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Abstract

There has been recent interest in the question of whether four dimensional scale invariant
unitary quantum field theories are actually conformally invariant. In this note we present a
complete analysis of possible scale anomalies in correlation functions of the trace of the stress-
energy tensor in such theories. We find that 2-, 3- and 4-point functions have a non-trivial
anomaly while connected higher point functions are non-anomalous. We pay special attention
to semi-local contributions to correlators (terms with support on a set containing both coincident
and separated points) and show that the anomalies in 3- and 4-point functions can be accounted
for by such contributions. We discuss the implications of the our results for the question of scale
versus conformal invariance.
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1 Introduction

It has been a long standing conjecture that every unitary scale invariant quantum field theory
(SFT) in four spacetime dimensions is automatically conformally invariant. While in d = 2
spacetime dimensions scale invariance together with unitarity implies conformal invariance [,
2], the problem has remained open in higher dimensions. Evidence that the conjecture may
hold in four dimensions was presented in [4] while candidate counterexamples [5-7] were shown
to actually be CFTs in [&,9]. As in the two-dimensional case, there is a connection between RG-
flow and properties of the Wess-Zumino action [10,[11] (see also [12,[13]), the a-theorem, [14, [15],
and the scale vs conformal invariance problem. The conjecture is known to hold under some
additional assumptions, for example for any scale invariant theory which is obtained by weakly
coupled renormalisation group (RG) flows [&, [13]. On the other hand, the conjecture does not
hold for non-unitary theories as there are counterexamples [16]. A less known counterexample is
that of topological quantum field theories [17]. Such theories however do not have local degrees
of freedom. There are other counterexamples but all of them are somewhat special: theories
without a stress energy tensor [4], free (d — 2)-forms in d-dimensiondd, Maxwell theory in d # 4
[20, 21]@, free high-spin theories |19]. Discussions of the conjecture in dimensions other than
four can be found, for example, in [20, [21]. Early literature on this topic includes |22, 23] and
for recent reviews (and a more comprehensive list of references) we refer to [20, 24].

Recently, two papers [25, [26] argued that the conjecture holds in four spacetime dimensiond].
In [26] the structure of the scale anomaly in the 3-point function of the trace of the stress energy
tensor was analysed and argued that such anomaly is not consistent with OPEs. We will
revisit this argument here and show that the inconsistency disappears after including possible
contributions from semi-local terms. In [25] the authors argued that in SFTs obtained by RG
flows an infinite number of matrix element must vanish in a suitable kinematical configuration.
The vanishing of these matrix elements is a necessary condition for conformal invariance and the
authors argued that it is also a sufficient condition. We attempted to strengthen this argument
by combining it with the structure of anomalies. The 4-point function of the trace of stress energy
tensor has a non-trivial anomaly which is non-vanishing in the on-shell forward scattering limit.
If one were able to show that the 4-point function of the trace of stress energy tensor, including
semi-local terms, vanishes in this kinematical limit or that the anomaly cannot be supported by
semi-local terms alone then one would conclude that the scale anomaly coefficient must vanish
and (as we will argue in detail later) this would imply that the SFT is a CFT. However, the
vanishing of the dilaton amplitudes only implies that the 4-point function of the trace of stress
energy tensor is semi-local (in the on-shell forward scattering limit) and moreover it turns out
that the anomaly can be supported by semi-local terms alone so one cannot conclude (based on
these considerations alone) that the SFT is a CFT.

This paper is organized as follows. In the next section we discuss in more detail the con-
clusions one can draw for the scale vs conformal problem from the structure of scale anomalies.
The rest of the paper is devoted to the derivation of the structure of scale anomalies. In more
detail, after a discussion of the setup in section [3 we proceed in sections [l [5, [6], [7] to analyse the
anomaly in 2-, 3-, 4- and higher point functions. In particular, we calculate the most general
form of the scale violation in the following 3- and 4-point functions: (I'TT), (I'TOs), (IT'TOy),
(I'TTT), where Oy and Oy denote operators of dimensions two and four respectively. Since
T = —0,V*, where V* is the virial current (defined in (2I)), one can compute these correla-

!See however |J] for a counterexample where some of assumptions of |2] do not hold.

2Such a form can be dualized to a free scalar ¢ with a shift symmetry ¢ — ¢ + const. The improvement term,
f R¢?, that would make the theory a CFT is not compatible with the shift symmetry and thus these theories are
scale but not conformally invariant.

3In this case there is a Weyl invariant extension [1§] but the model is not gauge invariant.

4Note added: [26] was withdrawn after our paper appeared on the arXiv (for the reasons we explain in this
paper, see also [27]). We will however leave the reference to [26] as this provides the context of some of our
discussions.



tion functions in two different ways: either directly or by calculating corresponding correlation
functions involving the virial current. By comparing the results obtained by the two methods,
one can impose strong conditions on the structure of the SFT. We conclude in section Bl

We relegate many results which are of technical nature and alternative derivations to four
appendices. In appendix[A] we discuss subtleties in the relation between the short-distance/large
momentum limit and OPEs in momentum space, in appendix [B] we present an alternative
derivation of the scale anomaly for the 3- and the 4-point function which does not use the
Wess-Zumino action and in appendix [C] we compute the anomaly in 3- and 4-point functions
using a different parametrisation for the dilaton. This parametrisation has the feature that
the contribution of the Wess-Zumino action vanishes and the entire contribution to the scale
anomaly is manifestly due to semi-local terms. In appendix [Dl we discuss a generalisation of our
results to the case of the theory containing multiple scalar operators of dimension two and four.

2 Are unitary scale invariant theories conformal?

The standard approach to the problem of enhancing scale invariance to conformal invariance is
based on the analysis of improvement terms. In a scale invariant theory the Noether current
associated with scale transformations takes form

Gt =Tha + VH, (2.1)

where T}, denotes the stress-energy tensor and V* is called the virial current. The conservation
of the scale current implies T'= —0,V*. It can be shown [2] that if the virial current is a total
derivative, i.e., if

VH = 9y L (2.2)

for some tensor L*%, then the stress-energy tensor may be redefined to be traceless, hence
implying that the theory is conformally invariant.

(Non-anomalous) scale invariance implies that the 2-point function of the trace of the stress-
energy tensor is determined up to a constant and is given by

(T(p)T(p')) = (2m)*6(p + P)2erTp’, (2.3)

where epr is a constant (the factor of 2 is for later convenience). This correlator however is
local and may be removed by a local counterterm (see below). A non-trivial example of a SFT
exhibiting this behavior is given by topologically twisted N = 2 SYM in four dimensions [17].
After the topological twist the stress-energy tensor is BRST-trivial explaining the triviality of
[2.3) (actually all correlation functions of the stress-energy tensor are trivial). Topological QFTs
are special as they do not have local degrees of freedom. In the remaining of this paper we will
focus on theories with local degrees of freedom.

In order to obtain a SFT with local excitations and non-zero T' (if such a theory exists) the
scale transformations must be anomalous. The form of the 2-point function is uniquely fixed
by (the now anomalous) scale invariance and it may be obtained by dimensionally regularising
23), d = 4—¢, and taking epr to be singular in €, epp — epp/e. Expanding in €, the regulated
expression reads

2errp?

(LT )reg = (27)'5(p + 7) [ ~errp*logp + 0(c)| (2.4)

The 2-point function now requires renormalisation and the divergence may be removed by the
counterterm

€ —€ —€



The value of the divergent term is directly related to the normalisation constant of the 2-point
function while the value of the finite piece may be adjusted as will. This leads to the renormalised
correlation function

2
(TO)T(P) = (20)'5(p + p) [—em4 tog 7 + el (. (2.6)

where €X5.(11) is a scheme dependent constant.

The scale (or dilatation) symmetry may be gauged and the resulting theory becomes classi-
cally Weyl invariant. The counterterm (2.5) is not Weyl invariant and requires the addition of
appropriate terms. The Weyl invariant form of the counterterm is

) /d4—€x (AR + Vo0 — CuC®)* i, (2.7)

where C, denotes the source for the virial current V# and under Weyl transformations one has
0,C,, = 0y0. At the quantum level the Weyl symmetry is anomalous.

The anomaly can be represented in terms of the Wess-Zumino action, i.e., one can divide the
generating functional of connected graphs W into a Weyl invariant part Wy, and an anomalous

part WA7 W == WWI + WA7
Wale® g, C + 0,0, .1 = Walgu, Cus - -1 + Swz[gu, Cus - - - 3 0] (2.8)

where the dots indicate sources for operators other than 7}, and V#. The most general parity-
even form of the Wess-Zumino action involving the metric and the gauge field C), reads [g, [26],

Swz|guw, Cus 0] = /d4:1:\/§ {—a [0E4 +4 (R‘“’ — %gWR) 0,00,0 — 4(80)2D0 + 2(80)4]
+ coW? — eo¥? + foCuCH} (2.9)
where ¢ is the dilaton, E4 denotes the Euler density, W? is the square of the Weyl tensor and

Y =1R+V,.C"-C,CH (2.10)
Chw = 0,0,y — 9,0, (2.11)

The coefficients a and c are the standard conformal anomaly coefficients of a CF'T. The coefficient
f is also a standard CFT anomaly coefficient due to conserved currents. What is new in SFTs
that are not CFTs is the e anomaly.

We now want to relate the coefficients in the Wess-Zumino action with coefficients in cor-
relation functions. On one hand, the Wess-Zumino action may be related to the anomaly in
the Weyl Ward identity. With sources for operators other than the stress-energy tensor and the
virial current turned off, the identity reads

1) 1)
= ‘/‘/ = 4 —2 Hy — ;; o |/'/
008wz = 0 /d mﬂ“( I g “5Cﬂ>
= /d4a:\/§a(1 + V. VH), (2.12)

where d,Swz denotes the terms in Sy z that are linear in 0. On the other hand, one finds

0o (T(x1)T (22)) = 80 (T (x1)T (x2))+

= T R
+mgu (ml)fsg“”(an) ( 9(x2)gp (mz)égpa(mz)%SWZ)

(2.13)
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The first term captures the classical scaling of the 2-point function (in a flat background
(T(x1)T(x2)) ~ |1 — x2|~®) while the second term represents the scale violation of the 2-
point function. By evaluating this expression in momentum space one finds that the e-anomaly
is equal to the normalisation constant (2.6]) of the 2-point function (T'T") in the SFT, e = err.

While in conformal theories e = 0, in SFTs e may be a priori non-vanishing. The converse
also holds: if e = epp = 0, then in unitary theories T' = 0 and the scale invariant theory becomes
fully conformal. Thus, a sufficient and necessary condition for a SFT to a CF'T is that epr = (1.

