CONFIGURATION SPACES AND POLYHEDRAL PRODUCTS

PIOTR BEBEN AND JELENA GRBIC

ABSTRACT. This paper aims to find the most general combinatorial conditions under which a
moment-angle complex (D2, S1)K is a co-H-space, thus splitting unstably in terms of its full

subcomplexes. In this way we study to which extent the conjecture holds that a moment-angle
complex over a Golod simplicial complex is a co-H-space. Our main tool is a certain generalisation
of the theory of labelled configuration spaces.

1. INTRODUCTION

Polyhedral products have been the subject of quite a bit of interest recently, beginning with their
appearance as homotopy theoretical generalisations of various objects studied in toric topology. Of
particular importance are the polyhedral products (D2, 51)% and (CP*,+)%, known as moment-
angle complexes and Davis-Januszkiewicz spaces respectively. The homotopy theory of these spaces
has many applications - from complex and symplectic geometry (c.f. [8, 27, 26]), to combinatorial
and homological algebra (c.f. [32, 2]). For example, moment-angle manifolds appear as intersection
of quadrics or as quasitoric manifolds after taking a certain orbit space, Stanley-Reisner rings of
simplicial complexes are realised by the cohomology of Davis-Januszkiewicz spaces (equivalently, the
equivariant cohomology ring of moment-angle complexes), while the cohomology ring of moment-
angle complexes is closely related to the study of the cohomology of local rings (c.f. [10, 9]). One
would like to know how the combinatorics of the underlying simplicial complex K encodes geometri-
cal and topological properties of polyhedral products, and vice-versa. The case of Golod complexes
is especially relevant. A ring R = k[vy,...,v,]/I for I a homogeneous ideal is said to be Golod if
all products and higher Massey products in Tory,, ., j(R,k) vanish. Golod [17] showed that the
Poincaré series of the homology ring Torg(k,k) of R is a rational function whenever R is Golod.
From the context of combinatorics, a simplicial complex K on vertex set [n] = {1,...,n} is said to be
Golod over k if the Stanley-Reisner ring k[ K] is Golod, and if this is true for all fields k and k = Z,
we simply say that K is Golod. Fixing k to be a field or Z, by [9, 15, 4, 22| there are isomorphisms
of graded commutative algebras

H*((D?,8");k) 2 Tory(,, .. (k[K].k) = Q[a]H*(z"‘“|K,|;k)
Ic[n
where k[ K] is the Stanley-Reisner ring of K, K is the restriction of K to vertex set I ¢ [n], and
the multiplication in the rightmost algebra is realised by maps

v, | Krog| — |Kr o K| 2 |Kp| + |[K | = XK A Ky,

induced by the canonical inclusions K ;5 — K+ K whenever I and J are non-empty and disjoint.
The Golod condition can then be reinterpreted as ¢y ; inducing trivial maps on k-cohomology for
disjoint non-empty I and J together with Massey products vanishing in H*((D?,S1)¥;k). This
topological interpretation of the Golod condition has been a starting point for applying the homotopy
theory of moment-angle complexes to the problem of determining which simplicial complexes K are
Golod, see [20] for example. In the opposite direction, the cohomology of a moment-angle complex
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(D?, 51X takes its simplest algebraic form when we restrict to Golod K. Golod complexes are

therefore a natural starting point for studying the homotopy types of moment-angle complexes.
Considerable work has been done on the homotopy theory of moment-angle complexes over Golod

complexes [19, 20, 21, 24, 23, 18], culminating in the following conjectured topological characterisa-

tion of the Golod complexes.

)K

Conjecture 1.1. A moment-angle complex (D?, S1)¥ is a co-H-space if and only if K is Golod.

The right-hand implication follows from the general fact that cohomology rings of co-H-spaces
have trivial cup and Massey products. The left-hand implication, if true (or to whichever extent
it is true), immediately gives a nice explicit combinatorial description for the homotopy type of
(D?, 81X, Namely, (D?,S)%X is a co-H-space if and only if

(DQ,Sl)K ~ \/ E|1‘+1|K]|.
Ic[n]
This was shown by Iriye and Kishimoto [23], and follows from a general suspension splitting due to
Bahri, Bendersky, Cohen, and Gitler (the BBCG splitting) [3]

(1) S(D?,SHE ~ \/ sl K.
Ic[n]

Our goal in this paper is to determine the extent to which Conjecture 1.1 holds. To do this
we consider several simplifications, the first of these being localisation. We confirm a large primes
version of Conjecture 1.1, thus reproducing the rational result of Berglund [6] without making any
significant use of rational homotopy theory.

Theorem 3.1. Localised at any sufficiently large prime p, (D? S1)E is a co-H-space if and only if
K is Golod over Z,.

Another simplification is to strengthen the hypothesis on a simplicial complex being Golod. One
way of doing so is to require some suspension of each inclusion ¢y ; to be nullhomotopic (instead
of only inducing trivial maps on cohomology) for every disjoint and non-empty I,J ¢ [n]. In
Proposition 3.5 we show that after appropriate suspensions of ¢z s, this is a necessary condition for
(D?, 51X to be a co-H-space, and we call this the homotopy Golod condition.

Propoition 3.5. If (D%, SY)X is a co-H-space, then it is homotopy Golod.

Moreover, we will see that under certain additional coherence conditions on these nullhomotopies,
the homotopy Golod condition becomes sufficient for (D2, S1)% to be a co-H-space, though possible
no longer necessary. We outline this coherence condition as follows. Take the natural inclusion
1,0t | Kog| — | K+ K| for disjoint I, J. When I, Jq, and J are disjoint and non-empty and ¢ is
the identity | K| — |K7], there is a commutative diagram

|Krom, * K|

LIuJy,J (¢1,77) %
1:72 1 2

|K 100,00 |Kr+ K, + K,

|KI *KJIUJ2|.

Then in defining the coherent homotopy Golod condition, we require the composites

L1uJgy, 79 S(er, 0y )%ty
IS

Cone(X|Kruunl) — XK, * K| Y|Kr* K, % K,

L1007 Ser*(tay,gq

)
Cone(X|Krununl) — XS|Kr* Knon|  — 7 XK+ Ky, + Ky,
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to be homotopic to each other via a homotopy that is fixed on the base | Ky 07,| of the cone
Cone(X|Krug,00,|), where iruy, g, and iy ju, are the extensions given by the nullhomotopies of
Yirog,, g, and Xer g0, One then continues in this manner defining higher coherences for longer
joins. This bears some resemblance to the coherence of homotopy in Stasheff’s higher homotopy
associativity of A,-spaces [33]. In our case, the associahedron is replaced with the simplicial complex
associated with ordered partitions of the vertex set [n] (in other words, the dual of an order n
permutohedron), while H-space multiplication maps are replaced with nullhomotopies of certain
reduced diagonal maps, which up to homeomorphism are the above inclusions of cones into joins of
full subcomplexes. This is made precise in Section 3, which we call the coherent homotopy Golod
condition. The left-hand implication of the conjecture then holds for coherently homotopy Golod
complexes.

Theorem 3.11. If K is coherently homotopy Golod, then (D?, S)X is a co-H-space. In particular,
coherently homotopy Golod complexes are Golod.

In particular, notice that the coherent homotopy Golod condition implies that all Massey products
vanish in the cohomology of our moment-angle complex. The extractible complexes defined in [23]
are currently the most general subclass of Golod complexes K for which (D?,S1)¥ is known to
be a co-H-space. We will show that extractible complexes are coherently homotopy Golod, and
give an example of a class of Golod complexes that are coherently homotopy Golod, but which are
not extractible. In a follow-up paper [5] we use a weaker form of the coherent homotopy Golod
condition to show that the much simpler homotopy Golod condition is both sufficient and necessary
for (D?,S1)E to be a co-H-space whenever K is g-neighbourly.

The main idea in this paper is the following well-known fact due to Ganea: a space Y is a co-H-
space if and only if the evaluation map QY —> Y has a right homotopy inverse. Our method for
constructing right homotopy inverses of ¥Q(D?, S1)X = (D2, 51)% depends on a construction of
a certain scanning map

v:C((D,8°)%) — Q(D?, 51K
together with a suspension splitting YC((D?', %)) ~ v; £D;((D!,S%)X). Here C((D*,S°)X) is
a configuration space that generalises classical labelled configuration spaces by allowing particles
to collide under certain rules, and D;((D?!, S%)¥) is a certain quotiented configuration space. We
remark that there are various constructions of configuration spaces in the literature that are related
to these [11, 25, 29, 12, 13]. The upshot of this one is that the summands ¥D;((D*,S°)%) in
the splitting of £Q(D?, S1)X are in a sense more combinatorial in their behaviour in comparison
to polyhedral products, allowing us to obtain combinatorial statements about the homotopy type
of (D?,SY)X. This is analogous to the summands in the BBCG splitting (1) being combinatorial
objects - each of them is known to be homeomorphic to certain quotiented moment-angle complexes.

Throughout this paper, —1 is taken to be the basepoint of D! = [~1,1]. Points in S* are thought
of as real numbers in D! with -1 and 1 identified as the basepoint. The suspension X of a space
X is taken to be the reduced suspension D' x X/({~1,1} x X u D! x {*}) whenever X is basepointed
with basepoint *. Otherwise it is the unreduced suspension, in other words, the quotient space of
D' x X under identifications (-1,z) ~ *_; and (1,2) ~ *1. In any case, ¥X is always basepointed,
in the unreduced case the basepoint is taken to be *_;.

Fix a product of connected basepointed spaces X = X7 x---x X, and a subspace W ¢ X. For any
product Y =Yj x---x Y, of basepointed spaces, define the coordinate smash Y Ax W of Y and W in
X to be the subspace of Y Ax X = (Y1 A X3) x - x (Y, A X,,) given by

YAx W={((y1,21)s- -, WYn,2n)) €Y Ax X | (x1,...,2,) e W}.

In particular, when each Y; is an /-sphere S¢, we call Y Ax W the ¢-fold coordinate suspension of
W in X and denote it by W*. This is then the subspace of X* = (£¢X]) x - x (¥¢X,,) given by

W ={((t1, 1),y (bny20)) € X | (21,0 20) €W
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for pairs (t;,2;) in the reduced suspension ¢ X; = D’ x X;/(0D¢ x X; u D x {}), D’ being the unit
(-disk. Notice W% =W and (W* )% = whi+tz,
Example 1.2. Let W be some union of product subspaces A; x - x A,,. Then W* is a union of the

subspaces ¢4, x - x XY A,,. In particular, thinking of the A;’s as cells in X, if W is a subcomplex
of X, then we see that W' is a subcomplex of X*.

Example 1.3. If (X, A) = ((X1,41),...,(Xn, 4,)) is a sequence of pairs of spaces, K is a simplicial
complex on n vertices, and W is the polyhedral product

(&7A)K: UYlUx...xYT? c Xix--xX,,
oeK

where

A, ifido,

then W is the polyhedral product (X¢X,2A)K ¢ X* of the n-tuple (2°X, XfA) of pairs of spaces
(X, 204, .. (21X, 204,)).

U{& ifieco
5/;:

1.1. Cofibrations and Splittings. Given any subset I = {iy,...,ir} € [n] ={1,...,n}, let W} be
the image of W* under the projection X* — X¥, and W/ the image of W} under the quotient map
X f — X f, where
XE=2'X;, x - x 20X,
XE=2'X; A nDEX,
Definition 1.4. We say W satisfies the simplicial property if given any point x € W, the point
2’ € X obtained from x by replacing some coordinate in z with a basepoint is also a point in W.

Example 1.5. Polyhedral products have the simplicial property. If ¢ > 1, then W* always has the
simplicial property as a subspace of X¢. Also, if each X; is a basepointed CW-complex (i.e. with
a fixed basepoint, built up by attaching cells of dimension > 1 via basepoint preserving attaching
maps), and the zero skeleton of X; contains a single point (the basepoint), then W has the simplicial

property.
Suppose that £ >0, or £ =0 and W satisfies the simplicial property. Then
Wf;{(xl,...,xn) e Wt | T; = * ifi¢I}.
We will often think of Wf as this subspace of W*. Thus, for any 0 < k < n, we can take the union

(2) wi= U Wi
Ic[n],|1|=k

In other words,
W,ﬁ = {(acl, ) e WY | at least n — k coordinates x; are the basepoint * € Xi}.
The equality (W*), = (Wy)? is clear, so we forget brackets. Take the quotient spaces

. wt
Wi =
k-1

and WY = Wi /(W{)-1. Applying these constructions to X in place of W, since X§n X4 = X{_; as
subspaces of X*, and X¢n X£_1 = (Xf)m_l if || = k, then
X

=V X
Xﬁq Ic[n),|I|=k

(3) X =
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(note not to confuse X ﬁ with the factors X; of X). One can think of W,f as the image of W,f under
the quotient map X} — X}, and this restricts to W} — W} for any |I| = k. Thus
(4) Wi= VWi

Ie[n],|1|=k

Mapping Wf via the homeomorphism Xf —> 21X, that sends ((t1,71),...,(t1,7)7)) to the point
((ts,-- - ti), (1, .., 2)7)), we see that

it = sy,

VAV]f = EZka.
Note W{ and W/ are subcomplexes of W* if each X; is a CW-complex, and W is a subcomplex of
X.

For the remainder of this section we assume that each X; is a connected basepointed C'W-complex,
and W is a connected subcomplex of their product X satisfying the simplicial property. The next two
propositions generalise the polyhedral product splittings in [3] and [23]. For example, we may recover
the BBCG suspension splitting of W' = (D2, 8")X by applying the homeomorphism W; = X|K/|
given in [3].

