Robust Stability for Multiple Model Adaptive
Control: Part II - Gain Bounds

Dominic Buchstaller, Mark French, Member, IEEE

Abstract—The axiomatic development of a wide class of
Estimation based Multiple Model Switched Adaptive Control
(EMMSAC) algorithms considered in the first part of this two
part contribution forms the basis for the proof of the gain
bounds given in this paper. The bounds are determined in terms
of a cover of the uncertainty set, and in particular, in many
instances, are independent of the number of candidate plant
models under consideration.The full interpretation, implications
and usage of these bounds within design synthesis are discussed
in part I. Here in part II, key features of the bounds are also
discussed and a simulation example is considered. It is shown
that a dynamic EMMSAC design can be universal and hence
non-conservative and hence outperforms static EMMSAC and
other conservative designs. A wide range of possible dynamic
algorithms are outlined, motivated by both performance and
implementation considerations.

1. INTRODUCTION

The establishment of closed loop gain bounds lie at the
centre of any robustness analysis based on small gain ap-
proaches. The primary contribution of this paper is to establish
gain bounds for the class of estimation based multiple model
adaptive controllers (EMMSAC) introduced in [2]. The nom-
inal bounds are given in a form which is independent of the
choice of the candidate plant model set, and which allows
the development of bounds dependent only on the underlying
complexity of the plant uncertainty. Whilst the bounds are
complex in form, the elements of the bound are simple; a
detailed interpretation is given. The fully modularised nature
of the EMMSAC approach permits systematic (and standard)
design procedures to optimise these terms independently. Such
bounds lead naturally to design processes, such as those
described in [2]. In particular, these bounds lead to simple
approaches to determine:

1) The required number of candidate plant models.

2) Suitable geometric distributions of the plant models over

the uncertainty set.

3) Robust stability certificates.

4) Non-conservative designs.

The contribution in part I [2] addressed the first three issues —
and the primary contribution of this paper is to complete the
analysis of part I [2] by the provision of the underpinning gain
bound analysis. The algorithms of EMMSAC have been cast
in an abstract axiomatic setting, this approach gives generality
to the analysis. The derivation of the gain bounds derived here
are thus applicable to many different algorithmic variants.
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The secondary contribution of this paper is to address the
fourth issue by consideration of a dynamic version of EMM-
SAC. This has not been addressed previously for MMAC and
we argue for it’s importance as follows. It is known that LTI
controllers, in contrast to classical adaptive controllers, cannot
stabilize systems in the presence of unbounded parametric
uncertainties. Furthermore, even if the parameters lie within an
a-priori known compact set, the performance of an LTI control
design typically degrades with the size of this set. On the other
hand, controllers which can stabilize systems with unbounded
parametric uncertainties are said to be universal. They possess
the feature that even if the uncertainty is known to lie inside
a known compact set, the performance for a fixed plant is
necessarily independent of the size of this set, and hence is
non-conservative. In this situation, universal controllers (for
example, classical adaptive controllers) necessarily outperform
conservative designs (for example, LTI controllers). Unfortu-
nately, existing MMAC designs are all constrained to a priori
fixed and finite candidate plant model sets; hence are not uni-
versal, and cannot be applied to many uncertainty sets which
contain unbounded parametric variations, which is the classical
domain for adaptive control. Further, all the known bounds
scale with the size of the uncertainty set and we show that the
true gain also scales poorly for classes of MMAC: thus basic
MMAC is also conservative. However, versions of dynamic
EMMSAC, whereby the candidate plant set is varied in size
online, are shown to be universal and hence non-conservative,
thus satisfying a key rationale for adaptive control. There are
many other algorithmic possibilities with dynamic EMMSAC,
and this paper also briefly discuss the possibilities to manage
computational complexity in the dynamic setting.

The paper is structured as follows. The notation is developed
in Section 2 and the structure and the required properties of
an EMMSAC controller are described in Section 3. A full
discussion of these requirements and examples of estimators
can be found in part I [2]. In Section 4 we present the
main result and it’s proof. In Section 5 we discuss dynamic
EMMSAC algorithms, and show that dynamic EMMSAC is
universal. We then characterise a situation in which it out-
performs static EMMSAC and other designs such as robust
LTI controllers. In Section 6, and we outline other possibilities
with dynamic EMMSAC. A simulation example is given in
Section 7. The paper is self-contained, but is intended to be
read in conjunction with [2].

2. PRELIMINARIES

For 0 < a <b, ajb € Zlet [a,b] :={z € Z | a <
x < b}, [a,b) :={x € Z | a < x < b}. Let the size of
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Fig. 1. Closed loop [P, C]
the given intervals | - | be defined by |[a,b]| := b—a + 1
and |[a,b)] := b — a. For a signal v € S we then define
the restriction of v over the interval I = [c¢,d] by v|; :=
(v(c), -+ ,v(d)) where ¢ < d, ¢,d € Z, and similarly for

I = [c,d). Let S := map(Z,R") denote the collection of

all maps and let S|, 4 := map([a,b],R"). Let F; : S Upez

Sljo,s) — S, t € Z denote the truncation operator defined by:

] () if
(Zv)(r) = { 0  otherwise
For * € &S define the norms |z|| = J|z|, =
N\ /T
(Licdom(a) [#@)]"7) " for 1 <7 < oo, and [z = ||zl =
SUDP;cdom(x) |7(7)|- We repeatedly use the [, identity:

T € dom(v), 7 < t.

Il lylllle = @ )l 2y €8, 1<r<oo. (2.1)

We consider signal spaces V C S and extended signal spaces
V. CS:

V = {veS |v(-t)=0, VteZ; |v]| <o}
Viey = {U € Sla,p) ‘ dr e Vst v==u|4 = v} i
Ve = {ve8 |VHeZ: FweV}. (2.2)

We take V = [, to be defined by (2.2) with | - | =

I - |-~ The input and output signal spaces are defined as:

U =VX---xV =YY :=Vx---xV =V° and let
—_—— —_——

W :=U X )r/n Given a plant P : U, — );)e satisfying P(0) =0
and a controller C' : ), — U, satisfying C'(0) = 0, the closed-
loop system [P, C] in Figure 1 is defined by equations

y = Pu 2.3)

Uup = ur + U2 Yo = Y1+ Y2 2.4

uy = Cyo. 2.5)

Here w; = (ui,yi)T € W, represents the plant input and

output (i=1), disturbances (i=0) and observations (i=2). [P, C]
is said to be well-posed if for all wy € W there exists a unique
solution (wy,ws) € W, X W,. Note that linear switched
systems are well-posed. Define Prr; to be the set of all
p = (A, B,C,D) € Up> R™™ x R"*™ x ROX™ x RoO*™
such that p is minimal and

P,:Ue = Ve, ul =y}, p=(A,B,C,D) (2.6)
xp(k +1) = Axp(k) + pul (k) 2.7)

Yk = Cay(k) + DUl 29)

2p(—k) =0, ke N (2.9)

Note that since z,(—k) = 0 for all k¥ € N it follows that
yi(—=k) = (Ppuf)(=k) = 0 for all & € N. Also define
Prrr = {(A,B,C,D) € Prr; | D = 0}. Analogously,

K:P—=cC (3.11)
X : We — map(N, map(P,RY)) : wz = [k — (p = 7p[k])]
G : We — map(N, P*) 8%
M : (map(N, map(P, R")), map(N, P*)) — map(N, P*) (3.14)
[k— (p = rplk]), k= G(k)] = [k~ qz(k)] (3.15)
qf (k) := argminry[k], Vk € N (3.16)
pEG(k)
A:P =N (3.17)
D : map(N, P) — map(N, P) (3.18)
[k = qp (k)] = [k — q(k)] (3.19)
= { il FEREAO) o
S : We — map(N, P*) : wa — ¢ (3.21)
S = DM(X,G) (3.22)
ks(k) :=max{i €N |0 <3<k, q(i) #q(i — 1)} (3.23)
C: Ve = Ue : Y2 > uz (3.24)
uz(k) = Ck(qk)) Y2 — Ty (k)—192) () (3.25)
TABLE 1
EQUATIONS SPECIFYING THE ALGORITHM

define Crpr to be the set of all (A, B,C, D) € Up,>1R™*™ x
R™*0 x R™M*™ x R™*° such that (A4, B, C, D) is minimal, and
the control operator

Ce: Ve = Ui ys—us, c=(A,B,C,D) (2.10)

is defined analogously to equations (2.7) - (2.9). Also let
Crrr = {(A,B,C,D) € Crrr | D = 0}. Throughout, P is
topologised by the nonlinear gap metric, see [2, Section 2].

3. THE EMMSAC STRUCTURE

We now recall the structure of the EMMSAC algorithm
introduced in [2]. Table 1 summarizes the structural require-
ments that specify the switching algorithm, where P, C denote
the parametric space of plants and controllers, e.g. P = Prrr,
C = Crry and P* denotes the powerset of P. If there are mul-
tiple minimising disturbance estimates, an arbitrary ordering
on G(k) is imposed a priori, i.e. G(k) = {p1,p2, - ,pn}
and argmin,cq ) 7p[k] is defined to return the parameter
p; € G(k) with the smallest index ¢ such that r,, [k] is minimal.
Recall that G is an example of plant generating operator:

Definition 1: A causal map Q : W, — map(N,P* \ 0)
is said to be a plant-generating operator. We define P? is
the union of all plant model sets possibly represented by Q:
P? = Uuyew, Uken Q(w2)(k) C P. Q is said to be finite
if Q(wsy)(k) is a finite set for all wy € W, i € N, constant if
Q(w2)(i) = Q(w2)(j), for all we € W, i,j € N, monotonic
if Q(w2)(k) C Q(we)(k + 1) for all wy € W, k € N. For
notational economy we often write Q (k) := Q(w2)(k).

