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Abstract. Vibration generated by underground railways can be a major source of disturbance
to occupants of nearby buildings. The numerical prediction of ground-borne vibration is a com-
plicated problem that has received extensive research attention in the past decades. However,
simplifying assumptions are always required in state-of-the-art numerical models in order to
reduce computational effort and resources. A common simplifying assumption is to neglect the
presence of a neighbouring tunnel, despite the fact that many underground railway lines around
the world consist of two tunnels. This paper investigates the dynamic interaction of two parallel
tunnels embedded in a homogeneous half-space. Two different methods are used to tackle the
problem. The first is a fully coupled approach, where two cavities are generated in the half-
space to which the tunnels are coupled. The second adopts a superposition approach, where
two sub-models each consisting of a single tunnel are superposed to calculate the vibration
response of the twin tunnels. In both modelling approaches, the tunnel wall is modelled using
the thick-shell theory, while the boundary element method is used to simulate the half-space of
the ground. The vibration response of the twin-tunnel system on the ground surface due to a
harmonic point load at one tunnel invert is studied and compared to that of a single tunnel. The
efficacy of the superposition method in modelling the dynamic interaction of the twin tunnels
is assessed against the fully coupled approach at different points on the surface. The results
reveal the significance of the interaction between the twin tunnels and also demonstrate the
accuracy of the superposition method. The feasibility of the superposition method in modelling
the dynamic interaction between tunnels and piled-foundations is also highlighted.
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1 INTRODUCTION

Underground railway systems are an environmentally-friendly solution to society’s increas-
ing demand for mass transport. A growing issue associated with railways, nevertheless, is
ground-borne noise and vibration that can cause significant annoyance within the built environ-
ment. Vibration is generated at the wheel-rail interface, due to wheel and track irregularities,
and propagates to buildings in close proximity with dominant frequencies in the range from
25Hz to 250Hz. Within this frequency range, both ground-borne vibration and re-radiated noise
may be perceived, causing discomfort to people and malfunctioning of sensitive equipments.

In the past decades, the numerical prediction of ground-borne vibration from railways has
received extensive research effort. Several numerical models have been developed for scru-
tinising the propagation of vibration from underground railway tunnels adopting, for example,
semi-analytical [1, 2, 3], finite-infinite element [4] and coupled finite element-boundary element
(FE-BE) [3, 5, 6, 7] approaches. The required number of parameters, however, to accurately
simulate the underground environment makes the formulation of a comprehensive model a chal-
lenging task, due mainly to computational resources. For this reason, most researchers have
adopted simplifying assumptions in the modelling process such as assuming homogeneous or
horizontally layered soil, imposing perfect contact at the soil-structure interface and neglecting
the existence of nearby buildings. Recently, some attention have been paid to the influence of
these simplifying assumptions, such as inclined layers and inhomogeneities of soil [8, 9, 10],
voids at the tunnel-soil interface [11] and source-building interaction [12, 13].

Another common simplifying assumption adopted in the majority of numerical studies of
vibration from underground railway tunnels is to neglect the presence of a neighbouring tunnel.
Twin tunnels constitute many underground railway lines around the world, such as in London,
Bangkok and Washington, DC, where one tunnel is used for the outbound direction and the other
is used for the inbound direction [14]. There exist in the literature a number of investigations
studying the static effects of excavating twin tunnels. However, with regard to the dynamic
interaction of twin tunnels, to date only two models are available in the literature. The first is a
wavenumber FE-BE model of twin tunnels embedded in a half-space developed by Sheng et al.
[15]. This model compares the performance of twin tunnels with that of a single double-track
tunnel in terms of vibration response on the ground surface. The second model is a semi-
analytical model of twin tunnels buried in a full-space developed by Kuo et al. [14]. In this
model, which is based on the well-known PiP model [1, 2], the dynamic interaction of twin
tunnels is acquired from the solution of a single tunnel model.

