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Preface to this document

This is intended as one of a series of documents setting out the theory

and practice of the analysis and interpretation of wave data. The series
will be aimed ot engineers or physical oceanographers who are concerned

with the use of the data rather than with the niceties of statistical theory.
Thus, this report, and probably most of the others, will have a section
setting out the principles involved as simply as possible together with the
equations which need to be used and how to apply them, and a section giving
the derivation of the formula so that the user can, if he wishes, look at
the assumpiions involved or extend the theory to different cases. FEven in
this second section some mathematical niceties will be avoided for the sake
of clarity. It will be assumed that the reader has a level of mathematical
knowledge corresponding to that of a graduate engineer or physicist, together
with a general understanding of elementary statistics: that is, that the
definition and significance of such terms as mean, variance and standard

deviation are understood.

This document, Part 2 of a wider series, has been prepared first because it
was required to clarify some questions during the setting up of a routine
for speciral analysis of digital wave records at ICS Teaunton. Part 1 is
intended to be concerned with the simpler non-—spectral metheds of analysis,
and Part 3 with estimation of extreme values, Part 4 will probably be

concerned with directional data.

Comments and corrections are welcome,



The main symbols and conventions used

— .
A bar as in }" represents an average over a specific finite sample of

the variation of } with time.

The symbol <& > represents an ensemble average of the quantity within
the triangular brackets: that is, the average of a large number of samples

from a statistically stationary process.

X, S’ ’ ? ;, are the coordinates of a point in the sea-surface, with}

increasing upwards along the vertical axis.

}(L’) implies that we are considering the variation of } with time at a
fixed 22X and g, .

rT) is the length of a conceptual long record of the process, T eventually
being taken to o0

ﬁ is the harmonic number of a Fourier component of this record.

T is the length of the finite sample of the process which is available

for analysis.
. 1 : P o . et £ LT 7
e b . nt
TV is the harmonic number of a component of this sample record.

7L is the difference frequency (in terms of harmonic number of the sample
record) between a component of the conceptual long record and the
harmonic 7L of the sample record being considered.

and ‘!i“' are the amplitudes of the cosine and sine components of the

a

n
nth Fourier harmonic of a finite record of length |

,A,\_ = ., ‘1—(,‘6,,.L is the complex amplitude of this harmonic



There appears to be no accepted convention for speciral densities. In this

report the following will be used,

¢(?)is an estimate of the spectral density computed from a finite record
of Z(€) . Tt is defined by the following:

that part of the variance of S/(t) carried by fregquency components

in the range(%» Af/l) Cﬁ < (?f&ﬁ/z) is QS(;} A,‘a

E(ﬁ)is the ensemble average of ﬁ(f) , as AG{ -~ . That is, it is
the spectrdl density fun~tion of the‘u_nderlying process of which we
have a sample. It is in terms of the variance of the sea~surface
elevation, but this is proportional to energy per unit area of the
sea~surface. The 'E' can also be thought of as standing for the

"Expectation™ of ;Zf(ff)



PART 2A

General principles and

the application of the formulae



2.1 Basic concepts

2.1.1 The finite Fourier Transform

The concept of the representation of a finite record of a time variable by a

series of harmonic components is fundamental not only to the way we analyse wave
records nowadays, but also to most of the theory in this paper. This section is
therefore devoted to giving the fundamental formulae, explaining their significance,

and saying a little about the typical mathematical processes used.

Consider a time variable Sz(ﬁ') over a finite time interval [ ¢« then the

Fourier theorem says that it may be represented exactly by

g€

1

w -
j{"@,oﬁ'z (G,,\ Co> z‘«rni‘/’f‘ f’é'n Aan :.'afaé'/T)

L
/2 , ~ 2.1/
a - % J ¥ () con 1‘51‘?»«.‘."//?' AL
where ?" T ~T/2 b
T/ . 7
/A = ..f:_: [ Zg,(t-)mzrrgzé‘/‘f ol 2.1/2
% ! )*" Z

T and qf are integers
% G,o is the mean value of gr ((7) during the interval T
For convenience we shall often put ﬁ)ﬁ = 23?"?’4//’5’. etec.
The validity of the theorem will be demonstrated below for the complex notation

version of the equations.

The standard method of analysis of sea waves into spectra is started by a
computer calculating all Cb@, and éf% using equations 2.1/2.

If the variable g/ (‘{',"} is sampled at regular intervals A £
2.1/1 is taken to 7 = 7'/2. OC . The values of @, and €, are in

general different to those obtained when the continuous variable is transformed,

ot
o

, then the sum i

but the difference is insignificant if any components in gf(i") with frequencies
above 1/2. A Enave negligible amplitudes (this is a standard theorem in

telecommunications theory).

In the present context there are two important facts to note about the Fourier

Transform.



Te It is a purely mathematical device. Any assumptions about the nature of the
time series arise in the way we interpret the physical significance of the

amplitudes of the“components.

2. Another way of putting this is that the Fourier Series is an exact
representation of gr(f?) in the interval ~T/2. <t < T'/.Z. and the coefficients
& . and 'én contain all the information contained in this record, since it can
be reconstructed exactly from a knowledge of them. However, the relationship of
these coefficients to the statistical parameters of the process gx(é') of which we

have a sample is complex, and forms the subject of this paper.

For mathematical analytic work it is often convenient to represent the Fourier

Transform in complex notation.

L, & camnt/T

£) = A e

3€) =7 %Z:*w ™ 2.1/3
T/2 . ,

2 ~c,11rq/~f—'/7' .
Ay = ?f () e AL 2.1/4

-7/

where A% = G - < gn

a_ ., = O,
4o = —C,

This statement is precisely equivalent to equations 2.1/1 and 2.1/2. For example,

remembering that
Lwb

e = towt + ¢ an @t

Then 0 .
Pron &LOJ“L’: (a,,,\-cé,,, )(000&)“(’ + € Aon (W é‘)

L) ' . .
andﬂ‘net(w )= (a,m-}(,éﬂ)(ma)wf” — 4 gen W, é‘)

Thus, adding the positive and negative components in 2.1/3 we get

3 ~w.) €
J{lﬁnﬁﬁwhtr &“e’/v( ) ]

In the context of the present paper the negative frequencies are a mathematical

ca, e Wt vl amw, €

device and have no physical meanings when we wish to interpret the resultg we

always convert to real quantities and positive 'freqaenoies.

8



Note that there appears to be no accepted convention for the symbolism in this
complex notation: in some books the factors of 4 and 2 in 2.1/3 and 2.1/4
respectively are omitted, but the author feels that the symbolism used here is the

best in the present context.

a
Note also that the amplﬁtude of the de' complex co*nponent is % An , but that the
amplitude of the TL- real component is (w + tf‘ ) Iﬁ,,l

The phases of the components only take on significance when the non-linear
properties of waves are important. In the present paper the assumption will be
made that the waves in the sea are a linear process (this will be discussed in more

detail in the next section), and if this is the case the phases are random and tell

us nothing about the wave systen.

To finish this section it is worth demonstrating the validity of the complex notation
version of the Fourier Transform, because it illustrates in a simple case a type of

mathematical process which will be used many times in this paper.

Putting the expression for } ({) from equation 2. 1/3 into equation _.1/4, we should

obtain an 1qent1ty- . / .

- g cawn /7 ,.4_2_7(5;,{:/?”

T e - & ﬁ,,\_ e & 0{,{"
’/2.

% - 'P\_:-—@

There is no convergence problem so that the order of integraticn and summation may

be interchanged and the exponential terms multiplied.