To formulate the properties required of the atomic closed
loop systems, let

yf = Ppufa Ug = uf + ug, yg = yf + yo, (326)



usy = Coys (3.27)

Furthermore, let o(c), ¢ € C be defined by
vi>0,
uj = Ceys, 15 = Ceys,

(u$,y5) " liaary = (@5, 95) i isn
Y5 = Y5 = uj = U3

o(c)=min< k >0:

(3.28)

Similarly define o(p), p € P. Then:

Assumption 2: There exist functions a, 8 : PXCxRxR —
R such that the following holds:
1) (Linear growth of [P,,C.]): Let p € P, ¢ € C and the
closed-loop system [Py, C.] be well-posed. Let t1,t2,t3,%4 €
N, t1 <ty <it3 <ty and I} = [tl,tg),lg = [tg,t3),[3 =
[t3,t4). Suppose wa, ws, w} € We, wh € W satisfy equations
(3.26),(3.27) on I; U Iy U I5. Suppose that either

w§|11 = 07 w§|12UI3 w2|]2UI3 or

C
w2|]1U12U13 w2|]1U12U13

where |I;| = t2 —t; > max{c(p),o(c)}. Then, in both cases:

[walr || < a(p, e, 2], |13 ])][we| 1 |
+B(pv ¢, |12|7 |I3|)ng|11U12U13H'
2) (Stability of [P,, Ck(,)]): Let p € P and 2 € N. Then

(3.29)

a(p,K(p),a,z) — 0 as a = oo (3.30)

and « is monotonic in a.

Recall that if (P,C) € {(ﬁLT],CLT]), (PLT[,GLT])} it can
be shown that Assumption 2(1) holds. If additionally K : P —
C is a stabilising design, (i.e. [P, Ck ()] is gain stable) it can
be shown that Assumption 2(2) holds.

The required properties of the estimator are given by as-
sumption 4 below, given that the restriction operator %, :
S — RMo+Y) s given by %, v := (v(t — o), -+ ,v(t)) and
we have the definition:

Definition 3: Let a < b, a,b € Z. The set of weakly con-
sistent disturbance signals ./\/'pfa’b] (wg) for a plant P,, p € P
and the observation wy = (uz,y2)" is defined by:

Nzga’b](wg) = {’U € Wliap ‘ E(Uf;,yg)—r € W, s.t.

%bfa,bpp (’U,g — UQ) = c%bfa,b(y(z)) - y2)7
v = (Bo—a,ptly, Bo—a,b¥b) '

Assumption 4: Let A € R be given. The residual operator
X factorises X = NFE where N is the norm operator, E' is
an estimation operator, and:

1) (Causality): F is causal.

2) (Weak consistency): For all p € P there exists a map
@y : map(N,RP) — RO+ » RO+ guch that for
all we € W, and for all k£ € N,

AE(w2)(k)(p) € NI (wn),
[@xE(w2)(R) ()l < | ZrkE(w2)(K) (D).

3) (Monotonicity): For all p € P, for all k,l € N with 0 <
k <[ and for all wy € W,,

[ E(w2) (k) ()| < (|70 E(w2) (1) (p)]-

and,

X : We — map(N, map(P,RT)) : wa = [k — (p > p[k])]

X =NE
E : W. — map(N, map('P,map(N,Rh))) (3.31)
wa = [k — (p— dypk])] (3.32)

dp[k] : N = map(N, R?)
dp[k] = (dp[K](0), dp[K](1), . .., dp[k](K),0,---)
N : map(N, map(P, map(N, ]Rh))) — map(N, map(P,RT))
(3.33)

[k (> dp[kD)] = [k (p = lldp[K]ll = rp[k])].  (3.34)

TABLE 2
FACTORISATION OF THE RESIDUAL OPERATOR

4) (Continuity): There exists a function xy : P x P — R,
X(p,p) = 0 for all p € P, such that for all £k € N, py,ps € P
and wy € W,,

[E(w2)(k)(p1) — E(w2)(k)(p2)]| < x(p1,p2)l| Thwal-

5) (Minimality): There exists p > 0 such that for all £ > 0,
for p € P and for all (wg, w1, w2) € Wx W, x W, satisfying
equations (2.3)—(2.4) for P = P,,

[E(wa) (k) (P)]| < pll Frewol|-

See [2] for examples of estimators that satisfy these assump-
tions. Recall that an implementation of the algorithm requires
realisation of X, and and not necessarily a realisation of E, as
exemplified by the Kalman Filter realisation of the [? infinite
horizon estimator [2].

The class of controllers under consideration is then:

Definition 5: An EMMSAC controller C(U, K, A, G, X) is
said to be standard if it satisfies:

« K P — C is a given control design satisfying

Assumption 2(1),(2)
o U satisfies

o= max max{o(p1),0(K(p2))} <oo. (3.35)

p1,p2€PY
e A:P — Nis a delay transition function satisfying
A(p) > o, Vp e PY. (3.36)
o K, A satisfy

J(&) sup ozg(pl,K(pl),A(pl) —o,0)<1
p1EPY

(3.37)

where « is defined in Assumption 2 and J(-) is defined
by Table 3.
o E satisfies Assumptions 4(1)-(5) where

A = max (2A(p) + o) (3.38)
pePY
o The switching operator S = DM (X,G) is given by
equations (3.12),(3.13)-(3.16) and (3.18)—(3.23)
e The switching controller C' is defined by equations
(3.24),(3.25).



4. NOMINAL STABILITY AND GAIN BOUND ANALYSIS

In this section we will establish /., 1 < r < 0o norm
bounds on the observation signal ws € W, in terms of the
external disturbance signal wy € V. A particular feature of
the bounds is that they depend on the size and geometry of a
‘cover’ of the plant uncertainty set, rather than the candidate
plant set itself. The notion of the cover is as follows. Let
X :P x P — Rt be as in Assumption 4(4). Let

H : W, — map(N, P*) (4.39)

be a plant-generating operator and let v We —
map(N, map(P,RT)) be given, where for notational conve-
nience we often write v(k) for v(w2)(k). Now define

By (p,v(k)(p)) == {p}U{pr € P |
x(p,p1) <v(k)(p)} NU(k), pe P, k€ N. (4.40)

For an appropriate choice of (H,v), the union of the corre-
sponding neighbourhoods in U then leads to a cover for U:
Definition 6: (H,v) is said to be a monotonic cover for a
plant-generating operator U if for all k € N, wy € W,: 1) H
and v define a cover for U: U(k) C R(k) for all k € N
where R(k) := Upcrk) By (p,v(k)(p))), and 2) The cover
is monotonic: R(k) C R(k+ 1), for all k € N.
The main result now provides gain bounds for the intercon-
nection of the ‘true’ plant p, with an EMMSAC controller.
Theorem 7: Let 1 < r < oo. Let P = P,_, where p, €
PY C P. Let U be a monotonic plant generating operator
and suppose (H, v) defines a monotonic finite cover for U. Let
k € N. Suppose the EMMSAC controller C(U, K, A, G, X) is
standard, and G(j) C U(j), j < k. Suppose (wg, w1, ws) €
W x W, x W, satisfy the closed loop equations (2.3)—(2.4).
Let € > 0. Let

min{i € Qo | Ip € G(7), x(p,px) <exu(H,v)}

ko= ¢ if Fist. Ipe G(), x(p,ps) <exu(H,v), Vj > 1,
oo if not
(4.41)
and suppose k. < oco. If
(U (4), H(j),v(j),e,p") >0, Vj<k (4.42)

then:

[Fews| < BUK), H(k),v(k), & pa)l| T —1w2|

+A(U k), H(k),v(k), &, p)|[wol|  (4.43)

where 7, 3, 4 are given in Table 3.
Note that the set (Q», is defined in the next subsection, and
coincides with the definition given in [2]. Before proceeding
to the proof of Theorem 7, we provide a discussion and
interpretation of all the terms in the bound:

aop, Bopr, @os, Bos, V3, V4, 75 are all constants associated
with the performance of the atomic closed loop systems with
correctly matched plants and controllers. They are determined
by a and 8 from Assumption 2. app bounds the attenuation
gain over the relevant set, and can be set as a design parameter
(as in the example in Section 6B of [2], which in turn
determines the required delay transition A(p) for a given
controller K (p).

For Q1 C PV and € = 711 ggi 1 ;L;Oo let:
JO=¢ (max{n €Z|n< 5/2}) Where (y) Tyl — )
aop(Q1) = J(€) sup of(p1,K(p1), A(p1) —o,0)
P1EQ1
Bor(Q1) = J(&) sup B (p1, K(p1),z — 0,0)
A(p1)<z<2A(p1)
P1€2Q]
aps(Q1) = J(§) sup a4 (p1, K (p1),0,z — o)
A(p1)<z<2A(p1)
P1€Q1
Bos(Q1) = J(&) sup B (p1, K(p1),0,z — 0)
A(p1)<z<2A(p1)
P1€2Q]
’Y1(p,p*) = 1 + sup a(p*,K(p),O,x)
A(p)<z<2A(p)
72(17717*) = sup B(p*7K(p)707 l‘),
A(p)<z<2A(p)
7i(Q2,Q1) = sup sup 7(p2,p1), i=1,2
P2€Q2pP1€Q1
Ifl1<r<oolet
%(Q1) = (1+ag§(Q) (M) " alfzen
oS 1— (XOP(QI) oS
1/r
eV, ( Bor(Q1) )
74(Q1) 1 +agg(Q1)) T— aop(Q1)
¥(Q1) = Bgs(Q),
and if » = oo let:
73(Q1) = max{l,a0s5(21))}aop(Q1) + aos(Q1)
- _Por(Q1)
7(Q1) = max{l,a0s(Q)})7 —aon(Q1)
75(Q1) = Bos(Q1).
FOrQQCPH,UZP—)R+,/L>O,€>OIGIZ
Xv(Q2,v) = 2 sup v(p)
PEQ2
m(Q1,Q2,v,6,p") = 1—2""ex,(Q2,v)(1+53(Q2,Q1))
“(7a(Q1) + 15(Q1))
1(Q2,v,¢,px) = 27 (utexu(Oz,v)72(O2, {p+ }) (1471 (Q2, {p+}))
1 |Q2]
5(917 9277}767])*) = (L(Ql)) ]___[ "/1(;071)*)
7"-(Q17Q27U757p>"<) pEQs
’?(917 9277}767])*) = 5(917927U757p*) Z ’\/2(p7p*)+
PEQ2
74(Q1) +75(21) )
S = oy )
TABLE 3
FUNCTIONS SPECIFYING THE GAIN BOUND.

7 lies between 0 and 1 and scales well with the size of the
cover: when |H (k)| is large, then typically x, is small and 7
is close to 1; alternatively the constant ¢ can be made small.
In the special case where U(k) is a finite set, then € can be
set to zero and m = 1. For low dimensional covers, 7 may
be small and contribute significantly to 8 and 4. A typical
application involves determining a value of 7 close to 1, and
then computing the required ), and associated cover.

