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UNIVERSITY OF SOUTHAMPTON
ABSTRACT

FACULTY OF PHYSICAL SCIENCES AND ENGINEERING
PHYSICS AND ASTRONOMY

Doctor of Philosophy

by Maria Dimou

This thesis reports on two projects concerning flavour physics. In the first project it is shown
how approximate Minimal Flavour Violation (MFV) can emerge from an SU (5) Supersymmetric
Grand Unified Theory (SUSY GUT) supplemented by an Sy x U(1) family symmetry, which
provides a good description of all quark and lepton (including neutrino) masses, mixings and CP
violation. Assuming a SUSY breaking mechanism which respects the family symmetry, the low
energy mass insertion parameters are calculated in full explicit detail in the super-CKM basis,
including the effects of canonical normalisation and renormalisation group running. It is found
that the very simple family symmetry S; x U(1) is sufficient to approximately reproduce the
effects of low energy MFV where required but there is also a suggestion of testable new physics.
Numerical estimates of the low energy mass insertion parameters are presented for well-defined
ranges of SUSY parameters and the naive model expectations are compared to the numerical
scans and the experimental bounds. The results are then used to estimate the predictions for
Electric Dipole Moments (EDMs), Lepton Flavour Violation (LFV), B and K meson mixing as
well as rare B decays. The largest observable deviations from MFV come from the LFV process
u — ey and the EDMs.

In the second project, matrix elements of the chromomagnetic operator, often denoted by Os,
between B/D-states and light mesons plus an off-shell photon are calculated, by employing the
method of light-cone sum rules (LCSR) at leading twist 2. These matrix elements are relevant
for flavour changing transition processes, such as B — K*I*]~ and they can be seen as the
analogues of the well-known penguin form factors 7123 and fr. A large CP-even phase is
found, for which a long-distance (LD) interpretation is given. Results are compared to QCD
factorisation (QCDF), for which the spectator photon emission is end-point divergent. The
analytic structure of the correlation function used in the LCSR method, admits a complex
anomalous threshold on the physical sheet, the meaning and handling of which is discussed.
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Chapter 1

Introduction

“This result is too beautiful to be false; it is more important to have beauty in one’s equations
than to have them fit experiment” - Paul Dirac, 1963 [1].

A more conservative view, is that a beautiful theory is more likely to be true. The theories
described as beautiful within the physics community, are usually the ones that are formulated
by means of symmetries. In fact, the most ground breaking claims have been based upon sym-
metry arguments: from Plato’s “theory of everything”, based on the symmetrical properties
of the “five platonic solids”; to Galois’ mathematical description of symmetry through group
theory; Poincaré’s symmetry of spacetime; Einstein’s symmetry geometrization; Noether’s con-
nection between symmetries and conserved quantities; Maxwell-Yang-Mills’ description of the
non-gravitational fundamental forces through the imposition of local gauge symmetries and
the emergence of the corresponding vector gauge bosons; and Higgs'' association of broken

symmetries with massive vector bosons.

It has been a long journey of pioneering developments that led to the construction of the Stan-
dard Model (SM) of particle physics in the second half of the 20th century [3]. The electroweak
(EW) and strong nuclear interactions, three out of the four fundamental forces of nature, have
been described with tremendous success and the observation of all predicted fundamental par-
ticles was completed in 2012, with the discovery of the Higgs boson at CERN [4]. Following the
2013 Nobel Prize award to Frangois Englert and Peter W. Higgs “for the theoretical discovery of
a mechanism that contributes to our understanding of the origin of mass of subatomic particles,
and which recently was confirmed through the discovery of the predicted fundamental particle,
by the ATLAS and CMS experiments at CERN’s Large Hadron Collider”, there was hope that
this newly discovered particle would hint at the presence of some new physics (NP). However,
its properties appear to be in agreement with the SM expectations, to increasing levels of accu-
racy. This result has, on the one hand, been received as one more SM victory but on the other
hand, there has been some disappointment in the Higgs being exactly SM-like. The reason is
that, despite its ongoing verification, the SM is widely viewed as the low energy limit of a more
fundamental theory. There are solid arguments on an observational, as well as theoretical basis,
that NP effects have to emerge around the TeV scale.

"Work of three independent groups: Robert Brout and Franois Englert; Peter Higgs; Gerald Guralnik, C. R.
Hagen and Tom Kibble [2]
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Interestingly enough, the most popular beyond the SM (BSM) scenario is supersymmetry
(SUSY). Even though it predicts double the number of particles, none of which has yet been
observed, it seems too “beautiful”, too elegant and too predictive to give up on just yet. In
the framework of Grand Unified Theories (GUTSs), it allows for unification of the strong, elec-
tromagnetic and weak coupling constants. Furthermore, when SUSY is imposed as a local
symmetry, the associated boson is identified with the graviton and therefore gravity is included
automatically, in the form of supergravity (SUGRA). String theory, which attempts to unify all
forces, is generally supersymmetric. There are many motivating arguments in favour of SUSY,
such as the provision of a solution to the hierarchy problem and the provision of Dark Matter
candidates. There is also a lot of disappointment in the null SUSY results of LHC Run 1. But,
with the second Run having just begun, it is the time to focus on, rather than abandon SUSY.

Some theoretical puzzles within the SM and its supersymmetric extension remain. The main
focus of this thesis is to tackle our lack of knowledge on the dynamics governing the flavour
sector. Following the award of the 2015 Nobel Prize for “the discovery of neutrino oscillations
which shows that neutrinos have mass”, we still have no more understanding of flavour than
back in 1936, when Rabi famously asked of the muon “who ordered that?”. Part of the reason
for this impasse is the failure of experiment to measure any flavour and CP violation beyond that
expected in the SM. In order to understand the nature of flavour within the SM and beyond, it
is necessary to answer the following questions:

1. Why are there three families of quarks and leptons?

2. Why are charged-fermion masses so hierarchical (spanning many orders of magnitude)?
3. Why are neutrinos so much lighter than every other fermion?

4. Why is the flavour mixing in the quark sector so much smaller than in the leptonic sector?
5. What is the origin of CP violation?

6. Why is the amount of flavour violation induced by new physics so small?

Pursuing the path of symmetry, this work attempts to answer the above questions following
the idea introduced by Froggatt and Nielsen [5]. The aim is to identify a predictive symmetry
that acts on the three families/flavours, thereby putting them on the same footing. In the limit
where this “family” or “horizontal” symmetry is exact, there are no Yukawa couplings. Those
are generated when the symmetry is spontaneously broken by non-zero vacuum expectation
values (vevs) of some Higgs-like heavy scalar fields, called “flavons”. The matter fields and the
flavons transform under non-trivial representations of the family symmetry group and can couple
to form non-renormalisable operators (at the level of the effective theory approach), invariant
under all symmetries. When the family symmetry is broken, the flavon vev, suppressed by the
heavy UV cut-off scale, induces an expansion parameter, in terms of which effective Yukawa
couplings can be written, resulting in the desired hierarchical charged-fermion Yukawa matrices.
The relatively recent information concerning massive neutrinos and their large mixing, points
towards non-Abelian discrete family symmetries, in order to account for such non-hierarchical
family structures. Ever since, there has been a lot of effort to formulate a theory of flavour
[6] which can account for the observed pattern of fermion masses and mixing, while providing
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more accurate predictions for the less well measured (or unmeasured) flavour parameters in the
neutrino sector [7]. The smallness of neutrino masses is explained via the see-saw mechanism
[8], while CP violation originates from the imposition of a CP symmetry, which is only broken
by complex flavon vevs.

When embedding such a model in a supersymmetric framework, where SUSY is spontaneously
broken in some “hidden” sector that respects the family symmetry, then the latter automatically
controls the generation of the soft SUSY breaking masses. Just like the Yukawas, the trilinear A-
terms vanish in the family symmetry limit, while the soft scalar masses are universal (assuming
a canonical Kéhler potential [9]). The goal then is to find a suitable family symmetry, which,
combined with the appropriate set of flavon fields that acquire convenient vacuum alignments,
generates the correct masses and mixing angles for the fermions and at the same time forces the
soft SUSY breaking masses to be approximately diagonal. That way, the SUSY contributions
to flavour violating processes are suppressed, exactly as observed. An interesting model should
of course be viable with regard to the current experimental limits but it is also expected to
generate signatures that can be tested in the future.

Observations of lepton flavour violation (LFV), Electric Dipole Moments (EDMs) or rare B
decays at rates beyond that predicted by the SM, could in principle provide insight into the
nature of the BSM theory of flavour. While evidence of LF'V and EDMs, which are essentially
zero in the SM, would be a clear NP signal, B decays, particularly the semileptonic ones, have
also always been considered as a powerful NP probe. They allow to indirectly measure decays of
the b quark, which is the heaviest quark that lives long enough to hadronise, resulting to multiple
decay channels, where independent tests of the SM can be performed. As the size of the NP scale
increases, indirect B physics measurements provide sensitivity to a much larger range of scales
than direct production. This comes with requirement for increasingly higher both experimental
and theoretical accuracy. Within the framework of an effective field theory, any BSM effects
manifest themselves through changes to the Wilson coefficients (encoding the high energy/short
distance (SD) dynamics), or through new operators (encoding the low energy/long distance
(LD) dynamics) becoming relevant. In order to set constraints on the Wilson coefficients, such
that NP models can in turn be constrained, the contribution of each effective operator to the
observables under consideration needs to be known.

The outline of this thesis is as follows:

Chapter 2 A brief overview of the basic SM features is given, along with its minimal exten-
sion to incorporate neutrino masses. After highlighting the main motivations to go beyond
the SM and consider a supersymmetric scenario, the basic formal aspects of SUSY are
reviewed, before introducing the Minimal Supersymmetric Standard Model (MSSM). Fi-
nally, the flavour puzzle and the idea of a family symmetry are discussed, together with
the fundamental aspects of model building, in particular when considering a SUSY GUT
background.

Chapter 3 The supersymmetric SU(5) x Sy x U(1) family symmetry model is analysed. The
model was first introduced in [10, 11], where only the fermionic sector was studied and
found to be providing a good description of the SM masses, mixing angles and CP violation.
As that analysis ignored effects of canonical normalisation that can significantly perturb



4 Chapter 1 Introduction

the Yukawa structure [12], in the present work the fermionic sector is revisited, with those
effects included. The main focus though is on the flavour and CP violation induced by the
soft SUSY breaking sector. It is found that this model can achieve approximate Minimal
Flavour Violation (MFV) and the results are given in terms of mass insertion parameters
[13], explicit expressions of which are provided. This work has been published in [14].

Chapter 4 Here, the focus is on the phenomenological implications of the model’s low energy
deviations from MFV. The low energy mass insertion parameters are numerically esti-
mated for well-defined ranges of SUSY parameters and the “naive” model expectations
are compared to the results of a numerical scan and the experimental bounds available
in the literature. The results are then used to estimate the predictions for EDMs, B and
K meson mixing, BR(u — ev), as well as rare B decays. It is found that the largest
observable deviations from MFV come from the LFV process u — ey and the electron
EDM. This work has recently been submitted for publication [15].

Chapter 5 A different project, though still related to the flavour sector, is outlined. The
contribution of the chromomagnetic operator to semileptonic B decays is computed, using
the method of light cone sum rules (LCSRs) [16]. The results are compared with the QCD
factorisation (QCDF') computation [17], which however suffers from end-point divergences.
This work has been published in [18, 19].

Chapter 6 The conclusions of each Chapter are summarised.



Chapter 2

Theoretical Background

2.1 The Standard Model (SM) of Particle Physics

In what follows, the main features of the Standard Model of Particle Physics are summarised,
in the context of a four-dimensional relativistic quantum field theory that, in addition to the
space-time symmetry of the Poincaré group, exhibits a local gauge symmetry that describes all
known elementary particles and their interactions, excluding gravity.

The field content of the SM is assigned to irreducible representations of the unitary gauge group,
under which the electroweak (EW) and the strong nuclear interactions, the latter being described
by the theory of quantum chromodynamics (QCD), are symmetric. The EW interactions are
described through the Nobel Prize-winning (1979)“Glashow-Salam-Weinberg” model [3], the
renormalisability of which was shown by 't Hooft and Veltman, whose work was also honoured
with the Nobel prize (1999) [20]. The QCD theory is characterised by two unique features,
known as “asymptotic freedom” and “confinement”. The strong nuclear force between two
particles increases with increasing distance, keeping them confined, while at very short distances
it becomes negligible and the particles are considered to be asymptotically free. D. Gross, F.
Wilczek and D. Politzer were awarded the Nobel Prize (2004) for their description of asymptotic
freedom [21].

The EW symmetry is spontaneously broken to the smaller symmetry of electromagnetism,
through the Higgs mechanism [2]. As a result, the unified electromagnetic and weak forces are
separated and the matter fields as well as the weak force carriers gain their measured masses.
The matter content, consisting of quarks that bind into hadrons and leptons that do not, comes
in three flavours/families/generations that only differ in mass. The copies of each first generation
particle that belong to the second and third generations have the same properties, like charges
and spin but are significantly heavier. In principle, there is no reason why they should exist, as
ordinary matter is only made up of particles that belong to the first generation. Their existence,
along with the lack of a mechanism that dictates the size of their masses, are part of the still

persistent SM flavour puzzle.
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2.1.1 Gauge sector and particle content

All known elementary particles seem to exhibit three internal symmetries and their interactions
can be described through the corresponding gauge theories:

e The U(1)y symmetry of the weak hypercharge Yy, with its associated gauge field B,,,
where p = 0,1,2,3 is a Minkowski index.

e The SU(2);, symmetry of the weak isospin [y, with three gauge fields Wﬁ, 1=1,2,3,
transforming in a triplet representation, Iyyy = 1. Adopting the chiral Weyl spinor notation
for the fermions, the right-handed components transform as singlets, with Iy = 0, while
the left-handed ones transform as doublets, with Iy = 1/2.

e Finally, the SU(3). symmetry of colour, known as QCD, with its eight gauge fields G, a=
1,.., 8, the gluons, that transform in an 8-plet of the gauge group. There are three colours:
red, blue and green and quarks transform in the fundamental triplet representation of
SU(3)¢, while the colourless leptons are singlets.

The Standard Model of particle physics is therefore a Yang-Mills theory based on the gauge

group:
Gsnr = SU2) x U(L)y x SU(3)., (2.1.1)

that describes the electroweak and strong nuclear interactions between matter and radiation,
with respective coupling constants: ¢, ¢’ and gs. The interaction terms are incorporated in the
covariant derivative:

D, =09, —ig'YwB, — igW, i — igsG) Ta, (2.1.2)

with T; and 7, being the generators of SU(2)z and SU(3). respectively. Including the kinetic
terms for the gauge bosons, the gauge part of the SM Lagrangian is written as:

_ 1 L, 1 o1 v
Ly=> [fiv'Duf - 2 BB = S Tr (W W) — 2T (GG, (2.1.3)
f

where the sum runs over all fermions, coming in three identical copies (families/generations)
and whose properties under Ggjs are summarised in Table 2.1. The electromagnetic charge
operator is given by the Gell-Man-Nishijima formula [22]:

Q =1} + Y. (2.1.4)

2.1.2 Higgs sector

The Lagrangian (2.1.3) describes massless particles, as in an exact gauge theory the underlying
symmetries forbid mass terms for the gauge bosons. However, the ones associated with the weak
force have been observed to have masses of the order of a hundred GeV. The required dynamics
for breaking the EW symmetry and giving mass to the weak gauge bosons are obtained by
introducing the Higgs field.
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Quarks Leptons Gauge bosons

T T
@ = () b | | = () ek | B WG

L _ _ L
SU(3). 3 3 3 1 1 1 1 8
SU2); 2 1 1 2 1| 1]3 |1
UQl)y 1/6 2/3 | —-1/3 —1/2 -1 0 0 0

TABLE 2.1: Matter and gauge field content of the SM. I=1,2,3: matter family index, i=1,2,3,
a=1,...,8: weak and colour gauge indices, 4=0,..,3: Minkowski index.

The Higgs part of the Lagrangian is:
Ly = (D,H)(D'H) ~V(H), V(H)=p*H H-+\H'H)?, (2.1.5)

where the Higgs field H is a complex SU(2) doublet,

ot L [ ¢1+ i
H= = — . 2.1.6
( # ) =V \ és+iva (21
with ¢; being real scalar fields. For p? < 0 and A > 0, the minimum of the potential V (H) is
located not at the origin of the field configuration but at:

2

Hig=_F 21.
) (2.1.7)

Since electromagnetism is observed as an exact symmetry in nature, this non-zero value should
be reached in the neutral direction. Breaking the SU(2); symmetry by making the choice:

¢1 =02 =04 =0, p3 =v =+/—p?/X and the U(1)y by assigning the charge Yy = 1/2, the
non-zero vacuum expectation value of the field:

1 {0
<H>=ﬁ <U> (2.1.8)

is given to the neutral component, such that the symmetry of electromagnetism with the gen-
erator Q is preserved: Q(H) = 0. In other words, the EW symmetry is broken down to the
smaller symmetry of U(1)em,

SUR2) xU)y = U(1)em- (2.1.9)

The spectrum of the theory is analysed by plugging the Higgs field expanded around its vev
into Lg. Since WS and B,, have the same quantum numbers under U(1)en, they mix. The
resulting mass eigenstates are:

Z, = —sinOw B, + cos Oy W2, (2.1.10)
A, = cosOw B, + sin GWWE, (2.1.11)

Wi = (WisW2) V2, (2.1.12)



8 Chapter 2 Theoretical Background

where cos Oy = g/+/ g% + ¢’>. The EW gauge bosons acquire mass terms (dropping the + index
from Myy) [23]:

v

NS

My = ~ 80.39 GeV, My =

~ 91.19 GeV, (2.1.13)

|

cos Oy

while the photon A, remains massless. The relation of My, with the Fermi constant G [23]:

V2 g _ _
Gr =g 7= ~ 11667 x10 °GeV ™2, (2.1.14)
w

fixes the vacuum expectation value:

—1/2
v = (\@GF> ~ 246 GeV. (2.1.15)

The Higgs boson also has a mass term of v/v2\ and the experimentally measured value of
~ 125 GeV [4] implies the tree-level value for the quartic self-coupling: A ~ 0.13.

