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Abstract—We analytically characterize the data-aided error
vector magnitude (EVM) performance of a single-input multiple-
output (SIMO) communication system relying on maximal ratio
combining (MRC) having either independent or correlated
branches that are nonidentically distributed. In particular, exact
closed form expressions are derived for the EVM in »-u fading and
k-p shadowed fading channels and these expressions are validated
by simulations. The derived expressions are expressed in terms

of Lauricella’s function of the fourth kind F(N)(.), which can
be easily computed. Furthermore, we have simplified the derived
expressions for various special cases such as independent and iden-
tically distributed branches, Rayleigh fading, Nakagami-m fading,
and «-p fading. Additionally, a parametric study of the EVM
performance of the wireless system is presented.

Index Terms—Error Vector Magnitude, maximal ratio

combining, y-u fading, «-u fading, SIMO.

I. INTRODUCTION

ONFORMITY with the wireless communication perfor-

mance standards is an absolute necessity, when designing
communication systems. Traditional approaches of quantifying
a communication system’s performance includes the calcula-
tion of classic metrics such as the Bit Error Ratio (BER), the
throughput and the outage probability [1]-[4]. However, an
alternative metric that is becoming increasingly popular is the
Error Vector Magnitude (EVM) [5].

EVM as a performance metric offers several advantages.
Firstly, it facilitates the identification of the specific types
of degradations encountered, in addition to their particular
sources in a transmission link [5]. Some of these degradations
are the Inphase-Quadrature Phase (IQ) imbalance, the Local
Oscillator’s (LO) phase noise, carrier leakage, nonlinearity and
the LO’s frequency error [6], [7]. Secondly, the EVM is a
symbol-level performance metric unlike the BER, which is a
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bit-level performance metric. Hence, EVM is more convenient
for Symbol Error Rate (SER) based scenarios where multiple
modulation schemes are employed, as in adaptive modulation
[8]. Thirdly, it may be employed by a communication sys-
tem designer for ensuring conformity with wireless standards,
because EVM-based specifications have already become a part
of the Wideband Code Division Multiple Access (W-CDMA)
and IEEE 802.11 family of Wireless Local Area Network
(WLAN) standards [5], [8]. Fourthly, in experimental studies
the channel model used is often a proprietary channel, for which
no closed form expressions are available either for the BER
or for the EVM. In these studies, the designer has to char-
acterize the system by transmitting and receiving bits, where
the BER calculation relying on the Monte Carlo approach has
a long computation time, especially at low BERs. By con-
trast, the EVM can be readily evaluated by transmitting fewer
symbols, as compared to the BER. Hence, characterizing the
performance using EVM is preferred. However, in contrast to
the classic BER formulae, the current literature does not pro-
vide closed form expressions of the EVM of several important
channel scenarios. Hence provides closed-form expressions for
some of these important channel scenarios and partially fills this
gap in the open literature. We have now added the following
text to the discussions in the introduction section (please see
page 2 of the revised manuscript). Moreover, EVM is easier to
employ than BER as a performance metric in systems, where
the transmitter requires feedback regarding the link’s perfor-
mance for making choices such as which adaptive modulation
mode or channel coding rate to rely on. This is because employ-
ing BER would require the received signal to go through the
entire receive chain before the feedback can be generated, while
computation of the EVM using the received symbols would be
quicker. Thus, employing EVM would be a better choice for
providing real-time feedback.

In an optimized system the major source of degradation is
the channel’s fading [4], [9]. However, in a realistic system
a range of degradations mentioned in [5] are imposed, which
would play a detrimental role. Employing EVM would help
the designer identify these impairments at a glance and hence
to mitigate them. Mitigating the effects of these distortions
would require the EVM of the the best-case scenario, where
the EVM is predominantly or purely decided by the wireless
channel’s fading as well as by the ubiquitous receiver-noise,
and not by other impairments, such as non-linear distortions
and synchronization errors, etc. Hence in this paper we aim
for providing the designer with closed form expressions for
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determining this best-case target EVM. Numerous models have
been employed in the literature for simulating a wireless chan-
nel [4]. Some of these models have been used for several years,
including the AWGN, Rayleigh, Rician and the Nakagami-m
as well as the Nakagami-q faded channels. On the other hand,
recent studies are increasingly favouring the state-of-the-art
n-p and «k-u shadowed fading channels [10], [11], because they
represent all-encompassing generalizations, with the classical
channels being their special cases. For example, the n-u distri-
bution includes the Nakagami-q (Hoyt), the Nakagami-m, the
Rayleigh and the One-Sided Gaussian distribution as special
cases. The «-p distribution includes the Nakagami-n (Rice),
the Nakagami-m, the Rayleigh, and the One-Sided Gaussian
distribution as special cases. The «-u shadowed distribution
includes « - and Rician shadowed distribution as special cases.
Moreover, they match the experimentally measured mobile
radio propagation statistics better than the other channel mod-
els [10]. The k-u shadowed fading is useful for modelling
the satellite links. A simplified model for «-u fading is the
shadowed-Rician fading, which has been employed for mod-
elling the satellite links [12]-[15].

The BER, outage probability and capacity are some com-
monly employed performance metrics, which have been quan-
tified for n-u and «-u shadowed fading1 channels in [16]-[19]
and in the references therein. On the other hand, there is a dearth
of studies that focus on the quantification of the achievable
EVM for these wireless channels. Moreover, there are no stud-
ies that characterize the EVM performance for the commonly
employed wireless technique of receive antenna diversity [20].
Note that a performance analysis of maximal ratio combin-
ing based receive antenna diversity was provided in [21] for
the case of the shadowed-Rician fading land mobile satel-
lite channels. Employing multiple receive antennas provides
a diversity gain [20], where the link between the transmit
antenna and each receive antenna is referred to as a single
branch of the Single Input Multiple Output (SIMO) channel.
The fading coefficients of the different branches may be inde-
pendently distributed or correlated, where the branches in these
scenearios are referred to as being independent or correlated,
respectively. Additionally, they may have the same or different
probability distribution parameters, where the branches in these
scenearios are referred to as being identically or non-identically
distributed, respectively. It must be noted that there is some lit-
erature on the EVM performance of the classical AWGN and
Rayleigh channels for the scenario of a single receive antenna,
though these are limited to only a couple of research papers.
The seminal effort was made in this direction in [22], while
[23] formulates the attainable EVM in an AWGN scenario. This
study was extended in [24] to the scenario of non data-aided
receivers communicating over both AWGN as well as Rayleigh
fading channels.

A designer can compute the expected BER for various fad-
ing channels using well established formulae from the existing
literature. Thus, designers have a benchmark with which they

IThe probability distribution function (pdf) of the sum of the squared x-u
shadowed random variables with independent and correlated shadowing com-
ponents are derived in [11] and [16], respectively. Note that the pdf derived in
[11] is a special case of the pdf derived in [16].
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can compare the experimental results, when using BER as a
performance metric. However, there are no such equivalent the-
oretical formulae for EVM. Hence, through this paper we aim
to provide a theoretical benchmark for the EVM performance
that the designer can expect in the wireless channels.

Against this background, the novel contributions of this
paper may be summarised as follows:

1) We derive exact closed form expressions for the data-
aided EVM? performance of a SIMO wireless system
employing the n-u and «-p shadowed fading chan-
nels and a Maximal Ratio Combining (MRC) receiver.
Our expressions are derived for independent and non
identically distributed branches. These results are then
validated by simulations>.

2) We also study the effect of correlated fading channels in
the above-mentioned wireless system and formulate the
EVM for these scenarios.

3) The expressions derived are then further simplified for
various special cases, such as independent and identically
distributed branches, the Rayleigh, the Nakagami and the
k-u fading.

4) The impact of the various channel parameters such as 7,
1, k and that of the number of receive antennas N on
the EVM performance is studied along with the attainable
performance limits.

Our paper is organized as follows. In Section II, we present
the background necessary for understanding this study, which
includes discussions on the SIMO n-u and k-p shadowed
channel models in Section II-A and on EVM in Section II-B.
Subsequently, we present our analytical characterization of the
EVM performance for a SIMO wireless system in Section III,
while in Section IV we provide our simulation results. Finally,
we offer our conclusions in Section V.

II. BACKGROUND INFORMATION
A. SIMO n-p and k- Shadowed Channel Models

For the case of a SIMO wireless channel having N receive
antennas, the channel model is as follows [4]:

y=hs +n, (1)
where s is the transmitted symbol and
y=1[ sn1”
h=[a1e/" are!®” aye!NT
n=[n ny - nyl’. 2

Here 9y is the symbol received by the k" receive antenna after
being subjected to the multiplicative fading of axe/% and to
corruption by the additive noise of n. In the above discussions
ay, Or and nj are random variables (RVs), whose pdf has to
be experimentally characterized. Typically the noise is mod-
elled by a zero-mean Gaussian distribution, while the phase of

2Note that data-aided EVM refers to the EVM obtained using data-aided
receivers, i.e receivers which have exact knowledge of the transmitted bits.

3Please note that if any other detector than the MRC is used, then the EVM
analysis will change significantly.
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the fading co-efficient is assumed to have a uniform distribu-
tion within [0, 2] [4]. However, modelling the distribution of
ay or alternatively that of Xj o< a,f is much more challenging
due to its heavy dependence on the exact nature of the wireless
channel. Note that Xy is referred to as the fading power.

Recently n-u and k- shadowed pdfs were proposed in [10]
and [11], respectively. Mathematically, the n-u fading power
(or fading attenuation) pdf is expressed as follows for each X
[10], [25]:

1
Mkt g 2
=2y hygx
2wy P hy Lk,

ka,n—p,(x) = 1 1
k=75 -kt
F(uoH 252

<2;,Lkax>
xI 1 |\—,
Hk—7 Xk

where the modified Bessel function of the first kind of order b
is represented by I, (.) and the Gamma function is denoted by

I'(.) [10]. Here we have u = Zﬁzj{x;k}} [1+ (f—:)?], where E{.}
and var{.} denote the expectation and variance, respectively and
Xr = E{X} [25]. The parameters Hj and h; may be defined in
two unique ways that correspond to two distinct fading formats,
where the difference arises from the physical interpretation of
the parameter 7y [10]*. In format 1, 0 < Nk < oo is the power
ratio of the in-phase and quadrature phase components of the
fading signal in each multipath cluster, while Hy and hj are

given by:

3)

-1
M =M

2+ +
k andhk=M.

H
k 4

4)
Moreover, in format 1, the n-u power distribution is symmetri-
cal around 1 = 1. The second format can be obtained from the
first one using the relationship of ngormar2 = }jr’,;i%:aﬁ [10].