B is the final bias term. By minimising 3 by the atomic
control design K, the effect of the exponent |H (k)| can be
reduced. In general the control designer has little influence



over the term [[,c () 71(p, ps), with the exception of the
terms v1(p,p) > 1 (here with p = p,), which are a natural
target for minimisation by the control design K. The number
of terms in the product is determined by the cover, and hence
a cover of small size reduces the effect of this term. 4 is the
final gain term. The summation }_ ) 72(p,p«) may be
large and reflects the difficulty of controlling a large model
set: the number of terms in the sum is determined directly
by the size of the cover. Both terms are directly influenced
by the size of the cover. The minimisation constant p > 1
which arises in property 5 of Assumption 4 can be reduced to
1 with optimal estimators, although this term is O(u) and has
a relatively small effect.

Finally we remark that if (4.43) holds e.g. in l5, then since
lwa]|se < ||wz||2, wo is guaranteed to be bounded in both 2
and [*°. However, as in [1], if (4.43) holds in [ then it does not
follow that a similar inequality holds in [*°. Our viewpoint is
very much that the signal space choice is an integral part of the
specification of the problem that one is trying to solve. Thus
if one was interested in simultaneous /2 and [*® guarantees,
it would seem likely that a mixed norm should be chosen, as
per [1]; this is outside the scope of the framework at present.

The bounds reflect the modularity of EMMSAC. The control
design K can be optimised directly independently of the
estimator parameters u, 17 and ¢, and the estimator and atomic
controllers performance interact within the bounds via the
linkage of the cover. The closed loop [P, C] is independent
of the cover (H,v) which is utilized for analysis terms only.
The characterisation and trade-off between x,, € and |H (k)| is
given by the metric entropy, which has been discussed further
in [2]. Given K and p, the optimal cover can in principle be
determined directly from the bounds.

We can now begin the construction of the gain bound.

A. Switching times

Let gf € map(N,P), and let ¢ = Dgy (equations (3.18)—
(3.23)) denote the switching signal. Let

Ly ={lo=0l,l2---}

={leN|ql—-1)#q(), 0<I<k} (444)

be an ordered set, i.e. if [;,l; € Lg, ¢ < j then [; < [,
where Ly, is interpreted as the set of physical switching times
up to time k € N. These are the times where the algorithm
switches from one controller to another. To every pair of
consecutive physical switching times [;, ;11 define the set of
virtual switching times V' (I;,1;+1) by

db e Ns.t. a =1; + bA(¢(ly)),
I <a<lit1—Alg(ly)) '
(4.45)

Virtual switches arise when the algorithm switches to a
controller Cg(4(;,)) and remain switched to that controller
for a period of time longer than the associated transition
time A(q(l;)). This is interpreted as a series of consecutive
switches to the same controller separated in time by A(q(;)).
A virtual switch differs from a physical switch in that the
atomic controller state is not intentionally initialised to zero

V(Ziali-i-l) = {a eN ‘

at the virtual switching time. Note that virtual switching times
are defined purely for analytical purposes and do not determine
the actual switching algorithm. Now define the ordered set of
all switching times, physical and virtual,

Qr ={ko =0k, ka, ---}, 0<k; <kip1 <k (4.46)
by
Qr = L U\ J{V(li,lig1) | i liga € Li}. (4.47)
i>0
Let Qx(p) = {i € Qk | q(i) = p} C Qk be the switching

times where the algorithm switches to a plant p € P. Let
p € H(k) and let

Qr(p, v(k)(P)) = UseB, (pv(k) () 1Qk(2) }

be the set of all switching times corresponding to the plants in
the neighbourhood B, (p, v(k)(p)) around a plant p € H(k).
For p € H(k), let

(4.48)

{max(Qx(p, v(k)(p)))}
if max(Q(p, v(k)(p))) # 0

() otherwise

Fy,(p,v(k)(p)) :=

(4.49)
be the switching time where the algorithm switches to a plant
within the neighbourhood B, (p, v(k)(p)) for the last time in
the interval [0, k]. Note that Fj(p, v(k)(p)) is always defined
since max Q(p, v(k)(p)) < k. Let

Fy, = Upen i) Fi(p, v(k)(p)) (4.50)
and note that F,(p,v(k)(p)) C Fj C Q. Let
Q(p, v(k)(p) \Fk(p, (k)(p))
Ok(p, v(k)(p)) == if Qr(p,v(k)(p)) #0
(0 otherwise
(4.51)

be the set of all ‘ongoing’ switching times corresponding to the
plants in the neighbourhood B, (p, v(k)(p)) around the plant
p, i.e. the switching times where the algorithm will switch
back to a plant within B, (p,v(k)(p)) at a subsequent time
within the interval [0, k]. We let

O = UpGH(k)Ok (p, l/(k’)(p)) 4.52)
and note that O (p, v(k)(p)) C Or C Q.
For all switching times k; € @ define the intervals
Ai = [ki —o,k;), Bi=[ki,kit1—o0), (4.53)

Note that by Lemma 8, k;+1 — k; > A(q(k;)) > o hence
kiy1 — o > k;, hence A;, B; are defined and form a disjoint
cover of N. Upper and lower bounds on the switching times
are now given as follows:

Lemma 8: Suppose A : P — N is a given delay transition
function and suppose the delay operator D is given by equa-
tions (3.18)~(3.23). Let k € N and let ¢y € map(N,PY). Let
g = Dqy. Suppose k; < k; 1 are consecutive switching times,
kiskiv1 € Qp, where @y is defined by equations (4.44)—
(4.47). Let p = q(k;). Then:

Ap) < ki1 —

ki < 2A(p). (4.54)



Proof: By the definition of the switching delay in equation
(3.20) it follows that A(p) < kijt1 — k;. If ki1 is a virtual
switching time, then k; 1 —k; = A(q(k;)) by equation (4.45),
and if k;y, is a physical switching time, then

ki =1+ bA(q(l)) < ki1 — A(g(ly))
<li+ b+ 1)A(g(l) = ki + Ag(l)),

hence k; 11 —k; < 2A(q(k;)) and inequality (4.54) follows. B

B. Gain bounds for atomic closed-loop systems

The first result, Proposition 9, establishes bounds on the
gain from the disturbance signals wg to the internal signals
wo for the atomic closed-loop interconnection between the
true plant and the controller switched into closed-loop at
time k;, ie. [P,,,Ck(q(k))). on the various intervals of
type A;,B;, ki € Q. The two cases w§|s, = 0 and
w§| a4, = wa|a, correspond to the case whereby the controller
is initialised to zero at time k; i.e. k; € Ly (a physical switch)
or the case where the controller is not intentionally initialised
to zero at time k; i.e k; € Q \ Ly (a virtual switch).

Proposition 9: Let 1 < r < oco. Suppose PU C P satisfies
Assumption 3.35. Let p, € PV and P = P,,. Let K : P - C
be a given control design satisfying Assumption 2(1). Suppose
A is a given delay transition function satisfying Assumption
3.36 and suppose the delay operator D is given by equations
(3.18)~(3.23). Let k € N and let g5 € map(N,PY). Let ¢ =
Dgqy. Suppose k; < ki1 are consecutive switching times,
ki, ki+1 € Q where @y, is defined by equations (4.44)—(4.47)
and let the intervals A;, A;1, B; be given by (4.53). Suppose
(wo, w1, w2) € W x We x W,, w§ € W, satisfy equations
(2.3)-(2.4),(3.27) on the interval A; U B; U A;11, where p =
q(k;), ¢ = K(p) and either

c _ c _
w2|Ai =0, w2|Bq,UAq,+1 = w2|BiUAi+1 or

Wh| A,UBUA W A;UB;UA ;-
Then, in both cases,
| Ths i —1w2ll < 71, p)l| Tk, —1w02 || + Y2(p,s ) [Jwol|

where 1 and 7, are given by Table 3.

Proof: Let I, = A; = [k?l — 0, k/’) I, = 0, I3 =
Bi U Ai+1 = [kz;szrl) Since |Il| = |A| = O >
max{o(p.),o(K(q(k;)))} by Assumption 2(1), we have for

the closed-loop [P, , Cx(q(r,))] that

| Tk, —1w2| + [lw2 ]z

| T, —1w2|

Fa(p«, K(q(k:)), 0, | Is])[|wz]r, |
+B(ps+, K(q(ki)), 0, |13]) llwo| ryuzous
(1 + alp«, K(q(ki)), 0, [Is])I|- Tk, 1w ||
+B8(p+, K(q(ki)), 0, | Ls|)|[woll.

By Lemma 8 we now have A(p) < |Is| = ki1 —k; < 2A(p).
and obtain:

H%i+1_1w2|‘ <
<

IN

| Thi—1w2|l < (14 alps, K(p), 0, 13]))[| T, —1we]|
< (0, p)l| Tk, —1w2|| + Y2(p, ) [Jwol|

as required. [ ]

The next result establishes bounds on the gain from the
disturbance signals w} to the internal signals wo for the atomic
closed-loop [P,, Ck ()], p = q(k;) on the various intervals of
type A;, B;, k; € Q. That is the closed-loop interconnection
between: the controller to which the algorithm switches to at
time k;, and its corresponding plant.

Proposition 10: Let 1 < r < oo. Suppose p € Q C
PYU C P, ¢ = K(p) and PY satisfies equation (3.35).
Let K P — C be a given control design satisfying
Assumption 2(1),(2). Suppose A is a given delay transition
function satisfying inequality (3.36) and suppose the delay
operator D is given by equations (3.18)-(3.23). Let k € N
and let g5 € map(N,PY). Let ¢ = Dgs and suppose
q(kiy1) = p. Suppose k; < k;;1 are consecutive switching
times, k;, k11 € Qr where @y, is defined by equations (4.44)—
(4.47). Let the intervals A;, A;+1,B; be given by (4.53).
Suppose (wh, wl,we) € W x We X We, w§ € W, satisfy
equations (3.26),(3.27) on the interval A; U B; U A;;1 and
either

wy|a, =0, w§|B,uA, Wo|B,uA, ., O (4.55)
W) A,UB;UA 4 W) A,UBUA,- (4.56)
Then, in both cases, for 1 < r < oo:
[wala;ully < aop(Q) v
+Bop(Q)wf " wll?

