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The widely used Bruggeman equations correlate tortuosity
factors of porous media with their porosity. Finding diverse
application from optics to bubble formation, it received
considerable attention in fuel cell and battery research,
recently. The ability to estimate tortuous mass transport
resistance based on porosity alone is attractive, because direct
access to the tortuosity factors is notoriously difficult. The
correlation, however, has limitations, which are not widely
appreciated owing to the limited accessibility of the original
manuscript. We retrace Bruggeman'’s derivation, together with
its initial assumptions, and comment on validity and limitations
apparent from the original work to offer some guidance on its
use.
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Introduction

Geometric complexity is a long-standing challenge in
efficiently describing transport problems within a contin-
uum setting. Although transport in some simple geome-
tries is analytically solvable, in even ‘mildly’ more
complex geometries transport must be treated numeri-
cally. Porous media can be found in applications as
diverse as heterogeneous catalysis, energy technologies
including fuel cells and batteries, geology and the oil
industry. It is surprisingly easy to envision a porous
geometry that would confound today’s formidable su-
per-computers, due to their heterogeneous networks with
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relevant length scales spanning several orders of magni-
tude.

A number of important transport problems have the
ansatz

FxVC, (1)

which connects a flux, F, linearly to a driving force, taken
to be the gradient of a potential, VC. Fourier’s law (heat
transport), Ohm’s law (charge transport), Fick’s law (dif-
fusive transport) and Darcy’s law (hydraulic transport),
among others, all express a flux as a linear response to a
potential gradient. The same linear relation is encoun-
tered in problems related to electromagnetism (perme-
ability) and fluid dynamics (viscosity). Laplace’s equation
follows from flux conservation if the proportionality factor
is a constant (i.e. it does not vary in space or time):

VF = V2C = 0. (2)

Solution of the transport problem is in some cases
straightforward as analytical solutions exist for a number
of simple geometries and boundary conditions [1]. More
complex geometries and/or boundary conditions call for
numerical methods such as finite difference or finite
element approaches. Owing to their simplicity, effective
medium theories, which aim to absorb local complexity
into effective transport coefficients, are popular. One such
relationship was developed by D.A.G. Bruggeman who
proposed a method to average locally for a number of
geometries [2], building on earlier work by Lorentz [3],
Lorenz [4] and Rayleigh [5]. The Bruggeman correlation
is widely used in different fields such as optics [6],
electromagnetics [7], in calculating thermal [8] and elec-
trical properties [9] as well as in electrochemical research
[10,11,12°] and in effective medium approximation mod-
els [13].

Notably, the simplicity with which it is possible to extract
effective transport parameters for a porous medium,
based solely on knowledge of its porosity, has made this
an attractive method. However, Bruggeman’s original
work, which dates back to 1935 and is published in
German, is not readily available in the English-speaking
scientific literature today. Moreover, Bruggeman did not
explicitly address the special case, which leads to the
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simple analytic expression relating the porosity to the
tortuosity factor which has become popular to describe
transport in porous media (cf., Eqn 17). In consequence,
there is some disagreement and general confusion in the
literature about the validity and applicability of Brugge-
man’s equation.

In an attempt to clarify the application and limitations of
this method, we retrace Bruggeman’s reasoning, leading
to the general formulation of his model for simultaneous
transport in a number of intimately mixed bodies (cf. Eqn
4) and highlight the connection to a popular form of his
equation for transport in one medium (cf. Eqn 17).

Motivation

The obstruction to free-space transport caused by the
geometry of a sample is commonly expressed by the
tortuosity factor. Several detailed reviews [14-16] have
surveyed the literature in this area. Besides the Brugge-
man correlation, many other theoretical and empirical
equations have been developed to approximate the tor-
tuosity factor. Among these, Maxwell’s porosity—tortuos-
ity factor relation [17] is probably the oldest and is still
widely used for analysis purposes [18,19].