In this paper we analyse properties of the SF'T's in momentum space. For correlation functions
of scalar operators Oq, ..., O, of dimensions Ay, ..., A, scale invariance implies

(O1(Py) ... On(ep,)) = =1 570 (p)) ... O (p,)) + Anlo),  (2.14)

as we will discuss in the following section. When expanded, the leading term in ¢ consists of
two parts: a classical part and an anomalous part, as in (2.I3]). Since we are interested in
the anomalous term A, (c), we may remove the classical piece by defining infinitesimal scale
transformation

05(O1(P1) - - On(py)) = ; (2.15)

(" 20y (e7py) .. On(e7p,) ) .

d
do

which picks up the leading term in o from the anomaly A, (c). If no anomalies are present,

~

0:(01(p1) - - On(py)) = 0.

Using the relation between the Wess-Zumino action and (2I3]) it was argued in [26] that
err = 0 in any SFT, due to the consistency between the Wess-Zumino action and the OPE
of the stress-energy tensor. As we will show in section [5.1], the scale violation of the 3-point
function of the trace of the stress-energy tensor is uniquely determined and reads

00 (T (p1)T(Py)T (p3)) = (2m)*3(py + Py + P3) X 20er7.J?, (2.16)

where
J? = —pt — p3 — p§ + 2pip3 + 2pip3 + 2p3p3. (2.17)

In deriving (2.I6]) we used the fact (derived in sectiond.2]) that one can always add an appropriate
improvement term such that all off-diagonal 2-point functions of the trace of the stress-energy
tensor and scalar operators Oy, Q4 of dimensions two and four vanish,

(T(p)O:2(p)) = (T(p)Os(p')) = (O2(p)Oa(p)) = 0. (2.18)

In [26] the following OPE argument was used to argue that such a scale violation in the
3-point function is not possible in any SF'T. The argument is based on the observation that in
position space the OPE implies that for 1 — x2,

H H
1 T, — Ty

(T(1)T (22)T (x3)) ~ (O(x2)T (3)) + (Ku(22)T (x3)) + ...

(2.19)
where O and K, are the scalar and vector operators of the lowest dimension contributing to the
OPE. Then the Fourier transform of this expression is compared to the large momentum limit
p1 = po > ps of (2I6). It is argued that the momentum dependence obtained via the OPE is
such that the scale violation of (T'T'T) cannot match (2.I6]) and thus ez must be equal to zero.
Hence the theory is conformal.

‘5(31 — $2’8_AO ‘5(31 — :Bg’g_AK

51f the SFT has a dimension two operator Oz then the condition is, err = e%T/egg, where eor and eoas are
normalisation in the 2-point functions of T' and Os, see ([@4) and (£2Z). When this condition holds one may
improve T' such that the new T vanishes, see the discussion in section 411



The critical flaw in this argument is the assumption that the large momentum limit ¢ =
p1 = pa > p3 = p follows directly from the Fourier transform of the leading &1 — @2 behaviour
in (219). In appendix [Al we argue that the correct large momentum expansion reads

A1+A2—A3—d,2A3—d : d
_ _ q p (I+o(p/q) ifA3<3F
(01(9)O02(—q + p)O3(—p)) oc{ A2 (1 4 o (p)) it Ay > 4 (2.20)

up to proportionality factors. In special cases such as 2A3 = d, logarithms can appear as well.
We will not list all possibilities since we are interested in explaining why the two forms appear
in the generic case.

The behaviour presented in the first line of (220) will be called a naive OPE behaviour,
since it follows directly from the Fourier transform of the appropriate OPE term. Indeed, if the

OPE reads
Ci23

‘wl _ $2’A1+A2—A3

Oy (:Bl)OQ(:I:Q) ~ 03(5(32) 4+ ... (2.21)

then it would be natural to expect that the leading large-momentum behaviour follows from the
Fourier transform of the leading 1 — a5 behaviour of the 3-point function

Ci23

(O1(21)O2(x2) O3(x3)) ~ ISR v (O3(22)O3(x3))- (2.22)

‘5(31 — &9

The Fourier transform of this expression leads to the first line of (Z20]), since

_ 1 d/29d—2A] (d=2A
T

2A T F( A) p
This reasoning however is incorrect in general. While there is an interplay between the large
momentum limit pi, pe > p3 and the coincident limit x; — x9, it is not as straightforward as
suggested by the naive OPE argument. Nevertheless, observe that the term ¢~1T82+283=2d jp
the second line of (2.20) is semi-local, i.e., up to a constant it is a Fourier transform of the
expression

1
F 1A1+A2+A3—2d (2‘24)

‘x$2__x3hx1—-mgA1+ArH¥fd — p

and hence it is a Fourier transform of the distribution supported on the set of coincident points.
As was pointed out in [28] (and we discuss in detail in appendix [A3]), the first line of (2:20)
represents the first mon-local term in all cases, i.e., the term that in position space is not
supported on a set of coincident points.

Returning to the anomaly, notice that all terms in (2.I6]) can originate from Fourier trans-
forms of semi-local expressions, for example

1
|$1—-$3W
1 F

[]w26($2‘_'w3)ﬂng::£g€ == pip3logpi. (2.25)

f
5(xo — x3) ~—  pilogpt,

Including such semi-local terms one finds that the Weyl variation of (I'T'T) can indeed match
the anomaly obtained from the WZ action and one cannot conclude that ey = 0.

A different approach to the problem of enhancing scale invariance to conformal invariance
was undertaken in [25]. The authors analysed dilaton amplitudes defined as

omw

An = Sp(x1) ... 0p(xzy)’

(2.26)

where ¢ is the scale mode of the metric, g, = (1 + <p)25,w. The dilaton ¢ is a source for the
trace of the stress-energy tensor in the sense that it couples to T, Siyy = — [T + O(¢?). Then



they argued that the imaginary part of these amplitudes must vanish in an on-shell p? — 0
and forward kinematics limit. Using the optical theorem they then concluded that the entire
amplitudes A,, must vanish in this kinematical limit (assuming this limit exists, see [§] and [13]
for a discussion of this point for Ay ﬁ) This then suggests that the interaction terms between
the dilatons can be removed by a field redefinition and this would be possible if there exists a
local operator Oy such that T}y = 0O,, concluding that the SFT is a CFT.

While this argument is very suggestive it would be preferable to have a more clear-cut
proof. As mentioned earlier, a necessary and sufficient condition for a SFT to be a CFT is that
the anomaly coefficient epp vanishes, so one may wonder whether the vanishing of the dilaton
amplitudes can be used to show that epr = 0. The imaginary part of A, in the SFT should
come from logarithmic terms. Thus if there is a non-trivial scale anomaly which is proportional
to epr one may hope that the vanishing of the imaginary part of A, would imply err = 0.

We show in section [7 that there is no anomaly for connected 5- and higher point functions
of T. Furthermore, 3-point functions are trivial on-shell. Thus, we are left to discuss 4-point
functions. It turns out the anomaly for 4-point function is non-trivial and is given by

0o (T (py)T(p)T (ps)T(py)) = —80 (err + 1c3ean) x
X [(p1 - P2)(P3 - Pa) + (P1 - P3) (P2 - Pa) + (P1 - P4) (P2 - P3)] - (2.27)

The constant egs is the normalisation of the 2-point function of an operator Oy of dimension two
and cy is a constant appearing in coupling of Oy with the dilaton and C,,, see (d.2) and (G.1)).
In particular, ego > 0 in any reflection positive theory and hence for the scale violation in the
4-point function to vanish, one necessarily needs epr = 0. Here again we used the fact that the
off-diagonal 2-point functions in (2.I8]) may be set to zero by adding improvement terms. Note
that this anomaly is non-vanishing in the on-shell forward kinematics limit.

We now explain that despite the fact that the dilaton amplitude A4 vanishes, one cannot
conclude that epr = 0. Recall that the trace of the stress-energy tensor is the operator defined

o 9 58
T="gw 2 (2.28)
V9o ogh

and hence it is a functional of the metric and other sources as well. In particular,

W
op(xy)...0p(xy)

(T(x1)...T(xp)) = (—1)" + semi-local terms, (2.29)
and the semi-local terms cannot be disregarded as explained in section It follows that the
vanishing of the dilaton amplitude in this kinematical limit only implies that the correlators
are purely semi-local (in this kinematical configuration). Moreover, the anomaly (2.27]) can be
completely accounted by semi-local terms, as it is clear from the computation in appendix [C]
where all contributions come from semi-local terms.

While our analysis does not invalidate the reasoning of [25], we did not manage to provide
additional support for it. Of course, if one accepts that T' = [JO; then it suffices to look at the
anomaly of the 3-point function to conclude epr = 0. This is so because for the anomalies to
match the 3-point function of O would need to have a non-local scale anomaly.

5These papers used OPEs in order to control the behavior of the amplitude in momentum space. This raises
the question of whether the subtleties we uncover in the relation between OPEs and limits in momentum space
would affect their argument. While answering this question in full requires additional study we note that the
potentially dangerous contributions come from operators of dimension A < d/2 = 2 and for those the naive OPE
behavior provides the correct large momentum limit in 3-point functions, see (220 (as noted above A = 2 is
special).



3 Set-up

3.1 Notation and kinematics

In the paper we work in Euclidean signature. We use bold letters to denote vectors, e.g., , p
and we define x = |z|, p = |p| and so on. Due to the momentum conservation, any correlation
function in momentum space carries a delta function. We use the double bracket notation {(—))
to denote the omission of this delta function, i.e.,

(O1(py) ... On(py)) = 2m)%5 | Y " pj | (O1(py)... On(py))- (3.1)
j=1

Despite the fact that the n-point function has n momenta listed as its arguments, only n — 1
momenta is independent, since Z?:l p; =0.

Due to Lorentz invariance, every 3-point function can be regarded as a function of magnitudes
of the three momenta p; = |p;|, j = 1,2,3. We will often encounter the following combination
of momenta,

J? = —pi — p3 — pj + 2pIp3 + 203p3 + 2p3p} = 4 - Gram(p,, p,), (3.2)

where Gram is the Gram determinant. For physical momentum configurations obeying the
triangle inequalities we have J? > 0, with J? = 0 holding if and only if the three momenta are
collinear.