Proposition 1.6. For 1 <k <n and either £ >0, or £ =0 and W satisfying the simplicial property,
there exists a suspension splitting

SWi= \ EW = AV 31174 S \/ s
1<j<k Ic[n],|I|<k Ic[n],|I|<k
Proof. Since W} has the simplicial property, given a subset I = {iy,...,is} € [n], we can define a

map qr: W{ — Wf — Wf = S, as the restriction of the composite X¢ — Xt — Xf of
the projection and quotient map to W,f . Notice that g7 is the composite W,f — W ,f 2, Wle when
[I| = k, where gy is the quotient onto the summand W with respect to homeomorphism (4).

We proceed by induction on k. Assume that for some m < k a co-H-space sum

inch b .
B : SWEPES ) S Y/ oW
Ic[n],|[I|Ism Ic[n],|I|lsm
is a homotopy equivalence. This is trivial when m = 1. We assume the order in which these co-H-
space sums h; are taken is such that the maps Xg; are summed before the maps ¥q; when |I] <|J]|.
Then there is a homotopy commutative diagram of cofibration sequences

Wy = SW ——————> W,

(5) lhm R+t lﬁmﬂ

V O SW— \/  IW—— \/ IW
Ic[n]|T|<m Ie[n],|I|<m+1 Ic[n],|I|=m+1
where the bottom horizontal maps are respectively the summand-wise inclusion and the quotient
map onto the appropriate summands. The top maps are the suspended inclusion and quotient. Since
for [I| = m+1 the composite of the first two maps in the sequence X!, — X! ., — X,{Hl — X’f is
the constant map (where the last map is the quotient map with respect to splitting (3)), its restriction
Wt — Wt ., LN Wle is the constant map. Then since the suspended inclusion YW/, — SW¥ .,
is a co-H-map, and h,, and h,,,1 are the co-H-space sums of the maps Yq; as defined above, we
see that the left-hand square commutes up to homotopy. The right-hand map a1 is taken to be a
co-H-space sum of the composites SG;: SWY. | —> V|1j=m+1 SWE — SWE over all [I] = m+1, where
the first map is the suspension of the homeomorphism (4), and the last map the suspended quotient
map. The first map being a homeomorphism, we see hums1 induces an isomorphism on homology,
thus is a homotopy equivalence. We assume the co- H-space sum ilm+1 is taken in the same order
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as the last maps Xqy for |I| = m + 1 are taken in the co-H-space sum h,,.1. Then since Xq; is the
composite of the suspended quotient map EWfl +1
map being a co-H-map, we see that the right-hand square commutes up to homotopy.

The left-hand and right-hand vertical maps being homotopy equivalences, h,,+1 induces an isomor-

— EW,‘;L +1 and X4qr, and the suspended quotient

phism of homology groups. All spaces being simply connected C'W-complexes, h,,+1 is a homotopy
equivalence. This completes the induction. O

Lemma 1.7. W,f is simply connected for € > 2 and each k <n. Moreover, if W is connected, then
W,C1 is also simply connected.

Proof. Since X* has no 1-cells when ¢ > 2, neither does its subcomplex W,f , 80 it is simply-connected.

Suppose W is connected. Then each W; is connected, and since W has the simplicial property,
the W;’s intersect at the basepoint, so Wy is also connected. Notice the 1-skeleton of 3.X; consists
of points (¢,y) such that y is in the O-skeleton of X;. Since cells in X' are products of cells in
each XX, the 1-skeleton of the subcomplex W} € X' is contained in the subspace V ¢ W}! = (Wj)!
consisting of points z = ((¢1,21), ..., (tn, Tn)) such that x = (x1,...,2,) is a point in the 0-skeleton
of W. Notice that V is a wedge of subspaces V, = {((t1,21),...,(tn,2n)) | 0<t; <1} for each of
the disjoint points « in the 0-skeleton of Wj. Since W is connected, we can define a nullhomotopy
of V, in W}! by picking a path in W} from z to the basepoint (*,...,%) to define a homotopy
of z = ((t1,21),---,(tn,n)) to the basepoint ((t1,%*),...,(tn,*)) ~ *. This therefore defines a
nullhomotopy of V' in Wkl7 and since the 1-skeleton of W,i is contained in V, a nullhomotopy of its
1-skeleton inside I/Vk1 Thus VVk1 is simply connected. ]

The following folk statement will be useful, and for completeness we include a proof.

Lemma 1.8. IfY is a co-H-space, and :Y — Y VY its comultiplication, then ¥1) is homotopic
pinch

to the pinch map ¥Y — XY vXY.

Proof. Let H and H' be the homotopies to the identity of the composites Y v, YvY 22 ¥ and

Y 2, YvY 22 ¥, The composite Y 2, Y VY —> Y x Y, where ¢ is the canonical inclusion, is

homotopic to the diagonal map Y 2, ¥V xY via the homotopy G¢(y) = (H¢(y), H;(y)). Take the
composite
pinch

£V xY) Ry xY)vE(Y xY) — SY vEY

Xy .
where the last map is the wedge sum of the suspended projection maps (Y x Y') = XY, i=1,2,
projecting onto the first factor and the second factor respectively. The composite f is a left homotopy

inverse of £i. Therefore SY —% (Y vY) = (Y xY) Losyvsy s homotopic to X, and

vy 25 (Y xY) N YY v XY is the pinch map XY pincl Y vXY. These two composites are
homotopic since Xt o Xtp = Xi(v 0 4)) is homotopic to ZA. |

Proposition 1.9. Let £ >0 and 1 <k <n, and consider the following:

(a) W is a co-H-space;
(b) there is a splitting

Wi~ \/ Wiz Wiz /sl

0<j<k I<[n] | I|<k 1<[n] | 1|<k

(¢c) the quotient map Wffl — Wﬁl has a right homotopy inverse for each m <k;
(d) W} is a simply connected co-H-space for each I c [n] with |I| < k;
(e) the quotient map Wi — W} has a right homotopy inverse for each I € [n] with |I| < k.

Then (a) < (b) < (¢) < (d) < (e) when £ > 2, or when £ =1 and W is connected. Generally,
(a) = (b) provided Wf s simply connected for j < k.
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Proof. When ¢ > 2, or £ =1 and W is connected, Lemma 1.7 ensures that all our spaces are simply
connected. The implication (b) = (a) is clear when ¢ > 1. To see that (a) = (b) holds, for m < k,
consider the composite

W Wh —wi S WS W,

Ic[n],|I|Ism Ic[n],|I|lsm

where the first map is the inclusion and 1’ is given by iterating the comultiplication W,f 2, W,f\/W,f
in some order. By Lemma 1.8, ¥t is homotopic to the iterated pinch map, so by naturality the
composite of ¥¢)" with the suspended inclusion YW/, — ZW,f is an iterated pinch map. The map
Sh!. is then homotopic to the homotopy equivalence h,, in the proof of Proposition 1.6, meaning
h!. induces isomorphisms of homology groups, and since this is a map between simply-connected
CW-complexes, h,, is a homotopy equivalence.

Suppose (b) holds. From the commutativity of the right square in diagram (5), we may take as
a right homotopy inverse of the suspended quotient map EWf;l — EW,‘; the composite

R > R <, Bt
fEWE =\ TW— \/ IWf S EWE,
Ic[n],|I|=m Ic[n],|I|Igm

where the second map is the inclusion. Since h,, ~ 3h!, and hl, is a homotopy equivalence, we
may take h,l = ¥(h! )7!. All the maps in this composite being suspensions, f desuspends to a
map f’ such that the composite Wf; N W,ﬁ — an induces isomorphisms on homology groups.
Since each of the summands in the splitting of W, are summands in the splitting of WY, this last
composite must be homotopic to the identity. Thus (b) = (¢) holds.

Since each of the cofibrations W’,_, — W¢ — W for m < k trivializes when there is right
homotopy inverse of W¥ — W¥ , (¢) = (b) holds. Thus, we have shown (a) < (b) < (c).

The restriction W,f — Wf of the projection map X¢ — X f to W,f has a right inverse WIK — W,f
whenever |I| < k, given by restricting the inclusion X¢ — X to W¢. Thus (a) = (d).

Suppose (d) holds. By (a) = (c¢) with W} in place of W, the quotient map Wy — WY has a
right homotopy inverse. Thus (d) = (e).

Suppose (e) holds. For any |I| = m we have a commutative square

Wf—— W}

|

Wi ——=Wo,—= \V Wj
Je[n],|J|=m

with the vertical maps the inclusions, the right-hand one being the inclusion into the summand Wf
Therefore the wedge sum of maps W§ =5 W¥ — W¥, over all |I| = m, where s; is our given right
homotopy inverse, is a right homotopy inverse of W, — W¥ . Thus (e) = (c).

(|

Proposition 1.9 has an interesting interpretation for polyhedral products (X, A)¥.

I

K
Corollary 1.10. If (X, A)¥X is a co-H-space, then (X, A)¥ V (X,4) .
Ig[n]

Note that by [3], when each X; is contractible, then (X, A)% ~ \/ |K;| + A’, and when each A,
I{K
— K
is contractible, (X, A) g /\ X; when K7 is a simplex, otherwise homotopy equivalent to a point.
iel
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2. CONFIGURATION SPACES

Let M be any path connected space, N ¢ M a subspace, and Y a basepointed space with
basepoint *. Let Do(M, N;Y ) = » and take the quotient space

k . .
Di(M,N;Y) =[] M* x V¥ ~

=0

where the equivalence relation ~ is given by
(21, 2501, 25) ~ (Zo(1)s -+ > Z0(3) Ta(1)s - - - > Lo (i)
for any permutation ¢ in the symmetric group %;, and
(21,...,zi;x1,...,xi) ~ (zl,...,zi_l;xl,...,xi_l)

whenever x; is the basepoint * or z; € N. Then
D(MvNaY) = U Dk(Mvay)
k=0

Notice D(M,N;Y) is just the infinite symmetric product SP((M/N) AY). We may think of
D(M,N;Y) as the space of (possibly colliding) particles in M with labels in Y that are annihilated
in N. We thus refer to points in D(M, N;Y) as configurations of particles in M with labels in Y,
and by this we usually mean, without loss of generality, that the particles in such a configuration are
non-degenerate, or in other words, that they are outside N and their labels are not the basepoint.
The empty configuration is vacuously non-degenerate. It will sometimes be convenient to think of a
configuration (z1,...,2;;21,...,2;) as a set {(z1,21),... (2, 2;)} where each of the pairs (z;,;) are
considered distinct regardless of the values of z; or x;.
Fix W to be a subspace of a product X = X; x--- x X,,.

Definition 2.1. A multiset of points S = {{z1,...,zs}} c LI; X; is represented by a point in W if
there exists a (71,...,7,) € W and some injective function fs:[s] — [n] such that z; = Ty, ().

Equivalently, when s > 0, S is represented by a point in W if (z4(1y,...,Zs(s)) is in Wr for some
distinct permutation o € Aut([s]) and I ¢ [n] with |I| = s.

Remark: S is not represented by a point if it contains two or more elements in the same X; for
some 1.

Definition 2.2. Let XV = X v .- v X,, be the wedge at basepoints * € X;. Define C(M,N;W)
to be the subspace of D(M,N; XV) given by the following rule: a configuration of non-degenerate
particles (z1,...,25;71,...,2;) € D(M,N; X") is in C(M, N; W) if and only if
o for each increasing integer sequence 1 <i; <+ <144 <k, if 2;, =+ = 2;,, then the multiset of
labels {{xs,,..., 2, }} is represented by some point in W.

The condition z;, =+ = z;, is vacuously true when s = 1, thus, the label x of each particle is an
element of Wy;y ¢ X; for some i. We filter C(M, N; W) by the subspaces

Cr(M,N;W) =C(M,N;W)nDy(M,N; X")

having no more than k£ non-degenerate particles.

These configuration spaces generalise McDuff’s and Bodgheimer’s [28, 7], originally studied by
Boardman, Vogt, May, Giffen, and Segal. Several other generalisations have appeared since then,
some of these bearing certain similarities to these (see [11, 25, 29, 12, 13] for example).

Example 2.3. If W = X x---x X,,, then the space C(M, N; W) is homeomorphic to the product of
classical labelled configuration spaces C(M,N;X;) x - x C(M,N;X,). Y W = X; v--v X, then
C(M,N;W) =C(M,N; X1 v v Xp).
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When referring to collided particles in a labelled configuration of particles in M, we mean a
subset of all particles in that configuration sharing the same point in M. We can think of these
configuration spaces as being like classical configuration spaces with labels in XV, but with certain
collisions allowed governed by the way W sits inside its ambient space X. Here a single particle is
considered to collide with itself, and at most n particles can collide.

2.1. Faithful Neighbourhoods. Recall that a C'W-complex Z is said to be regular if its attaching
maps are embeddings. A mapping cylinder neighbourhood of a subspace A € Z is a neighbourhood
of A in Z homeomorphic to a mapping cylinder My = Au ([0,1] x B)/ ~, where (0,b) ~ f(b), for
some map f:B — A. An open mapping cylinder neighbourhood is a subspace of My of the form
Au([0,1)xB)/ ~. A sub-mapping cylinder of My is a subspace of My of the form Au([0,1]xB")/ ~
for some subspace B’ ¢ B, where f’ restricts f to B’. We call the subspaces (0,1] x {b} ¢ M for
b e B the fibers of M.