IN

aos(Q)l[wa, 7
os(Q

and similarly for r = oco:

[wal B 7

T
T

A;UB;

[walallo < op(Q)|wala, oo
+B0p(Q)[wi™ | 4,050 A oo
lwalB;llec < @o0s(Q)|w2|a, oo

+ﬁOS( )||wq(kl+1)

where aop, fop, aos and Bpg are given by Table 3.
Proof: By Lemma 8, inequality (4.54) we have

A(p) < |BiUAis1| = |Bi|+0 = ki1 —ki < 2A(p). (4.57)
Let Iy = A; = [ki — 0,k;), I = B; = [ki, kiy1 — o) and
Is = A;j11 = ki1 — 0, kiy1). By equation (3.35),

|| = |Ai| = 0 = max{o(p), o (K(p))},
and it follows from Assumption 2(1) inequality (3.29) that:
(a(p, K (p), |Bil, |Ait1])||wa]a, |l
+B(p, K(p), | Bil, |Ait1l)
wfLasusvacallr)
< (alp,K(p), A(p) — 0,0)
+8(p, K(p), |Bil. o) aalle),

where the second inequality follows from Assumption 2(2))
and since |B;| > A(p) — o (inequality (4.57)). Hence by
inequality (4.57) and since

(a+0b)" < J(E)(a* +1%),

||’IU2|A7’+1||£ <

a,b>0 (4.58)



we obtain

lwala i < J(E)as(p, K(p), Alp) — 0,0)[wala, |}

< aoplwsla, It + Borllwhlausua,, b

Now let Il = Az = [ki—o, ki), .[2 = @, .[3 = B1 = [k“ kiJrl*
o). By equation (3.35), |I1]| > o > max{o(p1),0(K(p2))}
and it follows from Assumption 2(1) (inequality (3.29)),
inequality 4.58 and inequality (4.57) that:

walg, 5 < (alp, K (p),0,|Bi)|wala,|»
+B(p, K (p), 0, |Bil) [ La,um. I ¢
< J(©)at(p, K(p),0,|Bi])
+J(€)B%(p, K(p), 0, |Bi)
< aos|lwala,|$ + Bosllwh | a.us; |3
as required. ]

C. Bounds on disturbance estimates

The next proposition follows gives a bound on a series of
disturbance estimates corresponding to the switching signal.
Repeated application of the minimality property (Assumption
4(2)) allows us to bound the series of disturbance estimates in
terms of the disturbance estimate corresponding to the switch
at the end of the sequence.

Proposition 11: Let the switching operator
S = DM(NE,G) be given by equations (3.14)-
(3.16),(3.18)-(3.23), (3.31)-(3.34), where G is a plant-
generating operator. F is given by equations (3.31),(3.32)
and satisfies Assumptions 4(2)-(3) for A € N. Suppose
wy € We. Let k; € Q, i € N be defined by equations
(4.44)-(4.47), q(k:l) = S(wg)(kil), let k; = k’i+1 — 1, and let

d.[k] = E(wz2)(k)(z). Then:
@ xdg(k i) K]y Padghy, o) [Bmt1],  Padgqr, 1) [Fnll
< 27 || dy s, 40 [Fnsa] | (4.59)

where @) is defined by Assumption 4(2).
Proof: We first claim that for 1 < j < i:

s Pady(x, +1)[7;3j]||
(4.60)

1@y 1) Fom)s @adgeh, ooy Fms1], -
<\l dgew;)[kj-1],d

We now prove the claim by induction. Let ¢ = j = 1. For ease
of notation let Z,d,[k] = %o 1d.[k]. Since

H%/\dq(kwﬂ [l;l] H < qu(kz+1) [];l] ”7

q(k; +1)[ ]H

4.61)

we have

1@ xdy(n 1) Fom)s @adg(hn, o) Fmet1]]]

4(2),2.1 - ~
< g ) Il 122 dg k) [ ]
61,21

< ”dq(km+1)[lz}m]a dq(km+2)[];m+1]”'

Therefore the base step is shown. For the inductive step,
assume inequality (4.60) holds for 1 < 57 < ¢ — 1. We first
show for [ > 0,

g Ri—2), rde ) ol < lldgqe oy Rl (4.62)
This follows since:
g _plRiall = lldgue_y ki = 1]
Ass. 4(3)
< ldg(i 1) kil
< Hd (ki41) [ 1]” (4.63)

where the third inequality follows from the definition of the
switch (3.16) and the fact that k; 1 € Q, hence gy (k1—1) =
q(ki—1). Then since k;—1 < k; — A,

gk, _y) (ki—2], Zrdg(r, ) [l
(46 )
”dq(kHl)[kl 1] ‘%Adq(kwl)[klm
Ass. 4(3) -
||‘%l—1dq(kl+l)[kjl]ﬂ‘%)\dq(kl+l)[kl]|‘
< g, R ll-

as required. Then by the inductive hypothesis:

1@y 1) Fom)s @adgeh, ooy Fms1), - ,‘I’/\dq(kl+1)[’~f']|\
GOl dy(h; o) [Ki-3] s 1dgqr, ) [k H
@ xdg(es) Ri—n] ], H‘I’Adqwm)

’ ||dq(ki72)[~i—3]||’qu(k, i—2] || H
|2 xdqr;y (ki Hﬁkdq(km il
gk, - 2)[7% 3], Zady (k) ki1 H

Hd ki 1)[k’t 2] ‘@)\dq(k1+1 H

< Ndgen ki), dygrsyo K] |

This completes the inductive step and establishes the claimed
inequality (4.60) for j = n as required. Since (3.16) implies
ldg(ie,y [knlll < [ldg(r, 1) [En]ll the result follows:

Ass. 4(2)

@D

(4 62)

||dq(kn)[~n 1] dq(k7L+1)[]% ]H
Ass. 4(3
Hd(](k )[ ] dq(kn+1)[kn+1]”a
< Hd n+1)[k ] dq(k7L+1)[kn+1]H
Ass 4(3)
lldq (ks 1) Bl dgeien 1) [Kena]ll
< Hl Ul dgh 1) Fna]ll
= 27y sl

|
The next proposition shows that if the algorithm switches at
time x to a plant z then the disturbance estimate at time z,
can be bounded by the real disturbance wy and a correction
factor dependent on w, and the x distance between the true
plant p* (which generates the closed loop system signals) and
a plant p € G(x) (which models p*).

Proposition 12: Let 1 < r < oo. Suppose p, € PV C P.
Suppose A is a given delay transition function and sup-
pose the delay operator D is given by equations (3.18)—
(3.23). Suppose G is a plant-generating operator. Suppose



E satisfies Assumptions 4(1)—(5) for some A € R and the
switching operator S = DM (NE,G) is given by equations
(3.14)—(3.16),(3.18)—(3.23), (3.31)—(3.34). Let k € N. Suppose
(wo, wr,w2) € W x W, x W, satisfy equations (2.3)—(2.4)
for P =P, . Let x € Qk, z = g(x) = S(w2)(x) where Qy
is defined by equations (4.44)—(4.47) and suppose p € G(x).
Then:

1E(ws)(2)(x

Proof: By definition, ¢;(t) = M(NE,G)(t), t € N,
will always point to the plant whose corresponding disturbance
estimates are minimal. By the definition of M and since p €
G(z), we have

g, @2l = inf lldplalll < fldpl]]l

) = lld=[z]] < pll Zewoll + x(p, e[| w2l

SInce g¢(x) = g(z) by the definition of D, it follows that

ld:[z]ll = ldg(a) (2]l = [ldg; @p 2]l < lldplz]]l.  (4.64)
Then
ldpl2]ll = [|E(w2)(@) ()]
< IE(wa2)(@) ()| + x(p; ps) | Zow2 ||
< pllTewoll + x(p; pi) | Zaw2 .

where the first inequality follows by Assumption 4(4) and the
second by Assumption 4(5), and the result follows. ]

D. Gain bounds for non-final switching intervals

We first give an intermediate result that is self-contained
and purely combinatorial.

Proposition 13: Let 1 < r < oo and
_fr for 1<r<oo +
{—{1 for r— oo . Let z,f,08,¢ N —- R

and a,b,d,e € RT, a < 1. Let m,n € N and suppose for all
m <1t <n:

N

zfﬂ < azf + dﬁf
ff bzi6 + ee?.

(4.65)
(4.66)

IN

Then:

HZ|[m+1,n+1]a f|[m7"]H

< ¥3(9)2m | + 4 () 1Blimni | + V5 (Gl €l

where G = (a,b,d, e) and
e\ /T

3(G) = { (Bre) T v it 1sr<,

max{1l,b}a+b it r=o0,

e\ 1/

W(6) = (B2 i 1<r <o,

max{1,b};L if 7= oo,
- /T for 1<r < oo,
W(G) = { e for r = 00.

Proof: Let 1 < £ =r < co. By (4.65) we have

Zmpr S az, +dB,
2
Z;+2 § a Z:n + d (a’ﬁ:n + ﬂ:n—i-l)
3 2
Zmas < @z, +d (0B, +aBl o + Bhs)
P < g m+1r+d(6r a™ M.
n+1 =

o ﬁfnJrla”_m_l + 65 _1a+ ﬁ;)

Summing vertically gives:

n+1 n—m-+1 n—m
> A= (S
i=m+1 i=1 =0
n—m—1 1
DY a’+6:;,12a’+6:;)
=0 3
n—m-+1 n—j
DI Y Y
j=m =0

Since a < 1, it follows that 3°/_; a’ < +L- for all j > 0, and
hence

||Z|[m+1,n+1]||:' -

n+1
Z z < — (az +dZﬁT>
i=m-+1 =m

4.67)
Therefore

1 l.
2|1 msnplls < <m) (Cﬁ

By inequality (4.66) we have

zm|+d%

monill,)

[ £l

IN

(bZz +626>1

=m

br

IN

. (4.68)

Zlpmanlll,. + €7 el mmll,

By inequalities (4.67) and (4.68) we then obtain:
Hz|[m+1,n+1]a f|[m,n] H,,

< |llpms vt l, + 07 €l
< (1+b%) ||Z|[m+1,n+1]H.,.+b%|zm|+e%

3 (1+b%> '

- 1—a

1
r
r+e

el ],

monll,)

(a%|zm| +dr

lmn |,

< 33(9) zm] + 34 (G Blim.nllr + V5 (Gl mny I

as required.