2.1.3 Yukawa sector

Adding by hand fermionic mass terms of the form m¢ff = ms(frfr + frfr) in (2.1.3) would
also be forbidden by the EW gauge symmetry. It is though possible to write the gauge invariant
combinations:

Ly = -YiLiHer, —Y1QiHdg, — Y Qi Hup, +h.c., (2.1.16)

~ O s
H:z'TQH*:(_Q;_), 72:<3 S) (2.1.17)

YJ are the Yukawa couplings of the Higgs-fermion interactions and 7,5 = 1,2, 3 are generation

where:

indices. When the Higgs field develops its non-zero vev, the fermions acquire masses proportional
to the eigenvalues of the 3 x 3 matrices Y/. Those are found through the singular value
decomposition method, that is, by performing bi-unitary rotations as:

v

ﬁ(Uf)TYfU]{;. (2.1.18)

Diag{m{, mg, mg,:} =

The unitary matrices Ug r rotate the matter fields from the flavour basis to the physical mass
basis: fEass _ (U[]j);[] E?V'a Eliass _ (U}];)Lfgz;v

2.1.4 Flavour and CP violation

Unlike the Higgs field, the gauge bosons couple to the matter fields in the flavour basis. The
interaction terms, arising from the ﬁ'y“D“ f terms in the Lagrangian in Eq. (2.1.3), in the EW



Chapter 2 Theoretical Background 9

broken phase, can be written in terms of the currents:

e m e

L —eJt A, - — I D, - ——
g 2 ~CJem Ay sin Oy cos Oy NCTR ﬂsin&w

Joe (Wi +he), (2.1.19)

with the electromagnetic current given by:

JE,=Qu (upy'ur + upytur) +Qq (CzL’)/“dL + (iR’y“dR) +Q. (exer + ervyter), (2.1.20)

where Q¢ are the electric charges of the fermions f = u,d, e, the weak neutral current being:

1- 1 1 1 ‘
The = _§dL7“dL - iéL’Y“eL + iaL’YMdL + 55,;7“1/,; —sin? Gy J4 (2.1.21)

and the weak charged current:
J’éc = apyH*dy + viyter. (2.1.22)

When moving to the mass basis by redefining the matter fields by the unitary matrices U{ R
the electromagnetic and weak neutral currents remain invariant. The charged current however,
is now written as:

The =y (UP) UL + vy (U7) U er. (2.1.23)

Since neutrinos are massless in the SM due to the absence of right-handed components, it is
possible to make the choice U7 = Ujf, leaving invariant the above interaction in the lepton
sector. In the quark sector on the other hand, the matrix:

Vexu = (UF)'UE, (2.1.24)

known as the Cabibbo-Kobayashi-Maskawa (CKM) matrix [24], is different than the unit matrix,
allowing for weak transitions between quarks of different flavours. In the so called “standard
parametrisation” [23, 25], it is written in terms of three mixing angles 012, 023 613 and one
complex phase J as:

Vud Vus Vs €12€13 $12€13 s13e"
_ _ is is
Vexkm=| Vea Ves Vo | = | —812c23 — c12523513€"°  C12C23 — 5125235813€"°  Sa23c13 | (2.1.25)

i is
Via Vis Vi 512823 — C12€23513€"°  —C12523 — S12C23513€"°  C23C13

where ¢;; = cos 0;j, s;; = sinf;;. The angles 0;; parametrise the amount of mixing between the
quarks of the i-th and j-th flavours and the Dirac phase § is the source of parity and charge
conjugation (CP) violation, first discovered in the decays of neutral Kaon [26], that resulted
in the Nobel Prize being awarded to J. Cronin and Val Fitch in 1980. The experimental
measurements of the Vogas elements proves that there is flavour violation in the W= vertex in
the SM, as the up- and down-quark Yukawa matrices can not be diagonalised simultaneously.
Even though Vogar # 1, it is strongly hierarchical. This becomes apparent when writing
Eq. (2.1.25) in the Wolfstein expansion [27], in terms of a small parameter A, as:

1—)\2)/2 A AN (p—in)
Vexkm = -2 1-X2/2 AN + O\, (2.1.26)
AN —p—in) —AN 1
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where:
‘Vus‘ 1| Ve 523 . V*b 3136i5

A= = A=—|—|=+ =4 = 2.1.27
TE e vr O SR T s e T e B

with numerical values [23]:

A = 0.22537 £ 0.00061, A =0.81470053,
A2 A2

p <1 - 2> = 0.117£0.021, 7n (1 - 2> = 0.353 £ 0.013. (2.1.28)

The amount of CP violation is measured through Jarlskog invariant [28], which is a phase-
convention-independent quantity, defined as:

Im[Vi;ViaVii Vi) = Jep Y €ikmejin, (2.1.29)

m,n

with the numerical value of [23]:

Jop = (3.061703) x 107°. (2.1.30)

In the SM, flavour changing neutral currents (FCNC) are forbidden are tree level, whereas the
flavour changing charged currents (FCCC) are suppressed, as they can only occur in loops with
the W bosons and the CKM matrix is very close to the unit matrix.

2.1.5 Incompleteness of the SM

To this day, experiments keep confirming the Standard Model as a successful theory describing
the electroweak and strong nuclear forces. Every particle predicted has been observed, with
the last missing piece, the Higgs boson, discovered in July of 2012 at CERN [4]. However, the
only observation for physics beyond the SM has been the neutrino oscillations, implying that
neutrinos are not massless. This discovery is of great importance for our understanding of the
universe and Takaaki Kajita and Arthur B. McDonald were awarded the Nobel Prize in 2015
for their contributions.

e Neutrino masses and mixing
In the SM, the fermionic mass terms arise from interactions of the left- and right-handed
fermionic components with the Higgs field. Neutrinos were assumed to be only of the
left-handed type, as only those interact via the weak nuclear force, the only observed
interaction involving neutrinos. In the absence of right-handed components, neutrinos
are strictly massless, in agreement with the experimental data at the time of the SM
formulation.

Since 1998, a number of experiments involving solar [29], atmospheric [30] and reactor
[31] neutrinos have established that those particles can change flavour, just like quarks do
and therefore have small but non-zero mass. A straightforward way of accommodating
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massive neutrinos in the SM, is to extend it with a set of right-handed neutrinos, which
are singlets under the SM gauge group. One can then write down a Yukawa term for
neutrinos, to be added in Eq. (2.1.16), leading to Dirac masses of the type (2.1.18), once
EW symmetry is broken. Such a term would violate the lepton numbers L., L,, L, that
distinguish the different flavours of neutrinos but still preserve the total lepton number
L= L.+ L, + L;. For the masses generated by a neutrino Dirac term to be of the order
of 0.1 eV, in accordance with experimental observations, the Yukawa couplings should be
as small as 107'2, many orders of magnitude smaller than the corresponding couplings of
the rest of the SM fermions.

An alternative approach is to also allow for violation of the total lepton number L at
some high energy scale A;. Then, one can write the five-dimensional, non-renormalisable
Weinberg operator [32]:

v

— Y(L;H)(L;H) + h.c. (2.1.31)
Ap

which generates a Majorana mass term for the neutrinos:
1
— E(My)ijVLiVLj + h.C., (2132)

where the masses M, = Y, v/Ap arise from the eigenvalues of Y;S. Then, the lightness
of the neutrinos implies that the scale Ay, is of the order of 104 GeV, allowing for the
couplings Y, to be of order one.

Generating the Majorana masses described above in a renormalisable extension of the
SM, requires the presence of some heavy neutral particles, identified with right-handed
neutrinos. Allowing for tree-level exchange of these heavy particles, reduces to the effective
operator in Eq. (2.1.31), once they are integrated out. Then, the light neutrino mass
matrix is given by:

my = —mpMy mp, (2.1.33)

where mp is the Dirac type mass matrix and Mg is the symmetric Majorana mass matrix
for the right-handed neutrinos. In this framework, the lightness of the left-handed neutri-
nos is nicely explained, as they are suppressed by the heavy right-handed neutrino mass
scale. Hence, this mechanism is called the “see-saw mechanism” [8].

The fact that neutrinos “oscillate” amongst the three flavour species v, v, V7, means that
their mass matrix is non-diagonal and, in fact, a matrix with large mixing angles is needed
for the extraction of its eigenvalues. As a result, the leptonic part of the charged current
in Eq. (2.1.23) is brought to a non-diagonal form. In analogy with the quark sector, the
product of the matrices that diagonalise the charged-lepton and neutrino mass matrices,
is identified with the leptonic mixing matrix, named after Bruno Pontecorvo, Ziro Maki,
Masami Nakagawa and Shoichi Sakata (PMNS) [33] and defined as:

Upuns = (US)TUY. (2.1.34)

It can be parametrised in terms of the leptonic mixing angles and the leptonic CP violating
phase in analogy to Vog s in Eq. (2.1.25) and if neutrinos are Majorana, it is further post-
multiplied by a phase matrix P = Diag.{1, e/#21/2 ¢¥%1/2}  According to the global fit [34],
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the mixing angles lie in the 30 range:

sin? A1 € [0.270,0.344], sin® a3 € [0.385,0.644], sin® 63 € [0.0188,0.0251]. (2.1.35)

Gravity

Even minimally extended to incorporate neutrino masses, it is commonly agreed that
the SM can not be the whole story. For a start, it does not incorporate gravity and
gravitational effects become important near the Planck scale Mp = /8TGNewton = 2.4 X
10'® GeV. We therefore know that some new physics has to be present around that scale.
There is though strong theoretical motivation, accompanied with observations that the
SM cannot explain, to believe that new physics will be discovered soon, well below the
Planck scale.

Gauge hierarchy problem
The “gauge hierarchy problem” [35], associated with the sensitivity of the Higgs mass to
the scale of new physics, is one of them. It arises when computing the quantum corrections
to the Higgs bare mass. Introducing a cut-off scale Axp at which some new physics is
present, the Higgs bare mass receives corrections from higher order Feynman diagrams,
involving any particle that couples to the Higgs, propagating in a loop. Schematically, the
loop correction due to a fermion f that couples to the Higgs through the Yukawa term
—)\fffH, is of the form:

Asl?
82

omi = — A}p + log div. + finite, (2.1.36)
where the second term in Eq. (2.1.36) grows only logarithmically with Axp but the first
term, being quadratic in Axp is the source of the problem. Assuming that the SM is
valid all the way up to the Planck scale, such that Axp = Mp and considering the largest
contribution to (2.1.36), stemming from the top quark, Ay ~ 1, results to radiative cor-
rections 5m,% that are about 30 orders of magnitude larger than the Higgs mass squared
itself. In other words, the tree-level Higgs mass squared should be of the same order as
the radiative corrections (5mi ~ 10%* GeV?, such that they cancel at a precision of about
30 digits, to yield m% ~ 1252 GeV?! Such an “unnatural” cancellation could be prevented
if the new physics scale is not much larger than the measured Higgs mass or if there are
some extra contributions to Eq. (2.1.36) which, due to some symmetry, would be able to
cancel the quadratic in Axp term.

Dark matter

An astrophysical observation for which the SM provides no explanation is the abundance
of Dark Matter (DM). Since the 1930’s, when Fritz Zwicky first discovered that the vast
majority of the Coma cluster’s mass was non-luminous [36], hence “dark”, there has been
compelling evidence that the ordinary, visible baryonic matter, consisting of protons and
neutrons, constitutes less than 5% of the total mass-energy content of the universe. Studies
of galaxy rotation curves, gravitational lensing effects, data from the cosmic microwave
background radiation, all point towards the existence of some electrically neutral, massive
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and stable particles that interact weakly with the ordinary matter. The only possible DM
candidate that the SM can provide are the neutrinos. However, neutrinos are relativistic
and a dominating DM particle with this property would lead to an unrealistic structure
formation [37] of the universe. In addition to this argument, neutrino masses less than 1
eV, are too light to account for the cosmological matter density. Right-handed “sterile”
neutrinos though, with masses in the keV range could account for all the dark matter of
the universe [38].

e Matter-antimatter asymmetry

The fact that our universe is matter dominated is an ongoing puzzle. Since the SM model
is built upon symmetries, it is assumed that at the big-bang there were equal amounts of
matter and antimatter. Had there been no mechanism to be held responsible for shifting
that balance in favour of matter, all that would be left today after matter-antimatter
annihilations, would be a universe of photons. The SM in its minimal form provides no
such mechanism but when equipped with right-handed neutrinos, the leading candidate is
“leptogenesis”, a process that produces an asymmetry between leptons and anti-leptons
in the early universe [39)].

e The flavour puzzle
There are already 19 free parameters in the SM and with the inclusion of neutrino masses,
7 (if neutrinos are Dirac fields) or 9 (if they are Majorana) new parameters are added. 13
of those are related to the flavour sector, which seems to demand a deeper understanding.
The number of generations/flavours is not explained by first principles. The fermionic
masses span many orders of magnitude, with the top quark being more than 10!! times
heavier than the neutrinos. Furthermore, the quarks appear to change flavour/mix only
mildly, whereas the leptonic sector exhibits the opposite behaviour. Although we do have a
parametrisation to account for the observed masses and mixing angles, a lot of theoretical
work has been done towards describing these patterns within a concrete theory based on

symmetries.

2.2  Supersymmetry (SUSY)

2.2.1 Motivation

In the 1950s and ’60s, with the advances in particle accelerators and detectors, hundreds of
subatomic particles were discovered, urging for some classification scheme to put order in the
chaos. In 1962, Murray Gell-Mann and Yuval Ne’eman independently proposed the “Eightfold
Way” [40], that arranged mesons and baryons into geometrical shapes, based on their baryon
number, spin and parity. It was an organisation of the already observed particles in multiplets
of the SU(3); symmetry of flavour, that also lead to the theoretical prediction of particles
that were yet unseen. The natural question that followed was whether it was possible to unify
particles of different spin in one multiplet of a symmetry group.

According to a no-go theorem of Coleman and Mandula in 1967 [41], under certain physically
reasonable assumptions, the most general symmetry group of the scattering matrix S that de-
scribes relativistic particle interactions, is a direct product of the Poincaré group and some
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internal symmetry groups, that does not allow for mixing of particles with different spins when
the interactions are required to be non-vanishing. In other words, the internal symmetry gener-
ators commute with the space-time translation and the rotation and Lorentz boost generators,
thus, acting on physical states by multiplying them with momentum- and spin-independent Her-
mitian matrices. However, in their proof, Coleman and Mandula had only considered bosonic
generators. A few years later [42, 43], it was realised that relaxing the assumption that the sym-
metry generators only satisfy commutation relations, this no-go theorem can be circumvented.
Extending the Poincaré algebra by including fermionic generators that satisfy anti-commutation
relations, it is possible to unify states with spin differing by 1/2 in a single multiplet.

Such symmetries are called supersymmetries and constitute the only possible non-trivial exten-
sion of the Poincaré symmetry, putting the fermionic and bosonic degrees of freedom on the
same footing and mixing internal (spin) and space-time states. The famous work of Wess and
Zumino in 1974 on four-dimensional supersymmetric field theories [44] established the interest
in their systematic study.

Even though no hint of supersymmetry has been experimentally observed so far, it is still a
particularly favoured area of research on beyond the SM physics for a number of reasons. One
of the most significant ones, is that it provides a solution to the gauge hierarchy problem, as for
every fermionic loop correction to the Higgs mass in Eq. (2.1.36), there is a bosonic one con-
tributing with the opposite sign, resulting to a perfect cancellation of the quadratic divergences
and naturally allowing for a light Higgs. Supersymmetry also provides for weakly interacting,
massive and stable neutral particles, which would be suitable Dark matter candidates. Another
important point is that supersymmetry allows the three coupling constants of the SM gauge
groups to unify around the energy scale of 10'® GeV. On the contrary, within the SM alone, the
coupling constants approach one another at around 10'* GeV but they do not unify. Finally,
when supersymmetry is gauged, i.e. imposed as a local symmetry where the transformations
are space-time dependent, gravity is accounted for in the context of supergravity. For these and
many more reasons that make this theory attractive, its main features are reviewed in what
follows. More details and references can be found in [45-47].

2.2.2 SUSY algebra

In SUSY, bosons are turned into fermions and vice-versa through the fermionic generator Q:
Q|boson) o |fermion), Q|fermion) o |boson). (2.2.1)

This is achieved by the generalisation of a Lie algebra to a graded algebra, where, for a group
generator O,

0405 — (—1)™10430, = iC7 ,0 _ 0 if O, is bosonic (2.29)
aB BVa =W gUy,  Ta . ) . 2.
1 if O, is fermionic

The bosonic generators are those of the Poincaré group: P, for space-time translations and
M,,, for Lorentz transformations and the fermionic generators are the Weyl spinors QA, Qé,
A=1,..,N. We shall restrict our discussion to N' =1 SUSY, with only one copy of @s. Those
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commute with the generators of the SM gauge group, while the rest of the relations constituting
the SUSY algebra read:

{QQ7QB} = {QCHQB} = 07
{QOHQB} = 2(0-“)QBPM7
[Qompu] = [Qc‘wp,u] = 07

[QavM;u/] = —%2(0’“)5[@5, 2.2.6
[Qa M| = —%2(6“)§Q5, (2.2.7)

where the spinor indices o, = 1,2 and d,B = 1,2 are raised and lowered by the totally
antisymmetric tensor e€,3 = € & = —eB = —e‘w, €12 = 1 and the four-vectors of the Pauli
matrices are defined as (o) 5 = (1,07) 5, (648 = (1, —o®)P.

2.2.3 Superspace and Superfields

The single-particle states are organised into supermultiplets, the irreducible representations of
the SUSY algebra. Each supermultiplet contains both fermions and bosons which are called
superpartners of each other, such that the number of fermionic degrees of freedom (dof) is equal
to the number of the bosonic ones. The Poincaré Casimir operator P? also commutes with
the fermionic operators @ and therefore all states lying within a supermultiplet have equal P?
eigenvalues, i.e. equal masses.

Just like our familiar fields are functions of the Minkowski space-time coordinates x*, super-
symmetric fields (superfields) are functions of the superspace coordinates which include two
additional Grassmann valued coordinates 6,, #%. A generic superfield S(z#,0,,0%) can be ex-
panded in powers of ,,0% and since Grassmann numbers are nilpotent, it is given by a finite
number of terms:

S(xh, 0% 0%) = p(x) + 0y (x) + Ox(x) + 00M (z) + 00N (z) + (0570)V,, (z)
+ (60)0X(x) + (60)0p(z) + (06)(60)D(x), (2.2.8)
where o, M, N are complex scalar fields, V,, is a complex vector field and ¢q, X%, pa, A* are Weyl

spinors. Thus, S has 16 bosonic and 16 fermionic dof. Let us define the infinitesimal SUSY
transformation:

S— (1+i£Q+i€Q) S =5+485, (2.2.9)
where &, € are Grassmann variables and
Qn = —i0n — (010)00y, Q4 =104 + (05") a0, (2.2.10)

with 9, = 8/00%, 05 = 9/00% , 8, = 9/0z*, are representations of the fermionic generators.
Then, if Sy, Sy are superfields, so is their product, as §(S; S2) = i(£Q + £Q)(S152). Any
linear combination of superfields is also a superfield and so is 9,S. However, 0,5 is not,
as 0(9aS) = 0a(85) = 0, [(£Q+£Q)S] # i(€Q + £Q)(6S). For that reason, the covariant
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derivatives are defined as:

Dy = i0y + (6"0)00y,  Dg = —ids — (05") 0, (2.2.11)

satisfying:
{Da, Dy} = =2(c") 3P {Da, D} = {Da, D} =0, (2.2.12)
{Da, Qs} = {Da, Qs} = {Da, Qs} = {Ds, Q3} =0, (2.2.13)

such that D,S and D4S are superfields.

The generic superfield S, defined in Eq.(2.2.8), is not an irreducible representation of the super-
symmetric algebra. Those are found by imposing certain constraints upon S, eliminating some
of its dof. The simplest supermultiplet consist of a single Weyl fermion and a complex scalar
field, having in total four dof. It is called the left-handed chiral or matter scalar supermultiplet,
usually denoted by ® and it is constructed by imposing the constraint:

Dy® = 0. (2.2.14)
Analogously, the right-handed anti-chiral supermultiplet is defined as:

Da® = 0. (2.2.15)
Solving Eq.(2.2.16), a left-handed chiral superfield is written in terms of components as:

O(z",0%,0%) = p(x) + V20 () + 00F (z) + i00"00,p ()

- ;E(GG)Guw(x)a“e — i(ﬁ@)(éé)@uaﬂgp(x). (2.2.16)

The scalar part ¢ can accommodate the Higgs and the superpartners of the SM fermions,
called squarks and sleptons. The SM fermions and Higgs’ superpartner, the Higgsino, would be
contained into the spinor part 1, while the scalar component F' is a non-dynamical auxiliary
field, added to match the bosonic and fermionic dof. The SUSY algebra then closes off-shell,
while on-shell, F' can be eliminated by using its equation of motion. Any holomorphic function
of @ is also a left-handed chiral superfield, while ® = & is a right-handed anti-chiral superfield.

The next irreducible representation of the SUSY algebra is obtained by applying the condition:
V=Vl (2.2.17)
on the superfield V. This is real vector supermultiplet, comprising by the components:

V(z", 0%,0%) = C(z) + i0x(z) — ifx(z) + 05”0V, (2)
+ %99 (M(z) +iN(z)) — %éé (M(z) — iN(z))

+ 5(00)0) (D) - 30"0,C(2)). (2:2.18)
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with C, M, N, D being real scalar fields, x, A complex Weyl spinors and V), a real spin-one
vector field, amounting to eight bosonic and eight fermionic dof. If A is a chiral superfield, then
A+ AT, AAT (A — A1) are real vector superfields, allowing us to consider a general U(1) gauge
transformation of the form:

V=V 4i(A—AT). (2.2.19)

We then have the freedom to choose the components of i(A — AT) such that some of the dof of

V are eliminated or “gauged away”. Choosing the Wess-Zumino gauge [44]: C = M = N =0,
x = 0, V takes the simple form:

. _ __ __ 1 __

V(xh, 0% 0%), = 0010V, (z) + (00)(0A(z)) + (00)(0A (7)) + 5(90)(09)D(9&). (2.2.20)

The gauge field V,, can accommodate the SM gauge bosons, A is its superpartner, called gaugino

and the auxiliary field D plays as similar role to the one that I plays in a chiral supermalutiplet.

