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1 Introduction

It has been a long standing conjecture that every unitary scale invariant quantum field

theory (SFT) in four spacetime dimensions is automatically conformally invariant. While

in d = 2 spacetime dimensions scale invariance together with unitarity implies conformal

invariance [1, 2],1 the problem has remained open in higher dimensions. Evidence that the

conjecture may hold in four dimensions was presented in [4] while candidate counterex-

amples [5–7] were shown to actually be CFTs in [8, 9]. As in the two-dimensional case,

there is a connection between RG-flow and properties of the Wess-Zumino action [10, 11]

(see also [12, 13]), the a-theorem, [14, 15], and the scale vs conformal invariance problem.

The conjecture is known to hold under some additional assumptions, for example for any

scale invariant theory which is obtained by weakly coupled renormalisation group (RG)

flows [8, 13]. On the other hand, the conjecture does not hold for non-unitary theories as

there are counterexamples [16]. A less known counterexample is that of topological quan-

tum field theories [17]. Such theories however do not have local degrees of freedom. There

are other counterexamples but all of them are somewhat special: theories without a stress

energy tensor [4], free (d − 2)-forms in d-dimensions,2 Maxwell theory in d 6= 4 [20, 21],3

free high-spin theories [19]. Discussions of the conjecture in dimensions other than four

can be found, for example, in [20, 21]. Early literature on this topic includes [22, 23] and

for recent reviews (and a more comprehensive list of references) we refer to [20, 24].

Recently, two papers [25, 26] argued that the conjecture holds in four spacetime di-

mensions.4 In [26] the structure of the scale anomaly in the 3-point function of the trace of

the stress energy tensor was analysed and argued that such anomaly is not consistent with

OPEs. We will revisit this argument here and show that the inconsistency disappears after

including possible contributions from semi-local terms. In [25] the authors argued that in

SFTs obtained by RG flows an infinite number of matrix element must vanish in a suitable

kinematical configuration. The vanishing of these matrix elements is a necessary condition

for conformal invariance and the authors argued that it is also a sufficient condition. We

attempted to strengthen this argument by combining it with the structure of anomalies.

The 4-point function of the trace of stress energy tensor has a non-trivial anomaly which

is non-vanishing in the on-shell forward scattering limit. If one were able to show that the

4-point function of the trace of stress energy tensor, including semi-local terms, vanishes in

this kinematical limit or that the anomaly cannot be supported by semi-local terms alone

then one would conclude that the scale anomaly coefficient must vanish and (as we will

argue in detail later) this would imply that the SFT is a CFT. However, the vanishing of

the dilaton amplitudes only implies that the 4-point function of the trace of stress energy

1See however [3] for a counterexample where some of assumptions of [2] do not hold.
2Such a form can be dualized to a free scalar φ with a shift symmetry φ → φ+ const. The improvement

term,
∫
Rφ2, that would make the theory a CFT is not compatible with the shift symmetry and thus these

theories are scale but not conformally invariant.
3In this case there is a Weyl invariant extension [18] but the model is not gauge invariant.
4Note added: [26] was withdrawn after our paper appeared on the arXiv (for the reasons we explain in

this paper, see also [27]). We will however leave the reference to [26] as this provides the context of some

of our discussions.
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tensor is semi-local (in the on-shell forward scattering limit) and moreover it turns out that

the anomaly can be supported by semi-local terms alone so one cannot conclude (based on

these considerations alone) that the SFT is a CFT.

This paper is organized as follows. In the next section we discuss in more detail

the conclusions one can draw for the scale vs conformal problem from the structure of

scale anomalies. The rest of the paper is devoted to the derivation of the structure of

scale anomalies. In more detail, after a discussion of the setup in section 3 we proceed

in sections 4, 5, 6, 7 to analyse the anomaly in 2-, 3-, 4- and higher point functions. In

particular, we calculate the most general form of the scale violation in the following 3- and

4-point functions: 〈TTT 〉, 〈TTO2〉, 〈TTO4〉, 〈TTTT 〉, where O2 and O4 denote operators

of dimensions two and four respectively. Since T = −∂µV
µ, where V µ is the virial current

(defined in (2.1)), one can compute these correlation functions in two different ways: either

directly or by calculating corresponding correlation functions involving the virial current.

By comparing the results obtained by the two methods, one can impose strong conditions

on the structure of the SFT. We conclude in section 8.

We relegate many results which are of technical nature and alternative derivations to

four appendices. In appendix A we discuss subtleties in the relation between the short-

distance/large momentum limit and OPEs in momentum space, in appendix B we present

an alternative derivation of the scale anomaly for the 3- and the 4-point function which

does not use the Wess-Zumino action and in appendix C we compute the anomaly in 3- and

4-point functions using a different parametrisation for the dilaton. This parametrisation

has the feature that the contribution of the Wess-Zumino action vanishes and the entire

contribution to the scale anomaly is manifestly due to semi-local terms. In appendix D we

discuss a generalisation of our results to the case of the theory containing multiple scalar

operators of dimension two and four.

2 Are unitary scale invariant theories conformal?

The standard approach to the problem of enhancing scale invariance to conformal invariance

is based on the analysis of improvement terms. In a scale invariant theory the Noether

current associated with scale transformations takes form

jµ = Tµ
ν x

ν + V µ, (2.1)

where Tµν denotes the stress-energy tensor and V µ is called the virial current. The con-

servation of the scale current implies T = −∂µV
µ. It can be shown [2] that if the virial

current is a total derivative, i.e., if

V µ = ∂αL
µα (2.2)

for some tensor Lµα, then the stress-energy tensor may be redefined to be traceless, hence

implying that the theory is conformally invariant.

(Non-anomalous) scale invariance implies that the 2-point function of the trace of the

stress-energy tensor is determined up to a constant and is given by

〈T (p)T (p′)〉 = (2π)4δ(p+ p′)2eTT p
4, (2.3)
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where eTT is a constant (the factor of 2 is for later convenience). This correlator however

is local and may be removed by a local counterterm (see below). A non-trivial example

of a SFT exhibiting this behavior is given by topologically twisted N = 2 SYM in four

dimensions [17]. After the topological twist the stress-energy tensor is BRST-trivial ex-

plaining the triviality of (2.3) (actually all correlation functions of the stress-energy tensor

are trivial). Topological QFTs are special as they do not have local degrees of freedom. In

the remaining of this paper we will focus on theories with local degrees of freedom.

In order to obtain a SFT with local excitations and non-zero T (if such a theory exists)

the scale transformations must be anomalous. The form of the 2-point function is uniquely

fixed by (the now anomalous) scale invariance and it may be obtained by dimensionally

regularising (2.3), d = 4− ǫ, and taking eTT to be singular in ǫ, eTT → eTT /ǫ. Expanding

in ǫ, the regulated expression reads

〈T (p)T (p′)〉reg = (2π)4δ(p+ p′)

[
2eTT p

4

ǫ
− eTT p

4 log p2 +O(ǫ)

]

, (2.4)

The 2-point function now requires renormalisation and the divergence may be removed by

the counterterm

Sct =

(
eTT

ǫ
+ e

(0)
TT

)∫

d4−ǫx 1
36R

2µ−ǫ. (2.5)

The value of the divergent term is directly related to the normalisation constant of the

2-point function while the value of the finite piece may be adjusted as will. This leads to

the renormalised correlation function

〈T (p)T (p′)〉 = (2π)4δ(p+ p′)

[

−eTT p
4 log

p2

µ2
+ elocTT (µ)p

4

]

, (2.6)

where elocTT (µ) is a scheme dependent constant.

The scale (or dilatation) symmetry may be gauged and the resulting theory becomes

classically Weyl invariant. The counterterm (2.5) is not Weyl invariant and requires the

addition of appropriate terms. The Weyl invariant form of the counterterm is

Sct =

(
eTT

ǫ
+ e

(0)
TT

)∫

d4−ǫx
(
1
6R+∇αC

α − CαC
α
)2

µ−ǫ, (2.7)

where Cµ denotes the source for the virial current V µ and under Weyl transformations one

has δσCµ = ∂µσ. At the quantum level the Weyl symmetry is anomalous.

The anomaly can be represented in terms of the Wess-Zumino action, i.e., one can

divide the generating functional of connected graphs W into a Weyl invariant part WWI

and an anomalous part WA, W = WWI +WA,

WA[e
2σgµν , Cµ + ∂µσ, . . . ] = WA[gµν , Cµ, . . . ] + SWZ[gµν , Cµ, . . . ;σ] (2.8)

where the dots indicate sources for operators other than Tµν and V µ. The most general

parity-even form of the Wess-Zumino action involving the metric and the gauge field Cµ

– 4 –
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reads [8, 26],

SWZ[gµν , Cµ;σ] =

∫

d4x
√
g

{

−a

[

σE4+ 4

(

Rµν− 1

2
gµνR

)

∂µσ∂νσ − 4(∂σ)2�σ + 2(∂σ)4
]

+ cσW 2 − eσΣ2 + fσCµνC
µν

}

, (2.9)

where σ is the dilaton, E4 denotes the Euler density, W
2 is the square of the Weyl tensor and

Σ =
1

6
R+∇µC

µ − CµC
µ, (2.10)

Cµν = ∂µCν − ∂νCµ. (2.11)

The coefficients a and c are the standard conformal anomaly coefficients of a CFT. The

coefficient f is also a standard CFT anomaly coefficient due to conserved currents. What

is new in SFTs that are not CFTs is the e anomaly.

We now want to relate the coefficients in the Wess-Zumino action with coefficients in

correlation functions. On one hand, the Wess-Zumino action may be related to the anomaly

in the Weyl Ward identity. With sources for operators other than the stress-energy tensor

and the virial current turned off, the identity reads

δσSWZ = δσW =

∫

d4x
√
gσ

(

−2gµν
δ

δgµν
−∇µ

δ

δCµ

)

W

=

∫

d4x
√
gσ〈T +∇µV

µ〉, (2.12)

where δσSWZ denotes the terms in SWZ that are linear in σ. On the other hand, one finds

δσ〈T (x1)T (x2)〉 = 8σ〈T (x1)T (x2)〉+

+
−2

√

g(x1)
gµν(x1)

δ

δgµν(x1)

(

−2
√

g(x2)
gρσ(x2)

δ

δgρσ(x2)
δσSWZ

)∣
∣
∣
∣
∣
gµν=δµν

. (2.13)

The first term captures the classical scaling of the 2-point function (in a flat background

〈T (x1)T (x2)〉 ∼ |x1 − x2|−8) while the second term represents the scale violation of the

2-point function. By evaluating this expression in momentum space one finds that the

e-anomaly is equal to the normalisation constant (2.6) of the 2-point function 〈TT 〉 in the

SFT, e = eTT .

While in conformal theories e = 0, in SFTs e may be a priori non-vanishing. The

converse also holds: if e = eTT = 0, then in unitary theories T = 0 and the scale invariant

theory becomes fully conformal. Thus, a sufficient and necessary condition for a SFT to a

CFT is that eTT = 0.5

In this paper we analyse properties of the SFTs in momentum space. For correlation

functions of scalar operators O1, . . . ,On of dimensions ∆1, . . . ,∆n scale invariance implies

〈O1(e
σp1) . . .On(e

σpn)〉 = e[
∑n

j=1 ∆j−nd]σ〈O1(p1) . . .On(pn)〉+An(σ), (2.14)

5If the SFT has a dimension two operator O2 then the condition is, eTT = e22T /e22, where e2T and e22
are normalisation in the 2-point functions of T and O2, see (4.4) and (4.2). When this condition holds one

may improve T such that the new T vanishes, see the discussion in section 4.1.
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as we will discuss in the following section. When expanded, the leading term in σ consists

of two parts: a classical part and an anomalous part, as in (2.13). Since we are interested

in the anomalous term An(σ), we may remove the classical piece by defining infinitesimal

scale transformation

δ̂σ〈O1(p1) . . .On(pn)〉 =
d

dσ

(

e−[
∑n

j=1 ∆j−nd]σ〈O1(e
σp1) . . .On(e

σpn)〉
)
∣
∣
∣
∣
σ=0

, (2.15)

which picks up the leading term in σ from the anomaly An(σ). If no anomalies are present,

δ̂σ〈O1(p1) . . .On(pn)〉 = 0.