In the case of 4-point functions in d > 4 spacetime dimensions, the correlators depend
on six scalars, which may be taken to be the scalar products p;; = p; - p;, i,j = 1,2,3,4,
and 7 # j. While such a parametrisation is the most symmetric one, one can consider other
variables, for example four squares of momenta, p?, 7 =1,2,3,4 and two Mandelstam variables,
say s = (p; +p9)? and t = (p; +p3)?. Such variables turn out to be useful, since the calculations
simplify significantly in the forward scattering limit

t—0, p;—0,j=1234. (3.3)

3.2 Generating functional

In this paper we consider a reflection positive SE'T. The set of operators that can mix with the
trace of the stress-energy tensor are the virial current V# and scalar operators Oy and Oy of
dimensions two and four, respectively. By the unitarity bounds in SFT [26, 29], the dimensions
A; of operators of spin s are bounded from below by

1 for s =0,
Ag><¢ 2 fors=1, (3.4)
3 fors=2

Furthermore, a scalar operator ® of dimension one is necessarily a fundamental scalar field, since
its 2-point function satisfies [, (®(x)®(y)) = 0. Since we can always decouple a free theory (and
moreover a free theory can be improved to be conformal) we assume that Ay > 1 for all scalar
operators. In general the dilatation operator may not be diagonalizable due to renormalization
effects.

The SFT may be coupled to sources: the metric g", the source C, for the virial current,
and scalar sources ¢o and ¢g for the operators Oy and Oy, respectively, and this has the effect
of gauging the scaling symmetry. In particular, under Weyl transformations

5ag;w = 209w, 0oPd-n = —(d — A)oga—na, 5O'CM = aua- (3'5)



The subscript on the scalar sources denotes their scaling dimensions. The source C), couples to
the dynamical objects via covariant derivatives,

9,0 = D, 0 = (8, + AoC,) O, (3.6)

where Ap is a scaling dimension of the operator @. The transformation property of the gauge
field C, implies that D, is a covariant derivative for scale transformations and thus, for example,
D, O transforms as a field with weight Ap under Weyl transformations.

In this paper we assume that the dilatation operator is diagonalizable and the Weyl trans-
formation rules are given by ([B.0). As discussed in [2] in general dilatations may not be diago-
nalizable and the most general local transformations that are consistent with the Wess-Zumino
consistency condition may contain additional terms [11, 13]. It would be interesting to extend
our analysis to the general case.

In [8, 26] the most general form of scaling anomalies in the stress-energy tensor and the
virial currents in a SFT was obtained. If W denotes the generating functional of connected
correlators for the SF'T with gauged scaling symmetry, then its Weyl transformation d,W can
be expressed as a variation of the local Wess-Zumino action 6,5 z. In this paper we need to
include operators of dimension two and four and such operators contribute to scaling anomalies
[11,130].

We are interesting in computing the anomaly of the following correlation functions:

e 2-point functions of the trace of the stress-energy tensor 7', the longitudinal part of the
virial current V# and scalar operators of dimensions two and four.

e 3-point functions of T and the longitudinal part of V# with up to a single insertion of the
scalar operators.

e 4-point functions of T" and the longitudinal part of V# only.

An analysis of 2-point functions analogous to the one in section 2 implies that there are scale
anomalies in all possible 2-point functions. This implies that we should include all possible
dimension 4 terms that are quadratic in the sources with arbitrary coefficients. The values
of these coefficients are related to the normalisation constants of 2-point functions, as we will
discuss in section @l Turning to cubic coupling now, we note that we are only interested in 3-point
functions with a single insertion of a scalar operator, thus the relevant cubic couplings should
be at most linear in ¢g or ¢2. By dimensional analysis the relevant terms in the Wess-Zumino
action read

0o Swz = /d4€8\/§<7 [(—err + earrdo)R* — epaadoFy
_ 622¢% — 644(D¢0)2 + 2€2T¢2R + 2624¢2|:|¢0 + 2e47 RO + . . ] . (37)

Since we are interested in the correlation functions of the trace of the stress-energy tensor rather
than the entire stress-energy tensor, the square of the Weyl tensor may be omitted. Furthermore,
since the Euler density is a topological term, it does not contribute to the 2-point function of 7.

By introducing the gauge field C),, one can gauge the Weyl transformations and extend the
action ([B.7) to be fully Weyl-invariant. To this end let us define,

R=6% =R+ 6V,C"—6C,C°,

R = Ry + 2V (,C0) + 9w VaC® +2C,Cp — 29, CoC®,
0=0-20%V, (3.10)

and note that these objects transform homogeneously under Weyl transformations,

5,R=—20R,  0,R, =0, 0,(0f) = —2000f + 0(5, f). (3.11)



It follows that one can produce gauge invariant quantities by replacing un-hatted by hatted
quantities in ([3.7)). In particular, the gauged Euler density reads

Ey=W?-2R., + 2R, (3.12)

where W2 is the usual square of the Weyl tensor, which transforms homogeneously under Weyl
transformations without any gauging. The gauged Weyl-invariant Wess-Zumino action relevant
for our analysis is then equal to

doSwz = /d4$\/§d {(_GTT + earrdo) R? — epaadoEy
— 622¢% — 644(E|¢0)2 + 262T¢2R + 2624¢2E|¢0 + 264TR|j¢0 + ... (3.13)

Due to the homogeneity of each separate term this action satisfies the Wess-Zumino consistency
condition trivially (for example 50(\/5}?2) = 0 by construction.) We note however that there may
exist a more general solution of the Wess-Zumino consistency condition which involves adding
additional terms in the transformation rules (8.5]) and the action (8:13]). One may analyze this
question by expanding the general solution of the Wess-Zumino consistency condition in |11, 13]
around a fixed point that is a SFT and collecting all terms that are cubic in the sources. We
leave such analysis for future work.

In the following sections we will consider higher-point correlation functions as well. When
(BI3) is restricted to the metric and the gauge field C,, only, one recovers (Z9)), and hence it
contains all terms relevant for computation of scale anomalies in the correlation functions that
involve T" and V# only.

3.3 Correlation functions

In this paper we are mostly interested in correlation functions of the trace of the stress-energy
tensor, the virial current and scalar operators of dimensions two and four. These operators,
after coupling to background fields, are defined by

2 08

w = %W , T=g"T,, (3.14)
polaS oL 19
Their 1-point functions with sources turned on are then defined as
(Tl ==t (T)s = ¢ (T)s (3.16)
(Vi) = —%% : (On)s = —%5:;?; : (3.17)

where the subscript s denotes the fact that the operators and their correlation functions are
considered with sources turned on. If the subscript is absent, then the correlation function and
the operator is considered in the theory with the sources turned off. For example (7)) = 0
since the expectation values of 1-point functions vanish in a SFT, while in general (T},,)s # 0
due to the sources.

The theory with sources turned on is Weyl invariant, up to anomalies, when one transforms
both the elementary fields and the sources. Let ® be the elementary fields (we suppress spacetime
and internal indices) transforming under Weyl transformations as

5, = —Ago® (3.18)
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Then (anomalous) Weyl invariance implies

1 5L
5. Swy = </dd:c\/§ <—§TW509W —VH5,Cy — Onbsdan — E@,@) >

oL
- </ddw\/§a (T FVVE A (d— A)pa_nOa + Acp@%) > (3.19)
S
where L is the Lagrangian (including the couplings to sources). This identity should hold for
any o and we deduce the scale Ward identity,
u oW
(T)s 4+ (V) + (d = A)dua{08)s = Ba@ S + A (3.20)
where A is the scale anomaly.

The field equation terms are due to the fact that the elementary fields transform non-trivially
under scale transformations. One may remove these terms by defining rescaled elementary fields
1),

U = ®(det g)>/?? (3.21)

which are Weyl invariant, d, ¥V = 0. The stress energy tensor will now receive additional contri-
butions from the variation of the factors of (det g)*/?? and the Ward identity will not contain
any field equations terms which now reads

(T)s + (V. V") + (d — A)dg_n{On)s = A. (3.22)

The stress energy tensor used in this paper is the one obtained after this redefinition of the
elementary fields.

Now, let us take a second Weyl variation of Syyz and then set the sources to zero. Using the
fact that the Wess-Zumino action satisfies the Wess-Zumino condition and that 1-point functions
vanish in a SFT we obtain,

0= /d4$1\/§0'1($1) /d4$2\/§O'2($2)<(T + @J/“)(acl)(T + al,V”)(mQ» (323)
Since this relation should hold for any o1 and o9 it follows that
(T +0,VF)(x1)(T + 0,V")(22)) =0 (3.24)

and therefore in a unitary SFT,

T +8,V* =0, (3.25)

as an operator equation. This implies that we can compute correlation function of 7" either by
turning on a source for 7' or by turning on a source for V#, compute the V# correlators and
then act by 0,. This provides consistency conditions that fix some of the semi-local terms that
appear in the correlators.

The correlation functions of the trace of the stress-energy tensor may be computed by fixing
the background fields to

G =€ "6, C,=0,  ¢4n=0. (3.26)
Indeed, one has
0 ) 05
H— = — T =el"—. 2
g dghv 67’ < 5r (3.27)

We will also introduce a different parametrisations of the metric given by Q2 = ™7 and Q = 1+4.
The correlation functions of the virial current can be computed by fixing the metric g, = 9, .
In terms of the variable 7 the Ricci tensor in arbitrary dimension d reads

Rle™*76,,] = (d — 1)e*™ [20*T — (d — 2)(97)?] (3.28)

11



which allows to express the generating functional in terms of 7.

Since T}, is a functional of the metric and other sources, the functional derivatives such as
&T;uj

do not vanish in general. The derivative may remain non-zero with sources turned off,

0gre
allowing us to define under expectation values
oT def , 6T oVH def ,0VH
<6gp0 .. > - <6g7 .. ->sources:0 <5Cz/ .. > - <E .. ->sources:07 (329)
where ‘...” denote arbitrary operators and similarly for other operators.

In order to keep track of all terms with functional derivatives, we may package them into an
interaction action. In four dimensions, up to second order in the dilaton 7 and the gauge field
(), and to linear order in ¢ and ¢p the most general form of the action for any four dimensional
reflection positive SET reads [26],

Sint:/d4$[TT+CMVM+¢202+¢OO4+...

+ 377 (erT + 40°O2 + ¢404) + 3¢2(07) Oy
+16C,C*0, + .. ]. (3.30)

For clarity we consider here the case the SFT contains one operator of dimension two and one
operator of dimension four. A generalisation to the case of multiple scalar operators is presented
in appendix[Dl Other fields are excluded either by the unitarity bounds (3.4)), or can be connected
to the terms present by integration by parts. This form of the interaction action is valid in four
spacetime dimensions and for reflection-positive theory only. In particular one finds

6T (x1) 6 Sint
=476 — _— 31
o7 (22) (@1 —22) + o7 (x1)07(22)’ (3.31)
(5‘/“(331) = s
501/(3:2) = 626 025(221 282), (332)
where
525int o / a2
61 (x1)o7(20) [orT + 80z + c404) (@1 — 2)
— ¢ [0,020"5(z1 — x2) + 020%0 (21 — T2)] (3.33)

and the derivatives are with respect to ;.