2.2.4 SUSY Lagrangians

Let us consider a supersymmetric theory that incorporates the SM fermions within chiral su-
permultiplets. The action has to be invariant under the whole superspace. Thus, it would
be sufficient to construct a Lagrangian density, which is obtained by only integrating over the
fermionic coordinates, that, under an infinitesimal SUSY transformation, transforms up to a
total space-time derivative.

The D-term of a general superfield S = ... + (60)(00) D(z) and the F-term of a chiral superfield
® = ...+ 00F (x) do have this property, as their transformations under (2.2.9) are:
1 5 _
0D = §8u (§otX — patA),
F = iV2E5"0,4). (2.2.21)

Recalling that integrals over Grassmann variables behave like derivatives:

/d29(99) =1, /d29/d29(09)(99) =1, (2.2.22)

we see that the most general supersymmetric Lagrangian density for a number of chiral super-
fields ®;, would have the form:

L= /d2 /d2eK (@, ®1) + (/d29W(¢’i) +h.c.)

= K(®;, ), + (W(®;), +h.c), (2.2.23)

[p F3

where K is a real function, called the Kahler potential and W is chiral holomorphic function,
called the superpotential. The integrations over the Grassmann variables select the D-term
(whatever multiplies (60)(#6)) of the Kihler potential and the F-term (whatever multiplies
(00)) of the superpotential.
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In view of Eq.(2.2.16), a chiral superfield has the same mass dimension as its scalar component,
[®] = [¢] = 1. Furthemore, requiring that the fermions have mass dimension of 3/2, [¢)] = 3/2,
we are lead to assign the Grassmann variables the dimensions: [0,] = [0s] = —1/2. Then, for
the Lagrangian density to have mass dimension of four, it follows that [K] = 2 and [W] = 3.

The simplest renormalisable Kahler potential is:

K=Y oo, (2.2.24)
which gives rise to the kinetic terms:
Ly = /d29/d29K = (10ueil* — ithiz" 0t + | F?) (2.2.25)
A more general form of K would lead to more complicated kinetic terms of the form:
Lic > KY (Dupid; — 00,05 + FiF} ) (2.2.26)
where
2
y K
KY = aTi , (2.2.27)
8@7;8@]‘ b=p

with K;; = (K¥)~1 is the Kihler metric. When K;; = d;;, we say that the Kéhler potential
is canonical, leading to canonical kinetic terms. In order to extract any physically meaningful
properties of a theory, the kinetic terms have to be brought to a canonical form through a basis
transformation which is known as canonical normalisation.

The most general form of the superpotential is:
1 1
W = Z ;i + o Z mig ®i®; + o Z]; Yk PP Py, (2.2.28)
7 ¥ )

encoding all renormalisable interactions amongst the scalar and fermionic components of the
supermultiplets. Then,

11
Lw =2, oD,

1 82”/‘
P=¢ ! 2 p 8<I>Z~8<I>j b=

Yip; + h.c. (2.2.29)
©

i
and solving the F-term equations of motion, we find the scalar potential of the theory:

y_ W oW

= k| 2.2.30
ool 7 ool le=p (2:2.30)

where K;; = ;5 in the canonical basis.

Making the Lagrangian invariant under some abelian gauge U(1) transformation is achieved
by introducing a vector superfield in the Kéahler potential, which transforms in the adjoint
representation, as shown in Eq.(2.2.19). ®; on the other hand transform in the fundamental
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representation as:
Dy — e 2900 P, (2.2.31)

where ¢; are their charges under the U(1) symmetry and g is the gauge coupling. Then, the
Kaéhler potential:

K = ®le24V g, (2.2.32)

is gauge invariant and when expanding the exponential and extracting the D—term, in addition
to the kinetic terms of the components of the chiral superfields, it gives rise to their interactions
with the vector and fermionic components of the vector superfield:

Lk = / %0 / PIK = (Bl a0y,
- (’(9“%’2 — " Ot + | Fil” + V2ai (9idibi + 95 i)
+ g V" (=i0 i + i0; 0upi — i0i0up}) + @i(D + quHV“)ltpiP). (2.2.33)

Note that if there was only one superfield ® with non-zero charge under the gauge group, then
the superpotential W would be zero. In the case where several superfields ®; are involved in the
theory, then W can only consist of terms in which the net-charge cancels (gauge singet terms).

We also need to include the kinetic terms for the gauge fields. Introducing the field strength:

1 _ _
Wa = —(DD)D,V, (2.2.34)

which is a chiral superfield, such that W*W,, is also chiral, its F-term transforms as a total
spacetime derivative and we can therefore add to the Lagrangian the term:

1 1 1 -
La,, = 4/d20 WoWo + hc. = 5 D* = 2 Fu F" —ido 0, (2.2.35)

Collecting all the terms in the Lagrangian that involve the auxiliary field D,

2
Lo 2
Lp = §D +D (Z ailepil > (2.2.36)

and eliminating D by using its equations of motion, we arive at an additional D-term contribu-

tion to the scalar potential:
1 2
Vp = ) (Z fb’|§0z‘|2> : (2:2.37)
(2

2.2.5 The Minimal Supersymmetric Standard Model (MSSM)

It is understood that the SM can only be an effective theory that does not describe physics up to
energy scales as large as the Planck scale. As we have seen, SUSY has many attractive features,
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making the extension of the SM to a supersymmetric theory a compelling task. There are many
ways this can be done, with the simplest possibility being the minimal extension of the SM,
known as MSSM, where the SM is extended by one set of fermionic generators (N = 1 SUSY)
and the particle content is minimal, in the sense that there is no introduction of “unnecessary”
fields.

The MSSM is invariant under the SM gauge group SU(3). x SU(2)r x U(1)y and hence the
fields that fall into the same supermultiplet have the same quantum numbers. Each SM fermion,
being chiral, is accomodated within a chiral superfield, transforming in the fundamental repre-
sentation of the gauge group. Since in the SM bosons have different quantum numbers from the
fermions, new complex scalar particles are introduced as their superpartners. Those are named
by putting an “s” in front of the associated fermion’s name, in abbreviation for “scalar”. For
example, the electron’s superpartners are two selectrons, one for each of the electron’s hand-
edness. The SM gauge bosons, being vectors, fall into vector superfields that transform in the
adjoint representation of the gauge group and their fermionic superpartners therein are called
gauginos.

Finally, the Higgs boson has no flavour while the fermions do, so it would fall into a seperate
chilar supermultiplet, with its fermionic superpartner called Higgsino. Note though that within
the MSSM, one Higgs superfield can not account for the masses of the up-type quarks as well
as those of the down-type quarks and the charged leptons. In the SM model, the Yukawa in-
teractions consist of the up-type quarks coupled to the Higgs field and the down-type quarks
and the charged leptons coupled to its conjugate. In the MSSM however, these interactions
arise from the superpotential, which is a holomorphic function, prohibiting a field and its com-
plex conjugate to appear at the same time. Therefore, two Higgs superfields: H, and Hg,
with opposite hypercharges are required such that all fermions aquire their masses through the
Higgs mechanism. Then, the MSSM physical Higgs’ bosons are five rather than one. An ad-
vantageous consequence of this, is anomaly cancellation. The fermionic component of a Higgs
superfield contributes to the SM anomalous triangle diagrams. Having a second Higgs superfield
with opposite hypercharge, adds a contribution that cancells the first one, leaving the theory
anomally-free.

A further addition to the SM symmetries is a discrete symmetry called R-parity or matter
parity. It is introduced in order to forbid some interaction terms in the superpotential that
violate either baryon or lepton number and lead to fast proton decay. Under R-parity, each
particle is assigned a quantum number:

Pg = (—1)3B-D)+2s (2.2.38)

were B is the baryon number, L is the lepton number and s is the spin. Then, the SM particles
are even under Pr whereas their superpartners are odd. Some inportant consequences of R-
parity conservation, other than suppressing proton decay, are that superparticles are always
produced in pairs, that the lightest supersymmetric particle (LSP), if electrically and colour-
neutral, constitutes a dark matter candidate and that every other superparticle will always
decay to an odd number of LSPs plus some SM particles.

In summary, the MSSM particle spectrum consists of one superfield per SM field plus an extra
Higgs H,, superfield, all shown in Table 2.2. All superfields f are labelled by a hat and the
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superpartners f of the SM particle f are labelled by a tilde. Note that the SU(2)r, singlets are
conjugated and placed into left-handed chiral superfields, denoted as fc.

Superfield H Label ‘ Bosonic part ‘ Fermionic part ‘ SU(3).

SU@)L| Uy |

left-handed A ~ ur, ur,
; =1 <" ;= ’ 3 2 1
. Q | Q ( dh) Q; ( d@) /6
left-handed ~e . . _
- » - 3 1 -2
chiral Ui Ui i /3
left-handed . ~ _
D¢ d¢ d¢ 3 1 1/3
chiral ’ ¢ v /
left-h A ~ Dy . .
eft-handed 7 - g (7L Li=(" 1 2 ~1/2
chiral €r,; er,
left-handed .
¢ Chizle B & e 1 1 1
left-handed . HF - 7+
H H, = “ H, = U 1 2 1/2
chiral v b ( HS ) v ( 8 ) /
left-handed . HY . 70
Jis H, = d = Zd 1 2 —1/2
chiral d d (Hd_ > d ( q ) /
vector Ge g® ga 8 1 0
vector Wk wk Wk 1 3 0
vector B B B 1 1 0

TABLE 2.2: MSSM field content and transformation properties. The index ¢ = 1,2, 3 labels
the three generations, a = 1,..,8 enumarates the vector superfields of SU(3). and k = 1,2,3
enumerates the vector superfiels of SU(2)y,.

2.2.6 The soft SUSY breaking sector

Since one of the main features of a supersymmetric theory is that particles falling in the same
supermultiplet have the same mass, we know that SUSY cannot be an exact symmetry in nature.
No sfermions or gauginos of equal masses to their SM partners have been observed so far in
experiment, necessitating the formulation of a SUSY breaking mechanism. Without reference
to the specifics of such a mechanism, the MSSM incorporates all possible renormalisable SUSY
breaking terms that respect gauge and R—parity invariance, within the Lagrangian:

1 . -~ - .
—Lsott = 5 (Msgg + MWW + M BB + h.c.)
i P i Hl? 4y Qe Qs+ L2
2 ~ck~ 2 ek J 2 ~cx ~
+ My g + Mae. di*dj + =3 € €]

+ €ap (—ngHg — ALHSQY TS + ALHS QU S + AGHGLTES + h.c.) . (2.2.39)

where «, 8 are spinor indices and i,j = 1,2,3 are family indices. The first line of Eq.(2.2.39)
contains the gaugino mass terms and the second and third lines the mass terms for the scalar
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partners of the SM fermions and for the two Higgses. The last line introduces Yukawa-like
trilinear A-terms and a Higgs mixing term. They all break supersymmetry, as they explicitly
contribute only to the particles appearing therein but not to their superpartners. They are
described as “soft” because all couplings are of positive mass dimension and the cancellation of
quadratic divergences in the theory is preserved.

Lot not only introduces a vast number of new parameters [48] the origin of which has to be
explained but also gives rise to flavour and CP violating transitions. The soft trilinear and scalar
masses are matrices in family space and the symmetries of the MSSM alone do not restrict their
structure. Any off-diagonal elements can contribute to FCNC and face severe bounds from
experimental measurements which, so far, are in agreement with the SM expectations. Also,
the soft parameters introduce many complex phases that are constrained by flavour changing as
well as flavour conserving transitions, such as CP asymmetries in rare decays or electric dipole
moments. These issues are the source of the so-called SUSY flavour and CP problems.

In order to reduce the SUSY parameter space, the MSSM can be embedded in a Grand Unified
Theory (GUT) background, where the gauge couplings unify at the high energy scale Mgyr.
Then, all three gaugino masses are considered to be equal to the parameter M;/; and there
are correlations amongst the matter sectors that transform in the same multiplets of the GUT
group. A further simplified scenario is the constrained MSSM (CMSSM), inspired by minimal
supergravity [49], which also assumes that all scalar masses are equal to mq at the high scale,
stemming from diagonal and universal mass matrices. At the same time, the trilinear matrices
are aligned with the Yukawas, with a proportionality constat Ag, while requiring EWSB fixes
the absolute value of the y parameter. Then, the theory only is formulated in terms of M,
mg, Ao, sgn(u) and the ratio of the Higgs'vevs: tang = tg = v, /vq. However, such assumptions
are not fully justified by symmetry arguments.

2.3 Family symmetries

2.3.1 Motivation

A lot of effort has been put into trying to understand the flavour structure of the Standard
Model. Its peculiar features involve hierarchical fermion masses, with the down-type quark and
charged-lepton masses showing a similar pattern which differs from that of the up-type quarks,
while neutrinos are signicantly lighter than all other particles. Flavour mixing in the lepton
sector appears to be much larger than in the quark sector and the number of generations is not
explained.

The explanation of the origin of mass comes through the Higgs mechanism. Particles that
interact with the Higgs field aquire a mass that is proportional to the strength of that interaction.
The masses of the SM particles have been well measured over the years and the Higgs discovery
in the summer of 2012 sealed that description. What determines the strength of such interactions
though, is still unknown.

As we have seen, the quark and charged-lepton mass terms are generated through Yukawa
couplings to the Higgs doublet and the neutrino masses through the see-saw mechanism. Since
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there are three generations/families for each fermion, those couplings are 3 x 3 matrices in
family space and, when diagonalised, they result to fermionic masses that span many orders
of magnitude. It has been observed that the mass and flavour bases are misaligned, allowing
particles of different families to mix. Even though the amount of this misalignment has been
measured, there is no confirmed theory that predicts it.

If we wish to understand the pattern of the fermionic masses and mixing angles, we need
to reveal what dictates the structure of the Yukawa and Majorana matrices, when they are
formulated in the flavour basis. Of course, one can always argue that Nature has simply chosen
the observed patterns for no apparent reason; but ever since the ancient times, the quest for
insight in physical reality and methodologies of physical inquiries has been based upon symmetry
arguments. Making use of the phenomenological consequences that a successful unification
theory can have, the strategy that has been extensively used in the literature is to unify the three
families of matter within irreducible representations of a family symmetry. This symmetry is
subsequently broken by some Higgs-like fields that develop non-zero vacuum expectation values.
Then, the non-trivial structures that are observed at the low energy scales where experiments
are performed, can be interpreted and analysed as the remaining traces of the family symmetry.

2.3.2 Model building

The idea of the family symmetry is based on extending the Standard Model gauge group by a
family symmetry group G, which admits triplet representations, under which the three families
of matter unify. The field content of the theory is enlarged, by introducing a set of heavy scalar
fields ®, called flavons, that are neutral under the SM gauge group but can couple to the usual
matter fields. The operators that are allowed by all symmetries are typically non-renormalisable,
of the form:

;D .
Oy = fiﬁfjﬂ, (2.3.1)

where i, j are generation indices, f is a left-handed fermion, f€is a CP conjugated right-handed
fermion, H is the Higgs field and M is a heavy mass scale that acts as an ultraviolet (UV) cut-
off. The flavon fields aquire non-vanishing vacuum expectation values, spontaneously breaking
Gr and giving rise to effective Yukawa couplings '

(0:)(@;)
Yij = (2.3.2)
in terms of the small parameter:
(@)
A= —= 2.3.3
M ? ( )

which can serve as an expansion parameter that is used to build the desired hierarchical Yukawa
matrices. The goal is to find an appropriate set of symmetries which, combined with a suitable
vacuum alignment for the flavons, will give rise to acceptable masses and mixing angles.

Tt is more convenient in what follows to use the convention in Eq. (2.3.1) for the extraction of the Yukawa
couplings. Then, the coupling in Eq. (2.3.2) corresponds to the conjugate of the couplings in Eq. (2.1.16).
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This approach was first introduced in 1979 by Froggatt and Nielsen [5], who considered a U (1)pn
symmetry, broken by a single flavon field, carrying a U(1)pn charge of —1. The objective was
to explain the structure of the quark sector only. The charge assignment of quarks of different
generations was chosen such that each element of the effective Yukawa matrices could be written
as a power of A times some order-one undetermined coefficient. The result was Yukawa matrices
with the appropriate hierarchical structure but the predictability of the masses and mixing angles
was hindered by the unspecified coefficients.

The Froggatt-Nielsen mechanism has since been extended to involve non-Abelian symmetries,
which are more predictive, as they provide relations between different Yukawa couplings and
are more successful in explaining the non-hierarchical leptonic mixing pattern. There have been
extensive studies on family symmetries based on the continuous groups U(2) [50], SO(3) [51]
and SU(3) [9, 52-54]. However, when a continuous symmetry is spontaneously broken by the
flavon vevs, one has to deal with the appearance of Goldstone modes. The use of a discrete
symmetry instead, is safe from such effects and also offers smaller irreducible representations
that can accommodate the flavon fields, simplifying their vacuum alignment. Furthermore,
discrete symmetries are more suitable for describing particular mixing patterns of the leptonic
mixing matrix. Together with the requirement for triplet irreducible representations that could
justify the number of fermionic generations, the greatest interest in the last decade has been
shown in discrete subgroups of SU(3), with particular attention drawn to the groups Ay [55, 56]
and Sy [10, 11, 57-59].

Until 2012, the neutrino tribimaximal (TB) mixing pattern proposed by Harrison, Perkins and
Scott [60]:

2 1 0
A

Urp = _? ? _? , (2.3.4)
V6 V3 V2

was in good agreement with the experimental data. the entries of Urp correspond to sin? 09 = %,

i.e. the three states |v.), |v,), |v;) mix equally, sin? 3 = &, i.e. the |v,) and |v;) states mix
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maximally and sin? #;3 = 0 due to no observation of electron neutrino disappearance at the time.
These fractional numbers could be arising from the Clebsch-Gordan coefficients of a symmetry
group. On the contrary, the neutrino mass squared differences (and the masses of the charged
leptons) are not characterised by such distinct fractional relations amongst each-other. This
suggests that the effective neutrino mass matrix m, is diagonalised by a matrix with mixing
angles that are independent of the eigenvalues, i.e. m, is a “form diagonalisable” matrix [61].

Such a property is known to be realised in the context of discrete flavour groups.

Assuming that neutrinos are Majorana, their mass matrix, in the basis of diagonal charged
leptons, is invariant under a Klein group ZQS X ZQU , with generators denoted by S and U. In the
case of TB mixing, they have the simple representation:

(22 100
S=g|2-12 | U=-|001]. (2.3.5)
2 2 -1 010
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If the flavour symmetry of neutrinos is a residual symmetry of the family symmetry and it is
preserved to leading order in the neutrino sector, then the family symmetry should contain both
S and U. The smallest group with this property is Sy. It is the group of permutations of four
objects, having 4! = 24 elements [62].

In 2012, #;3 # 0 was measured from RENO [63], MINOS [64], Daya Bay [65] and T2K [66]
experiments, with a current fit value of [7.87,9.11]° in the 30 range [34]. However, this mixing
angle is still a lot smaller than the other two, which are still consistent with TB mixing (see
Eq. (2.1.35)) and therefore such a mixing pattern would be a good first approximation of a
flavour model. Of course, deviations are needed, which can arise from charged lepton corrections
or from the neutrino sector, by partly breaking the Klein symmetry at higher orders. For reviews
on how discrete symmetry models can be modified to account for a non-zero 6,3, see [6].