Using the relation between the Wess-Zumino action and (2.13) it was argued in [26]

that eTT = 0 in any SFT, due to the consistency between the Wess-Zumino action and the

OPE of the stress-energy tensor. As we will show in section 5.1, the scale violation of the

3-point function of the trace of the stress-energy tensor is uniquely determined and reads

δ̂σ〈T (p1)T (p2)T (p3)〉 = (2π)4δ(p1 + p2 + p3)× 2σeTTJ
2, (2.16)

where

J2 = −p41 − p42 − p43 + 2p21p
2
2 + 2p21p

2
3 + 2p22p

2
3. (2.17)

In deriving (2.16) we used the fact (derived in section 4.2) that one can always add an

appropriate improvement term such that all off-diagonal 2-point functions of the trace of

the stress-energy tensor and scalar operators O2,O4 of dimensions two and four vanish,

〈T (p)O2(p
′)〉 = 〈T (p)O4(p

′)〉 = 〈O2(p)O4(p
′)〉 = 0. (2.18)

In [26] the following OPE argument was used to argue that such a scale violation in

the 3-point function is not possible in any SFT. The argument is based on the observation

that in position space the OPE implies that for x1 → x2,

〈T (x1)T (x2)T (x3)〉 ∼
1

|x1 − x2|8−∆O

〈O(x2)T (x3)〉+
xµ1 − xµ2

|x1 − x2|9−∆K
〈Kµ(x2)T (x3)〉+ . . .

(2.19)

where O and Kµ are the scalar and vector operators of the lowest dimension contributing to

the OPE. Then the Fourier transform of this expression is compared to the large momentum

limit p1 ∼= p2 ≫ p3 of (2.16). It is argued that the momentum dependence obtained via

the OPE is such that the scale violation of 〈TTT 〉 cannot match (2.16) and thus eTT must

be equal to zero. Hence the theory is conformal.

The critical flaw in this argument is the assumption that the large momentum limit

q = p1 ∼= p2 ≫ p3 = p follows directly from the Fourier transform of the leading x1 → x2

behaviour in (2.19). In appendix A we argue that the correct large momentum expan-

sion reads

〈O1(q)O2(−q + p)O3(−p)〉 ∝







q∆1+∆2−∆3−dp2∆3−d (1 + o (p/q)) if ∆3 <
d

2

q∆1+∆2+∆3−2d (1 + o (p/q)) if ∆3 >
d

2

(2.20)

– 6 –
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up to proportionality factors. In special cases such as 2∆3 = d, logarithms can appear

as well. We will not list all possibilities since we are interested in explaining why the two

forms appear in the generic case.

The behaviour presented in the first line of (2.20) will be called a naive OPE behaviour,

since it follows directly from the Fourier transform of the appropriate OPE term. Indeed,

if the OPE reads

O1(x1)O2(x2) ∼
C123

|x1 − x2|∆1+∆2−∆3
O3(x2) + . . . (2.21)

then it would be natural to expect that the leading large-momentum behaviour follows

from the Fourier transform of the leading x1 → x2 behaviour of the 3-point function

〈O1(x1)O2(x2)O3(x3)〉 ∼
C123

|x1 − x2|∆1+∆2−∆3
〈O3(x2)O3(x3)〉. (2.22)

The Fourier transform of this expression leads to the first line of (2.20), since

∫

ddx e−ip·x 1

x2∆
=

πd/22d−2∆Γ
(
d−2∆

2

)

Γ(∆)
p2∆−d. (2.23)

This reasoning however is incorrect in general. While there is an interplay between

the large momentum limit p1, p2 ≫ p3 and the coincident limit x1 → x2, it is not as

straightforward as suggested by the naive OPE argument. Nevertheless, observe that the

term q∆1+∆2+∆3−2d in the second line of (2.20) is semi-local, i.e., up to a constant it is a

Fourier transform of the expression

δ(x2 − x3)
1

|x1 − x3|∆1+∆2+∆3−d

F7−→ p∆1+∆2+∆3−2d
1 (2.24)

and hence it is a Fourier transform of the distribution supported on the set of coincident

points. As was pointed out in [28] (and we discuss in detail in appendix A.3), the first

line of (2.20) represents the first non-local term in all cases, i.e., the term that in position

space is not supported on a set of coincident points.

Returning to the anomaly, notice that all terms in (2.16) can originate from Fourier

transforms of semi-local expressions, for example

δ(x2 − x3)
1

|x1 − x3|8
F7−→ p41 log p

4
1,

�x2δ(x2 − x3)
1

|x1 − x3|6
F7−→ p21p

2
2 log p

4
1. (2.25)

Including such semi-local terms one finds that the Weyl variation of 〈TTT 〉 can indeed

match the anomaly obtained from the WZ action and one cannot conclude that eTT = 0.

A different approach to the problem of enhancing scale invariance to conformal invari-

ance was undertaken in [25]. The authors analysed dilaton amplitudes defined as

An =
δnW

δϕ(x1) . . . δϕ(xn)
, (2.26)

– 7 –
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where ϕ is the scale mode of the metric, gµν = (1+ϕ)2δµν . The dilaton ϕ is a source for the

trace of the stress-energy tensor in the sense that it couples to T , Sint = −
∫
ϕT +O(ϕ2).

Then they argued that the imaginary part of these amplitudes must vanish in an on-shell

p2j → 0 and forward kinematics limit. Using the optical theorem they then concluded

that the entire amplitudes An must vanish in this kinematical limit (assuming this limit

exists, see [8] and [13] for a discussion of this point for A4)
6. This then suggests that

the interaction terms between the dilatons can be removed by a field redefinition and this

would be possible if there exists a local operator O2 such that Tµ
µ = �O2, concluding that

the SFT is a CFT.

While this argument is very suggestive it would be preferable to have a more clear-cut

proof. As mentioned earlier, a necessary and sufficient condition for a SFT to be a CFT

is that the anomaly coefficient eTT vanishes, so one may wonder whether the vanishing of

the dilaton amplitudes can be used to show that eTT = 0. The imaginary part of An in

the SFT should come from logarithmic terms. Thus if there is a non-trivial scale anomaly

which is proportional to eTT one may hope that the vanishing of the imaginary part of An

would imply eTT = 0.

We show in section 7 that there is no anomaly for connected 5- and higher point

functions of T . Furthermore, 3-point functions are trivial on-shell. Thus, we are left to

discuss 4-point functions. It turns out the anomaly for 4-point function is non-trivial and

is given by

δ̂σ〈〈T (p1)T (p2)T (p3)T (p4)〉〉 = −8σ

(

eTT +
1

4
c22e22

)

×

× [(p1 · p2)(p3 · p4) + (p1 · p3)(p2 · p4) + (p1 · p4)(p2 · p3)] . (2.27)

The constant e22 is the normalisation of the 2-point function of an operator O2 of dimension

two and c2 is a constant appearing in coupling of O2 with the dilaton and Cµ, see (4.2)

and (6.1). In particular, e22 ≥ 0 in any reflection positive theory and hence for the scale

violation in the 4-point function to vanish, one necessarily needs eTT = 0. Here again

we used the fact that the off-diagonal 2-point functions in (2.18) may be set to zero by

adding improvement terms. Note that this anomaly is non-vanishing in the on-shell forward

kinematics limit.

We now explain that despite the fact that the dilaton amplitude A4 vanishes, one

cannot conclude that eTT = 0. Recall that the trace of the stress-energy tensor is the

operator defined as

T =
2√
g
gµν

δS

δgµν
, (2.28)

6These papers used OPEs in order to control the behavior of the amplitude in momentum space. This

raises the question of whether the subtleties we uncover in the relation between OPEs and limits in momen-

tum space would affect their argument. While answering this question in full requires additional study we

note that the potentially dangerous contributions come from operators of dimension ∆ ≤ d/2 = 2 and for

those the naive OPE behavior provides the correct large momentum limit in 3-point functions, see (2.20)

(as noted above ∆ = 2 is special).

– 8 –
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and hence it is a functional of the metric and other sources as well. In particular,

〈T (x1) . . . T (xn)〉 = (−1)n
δnW

δϕ(x1) . . . δϕ(xn)
+ semi-local terms, (2.29)

and the semi-local terms cannot be disregarded as explained in section 6.2. It follows

that the vanishing of the dilaton amplitude in this kinematical limit only implies that

the correlators are purely semi-local (in this kinematical configuration). Moreover, the

anomaly (2.27) can be completely accounted by semi-local terms, as it is clear from the

computation in appendix C where all contributions come from semi-local terms.

While our analysis does not invalidate the reasoning of [25], we did not manage to

provide additional support for it. Of course, if one accepts that T = �O2 then it suffices

to look at the anomaly of the 3-point function to conclude eTT = 0. This is so because

for the anomalies to match the 3-point function of O2 would need to have a non-local

scale anomaly.

3 Set-up

3.1 Notation and kinematics

In the paper we work in Euclidean signature. We use bold letters to denote vectors, e.g.,

x, p and we define x = |x|, p = |p| and so on. Due to the momentum conservation,

any correlation function in momentum space carries a delta function. We use the double

bracket notation 〈〈−〉〉 to denote the omission of this delta function, i.e.,

〈O1(p1) . . .On(pn)〉 = (2π)dδ





n∑

j=1

pj



 〈〈O1(p1) . . .On(pn)〉〉. (3.1)

Despite the fact that the n-point function has n momenta listed as its arguments, only

n− 1 momenta is independent, since
∑n

j=1 pj = 0.

Due to Lorentz invariance, every 3-point function can be regarded as a function of

magnitudes of the three momenta pj = |pj |, j = 1, 2, 3. We will often encounter the

following combination of momenta,

J2 = −p41 − p42 − p43 + 2p21p
2
2 + 2p21p

2
3 + 2p22p

2
3 = 4 ·Gram(p1,p2), (3.2)

where Gram is the Gram determinant. For physical momentum configurations obeying the

triangle inequalities we have J2 ≥ 0, with J2 = 0 holding if and only if the three momenta

are collinear.

In the case of 4-point functions in d ≥ 4 spacetime dimensions, the correlators depend

on six scalars, which may be taken to be the scalar products pij = pi ·pj , i, j = 1, 2, 3, 4, and

i 6= j. While such a parametrisation is the most symmetric one, one can consider other

variables, for example four squares of momenta, p2j , j = 1, 2, 3, 4 and two Mandelstam

variables, say s = (p1+p2)
2 and t = (p1+p3)

2. Such variables turn out to be useful, since

the calculations simplify significantly in the forward scattering limit

t → 0, p2j → 0, j = 1, 2, 3, 4 . (3.3)

– 9 –
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3.2 Generating functional

In this paper we consider a reflection positive SFT. The set of operators that can mix with

the trace of the stress-energy tensor are the virial current V µ and scalar operators O2 and

O4 of dimensions two and four, respectively. By the unitarity bounds in SFT [26, 29], the

dimensions ∆s of operators of spin s are bounded from below by

∆s ≥







1 for s = 0,

2 for s = 1,

3 for s = 2

(3.4)

Furthermore, a scalar operator Φ of dimension one is necessarily a fundamental scalar

field, since its 2-point function satisfies �x〈Φ(x)Φ(y)〉 = 0. Since we can always decouple

a free theory (and moreover a free theory can be improved to be conformal) we assume that

∆0 > 1 for all scalar operators. In general the dilatation operator may not be diagonalizable

due to renormalization effects.

The SFT may be coupled to sources: the metric gµν , the source Cµ for the virial

current, and scalar sources φ2 and φ0 for the operators O2 and O4, respectively, and this

has the effect of gauging the scaling symmetry. In particular, under Weyl transformations

δσgµν = 2σgµν , δσφd−∆ = −(d−∆)σφd−∆, δσCµ = ∂µσ. (3.5)

The subscript on the scalar sources denotes their scaling dimensions. The source Cµ couples

to the dynamical objects via covariant derivatives,

∂µO 7→ DµO = (∂µ +∆OCµ)O, (3.6)

where ∆O is a scaling dimension of the operator O. The transformation property of the

gauge field Cµ implies that Dµ is a covariant derivative for scale transformations and thus,

for example, DµO transforms as a field with weight ∆O under Weyl transformations.

In this paper we assume that the dilatation operator is diagonalizable and the Weyl

transformation rules are given by (3.5). As discussed in [2] in general dilatations may not

be diagonalizable and the most general local transformations that are consistent with the

Wess-Zumino consistency condition may contain additional terms [11, 13]. It would be

interesting to extend our analysis to the general case.