This paper presents a model of two parallel tunnels embedded in a homogeneous half-space,
in order to investigate the effect of a neighbouring tunnel on the propagation of surface ground-
borne vibration. Two different methods are used to tackle the problem. The first is a fully
coupled approach, where two cavities are generated in the half-space soil to which the tunnels
are coupled. The second is a superposition method, where two sub-models, each consisting of
a single tunnel, are superposed together to calculate the vibration response of the twin tunnels.
In both modelling approaches, the tunnels are modelled using the cylindrical thick-shell theory,
while the half-space soil is simulated using the BE method. The system is assumed invariant
in the longitudinal direction allowing for the formulation of the governing equations in the
wavenumber-frequency domain and hence implementing a 2.5D approach.

The paper falls into four sections. Section 2 summarises the modelling procedure of the soil
and tunnel and describes the superposition method and its governing equations. Section 3 gives
the simulation results and comparisons, and finally Section 4 highlights the concluding remarks.
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2 MODELLING STRATEGY

The modelling work presented in this paper is aimed at studying the dynamic interaction
between twin tunnels in a homogeneous half-space (Fig. 1). Two techniques are adopted: one
is a fully coupled approach and the other applies the superposition method. The fully coupled
approach is based on generating two cavities in the half-space soil in which the tunnels are
inserted, whereas the superposition method produces the response of twin tunnels from the
solution of a single tunnel. In both techniques, the soil cavities are modelled using the BE
method, while the cylindrical thick-shell theory is used for simulating the tunnel wall. It must
be noted that, both the fully coupled approach and superposition method account for the strong
coupling between the twin tunnels.

In the analysis, it is assumed that the tunnel is invariant in the longitudinal direction allow-
ing for the use of a 2.5D approach. In this approach, the calculations are performed in the
wavenumber domain (ξy), thereby representing the full 3D response of the structure and the
radiated wave field on a 2D mesh. Hence, a frequency response function (FRF) matrix of a
2D cavity is calculated at the frequency of interest and coupled to the FRF matrix of the tunnel
wall. The response in the space domain is obtained by applying the inverse Fourier transform
as

u(y, ω) =
1

2π

∫ ∞
−∞

u(ξy, ω)e
(iξyy)dξy, (1)

where u(ξy, ω) is the response in the wavenumebr domain. The following sections describe the
methods applied in modelling the soil and the tunnel, and present the superposition method.
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Figure 1: (a) 3D and (b) 2D (invariant section) illustrations of the layout of the model for twin tunnels embedded
in a homogeneous half-space.

2.1 The soil model

The soil is modelled using the BE method, based on 2.5D Green’s functions for a homo-
geneous half-space obtained with the aid of the ElastoDynamics Toolbox (EDT) [16]. These
fundamental solutions are calculated numerically based on the direct stiffness and thin-layer
methods of modelling wave propagation in layered media.

The BE mesh consists of a total of Ns constant nodal-collocated elements, at which tractions
and displacements are assumed to be uniform. For each of the Ns nodes of the BE mesh, there
are three values of displacements and tractions related by

Hu = Gp, (2)
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where H and G are 3Ns×3Ns matrices describing the behaviour of the soil in terms of its
Young’s modulus (E), density (ρ), Poisson’s ratio (ν), damping ratio (η) and frequency of
interest (f). The 3Ns×1 vectors u and p are assembled from the complex displacement and
traction amplitudes of each node as

u = {u1x u1y u1z u2x u2y u2z · · ·uNs
x uNs

y uNs
z }>

p = {p1x p1y p1z p2x p2y p2z · · · pNs
x pNs

y pNs
z }>

, (3)

where uj and pj are the displacement and traction vectors of node j.
Eq. (2) is rearranged as

u = H−1Gp
u = Hsp

, (4)

in which Hs is the FRF matrix relating displacements and tractions at the frequency of interest.
Throughout the BE analysis, a minimum of six constant elements are used per wavelength to
satisfy the Domı́nguez recommendations [17] and achieve convergence.

2.2 The tunnel model

The tunnel is simulated by the cylindrical thick-shell theory, in which the equations of motion
are formulated in the wavenumber-frequency domain. The tunnel is assumed periodic around
the tangential coordinate (θ), and hence any applied force can be represented by a Fourier series
of sine and cosine components. If the applied loading comprises harmonic components in space
and time, the equations of motion are satisfied by similarly harmonic displacement components.
Thus, the modal displacements {Ũrn, Ũθn, Ũzn}> at the mean radius (a) of the cylinder due to
applied forces in the radial, tangential and longitudinal directions {Q̃rn, Q̃θn, Q̃zn}> read,

Ũrn
Ũθn
Ũzn

 = [U]r=a[T]−1r=ri,r=re


Q̃rn

Q̃θn

Q̃zn

 , (5)

where the radial and tangential displacements are associated with cosnθ, and the tangential
is associated with sinnθ for the symmetrical loading and vice versa for the anti-symmetrical
loading. The top half of matrix [T] is calculated by substituting the inner radius and the bottom
half is obtained by substituting the outer radius. The elements of matrices [U] and [T] can be
found in [14] for symmetric and antisymmetric cases.