It is easy to see via a cell-by-cell induction that any subcomplex of a (geometric) simplicial
complex has a mapping cylinder neighbourhood. Moreover, each of its fibers lie entirely in the
interior a single simplex. Since the cells of a regular CW-complex can be subdivided to give it
the structure of a simplicial complex, subcomplexes of regular C'W-complexes also have mapping
cylinder neighbourhoods, with each of their fibers lying entirely in a single cell.

The following is a coordinate-wise version of the neighbourhood deformation retraction property
of a pair.

Definition 2.4. Any proper subcomplex W has a faithful neighbourhood if it has an open neighbour-
hood U ¢ X with associated basepoint preserving homotopies h; ;s X; — X, for i = 1,...,n, such
that: (1) h, o is the identity and h; ;(*) = *; (2) there is an open neighbourhood U; of the basepoint
* € X; such that h; 1(U;) = *, and h; (U;) is an open neighbourhood of = for each ¢ € [0,1); and (3)
the homotopy hy = hy g x - x by 1 X — X satisfies hy (W) ¢ W for each t € [0,1], h1(U) = W, and
hy(U) is an open neighbourhood of W for each t € [0,1).

Since any open subset of X is a union of products of open subsets of each X;, the projection
X — X1 =TI1,e; X; maps open subsets to open subsets for any I ¢ [n].

Lemma 2.5. The image of our faithful neighbourhood U of W under the projection X — Xy is a
faithful neighbourhood of W in Xy, inheriting from U the associated homotopies h;; where i€ 1. O

Example 2.6. Given a simplicial complex K on vertex set [n], the real moment-angle complex
W = (D', S%)¥ with basepoint 0 has as a faithful neighbourhood the polyhedral product U =
(D10, 1) u (3,1])" with each h;: D' — D' defined explicitly by h;(s) = s(1-t) for s € [0, 1],
hit(s)=s+t(s—3) for se(+,3), and h;y(s) =s+t(1-s) for s € [3,1]. Note U and the h; ;s also
form a faithful neighbourhood for each subcomplex Wj.
Example 2.7. More generally, let Y be a regular CW-complex and A a subcomplex. The polyhedral
product W = (Y, A)¥ has as a faithful neighbourhood the polyhedral product U = (Y, M)*, where
My is an open mapping cylinder neighbourhood Auy ([0, %) x B) of A for some map f: B — A. Each
homotopy h; Y — Y is given as follows. Define g; ;1Y — Y by extending to Y the deformation
retraction of My onto A to give our homotopy g;+. Then define ggyt:Y — Y by taking an open
mapping cylinder neighbourhood M/ of the basepoint * in A, extending it to an open mapping
cylinder U; = M, of * in Y, and extending the deformation retraction of M, onto * to give our
homotopy g; ;. Note since M, is a sub-mapping cylinder of M,, the deformation retraction of M.,
onto * restricts to a deformation retraction in A of M} onto *, so we can take g; , so that it restricts
to g; ;+ A — A on A, which we do. Then let h; ¢ = g;, © gi.s-

If A is a disjoint union A’ [[{*}, so that M is a disjoint union My [T My, then each Wi, € Zk (Y, A)
has the subspace

U ={(x1,...,2,) € Zg (Y, My) | x; € M, for at least n — k coordinates x;}

as a faithful neighbourhood, with the same associated homotopies h; ;.
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2.2. The Case of a Disk and its Boundary. From now on we assume that each X is a connected
basepointed regular C'W-complex, W is a connected subcomplex of their product X containing the
basepoint, and W has a faithful neighbourhood in X.
Consider the inclusion

v W8 — (D", D% W)
given by sending ((z1,21),...,(2n,2n)) to the configuration (z1,..., zp;x1,...,%,). Notice ¢ is the
restriction of the likewise defined map X* SNV (D*,0D% X). This map in turn is just the product
of inclusions XX; — C(D’,0D% X;) into the classical configuration spaces, each of which is a
homeomorphism of $¢X; onto its image [28, 7]. Therefore ¢ is homeomorphism of W* onto its
image, and we think of W* as a subspace of C(D*,dD% W) under this inclusion. Notice that a
configuration of non-degenerate particles is in the image of ¢ if and only if the multiset of labels of
all its non-degenerate particles is represented by a point in W.

Lemma 2.8. There is a deformation retraction of C(D,dD* W) onto the subspace W* given by
the inclusion ¢.

Proof. We use a two-step radial expansion argument, generalizing the deformation retraction for the
classical labelled configuration space C (D% 0D Y) onto £Y. We think of D’ as the closed unit-
disk centered at the origin in R, and the radial expansion R;: DY — D’ here is given by Ri(z) =tz
if [tz] <1 and Ry(x) = ﬁ—i‘ if [tz > 1.

Let C denote C(D,dD% W), and C’ be the subspace of configurations in C whose non-degenerate
particles have labels in distinct X;’s (thus, there can be no more than n of such particles). To
define a deformation retraction of C onto C’ we define a homotopy Hy:C — C, for t € [0,00), by
applying the radial expansion to non-degenerate particles in a given configuration w € C, while at the
same time we homotope labels 'near’ the basepoint towards the basepoint. We do this by picking a
mapping cylinder neighbourhood M; of the basepoint in each X; (these exist since X; is a regular
CW-complex), keeping a label fixed if it is the basepoint or outside the interior of some M;, or else
homotoping it towards the basepoint along the corresponding fibre (0,1] x {b} € M; of the mapping
cylinder, this being done at a speed that tends to zero the closer the label is to the boundary of M;.
We may assume each of the fibers (0,1] x {b} of M; lie in a single cell in X;. Then since W as a
subcomplex of X is a union of products of cells in the X;’s, under this homotopy of labels, collided
particles still have their set of labels represented by a point in W. This defines H.

Notice only particles that are collided at the centre of D’ are unaffected by the radial expansion,
but then their multiset of labels is represented by a point in W, so in particular their labels must
already be in distinct X;’s. On the other hand, particles away from the centre may eventually enter
the boundary 0D’ under the radial expansion, or have their labels homotoped to the basepoint,
in either case becoming degenerate, until we are left with at most n non-degenerate particles with
labels in distinct X;’s. Thus, there is a smallest sufficiently large time t, depending on w such that
H; (w) is a configuration in C’, at which point we stop the homotopy H. To see that the map
C — [0,00), w ~ 1, is continuous, notice our homotopy of labels near the basepoint towards it
ensures t, varies continuously as we vary the labels by making them approach a basepoint. Then
given an open neighbourhood V ¢ [0, 00) of t,,, for sufficiently small open neighbourhoods V' ¢ C
of w, the only possible configurations R that could be in V', and for which ¢y could not be in V,
would have to have at least two particles collided at the origin with labels in the same X;. But such
configurations cannot exist in C, since they would not be represented by a point in W. This defines
our first deformation retraction.

Finally, to define a deformation retraction of C’ onto W*, notice the set of labels of non-degenerate
particles in a configuration in w € C’ corresponds to a distinct point  in X whose coordinates are
each either a basepoint or one of the labels. So we can think of the set of labels of w as a point
z € X. We define a homotopy G4:C" — C', t € [0,00), by again apply the radial expansion R; to
w starting at ¢ = 0, meanwhile, homotoping the set of labels towards W when it is 'near’” W. We
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must be careful how we perform this homotopy of labels, since we must ensure labels of particles
that are collided at a point remain represented by a point in W,,, and that the homotopy does not
become discontinuous as a particle enters the boundary and becomes degenerate (in which case the
coordinate in x corresponding to the label of this particle becomes the basepoint). We therefore
use a faithful neighbourhood U of W with associated homotopy hs: X — X, and homotop labels
near W towards W by mapping @ to hy)(z) at each time ¢, where f(t) = t&. This takes care of
both of these issues since hy maps W to W and is defined coordinate-wise as a product of basepoint
preserving maps h;: X; — X;. In particular, for each I ¢ [n], the product hy ¢ X5 — X1 of the
hi’s over i € I maps Wy to Wr. So if a subset of |I| non-degenerate particles in w, each with a label
in X; for each i € I, are represented by a point in W, that is, their set of labels are the coordinates
of a distinct point in Wy, they remain so under the homotopy Ay ;). This defines G.

As those particles unaffected by radial expansion are collided at the origin and already represented
by a point in W, we see that there is a smallest sufficiently large time ¢/, depending on w when enough
particles are annihilated at the boundary, or have the set of labels homotoped to a point in W, so
that the labels of the non-degenerate particles are represented by a point in W. That is, Gy (w)
becomes a point in the image of ¢, at which point we stop the homotopy G. As before, ' — [0, o0)
mapping w + t., is continuous. Here, since w is in C’, the labels of any subset of particles in w are the
coordinates of a point p € X; for some I ¢ [n], and by Lemma 2.5, the homotopy h;, restricting to
hr ¢ on the labels p makes p approach Wy near W;. Moreover, since each h; ; by definition homotopes
points close to the basepoint in X; towards it, any label near a basepoint is homotoped towards it
by hy(t). So t!, varies continuously as we homotope a subset of labels of w towards a point in Wy, or
each towards a basepoint. Then given an open neighbourhood V' ¢ [0, o0), for sufficiently small open
neighbourhoods V' € C’ of w, the only possible configurations ® that could be in V', and for which
t, could not be in V', would have to have particles collided at the origin that are not represented by
a point in W, but these do not exist in C’. This defines our second deformation retraction. O

2.3. The Scanning Map. Let C(W) denote C(R, @; W), and C;(W) the subspace C;(R, @; W). We
define a scanning map

v: C(W) = (DY W) -4 map(DY, 0D ; W) = Q!

analogously to the one for classical labelled configuration spaces [30] as follows. The first homotopy
equivalence in this composite is induced by the map R —s D! sending t + %\tl (with a choice
of homotopy inverse induced by the inclusion D* — R). Let D, denote the closed interval
[2-¢,z+¢e] € R. For any configuration w € C(W), y(w) is the map D! —s W defined for any z € D!
by taking v(w)(z) to be the image of w under the composite

(6) C(W) — C(D...,dD. ;W) — C(D",0D"; W) — W

where the first map forgets those particles from w that are in R — D, ., the second homeomorphism
induced by the homeomorphism D! D, ., and r is the retraction from Lemma 2.8.

With regards to labels, C() is a functor from the category of subspaces of length n products
of basepointed C'W-complexes, and coordinate-wise maps between them. More precisely, given
Y =Y; x---x Y, a product of basepointed CW-complexes, basepoint preserving maps f;: X; — Y7,
and a subspace V ¢ Y, suppose the coordinate-wise map f = (fy x - x f,,): X — Y restricts to a
map f:W — V. This induces a map

C(f):C(W)—C(V)
sending (z1,...,2n; %1y, Tn) = (21, 20 f1(21), ..., fn(2n)), and a map
fl: Wl N Vl

sending ((z1,21),-.-, (Zn,2n)) = ((z1, f1(21)),-- ., (2n, fn(2r))). The scanning map -+ is then a
natural transformation in the homotopy category:
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Lemma 2.9. There is a homotopy commutative square

caw) Lo vy

AT
1
ow! - oyt

Proof. Since the following square commutes

wt Vi

c(pt,opw) <Y% ¢(p,opt:v),

we may replace the homotopy equivalences ¢ with their homotopy inverse r to obtain a homotopy
commutative square. Thus we have a diagram

C(W) —=C(D..,dD. ;W) ——=C(D', 0D}, W) —— W

ic(f) J/C(f) J/fl

C(V) —=C(D...,dD. .;V) ——C(D',d0D";V) ——= V1,

the left square commuting strictly, and the homotopy f!or ~ 7 oC(f) in the right square being
independent of z € R. This then gives a homotopy v(C(f)(w)) = Qf* o y(w) of maps D! — W
independently of z and w, so in turn, it defines a homotopy o C(f) =~ Qf!on. ]

2.4. Suspension Splittings. Our goal is to obtain a (single) suspension splitting of C(W'). Take

the quotient space
Crn(W)

C’m—l(W)
Lemma 2.10. The pair (Cp,(W),Crne1(W)) is an NDR-pair. Thus, the sequence
Crn-1(W) — Cop (W) —> Dy (W)

Dm(W) =

is a cofibration sequence.