2.3.3 Extension to SUSY GUTSs

The family symmetry formalism can be extended to include supersymmetry. In the context
of a supersymmetric field theory, all fields become superfields and the Yukawa operators arise
from the superpotential of the theory, while the kinetic terms and the soft scalar masses, come
from the Kéahler potential. Now the flavour problem increases dramatically, as the superpartner
masses and mixing angles must also be explained, while facing severe experimental constraints
on the off-diagonal elements of the soft mass matrices.

In principle, when one writes the soft SUSY breaking Lagrangian, there is nothing that forces
the mass matrices to be approximately diagonal. When those matrices are rotated into the
mass basis of the SM fermions, the so called super-CKM (SCKM) basis [47], they participate
in loop diagrams inducing FCNC. So, the extra issue to be taken care of is to control these
off-diagonalities, as well as the new sources of CP violation, in order to stay in agreement with
experiment.

One of the most important aspects in building a model of flavour by means of a family symmetry,
is the appropriate alignment of the flavon vevs in flavour space. Supersymmetry provides a
convenient mechanism for this [55]. A new set of fields is introduced, called “driving fields”,
together with a U(1)gr symmetry. Under this symmetry, the Higgs superfields and the flavons
are uncharged, the superfields containing the SM fields and the right-handed neutrinos have a
charge of +1 and the driving fields carry a charge of +2. In that way, driving fields do not
interact directly with the SM particles but can couple to the flavons and appear only linearly
in the so called “driving piece” of the superpotential. By requiring that supersymmetry is
unbroken at the scale of family symmetry braking, the F-terms of the driving fields have to
vanish, leading to a particular alignment of the flavon vevs.

Let us now consider a supersymmetric theory supplemented with a family symmetry and see
how the Yukawa and soft mass matrices are constructed. The first step is to write down all
operators that couple them to the Higgs and matter fields, in order to generate the Yukawa
piece of the superpotential (dropping the “hat” superfield notation for simplicity and including
right-handed neutrinos):

Wy = eug (ngﬂgQﬁiW +YAHGQP A + YR HE L v + ngﬂﬂﬁiew) . (23.6)
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The flavon expansion that, once the family symmetry is broken, will lead to Wy in Eq. (2.3.6),
can be schematically represented as:

c PR D
HEY vy —m 1" (2.3.7)
[oxol

where yé{; are some order-one coefficients. Demanding that CP is only broken by complex

flavon vevs, all flavon expansion coefficients are real.

In the soft SUSY breaking sector, the piece of Eq. (2.2.39) containing the trilinear scalar cou-
plings has a similar form to Eq. (2.3.6). Assuming that SUSY breaking is triggered at some
mass scale Mx by some “hidden sector” superfield(s) X, which acquires a non-zero vev on its
auxiliary F-component: (Fx) # 0, then the trilinear piece comes from the F-terms of operators
of the form:

ffe PP

X
il < ;
Mx f(bq),aq)q) M?

fe. (2.3.8)

In a supergravity framework, if the superpotential contains no direct couplings of X to the
Yukawa sector and the Kéhler potential is canonical, “picking up” the F-term of X in Eq. (2.3.8),

would lead to (once the relevant fields develop their vevs) Ay o< Y} [52, 67], as aé{{, would be

equal to y{;g, up to a global factor. However, it has been shown that any superfield with a
non-zero vev on its scalar component (®), is expected to also develop a non-zero (Fg), of the
order of mg /9 x (®), where mg/, is the gravitino mass; and so do the flavons [53, 68]. As a result,
when taking the F-terms of Eq. (2.3.8), there are additional, flavon-induced contributions to the
trilinears A;j, of the form: (FpdsWy)i;. In a family symmetry model with multiple effective
operators, these contributions cause each of the coefficients aé{;, in Eq. (2.3.7) to differ from
the corresponding ones in Eq. (2.3.6) by a different order-one factor [68]. In other words, any
universality between the trilinear and the Yukawa matrices is inevitably lost. As discussed in
[52], there are mechanisms for suppressing (Fg), such that they are a lot smaller than ms /5 X (®),

in order to keep flavour violating effects under control.

However, in the context of a global SUSY model that does not refer to a specific SUSY breaking
mechanism, the vacuum alignment of the flavon F-terms and their contribution to the generation
of the SUSY breaking terms can be derived through the minimization of the scalar potential,
after promoting the mass parameters and the coupling constants of the theory to constant
superfields with non-zero F-terms. This procedure is thoroughly described in [69], where it is
found that (Fg) are indeed of the order of mgysy x (®) and the orientations of these two types
of vevs in flavour space are aligned to LO in the expansion parameter (®)/M.

Turning to the Kéahler potential, to include the SUSY breaking effects, one can add a non-
renormalisable operator involving the hidden sector superfield and write the effective potential
as:

f, (2.3.9)

Kp=>Y ff
7

XTX XTX\ ¢ ® o
(=g ) oo (i) S
(]
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where cg(q)), bg(q)) are some order-one coefficients and « is a constant. Let us first consider
a = 0. Taking the D-term of (2.3.9), we obtain the kinetic terms in Eq. (2.2.25) (as the factor
1+ cg (|X|?)/M% can be absorbed into a simple redefinition of the matter superfields), while the
term proportional to bg gives rise to effective soft scalar mass squared terms that are universal
in flavour space and of the order of (|Fx|?)/M%. However, when we allow for couplings between
the matter superfields and the flavons by turning on « # 1, these non-renormalisable terms
inevitably lead to a complicated Kéahler metric once the relevant fields develop their non-zero
vevs. Not only it is different from the unit matrix but also develops off-diagonal entries. We
therefore need to go through the “canonical normalisation” procedure [12] and make a change of
basis by redefining the superfields, such that .f(ij = 1 in flavour space, leading to the standard
kinetic terms. Then, the Yukawa, trilinear and soft scalar matrices have to be rotated into that
basis.

In general, the Yukawa and trilinear terms vanish in the family symmetry limit, while the soft
scalar masses are universal. When this symmetry is broken, any universality is lost. Since the
soft scalar mass squared matrices and the non-canonical Kéhler metrics arise from a similar
flavon expansion, they acquire a similar structure in flavour space. In complete analogy, the
flavour structure of the trilinear matrices is similar to the one of the Yukawas. The fact that
cé and bé are different to account for SUSY breaking effects, means that the scalar masses will
remain off-diagonal in the canonical basis. Similarly, as aé{; =+ y{;{; the trilinear matrices will
not be diagonal in the mass basis of the SM fermions (SCKM basis). It is these off-diagonalities
that a successful flavour model has to control, in addition to providing a good description of

the SM fermionic masses and mixing angles.

Since Renormalisation Group (RG) running down to the electroweak scale is not expected to
significantly alter these off-diagonal entries, the model should not predict large scalar mixings
at the high energy scale. This scale could be the unification scale when SUSY is embedded in
a GUT background. In such a case, quarks and leptons, as well as squarks and sleptons, fall
into the same supermultiplets, providing us with correlations between the hadronic and leptonic
sectors, which, after a computable RG running, can be inferred at the low energy scale where
experiments are performed.

The simplest GUT group that can be used to make a model of flavour more constraining, is
SU(5) [70]. SU(5) unification implies that the matter superfields fall into (three copies of) the
F =5 and T = 10 representations as follows:

0 —ug uf —ug —dg

ug 0 —uf —up —dp

T'=—|—-uy uy 0 —ug —dg and F = (dg dg dge —v), (2.3.10)
ur up ug 0 —e°

dR dB dG e 0

where r,b, g correspond to the SU(3). charges: red, blue and green. The decompositions into
representations of the SM gauge group SU(3). x SU(2)r, x U(1)y read:

5=(3,1,1/3)® (1,2,-1/2), 10=(3,1,—-2/3)&(3,2,1/6)® (1,1,1),  (2.3.11)
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with ' = (d° L) and T = (u®, @, €e), while right-handed neutrinos can be added as SU(5)
singlets. The Higgs doublets H,, and H, fall within the SU(5) multiplets Hs and Hg, such that
the Yukawa terms for one family are written as:

YuHs, Tj T €™ + y, Hs, F'v° + ygHL T, FY (2.3.12)

where €7¥™ ig the SU(5) totally antisymmetric tensor with 4,7, k,l,m = 1,...,5. Those terms
correspond to the SM couplings:

Yu HyQu + y, Hy Lv© + yg(HyQd + HgeL). (2.3.13)

The unification of the down-quark and electron Yukawa coupling implied in (2.3.13) is consis-
tent with the measurements of the down and electron masses but such a relation can not hold
for the the other two generations. This difficulty is bypassed by considering the Higgs repre-
sentation H g, coupling to the second generation, through the SU(5) singlet (Y4)oo H 515 F,
corresponding to (Yd)gg(Hngdg — 3H e5Ls). Now Hy is actually a linear combination of the
electroweak doublets contained in Hg and H gy and the factor —3 is an SU(5) Clebsch-Gordan
coefficient. For hierarchical Yukawa matrices with a zero (11) element, this set up results in the
Georgi-Jarlskog relations [71]:

Y = Yry Ys = %7 Yd = 3ye (2314)

at the GUT scale, which lead to acceptable low energy scale mass relations.



Chapter 3

Approaching Minimal Flavour
Violation from an

SU(5) x S4 x U(1) SUSY GUT

3.1 Introduction

This chapter details my research on a model of flavour, using a family symmetry in a super-
symmetric GUT background. The work presented here has been published in [14].

As discussed in Chapter 2, the SM should be viewed as an effective field theory and some new
physics is required, in particular in view of the Higgs naturalness problem. In the absence of
any observed beyond the SM flavour and CP violation, strong restrictions are imposed on the
flavour sector of any new physics model. In order to tackle this issue, a sort of “straw man”
ansatz for flavour has emerged, known as Minimal Flavour Violation (MFV) [72-75]. In this
scenario, all flavour and CP violating transitions are postulated to originate in the SM Yukawa
matrices, so that they are governed by the CKM matrix.

When considering supersymmetry softly broken at the TeV scale, then in general large deviations
from SM flavour and CP violation are expected. SUSY models include one-loop diagrams that
lead to FCNC processes, such as e.g. b — sy and p — ey, at rates which are proportional to the
size of the off-diagonal elements of the scalar mass matrices, when the latter have been rotated
to the SCKM basis where the Yukawa matrices are diagonal [47]. These SUSY contributions
are tamed in the CMSSM, which postulates that, at the high energy scale, the SUSY breaking
squark and slepton mass squared matrices are proportional to the unit matrix and the trilinear
A-terms are additionally aligned with the Yukawa matrices, resulting in an (approximate) MFV-
like structure at low energy [47], which is of course exactly what is observed.

The CMSSM framework always provides a safe haven from unwanted flavour violation, although
CP violation in the form of Electric Dipole Moments (EDMs) remains a challenge [47]. However,
with SUSY and SUSY GUTs, the real challenge is to justify the assumptions of MFV or the
CMSSM, while at the same time providing a realistic explanation of quark and lepton (including
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neutrino) masses, mixing and CP violation. This non-trivial balancing act is the concern of this
chapter.

The discovery of neutrino mass and mixing has spurred a lot of work aiming to describe flavour
in terms of a family symmetry of some kind, in particular a discrete non-Abelian family sym-
metry [6]. It was realised early on that in such models, the idea of spontaneous flavour and
CP violation could effectively tame the flavour and CP problems of the SM [53, 68] without
any ad hoc assumptions about MFV or the CMSSM. The main point is that the same fam-
ily symmetry introduced to understand the Yukawa sector will also automatically control the
flavour structures of the soft SUSY breaking sector. The only requirement is that the SUSY
breaking hidden sector must respect the family symmetry, which means that the family (and
CP) symmetry breaking scale must be below the mass scale of the messengers which mediate
SUSY breaking to the visible sector. SUSY breaking in the framework of supergravity provides
one attractive example for such a situation.

The idea of using family symmetry to solve the SUSY favour and CP problems has been fully
explored in the framework of an SU(3) family symmetry [9, 52, 53|, where it was shown that the
flavons that spontaneously break the family and CP symmetries will perturb the SUSY breaking
sector, leading to tell-tale signatures of flavour and CP violation beyond MFV or the CMSSM.
Unfortunately, these signatures which were expected to appear in Runl of the LHC [76] did not
in fact materialise, and indeed the allowed parameter space has been much reduced [77].

In the set-up discussed in [9, 52], the extra flavour violation can be understood as follows. At
leading order, the CMSSM is enforced by the SU(3) family symmetry acting on the squark and
slepton mass squared matrices. However, the fact that SU(3) is broken by flavons, as it must be
to generate the quark and lepton masses, means that flavons appearing in the Kéahler potential
will give important contributions to the kinetic terms, requiring extra canonical normalisation
(CN) [12]. Since SUSY breaking also originates from the Kéhler potential, the flavons will
also modify the couplings of squarks and sleptons to the fields with SUSY breaking F-terms.
The resulting corrections to the soft mass squared matrices from unity will be similar to the
corrections of the corresponding Kéhler metrics, yet both are not aligned due to independent
coefficients of the relevant operators. Likewise, the trilinear soft SUSY breaking A-terms will
replicate the flavour structure of the Yukawa matrices prior to CN but exact alignment is
not realised. All of this occurs at the high scale. Additional flavour violation is generated
by renormalisation group (RG) running down to low energy, taking into account the see-saw
mechanism [8] which will involve thresholds at an intermediate scale, see e.g. [78, 79].

In this chapter, it will be shown how approximate MFV can emerge from an SU(5) SUSY GUT,
supplemented by an Sy x U(1) family symmetry. The fermionic sector of this model has been
studied in [10, 11], where it was found that it provides a good description of all quark and
lepton (including neutrino) masses, mixings and CP violation. The aim of the work presented
here is to introduce the model’s soft SUSY breaking sector, which is assumed to respect the
family symmetry and investigate the flavour and CP violating (as well as conserving) effects
that emerge.

One of the foremost steps in doing so, is to formulate the flavon expansion of the Kahler potential,
which gives rise to the soft scalar mass matrices and the kinetic terms of the theory. As already
pointed out, the breaking of the family symmetry necessarily leads to non-canonical kinetic
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Field | T3 | T | F | N || Hy | Hs | Hyz || ®% | @y | o9 | 4 | @ | @4 | @4 | @7 | 7
su)|10(10/5 |15 |5 |45 || 11|11 |1 |1[1]1]1
Se 1233 1|1]1|2|2|3[3]2|3]|2]|1/71"
U)o |5[4|—4 00| 1 ||-10[ 0 |—4|-11 1| 8 | 8|87

TABLE 3.1: The matter, Higgs and flavon superfields of the model in [11] together with their
transformation properties under the imposed SU(5) x Sy x U(1) symmetry.

terms, such that a change of basis is required in order to make any meaningful predictions for
the physical implications of the model. In fact, [12] highlights that the change to the canonical
basis can significantly perturb the structure of the Yukawa matrices. These CN effects were
ignored in [10, 11]. Therefore, the present work revisits the fermionic sector by including such
corrections and it is advantageously found that the results of [10, 11] for the fermionic masses
and mixing angles survive to leading order.

The vacuum alignment of the flavons is also revisited and calculated up to the eighth order
in the expansion parameter (2.3.3), in order to keep track of different CP violating phases
accompanying the higher order corrections. Also, there may be some notational differences
with [10, 11] as, here, subleading terms are not absorbed into the corresponding leading ones,
neither in the parametrisation of the flavon vevs nor in the parametrisation of the mass matrices,
such that the series expansions can be performed in a systematic way.

The model’s predictions for the SUSY contributions to any process, are given in terms of a set
of dimensionless parameters, known as “mass insertion” parameters [13]. Those parameters are
calculated in full detail and their low energy expressions are given in the SCKM basis, including
effects of RG running. Remarkably, due to the peculiar flavour structure of the model, it is
found that the small family symmetry Sq x U(1) is sufficient to reproduce the effects of low
energy MFV much more accurately than the previous SU(3) family symmetry model.

3.2 Trimaximal SU(5) X S4 X U(1) model

In this section, the basic ingredients of the supersymmetric model of flavour proposed in [11]
are presented. It is capable of correctly describing a sizeable reactor neutrino mixing angle 0l13
by generating a neutrino mass matrix of trimaximal form. The model represents a modification
of an earlier tri-bimaximal model [10] with only minor changes.

Being formulated in a supersymmetric SU(5) grand unified framework, the matter superfields
fall into the 10 and 5 representations, as shown in Eq. (2.3.10). Table 3.1 lists the matter,
Higgs and flavon superfields together with their transformation properties under the imposed
SU(5) x Sq x U(1) symmetry. Details of the non-Abelian finite group Ss are provided in
Appendix A. The 5-plets, labelled by F', are assigned to a triplet representation of Sj, while
the 10-plets are split into an Sy doublet T' for the first two generations and an Sy singlet T3
for the third generation. In addition, right-handed neutrinos N are introduced, transforming
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in the same Sy triplet representation as F. The SU(5) Higgs fields Hs, Hg and Hg are all
Sy singlets. Note that each of these GUT Higgs representations contains an SU(2); Higgs
doublet. Therefore, the low energy doublet H, originates from Hs, while H,; arises from a
linear combination of Hg and Hg [45, 47]' . In addition, a number of flavon fields <I>£ are
introduced, which are labelled by the corresponding .S4 representation p, as well as the fermion
sector f to which they couple at leading order (LO). Two flavons, ®4 and <i>12‘, generate the LO
up-type quark mass matrix. Three flavon multiplets, @g, ég and @g, are responsible for the
down-type quark and charged lepton mass matrices. Finally, the right-handed neutrino mass
matrix is generated from the flavon multiplets ®%,, ®4 and ®7, as well as the flavon n which is
responsible for breaking the tri-bimaximal pattern of the neutrino mass matrix to a trimaximal
one at subleading order [11]. The additional U(1) symmetry has been introduced in order to
control the coupling of the flavon fields to the matter fields in a way which avoids significant
perturbations of the LO flavour structure by higher-dimensional operators [10].

The vacuum structure of the flavon fields arises from the F-term alignment mechanism [55].
Introducing a set of so-called driving fields, the corresponding F-term conditions give rise to
particular flavon alignments as described in Appendix B. To LO, these are given as [10, 11]:

ﬁﬁ) _ (2) U (%) _ (?) Ju A, (3.2.1)
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where A ~ 0.225 is the Wolfenstein parameter [27] and the ¢s are dimensionless order one
parameters. Imposing CP symmetry of the underlying theory, all coupling constants can be
taken as real [58, 59], so that CP is broken spontaneously by generally complex values for
the ¢s. M denotes a generic messenger scale which is common to all the non-renormalisable
effective operators and assumed to be around the scale of grand unification. Considering also
subleading terms in the flavon potential, these LO vacuum alignments receive corrections which
are parametrised by small shifts as discussed in Appendix B and shown explicitly in Eq. (B.4).
Throughout the calculations, such shifts have been taken into account, as well as all other
subleading effects. As the LO results for the mass insertion parameters depend solely on the
LO structure of the model, only the LO analysis is reported in the main part of this chapter.
When giving explicit expressions, only the leading contributions will be shown and the additional
higher order corrections will be omitted for the sake of simplicity. Such approximations will be
indicated by = throughout the chapter. Finally, the vevs of the two neutral Higgses are:

'As Hg and Hg transform differently under U (1), it is clear that the mechanism which spawns the low
energy Higgs doublet Hy must necessarily break U(1). Although the discussion of any details of the SU(5) GUT
symmetry breaking (which, e.g., could even have an extra dimensional origin) is beyond the scope of this work,
it is remarked that a mixing of Hz and H g could be induced by introducing the pair szt4 with U(1) charges £1
in addition to the standard SU(5) breaking Higgs H3,.
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vy = v tg/q/1 +t%, vg=v/4/1 —I—t%, (3.2.4)

where tg = tan(8) = {* and v = /v; + v =174 GeV 2

3.3 Kahler potential

A characteristic feature of any effective theory is the presence of non-renormalisable operators
which are only constrained by the imposed symmetries. In the context of supersymmetry, this is
the case for both the superpotential and the Kéhler potential. The effective coupling of flavons
to the Kéahler potential gives rise to kinetic terms with a non-canonical Kahler metric I # 1,

Liin = Kij <aufz‘*a“fj +ifi*auf7ufj) ) (3.3.1)

where f and f are, respectively, the scalar and fermionic components of a generic chiral superfield
f- In order to extract physically meaningful properties of a model, the kinetic terms have to be
brought to a canonical form via a basis transformation [12].