=

For TL #Ey’ the general term in the sum o, r/2
Lop [T waw(n-9)E/T 70
< 27 (n-9) 7/

A e 47 (~-%) - ¢ (n-97]
€ 177(?“%) - <
Remembering that TL and 7,- are integers, this

A

2 aure T (n-9) = O

i

2T (n-9)
Thus the only finite term in the sum is when C?, 7, giving
T/2

= 1 o —
f =7 ] e« Py

9



2.7.2 The representation of a wave system by a frequency spectrum

We shall here consider the output of a single wave height sensor to be a function
of time % (€) ¢ that is, no account will be taken at this stage of the

directional properties of the waves. Two basic assumptions are made.

T That the statistical properties of the wave system do not wvary during the
-— .
time [ for which we sample 2%(6} on any occasions that is, for the duration

of the record, it is a "statistically stationary system".

2 That the sea behaves as a linear system, so that it may be considered as a
superposition of sinusoidal waves all travelling independently. This is not’
strictly true, and for certain purposes the non~linearity of waves is important.
However, for a wide range of practical purposes the assumption is valid to an
adequate degree of accuracy. The main practioal circumstance in which the non-
linearity has to be taken into account is when one is considering the detailed

properties of an extreme wave or of a breaking wave.

The statistical parameters of the wave system at any one time and place describe
the sea—state at that time. The statistics of the sea-stalte parameters themselves

over a long period of time describe the wave‘climate at that place. In this papser,

we shall be concerned with determining the sea—state parameters by spectral analysis.

The complete derivations of formulae will be given in this section since they are
necessary to understand the principles involved. In later sections, the

derivations will be omitted and can be found in Part B.

Ifé?(e) is the elevation of a point on the sea surface, then the average energy
of a wave system is %/03,<§}> per unit area. The variance of the surface
elevation.<f§§l:> is often loosely referred to as the energy, particularly in the
context of ths "energy specirum' by which is meant the variance/frequency spectrum
which is the subject of this section. Here we shall work entirely in terms of the

———

variance of the surface elevation, Z%? or {:E%‘;>

In this section we are concerned with the properties of the wave system itself,
not with what can be deduced from a finite record of it. It is, however,
convenient to start with a conceptual long, but finite, record of the process with
a duration 71 . At a convenient point V will be taken to infinity. This

device will be used frequently in this paper.

10



Note that when in later sections we come to congider a real finite record of
duration T , it will sometimes be considered as a section of this longer

conceptual record.

Thus we may consider 5/(5’) in the interval ~ PR < € < T/2 1o be

represented by its Fourier series

}(ﬂ') :‘é“a,o +/E’: (&/{, cos by & +{*,(,<wmw,£ (“) 2.1/5

The variance of the sea surface (or, loosely speaking, its energy) is given by

the average value of g/z(t)
3 () —'[/“o + E (a,/(omwlgl‘ é{m WA £) -]

Expanding the scuare of the series in the right hand sides
%Y

}z@:) - grl.ﬂa,;‘ + @, XZ:_' (C(//{ mw/ﬁ- -ré/{m;w/ét)

oo BN+
= /I :):L\/ r 2 sl 1)
1’"% &. ﬁwwi{{’r N-é'-"i‘\w[l’n/ q,vv-'mf)? IW?M\W?’é‘)

-
-

~%

Congider the following term of the produotf
a/,{,a, ot ool & = *“”f{w,,.[;w!?
AN ¥ (

The average over the record of this is given by

/2
—e a;/(&cg, [w:%?’f(,é'r?,)ﬁ'/'rv’- w).?u”ia‘(ﬂ-—g,)fﬁ‘ "}"j L
T a2 L |

Remembering that iz, and %— are integers, it can r be shown that this = O

Ke

v 8
O
oy
‘..J
Q‘A
e

»
LY

Y

wje
@

i
%
R,

4

except when ﬁ, = g~ , when the average equals
4

o,

2.
Similarly, the term @/( é arn (A)i( é“,a,em.w £ averages to & ﬁ/{ , the
products of sines and Cos:mes give zero averaﬂe, as do the products of C{,o and

sinusoidal terms. Thus

, 0
}"«f) = ”;Ta’z ""/(Z;, '}{(a’/é ""g/?) 2.1/6

24

! v o : : .
-—1" ((LA’ T A) is the mean-square ordinate, or variance, of the /, - component.

11



Thus, one can see that the variance of the sea surface is composed of the sum of

the variances of its sinusoidal components.

Now the Inergy Density Function E(/@z) is defined as follows. That part of the
variance of the signal carried by components in the range of frequencies (%—'g;/l)

to(f+ §¢/2) s E(f) 5% ,

‘Thus, if the original signal 3,(‘?1’) is passed through a filter of bandwidth 5;
the variance of the output is by definition E(?) {% , 8o that

EQSE = = L(«p+8)

where the summation is taken over values of for which the corresponding

frequency fﬁ lies in the range(f—»g-}f/z_)Cf/( <(,Z-f~ a(;/z). This is strictly

true when P —» @ so that the interval é'i;i contains a large number of components.

Thus, assuming that E(ﬁ) is constant in the interval gi‘e y So that all the

values of (Cbl?‘ g"’) within it come from the same statistical population, and
remembering that the frequency separation of the harmonics is l/'?’ , cne can see

Kt (80> = EGL) - = o

A plot of the Fnergy Density Function & (f) against frequency is called a
varianoe/frequenoy spectrum. Since 5/{‘5' ig usuvally given in terms of the elevation

s
of the sea~level, the units of E(vf) in the SI system will be h{é:‘



2.2 Estimating the spectrum from a wave record of finite length: introduction

In practice we are only able to record the waves for a finite time, the limit
being set either by limited recording capacity or by changing sea conditionss +the
effects of these will be discussed later. Here we shall assume that we have a
record of the waveheight B(i’) in the time interval - T/z < € < T/,z_

The most straightforward way of analysing this is to start by subjecting it to a

Fourier Transform (equation 2.7 /’l ).

Co —
}(«:’:) = -i"a.o + 2 l\a,nmz,wn,é‘/r + €. sznf/'r]
i

where TL is an integer

or in complex notation (equation 2.1/3)

o4 4;2_‘7-":1,6‘/?'
}({‘) L 2 Fn €

Ve
Nz GO

¥

where
oL, — < 6*\

e g
"

g' Ve m
isaY
BEach component has an exact number of waves in time ] , and they are in fact

"Harmonics" of the fundamental frequency I/T .

The Fourier coefficients a,.,\ and ‘5-\“ now have to be interpreted. If we put

l< } ( 3 2 2\
@ () A = 3 Con 0. - 2.2/1
where A! = I/T’ is the frequency interval between harmonics, then one would

this has been shown

expect gé('n) to be an estimate of the energy density E(vt)
in effect in section 2.1.2 (equation 2.1/7) which demonstrates that the expected
value of ¢(‘n,) defined as its mean value if we were able to determine many values of
it from independent records of 5/(47) s 18 E_(‘n) . However a single estimate is
subject to enormous sampling errors: in section 2.4.7 it will be shown that the
root—-mean—-square random sampling error equals the mean value. Thus, to get a

meaningful estimate of & (’7!.) we must average over a number of estimates ¢("'L)

A common practice is to average 10 values from adjacent harmonics, but this still
leaves a standard sampling error of I/J?O , Or approximately 30%. This problem

will be considered in more detail in section 2.5.

13
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An example of a section of wave record, its individual Fourier harmonics,
and the estimate of the energy spectrum derived by smoothing these, is given in

figure 2.2/1.
Apart from the random sampling error just discussed, the esfimates Qgcn) also

contain contributions from a wide range of frequencies in the original process.