On the other hand, the «-u shadowed power pdf 1s expressed

as follows for each Xj [11]:

Mgkmz’k (1+ Kk)ukxuk—l
I () o) o (kg =+ mg)™*

_ g trp)x 2 (1 + k1) x
xe % 1F mk,uk,u_—
MKk + Mg Xk

&)

ka,Kk—;,LkSh (.X') =

where k; > 0 denotes the ratio of the total power of the dom-

inant components to that of the scattered waves and my is
E2{(X;) 142k
var{Xi} (14xy)?
E{Xy}, while | F is the Kummer Hypergeometric function.

The elements a; for 1 < k < N have two important charac-
teristics, which are as follows [4]:

1) Similarity: For a particular distribution model, the coef-
ficients a; may or may not be identically distributed.
Specifically, for the cases of the n-u and k-p shadowed
distributions, they may or may not all have the same
{nk, e} and {kg, i, my} parameters, respectively.

the shadowing parmeter. In (5), ux = and x =

Mt is important to note that the - pdf well models the small-scale vari-
ations of the fading signal in a scenario of non-line-of-sight communication
[10].

2) Correlation: For a particular distribution model, the coef-
ficients aj associated with 1 <k < N may or may not

be correlated with each other. The level of correlation is
represented by the correlation matrix as follows:
P11 P12 - P1j -t PIN
Co=| 1 © P, 5 | ®
PN1 PN2 = P1j *** PNN

where p;; denote the correlation coefficient between a;
and a;. Note that Cy, is an identity matrix for the case of
all fading magnitudes being independent.

In our study, we employ Maximal Ratio Combining
(MRC) [4] detection, because its performance closely matches
the performance of the optimal maximum-likelihood detec-
tion [4], while its complexity is much lower. Assuming perfect

channel estimation, the received symbol y after MRC is as
follows:
hly
Y= Lin (N

B. Error Vector Magnitude

The error vector between the transmitted complex-valued
symbol s(/) = s7(I) + j - so(/) and the received symbol y (/) =
yi() + j-yo(l) is defined as e(l) = y(/) — s(I). Fig. 1 shows
a vectorial representation of e using the constellation diagram
of the communication system. The EVM of the communication
system is proportional to the root mean square value of the error
signal e(l). In other words, if a total of L symbols are trans-
mitted over the wireless channel, then the EVM of the SIMO
system described in Section II-A may be expressed as follows
[24]:

EVM

ZJ%Zénﬁn—wm{ )

where P, is the average symbol power. If s(/) €

{S1,82,---Sm}, and if all symbols are equi-probable,
then P, may be expressed as:
M 2
_ S
P() — Z)’I‘l—[&' m| . (9)

III. ANALYTICAL STUDY OF THE EVM FOR SIMO
CHANNELS

The EVM in an AWGN SISO channel has been formulated
as follows for the case of data-aided receivers [23]:

1
EVM = |—— when L — o0,
SNRsiso

where SN Rgrso is the channel’s signal-to-noise-ratio at the
single receive antenna, L is the number of symbols transmit-
ted over the wireless channel and M is the number of unique
wireless symbols in the modulation scheme.

(10)
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Fig. 1. Vector representation of the error between symbols s and y.

In the SIMO scenario, if we assume that the average signal
to noise ratio at each receive antenna is y; = y, then the instan-
taneous equivalent signal-to-noise-ratio of the overall SIMO
system is [4], [24]:

N

Yinst = Zalzy =Ny X
k=1

N
1
~ Za,% = SNRs;mo x Z, (11)
k=1

where SNRs;yo0 = Ny is the average equivalent signal-to-
noise-ratio of the overall SIMO system, which represents the
power gain of using a higher number of receivers’. On the
other hand, in (11), Z = % Z,i\,: 1 a,% is the diversity gain, which
converges to 1 as the number of antennas increases (assuming
each of the channel gains is normalized to have unit variance)
and it hence helps overcome fading [9, P. 72]. In our simu-
lations, we compare the EVM obtained in a SIMO channel
to that of the SISO channel. Our goal is to study the diver-
sity gain obtained by employing multiple receive antennas and
not the power gain. Hence, we compare the SIMO channel to
an equivalent SISO AWGN channel having a signal-to-noise-
ratio of SNRs;so = SNRsryo = Ny in order to ensure the
same average received power in both scenearios. Note that the
BER or EVM performance of the SIMO system may be better
than that of a SISO AWGN channel having an SN Rsrs0 = v,
but will always be worse than that of a SISO AWGN channel
having an SNRs;s0 = SNRsimo = Ny.

Now, employing the instantaneous SNR in (10) we obtain the

instantaneous EVM to be EVM(z) = /m for L —

00, where EVM(z) is the instantaneous EVM for the scenario
of the diversity gain Z = z. The average EVM is formulated
by employing the definition in [24] where, the average EVM is
calculated by averaging over all possible values of z using the
following expression:

EVM = f EVM(z) fz(z)dz, (12)
0

SWe employ the notation SN Rgjyr o for distinguishing between the power
gain and diversity gain obtained by employing multiple receive antennas.
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where fz(z) is the pdf of Z. Let us now derive the exact
closed-form expressions for the EVM in a SIMO channel, while
considering two fading scenarios, namely the n-u and k-p
shadowed fading channels.

A. n-u Fading SIMO Channel

In order to derive the EVM for n-u fading, we first have to
derive the pdf of Z = 21](\;1 X, where we have X; = %a,%.
Thus, each X has the pdf given in (3) with x; = E{X;} = %
and the distribution parameters of {ny, ;r}. The moment gen-
erating function (MGF) for Xj has been derived in [26]. In
[27], it has been shown that the MGF of X; can be repre-
sented as the product of the MGFs of two gamma distributed
RVs (RVs), where both these gamma RVs have the same shape
parameter oox—1 = ok = [k, but different scale parameters
of 92;{._1 = m and sz = m Using this rela-
tionship, as well as the studies in [27] and [28], we can state
that Xy = Py + Qp, such that P, ~ G(aor—1, 2k—1),and Qy ~
G(aak, 62x). Note that G(aoy, 2r) denote the gamma distribu-
tion with shape parameter oo and scale parameter 6. Thus,
the sum of N n-u RVs may be alternatively expressed as the
sum of L = 2N Gamma RVs, where the pdf of the sum of L
Gamma RVs has been derived in [29]. Now, as stated earlier,
the pdf of Z = le{vzl Xk has been derived to be the following
using the pdf of the sum of 2N Gamma RV [29]:

ZZN: a;—1
Zi:l

N N
[TE)*T | > o
i=1 i=1

2N
(2N) —Z —Z
® [ ) iv s s | 13
2 (061 arN ;az o 92N> (13)

where Cb;N)(.) is the confluent Lauricella function [30]. We
can now substitute this f7 ,_,(z) into (12) for formulating the
average EVM.

1) EVM of n-u SIMO Channel With Independent and
Nonidentically Distributed Branches:

Lemma 1: The EVM expression of the n-u fading SIMO
channel having independent and non-identically distributed
(i.n.i.d) branches is given by

N
JNw (1 gpH TC L wi =05

fZ,n—;/.(Z) =

EVMT]—/L inid =
’ VSNRsimo N
NPT
i=1
N
2N—-1
x FN=D [0-5,/L1,/L2,/L2,--~ NS N2 )
i=1
oL _maa)  omOtn)
m’ (40 ma(l+m)
w4

1

—1
— _/'Ll(l‘i‘nl ) (14)
pnd+nyH) un (1 +nn)

N
for2 Y u; > 0.5.

i=1
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Proof: See Appendix I for the proof. ]
The expression of the EVM for the i.n.i.d case is given

in terms of Lauricella’s function of the fourth kind F (N)[]

[30]. The function F1<) ) la,b1,--- ,bn;c; x1,--+ ,xyN] can be
evaluated using the following single integral expression:

I'(c)
T(@rI(c—

a)/ 11— e ln(l—xt) bigy,

where Real(c) > Real(a) > 0, (15)
where Real(.) returns the real part of the argument. Note that
the condition Real(c) > Real(a) > 0is satisfied by Lauricella’s
function of the fourth kind F g\/) [.], which appeared in (14).
Special Case 1: Now, we simplify the expression in (14) for
the case of independent and identically distributed (i.i.d) fading
SIMO channels. Substituting both »; =1 and p; = p Vi into
(14) and then using the following identity:
Fila, b, -

,x]=2Fla, b1 +---+by; c; x],

(16)

byye,x, -+

where 7 Fi[.] is the Gauss hypergeometric function [30], we
obtain,

VNu(l+n=H)T2Np —0.5)
VSNRsimo C@2Np)

1
2F1[0.5, Nw; 2Np; 1 — —] for 2N > 0.5.
n

EVMnfu,i‘i.d =
(17)

In the following, we show that the expression shown in (17)
converges to the EVM expression of AWGN channel. Note that
when fading parameters n = 1 and u tends to infinity, the n-u
channel should converge to an AWGN channel. By substituting
n = 1and u — oo in (17), it can be simplified to

V2N TQRNp —0.5)
EVMAWGN = lim
n—=0 /SNRsimo T (C2Nw)
1
= (18)
VSNRsimo
This  simplification  follows  from the fact that
2F1[0.5, Nu; 2Npw; 0l = 1. We now provide the upper

bound of the EVM expression given in (17) so that the impact
of fading parameter n can be shown. Using the transforma-

tion 2Fi[a,b;c;z] = (1 —2)5 P Filc —a,c — b; ¢; 2], we
obtain:
Nu(l+n~HTQNw—0.5)
EVM, . iid = L

vSNRsimo

SFI2Np — 0.5, Ny; 2N 1 — —] (—) , (19)
n\n

F@2Nw)

and using the bound F{[2Nu — 0.5, Ny; 2Np; 1 — %] <
—p
Fi2Nu, Nu;2Nw; 1 — %] (%) , the expression given in

(19) can be upper bounded as:

EVM,_, VYNp( 4 HTQN —05) <1>°5
T VSNRsimo F@2Nw) n
_ VNuT+n) F@Np - 0.5) 20)
VSNRsimo  T@Nw)

Hence, it is apparent from (20) that as n increases, the EVM
increases. Recall that n is the scattered-wave power ratio
between the in-phase and quadrature components of each clus-
ter of multipath and hence the EVM will be minimum when the
power of the in-phase and the quadrature components is equal.