In [8, 26] the most general form of scaling anomalies in the stress-energy tensor and the

virial currents in a SFT was obtained. If W denotes the generating functional of connected

correlators for the SFT with gauged scaling symmetry, then its Weyl transformation δσW

can be expressed as a variation of the local Wess-Zumino action δσSWZ. In this paper

we need to include operators of dimension two and four and such operators contribute to

scaling anomalies [11, 30].

We are interesting in computing the anomaly of the following correlation functions:

• 2-point functions of the trace of the stress-energy tensor T , the longitudinal part of

the virial current V µ and scalar operators of dimensions two and four.
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• 3-point functions of T and the longitudinal part of V µ with up to a single insertion

of the scalar operators.

• 4-point functions of T and the longitudinal part of V µ only.

An analysis of 2-point functions analogous to the one in section 2 implies that there are

scale anomalies in all possible 2-point functions. This implies that we should include all

possible dimension 4 terms that are quadratic in the sources with arbitrary coefficients. The

values of these coefficients are related to the normalisation constants of 2-point functions,

as we will discuss in section 4. Turning to cubic coupling now, we note that we are only

interested in 3-point functions with a single insertion of a scalar operator, thus the relevant

cubic couplings should be at most linear in φ0 or φ2. By dimensional analysis the relevant

terms in the Wess-Zumino action read

δσSWZ =

∫

d4x
√
gσ
[
(−eTT + e4TTφ0)R

2 − eE44φ0E4

− e22φ
2
2 − e44(�φ0)

2 + 2e2Tφ2R+ 2e24φ2�φ0 + 2e4TR�φ0 + . . .
]
.

(3.7)

Since we are interested in the correlation functions of the trace of the stress-energy tensor

rather than the entire stress-energy tensor, the square of the Weyl tensor may be omitted.

Furthermore, since the Euler density is a topological term, it does not contribute to the

2-point function of T .

By introducing the gauge field Cµ, one can gauge the Weyl transformations and extend

the action (3.7) to be fully Weyl-invariant. To this end let us define,

R̂ = 6Σ = R+ 6∇αC
α − 6CαC

α, (3.8)

R̂µν = Rµν + 2∇(µCν) + gµν∇αC
α + 2CµCν − 2gµνCαC

α, (3.9)

�̂ = �− 2Cα∇α (3.10)

and note that these objects transform homogeneously under Weyl transformations,

δσR̂ = −2σR̂, δσR̂µν = 0, δσ(�̂f) = −2σ�̂f + �̂(δσf). (3.11)

It follows that one can produce gauge invariant quantities by replacing un-hatted by hatted

quantities in (3.7). In particular, the gauged Euler density reads

Ê4 = W 2 − 2R̂2
µν +

2

3
R̂2, (3.12)

where W 2 is the usual square of the Weyl tensor, which transforms homogeneously un-

der Weyl transformations without any gauging. The gauged Weyl-invariant Wess-Zumino

action relevant for our analysis is then equal to

δσSWZ =

∫

d4x
√
gσ
[

(−eTT + e4TTφ0)R̂
2 − eE44φ0Ê4

− e22φ
2
2 − e44(�̂φ0)

2 + 2e2Tφ2R̂+ 2e24φ2�̂φ0 + 2e4T R̂�̂φ0 + . . .
]

.

(3.13)
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Due to the homogeneity of each separate term this action satisfies the Wess-Zumino con-

sistency condition trivially (for example δσ(
√
gR̂2) = 0 by construction.) We note how-

ever that there may exist a more general solution of the Wess-Zumino consistency con-

dition which involves adding additional terms in the transformation rules (3.5) and the

action (3.13). One may analyze this question by expanding the general solution of the

Wess-Zumino consistency condition in [11, 13] around a fixed point that is a SFT and

collecting all terms that are cubic in the sources. We leave such analysis for future work.

In the following sections we will consider higher-point correlation functions as well.

When (3.13) is restricted to the metric and the gauge field Cµ only, one recovers (2.9), and

hence it contains all terms relevant for computation of scale anomalies in the correlation

functions that involve T and V µ only.

3.3 Correlation functions

In this paper we are mostly interested in correlation functions of the trace of the stress-

energy tensor, the virial current and scalar operators of dimensions two and four. These

operators, after coupling to background fields, are defined by

Tµν =
2√
g

δS

δgµν
, T = gµνTµν , (3.14)

V µ =
1√
g

δS

δCµ
, O∆ =

1√
g

δS

δφd−∆
, (3.15)

Their 1-point functions with sources turned on are then defined as

〈Tµν〉s = − 2√
g

δW

δgµν
, 〈T 〉s = gµν〈Tµν〉s , (3.16)

〈V µ〉s = − 1√
g

δW

δCµ
, 〈O∆〉s = − 1√

g

δW

δφd−∆
, (3.17)

where the subscript s denotes the fact that the operators and their correlation functions

are considered with sources turned on. If the subscript is absent, then the correlation

function and the operator is considered in the theory with the sources turned off. For

example 〈Tµν〉 = 0 since the expectation values of 1-point functions vanish in a SFT, while

in general 〈Tµν〉s 6= 0 due to the sources.

The theory with sources turned on is Weyl invariant, up to anomalies, when one

transforms both the elementary fields and the sources. Let Φ be the elementary fields (we

suppress spacetime and internal indices) transforming under Weyl transformations as

δσΦ = −∆ΦσΦ (3.18)

Then (anomalous) Weyl invariance implies

δσSWZ =
〈∫

ddx
√
g

(

−1

2
Tµνδσg

µν − V µδσCµ −O∆δσφd−∆ − δL

δΦ
δσΦ

)〉

s

=
〈∫

ddx
√
gσ

(

T +∇µV
µ + (d−∆)φd−∆O∆ +∆ΦΦ

δL

δΦ

)〉

s
(3.19)
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where L is the Lagrangian (including the couplings to sources). This identity should hold

for any σ and we deduce the scale Ward identity,

〈T 〉s + 〈∇µV
µ〉s + (d−∆)φd−∆〈O∆〉s = ∆ΦΦ

δW

δΦ
+A. (3.20)

where A is the scale anomaly.

The field equation terms are due to the fact that the elementary fields transform non-

trivially under scale transformations. One may remove these terms by defining rescaled

elementary fields [31],

Ψ = Φ(det g)∆/2d (3.21)

which are Weyl invariant, δσΨ = 0. The stress energy tensor will now receive additional

contributions from the variation of the factors of (det g)∆/2d and the Ward identity will

not contain any field equations terms which now reads

〈T 〉s + 〈∇µV
µ〉s + (d−∆)φd−∆〈O∆〉s = A. (3.22)

The stress energy tensor used in this paper is the one obtained after this redefinition of the

elementary fields.

Now, let us take a second Weyl variation of SWZ and then set the sources to zero.

Using the fact that the Wess-Zumino action satisfies the Wess-Zumino condition and that

1-point functions vanish in a SFT we obtain,

0 =

∫

d4x1
√
gσ1(x1)

∫

d4x2
√
gσ2(x2)〈(T + ∂µV

µ)(x1)(T + ∂νV
ν)(x2)〉 (3.23)

Since this relation should hold for any σ1 and σ2 it follows that

〈(T + ∂µV
µ)(x1)(T + ∂νV

ν)(x2)〉 = 0 (3.24)

and therefore in a unitary SFT,

T + ∂µV
µ = 0, (3.25)

as an operator equation. This implies that we can compute correlation function of T either

by turning on a source for T or by turning on a source for V µ, compute the V µ correlators

and then act by ∂µ. This provides consistency conditions that fix some of the semi-local

terms that appear in the correlators.

The correlation functions of the trace of the stress-energy tensor may be computed by

fixing the background fields to

gµν = e−2τδµν , Cµ = 0, φd−∆ = 0. (3.26)

Indeed, one has

2gµν
δ

δgµν
=

δ

δτ
, T = edτ

δS

δτ
. (3.27)

We will also introduce a different parametrisations of the metric given by Ω = e−τ and

Ω = 1 + ϕ. The correlation functions of the virial current can be computed by fixing the

metric gµν = δµν . In terms of the variable τ the Ricci tensor in arbitrary dimension d reads

R[e−2τδµν ] = (d− 1)e2τ
[
2∂2τ − (d− 2)(∂τ)2

]
, (3.28)

which allows to express the generating functional in terms of τ .

– 13 –



J
H
E
P
0
8
(
2
0
1
4
)
0
2
7

Since Tµν is a functional of the metric and other sources, the functional derivatives

such as
δTµν

δgρσ do not vanish in general. The derivative may remain non-zero with sources

turned off, allowing us to define under expectation values
〈

δT

δgρσ
. . .

〉

def
=

〈
δT

δgρσ
. . .

〉

sources=0

〈
δV µ

δCν
. . .

〉

def
=

〈
δV µ

δCν
. . .

〉

sources=0

, (3.29)

where ‘. . .’ denote arbitrary operators and similarly for other operators.

In order to keep track of all terms with functional derivatives, we may package them

into an interaction action. In four dimensions, up to second order in the dilaton τ and the

gauge field Cµ and to linear order in φ2 and φ0 the most general form of the action for any

four dimensional reflection positive SFT reads [26],

Sint =

∫

d4x

[

τT + CµV
µ + φ2O2 + φ0O4 + . . .

+
1

2
τ2
(
cTT + c′2∂

2O2 + c4O4

)
+

1

2
c2(∂τ)

2O2

+
1

2
c̃2CµC

µO2 + . . .

]

. (3.30)

For clarity we consider here the case the SFT contains one operator of dimension two and

one operator of dimension four. A generalisation to the case of multiple scalar operators is

presented in appendix D. Other fields are excluded either by the unitarity bounds (3.4), or

can be connected to the terms present by integration by parts. This form of the interaction

action is valid in four spacetime dimensions and for reflection-positive theory only. In

particular one finds

δT (x1)

δτ(x2)
= 4Tδ(x1 − x2) +

δ2Sint

δτ(x1)δτ(x2)
, (3.31)

δV µ(x1)

δCν(x2)
= c̃2δ

µνO2δ(x1 − x2), (3.32)

where

δ2Sint

δτ(x1)δτ(x2)
=
[
cTT + c′2∂

2O2 + c4O4

]
δ(x1 − x2)

− c2
[
∂µO2∂

µδ(x1 − x2) +O2∂
2δ(x1 − x2)

]
, (3.33)

and the derivatives are with respect to x1.

3.4 Scale violations

Classically, every field in a SFT transforms under dilatations x 7→ eσx in a specific way

determined by its scale dimension. For a scalar field O of dimension ∆ the transformation

property reads

e−∆σO(e−σx) = O(x), (3.34)

for any constant σ. In the quantum theory, however, scale invariance may be violated by

logarithmic terms emerging from the renormalisation procedure. The failure of a given
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n-point function to be scale invariant is encoded in the anomaly term An. For correlation

functions of scalar operators O1, . . . ,On of dimensions ∆1, . . . ,∆n this implies

An(σ) = e−[
∑n

j=1 ∆j−(n−1)d]σ〈〈O1(e
σp1) . . .On(e

σpn)〉〉 − 〈〈O1(p1) . . .On(pn)〉〉 (3.35)

or infinitesimally, to leading order in σ,

δ̂σ〈〈O1(p1) . . .On(pn)〉〉 =
d

dσ

(

e−[
∑n

j=1 ∆j−(n−1)d]σ〈〈O1(e
σp1) . . .On(e

σpn)〉〉
)
∣
∣
∣
∣
σ=0

. (3.36)

This variation represents the anomalous contribution. It is equal to the scaling transfor-

mation δσ up to the classical contribution,

δσ〈〈O1(p1) . . .On(pn)〉〉s =



δ̂σ +





n∑

j=1

∆j − (n− 1)d



σ



 〈〈O1(p1) . . .On(pn)〉〉s. (3.37)

This follows from the definition (3.15), the Fourier transform, and the simple fact

δσ

(
1√
g

δ

δφd−∆

)

=
∆σ√
g

δ

δφd−∆
, (3.38)

where ∆ denotes the dimension of the operator sourced by φd−∆. In particular, since

δ̂σ acts on momenta or coordinates rather than sources, the variation δ̂σ commutes with

functional derivatives with respect to the sources,

δ̂σ〈O1(x1) . . .On(xn)〉 =
δn

δφ1 . . . δφn
(δσW ) . (3.39)

This implies that the scale violation in the n-point function may be calculated by turning

the sources off before the variation δ̂σ is calculated.