Proof. Since X; is a regular C'W-complex, as in the proof of Lemma 2.8, we can take a mapping
cylinder neighbourhood M; of the basepoint * € X; such that each of the fibers (0,1] x {b} ¢ M;
lie entirely in a single cell in X;. Let f;: X; — [0,1] be the map given by f;(*) =0, fi(z) =1
if © ¢ M;, and fi(x) = s if = is at the point (s,b) along a fiber (0,1] x {b}. Notice that f; is
continuous as the projection to the parameter s. Define f: Xy v - v X,, — [0,1] by restricting
to f; on X;, and let u:C,, (W) — [0,1] be given for any w = {(t1,21),..., (tm,Zm)} by u(w) =0
if w e Cp1(W), otherwise u(w) = [17%; f(x;). Notice u™*(0) = Cp-1(W). Define a homotopy
H:C,,(W) xR — C,,(W) by homotoping the labels of a configuration w € C,, (W) simultaneously
as follows. For each particle (¢,x) € w, we either keep the label z fixed if x is a basepoint or x
is not in the interior of any mapping cylinder M;, or else we homotop x towards the basepoint
along the corresponding fibre of (0,1] x {b} of the mapping cylinder. This is done at a speed that
tends to zero the closer z is to the boundary of corresponding mapping cylinder. Since each of the
fibers of M; lies in a single cell of X;, and since W as a subcomplex of X is a union of products of
cells in the X;’s, then under this homotopy of labels collided particles still have their set of labels
represented by a point in W as necessary. We stop homotoping the labels of w as soon as there are
less than m particles (among our homotoped particles in w) that have non-basepoint labels. Thus H;
restricts to the identity on C,,—1 (). Notice at least one of the labels is in the interior of a mapping
cylinder M; when u(w) < 1, and u(w) approaches 1 if the labels of w all approach points outside
these mapping cylinders. Then for any (s,b) € (0,1] x {b}, there is a sufficiently large time ¢ such
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that H;(u"'([0,5s))) is contained in Cy,—1(W). This therefore defines a neighbourhood deformation
retraction for Cp,—1 (W) in Cpp, (W). |

Let
Vi (W) = Qpi(W).
We now define a map
C:C(W) — C(R; Vo (W),

where the right-hand space is the classical configuration space of non-overlapping particles in R with
labels in Voo (W). Since X; v -+ v X, is a CW-complex, we may pick a map

f:le"'VXn_)[Oa]-]

such that f(*) =0 and f(z) >0 when z # *. Let {p:Co(W) — C(R; Vo (W)) be given by mapping
the empty configuration to the empty configuration, and define

for m > 0 as follows. Notice that any configuration w = {(t1,21),.. ., (tm,Tm)} € Con (W) = Cpp1 (W)
has only non-degenerate particles, that is, the label x; of each particle in w is not the basepoint x.
Since any two non-degenerate particles in a configuration in C(W') cannot collide when their labels
are in the same summand X; (so t; # t; when z;,x; € X; — {*} by definition of C(R,@;W)), there is
a strict total order on w given for any y = (¢;,%;),y" = (¢j,2,) € w by the relation

e y <y’ if and only if either z; € X; — {*} and z; € X;; — {*} such that i’ < j’, or else both

zi,xj € X; - {+} for some [ and ¢; < t;.

Given y € w, let o(y) be the integer such that y is the o(y)!"* smallest element in w with respect to
this ordering. Then take the strict total order on the set 2“ of subsets of w, given for any S,5’ cw
by the relation

e S <S5’ if and only if Z 20(¥) < Z 20 (),

yeS y’eS’

This total order does not change as we move these particles and vary their labels in such a way
that w moves along any path in C,, (W) - Cp,—1 (W), and if we take a subconfiguration w’ c w in
Cont (W) = Cor—1 (W), m < m, then the ordering on 2¢° c 2¢ is the one inherited from 2“. Write
S < S if either S <5’ or S =5’, and let

Nw,s" = Z ( H f(xz)) .
Scw \(ti,xi)eS
S<8’

Since each z; # *, we have f(z;) >0, s0 M, 5 < Ny,s» Whenever S < S’. Then we may define
Cn(w) ={(nw.s,xs) | Scw} e C(R;V(W))

where the label xg € Voo (W) is the image of the configuration S € Cjg/(W) under the composite of
the quotient map and inclusion

(7) Cis (W) — Dygy (W) "™ Ve (W)

(S ¢ w is indeed a configuration in Cjg (W), since every subset of a represented multiset of labels
is itself represented by a point in W). Notice that when w approaches some configuration w’ €
Cont (W) = Cppr—1 (W) for some m’ < m, that is, when some subset L of at least m —m’ labels z; from
w approaches the basepoint, then [1,_(,, s )cs f(2i) approaches 0 and xs approaches * € Vi, (W)
for all S ¢ w that contain a particle with a label in L. Therefore, we see that (,,(w) approaches
Cm(w'). Thus, we can define ¢ by restricting to ¢, on C,,, (W) = Cypm1 (W), for any m > 0, and ¢y on
the empty configuration.
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Notice (,, maps to the subspace C(R;V;,(W)) ¢ C(R;Ve(W)). Restricting ¢ to a subspace
C;(W), there is a commutative diagram

Ci_l(W) —_— CZ(W) —_—> DI(W)

® 3 | i
OB Vi (W) — C(EVA(W)) — C(EDL(IV))

with the left-hand and right-hand horizontal maps the inclusions and quotient maps respectively,
and the bottom maps induced by the inclusion V;_; (W) — V;(W) and the quotient map V;(W) —
D;(W). Since the composite of these two maps is the constant map, the composite of the maps in
the bottom sequence is the constant map, which gives the right-hand vertical extension. Notice this
extension sends a (quotiented) configuration w to a configuration with a single particle, whose label
is w. Recall from the theory of classical labelled configuration spaces [30] there is a scanning map

At C(R; Vio (W) —> QX Vo (W),

which in fact is a homotopy equivalence. This is also just a special case of our scanning map
constructed above. Here one takes XV (W) as the coordinate suspension of V(W) on a single
coordinate, meaning C(R; Vo (W)) = C(R; Voo (W)). Composing the vertical maps in Diagram (8)
with the corresponding scanning maps A, and taking the adjoints of these, we obtain a commutative
diagram of cofibration sequences

f )
EVia (W) —— ZV;(W) —— EDy(W),

the left and middle vertical maps being the restrictions of the adjoint ¢": XC(W) — XV, (W) of the
composite Ao (, and the bottom cofibration sequence the composite of the inclusion and quotient
onto the summand X (D;(W)). The right-hand vertical extension can be homotoped to the identity
using a homotopy to the identity of the composite XV (W) — C(D',0DY; Voo (W) — SVeo (W)
of the inclusion from Lemma 2.8 and its left homotopy inverse used to define the scanning map.
Then the middle vertical ¢’ is a homotopy equivalence whenever the left-hand ¢’ is, so by induction,

we see that XC(W) <, YV (W) is a homotopy equivalence. Thus

Proposition 2.11. There is a splitting
SC(W) ~\/ ED;(W).
i1

O

Remark: 1If each X; =Y is a regular CW-complex, and W is a polyhedral product of the form
(Y, %)X, then by [11], C(W) is homotopy equivalent to Q(XY,#)X. This improves on the stable
splitting of (XY, %)X in [11].

2.5. A Refinement. Suppose W has the simplicial property. Recall our filtration * = Wy € Wy ¢
- €Wy = W, where Wi, = Urc[n] 1=k W1- Again, C,,,(W}) denotes Cp, (R, @; W},), these configuration
spaces being constructed by thinking of Wy as a subspace of X. We still refer to elements in
Din (W) = Con(Wi) [Cr1(Wi) as configurations of labelled particles, in the sense that they are
under the image of the quotient map C,,,(Wg) —> D, (Wy). They must have exactly m particles,
and are identified with the basepoint when one of them is a degenerate particle, that is, when its
label is a basepoint. The empty configuration is the basepoint. Since C,,(W}) is a subspace of
SP,(Y),Y = (Rx XV)/(Rx {}), then D,,(Wy) is a subspace of SP,,(Y) = SP,,(Y)/SP,,_1(Y).

We call a sequence S = (s1,...,8,) an (m, n)-partition of a non-negative integer m if s1+-+s, =m
and each s; > 0. Given such a sequence, let Dg(Wy) be the subspace of D,,(W}) consisting of
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configurations w such that either exactly s; non-degenerate particles in w have labels in X; for each
1 <i<n, or else w is the basepoint. Notice D,, (W) is the union of Dg(Wy) over all (m,n)-
partitions. To homotope the label of a particle in a configuration in D,,(W}) from one summand
X; to another summand X; we must make at least one label go through the basepoint, in which
case the entire configuration must go through the basepoint. Therefore Ds(Wy) N Ds/ (W) = {*}
for any (m,n)-partitions S and S’ and

(10) D (W) = V Ds(Wk)
(m,n)-partitions s

wedged at the basepoint, and the inclusion
lm,k* Dp(Wi-1) — D (W)
induced by Wy_1 — Wy, and extending ,, k:Cpm (Wi-1) — Cp (W), restricts to an inclusion

18,5 Ds(Wi-1) — Ds(Wi)

for each (m,n)-partition S. Given a basepoint preserving map X N Y of non-degenerately base-
pointed spaces, let M (f) = Mz/([0,1]x{*}) = (Yus[0,1]xX)/([0,1]x{*}) be the reduced mapping
cylinder of f, and C(f) = M(f)/({1} x X) the reduced mapping cone of f (or homotopy cofiber
of f). We write points in C(f) as pairs (¢,y), where t € [0,1], y e Y if t =0, y € X if t > 0, and
(t,y) is the basepoint * when t = 1 or y is the basepoint. Since ¢y, 1, is as a wedge sum of ts i over
(m,n)-partitions S,

(1].) (C(Lm’k) = \/ (C(Lg’k).

(m,n)-partitions s

Notice that the following property holds when W has the simplicial property.

(A) For each m < k a multiset {{x1,...,2,,}} is represented by a point in Wy, if and only it is
represented by a point in W,.

Lemma 2.12. Assume W has the simplicial property. If at most k-1 elements in S are nonzero,
then Dg(Wy_1) = Ds(Wy) as subspaces of SP,(Y'), and us i, is the identity. In particular, Dy, (Wi-1) =
Di(Wi), tmi 1s the identity, when m <k —1.

Proof. Any non-degenerate configuration w € Dg(W},) has m particles when S is an (m,n)-partition,
but since collisions are not allowed between particles with labels in the same X;, no more than k-1
can collide at a point when at most k-1 elements in § are nonzero. Since the labels of any j < k-1
particles in w that are collided at a point are represented by a point in Wy, by Property (A) they
are represented by a point in W; € Wi,_;. Therefore w € Ds(Wj_1). a

2.6. Comparing Filtrations. We again assume each X; is a connected basepointed regular CTW-
complex, W is a connected subcomplex of their product X containing the basepoint and having a
faithful neighbourhood. Moreover, we assume W has the simplicial property, and that its subcomplex
W,-1 also has a faithful neighbourhood. Note W, is simply connected by Lemma 1.7.

Take the (n,n)-partition A = (1,...,1). Then D4(W}) is the subspace of D, (W}) containing
those configurations of n particles whose labels are each in a distinct X;. Our goal will be to prove
the following.
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Proposition 2.13. There exists a homotopy commutative diagram

‘ SiAn
Clian) —2 SDA(Wp_1) =25 SD4(W,) — SC(1an)

| lﬁ

¢~ YC, (Who1) —> ¥C, (W) — BC(1n.0)
iy, W, wl Wk,

where consecutive maps in each row form homotopy cofibration sequences, the right-hand vertical
homotopy equivalences are extensions induced by the homotopy commutativity of the middle squares.
The top second and third vertical maps are homotopy inverses of the quotient maps coming from the

b
splitting in Proposition 2.11, and the bottom maps ev are the adjoints X.Cp,(W;) = EQW} eval wh

3
of the corresponding scanning map v. The map O is the connecting map, given by collapsing the

subspace Da(W,,) of Cean)-

To some extent, this reduces the study of the filtration of W' = W! by the spaces W} to the
corresponding filtration for D4 (W,,).

Corollary 2.14. Considering the following:
(a) W} — VAVi has a right homotopy inverse;
(b) ¥DA(W,,) — XC(ta.n) has a right homotopy inverse;
(¢) Cltan) 2, SD4(Wy_1) is nullhomotopic.

Then (c) < (b) = (a).

Proof. The implication (b) = (a) holds by Proposition 2.13, while (¢) = (b) is a standard property
of homotopy cofibration sequences. Suppose (b) holds. Then the homotopy cofibration sequence

EL.A,n

(12) EDA(Wyo1) — ED4(W,) — EC(tan)

. . . . . ~ . 0 E e
trivializes. In particular Xt 4, has a left homotopy inverse i. Since C(tan) —> D A(Wi-1) Rt

YD 4(W,,) is a homotopy cofibration sequence, Xt 4 ,, 0 0 is nullhomotopic, so ({03t 4,,) 00 ~ 0 is
nullhomotopic. Thus (b) = (¢).
O

Corollary 2.15. W} is a co-H-space if one of the conditions in Corollary 2.14 hold for Wr in place
of W for each I ¢ [n].

Proof. Combine Corollary 2.14 with Proposition 1.9. ]

2.7. Proof of Proposition 2.13. Take a configuration w = (¢1,...,tn;x1,...,2,) € DA(W,). Con-
figurations in D4(W,,) have particles whose labels are each in a distinct X;, so we can and will

assume without loss of generality that z; € X;. Given x = (21,...,2,) € W,, then {z1,..., 2}
is represented by (z1,...,x,) € W, so there is an inclusion W,, — D4(W,,) given by mapping
x+~(0,...,0;21,...,2,). We can extend this to an inclusion

¢: "W, — Cloan)
by mapping the basepoint to the basepoint, otherwise
((th Ce ;tn—1)7 (331, - ,.’En)) [d (max{\t1|, ey |tn—1|50}7 (tl, - ,tn_l,O;xl, - ,a?n)) ,

where each parameter ¢; is in the unit 1-disk D* = [-1,1]. Notice ¢ is a homeomorphism of DILR 7
onto its image, so we regard X", as a subspace of C(¢ A,n) under this inclusion.
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Remark:  Since points in W,,_; have at least one coordinate a basepoint, no more than n — 1
non-degenerate particles in a configuration in D 4(W,,_1) can collide at a point. Therefore any non-
degenerate point (¢, (¢1,...,tn;%1,...,25)) € C(ta,,) must have ¢t = 0 when ¢, = --- = t,, i.e., we must
be at the base of the mapping cone D4(W,,) € C(tan)-

Lemma 2.16. There is a deformation retraction of C(t4,,) onto the subspace DILR 1 7 given by the
inclusion ¢.

