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Abstract We present measurements of the fine structure of a passive scalar plume in
uniformly sheared turbulence generated in a water tunnel. We report on the mixed
velocity-scalar statistics of the plume, including the probability density functions of
the velocity, scalar, and scalar derivatives, as well as conditional expectations of the
velocity and the scalar derivatives, conditioned upon the scalar fluctuations. Such
results are particularly relevant to models that are intended to be used for solving
the balance equation of the scalar pdf. Specifically, we address the effect of having
a highly intermittent scalar field, in which case the scalar pdf is highly skewed, the
joint velocity and scalar pdfs are non-Gaussian, and conditional expectations of the
velocity components are distinctly non-linear.

Details on the fine structure of turbulent mixing are particularly relevant for the
modelling of chemical reactions and combustion. A popular approach for analyz-
ing reactive flows is to consider the balance equation of the scalar probability den-
sity function (pdf) [1, 2, 3]. Although these equations have certain advantages over
conventional Reynolds-averaged balance equations of velocity and scalar moments,
they are complicated by the appearance of conditional expectations of the veloc-
ity and the scalar dissipation values, conditioned upon the scalar fluctuations. Most
previous studies have focused on flows in which the velocity and scalar are nearly
homogeneous and jointly-Gaussian, in which case these conditional expectations
would be linear functions of the scalar value [2, 3, 4]; however, this would not nec-
essarily be the case for inhomogeneous scalar fields as they would appear in indus-
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Fig. 1 Schematic of the apparatus (L = 25.4 mm).
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Fig. 2 (a) Representative instantaneous concentration map at x1/L = 28. (b) Mean concentration
map at x1/L = 28, with the three regions of interest indicated by squares. (c) Profiles of the mean
concentration and the standard deviation of the concentration fluctuations; dashed lines represent
Gaussian profiles.

trial and environmental flows and even in many canonical flows, such as turbulent
plumes, jets, wakes, and mixing layers.

The objective of the present study is to investigate experimentally the fine struc-
ture of a passive scalar plume of a solution of Rhodamine 6G dye injected from
a fine tube in uniformly sheared turbulence generated in a water tunnel (figure 1).
Measurements of the turbulent velocity and concentration fields in cross-sections of
the plume were obtained simultaneously with the use of stereoscopic particle image
velocimetry (SPIV) and planar laser induced fluorescence (PLIF). The present re-
sults complement previous reports of absolute and relative turbulent diffusion of the
same plume [5, 6, 7], which have also documented the measurement procedure in
detail.

The scalar field In the present flow, the turbulence was nearly homogeneous but
strongly anisotropic [8]. The present plume was very slender by comparison to the
dominant eddies of the turbulence; consequently, the scalar field was highly inter-
mittent. A representative instantaneous concentration map, shown in figure 2a, il-
lustrates the sinuous nature of the plume and its extensive meandering. At all points
in the cross-section, the scalar intermittency factor γc, defined as the portion of time
during which the concentration was non-zero, was lower than 0.4. Maps of the mean
concentration had the shape of a 2D Gaussian function (figure 2b,c) and the standard
deviation of the concentration fluctuations exceeded the mean concentration.

Probability density functions In the following, we will present representative
measurements at three locations: on the axis of the plume and at two locations on



The fine structure of a slender scalar plume in sheared turbulence 3

−5 −4 −3 −2 −1 0 1 2 3 4 5
0

0.1

0.2

0.3

0.4

0.5

u i/u ′
i

P
(u

i/
u

′ i)

 

 
u1
u2
u3

Gaussian
dist.

(a)

0 5 10 15 20
10−6

10−4

10−2

100

c/c ′

P
(c

/
c

′ )

 

 
F
C
S

(b)

exponential dist.

 gamma dist.

Fig. 3 (a) Pdf of the velocity fluctuations; the dashed line represents a Gaussian distribution. (b)
Pdf of the concentration fluctuations; the dotted line represents undyed fluid and the dashed lines
represent fitted gamma and exponential distributions.

either side of the axis and along the mean velocity gradient direction, near the two
inflection points of the mean concentration profile (Points C, F and S, respectively).
Unlike the pdfs of the velocity fluctuations (figure 3a), which were Gaussian, the
pdf of the scalar fluctuations (figure 3b) were highly skewed and were bounded on
the low side by the zero concentration and on the high side by a value that was
significantly lower than the injected dye concentration CS; these observations are
consistent with previous measurements in thin plumes [9, 10]. At all three loca-
tions, the scalar pdf nearly coincided, although at the off-centre locations (F and S)
the pdf had slightly higher values in the tails, which can be attributed to the peak
generation of scalar fluctuations at the inflection points of the mean scalar field.
For small concentration fluctuations (c/c′ < 4), the scalar pdf could be described
by a gamma distribution, whereas, the tails (c/c′ > 5) were best described by an
exponential distribution.

Conditional expectations The conditional expectations of the velocity compo-
nents conditioned upon the scalar value in the present plume were distinctly non-
linear (figure 4), unlike those in flows with homogeneous scalar fields in which the
joint velocity-scalar pdfs were nearly Gaussian [2, 3, 4]. The variation of u2/u′2|c/c′
illustrates that negative scalar fluctuations (i.e., mostly undyed fluid) are associated
with motions that originated outside the plume, whereas positive scalar fluctuations
are associated with motions that originated largely in the core of the plume. Fur-
thermore, the curves have steep vertical asymptotes on the negative side which are
attributed to the fact that the scalar fluctuations are bounded on the negative size by
the zero concentration. The variation of u1/u′1|c/c′ had the opposite trends, which is
consistent with the sign and strong magnitude of the Reynolds stress −u1u2 in this
shear flow [8]. As expected by considering the symmetry of the turbulence and the
mean plume, u3/u′3|c/c′ was zero at x3 = 0.

Scalar derivatives Measurements of the scalar derivatives are particularly rele-
vant as surrogates for the scalar dissipation rate [3]. The pdf of the transverse scalar
derivative (figure 5) were highly peaked with long nearly-exponential tails, compa-
rable to those measured in flows with less inhomogeneous scalar fields [3, 4, 11].
This is attributed to the small-scale intermittency of the scalar even in flows with



4 C. Vanderwel and S. Tavoularis

0 2 4
−0.1

−0.05

0

0.05

0.1

c/c ′

(u
1
/
u

′ 1
)|

c
/
c

′

 

 

0 2 4
−0.1

−0.05

0

0.05

0.1

c/c ′

(u
2
/
u

′ 2
)|

c
/
c

′

 

 

0 2 4
−0.1

−0.05

0

0.05

0.1

c/c ′

(u
3
/
u

′ 3
)|

c
/
c

′

 

 

F
C
S

F
C
S

F
C
S

(a) (b) (c)

Fig. 4 Conditional expectations of the velocity components, conditioned on the concentration fluc-
tuation value; dotted lines represent undyed fluid.
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Fig. 5 (a) Pdf of the transverse concentration derivative. (b) Conditional expectations of the trans-
verse concentration derivative, conditioned on the concentration fluctuation value; the dotted line
represents undyed fluid.

Gaussian scalar pdf. The conditional expectations of the transverse scalar derivative
at all measurement locations (figure 5b) were also distinctly non-linear functions of
the scalar value, although their signs were consistent with the signs of the corre-
sponding local mean scalar derivatives [12].

In summary, these results demonstrate that in a highly intermittent scalar field,
the scalar pdf was strongly non-Gaussian and the conditional expectations of the
velocity components and the scalar dissipation, conditioned upon the scalar value,
were distinctly non-linear.
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