There is substantial contemporary interest in the appli-
cation of the concept of tortuosity factor as a coarse-
grained expression of geometric complexity to model
mass transport in porous media. For example, the provi-
sion of reactant gases to electro-catalytically active sites is
known to limit the performance of fuel cells under high
current densities [20]. The extent of voltage loss due to
mass transport limitations is directly related to the micro-
structure of porous fuel cell gas diffusion electrodes and
transport layers. The tortuosity factor, consequently,
plays a vital role in modelling fuel cell behaviour [21-
23]. Similarly, the rate of transport of Li" through the
electrolyte in a flooded porous media is directly associated
with the microstructure in Li-ion battery electrodes
[10,12°]. In addition, tortuosity factor is an input parame-
ter in ‘Newman-type’ models of battery performance
[24]. Hence, understanding the effect of porous micro-
structures in electrochemical systems is vital to improve
cell manufacturing methods of support and electrode
layers and increase system efficiency across the whole
operating range.

The direct measurement of the tortuosity factor is non-
trivial, and consequently simplified effective medium
correlations have been widely applied. In recent years,
the development and proliferation of advanced three-
dimensional imaging techniques has provided for the first
time a quantified microstructural map of complex pore
geometries [25]. Subsequent combination of tomography
data with image-based models provides an alternative
route to tortuosity factor determination and a compelling
opportunity to directly evaluate the accuracy of effective
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medium correlations. Recent studies report conflicting
results on the validity of the Bruggeman equation: whilst
in some instances, tomography-based microstructural
simulations agree with the Bruggeman correlation
[26,10], substantial disagreement was observed in other
cases [27,28°]. It has become apparent that the character-
istic shape of the analysed microstructure has consider-
able bearing on the validity of the Bruggeman relation.
Especially, anisotropy and geometry are aspects of porous
materials that are not reflected by the Bruggeman equa-
tion.

The authors believe that the existing controversy around
the validity and applicability of the Bruggeman correla-
tion is partially due to the original work being difficult to
access and interpret. We, therefore, consider it worth-
while to revisit the derivation of the Bruggeman correla-
tion and comment on selected applications to support the
discussion with a better understanding of how the limita-
tions of effective medium correlations evolve from the
fundamental assumptions made to construct them.

Tortuosity and the tortuosity factor

Before moving to the details of the Bruggeman formula-
tion, it is important to clarify that the tortuosity, distinct
from the tortuosity factor, is another parameter related to
the geometry of a system. The tortuosity is the ratio of an
effective path length, L, to the edge length of the control
volume, L, and is often introduced in the literature using
asimplified 2D case, similar to one of the examples shown
in Figure 1.

Epstein [29] derives a relation between these two terms in
a short communication on the topic, which can be sum-
marised as follows: the diffusion through a simple, capil-
lary pore is proportional to its effective cross-sectional
area, A,, and inversely proportional to its length, L,. Also,
for any pore of fixed volume, doubling its length must
result in a corresponding halving of the cross-sectional
area. These two facts in combination suggest that the
effect of a length change on transport must be squared to
account for both the extra path length and the implied
reduction in area. This derivation can also be reframed in
terms of the area reduction or as a combination of length
and area. Eqn 3 shows the relation between these various
descriptions of transport obstruction and a tortuosity
factor specific to capillary systems, T yi/arys

L\*  [(ed\?  [el,Ag
Teapillary = (L_j;> = <E> = <LZA]) >7 3)

where L, and A, are the length and cross sectional area of
the control volume, respectively, and ¢ is the volume
fraction of the conductive phase. As Epstein makes clear
[29], this derivation is only valid when the structures
considered can reasonably be described using a capillary
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Figure 1
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Two common illustrations of the concept of geometrical tortuosity.

model (i.e. where the cross-sectional area normal to the
flow path is constant), which is rarely the case in the
highly complex electrode microstructures encountered in
fuel cells and batteries. Otherwise, the meaning of L, and
A, cannot be clearly defined; as in, for example, an hour
glass geometry.

