢, on an lattice of size L = 10%.

The difference between asymptotic wave velocity and the Fisher-Kolmogorov prediction
suggests that the simple relationship between diffusion constant and velocity, ¢ = 2v/aD,
may not hold. As results are not critical to this study, we offer a basic investigation
of this in Appendix 4, §2.2.9. Briefly, a relationship of the form ¢ = uD? is apparent,
with p moderately close to 0.5, for all cases where the kernel leads to a constant ve-
locity wave. However, some deviations exist. These appear to be structural, such that
reducing b and increasing ¢ does not negate them, in agreement with results in Mollison
[59] on the simple epidemic. For example, simulations with b = 0.01 and ¢ = 1 yield
¢~ 2.26D%% for the mean-field model with the exponential family of kernels, v > 1.0.
We can also quite accurately approximate the impact of discrete time and space using
the linearisation method. This allows us to estimate the relationship between ¢ and

D for the b = 0.00001,¢ = 10° system, which would require lengthy simulations, as
1
¢~ 2.599D%578 ~ 3\2/§D\/§.
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2.2.4.2 Model 1 with N = 1: Constant velocity waves in a stochastic lattice

system, with a notable exception

In the highly stochastic Model 1, an asymptotically constant wave velocity is generally
observed, apparent in the linear scaling of filling time with system size (Figure 2.3a,
c¢). This is usually true even when long-distance dispersal is incorporated through a
fat-tailed dispersal kernel, contrasting with predictions from integrodifference equations
[46] and our own deterministic model (see below). An accelerating wave of advance
is seen, however, for kernels that lack a finite second moment. Approximate velocity
behaviours obtained by non-linear regression on filling time behaviour or velocity are

given in Table 2.1.

a) b)
8 T T 6 T T T T
+ + o+ 7:20
e 5 Where y>1.0, m—1.0 . | Lo
. ;. T x X X x y=1.
or moto X v Where y<1.0, m<1.0 .- .-
e LI e4r 1+ v=05
E : =
=4t x v . 4 =3l Rt feee y=03
M . o ¥
2+ + v |
2+ v . - x’ v ) .
- M | 1 k) 4 1 1
2 4 6 8 1 2 3 4 5 6
log(L) log(L)
<) d)
8 T T 90 ; r . : —
Where §>3.0, m—1.0 75 '_.' eeo (=5.
B = tant T
6k Where 3<3.0, m<1.0 .» ‘ | m = constan e ses (3=4.0
- .. 60 | .. . Taaa B=30
gt O | e e e e p=25
. .. | ° .- > ]
:' v v > 30 : > IS ﬁ:?o
. BN >
2 > e e BT 1<« =15
< «
1 1 0 1 1 1 1
2 4 6 8 1 2 3 4 5 6
log(L) log(L)

FIGURE 2.3: Log-log/semi-log plots of filling time, T, against system size, L, for
the two kernel families following stochastic and mean-field systems. m indicates the
gradient of a linear fitting to the data, with m < 1.0 indicative of acceleration in the
log-log plots. Top-left (a): Stretched exponential kernel stochastic behaviour, N = 1;
Top-right (b) Stretched exponential kernel mean-field behaviour; Bottom-left (c) Power
law kernel stochastic behaviour, N = 1; Bottom-right (d) Power law kernel mean-field
behaviour. The form of acceleration for fat-tailed kernels in the mean-field systems
are in agreement with previous results [46, 97, 93], velocity increasing as a power
law and exponentially with time for the stretched exponential and power law kernels
respectively. For stochastic models, minimum replicates were: L = 102, 100; L = 103,
100; L = 10*, 100; L = 10°, 50; L = 105, 10; L = 107, 1.

For the exponential family of kernels, K(I) e " a constant velocity wave is ob-
served even when the kernel is fat-tailed (7 < 1.0). So long as v > 0, the diffusivity
D remains well-defined. Velocity as determined through our simulations (Fig. 2.4) was

exceptionally large when v is small. Our results can be quite closely approximated using
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Kernel form

Model 1 (stochastic, N = 1)

Model 2 (mean-field)

Equation Behaviour Equation Behaviour
Exponential, v > 1.0 0.5+ (0.52 + o.on\w‘%Ho.B Asymptotically constant 0.78 + (1.03 + o.oijw.mw%o;mw Asymptotically constant
0.94 £0.03
i i ; (0.9440.03)aq AQLV a1 4 (v—1-1) )
Exponential, v < 1.0 Inaccurate fitting Asymptotically constant S Tiofo.os t v e’ Accelerating

Power law, 5 > 3.0

0.5+ (0.14 £ 0.01) gy 1-09£0:06

Asymptotically constant

Rapidly accelerating

Power law, 5 < 3.0

g ! mxwmwv, where

as(1.0 + B)t?, where B ~ (3.21 £ 0.26)41-59+0-23 Accelerating g~ (1.45+0.02)3 — (0.04 £ 0.16)

TABLE 2.1: Table showing wave velocity behaviour given exponential, K (1) oc e” I, and power law, K (1)  |I|~?, dispersal kernels, as estimated
using non-linear regression on finite-size scaling simulation results.These correspond to observed behaviour in our simulations and do not necessarily

describe analytically retrievable relationships. g1 = 8 — 3 and B3 = 3 — 3, while a1 and ay are prefactors for the velocity behaviour - these tend to
0.22 +£0.07

(1.0 — ~)0-96£0.16"
and very small indeed when 8 < 2.0, suggesting an important influence even when ¢ is relatively large. We discuss this briefly in the main text. We
fit this regime in the region 2.95 < 8 < 2.15. For more details on the parameter ranges for which each fitting was retrieved, see Appendix 4 (§2.2.9)
and Fig. 2.15.

We could not obtain an accurate fitting for as, which was < 1073 when 5 < 2.25

be important at early times. We find that a; =~

Rapidly accelerating
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the theoretical diffusion constant [125] of the stretched exponential kernel (Appendix 4,

r3)
§2.2.9), D ~ —"7 where I'is a gamma function.

)

10~ FIGURE 2.4: Logarithmic plot of the depen-
] P ° dence of the front velocity on stretched exponen-
o tial power . Note the apparent regime change
g" 6 . close to v =~ 0.5 (In — ~ 0.69), rather than at
- 4L ° v = 1.0 as might be prected. The right hand
2r R ° side of the plot corresponds to long-range kernels
Lo Lo _E__.__.__:__| _________ [ I with v < 1.0. Plotting ¢; = ¢ — ¢min [Model 1] =
-1.0 0.5 , ot 0.5 1.0 1.5 ¢—0.5, rather than the actual velocity ¢, avoids a
. 2 C In(1/7) spurious saturation in the bottom left quadrant
* 4 as ¢; — 0,7 — oo.

Simulations using a power law kernel, K(I) o |I|7#, show a constant velocity when
B > 3.0, Fig. 2.3c. However, when 8 < 3.0, accelerated invasion fronts persist, as
predicted by [95]. Acceleration is not exponential as in our mean-field Model 2 (see
§2.2.4.3). Rather, the linear fit in Fig. 2.3c suggests acceleration occurs as a power law,

as in the case of the stretched exponential kernels in Model 2.

Estimates of Lévy flight behaviour [108, 126] yield
(< 2(t)? >)"? ~ ¢1/ @52 (2.16)

where 5o = 3.0 — 3. The diffusion constant for such distributions is undefined. However,
in a single generation we take a finite number of samples from the kernel, and the
variance is finite. We might expect the diffusion constant to increase with system filling,
then, implying the acceleration effect that we observe. We were able to estimate an
expression for velocity behaviour when § is not too small, 2.95 > g > 2.15, which

supports a strong dependence of velocity on time, see Table 2.1.

When S < 2.0, our attempts to apply non-linear fitting to simulation results failed on
two accounts. Firstly, the inferred prefactor to the velocity behaviour, as in Table 2.1,
becomes extremely small. Secondly, Akaike’s information criterion now suggests that a
stretched exponential fit is preferred, L ~ ePT". It is therefore possible that power-law
acceleration no longer adequately describes model behaviour when 5 < 2.0. However,
as these waves travel extremely quickly it was not possible to confirm behaviour over

long times.

The power law kernel with 8 = 3.0 represents the marginal case between the constant
velocity and accelerated front regimes. Given this transition, we expect such invasions to
display strong fluctuations, and indeed we observe a sharp peak in the relative standard

error for filling time here. An example of filling behaviour in this region can be seen in
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Fig. 2.7.

Bounds on the constant velocity of waves under stochastic Model 1, N =1

We can independently confirm the constant velocity results by obtaining estimates of
the maximum and minimum wave velocities for each kernel. To do this, we perform a
lattice version of the analysis conducted by Clark et al [106] for their dispersal model.
We describe this in detail in Appendix 5, §2.2.10. Briefly, the approach is as follows. In
each generation, we consider the propagule dispersing furthest ahead of the wavefront as
the “extreme disperser”. This propagule defines the wavefront in the next generation,
and the distance it travels indicates the wave velocity that generation. Given this,
the maximum wave velocity can be estimated from the distribution of extreme dispersal
distances when a large area of contiguous occupation stretches out behind the wavefront.
Conversely, this distribution offers the minimum velocity when the wavefront consists of
a single isolated occupied site. The asymptotic wave velocity results from our simulations

lie between these maximum and minimum bounds, Fig. 2.5.
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FiGure 2.5: Placing bounds on velocity for the stochastic Model 1 simulations using a
lattice variant of Clark et al’s method, see Appendix 5 (§2.2.10). Shaded area indicates
the region between velocity minimum estimate with Ny = 1 and velocity maximum
estimate with N, = 10°, where N, is the length of contiguous occupation behind the
furthest forward site. Kernel length ;.. = 10°, which is shorter than in our explicit
simulations and may slightly bias upper velocity estimates downwards for the most
fat-tailed kernels. a) Exponential family of dispersion kernels, 0.3 > ~ < 2.0, fat-
tailed kernels are to the left; b) power law family of dispersion kernels, 3 > 3. Circles
represent explicit Model 1, N = 1, simulation velocity results, with L = 10%, minimum
10 replicates, based on time taken to reach 90% system filling. Other measures of
velocity (eg. time until first dispersal to the right-most 10% of the system) give similar
results, as do simulations with L = 107 (performed when v < 0.5 or 8 < 3.5). Relative
errors are shown, though were small.

Our work indicates that Clark et al were correct in their prediction that dispersal ker-
nels without a fat-tail lead to waves that are supported by a large region of occupation
to their rear, thus attaining their maximum velocity. While fat-tailed kernels do lead
to a more sparsely occupied wavefront, the minimum velocity was not achieved in our

simulations. The implication is that this minimum value does not appear to be a good
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estimate of wave velocity given long-distance dispersal regimes. The importance of dis-
persal from behind the main wavefront is also supported by more complex models of

plant dispersal [127].

2.2.4.3 Model 2: Acceleration for fat-tailed kernel invasions in a mean-field

system

In our lattice mean-field simulations, dispersal according to a fat-tailed kernel leads to
accelerating waves of advance. Importantly, this agrees with analytic predictions [46]
for a spatially continuous version of the system. The signal of acceleration is apparent
in the sub-linear scaling of filling time with system size (Figure 2.3b-d). Again, velocity

behaviour obtained by non-linear regression is given in Table 2.1.

In the case of short-range kernels, K (1) oc e~ with v > 1.0, the wave of advance travels
at an asymptotically constant velocity. In the limit v — oo, this case corresponds to the
nearest-neighbour dispersal model, with ¢ = ¢pin [Model 2] & 0.78. For these kernels, we
can independently verify simulation results. We do this by numerically obtaining the
wave number and corresponding velocity according to egs. (A3.7) and (A3.6) obtained
in our marginal stability analysis of Model 2, Appendix 3 (§2.2.8). This approach yields

extremely similar results to our full simulation studies, as shown in Fig. 2.2.

When v < 1.0, these kernels become fat-tailed, and acceleration is observed. The form
of acceleration follows theoretical expectations quite closely (eg. [84, pp 176]), with
filling behaving as L =~ T% such that the acceleration B ~ ~v~!. When v = 0.5,
B; = B — 1~ 1.0, in agreement with the appropriately parameterised Eq.(21) of [46].

Power law kernels, K (1) o |I|7%, lead to waves of advance with extreme accelerating
behaviour in the mean-field model. The form of acceleration is exponential, in agreement
with previous studies [46, 97, 93], and can be modelled as a correction to random filling
Eq. (2.15), using Eq. (2.14) T =~ gln L + h. We obtain a linear relation, g ~ %ﬁ (see
Table 2.1), reflecting the strong accelerating effect even when £ is large. Each order
of magnitude increase in system size corresponds to a constant increase in filling time.
If the continuous model is to be believed, dispersal kernels with this structure would
have catastrophic implications in the case of a species invasion. No unusual behaviour is
observed at # < 3.0, as might be expected given the divergence of the diffusion constant

in this region.

Theoretical predictions suggest g =~ § (eg. [84, pp 171-173]), such that while we recover

the exponential form of acceleration, our simulations give a larger value of g.
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2.2.4.4 Model 1, N > 1: Reducing dispersal stochasticity leads to slow filling

time convergence with long-range kernels

As N is increased, stochasticity due to dispersal decreases and we expect to approach

the mean-field approximation of Model 2.

In Fig. 2.6 we present finite size scaling results comparing Model 1 with N = 1,10, 103, 10°

to the mean-field Model 2, for three fat-tailed kernels: the stretched exponential kernel

with v = 0.5 and the power law kernels with 5 = 2.5, 3.5. The two power laws kernels

gave rise to different behaviour in the N = 1 stochastic system, but the same exponen-

tial acceleration in the mean-field case. The filling time for each N relative to that of

the mean-field model is also plotted. This shows the divergence between stochastic and

mean-field models over time.
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FiGure 2.6: Comparing the behaviour of Model 1 with N > 1 to the mean-field
prediction given 3 representative dispersion kernels. Upper plots show finite size scaling
behaviour, lower plots the divergence of filling time predicted by each model. Plot a)
follows a stretched exponential kernel, plots b) and ¢) power law kernels. Semi-log
plots of T against log L are inserted in the case of the power law kernels. Minimum
replicates were: 10%: 100; 103: 100; 10%: 50; 10°: 5; 10%: 1. Only a single simulation
was conducted for the 8 = 3.5, N = 10°, L = 10° system; otherwise, more simulations
than the minimum number were possible. Relative error bars are shown in the upper
plot, but are generally small.

The stretched exponential kernel leads to an accelerating wave in the mean-field case.

However, we find an asymptotically constant velocity wave in the highly stochastic N = 1
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case, and even large N systems rapidly converge to a constant velocity. For the power-
law kernels, increasing N leads to more extreme acceleration. When g = 3.5, transient
acceleration persists for a longer period, but waves tend toward the constant velocity
behaviour observed in the highly stochastic N = 1 system. Qualitatively, acceleration
does not reach the extreme mean-field form of T' &~ g In L+h for either power law explored
in our simulations, evident in the semi-log plot inserts in which a linear relationship is
not achieved. The implication is that the degree of acceleration predicted for power
law kernels using reaction-diffusion equations with fractional diffusion [93], for example,

may not persist in real world populations due to stochastic effects.

The difference between stochastic and mean-field results for T'(L) increases with system
size (see Fig. 2.6, lower plots). This reflects the greater wave acceleration apparent in
mean-field systems, such that velocity diverges between the two models over time. We
can use this as an indication of how the mean-field approximation deteriorates given
the dispersal kernel and N. For small systems, or at early times, L ~ 102, the filling
time results of stochastic and mean-field simulations are similar. For larger systems, eg.
L > 10%, results can diverge substantially. This is particularly severe for the shorter-
range power law kernel (8 = 3.5, D & 1.15) and the stretched exponential kernel
(y=10.5, D =~ 71.6). Here, filling is ~ 91 and = 11 times slower respectively than the
mean-field system when N = 10% and L = 10°.

Figs. 2.7 and 2.8 show the effect of decreasing stochasticity on the structure of the
wave of advance and on filling time for a § = 3.0 power law kernel and a stretched
exponential with v = 0.5. As N increases, acceleration becomes more apparent at
this scale for the power-law system but not for the stretched exponential - the former
shows an increasingly concave interface between occupied and unoccupied space, and
a substantial reduction in filling time. Acceleration occurs through jumps, with wave
structure becoming patchier. This kernel is at the transition between well-defined and

infinite variance, so rough and highly variable behaviour is expected on general grounds.

Regions of filling between 30% and 70% for the power law kernel with N = 10® have
been shaded on top of the mean-field filling plot (top rightmost, Fig. 2.7a). Systems
with extremely large N approximate the mean-field dynamics closely at early times, but

the patchiness created by stochasticity soon reappears.

The impact of increasing N on wave of advance velocity has also been assessed for a
short-range kernel (nearest-neighbour, see Fig. 2.2). Even with reasonably small N,
wave velocity is close to mean-field predictions of ¢ ~ 0.78 (N = 100, ¢ ~ 0.74), sug-
gesting that the mean-field approximation accurately reflects the underlying stochastic

behaviour for very short-range kernels.

Our results indicate that the mean-field model gives a reasonable estimate of stochas-

tic behaviour given short-range kernels, or for fat-tailed kernels at very short times,
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FIGURE 2.7: Plots of the filling processes of individual simulations using Model 1 with
a range of NV values and two dispersion kernels. Shading represents population density
at each position, z, on the 1-dimensional lattice (x-axis). Dark regions corresponds
to complete square filling and light regions to empty space. Time progresses from
top to bottom on the y-axis, such that systems begin with a single full site at the
left-most position x = 1. Kernels are labelled accordingly; from left to right, N =
1,10%,10% 0o (mean-field). The time scale of each simulation has been rescaled to
facilitate comparison of filling dynamics, with relative scale indicated to the right of
each plot. The white shading on the upper mean-field plot with a power law kernel at
B = 3.0 represents the filling process for N = 102, see text. System size, L = 10%.

F1GURE 2.8: Convergence of filling time toward
the mean-field limit (dashed line) as N is in-
creased for two fat-tailed kernels, L = 10%.
Replicates for N = 1,2,10 : 100; N = 102 to
10% : 50; N =106 : 10; N =107 and 10% : 1.
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especially if N is large. However, this and similar deterministic models, such as inte-

grodifference equations, tend to over-estimate wave of advance velocity, an error that

increases with time when long-distance dispersal is important. Even when filling time

is well-predicted by the mean-field approximation, as in some very large N systems,

features such as the patchiness of the invasion are poorly described.
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2.2.4.5 Truncated power law kernels lead to asymptotically constant wave

velocities

Incorporating a long-distance cut-off to power law kernels has been found to describe
well the movement patterns of various species [114, 115, 116], and has been investigated
in the context of the Fisher-Kolmogorov equation with fractional diffusion [128]. Often,
a limit to the distance at which dispersal can occur is also biologically reasonable, due
to factors such as energetic constraints or a finite lifespan. It is also possible for such
kernels to be retrieved from field data erroneously due to insufficient sampling of rare
long-distance events, and an awareness of the errors that this might generate is useful.

We here assess the impact of kernel truncation on wave velocity.

A basic prediction is that incorporating a cut-off by reducing la.x, see Eq. 2.10, will
lead to a slower wave of advance. A cut-off also causes power law kernels with 8 < 3.0
to have a defined variance. Asymptotically accelerating waves in either the mean-field

or stochastic system are not expected.

We applied a long-distance truncation to power law kernels with various 3, and to the
stretched exponential case with v = 0.5. Behaviour for the power law kernels is shown
in Figure 2.9. In the mean-field system, the wave of advance accelerates according to
the standard Model 2 until a time 3. Velocity then approaches a finite value through
a series of oscillations. The oscillations may be an example of the Gibbs phenomenon
[129] due to the abrupt nature of our cut-off, and if so would not be expected in real

systems.
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FIGURE 2.9: The impact of a long-distance cut-off on wave velocity given a truncated
power law kernel. a) Log-log plot of velocity of wave front over time when 8 = 2.5,
showing damped oscillations after a time period t. b) Log-log plot showing relationship
between cutoff, I,,.x and asymptotic wave velocity, ¢, for both the stochastic (N = 1)
and mean-field models. c¢) Relationship between asymptotic wave velocity reached
in the mean-field system and the stochastic N = 1 system, for various power laws
and sizes of cut-off. Stochastic systems were taken to have reached a stable velocity
when the estimated velocity of the wave increased by no more than 1% upon an order
of magnitude increase in system size. The stabilisation of mean-field systems was
determined visually, with the l,.x = 500 case providing an example in a), velocity
taken as the average filling increase over 10 generations after stabilisation. Replicates
for stochastic systems were L = 10° : 100; L = 105: 50; L = 10”: 20. Relative standard
errors were minimal and are not shown
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In the stochastic case, which might be considered a more realistic dispersal model,
a finite velocity is again achieved for each dispersal kernel. Unsurprisingly, a cut-off
will have particularly dramatic effects for kernels that would otherwise lead to accel-
erating waves of advance - power laws and stretched exponentials in the determinis-
tic case, and power laws with 8 < 3.0 in the stochastic case. For power law ker-
nels in the region 1.25 < g < 2.75 with N = 1 we found that the heuristic fitting

_ a2 B —B-B)2 | 3
aglr(na()){%io'gg)(?) PY+(0.9720.18)(3-5)+(0.03£0.06) aslmas +(3-6) captured asymp-

CcC =
totic velocity behaviour. ag depends on S and is 0.15 < a3 < 0.7 in this region, with

the larger values observed when g is closer to 3.

B

max’

but here B remains close to 0.9 for power laws 1.25 < g < 3.5 (see Fig. 2.9b) in the

parameter space explored. However, as [y, becomes large there are indications of a

Asymptotic wave velocity in the mean-field Model 2 can also be fitted to ¢ = al

gradual trend toward B = 1. This linear relationship is easily seen for the uniform
kernel, which is recovered when 8 = 0.0. To further investigate this, we repeated the
non-linear regression analysis, this time for 8000 < I, < 32000 and 0.0 < 8 < 3.5.
The behaviour ¢ = (0.49 + 0.03)6*(0'9%0‘08)5%% + a4 ~ 0.5¢ Plpax is supported.

Long-range cut-offs may apply to many biological kernels, and given this the asymptot-
ically stable and substantially reduced difference between wave velocity in the stochas-
tic and mean-field models is of some interest. The mean-field model particularly well
approximates the stochastic case given low-3 power law kernels with moderately short-
range truncation (Fig. 2.9¢), and is also quite effective given a stretched exponential

kernel with v = 0.5 (where EN=o0 5.2 when [pnax = 5000).
CN=1

2.2.4.6 Structural variations of our model support the generality of results

As mentioned in the introduction, several studies have found that stochasticity breaks
wave acceleration induced by Lévy flight dispersal kernels [106, 108]. Given that some of
our simulations are seemingly at variance with these results, we have investigated three

variations on the stochastic Model 1 presented above:

1. Case 1 - Our stochastic Model 1 with d > 0.0,b < 1.0.

2. Case 2 - A model following our Model 1 algorithm, but with the logistic effect
applied to newborn individuals at the home site rather than the target site. The
mean-field approximation is now Eq. (2.17). Note that this system does not result
in an advancing wave when N = 1. For N > 1 and even, we set initial conditions
to n(0,0),n(1,0) = 0.5.

3. Case 3 - A stochastic version of Kot et al’s integrodifference model [46]. In each

generation, a population growth stage occurs first within each site, such that every
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individual reproduces with probability b[1 — %] and dies with probability d. A

dispersal stage then occurs, in which both newborn and older individuals disperse
with probability A. Usually, A = 1.0.
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FIGURE 2.10: The impact of stochasticity on three variations of our Model 1, see

main text. When dispersal follows a power law with 8 = 2.5, long-term acceleration

of the wave of advance occurs in each case. Minimum replicates for different systems

sizes were L = 103,10%:100; L = 10°: 50; L = 10° : 20; L = 10”: 5. Relative standard
errors are plotted, but are small.