Special Case 2: The Nakagami-m fading is a special case
of the n-u fading associated with n = 1 and 2 = m’. Note
that m’ is the shape parameter of the Nakagami-m fading.
Substituting n = 1 and 2u = m in (14) and (17), we obtain
the following expressions for the i.n.i.d and i.i.d scenarios,

respectively:
N !/
N, F(Z:l m; —0.5)
EVM,ip.id = — x
n,in.i.d m N /
F(Z: m;)
(N—1) / m m
FD 0.5,m2,"', Zm _/7 s LT T
my my
N
for Zm: > 0.5 and 21)
i=1
v Nm’  T(Nm’' —0.5) for Nm' = 0.5
jid = or Nm' > 0.5.
T JSNRsimo T(Nm)
(22)
Using the following identity from [31]:
_ (a—b)a+b—-1) _
g = e (14 S22 L o)
for large n, (23)
the EVM of the i.i.d Nakagami-m scenario can be further
simplified to
EVM 1 1+ 0.75 + O(INm'|7?)
= m
A= JSNRs o INm'

for large Nm'. (24)

Note that the first term in (24) represents the EVM of an
AWGN channel, while the remaining terms in (24) represent
the contribution of the fading. We know that as the parameter m
decreases, the impact of fading becomes more severe, which is
confirmed by (24). A second point that may be noted from (24)
is that the EVM approaches that of an AWGN channel, when
the number of receive antennas tends to infinity and/or when
the fading parameter tends to infinity.

2) EVM of n-u SIMO Channel With Correlated and
Identically Distributed Branches:

Lemma 2: The EVM expression of a correlated n-u SIMO
channel associated with an MRC-based receiver is given by:
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1 T'2Np. — 0.5)

VOISNRsim0 F@Npe)

_ 0 6
XFézN b 057“677“672]\]“()71_/\_2’1_ /2\N
01 61

EVMn—u,corr =

for2Np. > 0.5.

Proof: See Appendix II for the proof. |

B. k-u Shadowed Fading SIMO Channel

In order to derive the EVM of a k- shadowed faded channel,
we first have to derive the pdf of Z = lecvzl Xk, where X =
%a,%. Thus, each X has the pdf given in (5) with x; = % and
distribution parameters of {kx, wx, my}. The pdf of Z has been
shown in [11] to be as follows:

N
- >on
N ,uf"m;"’(l + ke )M zi=1
fZ,K—;mh(Z) = 1_[ N

=UDY i) (ki + mi)mix)
i=1

i—1

N
N
<I>§ )<M1 —ml,"'MN—mN,ml'-'mn;ZMi;
i=1

wimi(1+x1)z

itz pn(d4kn)z
X o T (uakn +my) X

X1 JEN
o unmpy (1 +KN)Z>
(UNKN +mpN)XN

(26)

We can now substitute f7 ._,sn(z) in (12) to obtain the
average EVM.

1) EVM of k- Shadowed Fading SIMO Channel With i.n.i.d
Branches:

Lemma 3: The EVM expression of «-u shadowed fading
SIMO channel having i.n.i.d branches is given by

N
F( i —O.S)
/Ny (1 + k1) i=1

VSNRsimo N
N DI
i=1

EVMK—;Lsh,i.nAi.d =

FI()ZNA) (0.5, 02 —mp, =-+, up —mo, my, - -my;
N
Y1 = 0D ),
T wt)” T v ey)
|- (ki +my) |- (unkn +mpy)ur(l + k1) )
mi myun (1 +ky) ’
N
for wi>0S5. 27)
i=1
Proof: See Appendix III for the proof. |

Special Case 1: Now, we simplify the expression in (27)
for the i.i.d scenario, where we set u; = u and k; = k Vi to
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obtain:
EVM o VNl +x) T (Nu—0.5)
T JSNRsmo T (Nw)
SFI10.5, Nm:, Nz =25 for Njw > 0.5. (28)
m
In the following, we will show that the above expression con-

verges to the EVM expression of AWGN channel. Note that
when fading parameters x = 0 and p tends to infinity, the «-
w channel should converge to an AWGN channel. By putting
k = 0 and u — oo the above expression can be simplified to

JN
EVMuwey = lim s

H—>00 «/SNRSIMO

1
P — 29
VSNRsimo %

The above simplification follows from the fact that
2F1[0.5, Niu; 2Np; 0] = 1. Note that the EVM  expres-
sion for an k-u shadowed channel converges to the expression
of AWGN channel when fading parameter x = 0 and u tends
to infinity, as expected.

Special Case 2: We now derive the closed-form expression
of EVM for the «-u fading SIMO channel having i.i.d branches.

D(Nu — 0.5)
C(Nw)

Note that the k-p fading is a special case of the x-u shadowed
fading with m — oo. Using the following identity [32]:
lim 2 F; [a,b, c, E] = 1Fila,c, z], (30)
b—00 b

the o Fi[.] given in (28) can be simplified for m — oo as
follows:

SF[0.5, Nm: Nt . — ] = 1F[0.5; Njw; —N k], (31)
m

where 1 Fi[.] is the Kummer hypergeometric function [30].
Therefore, the EVM expression of the «-u fading SIMO chan-
nel having i.i.d branches is given by

VNl +x) T(Nu —0.5)

VSNRsimo  T'(Nw)
1F1(0.5, N, —N k) for Ny > 0.5.

EVMK*/L,i.i.d =
(32)

The EVM expression of the x-u fading SISO channel is
given by

_ ~/p+x) I'(uw—0.5)

EVM,_, = 1F1(0.5, b, — k)
T TJSNR . DO TH
for u > 0.5. (33)

Additional validation of Equation (33): In the following, we
derive the EVM expression of the k- fading SISO channel
using the negative moment given in [10] in order to fur-
ther validate our derivations®. The EVM for «-u channel is

%Note that the negative moment of sum of generalized fading distribution
is not available and hence we cannot derive the EVM expression for SIMO
channel.
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given by
T 1
EVMK,M = / m fK,M(a)da
a=0
where f_,(a) is the k-p envelope probability density func-
tion. It is apparent from the above expression that the EVM,._,
is the negative moment of the x-p fading distribution. Using

the moment expression given in [10], the EVM,_,, can be
obtained as

EVM._ . — Vil +x) I'(un —0.5) exp(—kp)
K—p =
SNR I'(w)
1F1(u —0.5, u, ux) for p > 0.5.

(34)

Then, using the transformation e “Fi(b—a,b,z)
= 1Fi(a, b, —z), we can simplify the above expression
to

EVM _ Ju(l+ k) T(nw—0.5)
e VSNR I'(w)

1F1(0.5, i, — k).
(35)

Therefore, we have shown that the expressions given in (35) and
(33) are same. Note that the functional form of the pdf of the
sum of correlated k-u shadowed random variables is similar to
that of the sum of correlated 1-u random variables. Hence, the
EVM expression for a correlated «x-p shadowed SIMO chan-
nel can be derived in a similar manner to that of the n-u SIMO
channel. Furthermore, «-u fading is a special case of k-u shad-
owed fading and hence the EVM can be obtained numerically
by employing a very high value of m in the EVM expression
for a k-pu shadowed fading channel.

IV. SIMULATION RESULTS

In order to validate the EVM expressions derived for -
w and k- shadowed fading channels associated with the
arbitary parameters, we simulated a BPSK modulation-based
system communicating over these channels. We implemented
a simulation-based solution of (12) using 1 transmit and N
receive antennas. The simulations employed the Monte Carlo
approach, which relies on transmitting a large number of bits
over the wireless channel and computing the average EVM. The
simulations were carried out in Matlab.

Fig. 2 shows the EVM variation with respect to SN Rs7y0
for the case of SIMO channels having independent and non-
identically distributed branches, where it can be seen that the
simulation results closely match the theoretical values.

Fig. 3 depicts the variation of EVM with respect to
SNRgs;pmo for n-p fading. Here, we have considered N = 3
and n > 1, since n is symmetrical about 1. Firstly, it may be
seen that the analytical results match with the simulation results
for the entire range of SN Rs7ys0. Secondly, it may be observed
that as 7 increases, the EVM also increases for a fixed value
of w. Recall that n is the power ratio of the in-phase and
quadrature-phase components of the fading signal in each mul-
tipath cluster. Hence, as the power ratio of the in-phase and

250 ;

% N=2,7=[110], p=[ 0.5 0.75 |

o N=3, k=[125], u=[1.52.025],
——Theory (blue or red)

200

150 -

100

(2]
o

reference

Error Vector Magnitude (%)

0 L L L
-5 0 5 10

SNR g\, (dB)

Fig. 2. The EVM for n-u and k- shadowed i.n.i.d SIMO channels.

500

% n=>50 and p=0.5
o n=10 and p=0.5
o n=1 and p=0.5
X
+

n=1 and p=1

n=1 and p=10

AWGN channel |4
—Theory

Error Vector Magnitude (%)

200 |
100 |
0 . . a3
-10 0 10 20
SNR . (dB)

Fig. 3. The EVM for different values of n and 1+, when N = 3 and the channels
are i.i.d.

quadrature-phase components increases, the EVM increases. In
other words, the EVM would be minimum, when the power
of the in-phase and quadrature-phase components of the fading
signal in each multipath cluster is equal. Thirdly, as the shape
parameter pu increases, the EVM decreases and it approaches
the EVM of an AWGN channel.

Fig. 4 shows the variation of EVM with respectto SN Rsp0
for different values of N. Firstly, observe that the simula-
tion results closely match the analytical results. Secondly, as
the number of antennas increases, the EVM decreases and it
approaches the EVM of an AWGN channel. Interestingly, it
may be seen that the EVM decreases significantly as the number
of antennas increases from 1 to 2. However, the EVM reduction
becomes less significant, as the number of antennas increases
from N = 2 to 3 and so on.

Fig. 5 shows the variation of EVM as a function of
SN Rsimo for different values of correlation coefficients. The
correlation between the SIMO branches is defined by the corre-
lation matrix in (6) in conjunction with p,, = p!P=4! where
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400 v N=5b 1
g s AWGN channel
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Error Vector Magnitude (%)

100 - <
-10 0 10 20
SNR ¢, (dB)

Fig. 4. The EVM for different values of N, when n =1 and p = 0.5 and the

channels are i.i.d.

600 :
A -4-SISO Channel
IR * p=0.99 |
500 o p=0.95
o p=0.9
400 Increasipg x p=0.8 1
¥ correlation p=0.6
b4 v p:(]
300
—Theory

-
o
o

Error Vector Magnitude (%)

reference

-10 0
SNR

o

10
simo (4B)

Fig. 5. The EVM for different values of correlation, when N = 3, while n = 1
and p = 0.5 for all the channels.

we have p,g =1,---, N. Firstly, it may be seen that the
simulation results closely match the analytical results for all
values of the correlation coefficients. Secondly, it is observed
that the EVM increases, as the correlation among the branches
increases and it approaches the EVM of a SISO channel.
Furthermore, the rate at which the EVM increases is higher,
when the correlation coefficients are high.