This problem will now be examined.

2.3 The frequency resolution of a Fourier Analysis

2.3.71 Bagic formulae

J

It has been shown that when analysing for the n;ngburier component of a finite
record, there is no contribution from any other component of that record.
However, when one considers the finite record of length T  as only part of a
process extending over a much longer time ’?’ , then we shall show that the
energy of the N/fg component of the sample record contains contributions from

all frequencies in the long record except those precisely coincident with the

15



Figure 2.3/’2 (a)

The ensrgy response functions of
various window functions

No capering: eQuation 2.3/1
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Figure 2.3/1 (b)
The loci of the maxima of the energy
responss function in 2.3/1 (a.) taken
to larger frequency deviations
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frequencies of the harmonics of the sample record. These contributions can be
described in terms of the filter function of the estimate, as will be seen, and
the skirts of this filter function are by no means negligible, Iater in this

section we shall show how these skirts can be reduced, but Ffirst the theory of

the simple Fourier analysis will be looked at.

The detailed theory is given in section 2.6.1 where it is shown that for the nth
Fourier coeffioient, if 7w is large¥ and L:( m) is the energy density at a
frequency N T (’m-&-m) where L is continuous, then

\%

dm 2.3/1

B | M‘, o
Expectation of i’("“": -rg,:) = ?j = (%,,\ k

A, T =T

The analysis of the nth harmonic is thus like putting the original signal through

a filter with an amplitude response function of m I e
. .
. Adrr TR 2 !
The energy response function | — - is plotted in figure 2¢3/1.
I L%

For some purposes it is useful to know the expected contribution to the variance

-3
~—

of the nth harmonic from the harmonic interval lying about the ('ﬂ + 1

harmonic. Calling this contribution = ("‘fh)

n+'2 2
Ewn) = L [ elfu) (B )

n- 4 /

If we assume =

Yn)

(;m) to be effectively constant over this interval and = L(fn)

«

| Vi ne vz AL W 5 2
—_ ' /
= E(f) | (BT e

i1

i
il
Ut
—
o
\
X
l.\)
>

Ao

where WM =

l .
Ja‘lf /1 P

n__//z o

This equation can be converted to a form which is tabulated in standard books,
but nowadays it is almost as easy to integrate it numerically on a computer,
which is what has been done in this case. The weights are given in Table 2.3/‘!.

Note that, on the assumption used here that M is large, Wy = WM

*The criterion for U to be adequately large is that <
—=) <

18



2.3.2 Correction of estimates by a maximum likelihood method
More generally, in the discussion on equation 2.2/1 in section 2.2 it was
shown that @(W) defined in that equation is an estimate of the true energy

density E(m) . We can now see that

or

E("L) - i <@/(n)> Z L(n+i“?)w~" «-Zt(nm)uy\lz 3/3

W’o n=+
If we replace <¢(‘ﬂ)> by the actual measured ¢(-n.) , and E(’n/fﬁ) by the
estimates ¢(m+n) , we get a formula to correct E('TL‘) for its side lobes.
However, in principle we can do better by replacing E(n +f) in the formula by

its corrected estimate ¢?\%('nv ‘m)‘ Then

- ‘ oo
7 n = oz |- Z > G, - = ¢ A Y
© ™ 1=+

The series of equations for ¢ ("} are now a series of simultaneous equat:mns

giving a matrix which can be inverted by computer to give the values of /¢7%W)

These are now the most likely estimate of Ef”b) from the actual data.

However, in practice, it will be seen in the next section that a sensible
choice of analysis procedures gives values of W"M which are negligible
except for ¢, and ¢ . In addition, sampling errors are such that the
total corrections in most cases are of the same order as, or less than, the

rms sampling error. Thus, at the most, one might use the simplified correction

(remembering that w, = CU"__' ).

B s { oo = wn[Foconped] | P
S

19



Table 2.3/1

a0
" W = wr
@=N+i %

0 <TT737 <1131

1 0786 .0345

2 .0140 .0205

3 .0060 .01461
4 .00326 .01135
5 00207 00928
6 .00143 .00785
1 .00105 .00680
8 .00080 00600
9 .00063 .00537
10 00051 .0048

The expected contribution to the value of the (amplitude)2 of a Fourier harmonic

from the harmonic interval centred M harmonics away from it is E()%W) W
This table is for a sample record with no windowing.

The asymptotic formula for W, is

! -2 2
L = . X 10 i?
w/” = S(wmr " $-064 /

This is correct within 1% for M > 10.



2.3.3 The effect of averaging over adjacent harmonics

In order to reduce the random sampling error, it is common practice to average
over a number L of adjacent harmonics (Figure 2.3/2). We shall assume below
that the spectral density function E({) of the wave system may be considered
to be constant over such an interval.

Figure 2.3/

Position of original estimates Harmonic number = ¥t
Frequency = 72,/7‘
T S S O S T S Y S s P O S S i A B T R T B B
L ' A ; (- Y )}
&) (6] 8] O

Position of estimates after smoothing L. at a time

frequency = ( N+ I"JL)/T

] - - 0" { ]
N N2 A+

N+Mié = Harmonic No. of centre

Centre of band

of estimate of side band

The estimate ¢(£) of E(/) then becomes
2\

G af - - 5 (ai + £1)

where the sum is taken over [. ad jacent harmonics centred on the Nth harmonic.
1t L is ever, N will be an integer ++. The estimates will be separated by
intervals of L harmonics and we wish to know the weighting function V‘.’

such that the expected contribution to the Nth estimate ¢(/N) from the ensrgy
in the (N TML) interval is

E(Fuim)

We use the same assumptions and approximations as before. The equations are less

H
o]

cumbersome if we work with exceedances: that is, the total energy contained in

all side~bands including the one of interest and beyond.
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Figure 2.3/3
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Using Figure 2.3/3 consider first the lefthand harmonic in the estimate band.
Remembering that it is only one of L. harmonics contributing to the estimate,

its side~lobes will contribute to the P7?£ side-lobe and beyond by a proportion

“L“ZW?,-

L §nL . »

Similarly the next will contribute by a proportion

Z"‘"’qr

1
' L ?:ML‘/
So the total proportional contribution will be
<t
o] ML
' >
S ow, - 2 “y 2:3/6
H=-M m=(M-)L+1 ™

This can be computed from a table such as 2.3/1 if it is extended to higher
values of 7L . Note that V?; is a special case. Values of Weag can be

obtained by differencing.

As an example, values of \\/n “have been computed for L = 10 and are given

in table 2;3/25

Ny
[\v]



Table 2.3/2

Values of the weighting function VUG) for estimates of spectral density

obtained by averaging over 10 Fourier harmonics (no windowing)

oD
M W > WQ
Gzt
0 s .9542 02290
1 .0193 .0036
2 .00144 00216
3 ' . 00062 00154
4 : .00034 .00120
The contribution to thp estimate centred on the Nth Laﬁﬂoan from the

spectral density s centred on the (N T‘0’7) harmonic is
fk!+lﬂﬂ

Eﬂ(fN+/0N)
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2.3.4 Reduction of the skirts of the filter function by windowing

It has been shown that the variance of a given Fourier harmonic of a finite

record receives contributions from a wide range of frequencies present in the

wave pattern, It has also been shown that these skirts can be reduced to accepitable
proportions for most engineering purposes by transforming a +time series which

is long enough to allow averaging over adjacent harmonics at, say, 10 at a time.
However, there are some applications where such averaging is impracticable

because of limitations in computing power or cost, and others where the size of

the skirts is still unacceptable. An example of the latter is where one is
examining the activity at medium frequencies (3 x 1074 10 3 x 10“2 Hz). The
spectral density in parts of this band can be in the region of 10"‘6 of that in

the main wave spectrum. Thus, more powerful methods for reduction of the skirts

are required.