Since the tunnel in this paper is subject to a point harmonic load at its invert, it is necessary to
decompose the point load into its space-harmonic components before finding the corresponding
displacement. The variation of the load can be written as a linear combination of the ring modes
(n) by means of a Fourier series as,

δ(θ)

a
=

1

2πa
+
∞∑
n=1

1

πa
cosnθ =

∞∑
n=1

bn cosnθ, (6)

on the interval −π < θ ≤ π, where δ(θ) is the Dirac delta function. Using the representation
of the point load in Eq. (6), the input force can be written in a form that suits the formulation in
Eq. (5) in order to calculate the response due to symmetric and antisymmetric forces for a given
ring mode (n).

The FRF matrix of the tunnel is formulated using the dynamic stiffness approach by dividing
the shell into Nt nodes. Each node has three degrees-of-freedom (DoFs) representing the lon-
gitudinal, tangential and radial directions (Fig. 2). With the aid of the thick-shell formulation
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in Eq. (5) and the representation of the point load in Eq. (6), a FRF matrix (Ht) relating the
response at each DoF to the applied force is assembled.

rad.

a
ht
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2 N t

3

long.

tang.

θ

Figure 2: Cross-section a thick-shell divided into Nt nodes.

Before combining, the systems in Eqs. (2) and (5), two transformations are carried out.
First, the soil FRF matrix is modified to relate displacements and forces instead of tractions
by dividing it by the area of the elements in the BE mesh. Second, the tunnel FRF matrix
is modified to relate displacements and forces in the Cartesian coordinates rather than in the
cylindrical coordinates as,

Hc
t = T>r HtTr, (7)

where the size of the transformation matrix Tr is 3Nt × 3Nt.
The tunnel can now be coupled to the soil cavity in the wavenumber domain by applying

compatibility of displacements, i.e. soil displacement (Us) equals tunnel displacement (Ut)
and equilibrium of forces at the interface as

Us = HsFs
Ut = Hc

t (Fa − Fs)
Fs = (Hs + Hc

t)
−1 Hc

tFa
, (8)

in which Fa is the force applied in the tunnel and Fs is the resulting force applied in the soil.
Knowing Fs, the response at any point in the soil can be calculated.

2.3 The superposition method

The superposition method is used to solve the system in Fig. 1 by breaking it into two sub-
models, each representing a single cavity embedded in a homogeneous half-space. As shown
in Fig. 3, each sub-model has a horizontal cavity, referred to here as a real cavity, and a virtual
cavity at the position of the real cavity in the other sub-model. The method used in this paper is
similar to that applied by Kuo et al. [14] for modelling twin tunnels embedded in a full-space.

The displacement fields for each sub-model due to forces acting on a single cavity can be
calculated at its interface and also at the interface of the virtual cavity. The vibration response of
the coupled system can be written as the superposition of the two displacement fields (Ur,Uv).
One displacement field is the result of forces acting on a single cavity, while the other is the
result of the interaction between the two cavities. Likewise, the total forces applied to the
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Coupled system
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Figure 3: Schematic for the superposition method used for solving the twin tunnels, showing the coupled sys-
tem and the sub-models. The subscripts A and B refer to the cavity number, and 1 and 2 denote sub-model 1
respectively sub-model 2, whereas the superscripts r and v refer to real and virtual cavity respectively.

coupled system (Fr,Fv) are equal to the summation of the forces acting on one cavity with
those representing the motion induced by the neighbouring cavity. This is described by the
following equations,

UA = Ur
1 + Uv

2

FA = Fr1 + Fv2
UB = Uv

1 + Ur
2

FB = Fv1 + Fr2

, (9)

in which the subscripts A and B refer to the cavity number and 1 and 2 refer to the sub-model
number, and superscripts r and v denote the real and virtual cavity respectively.