3.4 Scale violations

Classically, every field in a SFT transforms under dilatations @ +— e« in a specific way deter-
mined by its scale dimension. For a scalar field O of dimension A the transformation property
reads

e 20(e x) = O(x), (3.34)

for any constant o. In the quantum theory, however, scale invariance may be violated by
logarithmic terms emerging from the renormalisation procedure. The failure of a given n-point
function to be scale invariant is encoded in the anomaly term A,. For correlation functions of
scalar operators Oq, ..., O, of dimensions Ay, ..., A, this implies

An(o) = e 55 2=0Ddo 0, (e7p1) . 0,(ep,)) — (Or1(p1) - On(p,))  (3.35)
or infinitesimally, to leading order in o,

. d

5o (O1(P1) - Onlpy)) = = (e B 80V, (e7py) . O, (e7p,) )
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This variation represents the anomalous contribution. It is equal to the scaling transformation
do up to the classical contribution,

5o {(O1(P1) - On(Py))s = ZA (n—1)d | o| (O1(p1)... On(p,))s-  (3.37)

This follows from the definition (B.15]), the Fourier transform, and the simple fact

1 0 Ao 0
’ (ﬁ 5¢M> VG 0a-n 335

where A denotes the dimension of the operator sourced by ¢4_a. In particular, since by acts
on momenta or coordinates rather than sources, the variation d, commutes with functional
derivatives with respect to the sources,

o
51 ... 0bn

This implies that the scale violation in the n-point function may be calculated by turning the
sources off before the variation 50 is calculated.

The discussion above leads to the conclusion that d,(O1(p;) ... On(p,)) = 0 if anomalies
are absent; otherwise logarithmic terms in the n-point function appear. In this paper we are
mostly interested in correlation functions of the trace of the stress-energy tensor. It follows
from the Wess-Zumino action that the only scale violating terms that can appear have a single
logarithm of a general form

05 (O1(x1) ... Op(y)) = (6, W) . (3.39)

P(pla"'apn) (340)

F(p17"-7pn)log MQ 9

where F' is a homogeneous polynomial of degree Z?:1 Aj; — (n —1)d, where A; are the scaling
dimensions of the operators entering the correlator, P is a homogeneous polynomial of degree
two and p is a renormalisation scale. Hence from (3.36]) we find

05 (O1(p1) -+ - On(p,)) = —w%«@(m) - On(pp))- (3.41)

4 2-point functions

In this section we analyse the structure of 2-point functions in a SF'T. We are mostly interested in

correlation functions of the stress-energy tensor 7}, the virial current V#, and scalar operators

05 and Oy of scaling dimension two and four. The form of the 2-point functions is uniquely
determined by (the anomalous) scale invariance. The diagonal part of the matrix of the 2-point
functions is

(T(P)T(—p)) = —errp*logp* + L5 (1)p", (4.1)
(O2(p)O2(—p)) = —eazlog p* + €55 (1),
(O4(p)O4(—p))) = —easp* log p* + el (1)p”, (4.3)

while the off-diagonal part reads

(T(p)O2(—p)) = earp” logp® + e (), (4.4)
(T(P)Os(=p))) = earp* logp* + efF(n)p",
(O2(p)Oa(—p))) = e2ap® log p* + 55 ()p. (4.6)
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The normalisation constants defined here correspond to the constants featuring in the Wess-
Zumino action ([BI3]). Indeed, by taking two derivatives of the generating functional with
respect to the dilaton 7, (3.26]), one finds,

2w

(T(z1)T (x2)) = 5r(m)or (@)

(4.7)
Note that such a simple expression holds only after the sources are turned off.

The local, scheme dependent part of each correlation function can be adjusted by means of
finite local counterterms. In a reflection positive QFT the matrix of the normalisation constants
must be non-negative. Furthermore, if one of the eigenvalues vanishes, then the corresponding
operator is null. In particular if err = 0 (after we set to zero the off-diagonal terms as discussed
in the next subsection), then T'= 0 and the scale invariant theory is fully conformally invariant.

Furthermore, scale invariance requires that the source C, for the virial current appears in a
correlated way with the metric. Therefore, the normalisation constants of the 2-point functions
of the virial current with other operators are related with the corresponding correlation functions
of T'. In particular,

: _loc

(O2(p)V"(—p)) = —iearp” logp® + iesiip”, (4.8)

(T(p)V*(~p)) = lerrp’p" log p* — iefy (1)p°p", (4.9)
(Os(P)VH(=p)) = iearp’p* log p* — i€l (1)p°p", (4.10)
(VH(p)VY (=p)) = —errptp” log p? + X% (1u)pHp” + transverse part. (4.11)

The transverse part of the 2-point function of the virial current is proportional to 7 = §** —
ptp” /p? and is not relevant for our discussion (which involve checking the implications of the
relation T = —0,V*#) because p,m" = 0. Furthermore in this paper we are interested in
calculating scale violations in the correlation functions so from now on we will neglect the local
parts.

4.1 Improvement term

Consider a SFT with epy > 0 and at least one scalar operator Oy of dimension two with ego > 0
in the interaction action (3.30). The case of multiple scalar operators of dimensions two and
four is discussed in appendix [Dl The improvement term

AS = % / d*z/gRO, (4.12)

can be added to the action in such a way that the improved stress-energy tensor becomes
traceless. The improvement term does not alter the charges associated with the stress-energy
tensor and modifies the correlation functions only locally. The trace of the improved stress-
energy tensor reads

T+ Timp = T + £0%0s. (4.13)

Clearly, if T = c0%O, for some constant ¢, then for £ = —c the trace of the improved stress-
energy tensor vanishes. Otherwise, the 2-point function of the improved stress-energy tensor
reads

(Tiuap(P) Tinp (=) = (T (P)T (=) — 260*(T(P)O2(=p)) + E°p" (O2(P)O2(-p))).  (4.14)

By using (4.1]) - (£.6]) we find that the 2-point function of the trace of the improved stress-energy
tensor vanishes if £ satisfies the equation

ert + 28ear + ez = 0. (4.15)
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A solution exists if and only if
egT — epregy > 0. (4.16)

Now we will show that such a condition can hold in a reflection positive theory if and only if T'
is proportional to 9?Oy. To do it, consider the state |¥) defined as

W) = oT'(2)]0) + BO*Oy(x)|0), (4.17)

where a and 3 are arbitrary complex numbers. Reflection positivity implies that the norm (¥|¥)
must be non-negative. Poincaré invariance, together with the fact that complex conjugation in
an Euclidean setting corresponds to time reversal leads to the conclusion that

€37 — erreg < 0, (4.18)

in any reflection positive QFT. Therefore (4.16]) and (4.18]) are compatible (and then the im-
provement term exists) if and only if e%T — epregg = 0. In this case (£I7) implies that states
T(x)|0) and 9204 ()|0) are linearly dependent, and so T = cd?Oy for some ¢, and the theory is
conformal. We therefore assume from now on that

e2r — erreas < 0. (4.19)

4.2 Diagonalising the 2-point functions

We just argued that when (£I9) holds one cannot improve 7. However, one can use the
improvement terms in order to fix the off-diagonal 2-point functions (£.4]) - (4.0]) to zero. This is
motivated by conformal field theories, where such correlation functions vanish. To do it, consider
a general form of the improvement term

AS = /\@ [5022 +& 0060 + E"$oT| . (4.20)

The first term contains the previously considered improvement term (AI2]), now written in a
Weyl invariant way. The existence of the improvement terms follows from the fact that the
dimension of the source for the operator Oy is the same as for the operator itself. Therefore,
one can introduce the improvement terms simply by exchanging one ¢9 in favour of Oy in the
Wess-Zumino action (3.I3]). The improvement term modifies the operators in the theory as
follows,

Timp = T + £0%Os, (4.21)

Viy = VH# = £0,0s, (4.22)

O — O, + 820y + ¢'T. (4.23)

The off-diagonal 2-point functions of the improved operators vanish if the following system has
a solution

0 =eor + &epr, (4.24)

0= ey + E'ear + ear, (4.25)

0=esr —ear(§ +E£€") — Eeas — Eerr — E€enn. (4.26)

The solution exists if epress # G%T and reads

€21

£ = _E’ (4.27)
esreqr + esqerr
§' _ — (4.28)
€22€TT — €51
5,/ _ €xeor + 6’2264T. (4.29)

2
€22€TT — €5
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As argued in the previous section the denominators of these expressions are non-vanishing in
any reflection positive QFT containing an operator of dimension two. Therefore we have shown
that in such a case one can always add an improvement and from now on assume that

ear = €24 = eq = 0. (4.30)

If the operator of dimension two is absent in the theory, then already ess = eaq = esr = 0. In
this case the theory can be improved to eq7 = 0 by a simple shift given by &”. Therefore, from
now on, we assume that (£30]) holds.

Furthermore, if multiple scalar operators of dimension two and four are present in the theory,
one can generalise the procedure and show that all off-diagonal correlation functions vanish. We
discuss the general case in appendix For clarity, in the main text of the paper we assume
that the theory contains at most one operator of dimension two and four (other than the trace
of the stress-energy tensor).

5 3-point functions

In this section we will analyse the structure of scale violating terms in the 3-point functions
(TTT), (TTOs) and (T'TO4). We will compare the scale violations following from the Wess-
Zumino action (3.13]) with possible scale violation in the analogous correlation functions involving
the virial current. Then the two expressions can be compared by means of the relation T =

—8,Vh.

5.1 (TTT)

The correlation functions of the stress-energy tensor are defined as correlation functions of
the operator defined in ([B.I4]). In particular, the relation between the actual 3-point function
of the trace of the stress-energy tensor and the triple functional derivative of the generating
functional with respect to the metric involves semi-local terms, i.e., terms that in position space
are supported on the set of coincident points. In all expressions we can omit contributions from
1-point functions, since after turning off the sources they vanish. However, we will carefully
account for all 2-point functions including terms with functional derivatives.
Using the parametrisation of the metric as g, = e_ZT(SW one finds,

(e s ) (™ sty ) (e sy ) W = (51)

— @) (@)T (), ~ |G T (@), +2 permtations

+ 1-point functions. (5.2)

Carrying out the derivatives on the left hand side, using ([8.3I)) and then turning off the sources
we find

3
(T T @) (e)) = ~ s (5.3
52 Sint 6251111: 52 Sint
Feosr@ T G e ")

where the interaction action Si, is given in ([3.30]). Due to the improvement terms introduced
in section A.2] the only contribution to the 2-point functions comes from the %T2CTT term in

16



the interaction action. Therefore,

3
<T($1)T($2)T($3)> = _6T($1)5i(:;)57($3)
+ er [0(x1 — ) (T(22)T(23)) + 6(22 — 23)(T(23)T (1)) + 0(23 — T2 (T(21) T (22))] -

(5.4)

The scale violation in the 3-point function can be computed from the Wess-Zumino action and
the expressions for 2-point functions. The result is

00 (T (p1)T(p2)T (p3))) = 20errJ* — 20crerr(pt + p3 + p3), (5.5)

where J? is defined in (3.2).