Proof. Let A be the subspace of C(t,,) consisting of the points (¢, (t1,...,tn;%1,...,%,)) such
that t, = 0 and ¢ = max{|t1],...,[tn-1],0} < 1, as well as the basepoint. Define a deforma-
tion retraction of C(t4,) onto A by keeping the basepoint fixed, otherwise homotoping a point
(¢, (1, - tn;1,. .., n)) € C(ta,n) to a point in A, first by shifting the ¢s, by linearly homotoping
each t; to t; = t; —t, via t; s = (1 - s)t; + st;. Then, depending on ¢t and 8 = max{|t1],...,|tn-1],0}, we
do one of three things: (i) if ¢ = 8, do nothing since we are done; (ii) if ¢ > 3, radially expand the
t;’s to %t}; (i41) if t < B, linearly homotope ¢ towards (3, stopping either when ¢ = 8, or when ¢ = 1
(we are at the basepoint). Notice 8 cannot be 0 in case (i), otherwise the ;s are 0, and by our
preceding remark ¢ = 0. The homotopy in case (iii) is possible since 8 >t > 0, so our configuration
of particles (Z;, ;) is necessarily in D 4(W,,_1). Note no new collisions between particles are created
during these homotopies, and this homotopy is continuous in the neighbourhood of the basepoint.
Next, we define a deformation retraction of A onto ¥" 'W,, homotoping a given point w =
(t,(t1,. . tn-1,0;21,...,2,)) in A as follows. If w is the basepoint, we are done, so assume w is not
the basepoint. Then ¢ < 1 and each x; is not the basepoint. Since we are in C(t4,,), we may assume
without loss of generality that z; € X;, so & = (z1,...,z,) is a point in X = Xin---AX,,, and we regard
the set of labels z; as the point & € X. Since # is not the basepoint, there is a unique z € X such that
q(z) =, where X -4, X is the quotient map. To start off the homotopy, if ¢t = 0, we do nothing. If
t > 0, we homotope t = max{[t1],...,|tn-1|,0} linearly towards 1 via ts = (1 — s)¢ + s, and homotope
each ¢; for i <n—1 by radial expansion via t; s = tfti (so that tg = max{|t1s|,...,|tn-1,s],0}), while at
the same time, homotoping the set of labels & by homotoping x towards W,, when it is 'near’ W,, to
obtain x; at each time ¢, meanwhile letting Z; = ¢(x¢) to obtain our homotopy & +— ;. We perform
this homotopy of z using a faithful neighbourhood of W,, and applying its associated homotopy
hi: X — X to z, letting x; = he(x), exactly as in the proof of Lemma 2.8, thereby ensuring that
labels of collided particles remain represented by a point in W,, during the homotopy of labels z.
Since h; is defined coordinate-wise as a product of maps X; — X; that are basepoint preserving,
our homotopy for & is continuous for Z in the neighbourhood of the basepoint. The homotopy stops
as soon as x; becomes a point in W,,, in which case z; € Wn, or else when t becomes 1, in which
case w becomes the basepoint. Notice there is no issue of continuity, or the homotopy not stopping,
when ¢ = max{|t1],...,[tn-1],0} is at or near 0. This is because all particles are collided when ¢ = 0.
Thus (as a set) & must be represented by a point in W,,, and since there are n labels;, & must be
a point W, and = a point in W,,, and the homotopy stops immediately. At the same time, points
w approaching some point with ¢ = 0 must have their label set & approach a point in Wn, SO x
approaches a point in W,,, and our homotopy of x near W,, towards W,, ensures continuity. We let
t., be the smallest time at which this homotopy stops for w. For the same reasons as in the second
step of the proof of Lemma 2.8, t, depends continuously on w € A. This then defines our second
deformation retraction.
|

We will want to describe a right homotopy inverse of ¥ ¢ that it is compatible with the scanning
map. To do so we will need to define a version of the scanning map for quotiented configuration
spaces. Fix C? =C(D',0D*;W,,), C? = C;(D*,0D';W,,), and D? = C?/C? ,. Consider the map

i W}l — Do

given by sending ((t1,21),..., (tn,Tn)) t0 (t1,.. ., tn; X1, Tn).



18 PIOTR BEBEN AND JELENA GRBIC

Since the incusion W,} — C? from Lemma 2.8 includes into the subspace C2, we have an inclusion
Ly W — C2. In turn, u,, restricts to a map ¢,,_1: W} ;| — C2_,. Notice then our maps fit into a
commutative square

(13) l lz

where p and ¢ are the quotient maps. Like ¢, both ¢,, and i are homeomorphisms onto their images,
and we think of W} and W as subspaces of CZ and D? under these inclusions.

Lemma 2.17. There is a deformation retraction of ij onto the subspace W} given by the inclusion
tn. Moreover, it extends to a deformation retraction of 'Dg onto the subspace W given by the
inclusion t. Therefore, v, and T are homotopy equivalences.

Proof. Recall that the deformation retraction H:C? x [0,1] — C? of C? onto W} in the proof of
Lemma 2.8. This is defined via a two-step radial expansion. A configuration w is homotoped by radial
expanding particles towards the boundary, meanwhile, in the first step, labels near the basepoint
are homotoped towards it until there are no more than n particles left, and in the second step, the
labels of the remaining particles are homotoped towards W,, when they are near W,,, this being done
via a coordinate-wise homotopy h: X x [0,1] — X that is basepoint preserving on each coordinate.
From this, we see that for any w = (t1,...,tm;21,...2y) and each t € [0,1], H satisfies Hy(w) =
(t},...,th;oh,...2l,) such that t; € D' = t/ € D' and x; = * = 2 = . Degenerate particles
thereby remain degenerate during this homotopy. Thus H restricts to a deformation retraction H*
of €2 onto W} when i > n, and a deformation retraction H® of C? onto W} when i <n - 1. Since
H™:C2 % [0,1] — C2 restricts to H™"'::C2 | x[0,1] — C?_,, there is a well-defined extension H of
H™, as in the composite

D2 [0,1] — (€2 x [0,1])/(€2_, x [0,1]) 2> D2,

with the first map being the quotient map collapsing * x [0,1] onto the basepoint. Then H'is a
deformation retraction of DZ onto W !.
O

The quotiented scanning map
4 Da(Wa) — Q17
is defined as follows. Let D, (M, N;W,,) = Co (M, N;W,)/Cp-1(M,N;W,,). Fix any € > 0 (this will be
the radius of our scanning interval). For any configuration w’ € D,,(W,,), we define 4(w'):R — W}
as the map given for any z € R as the image of w’ under the composite

D (W) —> Dp(Ds 2, 0D, s Wyy) = DI 5 1)

where D, , = [z -,z +¢] € R, and where the first map forgets those particles from w’ that are in
R-D. , (thus maps to the basepoint if at least one particle is in R-D;, . ), the second homeomorphism
is induced by the homeomorphism D, ., = D', and # is the homotopy inverse of i taken as the
retraction from Lemma 2.17. Recall that the regular scanning map v is defined similarly. In the
case of C(W,,), the restriction of C(W,,) — QW to C,(W,) is defined by sending w € C,,(W,,) to
the map v(w):R — W}, given for any z € R as the image of w under

Co(Wy,) —> C(De.2, 0D, ;W) = €O > W}

n

where the first map forgets particles in R — D, , as before, and (since the deformation retraction
H in the proof of Lemma 2.17 restricts as it does) r is the homotopy inverse of ¢, taken as the
retraction from Lemma 2.17. Replacing the homotopy equivalences ¢,, and ¢ in Diagram (13) with
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their homotopy inverses r and 7 gives a homotopy commutative diagram, so we obtain a homotopy
gor ~7op. Combining this homotopy with the commutative diagram

Cn(Wn) - Cn(De,z;aDe,z; Wn) 42) CS

lp’ lp
Dn(Wn) - Dn(DE,Z7aDE,z; Wn) % D27

where the vertical maps are the quotient maps, gives a homotopy of 4(p’(w)) =~ ¢(v(w)) that is
independent of w and z. Therefore:

Lemma 2.18. There is a homotopy commutative square

Co(W,)) ——= D, (W)

AR

aw! — 2 qyi,

Let
ev: XD, (W) — W

L. 01 21 . Zin,n év 2 1.
be the adjoint of D,,(W,,) — QW,,. The composite XD, (W;,-1) — XD, (W,,) — W, is nullho-

motopic as follows. Since 4 is given by scanning an e-neighbourhood (for some fixed € > 0) through
a configuration w of labelled particles in R, while applying a radial expansion to particles in this
neighbourhood to obtain a point along a based loop in Wé (as defined in the proof of Lemmas 2.8
and 2.17). If no e-neighbourhood contains all n particles, then every point in the loop is the base-
point in W', in which case év will map (¢,w) to the basepoint in W, for all ¢ € [~1,1]. Then since no
more than n -1 particles in a configuration w € D,,(W,,—1) can collide at a point, we can homotope
€v 0 Xty n(t,w) to the basepoint by homotoping (t,w) via radial expansion of the n particles in w
away from 0 € R, until no e-neighbourhood in R contains them all (alternatively, one can scan ever
smaller neighbourhoods). This defines a nullhomotopy of €v o ¢y, ,,, and in turn, this nullhomotopy
defines an extension
p: EC(tn,n) — Wr%

of eév. Take the composite

pa: SCtan) — SC(tnn) —— W,
where the first map is the inclusion. This is not the same map as the suspension of the retraction
map onto W,}L ~ "W, in Lemma 2.16, but it will be of use to us since it fits naturally with the
maps ev and €v.

Corollary 2.19. The composite ps o X¢ is a homotopy equivalence. Thus, pa is a homotopy
equivalence.

Proof. Take an element w = ((t1,...,tn), (x1,...,2,)) € W', Since z = (x1,...,2,) is in W, any
subset of {x1,...,x,} is represented the point  in W,,. Then since the homeomorphic image of

the inclusion W,, — Dg in Lemma 2.17 is the subspace of configurations whose particles have
labels represented by a point in W,,, and since ¥ is defined in terms of a deformation retraction
of Dg onto this image, then the mapping w — pg o Lép(w) does not change the labels z; of w,
that is, p4 o Xo(w) = ((f1,---,tn), (z1,...,7,)) for some ;. Moreover, one can check directly from
the construction of p4 and ¢(w) that each ¢; satisfies the following for each ¢ = +1 as (¢1,...,t,)
approaches the boundary of D™ = [-1,1]*": (1) ¢,, approaches ¢ as t,, approaches ¢ (since the
scanning maps scans a neighbourhood from right to left in R); and (2) for ¢ <n -1, if ¢; approaches

¢, then either ¢; approaches c, or else t, approaches —c (as does %,). So if we define a linear
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homotopy from ¢; to ¢; via ¢; s = (1 — s)t; + st;, then (1) and (2) hold with ¢; 5 in place of ¢;, and
we see that (t1s,...,t,,s) approaches the boundary of D" for each s whenever (¢1,...,%,) does.
There are therefore no issues of continuity in defining a homotopy from p4 o X¢ to the identity
by mapping w to ((f1,s,.--,tns), (T1,...,2y)) at each time s. Then using Lemma 2.16, p4 is a
homotopy equivalence since both p4 o ¥¢ and X¢ are. O

Lemma 2.20. Suppose we are given a homotopy commutative diagram of homotopy cofibration
sequences

72 x .y $Z

N

Ao ¢

where the homotopy equivalence g is an induced map of homotopy cofibers, and all spaces are homo-
topy equivalent to simply connected CW -complexes. Then the bottom homotopy cofibration sequence
extends to the left to a homotopy cofibration sequence

7294 B,
Proof. Since the induced map ¢ is a homotopy equivalence, the left-most square Q in the above
diagram is a homotopy pushout, that is, Q is equivalent in the homotopy category to a pushout
square whose horizontal maps are cofibrations (the dual of Proposition 7.6.1 in [31]). Likewise, if
we take B’ to be the homotopy cofibre of go 0, we obtain a homotopy commutative diagram of
homotopy cofibrations
f

z-9.x Y VA

i g J/ g’
goo h’ /

A A B VA

where the last two vertical maps are iteratively induced maps of homotopy cofibers, and so we see
the middle square Q' here is a homotopy pushout as well. We obtain a map of homotopy pushouts
Q N Q' and thus a map B’ N B, by mapping X, Y, and A to themselves via the identity, and
since these three are homotopy equivalences, so is p. From the cube diagram given by ¢ we see that
po k' is homotopic to h, and we are done.

|

Proof of Proposition 2.13. Since the quotient map C;(W,,) — D;(W,,) restricts to the quotient map
C;(Wy) — D;(Wy,) for k < n, by definition of labels in the image of C,,(W,,) =, C(R; Vo (W,,)) in
terms of (7) in Section 2.4, it follows that ¢ restricts to C,(Wy-1) = C(R;Veo(Wyp-1)). Then
composing ¢ and its restriction with the corresponding scanning maps, using naturality of the
scanning map, and taking the adjoints ¢’ of their composites (the homotopy equivalences ¢’ from (9)),
we obtain the left commutative square in the diagram of homotopy cofibration sequences

SXin.n
SC (Wie1) " 320, (W) ——— SC(tnm)

lCI LC’ lé/
Vi Ztin

1<i<n

Stin
Here, the bottom sequence is the wedge sum of homotopy cofibration sequences XD;(W,,_1) 2y
ED;(W,,) — XC(ti) for 1 < i < n, thus giving the right vertical extension ¢’. Since the left and

middle vertical maps are homotopy equivalences, so is (. But since ¢y, x; is a homeomorphism when
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m < k by Lemma 2.12, the only non-contractible homotopy cofibre XC(¢;,) between 1 < i < n is
YC(tn,n), implying that the composite

. include ((f')_l _
0:35C(tnn) —  V BC(tin) — EC(tnn)

1<isn
is a homotopy equivalence, where (f ")~ is a homotopy inverse of CA ’. Replacing the vertical homo-

topy equivalences (’, é’ with their inverses, and restricting to the homotopy cofibration sequence
ELn,n

XD,(Wp-1) — XD, (W,) — XC(tn,n), gives a homotopy commutative diagram of homotopy
cofibrations

Sin,n
EZ)n(‘/vn—l) —_— Epn(Wn) — EC(LHJL)

(14) i l l

S0 (Wio1) s 50, (W) ——> SC(in,0).