The Bruggeman model

Regularly spaced and dilute inclusions

Lord Rayleigh [5] derived two formulae for effective
transport coefficients of cylinders and spheres embedded
into another phase on a regular quadratic (cubic) lattice.
These are based on the models of Lorenz [4] and Lorentz
[3] which relate the refractive index of a medium with its
density. While Lorenz and Lorentz considered the con-
sequence of molecular obstacles in the dilute limit, Loord
Rayleigh investigated the more definite case of regularly
spaced obstacles that cannot be regarded as small com-
pared with the distance between them. Using D and ¢ to
denote the transport coefficients and volume fractions of
the two phases, respectively, he showed that, when
&1 < &, the effective transport coefficient is given by

Det—Dy _, Di1—D;
Dett + 1D Dy +nD;’

“)

where A = &/e;, with # = 2 for spheres and # = 1 for cylin-
ders.

Lord Rayleigh’s paper provides insights into the use of
conservation laws to treat transport problems. He used a
spectral method to solve for the potentials, ¢/; and (),
inside and outside the spheres, respectively, imposing
continuity of the potential and conservation of flux

Gl ZGZ and DIVCI:DZVCZ

at the interface to solve for the coefficients of the series
expansion.

This formulation is also consistent with boundary con-
striction expressions for the effective transport coefficient
developed by Wiener [30]. It is, however, important to
note that Eqn 4 is only strictly valid for a square array with
the flux parallel to one of the lattice constants. Bruggeman
expanded on this by considering random structures.

Randomly placed inclusions

Bruggeman considered a process of embedding two dif-
ferent phases in a sample and based his reasoning on
these assumptions:

1. The sample consists of two homogeneous and isotropic
phases.

2. Each phase consists of particles that are small in
comparison to the sample size.

3. Each phase is randomly distributed in the sample.

Using the above assumptions connected to Rayleigh’s
derivation, he developed a theory based on a recursive
procedure, where each step of the recursion starts with an
auxiliary homogeneous medium having the target prop-
erty Deg. After embedding a small volume fraction, &/, of
phase one, the aggregate is approximated as a new homo-
geneous medium with the transport coefficient, Dy,
given by Eqn 4:

Diygy—Dese _ D1—Degg
Dl + nDes I

®)

Note that A >~ ¢; for &; < &,. The target property, Dy, 1S
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restored by embedding an appropriate amount &} of phase
two, which leads to

Degr—Dlg; _ Dy =Dl .
Degr + 1Dl 2D, + nD g

(6)

Adding Eqns 5 and 6 and setting Degr >~ D'y leads to

; Di—Dest

Dy —Degs
£ ! =0 7
YDy + nD. @

& =
2Dy + nDeg

This embedding procedure is repeated until the entire
volume is filled with small inclusions of phases one and
two, completely replacing the auxiliary homogeneous
medium, as illustrated in Figure 2. Each embedding step
produces an equation of the same type as Eqn 7, and
summation over all steps & + ¢/ + -+ = ¢ gives

. D1 —Deg . D —Deg _
! D1 —+ IZDeff : DZ + ”Deff ’

which is the main result of Bruggeman’s considerations.

(8)

Insulating second phase

Eqn 8 is commonly used if the transport properties of both
phases are comparable. A simpler relation, however, can be
obtained following a slightly modified procedure if trans-
port within one phase is negligible. This is often the case
when considering mass transport through porous media.
Instead of alternating between embedding small inclu-
sions of phase one and phase two in an auxiliary homoge-
neous medium, a small volume, A, will be taken out of a
homogeneous effective medium, initially consisting of the
homogeneous phase two (i.e., Dgﬂf = D;), and replaced
with an inclusion of phase one. This process is represented
in Figure 3, which shows a sequence of embedding and
averaging steps. The upper row shows the true geometry,
highlighting the full geometric complexity. The lower row
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visualises the spheres included in each iteration first as
superimposed onto the effective medium and then approx-
imately ‘dissolved’ into the effective medium, with the
changing effective transport property depicted by a change
of opacity. The addition of particles increases the opacity
(darker blue shade) of the sample volume, which reflects a
reduction in the effective transport coefficient.