Let r = o0, so £ = 1. By inequality (4.65) we have

Zme1 < azpm + dBm

Zm—+2 < a22m + d (aﬁm + Bm-i-l)

Zm—+3 S aszm + d (GQﬁm + aﬁerl + ﬂm+2)

Znt1 < an—m—i—lzm + d(ﬁman_m + Bm-l-lan_m_l

++ﬂn71a+ﬂn)

Taking norms leads to

n—m
leltmsrninll < alzml+d D a'l1Blpmmlloc
1=0
d
< a|zm| + TaHﬂ“m,n]HOO

Furthermore by inequality (4.66) we have

[flmmlle < 02 lmmll o + e [lelpmn | -

Substitutions lead to:

[l pm1,n017, Flmni ] oo
< maX{HZl[erl,nJrl] Hoov bHZ[m,n] HOO + elle[m,n] Hoo}

< maX{lv b}HZ|[m+1,n+1]||oo + b|Zm| + eHe[m,n]Hoo
d
< (max{l,b}a+ b)|zm| + max{l,b}mﬂﬂ“m,nmoo

+e||€[m,n]||oo
< ¥3(9)|zm| + Y4(G)1Blim,n) Moo + V5(G) | €m,nlloo

as required. ]

In Proposition 10 we established a gain relationship between
wo and disturbance signals wf which are consistent with the
plant p € P and the observed signal ws, € W, over some
finite interval. Since it is the overall goal to establish a bound
on the gain from the disturbances wq to the internal signals
ws we need to bound the consistent disturbance signals w! by
the true disturbances wy. We do this by considering intervals
[km, kn], m,n € N, m <n, kp, kn, € Qr where all interme-
diate switching times are ongoing, i.e. k; € O, m < i <n
and then use the fact that after a series of ongoing switches
there must follow a final switch hence Proposition 12 is
applicable. The next result establishes bounds on ws in terms
of wg over certain intervals.

Proposition 14: Let 1 < r < oo. Suppose p, € PY C P
where PY satisfies Assumption 3.35. Let P = P, . Let
U be a monotonic plant generating operator and suppose
(H,v) defines a monotonic cover for U. Let k € N. Suppose
the EMMSAC controller C'(U, K, A, G, X) is standard, and
G(j) CcU(j), j < k. Suppose (wo, w1, ws) € WX W, x W,
satisfy the closed-loop [P, C] equations (2.3)—(2.5) over the
interval [0, k). Let k;, i € N be defined by equations (4.44)-
(4.47) and suppose k,y1 < k. Let m,n € N, suppose
Fr N [k — o,knt1] = 0 . Let € > 0. If there exists
p € G(j), j > km such that x(p,p.) < ex,(H,v),

m(Q1, Qa,v(k),e,ps) >0, Vj <k (4.69)

and aop(U(k)) < 1 then

|‘<%€n+1*1w2” < VG(U(k)a H(k)v V(k)a Eap*)H% ,1?1)2”

— m

+77(U(k')7 H(k)a V(k‘), 57p*)||w0||7(4.70)

where cop, Xvs V3> V4, V5, T, 1) are given by Table 3 and g,
~7 are given by

1+73(Q1)
Q17Q27U,E,p*)
77(Q27U7E7p*)(’74(Q1) + 75(@1))
7(Q1, Q2,v,€,p4)

Proof: Let k € N. Let (wg, wi,w2) € W X W, X W,
denote the solution to the closed-loop equations (2.3)—(2.5)
with P = P, and C as in equations (3.24),(3.25). Let
the intervals A;, B; be defined by (4.53). In particular
(wo, w1, wz) € W x W, x W, satisfy equations (2.3)—(2.5)
on the intervals A; U B; U A; 1 where

VG(QI; QQ;vaEap*) = 7'('(

’77(Q1; QQ; v, Eap*) ==

Ai UBZ U AiJrl Q [km — 0, kn+1) g [O,k)

for m < i < n. For k; € Qy, let ];71 :k’i+1—k'i+0'—1,
l:?i = kiJrl — 1 and note that A; U B; U AiJrl = [IZIZ — l_ﬂi, ];z]

We now intend to apply Proposition 10. By Lemma 8
inequality (3.36) and equations (3.38) we have

0<ki=kip1—ki+o—1<2A(qk;)) +o <A (471)

Let p = q(k;). Define

w(k) = Oy, dylkil(k) if k€ A;UB; U Ay
0 o 0 otherwise
By Assumption 4(2) we know that @Eidp[l;:i] €

prﬁ,—]}mki] (’LUQ) For every k; € Qk let wS c W, satisfy

wg(k) if ke B;U Ai+1 and k; € Ly,
’u}g(k?) if ke A;UB; U Ai+1 and k; € Qp \ Ly
0 otherwise.

ws(k) =

Note that wo, w§ satisfy equations (4.55),(4.56) of Proposition
10. There exists a w] € W, such that (wf,w}, we) €
Wi W, x W, satisfies equations (2.3)—~(2.5) for P = P, and
C as in equation (3.25) on the intervals

Ai UBZ U AiJrl = [kl — 0, kiJrl) = [IZLL — Ez,l}z]

To see this observe that ws is generated by the special structure
of C, i.e. from the controller C, at time k; which is initialised
to zero if k; € Ly and inherits an initial value at time k;
determined from ws| 4, if k; € Q \ L. Let

a = aop(Uk) b = aos(U(k))
d = PBoprU(k) e = Pos(U(k))
o= |lwelalle  fi = |hoolsll
kiy1 7.
Bi = Nwi™ P aosoalle = 195 dggesn [Eilllr
k; 7
e = ol gl < B = 195, dggen Rl
where we note that z; = ||wz|a,l||» > [|w§|4,]-. Since U is

monotonic, hence G(k;) C U(k;) C U(k), it follows that for
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all k; € Qy, that: hence:
aop(G(ki)) < aopr(U(k) < aop(U(k)) <1 18] | <
aos(G(ki)) < aos(Uk)) < aos(U(k)) 2" e, (H (k), v(k)) (1 + 33 (H (k), {p« )| F5, wal|
Bor(G(ki)) < Por(U(ki)) < Bor(U(k)) 2V (it exu (H (R, (k)72 (H (K), {pd)-
Pos(G(ki)) < Pos(U(ki)) < Bos(U(k)). (L4 3 (H k), {p ) |wol|  (4.74)
Since |2m| =

that sz < azg + dﬁ and f < bz + ee . Since €; < ; it
follows that ||e |[m,n I < 11Blimn and by Proposmon 13 we
then have for 1 < r < oo that:

||w2|[km,kn+1) I

= H”wQ A7n+1H’ ||w2

s lwa

Am+2Ha"' An+1||7

Boin ||7 Ce
= |[2lim+1n413; flimon |
< U E)|zm| + 12U EDNBlm,n |
+ 5 (U (k)€ )|
< v3(U(K))|2m|
+ (va(U(K)) + 75U (k) 18, -
It remains to show that Hﬂ“m,n]}

and ||wz||. Recall that Z;d,[j] ==
Assumption 4(2) we have

4.72)

, |Zm| are bounded by ||wp |
A jdplj]. i < j.p € P. By

ki
wd® 4 0B0a0 |

= @5, dy(hos ) (Rilll < 11%5, Ay il

Ob§erve that I;:i =ki41—1< I;:i+1 = k;12 — 1 and that
0 < k; < A (equation (4.71)). By Proposition 11, inequality
(2.1) and by Assumption 4(2), we obtain:

1Blpmnll = P, dg(hn ) Fmlll 195, 4, Dg(hn o) 1]l
N5, i) B[]
< N@adgi s [Fm]s Padg(ionyo) Fm1], -
s Padyg(knyn) [Fen] |
< 27| gy 1) [Bna]| (4.73)

Since kp11 € Q. it follows from Proposition 12 that

gy Fnsrlll < pll Fh i woll + x(ps )| Ty w2 |- Tt
follows from inequality (4.73) that

1B m.n |
< 21/T (/’[/H%n+1w0|| + X(p’p*)||%W,+1w2||)

< 247 (palfewol-Hexo (B (k). v(R)(| F, ws | +wa (ko))

By a double application of Proposition 9 we obtain:

|wa (Knt1)]
<7(q(knt1),p )||9W+2w2|\ +72(q(Rnt1), p)lwoll
< Y(q(kn1), P )M (a(kn), I T, w2l
+(11(q(kn), pe)v2(q(knt1), ) +72(q(kn ), pi)) woll

(4.74), (4.73), (4. 72) we have

1%, w2l < || Ty —1w2l + (w02l ik, ki) |
< NG —1w2| + 73 (U (k) 2m]
+ (U (K)) + 75U (B) 1Bl |
< T+ wUEDI T, 102

+ (1a(U(K)) + (U (k) (U(H(k), v(k), &, ps)|wol

+2""ex, (H (k), v(k)) (1477 (H (k),{p*}))||9};nw2||)a
< (L 4+ (UE)) Tk, —1w02|
+ (va(U(K)) + 75 (U (k) n(H (k), v(k), &, ps) [ wo |

+ (A =w(U(k), H(k),v(k), &, p) || T, wa-

Since inequality (4.69) holds, we can now rearrange to obtain
(4.70) as required. [ |

E. Main result

In Proposition 14 we have established gain bounds for
sequences of intervals (ongoing intervals) relating to ongoing
switches, i.e. to times k; € Og. In Proposition 9 we have
established gain bounds which can be applied to intervals
(final intervals) relating to final switches, ie. k; € Fj.
Now observe the following: to every p € H(k), provided
that Qr(p,v(k)(p)) is not empty, there exists a plant z in
the neighbourhood B, (p,v(k)(p)), such that the algorithm
switches to that plant for the last time on the interval [0, k],
ie. z = ¢(Fx(p)), z € By(p,v(k)(p)). This implies that
none, one, or a sequences of ongoing intervals is always
followed by a final interval. This progression may repeat
itself a maximum of |H (k)| times since there can be only
a maximum of |Fy| = |H (k)| final switches. These facts will
be used to prove the main result, thus establishing gain bounds
on wsy in terms of wy.