From the sub-model 1 in Fig. 3, relationships between the forces (Fr1) on the real cavity and
its displacements (Ur

1) as well as the displacements (Uv
1) and tractions (Qv

1) on the virtual cavity
read

Ur
1 = Hrr

1 Fr1
Uv

1 = Hvr
1 Fr1

Qv
1 = Gvr

1 Fr1

, (10)

where Hrr
1 is the FRF matrix relating the real cavity forces and displacements, and Hvr

1 and Gvr
1

are the FRF matrices relating the real cavity forces and the virtual cavity displacements and
forces respectively. The force vector (Fv1) is obtained by integrating the traction vector (Qv

1).
Similarly for sub-model 2 in Fig. 3, relationships between the forces on the interface of the

real cavity (Fr2) and its displacements (Ur
2) in addition to the virtual cavity displacements (Uv

2)
and tractions (Qv

2) yield
Ur

2 = Hrr
2 Fr2

Uv
2 = Hvr

2 Fr2
Qv

2 = Gvr
2 Fr2

, (11)

in which Hrr
2 is the FRF matrix relating the real cavity forces and displacements, and Hvr

2 and
Gvr

2 are the FRF matrices relating the real cavity forces and the virtual cavity displacements and
forces respectively. The force vector (Fv2) is obtained by integrating the traction vector (Qv

2).
The FRF matrices (Hrr

1 , Hvr
1 , Hrr

2 , and Hvr
2 ) are obtained by applying a unit force at each

DoF of the real cavity (Fr1, Fr2) and calculating the corresponding displacements of the real
cavity (Ur

1, Ur
2) as well as the virtual cavity (Uv

1, Uv
2). The FRF matrices (Gvr

1 , Gvr
2 ) are

acquired from the displacements of the virtual cavity by calculating: (i) strains by differentiating
displacements, (ii) stresses from strains using constitutive relationships, and (iii) tractions using
Caushy’s stress law as

Q = σn, (12)
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where Q is the traction vector, σ is the stress tensor and n is the normal vector.
Now, there are 10× 3Ns system of equations presented in Eqs. (9) to (11), that can be solved

together to give the FRF matrix of the coupled system in Fig. 3. Substituting the displacement
vectors of the sub-models in Eqs. (10) and (11) in the displacement vectors of the coupled
system in Eq. (9) yields[

UA

UB

]
=

[
Ur

1

Uv
1

]
+

[
Uv

2

Ur
2

]
=

[
Hrr

1 Hvr
2

Hvr
1 Hrr

2

][
Fr1
Fr2

]
. (13)

Likewise, substituting the force vectors of the sub-models in Eqs. (10) and (11) in the force
vectors of the coupled system in Eq. (9) gives[

FA
FB

]
=

[
Fr1
Fv1

]
+

[
Fv2
Fr2

]
=

[
I1

Gvr
1

]
Fr1 +

[
Gvr

2

I2

]
Fr2 =

[
Gvr

2

I2

]
Fr2 =

[
I1 Gvr

2

Gvr
1 I2

][
Fr1
Fr2

]
, (14)

where I1 and I2 are identity matrices.
Rearranging Eq. (14) and substituting in Eq. (13), the displacement and force vectors of the

coupled system are related together as[
UA

UB

]
=

[
Hrr

1 Hvr
2

Hvr
1 Hrr

2

][
I1 Gvr

2

Gvr
1 I2

]−1 [FA
FB

]
. (15)

From Eq. (15), the soil FRF matrix of the coupled system (Hc
s) in Fig. 3 reads

Hc
s =

[
Hrr

1 Hvr
2

Hvr
1 Hrr

2

][
I1 Gvr

2

Gvr
1 I2

]−1
, (16)

which is to be coupled to the twin tunnels FRF matrix in the same manner of Eq. (8).