The discussion above leads to the conclusion that δ̂σ〈〈O1(p1) . . .On(pn)〉〉 = 0 if anoma-

lies are absent; otherwise logarithmic terms in the n-point function appear. In this paper

we are mostly interested in correlation functions of the trace of the stress-energy tensor. It

follows from the Wess-Zumino action that the only scale violating terms that can appear

have a single logarithm of a general form

F (p1, . . . ,pn) log
P (p1, . . . ,pn)

µ2
, (3.40)

where F is a homogeneous polynomial of degree
∑n

j=1∆j − (n − 1)d, where ∆j are the

scaling dimensions of the operators entering the correlator, P is a homogeneous polynomial

of degree two and µ is a renormalisation scale. Hence from (3.36) we find

δ̂σ〈〈O1(p1) . . .On(pn)〉〉 = −σµ
d

dµ
〈〈O1(p1) . . .On(pn)〉〉. (3.41)
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4 2-point functions

In this section we analyse the structure of 2-point functions in a SFT. We are mostly

interested in correlation functions of the stress-energy tensor Tµν , the virial current V µ,

and scalar operators O2 and O4 of scaling dimension two and four. The form of the 2-point

functions is uniquely determined by (the anomalous) scale invariance. The diagonal part

of the matrix of the 2-point functions is

〈〈T (p)T (−p)〉〉 = −eTT p
4 log p2 + elocTT (µ)p

4, (4.1)

〈〈O2(p)O2(−p)〉〉 = −e22 log p
2 + eloc22 (µ), (4.2)

〈〈O4(p)O4(−p)〉〉 = −e44p
4 log p4 + eloc44 (µ)p

4, (4.3)

while the off-diagonal part reads

〈〈T (p)O2(−p)〉〉 = e2T p
2 log p2 + eloc2T (µ)p

2, (4.4)

〈〈T (p)O4(−p)〉〉 = e4T p
4 log p2 + eloc4T (µ)p

4, (4.5)

〈〈O2(p)O4(−p)〉〉 = e24p
2 log p2 + eloc24 (µ)p

2. (4.6)

The normalisation constants defined here correspond to the constants featuring in the

Wess-Zumino action (3.13). Indeed, by taking two derivatives of the generating functional

with respect to the dilaton τ , (3.26), one finds,

〈T (x1)T (x2)〉 =
δ2W

δτ(x1)δτ(x2)
. (4.7)

Note that such a simple expression holds only after the sources are turned off.

The local, scheme dependent part of each correlation function can be adjusted by means

of finite local counterterms. In a reflection positive QFT the matrix of the normalisation

constants must be non-negative. Furthermore, if one of the eigenvalues vanishes, then the

corresponding operator is null. In particular if eTT = 0 (after we set to zero the off-diagonal

terms as discussed in the next subsection), then T = 0 and the scale invariant theory is

fully conformally invariant.

Furthermore, scale invariance requires that the source Cµ for the virial current appears

in a correlated way with the metric. Therefore, the normalisation constants of the 2-point

functions of the virial current with other operators are related with the corresponding

correlation functions of T . In particular,

〈〈O2(p)V
µ(−p)〉〉 = −ie2T p

µ log p2 + ieloc2V p
µ, (4.8)

〈〈T (p)V µ(−p)〉〉 = ieTT p
2pµ log p2 − ielocTV (µ)p

2pµ, (4.9)

〈〈O4(p)V
µ(−p)〉〉 = ie4T p

2pµ log p2 − ieloc4T (µ)p
2pµ, (4.10)

〈〈V µ(p)V ν(−p)〉〉 = −eTT p
µpν log p2 + elocTT (µ)p

µpν + transverse part. (4.11)

The transverse part of the 2-point function of the virial current is proportional to πµν =

δµν−pµpν/p2 and is not relevant for our discussion (which involve checking the implications

of the relation T = −∂µV
µ) because pµπ

µν = 0. Furthermore in this paper we are interested

in calculating scale violations in the correlation functions so from now on we will neglect

the local parts.
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4.1 Improvement term

Consider a SFT with eTT > 0 and at least one scalar operator O2 of dimension two with

e22 > 0 in the interaction action (3.30). The case of multiple scalar operators of dimensions

two and four is discussed in appendix D. The improvement term

∆S =
ξ

6

∫

d4x
√
gRO2 (4.12)

can be added to the action in such a way that the improved stress-energy tensor becomes

traceless. The improvement term does not alter the charges associated with the stress-

energy tensor and modifies the correlation functions only locally. The trace of the improved

stress-energy tensor reads

T 7→ Timp = T + ξ∂2O2. (4.13)

Clearly, if T = c∂2O2 for some constant c, then for ξ = −c the trace of the improved

stress-energy tensor vanishes. Otherwise, the 2-point function of the improved stress-energy

tensor reads

〈〈Timp(p)Timp(−p)〉〉 = 〈〈T (p)T (−p)〉〉−2ξp2〈〈T (p)O2(−p)〉〉+ξ2p4〈〈O2(p)O2(−p)〉〉. (4.14)

By using (4.1)–(4.6) we find that the 2-point function of the trace of the improved stress-

energy tensor vanishes if ξ satisfies the equation

eTT + 2ξe2T + ξ2e22 = 0. (4.15)

A solution exists if and only if

e22T − eTT e22 ≥ 0. (4.16)

Now we will show that such a condition can hold in a reflection positive theory if and only

if T is proportional to ∂2O2. To do it, consider the state |Ψ〉 defined as

|Ψ〉 = αT (x)|0〉+ β∂2O2(x)|0〉, (4.17)

where α and β are arbitrary complex numbers. Reflection positivity implies that the norm

〈Ψ|Ψ〉 must be non-negative. Poincaré invariance, together with the fact that complex

conjugation in an Euclidean setting corresponds to time reversal leads to the conclusion that

e22T − eTT e22 ≤ 0, (4.18)

in any reflection positive QFT. Therefore (4.16) and (4.18) are compatible (and then the

improvement term exists) if and only if e22T − eTT e22 = 0. In this case (4.17) implies that

states T (x)|0〉 and ∂2O2(x)|0〉 are linearly dependent, and so T = c∂2O2 for some c, and

the theory is conformal. We therefore assume from now on that

e22T − eTT e22 < 0. (4.19)
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4.2 Diagonalising the 2-point functions

We just argued that when (4.19) holds one cannot improve T . However, one can use the

improvement terms in order to fix the off-diagonal 2-point functions (4.4)–(4.6) to zero.

This is motivated by conformal field theories, where such correlation functions vanish. To

do it, consider a general form of the improvement term

∆S =

∫ √
g
[

ξO2Σ+ ξ′O2�̂φ0 + ξ′′φ0T
]

. (4.20)

The first term contains the previously considered improvement term (4.12), now written

in a Weyl invariant way. The existence of the improvement terms follows from the fact

that the dimension of the source for the operator O2 is the same as for the operator itself.

Therefore, one can introduce the improvement terms simply by exchanging one φ2 in favour

of O2 in the Wess-Zumino action (3.13). The improvement term modifies the operators in

the theory as follows,

Timp = T + ξ∂2O2, (4.21)

V µ
imp = V µ − ξ∂µO2, (4.22)

Oimp
4 = O4 + ξ′∂2O2 + ξ′′T. (4.23)

The off-diagonal 2-point functions of the improved operators vanish if the following system

has a solution

0 = e2T + ξeTT , (4.24)

0 = e24 + ξ′e22 + ξ′′e2T , (4.25)

0 = e4T − e2T (ξ
′ + ξξ′′)− ξe24 − ξ′′eTT − ξξ′e22. (4.26)

The solution exists if eTT e22 6= e22T and reads

ξ = − e2T
eTT

, (4.27)

ξ′ = −e2T e4T + e24eTT

e22eTT − e22T
, (4.28)

ξ′′ =
e24e2T + e22e4T
e22eTT − e22T

. (4.29)

As argued in the previous section the denominators of these expressions are non-vanishing

in any reflection positive QFT containing an operator of dimension two. Therefore we

have shown that in such a case one can always add an improvement and from now on

assume that

e2T = e24 = e4T = 0. (4.30)

If the operator of dimension two is absent in the theory, then already e22 = e24 = e2T = 0.

In this case the theory can be improved to e4T = 0 by a simple shift given by ξ′′. Therefore,

from now on, we assume that (4.30) holds.

Furthermore, if multiple scalar operators of dimension two and four are present in the

theory, one can generalise the procedure and show that all off-diagonal correlation functions
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vanish. We discuss the general case in appendix D. For clarity, in the main text of the

paper we assume that the theory contains at most one operator of dimension two and four

(other than the trace of the stress-energy tensor).

5 3-point functions

In this section we will analyse the structure of scale violating terms in the 3-point functions

〈TTT 〉, 〈TTO2〉 and 〈TTO4〉. We will compare the scale violations following from the Wess-

Zumino action (3.13) with possible scale violation in the analogous correlation functions

involving the virial current. Then the two expressions can be compared by means of the

relation T = −∂µV
µ.

5.1 〈TTT 〉

The correlation functions of the stress-energy tensor are defined as correlation functions

of the operator defined in (3.14). In particular, the relation between the actual 3-point

function of the trace of the stress-energy tensor and the triple functional derivative of

the generating functional with respect to the metric involves semi-local terms, i.e., terms

that in position space are supported on the set of coincident points. In all expressions

we can omit contributions from 1-point functions, since after turning off the sources they

vanish. However, we will carefully account for all 2-point functions including terms with

functional derivatives.

Using the parametrisation of the metric as gµν = e−2τδµν one finds,
(

−edτ(x1)
δ

δτ(x1)

)(

−edτ(x2)
δ

δτ(x2)

)(

−edτ(x3)
δ

δτ(x3)

)

W (5.1)

= 〈T (x1)T (x2)T (x3)〉s −
[

edτ(x1)〈δT (x2)

δτ(x1)
T (x3)〉s + 2 permutations

]

+ 1-point functions. (5.2)

Carrying out the derivatives on the left hand side, using (3.31) and then turning off the

sources we find

〈T (x1)T (x2)T (x3)〉 = − δ3W

δτ(x1)δτ(x2)δτ(x3)
(5.3)

+

[〈
δ2Sint

δτ(x1)δτ(x2)
T (x3)

〉

+

〈
δ2Sint

δτ(x2)δτ(x3)
T (x1)

〉

+

〈
δ2Sint

δτ(x3)δτ(x1)
T (x2)

〉]

,

where the interaction action Sint is given in (3.30). Due to the improvement terms intro-

duced in section 4.2, the only contribution to the 2-point functions comes from the 1
2τ

2cTT

term in the interaction action. Therefore,

〈T (x1)T (x2)T (x3)〉 = − δ3W

δτ(x1)δτ(x2)δτ(x3)

+ cT

[

δ(x1 − x2)〈T (x2)T (x3)〉+ δ(x2 − x3)〈T (x3)T (x1)〉

+ δ(x3 − x1)〈T (x1)T (x2)〉
]

. (5.4)
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The scale violation in the 3-point function can be computed from the Wess-Zumino action

and the expressions for 2-point functions. The result is

δ̂σ〈〈T (p1)T (p2)T (p3)〉〉 = 2σeTTJ
2 − 2σcT eTT (p

4
1 + p42 + p43), (5.5)

where J2 is defined in (3.2).

Next we can compare the scale violation (5.5) with the scale violation following from

the virial current. We follow the same procedure. First we expand the triple derivative of

the generating functional with respect to the source Cµ,

− δ3W

δCµ1(x1)δCµ2(x2)δCµ3(x3)
= 〈V µ1(x1)V

µ2(x2)V
µ3(x3)〉s

−
[〈

δV µ1(x1)

δCµ3(x3)
V µ2(x2)

〉

s

+ 2 cycl. perm.