Next we can compare the scale violation (5.5]) with the scale violation following from the
virial current. We follow the same procedure. First we expand the triple derivative of the
generating functional with respect to the source C,

BW
- = M1 2 M3
0Cu, (#1)0C 1, (2)0C)5 (23) (VI (@) V72 (22) VI (25)) 5
u1
<?C/'7§Zj1;vm(m2)>s + 2 cycl. perm.| + 1-point functions. (5.6)
3\ 3

The functional derivatives can be read off from the action (3.30) using (3:32)) and the scale
violation can be calculated by means of the Wess-Zumino action. In total one finds

105 (V1 (p1)VF2 (o) VI (p3))) = —derro [p{ 6242 4 ph? 614  phigne]. (5.7)

Using T' = —0,V* we find

6o (T(1)T (P2)T (p3))) = 2er70J”. (5-8)

By comparison of (5.0) and (5.8]) we find that either err = 0 and the theory is conformal,
or ¢y = 0. Therefore, from now on we assume cp = 0.

Finally, we note that the most general form of the scale violation in the 3-point function of
the virial current can be derived using Lorentz and scale invariance and the fact that anomalies
are local. We present this alternative derivation in appendix [Bl

5.2 (TTO,)

In the forthcoming analysis of the 4-point functions we will also need to explore the consequences
of the relation between (I'T'O3) and (VFVVOs). Following the procedure described in the
previous section the scale violation in the virial current leads to

05 (VH(P1)V" (P2) O2(p3))) = —20¢2e920"", (5.9)

which results in

05 (T(P1)T (P2)O2(P3))) = 20€2282p1 - Py- (5.10)

On the other hand the scale violation in the correlator involving the trace of the stress-energy
tensor can be computed directly from the Wess-Zumino action. In this way one finds

00 (T (1) T (P2) O2(ps)) = 20ex2(c2py - Py — chp3). (5.11)

Using the relation p; - py = %(p% — p? — p3) we can rewrite the correlation function in terms of
the three independent magnitudes of momenta pi,ps and ps. It follows that (5.10) and (G.1T])
agree only if

ch =0, cy = Co. (5.12)
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5.3 (TTO,)

In this subsection we compute (I'T'Oy4) and (V#V?Oy), where O4 denotes the operator of dimen-
sion four, and find that the coefficient ¢4 in (330 must vanish, ¢4 = 0. This 3-point function
receives a contribution from the term ey f \/§¢022 in the Wess-Zumino action (3.13]).

Taking three derivatives of the generating functional with respect to appropriate sources we
find

3
(T(@1)T(@2)01(ws)) = _5T($1)5f(::)5¢0($3)
OT@1) gy 4+ (L@ gy (L@ 5
<5¢0($3)T( 2)>+(5¢0<w3)T( 1)>+<5T($2) Oy(x2))| . (5.13)

The operator 07'/d¢¢ has dimension four and hence can be written in a basis of such operators.
However, the only operator in such expansion that can produce a non-zero answer is the trace
of stress the energy tensor (since we arranged for all off-diagonal 2-point functions to be equal
to zero). Therefore, using the Wess-Zumino action, one finds

0o (T (p1)T(p2)Ou(ps))) = —20esrrpips — 20Cerr(pt + p3) — docpaa? — 20cseasps, (5.14)

where C' is some numerical constant.
On the other hand, a similar calculation can be carried out using the virial current. By
taking three functional derivatives one finds

v FW
(V1) VY (22)O4(x3)) = _5Cp(fc1)50y(:c2)6¢0($3)
V@) L V(@) SVie)
Sontma) " (a:z)>+<mvu(m1)>+<m@(m2)> : (5.15)

The functional derivative of the virial current with respect to ¢g is an operator of dimension
three and hence we can write its most general form

oVH(x)
6do(y)

=d(x —y) [Z arjy, + bo* Oy | + cO20"6(x — y), (5.16)

k

for some constants ay, b, c, where j;j is a set of currents of dimension 3 including possibly V*.
This leads to

[S2H

(T (p)T(P2)O4(p3)) = —20earrpips — docpasJ? — 20ev;(p} + p3), (5.17)

where ey; is a total normalisation constant following from the sum of all 2-point functions
(71, V"). Since the coefficient of pé vanishes in this expression, by comparing with (5.14) we
obtain either eq4 = 0 or ¢4 = 0. If eqqy = 0, the operator Oy is null and may be set to zero.
Otherwise, ¢4 = 0. In any case, in the computations to follow only the product eqqcs appears
and this vanishes in both cases.

This cancellation can be explained as follows. Since T' = g""T),,, where T},,, is the full stress-
energy tensor with sources turned on, the only term containing the metric and the operator Oy
in T}, can be g,,O4. However, now T' = 40, and the functional derivative with respect to the
metric vanishes, hence ¢4 = 0.

6 4-point functions
In this section we follow the same procedure as before applied to connected 4-point functions.

We will compare the scale violations in the 4-point function of the trace of the stress-energy
tensor with the scale violations in the virial current.
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In the previous section we found a series of conditions relating various coefficients in the
functional derivative terms and the interaction action (830). With all these conditions, the
action reads now

Sint = /d4:c (7T + C,VH + ¢9O0s + ¢oO4 + . ..
+ %02(87)202 + %CQCHC“OQ + .. ] (61)

with an undetermined value of ¢s.

6.1 (Vmyreyrsym)

We start by computing the scale violating terms in (V#1V#2VH3VE4)  Since the total dimension
of this correlation function in momentum space equals zero, the scale violating terms must be
proportional to the unique symmetric tensor of dimension zero,

SHIH2HBIA — SHLL2 §H3HA | SHAHB SH2fa | SRR GH2HS (6.2)

As in section [5.1], we first obtain the relation between derivatives of the generating functional
and the 4-point function:

siw

(VL (21 )VH2 (29)VF3 (23)VFH4 (224)) = 5Cr (@1)0C 1, (2)0Crs (@3)3C 0y (1)

" <f5g: ((Zj;; VI (@3) VI (@4)) + 5 permutations]

V@) oVe(es), SV (@) VI (a), OV (@) OV (),
[ 0Cs (@) 0Ciu, (@a)" " 6C,q (w5) 3C,,(@s)" " 5C,, (@) 6Ci, (ws)
S

- _<5CM:S(CZ;5(C:3)(C(:3) Vi (xy)) + 3 permutations} : (6.3)

The second functional derivative of the virial current with respect to C,, has dimension one and
hence it vanishes. By using equations (6.1) and (5.10) and the Wess-Zumino action one finds
the scale violation

0o (VH1 (p1)VH2 (o) VI (p3) VI (py)) = —8oSH1H2H2H1 (e + fchens) - (6.4)

Therefore the scale violation in the 4-point function of the trace of the stress-energy tensor reads

e (T (p1)T (P2)T(p3)T(py)) = —80 (err + 1c3ea) x
X [(p1 - P2)(P3 - Ps) + (P1 - P3)(P2 - P4) + (P1 - P4) (P2 - P3)] - (6.5)

Note that this is an exact result and it is non-vanishing even in the forward scattering limit

B.3),

N

6o (T (p1)T (p2)T(P3)T (P4))

= —408% (e + Lc2es) . 6.6
P=0,4=0 o (TT 162 22) (6.6)

This suggests that 7" may be a non-trivial operator in a SF'T.

6.2 (TTTT)

In this subsection we carry out the computation of the scale violating terms in the 4-point
function of the trace of the stress-energy tensor directly from the Wess-Zumino action. The
calculation is long but otherwise straightforward. As in previous sections, we start by evaluating
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four functional derivatives of the generating functional with respect to the dilaton. After turning
off the sources one finds

1) ) 1) o)
_dr(x1) _dr(x2) Y _ o dr(es) Y _d7(x4) —
( ¢ 5T<w1>>< ¢ 5T<w2>>< ¢ 6r<m3>>< ¢ 5T<w4>>W

= (T(x1)T (x2)T (x3)T (24)) — [<(;£((z21)) T(x3)T(x4)) + 5 permutations]

[< 57(za) 07(@a)| T or(ms) r(@a)! T \or(m) Or(as) >]

[< 52T($1)
6’7’($2)6’7’($3

)
+ d [5(3}1 — 332)(((55{((;5))

The left hand side can be expanded and the result is then expressed in terms of functional
derivatives of the interaction action (G.]) using ([B.3I]). Most terms cancel and one finds

T(xy4)) + 3 permutations}

T(x4)) +3 permutations] . (6.7)

4
(T(x1)T(22)T (23)T(24)) = 57 (@) 57(2);2(933) 5r(ma)
[ 6251nt .

+ (mT(CIJs)T(m» +5 permutatlons]

6% Sint 6% Sint
_<5T(ac1)57'(ac2) 01 (x3)07 (2 4)
53 Sint
_<5T(a:1)57'(a:2)57'(a:3)

)+ 2 permutations]

T(xs)) + 3 permutations] . (6.8)

The scale violation of the first term on the right hand side follows from the Wess-Zumino action
and reads

5 54SWZ = —8cgeprr X
757 (p1)07(P2)07(P3)07(p2) o
X [(p1 - P2)(P3 - P4) + (P1 - P3)(P2 - P4) + (P71 - P4) (P2 P3)] - (6.9)

As we see that the scale violation from the Wess-Zumino action already matches the first term
in (©.5).