In turn, the top homotopy cofibration sequence splits as the wedge sum of homotopy cofibrations
sequences

by n
SDs(Wo-1) 3 SDs(Wy) — EC(us,n)

over all (n,n)-partitions S, and since ts is a homeomorphism when at most k - 1 elements in
an (m,n)-partition S are non-zero, the only non-contractible homotopy cofibre in this splitting is
YC(ta.n), so the inclusion

EC(tan) — ZC(tnn)

is a homotopy equivalence. Restricting to the sequence S = A, we obtain the top homotopy commu-
tative diagram of homotopy cofibrations in the statement of the proposition.

As for the bottom diagram of homotopy cofibrations, note by adjointing the square in Lemma 2.18,
we have a commutative diagram

xC,(W,,) — ED,,(W,)) — EC(tn.n)
lev iév/
P
W) ——— = WL
The top left horizontal quotient map fits into a commutative diagram of homotopy cofibrations

3t N

YC,(Wyq) ——= 2C,(W,,) —— XC(Tn.n)

| | 3

Sin,n
D, (Wpo1) —= ED,(W,,)) — EC(tn.n)
induced by the left square, where the vertical maps are the quotient maps. Combining the right
square with the first diagram, we obtain a commutative diagram of homotopy cofibration sequences

SCo (Wint) o 530 (W) ——> SC(inn)

(15) l i i

W'r]i -1 W'r]i Wr]i ’

where p is the composite
5: 2C(tnn) —> C(1n.n) - WL
To see that p is a homotopy equivalence, note by Corollary 2.19 the composite

paEC(tan) = EC(tn,n) 2, Wi
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is a homotopy equivalence. Since we saw above that the first inclusion is a homotopy equivalence,

then so is p. Now the composite of XC,,(W,,) <, YV, (W,,) with the quotient map onto the sum-
mand XD, (W,,) is the left homotopy inverse of the map v in diagram (14), and by the right-hand
commutative square in diagram (9) in Section 2.4, this composite is equal to the composite

2C,(W,) -5 £D,,(W,,) — SD,,(W,,)

of ¢ and some self homotopy equivalence. Thus, ¢ is also a left homotopy inverse of v, and similarly
for W,,_1 in place of W,,. Then composing (14) with the commutative diagram

Yln.n
E(/’n(VVn—l) — Ecn(Wn) - EC(Z"»”)

YDp(Wip-1) m XD, (W,) —— EC(tn,n)

gives a commutative diagram of homotopy cofibrations

Zzn,n

S (Wi1) — SD, (W) — SC(tn.n)

i qov J{qoy l(joﬁ

Sin,n
ZD%(WTL—l) — EDn(Wn) — EC(Ln,n)~

Since both composites g o ¥ are homotopic to the identity, ¢ o  is a homotopy equivalence. But
U is a homotopy equivalence, so ¢ is homotopy equivalence, and therefore p = p o ¢ is a homotopy
equivalence since p is. Thus, we have obtain the right-side of the bottom homotopy commutative
diagram of homotopy cofibrations in the statement of the proposition.

It remains to show that the bottom cofibration sequence in the proposition extends to the left,
and to obtain the left-hand square involving ¢. This is clear when n = 1, since W,!_; = » in this case.
Since "MW, is simply connected when n > 2, and ¢ is a homotopy equivalence by Lemma 2.16,
the n > 2 case follows by Lemma 2.20. O

3. THE GOLOD PROPERTY

From now on we fix W = (D!, %)X as a subspace of X = (D!)*", where K on vertex set [n] has
no ghost vertices. Thus, W' = (D?,8%)%. Since W is connected, has the simplicial property, and
each Wy has a faithful neighbourhood by Examples 2.7 and 2.6, all of our previous results apply.

The following confirms a large primes version of Conjecture 1.1, generalising Berglund’s rational
result in [6].

Theorem 3.1. Localised at any sufficiently large prime p, (D?,SY)X is homotopy equivalent to a
wedge of spheres if and only if K is Golod over Z,.

Proof. The right-hand implication is clear. For the left-hand, recall that a space Y is a co-H-space
if and only if the evaluation map QY —> Y has a right homotopy inverse [16]. A suspension LY
of a simply connected finite CW-complex Y is homotopy equivalent to a wedge of spheres when
localised at sufficiently large primes (see for example [14, 1]).

The moment-angle complex W' is a 2-connected finite CTW-complex. Then QW' has finite type
and the skeleta of QW are finite CW-complexes, and suspending, the skeleta of QW are homotopy
equivalent to wedges of spheres when localised at sufficiently large primes. Also, the evaluation map
QW = W induces a surjection on Z,-homology whenever H (W Zp) has trivial cup products
and Massey products, i.e. when K is Golod over Z, (see Theorem 3.2 and the proof of Theorem 3.1
in [18]). Then H,.(W';Z,) being a finite dimensional vector space, for sufficiently large k and prime
p, we can construct a right homotopy inverse for ev localised at p by taking the inclusion of a skeleton
(ZQWH®) — SOW! and selecting the appropriate spheres from a p-local splitting of (ZQW ™)),
In particular, W is homotopy equivalent to a wedge of spheres localised at p. (Il
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We now focus on the integral case. An ordered partition of a finite set I is a sequence of disjoint
non-empty subsets Z = (I1,...,I,) of I such that I =Ty u-—-ul,. If T is a subset of the integers
[n] with k = |I| elements, and S = (s1,...,s.) is any sequence of real numbers, let iy denote the ¢
smallest element in 7, s’ denote the §'" smallest element in the set S = {s1,...,5x}, and m =|S| be
the number of distinct elements in S. Then assign to S the ordered partition Is = (Iy,..., ;) of
I where I; = {ig el | S¢ = 33} When I = [n] we have k =n and I; = {K | Sp = s;}, so for example, if
I=[4] and S = (-1,7,-1,0), then [4]s = ({1,3}, {4}, {2}).

We think of the topological (n — 1)-simplex |[A"7!| and its subcomplexes |K| as being without
basepoint. The first suspensions X|A""!| and X|K| are therefore unreduced. Again, the suspensions
Y|A™ 1 and ¥|K| are themselves basepointed, with the basepoint *_; the tip of the double cone
corresponding to the basepoint —1 € D* = [-1,1]. Higher suspensions are therefore reduced. This
means that any point (¢1,...,t,,2) € X" K| is identified with the basepoint * if and only if ¢, = -1
or t; = =1 for some i < n.

Take the diagonal

Ay ={(z1,...,2n) eR" |2y = =2}
and consider the following subspace of the smash product P,, = (R™ — A,,) A S|A™L:
Ok = U {y}y AX|Ky, * % K7,
ye(R" -4y )

(150 Im)=[n]y
where [n], is a partition [n](,, . 4.) of [n] as defined above. Here we took R™ — A, to be without a

basepoint, so P, is the half-smash product ((R"-4,,)x%|A™)/(R"-A,,)x{*}, and is basepointed.

Definition 3.2. A simplicial complex K on vertex set [n] is weakly coherently homotopy Golod if
K is a single vertex, or (recursively) K\{i} is weakly coherently homotopy Golod for each i € [n],
and the map

g X"K|— XQk
given for any z € |K]|, t1,...t,-1,t € [-1,1], and 8 = max{|t1],...,|tn-1],0} by
D (tr,..  tn-1,t,2)=(26-1,(t1,...,tn-1,0),(t, 2))
is nullhomotopic.

Theorem 3.3. If K is weakly coherently homotopy Golod, then (D?, SY)X is a co-H-space.

We will need a bit of setup before we can prove this. Recall that W is the image of W under the
quotient map (D')*™ —s (D). To prove this theorem we will need to use a simplicial description
of W. In [3] the theory of diagrams of spaces was used to show the existence of a homeomorphism
Y|K| W, but for our purposes, we give an explicit description of this homeomorphism as follows.
Take the simplex A™"! to be on vertex set [n], and think of its geometric realisation as the subspace

A" = {(t1,...,tn) R |0<t; <1 and ty + - +t, =1}

with each face o € A™! corresponding to the subspace |o| = {(tl,...,tn) e|A™ | t;=0ifi¢ U}.
Take the subspaces of |A" ! and (D!)"":

Ui ={(t1,....ta) € |[A" | | t; = max{ty,...,ta}},
Vie={(t],....t}) e (DY) | t; =t =min{t],..., 1, }}.

Consider a homeomorphism

(16) h: $|A™ S (DY)
given as follows. For -1 <t < 1, take the homeomorphism h;+:U; — V; ; given by mapping
Tfi -t ti _tn
(b, tn) (t+(1—t)t71,...,t+(1—t)t7),
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and its inverse homeomorphism h;% Vit — U; is given by mapping

(t'l,...7t')»—>( 1-4 L-t, )

n o 4’ ’ n /
n—X7 1 n-Xr

(to see that h; 4o h;% and h;,lf o h; ¢ are the identity, use the fact that here ¢} =¢ and 1 =¢1 + -+ ¢,).
Notice that h;; agrees with h;; on U; n Uy, and hj} agrees with A} on Vi, n'V;,. Thus, for each
t e (-1,1), we can piece together the homeomorphisms h; ; over all i € [n] to give a homeomorphism

he: |A" = (U Ui) - (U Vi,t) =V,

i=1 i=1
defined unambiguously by mapping z — h;;(2) if z € U;, with inverse h;' defined by mapping
2~ hiy(2') if 2" € V; ;. Notice that (D')" is the disjoint union of V; over all ¢ € [-1,1], with V;
being a single point (1,...,1), and V_; being the basepoint, and the maps h; vary continuously with
respect to t. Thus, we define the homeomorphism h for any (¢, z) € £|A""!| by

hi(2) if —1<t<1;
h(t,z)=1(1,...,1) ift=1;
* if t =-1.

The crucial property of h is that it restricts on an m-dimensional face o of A"! to a homeomorphism
he: B|A™| = o] =, (YZ A AYT) 2 (Dl)A(m+1)’
where

, |D' ifieo
Y7 =
{1} ifi¢o.

Then piecing these together, for any subcomplex L of A", h restricts to a homeomorphism

SIL = U Slo] = J YT A-AY.
oel oel

In particular, when W = (D!, S%)X/

W U YA nY?,

oeK
so h restricts to a homeomorphism X|K| = W. More generally, for any partition (I1,...,1,) of
[n], we have an inclusion Wy, A=A Wy, into (D')"" given by mapping elements by permuting
coordinates, so that if a j** coordinate is the coordinate in a factor Wi, that corresponds to ¢ € I,

th

upon mapping it becomes the i*" coordinate. This then gives a homeomorphism onto its image

Wll A A WI ~ U Y'l(UlU'“UUm) /\“./\YTEO'IU"'UO'M),

m

016Ky, 0meKr,

so more generally h restricts to a homeomorphism

(17) S|Ky, %% Kp | = U Slo1 U Uom| —> Wi, A AW

01€Ky o omeKry,,

In this manner, we will think of Wh A+ AW as a subspace of (D).

m

Proof of Theorem 8.3. Let W = (D', S°)%. At most n — 1 particles collide in a configuration in
D4(W,,—1), and if we look at the subspace of all configurations of n particles fixed at some 1, ...,t, €
R (that is, all possible labels for particles fixed in this way), then this subspace is homeomorphic to
{y} A WIl A A Wlm, where y = (¢1,...,t,), and (I1,...,I) = [n],. This in turn is homeomorphic
to {y} A XS|Kp, * - » K7, | via the restriction of the homeomorphism |A"!| LR (DY in (16).
Thus, we see that the map

B: O — DA(Wn—l)
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sending ((t1,...,tn),z) = (t1,...,tn;x1,...,2y), where (21,...,2,) = h(x), is a homeomorphism.
Notice this map fits into a commutative square

S

S K| o)

Eiz”‘lh %lzﬁ

S L Cian) —2 SDA(Was),

where O is the connecting map given by collapsing the subspace D4(W,,), and ¢ the homotopy
equivalence from Lemma 2.16.