Fig. 6 shows the variation of EVM versus the N x m product
for the special case of Nakagami channels. It may be seen that
the EVM decreases, as either N or m increases. Interestingly,
the rate at which the EVM decreases is higher, when the number
of antennas and the Nakagami-m fading parameter are small.
This phenomenon may also be observed from (24), where the
EVM of the Nakagami-m fading is shown to be a function of
1/(N x m).

Fig. 7 shows the EVM variation versus SN Rgp0 for k-p
fading. Again, the simulation results closely match the ana-
lytical results. It may be seen that as « increases, the EVM
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Fig. 6. Variation in EVM with respect to N x m’ for a Nakagami SIMO

channel which are i.i.d.
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400
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-
o
o

Increasing
K

Error Vector Magnitude (%)

10
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Fig. 7. The EVM for different combinations of « and p, when N = 2 and the
channels are i.i.d.

decreases and it approaches the EVM of an AWGN channel.
Recall that « represents the ratio of the total power of the dom-
inant components to that of the scattered waves. Hence, as the
ratio of the total power of the dominant components to that of
the scattered waves increases, the EVM decreases, as expected.

V. CONCLUSIONS

We have derived exact closed-form expressions for the data-
aided EVM in n-pu and «-p shadow faded SIMO channels
having independent and non-identically distributed branches.
The EVM expression is also derived for the scenario of cor-
related SIMO branches. Furthermore, the expressions derived
may be readily simplified for various special cases, such as
independent and identically distributed fading, the Rayleigh,
the Nakagami-m and finally the «-u fading. Subsequently, we
performed a simulation based study of this system in order to
validate the analytical results. Finally, a parametric study of the
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EVM performance of the wireless communication system con-
sidered showed that as the Nakagami fading parameter m and/or
the number of antennas N increases, the EVM decreases and
the rate at which the EVM decreases is higher, when the fading
parameter and/or the number of antennas is small.
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APPENDIX A

The EVM for a AWGN SISO channel is given by (10) [23],
[24]. Thus, the instantaneous EVM, namely EV M(z), is com-
puted using (10) but with the replacement of SN Rgys0 with the
instantaneous signal-to-noise ratio, where zSN Rsry0 is the
instantaneous signal-to-noise ratio as per (11). Thus, the EVM
of a n-u fading channel is defined as follows [24]:

00
EVMn—u,Ln.i.d = /EVM(Z) fZ,n—u(Z)dZ,
0

which simply weights the AWGN channel’s EVM by the spe-
cific probability of occurance of each particular instantaneous
SNR given by its distribution and then averages it by integrating
it across the entire instantaneous SNR range. Now substituting
(13) in (36), we get:

e’} Zal_l
Zl
EVM / .
mihiadd = / ZSNRS[MO 2N
i= l “

0 M@t
N —Z —Z
qéZN) <a1’..- ’aZN;Zai;Q_ ,a)dz

00 Za,—15
-/ -
SNRSIMO 2N
0 Oli
i=1

H (CARAY
—Z
s a) dZ.

- bl’h bl+11 '1 bn; c;

- Xi),

(36)

(37)

2N
(2N) : 4
q>2 alv"'7a2NsZai7_a"'
peri

Using the transformation [30, P. 177]:
ei)Ciq)én)(bl’ MR bn; Cy X1,
= @ (b1, -, bi_1,c — by —

X1 = X, o

L Xn)

SXj—1 — Xi, —Xi, Xip1 — Xi, -, Xp (38)

the EVM,,_,, i .n.i.q can be rewritten as:

oo 2N
=15 o
EVM,—inia = Ki /zi:‘ e

0

1
X QDEZN) (0, a2, , 02N Za” (— - 9—)
01 2

(39)

where we have K| =/ SNRlszMo ~ 1 - Note that if
[1 (Gi)o‘ir‘(Z 011)
i=1 i=1
one of the numerator parameters of the series expansion of
QDEN) goes to zero, then CDéN) becomes ®§N_l) and hence the
above <I>g2N) will become <I>§2N_l) with appropriate parameters.
Using the transformation % =t we obtain:
2N
Y =05 F Fa1s
EVM,_inia = K16, / ti=1 e~
0
x oD < e, ON Za,, (1 - —)t,
0
. (1 - _1) ;) dr. (40)
On
Using the following identity [30, P. 51]:
Ff)")[a b, by, X1, X
o0
F(Cl / _tta_lq);n)[bl’ ,bn,C,Xlt, axnt]dt,
=0
(41)
where Real(a) > 0, one obtains:
2N
2 ;=05 2N
EVM,_inia = K16~ Iy e —0.5)
i=1
2N 2N
x FN=D (Zai — 0.5, 02, ooN: Y o
i=1 i=1
0 0
A P 42)
6> On
2N N)
for 3 o; > 0.5. Here Fy" ' [a,by,--- ,by;c;x1, -+, xy] is
i=1
the Lauricella’s function of the fourth kind. Again, using the
following identity:
n
Fplla, by, bpcoxp, o xl =[] —x) ™
i=1
n) X1 Xn
F ’b""ab’ ) y T ) 4’3
p la. b T —7! (43)
we arrive at:
2N
Z a;—0.5 2N —a;
EVM,—inia = K16}~ <Z @ — 0. 5) I (9 )
1
@N-1) N1 bon
XFD (0'5’(125"'5“21\]’;0[1’1_91 1_ 91 )
(44
Substituting the value of Ky, the EVM,,_, ; ».;.4 €xpression can
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be simplified to

2N
{ F(Z a; —0.5)
i=1
EVMU—[.L inid = :
’ VOISNRsimo 2N
NGB
i=1
@N-1) ) l ) 0N
x Fy; 0.5,0{2,~-~,ozzN,Zoti,l—e—l,---,1—? :
i=1

Substituting the value of 6;, o; and z = 1/N into (45), we
obtain the final expression of EVM,,_, ; n.i.q givenin (14).

APPENDIX B

The underlying philosophy in this derivation is similar to that
of an n — p SIMO channel with i.n.i.d branches. We now con-
sider the scenario studies in this paper, where Z is the sum of N
correlated and identically distributed n-p RVs Xy having dis-
tribution parameters {7, i.}. Note that all the X;s have the
same (. but different ng. As discussed in the first paragraph of
Section III-A, an n-pu random variable may be expressed as the
sum of two independent Gamma distributed RVs. It has been
discussed in [28] that each X may be expressed as

X = P+ O, (46)

Where Py ~ G(ite, O2k—1), and Qr ~ G(ic, O2x) with Oy 1 =
m and 6y = #"H) Similar to Section III-A,
Xr = 1/N, while hy and Hj are given by (4). Note that the cor-
relation among the different Xjs results in a correlation among
the different Prs and among the ka but there is no correla-

tion between the Pys and Qys. If ,o * is the correlation between
Xi=P +Q;and X; = Pj + Q], while ,oij and ,oiqjq is the
correlation between {Pi, Pj} and {Q;, O}, respectively then
we have (47), shown at the bottom of the page.

In our study Z is the sum of N correlated and identically
distributed n-u RVs Xj. Employing (46), we may state
that Z is the sum of 2N correlated and non-identically dis-
tributed Gamma distributed RVs M;, namely {M| = P;, M, =
O, M3 =P, My = Q> ..., Mon_1 = Py, Moy = Qp}.
The pdf of the sum of N correlated n-x math RVs is given
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by [16], [29], [33]
ZZNMC—I

det(A)“T (2N e

FZ,r]—;L,corr (z) =

2 —Z —Z
XCDEN)<MC5""I’LC;zNI’LC;A_’""A_)? (48)
6 ton

where 6; is the eigen values of A = DC with D being a diago-

N

[ 6: is the determinant
i=1

of the matrix A. Here, C is the symmetric positive definite
(s.p.d) matrix and is given in (49), shown at the bottom of the
page. where p;}" denotes the correlation coefficient between

M; and M, and is given by,
_ cov(M;, M)
Jt Jvar(M;)var(M )’

with cov(M;, M;) being the covariance between M; and M ;.
Note that the alternate zeros are a consequence of Pis and Qs
being independent.

Just as in (36), the EVM of a SIMO channel encountering

nal matrix with entries 6; and det(A) =

(50)

o™ 0<pij=<1,

correlated n-u fading and employing MRC reception is defined
as follows:
oo
EVMr]—pL,corr = /EVM(Z) fZ,n—u,corr(Z)dZv (5D
0

The functional form of the pdf of the sum of correlated gamma
RVs is similar to that of the sum of i.n.i.d. n — u RVs, as given
in (13). Hence the EVM expression in (51) may be readily
simplified to:

1 TN ue —0.5)

\ 61SN Rs1mo F@Npe)

_ 6 6
XFgN b <0'57/“LC9"'9/-’LC;ZN/-’LC;<1_9A_2)7"'<_G%N))
1 1

Note that 6; is the eigen values of A = DC with D being a
diagonal matrix with entries 6; and C is the symmetric positive
definite (s.p.d) covariance matrix defined in (49).

EVMI]—M,C()V}” =

pi /var(Povar(P;) + pij!\/var(Qi)var(Q))

g @7)
Yoo /var(Py)var(P;) + var(Q;)var(Q ) + var(P;)var(Q ) + var(P;)var(Q;)
1 0 ,/p{’,f ,/p{g" 0 ... /pf% o
0o 1 \//012 VA o 0 ey
C=1m' 0 P30 P 0| “9)

[ qq [ aq
PN1 PN2

[ aq
Pyz --- O 1 )
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APPENDIX C
The pdf f7 _usn(z) is presented in (26). Assuming that
Bi = m and §; = m—g%[’ we can rewrite the pdf
fZ,K*MSh(Z) as
N
N Zﬂi_l
1 Zi:l
[z—usn(2) = Hﬁw_miami <
i=1 " i r (Z ,U«i)
i=1
2N
X d>§ D —mi, ey —my,my - my;
al z z z z
l‘l’.;__v"'v__"__'v"'v_' (53)
Z "B Bn 61 SN

i=1

The EVM of «-u shadow fading SIMO channel with i.n.i.d
branches is defined as follows [24]:

o0

EVMK—ush,i.n.i.d = /EVM(Z) fZ,K—HSh(Z)dZ'
0

(54)

Note that the functional form of the pdf of the sum of k-u shad-
owed RVs is similar to that of the sum of n-u RVs, as given
in (13). Hence the EVM of the k-u shadowed fading SIMO
channel with i.n.i.d branches may be expressed as follows:

r (% i — 0.5)

1 i=1

EVMK—MSh inid =
' VBISNRsiyo N
r(X m)
=1

@N-1) :
x Fp 0.5, 2 —mp, -+, o —imp, my, - - -my;

N
1) 1)
Zm;l_&’...’1_'3_N,1__1...1__N
Bi Bi Bi Bi

i=1

(55)

Substituting the value of 8; and §; and x; = 1/N Vi into (55),
we obtain the final expression of EVMy ¢ in.id,» Which is
given in (27).
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Abstract—We analytically characterize the data-aided error
vector magnitude (EVM) performance of a single-input multiple-
output (SIMO) communication system relying on maximal ratio
combining (MRC) having either independent or correlated
branches that are nonidentically distributed. In particular, exact
closed form expressions are derived for the EVM in »-u fading and
k-p shadowed fading channels and these expressions are validated
by simulations. The derived expressions are expressed in terms

of Lauricella’s function of the fourth kind F(N)(.), which can
be easily computed. Furthermore, we have simplified the derived
expressions for various special cases such as independent and iden-
tically distributed branches, Rayleigh fading, Nakagami-m fading,
and «-p fading. Additionally, a parametric study of the EVM
performance of the wireless system is presented.