With Dy =0, Eqn 4 can be written as

i i—1
Dgf*DLff ] _ _& 9)
i i—1
DY+ nD, " "
for the 7th embedding step. This recurrence relation is a

geometric series, leading to

Dgf n—nn\ 0]
= with D¢ = D;. 10
DZ n—+ A it off 2 ( )

This procedure is repeated N times until a volume
fraction, gy, is filled with the insulating phase. A total
volume V = NA will be replaced in the process. Taking the
limit

_ (n=n(V/NN\Y V(1+n)\  Des
dm () =ee(-1) =5 an

shows that D¢ decays exponentially with the exchanged
volume. After each iteration, the effective medium will
contain an increased amount of phase one. Hence, taking
out a volume, A, and replacing it with phase one will
increase the volume fraction of phase one by only

8%/]78?—1] = A(lfsgi_l]), (12)
because the removed volume, A, contained a fraction

)»8[1171] of phase one already. This is another geometric
series leading to

Figure 2
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Two dimensional representation of the Bruggeman iterative method with an axis showing the change in the diffusion coefficient within each

iteration compared to the target value, D
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Figure 3

Iteration 1

B

high

. . . - )
] low

Current Opinion in Chemical Engineering

Qualitative 3D representation of adding isolating spheres into a medium resulting in an decrease of the effective transport property Dgg. While the
upper row of volumes shows the true geometry which is changed by adding isolating spheres for each step, the lower row illustrates that after
each iteration, the insulating spheres are dissolved and the effective transport property of the medium is averaged highlighted in a change in

opacity.

i i measured gas diffusion through glass spheres and ob-
e = 1=(1-2)" (13)  served that values for the tortuosity factor lie between
Taking again the limit the Maxwell and Bruggeman correlation [18]. De La

Rue and Tobias (1959) achieved similar results when

) Y measuring the effective conductivity values of an elec-

ngnoo <1_ (N)) =exp(=V) =1-¢& = ¢, (14)  trolyte solution impeded by the presence of non-con-

introducing the result into Eqn 11 and dropping the phase
index leads to the particularly simple expression

D _ 8(1+ﬂ)/ﬂ
D

relating D¢ to the volume fraction, &, of the transporting
phase.

(15)

It is common practice to define the tortuosity factor, t, for
porous media such that

Desr &
= -, 16
D =% (16)

Hence, Bruggeman’s model predicts a tortuosity factor of
V2 in=2
T=<"
€

n=1

for random porous media. Likewise, the same embedding
procedure is applicable when considering electronic or
ionic conductivity through the solid phase of a porous
medium. Here, the ansatz is analogue to the case pre-
sented above, as the electron/ion transport through the
porous phase is negligible. Hence, the final equation
holds for transport phenomena through either phase, as
long as the remaining phase is insulating and Brugge-
man’s assumptions are adhered to.

(spheres)

(cylinders) (17)

Discussion
One of the first applications of the Bruggeman correla-
tion is found in the 1950s, where Hoogschagen (1955)

ducting spheres [31].

The ease of application of this correlation means that it is
still widely utilised to date, with particular recent em-
phasis in battery and fuel cell research. Its validity,
however, remains the source of some dispute.

Ebner e a/. have used tomography and simulation
techniques to image a range of battery electrode mate-
rials [32]. For characteristically spherical cathode mate-
rials, it was shown that calculated tortuosity factor
values of imaged battery electrode samples are close
to, but usually lie slightly above, the standard formula-
tion of the Bruggeman correlation cf. Eqn 17. For these
materials, there was no significant directional depen-
dence of tortuosity (i.e. the effective transport param-
eters in the x, y and z direction were approximately
equivalent). By contrast, for more heterogeneous struc-
tures, such as graphite anode materials, the non-sphe-
ricity led to a requirement for re-formulation of the
Bruggeman exponent (achieved using differential ef-
fective medium methods). A noticeable anisotropy in
directional tortuosity factor was observed for these
samples, mandating the use of different Bruggeman
exponents dependent on the direction of the effective
transport measurement.