3 SIMULATION PARAMETERS AND RESULTS

The simulation results presented in this paper are intended to serve two purposes. The first
is to scrutinise the effect of a neighbouring tunnel on the vibration field from an existing tunnel.
The second is to testify the validity of the superposition method for modelling the dynamic
interaction of twin tunnels. These purposes are met by simulating twin tunnels embedded at
a depth of 20m and separated by a distance of 10m, see Fig. 1. One tunnel is subject to a
unit harmonic point load at its invert and the responses on the free-surface are calculated in the
frequency range from 1Hz to 80Hz, with a resolution of 1Hz for the fully coupled approach and
5Hz for the superposition method. A coarse frequency resolution is used for the superposition
method to reduce computation time. The number of elements in the BE mesh (Ns), which
comprises 40 constant elements of equal size, conforms to those in the tunnel model (Nt).
Table 1 summarises the parameters used in the simulations.

3.1 Effects of a neighbouring tunnel

The significance of the interaction of twin tunnels is presented here by investigating the
displacement fields of single and twin tunnels on the free-surface at example frequencies of
30Hz and 70Hz. Waves generated at the tunnel due to a harmonic point load at the invert
propagate through the soil and result in Rayleigh waves at the surface of the half-space. The
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Parameter Tunnel Soil
Radius, a 2.875m 3m

Thickness, h 0.25m −
Young’s modulus, E 50GPa 550MPa

Density, ρ 2500kg/m3 2000kg/m3

Poisson’s ratio, ν 0.3 0.44
Damping loss factor, η 0.06 0.06
Shear wave velocity, cs − 309m/s

Compression wave velocity, cp − 944m/s

Table 1: Tunnel and soil parameters used in the simulations.

results presented in this section are produced by the fully coupled approach. The insertion
gain (IG) between the two systems is calculated at both frequencies to quantify the effect of a
neighbouring tunnel as

IG = 20 log10

(∣∣∣∣ u(y, ω)twinu(y, ω)single

∣∣∣∣) . (17)

Fig. 4 depicts the transverse (x-axis) displacement field generated by single and twin tunnels
due to a harmonic point load at the invert. It can be observed for the single tunnel model that,
due to symmetry, there are no displacements on the plane x = 0, while the displacements at other
symmetry points are equal in magnitude and opposite in direction. The insertion of a second
tunnel at a centre-to-centre distance of 10m clearly disrupts this symmetry, causing diffraction
of the wavefronts particularly at 70Hz. The net effect of the second tunnel is a change in the
displacement field of up to ±10dB at both frequencies, as illustrated in the insertion gain plots.

Figure 4: Real part of the transverse (x-axis) displacement on the free-surface due to a unit harmonic point load on
one tunnel invert at a frequency of (a-c) 30Hz and (d-f) 70Hz for (a), (d) a single tunnel and (b), (e) twin tunnels,
and (c), (f) the corresponding insertion gain, as computed by the fully coupled approach.

The longitudinal (y-axis) displacement field of the single and twin tunnels due to a harmonic
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point load at the invert is shown in Fig. 5. All displacements on the plane y = 0 equal zero due
to symmetry for both the single and twin tunnels. At other symmetry points, the displacements
are equal in magnitude and opposite in direction. Again, the inclusion of a neighbouring tunnel
clearly distorts the wavefronts at both frequencies, resulting in an insertion gain of up to±20dB.

Figure 5: Real part of the longitudinal (y-axis) displacement on the free-surface due to a unit harmonic point load
on one tunnel invert at a frequency of (a-c) 30Hz and (d-f) 70Hz for (a), (d) a single tunnel and (b), (e) twin tunnels,
and (c), (f) the corresponding insertion gain, as computed by the fully coupled approach.

Figure 6: Real part of the vertical (z-axis) displacement on the free-surface due to a unit harmonic point load on
one tunnel invert at a frequency of (a-c) 30Hz and (d-f) 70Hz for (a), (d) a single tunnel and (b), (e) twin tunnels,
and (c), (f) the corresponding insertion gain, as computed by the fully coupled approach.

Fig. 6 illustrates the vertical (z-axis) displacement field on the free-surface, which shows that
the wavefronts are not cylindrical due to the nature of the source and the dynamic interaction
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between the soil and the tunnels. For the single tunnel, the displacements at the symmetry
points are equal, yet they are not equal for the twin tunnels. The addition of the second tunnel
modifies the displacement field by up to ±10dB. It is also noted that the second tunnel appears
to diffract the wavefront more than in the horizontal displacement field in Fig. 4.