Proof: Theorem 7. Let vg, 77 be as in Proposition 14.
Suppose 0 < k < k, — 1. For j < k, observe that since the
gain y3(U(j)) = 0, and 7(U(j), H(j),v(j),€,p«) > 0 by
assumption, it follows that v6(U(4), H(j),v(j),€,p+) > 1.
Also observe that since a(p., K(p),0,z) > 0, for p € PY,
x € N, it follows that v (p,p.) > 1 for all p € PV therefore
BWU ), H(j),v(j),e,p«) > for j < k, and inequality (4.43)
holds as required.

Now suppose k > k.. Let {ky, = ki, kg, - ky, } =
Upe (k) {max(Ox(p))} U {k«} U F} be an ordered set of
switching times, ie. ky, < Ky, 0 < ¢ < m. Observe
that the algorithm might not switch to some neighbourhood
By (p,v(k)(p)), p € H(k) at all, i.e. there might exist a
p € H(k) such that Fr(p) = Ok(p) = (), and indeed



O (p;) N Fx(p;) may not be empty for all 4, j < k, however

m = |Fy| + | Uperr) {max(Ox(p))}| < 2|H (k)|. Let
. YU k), H(k), v(k), e,p.) if ky, € O
fi ( (ka),p*) if kfi € Fy
b _ Y7 (U(k), H(k),v(k),e,p) i ky, € O
i Y2(q (kft) D) it ky € Fj
where ay, > 0 since v1,76 > 1, as previously. Now define

kf,... = min{a > ky,, | a € Q,} and observe that ky, <
k < kg, where ky, € Qp C Qk, ., 0 <7 < m and
kfps ki € @iy, - Then, with zp = | Ty, —1w2 |- for
0<i<m+1,it follows from Propositions 9, 14 that:

Zfi S apzp + bfi||w0||7 0<i<m,
and so,
m m m
2 fmt1 < Ha’fizfo + (Hafibfo + Ha’fibfl +
=0 1=1 1=2

m
<+ [T arbsas + by, ) lluwol

i=m
m

Haf <Zfo + be |wo|>

WHmemm

IN

IN

H 'YIPP*

pEH (k)

(=0 + (HH®) e (U R), H ). (k). €..)
+ 3 mp)lwl).

peH (k)

)y €, D)

Since ky, = k., it follows that zz, =

[Zwall - < 2504
< BUK), H(k),v(k), &, p)l| T —1w2|
+AU(k), H(k),v(E), &, ps) [[wo
as required. ]

5. CONSERVATISM, UNIVERSALITY AND EMMSAC

The following material is based on [4, 5]. One of the
key motivating rationales for adaptive control is the ability
to overcome conservativeness of alternative control designs
for large (structured) uncertainty sets. This follows from
the property of universality introduced below. Following [5]
we define the notion of a conservative design as follows.
Suppose {A(B)}s>0 is a parameterised collection of nested
subsets of P. Here, the parameter [ represents the (structured)
uncertainty level of the uncertainty set A(f3). For example,
we might be interested in controlling a plant of the form
(a,1,1,0) € Prr1, where a is an uncertain parameter, and
A(B) could be taken to be:

A(B) = [—8,8]}

The notion of conservativeness of a control design is the
property that nominal performance degrades as the uncertainty
set on which the design is based becomes larger. Given a

{1+a,1,1,0)€R* : ac (5.75)
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controller C, a bounded set D C W and an uncertainty set
) C P, we define the worst case cost :

Jr(Q,C) =sup sup HHP //CwOH (5.76)

PE [Jwo <
and make the definition:
Definition 15: Let R > 0, and suppose {A(5)}p>0 is a
parameterised collection of nested subsets of P. A control
design I': Ry — C is said to be:

1) Jr(A)-stable if for all § > 0 and for all §* > 3,
Tr(A(B),I'(B)) < oo

2) Jr(A)-conservative if for all 8 > 0,
Jm_ Ja(A(9),0(5) = o,

3) Jr(A)-semi-universal if for all 3 > 0, there exists J >
0 such that for all g* > (3,

Tr(A(B), (7)) < T

It is a clear requirement of any control design I' that it is
Jr(A)-stable, this is simply the requirement that the controller
I'(B) designed for uncertainty level 5 does indeed stabilize
all plants P,, p € A(f). But, many control designs are also
conservative, i.e. have the property that as the uncertainty
level 5* used in the control design becomes an increasingly
high over-bound of the ‘true’ uncertainty 3, the performance
degrades unboundedly. For example, the fact that both LTT and
memoryless control designs are conservative for our exemplar
uncertainty set given in equation (5.75), is established in
continuous time in [5, Proposition 7.5] and [5, Proposition
7.4] respectively. Analogous results holds for alternative model
uncertainties and in discrete time.

Clearly a semi-universal design I'; will outperform a con-
servative design I's as 5* becomes large w.r.t. 3, since for all
B > 0 there exists 5** > (3 such that, for all 5* > g**,

Tr(A(B),T1(8%) < Tr(A(B), T2(57))-

Adaptive designs can often be shown to be semi-universal and
hence non-conservative via a universality property:

Definition 16: Let R > 0, and suppose {A(5)}p>0 is a
parameterised collection of nested subsets of P. A controller
C' € C is said to be universal if for all 8 > 0, Jr(A(B),C) <
00. A Jr(A)-stable mapping I': Ry — C, which is constant
is said to be a universal control design.

It is simple to see that a universal control design is auto-
matically Jp-semi-universal. This universality property is a
key feature of classical adaptive control designs (see [5] for
further discussion). This supplies a clear rationale for adaptive
controllers: for large uncertainty sets, nominal performance
will degrade for LTI control designs; but it does not degrade
for universal adaptive designs.

By establishing an lower bound on performance, Theorem
17 below shows that static EMMSAC is also conservative. It
is anticipated that this property holds also for other variants
of MMAC by similar constructions, note that the MMAC
literature to date restricts attention either to structured uncer-
tainty sets defined by finite candidate model sets or to compact



continua [6]; and in all cases the derived upper gain bounds
diverge as the uncertainty set becomes larger. This motivates
the development of dynamic EMMSAC which is shown to be
Jr semi-universal and hence not conservative in Theorem 18.

A. Static MMAC is conservative

We now consider the construction of universal EMMSAC
designs which yield non-conservative performance. Such de-
signs are dynamic, and we show how they outperform static
EMMSAC and LTI controllers.

Consider the following example. For § > 0, let U be a
constant plant-generating operator defined by

U(j) = A(p), jeN.

where A(f3) is given by equation (5.75). A possible sampling
of U is then given as follows. Let the refinement level m > 0
and the parameter bound 8 > 0 define the plant model set

(5.77)

Pr(B) ={(1+ B —i/m,1,1,0) € Prry |
iEN, |B—i/m|< B} (578)

Let the (dead-beat) controller design satisfy:
K((a,1,1,0)) = (0,0,0,—a) € Crrr. (5.79)

Under the conditions of the theorem below, it is straight-
forward to verify that I is Jr(A)-stable provided m > 0
is sufficiently small. However, the algorithm is necessarily
conservative:

Theorem 17: LetUd =Y =1,, 1 <r < oo, and suppose
R = co. Let m > 0 and let the plant set P,,(8), constant
plant generating operator U and control design K be given
by equations (5.77),(5.78), (5.79). Let X = X 4 or Xp where
A > 3. Let the constant plant generating operator G g be given
by Gg = Pga,m. Let the switching control design I'(5*) =
C(U,K,1,Gg+, X) be determined by equations (3.24),(3.25).
Then I is Jg(Prm )-conservative.

Proof: Let m = 1. First we show that we can al-
ways make the switching algorithm switch to the controller
corresponding to the plant with the largest possible v €
N, (0,0,0,v) € Cg+ m, that is v = * € N. Secondly we
show that this switch leads to an unbounded increase in closed
loop cost as 5* increases.

Let p, = (b,1,1,0),p3- = (8%,1,1,0) € Pg-q, 1 <
b < B*. Let B > 0 and consider the closed-loop system
[P, C[Pg~ 1]] with

() = ((5)- (@) -(s-55) () () )

We now claim that these disturbances make the algorithm
switch to the controller Cy,. in two time steps, i.e. ¢(2) =
pa+ = qr(2) = S(w2)(2), and that the signals in Table 4 are
consistent with

U1 Up
<y1) P//T(8*) <y0) ;» Uo 1t u2, Yo=y1+¥y2

Note that in Table 4 and throughout this proof, an entry marked
x indicates that the entry is irrelevant to the calculation that
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) ()
) B

o

AA
o

N——1

;
g

B
SN C) ) ¥
0 B -B
) 0 B*(B—pB*B)\ (6°(6"B —B))
B-B*B 0 B-—B*B
- () : (%)
- 0 B*(B — B*B) x
TABLE 4

SIGNALS FOR THE TRUE PLANT P = P,, UPTOTIMEk = 3

follows. To establish the claim as follows. Let:

P=P, :yi(k+1) = yi(k)+ui(k)
Py, :yh(k+1) = byi (k) + uf (k)
Py yi(k+1) = lyi(k) +ub(k),
(
) =

where y1(0) = 4%(0) = = 0. Since the zero initial
conditions are zero and yq B, the consistency property
forces dp[0](0), p € {pv,pj} to satisfy:

ub (0 0 .
a0 = (150) = (3). ve it

Hence ||dp[0]]| = B, p € {ps,ps~}. Note that since the
disturbance estimates are of identical size, we impose an
ordering on G such that pg« = (1,1,1,0) € P is the plant
model with the smallest index, hence ¢(0) = p. = p1. ! With
u2(0) = —y2(0) = —B and uo(0) = 0 we have u;(0) = B.

At time k = 1 we have y;(1) = B and since yo(1) = 0 it
follows that y»(1) = —B. The smallest disturbance d,[1], p €
{pv,pjs} consistent with (Fua, F1ys) and Py, Pp,. can, by

yi(0)
0

Pp*

the general property ||d,[k]|| < ||dplk +1]||, p € P, k €N,
be found to be

0 0
(e 10011 1000 = ( () () ) 9 € s
Since ||dp,. [1]|| = [|dp, 1], (1) = ps and no switch occurs.
Furthermore with us(1) = fyg( ) = B and up(0) = 0 we

have u1(1) = —B.