In order to proceed we need to first analyse the term with three T-derivatives. This term
receives contributions from terms cubic in the dilaton in the interaction action and these terms
are not listed in (6.I). However, since the third derivative of the action appears in (6.8) under
the expectation value with the trace of the stress-energy tensor, the only relevant term in the

interaction action is [ %T3c§§ T, By taking three derivatives one finds

) 5BSint = — 00(3)6 1
o paiortpy) PV T R0 rh (6.10)

The remaining computations are straightforward. The result reads

s (T(p1)T (py)T(P3)T(Py))) = —80 (err + Lcdeas) x
X [(p1 - P2)(P3 - Ps) + (P1 - P3)(P2 - Ps) + (P1 - P4) (P2 - P3)]

3
— 20 err (ph+ 3+ ph + i) - (6.11)

By comparing with (G.5]) we see that the leading term involving epr and ege matches exactly
and then one is forced to take c%? ) —o.
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To summarize, the anomaly in the 4-point function is given by (G.5) and the following
relations among the second order coefficients in the interaction action (3.30]) hold,

cr — 52 = C4 = 0, 52 = C9. (612)

Note that while the total scale violation of any correlation function is invariant under
parametrisations of the metric, the source of the various contributions do depend on such
parametrisations. With g, = 6_276W we have found a non-zero contribution from the Wess-
Zumion action given by ([6.9). Such a contribution does not vanish in the forward scattering
limit (3.3). On the other hand, if one parametrises the metric as g, = QQ6W, then one finds

64
5aSWZ = —120’6TT pzzpz. 6.13
53(pr)30p2)30 P 0 py) W) Py (6:19)

In this parametrisation of the metric the contribution from the Wess-Zumino action vanishes
in the forward scattering limit with p? =0, 5 = 1,2,3,4. Nevertheless, the semi-local terms
contribute non-trivially to the correlation function in such a way that one recovers (6.5]) exactly.
Note also that ([6.12) is valid only in the parametrisation g, = 6_276W.

In order to check our results we have carried out all calculations in the parametrisation of the
metric g, = Qzéu,, as well. We present the computation in appendix [Cl All results including

(58) and (GH) are confirmed.

7 Higher-point functions

We show in this short section that there is no scale violation in all connected higher point
correlation functions of the trace of the stress-energy tensor. This is a consequence of the fact
that anomalies are local and the scaling dimension of the n-point function of the virial current
equals A = (d — 1)n — (n — 1)d = d — n and becomes negative for n > d. Therefore,

N

O (VP . VEn)y =0, n>d (7.1)
and hence X
0,(T... T) =0, n>d (7.2)
—
as well.

8 Conclusions

In this paper we analysed the structure of the scale anomaly in four dimensional unitary scale
invariant theories. We found that 2-, 3-, and connected 4-point functions of the trace of the
stress-energy tensor T' are anomalous while the anomaly in all connected higher point functions
vanishes. The 2-point function of 7" is non-trivial if and only if scale transformations are anoma-
lous. It follows that a unitary SFT is a CFT iff the scale anomaly Vanisheﬂ(since then 7" =0
and this implies that the theory is conformal).

One of our main results is the explicit form of the anomaly in 3- and 4-point functions. The
explicit expressions are given in (5.8) and (6.5]) and were derived using the Wess-Zumino action
and a careful treatment of semi-local terms (terms with support on a set that contains both
coincident and separated points). We also obtained the form of the anomaly both for 3- and
4-point functions by an independent computation using only Lorentz invariance, scale invariance
and the fact that the anomaly is local. This is presented in appendix [Bl

"If the theory contains dimension 2 operators one may need to improve T first.
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To obtain the semi-local contributions we computed all couplings of sources to operators
that contribute up to 4-point functions. These terms are is given in (6. or in alternative
parametrisation in (C4) and (CX). The non-linear terms in sources encode the semi-local
contributions to correlation functions. We emphasise that only after including all semi-local
contributions the final answer is independent of the parametrisation of the sources. For example,
if one uses 7 (gW = 6*275,“,) as the source for T' then there is a contribution to the anomaly
of the 4-point function that comes from the Wess-Zumino term, even in the on-shell forward
scattering limit. On the other hand, if one uses ¢ (g, = (1 + ¢)?8,,) as the source for T, the
contribution from Wess-Zumino term in the on-shell forward scattering limit vanishes and there
are additional contributions from semi-local terms, leading to the same answer.

In [26] it was argued that the structure of the anomaly of the 3-point function is not compat-
ible with OPEs and this then implies that the coefficient of the scale anomaly must vanish and
thus all unitary SFTs are CFTs. We discussed here a subtlety in the relation between OPEs
and the large momentum limit which invalidates this argument. While the OPE controls the
leading non-local contribution in the large momentum limit, there are semi-local contributions
which dominate over the OPE contribution in the relevant case. A detailed discussion of this
subtlety is presented in appendix [Al Taken the semi-local terms into account one can no longer
conclude that the scale anomaly coefficient must vanish.

In |25] it was argued that all dilaton amplitudes vanish in an on-shell forward scattering limit.
As just reviewed, we find that the scale anomaly of the 4-point function is non-zero in this limit.
Nevertheless one cannot conclude (without additional assumptions) from the vanishing of the
amplitudes that the coefficient of the scale anomaly must vanish. One can only conclude that
the 4-point function is semi-local in that limit. Of course, this by itself is a very strong constraint
on the structure of the SFT.

All in all, additional work is required in order to either prove that four dimensional unitary
SFTs and CFTs or find a counterexample.
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Policy (P7/37) and the Odysseus program of the FWO. The opinions expressed in this publi-
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A Large momentum limit and OPEs

In this section we argue that in general

qA1+A2—A3—dp2A3—d (I+o0(p/q)) if Ag<

(@ @Ou-a+ POt x { Laiariaratyy P S A

NN

in the limit ¢ > p. As mentioned in the introduction, the behaviour presented in the first line of
(A.I) will be called a naive OPE behaviour, since it follows directly from the Fourier transform
of the appropriate OPE term.

In the following subsections we analyse the limit ¢ > p in the context of CFTs. In the
first subsection we present an example that demonstrates (AJ]) for both cases. The example
also illustrate that the semi-local terms cannot be removed by local counterterms (as expected)
and thus cannot be ignored. In subsection [A.2] we explain the difference between the two cases
in (AJ) by direct Fourier transform of the 3-point function of three scalar operators and in
subsection [A.3] we prove (A.I]) using the triple-K representation of CFT 3-point functions [32].
These results show that (A]) is valid in the conformal case and we expect that it would also
hold in unitary SFTs, if such theories exist.

A.1 Example

Our aim in this subsection is to demonstrate (A.1]). The example is chosen such that the 3-point
functions are given by simple expression in momentum space. Consider the correlation functions
of scalar conformal primaries O3/, and Oy of dimensions A = % and A = g, respectively, in a
four dimensional CFT. The correlation functions are given by

C
(Os/201)Os12(P)Osa (py)) = s (A2)
C
(O5/2(p1)Os52(P2)O52(P3)) = o2 (A.3)

Vp1+p2+p3’

where C3/; and Cj/y are constants. These expression can be obtained by starting from the
triple-K representation of the correlators given in [32] and then carrying out the remaining
integral®.

It follows that in the large momentum limit, the first correlation function yields

Cs/2
(03/2()0s/2(~a +P)Ospa(~p)) = 2=+ ..., (A4)
V2qzp
consistent with the first line of (A), since 3 < 4, while
(O52(@)0sy2(~a 4 P)Osap)) = L2 4 (A5)
V2q

which is consistent with the second line of (A, since in this case 2 >

the leading term is local in the sense that up to a constant

1 1
—— (1 —x2) xI(p; + P+ P3)——. (A6
R

Nevertheless, it cannot be removed by any local Countertermﬁ. This is so because this term has
support at €} = x2 # x3 (terms with support at &1 = 3 = x3 are analytic in all momenta

[\Vl[sH

. Note, however, that

/ iz diaadiase P e Pr o2 iPs

8The triple-K integral is elementary because for operators with half-integer dimension the corresponding K
Bessel functions reduce to elementary functions.

9Actually in this case there are no local terms of dimension 4 that one can construct using the source ¢o
associated to the operator Os,, since ¢o has dimension 3/2.
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and (A.6]) is non-analytic in p3) and the contribution from any local counterterms would have
support at 1 = x2 = x3. Only ultra-local terms can be removed by local counterterms and
this is an example of a semi-local term.

A.2 The Fourier transform

In this subsection we show how (A.T]) emerges by taking a direct Fourier transform of the 3-point
function of scalar conformal primaries.

Let us consider three scalar conformal primaries O1, O2, O3 of dimensions A1, Ay, A3 respec-
tively. The exact 3-point function in position space reads

C123C33

<01($1)02($2)03($3)> = |$1 _ w2|A1+A27A3|$2 _ w3|A2+A3*A1 T3 — X1 Az+A1—-A? (A7)
where (33 is a normalisation of the 2-point function
Cs3
(O3(x1)O03(x2)) = o — 2P (A.8)
and C1a3 is the OPE coeflicient
C
O (x1)Oy(x2) ~ 12 Os(x2) + ... (A.9)

|$1 — m2|A1+A2*A3

Now one can carry out the Fourier transform of (A.7) in the large momentum limit pq, po >> ps.
As we will see, it does not invalidate the statement that the leading momentum behaviour comes
from the region where x; is close to xs: instead it shows that an additional contribution to the
singularity at 1 = @9 may appear when the Fourier transform over x3 is carried out.

The Fourier transform is given by

C193C53¢ P1T1L 1Py T2 1Py T3

_ d d d
(01(P1)02(P2)O3(p3)> - /d T1d"z2d s |:D1 — $2|A1+A27A3|$2 — $3|A2+A3*A1|$3 _ w1|A3+A17A2

C193Ca3e™P1T1 =Py T2
d d 12333
= /d Ccld T ‘561 — $2’A1+A2—A3 F(:cl - :Bg,pg), (A.lO)

where in the second line the integral over a3 was carried out,

J efipg-:cg
F(z1 — 2,p3) = /d B3 g — @Rt BB gy — gy [Pt BB (A.11)

Note that the factor |x) — x|~ (A1+42-23) in ([(AQ) is exactly equal to the factor in OPE (A.9).
Therefore, the naive OPE is valid if F' is regular at @1 = x2. Otherwise, F' contributes an
additional singularity to the integrals over x; and x-.