In these models, we sometimes incorporate death, d > 0. An equilibrium system filling
of n(L) < 1.0 is possible. We therefore chose to terminate the system when a site
in the last 10% of lattice space has filling n(x > 0.9L,t) > 0.1. This approach is
more closely allied with the traditional mathematical approach of tracking the furthest
forward position with filling greater than some constant value, n(xnyax,t) > nain. We
also tried terminating a Case 1 (b = 0.5,d = 0.1) system when system filling exceeds

50%, and found results to be qualitatively similar (not shown).

If the acceleration due to Lévy flights observed in Model 1 is quite general, we would
expect it to hold under different implementations of birth and death, and of dispersal
and crowding effects. Indeed, we find that acceleration is observed for the 5 = 2.5
power law kernel in each model variant (Fig. 2.10), and that velocity always increases
as a power law with time. The different acceleration exponents, as indicated by the
gradients of linear fittings in Fig. 2.10, are largely due to differing N. However, the
structure of the model can also be important - with NV = 100, the Case 2 system still
accelerates comparatively slowly, as long as d is small. We discuss this below. The
three model variations also support results from Model 1 for the fat-tailed stretched
exponential kernel, K(I) = e 1", v = 0.5, which creates waves with asymptotically

constant velocities (results not shown).

The specific implementation of the crowding effect has interesting implications. In Mod-
els 1 and 2, dispersal is logistically limited by occupation at the target site. In Case
2, the logistic effect is applied to new propagules from their home site. The equivalent

mean-field equation for Case 2 is
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+oo
(e, t+1) = (1—dn(z,t) + (1 —db Y K(hn(e+LOL —n(z+1L8)]. (217

l=—00

Simulations using this equation and the Model 2 mean-field equation, Eq. (2.6), lead to
very similar results, even when long-range dispersal is important. The difference between
filling times for a system of size L = 10° was less than 1% for stretched exponential
kernels with v = 2.0,1.0,0.5, and ~ 2% and ~ 3% for the power law kernels with
B = 2.5,3.5 respectively.
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FIGURE 2.11: When only newborn individuals disperse in a stochastic system, wave
velocity and acceleration depend on whether the logistic effect arises at the home site
(Case 2, see text) or at the site targeted for dispersal (Model 1). This is particularly the
case for low-d, small-N systems incorporating long range dispersal. a) The ratio of Case
2 filling time to Model 1 filling time as system size L is varied, with no death. Larger
values indicate greater wave velocity deviations between the two systems. The ratio
converges toward a constant value when the kernel leads to a finite-velocity wave, as
for B = 3.5. b) Faster system filling occurs when d > 0 for the Case 2 system, L = 10°.
Minimum replicates are L = 103 : 100; L = 10* : 50; L = 10° : 20; L = 10° : 5.

However, significant differences appear when stochasticity is introduced. Here, full sites
frequently occur, but cannot contribute to population growth. Understandably, this
effect is particularly pronounced when d = 0 and N is small. For example, when N =4
and dispersal follows a stretched exponential kernel (v = 0.5), the Case 2 model leads
to an asymptotic wave velocity of approximately — that seen for Model 1. The effect
is especially striking in the case of power law kernels, and the deviation between filling

time results for Model 1 and Case 2 as L increases is shown in Fig. 2.11a.

The impact of increasing death, d > 0.0, when the logistic effect arises at the home site
is shown in Fig. 2.11b. Dispersal from sites that are far behind the main front and close
to equilibrium filling is again possible, such that incorporating some death can increase

wave velocity.
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2.2.5 Discussion

Conclusions of our study

When a population of an invasive species colonises a new region, it can grow and spread.
This creates a wave of advance, which travels across the landscape with potential impacts
on agriculture and natural ecosystems. Understanding the dynamics of invasions can
help workers predict disruption and orchestrate a response. Simulation and mathemati-
cal models provide one route toward this understanding. In this study, we have identified
important consequences of different modelling approaches, finding that stochasticity im-
plied by a finite population fundamentally alters the behaviour of the wave of advance
when long-distance dispersal is important. Results obtained by deterministic meth-
ods such as integrodifference equations or models of fractional diffusion risk significant

inaccuracies in such circumstances, Figs. 2.6, 2.10.

Our simulations involve a simple model of population dispersal with tuneable demo-
graphic stochasticity. The models incorporate a flexible dispersal regime, with a logistic
effect limiting the dispersal/growth process. In this way, the structure is similar to that
of Mollison’s simple epidemic [95], but occurs in discrete time, and indeed we confirm
several of his fundamental results (for example, the different conditions on accelerating
waves for stochastic and deterministic models). Some of these results appear to con-
tradict, at first glance, recent work on stochastic models that incorporate long-range
dispersal [106, 108]. We continue by discussing this discrepancy, after reviewing the

core assumptions and detailed features of our simulation framework.

Dimensionality

Our models are one dimensional, a feature that is biologically plausible for the spread of
species along rivers, coastal strips and island chains, but does not represent the general
case. This approach is not unusual with most work on population spread historically
conducted in one dimension for the sake of simplicity. Although for linear models the
relationship between high-dimensional behaviour and the one-dimensional case is often
straightforward, this is not true for non-linear stochastic models [121] such as ours.
In the context of our work, there exists an obvious situation where dimensionality is

important, specifically when dispersal occurs according to a power-law. In this case,

D:/l2ddflK(l)~/ l2ld115dl:/ —5—dl (2.18)

with d; the dimensionality. We take a lower limit 7,;,, defined so as to avoid divergence
at small scales, and approximate the kernel using its power-law decay, which dominates

as A — oco. This integral describes the leading order behaviour of D as a function of A,
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and if it diverges D does not exist. Given our results, stochastic Model 1 is expected to

produce accelerating waves when 5 < dy + 2.

To check whether the behaviour implicit in (2.18) is observed, we conducted limited
simulations on a triangular lattice in two-dimensions. Our current implementation of
the explicit simulation was impractical for lattices with sides of length greater than 104,
i.e. 10® sites, in Model 1, and considerably smaller systems in the mean-field Model
2. Nevertheless, accelerating waves were seen in the mean-field system with fat-tailed
dispersal kernels. This acceleration was found to break down when stochasticity was
added, with the exception of systems with certain power-law kernels. We were unable
to confidently determine the critical value of S under which acceleration is preserved
despite stochastic dispersal. For example, acceleration was not observed in the highly
stochastic Model 1 system when 5 = 6.0, but was for the limited range of lattice sizes
explored when § = 5.0. Equation (2.18) suggests that this is likely to be a transient

feature.

An example of a similar system explored in two dimensions is the model of Kawasaki
et al [109]. Here, the authors compare a stochastic cellular automaton model in which
dispersal occurs randomly at a given rate with a deterministic variant. In both cases,
site occupation is limited to 0 or 1. The deterministic case represents dispersal as a
constant pressure exerted by occupied sites on empty sites within their dispersal range.
Colonisation occurs when the cumulative dispersal pressure experienced by an empty site
exceeds 1. The stochastic version of the model, which resembles our Model 1 with N =1,
yields a higher wave velocity than the deterministic case, even with the nearest-neighbour
dispersal kernel. This is a result of the rougher wavefront for stochastic systems, such
that there are more isolated sites, and the greater probability of propagules from isolated

sites being successful.

Although this effect is in principle possible in our system, we did not observe greater
wave speeds for our Model 1 than Model 2 in two dimensions. This is probably due
to the potential for sites to have filling 0.0 < n(z,¢) < 1.0 in our deterministic model,
such that newly arriving propagules immediately begin to contribute to the filling of
nearby sites. There is a time-delay in the deterministic system of Kawasaki et al, as a
site has to wait for sufficient dispersal pressure to transition from state 0 to 1. Despite
this difference, the wavefronts in our stochastic Model 1 are rougher than those in the
deterministic system. It is possible that both features are relevant, and a detailed char-
acterisation of the behaviour of our model in two dimensions represents an important

future step.

Modelling assumptions

A particular structural feature of our models is discreteness in time and space. Biologi-

cally, seasonal reproduction is seen in many species, and discrete-time models are often
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desirable. While one could consider discrete space to represent minimum territory size
or regular fragmentation of a habitat, a more general interpretation views this as an
artificially imposed lattice that averages effects within regions. This is a common ap-
proach used to simplify models, but can create an artefactual population crowding effect
[130]. The lattice will also distort the dispersal kernel. Our replication of several forms
of wave velocity behaviours caused by long-range dispersal [95, 46, 97, 93] suggests that
our lattice dispersal kernels approximate sufficiently their continuous forms. Indeed, at
long distances distortion to the dispersal kernel is minimal as the rate of tail decay is

low.

A core subject of this paper is the relationship between deterministic and stochastic
models of dispersal. We investigate the relationship between the stochastic Model 1 and
a mean-field Model 2 by increasing the carrying capacity of sites, N. When b = 1 and
d = 0, this only reduces the amount of stochasticity associated with the dispersal process.
Model 2 is a mean-field model that offers a heuristically appealing approximation of
Model 1, but we have not formally shown it to be correct. Indeed, in one case - that
of stretched exponential kernels - the approach to mean-field wave velocity behaviour
as N is increased is particularly slow, Fig. 2.8. While this could indicate that another
formulation is more appropriate, radically different behaviour in stochastic and mean-

field systems for these dispersal kernels is theoretically expected [95].

Increasing N in Model 1 also leads to a second transition, in that the filling impact
of each propagule decreases. Biologically, this corresponds to the varied demographic
dynamics of different species. Low N systems resemble the dispersal of larger organ-
isms, such as trees with few viable seeds per generation or various mammals. When
N is larger, organisms such as insects or micro-organisms are better described. Long-
distance dispersal is possible for both, with the latter case often relying on aerial or

aquatic currents, or living vectors (e.g. [131, 132]).

Principle characteristics of model behaviour

In this work, superficially similar models are found to yield qualitatively different con-
clusions. A fundamental difference in wave velocity behaviour is apparent between the
stochastic and deterministic versions of our system. This sort of phenomenon has been
noted by other workers in the context of long-range dispersal [95, 108]. The implication
is that care is needed when designing models of species dispersal, and the consequences

of mathematical or computational simplifications should be explored where possible.

Our simulations support the observation that fat-tailed kernels can give rise to accel-
erating waves of advance in deterministic models of population spread [95, 46, 97, 93].
The stochastic Model 1 also supports aspects of previous work [95]. Here, indefinite ac-
celeration is seen to break down for some fat-tailed kernels. However, this is not always

the case. Reflecting some previous results [95], but not others [106, 108], we find that
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kernels described by a power law with § < 3, which lack a finite second moment, can
lead to long-term acceleration. Random walks according to similar distributions lead to
Lévy flight superdiffusion. Our Model 1 is more complex, with a non-traditional branch-
ing rule and density-dependent dispersal. These differences do not appear to break the
fundamental Lévy-flight-like dynamics. The apparent disagreement between this result
and behaviour seen in similar systems [106, 108] is interesting, and we discuss it in detail

below.

In Fig. 2.6 we examine the time evolution of the difference between our mean-field and
stochastic systems. The mean-field Model 2 gives a reasonable estimate of the short-
time wave velocity. However, at longer times the wave accelerates rapidly away from
that predicted by the stochastic model. This effect is disrupted when a cut-off is applied
to the kernel, §2.2.4.5, and in some cases (eg. low-3 power law kernels, see Fig. 2.9c)

the velocities achieved for the mean-field and stochastic systems are rendered similar.

Acceleration observed in mean-field models seems to be caused by the logistic growth
in low-occupation sites well ahead of the travelling wave. Demographic stochasticity
usually disrupts this. However, when the dispersion kernel lacks a second moment, we
regain acceleration. We speculate that this is a result of a superdiffusive effect from
behind the main front. The advance of the wave is no longer strongly coupled with
occupation close to the main front. This leads both to a patchy front and to a velocity

that increases with total system occupation.

Should such conditions arise in the real world? In our introduction §2.2.2 we noted
both that long-distance dispersal and accelerating waves of advance have been sepa-
rately observed. Laying these points aside, we recall the extensive theoretical work on
the Lévy flight foraging hypothesis [94]. When dispersal to new sites of reproduction is
an extension of the foraging process, this hypothesis would suggest that the power law
dispersion kernels are expected. Even when the spread of organisms to new territories is
clearly separated from foraging, the potential to ‘get lost’ while foraging may facilitate
rare long-distance dispersal events that would be expected to eventually dominate sys-
tem behaviour. Anomalous kernels that resemble those explored above seem possible,

although an eventual cut-off is inevitable in most real-world situations.

Relationship to other work

The detailed form of reproduction

Our observation of an accelerating wave of advance in a stochastic system due to power-
law dispersal with 5 < 3.0 appears to contradict the results of Brockmann and Hufnagel
[108]. In this study, the authors found that stochasticity disrupts Lévy flight superdif-
fusion in a two-particle reaction-dispersal system. Briefly, the model consists of a space

containing a large number of particles of type A and B. Both particles disperse by Lévy
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flights, and can also react according to A, + B, k—1> 2A, and A, + B, k—2> 2B,. Our
system is similar in having two particle states, ’empty’ and ’full’, and a transition of
empty to full space due to population growth. However, in contrast, fluctuations do not

tame superdiffusion caused by Lévy flights in our study.

We can suggest several reasons as to why this may be the case. The constant filling rate
behaviour of the Brockmann-Hufnagel system is interpreted as being due to the prob-
ability of absorption outweighing local exponential growth when particles are rare. We
see parallels between this and an emergent Allee effect. Given this, any critical difference
between the models is likely to impact population growth in the low-population regime.
The simple possibility that contrasting results relate to explicitly including stochasticity
in birth and death is not supported, Fig. 2.10.

One fundamental difference between all our models and that of Brockmann and Huf-
nagel is that their system is Markovian, with reproduction and dispersal occurring in-
dependently and concurrently. The detailed manner in which dispersal and growth are
combined in our system might explain the difference in behaviour. For example, an
A, + B, — 2A, reaction event in [108] leads to a local reduction in per-particle reaction
rate, as in the Fisher-Kolmogorov equation, impacting both the parent and new-born
organism. In our model, dispersal and growth are combined, such that a new propagule
far ahead of the main front is likely to move to an unoccupied site. Neither parent
nor new-born experiences a direct reduction in growth rate, although this is implicitly,
and stochastically, implemented by local crowding. If such differences are critical, the
implications for modelling long-range dispersal are quite profound, in that apparent sub-
tleties of reproductive behaviour might lead to highly variable patterns of population
spread. We certainly do not show this to be the case, however, and believe that further
modelling or analysis of the two forms of system is necessary to clarify the importance
of this effect.

Other explanations are plausible. The potential for both particles to disperse with
Lévy flights in the Brockmann-Hufnagel system facilitates long-range counter-invasions.
Alternatively, the acceleration in our systems may merely reflect an extremely long
transient effect. This final point seems unlikely given the large systems explored and
superdiffusive behaviour of Lévy flight random walks. Although acceleration sometimes
appears to slow down slightly when L > 107, this is likely a consequence of our con-
structing the kernel to a finite distance I = 2%10%. Explicitly calculating the dispersal

distance using the Hurwitz Zeta function appears to remove the effect.

The extreme disperser approximation
In the population dispersal literature, the model of Clark et al [106] resembles our

simulations. The authors suggest that even dispersal kernels without a finite variance
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do not lead to indefinite acceleration, apparently at variance with our results (Figs. 2.3,
2.10).

The argument of ref. [106] focusses on ‘extreme dispersers’. An occupied territory
consists of one or more of organisms, each producing on average Ry dispersing propagules
per generation. The extreme disperser is the propagule that travels furthest ahead of
the wavefront in a generation, and defines the wavefront in the next generation. Based
on the increasing patchiness of occupied areas when dispersal is fat-tailed, the authors
raise the possibility of a transition between two regimes. Initially, the wave of advance
moves at the edge of a region of high population density. After a long period of time,
the furthest forward individual in generation ¢ 4+ 1 is merely the extreme disperser of
the furthest forward individual at time ¢. The former case leads to the maximum wave
velocity, while the latter approximates the minimum wave velocity. The authors suggest
that this transition, combined with the fact that a sample of finite size from a kernel with
infinite variance has finite variance, may lead such kernels to create constant velocity

waves of advance.

We find that, for fat-tailed kernels with a finite variance, the minimum velocity approx-
imation is not particularly effective in our system, §2.2.4.2. Furthermore, for Model 1
with NV = 1, our initial condition (n(0,0) = 1.0) of a single isolated occupied site repre-

sents the minimum velocity case, and transient acceleration is nevertheless observed.

Clark et al [106] carry out explicit simulations of invasion dominated by extreme dis-
persal in the case of a bivariate Student’s ¢ kernel [133]. This kernel is fat-tailed and

lacks a well-defined second moment,

k() = L - (2.19)

_2\/ﬁ<1+212)

u

where wu is a scale parameter for the distribution. This kernel closely resembles a power
law at § = 3 over long distances, but unlike all our fat-tailed kernels it is convex at its
source. Importantly, this power law represents the boundary case of undefined variance
in one dimension, and we expect acceleration caused by such kernels to be marginal and
difficult to detect. Indeed, we have performed simulations using the bivariate Student’s
t kernel to assess the importance of convexity at source, and results closely reflect the
power law at S = 3. Specifically, the wave accelerates for some time, but appears to
approach a constant velocity eventually (for details, see Appendix 6, §2.2.11). The
precise from of the short-range dispersal regime does impact the length of transient
acceleration, but does not change the long-term dynamics. For example, the time taken
for acceleration to cease is greater when parameter w is large, as is the case for the

species of spruce (Picea) modelled by Clark et al, where u = 5531.
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We therefore suspect that the constant velocity behaviour suggested by Clark et al
for the bivariate Student’s t kernel reflects the fact that it is the boundary case for
accelerating waves (i.e. ll—lglo K(I) o |I|73), rather than the finite number of dispersal
events per generation or factors such as its short-range behaviour. Acceleration may
nevertheless be visible when using different methods of data analysis. We expect that

further work will resolve behaviour caused by such marginal dispersal kernels.

Our work suggests that the method used by Clark et al would give unreliable results for
kernels with an undefined second moment that are non-marginal, as these are expected
to accelerate due to the dispersal impact of sites far behind the main front. However, we
note that the framework provides very accurate estimates of velocity behaviour for waves
generated by power law kernels with 8 > 3, Fig. 2.5, using the maximum rather than
minimum velocity approximation. The method is also reasonably effective for stretched
exponential kernels when v is not too far below 1.0, and it therefore remains very in-
teresting in these two cases. It is also certainly possible that further refinement to the
approach will allow the recovery of the velocity given by low-v stretched exponential

kernels, or the acceleration behaviour caused by power law kernels with 8 < 3.0.
Extending our model

As discussed in §2.2.3, our method of combining birth and dispersal leads to significant
differences from the traditional Fisher-Kolmogorov equation. Whether one interprets
our approach as the release of dispersing propagules, or as the dispersal of adults after
their generation-long maturation and local reproduction, our algorithm does not accu-
rately represent the behaviour of certain organisms. Given this, we performed several

extensions to our model, §2.2.4.6.

These modifications consisted of incorporating stochasticity in birth and death (b > 0,
d < 1), applying the logistic effect at the home site as in the Fisher-Kolmogorov equation,
and implementing a stochastic version of the integrodifference equation studied by Kot
et al [46], Eq. (2.5). In each case, acceleration of the wave of advance was observed in
the stochastic system given Lévy flight dispersal. These variations and re-interpretations

of our model suggest our results are, qualitatively, quite general.

The detailed implementation of the logistic effect has interesting modelling implications.
When only propagules disperse and these are subject to intra-specific competition, ap-
plying the logistic effect at the home site (Case 2 in §2.2.4.6), as is traditional in popula-
tion dispersal modelling [86, 46], can cause the wave of advance to stop before complete
filling. This occurs when all occupied sites are completely full, and is inevitable when
N =1. If N > 1, the wave of advance should not stop permanently unless d = 0. When
d > 0, transient pauses are still possible, and are more likely when N is small, dispersal
is short-range and d < 1.0.
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With respect to long-range power-law dispersal (5 < 3.0), the rate of acceleration tends
to be substantially lower for the Case 2 model than in Model 1. The significant influence
on the wave of advance from sites behind the main front is damped, and we might expect
velocity to scale with the total number of partially-full sites. For this reason, death has
an unusual effect in such systems, and the maximum wave speed is sometimes achieved
when d > 0, Fig. 2.11. This behaviour is interesting from a modelling perspective, and
although the Case 2 system is somewhat contrived (particularly when d = 0) the effect
may in principle play a role in real species invasions. Relevant situations include cases
in which crowding has a significant impact on parental reproductive potential, or where
newborn offspring experience intense intra-specific competition before dispersal from the
home site. Slight changes to the stochastic algorithm, such as allowing reproductive indi-

viduals to disperse, are likely to have a significant impact on the behaviour of this model.

Final Remarks

Taken together, our results suggest that the modelling strategy employed should depend
strongly on the dispersal regime under consideration, the time-scale of interest, and the
life-history details of the organism in question. In general, methods that poorly represent
the long-distance tail of dispersal regimes, such as integrodifference equations, should
be used with caution when these regions determine wave behaviour. Such methods are
frequently encountered in the literature, and are often applied specifically for their ability
to include long-range dispersal kernels. There is a danger here of using sophisticated
mathematics to derive qualitatively incorrect conclusions. Our work helps to clarify the
conditions under which random effects due to demographic stochasticity are important,

and the severity of errors expected when they are ignored.

Comparing our results to other work highlights the potential for subtleties in model
design to create apparently contradictory system behaviours. This does not necessarily
reduce the validity of the different approaches. However, which method is appropriate
will depend critically on the real-world scenario one is seeking to explore. Conclusions
for one field or problem may not translate simply to other applications; and, perhaps
worryingly, it can take structural investigation of a model rather than basic parameter

sweeps to identify this.

Note added in proof: After this paper had been submitted, we became aware of recent
work by Hallatschek and Fisher [134] and by Chatterjee and Dey [135] which addresses
mathematically the impact of power law dispersal on stochastic system behaviour. These

studies are of especial relevance to our simulation results in §2.2.4.2.
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Long-range kernels, stochasticity and the broken accelerating wave of advance
G. S. Jacobs and T. J. Sluckin

2.2.6 Appendix 1: Simple derivation of a diffusive limit for mean-field
Model 2

This appendix is included as Thesis Appendiz A2 at the end of the thesis.

2.2.7 Appendix 2: Periodic boundary conditions

How one treats boundary conditions is a methodological question encountered in many
modelling scenarios. Frequently, periodic boundary conditions are applied, which can
make a system ‘neater’ from a physical perspective. However, in explicit simulation
particularly, we have flexibility in this regard, and conditions that greater resemble the
scenario being modelled are appropriate. We have chosen to ignore dispersal outside
the system in the majority of our simulations, which is reasonable if we are modelling
invasion of a stretch of viable habitat along a coastline or river. Periodic boundary
conditions better resemble the coast of an island for which the entirety of its coast is

habitable for a species, but dispersal cannot occur over the main landmass.

To consider this case, and for modelling completeness, we here briefly present results for
the highly stochastic Model 1 system with periodic boundary conditions. Our essential
results for the Model 1 stochastic system are preserved in the case of periodic boundary

conditions, with wave acceleration only observed for power law kernels with 5 < 3.0.