One way of looking at the Fourier analysis of a finite record is to join many
copies of it end to end to produce a repetitive waveform of fundamental frequency
l/T’ » The harmonics of this fundamental frequency are then continuous sinusoidal
waves. However, any sinusoidal component of the original signal with a freguency
which is not one of these harmonics has a discontinuity at the join, and this
discontinuity clearly contains a wide range of other frequencies, Thus, in order
to restrict the range of these spurious freguencies one must smooth the ends of
the record in some way. This is done by multiplying the record by a "Window
Function” which tapers the ends of the record to zero. That is, we produce a new

record Z (£) = }(ff) F(t) where F ((“) is the window function.

It is shown in section 2.6.3 that the expectation of the variance of the nth

harmonic after windowing” is

o B - TZ y
Lure by - o ) E(f) }(f: ’Z‘)J! A 2.3/1

where 5’({) 4_j°bF(ﬁ‘) oo 2 W%f L 2.3/8

To confirm that this gives the correct answer in the simple case already calculated

j ﬁ? - T/2 € <+T/2

O elsewhere

"

H

[

in the previous section,; put F((')

*Tt has been assumed that g(#) is negligible for ffﬁ >/,\ and that the window
function is symmetrical about € =0
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TMn%%P 4\L walrfb A4
lif . zf;rfi“r‘/z

. AAQL v %17’
2

“rrf
Inserting this in 2.3/7 gives

s ites o (S [l )T T
€<&“+gn>‘ oL(Fﬂ) ‘W(f'm“%/)‘r. Ja%é

which is identical with equation 2.3/1 if ;ﬁ is converted into the equivalent

i

It

harmonic number.

The wider significance of equations 2.3/7 and 2.3/8 is that the shape of the
filter function of the analysis is the shape of the spectrum of the window
function. Thus, in order to reduce the size of the skirtsg a window function
must be chosen with a spectrum which falls off quickly at higher frequencies. A

function commonly used is:

F(&) *L"Oml’re/f ;ﬂ’"wz <t L+ 7

= .l
2.3/9
= ) elsewhere
The Fourier transform of this is .
rTZz - < 2:ﬂ;@f ,
() /J»¢v—~c,o:z Tff/T‘ A
Y L=
O
which after some manipulation, gives
A 7r/f7‘ i
' 2.3/10

¢(f) - T T |~ (F)*

The shapes of ——d:—-{] for this and the square window are given in Tigure 2. 3/1

Fal

It will be seen that the windowed function falls off very quickly at high

frequencies. The corresponding weighting functions are given in Table 2.3/3.

It will be shown in section 2.4 that this window function has the major
disadvantage that it increases the random sampling error by a factor close to /2
This is because it in effect +throws away roughly half the data. Thus, people
have searched for window functions which reduce the skirts of the filter function

while retaining more of the data.

A commonly used class of functions is the partial cosine tapers, defined as

follows. o5



Table 2.3/3

Weighting factors for a full cosine taper

]
The spectral analysis is performed on Z({Z’) =z 5,(5.') ("; + 5 oo QJTL"/T)

(a) With no averaging over adjacent harmonics

oo
™M W, Z w
o= il 7/‘
, 4
0 . 60061 . 19968
1 . 19697 ' .00271
2 .00262 - 00009
3 .00008 .00001
4 . 00001 0
(b) Adjacent harmonics averaged 10 at a time
M Yy
0 +9595
1 .02025
2 10—6




Figure 2.3/4

v F(E)
H AI ~~~~~~~ i
/’ \
| i
i ]
[ [ 7 ) ¥ s}
~T/2 -7 t=o T /2

FE) =1 fro<e<T,
F(o) -+ [1 +ema(atip)] fr T<ELT/2

F(&) = F(-¢)

2
i

2m¥ /T .
where }f is an integer

ﬂ = 7 for X even
/3 = O for & oda

It is shown in section 2.6.5 that the Fourier Transform of this function is

(forX f())

}(ﬁ) = ’H’i;‘j ‘Vz_X@T),_ [M(Wff“/’ %‘L)rm;\wa] 2.3/11
[+

This function is plotted in figure 2.3/} for Y =5 and the weighting functions

are given in Table 2.3/4. It will be seen that when the estimates are derived
from smoothing harmonics 10 at a time, this is very effective at reducing ths
skirts of the filter function, while losing comparatively little data.
A final caveat should perhaps be added. All the theory in this section strictl
speaking applies to analogue processing. For the typical circumstances of digital
analysis of wave records for engineering purposes the results can be applied in a
straightforward manner. However in unusual circumstances, such as if one were
trying to look at the very low activity round about 1 minute period in the
presence of sizeable ordinary waves, it would be necessary to look closely at a
number of other factors before the results could be applied in g straightforward
manner. Such factors are the noise due to the finite’digitising amplitude
'intervals, aliassing due to the finite digitising time interval, and possibly the
departure of the windowing formulae from the analogue values when applied to a

finite number of samples.
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Table 2.3/4

Weilghting factors for a partial cosine taper

The figures below correspond to the case where the tapering is carried out over
the first and last 10%'s of the record, the middle 80% being at full amplitude,
(that is, ¥ = 5 ).

(a) No smoothing over adjacent harmonics

o0
M W, %217“ wJ%
0 < 74833 . 12583
1 .09609 02974
2 .01681 .01293
3 .00654 .00639
4 .00313 .00326
5 .00160 .00166
6 .00082 .00084
7 .00042 .00042
8 .00021 00021
9 .00011 .00010
10 00006 .00004

(b) Smoothing over adjacent harmonics 10 at a time

M iy

0 «963724
1 .018133
o 5 x 10-6
3 < 1076
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Figurs 2,4/1 .

The probability distributions of the amplitude |f]| of a
Fourier harmonic (/é ({ﬁf} ¢ the Rayleigh distridbution) and
of the estimate gﬁ of spectral density derived from it
(fé(gﬁ) + the negative exponential distribution). Iiote
the curious fact that the nost likely value of §§' is
always zero. This is well illustrated by the middle
diagrain of figure 2,2/1,

2
(T’z = ensemble average of if?;

£{t) . .o O
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2.4 Random Sampling Errors

2.4.1 The random sampling error when averaging over uncorrelated harmonics
It has been mentioned once or twice in passing that the estimates ¢({} of the
spectral density [ (/) have a large sampling error. In this section this statement

will be quantified.

It has already been demonstrated that the complex amplitude of a given harmonic

is made up of the superposition of a large number of contributions from components
in the original record. It is in the nature of a random gaussian process that the
phases of these contributions are random the amplitudes also havé a random
variation, but it is not necessary to assume this here. Thus, if these components
are added together on a phase diagram the classical Random Walk situation is
obtained and a standard statistical theorem says that the probability that the
amplitude of the resultant vector will fall between ,”:)! and [A] + g[ﬁ/

/(/F)[) S A where
Abar) = -f—- e/xﬁ( ’m ) 2.4/

2

2
where O is the mean value of [/ ]
This is the well-known Rayleigh Distribution.

For use in the frequen cy/va,rlanoe spectrum which is being discussed here, it is
the square of the amplitude ’9} = a®+ ﬂ which is of interest.