Index Terms—Error Vector Magnitude, maximal ratio

combining, »-u fading, «-u fading, SIMO.

1. INTRODUCTION

ONFORMITY with the wireless communication perfor-

mance standards is an absolute necessity, when designing
communication systems. Traditional approaches of quantifying
a communication system’s performance includes the calcula-
tion of classic metrics such as the Bit Error Ratio (BER), the
throughput and the outage probability [1]-[4]. However, an
alternative metric that is becoming increasingly popular is the
Error Vector Magnitude (EVM) [5].

EVM as a performance metric offers several advantages.
Firstly, it facilitates the identification of the specific types
of degradations encountered, in addition to their particular
sources in a transmission link [5]. Some of these degradations
are the Inphase-Quadrature Phase (IQ) imbalance, the Local
Oscillator’s (LO) phase noise, carrier leakage, nonlinearity and
the LO’s frequency error [6], [7]. Secondly, the EVM is a
symbol-level performance metric unlike the BER, which is a
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bit-level performance metric. Hence, EVM is more convenient
for Symbol Error Rate (SER) based scenarios where multiple
modulation schemes are employed, as in adaptive modulation
[8]. Thirdly, it may be employed by a communication sys-
tem designer for ensuring conformity with wireless standards,
because EVM-based specifications have already become a part
of the Wideband Code Division Multiple Access (W-CDMA)
and IEEE 802.11 family of Wireless Local Area Network
(WLAN) standards [5], [8]. Fourthly, in experimental studies
the channel model used is often a proprietary channel, for which
no closed form expressions are available either for the BER
or for the EVM. In these studies, the designer has to char-
acterize the system by transmitting and receiving bits, where
the BER calculation relying on the Monte Carlo approach has
a long computation time, especially at low BERs. By con-
trast, the EVM can be readily evaluated by transmitting fewer
symbols, as compared to the BER. Hence, characterizing the
performance using EVM is preferred. However, in contrast to
the classic BER formulae, the current literature does not pro-
vide closed form expressions of the EVM of several important
channel scenarios. Hence provides closed-form expressions for
some of these important channel scenarios and partially fills this
gap in the open literature. We have now added the following
text to the discussions in the introduction section (please see
page 2 of the revised manuscript). Moreover, EVM is easier to
employ than BER as a performance metric in systems, where
the transmitter requires feedback regarding the link’s perfor-
mance for making choices such as which adaptive modulation
mode or channel coding rate to rely on. This is because employ-
ing BER would require the received signal to go through the
entire receive chain before the feedback can be generated, while
computation of the EVM using the received symbols would be
quicker. Thus, employing EVM would be a better choice for
providing real-time feedback.

In an optimized system the major source of degradation is
the channel’s fading [4], [9]. However, in a realistic system
a range of degradations mentioned in [5] are imposed, which
would play a detrimental role. Employing EVM would help
the designer identify these impairments at a glance and hence
to mitigate them. Mitigating the effects of these distortions
would require the EVM of the the best-case scenario, where
the EVM is predominantly or purely decided by the wireless
channel’s fading as well as by the ubiquitous receiver-noise,
and not by other impairments, such as non-linear distortions
and synchronization errors, etc. Hence in this paper we aim
for providing the designer with closed form expressions for

0090-6778 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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determining this best-case target EVM. Numerous models have
been employed in the literature for simulating a wireless chan-
nel [4]. Some of these models have been used for several years,
including the AWGN, Rayleigh, Rician and the Nakagami-m
as well as the Nakagami-q faded channels. On the other hand,
recent studies are increasingly favouring the state-of-the-art
n-p and k-u shadowed fading channels [10], [11], because they
represent all-encompassing generalizations, with the classical
channels being their special cases. For example, the n-u distri-
bution includes the Nakagami-q (Hoyt), the Nakagami-m, the
Rayleigh and the One-Sided Gaussian distribution as special
cases. The «-p distribution includes the Nakagami-n (Rice),
the Nakagami-m, the Rayleigh, and the One-Sided Gaussian
distribution as special cases. The «-u shadowed distribution
includes «-u and Rician shadowed distribution as special cases.
Moreover, they match the experimentally measured mobile
radio propagation statistics better than the other channel mod-
els [10]. The k-u shadowed fading is useful for modelling
the satellite links. A simplified model for «-u fading is the
shadowed-Rician fading, which has been employed for mod-
elling the satellite links [12]-[15].

The BER, outage probability and capacity are some com-
monly employed performance metrics, which have been quan-
tified for n-u and x-u shadowed fading1 channels in [16]-[19]
and in the references therein. On the other hand, there is a dearth
of studies that focus on the quantification of the achievable
EVM for these wireless channels. Moreover, there are no stud-
ies that characterize the EVM performance for the commonly
employed wireless technique of receive antenna diversity [20].
Note that a performance analysis of maximal ratio combin-
ing based receive antenna diversity was provided in [21] for
the case of the shadowed-Rician fading land mobile satel-
lite channels. Employing multiple receive antennas provides
a diversity gain [20], where the link between the transmit
antenna and each receive antenna is referred to as a single
branch of the Single Input Multiple Output (SIMO) channel.
The fading coefficients of the different branches may be inde-
pendently distributed or correlated, where the branches in these
scenearios are referred to as being independent or correlated,
respectively. Additionally, they may have the same or different
probability distribution parameters, where the branches in these
scenearios are referred to as being identically or non-identically
distributed, respectively. It must be noted that there is some lit-
erature on the EVM performance of the classical AWGN and
Rayleigh channels for the scenario of a single receive antenna,
though these are limited to only a couple of research papers.
The seminal effort was made in this direction in [22], while
[23] formulates the attainable EVM in an AWGN scenario. This
study was extended in [24] to the scenario of non data-aided
receivers communicating over both AWGN as well as Rayleigh
fading channels.

A designer can compute the expected BER for various fad-
ing channels using well established formulae from the existing
literature. Thus, designers have a benchmark with which they

IThe probability distribution function (pdf) of the sum of the squared x-u
shadowed random variables with independent and correlated shadowing com-
ponents are derived in [11] and [16], respectively. Note that the pdf derived in
[11] is a special case of the pdf derived in [16].

IEEE TRANSACTIONS ON COMMUNICATIONS

can compare the experimental results, when using BER as a
performance metric. However, there are no such equivalent the-
oretical formulae for EVM. Hence, through this paper we aim
to provide a theoretical benchmark for the EVM performance
that the designer can expect in the wireless channels.

Against this background, the novel contributions of this
paper may be summarised as follows:

1) We derive exact closed form expressions for the data-
aided EVM? performance of a SIMO wireless system
employing the n-u and «-p shadowed fading chan-
nels and a Maximal Ratio Combining (MRC) receiver.
Our expressions are derived for independent and non
identically distributed branches. These results are then
validated by simulations>.

2) We also study the effect of correlated fading channels in
the above-mentioned wireless system and formulate the
EVM for these scenarios.

3) The expressions derived are then further simplified for
various special cases, such as independent and identically
distributed branches, the Rayleigh, the Nakagami and the
k-u fading.

4) The impact of the various channel parameters such as 7,
, « and that of the number of receive antennas N on
the EVM performance is studied along with the attainable
performance limits.

Our paper is organized as follows. In Section II, we present
the background necessary for understanding this study, which
includes discussions on the SIMO n-u and k-p shadowed
channel models in Section II-A and on EVM in Section II-B.
Subsequently, we present our analytical characterization of the
EVM performance for a SIMO wireless system in Section III,
while in Section IV we provide our simulation results. Finally,
we offer our conclusions in Section V.

II. BACKGROUND INFORMATION
A. SIMO n-w and k- Shadowed Channel Models

For the case of a SIMO wireless channel having N receive
antennas, the channel model is as follows [4]:

y=hs +n, 1)
where s is the transmitted symbol and
y=1[ sn1”
h=[a1e/" are!® aye!NT
n=[n ny - nyl’. 2

Here 9y is the symbol received by the k" receive antenna after
being subjected to the multiplicative fading of axe/% and to
corruption by the additive noise of n. In the above discussions
ay, Or and nj are random variables (RVs), whose pdf has to
be experimentally characterized. Typically the noise is mod-
elled by a zero-mean Gaussian distribution, while the phase of

2Note that data-aided EVM refers to the EVM obtained using data-aided
receivers, i.e receivers which have exact knowledge of the transmitted bits.

3Please note that if any other detector than the MRC is used, then the EVM
analysis will change significantly.
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the fading co-efficient is assumed to have a uniform distribu-
tion within [0, 2] [4]. However, modelling the distribution of
ay or alternatively that of Xj o a,f is much more challenging
due to its heavy dependence on the exact nature of the wireless
channel. Note that Xy, is referred to as the fading power.

Recently n-u and «-p shadowed pdfs were proposed in [10]
and [11], respectively. Mathematically, the n-u fading power
(or fading attenuation) pdf is expressed as follows for each X
[10], [25]:

1
Mkt g 2
—2pp g x
2wy P hy Lk,

ka,n—p,(x) = 1 1
k=7 ikt
F(uoH " 252

<2;,Lkax>
xI 1 |\—,
Hk—7 Xk

where the modified Bessel function of the first kind of order b
is represented by I, (.) and the Gamma function is denoted by

I'(.) [10]. Here we have u = Zﬁzj{x;k}} [1+ (f—:)?], where E{.}
and var{.} denote the expectation and variance, respectively and
Xr = E{Xy} [25]. The parameters Hy and /; may be defined in
two unique ways that correspond to two distinct fading formats,
where the difference arises from the physical interpretation of
the parameter 7y [10]*. In format 1, 0 < Nk < oo is the power
ratio of the in-phase and quadrature phase components of the
fading signal in each multipath cluster, while Hy and hj are

given by:

3)

-1
M =M

2+ +
k andhk=M.