FIGURE 2.12: Filling time behaviour for Model ¢ T T T

+

1 with periodic boundary conditions. Constant log(T)—g5,5-35) ~logL)+c o0 j j y:_(;.z
velocity is suggested for waves arising from both T * L 1. . E;3'5
the stretched exponential kernel, v = 0.5, and -4} » " '
the power law kernel with 8 = 3.5. Acceleration ¥ et e
is apparent for the power law kernel with 8 =  3[ * * i
2.0, as evident in the log-log gradient of filling | BUSTRTTEES ot i
time against system size < 1.0. The acceleration L A log(Tjy—50) ~ 0.25 log(L) + ¢
parameter of 0.25 is estimated as similar to that ! 3 . S p

of our main simulations (~ 0.22). log(L)

Under periodic boundary conditions, long-range dispersal at distances far greater than
the system size roughly equates to random positioning of the propagule after a large
number of ‘laps’ of the lattice, creating the possibility of unrealistic dispersal events for

smaller system sizes.
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2.2.8 Appendix 3: Marginal stability analysis of Model 2 with a nearest-
neighbour kernel

This appendix is included as Thesis Appendiz A3 at the end of the thesis.

2.2.9 Appendix 4: Clarifying kernel behaviour

The diffusion constant, D, is the traditional variable used to describe dispersal in the
Fisher-Kolmogorov equation Eq. (2.1). This value was determined for various kernel
parameterisations using the root mean square displacement of five thousand 50,000-step
random walks and Eq. (2.2). The accepted D was the average of 50 repetitions of
this process. Velocity for constant speed systems was retrieved from the filling time of
systems with L = 10, using Eq. (2.11).

Having obtained values for D and ¢ for different kernel parameters, we can estimate
the relationship between these quantities using non-linear regression, Fig. 2.13. This
identifies slight departures from the ¢ ~ 2v/aD relationship, Eq. (2.4), derived from the
Fisher-Kolmogorov equation. Given that a diffusion approximation of our model shows
important differences from the Fisher-Kolmogorov equation, see Appendix 1 (§2.2.6),
this is not surprising. A better point of comparison is the simple epidemic explored by
Mollison [95, 59], which is very similar to our model but is continuous in space and time,
and again does not adhere to Eq. (2.4). Indeed, by increasing the spatial and temporal
resolution of our model, we are able to retrieve velocity results derived for the simple
epidemic. The implication is that the relationships we find between D and ¢ reflect both

the structure of our model and discretisation effects.

We approximate ¢ for a continuous-time, continuous-space model by applying the lin-
earisation method detailed in Appendix 3, §2.2.8. This time, b is reduced to 10~° so
as to substantially increase the temporal resolution of the system. The spatial de-
tail is increased by using the modified kernel K(l) = e_%w, l € Z, with ¢ = 10°.
The value of D in continuous space is approximated using this kernel and the method
described above. For the deterministic approximation of the simple epidemic, an expo-
nential kernel is known to lead to a wave of advance with ¢ = 3\2/§D§, while normal
kernels give ¢ ~ v/2De [59]. These results are retrieved almost exactly, Table 2.2. Fi-
nally, we can explore the behaviour of ¢ given D for our exponential family of kernels,

v > 1, by applying non-linear regression on our results. We identify the relationship

3v3 L . . . . .
¢~ 2.5992D05777 ~ \Q[Dﬁ for this approximation of a continuous-space, continuous-

time system.

We have also checked the accuracy of D, as estimated through the random walk simu-

lations. This involved obtaining the values of the diffusion constant for power laws with
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Time scale (b) 1 107° 1 107° D Wave velocity estimates
Lattice scale (i) 1 1 107° 107° Discrete Continuous | FKPP  Simple Epidemic
v= 2, 0875 1.645 0.654 1.166 || 0.572 0.25 1 1.165

1.75, 0946  1.757 0.721  1.276 || 0.638 0.290 1.078

1.5, 1.064 1948 0.833 1.458 | 0.763 0.370 1.217

1.25, 1.288 2309 1.045 1.802 1.019 0.530 1.457

1.1, 1538 2.710 1.283 2.185 1.335 0.739 1.719

1.0 1.809 3.142 1544 2.598 || 1.715 1 2 2.598
c=uD?, I 1.2684 2.2859 1.5452 2.5992

p 0.6565 0.5891 0.6184 0.5777

TABLE 2.2: Relationship between wave velocity and diffusion constant for mean-field

—

Model 2 given a stretched exponential dispersal kernel, K(é) =e ¥ ,1le€Z The
spatial scale is given by L and temporal scale incorporated as the birth rate, b. Low
values correspond to a fine scale in both cases. Death is ignored in each case, such that
b is essentially the traditional Malthusian parameter, « = b—d. D and ¢ were estimated
as described in the main text. Velocity predictions derived from the Fisher-Kolmogorov
equation follow the formula ¢ = 2v/aD, while those according to the simple epidemic
use formula given in [59]. The dependence of ¢ on D was estimated for each system
by non-linear regression on log-transformed data. When b, = 1 this relationship
corresponds well with that obtained through explicit simulations, Fig. 2.13.

10F T T T T 8 T - T : [ l :
In(c) ~ 0.636In(D) o | 025F . -
In(c) ~ 0.669In(D) - In(c) ~ 0.640In(D) -
05k +0238 - 6k 0339 )
",'. ‘, OOO_ /m a
o ool o . | AL i .,"'
= v o - 025 Y .
705 B L . . - ,'.l - — - ,.. .
o In(c)~0.576In(D) 2 . 050F
-0.30 . .-
-L0 ! l ! ] 0 D ! ! 075 ( | R
1.0 05 00 05 1.0 0 3 6 9 12 05 00 05 1.0
In(D)

F1cURE 2.13: Relationships between diffusivity, D, and asymptotically constant wave

velocity, ¢, under various dispersal kernels. For stochastic systems, N = 1. Left -

exponential family kernels, v > 1.0, stochastic Model 1 (blue) and mean-field Model

2 (green); centre - stretched exponential kernels, v < 1.0, stochastic Model 1; right -
power law kernels, 8 > 3.0, stochastic Model 1.

B > 3.0 by applying Eq. (2.3), yielding the formal relation:

_Ip—
Dg = o0, (2.20)
where
=1
Is=) — =5 (2:21)

n=1
is the Riemann zeta function. The close correspondence between predicted and observed

values of D shown in Fig. 2.14 serves as a simple check on our random walk results.
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Riemann zeta estimate
20F ¢ e ¢+ Random walk simulation [T
a
ERT{ | FIGURE 2.14: Diffusion constant for power law
:é ., kernels, estimated both numerically and by sim-
% 10k ., 4 ulation of 5,000 random walks to time 50,000.
A S . Results show close correspondence, but begin to
0.5} * L diverge as 3 approaches 3.0.

1 1 1 1
00 05 1.0 1.5 20 25 3.0
Power Law, 3, =(3—3.0)

Note the divergence of the sum at § —2 = 1, corresponding to the loss of a finite second

moment at this point.

Estimating D for power law kernels when 5 2 3.0

We can estimate the value of D, where it exists, for power law kernels in the region
8 2 3.0 as follows. In general,

1|7 1

E =P
=1

Ks(l) = (2.22)

where ((8), as above the Riemann zeta function, is the correct normalisation factor. In
the region 8 2 3.0, the principal contributions to the diffusion constant come from very
large . The lower limits (close to zero) are unimportant, and the sum can be replaced
by an integral, as in Eq. (2.3). We truncate the lower limits in order to avoid the
unphysical low [ divergence. Then the diffusion constant is given by Eq. (2.3), and is
here

D ~1/0012dl (2.23)
e P ‘
1
The key part of this integral is in the integral of =R which diverges when 5 —2 =1,
or 8 = 3. Close to 8 = 3 the divergence dominates the behaviour:
1 1
Dg =~ ) 2.24
P RE B9 224

Once B < 3.0 the integral diverges, and D is no longer defined.

Behaviour of D in stretched exponential kernels
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We can also consider the behaviour of D for the stretched exponential kernels, K (1)
271", We obtain the variance of a spatially continuous stretched exponential kernel by

applying the expression

(2.25)

given in [125]. We can retrieve the diffusion constant using D = 0.56%, and obtain
values that closely correspond to our random walk procedure on a fine spatial lattice
(¢ = 1075), presented in Table 2.2. For the spatially discrete system, there are, unsur-
prisingly, deviations. Using (2.25) to estimate D is generally better for moderately small
v, with the difference less than 20% when 0.3 < v < 0.5; for v = 0.9 the difference is
about 60%. This is related to the growing role of long-range dispersal as v — 0.0, such
that the long tail, where spatial discretisation has least impact, increasingly dominates

dispersal behaviour.

We can use these values to roughly estimate c, either by assuming a Fisher-Kolmogorov
relationship, ¢ = 2v/aD, or by applying our heuristically derived fitting for Model 1,

¢~ 0.71D%64 Clearly the latter is more accurate for our model.

Behaviour of D as v becomes large
The estimates of D using Eq. (2.25) are less accurate for larger . It is therefore
interesting to consider the behaviour of the discrete system in the limit v — oo. This

system is a perturbation around the nearest neighbour kernel.

The kernel is
Ky, =Ce l#I", (2.26)

The decay is very fast, such that the kernel can be reasonably represented only by the

first two terms: C' ~ 1 + e~ 2", The diffusion constant can then be calculated:

. oy, (L4711 @)

This is a reasonably accurate approximation when « > 1.5. A similar correction can
be made in principle to the nearest neighbour wave of advance velocity, but we do not

pursue this here.
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Stochastic Model 1
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FIGURE 2.15: Deriving wave acceleration and velocity behaviour given kernel parame-
terisation using linear and non-linear regression. For equations, see main text. Fittings
are to modified velocities ¢; = ¢ — 0.5, ¢ = ¢ — 0.78 and acceleration B; = B = 1.0.
These fittings clarify qualitative behaviour only. a) Model 1: Exponential family ker-
nels: 1.0 <y < 2.0; b) Model 1: Power law kernels: 3.2 < 8 < 4.5; ¢) Model 1: Power
law kernels: 2.15 < 8 < 2.95; ) Model 2: Exponential family kernels: 1.0 < v < 8.0; f)
Model 2: Exponential family kernels: 0.3 < v < 1.0; g) Power law kernels: 2 < 8 < 20

2.2.10 Appendix 5: Estimating maximum and minimum wave veloci-

ties for the constant velocity waves in Model 1

Model 1 corresponds well with a lattice version of the model suggested by Clark et al
[106] with their parameter for number of offspring, Ry = 1. We can therefore follow a
lattice equivalent of their method for estimating minimum and maximum wave velocities
based on the idea of “extreme dispersers”. These are the dispersal events that travel
furthest ahead of the wave front in each generation, and in doing so define both the wave
front for the next generation and the velocity of the wave. The probability distribution
of distances travelled by extreme dispersal events depends on occupation in the region

of the lattice that can contribute the extreme disperser in a generation.

Two examples are of particular interest. Our one dimensional simulations start with a
single occupied site at the far left of the lattice. In this case, occupation at the wavefront
is so sparse that only one site is able to contribute the extreme disperser. The distance
travelled by the wave is described simply by the dispersal kernel. Alternatively, the
wavefront may be densely packed, such that occupation stretches some long distance

rearward from the furthest forward occupied site. In this case, the extreme disperser
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could be contributed by many different sites, and the average advance of the wave in a
generation will be greater. If we accept that the extreme disperser defines wave velocity
and that it can only originate from a given region of the wavefront, these cases can be

used to retrieve estimates of the minimum and maximum wave velocities respectively.

We begin with the case of estimating minimum velocity based on dispersal from an
isolated occupied site. In the continuous case studied by Clark et al, the probability

density function (PDF) of the extreme dispersal event with distance is

p(z;1) = RoK (2) [/_Oo K(y)dy] e 0, (2.28)

where p(z; Ns) represents the probability of a single propagule travelling distance x
from Ny evenly spaced occupied sites being the extreme disperser. Rg is the number
of offspring from a single occupied site per generation and K (x) is the dispersal kernel.

This equation corresponds to Eq. (1) of [106]. In our lattice system, we instead consider

T

Ro—1
p(z;1) = RoKy(x) [Z Kf(y)] , (2.29)

0

where K (x) is the 'forward dispersal kernel’ such that K(0) = 0.5, with normalisation
condition ) 7° Kf(xz) = 0.5, so as to represent the possibility of both backward and

forward dispersal. The cumulative distribution function (CDF) is

x Ro
P(z;1) = [Z Kf(y)] : (2.30)
0

When the front is a consecutive series of occupied sites on our lattice, the CDF becomes

N x Ro
P N,) =[] [Z Kily+d|| (2.31)
0

d=0

by which the dispersals of every site in the wavefront stretching back a distance N,
travel to distance x from the furthest forward occupied site or nearer. As the CDF is a

discrete series, we simply obtain the PDF using

p(z; Ng) = P(x; Ng) — P(xz — 1; N;). (2.32)

The average velocity of the travelling wave is the expected dispersal distance of the

extreme disperser. This is the weighted sum of the PDF,
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E(c; Ng) = Zp($§Ns)x' (2.33)
=0

We can use these equations to obtain minimum (Ns; = 1) and maximum (N; — o0)
velocity estimates. Of course, practically Ng cannot go to infinity in our numerical
simulations, so we instead use N, = 10°, and the length of the kernel is similarly limited
to b = 10°. Velocity estimates were obtained through this method using Python, and
were found to successfully bound the velocities retrieved from explicit simulation for
those kernels that lead to constant velocity waves in Model 1. For short range kernels,
the maximum velocity estimated by this method very closely matches the observed
velocity. As Clark et al suggest, the asymptotic wave velocity of the wave of advance
created by fat-tailed dispersal kernels drops away from the maximum value, though
does not reach the velocity predicted by the Ny = 1 limit. Note that in all our models,
Rp = 1. An increase in Ry does not correspond simply with an increase in bN in Model
1 as Ry does not take into account the reduced impact of each of the dispersal events.
Large Ry system would correspond to large bIN systems if carrying capacity of our sites
was constrained to 1 and each full site made N dispersal attempts. See Fig. 2.5 in the

main paper for results.

2.2.11 Appendix 6: Finite size scaling of a stochastic system with a
bivariate Student’s ¢ dispersion kernel

A kernel given by the bivariate Student’s ¢ distribution <see Eq. (2.19) , K(I) =

1

2
24/ 2u (1 + L
2u

its source and lacks a finite second moment. It is extremely similar at long ranges to a

3
2

) has been discussed in ref [106]. This kernel is both convex at

power law kernel with 8 = 3.0. Unsurprisingly, we find that wave acceleration behaviour
is akin to that observed for this kernel, which is explored in more detail in the main
body of this study. Specifically, acceleration is marginal in the highly stochastic Model
1 when parameter u = 1, with a gradient on the log-log system behaviour plot, Fig.

2.16, of 1. Note that acceleration persists for long times when w is large.
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2.3 Comments on the manuscript

Shortly before our manuscript was accepted, but long after our first submission, work on
a very similar question was published by Fisher and Hallatschek [134] in PNAS. They
made far more progress analytically, and, as such, their work may be more method-
ologically valuable in the long term. However, by using the flexibility of simulations to
characterise a much wider variety of systems in detail, our study offers a breadth that is
complementary. I also feel that we discuss the literature in more detail, which may be
useful for other workers. Nevertheless, I certainly recommend their work for interested

readers.

Our findings appear to contradict those of Brockmann and Hufnagel [108], as discussed
above. As I was unable to obtain the program used to conduct their stochastic simu-
lations, I re-implemented their model. I used Gillespie’s algorithm [136] to simulate a
continuous-time, discrete-space stochastic system, with the rates of different reactions
(population growth and dispersal) as described by their equations Eq. (1) and Eq. (2).
I was unable to replicate their results using my re-implementation. However, without
comparing my program to theirs I could not determine the cause of this anomaly - an
error in my model implementation, or theirs, or in my interpretation of their system.
We therefore didn’t include this work in our published paper. Importantly, whether
the fault is mine or theirs, bugs in programs and misspecification of models can hap-
pen. Unlike complex experimental, or indeed simulation, work, re-implementing simple
computational models like ours or that of Brockmann and Hufnagel is relatively easy.
Although this particular case has not been resolved, this is a major advantage of simple

simulations.

Certain other findings are not presented in the above paper. For example, I implemented
a two dimensional model on a hexagonal lattice. I intended to use this for further theo-
retical investigation and for an adapted version of our work describing human movement
over space. Unfortunately, I was unable to replicate the finite-size scaling investigation
applied in the paper due to computational limitations associated with dimensionality.
While I could simulate systems with over 107 sites in either model, this is only about
3150 by 3150 in two dimensions . I was nevertheless able to retrieve some results, de-
tailed in the paper. I note in passing that I was able to replicate plausible rates of
human spreading across a 2D lattice representing the Americas by applying a dispersal
kernel fitted to modern human hunter gatherers. However, our model is an extreme
idealisation of the dispersal process and, as such, I do not consider these speculative

results of sufficient interest to detail here.
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2.4 Representing long-range movements using the disper-

sal kernel

In the paper presented above, we represent long-range dispersal using power-law and
stretched exponential dispersal kernels. We also consider, in less detail, the impact
of truncating the tails of these kernels. These distributions were chosen for two main
reasons. Firstly, they incorporate, together, certain mathematical properties that have
been shown to impact invasion models. The stretched-exponential and power-law with
B > 3 give two contrasting examples of fat-tailed distributions with a finite second
moment. When g < 3 the power-law distribution is fat-tailed and does not have a
finite second moment, which can be restored by truncating the tail of the distribution.
Secondly, several of these distributions have been widely fitted to movement or dispersal

data in ecological studies.

Our work is primarily intended to explore the impact of methods used to model plausible
dispersal regimes rather than as a statement on what might be expected in nature.
Representing dispersal as a series of independent draws from a single distribution, as
we do, will often be a gross simplification, suitable only at certain spatial and temporal
scales. Nevertheless, it is useful to have an idea of how closely our model and kernels

might correspond to real dispersal behaviour.

2.4.1 Dispersal and movement

The discussion of motility in the ecological literature is complicated by the immense
variety of observed movement patterns, both within and across species. Nevertheless, an
important distinction is often made between movement and dispersal, the latter having
an intrinsic temporal scale of generation time, while the former often involves multiple
processes acting at different scales (eg. among elks [137] and aphids [116]). In the
context of the kernels we employ, the distinction between movement and dispersal has
significant implications. For example, there is a huge literature on movement according
to power-laws, focussing on the Lévy flight foraging hypothesis. This combines the
observation that animal movement patterns can often be represented using Lévy flights
with results on the high efficiency of Lévy flight movement in finding sparsely distributed
finite resources to suggest the possibility of adaptation for Lévy flight foraging [94, 138].
The argument also applies to the search, by dispersal, for unoccupied sites suitable for

colonisation [139].

I do not discuss in further detail the Lévy flight foraging hypothesis directly, the accuracy
of which remains a matter of debate [140, 141]. However, we can draw two things from
this literature. Firstly, power-laws with 8 < 3, sometimes truncated, yield better fits to

sampled movement data among many organisms than other plausible distributions such
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as normal or exponential movement kernels (see references in [141]). The relevance of
this data to dispersal would have to be determined on a species-by-species basis based
on knowledge of an organism’s biology and its environment, and lies outside the scope
of my predominantly modelling work. Nevertheless, movement approximating one of
our dispersal kernels over some spatial and temporal scales is known. Secondly, research
on Lévy flights foraging has prompted a wide-ranging discussion of how such movement
patterns arise. These mechanisms may be of equal interest in explaining dispersal as

movement.

2.4.2 Power laws in dispersal data

There is relatively unambiguous evidence for dispersal kernels approximated by power-
law kernels among a range of species. Many of these undergo aerial or aquatic dispersal,
while others hitch-hike on other motile species. The origin of evidence for Lévy flight
dispersal can be experimental, analysing the scatter pattern of seeds or spread of a
disease in a controlled environment, or observational, based on tracking animals or less
complete first-sighting records of invasive species. Examples from experimental settings
include the aerial dispersal of plant seeds (Calluna vulgaris and Erica cinerea, see mixed
model in [89]) and fungal plant pathogens (eg. wheat stripe rust [103]). Observational
examples include freshwater plants and marine algae ([142] find truncated power laws
with 8 < 3 and exponential kernels), individual British starling movements [143], certain

fungal spores [144] and various plant and animal diseases [103].

Many organisms are also thought to undergo long distance dispersal by ‘hitchhiking’
on the movements of other species. An obvious example is the internal microbiome of
animals, but others can be found in the movement of bacteria on zooplankton [131],
flower mites on various flower visitors [145] and shrimp eggs on water birds [146]. The
role of human action is considerable, facilitating many species invasions [74], with specific
examples including the movement of seeds on cars [147], sessile marine species on ocean-
drifting plastic [148], and both invertebrate species and zooplankton in ballast water
[149]. This suggests that the relatively strong case for Lévy-flight-like movement, which

has also been suggested for humans [150, 151], is also of relevance to dispersal.

An alternative method of long-distance dispersal involves the active or passive use of
aerial currents. These movements likely correspond to dispersal as they are not simply
reversed. The passive dispersal of pollen, spores and seeds is complemented by the
active jumping mechanism of Fquisetum plant spores as they settle then dry from a
wet, structurally tangled state [152]. Among arthropods, the rearing behaviour of ice
plant scale (Pulvinariella mesembryanthemi) which catches air currents [153] is relevant,
while a very wide range of species ‘balloon’ through the air using silk threads [154]. The
importance of these behaviours depends on the dispersal kernel implied by riding air

currents.
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2.4.3 The generative processes of Lévy flights

Understanding how power law dispersal kernels with 5 < 3 can be generated may give an
indication of how widespread they are in nature. Additionally, our model assumes that
all individuals undergo independent and identical dispersal, and it is useful to consider
under what conditions leading to Lévy flights these assumptions might hold. I consider
two types of Lévy flight generative behaviour - that predicted from empirical models of

the world, and that suggested by more general mathematical rules.

Empirical models

Lévy flights have been suggested for several species that undergo passive aerial dis-
persal, as with wind borne seeds. This behaviour is thought to be related to properties
of air flow and turbulence, which can lead to a kernel that is not exponentially bounded
[155], that follows a Lévy flight [156], or can follow a power law or exponential depend-
ing on atmospheric conditions [157]. Power laws movements may also be created by

convection in water [158].

Theoretical models

Many processes lead to a signature of Lévy flights in movement or dispersal data (see
[141]). Many of these processes describe modifications to a standard model of move-
ment, the correlated random walk, in which the direction of sequential jumps are non-

independent.

Multiplicative noise

Generative processes leading to power law distributions often involve multiplicative
growth [159, 160, 161]. In the context of movement, incorporating multiplicative noise
into the damping velocity component of a Langevin equation describing Brownian mo-
tion leads to a power law stationary distribution [162, 163]. This finding has been related

to a suggested Lévy walk movement pattern among certain cells and snails [164].

Autocorrelation

Continuous-time representations of correlated random walks lead to Lévy walk move-
ment patterns on a time scale less than that of the autocorrelation [165]; at longer time
scales, the power law is truncated. Practically, this observation relates as much to the
time scale of sampling in empirical studies than to power law dispersal kernels. How-
ever, it is worth noting that sufficiently long term correlations can lead to persistent

superdiffusion, as is caused by power-law kernels with 8 < 3 [84, pp.116-118].