]

+ 1-point functions. (5.6)

The functional derivatives can be read off from the action (3.30) using (3.32) and the scale

violation can be calculated by means of the Wess-Zumino action. In total one finds

iδ̂σ〈〈V µ1(p1)V
µ2(p2)V

µ3(p3)〉〉 = −4eTTσ [pµ1
1 δµ2µ3 + pµ2

2 δµ1µ3 + pµ3
3 δµ1µ2 ] . (5.7)

Using T = −∂µV
µ we find

δ̂σ〈〈T (p1)T (p2)T (p3)〉〉 = 2eTTσJ
2. (5.8)

By comparison of (5.5) and (5.8) we find that either eTT = 0 and the theory is

conformal, or cT = 0. Therefore, from now on we assume cT = 0.

Finally, we note that the most general form of the scale violation in the 3-point function

of the virial current can be derived using Lorentz and scale invariance and the fact that

anomalies are local. We present this alternative derivation in appendix B.

5.2 〈TTO2〉

In the forthcoming analysis of the 4-point functions we will also need to explore the conse-

quences of the relation between 〈TTO2〉 and 〈V µV νO2〉. Following the procedure described

in the previous section the scale violation in the virial current leads to

δ̂σ〈〈V µ(p1)V
ν(p2)O2(p3)〉〉 = −2σc̃2e22δ

µν , (5.9)

which results in

δ̂σ〈〈T (p1)T (p2)O2(p3)〉〉 = 2σe22c̃2p1 · p2. (5.10)

On the other hand the scale violation in the correlator involving the trace of the

stress-energy tensor can be computed directly from the Wess-Zumino action. In this way

one finds

δ̂σ〈〈T (p1)T (p2)O2(p3)〉〉 = 2σe22(c2p1 · p2 − c′2p
2
3). (5.11)

Using the relation p1 ·p2 =
1
2(p

2
3−p21−p22) we can rewrite the correlation function in terms

of the three independent magnitudes of momenta p1, p2 and p3. It follows that (5.10)

and (5.11) agree only if

c′2 = 0, c2 = c̃2. (5.12)
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5.3 〈TTO4〉

In this subsection we compute 〈TTO4〉 and 〈V µV νO4〉, where O4 denotes the operator

of dimension four, and find that the coefficient c4 in (3.30) must vanish, c4 = 0. This

3-point function receives a contribution from the term e4TT

∫ √
gφ0Σ

2 in the Wess-Zumino

action (3.13).

Taking three derivatives of the generating functional with respect to appropriate

sources we find

〈T (x1)T (x2)O4(x3)〉 =− δ3W

δτ(x1)δτ(x2)δφ0(x3)
(5.13)

+

[〈
δT (x1)

δφ0(x3)
T (x2)

〉

+

〈
δT (x2)

δφ0(x3)
T (x1)

〉

+

〈
δT (x1)

δτ(x2)
O4(x2)

〉]

.

The operator δT/δφ0 has dimension four and hence can be written in a basis of such

operators. However, the only operator in such expansion that can produce a non-zero

answer is the trace of stress the energy tensor (since we arranged for all off-diagonal 2-

point functions to be equal to zero). Therefore, using the Wess-Zumino action, one finds

δ̂σ〈〈T (p1)T (p2)O4(p3)〉〉 = −2σe4TT p
2
1p

2
2−2σCeTT (p

4
1+p42)−4σcE44J

2−2σc4e44p
4
3, (5.14)

where C is some numerical constant.

On the other hand, a similar calculation can be carried out using the virial current.

By taking three functional derivatives one finds

〈V µ(x1)V
ν(x2)O4(x3)〉

= − δ3W

δCµ(x1)δCν(x2)δφ0(x3)

+

[〈
δV µ(x1)

δφ0(x3)
V ν(x2)

〉

+

〈
δV ν(x2)

δφ0(x3)
V µ(x1)

〉

+

〈
δV µ(x1)

δCν(x2)
O4(x2)

〉]

.

(5.15)

The functional derivative of the virial current with respect to φ0 is an operator of dimension

three and hence we can write its most general form

δV µ(x)

δφ0(y)
= δ(x− y)

[
∑

k

akj
µ
k + b∂µO2

]

+ cO2∂
µδ(x− y), (5.16)

for some constants ak, b, c, where jµk is a set of currents of dimension 3 including possibly

V µ. This leads to

δ̂σ〈〈T (p1)T (p2)O4(p3)〉〉 = −2σe4TT p
2
1p

2
2 − 4σcE44J

2 − 2σeV j(p
4
1 + p42), (5.17)

where eV j is a total normalisation constant following from the sum of all 2-point functions

〈jµkV ν〉. Since the coefficient of p43 vanishes in this expression, by comparing with (5.14)

we obtain either e44 = 0 or c4 = 0. If e44 = 0, the operator O4 is null and may be set to
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zero. Otherwise, c4 = 0. In any case, in the computations to follow only the product e44c4
appears and this vanishes in both cases.

This cancellation can be explained as follows. Since T = gµνTµν , where Tµν is the full

stress-energy tensor with sources turned on, the only term containing the metric and the

operator O4 in Tµν can be gµνO4. However, now T = 4O4 and the functional derivative

with respect to the metric vanishes, hence c4 = 0.

6 4-point functions

In this section we follow the same procedure as before applied to connected 4-point func-

tions. We will compare the scale violations in the 4-point function of the trace of the

stress-energy tensor with the scale violations in the virial current.

In the previous section we found a series of conditions relating various coefficients in

the functional derivative terms and the interaction action (3.30). With all these conditions,

the action reads now

Sint =

∫

d4x

[

τT + CµV
µ + φ2O2 + φ0O4 + . . .

+
1

2
c2(∂τ)

2O2 +
1

2
c2CµC

µO2 + . . .

]

(6.1)

with an undetermined value of c2.

6.1 〈V µ1V µ2V µ3V µ4〉

We start by computing the scale violating terms in 〈V µ1V µ2V µ3V µ4〉. Since the total

dimension of this correlation function in momentum space equals zero, the scale violating

terms must be proportional to the unique symmetric tensor of dimension zero,

Sµ1µ2µ3µ4 = δµ1µ2δµ3µ4 + δµ1µ3δµ2µ4 + δµ1µ4δµ2µ3 . (6.2)

As in section 5.1, we first obtain the relation between derivatives of the generating

functional and the 4-point function:

〈V µ1(x1)V
µ2(x2)V

µ3(x3)V
µ4(x4)〉

=
δ4W

δCµ1(x1)δCµ2(x2)δCµ3(x3)δCµ4(x4)

+

[〈
δV µ1(x1)

δCµ2(x2)
V µ3(x3)V

µ4(x4)

〉

+ 5 permutations

]

−
[〈

δV µ1(x1)

δCµ2(x2)

δV µ3(x3)

δCµ4(x4)

〉

+

〈
δV µ1(x1)

δCµ3(x3)

δV µ2(x2)

δCµ4(x4)

〉

+

〈
δV µ1(x1)

δCµ4(x4)

δV µ2(x2)

δCµ3(x3)

〉]

−
[〈

δ2V µ1(x1)

δCµ2(x2)δCµ3(x3)
V µ4(x4)

〉

+ 3 permutations

]

. (6.3)

The second functional derivative of the virial current with respect to Cµ has dimension one

and hence it vanishes. By using equations (6.1) and (5.10) and the Wess-Zumino action
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one finds the scale violation

δ̂σ〈〈V µ1(p1)V
µ2(p2)V

µ3(p3)V
µ4(p4)〉〉 = −8σSµ1µ2µ3µ4

(

eTT +
1

4
c22e22

)

. (6.4)

Therefore the scale violation in the 4-point function of the trace of the stress-energy ten-

sor reads

δ̂σ〈〈T (p1)T (p2)T (p3)T (p4)〉〉

= −8σ

(

eTT +
1

4
c22e22

)

[(p1 · p2)(p3 · p4) + (p1 · p3)(p2 · p4) + (p1 · p4)(p2 · p3)] .

(6.5)

Note that this is an exact result and it is non-vanishing even in the forward scattering

limit (3.3),

δ̂σ〈〈T (p1)T (p2)T (p3)T (p4)〉〉
∣
∣
∣
p2j=0,t=0

= −4σs2
(

eTT +
1

4
c22e22

)

. (6.6)

This suggests that T may be a non-trivial operator in a SFT.

6.2 〈TTTT 〉

In this subsection we carry out the computation of the scale violating terms in the 4-point

function of the trace of the stress-energy tensor directly from the Wess-Zumino action.

The calculation is long but otherwise straightforward. As in previous sections, we start

by evaluating four functional derivatives of the generating functional with respect to the

dilaton. After turning off the sources one finds

(

−edτ(x1)
δ

δτ(x1)

)(

−edτ(x2)
δ

δτ(x2)

)(

−edτ(x3)
δ

δτ(x3)

)(

−edτ(x4)
δ

δτ(x4)

)

W

= 〈T (x1)T (x2)T (x3)T (x4)〉 −
[〈

δT (x1)

δτ(x2)
T (x3)T (x4)

〉

+ 5 permutations

]

+

[〈
δT (x1)

δτ(x2)

δT (x3)

δτ(x4)

〉

+

〈
δT (x1)

δτ(x3)

δT (x2)

δτ(x4)

〉

+

〈
δT (x1)

δτ(x4)

δT (x2)

δτ(x3)

〉]

+

[〈
δ2T (x1)

δτ(x2)δτ(x3)
T (x4)

〉

+ 3 permutations

]

+ d

[

δ(x1 − x2)

〈
δT (x2)

δτ(x3)
T (x4)

〉

+ 3 permutations

]

. (6.7)

The left hand side can be expanded and the result is then expressed in terms of functional

derivatives of the interaction action (6.1) using (3.31). Most terms cancel and one finds

〈T (x1)T (x2)T (x3)T (x4)〉 =
δ4W

δτ(x1)δτ(x2)δτ(x3)δτ(x4)

+

[〈
δ2Sint

δτ(x1)δτ(x2)
T (x3)T (x4)

〉

+ 5 permutations

]
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−
[〈

δ2Sint

δτ(x1)δτ(x2)

δ2Sint

δτ(x3)δτ(x4)

〉

+ 2 permutations

]

−
[〈

δ3Sint

δτ(x1)δτ(x2)δτ(x3)
T (x4)

〉

+ 3 permutations

]

.

(6.8)

The scale violation of the first term on the right hand side follows from the Wess-Zumino

action and reads

δ̂σ
δ4SWZ

δτ(p1)δτ(p2)δτ(p3)δτ(p4)

= −8σeTT [(p1 · p2)(p3 · p4) + (p1 · p3)(p2 · p4) + (p1 · p4)(p2 · p3)] . (6.9)

As we see that the scale violation from the Wess-Zumino action already matches the first

term in (6.5).

In order to proceed we need to first analyse the term with three τ -derivatives. This

term receives contributions from terms cubic in the dilaton in the interaction action and

these terms are not listed in (6.1). However, since the third derivative of the action appears

in (6.8) under the expectation value with the trace of the stress-energy tensor, the only

relevant term in the interaction action is
∫

1
6τ

3c
(3)
T T . By taking three derivatives one finds

δ̂σ

〈〈
δ3Sint

δτ(p1)δτ(p2)δτ(p3)
T (p4)

〉〉

= −2σc
(3)
T eTT p

4
4. (6.10)

The remaining computations are straightforward. The result reads

δ̂σ

〈〈

T (p1)T (p2)T (p3)T (p4)

〉〉

= −8σ

(

eTT +
1

4
c22e22

)

[(p1 · p2)(p3 · p4) + (p1 · p3)(p2 · p4) + (p1 · p4)(p2 · p3)]

− 2σc
(3)
T eTT

(
p41 + p42 + p43 + p44

)
. (6.11)

By comparing with (6.5) we see that the leading term involving eTT and e22 matches

exactly and then one is forced to take c
(3)
T = 0.

To summarize, the anomaly in the 4-point function is given by (6.5) and the following

relations among the second order coefficients in the interaction action (3.30) hold,

cT = c̃2 = c4 = 0, c̃2 = c2. (6.12)

Note that while the total scale violation of any correlation function is invariant under

parametrisations of the metric, the source of the various contributions do depend on such

parametrisations. With gµν = e−2τδµν we have found a non-zero contribution from the

Wess-Zumion action given by (6.9). Such a contribution does not vanish in the forward

scattering limit (3.3). On the other hand, if one parametrises the metric as gµν = Ω2δµν ,

then one finds

δ4

δΩ(p1)δΩ(p2)δΩ(p3)δΩ(p4)
(δσSWZ) = −12σeTT

∑

1≤i<j≤4

p2i p
2
j . (6.13)
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In this parametrisation of the metric the contribution from the Wess-Zumino action van-

ishes in the forward scattering limit with p2j = 0, j = 1, 2, 3, 4. Nevertheless, the semi-local

terms contribute non-trivially to the correlation function in such a way that one recov-

ers (6.5) exactly. Note also that (6.12) is valid only in the parametrisation gµν = e−2τδµν .