Similar observations to those presented in Figs. 4 to 6 have been highlighted in a recent study
of dynamic interaction between twin tunnels in a full-space [14]. In this study, it was shown
that the presence of a neighbouring tunnel can modify the vibration field of an existing tunnel
at times of the order of 20dB.

3.2 Verification of the superposition method

The efficacy of the superposition method in modelling the twin tunnels is now assessed
against the fully coupled approach. The free-surface vibration response due to a harmonic point
load at one tunnel invert is calculated at points [0m, 0m, 0m], [5m, 0m, 0m], [10m, 0m, 0m],
[0m, 10m, 0m], [5m, 10m, 0m] and [10m, 10m, 0m] as shown in Fig. 1. Such predictions might
be useful for practising engineers who are often interested in vibration levels on the ground
surface for the assessment of train-induced vibration and vibration countermeasures.

Figs. 7 to 9 show the magnitude of the three displacement components (Ux, Uy, Uz) at the
six points on the free-surface as predicted by the fully coupled approach and the superposition
method. It is worth noting that the longitudinal displacements at points [0m, 0m, 0m], [5m,
0m, 0m] and [10m, 0m, 0m] are equal to zero due to symmetry. In general, a good agreement
between the two techniques is seen for all displacements, with small differences of less than
0.5dB at some frequencies. Such differences are still acceptable for vibration predictions, given
their sensitivity to changes in the measurement techniques, environmental conditions and/or
material properties.
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Figure 7: Magnitude of the transverse displacement at points on the free-surface above twin tunnels in a homo-
geneous half-space due to a unit harmonic point load on one tunnel invert, as computed by the fully coupled and
superposition approaches.

Theoretically, the superposition method should give exact results to those of the fully cou-
pled approach since the system in Fig. 1 is linear. The method, however, inevitably involves
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computation errors as it approximates the tractions of the virtual cavity numerically. It is there-
fore believed that the small differences are due to numerical errors resulting from calculating
strains by differentiating displacements.
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Figure 8: Magnitude of the longitudinal displacement at points on the free-surface above twin tunnels in a homo-
geneous half-space due to a unit harmonic point load on one tunnel invert, as computed by the fully coupled and
superposition approaches.
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Figure 9: Magnitude of the vertical displacement at points on the free-surface above twin tunnels in a homoge-
neous half-space due to a unit harmonic point load on one tunnel invert, as computed by the fully coupled and
superposition approaches.

The results shown in Figs. 7 to 9 have indicated that the superposition method can robustly
model the dynamic interaction between underground neighbouring structures. This is essential
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for modelling systems that cannot practically be simulated by the fully coupled approach, due
to computational limitations, such as those including both fully coupled piled-foundations and
underground tunnels. The superposition method is valuable in such cases because it breaks
the problem into two manageable sub-models; one representing the tunnels efficiently in the
wavenumber domain (2.5D), and the other representing the full 3D behaviour of the piled-
foundations.

4 CONCLUSIONS

There are a number of underground railway lines around the world consisting of twin tunnels,
including those in London, Bangkok and Washington, DC. Despite this fact, the majority of
previous numerical studies of ground-borne vibration from underground railways consider a
single tunnel in the modelling process. This paper has presented two techniques for modelling
twin tunnels in a homogeneous half-space, both using the boundary element method for the soil
and the cylindrical thick-shell theory for the tunnels. The models have studied the vibration
response on the ground surface due to a harmonic point load at one tunnel invert.

It has been demonstrated that the dynamic interaction between twin tunnels is highly sig-
nificant. At the examined frequencies, the insertion gain of the displacement field on the free-
surface between the twin tunnels and the single tunnel reaches up to ±10dB for the transverse
and vertical directions, and up to ±20dB for the longitudinal direction.

The accuracy of the superposition method in predicting the dynamic interaction between
twin tunnels has been assessed against the fully coupled approach. Small discrepancies between
the two techniques are attributed to the inevitable numerical errors associated with calculating
the tractions of the virtual cavity in the superposition method. However, these discrepancies
are acceptable, and unlike the fully coupled approach, the superposition method is deemed a
feasible technique for modelling the interaction between longitudinally invariant structures and
finite structures, such as underground tunnels and piled-foundations.
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