H
k 4

4)
Moreover, in format 1, the n-u power distribution is symmetri-
cal around 1 = 1. The second format can be obtained from the
first one using the relationship of ngormar2 = }:’;iﬁ [10].

On the other hand, the «-u shadowed power pdf 1s expressed

as follows for each X [11]:

Mgkmz’k (1+ Kk)ukxuk—l
T (i) o) o (ke =+ mg) ™«

_ g (rg)x 2Kk(1 + k) x
xe % 1R Mk,uk,uk—)_—
WKk + Mg Xk

&)

ka,Kk—;,LkSh (.X') =

where k; > 0 denotes the ratio of the total power of the dom-

inant components to that of the scattered waves and my is
E2{(X;) 142k
var{Xi} (14xy)?
E{Xy}, while | F; is the Kummer Hypergeometric function.

The elements a; for 1 < k < N have two important charac-
teristics, which are as follows [4]:

1) Similarity: For a particular distribution model, the coef-
ficients a; may or may not be identically distributed.
Specifically, for the cases of the n-u and k-p shadowed
distributions, they may or may not all have the same
{nk, r} and {kx, wi, my} parameters, respectively.

the shadowing parmeter. In (5), ux = and x =

Tt is important to note that the n-p pdf well models the small-scale vari-
ations of the fading signal in a scenario of non-line-of-sight communication
[10].

2) Correlation: For a particular distribution model, the coef-
ficients aj associated with 1 <k < N may or may not

be correlated with each other. The level of correlation is
represented by the correlation matrix as follows:
P11 P12 - P1j -+ PIN
Co=| 1 : i, : |- ®
PN1 PN2 - P1j "+ PNN

where p;; denote the correlation coefficient between a;
and a;. Note that Cy, is an identity matrix for the case of
all fading magnitudes being independent.

In our study, we employ Maximal Ratio Combining
(MRC) [4] detection, because its performance closely matches
the performance of the optimal maximum-likelihood detec-
tion [4], while its complexity is much lower. Assuming perfect

channel estimation, the received symbol y after MRC is as
follows:
hly
Y= 1ig (N

B. Error Vector Magnitude

The error vector between the transmitted complex-valued
symbol s(/) = s;(I) + j - so(!) and the received symbol y (/) =
yi) + j-yo(l) is defined as e(l) = y(I) — s(). Fig. 1 shows
a vectorial representation of e using the constellation diagram
of the communication system. The EVM of the communication
system is proportional to the root mean square value of the error
signal e(l). In other words, if a total of L symbols are trans-
mitted over the wireless channel, then the EVM of the SIMO
system described in Section II-A may be expressed as follows
[24]:

EVM

ZJ%Zénﬁn—wm{ ©

where P, is the average symbol power. If s(/) €

{S1,82,---Sm}, and if all symbols are equi-probable,
then P, may be expressed as:
M 2
_1 ]S
P() — Z)’I‘l—[&' m| . (9)

III. ANALYTICAL STUDY OF THE EVM FOR SIMO
CHANNELS

The EVM in an AWGN SISO channel has been formulated
as follows for the case of data-aided receivers [23]:

1
EVM = |— when L — o0,
SNRsiso

where SN Rgsrso is the channel’s signal-to-noise-ratio at the
single receive antenna, L is the number of symbols transmit-
ted over the wireless channel and M is the number of unique
wireless symbols in the modulation scheme.

(10)
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Fig. 1. Vector representation of the error between symbols s and y.

In the SIMO scenario, if we assume that the average signal
to noise ratio at each receive antenna is y; = y, then the instan-
taneous equivalent signal-to-noise-ratio of the overall SIMO
system is [4], [24]:

N

Yinst = Zalzy =Ny X
k=1

N
1
5 Za,% = SNRs;mo x Z, (11)
k=1

where SNRs;po = Ny is the average equivalent signal-to-
noise-ratio of the overall SIMO system, which represents the
power gain of using a higher number of receivers’. On the
other hand, in (11), Z = % Z,i\,: 1 a,% is the diversity gain, which
converges to 1 as the number of antennas increases (assuming
each of the channel gains is normalized to have unit variance)
and it hence helps overcome fading [9, P. 72]. In our simu-
lations, we compare the EVM obtained in a SIMO channel
to that of the SISO channel. Our goal is to study the diver-
sity gain obtained by employing multiple receive antennas and
not the power gain. Hence, we compare the SIMO channel to
an equivalent SISO AWGN channel having a signal-to-noise-
ratio of SNRs;so = SNRsryo = Ny in order to ensure the
same average received power in both scenearios. Note that the
BER or EVM performance of the SIMO system may be better
than that of a SISO AWGN channel having an SN Rg7s0 = v,
but will always be worse than that of a SISO AWGN channel
having an SNRs;s0 = SNRsimo = Ny.

Now, employing the instantaneous SNR in (10) we obtain the

instantaneous EVM to be EVM(z) = /m for L —

00, where EVM(z) is the instantaneous EVM for the scenario
of the diversity gain Z = z. The average EVM is formulated
by employing the definition in [24] where, the average EVM is
calculated by averaging over all possible values of z using the
following expression:

EVM = f EVM(z) fz(z)dz, (12)
0

SWe employ the notation SN Rgj o for distinguishing between the power
gain and diversity gain obtained by employing multiple receive antennas.
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where fz(z) is the pdf of Z. Let us now derive the exact
closed-form expressions for the EVM in a SIMO channel, while
considering two fading scenarios, namely the n-u and «-pu
shadowed fading channels.

A. n-u Fading SIMO Channel

In order to derive the EVM for n-u fading, we first have to
derive the pdf of Z = 21](\;1 X, where we have X; = %a,%.
Thus, each X has the pdf given in (3) with x; = E{X;} = %
and the distribution parameters of {7y, (r}. The moment gen-
erating function (MGF) for Xj; has been derived in [26]. In
[27], it has been shown that the MGF of X; can be repre-
sented as the product of the MGFs of two gamma distributed
RVs (RVs), where both these gamma RVs have the same shape
parameter oox_1 = ok = [k, but different scale parameters
of 92;{._1 = m and sz = m Using this rela-
tionship, as well as the studies in [27] and [28], we can state
that Xy = Py + Qp, such that P, ~ G(aok—1, 2k—1),and Qy ~
G(aak, 62x). Note that G(aox, 2x) denote the gamma distribu-
tion with shape parameter oo and scale parameter 6. Thus,
the sum of N n-u RVs may be alternatively expressed as the
sum of L = 2N Gamma RVs, where the pdf of the sum of L
Gamma RVs has been derived in [29]. Now, as stated earlier,
the pdf of Z = le{vzl X has been derived to be the following
using the pdf of the sum of 2N Gamma RVs [29]:

ZZN: a;—1
Zi:l

2N N
[TE)*T | > o
i=1 i=1

2N
2N) —Z —Z
® [} ) is 7 s | 13
2 (061 arN ;az o 92N> (13)

where Cb;N)(.) is the confluent Lauricella function [30]. We
can now substitute this fz ,_,(z) into (12) for formulating the
average EVM.

1) EVM of n-u SIMO Channel With Independent and
Nonidentically Distributed Branches:

Lemma 1: The EVM expression of the n-u fading SIMO
channel having independent and non-identically distributed
(i.n.i.d) branches is given by

N
JNw (1 g H TC L pi =05

fZ,n—;/.(Z) =

EVMT]—/L inid =
’ VSNRsimo N
NPT
i=1
N
2N—-1
x FN=D [0-5,/L1,/L2,/L2,--~ NS N2 )
i=1
oL _mOaa)  omOtn)
m’ (40 ma(l+m)
w4

1

—1
— _/'Ll(l‘i‘nl ) (14)
pnd+ny) un (1 +nn)

N
for2 Y u; > 0.5.

i=1
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Proof: See Appendix I for the proof. ]
The expression of the EVM for the i.n.i.d case is given

in terms of Lauricella’s function of the fourth kind F (N)[]

[30]. The function F1<) ) la,b1,--- ,by;c;x1,--+ ,xN] can be
evaluated using the following single integral expression:

I'(c)
T(@rI(c—

a)/ 11— e ln(l—xt) bigy,

where Real(c) > Real(a) > 0, (15)
where Real(.) returns the real part of the argument. Note that
the condition Real(c) > Real(a) > 0is satisfied by Lauricella’s
function of the fourth kind F g\/) [.], which appeared in (14).
Special Case 1: Now, we simplify the expression in (14) for
the case of independent and identically distributed (i.i.d) fading
SIMO channels. Substituting both »; = 1 and p; = p Vi into
(14) and then using the following identity:
Fi la, by, -

,x1=2Fla, b1 +---+by; c; x],

(16)

by, x, -

where 7 Fi[.] is the Gauss hypergeometric function [30], we
obtain,

VNu(l+n=H)T2Nu —0.5)
VSNRsimo C@2Nw)

1
2F1[0.5, Nw; 2Np; 1 — =] for 2N > 0.5.
n

EVMnfu,i‘i.d =
(17)

In the following, we show that the expression shown in (17)
converges to the EVM expression of AWGN channel. Note that
when fading parameters n = 1 and w tends to infinity, the n-u
channel should converge to an AWGN channel. By substituting
n = 1and u — oo in (17), it can be simplified to

V2N TRNp —0.5)
EVMAWGN = lim
n— /SNRsimo T (C2Nw)
1
= (18)
VSNRsimo
This  simplification  follows from the fact that
2F1[0.5, Nu; 2Np; 0l = 1. We now provide the upper

bound of the EVM expression given in (17) so that the impact
of fading parameter n can be shown. Using the transforma-

tion 2Fi[a,b;c;z] = (1 —2)5 P Filc —a,c — b; ¢; 2], we
obtain:
Nu(l+n~HTQNu —0.5)
EVM, . iid = L

~SNRsimo

SFI2Np — 0.5, Nu; 2N 1 — =] (—) , (19)
n\n

F@2Np)

and using the bound F{[2Nu — 0.5, Ny; 2Np; 1 — %] <
—p
Fi2Nu, Nu;2Nw; 1 — %] (%) , the expression given in

(19) can be upper bounded as:

EVM,_, VYNp( 4 HTQN —05) <1>°5
T VSNRsimo F@2Nw) n
_ VNuT+n) T@Nu - 0.5) 20)
VSNRsimo  T@Nw)

Hence, it is apparent from (20) that as n increases, the EVM
increases. Recall that n is the scattered-wave power ratio
between the in-phase and quadrature components of each clus-
ter of multipath and hence the EVM will be minimum when the
power of the in-phase and the quadrature components is equal.