In the context of SU(5), a Kahler metric is encountered for each of the three GUT represen-
tations containing the matter fields. These will be denoted by K7, Kr and Ky, respectively.
Using the symmetries of Table 3.1, the expansions of these 3 x 3 matrices in terms of flavon
fields can be obtained from:

T Cn 22 (RQ)n Cn 13 (R4)n T
Fi(Kp—1)F =Y F'[cf" (Ry),| F, (3.3.3)

Ni(Ky —1)N =Y Nt [V (Ry),] N, (3.3.4)

where ¢, are order one coefficients which can be assumed to be real thanks to the imposed CP
symmetry. Products of flavons which are allowed to couple in the Kéahler potential are collected
in the tuples R;, which in turn are unions of tuples S;. They contain all possible combinations
of up to eight flavons with a minimum contribution of order A\® and are defined as:

Ri=85USUS;3, Ro=5US,, R3 =81, R4 =S84, (3.3.5)
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2 Absorbing the factor of v/2 in Eq. (2.1.15) into v.
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du eyl @dTpdipu
Sy = {M2 ]1\422 , 2M33 2 1 all h.c.}, (3.3.7)
vaV v RV dt Fu d
3 = M5 ) M2 ’ M2 ’ M3 ) M7 +a -C. ¢y ( c. )
d v d d d d v
Sy = (99)° ﬁ(q’zT)2 4P, @g@g(@;ﬁ (¢2T)2‘p§l@3T (‘I’QT)3‘I>2
M5 M3 M3 M4 ’ M* ’ Mt
d d d d
(@)% (257  n@g(25)*  (89)0)' (33.9)
M5 ’ M5 ’ M7 ' o

81 and Ss contain combinations of flavons with U(1) charges that sum up to zero. They come
form S, invariants when contracted with two doublets or two triplets. Therefore, S; and Ss
contribute to Kp, Kx and the upper-left 2 x 2 block of K in Eq. (3.3.2). Moreover, the
combinations in &; can be contracted to Sy invariants so that they additionally contribute to
the lower-right 1 x 1 block of K. S3 gives further contributions to Kz and Ky but not to Krp.
Finally, the combinations contained in Sy have U(1) charges which add up to 5 and allow for
Sy contractions to a doublet. Hence, they contribute to the off-diagonal upper-right block of
K. Note that the effects of the operators involving the flavon field n are independent of its Sy
transformation properties as a 1 or a 1’.

When calculating the Kéahler metric from the expressions of Eqgs. (3.3.2-3.3.4), it is important
to take into account all invariant S; contractions of two matter fields with a given product of
flavons.

3.3.1 Kahler metric with LO corrections

It is straightforward though tedious to determine the matrices K, Kr and Ky from Egs. (3.3.2-
3.3.4). Keeping only the LO corrections to the unit matrix, for the 10 of SU(5) it is found that:

(ks + k1) A2 kp M kg e 05 )6
Kr—1~ . (ks — k1) A2 kge )5 | (3.3.10)
: o A2

where k; denote real order one coefficients, and §F are phases associated with the generally
complex flavon vevs. Here and throughout the chapter, the dots in the lower-left corner of the
matrix represent the complex conjugates of the corresponding entries in the upper-right part
of the matrix. The operator TTng)gTT/M 2 gives rise to the parameters k; and ks through
different Sy contractions, while kg is due to qu)g(l)gTTg/M2. Being associated with TT®YT /M,
the parameter ko carries no phase factor because ggg € R, see Appendix B. Finally, the (13) and
(23) elements originate from TTn(q)gT)QTg/M?’ and TT(®4)5T3/M?5, respectively. Making use of
the phases of the LO flavon vevs, given explicitly in Eq. (B.2), the phases of Eq. (3.3.10) can
be written as:

ok =0 — 9  and 65 = —56% (3.3.11)
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where Gg and Qg are the phases of the LO vevs gZ)g and ¢g, respectively.

Analogously, one obtains the matrix Kp:3

2K, Ks K
Kr—1~ - Ky — K,y K A (3.3.12)
. — (K2 + Ky)

where K; € R. The parameters on the diagonal, K; and K», originate from different contractions
of the term F T@g@gTF /M?. The off-diagonal elements, parametrised by K3, are derived from
the operator F1®%F/M and are real due to ¢% € R. Hence the LO correction to K from unity
is given by a real matrix.

The corresponding Kéahler metric Ky for the right-handed neutrinos is identical to g up to a
difference in the order one coefficients of the individual corrections. Therefore,

2KkN  KY Ky
Ky—1 = - KY - KN KN P (3.3.13)
: — (K3 + K7Y)

where the coefficients K}V are again real.

3.3.2 Canonical normalisation

The expansion of the Kéahler potentials in terms of flavon insertions leads to non-canonical ki-
netic terms. In order to bring the Kéhler potential back to its canonical form, a non-unitary
transformation has to be applied on the matter superfields. The canonical normalisation pro-
cedure introduces the 3 x 3 matrices P4 which transform the matter superfields A =T, F, N as
A= P;'A’ so that

(P)7IKAP =1 = Ka=PiPa. (3.3.14)

A prescription for deriving the matrices P4 can be found in Appendix C.1. To LO, they take
the simple form

. (N) (N)
1 ket hag-ith )6 1 Fata B
Pra~| - 1 BN | Prgy R | ] K%N) A |- (3.3.15)
1
. . 1

In the following sections, the structure of the Yukawa matrices is studied as well as the soft
supersymmetry breaking sectors. The CN transformations of Eq. (3.3.15) have to be applied to
these before aiming at a physical interpretation of the resulting patterns.

3There are also flavour universal A2 and A* contributions to the diagonal elements of K which, however, do
not effect the LO results.



Bthapter 3 Approaching Minimal Flavour Violation from an SU(5) X S4 X U(1) SUSY GUT

3.4 Yukawa sector after CN

In this section, the fermionic sector of the model is studied, completing the analysis of [10, 11]
by including the effects of canonical normalisation. The parametrisation differs slightly from the
one used in [10, 11] as, in this work, none of the higher order corrections to the mass matrices
or the flavon vevs are absorbed into the associated leading order terms. See Appendix B for
more details.

3.4.1 Charged fermions
3.4.1.1 Up-type quarks

The Yukawa matrix of the up-type quarks can be constructed by considering all the possible
combinations of a product of flavons with TT Hs for the upper-left 2 x 2 block, with T7T5Hj5
for the (i3) elements, and with T3T5H5 for the (33) element. The operators which generate a
contribution to the Yukawa matrix of order up to and including A% are

1 1 -
Yy T3T3 Hs + My}‘TT(I)SHg, + W?/ELTT‘I’EL‘I)gHs 5.41)

STT(25)*(95) Hs + —=ys TT3(95)*(®5)° Hs

1 1
+ W?/??AT?)TS((I’@Q‘I);?,/HS + Y Y

where the parameters y; and y;' are real order one coefficients. Inserting the flavon VEVs and
expanding the Sy contractions of Eq. (3.4.1) using the Clebsch-Gordan coefficients that can be
found in [10] , gives rise to the up-type Yukawa matrix at the GUT scale:

yueieﬁ )\8 0 0
Vet ~ 0 e\t Zuei®" \T | (3.4.2)
0 zgew;u Y Yt

where the relation to the flavon vevs, see Egs. (3.2.1-3.2.3) as well as Appendix B, is given by:
yue™ = yBOYSY +yiosy,  yed™ =yles, e = yi(99)°(69) (3.4.3)

Applying the phases of the LO flavon vevs as given in Eq. (B.2), it is found moreover that
0y = 0Y =209 +30%, 0 =309 + 2604, (3.4.4)

where the fact that the shift d5 ; of the flavon vev(®3) in the first component is of order A8 and
proportional to (¢9)%(¢%)? has also been used, see. Eq. (B.5). It is worth noting that the (12),
(13) and (21), (31) elements of Eq. (3.4.2) remain zero up to order \%.

Changing to the basis with canonical kinetic terms, (P 1)Ty(7§UTPf s calculated. For conve-

nience an extra phase redefinition on the right-handed superfields is applied,

Q. = diag(eieg, eiez, 1). (3.4.5)
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As a result, the up-type quark Yukawa matrix in the canonical basis is obtained:

Yu X® — 3k ye A® — Sk yoe™i 2O
VA A ERYSUPSY. 2 DI (3.4.6)
GUT 52 ?{cc Ye . 3R3 Y€
. gy . _ Y
—%]{34 ytez(04 0%) A6 — %kg ytel(QS 9u))\5 n

Compared to Eq. (3.4.2), the canonical normalisation has significantly modified the off-diagonal
entries: the texture zeros are filled in; moreover, the (23) and (32) elements feature a reduced
A-suppression.

3.4.1.2 Down-type quarks and charged leptons

The Yukawa matrices of the down-type quarks and the charged leptons can be deduced from

the superpotential operators:

1

M
1 = 1 - 1 -

+ ygﬁFT;),(I)glq)gHg + yZWFTgncngg + yngT%l(I)g(I)gH@ (3.4.7)

1 = 1 ~
yiq FTs®5Hs + y3 3 5 (FO8)1(TO) His + Y5 - 15 (F(99))5 (TD5)3 H

1 1 1
+ ygﬁFT@g)?(q)g)?’Hﬁ + ngFT:%(‘I’g)g(‘pg)?His + ngFT3(®3)4(@§l)2H5 ’

where the yf are real order one coefficients. For the operators proportional to yg and yg,
specific contractions have been chosen as described in [10, 11], such that the Gatto-Sartori-
Tonin (GST) [80] and Georgi-Jarlskog (GJ) [71] relations are satisfied at LO. The contractions
for all other operators are not restricted to special choices; however, it was checked that in all
cases, the LO result can simply be parametrised by an effective coupling constant which is given
as a combination of the individual contributions from each contraction. It is worth noting that
the operator proportional to yjf is only allowed if n transforms as a trivial singlet under Sy.
Separating the contributions of Hz and Hj, the Sy contractions give rise to:

~ 0T ~ 9T . 0%
0 Toe2 N5 —Foet2 \3 ziiewld A0 0
- ipF - o 0y oy
yg ~ *5626102 A\ 0 $26102 A0 , y4,5 ~ 0 ysezé’s 2\ _ysews %
-n?d -n?d Y
23103 \0 2dei2" N6 gy et \2 0 0 0

(3.4.8)
The parameters in these expressions are related to the flavon vevs as defined in Egs. (3.2.1-3.2.3)
and Appendix B via:

~ ip% d/ d\2 7d i6Y d d d_ifZd dsd d d7u d_i0Zd dsd
Toe'2 = ys () 05, et =yids, 252 =yids s+ ysp5ey,  zes =yids,,

.y ~ . nZd “d T
b =yl A = o) — ooty (3.49)

Using Eqgs. (B.2,B.6), the following relations for the phases are deduced:

03 =3(04+0%), 0V =07 =200 +304, 0¥ =03 =0 =0 (3.4.10)
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The Yukawa matrices of the down-type quarks and the charged leptons are linear combinations
of the two structures in Eq. (3.4.8). Following the construction proposed by Georgi and Jarlskog
[71], one has: Y&yt = Vs + Vi and Yyt = (Vs — 3Vs5)7, respectively.

Performing the canonical normalisation on the Yukawa matrices (Py1)? Y&y P’ and (P )T Ve Prt
as well as an additional rephasing of the right-handed superfields by:

Qua = Q. = diag(e'®, ¢ %), (3.4.11)
results in:
¢i(07=03) d )8 FoA? 03 =0) 5, \D
Yéur ~ — TN’ el =02y X1 —el Oy N | (3.4.12)
o—i03 (deiegd _ %ew;{yb) A6 o—if3 (deiéz,d _ %ew;{yb) 6 YpA2
—3ei(077=03) 28 —F N\ =10l (2deiti! — Eseitly, ) \6
Yéur & Fo AP —3eiOr=0y A\ omi0] (odeits! _ Kseily,) \6 | (3.4.13)

i \? 361'(93—95)%/\4 yb)\z

Note that the canonical normalisation modifies the down-type quark and charged lepton Yukawa
matrices solely by additional contributions of the same order in the (31), (32) and (13), (23)
elements, respectively. Comparing Eq, (3.4.12) with Eq. (3.4.6) suggests that the CKM mixing is
dominated by the diagonalisation of the down-type quark Yukawa matrix. This will be explicitly
verified when calculating the SCKM transformations in Section 3.6.

3.4.2 Neutrinos
3.4.2.1 Dirac neutrino coupling

Having introduced right-handed neutrinos N in Table 3.1, their Dirac coupling to the left-handed
SM neutrinos originates from the superpotential terms:

1 ~ 1 ~ 1
ypF'NHy + ?/FMFN‘I’SHE) + nyFN(ég)QHg) + 954,5WFN(‘I’@2‘I’11/,2,3/H5
| (3.4.14)
+ yé)WFN(‘I’g)4q)gH5,

where yp and yiD are real order one parameters. The corresponding Yukawa matrix is determined

as:
YD 2P eif2” \6 2P\
Vom | 2Peife” )6 D\ YD , (3.4.15)
ZP 4 YD 2P eif2” \6
with
X =yldy. PR =Pl 0P =016 (3.4.16)

Here, the phase can be deduced from Eq. (B.5).
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Applying the CN transformation (Pp 1)Ty”P]§1, the corresponding Yukawa matrix in the basis
with canonical kinetic terms takes the form:

D _yD(K32+KéV))\4 D yD(K32+K§V)) IX
N C it = 2 DX YD . (3.417)
(ZlD _ yD(K32+KéV)> 2\ Yy _yD(K32+K§V))\4

Compared to Eq. (3.4.15), an additional contribution of the same order arises in the (13), (22)
and (31) entries. Moreover, the A-suppression of the (12), (21) and (33) elements is reduced.

3.4.2.2 Majorana neutrino mass
The mass matrix of the right-handed neutrinos is obtained from the superpotential terms:
v 1 d 1 FUFHY 1 d\8
w1’273NN®17273/ + 'U)4MNN¢277 + w57677MNN¢)2 @1’273/ + WSWNN(Qz) 3 (3418)

where w; denote real order one coefficients. This results in a right-handed Majorana neutrino
mass matrix Mpg of the form:

Iy A+20 B-C B-C 00D
WRx B-C B+20 A-C | X'+ 0 D 0 |\, (3.4.19)
B-C A-C B+2C D 0 0

with
Ae4 = w1 @Y, BePA= gl  Cer=wsek, Del'r= wa(05 1= 05 5) +wy ned. (3.4.20)
According to Egs. (B.2,B.5,B.6), the phases are given by:
04 =20,  Op =409 -6 . (3.4.21)

The first matrix of Eq. (3.4.19) arises from terms involving only ®Y, ,,. As their VEVs respect
the tri-bimaximal (TB) Klein symmetry Z5 x ZY C Sy, this part is of TB form. The second
matrix of Eq. (3.4.19), proportional to D, is due to the operator uuﬁNN@[)gn. As the product
of both flavon VEVs involved is not an eigenvector of U, half of the TB Klein symmetry is
broken at a relative order of A\. The resulting trimaximal TMj [81] structure can accommodate
the sizeable value of the reactor neutrino mixing angle 0l13 as explained in [11] in the context of
the original model [10].

Performing the CN basis transformation (Py')? MpgPy' does not alter the matrix in Eq. (3.4.19)
at the given order, so that Mr = Mg + O(\) M.
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3.4.2.3 Effective light neutrino mass matrix

Calculating the effective light neutrino mass matrix which arises via the type I see-saw mecha-
nism v2 Y My (Y¥)?, the LO result can be parametrized as:

2,2 b +c¥ —a¥ a¥ a¥ ‘ 0 0 d ‘
m ~ ?43]\2J a” bor [eTaqp | 0 dv 0 | AeilPp2a) ) (3.4.22)
a¥ c’ b a 0 0

with a”, b”, ¢ and d” being functions of the real parameters A, B, C' and D. The deviation from
tri-bimaximal neutrino mixing is controlled by d” o< D. Due to the three independent LO input
parameters (wy; x A ,wy x B ;w3 «x '), any neutrino mass spectrum can be accommodated
in this model. At this order, the canonical normalisation does not modify the effective light
neutrino mass matrix as obtained without the CN transformations. Hence, concerning the
results on light neutrino masses and mixing, the reader is simply referred to the corresponding
discussion in [11].

3.5 Soft SUSY breaking sector after CN

Having applied the CN basis transformation of the matter superfields to the Yukawa sector, the
focus will now turn to the soft SUSY breaking terms. In the context of the general MSSM with
R-parity, these are parametrised as* [47]

—Leott D A%Huézﬂs + AldeszJ;: + Afdeiléj + AZV]HUEZNJ + h.c.

2 Ao ok 2 Faryax 2 ~ck~c 2 Jex ge 2 ~cksc 2 ATKANT.
—+ mQ”Ql j +mL”Lz L] —|—mufju2 uj—i—mdzcjdz d]—i-me;]ez €]+mN2JNZ N]

+ myy, | Hul* +miy, | Hgl* (3.5.1)

and contain trilinear scalar couplings (A-terms) as well as bilinear scalar masses. A tilde in-
dicates the scalar partner f of a SM fermion f. Taking into account the SU (5) framework,
in this section the effective soft SUSY breaking operators are constructed, assuming that the
mechanism of SUSY breaking is practically independent of the family symmetry breaking.

3.5.1 Trilinear soft couplings

The flavour structure of the trilinear A-terms is similar to the corresponding Yukawa matrices,
as both originate from the same set of superpotential terms. In the case of the soft terms, these
are coupled to a hidden sector superfield X with independent real order one coupling constants
and suppressed by a mass scale Mx. When X develops its SUSY breaking F-term VEV, the
scalar components of the Higgs and matter superfields are projected out, thereby generating the
trilinear soft terms. There exist in fact extra contributions to the A-terms from superpotential
operators involving flavons but no X field. These can be traced back to non-vanishing vevs for
the auxiliary F-components of the flavon fields, which are zero in the SUSY limit but develop a

4Dropping the spinor indeces in Eq. (2.2.39) and including the right-handed neutrino terms.
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non-trivial value when SUSY breaking terms are included. It turns out that such F-term vevs
are aligned with the LO flavon vevs in many situations [68, 69]. Hence, these extra contributions
to the A-terms do not give rise to new flavour structures.