Chapter 2 Modelling species invasions: stochastic long-range dispersal and invasion
acceleration 71

Brownian landing patterns

Reynolds combines two simple results concerning Brownian motion - the Gaussian hor-
izontal displacement of particles and the distribution of time intervals between first-
passage events over a fixed location - to suggest that the spatial distance between suc-
cessive landings events by flying or floating organisms will approximately follow a power
law distribution with § = 2 [141]. This has intriguing implications for passive aerial and
aquatic dispersal in that Lévy flights may be expected even in the absence of convective

or turbulent flows.

Population heterogeneity
Heterogeneity in the dispersal kernels of individuals in a population can lead that pop-

ulation to have fat-tailed dispersal kernels, including power-law distributions [166].

Composite correlated random walks

The impression of a Lévy walk can be created when an animal moves according to
multiple correlated random walks. This requires that common short steps implied by
one behaviour are punctuated by long steps according to another [167]. Theoretically,
an infinite series of exponential random walks can be constructed so as to approach a
power-law kernel, known as a Weierstrass Lévy flight [92, 168]. Truncating the series
such that walks occur according to a finite number of modes similarly truncates the

emergent power-law kernel.

Re-orientation based on cues

Forward movement punctuated by reorientation triggered by encountering a scent cue
can lead to a power-law distribution of step lengths if the cues are left by organisms
making correlated random walks [169]. This is related to the fractal behaviour of the

boundary of a correlated random walk.

2.4.4 Stretched exponential dispersal kernels and their generative pro-
cesses

Stretched exponential kernels lead to interesting behaviour in some models of dispersal
[46] and offer an alternative to truncated power laws for capturing moderately long-
range dispersal. The stretched exponential distribution is, however, less often fitted
to ecological data than a power-law. Exceptions are found in Drosophila data [170],
wind-dispersed fungal spores [171], the tails of locust movements patterns [172], and in
retention times for seeds attached to sheep ([173]; replicated in several sheep datasets,

but not for other animals) and human shoes [174].

To my knowledge, mechanistic models leading to stretched exponential dispersal have
not been considered in the direct context of biological movement. While the distribution

has been found to characterise data from many different fields, no universal explanation
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of its ubiquity has been identified [175]. Some generative processes have been sug-
gested, but without a specific biological motivation it is difficult to assess which findings
might ultimately find application or analogy in movement ecology. As with power laws,
stretched exponentials appear in the study of liquid flow, now in the context of the
distribution of velocity changes at small spatial scales [176], though the relevance of this

is not immediately clear. Three further observations appear of potential interest.

Firstly, stretched exponential distributions are used to describe the relaxation time of
disordered systems. Mechanistic models include work on the properties of hierarchi-
cal constraints [177], the decay of particles diffusing or transported in the presence of
randomly distributed traps [178, 179], and a range of other scenarios [180]. Several ap-
proaches rely on deriving a scale-free distribution of waiting times [180]. That diffusion
models with traps are included in this framework (albeit not in the context of step-size)

is of speculative interest.

Secondly, the extreme tails of the product of a finite number of independent identically
distributed random variables drawn from a distribution p(z) o< exp(—Cx?) is described
by a stretched exponential [181]. The importance of this result has been emphasised
by [182]. The exponent of the stretched exponential increases quickly as 1/n with the

number of random variables n, rapidly leading to very fat tails.

Finally, recent work on random walks on networks has found that the step size distri-
bution from a start point to end point falls into one of three classes depending on the
topology of the network - a finite number of possible step sizes, a stretched exponential
distribution, or a power law [183]. Given that movement between two points might be
modelled as a network describing movement probabilities between intermediate loca-
tions, this result may have broad relevance to movement patterns over heterogeneous

environments.

2.4.5 From generative process to model

The above indicate that movement patterns appearing to follow a power-law or trun-
cated power-law kernel, and perhaps dispersal patterns also, can be generated both by
plausible animal behaviours and by models of air and water flow. In contrast, neither
the prevalence of stretched exponential kernels nor their mechanistic derivation has been
studied in detail. Focussing on the generative processes that create power law kernels,
I note that different underlying mechanisms will break our model assumptions in dif-
ferent ways. To emphasise and explore the implications of this, I discuss a situation
with clear biological relevance - the generation of fat-tailed kernels through population

heterogeneity.

Interestingly, we might expect different causes of heterogeneity to yield different be-

haviours. Recall that each propagule moves with the same dispersal kernel in our
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model. If variation in individual dispersal kernels is heritable, the long-term varia-
tion in dispersal within the wave-front and system as a whole will depend on some
mutation-movement-drift equilibrium. It is likely that the wave-front in particular will
rapidly become genetically homogeneous, and dominated by lineages with a high rate of
long-range dispersal. The fat-tail kernel observed at a population level due to individ-
ual heterogeneity will be difficult to maintain in this homogeneous front. Although our
model is likely to provide an accurate representation of system behaviour at some time
scales, a non-zero mutation rate affecting dispersal tendencies can lead to evolution in

the travelling wave (faster organisms are more likely to escape to virgin territory).

A second possibility is that population heterogeneity is caused by age structure, as sug-
gested in [141]. Age-structured dispersal could lead to rich behaviour. For example, in
many models the leading edge of the wave of advance will have a skewed age-structure

toward younger organisms.

In summary, the representation of long-range dispersal in our model is standard [46],
but is a considerable simplification of real dispersal patterns. Often, these deviations
will be of relevance to short-term behaviour. Long-time qualitative results, such as ker-
nels without finite variance leading to an accelerating wave of advance and those that
are not fat-tailed leading to a constant wave speed, are more likely to be more robust.
Nevertheless, the specific generative function implied by the dispersal process of each
species is important. Even if this can yield a kernel that can be approximated by one
of the distributions we explored, it is important to assess whether representation using
independent draws from identical kernels is suitable. Our work should be viewed as
a guide to the implications of modelling choices and a qualitative indication of possi-
ble biological behaviour, rather than a quantitative characterisation of actual species

invasions.

2.5 The role of simulation in testing mathematical models

To better assess the role of simulation in population biology modelling, it is useful to
re-visit the modelling narrative of the work presented above. Briefly, the original idea
of modelling the impact of long-range dispersal on species invasions in my thesis was
suggested by my supervisor, Tim Sluckin, in the context of apparently rapid dispersal
of humans along coastal routes during the Out of Africa migration (eg. [184, 185,
186]). The project follows on from, but is very different to, work modelling Paleoindian
dispersals that he was involved in during the late 1990s [187]. Our first simulation models
were similar to the stochastic model presented in the manuscript above (with N = 1),

but in two dimensions and with a strip of space over which long-distance dispersal
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was possible so as to represent coastal migration. Although we obtained interesting
results on the relative advantage afforded to our idealised populations dispersing more
rapidly along the coast, our attention was drawn by the marked difference between our
stochastic modelling results and those of Kot at al in their integro-difference model [46].
Following this, the project became less applied and more theoretical as we attempted to
characterise this difference in more detail. Some time through this process we identified
studies by previous workers who had considered stochastic long-range dispersal, such as
Mollison in the 1970s [95]. Ultimately, we were able to use simulations to investigate in
detail the implications of the mathematical approximation of dispersal applied by Kot

et al.

It is especially interesting that, after relatively little recent work on the relationship
between stochastic and deterministic models of dispersal, Hallatschek and Fisher pub-
lished their more mathematically rigorous study focussing on the wave velocity implied
by power-law dispersal kernels in a stochastic system [134]. The spreading regimes they

identified corresponded well with those we suggest.

What are the implications of our modelling narrative and of the new analytic results for
the role of simulations in population biology? I emphasise two points. Firstly, aspects
of the difference between deterministic and stochastic models of dispersal were already
explored, analytically and through simulations, by Mollison in the 1970s [95]. By using
simulations, he was able to observe the patchy nature of occupation far ahead of the
main wave, which is not easily visualised using equations alone. Thus, simulations -
though not, as it happens, our simulations - helped to guide understanding of dispersal
models, and relate their predictions back to the types of pattern that might be observed

in nature.

Secondly, the flexibility of numerical simulations allowed us to probe a relatively wide
variety of different dispersal models in the early stages of this project and identify
a subject of especial interest. This flexibility also simplified investigation of model
variations such as kernel truncation and the detailed implementation of dispersal and
death. Overall, a major advantage of simple simulations is their ability to rapidly
investigate diverse systems, giving suggestive (rather than comprehensive) results on
each. As such, they are an excellent tool to flexibly test the assumptions of model

design.



Chapter 3

Modelling animal markets:
distributions of species and genes
under dynamically biased

migration

3.1 Chapter introduction and summary

In this chapter, I investigate the role of animal movement biases, such as those caused by
the trading of domestic species between farmers in traditional agro-pastoral economies,
on gene flow and selection. Using a simple model in which two subpopulations, one
poor and one rich, exchange animals of two different types, I find that migration biases
intended to represent trade can reverse the expected course of evolution - the animal type
with highest natural growth rate may, under plausible parameter settings, go extinct in
the system. Given the counter-intuitive nature of this finding, I discuss the evidence
for similar patterns in the real world, and the appropriate methodological response to

unexpected results from highly idealised models.

With respect to the methodological advantages of simulation in population biology, this
chapter shows how models can be extended by breaking assumptions. The character-
isation of migration as unbiased is widespread in population genetic modelling, and
simulation offers a flexible tool through which to explore a highly idealised model of
biased migration due to trade. As in Chapter 2, I assess the robustness of our modelling
results by investigating structural variations of the model. I find that several different
model designs generate behaviour that is unexpected based on intuition about evolution-
ary systems. Indeed, migration biases often have a strong influence on model dynamics,

such that they may be an important feature of the evolutionary process whether they
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arise due to trade or other phenomena (e.g. the road that divides a habitat, the conver-
gence of organisms to a mating site). Nevertheless, the details of model behaviour given
biased migration depend on the details of model design, emphasising the importance
of relating patterns observed in models to those observed in the real systems they are
intended to represent. In this respect, models can guide our observations, highlighting

patterns in nature that might otherwise have been missed.

The structure of this chapter is as follows. I begin by introducing the contemporary
market for domestic animals and evidence for its antiquity. This supports the notion
that the trading of domestic animals, which to my knowledge has not been modelled in
an evolutionary context before, is a system of real world relevance. I then briefly ad-
dress the historic treatment of migration, and migration biases, in population biology,
before presenting a draft manuscript detailing our simple model of the trade in domestic
animals. After this, I elaborate on the robustness of our findings and suggest several
additional questions that might be studied at the potentially rich interface between
genetics and economics. Finally, I relate our work back to the role of simulation in pop-
ulation biology models, arguing, as indicated above, that the flexible use of simulation

can extend mathematical models and facilitate the modelling of novel systems.

3.2 The market for domestic animals

3.2.1 The contemporary trade in animal genetic material

Human decisions play a fundamental effect in guiding gene flow in domestic animals.
Just as with the accidental spread of invasive species, in which our transport and logistic
networks facilitate otherwise vanishingly unlikely dispersal events, the movement of
domesticates follows routes of human migration, trade and contact. However, agency
now plays a more active role. At the local scale of rural markets in the developing
world, farmers choose which animal species, and which breeds and individuals, to buy
and sell. At the international scale, domestic animals and their germplasm are the focus
of globe-spanning markets, involving the long-range redistribution of breeds [188] and
individual genetic lineages from specific breeds through artificial insemination [189, 190,

191]. Again, human decisions determine the animals, and genes, that are able to move.

The combined trade of bull semen and live cattle and pigs for breeding is estimated to be
worth up to 1 billion dollars annually [190]. The focus of this market is on trade between
developed countries, where artificial insemination using intensely selected animal lines
[192], and the intensive farming it supports, is widespread. However, proportionally,
live animal exports to developing countries have increased [190], while the prevalence of

artificial insemination, often using semen from productive breeds originating in Europe,
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is also rising [189, 191]. This latter development is especially important, in that it

fascilitates the transport of animal germplasm on a far greater scale.

That the international trade in animal genetic resources has a profound impact on
the distribution of genetic variation is well known [188]. Highly selective breeding,
and artificial insemination in particular, have reduced the genetic diversity of many
popular breeds, with populations of several million animals often holding the genetic
variation expected of a randomly mating herd of a hundred or less ([193], and references
therein). It has been suggested that the indigenous, locally-adapted animal populations
of developing countries are also at risk (eg. [194]). The question here is what exactly
‘at risk” means - certainly, introducing Western genetic variation will initially increase
genetic diversity, although this may break apart the associations between characteristic
and advantageous traits that define local breeds. Nevertheless, it is clear that we are in
a period of intense global homogenisation, that the flow of genetic material is selective,

and that it is directed by the changing economic relationships between countries.

While this situation contrasts markedly with the local live animal markets that have
served agricultural communities for thousands of years, the core principle - the subver-
sion of animal agency in their movements by people - remains. The unit of decision is
no longer large companies, governments, or intensive, highly managed farms, but the
individual or family. Agents are driven by altogether different objectives - to liquidate
wealth stores in the face of drought [195] and personal calamity (eg. [196]), or obtain
animals for the associated social prestige (eg. [197]) and as insurance, as well as the

obvious need to provide food, secondary animal products, transportation and labour.

In this chapter, I focus on the local domestic animal market, drawing inspiration from
the traditional market for cattle in India. Such small-scale markets are common in many
contemporary agro-pastoral societies (e.g. in India [198, 199] and in Africa [200, 201]).
This, and several other lines of evidence from archaeology, linguistics and ancient texts,
argue for a deep antiquity, discussed below. As such, an understanding of the theoretical
impacts of markets on domesticate genetics, and indeed on the distribution of different
domestic species, is relevant both to development economics and to our interpretation

of the human-domesticate relationships of the past.

3.2.2 Literature and linguistics on the ancient livestock trade

The cattle economy has a rich history, which echoes in our language today. The word
‘pecuniary’ derives from the Latin for money, ‘pecunia’, which in turn has origins in
‘pecus’, a sheep or cow [202]. ‘Fee’ is related to the German word for cattle, ‘Vieh’, via
Anglo Saxon ‘feoh’; while the word ‘cattle’ itself has a common origin with ‘chattel” and

‘capital’, all relating to property and derived via Old French from Latin ‘capitalis’, ‘of
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the head’ [202]. Although head, ‘caput’, is used as a term for property in classical Latin
[203], whether this forms part of a semantic loop linking back to ‘head of cattle’ is not
entirely clear [203, 204]. The relationship between cattle, property and trade can also
be seen in the Anglo-Saxon ‘caepman’ and ‘caepscipa’, meaning merchant and merchant
ship respectively [205]. Value and cattle are similarly connected through the Welsh
‘tlws’/’tlus’, treasure or jewel, and Irish ‘tlus’, cattle, through the concept of valuable
things [206].

Support for a long-standing association between livestock and wealth is also found in
ancient textual sources. In Mesopotamia, the rent for agricultural land was paid as a
combination of silver, grain and sheep or goats. The interpretation of the relevant tablets
is complicated by a shift in meaning of the Sumerian word for ‘goat’, mds’, which came
to mean ‘tax’ or ‘rent’, and ultimately ‘interest’, in the late 3rd millenium BC [207],
itself an interesting development. Barter in cattle is mentioned in the Old Testament
(Genesis 47.17), while in classical Greece, oxen are often used as the principal unit of
value - for example, in Homer’s Iliad (XXIII 700-708) a large three-legged pot is valued
at 12 oxen and a female slave skilled in fine handiwork four. In the same epic, a son
of Priam, king of Troy, was sold into slavery for 100 oxen, and then ransomed back for
300 [208]. The laws of Draco at Athens, dating to the 7th century BC, stated fines in
cattle, but shortly after this came the first legal document explicitly allowing penalties
measured in livestock to be paid in marked copper, the Roman Lex Aternia Tarpeia
which dates to 454BC [209].

The use of cattle as units of value, and sometimes currency, also extended east to
southwest Asia and India. In the Vendidad of the Zoroastran Avesta, which is composed
of material of heterogeneous and uncertain dating (though very broadly between the first
millenium BC and early first millenium AD), cattle are used in parallel with metalic
money [209]. Similarly, in Vedic texts, ‘go-puccha’ (‘tail of cattle’, in contrast to ‘head
of cattle’, above) is unit of value and non-metalic currency (Rig Veda iv. 24. 10; vii. 1.
5), while an object received in exchange for a cow is termed a ‘gaupucchika’ [210]. We

return to the role of cattle in Indian history shortly.

Livestock have continued to have an economic function above mere productivity in more
recent times. The standard measure of value in medieval Iceland was the ‘kugildi’, a
medium-sized horned cow aged 3-10 winters, without blemishes, having given birth to
fewer than 3 calves and providing milk [208]. And in early medieval Ireland, too, we find
an emphasis on milk-producing cattle as a method of payment, as well as an indication
of social and material wealth [211]. The traditionally elevated place of cattle in the
cultural and belief systems of Nilotic peoples is well documented, with a frequent in role
in bride-price payments [212], a phenomenon which itself no doubt leads to fascinating
migration patterns and which has a deep history (eg. as arsha marriage in the laws

of the Manu smrti (3.29) and before [210]). Inevitably, domestic animals also form
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part of pastoral bartering systems when economic conditions do not support monetary

transactions (eg. [213]).

Livestock have long been used as a measure of value, a store of wealth, and a unit of
exchange. The last two of these roles will have impacts on migration patterns. But
domestic animals are also a focus of trade themselves. The accounts of individual pri-
vate merchants in Sargonic (late 3rd millenium BC) Mesopotamia record of livestock
transactions [214]. Large scale movements are also in evidence at this time, with one
tablet noting the transfer of 3,500 sheep and goats between the cities of Umma to Girsu
[214]. There is possible evidence from tablet ITT II 5845 that cattle and sheep were
shipped through the now lost city of Agade [214] 5. The New Testament also refers to
the trade in livestock, for example in Revelations (18.13; commonly dated to the first
century AD) when describing the impact of the fall of Babylon. Polybius (Histories IV
38.4) describes the maritime trade in cattle between Byzantium and Greece in the 2nd
to 1st century BC, while Strabo’s Geography (V 1.8) mentions, in 7BC, the inland cattle
trade between Italian merchants and the tribes of the Danube [216]. Early direct refer-
ences to the livestock trade can additionally be found from India, as in the Pachatantra
of the Gupta period (320-550AD) [217]. In the broadest terms, then, textual evidence
implies the exchange of livestock, whether as barter for goods or as merchandise sold
in more developed market systems, over at least the last 4000 years ago. We shall see
that archaeology can push back the date for deliberate transportation of animals, if not

indisputably for trade, another six millenia.

3.2.3 Domestic animal movements through bones and molecules

Before examining this evidence in detail, however, it is useful to consider what archae-
ology, literature and linguistics can tell us about trade. Despite biases and corruptions,
textual sources have the potential to indicate the quality of contacts between people.
Of especial relevance to our question, we can specifically identify cases in which ani-
mals were traded by mutual consent (as opposed to through duress), and sometimes
the goods that travelled in each direction. Nevertheless, literacy has historically been
a skill possessed by, and employed for, the elite, creating potential distortions in both
the type and accuracy of information preserved. Perhaps more imporantly, documents
tend to cluster around certain locations and time periods. The large-scale, complex so-
cieties most visible in the literary record promote long-distance trade, and indeed their
collapse tends to be accompanied by, and probably form a feedback with, a reduction in
trade [218]. Despite this, the economic lives of ordinary people will continue. Evidence

from historical linguistics, and in particular the semantic shifts mentioned above, helps

5The original translation does not appear to indicate maritime activity, see de Genouillac [215],
available online as of 08/2015
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to bridge this gap, both because there may be less of a correlation between language
change and societal complexity and because language change is less obviously biased
toward the influence of elites. Our modelling will focus on the effects of small-scale,
decentralised livestock trading, and our discussion of the archaeological evidence will be

similarly directed.

When approaching archaeological data, the ease of interpretation for different forms of
evidence varies. For example, the spread of a subsistence strategy focussed on livestock
and agriculture is clear from zooarchaeological evidence due to ‘first finds’ of domestic
bones at different sites. Early cases of early movement of animals by people include
the transportation to Cyprus of cattle, sheep and goats around ten thousand years
ago [219], or the diffusion of the Neolithic around the Near East and Anatolia [220].
However, later exchange is more difficult to detect and interpret. Tools exist - stable
isotope analysis in particular, as well as ancient DNA and bone morphology - but even
if one identifies non-local animals, the question of interpretation remains. Finds give
a tangible insight into the past, but are spatially and temporally clustered, rendering
attempts to weave together a digestible narrative, perhaps covering many hundreds of
years, both challenging and dangerous. For our purposes, then, I will present available

data on animal movements in societies where domesticates are firmly established.

During growth and development, bones and teeth incorporate an isotopic signature
based on dietary intake - the type of food consumed and where it was grown. The signal
from strontium isotopes 87Sr/%6Sr derives from the geological makeup of a region, and
is particularly useful in identifying changes in diet associated with animal movements.
A heterogeneous pattern of animal migration is suggested. Early cattle migrants have
been identified in Linearbandkeramik sites in Germany dating to the early European
Neolithic (late 6th millenium BC) [221]. Some migrants have also been detected among
sheep remains from Catalhoytik (7400-6000BC, Turkey) [222], and among cattle from
Neolithic France (3350-3050BC) [223]. Extensive animal movements appear to have
occured in Neolithic western Sweden (mid-4th to mid-3rd millenium BC), where over
50% of cattle at studied sites were found to be non-local, far more than in either the
human or domestic pig populations [224]. A simliar pattern, in which a vast majority
of cattle appeared to be migrant as compared to a minority of pigs, was found in a Late
Neolithic (2515-1460BC) site associated with feasting in Britain, with some cows having
been transporated over 100km [225, 226]. Other animal remains have also been studied
- interestingly, an ass that had been sacrificed in what is thought to be the merchant’s
quarter of the Early Bronze Age (3600-2400BC) Israeli site of Tell es-Safi was found to
be a migrant, with some indication that sheep in the same deposits were also non-local
[227]. Evidence for animal movement unsurprisingly extends to non-Eurasian societies,
such in South Africa (first millenium AD), where migrant cattle and sheep show profiles

indicating extended periods of non-local occupation [228].
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Direct evidence is available, then, for the movement of animals in established pastoral
communities from before 5000BC. Given the transportation of domestic animals inherent
in their first diffusion through southwest Asia at the onset of the Neolithic, there is
no especial reason to assume such movements did not occur substantially prior to this
date. The studies mentioned above do suggest, however, considerable inter-site variation
in the distances of livestock movements, and also intra-site variation among different
domestic species. The precise nature of these movements is unclear - temporal patterns
in non-local isotope signatures argue for transhumance in some studies (eg. [221]) but
against it in most (eg. [222, 227, 228, 225]). Although the role of trade in increasing
animal movement distances has been specifically suggested based on an increase in the
proportion of migrants and the distances travelled associated with the Roman period in
Britain [229], and although trade and the movement of goods was clearly an important
process in Neolithic society (e.g. Robb and Farr review trade in the Mediterranean [230];
evidence for maritime trade in the Persian Gulf from the sixth millenium BC [231]; the
Near East trade in bitumen [232]; and widespread trade in obsidian [233]), the isotope

data is consistent with, rather than proof of, ancient livestock exchange networks.

These varied evidences, then, suggest that markets for domesticates have existed for
several thousand years. This translates to many hundred generations, depending on the
domestic animal in question. Furthermore, the market in reproductive live animals, as
well as other forms of human-mediated animal exchange such as dowry and bridewealth,
exist to this day. There is strong support, then, for market forces playing a significant

role in the current and future distribution of animal genetic diversity.