We can find out what is the leading behaviour of F' with respect to |1 — x2| and p5. Taking

x1 = x2 in (AII) we find

e P33 _
F(O,p3) = /dd$3W X pgAS d, (A12)
3

which converges if 2A3 < d. Therefore, we have shown that the naive OPE expansion is valid
only if Az < ¢,

(01(@)02(—g + P)O3(—p))) o P>~ gA1H227 8374 (1 4 o (p/q)) . (A.13)

On the other hand if 2A3 > d, then F(0, p;) = oo, or in other words F'(x; —x2, p3) is singular at
x1 = xo. This means that the integral over &3 contributes an additional singularity at 1 = @2
and this modifies the large ¢ limit. To obtain the answer in this case we need to start from the
3-point function computed directly in momentum space and we do this in the next subsection.
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A.3 Proof of (A)

We can obtain the large momentum limit ([A.J]) in all cases by starting from the momentum
space representation of the correlators derived in |32]. The 3-point functions of scalar operators
in any CFT can be represented by the triple-K integral

(O1(p1)O2(p2)O3(p3))

—d A,—d Ag—d

A > d_
= Ciogp” *py” Ppy /ﬁ dza2 Ky, a(pa)Ky, a(pow)Ky, a(psz),  (A14)

where K, (p) is a modified Bessel function of the second kind (or Bessel K function, for short)
and C1o3 is an overall undetermined constant. Using such a representation it is easy to consider
the large momentum limit ¢ = p; =2 po > p3 = p. To do it, fix the value of ¢ and expand the
integrand in (A-14]) as a power series in p, according to

P’ K, (px) = [F(V)2”_1m_y + O(pQ)] + [pzyf(—uﬂ_y_lx” + O(p2y+2)] . (A.15)

Since v = Az — %, we can see that the form of the leading term in p/q depends on whether

2A3 < d or 2A3 > d. One can combine the two cases by writing
P K, (px) = D(|p])2W—1g=Wp2ot=v) L (A.16)

where 6 denotes the step function: #(z) = 1 for x > 0 and 6(z) = 0 for x < 0. The remaining
integral can be evaluated explicitly by means of the formula

/00 dz 2 'K, (qv) K, (qz) =

0
20473 _ _ —q —
- o Qenalih A b ok il B ) (et Ul BN (et Uik BN WT
I'o)g® 2 2 2 2
see |32] for details. The dichotomy in the expansion (AI5) is the primary reason for the

occurrence of the two cases in (A.)). By substituting (A.I6]) into the triple-K integral (A.14])
and using (A7) one finds

;i>r>111)<<(’)1(q)(92(—q +p)03(—p))) =

= C123C0 (A, d)g HA+Ba= 5[5 p2Rs=d0(5-23) (1 1 4 (p/q)) | (A.18)

where Cy(A;, d) is a specific numerical constant. This expression coincides with (A.1l) when the
step function and the absolute value are resolved into particular cases.

Assume now v = Az — % > 0. As pointed out in section 2] the leading term in the large
momentum expansion is in this case semi-local, i.e., it is a Fourier transform of a position space
expression supported on the set of coincident points, for example

1 F A1+As+Az—2d
5(331_wg)‘$1—$2‘A1+A2+A3—d P R (1 40 (/). (A.19)

Using the triple-K integral representation one can show that all subleading terms up to, but
excluding, ¢A1T82-R3=dp283=d g16 gemi-local in the large momentum limit. This follows from

the Taylor expansion (A.I5]), which in general takes form

p'K,(pr) =27 aj(pz) +p™a" > bi(px)¥, (A.20)
=0 =0
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where the series coefficients a; and b; are known, see e.g., [33]. By substituting this result to
(A.14)) and using (A.17)) one finds the expansion of the triple-K integral in the large momentum
limit,

. _ A1 +Ao+Az3—2d—2j5, 25
lim (01(g)0x(~q + P)Os(~p))) = Cizs ZO (A, d)q p

[e.9]
+ ZDj(Ai’d)qA1+A2—A3—d—2jp2A3—d+2j
j=0

: (A.21)

where C;j and D; represent some numerical constants explicitly computable by means of (AIT).
As one can see, the first series contains only even powers of momentum p. In position space all
such terms are semi-local, i.e., they are Fourier transforms of the form

. 1 F A . .
J _ +Ag+Az—2d—2j5, 27

(26 (x1 ccs),ml mpar e ver e A 1ot as p? (1+o(p/g)) (A22)

in the large momentum limit, up to a multiplicative constant. As long as j < 2v = 2A3 — d

these terms are more leading than the terms in the second series in the expansion (A27]). As

one can see the terms featuring in the second power series are not semi-local and the leading Dg
term reproduces the naive OPE term in (AJ]).

B Alternative derivation of the anomaly

In this appendix we show how to obtain the form of the scale violation (5.8) and (G.35]) directly
from Lorentz and scale invariance (plus the locality of anomalies) applied to the 3- and 4-point
functions of the virial current.

Let us start with the 3-point function. Following [32] we find that the most general tensor
decomposition of (VF1VH2VE3) is given by

iV (p) V2 (o) VI3 (p3))) = 77‘“ (171)7TM2 (P2)7T5§ (ps)Tlalam
w1

+ Ziﬂ"” (po)7h2 (p3)T5°** + 2 permutations
i

—5-=5mhl(p)T3" + 2 permutations
b3 p3

M1 3
B Ps g, (B.1)
b1 Py P3
where 7h(p) = 6h — p*pa/p? is a transverse projector and the tensors 7; through T} are built
using the metric d,,, and the momenta. Due to momentum conservation p; + py + ps = 0 only
two of the momenta are independent but we may choose different momenta for different indices.
The following choice is convenient [32],

Py, Py for ag, Do, P3 for ag, ps, p; for as. (B.2)

With this rule all possible tensor forms in, for example, 75 are

50:2043 (0N 0% (0N 0% a2 (3
’

p32ple, p32ps®, py2pee, P37 p5°. (B.3)

However, since p®mh(p) = 0, the contraction of the last three tensors with the prefactor in (B
vanishes. Hence only the first two tensors listed above may appear in Ty 2%,
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By carrying out the analysis for the remaining factors we find the most general parity even
decomposition of the 3-point function to be

(VI (py)VH2 (Do) VH (p3)) = w1 (py) T2 (py)mhe (p3) [A1pS py2ps
+ (Ag1p5! 6723 + Agap§? 018 + Aggp(?5°1°2)]
M1

12
+ 2 (P (ps) (Bup§* i + Band®™ ) + Lol (po) it (py) (Buap'p* + Bnd™'™)
1 2
pM3
+ p—?’ﬂéi (p1)72 (Do) (BispS p52 + Bagb®19?)
3
pa o p3 p1 s i
Py b PP Pl p
+ 2w (p) Oy + 5 mhi(py) Caps® + 5 S5 mhi (pg) Capt®
P2 b3 P P3 b1 DP3
M1 2, U3
p1 P2 P3

where the form factors, Ay, Asj, B;j, Cj, D (j=1,2,3,i=1, 2), are scalar functions of the momenta
magnitudes p; = [p;|. With this decomposition it follows that (T'(p,)7T'(p,)T(ps))) = D due to
the relation 7' = —0,,V*. Furthermore, if the virial current is of the form (Z2)) then the 3-point
function should be purely longitudinal, i.e. all form factors other than D must vanish or be
at most local. Therefore, the problem of scale vs conformal invariance can be restated as the
question of whether it is possible to have a non-conserved current of dimension A = 3 in a scale
invariant theory which has at least one non-local form factor among A, B and C.

Each form factor in (B.4) has a specified scaling dimension, up to anomaly. Since the
dimension of the entire correlation function equals Ay = 3A — 2d = 1, one finds the following
scaling dimensions for the form factors in momentum space,

A(Ay) = -2, A(Azj) = A(By;) =0, A(Byj) = A(C)) =2, A(D) = 4. (B.5)

The form factors are not independent as they carry a representation of the permutation group.
The symmetry properties follow from the symmetry of the 3-point function,

(Vi (p)VH2 (p2) V2 (p3)) = (VFO (Pr1) )VH® (Do) )VH® (D (3))) (B.6)

for any permutation o of the set {1,2,3}. The action of the permutation o on a given form
factor F'is

F = F(p,1), Po(2) Po(3))- (B.7)

By applying the symmetries to the decomposition (B4) and requiring the invariance of the
entire correlation function, we find

A =0, D =D,
Asj = (~1)7 AL Gy = (-1)7C57),
Byj =B, (B.8)

where (—1)? denotes the sign of the permutation o. The vanishing of the form factor A; is
related to the well-known fact [34] that a 3-point function of any Abelian conserved current in a
CFT vanishes. Here, however, the current is not conserved and the theory is only assumed to be
scale invariant. Hence, the remaining parts of the correlation functions can be non-vanishing.
The decomposition (B4 can be expanded into a basis of simple tensors such as ph* pgu i,
drir2ph® - ete. As discussed before, we may choose two out of three independent momenta to

appear under each Lorentz index. We stick to the rule (B.2)), now applied to Lorentz indices j;
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instead of o, j = 1,2,3. In this case it is relatively easy to connect the form factors appearing
in (B.4]) to the coefficients of simple tensors. In particular we find

I(VH (1) VH2(pg) VH3 (p3)) = 0 X ph' p5?ph® + AgzdH1H2pl®
5ﬂ1ﬂ2pﬂ3
+ T?’ [Bos + % Ass(pT — p3 + p3)]
3
Py 5 ph°
3
Py Db ph?
722 223~ [2(C1 + Bay — Bas) + (Bis + Ao (p3 + p3 — p?)
PoP3
+ (Bia + Ao — Ag3)(pF — p3 + pg)]
w1, g2, (3

Piph2p
— 22— [4D + 2(Cy + Ba)(pi + p3 — p3)

Ap3p3p3
+ 2(Cy + Bas)(ps + p3 — pi) + 2(Cs + Ba1)(pT + p3 — p)
+ (A2t + Bi2)(p? + p3 — p3) (P} — P53 + 13)
+ (Agz + Bi3)(—pi + p3 + p3) (01 + 15 — p3)
+ (Ags + Bu1)(—pf + p3 + p3) (P} — p3 + p3)]
+ ... (B.9)

+ [B13 + A — Agi]

+

where the omitted terms do not contain the tensors listed explicitly. The only terms that may
contain scale violating expressions are terms of non-negative scaling dimension, as follows from
the locality of anomalies. Since the total dimension of the correlation function is Ay = 1,
such terms cannot appear in front of a tensor containing three momenta. Therefore, while
the coefficients Bj3, A2; and Ay may contain logarithms, the combined coefficient of ph' ph®ph?
cannot. Hence the third line of (B.9)) requires that 59 B13 = 65 A9 — 8, Ags. One can substitute
this result back to (B.9) and read off the equation following from the requirement that the

coefficient of ph' ph°ph® is scale invariant. Using the symmetry properties (B.8]) one finds

. . . 1 .

05C1 = 05 Baz — 65 B2z — 5(?5 +p3 — pi)do Aa1. (B.10)
Finally, this result together with the requirement that the coefficient of p{" p5?p5® in (B.9) is
scale invariant leads to

) 1 ) ) .