Defining the mass parameters mg = (Fx)/Mx and Ay = agmyg, with ag being a real constant,
one obtains the expressions for the trilinear matrices AéUT /Ao by copying the Yukawas matrices
of Eqgs. (3.4.2,3.4.8,3.4.15) with different order-one coeflicients and phases: y; — ay, T2 — &9,
z{ — zif“, yp — ap as well as 9? — 9?, 0% — 9%“, Hff — fo“. With these replacements, it is

found that

u Qy, €0 )\8 0 0
ZGUT 0 e et0e \4 Zgaeiez “A\ , (3.5'2)
Ao Ua 00540 T
0 25%e%2 T\ a;

and similarly for A‘éUT, A&y and A”. Applying the CN transformation as well as the rephas-
ing of the right-handed superfields proceeds analogously to the Yukawa sector. The result-
ing trilinear matrices AéUT /Ao in the basis of canonical kinetic terms are thus derived from
Eqs. (3.4.6,3.4.12,3.4.13,3.4.17) by simply replacing 1, — a, /%00 4. — g, /(0 —0%)
i(02-0%) :

- nT F - n*fa f
0% =03), zlf — zlf“ ¢ =%") and yp — ap. For

y Yt — Qg
s(pa__nY ~ ~
Ys —> Qg€ ,yb—>abez(9b eb),xg—ma%e

example, the up-type quark trilinear matrix takes the form:

(O Yy -na Y -k
v ay, ez(eu—Ou) )\8 —%k‘g e ez(Gc —63) )\8 —%k‘4 (Lt6204 )\6
c(pa Yy ) Yy -0k
% = —%kz a. e'0¢—0a) \8 a, e0d—0u) \4 —%l{:g are3\5 | . (3.5.3)
0 ok _pY ok _pY
_%k4 at61(94*9u) )\6 — %kg at€Z(93 79u))\5 at

3.5.2 Soft scalar masses

The scalar mass terms of the soft supersymmetry breaking Lagrangian originate from the Kéhler
potential. Non-renormalisable couplings of the matter superfields to the square XX / M)Q( of the
SUSY breaking field X generate soft masses when the F-term of X develops a vev. The structure
of the soft mass matrices is therefore similar to the Kahler metric K of the corresponding GUT
multiplet. As for the trilinear soft terms, all order one coefficients are independent of those
appearing in . The scalar masses before canonical normalisation are then obtained from
Kr, Kr and Ky of Egs. (3.3.10,3.3.12,3.3.13) by replacing k; — b;, 921-“ — 95’, K; — B; and
KZN — BZN . Moreover, the ones on the diagonal of K have to be rescaled by a new factor of
order one. In the case of the 10 of SU(5), the 241 structure requires the introduction of two
extra parameters, bg; and bge. Explicitly, one gets:

MZ, bo1 + (bs + b1)A? bo At by e~ AN
’ITL(;UT ~ . bor + (bs — b1)A2  bye 03NS | | (3.5.4)
0 . bog + bﬁ)\z
M2 BM 4 2B\ BV M B{V x4
F(N) N N N N
= GuT B(() )+ (Bé ) _ BE )))\4 B?() ) \4 . (3.5.5)

By — (B3 + Bi)X!
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Performing the transformations to the basis of canonical kinetic terms results in soft scalar mass
matrices of the form:

2 boi  (by — bork2) At e (by — M))ﬁ
2 .
angUT ~ ) boy o105 (bg — M))ﬁ , (3.5.6)
bo2
N N N N N
M2 B (B - kW (B - KEY)a
TEMevr o BV (B — kM| (3.5.7)
0

For convenience, the order one parameter By is absorbed into the soft SUSY breaking mass my,
so that the leading contribution on the diagonal of M%GUT /m3 is nothing but unity. For the
right-handed fields contained in the GUT multiplets, an additional rephasing has to be applied.
This will be revisited when calculating the soft terms in the SCKM basis in Section 3.6.2. Notice
that all A-suppressed corrections of the diagonal elements have been dropped. This simplification
is justified as FCNC processes are induced by loop diagrams involving the off-diagonal entries
of the sfermion mass matrices. The simplification of the diagonal elements in Egs. (3.5.6,3.5.7)
does not affect these off-diagonals in the LO analysis, even when going to the SCKM basis.

3.6 SCKM basis

Predictions relating a theoretical model with its phenomenological implications are typically
given in the basis in which the Yukawa matrices are diagonal and positive, corresponding to
the physical quark and lepton mass eigenstates. The so-called SCKM basis is the analogue in a
supersymmetric framework. Changing to the SCKM basis, all canonically normalised quantities
undergo a unitary transformation of the superfields which diagonalises the effective Yukawa
couplings in the superpotential. In this basis it is convenient to define a set of dimensionless
parameters, known as the “mass insertion parameters”, which directly enter the expressions of
phenomenological flavour observables.

In principle, the SCKM transformation should be performed after electroweak symmetry break-
ing. The canonically normalised Yukawa, trilinear and soft mass matrices should be evolved
from the GUT scale Mgyt to the weak scale My using the corresponding renormalisation group
equations (RGEs). Only at that point, the diagonalisation of the Yukawa matrices should take
place, leading to the definition of a SCKM basis. Following this procedure, there is obviously
no notion of mass insertion parameters at the scale Mguyr as there is no proper definition of
the SCKM basis.

An alternative approach which is commonly used consists in diagonalising the Yukawa matrices
at (or rather just below) the GUT scale. The so-obtained basis is approximately identical to
the SCKM basis provided the RGE contributions to the off-diagonal elements of the Yukawa
matrices remain negligible. This is the case as long as the RGE effects can be absorbed into
a redefinition of the (unknown) order one coefficients. It is then possible to introduce mass
insertion parameters already at Mgyr. Their low energy values have to be determined from
the corresponding RG evolution. In this work, the latter approach is adopted as it allows for a
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semi-analytical study of the relations between the high and low energy parameters by means of
a perturbative A\-expansion.

3.6.1 SCKM transformations

The SCKM transformations are applied on the matter superfields fL, R — Ui R fL, R, Where U g R
denote unitary 3 x 3 matrices. These diagonalise the canonically normalised Yukawa matrices
v/

(UIJj)TYfUIJ; = Yd];ag’

(3.6.1)
where the tilde denotes the SCKM basis. The derivation and the explicit form of the unitary
transformations can be found in Appendix C.2. Applying this change of basis to the Yukawa

matrices yields:

Y XS 00 X0 o0
Ydor=| 0 w0 |, Yorm| 0 gy 0 |, (3.6.2)
0 0 0 0 ypA2

3 \6
) m)\ 0 0
Yéur ~ 0 3y 0 |- (3.6.3)
0 0 g2

These results, which are valid at the high scale, agree with the LO results derived in [10, 11].
This shows that the canonical normalisation does not affect the LO expressions of the quark
and charged lepton masses.

Up to phase convention, the CKM matrix is given by Voxmagyr = (UE)TUJ‘%* (see Appendix C.2
for explicit expressions). Extracting the mixing angles

%AB , tan(8%)cur ~ ﬁv , tan(0%)qur ~ 2\ | (3.6.4)

s

sin(613)qur ~

shows that the LO CKM mixing arises purely from the down-type quark sector, incorporating the
GST relation [80] 07, ~ \/mg/ms, and agrees with the results obtained in [10, 11]. Concerning
the CP violation, it is found that the Jarlskog invariant [28] to be

AT T2 d
JgPGUT ~ A 2, sin(69) . (3.6.5)

The PMNS matrix is dominated by the trimaximal TMy neutrino mixing V;, which diagonalises
the effective light neutrino mass matrix of Eq. (3.4.22). Including the charged lepton corrections,
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one has Upynsgyr = (UE)TVV* with mixing angles given as:

dl/
tan(eéS)GUT ~ 1 —+ )\ m COS(40§Z + Gg) 5 (366)
tan(0ly)qur ~ 1 A T2 cos(09) | (3.6.7)
V222,

A
sin (6" ~
(013)cuT 2

<3d”ys cos(409 + 03) + 2(a” — ¢¥)F2 cos(69) ) 2

aV_cV

Jun

, (3.6.8)

au_bu

n (?)al”yS sin(464 + 09) + 2(a” — b”) 74 sin(09) > 2] 2

and a leptonic Jarlskog invariant of the form:

A (2% 3dv .
JZCPGUT ST < n sin(09) + R sin(464 + 0§)> .

3.6.2 Soft terms in the SCKM basis

In order to obtain the flavour structure of the soft SUSY breaking terms in a basis which
is suitable for physical interpretations, one has to apply the SCKM transformations on the
canonical trilinear soft couplings and soft scalar masses, see Section 3.5. The action of the U g R
matrices on the A-terms is identical to the transformation of the Yukawa matrices:

(UD) 42Uk = Ay (3.6.9)

However, due to different order one coefficients, the A-terms remain non-diagonal in the SCKM
basis. The soft masses of Eqs. (3.5.6,3.5.7) are transformed differently for different components
of the SU(5) multiplets. Moreover, one has to associate the mass matrices of the effective
soft Lagrangian in Eq. (3.5.1) with M%GUT and M%GUT and take into account the additional
rephasing transformations of the right-handed superfields, see Eqs. (3.4.5,3.4.11), that were
performed after CN. Then, the soft masses in the SCKM basis are:

(M) rLour = (UF)MZE UL, (M) rRour = (UR) QuME, QLU (3.6.10)
(~ 3)LLGUT - (Ug)TM%G;TUg, (mz)RRGUT = (Uld%)TQd MI%GUTQII U}d%’ (3611)
(2 Lrgur = UDTMES Us, () RReur = (UR) Qu M2, QL US.  (3.6.12)

The following leading order expressions are found, where the order one coefficients are defined
in Egs. (D.4,D.5). Note that the order one coefficient By into mg is absorbed, see. Eq. (3.5.7),
so that (m2) rrgur/mé and (M2) [ Lgyr/mE have 1s on the diagonal.
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Up-type quark sector:

Au
AGUT ~
Ao

(mizt)LLGUT ~

A e ads s
5 bo1 6—1(7024-263)()23 25
my
bo2
i~ -
( - ) bo1 67192 bia 2 bi3 A6
m,, )RR, cend_ ) pd\ T
U 5 GUT bOl 61(592+93)b23 A5
my
bo2
Down-type quark sector:
~d 16 ~d \5 ~d 5
Ad afy A afa A ajy A
751“ ~| —af N ag At age M
0 _ipd~ - -
e”W2qd NS ady N6 ady \?
(R2) 1 bor Bia A e Bz A
d GUT » 2
— s R bo1 Basz A ;
mg b
02
( - ) 1 6192 R12 /\4 — 6192 R12 )\4
my)RR ~
d 5 GUT 1 _ R12 A4
m
0 1
Charged lepton sector:
1~d 6 i09~d 5  =d )6
e galdl A e2afy N’ ag; A
GUT —i0 ~d 5 ~d 4 ~e 16
AO ~ —e 2 a12 )\ 30;22 )\ a23 A

(mg)LLGUT ~

ay 28 0
0 Ay, At

0 6i(36’§1+6’§1)d153)\7

d~
bo1 6_102 b1a 2

—i02~d 5

0
ei@g Y )\7
23 ’

~U
ass

3ad, At ady \?

1 RiaA*  —Rig M
1 — Rip X |,
1
bor — eiegéélz A3 %?13 A
bo1 3Ba3 A\

bo2

d 1 pdy
6—1(402+03)b13 26

(3.6.13)

(3.6.14)

(3.6.15)

(3.6.16)

(3.6.17)

(3.6.18)

(3.6.19)

(3.6.20)

(3.6.21)
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3.7 Mass insertion parameters

In supersymmetry, flavour changing processes are induced by the mismatch of fermion and
sfermion mass eigenstates. Having changed the basis of the superfields to the SCKM basis,
the Yukawa matrices are diagonal. Thus, the off-diagonal entries of the scalar mass matrices
determine the size of the resulting FCNCs. As both the left- and the right-handed fermions
have their own scalar partners, there are three types of scalar mass matrices:

m> :(m?c)LL—I—f/fl};vg,d, m>

fro frR

= (m?c)RR—I-}};f’fvi,d , m2~LR: lefvu,d—uf/fvd,u , (3.7.1)

f
where p is the higgsino mass which is taken to be real. In Eq. (3.7.1), the first contribution on
the right-hand sides originates from the soft breaking Lagrangian, while the second term is the
supersymmetric F-term contribution to the scalar masses. Note that it is formally possible to

define me = (meR) .

From the model building perspective, a convenient measure of flavour violation is provided by
a set of dimensionless parameters, known as the mass insertion parameters. These are defined
as [13]:

2 .. 2 ). 2 .
W g, RS g BT g BT
where the average masses in the denominators are:
(mpip = /(m2 Ja(m? )j; - (3.7.3)

3.7.1 DMass insertion parameters 6 at the GUT scale

Inserting the results of Section 3.6, it is straightforward to calculate the mass insertion parame-
ters at the GUT scale. The full LO expressions are given in Appendix D. In the following, only
the flavour structure of the various ds in terms of their A-suppression is reported.

LA 1AL NS A2 00

6%LGUT ~ S 1N ) 5%RGUT ~ SN ) 5ERGUT ~ 0 A* A7 ) (3'7'4)
-1 -1 0 A 1
1 A3\ IDSPS A6 A5 )5

Brae~ | - 1N |, 0haeon~ | - LA agee~ | ¥ AN, (37.5)
- -1 — )\6 )\6 )\2
1A%\ 123\ A6 5 )6

6ELGUT ~ ’ 1 >\4 ’ 5%RGUT ~ -1 )‘2 ) 6ERGUT ~ >\5 >\4 )\6 . (376)
1 o1 )\5 )\4 )\2

3.7.2 Effects of RG running

Having calculated the GUT scale mass insertion parameters, it is now necessary to consider
their evolution down to the electroweak scale. Only then is one able to compare the predictions
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of the model to experimental measurements of flavour observables. This evolution is described
by the RG equations which are given explicitly in Appendix E in the SCKM basis. Technically,
the RG running is performed in two stages, first from Mgyt to Mpr where the right-handed
neutrinos are integrated out, and then from Mpg to Mgysy ~ Myy. In order to derive analytical
results, the effects of the running is estimated using the leading logarithmic approximation. As
the Yukawa matrices themselves are also affected by the running, it is necessary to apply further
basis transformations on the superfields which diagonalise the low energy Yukawas matrices.

Details of the various steps involved in calculating the low energy mass insertion parameters
can be found in Appendix F. For the down-type squarks and the charged sleptons, the resulting
effects can simply be absorbed into new order one coefficients. It is interesting to see that this
is not the case for the up-type squarks, where the order of the (13) and (23) elements of §}
get modified. For completeness, the flavour structure of the low energy ds is presented in terms
of their A\-suppression, which should be compared to Eqgs. (3.7.4-3.7.6).

DD 1 At A\ AB 0 N7

Str~ | - 1N, Shp~| - LN, Sir~| 0 XA, (3.7.7)
—_— | 0N 1
1 A3 M 1 A% A4 A6 A5 \B

S~ -1 A2, Shp~ | LAY, Sla~ | AP X A (3.7.8)
| o1 A6 )6 )2
1A%\ 1 A3 A4 A6 A5 \6

S~ | - LAY, Shr~ | o L A2, Sipe~ [ AP AT (3.7.9)
1 - A5 042

3.8 Conclusion

The main aim of this Chapter was to study the amount of flavour and CP violation that can
be generated through the soft SUSY breaking sector of the SU(5) x Sy x U(1) supersymmetric
GUT model of flavour, which was proposed in [11]. The model’s objective is to address the
number of quark and lepton families, provide an explanation for the structure of the fermionic
masses and mixing angles and at the same time describe the mechanism that suppresses flavour
and CP violation induced by the SUSY sector.

The existence of three families emerges through the furnishing of the only faithful irreducible
representations of Sy, the triplet representations. Working in an expansion in powers of the
Wolfenstein parameter A, the structure of the Yukawa and Majorana matrices, including CP
violating phases, stems from the controlled way in which the family and CP symmetries are
broken by the non-zero complex flavon vevs. This aspect was studied in [10, 11] where it
was shown to provide a good description of all quark and lepton masses, mixings and CP
violation. In this Chapter, the Yukawa sector was revisited, in order to examine whether
canonical normalisation effects, which were ignored in [10, 11], considerably perturb the original
matrix structures. It was found that those effects significantly alter the up-quark Yukawa
matrix, by filling the zero textures and suppressing the (23) and (32) elements by two orders in
A. The (12), (21) and (33) elements of the Dirac Yukawa matrix are also reduced by two orders
in A. On the other hand, the down-quark and charged lepton Yukawas are solely modified by
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additional contributions that are of the same order in A as the non-canonical matrices. The
structure of the effective neutrino mass matrix is also not alter to LO. As a result, the fermionic
masses and mixing angles survive the canonical transformation effects and, to LO, they are in
agreement with those obtained in [10, 11].

The study of the SUSY sector was based on the assumptions that the soft SUSY breaking
mechanism respects the family and CP symmetries. Expressing the operators that contribute
to the soft mass matrices as flavon expansions, after the family and CP symmetry breaking, the
trilinear and scalar mass squared matrices were also expressed as power series in A. Moving to
the canonical and then to the SCKM basis, the results were presented in terms of mass insertion
parameters at the GUT scale. When considering the effects of RG running down to the low
scales, the Yukawa matrices developed off-diagonal entries anew. Therefore, a further basis
transformation was required to render them diagonal again. Explicit expressions for the low
mass insertion parameters in that basis are provided in Appendix F.3, while their A-structure
(dropping any coefficients) is summarised in Eqgs. (3.7.7-3.7.9).

It was found that (5{L and 5{«21% are approximately equal to the identity, with only small off-
diagonal entries. The (5{ r Parameters feature the same hierarchies in the diagonal entries as the
corresponding diagonal Yukawa matrices Y/, while the off-diagonal elements are strongly sup-
pressed. These results show that the Sy x U (1) SUSY GUT approximately reproduces the effects
of low energy MFV, where one would simply impose 6{ L= 5{% r = 1 and 6{ R X Y. The phe-
nomenological implications of the deviations form MFV are discussed quantitatively in Chapter
4, where the model’s predictions with respect to a number of different flavour observables are
discussed in detail.



Chapter 4

Phenomenological Implications of an
SU(5) x S4 x U(1) SUSY GUT of

Flavour

4.1 Introduction

This chapter details my research on the exploration of the phenomenology implied by the
SU((5) x Sy x U(1) SUSY GUT model of flavour that was studied in Chapter 3. The work
presented in this chapter was recently submitted for publication [15] as a separate follow up to
[14].

In Chapter 3 it was shown how MFV emerges approximately in the model. However, there are
important phenomenological differences which can provide tell-tale signatures of the model, and
it is the main purpose of this chapter to discuss these in detail. In other words, this work exploits
the low energy mass insertion parameters of the model calculated in Chapter 3 to analyse a
panoply of rare and flavour changing processes as well as EDMs in both the lepton and quark
sectors. The results are quite illuminating: while only small new effects in B physics are found,
very large effects arise for Lepton Flavour Violation (LFV) and the EDMs which are therefore
predicted to be observed soon.

The layout of the remainder of the Chapter is as follows. Section 4.2 discusses numerical
estimates of the low energy mass insertion parameters for ranges of SUSY parameters which are
consistent with the bounds from direct searches for squarks and sleptons at LHC Run 1. The
naive model expectations are compared to the numerical scans and the experimental bounds.
In Section 4.3 these results are then used to estimate the predictions for EDMs, LFV, B and
K meson mixing as well as rare B decays. The largest observable deviations from MFV come
from the LF'V process u — ey and the EDMs. Section 4.4 concludes the Chapter.

49
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4.2 Numerical analysis

4.2.1 Parameter range

Numerical results for the running quark and charged lepton masses as well as for the quark
mixing angles at the GUT scale can be found in [83]. The matching conditions from the SM to
the MSSM, imposed at the SUSY scale, take the form

SM MSSM

yuct yuct SIDB,
yds ~ (1 + 1) yy's3M cos 3,
( ) MSSM COSB,
yeu (14 7)) 235 cos B,
yT yMSSM cos 3, (4.2.1)

for the singular values of the Yukawa matrices. Similarly, for the CKM mixing

sMm __ L+17g 4MssM SM MSSM SM MSSM
e LTS g g S S (49

Here
Tlq = Mg — 10l iy =1y 4+ na — 1, m=m-n, (4.2.3)

represent SUSY radiative threshold corrections that are parametrised by 7; = ¢; tan 8, with
explicit expressions for €; available in [84]. The unprimed 1 parameters correspond to corrections
to the first two generations, the primed ones to the third generation, and the one with index
“A” to a correction due to the soft SUSY breaking trilinear terms. The parameter 3 follows
from the absorption of ] into £,

cos B = (1 +n}) cos 3, sin 3 ~ sin 3, (4.2.4)

with the approximation being valid for tan 8 2 5. In the limit where threshold effects for the
charged leptons are neglected, tan 3 simply reduces to tan 3.