This happens to be an easy transformation (see section 2.6.5) and gives

LUBE) = o e

Now o(,.,f-rl: = },qm = l.¢».\
and 0-% = mean value of /,9.,\ = 2 £ }g';‘xf

2.4/2

Thus, this equation can be written (see section _06.5)

L85 gy - 5 ] =

The Rayleigh distribution of 2,4/1 and this negative exponential distribution are
plotted in Figure 2.4/% It will be seen that any particular value of @h is
likely to be a very poor measure of the corresponding spectral density of variance

E({,‘) In fact, the standard error, defined as /< [¢““E(/«7J ’~> is I:’é/x)

or the proportional standard error is 1.
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Another standard statistical theorem states that if random uncorrelated samples
of a variable are taken and then averaged L at a time, the variance of these

averages is proportional to I/éL ; or the standard deviation of the averages is
proportional to (]‘/L_)’a. Thus, the standard error of an estimate of L?Of“)

obtained by averaging over L uncorrelated harmonics is given by

!
Pl
Proportional standard error of }5; = | /4L = : 2.4/4

This is a result of great significance. It shows, for example, that even

averaging 10 harmonics at a time, the standard error of the resulting estimate

is sti11 1 /S0 = 329

The probability distribution of the estimates is a chi-squared distribution with
2 L degrees of freedom. This will not be derived in this paper, but the
distributions and their confidence limits can be looked up in standard books of
tables. The factor of 2 arises because the average is in fact being taken over
harmonic phase components (that is, L values of a’ plus L values of £* ).
Q. and fﬁ have Normal probability distributions, so that the average is being

taken of 2 L normally distributed components.

2.4.2\ The effect of windowing on the random sampling error

A little thought will show that the arguments leading to the Rayleigh

probability distribution for 'fgm' (equation 2.4/1) are not affected by windowing.
The effect of windowing on the random sampling error arises because adjacent

values of l,}h' from one analysis are no longer effectively independent. This

W

is clearly seen from table 2.3/3, for example, which shows that when using
full cosine taper, neariy 40% of thé’expectation of ﬁin ig due to the enesrgy
density in the intervals on either side of it. This means that when averaging
over adjacent harmonics, the standard error of the estimate is reduced by a

factor smaller than &

The precise theory of the effect of this correlation is cumbersome, but a
reasonable approximation can be obtained comparatively simply. It is shown in

section2.6.6 that the standard error of the measurement of the total wave energy

— ¥ |
F) / 7@ 2.4/5

where /:(é) is the weighting function applied to the original record. For a full

is proportional to

1
cosine taper for example, this factor 15(35/18)2 = 1.4 . If the estimates

after averaging become effectively independent, then clearly this ratio must also

apply to them. 31



Table 2.3/3b shows that using a full cosine taper and averaging over 10 harmonics
at a time, the contribution to an estimate from the intervals on either side is
only approximately 4% (compared with the 40% of the un—averaged estimates).

Thus, assuming that the estimates are uncorrelated is a reasonable approximation
and equation 2.4/4 can be applied to give an approximate measure of the effect

of windowing.
Thus, when spectral density estimates are obtained by averaging over a number of

adjacent harmonics, the effect of windowing by a full cosine taper, for example,

is to increase the standard sampling error by a factor of approximately 1.4.
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2.5 Practical sampling and analysis procedures

2.5.1 General
In pfaotice, sampling and analysis procedures have to be a compromise. The
parameters which have to be decided when the samples are taken are

(a) Digitising time interval JANE

(b) Digitising amplitude interval ZE\S(

(c) Sample record length T

(d) Interval between sample records

The parameters which have to be decided when the sample records are analysed are
(e) The frequency resolution required
(f) TWhether to use segmented Fourier Transforms

(g) Whether to use windowing

These two sets of parameters interact to some extent, but it is convenient to

- consider them separately.

2.5.2 The sgampling scheme

(a) Digitising time interval

: Standard communication theory shows that the real spectrum is folded
back on itself at a frequency I/,Z PANE sl Thus, one must choose A & such
that the spectral energy folded back is small compared with the real spectral
density in the frequency range of interest. In practice, wave sensors often
have an instrumental cut—off at high frequencies, and A € can be chosen so that
i’/lAt is above this cut—off frequency. £ ¢ should not, however, be made
smaller than necessary since many of the other important parameters are limited
by the number of individual readings that can be stored and processed economically.

(b) Digitising amplitude interval

The process produces a white rnoise over the whole gpectrum with an

integrated variance of [ /4 (Ag,)l « Thus, the noise in any frequency
interval can readily by calculated.

(o) Sample record length

This is where one reaches the difficult decisions. As has been seen,

the sampling error is unfortunately large with any practical analysis scheme.
For a given frequency resolution, it is proportional to (/ //T“) <
Thus; there is pressure to increase the record length. However,
particularly when dealing with routine analysis, the cost and even the

availability of computer time is limited, and the computertime required for an

analysis is roughly proportional to T % .
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(d) Interval between sample records
The question here is "over what period do the sea—state parameters
change significantly?". A significant change means one larger than the sampling

error. In some circumstances the sea can change quite quickly.

Taking (c) and (d) together, clearly the ideal would be to record continuously

and divide this continuous record into lengths such that the 1naximum change

between records was approximately equal to the random sampling error. In practice,
it is still not economically possible to do this for routine recording, though it
maj now be possible to do it using on-line microprocessors. However, where data
vetting is required before frequency analysis (and this is usually the case if the
data is telemetered over a radio link before recording), the computing time is still
a limiting factor, as is also the storage capacity of magnetic tape digital recorders

suitable for use in remote locations.

For the time being, a typical sampling routine is to sample for 102l seconds at

half-second intervals every 3 hours.

2.5.3 The analysis sche%e
(e) The frequency resolution required
Since the practical considerations discussed above limit the length
of the sample record and hence the frequency separation of the Fourier harmonics,
there is a simple compromise between frequency resolution and sampling error.
(f) The use of segmented FFI's
One way of reducing computation time is to divide +the record into a
number of equal lengths, carry out a Fourier transform of each length, and then
average over the corresponding harmonics of each analysis. The number of
multiplications required for a Fourier transform is proportional to T*® :
dividing the record into L equal lengths therefore reduces computation time by
a factor of approximately L . The price paid is a major widening of the skirts

of the equivalent filter function: compare tables 2.3/1 and 2.3/2.

In fact, with modern FFT algorithms, the penalty for analysing the longer
records is not so great as indicated above. Thus, for the 1024 s records,
most operators consider it worth transforming the complete xecord.
(g) Should one use windowing?
If segmented FFI's are used, then there is a case forusing windowing
to reduce the skirts of the equivalent filter function. However, the width of

the central lobe of the filter function is increased considerably. (Compare

tables 2.3/1 and 2.3/32.)
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If the complete record is transformed and averaging performed over adjacent
harmonics, then the price paid for the reduction of the skirts is an increase
in the sampling error. To get a feel for the balance of advantage, consider

three schemes for analysing complete records.

(i) Simple Fourier transform followed by averaging the variances of the
harmonics 10 at a time.
(ii) As (i) but using a partial cosine window function with ¥ = 5.

(iii) As (i) but using a full cosine window function.
The frequency spreading can be compared using tables 2.3/2, 2.3/@ and 2,3/3b.
It will be seen that, surprisingly, bﬂ/, is close to 0.02 in all three cases.
The differences arise in VV& and more distant weights. VV} is 0.0014 for the
first case, 5 x 10“6 for the second case and less than 1070 for the third.

The standard sampling errors are respectively approximately 32%, 35% and 45%.

For all ordinary engineering purposes a value of Vb; of 0.0014 is negligible and
it is clear that the use of windowing is not Jjustified. However, if for special
reasons the side-~lobes have to be reduced, then the second scheme gives a major

reduction with only a small penalty in the increase in sampling error.