3.2.4 An overview of movement models

The literature on movement models is diverse, with work focussing on different tem-
poral scales of movement in different species that may have quite variable biological
mechanisms for, and patterns, of movement. As such, strict definitions of key terms
(like movement, dispersal and migration) are likely appropriate in some contexts but
not others, and for some academic fields but not others. I therefore do not give for-
mal definitions. Nevertheless, I intend the terms ‘migration’ and ‘dispersal’ to describe
movement that is likely permanent and, over the course of an individual’s lifespan, rare.
In some cases, these terms can be considered as the total movement process taking a
parent from its birthplace to the birthplace of its offspring. The term ‘movement’ will
be used more broadly to mean either short- or long-term movements, but a ‘movement
model’ is specifically a model or short-term day-to-day movements such as foraging or

predator avoidance.
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Pioneering work in modelling movement focussed on two rather different themes. Raven-
stein’s Laws of Migration, published in various forms in the 1890s (eg. [234]), but echo-
ing his own work of 20 years earlier [235], attempted to lay down postulates concerning
patterns of human migration, as understood from census data. The conclusions drawn,
identifying a predominance of small distance movements, with larger movements to large
population centres, anticipate the application of a gravity model of human migration
(eg. [236]); a similar theme had earlier been considered by Monge on the subject of
trade flows [237]. This model of migration in humans has been hugely influential, and
both it and important alternatives (eg. [238], and recently [239]) are based on human
migration being structured according to both distance and other landscape qualities.
Although alternative descriptions based on simple random processes may capture as-
pects of modern human movements (the Lévy flights in [150]), models are usually based
on a clear assumption that we can know more about human motility and migration than

a random null hypothesis.

Quite the opposite approach has been taken in the study of non-human movement, with
the starting point of the earliest models being the random walk [10, 240]. When the
movement of individual animals over short time scales is the topic of study, directional
correlations are often introduced (a correlated random walk, [241, 242]). Conversely,
population genetic models and those of species invasions tend to focus on the effects
of movement over a generational timescale. Short-term correlations in the direction of
movement are no longer of interest, and often individual dispersal events are described

only in terms of their effect on the population.

We have already discussed this representation in the context of species invasion models
in Chapter 2. Various methods of representing the dispersal of many individuals can be
used to model their population-level effects, from diffusion approximations [11, 85, 86]
to integro-difference equations [243] to systems that fully or partially represent the

stochasticity of random walks (eg. [95, 1]), each taking different assumptions.

The representation of migration in population genetics generally focusses on the idea
of a population, and in particular one in which mating is random. As such, spatial
representation tends to focus on a network of connected subpopulations rather than
continuous occupation in space. Exceptions certainly exist - R. A. Fisher’s wave of ad-
vance model was originally conceived in the context of the selective spread of a favoured
allele [11], while J. B. S. Haldane’s ideas about genetic clines [244] have proven highly
influential in evolutionary ecology. Nevertheless, the earliest migration models [245, 13]
focussed on the role of migration between partially isolated patches of occupation, and
especially on the potential of migration to disrupt local adaptation [246]. Several ap-
proaches to connecting these patches have been suggested - from a single island linked
to a much larger mainland [245] to a series of connected islands [13] or subpopulations,
potentially with different environmental conditions [247, 248], to neighbouring popu-
lations interacting only as ‘stepping stones’ on a 1D or 2D lattice [249]. Indeed, the
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last of these is essentially a spatially discrete variant of some of the models of dispersal
mentioned above, with a nearest-neighbour dispersal kernel. The essential assumptions
behind many of these models is, again, that migration proceeds at a constant average
rate between locations, with correlation in movement between individuals or over time

ignored.

3.2.5 Human versus animal migration and the random walk

Before briefly discussing the representation of movement biases, such as those created
by market forces, it is interesting to note the radically different starting points taken
when modelling animal and human movement. In the case of humans, work began on
the basis of detailed, though limited [235], datasets in the form of census surveys. This,
combined with privileged insight into the motivations for human migration, meant that
attention was focussed on the role of environment and agency in movements, contrasting
sharply with the pioneering random walk models used to describe insect movement [10].
More recent work has identified Lévy flights (e.g. [150, 250, 251]; also see Chapter 2),
as capturing elements of human movement. Although the distribution of movements
may be well fitted by a power law, however, this is usually recognised as an emergent
property based on the distribution of e.g. cities [250] and, perhaps, spatial properties of

social networks [252].

The situation is reversed for species invasion and population genetic models, where a
simple random walk has, historically, been the basic microscopic system from which
models are then derived. This approach has yielded important theoretical results, some
of which have been validated by data, and is widely used when modelling animal move-
ment. Nevertheless, there is a recognition that both dispersal (e.g. Part 1 of [253]) and
everyday movement [254] of animals are highly non-random. By this, I mean that the
direction of travel and locations visited are determined by phenomena such as resource
availability, habitat preferences, and community interactions. The first of these (though
explicitly not the latter two) forms the basis of the classic theory of the ideal free dis-
tribution (IFD, [255]), which I will introduce later. Understanding all the contributing
factors to the non-random component of animal movement is part of the newly-described
discipline of movement ecology [254], which, prompted by technological advances such
as GPS, aims to obtain an integrated understanding of the motivation, capability and

stimuli involved in determining movement patterns.

Given that animal movement is extremely complex, the apparent consistency between
theoretical results derived from simple models and some real world observations is inter-
esting. An example is the constant rate of population spread predicted by many models
of species invasion. There are multiple explanations for this pattern. For example, if
movement direction biases tend to act on short scales of time and distance, then over

larger scales they may still be well-approximated by models based on random walks.
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From the other perspective, a single modelling result may be generated by quite a broad
range of model specifications (e.g. [77]). Both these points are examples of equifinality
- a single end state being reached through multiple processes, or system trajectories,
or initial conditions. The former can be described as equifinality in the target system,
while the latter is equifinality of the model. These are related, but different, in that
the model is only a representation of the system. Practically, the situation leads to
two difficulties. Firstly, there is a danger of over-interpreting the parameterisation of a
model. Successfully describing the rate spread of an invasive species using a given diffu-
sion constant says nothing about the diffusivity of individuals. Secondly, the model may
break down in unpredictable ways as more complex questions are asked. The impact of

long-range dispersal or Allee effects on species invasion models offers an example.

3.2.6 Representing movement biases in models

How one constructs of a model representing complex movement patterns depends on
the time-scale of interest. For example, in species invasion models a single, direction-
symmetric (isotropic) dispersal kernel applying to all individuals might be applied quite
successfully to a population-level description of movement (as in integro-difference equa-
tions) even if individuals vary in their dispersal capabilities - when capability is not
age-structured or heritable. The details of the target system are important here. I now
offer some examples of how movement that is poorly represented by an isotropic random

walk with homogenous individuals has been represented.

Remaining with species invasion models, the simplest approach has been to incorporate
directional-asymmetry. When a diffusion equation is used to describe the spread of a
population, an advection term may be introduced [256]. The equivalent in models that
represent dispersal tendencies through a statistical distribution would be an anisotropic
dispersal kernel (e.g. [257]). Such approaches are used to describe riverine dispersal
(as in [257]), dispersal according to coastal currents (e.g. [258]), and the impact of
wind direction on spore dispersal (e.g. [259]). Models have also been modified to
incorporate structured dispersal, whereby the dispersal kernel of a population depends

on the features such as the age of individuals from which it is composed [79].

In population genetic models, migration is usually represented as a single parameter
describing the rate of gene flow between subpopulations. This, in turn, is determined
by the movement of individuals. As we might expect, the focus is on heritable variation
in migration, and, often, the evolution of migration rates under different circumstances.
The simplest approach is to describe migration using multiple parameters, such that
the rate of migration is different for different subsections of the population, depend-
ing on allelic state. An early (1973) example is the 2-subpopulation model of Balkau
and Feldman [260], who mathematically investigated the fate of a migration-modifying

mutation linked to a genetic variant favoured in one patch but negatively selected in
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the other. Unsurprisingly, they found that the mutation would rise in frequency if it
reduced migration rate only. Work from the same period used simulations to explore
more complex situations, including density-dependent migration between environmen-
tally heterogeneous patches, with migration tendency represented either as a Mendelian
or complex trait [261]. Models in which migration rate depends both on the direction
and on allelic state have also been considered, as by Bull et al [262]. The evolutionary
implications of heritable variation in migration rate is of relevance to our results, and
this study, supporting the earlier work of Hastings [263], found that selection tends to
act against migration when the environment varies over space. Other factors can pro-
mote migration, such as kin competition [264] or an environment that is both temporally

and spatially variable [261].

The representation of genetically heritable migration tendencies is similar, and some-
times the same, as that of multiple species with different tendencies (e.g. [265, 266, 267]).
However, there is often a more explicit recognition of the varied pressures on movement
decisions. The IFD offers a classic example, deriving a simple mathematical result from
a simple model of animal behaviour. Under certain conditions - animals are equal com-
petitors for limited resources that do not change in quality over time, have complete
information about resource quality, and move without costs and independently of other
animals - this model suggests that the distribution of animals will tend to minimize
resource competition [255, 268]. Once animals are distributed in such a manner, mi-
gration can only reduce the reproductive success of an individual and hence, under the
stated assumptions, will evolve toward zero [263, 265]. McPeek and Holt, in a detailed
simulation study, found that this is no longer guaranteed when unbalanced migration
(in which migration rate depends on direction) is possible [269]. When locations have
equal carrying capacity, unbalanced migration is selectively excluded, a result recreated
in my own work. However, when several species with different directional biases exist,

these can reach an equilibrium at frequencies depending on the details of these biases.

More complex models of animal movement that represent different aspects of the de-
cision to move have also been considered. Payoff-biased migration has been explored
in the context of social interactions described using game theory [270]. While this is
similar in principle to the movement toward optimal resource availability in the IFD
assumptions, the payoff in a location is now determined by the game strategies of its
resident population. Other game-theoretic models have explored the complex effects
of migration distance being heritable and movements occurring when individuals are
confronted with adverse conditions in interactions with a dynamic social network (e.g.
[271]). Even relatively simple modifications to random movement can lead to biological
aggregations, such as density dependent movement speed, turning rate, or direction bi-
ases, and have been described using advection-reaction equations (for a mathematical

review see [272]).
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The population genetic and ecological models above suggest that incorporating mi-
gration biases into models of movement is not a recent innovation (e.g. [256, 260]).
However, there has been increasing emphasis on the evolutionary importance of non-
random or complex movement patterns [254], both in natural populations and models
(e.g. reviewed in [273]). For example, biased migration and the selective forces acting
specifically on migrants are considered important factors in maintaining local adaptation
[274] and promoting long-range correlations between genetic variation and environment
[275]. Modelling forms parts of this resurgence, with a model that our simulations extend
[267] offering an example. There are increasing hints from modelling work that biased

migration may play an imporatant role in diverse population systems (e.g. [266, 276]).

I now present a draft manuscript in which I model the impact of animal trading on spatial
patterns of breed variation. For details on contributions of myself and co-authors to the

manuscript, see the Acknowledgements at the start of this thesis.
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3.3 On the counter-evolutionary effects of market medi-

ated gene flow (Unpublished manuscript)

G. S. Jacobs, G. A. Kaiping and T. J. Sluckin®

3.3.1 Abstract

Human decisions have significant influence on the evolutionary trajectories of many
other species. This influence is particularly strong in the case of domestic animals and
cultivated plants. Here humans directly control both breeding opportunities and the en-
vironment to which individuals are exposed. More significant in an evolutionary context
may be the fact that, through trade-related changes in ownership of domestic species,
humans also influence their migration patterns. Here, we modify a simple two-allele,
two-patch population genetic model to reflect aspects of local animal markets. We con-
sider the implications of different wealth distributions in the two patches, and draw on
auction theory to derive either static or dynamic migration parameters from the market
process. When animal movements are unbiased by market forces, the evolution of the
system state is strongly determined by selection on reproduction. Introducing biases to
movement through our model of trade can break this expected behaviour, such that a
negatively selected animal type is able to reach local or global fixation. This effect is
prevalent in a range of models we explore, and in some cases has a greater effect on
the equilibrium behaviour of the richer of the two patches. The general indication is
that wealth inequality is likely to impact the distribution of species, breeds and genes
in interesting and sometimes surprising ways. This may be relevant when designing
development interventions involving imported animals or their germplasm, and also in
our understanding of the evolution of breed distributions and transitions to livestock-
owning subsistence strategies. More broadly, migration biases may play an important

evolutionary role in contexts that do not involve human intervention.

Keywords: Market genetics, animal trade, animal market, asymmetric migration

SThis author list will hopefully be extended, depending on the future course of this project, but
reflects current contributions.
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3.3.2 Introduction

The impact of human action on the movement patterns of other species is substantial.
Much of this is through unintended consequences - the road that divides a habitat [277],
the fishing that distorts local ecologies [278], the hitch-hiking of invasive species on our
logistic networks [74]. But running parallel to these accidental effects is the deliberate
transport of animals and plants, often through trade. Domestic species, and livestock
in particular, are a primary focus, and the impact of large scale trade in germplasm
from highly selected lineages can be seen in the predominance of certain breeds, and the
substantial reduction in genetic diversity among these [193]. The exchange of animal
genetic material is not new, however, and traditional live animal markets remain a

common feature through much of the world.

The commercial network dictating animal movements has a significant role in the spread
of infectious disease [279, 280, 281] and genetic variation [190, 188]. The structure of
connectivity in the network of livstock movements has been used to assess the threat from
epidemics, clarify the role of animal movements in these, and understand the impact of
potetial interventions [281, 282, 283, 284, 285, 286, 287]. Similarly, when reproductive
animals or their germplasm are traded, gene flow occurs through the market network.
An understanding of this process clarifies the natural backdrop of domesticate genetic
variation, but may also have important implications for development interventions that
re-distribute animals or provide artificial insemination services. These are run by a wide
range of governmental and charitable organisations [288, 289, 290, 291, 292], and, in
addition to improving the livelihoods of farmers, often explicitly aim to increase the
productivity of indigenous breeds. The spread of domestic animal populations, and of

genetic material within these, is thus of considerable interest.

The movement of organisms has long been recognised as a critical dimension of ecolog-
ical (e.g. [10]) and genetic [13] systems, and is often studied through computational
or mathematical models. Although the factors impacting individual dispersal may be
complex, and in some cases difficult to infer, it is common practice to characterise the
average behaviour of many individuals and thereby make assessments of the population-
level impact of migration patterns. Given this, we might suggest that the mechanism
of movement is irrelevant, and that markets can be represented by a suitable footnote
to a classic diffusion equation [11] or a bi-directional graph of populations linked by
constant migration terms [293]. The problem is that human choice plays a significant
role - the flow of animals is driven by economic factors, which are, in turn, impacted
by consumer trends [294] and production technology [295, 296], as well as by climatic
events [297, 298] or social phenomena such as conflict [299] at a more local scale. Fur-
thermore, the animals selected for trade are an unstable subset of the population as a

whole, determined by regional and personal preferences [300, 301].
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Economic models, such as work on supply chains [302] or trade networks [303], can
guide our understanding of the flow of goods through a system given different economic
conditions. However, when trade is in reproductive animals rather than animal products,
the flow of goods does not always fall into a natural channel from manufacturer to
consumer, often an assumption of these models (though see, for example, [304]). More
fundamentally, animals are heterogeneous goods that reproduce in a density-dependent
manner, with heritable variation that allows for natural and artificial selection. The
‘population of goods’ is not a natural focus in economics. Nevertheless, it is clear that
many concepts from microeconomic theory are of relevance to the description of the

livestock trade, and auction theory plays a significant role in the work we present in this

paper.

So far, we have emphasised the complexity of the livestock market. This is not to say that
all these features must exist in a representation of domestic animal movement patterns,
and judging the thorny trade-off between model complexity, interperability and realism
is complicated and situation-dependent. However, asymmetric, dynamic migration of
animals based on economic characteristics may be the rule rather than the exception.
In this paper, we explore the role of markets in creating such conditions, describing
how asymmetric non-constant gene flow can be derived from a simple representation of

animal trade.

We investigate the evolutionary implications of trade using a classic two-patch, two-
allele model from population genetics [247, 267]. This offers the simplest possible pop-
ulation topology and representation of animal types. Even here, market-mediated gene
flow leads to equilibria that contrast dramatically with those expected from symmetric-
migration models, with some parameterisations leading to the fixation of a breed type
with globally inferior reproductive capacity. We conclude by discussing the relevance
of this model, and in particular the critical parameters in it, in the context of the In-
dian cattle market, and consider evidence for our model dynamics among agro-pasotral

communities.

3.3.2.1 The static and dynamic market filters

Central to this work is the question of how economic choices and constraints modify the
movement of animals between herds. We can suggest multiple forces at work - environ-
mental conditions distorting local supply and demand, differences in access to markets
and transaction costs, legislative effects controlling which animals may be exchanged,
locally specific preferences for animal breeds, and wealth inequality between herders
are some examples. In an idealisation in which animals are taken to markets and then
traded, such that human decision at the market determines the exchange of animals

between herds, these features combine to serve as a ‘filter’ on migration.
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When the impact of these human choices on migration are independent of the com-
position of the market in terms of animals, buyers and sellers, we describe the filter
as static. Conversely, a more realistic representation of the market allows purchasing
decisions to depend on the animals available and on competition. This means that the
market-induced filter on migration is conditional on the market composition, and the
filter is dynamic. With regard to modelling, in both cases biases caused by markets
mean that animal movement can no longer be captured by a single, constant migration
parameter that applies to all animal breeds and is equal in all directions. Instead, mi-
gration can incorporate breed-specific biases in the direction of movement. The static
filter implies that the various migration parameters remain constant, while the dynamic

filter implies that these parameters are updated as the system state changes.

The correct description of the market filter, which allows us to derive appropriate mi-

gration rates, is a critical step in the development of our model.

3.3.3 Methods

In this work, we explore the role of the market as a migration filter in determining the
equilibrium occupation of two breed types in a two-patch model. Our system incorpo-
rates wealth inequality between the inhabitants of the two patches and differences in
their breed preferences, as well as patch- and breed-specific reproductive capacity among
animals. The two animal types are presented here as reproductively isolated breeds, but
can equally be considered different animal species, or carriers of different alleles at a
bi-allelic locus subject to selection and market-choice. We first describe a deterministic
system of recurrence equations that represent this model, before finding equilibria and

exploring dynamics numerically.

3.3.3.1 Model design

Our model is based on that of Bolnick and Otto [267], who extended the classic Levene
model of migration between subpopulations [247] to include direction-dependent and
genotype-dependent dispersal and explored special cases of that system. This model is
general enough to represent the market as a static filter on migration, and, as our model

builds on theirs, we give an overview of their model now.

The model consists of two habitat patches, here Patch 0 and Patch 1, with carrying
capacities Ko and K;. These are fully occupied by two animal breeds, Breed A and
Breed B. The system is updated according to a deterministic update rule. This consists
of recurrence equations that, given the proportion x;(t) of Breed x animals in Patch i at

time ¢, yield the new proportion x;(t+ 1) at time ¢+ 1. The process involves calculating
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three quantities - the proportion after migration, x]"(t), selection, «;(t), and regulation

r

7(t). The census of breed occupation in each patch occurs after population regulation,

K

so ki(t +1) = k] (t). Breed- and patch-dependent migration is first applied,
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where 77; is the migration rate of Breed « from Patch j to Patch ¢ and ¢;; is the mortality
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associated with any migration from Patch j to Patch ¢. Selection then occurs,
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where s represents the fitness of Breed « in Patch ¢. Finally, population regulation is

A3(t) =

(3.2)

applied, which is the last update step,

Ai(t+1) = Al (t) = e gi“fg&(t).

This form of population regulation is rapid, such that total occupation in each patch is

(3.3)

set to the carrying capacity with no regard for the implied rate of population growth
or mortality. Such a simplification allows us to ignore current population size and
focus instead on the relative occupation of each breed in a patch. If we also assume
that selection doesn’t change the total population size, population regulation could

equivalently be applied following dispersal.

In this work, we focus on the role of migration in this system. Accepting that the
actual population dynamics of livestock are likely to be more complex, we therefore take
several assumptions. Regarding model parameterisation, we assume that the carrying
capacities in the two patches are equal, Ky = K; = K, and that mortality in the trading
process is negligible, ¢;; = ¢j; = 0. We also assume that the selection stage represents
the combined effects of natural selection due to environmental differences between the
two patches and artificial selection due to local breeding control. Finally, as stated,

population regulation is assumed to be rapid (though see Appendix 2, §3.3.7).

This model is sufficient to describe a static market filter, and we now discuss how such

a filter might be inferred from the trading process.

3.3.3.2 The market algorithm

Our chosen update rules, Egs. (3.1, 3.2, 3.3), do not explicitly represent wealth and
the breed preferences of herders in each patch. Instead, we incorporate these impor-

tant economic factors into our calculation of the four migration parameters, ;5. We



Chapter 3 Modelling animal markets: distributions of species and genes under
92 dynamically biased migration

consider each patch to have a disposable wealth distribution, W (i), and adopt a con-
vention whereby P(§w (o) > &w (1)) > 0.5, where &y (i) is a random variable drawn from
distribution W (i), representing the disposable wealth of a buyer from Patch 0. This

convention means that buyers from Patch 0, on average, can outbid those from Patch 1.

Using local Indian cattle markets as our general guide, see §3.3.5, we consider a market to
be a regular event occurring at a publicly known location. In real markets, livestock are
brought to a market by their owners or professional animal traders from the surrounding
area. Farmers and traders also attend in order to buy animals. Through the course of
the market, trading takes place, which may occur through intermediaries who determine
price in exchange for a sometimes complex commission system including payments by
one or both trading parties. Animals that not sold return to their owners, and may
be taken to other local markets. In the Indian cattle market, most animals that are
traded are non-reproductive bullocks used for draught labour, but reproductive bulls

and females are also sold; these are the animals that we are primarily interested in.

In our idealisation of this system, then, we identify three stages:

1. A set of animals are chosen and taken to the market by farmers from each village,

and buyers also travel from each village
2. Animals are bought and sold.

3. Animals that are not sold return to their home village, while those that are sold

return to the village of the buyer.

We are interested here in the role of wealth and preferences in distorting the outcome

of the market, as described by these stages.

Human choice is involved at three stages - the choice of animals taken to market, the
decision of buyers to attend market, and the trading process itself. Critical to our mod-
elling of these choices is the idea of wealth as a route to avoiding undesirable decisions,
such as selling a preferred animal, and promoting favoured outcomes, such successfully
competing for a desired animal. For simplicity, we assume identical breed preferences
for all herders in a patch, with pf indicating the preference for Breed « in Patch i. Given
this, our simplest model of the market would suggest a bias in migration such that a
wealthier district is subject to greater inward migration from its preferred breed and
greater emigration of it’s less preferred breed. In the simplest representation of this, a
static filter is created, in which the four constant migration parameters of Eq. (3.1) are

sufficient to describe animal movements, Fig. 3.1.

Deriving a static market filter

Consider a situation in which Breed A is more reproductively successful in both patches,
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o o FIGURE 3.1: A single migration step
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\ the importance of patch-specific carry-
N Patch O // AN s ing capacities is emphasised in this fig-
= g ure, in our models Ky = K; = K.
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and the order of purchase preference for herders from both patches is Breed A, then
Breed B, then no cow at all, pél > p(]fl > poy - Given that Patch 0 is wealthier,
we expect a bias of movement of Breed A to Patch 0 and, correspondingly, a bias in
movement of Breed B to Patch 1. The strength of this bias depends on the level of wealth
inequality between the two patches. A logical static filter result would be a symmetric
migration bias - and this is precisely the migration model investigated by Bolnick and
Otto in the context of genotype dependent migration to favourable environments. The
only difference between their model and the one proposed here is that Breed A is globally
A B

— QA B _

increase movement only toward selectively favourable environments as in [267]. This

and equally selected for, s rather than biased migration acting to

difference is nevertheless expected to cause very different system behaviour. Thus, we

have a system of symmetrically distorted high and low migration rates,

d
mH:W(ﬁ:Wﬁ:m—i—?m, (3.4a)
d
my, = my =7l = — ", (3.4b)
m = ML (3.4c)
2
dm:mH—mL ZO. (3.4d)

This offers our first example of a static filter, the symmetric Static Filter 1.