The model presented in Chapter 3 predicts g » = ys A2, where the hat indicates the diagonalised
Yukawa sector at the GUT scale. As a consequence, very large values of tan 8 are excluded,
and this work will only study the parameter space in which tan g € [5,25], keeping the value
of y, below four. In order to obtain viable ranges for the Yukawa input parameters, v, .5,
(Z2/ys)? and (1 + 7;)ys are plotted against tan 3 using the results for the diagonalised Yukawa
sector at the GUT scale provided in [83]. Note that y,, ys and Zo are extracted from the
lepton sector. The resulting curves are fitted using the relative uncertainties o (y,,)/yn, = 31%,
o (Ye)/ye = 3.5%, o(ye)/yr = 10%, o(y)/yp = 0.6%, see [83]. Concerning ys and Zo, here it is
taken that o(ys)/ys = 10% and o(Z2)/Z2 = 10%, allowing for higher order corrections to the
mass ratios that would reduce the discrepancy between the values of Z2/y, predicted from the
lepton and the quark sectors and maximise the GUT scale value of (9, 94)/(Us Je). Due to the
implementation of the Georgi-Jarlskog relation [71], it is equal to 9 in the model at LO, while
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its preferred range is 10.71“%):2 [83], which is independent of threshold corrections and also not
sensitive to a change of the SUSY scale.

The low energy Yukawa couplings are estimated using the leading logarithmic approximation
as described in Chapter 3. Clearly, the resulting low energy Yukawa matrices will only be valid
up to that approximation. Mindful of such limitations, one has

Y, ~ Diag |(1+ RY) yu A®, (1 + RY) ye A%, (1 + RY) yt} , (4.2.5)
N - ~2
Vi, = Diag |(1+ RY) A%, (14 B yo A (1 R X, (4.2.6)
- - 52
Yi¢, ~ Diag |(1 +RY) 3“’”; X, (14 RE)3ys X, (1+ RE) iy A2, (4.2.7)

where the corrections from the RG running are encoded in the parameters R?Ji, defined in
Eq. (F.1.6). The scan produces the following values for the right-hand sides of Eq. (4.2.1):

Vit sinB € [3.4,6.9] x 1076 Y%, sin B € [2.34,2.65] x 103 Vi . sin 3 € [0.77,0.89),
Vi, cos B(1+7,) € [0.9,1.6) x 107°, Vi cos B(1 + ) € [2.2,3.5] x 1074,

Vg 008 B(L+ ) € [1.17,1.6] x 1072,

Vi, cos B(L+ ) € [24,3.8] x 1075, Vi&  cos B(1+ ) € [5.6,7.7] x 1074,

Y\, cos B € [1.06,1.14] x 1072, (4.2.8)

which have to be compared to the SM values, taken from Table 2 of [83],

oM € [3.40,7.60] x 107¢,  ¢SM € [2.69,3.20] x 1073, 4PM €[0.78,0.88], (4.2.9)
yM e [1.15,1.56] x 1075, 5™ € [2.29,2.84) x 1074, ¢PM € [1.21,1.42] x 1072,
yoM € [2.85,2.88 x 1076, M € [6.01,6.08] x 107, P € [1.02,1.03] x 1072

The corresponding ranges of the order one input parameters of the Yukawa sector are listed
in the first five rows of the first column of Table 4.1. All other coefficients that are not fixed
by this fit, are scanned over the interval +[0.5,2], with the following exceptions: the absolute
value of the Dirac neutrino Yukawa coupling yp is allowed to be as small as 0.2 but not larger
than 0.6, such that it does not exceed the maximum allowed value of y;. The lower bounds on
|74], |as| and |a,| are also relaxed and the upper bound on |ap| is extended, such that they are
allowed to get the same values as the corresponding Yukawa coefficients. The coeflicients cgy,
and cp, of the soft Higgs mass squares,

2 _ 2 2 _ 2
MH,cur = ¢Hu M0> MH;qur — CHa M0 > (4.2.10)

are taken to be positive, just like the coefficients bg1, bp2 and B(()N) of the leading order diagonal

elements of the soft scalar mass squared matrices. Phases are generally allowed to take arbitrary
values within [0, 27]. As mentioned earlier, tan 5 = tg is varied between 5 and 25. Concerning
the CMSSM parameters, the following are defined:

ap = Ao/mo, r = (Ml/g/mo)z, (4211)
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Yukawa terms Range Soft trilinear terms Range
T2, Ys [0.2,1.6] 9, as +[0.2, 2]
Yp [0.7,3.8] ap i[0.5,4]
Yu [0.3,0.6] Qy, +[0.3,2]
Ye [0.5,0.6] e
Yt [0.46, 0.6] at
YD +[0.2,0.6] ap +[05,2]
2] +[0.5, 2] 2]
Kahler metric Range Soft mass terms Range
ko ks, g, K | 4[0.5,2) by, bs, by, B £[0.5,2]
bor, boz, BSY, cr,cm, | [0.5,2)
SUSY masses Range SUSY ratios Range
M, [0.3,5] TeV tan 3 [5, 25]
mg [0.05, 5] TeV o [—3, 3]

TABLE 4.1: Ranges of the input parameters used in the scan.

and scanned over M/, € [0.3,5] TeV, mo € [0.05,5] TeV as well as ag € [-3,3] in order to

avoid charge and colour breaking minima.'

The p parameter, which is taken as real, is given at the electroweak scale by the relation [86]

MZ my, + 39— ( %,U+Eg)tg_

- 2
2 tg—1

12, (4.2.12)

where Mz denotes the Z boson mass. XY and Eg are radiative corrections, with the most
important contributions coming from the stops,

; 3 A? —8g% (1 — 3aw) A
Si(f12) = o Fm?,) (YE = 23 : (4.2.13)
to t1
- 3 Y22 + 8g2 (l — gxw) Ay
d _ 2 2 t Z \4 3
%G () = 167r2F(me2) (92 F R : (4.2.14)
to t1

In these expressions, Y;, A; and u denote the low energy Yukawa and trilinear couplings and
the low energy p parameter, respectively. Moreover,

1
2 _ L 2 2 2 2 _ 02 )2
mfl,Q 9 (thL + M kR + \/4 mELR + (m m ) ) )

i‘LL ERR
m? 1 1 2
F(m2) = m2 <10g <]\4_§> — 1), At = 5 <mtgLL — m%RR> + M% COS(26) <4 — 3(13W>,
2 , M7
Tw = sin” Oy, 92 = a0 Mg = \/mz mg,, (4.2.15)
. . . 2 2 2
with Oy denoting the Weinberg angle. mi o, mg and m;  are the low energy (33) elements

of the squark mass matrices defined in Eq. (3.7.1).

'In the numerical scan, it was checked that the potentials are always bounded from below and that the
corresponding minima do not break charge nor colour [85].
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The so-determined p parameter can then be used to calculate the physical Higgs mass. The
estimation of the intrinsic theoretical uncertainties when including the full one-loop and dom-
inant two-loop corrections to the tree level mass is of the order of 3 GeV [88]. Considering
the t/t sector, the one-loop effect leads to the by far most important positive contribution to
the Higgs mass, while the two-loop O(a;as) and O(a?) effects, where oy is defined as the su-
perpotential top Yukawa coupling squared suppressed by 47, cause a further reduction and a
smaller enhancement respectively. Approximate formulae including the leading mj corrections
(ignoring the O(c?) effects) within the Feynman diagrammatic (FD) approach, are provided in
[87]. Egs. (2.64-2.66) therein express the Higgs mass in terms of on-shell quantities. Rewritting
this result in terms of the running top-quark mass in the MS scheme, as in Eqgs. (2.67,2.68) of
[87], an extra O(a:as) contribution is induced, lifting the Higgs mass by a few GeV for Mg ~ 1
TeV and considerably more for growing Mg. When taking into account the O(a?) corrections,
a several GeV increase is observed [87], while the (s)bottom effects only become important
for large p and tg > 30. As pointed out in [88], an adequate estimation of the Higgs mass
should properly account for the dependence on the SUSY scale. In particular, the few GeV
uncertainty atributed in the Mg ~ 1 TeV study, corresponds to a significant underestimation of
the higher order corrections for Mg = 2 TeV. Interestingly, for a sufficiently high SUSY scale,
the experimentally measured Higgs mass can be reached, even for vanishing mixing in the stop
sector [88]. In view of the limitations of the available approximate analytic expressions, in this
work, adopting the formulae (2.64-2.66) of [87], it is demanded that the resulting Higgs mass
lies within the interval [110, 135] GeV. A more precise fit, even though is expected to restrict
any model’s parameter space, would require the implementation of the appropriate numerical
methods, an approach which is beyond the scope of the present work. However, it is worth
commenting on the well known maximal mixing requirement for reaching the observed Higgs
mass, when Mg ~ 1 TeV. In that case, due to the trilinear couplings being non-universal in
family space, the mixing in the sectors other than the stop one, can still be relatively small,
while, as already mentioned, with increasing SUSY scale, the maximal mixing requirement gets
lifted.

Concerning cuts on the SUSY parameters from direct searches, it is required that the first and
the second generation squark masses are larger than 1.4 TeV.

4.2.2 Estimates of the low energy mass insertion parameters

This section analyses the predictions for the low energy mass insertion parameters d, whose
explicit expressions are given in Appendix F.3. Tables 4.2-4.6 provide naive expectations for
the individual s, where the A-suppression and the main effects of the RG running are accounted
for, while any order one coefficients are set to one. Clearly, one still expects to see a spread
within a few orders of magnitude due to the variation of the SUSY scale and the order one
coefficients. The third columns of Tables 4.2-4.6 list existing experimental bounds. The full
ranges of the Js arising from scanning over the input parameters given in Table 4.1, are depicted
in Figures 4.1-4.6.
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4.2.2.1 Up-type quark sector

Parameter Naive expectation Exp. bound
» sin(260)\4 ~ 4 . 2.85 x 1072 [89]
VIt rp)ll | © <V1+632x ~ 4 x 1074, [sin(269) (165 % 10-9)],
VIl )| 0 3.75 x 107%[89]
1+ _Bq 2
(6%, ) 1] 0 w»ﬁ ~ 2 % 10—5) O(1071) [90]
142 (20— —y2
(s o(rlmimt) oy 10—5>
14 eks —v? _
(0% )23 o <(fj§'j;x ) A5~ 8 x 10 5)
1420 (e —y2 B
(0% )23] 0 ( (lféffm ) A a8 x 10 5)
U QQ Uy 2 ~ _
(0% R)13] O < sl s A~ 10 7)
(07 r)23] o (a&zu (1+267.73m) N6~ 5 x 10_7) O(1071) [91]
|(0)13] 0
46 g R
Qo L4 5U_8yt2+1+6ﬁ
(0% )23l O | "o ( 1633 ))\7 ~5x 1077

TABLE 4.2: The naive numerical expectations for the low energy up-type mass insertion param-

eters as extracted from the model (second column), to be compared with experimental bounds

in the literature (third column). The full ranges of the ds are shown in Figures 4.1 and 4.2.
Note that the (12), (21) and (31) §%, parameters remain zero up to order A%.

The strongest constraints on the up-type mass insertion parameters involve the (12) sector
and stem from D? — DY mixing. The SM contribution to this amplitude conserves CP to a
good approximation and provides significant constraints on the imaginary parts of (6%5)12,
A,B = L,R. These limits were derived in [89], assuming equal squark and gluino masses of
1 TeV. They are quoted in the third column of Table 4.2, rescaled to masses of 1.5 TeV. The
limits on the RR and RL parameters are identical to the LL and LR ones due to the L < R
symmetric form of the gluino-squark box diagram. The index LL = RR refers to the assumption
that (67;)12 = (0%p)12, as is the case in the model. In the second column of Table 4.2,

naive estimates are given for \/|Im[(5gL)%2]| ~ \/\Im[(é}‘m)%ﬂ ~ /|Im[(0%})12(0% 5)12]]. For
04 = /2, as suggested from maximising the Jarlskog invariant of Eq. (3.6.5), these quantities

vanish to LO. Since \/]Im[(éfL’RR)%QH is at most ~ [(0})12|, only the full range of the absolute
value of that parameter is shown in Figure 4.1, plotted against the corresponding GUT scale
coefficient by, defined in Eq. (D.4). This coefficient quantifies the mismatch between the Kéhler
metric and the soft mass matrix elements for the SU(5) 10-plets and can be as large as 6 when
the associated parameters contribute constructively and receive their maximum values in the
scan. The effects of the RG running are trivial and depend only on z = (M 5/ mg)?; for z ~ 1
and by ~ 1, a value of around 4 x 10~ is estimated, shown by the blue dashed line in Figure 4.1.
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With increasing z, even smaller values are obtained, as the RG suppression is increased. The
red dotted line shows the experimental limit, adapted from [89] and valid for (0} )12 = (6% 5)12-

The LL and RR parameters of the (i3) sector (i = 1,2) have GUT scale coefficients with the
same range as the parameters of the (12) sector but a different RG suppression due to the
milder running of the third generation sfermionic masses. This is represented by the factor
n R, appearing in Eq. (F.3.14), where  and R, are defined in Egs. (F.1,F.2.14), respectively.
Approximating these s as shown in Table 4.2 and taking = ~ 1, R, ~ 3y? +1 as well as y; ~ 0.5,
one expects |(67; pp)i3| A6 and |( t1.rr)23| A5 to vary around 2 x 1075 and 8 x 1077,
respectively. The existing bounds on these variables from flavour changing effects are very weak,
leaving them essentially unconstrained. By mixing can place a bound on [(0}; )13] of the order
of 107! at most, as described in [90].
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FIGURE 4.1: The low energy LL and RR up-type mass insertion parameters plotted against

their GUT scale coefficients, defined in Eq. (D.4). The blue dashed lines represent the naive

numerical expectations according to the second column of Table 4.2, while the red dotted lines

(when available) represent the experimental limits shown in the third column of Table 4.2.

Since (6% p)12 = (6%, )12, only the LL parameter is plotted. The plots have been produced by
scanning over the input parameters listed in Table 4.1.
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The parameters of LR type have a slightly different behaviour. They are proportional to the
factor (g vy/mo) which, for |Ag| > 0.5 TeV, can cause an extra suppression of up to O(1073).
Because of this factor, the LR parameters show a dependence on the mass scale, even at the
GUT scale. (5 17.r)ij are also generally proportional to the mismatch of the ratios of soft trilinear
over Yukawa sector coefficients for the i-th and the j-th generation and vanish, barring RG
induced corrections, if those are aligned. To estimate the magnitude of these parameters in
Table 4.2, || vy/mo =~ 1071, 2 ~ 1, y; ~ 0.5 and R, ~ 1.75 are taken, while their full ranges

are shown in Figure 4.2.

The (6} )13 parameter was zero at the GUT scale but receives a contribution through the RG
running of the order of n A7. Similarly, (6% )23, which was suppressed by A" at the GUT scale,
receives a similar running contribution which comes in at an even lower order, namely n \°.
Such an effect is not found in any other § parameter. Finally, note that (6} R, rr)12 as well as
(0% )13 are zero up to order A8, where the expansion is truncated.
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FIGURE 4.2: Low energy LR and RL up-type mass insertion parameters. (0%, )23 is plotted
against its GUT scale coefficient, defined in Eq. (D.5), while (6} 3)13,23 are plotted against a
coefficient multiplying the RG running contribution, see Egs. (F.3.11,F.3.12). The blue dashed
lines represent the naive numerical expectations according to the second column of Table 4.2,
while the red dotted line represents the experimental limit shown in the third column of Ta-
ble 4.2. The plots have been produced by scanning over the input parameters listed in Table 4.1.

The limits on the LR parameters of the (i3) sector (¢ = 1,2) originate mainly from the require-
ment that the potential be bounded from below with a vacuum that does not break charge nor
colour [85]. Having already constrained the trilinear parameters accordingly, those effects shall
not be discussed further. Other bounds on the LR off-diagonal parameters can be deduced by
demanding that the supersymmetric radiative corrections to the CKM matrix elements do not



Chapter 4 Phenomenological Implications of an SU(5) x S4 x U(1) SUSY GUT of Flavour 57

exceed their experimental values [92]. The limit for |(67 )23 quoted in Table 4.2 has been ob-
tained in [91] by considering chargino loop contributions to b — si*1~. In the model, all up-type
mass insertion parameters of the LR type turn out to be safely below any current bound.

4.2.2.2 Down-type quark sector

Parameter Naive expectation Exp. bound
3 ~
\/‘Re [(5%L)%2” o <1+6 S5 A%~ 2 x 107 ) [66 % 10—2,
IRe [(0%5)%,] | o (ijz Vos29) 3t 4 5 10~ 4,/cos(2eg)> 3.3 x 1071
\/Sln ~ —

‘Im [((Yli/L)%Q” < 1+6. 5x )\7/2 7 10 SlIl [87 % 10—3’

Im [(6% )%, ]| o <fo(§(§9 M a4 x10- 4 sm(29d)> 4.2 x 1072
\/‘Re [ ” @(agnzd%Asx [7.8,12] x 1072
w [0 1 ) Re(Im) [f(egca — 9,00 — 93)} ~ T X 10—7) [1,5.7] x 104

TABLE 4.3: The naive expectation for the ranges of (645)12, 4, B = L, R, as extracted from

the model (second column), to be compared with experimental bounds from [93] for mg ~ 1.5

TeV and (mgz/mg)? € [0.3,4] (third column). The full ranges of these ds as produced in the
scan are shown in Figures 4.3 and 4.4.

The (12) elements of the down-type mass insertion parameters (64 )12 will be considered first,
where A, B = L, R. The corresponding bounds are derived from the results of [93], which are
rescaled to mz =~ 1.5 TeV and (mg/mg)? € [0.3,4]. These bounds are summarised in the third
column of Table 4.3 and have been extracted using observables related to Kaon mixing. They
are given separately for the real and imaginary parts due to a relative difference of an order of
magnitude.

In the model, (6¢;)12 ~ A3 is real at LO, while the NLO contribution is a linear combination of
e~3 and cos(409 +64). Therefore, \/|Im [(04,)35, ]| is proportional to \/sin(09)N7/2. Setting

12nLo

04 = /2, i.e. the value preferred by the Jarlskog invariant J&p, one expects Im [((5%L)%2NLO} to
take its maximum value. In Figure 4.3 only the absolute value of this mass insertion parameter
is plotted versus its GUT scale coefficient Bya, see Eq. (D.4), which can take values between zero
and twelve. The naive numerical estimate of |(6¢,)12|, approximated as shown in the second
column of Table 4.3, is of the order of 1073 for 2 ~ 1, visualised by the blue dashed line in
Figure 4.3. Since the experimental limits are given as ranges, they are depicted by the red

shaded region.

The parameter (6%5)12 is proportional to €% so that \/|Im [(6%3)%2” vanishes for 69 = /2,

while the corresponding real part is maximised. The RG suppression is again trivial, only
depending on x, while the GUT scale § parameter is proportional to the misalignment of the
coefficients of the Kahler metric and the soft squared mass for the SU(5) 5-plets: Riy =
(B3 — K3), see Eq. (D.4). When Bs = —K3 = 2 and = < 1, the absolute value of this mass
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insertion reaches its maximum of 1072, as can be seen in the associated plot in Figure 4.3. On
the other hand, for B3 = 0.5, K3 = 1 and = > 1, it can scale down to about 107%. Note that
(6% )12] = [(0% )23 = [(6%R)13], as can be seen in Egs. (F.3.20,F.3.21).
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FIGURE 4.3: Low energy LL and RR down-type mass insertion parameters plotted against
their GUT scale coefficients, defined in Egs. (D.4). The blue dashed lines represent the naive
numerical expectation according to the second columns of Tables 4.3-4.5. The red shaded areas
cover the parameter space bounded by the limits shown in the third column of the corresponding
tables, with the red dotted lines denoting the weakest limit in each case. The absolute values
of 0%, are equal in the (12),(23) and (13) sectors; therefore only the bound stemming from the
(12) sector is shown, as it is the strongest one. The plots have been produced by scanning over
the input parameters shown in Table 4.1.

As parts of the parameter space place the down-type mass insertion parameter |(6¢; )12| within a
region possibly excluded by Kaon mixing observables, the relevant contributions will be studied
in Section 4.3 in more detail. Due to additional strong constraints on the product of LL and
RR mass insertion parameters, it will be shown that actually a large fraction of the parameter
space will be excluded.