Special Case 2: The Nakagami-m fading is a special case
of the n-u fading associated with n = 1 and 2u = m’. Note
that m’ is the shape parameter of the Nakagami-m fading.
Substituting n = 1 and 2u = m in (14) and (17), we obtain
the following expressions for the i.n.i.d and i.i.d scenarios,

respectively:
ul !/
N, F(Z:l m; —0.5)
EVM,ipid = — x
n,in.i.d m N /
F(Z: m;)
(N—1) / m m
FD 0.5,m2,"', Zm _/7 s LT T
my my
N
for Zm: > 0.5 and 21
i=1
v Nm’  T(Nm’' —0.5) for Nm' = 0.5
jid = or Nm' > 0.5.
T JSNRsmo T(Nm)
(22)
Using the following identity from [31]:
_ (a—b)a+b-1) _
g = e (14 C2DCEP 2D L o)
for large n, 23)
the EVM of the i.i.d Nakagami-m scenario can be further
simplified to
EVM 1 1+ 0.75 + O(INm'|7?)
= m
A= JSNRs o INm'

for large Nm'. (24)

Note that the first term in (24) represents the EVM of an
AWGN channel, while the remaining terms in (24) represent
the contribution of the fading. We know that as the parameter m
decreases, the impact of fading becomes more severe, which is
confirmed by (24). A second point that may be noted from (24)
is that the EVM approaches that of an AWGN channel, when
the number of receive antennas tends to infinity and/or when
the fading parameter tends to infinity.

2) EVM of n-u SIMO Channel With Correlated and
Identically Distributed Branches:

Lemma 2: The EVM expression of a correlated n-u SIMO
channel associated with an MRC-based receiver is given by:
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1 T2Np. — 0.5)

VOISNRsim0 F@Npe)

_ 0 6
XFézN D 057“677“672]\]“()71_/\_2’1_ /2\N
61 61

EVMn—u,corr =

for2Npu. > 0.5.

Proof: See Appendix II for the proof. |

B. k-u Shadowed Fading SIMO Channel

In order to derive the EVM of a k-u shadowed faded channel,
we first have to derive the pdf of Z = lecvzl Xk, where X =
%a,%. Thus, each Xj has the pdf given in (5) with x; = % and
distribution parameters of {kx, wx, my}. The pdf of Z has been
shown in [11] to be as follows:

N
- >ou
N ,uf"m;"’(l + ke )M zi=1
fZ,K—;mh(Z) = 1_[ N

=UDY i) (ki + mi)mix)
i=1

i—1

N
N
<I>§ )<M1 —ml,"'MN—mN,ml'-'mn;ZMi;
i=1

wimi(1+x1)z

itz pn(+kn)z
X o T (K +my) X

X1 JEN
o unmpy(1 +KN)Z>
(UNKN +mpN)XN

(26)

We can now substitute f7 ._usn(z) in (12) to obtain the
average EVM.

1) EVM of k-u Shadowed Fading SIMO Channel With i.n.i.d
Branches:

Lemma 3: The EVM expression of «-u shadowed fading
SIMO channel having i.n.i.d branches is given by

N
F( i —O.S)
Nt (1 + k1) i=1

v/SNRsimo (N )
N DI
i=1

EVMK—;Lsh,i.nAi.d =

FI()ZNA) (0.5, 02 —mp, -+, up —mo, my, - - -mMy;
N
Y1 <0t ),
ST w4)” T vy
- (ki +my) | — (unkn +mpy)ur(l +«q) )
mi myun (1 +ky) ’
N
for wi>0S5. 27)
i=1
Proof: See Appendix III for the proof. |

Special Case 1: Now, we simplify the expression in (27)
for the i.i.d scenario, where we set u; = u and k; = k Vi to
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obtain:
EVM o VNl +x) T (Nu—0.5)
T JSNRsmo T (Nw)
SFI10.5, Nm:, Nz =25 for Njw > 0.5 (28)
m
In the following, we will show that the above expression con-

verges to the EVM expression of AWGN channel. Note that
when fading parameters x = 0 and p tends to infinity, the «-
w channel should converge to an AWGN channel. By putting
k = 0 and u — oo the above expression can be simplified to

JN
EVMuwey = lim e

H—>00 «/SNRSIMO

1
S — 29
VSNRsimo %

The above simplification follows from the fact that
2F1[0.5, Nu; 2Nw; 0] = 1. Note that the EVM  expres-
sion for an k-u shadowed channel converges to the expression
of AWGN channel when fading parameter x = 0 and u tends
to infinity, as expected.

Special Case 2: We now derive the closed-form expression
of EVM for the «-u fading SIMO channel having i.i.d branches.

D(Nu — 0.5)
C(Nw)

Note that the k-p fading is a special case of the x-u shadowed
fading with m — oo. Using the following identity [32]:
lim 2 F; [a,b, c, E] =1Fila,c, z], (30)
b—00 b

the o F1[.] given in (28) can be simplified for m — oco as
follows:

JF[0.5, Nm: N, — 2] = 1F[0.5; Njw; —Npk], (31)
m

where 1 Fi[.] is the Kummer hypergeometric function [30].
Therefore, the EVM expression of the «-u fading SIMO chan-
nel having i.i.d branches is given by

VNl +x) T(Nu —0.5)

VSNRsimo  T'(Nw)
1F1(0.5, Ni, —N k) for Ny > 0.5.

EVMK*/L,i.i.d =
(32)

The EVM expression of the x-u fading SISO channel is
given by

_ ~/p+x) I'(u—0.5)

EVM,_, = 1F1(0.5, b, — k)
T TJSNR . DO TH
for u > 0.5. (33)

Additional validation of Equation (33): In the following, we
derive the EVM expression of the k- fading SISO channel
using the negative moment given in [10] in order to fur-
ther validate our derivations®. The EVM for «-u channel is

SNote that the negative moment of sum of generalized fading distribution
is not available and hence we cannot derive the EVM expression for SIMO
channel.
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given by
T 1
EVMK,M = / m fK,M(a)da
a=0
where f_,(a) is the x-u envelope probability density func-
tion. It is apparent from the above expression that the EVM,._,
is the negative moment of the x-u fading distribution. Using

the moment expression given in [10], the EVM,_,, can be
obtained as

EVM._ . — Vil +x) I'(un —0.5) exp(—k )
K—p =
SNR I'(w)
1F1(uw —0.5, u, ux) for u > 0.5.

(34)

Then, using the transformation e “Fi(b—a,b,z)
= 1Fi(a, b, —z), we can simplify the above expression
to

EVM _ Sl + k) T(nw—0.5)
R VSNR I'(w)

1F1(0.5, o, — k).
(35)

Therefore, we have shown that the expressions given in (35) and
(33) are same. Note that the functional form of the pdf of the
sum of correlated k-u shadowed random variables is similar to
that of the sum of correlated n-u random variables. Hence, the
EVM expression for a correlated «x-p shadowed SIMO chan-
nel can be derived in a similar manner to that of the n-u SIMO
channel. Furthermore, «-u fading is a special case of k-u shad-
owed fading and hence the EVM can be obtained numerically
by employing a very high value of m in the EVM expression
for a k-u shadowed fading channel.

IV. SIMULATION RESULTS

In order to validate the EVM expressions derived for -
w and k- shadowed fading channels associated with the
arbitary parameters, we simulated a BPSK modulation-based
system communicating over these channels. We implemented
a simulation-based solution of (12) using 1 transmit and N
receive antennas. The simulations employed the Monte Carlo
approach, which relies on transmitting a large number of bits
over the wireless channel and computing the average EVM. The
simulations were carried out in Matlab.

Fig. 2 shows the EVM variation with respect to SN Rsyy0
for the case of SIMO channels having independent and non-
identically distributed branches, where it can be seen that the
simulation results closely match the theoretical values.

Fig. 3 depicts the variation of EVM with respect to
SNRgsipmo for n-u fading. Here, we have considered N = 3
and n > 1, since n is symmetrical about 1. Firstly, it may be
seen that the analytical results match with the simulation results
for the entire range of SN Rs7as0- Secondly, it may be observed
that as 7 increases, the EVM also increases for a fixed value
of w. Recall that n is the power ratio of the in-phase and
quadrature-phase components of the fading signal in each mul-
tipath cluster. Hence, as the power ratio of the in-phase and

250 ;

% N=2,7=[110], p=[ 0.5 0.75 |

o N=3, k=[125], u=[1.52.025],
——Theory (blue or red)

200

150

100

(2]
o
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Error Vector Magnitude (%)

0 L L L
-5 0 5 10

SNR g\, (dB)

Fig. 2. The EVM for n-u and k- shadowed i.n.i.d SIMO channels.
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O *

a

Error Vector Magnitude (%)

10

SNR . (dB)

SIM

Fig. 3. The EVM for different values of n and ;«, when N = 3 and the channels
are i.i.d.

quadrature-phase components increases, the EVM increases. In
other words, the EVM would be minimum, when the power
of the in-phase and quadrature-phase components of the fading
signal in each multipath cluster is equal. Thirdly, as the shape
parameter u increases, the EVM decreases and it approaches
the EVM of an AWGN channel.

Fig. 4 shows the variation of EVM with respectto SN Rs;p0
for different values of N. Firstly, observe that the simula-
tion results closely match the analytical results. Secondly, as
the number of antennas increases, the EVM decreases and it
approaches the EVM of an AWGN channel. Interestingly, it
may be seen that the EVM decreases significantly as the number
of antennas increases from 1 to 2. However, the EVM reduction
becomes less significant, as the number of antennas increases
from N = 2 to 3 and so on.

Fig. 5 shows the variation of EVM as a function of
SN Rsimo for different values of correlation coefficients. The
correlation between the SIMO branches is defined by the corre-
lation matrix in (6) in conjunction with p,, = p!P~4! where
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Fig. 5. The EVM for different values of correlation, when N = 3, while n = 1
and p = 0.5 for all the channels.

we have p,g =1,---, N. Firstly, it may be seen that the
simulation results closely match the analytical results for all
values of the correlation coefficients. Secondly, it is observed
that the EVM increases, as the correlation among the branches
increases and it approaches the EVM of a SISO channel.
Furthermore, the rate at which the EVM increases is higher,
when the correlation coefficients are high.

Fig. 6 shows the variation of EVM versus the N x m product
for the special case of Nakagami channels. It may be seen that
the EVM decreases, as either N or m increases. Interestingly,
the rate at which the EVM decreases is higher, when the number
of antennas and the Nakagami-m fading parameter are small.
This phenomenon may also be observed from (24), where the
EVM of the Nakagami-m fading is shown to be a function of
1/(N x m).