Static Filter 1 has the significant advantage of simply representing a plausible outcome
of animal trading, with the wealth difference between the two patches scaled using
d.n,. However, the disconnect between these equations and the detailed trading process
obscure the conditions necessary for them to hold. We can clarify matters by considering
the type of market algorithm required to create such a model. Assuming the carrying

capacity is the same in both patches, K = Ky = K1, a possible scenario runs as follows:
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1. 2mK random animals are bought to market by each population. Note that this

gives the constraints m < 0.5, |d,,| < 2.

. The globally preferred Breed A animals are sold first, with each individual sub-

mitting their bid as drawn from the disposable wealth distribution of their home
patch, W(0) or W(1). To obtain the correct migration behaviour for rich Patch

0, we solve

K(mpgAi(t) —mpAo(t)) =
P(Ew(0) > Ewqy) 2mK (Ao(t) + A1(t)) — 2mK Ao(t), (3.5)

yielding P(&w (o) > Ew(1)) = % The corresponding probability of a herder from
mr,

the poorer Patch 1 making the winning bid is P(&w (o) < {w(1)) = o
m

. Bidding now commences on the cheaper Breed B animals. As individuals from

rich Patch 0 are able to outbid those from Patch 1 for these too, adaptive bid-
ding behaviour is needed to maintain the symmetric filter described above. Two

examples of such bidding rules are:

(a) Total demand from Patch 0, here the number of animals that population seeks
om (Al (t) — B1 (t))
+ 2

to obtain, is set to Dy = K(m
stop bidding when this demand is satisfied.

), and rich individuals

(b) There is a bias amongst rich Patch 0 buyers against bidding for worse quality
animals, such that while they win the same proportion of bids, the probability

m
of submitting a bid is L
mpg

In the above cases, demand of the poor population must be sufficient for them to

obtain the remaining animals.

. Animals are re-distributed according to winning bids and the system proceeds to

the selection phase.

In Step 3, adaptive bidding can also take the form of restrictions in the prices offered for

Breed B animals. Such behaviours may be consistent if they represent either perceived

differences in the utility gained from the two Breeds by Patch 0 herders, or delayed

bidding in an effort to obtain the preferred breed type in a future market event. However,

they are quite specific, and we merely note that bidding scenarios can be constructed

where the symmetric filter might approximate trading behaviour.

To further explore the range of behaviours supported by static filters, we suggest three

more models. The first is a simple alteration to the above symmetric filter, with a

reduced core migration rate for Breed A to represent an aversion to selling preferred
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m
Tt = — (my) (3.6a)
m.
b = 2 (my) (3.6b)
8 =mam, (3.6¢)
™ =mg, (3.6d)

where m 4 is the average migration rate of Breed A and mi4 < m. We term this hoarding
behaviour Static Filter 2. The two other models we expore involve a market in which
only one breed is subject to competitive bidding, with the other migrating randomly.
In the case of Static Filter 3, which acts on Breed A only,

T =mp (3.7a)
Ty = my (3.7b)
=7k =m. (3.7¢)

The converse, Static Filter 4, acts on Breed B only,

i T B

Sw Sw S
I I
3

T = m (3.8a)
H (3.8b)
mr, (3.8¢)

o

3

with wealth allowing Patch 0 individuals to avoid purchasing lower-quality Breed 1 ani-
mals. These two models are both simpler than the symmetric Static Filter 1, above, and,

in that there is no need to invoke adaptive bidding behaviours, more widely applicable.

While the above models capture a wide range of possible migration distortions due to
market effects, their mathematical simplicity comes at the cost of imposing potentially
unrealistic constraints on bidding behaviour. Movement biases depend solely on the
wealth difference between patches, with supply and demand not explicitly included in
the model. A dynamic filter, in which the migration parameters are updated over time
according to supply and demand, better reflects economic theory. In order to derive
the relationship between migration parameters and the composition of the market, it is

necessary to briefly explore the role of wealth in the bidding process.

Wealth in auctions

We have already noted that wealth offers flexibility to avoid forced animal sales and
beat competitors in bidding for a desired breed. This latter point - that success in
obtaining a finite, equally desired good is correlated with disposable wealth - is a prefer-
able quality of auction mechanisms. This forms the basis of our dynamic market filter

model. Specifically, we assume that, given a finite set of animals at the market and a
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finite number of bidders with equal preferences but different entirely disposable incomes,
the buyers are able to choose their animal in wealth order, until supply or demand are
exhausted. We assume here that sellers only wish to maximise their animal sale value,
and that the price offered is a premium to a universal minimum animal value such that
any bid is better than none (or, equivalently, that sellers have no utility associated with
keeping their animals). These assumptions can be used to derive a simple model of the
movement of animals, and also to calculate the prices at which they are sold, see below
and 3.3.6.

Deriving a dynamic market filter

A dynamic market filter is created when decisions regarding the trading of animals
are conditional on the market composition, and, specifically, on the levels of supply
and demand for each breed. Unlike the symmetric Static Filter 1, where supply is
represented but demand is scales so as to maintain constant migration rates, we now
propose a model in which demand is incorporated by including buyers as agents. This
is both more realistic, and provides a clear scenario for which a corresponding dynamic

market filter can be derived:

1. Each animal in each population is taken to market with probability m

2. by and by buyers arrive at the market from Patch 0 and Patch 1 respectively, with
disposable wealth drawn from wealth distributions W (0) and W (1).

3. Buyers are ordered in wealth from richest to poorest, and animals are ordered from
most to least desirable. Within sets of animals of equal desirability, and within
sets of buyers with each wealth, ordering is random, such that both sellers and
buyers have equal preference for transactions with individuals from the home or
neighbouring patch. Animals and buyers are matched such that wealthier buyers
receive preferred animals. Animals are redistributed to new patches accordingly,

with animals that are not bought returned to their home patch.

This is a stochastic algorithm that takes advantage of the role of wealth in auctions of
multiple heterogenous goods as proposed above. An illustrated example of the outcome
of this algorithm when by = b1, as in all subsequent modelling, and, by convention,
P(&w ) > &w(1)) > 0.5, is shown as Fig. 3.2.

There are several options to determine migration parameters from this algorithm. The
most accurate approach is to simulate each auction stochastically. This raises some diffi-
culties in capturing equilibrium behaviour, as it is necessary to perform many replicates
and to make a subjective choice as to the definition of system equilibrium. An alterna-
tive is to propose deterministic approximations that capture the fundamental behaviour

predicted by the algorithm. The aim would be to determine the number of successful
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FIGURE 3.2: A single migration step given a dynamic filter following the auction
algorithm described in the main text. As before, Breed A is indicated in red and Breed
B in blue, and animals that move during a market stage are indicated by lighter shading.
The market, consisting of animals that have not yet been assigned buyers, is indicated

by the green rectangle, and Breed A is preferred in both patches, pél > pgf 1> P51 - a)
mP (ki) K; animals move to the market, which consists of a total of s4 g = m(Ko+ K1)
animals. b) Animals of Breed A are first sold according to the number of buyers and
wealth distributions of the two patches, followed by Breed B animals. In this case,
all buyers from Patch 0 obtain the preferred Breed A animals, with unsold Breed A
animals are assigned to Patch 1 buyers. Remaining Patch 1 buyers are assigned Breed
B animals. As there is sufficient supply to satisfy all buyers, sa g > 2b, b animals
are bought by each patch. In all cases, buyers show no preference for either local or
non-local animals, such that the origin of each animal has no impact on its assignment
to a buyer. ¢) Any animals that remain unsold due to excess supply are returned to
their home site. Dashed lines indicate final occupants of each patch.

bids being made by wealthier Patch 0 buyers given by and b1, the number of animals
present in the market, and the wealth distributions W (0) and W (1). This would have
the substantial advantage of facilitating mathematical analysis of auction behaviour.
However, the cost is accuracy, and in this work we are primarily in obtaining an un-
biased and detailed exploration system behaviour. We therefore take an intermediate
approach, offering further comments on the problem in Appendix 1, §3.3.6. We note in
passing that the problem involves finding the size of ordered sets of order statistics, and

that a more robust approach is suggested by recent work in the statistical literature [305].

Simulating auction behaviour

Instead of stochastic simulation of the auction at every migration update step, we chose
to determine the average outcome of each relevant auction in advance of our main
system modelling (as described by the update Egs. (3.1 - 3.3)). We simulated bidding
order behaviour for 50,000 auctions in which equal numbers of buyers from each patch,
b = by = by, submitted a bid drawn from the wealth distributions W (0) and W (1),
calculating for each replicate the average number of bids from Patch 0 above the n'®
highest bid, wy ® " This can be used to retrieve yf, the absolute number of Breed s
animals won at the auction by Patch i buyers. For example, if there are b buyers and

n Breed A animals at the market, and Patch 0 buyers prefer to obtain Breed A, then
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yé“ = wy b if b > n and yé“ = b if b < n. An important methodological point is that
in taking the average number of successful bids for the finite good, we allow the trade
of non-integer numbers of animals. Our value choice of K (which determines overall
supply at the market) and b, then, are somewhat arbitrary, with their relative values

being more important than their absolute values.

In our Dynamic Filter 1, selection is for Breed A in both patches and all buyers have
preferences P64,1 > pgl > ,06"”15{. Assuming, by convention, that P(&w ) > §wry) > 0.5,

animals here move according to

P = min (272, ), o
Yo' = min (wglK(Ao(tHAl(t))’b, b ), (3.9b)
P =y — (3.9¢)

yf"B = min <2mK = y64’B, b ), (3.9d)
A = min (mK(Ao(t) + A1) —yd, b ) (3.9¢)
f = -yt (3.9f)

To obtain the correct system of equations for each auction step, the number of relevant
animals must be substituted into the wy  terms. Note that we do not include unsold
animals in these equations, but that, as detailed below, we do not need this information
to calculate migration rates. We also explore a second example, Dynamic Filter 2, in
which selection favours Breed A in Patch 0 and Breed B in Patch 1. Breed preferences
are now pjt > pf > p@g and pP > pft > p‘f‘g . In this case, animal movements are
described by

yibP = min <w§mK’b, b ) (3.10a)
y& = min (mK(Ao(t) + Ay (1)), yioP ) (3.10D)
= min (5" — v, K (Bo(t) + Bi(1)) — oF) (3.10¢)
y P = min (2mK — P b ) (3.10d)
yB = min (mK(Bo(t) + Bi(t), ybP ) (3.10e)
yi' = min (yf’B —yi' MK (Ao(t) + Ai(1)) — yé‘)- (3.10f)

The next step is to determine migration parameters, 777, from the absolute number of

animals moving. The correct normalisation for migrating animals takes into account the
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proportion of Breed s animals originating at the source patch 7 rather than locally, and
the total breed occupation in Patch ¢. When i # 7,

K

. ( ﬁmi(t)K
"5 = i (O K + sy (t)
vy

= Kl 1 7, 0) (3.11)

=) /(DK

To obtain the proportion of stationary animals, we simply solve 7 =1 — w5, Substi-
tuting migration parameters from Eq. (3.11) into the deterministic model described by
the update Eqgs. (3.1-3.3) yields very similar results to a stochastic model in which se-
lection and population regulation are applied according to Egs. (3.2 3.3) but the market
algorithm described above is simulated stochastically (Fig. 3.10).

3.3.3.3 Simulation modelling

We have now defined four static migration filters designed to provide a coarse represen-
tation of plausible market-induced migration biases, and also two dynamic filters that
capture a more realistic market algorithm. In each case, we have been able to suggest
the migration parameters, ij, needed to appropriately modify the genotype-dependent
migration model described by Bolnick and Otto [267]. Our simulation work involved
investigating the impact of markets in biasing animal movement patterns by iterating
the update rules of this deterministic model, Eqs. (3.1, 3.2, 3.3), to obtain the static
distribution of breed occupation at each patch. In the main text of the paper we ex-
plore symmetric initial conditions x;(0) = 0.5, with a wider range of initial conditions
presented in Appendix 4 (§3.3.9results are qualitatively unchanged). Each simulation
consisted of 500 iterations, although far fewer generations were usually needed to ap-

proximate the static state across most of the parameter spaces explored.

We focus on the role of core migration rate, m, market-induced migration bias (d,, in the
static filter models, AW and b for the dynamic filter models), and selection strength,
s, in determining the equilibrium breed occupation in the two patches, and retrieve

phase-space diagrams based on these parameters (Figs. 3.3, 3.4, 3.6 and 3.7).

To further explore the behaviour of these market filters, we plot the temporal evolution of
breed occupation in the two patches and patterns of trading between them, Figs. 3.5 and
3.8. This highlights the importance of migration in causing unequal patch occupation,
and hence influencing the local effect of population regulation. We therefore assess
the way in which local birth and death rates are influenced by migration at system
equilibrium, Fig. 3.9. As overly large death or birth rates may be implausible in real

systems, this gives an indication of the plausibility of results under different model
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parametrisations. We explore alternative implementations of population regulation and

sensitivity to initial conditions in Appendices 2 and 4.

3.3.4 Results

We present our results for the static market filters, followed by those for dynamic market
filters. In each case, we find notable deviations from system behaviour expected under

unbiased migration.

3.3.4.1 Static Market Filters

We first assessed the implications of a static migration bias on a model in which selection
favours Breed A in both patches, sél =1 and 551 =1-35,0< s <1. In the absence
or migration, or when migration is not biased, a stable equilibrium in which Breed A is
fixed is expected. As shown in Figure 3.3, applying a market model using Static Filter
1 can break this behaviour. A highly unexpected pattern emerges whereby moderately
strong migration bias can lead Breed B to reach high equilibrium frequency in ‘poorer’
Patch 1, while Breed A may not reach fixation in ‘richer’ Patch 0. The normal and

expected course of evolution can be disrupted by this form of migration bias.

m =0.05

0 0.2 0.4 0.1 0.3 0.50 0.2 0.4 0.1 0.3 0.50 0.2 0.4 0.1 0.3
Selection strength, s

FIGURE 3.3: Equilibrium occupation given Static Filter 1 when selection is against
Breed B in both patches. Each pair of plots shows Breed A occupation in Patch 0,
Aq(t), and Patch 1, A;(t), on the left and right respectively. A 40*40 evenly spaced
grid of selection and migration bias parameter values was sampled using 500 iterations
of update rules Egs. (3.1, 3.2, 3.3), with migration parameters according to Eq. (3.4).
Equilibrium behaviour when migration is unbiased corresponds to 4, = 0.

As discussed above, Static Filter 1 is a highly specific representation of the market.
We compare our results for this model when m = 0.1 to Static Filters 2, 3 and 4 in
Figure 3.4. In three of the four Static Filter variants, similar anomalous behaviour is
apparent. Static Filter 2 reduces the strength of the migration bias affecting Breed A,
and reduces the size of the area of parameter space in which negatively selected Breed
B fixes. Placing a migration bias on Breed A only, Static Filter 3, can cause Breed A
to reach a lower equilibrium in ‘richer’ Patch 0, such that wealth differences promote

a disadvantageous outcome for both patches. Static Filter 4 describes a situation in



Chapter 3 Modelling animal markets: distributions of species and genes under
dynamically biased migration 101

which Breed A migrates in an unbiased way but movement of Breed B is biased, and
leads Breed A to become fixed whenever s > 0; the equilibrium expected under unbiased

migration is restored.

m=0.1

Static Filter 1

FIGURE 3.4: Equilibrium  occupation
given Static Filters 1 through 4, see Egs.
(3.4, 3.6, 3.7, 3.8), and selection against
Breed B in both patches. Plots were gen-
erated as described in Fig. 3.3. The
green vertical lines mark behaviour when
s = 0.0625, the parameterisation shown
to illustrate evolution of the system state
over time in Fig. 3.5 below.

Static Filter 2

Migration bias, 4,

Static Filter 3

Static Filter 4

0 0.2 0.4 0.1 0.3 0.5

Selection strength, s

These results are initially surprising, but are anticipated by the modelling of Ngoc et
al [266], who find that fast asymmetric migration in a Lotka-Volterra model, which is
very similar to the system we investigate, can strongly impact model behaviour. Our
observations can be further illuminated by observing the temporal evolution of patch
occupation and migration behaviour, shown for Static Filters 1 and 3 in Figure 3.5.
The rate and manner of approach to equilbrium depends on d,,. Focussing on patch
occupation, long-time behaviour sees a roughly exponential approach to equilibrium. At
short times, which for s = 0.0625 corresponds to ¢ < 10, a transient trend away from
the equilibrium is sometimes apparent, suggesting that the system dynamics are being

determined by multiple opposing processes.

To understand the equilibrium distortions we observe, it is easiest to consider the case of
Om = 2.0m, under which migration is solely one-directional for animals that are subject
to the migration filter. Given Static Filter 1, this corresponds 7} = Wﬂ] = 2m and

775‘1 = wﬁ) = 0. As selection is against Breed B in both patches, Patch 0 must fix for
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Breed A at least as fast as if it subject to selection but no migration (Fig. 3.5, top-left
plot, solid line). Patch 1 will only fix as Breed A if the effect of selection overpowers that
of outward migration, and indeed the regime shift occurs at s = 2m (Fig. 3.3). When the
average migration rate of Breed A is halved, Static Filter 2, the transition of equilibrium
from Ag(oo) = 1, A1(00) = 0 to Ag,1(c0) = 1 for 6,, = 2.0m is correspondingly shifted

to s =m.

When 6, < 2m and m > 0, 7['1% > 0 and the equilibrium frequency of Breed A in Patch
0 must be less than 1 whenever Patch 1 contains any Breed B animals. In our Static
Filter 1 model, the impact of this back-migration tends to be low. Scenarios in which
migration forces Patch 1 to high Breed B frequency correspond to those in which 9, is
large and 71130 is therefore small. However, applying a directional migration bias to Breed
A only, Static Filter 3, breaks this dynamic, Figs. 3.4, 3.5. Under such conditions, both
patches may exhibit low-Breed A equilibria. Essentially, the effect of biased migration
in suppressing selection in Patch 1 is sufficient to cause emigration into Patch 0 to be
dominated by Breed B animals, which in turn can over-power selection in Patch 0. This
narrative can be seen, for example, in Fig. 3.5 (Static Filter 3, d,, = 2, solid black line;
also see Fig. 3.24), and is also relevant to our understanding of unusual behaviour in

the dynamic migration models.
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Static Filter 1 Static Filter 3

FiGUrE 3.5: Temporal evolution over 100
time-steps for two systems incorporating a
static migration bias, Static Filter 1 (left)
and Static Filter 3 (right), when selection
is in favour of Breed A in both patches
and s = 0.0625. The core mase migration
rate, m = 0.1, and each line represents
a migration bias, dm, sampled evenly in
the interval 0 < §,,, < 2. Three cases are
higlighted using black lines - no migration
bias (4, = 0, dot-dash), moderate migra-
tion bias (d,, = 1, dashed) and strong mi-
gration bias (d,, = 2, solid). The top two
rows show, respectively, the changing pro-
portion of Breed A in Patch 0 and 1 over
time. The bottom three rows focus on net
movements of the two breed types between
patches (with positive movements indicat-
ing migration from Patch 0 to Patch 1, and
negative movements the converse), and on
the imbalance in patch occupation created
by these movements - which leads to mar-
ket mortality.
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We can gain further insight into this narrative and the role of biased migration in mod-
ifying patch occupation by considering market behaviour through time, shown in the
lower plots of Fig. 3.5. In particular, this highlights the critical role of population
regulation in allowing migration biases to change the global frequency of breeds. Net
migration out of a patch leads to excess population growth for those animals that re-
main (and reduced growth for emigrants). The extent of market induced mortality -
which is just the net movement of animals in a generation, and hence the imbalance
in total patch occupation created by migration - gives an indication of how strong this
effect is. Note that high-d,,, which often leads to lower Breed A occupation equilibria
in these models, does not necessarily correspond to high market-induced mortality. A
clear example is Static Filter 1 with s = 0.0625 and 6,, = 2.0m, which has equilibrium
occupation Ag(t) =1 and Ay (t) = 0, resulting, by Eq. (3.4), to no migration at all.

3.3.4.2 Dynamic Market Filters

We have argued that dynamic migration filters are better able to represent the market
process. Interestingly, the dynamic filters that we explore also lead to strongly anoma-
lous equilibrium behaviour as compared to expectations under unbiased migration. In-

deed, the outcome for the wealthier Patch 0 is often be worse, with lower high-quality
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Breed A occupation, than is seen given a static migration filter.

While we explore the systems using normally distributed wealth, we emphasise that the
ordering of bids is the only important factor in retrieving migration parameters, such

that identical results will arise using log-normal wealth distributions.

W=1 oW =2 oW =4

m

Migration rate,

—0.0

=)
n Y
| - - m
= 0.
0.0

Selectlon strength s

FIGURE 3.6: Equilibrium Breed A occupation given Dynamic Filter 1, with s0, N4 =
1 and 50,1)% =1 —s. Three wealth differences are shown, with W (1) = N(0,1) and
W(0) = N(6W, 1), such that Patch 0 buyers are wealthiest in the right most column.
The number of buyers coming to market from each patch also varies, with least buyers
in the top row of plots and most in the bottom row. The red dotted line indicates the
migration parameter at which supply equals demand 2b = 2mK, and the dahed line
b= 2mK. As in Fig. 3.4, the green line indicates the s = 0.0625 regime explored in
Fig. 3.8.

When selection is against Breed B in both patches, and both patches contribute the same
number of buyers, b, with purchasing preferences po 1(A) > po.1(B) > po1(AB), we have
Dynamic Filter 1. Using Eqgs. (3.9, 3.11), we explore the impact of core migration rate,
selection, number of buyers and wealth difference in Figure 3.6. When supply exceeds
demand, mK > b, both patches fix for Breed A. However, when demand is greater than
supply the exact opposite can occur, with negatively-selected Breed B rising to high
equilibrium frequency or fixation in both patches. This is behaviour constrasts starkly
with models incorporating unbiased migration and supports our observations based on
the static filters, Figs. 3.3 and 3.4 - specifically, that biased migration due to market
effects may counteract artificial or natural selection pressures, and lead to evolutionarily

anomalous outcomes.