In order to check our results we have carried out all calculations in the parametrisation

of the metric gµν = Ω2δµν as well. We present the computation in appendix C. All results

including (5.8) and (6.5) are confirmed.

7 Higher-point functions

We show in this short section that there is no scale violation in all connected higher point

correlation functions of the trace of the stress-energy tensor. This is a consequence of the

fact that anomalies are local and the scaling dimension of the n-point function of the virial

current equals ∆ = (d−1)n− (n−1)d = d−n and becomes negative for n > d. Therefore,

δ̂σ〈V µ1 . . . V µn〉 = 0, n ≥ d (7.1)

and hence

δ̂σ〈T . . . T
︸ ︷︷ ︸

n

〉 = 0, n ≥ d (7.2)

as well.

8 Conclusions

In this paper we analysed the structure of the scale anomaly in four dimensional unitary

scale invariant theories. We found that 2-, 3-, and connected 4-point functions of the

trace of the stress-energy tensor T are anomalous while the anomaly in all connected

higher point functions vanishes. The 2-point function of T is non-trivial if and only if

scale transformations are anomalous. It follows that a unitary SFT is a CFT iff the scale

anomaly vanishes7 (since then T = 0 and this implies that the theory is conformal).

One of our main results is the explicit form of the anomaly in 3- and 4-point functions.

The explicit expressions are given in (5.8) and (6.5) and were derived using the Wess-

Zumino action and a careful treatment of semi-local terms (terms with support on a set

that contains both coincident and separated points). We also obtained the form of the

anomaly both for 3- and 4-point functions by an independent computation using only

Lorentz invariance, scale invariance and the fact that the anomaly is local. This is presented

in appendix B

To obtain the semi-local contributions we computed all couplings of sources to op-

erators that contribute up to 4-point functions. These terms are is given in (6.1) or in

alternative parametrisation in (C.4) and (C.5). The non-linear terms in sources encode the

semi-local contributions to correlation functions. We emphasise that only after including

all semi-local contributions the final answer is independent of the parametrisation of the

7If the theory contains dimension 2 operators one may need to improve T first.
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sources. For example, if one uses τ (gµν = e−2τδµν) as the source for T then there is a

contribution to the anomaly of the 4-point function that comes from the Wess-Zumino

term, even in the on-shell forward scattering limit. On the other hand, if one uses ϕ

(gµν = (1 + ϕ)2δµν) as the source for T , the contribution from Wess-Zumino term in

the on-shell forward scattering limit vanishes and there are additional contributions from

semi-local terms, leading to the same answer.

In [26] it was argued that the structure of the anomaly of the 3-point function is not

compatible with OPEs and this then implies that the coefficient of the scale anomaly must

vanish and thus all unitary SFTs are CFTs. We discussed here a subtlety in the relation

between OPEs and the large momentum limit which invalidates this argument. While the

OPE controls the leading non-local contribution in the large momentum limit, there are

semi-local contributions which dominate over the OPE contribution in the relevant case. A

detailed discussion of this subtlety is presented in appendix A. Taken the semi-local terms

into account one can no longer conclude that the scale anomaly coefficient must vanish.

In [25] it was argued that all dilaton amplitudes vanish in an on-shell forward scattering

limit. As just reviewed, we find that the scale anomaly of the 4-point function is non-zero

in this limit. Nevertheless one cannot conclude (without additional assumptions) from the

vanishing of the amplitudes that the coefficient of the scale anomaly must vanish. One can

only conclude that the 4-point function is semi-local in that limit. Of course, this by itself

is a very strong constraint on the structure of the SFT.

All in all, additional work is required in order to either prove that four dimensional

unitary SFTs and CFTs or find a counterexample.
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A Large momentum limit and OPEs

In this section we argue that in general

〈〈O1(q)O2(−q + p)O3(−p)〉〉 ∝







q∆1+∆2−∆3−dp2∆3−d (1 + o (p/q)) if ∆3 <
d

2

q∆1+∆2+∆3−2d (1 + o (p/q)) if ∆3 >
d

2

(A.1)

in the limit q ≫ p. As mentioned in the introduction, the behaviour presented in the first

line of (A.1) will be called a naive OPE behaviour, since it follows directly from the Fourier

transform of the appropriate OPE term.
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In the following subsections we analyse the limit q ≫ p in the context of CFTs. In

the first subsection we present an example that demonstrates (A.1) for both cases. The

example also illustrate that the semi-local terms cannot be removed by local counterterms

(as expected) and thus cannot be ignored. In subsection A.2 we explain the difference

between the two cases in (A.1) by direct Fourier transform of the 3-point function of three

scalar operators and in subsection A.3 we prove (A.1) using the triple-K representation of

CFT 3-point functions [32]. These results show that (A.1) is valid in the conformal case

and we expect that it would also hold in unitary SFTs, if such theories exist.

A.1 Example

Our aim in this subsection is to demonstrate (A.1). The example is chosen such that

the 3-point functions are given by simple expression in momentum space. Consider the

correlation functions of scalar conformal primaries O3/2 and O5/2 of dimensions ∆ = 3
2 and

∆ = 5
2 , respectively, in a four dimensional CFT. The correlation functions are given by

〈〈O3/2(p1)O3/2(p2)O3/2(p3)〉〉 =
C3/2

p1p2p3
√
p1 + p2 + p3

, (A.2)

〈〈O5/2(p1)O5/2(p2)O5/2(p3)〉〉 =
C5/2√

p1 + p2 + p3
, (A.3)

where C3/2 and C5/2 are constants. These expression can be obtained by starting from the

triple-K representation of the correlators given in [32] and then carrying out the remain-

ing integral.8

It follows that in the large momentum limit, the first correlation function yields

〈〈O3/2(q)O3/2(−q + p)O3/2(−p)〉〉 =
C3/2√
2q

5
2 p

+ . . . , (A.4)

consistent with the first line of (A.1), since 3
2 < d

2 , while

〈〈O5/2(q)O5/2(−q + p)O5/2(−p)〉〉 =
C5/2√
2q

+ . . . (A.5)

which is consistent with the second line of (A.1), since in this case 5
2 > d

2 . Note, however,

that the leading term is local in the sense that up to a constant
∫

d4x1d
4x2d

4x3e
−ip1·x1e−ip2·x2e−ip3·x3

1

|x1 − x3|
7
2

δ(x1−x2) ∝ δ(p1+p2+p3)
1√
p3

. (A.6)

Nevertheless, it cannot be removed by any local counterterm.9 This is so because this term

has support at x1 = x2 6= x3 (terms with support at x1 = x2 = x3 are analytic in all

momenta and (A.6) is non-analytic in p3) and the contribution from any local counterterms

would have support at x1 = x2 = x3. Only ultra-local terms can be removed by local

counterterms and this is an example of a semi-local term.

8The triple-K integral is elementary because for operators with half-integer dimension the corresponding

K Bessel functions reduce to elementary functions.
9Actually in this case there are no local terms of dimension 4 that one can construct using the source

φ0 associated to the operator O5/2 since φ0 has dimension 3/2.
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A.2 The Fourier transform

In this subsection we show how (A.1) emerges by taking a direct Fourier transform of the

3-point function of scalar conformal primaries.

Let us consider three scalar conformal primaries O1,O2,O3 of dimensions ∆1,∆2,∆3

respectively. The exact 3-point function in position space reads

〈O1(x1)O2(x2)O3(x3)〉 =
C123C33

|x1 − x2|∆1+∆2−∆3 |x2 − x3|∆2+∆3−∆1 |x3 − x1|∆3+∆1−∆2
,

(A.7)

where C33 is a normalisation of the 2-point function

〈O3(x1)O3(x2)〉 =
C33

|x1 − x2|2∆3
(A.8)

and C123 is the OPE coefficient

O1(x1)O2(x2) ∼
C123

|x1 − x2|∆1+∆2−∆3
O3(x2) + . . . (A.9)

Now one can carry out the Fourier transform of (A.7) in the large momentum limit p1, p2 ≫
p3. As we will see, it does not invalidate the statement that the leading momentum

behaviour comes from the region where x1 is close to x2: instead it shows that an additional

contribution to the singularity at x1 = x2 may appear when the Fourier transform over x3

is carried out.

The Fourier transform is given by

〈O1(p1)O2(p2)O3(p3)〉

=

∫

ddx1d
dx2d

dx3
C123C33e

−ip1·x1e−ip2·x2e−ip3·x3

|x1 − x2|∆1+∆2−∆3 |x2 − x3|∆2+∆3−∆1 |x3 − x1|∆3+∆1−∆2

=

∫

ddx1d
dx2

C123C33e
−ip1·x1e−ip2·x2

|x1 − x2|∆1+∆2−∆3
F (x1 − x2,p3), (A.10)

where in the second line the integral over x3 was carried out,

F (x1 − x2,p3) =

∫

ddx3
e−ip3·x3

|x2 − x3|∆2+∆3−∆1 |x3 − x1|∆3+∆1−∆2
. (A.11)

Note that the factor |x1 − x2|−(∆1+∆2−∆3) in (A.10) is exactly equal to the factor in

OPE (A.9). Therefore, the naive OPE is valid if F is regular at x1 = x2. Otherwise, F

contributes an additional singularity to the integrals over x1 and x2.

We can find out what is the leading behaviour of F with respect to |x1 − x2| and p3.

Taking x1 = x2 in (A.11) we find

F (0,p3) =

∫

ddx3
e−ip3·x3

x2∆3
3

∝ p2∆3−d
3 , (A.12)

which converges if 2∆3 < d. Therefore, we have shown that the naive OPE expansion is

valid only if ∆3 <
d
2 ,

〈〈O1(q)O2(−q + p)O3(−p)〉〉 ∝ p2∆3−dq∆1+∆2−∆3−d (1 + o (p/q)) . (A.13)
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On the other hand if 2∆3 ≥ d, then F (0,p3) = ∞, or in other words F (x1 − x2,p3)

is singular at x1 = x2. This means that the integral over x3 contributes an additional

singularity at x1 = x2 and this modifies the large q limit. To obtain the answer in this

case we need to start from the 3-point function computed directly in momentum space and

we do this in the next subsection.