At k = 2 we have y;(2) = 0 and since yo(2) = B — 5*B
it follows that y2(2) = B — 8*B. The smallest disturbance
estimate for d,,. [2] consistent with (Fjug, Zy2) and P,,.
satisfies

(dps [2](0), dp,. [2](1), dp,. [2)(2)) = <<lg> <8> <8)>

since similarly minimality is ensured by consistency and
- [2]] = [ldp,. [1)]l. Since yg"(0) = B, [|dp,[2]] :

l|dp,. [2]]|, however the choice dp, [2] = d,. [2 ] P # ppe 18
not possible since the trajectories would have the property that
vy /Py, (2] = ey, dpy- 121 # (Fiuz, S1y2).
This can be seen by choosing

(dpa- [2)(0), dy,. [2)(1), dy. [2)(2)) = (<g> <8) <y3b0 <2>>) |

1Observe that if the smallest index is assigned such that p; = (6%, 1,1, 0),
then ¢(0) = p;, and the proof can be considerably shortened).



In this case we have y}* (2) = bB—B. With y5*(2) = B—*B
from above we would have to choose y%"(2) = bB—3*B # 0,
for all b # * to be consistent with (Fiug, J2y2) and P, .
Hence ||dp,. [2]|| = B < |[|dy,[2]||. Hence we have ¢(2) = 3*
and obtain uz(2) B*(8* B — B). Furthermore with uo(2) =
0 it follows w4 (2) = 5*(B—*B). A direct calculation shows

y1(3) = 8*(B — §* B). This establishes the first claim.

Let wo = (0,B,0,0,0,B(1 — 5*),0,0,...), and let A =
W, s0 [[Mwol| < R. Then since ITp,/p(s-) is homoge-
neous,

Jr(A(B),L(8")) sup sup ||Ip,//rea o] »

PEA(B) lwol|<R

> ey /r(se) Awol [
> Ayi(3)]
R|B* _ 6*2|
= T s
1,1 =%
hence Jr(A(B),T'(8*)) — oo as 8* — oo. The analysis is
analogous for all m > 0 hence the proof is complete. [ |

B. Dynamic EMMSAC as a Universal Algorithm

The conservativeness of static EMMSAC, as illustrated
above in Theorem 17, can be overcome by a dynamic ver-
sion of EMMSAC, which we now develop. The idea is to
progressively enlarge the model set, based on monitoring
the performance. If the performance is inconsistent with the
EMMSAC bound at the current model set size, the model
set is enlarged, until the performance is consistent with the
EMMSAC bound with the true plant present in the model set.

For simplicity, assume that the uncertainty set, as specified
by the plant-generating operator U, is finite. We can therefore
let U = G = H and achieve a finite dimensional EMMSAC
design. This leads to the following construction of a dynamic
EMMSAC algorithm. Let a plant level set be given by

PP, 0£P; CPi, 1<j<i,iecN  (580)

where we assume that all P;, ¢ € N are finite and that there
exists an index i € N such that p, € P;, VI > i. Let

Q) = mex (3(Q,9,0,p) + B(Q,Q,0,p)), @ C PC

where 4 and [ are from Theorem 7. Let v > 2 and take the
expansion rule to be given by

G(k) = Piy, k€N, (5.81)

max{a € N | ¥'(P,) —7*(P1) < || Fhwa||}
if 0 <k < oo,
00 if k=00

i(k) =

(5.82)
This expansion rule can be interpreted as a soft model fal-
sification procedure (compare to [7, 8]): the model set is
only expanded if the previous model set has been falsified at
that hypothesised performance level. The form of the update
ensures that eventually this performance is necessarily met,
for any permissible plant and disturbance level. Theorem 7
applies with the choice G(k) = U(k) = H(k), v = 0. This
brings us to our next result:
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Theorem 18: Let k € N. Let P; be given by equations
(5.80) and suppose that there exists ¢ € N such that p, €
P;, | > i. Let the expansion rule be given by equation (5.82)
which gives the plant-generating operator G via equation
(5.81). Suppose the EMMSAC algorithm is standard. Suppose
(wo, wy, w2) € WX W, xW, satisfy the closed loop equations
(2.3)—~(2.5). Then for all wg € W:

l[wal| < B1 + Ballwol| + Bsllwoll®

where 8 and 4 are from Theorem 7, N := min{i > 1 | p. €
P;}, and

Q) = gleaX( (9, 9,0,p) + (2, Q,0,p))
B = AT(Pn)+A(Pn)FY(P1)
B = 23 (Pn)+7" " (Pn)7"(P1)

Bs = F*7(Pwn).

Proof: Let wy € W and let k. be given by equation
(4.41). By equation (5.82)

[ Fxwall <5 (Piy+1)) = 7°(P1) < 7°(Piky+1), ¥k € N.

(5.83)
From the definition of k* it follows that ¢(k.) > N > i(k, —
1) + 1. Hence since ¥(P;) is monotonically increasing with 4,

we can write equation (5.83) with &k = k., — 1 as
| Tk, —1wal| <A (Pitk, —1)4+1) < 7 (Pn).

We now have to consider the two possibilities that either k., =
oo or k, < oo. For k, = oo we have by equation (5.82) that no
plants can be introduced to G hence there does not exits a k, €
N such that p, € G(k.). Hence 31 > 7°72(Py) > 7°(Pn)
and ||wa|| = || Tk, —1w2| <A (Pn) < f1. For k <k, — 1t
follows similarly that || Z;wz| < B1. For k > k. — 1 we have
by equations (5.82), Theorem 7 and inequality (5.84) that

Y (Pigwy) | Zrwall +5°(P1)

Y(Pite)) ([ Tk —1w2 || + llwol) +5°(P1)
V(Pi) (7 (Pn) + llwoll) +5°(Pr)-
Multiplication with =% (P;x)) > 0 yields

F(Piry) <72 (Pigry) (lwol[+3° (P )43 (Picry )7 (P1).-

Furthermore, since 7(P;) is monotonically increasing with 4
and i(k.) > N > i(k. — 1) + 1 we have that 5(Py) <
3(Pi(ky)- Hence 397 (Pyy) < 7Y (Py) for all ¢ < v and
we obtain

(Piwy) <72 (Pn) +7*7°

(5.84)

IAINCIA

(Pn)[[woll + 57 (Pn)7 (Py).
(5.85)
By Theorem 7, inequality (5.85) and inequality (5.84) we now

have that:

| Zrw2|l < F(Piy) (| Tk, —1w2l| + [Jwol|)
< (32Pw) + 37 (Pr) ol
5 (PY)F (P1)) (| -1 + o)
< B+ Ballwoll + Bslwol|*.

Since this holds for all k£ € N, the proof is complete. ]
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Fig. 2. Gain comparison of static and dynamic EMMSAC for a parametric
uncertainty of level 8*

Theorem 18 shows that the given dynamic EMMSAC
algorithm I'(8*) = C'is universal. The constants 31, 2, 33 are
invariant to any uncertainty level information and only depend
on P; and N where N defines the smallest ‘learning level’ 4
such that the true plant p, is included in Py . We are now in the
position to compare these result for dynamic EMMSAC to the
ones obtained in Theorem 7 for static EMMSAC (and other
conservative designs, such as any LTI controller). Consider
Figure 2. Earlier in this section we have discussed how the
algorithm behaves in the presence of an increasingly large
parametric uncertainty governed by the parameter 5* > 0
and represented by the plant model set G = Pg- 1, where
it can be seem from the proof of Theorem 17 that the actual
closed loop gain |[IIp, ;/r(s+)| scales at least linearly with
the uncertainty level 8* > 0. This gives a lower bound on the
closed loop gain in Figure 2 at a disturbance level R € R, as
a function of 5* > . Now observe that an increasingly large
B* in G = Pg- 1 corresponds to an increasingly large constant
U since G C U. This however means that the upper bound
4 on the closed-loop gain from Theorem 7 scales with 8*. In
contrast we have shown in Theorem 18 that for a special (dy-
namic) choice of G we obtain a gain (function) bound which
is invariant to 5*. Hence, for large parametric uncertainties,
dynamic EMMSAC outperforms static EMMSAC.

The gain bounds for dynamic/static EMMSAC also have
differing scaling characteristics with respect to the size of
the disturbance. Recall that for a constant, compact plant-
generating operator U and a corresponding constant cover
(H,v), assuming p, € G C U, there follows k. = 0 hence
| Zk. —1w2]|| = 0. By Theorem 7 we then obtain a (linear) gain
bound (Figure 3 (A)) of the form ||wz|| < (U, H, v, p.)||wol|,
where the gain 4 depends on the uncertainty set specified by
U and the corresponding cover (H, v). From Theorem 18, we
have for a dynamic construction of U = G = H,v = 0,
assuming that there exists a k. < oo such that p. € G(k.),
a gain function bound of the form [Jwz| < B + Ba|wol| +
Bsl|wol|? where 31, B2, 33 are constant and depend on v > 2,
the design of the level set P; and the true plant P = P,,
(Figure 3 (B)). Since our goal is to optimise the bound on the
signal amplification from the disturbances ||wy|| to the internal
signals |Jws]|, we can now intersect these two curves and argue
by Figure 3 (C) that for disturbances |Jwg|| < a or ||wg|| > b
the gain bound obtained for static EMMSAC is better than
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Fig. 3. Gain bound comparison of static and dynamic EMMSAC

that for dynamic EMMSAC whereas for a < |Jwg| < b the
converse holds. Note that the intersection points a,b depend
on 4 and fi, 2,83 where in some scenarios they do not
intersect at all, i.e. for 4 < (2, and a constant plant set should
be preferred over a time-varying one. In all other cases the
two curves will intersect for sufficiently large ||wy|| since the
(quadratic) gain function grows faster then the (linear) gain.
Hence when large disturbances are very likely, a constant
plant model set should be preferred over a time-varying one.
Observe that increasingly large v (as appears in the expressions
for 81, B2 and B3) will effectively straighten the curve since
(B3 will become increasingly small and the influence of the
quadratic term is diminished. However the offset §; will
increase. Alternatively, small v will lead to small offsets and
a faster quadratic growth. The choice of v > 2 is therefore
dominated by the available information on the size of |lwp],
i.e. if ||wo|| is expected to be large it is advantageous to choose
v large since then the gain function curve is more linear,
which leads to smaller signal amplification. However if ||wy|
is expected to be small, v should be small since the constant
G case has a zero offset in the gain bound.