When selection is for Breed A in Patch 0 and Breed B in Patch 1, we might naively
expect market forces to promote the sorting of animals into their respectively favoured
patches. In this case, preferences are po(A) > po(B) > po(AB) for Patch 0 and pi(B) >
p1(A) > p1(AB) for Patch 1, and we have Dynamic Filter 2. Following the theme

of our previous results, Figure 3.7 shows that the opposite can occur. Again, when
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supply exceeds demand, Breed A fixes in Patch 0 and Breed B fixed in Patch 1. When
demand is greater than supply, we find that the richer Patch 0 often fixed for Breed
B, which is locally negatively selected. This model provides an interesting example
of wealth differences leading to a less positive outcome for the richer patch, but an
optimum result for the poorer patch, a phenomenon that appears as soon as demand

exeeds supply and and is in evidence even for relatively low wealth inequality.
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FIGURE 3.7: Equilibrium occupation given Dynamic Filter 2, with s = s = 1 and

s = s{' =1 —s. See caption of Fig. 3.6 for details.
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FIGURE 3.8: Temporal evolution over
100 time-steps for the two dynmic mi-
gration filter systems, Dynamic Filter
1 (left) and Dynamic Filter 2 (right).
For Dynamic Filter 1, selection favours
Breed A in both patches, while for Dy-
namic Filter 2 selection favours Breed
A in Patch 0 and Breed B in Patch
1. In both cases s = 0.0625, and each
there are 50 buyers from each patch.
Each line corresponds to a different mi-
gration rate, sampled uniformly in the
interval 0 < m < 0.5. Now, black lines
indicate no migration (m = 0, dash-
dot), moderate migration (m = 0.25,
dashed) and high migration (m = 0.5).
See the caption of Fig. 3.5 for further
details.
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As before, these behaviours can be inves-
tigated by observing the time-evolution of
the system state, Fig. 3.8. A pattern that
is similar in spirit to that noted in our
static filter models is apparent. Wealthy
buyers from Patch 0 purchase the desir-
able Patch 1 Breed A animals, leading to
or supporting the increasing Breed B fre-
quency in Patch 1. As Breed A becomes
rare in Patch 1, most animals that it con-
tributes to the market are Breed B, and
now wealthy buyers from Patch 0 pur-
chase these, driving down the local fre-
quency of the higher-quality and preferred

Breed A animals.

Turning to the details of our auction
algorithm, it is clear that a core rea-
son for this is the strict ordering of
breed preferences, whereby wealthy Patch
0 buyers always prefer to purchase a
low-quality animal over no animal at
all.

ulation regulation in allowing migra-
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ish buyers nevertheless seek to ob-
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will lower the quality of the local
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3.3.4.3 Market mortality and initial conditions

In all cases, model behaviour is not radically altered by using alternative initial con-
ditions, Appendix 4 (§3.3.9), although some differences are apparent in the Dynamic
Filter 1 model where selection is globally equal. We do not prove robustness to initial
conditions in any of the models, though our numerical investigations suggest dependence
cannot be large (excluding special cases such as the unstable fixation of negatively se-

lected species).

We have argued above that market-induced mortality due to population regulation plays
a critical role in model behaviour. To investigate this further, we determined the equi-
librium death rate in Patch 0 due to migration given Static Filters 1 and 3, and each of
the two dynamic filters, Fig. 3.9. The patterns observed for the dynamic filter models
were indistinguishable, and we therefore show results for only Dynamic Filter 1. In
the market models represented by the static filters, the combination of high levels of
selection and large migration bias are associated with a high rate of migration-induced
mortality. This suggests that such systems are not stable, with probable population
extinction in Patch 1. However, mortality in the region of the parameter space showing
most interesting equilibrium behaviour was not excessive, suggesting that the results we
observe cannot be discounted on these grounds. In the dynamic market filter, market-
induced mortality was largest when mN = b/2 such that demand was exactly double
supply. This is expected, as under such conditions richer Patch 0 has sufficient buyers to
submit a bid against a poorer Patch 1 buyer on every animal, which in turn maximises
the trade imbalance that leads to market induced mortality. Mortality is high, but not
always extremely so, throughout the parameter space leading to most interesting system

behaviour, see Figs. 3.6 and 3.7.
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FIGURE 3.9: Extent of net trade imbalance at occupation equilibrium under various

migration filters, which leads to market-induced mortality. For the static filter models,

core migration rate m = 0.1. For the dynamic filter model, number of buyers b = 50 and

wealth difference 6WW = 2. In all cases, carrying capacity in each patch is K = 100. The

trade imbalance is positive when more animals immigrate into Patch 0 than emigrate
out of it.
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The ultimate cause of this migration-associated mortality is our approach to population
regulation. In a regulation step, the total population in each patch is merely normalised
to 1. This implies a potentially very large birth or death rate, which in turn implies that
markets are rare events. We re-implemented the Static Filter models to incorporate an
alternative model of population regulation through the Beverton-Holt [306] equation,
which allows population filling to differ from the carrying capacity K and can be used
to include less dramatic density dependent growth or mortality,
n;(t)Ro K

milt+1) = 2— (Ro~ )md) (3.12)

where n;(t) is the population size in Patch i at time ¢ and Ry is the maximum growth
rate. As our results did not qualitatively change, they are included in Appendix 2, §3.3.7.
Briefly, we found that the region of the parameter space leading to equilibria unexpected
under unbiased migration depends on the maximum growth rate, with low Ry reducing
the size of this region. Furthermore, using Eq. (3.12) to relax the strict population size
constraint applied in our standard model of population regulation, Eq. (3.3), lead to a
considerable reduction in migration-induced mortality as well as an imbalance between
population sizes, with the poorer patch containing fewer cows. We also simulated the
Dynamic Filter 1 and Dynamic Filter 2 models with Beverton-Holt growth, confirming
that the previously observed system behaviours can remain, depending again on the

maximum growth rate Ry.

3.3.5 Discussion

In the above work, we have shown a variety of possible system behaviours that might be
caused by unconventional biases to migration rates. We have derived these migration
rate biases from various representations of the market process. Some of these behaviours
strongly contradict evolutionary expectations under unbiased migration. Our work does
not show that such situations should arise in the real world, but does highlight the
importance of properly considering migration biases, both whether these result from

economic forces or other factors.

Main Findings
We explored a system in which carrying capacity was equal in both patches and there
was no migration-associated mortality. Our main findings for such systems can be

summarised as follows:

1. When selection favours one animal type in both locations, migration biases can

lead to the fixation of the inferior animal type in one (Fig. 3.3) or both (Fig.
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3.6) locations. The evolution of the system involves the richer location buying
many desirable animals from the poorer location, and then, potentially, buying

undesirable animals from the poorer location as desirable ones become unavailable.

2. When selection favours different animal types in the two locations, market-induced
migration biases as represented by Dynamic Filter 2 can lead to the fixation of
the locally worse animal type in the richer location (Fig. 3.7). Economically, this
is related to individually selfish behaviour, in which rich buyers prefer to purchase
any animal rather than none, even if this leads to increased local mortality - a

tragedy of the commons.

3. Despite the potential for the migration filters implemented to create these two
system distortions, usually the majority of the parameter space explored yields
expected results whereby the fitter breed type rises to high frequency in each
patch, Figs. 3.4, 3.6, 3.7.

The fundamental implication is that migration biases can lead to system occupation
equilibria that are very different or even opposite to those expected given unbiased mi-
gration, a result that echoes some previous work [266]. Furthermore, in our Dynamic
Filter models even minor wealth differences may be able to drive a system in which
animals are traded to a state that is universally undesired. To understand whether such
scenarios might exist in the real world, it is useful to discuss aspects of actual animal

markets. For this, we turn to the case of the Indian market for cattle.

The contemporary Indian market for cows

Wealth and goods in the rural Indian economy flow through a network consisting of tens
of thousands of local markets - estimates range 21,000 to 47,000 [307, 308], and perhaps
70,000 [309]. The vast majority of these are haats, periodic markets held in larger
villages that often occur weekly [307]. Animals may be traded at general rural markets,
but the principle route is through specialist livestock markets. One report suggests that
1,300 of these were recorded in 11 states [198], though a count of 868 in Uttar Pradesh
alone [199] may imply a somewhat larger total. Exchange through social contacts is
also common [310]. The volume of livestock markets varies considerably, with reports
suggesting some markets hosting thousands of transactions per day [199], although the
largest cattle market in Maharastra is thought to process 65-70,000 transactions a year
[311]. A more standard range for local markets may be an annual total of 8 to 35
thousand [312].

The probability of cattle being bought or sold is substantially impacted by climatic
conditions [313, 314]. Nevertheless, some estimates of annual market participation have
been published or are easily inferred from studies - 10% [314], under 26.3% in ICRISAT
data and 10.1% in REDS data (estimates are elevated due to double-counting sales
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within villages) [310], perhaps 9% [315] (assuming 80% of arrivals are ultimately sold
and the markets serve around 1.8 million cattle in Raipur District, [316]), 21% [312].
Trading often focusses on castrated males, although this depends on local agricultural
practice (54.8% [312], 70% [315], 68.9% [313], 49% in ICRISAT data but 14% in REDS
data [310]). Clearly transactions involving reproductive animals are of primary relevance
to long-term population evolution, although as our work highlights crowding effects can

also be important in population models.

The structure of a trade between farmers can follow one of several channels, and es-
sentially involves four actors - buying and selling farmers, cattle traders, and brokers
[315, 317, 318, 311, 319, 320]. Cattle are either brought to the market by the farmers
themselves, or are bought by cattle traders who visit villages. Animals are then sold to
a buyer at the livestock market, usually directly to the farmer but sometimes through
cattle traders. Any transactions that occur at the market may be mediated by brokers,
who negotiate a mutually acceptable price in exchange for commission [321]. Price ne-
gotiation may be through hidden bids using the hatta method, and as alternatives to
brokers public bids by buyers or auctions may occur [318]. More middlemen and the
involvement of brokers tends to increase the spread between buyer and seller price, and
various market and transportation costs are incurred by parties who attend the market.
The rate of successful sales to livestock arrivals varies (80% [318], 23.2% [313], 64-75%
[322]), and animals that are not sold may be taken to subsequent market events or

neighbouring markets [318].

This brief summary clearly demonstrates the complexity of the market system. Not only
are multiple transaction channels used, but their popularity varies between markets (eg.
compare [315] to [319]) and also within markets according to the type of animal being
traded (eg. [320]). Different cattle types - bullocks and cross-bred milch cows, for
example - may also travel different distances to market, again depending transaction
channel [318].

Despite these complications, we can suggest that some parameters explored in our mod-
els are at least plausible. For example, the probability of a female cow going to market
might indeed be around m = 0.1 over a year, and the variation in supply and demand
based on climate suggests that demand may, at times, exceed supply, as is important for
anomalous behaviour given Dynamic Filters 1 and 2. Although not all animals are sold
on a given market day, this does not preclude the possibility that farmers prefer to pur-
chase worse quality animals over no animal at all, which is the effect of excess demand
in our models and likely a driving factor of the evolutionary trajectories they describe.
Roughly estimating the generation time of cattle at five years would suggest that our
standard approach to population regulation, Eq. (3.3), implies relatively slow market
events. However, applying the smoother Beverton-Holt population growth model does
not break our fundamental results (see Appendix 2, §3.3.7). In conclusion, then, while

we are well aware that more complex representations of the market, or of income, or
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of animal choice will broaden our understanding of the dynamics we identify, a pattern
of evolution in which the preferred and positively selected animal type does not reach

fixation appears possible.

Limitations and extensions of our model

The subject of markets and gene flow is a rich one, and we feel that progress in clar-
ifying the implications of trade in the distribution of genetic variation might be made
in a number of directions. Before discussing these, we focus on the limitations and
extensions of our specific model. By necessity, our initial investigation of gene flow in
an economic context is a simplification. Behaviour of the implicit human agents in the
model is rigid, with well-defined and stable preferences for purchasing different animals.
In reality, individuals will have heterogeneous demands for animal types depending on
their subsistence strategy and personal preferences. Furthermore, they are likely to
learn from their experience with different animals, and an adaptive representation of

the decision process would more accurately reflect human behaviour.

Perhaps the most dubious economic assumption we take is that supply and demand
are exogenous and inflexible. Our model does not allow for more agents to become
cattle producers when demand is high or for agents to leave the cattle trading business
when demand is low. Nevertheless, becoming a livestock herder will usually involve
entry costs, time, experience and, in some cases, may be an occupation that tends
to be inherited. Furthermore, the markets we aim to describe are small-scale, with
correspondingly limited supply of labour. As such, modelling the trading process as an
idealised, flexible market is also questionable. It will ultimately be necessary to use data
to quantitatively guide our models of animal movement as opposed to the qualitative

discussion we offer.

A second economic assumption of our models is the vastly simplified representation of
auctions, with disposable wealth perfectly correlated with the order in which individuals
can choose their preferred animal to purchase. The true complexity of animal markets
can be astounding, as hinted at in the example of Indian cattle markets, above. The
simplest extension to our model would be to add stochastic noise to the auction process,
such that the order of choice is no longer stricly according to wealth. However, more
detailed representation of the interaction between the various market agents would be
needed to assess what sort of stochasticity is appropriate and whether systematic biases

to bidding order are likely.

Our final economic point relates to the role of animals in the subsistence of herders, and
specifically the connection between disposable income and animal ownership. In our
models, these are not linked. Although it depends on the assumptions used, we would
usually expect models in which disposable wealth is an increasing function of herd size

to promote to wealth condensation, increasing wealth inequality between and within



Chapter 3 Modelling animal markets: distributions of species and genes under
112 dynamically biased migration

patches. While the distribution of cattle ownership has been suggested to approach
a power-law among East African pastoralists ([323], cited in [324]), less extreme log-
normal wealth distributions have been suggested for several agricultural societies (eg.
[325]). Ultimately, distinguishing between such fat-tailed distributions in data requires
care [119], but the important point is that wealth inequality can be substantial, with
the probable implication that present resources promote the acquisition of future re-
sources. We note that income is often approximated by a log-normal distribution [326],
and if this is the case then the behaviour of our dynamic filter models (which rely on
ordering of bids rather than absolute bids) over a given generation should hold. If the
wealth distributions of patches diverge, we would expect the parameter space over which

undesirable evolutionary outcomes emerge to become larger (eg. see Fig. 3.6).

There is a strong historic connection between livestock, investment and wealth - as-
sociations between the words for livestock and wealth are evident in many languages
[202, 205, 206], but a particularly illustrative example here is the the shift in meaning
in of the Sumerian word for ‘goat’, mds$’, which came to mean ‘tax’ or ‘rent’, and ul-
timately ‘interest’, in the late 3rd millenium BC [207]. A critical difference between
these phenomena is ecological carrying capacity, and our results cannot be simply ex-
trapolated to describe eg. trading of investments, which are most simply modelled as
growing exponentially. As mentioned before, our results are, qualitatively, robust to the
application of a more realistic Beverton-Holt model of population growth, see Appendix
2 (§3.3.7). Other representations, such as the swapping of animals between patches,
avoid migration-induced mortality entirely, however, and do not display the anomalous

behaviours identified in this study.

The final obvious limitation of our model is the use of two patches and two breeds. The
network of potential animal movements is clearly far more complex than two isolated
interacting villages or herds, and the implications of this should be explored. Alterna-
tive approaches could involve explicitly describing a possibly dynamic social network,
as in several agent-based models of trade from the archaeology literature [324, 327], of
through the use of observations of animal movements, as is often applied in livestock
epidemiology models (egs. [285, 287, 281, 286, 284, 282]). Furthermore, the use of two
animal types does not represent the range of domestic animals available to farmers. The
spread of complex genetic traits - such as those related to milk and meat production -
through economically linked populations is of particular practical interest, and exploring

models that better describe such a system is an important future challenge.

Models and reality

A natural question arises as to whether there are concrete examples of human-induced
migration biases among livestock leading to reversals in the selection-driven course of
evolution, and, if so, whether these have been driven by trade. Alternatively, what

data or situations might afford the identification of such a phenomenon? The challenge
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is two-fold. Firstly, it is difficult to determine the expected distribution of species or
breeds when migration is unbiased. Secondly, even if migration biases are observed or
inferred, there is a complication in teasing out the impact of these biases as compared

to other effects in what may be quite complex and dynamic systems.

Given these difficulties, progress is best made by returning to both the core structure
of our models and the core narrative implied by their results. In terms of fundamen-
tal features of the systems we explore, the potential for breed and directional biases in
migration patterns is critical, as is the possibility of migrating animals impacting herd
structure through population regulation. High and relatively inflexible demand is also
important when the market is represented by the dynamic migration filters we explore.
The most interesting narratives involve two processes - biased emigration reducing the
number of locally preferred animals among poorer herders, and high immigration of low-
quality animals diluting high-quality local stock in wealthier sectors of society. If the
distribution of animals more closely reflects our model systems close to equilibrium, then
it may be difficult to observe such trades. Rather, we might expect either to encounter
a situation whereby there is a deficiency of desirable animals among groups of herders
where a desired exogenous supply is present but unaccessable, or a deficiency among all
groups of an animal type that is desirable, locally viable and, when introduced, goes

extinct.

The wide range of agro-pastoralist groups, following different marketing and livestock
ownership strategies, make it difficult to draw general conclusions about local animal
trading. Nevertheless, it is possible to make relevant observations. Among surveyed
villages of Dagota pastoralists in Tanzania, households with fewer cattle sold propor-
tionally more of them, though less in absolute terms, and at lower prices [328]. Sales
were made to provide income for grain purchases, and it was considered possible that the
quality of animals being sold from households with few animals was lower. Although this
general pattern may support our model, in which desired animals flow to the wealthy
and the poorer group are forced to make sales, more information on the reason for
pricing patterns would be needed to draw unambiguous conclusions. Anecdotal reports
from development interventions involving livestock distribution suggest that the poorest

recipients have sometimes had to sell animals upon receipt [329].

Among Ethiopian smallholders, wealth, as well as recent livestock mortality, increased
the probability of herders being net livestock buyers [330], while owners of larger herds
were more likely to focus on sales [331, 330] and were also more likely to make at least one
purchase [330]. Overall, market participation was lower for households with small herds
[331, 330]. The impression here, then, is that wealth facilitates purchases, supporting
one aspect of our model. Herders with more animals are also more integrated into the
market system, and while they buy more animals - these being for reproductive purposes

- they also sell more. The details of market behaviour appear complex - for example,
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those with less land also tended to sell rather than buy animals, possibly reflecting
differences in subsistence strategy within the sample. The pattern of owners with larger

herds selling more animals was also observed among among Zambian farmers [332].

Overall, biases in the direction of animal transfers associated with wealth appear likely.
In some cases, characteristic geographic movement patterns among different breeds
through market systems have also been observed [313, 333], as well as local prefer-
ences in the breeds being bought by farmers for incorporation into herds [334, 335, 300],

such that breed and directional migration biases can occur.

In our models, price variation between animal types is an implicit outcome of the auction
process and a necessary driver of migration biases. Different species of livestock yield
markedly different market prices, but price premiums associated with specific breeds are
also commonly reported [318, 315, 336, 300, 334, 335, 337]. Such price information is
potentially useful in giving a qualitative indication of local preferences and supply/de-
mand dynamics. Price may be determined by a range of factors, but in the context of
our model it is interesting to note examples in which a more expensive and/or preferred
animal breed forms the minority of locally kept livestock (non-Zebu cattle breeds in
[300]; West African Sheep [334]; preference for sheep or mixed herd composition among
goat herders [338]). The situation in India is interesting, in that perhaps 80% of cattle
are considered non-descript desi animals [339], but these animals fetch lower prices at
market [318, 315, 336]. Such patterns do not confirm the presence of the dynamics seen
in our models, but would be expected under some scenarios, and do indicate that poor
farmers are unable to keep or breed their ideal animals. Cases of more common animals

being highly valued also exist (eg. [335]).

The sale of livestock to obtain cash is a common strategy when faced with one-off bills
or resource stress. As a result, drought can be a major factor in influencing commercial
destocking [195], with response often correlated with household wealth [340, 341, 342]. In
creating anomalous but predictable supply shocks, and the potential for a post-drought
spike in demand associated with restocking, drought conditions offer an interesting view
into animal movements given a market in a perturbed state. The impact of market
systems in spatially redistributing animals sold due to drought or economic stress has
been observed [313, 340, 333] and may be breed-specific. We are not aware of cases
whereby trade-related movements have been directly linked to increased population
pressure in neighbouring, non-drought districts; indeed, the nature of density-dependent
population growth in some livestock producing systems is debated [343]. Nevertheless,
the temporary re-location of migratory herds due to drought has been reported to cause

high mortality in a region outside the drought zone [344].

The role of markets in rebuilding stock after drought varies. East African pastoralists
have tended to rely more on reproduction in the surviving herd or on animal exchange

through social contacts [345, 346], though purchases do play some role [298, 346]. In
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agricultural communities, differences in engagement with the market during and af-
ter drought may be associated with wealth [347]. Animal prices often collapse during
drought and increase during recovery (eg. [298]), suggesting a relatively weak supply of
animals after drought events. This lack of supply coupled with a need to restock has
lead to difficulty in obtaining the preferred Boran breed of cattle among Ethiopian pas-
toralists, leading to genetic dilution of local stock [348, 349], which is one pattern that
can appear in our models. A more artificial case of excess demand leading to the import
of low-quality non-local animals comes from a restocking intervention aimed at help-
ing Eritrean refugees, which involved large purchases from traders who either couldn’t
source animals locally or chose not to do so in order to maximise profits [350]. In further
support of wealth-determined trade patterns, many of the refugee families had to sell a

portion of their new herds to buy food.

The above examples provide evidence for a substantial role of the wealth and breed
preferences of herders in influencing animal movement through trade. In some cases,
stated animal or breed preferences and the animals owned do not match, suggesting
that wealth is assortative in terms of herd composition. Furthermore, we have identi-
fied examples in which specific animal breeds move directionally through markets, and
highlighted specific cases in which temporary excess demand has lead to the import of
non-local animals and, in once case, breed dilution. Overall, it would appear likely that
wealth is a factor in influencing the animals available to a herder on the market, and
hence herd composition. However, direct evidence for the second narrative of our model
- in which rich herders ultimately own a less-desirable animal type due to the low market
supply that is, importantly, originally created by wealth differences - is not conclusive.
Data on the ability of livestock markets to satisfy breed and species demand for dif-
ferent wealth categories would help to clarify this. Our models suggest that situations
in which demand for animals is high - such as after drought or conflict, or potentially
during restocking or breed introduction programs - have greatest potential for increased
competition for animals between groups, and hence a more substantial role of wealth
differences in their movements. We note in passing that perhaps the most interesting
animal migration of all - the early spread of different livestock species after their domes-

tication - may provide an exceptional example of just such a high-demand scenario.

Beyond markets

We conclude by returning to the core attribute of our model - breed and directional
biases in migration. More than anything, this study shows that such biases, especially
when they are dynamic, can have profound and surprising impacts on model behaviour.
Such perversion of the normal course of evolution, as dominated by the classic forces
of natural selection and population growth, may be of considerable importance in the
spatial distribution of species and genes. It is possible that these effects go far beyond

human influence through trade, or human influence at all.
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Supplementary Information

On the counter-evolutionary effects of market mediated gene flow
G. S. Jacobs, G. A. Kaiping and T. J. Sluckin

3.3.6 Appendix 1: Auctions and bidding order

A central requirement when modelling the market as a Dynamic Filter was estimating
the migration implications of competitive bidding for a limited number of animals. This
involved making a simple approximation of what may be, in reality, quite a complex
process. In our example of the Indian cattle market, various different methods of bid-
ding, including secret and public bids, are used, and middlemen play a complex role in
matching buyers and sellers (see references in main text, §3.3.5). Although we hope to
explore this system in more detail in the future, the work presented here focusses on
theoretical results. It is nevertheless useful to highlight some of the implicit assumptions

made in our representation of auctions.

We first recall that our version of auction behaviour was based on the principle of
ordering bidders according to wealth and then allowing them to choose which animal to
buy in that order. This closely reflects desirable auction behaviour, in that sellers are

implicitly receiving high bids for the best animals.