Fig. 7 shows the EVM variation versus SN Rgp0 for k-p
fading. Again, the simulation results closely match the ana-
lytical results. It may be seen that as « increases, the EVM
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Fig. 6. Variation in EVM with respect to N x m’ for a Nakagami SIMO

channel which are i.i.d.
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Fig. 7. The EVM for different combinations of « and p, when N = 2 and the
channels are i.i.d.

decreases and it approaches the EVM of an AWGN channel.
Recall that « represents the ratio of the total power of the dom-
inant components to that of the scattered waves. Hence, as the
ratio of the total power of the dominant components to that of
the scattered waves increases, the EVM decreases, as expected.

V. CONCLUSIONS

We have derived exact closed-form expressions for the data-
aided EVM in n-pu and «-p shadow faded SIMO channels
having independent and non-identically distributed branches.
The EVM expression is also derived for the scenario of cor-
related SIMO branches. Furthermore, the expressions derived
may be readily simplified for various special cases, such as
independent and identically distributed fading, the Rayleigh,
the Nakagami-m and finally the «-u fading. Subsequently, we
performed a simulation based study of this system in order to
validate the analytical results. Finally, a parametric study of the
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EVM performance of the wireless communication system con-
sidered showed that as the Nakagami fading parameter m and/or
the number of antennas N increases, the EVM decreases and
the rate at which the EVM decreases is higher, when the fading
parameter and/or the number of antennas is small.
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APPENDIX A

The EVM for a AWGN SISO channel is given by (10) [23],
[24]. Thus, the instantaneous EVM, namely EV M(z), is com-
puted using (10) but with the replacement of SN Rgyso with the
instantaneous signal-to-noise ratio, where zSN Rgrpo is the
instantaneous signal-to-noise ratio as per (11). Thus, the EVM
of a n-u fading channel is defined as follows [24]:

00
EVMn—u,Ln.i.d = /EVM(Z) fZ,n—u(Z)dZ,
0

which simply weights the AWGN channel’s EVM by the spe-
cific probability of occurance of each particular instantaneous
SNR given by its distribution and then averages it by integrating
it across the entire instantaneous SNR range. Now substituting
(13) in (36), we get:

[e’e} Zal_l
Zl
EVM / .
mihindd = / ZSNRS[MO 2N
i= l %

0 Meer
N —Z —Z
qéZN) <a1’..- ’aZN;Zai;Q_ ,a)dz

00 Za,—15
-/ -
SNRSIMO 2N
0 Oli
i=1

H (CARAY
—Z
s a) dZ.

- bl’h bl+11 '1 bn; c;

- Xi),

(36)

(37)

2N
(2N) : i
q>2 alv"'7a2NsZai7_a"'
i

Using the transformation [30, P. 177]:
ei)Ciq)én)(bl’ MR bn; Cy XL,
= @ (b1, -, bi_1,c — by —

X1 = X,

) Xn)

SXi—1 — Xi, —Xi, Xit1 — Xi, -, Xp (38)

the EVM;,_,, i n.i.q can be rewritten as:

oo 2N
Pa—15 o
EVM,—.inia = Ki /zi:‘ e

0

1
X QDEZN) (0, o2, , 02N Za” (— - 9—)
01 2

(39)

where we have K| =/ SNRlszMo ~ 1 - Note that if
[1 (Gi)o‘ir‘(Z 011)
i=1 i=1
one of the numerator parameters of the series expansion of
QDEN) goes to zero, then CDéN) becomes ®§N_l) and hence the
above <I>g2N) will become <I>§2N_l) with appropriate parameters.
Using the transformation % = t we obtain:
2N
Y =05 F T a1s
EVM,_inia = K16~ / ti=1 e~
0
x oD < RN Y% Za,, (1 - —)t,
0
. (1 - _1) t) dr. (40)
On
Using the following identity [30, P. 51]:
Ff)")[a b, by, X1, X
o0
F(Cl / _tta_lq);n)[bl’ ,bn,C,Xlt, axnt]dt,
=0
(41)
where Real(a) > 0, one obtains:
2N
2 ;=05 2N
EVM,_inia = K16~ I e —0.5)
i=1
2N 2N
x FN=D (Zai — 0.5, 02, 0N Y ot
i=1 i=1
0 0
-2 =2 42)
6> On
2N )
for 3 o; > 0.5. Here Fy" ' [a,by,--- ,by;c;x1, .-+, xy] is
i=1
the Lauricella’s function of the fourth kind. Again, using the
following identity:
n
Fplla, by, bp,coxr, o xl = [ [ —x) ™
i=1
n) X1 Xn
F ’b""ab’ ) y T ) 4’3
p la. b T —7! (43)
we arrive at:
2N
Z a;—0.5 2N —a;
EVM,—inia = K16}~ <Z a; — 0. 5) I (9 )
1
@N-1) N1 2 bon
XFD (0'5’(125"'5“21\]’;0[1’1_91 1_ 91 )
44
Substituting the value of K, the EVM,,_, ; ».;.4 expression can
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be simplified to

2N
{ F(Z ao; —0.5)
i=1
EVMU—[.L inid = :
’ VOISNRsimo 2N
NGB
i=1
@N-1) ) al ) 0N
x F}; 0.5,0{2,~-~,ozzN,Zoti,l—e—l,---,1—? :
i=1

Substituting the value of 6;, o; and z = 1/N into (45), we
obtain the final expression of EVM,,_, ; n.i.q givenin (14).

APPENDIX B

The underlying philosophy in this derivation is similar to that
of an n — u SIMO channel with i.n.i.d branches. We now con-
sider the scenario studies in this paper, where Z is the sum of N
correlated and identically distributed n-u RVs Xy having dis-
tribution parameters {n, w.}. Note that all the X;s have the
same (. but different . As discussed in the first paragraph of
Section III-A, an n-u random variable may be expressed as the
sum of two independent Gamma distributed RVs. It has been
discussed in [28] that each X} may be expressed as

X = Py + Ok, (46)

Where Py ~ G(lte, 02k—1), and Qr ~ G(ic, O2x) with Oy 1 =
m and 6y = #"H) Similar to Section III-A,
Xx = 1/N, while hy and Hj are given by (4). Note that the cor-
relation among the different Xjs results in a correlation among
the different P;s and among the ka but there is no correla-

tion between the Pis and Qys. If ,o * is the correlation between
Xi=P +Q;and X; =Pj + Q], while ,oij and ,oiqjq is the
correlation between {Pi, Pj} and {Q;, O}, respectively then
we have (47), shown at the bottom of the page.

In our study Z is the sum of N correlated and identically
distributed n-u RVs Xj. Employing (46), we may state
that Z is the sum of 2N correlated and non-identically dis-
tributed Gamma distributed RVs M;, namely {M| = P, M, =
O, M3 =P, My = Q> ..., Mon_1 = Py, Moy = Qp}.
The pdf of the sum of N correlated n-u math RVs is given

IEEE TRANSACTIONS ON COMMUNICATIONS

by [16], [29], [33]
ZZNMC—I

det(A)“T (2N e

FZ,r]—;L,corr (z) =

2 —Z —Z
XCDEN)<MC5""I’LC;zNI’LC;A_’""A_)? (48)
61 N

where 6; is the eigen values of A = DC with D being a diago-

N

[ 6: is the determinant
i=1

of the matrix A. Here, C is the symmetric positive definite
(s.p.d) matrix and is given in (49), shown at the bottom of the
page. where p;}" denotes the correlation coefficient between

M; and M, and is given by,
_ cov(M;, M)
Jt Jvar(M;)var(M )’

with cov(M;, M;) being the covariance between M; and M;.
Note that the alternate zeros are a consequence of Pis and Qs
being independent.

Just as in (36), the EVM of a SIMO channel encountering

nal matrix with entries 6; and det(A) =

(50)

o™ 0<pij=<1,

correlated n-u fading and employing MRC reception is defined
as follows:
o0
EVMr]—pL,corr = /EVM(Z) fZ,n—u,corr(Z)dZv (5D
0

The functional form of the pdf of the sum of correlated gamma
RVs is similar to that of the sum of i.n.i.d. n — p RVs, as given
in (13). Hence the EVM expression in (51) may be readily
simplified to:

1 TN ue —0.5)

. 61SN Rs1mo F@Npe)

_ 6 6
XFgN b <0'57/“LC9"'9/-’LC;ZN/-’LC;<1_9A_2)7"'<_G%N))
1 1

Note that 6; is the eigen values of A = DC with D being a
diagonal matrix with entries 6; and C is the symmetric positive
definite (s.p.d) covariance matrix defined in (49).

EVMI]—M,C()V}” =

pij /var(Povar(P;) + pij! y/var(Qi)var(Q))

g @7
Yoo /var(Py)var(P;) + var(Q;)var(Q ) + var(P;)var(Q ;) + var(P;)var(Q;)
1 0 ,/p{’,f ,/p{g" 0 ... /% 0
0o 1 \//012 VA - 0 ey
C=1|nm' 0 P30 Py 0| “9)

[ qq [ aq
PN1 PNn2

[ aq
Pyz --- O 1 )
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APPENDIX C
The pdf f7 ._usn(z) is presented in (26). Assuming that
Bi = m and §; = m—g%[’ we can rewrite the pdf
fZ,K*MSh(Z) as
N
N Zﬂi_l
1 Zi:l
[z—usn(2) = Hﬁw_miami <
i=1 i i r (Z ,U«i)
i=1
2N
X d>§ Y —my, ey —my,my - my;
al z z z z
l‘l’.;__v"'v__"__'v"'v_' (53)
Z B BN 61 SN

i=1

The EVM of «-u shadow fading SIMO channel with i.n.i.d
branches is defined as follows [24]:

e ¢]

EVMK—ush,i.n.i.d B /EVM(Z) fZ,K—HSh(Z)dZ'
0

(54)

Note that the functional form of the pdf of the sum of k-u shad-
owed RVs is similar to that of the sum of n-u RVs, as given
in (13). Hence the EVM of the k-u shadowed fading SIMO
channel with i.n.i.d branches may be expressed as follows:

r (% i — 0.5>

1 i=1
VBISNRsimo N
r <Z m)

i=1

EVMK—ush,i.n.i.d =

@N-1) :
x Fp 0.5, 2 —ma, -+« , o —mp, my, - - -my;

N
1) 1)
Zm;l_&’...’1_'3_N,1__1...1__N
Bi Bi Bi Bi

i=1

(55)

Substituting the value of 8; and §; and x; = 1/N Vi into (55),
we obtain the final expression of EVMy_ 5 in.id, Which is
given in (27).
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