00D =3 (0% = P8 = 300 Bay + (03 — pF = )00 Bas + (0 — pF — 0o Bas| . (B11)
We can further constrain the form of scale violating part of the form factors By; by looking at the
symmetry properties (B.8]). Specifically, consider the form factor Bas, which is antisymmetric
under the exchange p; <> p. From (B.A) one sees that its scaling dimension equals two and
hence its most general scale violation is

0y Bas = cp? + c1(p3 — pd), (B.12)

where ¢ and ¢; are two undetermined constants. The scale violations 50B21 and 30322 follow
from (B12) using (B.S). By substituting back to (B.II)) one finds that the terms with ¢; cancel
out and the most general form of the scale violation in the 3-point function of the trace of the
stress-energy tensor is,

0o (T(p1)T(p2)T(p3)) = 06D = —3coJ?, (B.13)

where J? is given by ([3:2). Our analysis shows that the scale violating terms in the 3-point
function of (T'T'T) in any scale invariant theory in d = 4 is constrained to take the form (5.8]).
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The value of the undetermined coefficient ¢ (i.e. that it is equal to -4depr) cannot be determined
without further input, such as the Wess-Zumino action.

A similar method can be applied to the 4-point function of the virial current. In this case,
however, the computation is much simpler. This is due to the fact that the total dimension
of (VM VH2YE3YH4) in momentum space equals zero and hence the only scale violating form
factors are those multiplying simple tensors containing metrics only. Due to the symmetry of
the correlation function, there exists a unique tensor (6.2]) with such properties and the scale
violation must take the form

~

50 <<Vﬂ1 (pl)vuz (pz)vﬂ?) (pg)VlM (p4)>> = co (5#1#25#3#4 + OH1H3 JH2H4 + 5#1#45#2#3) , (B14)

for some numerical constant c. Therefore, based on Lorentz and scale invariance as well as the
locality of anomalies one can deduce that the most general form of the scale violation in the
4-point function of the trace of the stress-energy tensor reads

0o (T'(p1)T (P2)T(P3)T'(P4))) = cox
X [(p1 - P2)(Ps - P4) + (P1 - P3)(P2 - P4) + (P1 - P4) (D2~ P3)] - (B.15)

This form of the 4-point functions was confirmed by direct calculations in sections and
The value of the undetermined coefficient ¢ (i.e. that it is equal to -8(epr + c3e2/4)) cannot be
determined without further input, such as the Wess-Zumino action.

C Calculations with g, = (1 + ¢)%0,.

In this section we outline the result of calculations of the 3- and 4-point functions in the repre-

sentation of the metric
9w = %0, Q=1+¢ (C.1)

In this representation the Ricci scalar reads
R[Q?%6,,] = —(d — 1) [2Q79%Q + (d — 4)Q7(09)?] (C.2)
and for the trace of the stress-energy tensor we find

o 0 o 0 -1 68

Qm = —2gM Sy G = 5o = Qi iz (C.3)
Furthermore, the interaction action ([B.30) may be parametrised as
Sint = /d% [T + CLVH 4+ ¢202 + ¢oO4 + . ..
+ 507 (ST + & 02Oy + ¢ O) + 565 (9)? O
+3EC,Cr Oy + F PP 4. (C.4)
By expanding p = —7 + %7’2 — %7’3 + O(1%), one finds
c§ =¢85 = co, & =cf =0, =1, cg,‘?)w = -2 (C.5)

These results can be recovered by independent calculations following the same lines as in the
main text. Furthermore, since the reparametrisation of the metric does not alter other couplings,
the result for correlation functions involving the virial current remains unchanged.
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C.1 (TTT)

We follow the same steps as in section [l In the new parametrisation

(5T(CC1) N 525th

5(,0(562) —(d— 1)(5(5(31 — CCQ)T— —(5(,0(331)5(,0(562) (Cﬁ)
and hence the counterpart of (B.4]) reads
BW
DT @) = 5 oot g e
+ f [0(wr — 22)(T(22)T(23)) + 0(w2 — w3) (T (23)T (1)) + 0(3 — 901)<T(901)T(9022>(]J- |
7

The scale violation from the Wess-Zumino action, however, is different in the new parametrisa-
tion of the metric. In total one finds,

0o (T (p1)T (p2)T (p3))) = 20errJ? — 20(c7. = Verr(p + p3 +p3), (C.8)

where J2 is defined in (8:2)). By comparison with the result obtained by means of the correlation
function involving the virial current, one comes to the conclusion that ¢f. = 1, in agreement with
(CH). The change in the value of ¢7. is directly related to a different form of the contribution
from the Wess-Zumino action ([B.I3]) as the effect of the reparametrisation of the metric.

C.2 (TTTT)

In case of the 4-point function, the counterpart of the expression (6.8)) reads

B SWw
dp(@1)dp(x2)dp(w3)d0 ()

(T(z1)T (x2)T (23)T (T4))

6251nt .
+ _<WT($3)T($4)> +5 permutatlons]
52 it 52 S, }
— + 2 permutations
| Solen)bo@n) bol@s)bp(@n) T 2P
[ 5351nt :|
+ T(x4)) + 3 permutations| . C.9
ol oot@a)oatms) . ) 3P (©9)

As we can see the only difference between this expression and (G.8]) - apart from the reparametri-
sation of the interaction action (C.4)) - is the change in the sign of the last term. However, the
contribution from the Wess-Zumino action reads now

64
0sSwz) = —120epr p?pz. C.10
AT T : 1§;§4 ’ (€10

This expression vanishes in the on-shell limit as noticed in [25]. Therefore, by the optical
theorem, one could argue that the 4-point function in (C.9) becomes semi-local in the forward
scattering limit. Nevertheless, due to a non-zero value of the constant ¢? in the action (C4),
the local terms in (C9)) contribute non-trivially to the scale violation. In particular, with ¢f =1
as found in the previous section,

N 5% Sint
o oty L P = —20(c5)*exn(py - - py) + 20err X
<<5(P(P1)5<P(P2) (p3)T(Pa))) (c3) e22(p1 - P2)(P3 - Pa) T
X [=(p1 +po)" —p5 —pi+2(p1 + P2)’p3 + 2(py + p2)’p} + 203p7] (C.11)
Iy 625 t (525 t 4
0o in in — _90e + — 95 ()26 ) ). (C.12
S ot )00 ) 5@(1@3)5@(104)» r7(P1+ P2) (c3) e22(p1 - P2)(P3 - p4), (C.12)
N 6351[113 (3)
o T(py) = ~20¢p errpi. C.13
o opayintay) . P = ~2oer “errri (©13)
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When combined, one finds

e (T(p1)T (po)T(P3)T(Py))) = —80 (err + Lcdeas) x
X [(p1 - P2)(P3 - Ps) + (P1 - P3) (P2 - Ps) + (P1 - P4) (P2 - P3)]

3
— doery (1+37%) x (ot +p3 + pd + pd) - (C.14)
For this expression to agree with (G.5]) one needs cg;’)‘p = —2, in agreement with (C.H). This

calculation confirms the result in the main text.

D Multiple scalar operators

In this appendix we discuss the case of multiple scalar operators of dimension two and four.
Consider a theeory with n scalar operators O, i = 1,2,...,n of dimension two and N scalar
operators O, I = 1,2,..., N of dimension four (in addition to the trace of the stress-energy
tensor). All normalisation constants introduced in (&I]) - (6] carry now additional indices,
e.g., €5, eiT and so on.

First we will argue that by adding an appropriate improvement term one can make all
off-diagonal 2-point functions of the trace of the stress-energy tensor and scalar operators of
dimension two and four vanish. To show this let us consider the (n + N + 1)-dimensional vector

space spanned by the independent vectors ordered as follows
{0201,0%03,...,0°0%, T, OL,0%,...,0N}. (D.1)
Introduce a scalar product given by the matrix of the 2-point functions
622j2 eéT e5)
M = 632? err e |- (D.2)
I IJ
€1 i €1
The matrix M is symmetric and non-negative defined, due to reflection positivity applied to the

state
V) = o' Of(2)|0) + 5904 ()[0) + 7T ()|0), (D-3)

for arbitrary af, #* and . If M has null vectors, then some of the operators in the basis (D.))
are linearly dependent. The operator given by such a linear combination essentially vanishes,
due to the reflection positivity condition on its 2-point function. Therefore, we may remove all
null operators and assume that M represents a non-degenerate scalar product. Hence, by the
Gram-Schmidt orthogonalisation procedure one can find an orthogonal basis

(9208, 0202, ... 0°00, T, OF,0%,..., 0 (D.4)

related to (D.I)) by the lower-triangular matrix with ones on the diagonal,

9204 AL 00 920}
T o= 4 1 0 T, (D.5)
oy Ay Ay Al of

where A; and A{, are lower-triangular square matrices satisfying A! = Af = 1 and A; and
Ay are some vectors. Therefore, when the matrix in (D.5)) is applied to the set of operators
{0}, T, 0L} the resulting operators {04, T’, O } have their off-diagonal 2-point functions vanish
by definition, so indeed we could assume

ij _ ij i Ij _ sIJ I i _ i
Csp = 0o, €y = 07y, egq = eyp = eqp = 0, (D.6)
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where e, and e}, are positive constants for any i =1,...,nand I =1,..., N.
This construction works in any reflection positive QFT. We now want to show that the
orthogonalised operators can be realised by using the following improvement term, generalising

(m?

as = [dleyg | S €0is+ Y e10i00 + ST+ 3 06,04+ Y " akod |
i il I i.j 1,J
(D.7)
where ¢f) and ¢} denote sources of the original operators O} and Of. The two additional terms
involving the parameters %/ and 7!’ are responsible for the mixing among the operators of
dimension two and four. In this case equations (£.24)) - (£.20) generalise to

O% imp 77ij + 5ij 0 0 O%
Tmp | = £19? 1 0 T |. (D.8)
Oz{ mp é-lila2 §/II nIIJ 4 5[] 021]

By comparing this expression to (D.B) we see that we can choose &%, ¢ " n and 1!’ such
that we implement the Gram-Schmidt procedure.

The remaining calculations presented in this paper remain valid with obvious changes. The
interaction action (3.30) reads

Sint = /d4ac (7T + C,V* + 505 + ¢40; + . ..
+ 7% (erT + 50204 + ci@i) + ch(07)* 0%
+180,0m08+ .. ], (D.9)
with all ¢ constants acquiring respective indices. Then the following changes follow:

e In sections and [(£.3] we discussed 3-point functions involving a single scalar operator.
All results remain valid when the appropriate indices are introduced. In particular one

finds
di=0 d=0  &=& (D.10)
fori=1,2,...,nand I =1,2,...,N.

.

e The scale violation (D.II) in the 4-point function of the trace of the stress-energy tensor
receives a contribution from all operators of dimension two according to,

00 (T(p1)T(p2) T (p3)T(pa))) = —80 <€TT + %Z(C§)2€§2> X
i=1

X [(P1-P2)(P3 - Ps) + (P1 - P3)(P2 - Pa) + (P1 - Pa) (P2 - P3)] - (D.11)

Therefore all conclusions we reached in section remain valid.
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