Perhaps it should be said that a number of variations on the themes described
above have been suggested and/or used from time to time, but in the author's
view they offer no significant advantages in the present state of technology and

it would only cause confusion to consider them here.

At the present time, the standard scheme used for routine analysis by IOS (sampling
twice per second for 1024 s every 3 hours) uses only approximately 10% »f the data
available from a wave sensor. The resulting specira have a frequency resolution
of approximately 0.01 Hz and a standard sampling error of 30%= None of these
parameters can be considered to be satisfactory, and it is clear that the way
ghead must be to decrease the labour of editing the records and the cost of

analysis to the point where a greater proportion c¢fthe potentially available data

can be analysed.
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2.6.71 Equation 2.3/’!. The equivalent filter function of a Fourier

analysis without windowing.

It is again convenient to consider a long conceptual record of the process
- 3 ‘.\,
extending over the period = '/2 <{‘<q}/l y where Y will eventually be taken

to be infinite. This may be represented by its Fourier series (equation 2.1/3).
o)

D < Wy
5'(&) T2 A§w C"/Le,

where a),( = Q.Tfﬁ}/'y

We shall look at what happens to the general,‘. th component when we fake a
sample of}({') of duration T where — T/l <tELS T/ A
Using equation 2.‘1/4, the amplitude of the nth Fourier componsnt of thz finite

sample ise

- 7/2 | - ‘C- WW t

2
= t) C , olA-

T/ | &
3 ] ( Lwh t - aw, C
s > (e e /o

~T/2 f==co

= TR L (wp- ) €
-Ls e e s

§ CI """L"’"’ }»QL(%{VJN')T/?\ eﬁ.c’(wﬁ"wﬁ)“f/«’»?,
ke _ - -J

H

t}
Mg
Q
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This amplitude response function must now be converted to an energy (or

variance) response function, since we are trying to estimate the power spectrum
of the process % ({’) .

Remembering the definitions (see equation 2.’!/4)
H S PPN t é

A = -{-té

SR
)

CA~£c(//4
Ch +fjdzﬁ

Then “;‘:“(a"::'fé:) = "i“ /’)% i‘q’“_

N
=l
»

. oo .
x aum, (W4 - W) T/2 y M(wc?,"’wm):r/z_
; - 1 z G;_ A C/

y ‘(c,)jéi..w“) T/2 ?=—°a%° (w?-;w,)T/z

Since the values of Cﬁand oL/Zare randomly positive and negative, when an ensemble

is taken the only consistently positive or negative terms in the product series

are when % /z. and (;, « Thus

dun, (Wf -~ T/2 . A,@;q,(a)ﬁrw,.)’r/z
<“L(a~m 162D = <.z Z C {(w,( wﬁ)‘r/‘, (Wyrw-)T/2

LSS, oy N\t )
+ ..,.-Z ' { A (/iu/z_‘ W»,\;;I.Z. N
fos-o /" [(r-w)T/2]™ f; e

Considering the first term, the factor inside the curly brackets is the same

for ﬁ and-/é , and zero for ﬁ = O since W, = 2 TTN/T

Also <C2’z+ C_’; > =<C/Z—2(:(%6£A v—c(;£+cl,zg_ +2 f,{:;‘a(:’é -—c/;/j}

= <z(cz -di) >
= O

Considering the second term, the factor inside th2 curly brackets is also O

fol"ﬁ = 0
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* . ?._f 2 (C -rax'/)
e *(l(a’n gﬁ.,)} < A [(W/z’&)m)'i—/ljl

= 5 <k (chrdf) p 2m (O 0n) T/
foe [(w-0.7/2]*

am” (W) 7/2
[(wp+0.)7/27°

Putting I/’r Sf then taking ¥ to infinity

_<J~(c,e.+aaﬁ)>>< Zuﬂﬁ;’x >jz-<z€«>><iﬁ

/;,

- 2 (Wp-0.)T/2 M‘(w'w){)‘r'/z
2 a— +g{)> J ( £ 2. 4‘ - = 2 ?
S %/‘ {[(%‘%)T/z] [(wpre.)T/2] 957?

Now in many practical cases we are dealing with values of 7L from, say,

30 upwards, so that the denominator of the second term varies from
(30'7{)1 L 104- upwards, and the second term can be neglected. In this

case it is also convenient to put
£} /
&%é-a)h_ =¢Z7T7n;/AT or 7%%-* f%; = 7”1/’7‘

That is, we express the difference frequency in terms of harmonic intervals 7%

" C ,@im."?rm_ o
<z(“‘" )y (r m)* T

aqn. -

Th

which is equation 2,3/1

Note that
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2.6.2 The infinite Fourier transform of a window function

The window function F(ff’) is finite in the region '"T/Z <€ <T/1 and Zero
elsewhere. It will be assumed to be symmetrical about € = © (see, for exemple,

figure 2. 3/4) .

%
Consider it in the longer interval — ,Y/Z < ¢ < /‘Z

Then the finite Fourlex transxor’n is (see ecuation 2. ’I/A,)

-2y €/Y
,YJ Fie) ¢ ot

/2

6’

4

) "y
- )
CT@, - %/z%» + 4 f’%. is the complex amplitude of the ?f- = harmonic of the

interval " . The reason for the dashes will appear later.

However, since F({')ls zero outside +the. interval,
N /.
/2. cam 6‘/’3" 7/2 -t 2T /T
' - 7
q?'}/ le F&)e v Z.J F£) ¢ dt
T/
This is a function ofq’/’r’ which is the frequency 75 Thus, for a given

frequency G "i” is independent of Y , and therefore remains finite if ’7’ is
taken to infinity.

We may therefore define a new function

,G(?i) =2 | Fl)e e

. - - - - ~ r’b
C)(%}ls called the infinite Fourier transform of # {&

applies fo pulses which have a finite duration. Note that it is a continuous

. Such a transform

Mg

function of frequency, not discrete as in ths case of finite transforms.

1 F(€) is symmetrical about ¢ = () , then F(&) = F(-)ana

) ~lanlt -«uw;’z— cl’”/ﬁf_ iy
| Aere Fae - [Py (e &
— O ~“ 0

e V4 ;.
= | Fe) 2 oo [2mfe) ot

L

o
Wnich shows that G (‘f) is real, that is, in our usual convention.

GY) = ¢

3if) 4J F() con 2T fE ok

#

1}
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2.6.3 Derivation of egquations 2,3/7 and 2.3/8

The filter function of a general windowing process

The algebra of this section gets rather involved and can obscure the

conceptual sequence, so that this will be explained first.

As before, we consider the output'?(t) of a waveheight sensor which we shall
assume to be measuring a statistically stationary process. We assune thatg;@ﬁ)
can be considered as the superposition of a large number of sinusoidal
components, and for mathematical convenience these are taken as the Fourier
harmonics of a long conceptual record with a duration ‘¥ which will eventually -
be taken to be infinite. This long record is sampled by multiplying it by a
function F(£) which is non-zero only in the range — T/2 <¢LT/2 . For a
simple sample F{&)is | within this range, but in general can be tapered in

some way. #{€)is assumed to be symmetrical about € = o

We first show (equation 2.6/2) that the effect of this process is to spread
each component of the original signal over a band whose shape (in amplitude)

is that of the amplitude spectrum of ths window function (which is in effect its
infinite Fourier transform). The original spectrum has in fact been

convoluted with the Fourier transform of the window function.

We then show (equation 2.6/4) that the Fourier series transform of the sample
picks out Just those frequencies of the convoluted spectrum which correspond to

harmonics of tho sample length T without further spreading.