Induct on number of vertices. Assume the statement holds for simplicial complexes on less than
n vertices. Suppose K is weakly coherently homotopy Golod. Directly from definition, each Ky
is weakly coherently homotopy Golod, so by our inductive assumption W} is a co-H-space for
|I] < n. Then using Proposition 1.9, the quotient map W} — W} has a right homotopy inverse for
|I] < n, and to show W1 is a co-H-space, it remains to show that W1 — W1 has a right homotopy
inverse. Since P is nullhomotopic and ¢ is a homotopy equivalence, @ is nullhomotopic by the
above commutative square, and so W' — W1 has a right homotopy inverse by Corollary 2.14. [

Example 3.4. Let K be two disjoint vertices. In this case the right-hand factor in the definition of
Qf is in all cases homeomorphic to D?, while left-hand factor is R? minus the diagonal. Then Qg
is homotopy equivalent to the left half smash product (* U ) x D? and as such, it is contractible,
and ®g is nullhomotopic. Therefore K is weakly coherently homotopy Golod and (D?,S')%
co-H-space - as expected since it is homeomorphic to a 3-sphere.

is a

The weakly coherent homotopy Golod condition - as it stands - does not look near enough to
the Golod condition for our liking. With this in mind, we start by considering complexes K for
which each inclusion |K, | € |K; * K| is nullhomotopic after appropriate suspension. This
is just a homotopy version of the Golod property without consideration for Massey products, so
appropriately, we call it the homotopy Golod condition. It turns out it is a necessary condition for
(D?,5M)% to be a co-H-space (and so it might be a good avenue for finding a counter-example to

Conjecture 1.1).
Proposition 3.5. If (D% SY)X is a co-H-space, then each one of the suspended inclusions
Z\IuJHlLLJ: EIIUJ|+1|K[UJ| N ZlIUJ|+1|K1 % KJ|

is nullhomotopic for every disjoint non-empty I, J & [n].

Proof. Recall that if Y is a co-H-space with comultiplication Y v, Y vY if and only if the diagonal

include

map Y 2 Y xYis homotopic to the composite Y 2, YVvY — Y xY. In particular, this implies
the reduced diagonal map

AY SY XY — (Y xY) /(Y VY)Y AY

is nullhomotopic whenever Y is a co-H-space. As before, let W = W,, = (D!, 8°)¥ | in which case

wt = WT{ =(D?, Sl)K, and suppose W' is a co-H-space. By Proposition 1.9, W}UJ is a co-H-space
for each disjoint non-empty I,J ¢ [n], and so W7}, ; = Wi,; A Wi, is nullhomotopic. Then the
composite
A A o
Wllu,] - WIIUJ A WlluJ - Wll N W} - Wll A W}
is nullhomotopic (where the second last map is the smash of the coordinate-wise projection maps
onto W} and W}, and the last map is the smash of quotient maps) and moreover, is equal to the

composite

; 1
1 quotient _~ 1 L 21 21
Wiss — Wiy —WiraAW;



26 PIOTR BEBEN AND JELENA GRBIC

where the last map ¢! is the coordinate-wise inclusion (given by mapping (z1,...,2,) to the pair
((y1,---5yn), (21, .-, 219)) such that y; = z if k € [ is the it" largest element, or else z; = zy, if k € J is
the j*" largest element), so this composite is nullhomotopic as well. But since W}U 7 is a co-H-space,
by Proposition 1.9 the quotient map W}, ; — W}, ; has a right homotopy inverse, so ' must be
nullhomotopic. Notice that with respect to the homeomorphisms W}, = W, given in Section 2.4,
¢! is the (]I u J|)-fold suspension of the coordinate-wise inclusion ¢°: Wiy — Wi AWy, and with

b
respect to the homeomorphisms (17), 1% is just the suspended inclusion XKy | i S|Kr o+ Kyl
Thus, we see that Z‘IUJI+1L[,J is nullhomotopic.

O

In a follow-up paper [5], we show that moment-angle complexes over F-neighbourly simplicial
complexes are homotopy Golod if and only if they are weakly coherently homotopy Golod, and as
such, if and only if they are co-H-spaces.

Next, we strengthen a desuspension of the homotopy Golod condition so that it is sufficient for
(D?,81)E to be a co-H-space, though possibly no longer necessary. This is the coherent homotopy
Golod condition defined below. It will be implicit in the proof of Theorem 3.11 - using Corollary 2.14
- that the coherent homotopy Golod condition implies the weak coherent homotopy Golod condition.
Also, the following generalisation of the Golod and homotopy Golod conditions - and in turn the
coherent homotopy Golod condition - to a relative context will be useful: if K is a subcomplex of
L, and I,J ¢ [n] are disjoint, we may ask if the inclusions ¢y j:|Kjys| — |L1 * L] induce a trivial
map on cohomology or are nullhomotopic after some suspension.

In defining the coherent homotopy Golod condition, recall that we want the inclusions ¥¢7 5 to
be nullhomotopic for disjoint non-empty I,J ¢ [n], and at the same time we want the coherence
conditions between these nullhomotopies to hold as outlined in the introduction. These properties
are encoded as follows.
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1234’
FIGURE 1. 1-skeleton of an order 4 permutohedron

Consider the delta set IC,, = {Fo, ..., Fn-1}, whose set of (m—2)-faces F,,_o is the set of all length
m ordered partitions (I1,...,1,,) of [n], with each I; # @, and whose face maps d;: Fr—o — Fn-3
are given by d;((I1,...,In)) = (I1, .-, Lic1, L; UTiy1, Iiyo, ..., Iy) for 1 <i <m—1<n. These satisfy
the required identity d; od; = dj_1 od; when ¢ < j. Since each ordered partition S € Fy,_2 is uniquely
determined by its (m—3)-faces d1(S),...,dm-1(S), then I, is a simplicial complex of dimension n—2.
We will see that it is a triangulation of S"2. In fact, K,, is the dual of the order n permutohedron.

We will from now on assume K is a subcomplex of L on vertex set [n], L has no ghost vertices,
though K possibly has less than n vertices if K # L. If K = L, then K also has no ghost vertices.
We fix W' = Zp (D', S%), in which case W’ 2 S|L|. If K = L, then W' = W.

Let Cone(X|K|) = [0,1] x | K|/ ~ under the identifications (1,2) ~ (¢,%_1) ~ *.



CONFIGURATION SPACES AND POLYHEDRAL PRODUCTS 27

Definition 3.6. The pair (L, K) on vertex set [n] is coherently homotopy Golod if L is a single
vertex or K = @, or (recursively) (L\{i}, K\{i}) is coherently homotopy Golod on vertex set [n]—{i}
for each i € [n], and there is a map

Uy it K| x Cone(S|K|) — T|A™
such that for any 7 € [IC,,|, U1, g (7, *) is the basepoint *_; € XJA"™ 1|, and:

(1) the restriction of ¥y x to {7} x ({0} x ¥|K]|) is the suspended inclusion L|K| — X|L| ¢
DA,

(2) if vy €|S| for some S = (I1,... 1) € Fr_z, then ¥, ;¢ maps {7} x Cone(X|K|) to a subspace
of B|Ly, # -+ Ly, | in A"

If K = L, we simply say K is coherently homotopy Golod, and denote Wy = U f.

We will give two more equivalent definitions of coherent homotopy Golodness, which are a bit
less directly related to the Golod condition, but which from our standpoint will be more workable.

Recall that if S = (s1,...,8,) is any sequence of real numbers, then [n]s is the ordered partition
(I1,....In) of [n], where I; = {¢ € [n] | s, = s;}, s’ is the 4" smallest element in the set {s1,...,s,},
and m = |{s1,...,$n}| is the number is distinct elements in S.

Definition 3.7 (Second definition of coherent homotopy Golodness). The pair (L, K') on vertex set
[n] is coherently homotopy Golod if L is a single vertex or K = @, or (recursively) (L\{i}, K\{i}) is
coherently homotopy Golod on vertex set [n] — {i} for each i € [n], and for some choice of vertex
ordering there is a basepoint preserving map

Uy g XK — Z|A™

_ x(n-1)
such that for any y = (¢1,...,t-1) € % that is not the basepoint, ¥, x maps the subspace

{y} A Z|K| of ™| K| as follows:

(1) when t; = -+ = t,_1 = 0, the restriction of U x to {y} A X|K]| is the suspended inclusion
DK — L] ¢ ZJA™;
(2) letting Sy = (t1,...,tn-1,0) and (I1,...,In) = [n]s,, Yo,k maps {y} A X|K]| to a subspace
of $|Ly, # -+ Ly | in BJA™ 1.
For the base case where K is a single vertex, ¥ x can be taken as the constant map. If K = L, we
simply say K is coherently homotopy Golod, and denote Uy = W .

Remark: 1If K is on vertex set J € [n], |J| = m, recall the inclusion $|K| — A" 1| is up to
homeomorphism the inclusion W — (D)"", given as the restriction of the inclusion (D)™ —s
(DY sending (21, ...2m) = (21,...7)), where 2} = z; when i is the j'" largest element in J,

otherwise z] = 1.

Definition 3.8 (Third definition of coherent homotopy Golodness). Same as the second definition,
but with $|A"!| replaced with (D)™, the subspaces X|Ly, * - * Lz, |, 3|L|, and X|K| of LA™
replaced with the subspaces Wj A--AW; | W' and W of (D), and W1, x becoming a map

\PL,KZZn71W — (Dl)/\n.
If K = L, then W} = W; 2 %|K;|, and we denote Wy = g g.
Proposition 3.9. All three definitions of coherent homotopy Golodness are equivalent.

Proof. Since the homeomorphisms S|K| = W and |Ly, % - # Ly, | 2 W}l A A WI’M that we defined
before are restrictions of the homeomorphism X|A""!| = (D!)"" the equivalence of the second and
third definitions follows.

Think of S*! as the unit (n — 1)-cube quotient boundary [~1,1]*""1/a([-1,1]*(»1). We can
write ™! = Up<s<1 Uy, where Uy = {(tl,...,tn_l) e St | max{|t1],..., |tn-1]} = t}. When 0 <t <1,
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U; is homeomorphic to S"2, while Uy = {*} and Uy = {(0,...,0)}, where » € S""! is the basepoint.
We construct homeomorphisms
7 K| — Uy = 8772
for 0 <t <1 as follows. Given any face S = (I1,...,I) € Fin_a of K,, its vertices are the length 2
partitions S; = (I U--U I, [;;3 U--Uly) of [n] for i =1,...,m -1, so we can think of any point
v €S| as a formal sum
v =881+ +8m-1Sm-1

such that each s; > 0 and s1 + - + 8,1 = 1, and + is on a boundary face |[d;(S)| ¢ |S] if and only
if s; = 0, in which case the summand s;S; vanishes. Given j € [n], let js be the integer such that
jeljs, and let t; ., = 50 + 51 + -+ 5;5-1 where 59 = 0. Notice at least two of these must be distinct,

Js»

s0 [y =max{[tiy —tn |- [tn-1,y = tny|} > 0. Then define 7 by
t

5~/ (tn—lﬁ - tn,’y)) :

One can see that 7 is well-defined by checking this definition agrees on each boundary face d;(S).
If 7 is in the interior of some k-face |S'| ¢ [S] for k <m, then [n],(y)x{oy =S’. Then one can check
that 7; is a homeomorphism with inverse 7;1:U; — |KC,,| given by

_ th — ¢! th —t'_
nl((tl,...,tn_l)):(? )s()s

th — 1] th — 1]

t
() - ((tm )
Yy

where tj is the ¢t smallest integer in the set S = {t1,--,t,-1,0}, k = |S|, and S/ is the length 2
partition (I u--ulIj, I, U-—-Ul}), given that 8" = (I1,...,I}) denotes the partition [n]«,, . 4. 1 0)-

For t =0 and t = 1, we define 79:|KC,,| — Up and 7:|/KC,,| — U to be the constant maps sending
all points to (0,...,0) and * respectively.

Take the quotient space

Q = |Ky,| x Cone(X|K|)/ ~
under the identifications (v, (0,2)) ~ (v/,(0,z)) ~ (0,z) and (v,*) ~ * for any ~,~" € |K,| and
x € X|K]|. Let
T Q — ST AY|K| 2 X" K|
be given by mapping (v, (t,z)) = (7¢(7),z). This is a homeomorphism, with inverse
Tt STIASIK| — Q

given by mapping (0,...,0,z) = (0,7), * ~ (*,2) = %, and (t1,...,tn_1,7) = (77 (t1,- - tno1), (£, 7))
when (t1,...,tn-1) € Uy for some 0 < ¢ < 1. From the first definition of coherent homotopy Golodness,
we see U L,k factors as

- tient  Vp, _
Uyt )Ca| x Cone(S[K|) 25" @ 25 mjan.
Thus, given W L,k exists as in the first definition, we can construct ¥, g as in the second definition by
taking it as the composite ¥, 071}1. Conversely, given Uy,  exists, we can define Wy, i = Uy, goTg,
and then take ¥ L,k to be the above composite of the quotient map and ¥y g . Therefore, the first
and second definitions are equivalent.
|

Notice each parameter t; in the second and third definition of coherent homotopy Golodness
corresponds to the vertex {i} in L. But there are n vertices and only n — 1 parameters ¢;, the
vertex {n} being treated exceptionally here. Then both the second and third definitions depend on
the choice of ordering of vertices in K and L by elements in [n]. The first definition of coherent
homotopy Golodness is however independent of vertex ordering, meaning it holds for all orderings
if it holds for one. Moreover, in the proof of Proposition 3.9 the argument that the first definition
implies the second and third works for any choice of ordering of vertices. We can thus go from the
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second or third definitions to the first definition, change the ordering, and then come back again
with a new map W g corresponding to the new ordering. Therefore:

Corollary 3.10. If the second or third definitions of coherent homotopy Golodness hold for one
vertex ordering, then they hold for all vertex orderings. O

We will use the second and third definitions of coherent homotopy Golodness from now on.
Theorem 3.11. If K is coherently homotopy Golod, then (D% SY)E is a co-H-space.