In the context of real auction behaviour in the Indian cattle market, we require that
no stage of the bidding process - from observing cattle to commissioning middle-men -
introduces a bias to who wins an animal, other than a sorting through wealth. Thus, we
can imagine wealthier bidders getting more information on the auction such that they are
able to choose from a greater subset of animals, or quirks of middle-men commissioning
leading them to obtain their preferred breed type. However, we do not allow middle-
men to favour specific contacts, or for sellers to give preferential treatment to buyers
from their patch, or for information on animals to be biased according to local breed
knowledge. The fact that aspects of the bidding process and animal qualities may
be hidden is again assumed not to lead to wealth-independent directional biases. Any
complexities of the auction process must be absorbed by the rate of migration to market,
m, or the wealth distributions, W (0) and W (1). For example, W (0) and W (1) could
be re-interpreted as the marginal utility associated with wealth, or the extent of social
capital available in obtaining preferred animals, or the acuity with which a group is
able to correctly assess the quality of animals - although care would need to be taken

regarding any additional assumptions doing so might introduce.
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In addition to these limits on the details of matching buyers with sellers, we assume that
the specifics of the auction method are not critically important to the outcome. The
main point here is that prices are ignored, and that while bidding strategies might impact
the amount paid for an animal, they do not disturb the wealth-ordering behaviour of the
auction. While auction algorithms could be constructed to disrupt this core principle,

we consider it to capture the essence of what auctions are trying to achieve.

The question of who wins which animal, then, is essentially one of order statistics given
bidders from two different wealth distributions. For example, when preferences are
P64,1 > 969,1 > pﬁg , such that Breed A is most desirable in both patches, we want to
determine how many of the top mK (Ag(t) + Ai1(t)) bids, and of the top 2mK bids, fall

to buyers from each population. This is used to calculate the migration terms, 7

Eq. (3.1), using Eq. (3.11). We explored several approaches:

1. Stochastic simulation of the bidding process at each event, such that b random
numbers were drawn from each wealth distribution, W (0) and W (1), and ordered

then assigned animals appropriately.

2. Stochastic simulation of the average outcome of the bidding process. Here, the
auction process was simulated as above 50,000 times, and the average ordering of
bids recorded. We then deterministically use this average behaviour to determine
wy ’b, i.e. the number of individuals from Patch 0, given b buyers from each patch,

to win the n'® highest bid or above.

3. Using a deterministic approximation of the ordering behaviour given b and the

wealth distributions, as described below.

The results of the three methods for our model given Dynamic Filters 1 and 2 are
shown in Fig 3.10. As the second approach - stochastic simulation of average auction
behaviour only - demonstrated good accuracy while dramatically speeding up simula-
tions and avoiding complications in assessing convergence to equilibrium, we followed

this method in the main work.

Making a deterministic approrimation of auction behaviour

To suggest possible deterministic approximations of bidding order behaviour when by =
b1 = b, we first used stochastic simulations to visualise the ordering of bids from each
patch (see Fig. 3.11, left). We focussed on wealth distributions W (0) = N(AW, 1) and
W(1l) = N(0,1), with AW > 0, such that Patch 0 is at least as wealthy as Patch 1.

Two limiting behaviours are implied. When AW = 0 there is a relationship
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Ficure 3.10: Comparing equilibrium behaviour given a market represented by Dy-
namic Filters 1 and 2 using different approaches to calculating migration parameters,
mf;, with b = 50 and 0W = 2. The parameter space of selection coefficient, s, and
migration rate, m, was evenly sampled as a 40*40 grid in the ranges [0,0.5]. In the
left-most plots, stochastic auctions were simulated by explicitly drawing the wealth of b
buyers from each distribution W (0) and W (1), placing these in wealth order, and then
distributing available animals at the market according to buyer preference in wealth
order. For each parameter combination, we performed ten replicates of 500 genera-
tions and averaged model results. The middle column of plots show a semi-stochastic
approach in which average auction behaviour was determined using 50,000 simulated
stochastic auctions, stored, and then used to deterministically determine auction re-
sults. The right-most plots show system equilibrium when a piecewise linear approxi-
mation of auction behaviour, see Eq. (3.17) and Fig. 3.11, was applied. We chose to
use the semi-stochastic approach in the body of this work.

wi? ~ —0.5(2b —n) + b (3.13)
mn

-2 (3.14)

This simply shows that each patch has an equal probability of being a buyer for any
animal, and therefore that half of the bids over a given cut-off are from each patch. The
second limiting behaviour occurs when the difference in wealth distributions between
the two populations is so large that the top b bids are all made by buyers from the

richer Patch 0. This is represented by a piecewise linear relationship, with

wg’b ~b  whenn > b, (3.15)
wg’b ~n when n < b. (3.16)

We found the equation

n,b

W %ag+ﬂ (3.17)
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to interpolate between these regimes, with a = [1,14+0W] and 3 = [§W (b— %), 0] under
conditions [n > b,n < b]. 0W is a measure of the wealth difference between the two
normal wealth distributions, and corresponds to the probability that a random buyer
from the richer Patch 0 will make a higher bid than a buyer from the poorer Patch 1,
minus the converse. We obtain this from the difference distribution of the two normal
distributions N (1(0),0(0)) and N(u(1),60(1)), which gives W(0) — W (1) = N(u(0) —
p(1),0(0) +6(1)), according to 6W = 1.0 — 2Fyy()—w1)(0) with Fx(z) the cumulative
distribution function at z for distribution X. We emphasise that this piecewise linear
function is only an approximation of ordering behaviour, but that there is quite close

correspondence between Eq. (3.17) and fully simulated stochastic auctions (Fig. 3.11).

We note that this model always given an approximation of wy  that is less than or
equal to the true value. Using non-linear fitting, as opposed to any analytic reasoning,

we found the equation

—OW 2y (W —0.5) + b,b)  where z =2b—n (3.18)

n,b .
wy” A min(

to provide a reasonable upper-bound to ordering behaviour. We do not explore the
problem of bid order given buyers from two distributions here, but note that recent
work has considered what is essentially a very similar problem and may offer better

approximations than those suggested above [305].

3.3.7 Appendix 2: The Beverton-Holt model of population regulation

In the main text, we identified the role of population regulation as a critical factor in
leading biased migration to alter breed distributions. In the model of Bolnick and Otto
[267], regulation simply involves normalising total occupation in a patch to 1 (or K if
population size, rather than the proportions of different breeds, is being tracked). If
occupation is far from that equilibrium, this can imply very rapid population growth
or very high mortality. We therefore implemented a model using the Beverton-Holt
growth equation [306], Eq. (3.12). This is a discrete-time equation describing logistic
growth, and is parametrised using carrying capacity K and a maximum growth rate, Ry,
corresponding to the rate of population growth under ideal conditions. When Ry > 1,
the population will grow if 0 < n < K and shrink if n > K.

We show behaviour of our Static Filter models with K = 100 and Ry = 2.0 (Fig. 3.12)
or 1.25 (Fig. 3.13). The main effect of using the Beverton-Holt growth model on the
phase space we explore is to compress the region that leads Breed B to fix in Patch 1.
The manner in which this occurs is interesting, in that the greatest impact is on the
(often) least relevant high-migration bias high-selection difference regime. We show the
impact on mortality caused by biased migration and the relative population sizes of the

two patches at equilibrium, this time with Ry = 0.5, in Fig. 3.14. There is a pronounced
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FIGURE 3.11: Average stochastic bid-order behaviour (50,000 replicates) as compared
to simple piecewise linear and quadratic approximations using Eqs. (3.17, 3.18). Each
line represents a number of buyers, b = [2,4,6, ..., 48, 50], involved in the auction from
each patch. Buyers from Patch 1 have wealth sampled from W (1) = N(1,0), while those
from Patch 0 have wealth sampled from W (0) = [N(1,1), N(2,1), N(4,1)] in the top,
middle, and bottom rows respectively. These correspond to weath differences dW =
0.383,0.683 and 0.954. For each b, the x-axis describes the number of bids remaining
after n bids, and ranges from 0 to 2b. In the case of the approximations of auction
behaviour, the average stochastic behaviour is indicated in red for representative values

of b.

reduction in mortality caused by biased migration as compared to the system we explore

in the main text, see Fig. 3.9. Intriguingly, strong migration biases ,which are intended

to represent large wealth differences, either lead to a situation in which the population

size of both patches is similar but the proportion of Breed A is different (top-left of the

phase space, low s) or to a situation in which both patches are fixed for Breed A but

have dramatic differences in herd size (top-right, moderate to high s).

We also investigated the behaviour of Dynamic Model 1 given the Beverton-Holt model

of population regulation. We again considered a system with carrying capacity K = 100
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FIGURE 3.12: Equilibrium occupation behaviour given a static migration filter and se-

lection against Breed B, using a Beverton-Holt growth function with maximum growth

rate Ry = 2.0. The rows correspond to four different types of biased migration filter,
see caption of Figure 3.3 for details.

and either Ry = 2.0, Fig. 3.15, or 1.25, Fig. 3.16. When population growth was
high, the system equilibrium behaviour was extremely similar to that observed using
our standard model of population regulation, see Fig. 3.6. The unusual behaviour
apparent in the lower-right subplot, when 6W =4, b = 50 and s ~ 0.3, m ~ 0.4, did
not appear to be a numerical error, and arose after a rather complicated population size
and composition trajectory, emphasising the complex interactions between a variable
market supply (due to population size changes) of evolving composition coupled with
constant demand. The population size in each patch when Ry = 2 at equilibrium is
shown in Fig. 3.16. The scale emphasises over-filling (n > K). As buyers from Patch
0 are better able to purchase animals, there is a relative increase in Patch 0 population

size compared to Patch 1.

When we applied the Beverton-Holt growth function with Ry = 1.25, the system equi-
libria changed over much of the parameter space, especially when the wealth difference
was high. Under such circumstances, the impact of buyers from Patch 0 purchasing all
or most animals arriving at the market from Patch 1 was sufficient to overpower local
population growth in Patch 1, leading to very low Patch 1 population sizes. In such

conditions, Patch 1 no longer contributed to the market, but could also import very
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FiGURE 3.13: For details see 3.12. Now the Beverton-Holt growth function has a
maximum growth rate of Ry = 1.25.

few animals from Patch 0 due to wealth differences - essentially, Patch 0 approaches a
situation where it evolves as an isolated population. Note that under such conditions,
local extinction of animals in Patch 1 would be likely if demographic stochasticity was
also modelled. Regions of the parameter space where the equilibrium population size of
Patch 1 is less than 10 are shaded in grey in Figs. 3.17 and 3.18.

More broadly, the impact of lower growth on the equilibrium system state under a given
selection and migration regime was similar to that observed for the static filter models,
Figs. 3.12 and 3.13. Specifically, the regime corresponding to evolutionarily unexpected
high Breed B frequency becomes compressed, such that a smaller degree of selection
against Breed B (lower s) is able to overpower the effect of biased migration and yield

a high Breed A frequency equilibrium.

Applying the Beverton-Holt growth equation to our Dynamic Filter 2 model resulted
in broadly comparable effects - very limited impact on equilbrium patch occupation as
compared to the standard model of population regulation when growth was fast (Ry = 2,
Figs. 3.19 and 3.20) and more pronounced impact when growth was slow (Ry = 1.25,
Figs. 3.21 and 3.22). As was the case with Dynamic Filter 1, for moderate wealth

differences (eg. dW < 2) at least the essential characteristics of system equilibrium
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FIGURE 3.14: Mortality caused by
migration (top row) according to
a static filter with m = 0.1 and
K =100, as well as population size
in Patch 0 (second row) and Patch
1 (bottom row), when a Beverton-
Holt growth function with maxi-
mum growth rate Ry = 1.5 re-
places the population regulation
model used in the main text. The
system is approximately at equilib-
rium, having run for 500 time steps
from initial conditions Ag(t) =
Aq(t) = 0.5.

FIGURE 3.15: Equilibrium occupation behaviour given migration according Dynamic
Filter 1 and selection against Breed B in both patches, with a Beverton-Holt growth
function with maximum growth rate Ry = 2 replacing the population regulation used
in the main text. See caption of Fig. 3.6 for more details on the construction of the

plots.
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FIGURE 3.16: Equilibrium population size when migration is according to Dynamic

Filter 1 and selection is against Breed B in both patches, with a Beverton-Holt growth

function with maximum growth rate Ry = 2 replacing the population regulation used

in the main text. Note the asymmetric colour scale emphasising population over-filling,

with white corresponding to n = K = 100. See caption of Fig. 3.6 for more details on
the construction of the plots.
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FIGURE 3.17: As caption of Fig. 3.15, but with the Beverton-Holt maximum growth
rate of Ry = 1.25.

behaviour when selection is low and demand just exceeds supply were unaffected by the

new growth function.
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FI1GURE 3.18: As caption of Fig. 3.16, but with the Beverton-Holt maximum growth
rate of Ry = 1.25.
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FiGURE 3.19: Equilibrium occupation behaviour given Dynamic Filter 2 migration

and selection against Breed B in Patch 0 and Breed A in Patch 1, with a Beverton-

Holt growth function with maximum growth rate Ry = 2.0 replacing the population

regulation used in the main text. Regions of the parameter space that lead to an

equilibrium local population of less than 10 are shaded grey. See caption of Fig. 3.6
for more details on the construction of the plots.
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FiGURE 3.20: Equilibrium population size when migration is according to Dynamic
Filter 2 and selection is against Breed B in Patch 0 and Breed A in Patch 1, with
a Beverton-Holt growth function with maximum growth rate Ry = 2.0 replacing the
population regulation used in the main text. Note the asymmetric colour scale empha-
sising population over-filling, with white corresponding to n = K = 100 and regions
of the parameter space that lead to local equilibrium population size under 10 shaded
grey. See caption of Fig. 3.6 for more details on the construction of the plots.
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FIGURE 3.21:

As caption of Fig. 3.19, but with the Beverton-Holt maximum growth

0.2 0.4
Selection

0.1 0.3
strength, s

rate of Ry = 1.25




Chapter 3 Modelling animal markets: distributions of species and genes under
dynamically biased migration

127

m

Migration rate,

b=10

b=25

b=50

0.5
0.4
0.3
0.2
0.1
0.0

0.4
0.3
0.2
0.1
0.0

0.4}

0.3
0.2
0.1

0.0
0

!

! ! !

FIGURE 3.22:

0.1 0.3

As caption of Fig.

0.50

L
0.4

!
0.2
Selection

L
0.1 0.3
strength, s

rate of Ry = 1.25

3.20, but with the Beverton-Holt maximum growth

110

90

70

50

30

10



Chapter 3 Modelling animal markets: distributions of species and genes under
128 dynamically biased migration

3.3.8 Appendix 3: A static market working with or against selection

For completeness, we have also characterised the impact of a our static migration filters
when the migration biases either support or oppose the assortment of breeds to their
more favourable habitats. The case of migration supporting the movement of breeds
(species) to their selectively favoured environments was explored by Otto and Bolnick

[267], and indeed our results are identical to theirs (Figure 3.23, first row).

The impact of placing the filter on one species only is of some interest, however, in that
a single invading trait that impacts migration would usually be expected to do so in
carriers only. We note that increasing migration bias will actually lead to a less-adapted
equilibrium than unbiased migration, even when the bias supports movement of one
species to it’s selectively favourable patch. This is clearly apparent in these plots when
migration is high, m = 0.4, for Static Filter 3 (see left plot, corresponding to Patch 0)
and Static Filter 4 (see right plot, corresponding to Patch 1). This result is interesting,
suggesting that the evolution of migration biases based on environmental cues which
are not density dependent (i.e. a particular habitat is preferred irrespective of local
population filling) may be unlikely. Taking Static Filter 3 as an example, we recall that
migration of Breed A from Patch 1 to Patch 0 is fast and Breed A movement in the
opposite direction is slow, 7r§‘1 = my, while ﬂﬁ] = my, and that Breed B moves at a
constant rate in both directions 77631 = ﬂﬁ) = m. An example evolutionary trajectory of
this model is shown in Fig 3.24. The evolutionary narrative is similar to that described
in the main text, with the migration biases leading to rapid growth of Breed B in Patch
1, which is then able to flood Patch 0 with Breed B animals and counteract their negative

selection.

For completeness, we also briefly characterised a model in which the migration filter
opposes selection. This shows extremely rich behaviour, Fig. 3.25. Note that in this
model we have reversed selection rather than the direction of the filter, such that Breed
B is favoured in Patch 0 and Breed A in Patch 1. An expected pattern that is easily
observed again involves the case of migration bias only effecting one breed. In such
circumstances, that breed will tend to go extinct (as occurs, given moderately low s, for
Breed A given Static Filter 3, and for Breed B given Static Filter 4). The behaviour
of a simple symmetrical migration bias, Static Filter 1, is also intuitive, with the bias

tending to oppose selection and reverse the expected equilibrium occupation.
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FIGURE 3.23: Equilibrium Breed A occupation given a static migration filter that
promotes the movement of breeds to their selectively favoured habitats. Patch 0 occu-
pation Ag(t) and Patch 1 occupation A; (t) are on the left and right of each pair of plots.
We explore the parameter space of selection strength, sg = s’f‘ =1-s, 564 = S{B =1,
with 0 < s < 0.5, and strength of migration bias. Results from three core migration
rates, m = 0.05,0.1,0.4, and four different migration filter models are shown. From top
to bottom, rows show Static Filter 1, Static Filter 2, Static Filter 3 and Static Filter
4, as described by Egs. (3.4-3.8) The parameter space was evenly sampled as a 40 by
40 grid, with the model allowed to run for 500 generations with each set of parameter
values.
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F1cURE 3.25: Equilibrium Breed A occupation given a static migration filter that acts
against the movement of breeds to their selectively favoured habitats. The selection
strength, 564 =sP=1-3, 5(])3 = 8‘14 =1, with 0 < s < 0.5. Other details are as Fig.
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3.3.9 Appendix 4: Robustness to initial conditions

To explore sensitivity to initial conditions, we re-ran our numerical simulations with the
starting population either as [Ay(0), A1 (0)] = [0.99,0.99], [A0(0), A1(0)] = [0.01,0.01],
[A0(0), A1(0)] = [0.01,0.99] or [Ay(0), A1(0)] = [0.99,0.01]. Our results for the static
market model (Figs. 3.3 and 3.4) and the dynamic model with opposing selection
regimes (Fig. 3.7) were virtually identical to those shown in the main text, and we
do not re-draw them here. However, we did observed differences in the behaviour of
the Dynamic Filter 1 model. Results for high ([A(0), 41(0)] = [0.99,0.99]) and low
([A0(0), A1(0)] = [0.01,0.01]) initial Breed A occupation are shown in Figs. 3.26 and
3.27 respectively, while those for imbalanced initial occupation regimes are illustrated
by Fig. 3.28 ([A0(0), A1(0)] = [0.01,0.99]) and Fig. 3.29 ([A0(0), A1(0)] = [0.99,0.01]).

The parameter space corresponding to fixation of Breed B shrinks when Breed A starts
at high frequency, Fig. 3.27. Nevertheless, different initial conditions do not entirely
disrupt the anomalous equilibrium behaviour, with globally low-fitness Breed B fixing,
of this model. In particular, there is still an high-frequency of low-fitness Breed B at

equilibrium when selection is low and demand just exceeds supply, which is the regime

that is most plausible economically and, depending on whether the breeds are taken to

represent the same or different species, biologically.
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. — 0.0
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Migration rate,

FIGURE 3.26: Equilibrium patch occupation given Dynamic Filter 1 and selection
against Breed B, with initial conditions [A4((0), A1(0)] = [0.99,0.99]. See the caption of
Fig. 3.6 for further details, and to compare system equilibrium behaviour.
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FiGURE 3.27: Equilibrium patch occupation given Dynamic Filter 1 and selection
against Breed B, with initial conditions [A(0), A1(0)] = [0.01,0.01]. See the caption of
Fig. 3.6 for further details, and to compare system equilibrium behaviour.
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FiGUurE 3.28: Equilibrium patch occupation given Dynamic Filter 1 and selection
against Breed B, with initial conditions [A4((0), A1 (0)] = [0.01,0.99]. See the caption of
Fig. 3.6 for further details, and to compare system equilibrium behaviour.
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FIGURE 3.29: Equilibrium patch occupation given Dynamic Filter 1 and selection
against Breed B, with initial conditions [A((0), A1(0)] = [0.99,0.01]. See the caption of
Fig. 3.6 for further details, and to compare system equilibrium behaviour.
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3.4 Some mathematical comments on the manuscript

In the manuscript presented above, we use simulations to explore a representation of
domestic animals flowing through a simple market system. We did not make any attempt
to mathematically analyse the model 7, and indeed I do not do so now. Rather, I
note that it is posisble to emphasise important properties of the model through simple
algebraic manipulation, and proceed by presenting some basic findings. I do not suggest
that these mathematical points are novel - the system we explore is very simple, as are
the questions I am attempting to clarify - but do suggest that they may help to elucidate

the behaviour of the system or guide further analysis.

For clarity, I begin by briefly re-stating our model system, quoting almost directly form
the manuscript above. The model consists of two habitat patches, Patch 0 and Patch
1, with carrying capacities Ky and K;. These are occupied by two animal breeds,
Breed A and Breed B. The system is updated according to a determinsitic update rule
consisting of three recurrence equations, which, given the proportion of Breed k in
Patch i at time ¢, 0 < k;(t) < 1, calculates the value of k;(t + 1). The three recurrence
equations are applied, in order, to calculate the proportion of Breed « in Patch ¢ after
migration between patches, k]"(t), selection in the patch, x{(t), and then population
regulation, ] (t), with the occupation of Patch ¢ at 41 equal to its occupation after the
regulation step of time ¢, x;(t+ 1) = ] (t). The first recurrence equation, corresponding

to migration, is,

2jeo1 Kjﬂﬁ‘(l — ¢ji)Aj(1)
ZneA,B Zje(),l Kj”ﬁ(l — ¢ji)hj(t)’

where 7% is the migration rate of Breed  from Patch j to Patch ¢ and ¢;; is the mortality

ATM(t) = (3.1 revisited)

associated with any migration from Patch j to Patch i. Selection then occurs,

st AP (1)
Z/{EA,B Sf’%gn(t) ,

where s represents the fitness of Breed « in Patch ¢. Finally, population regulation is

Ai(t) = (3.2 revisited)

applied, which is the last update step,

Ailt+1) = A7(1) = 5 ;ifgl$(t).

As stated in the manuscript, population regulation simply normalises the current oc-

(3.3 revisited)

cupation of the site to K, which allows us to follow the proportion of the different
breeds rather than their population sizes but can imply very high population growth or

mortality in a generation.

"It may be that my more mathematically able co-authors attempt to characterise the system more
fully in the manuscript we ultimately submit, or in other work.
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I will focus on the combined effect of migration and population regulation, as I have
argued that the interaction between these processes is critical in producing the ‘counter-
evolutionary’ effects observed in our modelling. I will first assume that selection does
not change the total population size in either patch. Under such conditions, the update
rule will still correctly describe the system I simulated if the equations are re-ordered
such that population regulation immediately follows the migration step. The combined
effect of migration and population regulation on the total proportion of Breed A in the

entire system (both patches) is

AP (Ko + AP (DK
Ko+ Ky
Assuming that the carrying capacity is the same in both patches, Ky = K; = K, and

Ay (t) = (3.19)

that there is no mortality associated with migration, ¢;; = 0, this can be written out in
full as Eq. 3.2 revisited

_ Ao (t)mgo + Ax (t)miy
2(Ao(t)mgy + (1 — Ao(t))7hy + Ar()miy + (1 — Ar(t))7{p)
Aty + Ao(t)mon
2(As )y + (1 = Ay()m ] + Ao()mgy + (1 — Ao(t))7h)

+

Ao(t)mhn + Ar ()i n
(AO( )(7700 7Too) + A (1 )(Wlo 10) + 776% + 7Tﬁ))
A1) 