At first sight it is surprising that the Fourier series transform does not

introduce furthcer spreading, but since the sampling has been done before this
stage, so that the signal is zero outside the range .,'T/§ <:'€’<:7741 ;
the product of the signal and of the sinusoidal function can be integrated

from - 60 to + o0 without changing the answer. his means that it picks ocutl a

et

single frequency component from the windowed signal.

Finally, we show that the expected value of the resulting spectral estimate
(that it, its ensemble average) is the integrated product of the true power
spectrum and of the square of the Fourier transform of the window function
shifted to be centred on the frequency of th: estimate. For each Fourier
harmonic it is as though the original signal had bsen passed through a filter

centred on the harmonic frequency and with th: shape of ths Fourier transform of
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the window function, and the resulting power measured. Th= tail of the
equivalent filter function which would be below zero freguency is reflected

back to positive frequencies, but can usually be neglected.
The mathematics will now be given.

As stated above, we consider a conceptual long record of 5, (£) extending over

the interval - rr/l <t <?'/1 s Where T will eventually be taken to infinity.

The sample of this extends over -'T'/l <t <T7/2 y but now this will be
multiplied by a/"window function" which smooths off the ends (see later). It
will be convenient to consider this sampling and windowing procesé as the one
operation of multiplying g,(ﬁ‘) by a function F (é‘) which extends over tha long
interval — 7"/1<t' {7/ but which is 0 except in the sample range. Thus,
the windowed sample becomes Z (€)where

Z k) = 3) F©) frm =M <ELY/2

and we can put each function in terms of its Fourier Series as follows

«© RTINS
}('{‘)=’2~I““/Lz K/g e A
g f LG, T

Ns ‘s__
M
L
)

F€)

2.6/1

)u,--
M
Q
0N

Z()

T =-0I .
i ; /
KA G% and C’fr are complex amplitudes (the fact that G?,- is real, as has been

shown in section 2.6.2, will be introduced later).

C&)I(' = R_, 'l;?,’_f{ i’/’}} ete

The first step is to calculate the values of C,T + that is, to determine how
the windowing and sampling process has modified the spectrum of the function

before the sample FFI' is carried out.
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-2 L> Z K, e S’ )oét

=~
.
| x oo | v LZ,T?(/(w}—'r)é‘/’Y
=— 2 = KiG e
27T IZ =00 7=_o<> -y
Remembering that/L , l’x}— and 7" are integers, the integral is zero except
when/‘é-r? ~7 = O , when it equals . Thus,
oo

c = i"‘ Z. K/z G'(r-/, 2.6/2

T !f:-GO

The usual Fourier analysis of the sampled function can now be performed

(equation 2.1/4) 3 . -

H\m = — J Z({:) e A
J -7

But since Z(€) is zero outside the range —-T/Z.{i’ < T/Z. ; the limits of
7
integration may be extended to -~ T2 L L7/

2 5{,};!2 ~<2wnti/T s
- ° " T .
-3 2

y — ,
To simplify the mathematics we now postulate that 7= ot T uyhere 6k is an

integer. Since &\ will eventually be taken to infinity, this in fact loses no

generality.



Using equation 2.6/ )
J-FY/z 03 C/ LlTj’“f"{’/’}) -l LT LN é/’}/

= e e A

s
7200

i} él*ﬁ(ﬁ”-—&“)f/”
- C’ ( /e ok

The integral is zero except when 7 = X7 | yhen it equals

Soh, =(v/7) Cun 26/

Using equation 2.6/2

v oo :
A
fn = 37 foe -0 p G

It will considerably simplify the maths if it is assumed as in section 2.6.2
i
that the window function is symmetrical so that Ga{-n.- /7. is real and
£ 3
therefore equal to S, d‘?‘_‘/g_

}

»%(ef,f r4.5) 7: 2 S .,

1

/{ Z }\% - LT -vw

8T /{—woo ?,—,.czo
The values of KK are randomly positive and negative, so that when an ensemble
average is taken the only consistently positive or nsgative terms in the

5 . . } N .
product series are those with % 2/2, and C?* Sy I Thus, remembering that

%’;c = ‘é’\xx

/%-W[K/l‘g’“h% g""“ Th K/‘ v g’d‘ﬂ"t %m -/:] >

Consider the first series inside the square bracket, and add the fterms for ye
arwd-v/ (remembering that ’3?’ depends only on the shape of the window function

and is constant in an ensemble average).
2\ i 2 z -,
KL Famp Fantp ¥ Kop Fansf Fan-f >
z 2 f
=< KIL + K4 D g*\o{'n~/\ g ;(n-s—/(

It has been shown in section 2.6.71 that
2 2
<K Lot KD
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The term for ﬁ = 0  does not disappear, but tends to zero as F —o @

so will be neglected here for the sake of simplicity.

2 2 ' % \ N
ns TG B = o (= KRy (Fot)” >

==

LK Ky s [y - G+ < G1) p

k> =2 E(R) DY

where Qf = l/’?" |
S <at by = ‘gf; < /L?ooz E%)(%;m%)l&;>

!
Now it was shown in section 2.6.2 that 7 ?&.ﬂ__/ll_ remains constant as

T -0 so long as the frequency to which 3,‘ refers is held constant. In
the present case ﬁ,‘ refers to the difference in frequency between the &7

harmonic and the pth harmonic of the long record of length ¥ . The &7

¢
&

harmonic of this is just the nth harmonic of the sample length T and thus has

4
the frequency f’h for which we are analysing, whereas the pth harmonic has

the general Trequency ;/é over which we are summing. Thus, as we take P> O

we can write

where

T Guns = 4 (F-Ft)

ig the infinite Fourier transform of the window function as definsd

in section 2.6.2.

. H 7 z’"""" A
SE<eke by = o i%)g (FomFr) “p4

since

Since fﬁ

-

) FECH)

is now only positive in this equation, the criterion for the second

term in the square brackets to be negligible is that 9,7%) <<| for f>f~n_ .

For many practical circumstances this will be the case, and then

3':"<a':+£:> ’::4,.1,1 JE(%}L)?z(;{/gﬂ) d’%/*»

2.3/7
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2.6.4 Derivation of equation 2.3/11

The infinite PFourier transform of a partial cosine window function

Refer to figure 2.3/4 for definitions of the window function parameters. To
simplify the mathematics it will bz assumed that the cosine wave used in the
taper is an exact harmonic of the sample record length { ¢ +that is, that ¥
is an integer. In practice, the restriction represented by this condition is

unimportant.

In section 2.6.2 it was shown that the infinite Fourier transform of a

symmetrical function is given by
- - o/
a(f) = 4 Jo FiE) eo 2 f

tting (42 =2.7T; for convenience, and inserting the partial cosine

- function for F(&) , this becomes
’T/z

' L-
?) q 0"”1’&36’0& +2 i_ifG«e}d{&C‘%ﬁ)] coo W &
K T/2
”iw»w by '?”"“'(ﬂw-{a)”r/}z /uxv\uﬂ i';ljéé.‘)(aif'i]s wvwf‘ailf

w
2 % rsz.

° \ R N

.:—-""2’ (&mt&}t, TW\-U)?//Z) ‘*‘Zi(xﬁrﬁ wC <o 3(0{.{7"",/’} s
w g

Ty 2.6/5

The last term in this equation can be converted %o

7/ | -
ij(th/s) v oo (B7R € p) |

-

' . ° T esnaene
= . (GTTA T/ ~r/e) — o ( W¥R T, "“/3)]
W +X
' i . —_ gt .. /r-).. T
+ P m[w—m :/2-"‘/3> — A o Wil .66

But by definition
£ = 2wy/T

/2 = WYy 15



Also, since thzre are 3" wavelengths of the cosine taper sinusoid in the

length | and there are ¥ —! wavelengths between — T} and + T
CAT _ Y-l

———

L= =
AT, =anyn /T =arly-1)

We now have to consider separately the cases for ‘(( even and X odd.