A.3 Proof of (A.1)

We can obtain the large momentum limit (A.1) in all cases by starting from the momentum

space representation of the correlators derived in [32]. The 3-point functions of scalar

operators in any CFT can be represented by the triple-K integral

〈〈O1(p1)O2(p2)O3(p3)〉〉

= C123p
∆1−

d
2

1 p
∆2−

d
2

2 p
∆3−

d
2

3

∫ ∞

0
dx x

d
2
−1K∆1−

d
2
(p1x)K∆2−

d
2
(p2x)K∆3−

d
2
(p3x),

(A.14)

where Kν(p) is a modified Bessel function of the second kind (or Bessel K function, for

short) and C123 is an overall undetermined constant. Using such a representation it is easy

to consider the large momentum limit q = p1 ∼= p2 ≫ p3 = p. To do it, fix the value of q

and expand the integrand in (A.14) as a power series in p, according to

pνKν(px) =
[
Γ(ν)2ν−1x−ν +O(p2)

]
+
[
p2νΓ(−ν)2−ν−1xν +O(p2ν+2)

]
. (A.15)

Since ν = ∆3− d
2 , we can see that the form of the leading term in p/q depends on whether

2∆3 < d or 2∆3 > d. One can combine the two cases by writing

pνKν(px) = Γ(|ν|)2|ν|−1x−|ν|p2νθ(−ν) + . . . , (A.16)

where θ denotes the step function: θ(x) = 1 for x ≥ 0 and θ(x) = 0 for x < 0. The

remaining integral can be evaluated explicitly by means of the formula

∫ ∞

0
dx xα−1Kµ(qx)Kν(qx)

=
2α−3

Γ(α)qα
Γ

(
α+ µ+ ν

2

)

Γ

(
α+ µ− ν

2

)

Γ

(
α− µ+ ν

2

)

Γ

(
α− µ− ν

2

)

, (A.17)

see [32] for details. The dichotomy in the expansion (A.15) is the primary reason for the oc-

currence of the two cases in (A.1). By substituting (A.16) into the triple-K integral (A.14)

and using (A.17) one finds

lim
q≫p

〈〈O1(q)O2(−q + p)O3(−p)〉〉

= C123C0(∆i, d)q
∆1+∆2+|∆3−

d
2 |− 3d

2 p(2∆3−d)θ( d
2
−∆3) (1 + o (p/q)) , (A.18)

where C0(∆i, d) is a specific numerical constant. This expression coincides with (A.1) when

the step function and the absolute value are resolved into particular cases.
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Assume now ν = ∆3− d
2 > 0. As pointed out in section 2, the leading term in the large

momentum expansion is in this case semi-local, i.e., it is a Fourier transform of a position

space expression supported on the set of coincident points, for example

δ(x1 − x3)
1

|x1 − x2|∆1+∆2+∆3−d

F7−→ q∆1+∆2+∆3−2d (1 + o (p/q)) . (A.19)

Using the triple-K integral representation one can show that all subleading terms up to, but

excluding, q∆1+∆2−∆3−dp2∆3−d are semi-local in the large momentum limit. This follows

from the Taylor expansion (A.15), which in general takes form

pνKν(px) = x−ν
∞∑

j=0

aj(px)
2j + p2νxν

∞∑

j=0

bj(px)
2j , (A.20)

where the series coefficients aj and bj are known, see e.g., [33]. By substituting this result

to (A.14) and using (A.17) one finds the expansion of the triple-K integral in the large

momentum limit,

lim
q≫p

〈〈O1(q)O2(−q + p)O3(−p)〉〉 = C123

[
∞∑

j=0

Cj(∆i, d)q
∆1+∆2+∆3−2d−2jp2j

+

∞∑

j=0

Dj(∆i, d)q
∆1+∆2−∆3−d−2jp2∆3−d+2j

]

,

(A.21)

where Cj and Dj represent some numerical constants explicitly computable by means

of (A.17). As one can see, the first series contains only even powers of momentum p. In

position space all such terms are semi-local, i.e., they are Fourier transforms of the form

�
j
x3
δ(x1−x3)

1

|x1 − x2|∆1+∆2+∆3−d−2j

F7−→ q∆1+∆2+∆3−2d−2jp2j (1 + o (p/q)) (A.22)

in the large momentum limit, up to a multiplicative constant. As long as j < 2ν = 2∆3−d

these terms are more leading than the terms in the second series in the expansion (A.21).

As one can see the terms featuring in the second power series are not semi-local and the

leading D0 term reproduces the naive OPE term in (A.1).

B Alternative derivation of the anomaly

In this appendix we show how to obtain the form of the scale violation (5.8) and (6.5)

directly from Lorentz and scale invariance (plus the locality of anomalies) applied to the

3- and 4-point functions of the virial current.

Let us start with the 3-point function. Following [32] we find that the most general

tensor decomposition of 〈V µ1V µ2V µ3〉 is given by

i〈〈V µ1(p1)V
µ2(p2)V

µ3(p3)〉〉 = πµ1
α1
(p1)π

µ2
α2
(p2)π

µ3
α3
(p3)T

α1α2α3
1

+
pµ1
1

p21
πµ2
α2
(p2)π

µ3
α3
(p3)T

α2α3
2 + 2 permutations
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+
pµ2
2

p22

pµ3
3

p23
πµ1
α1
(p1)T

α1
3 + 2 permutations

+
pµ1
1

p21

pµ2
2

p22

pµ3
3

p23
T4. (B.1)

where πµ
α(p) = δµα−pµpα/p

2 is a transverse projector and the tensors T1 through T4 are built

using the metric δµν and the momenta. Due to momentum conservation p1 + p2 + p3 = 0

only two of the momenta are independent but we may choose different momenta for different

indices. The following choice is convenient [32],

p1,p2 for α1, p2,p3 for α2, p3,p1 for α3. (B.2)

With this rule all possible tensor forms in, for example, Tα2α3
2 are

δα2α3 , pα2
3 pα3

1 , pα2
3 pα3

3 , pα2
2 pα3

1 , pα2
2 pα3

3 . (B.3)

However, since pαπµ
α(p) = 0, the contraction of the last three tensors with the prefactor

in (B.1) vanishes. Hence only the first two tensors listed above may appear in Tα2α3
2 .

By carrying out the analysis for the remaining factors we find the most general parity

even decomposition of the 3-point function to be

i〈〈V µ1(p1)V
µ2(p2)V

µ3(p3)〉〉

= πµ1
α1
(p1)π

µ2
α2
(p2)π

µ3
α3
(p3) [A1p

α1
2 pα2

3 pα3
1

+(A21p
α1
2 δα2α3 +A22p

α2
3 δα1α3 +A23p

α3
1 δα1α2)]

+
pµ1
1

p21
πµ2
α2
(p2)π

µ3
α3
(p3) (B11p

α2
3 pα3

1 +B21δ
α2α3)

+
pµ2
2

p22
πµ1
α1
(p1)π

µ3
α3
(p3) (B12p

α1
2 pα3

1 +B22δ
α1α3)

+
pµ3
3

p23
πµ1
α1
(p1)π

µ2
α2
(p2) (B13p

α1
2 pα2

3 +B23δ
α1α2)

+
pµ2
2

p22

pµ3
3

p23
πµ1
α1
(p1)C1p

α1
2 +

pµ1
1

p21

pµ3
3

p23
πµ2
α2
(p2)C2p

α2
3 +

pµ1
1

p21

pµ2
2

p22
πµ3
α3
(p3)C3p

α3
1

+
pµ1
1

p21

pµ2
2

p22

pµ3
3

p23
D, (B.4)

where the form factors, A1, A2j , Bij , Cj , D (j=1, 2, 3, i=1, 2), are scalar functions of

the momenta magnitudes pj = |pj |. With this decomposition it follows that

〈〈T (p1)T (p2)T (p3)〉〉 = D due to the relation T = −∂µV
µ. Furthermore, if the virial

current is of the form (2.2) then the 3-point function should be purely longitudinal, i.e. all

form factors other than D must vanish or be at most local. Therefore, the problem of scale

vs conformal invariance can be restated as the question of whether it is possible to have a

non-conserved current of dimension ∆ = 3 in a scale invariant theory which has at least

one non-local form factor among A,B and C.
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Each form factor in (B.4) has a specified scaling dimension, up to anomaly. Since

the dimension of the entire correlation function equals ∆tot = 3∆ − 2d = 1, one finds the

following scaling dimensions for the form factors in momentum space,

∆(A1) = −2, ∆(A2j) = ∆(B1j) = 0, ∆(B2j) = ∆(Cj) = 2, ∆(D) = 4. (B.5)

The form factors are not independent as they carry a representation of the permutation

group. The symmetry properties follow from the symmetry of the 3-point function,

〈〈V µ1(p1)V
µ2(p2)V

µ3(p3)〉〉 = 〈〈V µσ(1)(pσ(1))V
µσ(2)(pσ(2))V

µσ(3)(pσ(3))〉〉 (B.6)

for any permutation σ of the set {1, 2, 3}. The action of the permutation σ on a given form

factor F is

F (σ) = F (pσ(1), pσ(2), pσ(3)). (B.7)

By applying the symmetries to the decomposition (B.4) and requiring the invariance of the

entire correlation function, we find

A1 = 0, D = D(σ),

A2j = (−1)σA
(σ)
2σ(j), Cj = (−1)σC

(σ)
σ(j),

Bnj = B
(σ)
nσ(j), (B.8)

where (−1)σ denotes the sign of the permutation σ. The vanishing of the form factor A1

is related to the well-known fact [34] that a 3-point function of any Abelian conserved

current in a CFT vanishes. Here, however, the current is not conserved and the theory is

only assumed to be scale invariant. Hence, the remaining parts of the correlation functions

can be non-vanishing.

The decomposition (B.4) can be expanded into a basis of simple tensors such as

pµ1
2 pµ2

3 pµ3
1 , δµ1µ2pµ3

1 , etc. As discussed before, we may choose two out of three independent

momenta to appear under each Lorentz index. We stick to the rule (B.2), now applied to

Lorentz indices µj instead of αj , j = 1, 2, 3. In this case it is relatively easy to connect the

form factors appearing in (B.4) to the coefficients of simple tensors. In particular we find

i〈〈V µ1(p1)V
µ2(p2)V

µ3(p3)〉〉

= 0× pµ1
2 pµ2

3 pµ3
1 +A23δ

µ1µ2pµ3
1

+
δµ1µ2pµ3

3

p23

[

B23 +
1

2
A23(p

2
1 − p22 + p23)

]

+
pµ1
2 pµ2

3 pµ3
3

p23
[B13 +A22 −A21]

+
pµ1
2 pµ2

2 pµ3
3

2p22p
2
3

[
2(C1 +B22 −B23) + (B13 +A22)(p

2
2 + p23 − p21)

+ (B12 +A21 −A23)(p
2
1 − p22 + p23)

]

+
pµ1
1 pµ2

2 pµ3
3

4p21p
2
2p

2
3

[
4D + 2(C1 +B22)(p

2
1 + p22 − p23)
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+ 2(C2 +B23)(p
2
2 + p23 − p21) + 2(C3 +B21)(p

2
1 + p23 − p22)

+ (A21 +B12)(p
2
1 + p22 − p23)(p

2
1 − p22 + p23)

+ (A22 +B13)(−p21 + p22 + p23)(p
2
1 + p22 − p23)

+ (A23 +B11)(−p21 + p22 + p23)(p
2
1 − p22 + p23)

]

+ . . . (B.9)

where the omitted terms do not contain the tensors listed explicitly. The only terms

that may contain scale violating expressions are terms of non-negative scaling dimension,

as follows from the locality of anomalies. Since the total dimension of the correlation

function is ∆tot = 1, such terms cannot appear in front of a tensor containing three

momenta. Therefore, while the coefficients B13, A21 and A22 may contain logarithms,

the combined coefficient of pµ1
2 pµ2

3 pµ3
3 cannot. Hence the third line of (B.9) requires that

δ̂σB13 = δ̂σA21 − δ̂σA22. One can substitute this result back to (B.9) and read off the

equation following from the requirement that the coefficient of pµ1
2 pµ2

2 pµ3
3 is scale invariant.

Using the symmetry properties (B.8) one finds

δ̂σC1 = δ̂σB23 − δ̂σB22 −
1

2
(p22 + p23 − p21)δ̂σA21. (B.10)

Finally, this result together with the requirement that the coefficient of pµ1
1 pµ2

2 pµ3
3 in (B.9)

is scale invariant leads to

δ̂σD =
1

2

[

(p21 − p22 − p23)δ̂σB21 + (p22 − p21 − p23)δ̂σB22 + (p23 − p21 − p22)δ̂σB23

]

. (B.11)

We can further constrain the form of scale violating part of the form factors B2j by looking

at the symmetry properties (B.8). Specifically, consider the form factor B23, which is

antisymmetric under the exchange p1 ↔ p2. From (B.5) one sees that its scaling dimension

equals two and hence its most general scale violation is

δ̂σB23 = cp23 + c1(p
2
2 − p21), (B.12)

where c and c1 are two undetermined constants. The scale violations δ̂σB21 and δ̂σB22

follow from (B.12) using (B.8). By substituting back to (B.11) one finds that the terms

with c1 cancel out and the most general form of the scale violation in the 3-point function

of the trace of the stress-energy tensor is,

δ̂σ〈〈T (p1)T (p2)T (p3)〉〉 = δ̂σD = −1

2
cσJ2, (B.13)

where J2 is given by (3.2). Our analysis shows that the scale violating terms in the 3-

point function of 〈TTT 〉 in any scale invariant theory in d = 4 is constrained to take the

form (5.8). The value of the undetermined coefficient c (i.e. that it is equal to -4eTT )

cannot be determined without further input, such as the Wess-Zumino action.
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A similar method can be applied to the 4-point function of the virial current. In this

case, however, the computation is much simpler. This is due to the fact that the total

dimension of 〈〈V µ1V µ2V µ3V µ4〉〉 in momentum space equals zero and hence the only scale

violating form factors are those multiplying simple tensors containing metrics only. Due

to the symmetry of the correlation function, there exists a unique tensor (6.2) with such

properties and the scale violation must take the form

δ̂σ〈〈V µ1(p1)V
µ2(p2)V

µ3(p3)V
µ4(p4)〉〉 = cσ (δµ1µ2δµ3µ4 + δµ1µ3δµ2µ4 + δµ1µ4δµ2µ3) ,

(B.14)

for some numerical constant c. Therefore, based on Lorentz and scale invariance as well as

the locality of anomalies one can deduce that the most general form of the scale violation

in the 4-point function of the trace of the stress-energy tensor reads

δ̂σ〈〈T (p1)T (p2)T (p3)T (p4)〉〉
= cσ [(p1 · p2)(p3 · p4) + (p1 · p3)(p2 · p4) + (p1 · p4)(p2 · p3)] . (B.15)

This form of the 4-point functions was confirmed by direct calculations in sections 6.1

and 6.2. The value of the undetermined coefficient c (i.e. that it is equal to -8(eTT+c22e22/4))

cannot be determined without further input, such as the Wess-Zumino action.