6. DYNAMIC EMMSAC — MANAGING COMPUTATIONAL
COMPLEXITY

In this last section we tentatively outline further classes
of dynamic EMMSAC algorithms, wherein the candidate
plant set is adapted on-line in response to the closed loop
measurements, in order that the computational complexity of
the algorithm is moderated (i.e. the number of candidate plant
models), whilst at the same time allowing the highly tuned
models into the candidate plant set. We do not prove results
or even give concrete algorithms; this section is intended
to be of a more speculative and open ended nature: the
purpose of which is to illustrate the utility and flexibility of
dynamic EMMSAC over and above the rationale established
in Section 5.

Although Theorem 18 of [2] shows there is no loss of
performance from high plant densities in the candidate plant
model set, there are clear implementation constraints which
arise from the computational requirements of realising a large
number of estimators. One possibility is to control this com-
putational complexity by adaptively refining the plant model
set in the regions of model space close to models with low
residuals, thus reducing the numbers of models considered (it
is only necessary to have a high density of plant models in
areas where the estimators are reporting low residuals).



Computational resource can also be released by selectively
discontinuing the estimators associated to plant models with
high residuals. Although implementations which ‘discard’
plants with high residuals do not produce monotonic plant
operators (G, they do behave identically to implementations
maintaining these plants within the plant set, providing the
switch never points to them. For example, if p. € G(k) and
lwol] < W, where W > 0 is known, then at any time &k > 0
where X (w2)(k)(p) > pW, the plant P, has been falsified
(hence ¢(s) # p for all s > k) and can be safely removed
from the candidate plant set from time £ onward. Hence, in
practice, discarding plants with high residuals is safe.

More complex dynamic refinement schemes could include a
local search for the smallest disturbance estimate, for example
by computing a local gradient from the plants closest to the
plant with the smallest residual and then to consecutively add
plant models along this gradient (gradient descent): note that
the problem of local minima is not an issue as the search
is only conducted locally, the estimator ranking can cause a
switch to any plant in G (k). Yet another possibility would be
to run an on-line parameter identification algorithm, and ‘seed’
new candidate plants from this. Essentially any performance-
driven search scheme which generates a monotonic G can
be incorporated in EMMSAC. Such schemes only need to
ensure that there exists a time k& such that the static algorithm
associated to G(k) is stabilising to ensure stability.

Finally we remark that the introduction of a new plant at
time k does in principle carry the requirement that the residual
is back computed on the interval [0, k], thus the computational
cost scales with k. However, it is more pragmatic to take the
‘closest’ plant in the previous plant model set to define the
residual up to time k, and then to begin the recursive update of
the residual based on the new model from time step k£ onward.
This is equivalent to thinking of the new model as a switched
model, switching from a previously considered model to the
new form at time step k. This is straightforward to implement
with both the Kalman Filter and finite horizon estimators, and
achieves a computational cost which is independent of k, and
simply scales with the number of models.

7. ILLUSTRATIVE EXAMPLE

To illustrate both static and dynamic EMMSAC algorithms,
we consider the following example. The continuous time
system matrices describing an (inverted or non-inverted) pen-
dulum on a cart are given by

0 1 0 0 0
0 — (i+'ml2)b 777,2gl2 0 i+ml?
_ o m eI
pl O O O 1 ) 6 ) 70 )
0 _ mib mgl(M+m) mi
where v = (i + mi®*)(m + M) and where M = 0.6kg,

m = 0.3kg, b = 0.1N/ms, i = 0.005m?kg, g = 9.8m/s? are
the cart mass, pendulum mass, cart-friction, pendulum inertia
and gravitational acceleration, respectively. The state vector is
givenby [z & & @] " is the angle between the positive
y-axis and the pendulum in the upward configuration and the
angle between the negative y-axis and the pendulum in the
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downward configuration; x is the distance of the cart center to
the origin. The control task is to stabilise the pendulum around
the vertical axis, i.e. ® = 0, by applying a force F' to the cart,
however the pendulum length ! and orientation (upwards or
downwards) is uncertain. The corresponding uncertainty set
is given by U = {p [ € [-0.4,-0.2] U [0.2,0.4]}. The
corresponding discrete-time models p; are then constructed via
zero-order-hold sampling with sampling period 7 = 107 3s.
To each p € U, we let K(p) represent the LQR controllers
with discrete-time weights @@ = diag(500, 1,500,1), R = 1.
We utilize infinite horizon estimators in [, with a constant
switching delay of A(p) = 25. The uncertainty set is sampled
to give G+ = {pm 1 € {0.2,0.25,0.3,0.35,0.4}},
G_ = —G4 and for static EMMSAC we choose a constant
G operator: G = G_ UG; C U. We take:
(10 + nyy, nyy)

(uo(k),yo(k)) = { e if 100 < k < 105

else

where n,, and n,, are uniformly distributed disturbances in the
range [—1-1072,+1 - 1072]. This corresponds to an input
disturbance of 10N for the duration of 3 samples (a push
to the cart) at time & = 101 with additional actuator and
sensor noise. Furthermore, suppose that the input of the true
plant is perturbed by multiplicative unmodeled dynamics of
the form % . ggg;z .e0-01s je a first order lag, an all-
pass factor and an actuator delay of 10ms. Figure 4 illustrates
typical trajectories when the true (unknown) plant P is given
by P = P,, p = posam ¢ G. Note that a laboratory
implementation of a similar scheme is documented in [3,
Chapter 8].

)

Closed-loop signals: true plant, real disturbances
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Fig. 4. Closed-loop signals, residuals and switching sequence (magnified)

for EMMSAC operating on the pendulum example.
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Fig. 5. Performance comparison between static and dynamic EMMSAC.

We observe that the EMMSAC algorithm does not initially
identify the sign of the true plant and applies controllers that
are designed for a downward configuration of the pendulum,
hence providing a transient destabilising response. However,
the very act of switching destabilising controllers in closed-
loop further exposes the dynamics of P which helps the
estimators to identify better plant models. This allows the
algorithm to switch to stabilising controllers for k& > 500.
On the other hand, a dynamic version of EMMSAC can
trade off the performance on G_ with G as illustrated in
Figure 5 which clearly demonstrates the dynamic algorithm
outperforming the static approach on G and vice-versa on
G_. Here the dynamic update rule is taken to be:

G+
G UG

if || Zk (uz,y2) || > 30.

and the LQ cost with ¢ = I, R = 1, averaged over
10 trials, is plotted against the nominal plant value of [.
The plant generating operator is constructed to ensure that
the unstable plants are rapidly stabilized (the de-stabilising
controllers are not available in the first ‘learning level’), whilst
the stabilisation of the stable plants is delayed (as in this case,
the stabilising controllers are in the second ‘learning level’),
hence the larger transient occurs on the stable plants which
can better tolerate recovery from such transients. Hence the
trade-off between performance on the unstable plants in G
and the stable plants in G'_ is entirely appropriate.

8. CONCLUSION

This paper has established the key gain bound underpinning
the axiomatic EMMSAC framework. A key technical feature
is the introduction of covers of the uncertainty set which lead
to performance bounds dependent explicitly on the cover size
rather than on the size of the candidate model set. In turn
this leads to the principled design approaches described in
part I of this contribution [2]. The secondary focus of this
paper concerns dynamic versions of EMMSAC. This enables
non-conservative designs to be constructed and for which an
analysis and a detailed comparison with the qualitative features
of static EMMSAC was provided. The dynamic case opens the
door to many algorithmic variants to manage computational
resource and adaptively refine the candidate model set and
this was informally discussed. Exploring these algorithmic
possibilities is a rich area for future research.

16

REFERENCES

[1] G. Battistelli, E. Mosca, M.G. Safonov, and P. Tesi.
Stability of unfalsified adaptive switching control in
noisy environments. [EEE Trans. on Automatic Control,
55(10):2424-2429, 2010.

[2] D. Buchstaller and M. French. Robust stability and
performance for multiple model adaptive control: Part I -
the framework. IEEE Trans. on Automatic Control, 2010.

[3] T. P. Fisher-Jeffes. Multiple-model switching control
to achieve asymptotic robust performance. PhD thesis,
University of Cambridge, 2003.

[4] M. French. An analytical comparison between the
weighted LQ performance of a robust and an adap-
tive backstepping design. [EEE Trans. Autom. Contr.,
47(4):670-675, 2002.

[5] M. French. Adaptive control and robustness in the gap
metric. IEEE Trans. on Autom. Contr., 53(2):461-478,
2008.

[6] D. Liberzon, J. P. Hespanha, and A. S. Morse. Hysteresis-
based switching algorithms for supervisory control of
uncertain systems. Automatica, 39:263-272, 2003.

[71 M. Stefanovic and M.G. Safonov. Safe adaptive switch-
ing control: Stability and convergence. [EEE Trans. on
Automatic Control, 53(9):2012-2021, 2008.

[8] R. Wang, A. Paul, M. Stefanovic, and M.G. Safonov.
Cost detectability and stability of adaptive control systems.
Int. J. of Rob. and Nonl. Contr., 17:549-561, 2007.

Dominic Buchstaller received the B.Sc. degree in
2003 and the Dipl. Ing. degree in 2005, both from
the Technical University of Munich (Germany). He
received his Ph.D. degree in control theory from
the University of Southampton (U.K.) in 2010. His
Ph.D. thesis won the 2010 Institute for Engineering
and Technology “Control and Automation Doctoral
Dissertation Prize” 2010, honoring the best UK the-
sis in the field. He has held post-doctoral positions
at Imperial College London and at the University
of Southampton, UK. He is currently with Siemens
Corporate Technology in Erlangen, Germany. His research interests include
adaptive, robust and model predictive control.

Mark French (M’95) received the B.A. degree in
mathematics from St. Johns College, University of
Oxford (U.K.) in 1994, and the Ph.D. degree in
control theory from the University of Southampton
(U.K.) in 1998. In 2015, he was appointed as Pro-
fessor in the School of Electronics and Computer
Science, University of Southampton. His current
research interests include adaptive control and non-
linear robust control theory. He is a coauthor of
the book Performance of Nonlinear Approximate
Adaptive Controllers (Wiley, 2003). From 1998 to
2007, he was an Associate Editor of the International Journal of Control.