For ¥ even ﬁ = 7 by definition
\‘-. ﬁ + OQT/Q.

and

1l

T + integer x 2 7T

O + integer x 2 T

1

For X odd f =0 by definition
\\ ﬁ -+ “T/:Z- = G + infeger x 207
ﬂ.:.GLT‘ = 0 + inﬁegerxiﬁ

In both cases, 2.6/6 becomes

1 r~ . N ~1 E ¥ . . ___"'1
-—-——-—«——«!»«,«w‘. w7/2 -mw”,',l T - penwT/2 - p0m WT,

Groe | 4 ey -
r ! , }” * , :,» _.,—:'”’
=] =T + uJ ‘&' Arm m)T/.Z. ﬁ’fﬁ""“w’s!
{2 e i
26 T - / ST
= - y T | 2um ,{A}'T/.Z “i“ﬂ*l“""'«w"aj
W |
Inserting this in 2.6/5
a . ) . ‘
(/) g — jé;*{’?\ &-)Tg TM WT//.?.-;;; Luind 2“- w_ }!ﬁﬂx ia}‘:- = A é«»)”f/".g
g/‘}’ Lo - o ‘i}tﬂﬁa & o
- - 3 .
= [—-........w.____...‘ s WT, + pen Wi 1]
= oy e
2~ k8
e — X pn W7, TMWT/ZJ
o A=W



But. L 277‘}{/7"

3

—————

ST, XL T
! ¥ 2
2 f

S

O %(f) = ,T:,;/ 8:{. (-'f'i')a" ,%wfr 5—3— + ,swvrr,fr

2.3/11
Y #0 2

Checking that this gives correct results for the full cosine window and for no

tapering:

For full cosine tapering ‘5" = 1

,a,m’rs’f“f

l_ !
o0 FY) - wf o -(fT)

which is equation 2.3/10

For no tapering X - OO0
N g’,(;) = 7 S A V7S (W%T}

F g

/é,bm’?,?’;r'- H

L%

Inserting this in equation 2.3/7 we get equation 2.3/1, remenbering that 7w

in the latter equation is defined byf the difference frequency fiﬁ.“’ fﬁ = ;m,/T
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2.6.5 Derivation of equations 2.L/2 and 2.L/3

- The probability distributions of the square of the amplitude of a harmonic

and of the spectral estimate derived from it.

From equation 2.4/1, the probability that the amplitude of a Fourier harmonic
will fall between |A] and |A) + & A} is

A(a) §al = 1Al exf (- ) §lal

This is also the probability that the square of the amplitude will fall between

IRl ena ([A1+ §1R1)* 2= |#]* + 2)A] S1A]

Thus . 2 ~ 1812 '
Aor). 2] §al [A] exch _&ﬁ-)gm;

i

=
! / :
or AAE) = pue ep (= ’—f;,—';) 2.4/2

A" =

From 2.4/2 the probability that the square of the amplitude will fall between

[ﬁm}aand Iﬂ%’)a‘r Si,%.,,fis . \
o) Ela - - erf (- ﬁi) § il
a5

where

]

G-—l 6..__'&
This is also the probability that the spectral estimate on will fall between
. 2 S8 12y /
g,ﬂ,%rl’/,,_', zf}_,‘{; anail ( !ém’ i g‘-a. >/"’2 .z;’l“';g
- 2y
Thus i{(¢r) Slm!/v/?bf = -3 wp/é, ( — } g

I
N
5
e
;‘\
N
f .
v
ey
h —

But @1 - the ensemble average of JA~] = Z E(ﬁ) Af .



2,66 Derivation of equation 2.4/5

The random sampling error of the total energy of a sample record which has been

windowad.

To approach this problem with reasonably simple mathematics we must start by
considering a record }(ff} which has been sampled at interwvals /€ to produce a
series ¥, ¥a “~ T --—- Z/N (these are before windowing). A& is assumed to be
large enough to ensure no correlation between adjacent samples, though this
condition is in fact not essential in the present context, since we are concerned
with the change in the sampling error due to windowing compared with an
unwindowed function, and it will be shown that the effect of correlation is the

same for both,

It is again assumed that the process being sampled is statistically stationarys
that is, that the probability distribution of 5/“ is independent of Tt .
The variance of % (which is proportional to the energy of the system) will be

denoted by = - <’§}> .« The estimate ¢ of & from our unwindowed sample is

N
g .1 = <
moe

Vo, O
&>

Il

L

V4

variance V
1A 2
v = <(g-87 >

The process of windowing is to multiply each sample by a corresponding weight Wn

so that the series becomess

“e g u"l%’:& pmeee W T - Ky F
. N N
Consider 2 < ({‘{'% %ﬂ§l> - Z %.,i <§: >
G | = |
L 2 -
= = M. b
e |
N 2
- L= w,
LT
° _ _ N 2 . N N
® [ L: el Z < ('{!“"‘n S/'h)> Z ww
oz | =1



Thus, for a single sample record the estimate ¢ of £ is
2
¢ = E: (a"n z’:n\ /z A, 2.6/6
m=1 =
For convenience put

- 2.
C - z 4»4/% (which is constant for an ensemble of sa,mples)

Z, = (a3 >

A = (a"'?“g/m)l - ?’ém

o

Then from 2.6/6

ﬂ

Y
2
C \ = Z &m*“hw
me s ™=
~ 2\! 2 { A Y
o CcVoo= ot (BeY D
N
= _>;<AWA S
e g b |

. e - i A E -
t since ;ﬁ‘:.,nand ‘&mare randomly positive and negative N AN A.m> &

except when 7L = 77

N
N VAR AN

L) ~
n =i

"2‘: 4 [(’f‘m,ﬁ'm) "Zw? De

"

H

N 2 .
> < (en ) =2(an g V2, + 22>
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2
Remembering that < (/ﬁ/q\ },.. 3 > = 2= =

N
c*v = >
el

[

[< (wnz)> = <( anwf]

Remembering that ¢, is constant for an ensemble o samples and that <§"§>

and <§rq€‘> are independent of &
1Y

v o= S [«a/i 3>~ wd <5 ]
=

- [<Z§%>“6Ll %, w,,f

e & ) . .
The proportional variance of the sample error is V/é: , so, substituting back

for C
Y
¢ = w, T
\/ <3¥> — & =l i
e £* /M2 n?
| #
.........E. ) Fvi "
o R Ty 2 W
= |
] N N
T o e L
4 s n
and "’{"?1 f“j el
2.
AR NS 40 Sl U2
aen ’1 — N E?. — :L
E AL
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This reveals the three factors governing the sampling error.

1. The number of samples N . In a continuous record, this becomes the
effective number of independent samples, the precise definition of which need
not concern us here. It is enough to note that ﬁ! is clearly proportional to

the length of the record.

2. 2? is a function of the shape of the probability
£; i

distribution of the wave elevations E;' . Waves approximate to a random

gaussian process for which the distribution is Normal (or "Gaussian™) and this

factor = Ll .

B e

W |
3. — is dependent only on the shape of the window function. If

T 2,
%
2
4L, 1is constant, then this = |

J=¥¢

In terms of a contirnuous window function i (f} such as we have been considering in

section 2.3.4, this factor becomes

[:4‘(’5)/ Fre)

The standard error is defined as the square root of the proportional variance,

and is therefore proportional to

Fe ) Fe

2.4/4
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