C Calculations with gµν = (1 + ϕ)2δµν

In this section we outline the result of calculations of the 3- and 4-point functions in the

representation of the metric

gµν = Ω2δµν , Ω = 1 + ϕ (C.1)

In this representation the Ricci scalar reads

R[Ω2δµν ] = −(d− 1)
[
2Ω−3∂2Ω+ (d− 4)Ω−4(∂Ω)2

]
(C.2)

and for the trace of the stress-energy tensor we find

Ω
δ

δΩ
= −2gµν

δ

δgµν
,

δ

δΩ
=

δ

δϕ
, T =

−1

Ωd−1

δS

δΩ
. (C.3)

Furthermore, the interaction action (3.30) may be parametrised as

Sint =

∫

d4x

[

− ϕT + CµV
µ + φ2O2 + φ0O4 + . . .

+
1

2
ϕ2
(
cϕTT + c′ϕ2 ∂2O2 + cϕ4O4

)
+

1

2
cϕ2 (∂ϕ)

2O2

+
1

2
c̃ϕ2CµC

µO2 +
1

6
ϕ3c

(3)ϕ
T + . . .

]

. (C.4)

By expanding ϕ = −τ + 1
2τ

2 − 1
6τ

3 +O(τ4), one finds

cϕ2 = c̃ϕ2 = c2, cϕ4 = c′ϕ2 = 0, cϕT = 1, c
(3)ϕ
T = −2. (C.5)

These results can be recovered by independent calculations following the same lines as in the

main text. Furthermore, since the reparametrisation of the metric does not alter other cou-

plings, the result for correlation functions involving the virial current remains unchanged.
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C.1 〈TTT 〉

We follow the same steps as in section 5.1. In the new parametrisation

δT (x1)

δϕ(x2)
= −(d− 1)δ(x1 − x2)T − δ2Sint

δϕ(x1)δϕ(x2)
(C.6)

and hence the counterpart of (5.4) reads

〈T (x1)T (x2)T (x3)〉 =
δ3W

δϕ(x1)δϕ(x2)δϕ(x3)

+ cϕT

[

δ(x1 − x2)〈T (x2)T (x3)〉+ δ(x2 − x3)〈T (x3)T (x1)〉

+ δ(x3 − x1)〈T (x1)T (x2)〉
]

. (C.7)

The scale violation from the Wess-Zumino action, however, is different in the new

parametrisation of the metric. In total one finds,

δ̂σ〈〈T (p1)T (p2)T (p3)〉〉 = 2σeTTJ
2 − 2σ(cϕT − 1)eTT (p

4
1 + p42 + p43), (C.8)

where J2 is defined in (3.2). By comparison with the result obtained by means of the

correlation function involving the virial current, one comes to the conclusion that cϕT = 1, in

agreement with (C.5). The change in the value of cϕT is directly related to a different form of

the contribution from the Wess-Zumino action (3.13) as the effect of the reparametrisation

of the metric.

C.2 〈TTTT 〉

In case of the 4-point function, the counterpart of the expression (6.8) reads

〈T (x1)T (x2)T (x3)T (x4)〉 =
δ4W

δϕ(x1)δϕ(x2)δϕ(x3)δϕ(x4)

+

[〈
δ2Sint

δϕ(x1)δϕ(x2)
T (x3)T (x4)

〉

+ 5 permutations

]

−
[〈

δ2Sint

δϕ(x1)δϕ(x2)

δ2Sint

δϕ(x3)δϕ(x4)

〉

+ 2 permutations

]

+

[〈
δ3Sint

δϕ(x1)δϕ(x2)δϕ(x3)
T (x4)

〉

+ 3 permutations

]

.

(C.9)

As we can see the only difference between this expression and (6.8) - apart from the

reparametrisation of the interaction action (C.4) - is the change in the sign of the last

term. However, the contribution from the Wess-Zumino action reads now

δ4

δϕ(p1)δϕ(p2)δϕ(p3)δϕ(p4)
(δσSWZ) = −12σeTT

∑

1≤i<j≤4

p2i p
2
j . (C.10)

This expression vanishes in the on-shell limit as noticed in [25]. Therefore, by the optical

theorem, one could argue that the 4-point function in (C.9) becomes semi-local in the
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forward scattering limit. Nevertheless, due to a non-zero value of the constant cϕT in the

action (C.4), the local terms in (C.9) contribute non-trivially to the scale violation. In

particular, with cϕT = 1 as found in the previous section,

δ̂σ

〈〈
δ2Sint

δϕ(p1)δϕ(p2)
T (p3)T (p4)

〉〉

= −2σ(cϕ2 )
2e22(p1 · p2)(p3 · p4) + 2σeTT×

×
[
−(p1 + p2)

4 − p43 − p44 + 2(p1 + p2)
2p23 + 2(p1 + p2)

2p24 + 2p23p
2
4

]
,

(C.11)

δ̂σ

〈〈
δ2Sint

δϕ(p1)δϕ(p2)

δ2Sint

δϕ(p3)δϕ(p4)

〉〉

= −2σeTT (p1 + p2)
4 − 2σ(cϕ2 )

2e22(p1 · p2)(p3 · p4),

(C.12)

δ̂σ

〈〈
δ3Sint

δϕ(p1)δϕ(p2)δϕ(p3)
T (p4)

〉〉

= −2σc
(3)ϕ
T eTT p

4
4. (C.13)

When combined, one finds

δ̂σ〈〈T (p1)T (p2)T (p3)T (p4)〉〉 = − 8σ

(

eTT +
1

4
c22e22

)

×

× [(p1 · p2)(p3 · p4) + (p1 · p3)(p2 · p4) + (p1 · p4)(p2 · p3)]

− 4σeTT

(

1 +
1

2
c
(3)ϕ
T

)

×
(
p41 + p42 + p43 + p44

)
. (C.14)

For this expression to agree with (6.5) one needs c
(3)ϕ
T = −2, in agreement with (C.5). This

calculation confirms the result in the main text.

D Multiple scalar operators

In this appendix we discuss the case of multiple scalar operators of dimension two and

four. Consider a theeory with n scalar operators Oi
2, i = 1, 2, . . . , n of dimension two

and N scalar operators OI
4, I = 1, 2, . . . , N of dimension four (in addition to the trace of

the stress-energy tensor). All normalisation constants introduced in (4.1)–(4.6) carry now

additional indices, e.g., eij22, e
I
4T and so on.

First we will argue that by adding an appropriate improvement term one can make all

off-diagonal 2-point functions of the trace of the stress-energy tensor and scalar operators

of dimension two and four vanish. To show this let us consider the (n+N +1)-dimensional

vector space spanned by the independent vectors ordered as follows

{∂2O1
2, ∂

2O2
2, . . . , ∂

2On
2 , T, O1

4,O2
4, . . . ,ON

4 }. (D.1)

Introduce a scalar product given by the matrix of the 2-point functions

M =






eij22 ei2T eiJ24
ej2T eTT eJ4T
ejI24 eI4T eIJ44




 . (D.2)
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The matrix M is symmetric and non-negative defined, due to reflection positivity applied

to the state

|Ψ〉 = αIOI
4(x)|0〉+ βi∂2Oi

2(x)|0〉+ γT (x)|0〉, (D.3)

for arbitrary αI , βi and γ. If M has null vectors, then some of the operators in the

basis (D.1) are linearly dependent. The operator given by such a linear combination essen-

tially vanishes, due to the reflection positivity condition on its 2-point function. Therefore,

we may remove all null operators and assume that M represents a non-degenerate scalar

product. Hence, by the Gram-Schmidt orthogonalisation procedure one can find an or-

thogonal basis

{∂2O′1
2 , ∂

2O′2
2 , . . . , ∂

2O′n
2 , T ′, O′1

4 ,O′2
4 , . . . ,O′N

4 } (D.4)

related to (D.1) by the lower-triangular matrix with ones on the diagonal,






∂2O′i
2

T ′

O′I
4




 =






Ai
j 0 0

Aj 1 0

Ai
J AJ AI

J











∂2Oj
2

T

OJ
4




 , (D.5)

where Ai
j and AI

J are lower-triangular square matrices satisfying Ai
i = AI

I = 1 and Aj and

AJ are some vectors. Therefore, when the matrix in (D.5) is applied to the set of operators

{Oi
2, T,OI

4} the resulting operators {O′i
2 , T

′,O′I
4 } have their off-diagonal 2-point functions

vanish by definition, so indeed we could assume

eij22 = δijei22, eIJ44 = δIJeI44, eiJ24 = ei2T = eI4T = 0, (D.6)

where ei22 and eI44 are positive constants for any i = 1, . . . , n and I = 1, . . . , N .

This construction works in any reflection positive QFT. We now want to show that

the orthogonalised operators can be realised by using the following improvement term,

generalising (4.20),

∆S=

∫

d4x
√
g




∑

i

ξiOi
2Σ+

∑

i,I

ξ′iIOi
2�̂φI

0 +
∑

I

ξ′′IφI
0T +

∑

i,j

ηijφi
2Oj

2 +
∑

I,J

η′IJφI
0OJ

4



 ,

(D.7)

where φI
0 and φi

2 denote sources of the original operators OI
4 and Oi

2. The two additional

terms involving the parameters ηij and η′IJ are responsible for the mixing among the

operators of dimension two and four. In this case equations (4.24)–(4.26) generalise to






Oi
2 imp

Timp

OI
4 imp




 =






ηij + δij 0 0

ξi∂2 1 0

ξ′iI∂2 ξ′′I η′IJ + δIJ











Oj
2

T

OJ
4




 . (D.8)

By comparing this expression to (D.5) we see that we can choose ξi, ξ′iI , ξ′′I , ηij and η′IJ

such that we implement the Gram-Schmidt procedure.

– 37 –



J
H
E
P
0
8
(
2
0
1
4
)
0
2
7

The remaining calculations presented in this paper remain valid with obvious changes.

The interaction action (3.30) reads

Sint =

∫

d4x

[

τT + CµV
µ + φi

2Oi
2 + φI

0OI
4 + . . .

+
1

2
τ2
(
cTT + c′i2∂

2Oi
2 + cI4OI

4

)
+

1

2
ci2(∂τ)

2Oi
2

+
1

2
c̃i2CµC

µOi
2 + . . .

]

, (D.9)

with all c constants acquiring respective indices. Then the following changes follow:

• In sections 5.2 and 5.3 we discussed 3-point functions involving a single scalar op-

erator. All results remain valid when the appropriate indices are introduced. In

particular one finds

c′i2 = 0, cI4 = 0, ci2 = c̃i2 (D.10)

for i = 1, 2, . . . , n and I = 1, 2, . . . , N .

• The scale violation (D.11) in the 4-point function of the trace of the stress-energy

tensor receives a contribution from all operators of dimension two according to,

δ̂σ〈〈T (p1)T (p2)T (p3)T (p4)〉〉

= −8σ

(

eTT +
1

4

n∑

i=1

(ci2)
2ei22

)

×

× [(p1 · p2)(p3 · p4) + (p1 · p3)(p2 · p4) + (p1 · p4)(p2 · p3)] . (D.11)

Therefore all conclusions we reached in section 6.2 remain valid.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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