Proof. Induct on number of vertices. The base case is trivial. Assume the statement holds for
simplicial complexes on less than n vertices. Since by definition, each K7 is coherently homotopy
Golod when K is, by our inductive assumption W} is a co-H-space for |I| < n. Then using Proposi-
tion 1.9, the quotient map W} — W} has a right homotopy inverse for |I| < n, and to show W' is
a co-H-space, it remains to show that W' — W' has a right homotopy inverse.

Given our map Wy: X" 1V — (D1)"", define a basepoint preserving map g: Y — Da(W)
by mapping a point ¢ = (¢1,...,tn-1,2) by

g(O’) = (tl,...,tn,l,O; \IJK(U))

The composite of g and the inclusion ¢: D4 (W) = C(ta.n) is homotopic to the homotopy equiv-

alence =W -2 C(tapn) from Lemma 2.16 as follows. Let 8 = max{|t1],...,[tn-1/,0}. Since no
more than n — 1 particles in g(o) collide at a point when 8 > 0, g(c) € Da(W,-1) when 8 > 0,
so we can homotope g o g(o) = (0,9(c)) to (5,g(c)) inside C(t4.,) preserving the basepoint by
homotoping 0 to 3 linearly. Then we homotope (83,g(c)) to ¢(c) = (8, (t1,...,tn-1,0;2)) via the
basepoint preserving homotopy

* ifg=1;
(ﬂ? (tla s 7tn—170; \IIK((]' - t)tla B (1 - t)tn—lax))) if 6 <1
Notice Hy(c) is well-defined when (t1,...,t,-1) is on the boundary of [-1,1]*(""1)  since then

B =1, and is continuous as (ti,...,t, 1) approaches the boundary of [-1,1]*(""V) since then f3
approaches 1, so (58, (t1,...,tn-1,0; ¥ ((1 = t)t1,...,(1 —t)t,-1,2))) approaches the basepoint in

H (o) = {

C(tan). Thus, since ¢ is a homotopy equivalence, the composite of g and D4 (W) N C(ian) is
a homotopy equivalence, so ¢ has a right homotopy inverse, and then by Corollary 2.14, so does
Wl — W, O

Next we show that two general classes of Golod complexes - whose moment angle complexes are
co-H-spaces - are in fact coherently homotopy Golod. Before getting to these, the next example will
be useful.

Example 3.12. Suppose K with no ghost vertices is coherently homotopy Golod on vertex set [n],
and let L = Ku{n+1} be K with a disjoint vertex {n+1} added. Then the pair (L, K) is coherently
homotopy Golod on vertex set [n + 1] as follows.

Assume this is true for complexes K with less than n vertices. The base case K = @ holds by
definition. Since L\{i} = K\{i} u{n + 1} when ¢ # n + 1, then by induction each (L\{i}, K\{i}) is
coherently homotopy Golod on vertex set [n + 1] — {i}, while K being coherently homotopy Golod
implies by definition that (L\{n+1}, K\{n+1}) = (K, K) is. Thus we are left to show the existence
of the map ¥y, k.

As before, W' = Zp (D', S°) and W = Zx (D', S°). Given our map ¥x: %" W — (D')"" from
the third definition of coherent homotopy Golodness of K, define \I!LyK:E"W — (DYH)r*) py
mapping the basepoint to the basepoint, and a non-basepoint o = (t1,...,tn-1,8, (T1,...,T,)) € YW
to

\IIL,K(U) = (xllv s 7-%';7?/):
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where (z,...,20) = Uk (t1,...,tn-1,(21,...,Tn)),

1 ifa<s<pf;
) 2(;;;)—1 if B<s<1;
2(42)-1 if —1<s<oy

(o3

-1 if |s] =1,

—
+

and a = min{ty,...,t,-1,0} and 8 = max{¢y,...,t,-1,0}. Notice there is a discontinuity here for
y as both s and 8 approach 1, or s and « approach —1. But this does affect the continuity of
U, i since (U being basepoint preserving) (z1,...,z),) approaches the basepoint as a approaches
-1 or B approaches 1, so ¥, k(o) approaches the basepoint here. Likewise, U k(o) approaches
the basepoint if (1) some x; approaches -1 (since some z’; approaches -1, since W is basepoint
preserving); or (2) s approaches 1 or —1 and § or « respectively do not (since y approaches -1). In
any case, U, k(o) approaches the basepoint as o approaches the basepoint.

Since U g satisfies the first condition of coherent homotopy Golodness, ¥y, k(o) = (z,...,2;,,y) =
(z1,...,2pn,1) when the ¢;’s and s are zero, so ¥y, i restricts to the inclusion W — W’ here, thus
also satisfies the first condition.

Note WI’ =Wy if {n+1}¢1I. Let S = (t1,...,tp-1,0) and (I1,...,I) =[n]s. Since Vg satisfies
the second condition of coherent homotopy Golodness, (..., ") isin A = Wy, A AWy, . Let
S = (t1,...,tn-1,5,0) and (I7,...,I] ) = [n+1]s. If s =0 or s = t; for some 4, then m = m’,
Il = Iy u{n+1} for some k, I/ = I; for i + k, and y = 1 (since then a < s < ). In any case, each
Iy ¢ I}. Thus ¥ k(o) = (27,...,25,1) is in the subspace A of A" = Wl’l A A Wl’m given on each
factor by the inclusions Wll. — WI', as described in Remark 3, these being equalities when ¢ # k.
On the other hand, if s # 0 and s # t; for each 4, then m’' =m+1, I}, = {n+1} for some k, and I = I;
and IJ'- =1;; fori<k<j,so ij =D, Wli = VAVIVL{, and lefl = WI;, for i <k <j. Then ¥y k(o) is
in the (homeomorphic) subspace A A D' of A’. Thus, we see U, ;¢ satisfies the second condition of
coherent homotopy Golodness.

Example 3.13. Recall from [23] that a complex K on vertex set [n] (without ghost vertices) is
extractible if either K\{i} is a simplex for some i € [n], or else (recursively) K\{i} is extractible for
each i € [n] and the wedge sum of inclusions V;e[,,} X|K\{i}| — X|K]| has a right homotopy inverse
s: K| — \/ ZIK\{i}].
ie[n]

We show that K is coherently homotopy Golod by inducting on number of vertices. Suppose any
extractible complex on less than n vertices is coherently homotopy Golod, the base case being
trivial. Then since each K\{i} is extractible when K is, each K\{i} is coherently homotopy Golod
on vertex set [n] — {i} by induction. Thus, to show K is coherently homotopy Golod, we are left
only to construct the map W: X" 'W — (DY) (or W:¥"|K| — JA™ | from the second
definition).

First consider the case where K\{i} is a simplex for some ¢ € [n]. Without loss of gener-
ality, assume i = n. Let W = (D', S°)% and define U2 —s (DY by mapping o =
(tl,...,tn_l,(xl,...,zn)) to

Ui(o)=(2],...,20_1,2n) .
where z} = (1 - |t;])x; — [t;]. The last coordinate x,, that is unchanged corresponds to the vertex
{n}. This clearly satisfies the first condition of coherent homotopy Golodness. One can see that
it satisfies the second condition precisely because K is a simplex for any I ¢ [n] - {n}, that is,
W = (DY), So for the second condition to hold, each of the first n — 1 coordinates z} of Wx (o)
still has the freedom to take on any value in D', as long as the corresponding ¢; is non-zero.

For the general case, let K’ = K\{i} and take the disjoint union L’ = (K%) u {i}. Since by
induction each K is coherently homotopy Golod on vertex set [n] — {i}, by Example 3.12 the pair
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(L', K") is coherently homotopy Golod on vertex set [n]. Let Uy gi: X" K*| — E|A™!| be the
associated map. By Corollary 3.10 we can assume each Wi j: has been taken so that {n} is the
exceptional vertex, and each of the first n— 1 vertices {i} € L* correspond to the parameter ¢; in the
second definition of coherent homotopy Golodness. Consider the map

W SR TS SRS\ jan — sjan

ie[n] ie[n]

where the last map is the fold map. Notice that U’ satisfies the second condition of coherent
homotopy Golodness since each Wi i does, since the first map ¥ 1s and second map are (n—1)-
fold suspensions (thus, do not change the first n — 1 coordinates t;), and since each |L} - L} |
is a subspace of |Ky, * -+ % K; | in JA"!| (since K has no ghost vertices). However, U  does
not necessarily satisfy the first condition. Instead, as each Wp: g satisfies the first condition of
coherent homotopy Golodness and ¥" 's is an (n - 1)-fold suspension, W% maps the subspace
{(0,...,0)} A Z|K]| to Z|K| in BJA™ | via the composite L|K| = V; Z|K\{i}| — X|K]|, thus
the restriction of ¥’ to this subspace is homotopic to the identity. Denote this homotopy by
H:Y|K| x[0,1] — X|K]|. Pick some 0 <e < 1. Let

if |t] < g
_Jte )
x(t) =1+ ift>e;

e ift < —g,

€
and for any o = (t1,...,tn-1,2) € X"|K|, where x € 3|K]|, let 8 = max{|t1|,...,[tn-1],0}, and

. % if B<e
o ifB>e.

Note |x ()| approaches 1 as [t| approaches 1. Define ¥ x:¥"|K| — LA™ | by

V(o) = Vi (x(t1),- -, x(tn), He, (2)).

Now Uy satisfies the first condition of coherent homotopy Golodness. Since x(¢;) < x(t;) when
ti <tj, x(t;) = x(t;) when t; = t;, and U is defined in terms of H,, (which maps to X|K| ¢ Z|A™1|)
and U7 (which satisfies the second condition of coherent homotopy Golodness), we see U also
satisfies the second condition.

Example 3.14. Define a simplicial complex K on vertex set [n] to be m-neighbourly if every subset
of at most m vertices in [n] is a face in K. We say K is neighbourly if it is [%J—neighbourly.
n

Suppose K is neighbourly. Since |I| < [5J or [J| < [%J for any disjoint non-empty I,J ¢ [n],

then at least one of |K;| or |K| is a simplex, implying |K; * K| ~ 3|K;| A |K;| is contractible.

Therefore each inclusion 3|K| _ Y|K * K| is nullhomotopic, implying K is Golod. We show K
is coherently homotopy Golod by inducting on number of vertices as follows.

Suppose any neighbourly complex on less than n vertices is coherently homotopy Golod. Since
each K\{i} is neighbourly when K is, K\{i} is coherently homotopy Golod by induction. Now
define

\I’K: En—lW . (Dl)/\n
by mapping the basepoint to the basepoint, and a non-basepoint o = (t1,...,t,-1,(Z1,...,2,)) to
\I/K(O—) = (fl(xl)a .- 7fn(zn))a
where 8 = max{|t1|,...,[tn-1],0},

fi(x;) = {(1—2aiﬁ)(9€i+1)_1 ?fogaf %;
1-8)(zi+1)-1 if ;2 3,
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and (letting ¢, = 0)

i =mind S|t~ ;] | S [n] - {i} and |S] = EJ

jesS
We must show Vg is continuous. Any possible discontinuity happens when [ approaches 1, in
other words, when (ty,...,t,_1) approaches the boundary of [-1,1]*(""1 or when z = (z1,...,2,)

approaches the basepoint. To see that there is no issue here, notice S n S’ is non-empty for any
Scn]-{i} and S’ ¢ [n] - {n} such that i # n and |S| = |5’| = [%J, implying max{a,, o;} > %
So if |t;] approaches 1 for some i # n, since ¢, is always 0, at least one of «, or a; approaches some
value L > %, so one of f;(x;) or f,(x,) approaches —1. Also, since f(z;) approaches -1 as x; does,
Uk (o) approaches the basepoint when z does. In any case, ¥ (o) approaches the basepoint as o
approaches the basepoint.

Clearly Wy satisfies the first condition of coherent homotopy Golodness. Since Wr = (Dl)A” |
whenever |I] < [%J, in order for Wy satisfy the second coherent homotopy Golod condition, for each
i, fi(x;) has freedom to taken on any value in [-1, 1] whenever there are no more than [gJ values of j
for which t; = t;, so defining f; as we did presents no difficulties here. On the other hand, when there
are strictly more than l%J values of j for which ¢; = ¢;, we have f;(z;) = z; and each f;(z;) = x; (since
a; = =0). So because z = (z1,...,2,) € W, the restriction of = to the coordinates corresponding
to x; and each z; is an element in some WI (this does not give a continuous map W — WI), SO
there is no issue here either. Thus U g satisfies the second condition, and K is coherently homotopy
Golod, therefore a co-H-space.

We note that another argument showing [gJ—neighbourly moment-angle complexes are co-H-
spaces appears in [5], this time using the Freudenthal suspension theorem.

Example 3.15. Let K = (0A% +9A)uyar A on vertex set [5]. Since every pair of distinct vertices
in K is connected by an edge, K is neighbourly, and therefore coherently homotopy Golod. But
Hy(|K|) 2 Z, while Ho(|K\{i}|) = 0 for each ¢ € [5], so K cannot be extractible.

Question 3.16. Do any of the following implications hold: (1) K Golod = K homotopy Golod; (2)
K homotopy Golod = K weakly coherently homotopy Golod; (3) K weakly coherently homotopy
Golod = K coherently homotopy Golod;

Conjecture 1.1 is false if (1) is false, and true if both (1) and (2) are true.
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