Chung ez a/. simulated microstructure of different particle
size distributions and discovered that perfectly ordered
particle distributions result in tortuosity factors close to, or
below, the Bruggeman relation [33°].
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Thorat et al. have utilized experimental AC impedance
techniques to evaluate the transport properties of battery
separator and electrode materials. In this case, the Brug-
geman correlation systematically under-estimates the
tortuosity factor for both, electrodes and separators, and
they proposed an adapted form of the correlation to
compensate for their findings, namely, by using a pre-
exponential scaling factor [10].

We have also conducted extensive investigations, in
particular using X-ray imaging and image based model-
ling, to establish the transport parameters for SOFC [34°],
Li-ion battery electrodes [28°] and porous support layers
of oxygen transport membranes [35], in all three cases
noting significant deviation between the measured tortu-
osity factor and that predicted by Bruggeman. For all
cases, the Bruggeman correlation significantly under-esti-
mates the tortuosity for these complex, often heteroge-
neous material microstructures.

It is notable that the Bruggeman correlation, along with
many other theoretical and empirical correlations [see
Figure 4 for several models taken from a review by Shen
and Chen [14]], provides a narrow ‘band-width’ of pre-
dicted tortuosity factors for porosity values in the range of
30-70%. As this range is co-incident with typical pore
fractions for many working electrode systems, it is easy to
mistake a coincidental similarity between measured and
predicted tortuosity for a true correlation.

This uncertainty leads to the question: when is the Brugge-
man correlation valid? The paragraphs above, and indeed
the original constraints imposed by Bruggeman, infer that

Figure 4
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Comparison of several effective medium theory based porosity/
tortuosity correlations taken from Shen and Chen [14].
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the Bruggeman relation is valid only in situations where
the insulating phase is present in a low volume fraction
and represented by random, isotropic spheres. The Brug-
geman correlation cannot account for directional differ-
ences which may arise from non-spherical particle
packings. The application of this correlation to deter-
mine tortuosity for non-ideal structures, such as those
typically encountered in battery separators, anodes, fuel
cell gas diffusion layers and SOFC electrodes should be
applied with extreme caution, as similarities between
predicted and measured tortuosity factor may be merely a
coincidence, arising from the limited band-width for
acceptable tortuosity factors in a porous media. In cases
where the known microstructure is heterogeneous, the
Bruggeman model can be rendered invalid, and more
complex approaches are required to adequately charac-
terise the transport properties of the material and its
resultant tortuosity factor. These include image based
modelling approaches using 3D microstructure data from
tomography experiments [34°], [28°]. Where nano-scopic
pore geometries influence the diffusion behaviour, be-
cause of more extensive Knudsen interactions, suitable
modifications to image based models must be made to
account for these non-continuum events. Information
about molecular transport in meso-porous structures,
for instance, can be obtained from Quasi-Elastic Neutron
Scattering (QENS) [36].

Conclusion

Despite the frequent and enduring application of Brug-
geman’s correlation, the original derivation of its most
popular form (Eqn 17), which relates the tortuosity factor
to porosity, does not appear in the original manuscript.
Here we revisit the effective medium theory based deri-
vation and restate some of its key limitations. It is
imperative to keep three points in mind when quantifying
the tortuosity factor via Eqn 17:

1. The Bruggeman model is based on simple diffusive
transport and the resulting tortuosity factor value
should be used with care in more complex transport
regimes.

2. There is no unique mapping of the Bruggeman model
onto a purely geometric definition of the tortuosity
factor, which needs to be considered when analysing
tomography data with a view to digitally extracting
transport properties.

3. The Bruggeman model assumes that the obstructions
to transport consist of either spheres or cylinders and it
appears to perform better when applied to media that
resemble one of these morphologies.
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