The mass insertion parameters (095)12 = — (6% )12 = (6% 5)13 receive an extra suppression
from the factor agvg/mo, for which the value of 5 x 1073 is used in naive numerical estimates.
Then, for  ~ 1, one expects these § parameters to vary around 7 x 1077, see the last two
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rows of Table 4.3. As can be seen in Figure 4.4, the model predictions lie well below the limits.
Furthermore, if the Yukawa and soft trilinear phase structures are aligned, the phases within
ady cancel and (69 )12 becomes real at the given order in \.

(6% R) 2] 16“Lr)12]

1(6%r)13]

107! fmassssssssssnssssssssssssssssssssssssssssssssssssannannnnnns
102"
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~f =3 —4 =4 -3 -3 -2 -2 =1
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(1+63x)my

FIGURE 4.4: Low energy LR and RL down-type mass insertion parameters plotted against
their GUT scale coefficients, defined in Eqs. (D.5). The blue dashed lines represent the naive
numerical expectation according to the second columns of Tables 4.3-4.5. The red shaded areas
cover the parameter space bounded by the limits shown in the third column of the corresponding
tables, with the red dotted lines denoting the weakest limit in each case. Since|(6¢p)12| =
1(6%,)12] = (6% )13, only the bound stemming from the (12) sector is shown, as it is the
strongest one. All plots have been produced by scanning over the input parameters shown in
Table 4.1.

The bounds on (64 5)23, A, B = L, R, are related to b — s transitions. They are taken from [94]
and were derived by demanding that the contribution of each individual mass insertion param-
eter to the flavour observables BR(B — X,v), BR(Bs — putu™) and AMp, does not exceed
the current experimental limits. The analysis was performed for six representative points of
the MSSM parameter space which are compatible with LHC SUSY and Higgs searches as well
as an explanation of the discrepancy of (¢ — 2), from its SM value in terms of one-loop SUSY
contributions from charginos and neutralinos. The extracted bounds are presented in the third
column of Table 4.4, where the intervals arise due to the dependence on the SUSY spectra.
Note that, for simplicity, all s were assumed to be real in [94].
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Parameter Naive expectation Exp. bound
R _ _ _
(67 )2l @ (12+"6 72|, o & 5 X 10 3) 6 x 1072,8 x 107]
(0% 1) 23] @ (1+6 —A a4 x 107 ) [6.3,9.7] x 10~
1+n( 5U+2at yt>
(67 )2s] O e 2\ x5x107°6 [7x1073,2 x 107}]
1+77( U+211t yt+ 2)
(5, )as] || O | o AT~ 3 107 2,6] x 1072

TABLE 4.4: The naive expectation for the ranges of (6% 3)23, 4, B = L, R, as extracted from the

model (second column), to be compared with experimental bounds from [94] (third column).

The full ranges of each § parameter, produced by scanning over the input parameters as shown
in Table 4.1, are shown in Figures 4.3 and 4.4.

At the GUT scale, the parameter (6% )o3 ~ A% is proportional to (bg; —bp2); it can therefore van-
ish at that order if bps — bg1. In that case, it would still receive a non-zero contribution through
the running, as can be seen in Eq. (F.3.19), through the factor R, defined in Eq. (F.2.14). To
see this effect, (09 )o3 is expanded to first order in the running parameter 7, defined in Eq. (F.1),
taking the limit bpa — bp1. Then, for R, ~ 3yt + 1, y+ = 0.5 and = ~ 1, the absolute value
of (8%, )23 is expected to vary around 5 x 1073 for Bag o by; — boa — 0, as shown by the blue
dashed line in Figure 4.3. The spread towards smaller values of (¢ LL)23 as Bas deviates from
zero, is mainly due to the parameter space where by — bge is negative, thereby partly cancelling
the R, contribution. As can be seen in Figures 4.3 and 4.4, all generated points lie below the
limits of the corresponding (23) sector.

Parameter Naive expectation Exp. bound

2n Ry ,
|(5%L)13’ o <1+776 51)‘4‘601=bo2 ~2x10 4) 1.2,14] x 101
(6% )13 O(1+61 M4 x10™ )
|(5d ) | O | @ovd 1+7744g A% 7% 10~ 7
LR/13 mo 1463z 7
497 6,9] x 1072
1+n U+1+651 yf) [ R
(%2 )13] O 5 ( Tre3s Mo~ 2% 1077

TABLE 4.5: The naive expectation for the ranges of (6% )13, 4, B = L, R, as extracted from the

model (second column), to be compared with experimental bounds from [93] for mgz ~ 1 TeV

and (mg/mg)? € [0.25,4] (third column). The full ranges of the ds as produced in the scan are
shown in Figures 4.3 and 4.4.

In the model, [(6¢;)13| is expected to have a similar behaviour as |(0¢;)a3| but with an extra

r)i2 = (0%, )12| = [(0Lp
enhancement factor of A™1. The RL parameters (13) and (23) sectors are of the same order in

suppression of A2, Furthermore, |(6¢ »)o3| mimics |(6¢ )13| with an extra
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and should therefore have a similar numerical range. All (13) sector mass insertion parameters

(5% g lie below the limits set by B,; mixing, as can be seen in Figures 4.3 and 4.4.

4.2.2.3 Charged lepton sector

Parameter Naive expectation Exp. bound
(67 )12 2R _ [1.5,60] x 105
O (PN ey ~ 2 X 10 4)

(67 )23, L0 DKy [0.7,35] x 1072
|(0%R)12] o (m ~ 10~ ) [0.35,25] x 10~3
Y —2
|(05)2s] o (Hiém ~ 4% 1072) 2 10] x 10"

(0% R)13 (@ (m A2 X 10_3)
—6
’(5LR(RL))12\ o (22 1492200 +,7N(1+05x yD) 3 100 [1.2,22] x 10
|(6%L)13l 11032
(67 ) 13| 14 (rro-v3) —2
ap Vg 1+O5ac D 6N 1’22 X 10
I( ER)23’ O( mo 1+03x A 8 x 10~ ) [ ]
185, )23] (ozovd 14y 22 +177JJFVO<31;05x ) i 10 >

TABLE 4.6: The naive expectation for the ranges of (6 5):j, 4, B = L, R, as extracted from the
model (second column), to be compared with experimental bounds from [95] (third column).
The full ranges of the § parameters produced in the scan are shown in Figures 4.5 and 4.6.

The bounds on the mass insertion parameters (0% )i, 4, B = L, R, of the charged lepton sector
are taken from [95]. They were derived by studying radiative, leptonic and semileptonic LFV
decays as well as yu — e conversion in heavy nuclei. The analysis was performed for six repre-
sentative points in the MSSM parameter space, which are in agreement LHC SUSY and Higgs
searches as well as data on (g — 2),. Moreover, four additional, more general two-dimensional
scenarios, characterised by universal squark and slepton mass scales, were considered in [95].
The derived limits vary within an order of magnitude in all cases and are summarised in the

third column of Table 4.6. Note that all ds were assumed to be real in [95] for simplicity.

At the GUT scale, the mass insertion parameter (6%, )12 ~ M is proportional to Ry = B3 — K.
Its absolute value is equal to |(0%5)12| due to the SU(5) framework. However, the parameter
of the lepton sector, given in Eq. (F.3.31), receives large RG corrections which encode see-saw
effects. At the low energy scale, it is non-zero even for Bs = K3, due to the term proportional to
the small parameter 7y which is defined in Eq. (F.1) and originates from the running between
the GUT scale and the scale of the right-handed neutrinos. In the second column of Table 4.6,
this effect is estimated by considering B3 = K3. Expanding to first order in 7y, R; = Rj is
then considered, where R; and R are defined in Egs. (F.2.16,F.2.17). For z = 1, R} = 3y% +1
and yp ~ 0.5, one expects the low energy [(6¢;)12| to vary around 2 x 1074, However, the
non-trivial expression of Eja, see Eqs. (F.2.15,F.3.31), creates a spread of about two orders of
magnitude around this value. As |Rj| increases, the mass insertion parameter lies above the

limits given in Table 4.6. As can be seen in Figure 4.5, the non-observation of y — ey places
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stronger constraints on the down-type quark ds than the direct bounds from the quark sector.
Analogous to the down-type RR parameters, the absolute values of the (12), (23) and (13)
lepton LL parameters are identical, see Egs. (F.3.31,F.3.32).
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FIGURE 4.5: Low energy LL and RR charged lepton mass insertion parameters plotted against

the down-type ds to which they are related via the SU(5) framework. The dashed lines repre-

sent their GUT scale relations, while the red shaded areas denote experimental limits on the

parameter space according to the third columns of Tables 4.3-4.6. Scanning over the input

parameters within the ranges shown in Table 4.1, it is found that in particular |(0 ; )12| exceeds
its limit for much of the parameter space. Note that [(6¢;)12] = [(6% 1 )23] = (651 )13l -

Similarly, at the GUT scale, the absolute values of the RR parameters in the lepton sector are
equal to the LL ones of the down-type sector times the Georgi-Jarlskog factor of 1/3. For the
(12) ds, the RG running effects are trivial, consisting only of a suppression through z, which is
milder in the lepton sector where the numerical prefactor of x is 0.15, as compared to a factor
of 6.5 in the quark one. For the (13) and (23) parameters, the non-trivial running effects in the
quark sector are obvious in Figure 4.5, where it is seen that even though |(6¢;)2313| can get
very small for negative bg; — bg2, \(5% R)23713’ can only receive such small values when bg; — bgo,
see e.g. Egs. (F.3.18,F.3.34).

Finally, the variation of the LR parameters can be understood in an analogous way to the
one described in the quark sector. |(6%z)ijour| = (0% )ijeur|> With the exception of the (23)
parameters which are not equal due to a term which involves a H 5, thereby receiving an extra
factor of 9 for the leptons, see Egs. (D.2,D.3,D.5). As in the down-type sector, |(0%))12| =
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|(67 p)12| = [(0%)13| and only the (12) parameter is shown in Figure 4.6 which features the

strongest experimental constraint.

[(6°RL)23] [(6°RL)12]
Tt mmmmmmmmm—m———————— 1074+
oS T e e e e |
103 ]
10—6,
1073 1077
1078
1077 ™,
107},
- ] v i
1079z ] d 10—10’ L L L . 6d
107 1ot @l 100 10 105 107 106 105 104 10 102/ R
[(6°Lr)23l [(6°Lr)13l
R 3 T
107 107+
107 E 1075+
'3 : P
1077 1077
]
107° : 1070 % A ;
. i 6d i . H 6d
107 107 107 1073 ot 1Ol 107 107 1075 1073 1o 1RO
0% 1w’ w* 1w w?r o ow' 1
an vg [ my

FIGURE 4.6: Low energy LR and RL charged lepton mass insertion parameters plotted against

the down-type ds to which they are related via the SU(5) framework. Note that [(0%)12] =

[(6% r)12] = 1(6%L)13]- The dashed lines represent their GUT scale relations, while the red

shaded areas denote experimental limits on the parameter space according to the third column

of Tables 4.3-4.6. The plots have been produced by scanning over the input parameters within
the ranges shown in Table 4.1

4.3 Phenomenological implications

In the preceding section, it was found that parts of the parameter space spanned by the (12) mass
insertion parameters of the down-type and charged lepton sector are excluded due to experimen-
tal limits set by p — ey and Kaon mixing observables. The corresponding bounds are available
in the literature and their derivation is highly dependent on the assumed SUSY mass spectra.
Possible interference effects between contributions from multiple § parameters to a given observ-
able can additionally have significant effects. These are usually ignored when setting “model
independent” limits on mass insertion parameters.

This section therefore investigates the phenomenological implications of the deviations of the
model from MFV. In particular, the focus is on predictions for BR(u — e) and ex and whether
the phase structure of the model can survive the strong limits set by electric dipole moments.

Since the analysis in [94], which provides the limits on (04 5)23, assumes real parameters through-
out, how the model contributes to the time-dependent CP asymmetry associated with the decay
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Bs — J/v¢ is also studied. For completeness, it is checked that the limits set by the decay
By — J/1¥Kg and the mass differences AMp_ , are satisfied. Finally, the branching ratios of
b— sy and Bsgq — ptp~ will be considered.

Adopting the leading logarithmic approximation, the low energy gaugino masses [45]:

M ing/z - M1/22 , i=1,2,3, (4.3.1)
9 1+ 2ngg Bi
with 81 = 33/5, B2 = 1 and 53 = —3, are given by:
My ~043M, )5, My~ 0.83M,p,  Msr 253 M, . (4.3.2)

4.3.1 Electron EDM

The current experimental limit for the electric dipole moment of the electron stems from the
ACME collaboration [96] and is given by:

deje] < 87x107%em ~4.41 x 1075 GeV 1. (4.3.3)

This tiny value poses a strong constraint on the phases of any model. The supersymmetric
contributions depend on the mass insertion parameters as follows [97]? :

de a N3
3

o = Sreod 6W0.43 me, Im| — (07 p)11CB Mepy +
+ {02010 )1 Ch 1 + (Fm)16(05R)i1 O g f, —
~ {00105 )i () + (OLR)15(05)50(Om)r JChma, |, (4.3.4)
where mg,, and me,, are given in Eq. (F.3.45). Moreover mpg, = mey,, for i = 1,2 and

MRy = Migy, With the latter being also defined in Eq. (F.3.45). The expression of Eq. (4.3.4)
is actually proportional to the bino mass M;, which is approximated by Eq. (4.3.2) using
x = (M, /2 /mp)?. The dimensionless loop functions C;, whose expressions can be found in
Appendix G encode the contributions from the pure bino (i = B) and the bino-higgsino with
left- (¢ = B, L) and right-handed (i = B, R) slepton diagrams. For x < 1, all ratios of different
C; functions are close to one. With increasing x, C'p takes slightly larger values than the rest of
the functions, reaching up to twice the value of C’j’g’ r(r) and three times the value of C’%. This
can be seen in the limit where the left- and right-type slepton masses are not very different,

2The corresponding expression in [76] also include triple mass insertions of type (LR)(RR)(RR) and
(LL)(LL)(LR). In the model, these give suppressed contributions to d./e of order A'' and A'3, respectively,
which can be safely neglected.
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FIGURE 4.7: Left panel: the prediction for the SUSY contribution to the electron EDM versus

Mg = \/Me, Mépy- The red dotted line represents the current experimental limit of Eq. (4.3.3),

while the black dotted line corresponds to the expected future limit of |d./e| < 3 x 10731 cm ~

1.52x 1017 GeV~! [98]. Right panel: the behaviour of the functions k1, k; and (in anticipation
of the discussion in Section 4.3.2) hs.

such that the loop functions take the form [97]

m4 m4
Cp ~ mg hi(Z), Ol ~ 3m°4 (h1(Z) + 2k (2)),
, : my oo .
Cpp~Cppr~ 5 (h1(Z) + k1(2)), (4.3.5)

where mg = /Mg, , Me,y, is considered as the average slepton mass® and & = (M /mg)?. The
function h; is given in Appendix G while k; denotes the derivative k1 (z) = d(zhi(z))/dz. Their
behaviour is shown in the right panel of Figure 4.7.

The dominant contribution to the electron EDM comes from the single chirality flipping diagonal
mass insertion (0¢ )11 o< A%, such that the following approximation can be made

1
(1+RY) ‘Im[dfl]‘ A O, (4.3.6)

o | |vg
d ~ ———0.43
de/el 8 cos? Oy Ve m3

where RY is an RG running factor defined in Eq. (F.1.6) and a¢,/3, defined in Eq. (D.5), is the
(11) element of AEUT /Ao, with AEUT denoting the GUT scale soft trilinear matrix in the SCKM
basis. Its imaginary part is non-zero when allowing the phases of the soft trilinear sector to
be different from the phases of the corresponding Yukawa sector. Then, for |agug/mgo| ~ 1072,
mo =~ 1 TeV and = =~ 1, one expects |d./e| to vary around 10713 GeV 1.

As can be seen in the left panel of Figure 4.7, which was produced using the full expression in
Eq. (4.3.4), the numerical choice for the suppression factor |ag vg/mg| corresponds to the yellow
points and brings the prediction for the EDM above its current experimental limit, represented
by the red dotted line.

3

Mepy and mz,, only differ in the order one coefficients bo1 and boz which take values in the same range.
Since the dominant term in Eq. (4.3.4) involves the first generation masses, ms = /e, May, is used rather

than me = \/me,, \/MéppMipy as the average slepton mass.
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In the case where the phases of the soft trilinear and Yukawa sectors are equal, af, and all
factors in Eq. (D.5) become real. In that case, the dominant imaginary part originates from
the NLO contribution? to (0¢ )11 and is proportional to sin(46§ + 6%). Setting 04 = 7/2, as
is preferred by the Jarlskog invariant J¢,, given in Eq. (3.6.5), it is seen that also the NLO
contribution vanishes for ¢ = 0, such that |d./e| would only arise at order \®.

Concerning the terms of Eq. (4.3.4) with double mass insertions, they enter at orders (07 )12(0% )21 ~
)\8, (521%)13(5?%1%)31 ~ )\10 and ((5EL)12((5ER)21 ~ (5EL)13(52R)31 ~ )\9 in the model. In the situa-

tion described in the preceding paragraph, the first two terms are real, while the contributions of

the latter two cancel against each other. Finally, the contributions of the triple mass insertions

are further suppressed, with the largest one, (6%, )13(6% z)33(6% )31 ~ A0, being real in the case

at hand, while all other triple insertions entail contributions which lie below the experimental
limit.

4.3.2 BR(p — ev)

According to Figures 4.5 anf 4.6, a large part of the parameter space in the (12) charged lepton
sector appears to be excluded by the experimental limit set by the non-observation of y — e7.
This section, therefore studies in detail the contributions to this LF'V process within the model.
The current experimental limit for the branching ratio

BR(u—ev) < 5.7x1071%, (4.3.7)

is set by the MEG collaboration [99]. The expression for the corresponding SUSY contribution
is given by [97]:
242

BR(ji— ey) — 3.4 x 1074 x 0.43% M, 2 - 2 x
mg

me, , Me 1 me, , Me
X 5¢ — (¢ €LL " ""¢RR O/ 701 O/ 5¢ €LL "¢RR C
<‘( Lr)12 < (67Rr)22 nigm, B,L Tt SvL +C5 ) + (0L r)12 pigm, B

2
) . (4.3.8)

It is proportional to the bino mass squared, that has been approximated by Eq. (4.3.2) and

me, , Me me, , Me
5¢ —(6¢ L)% €LL"""¢RR O/ _ Cl 8¢ L)% €LL " ""€RR C
+ ’( RR)12 < (6Lr)22 nigm, B,R R |+ (OLr)2 aigm, B

expressed as M? = 0.43%zm3, where z = (Ml/z/mo)z. The loop function C% encodes the
wino-higgsino contribution and is defined in Appendix G, along with the rest of the functions
Ci.

In the model, (8% ;)12 ~ A%, (65%5)12 ~ A%, (0% r)12(21) ~ A° and (0§ z)22 ~ A*. To get an estimate
of the dominant ds in Eq. (4.3.8), the SU(2) (o< C3) and the U(1) (x Cp ,Cy) contributions
to the (67, )12 term are compared by studying the ratio:

Ay ad 1
cg/ ((1 SR ) N A R—te/s
ptg Ys 2
4The SCKM rotation which renders the Yukawas sector diagonal and real does not do the same to the A-terms
beyond leading order.

R:

, (4.3.9)
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FIGURE 4.8: Left panel: the contour lines for R, the approximate ratio of the SU(2) over the

U(1) contributions to the (d¢ ;)12 term in Eq. (4.3.8), as defined in Eq. (4.3.10). For the average

slepton mass mg = \/Me, , Mapy, T = (My/me)? ~ 0.43%x/(1 + 0.32), with & = (M /5/mg)*.

Right panel: the ratio R (without approximation), as defined in Eq. (4.3.9) and produced in the

scan. The dependence of (Ms/u)? and Z on x is such that the SU(2) contributions dominate
for most of the parameter space.

which, in the limit where mg,,, and me,, are not very different, can be written as

~ B oM o 7 (h2(#) = ha(y))
R~ R=25p ot bw o )+ ki (7) + 55 (@) - (@) |

(4.3.10)

The behaviour of the loop functions hA; and hsy, which are defined in Appendix G, as well as
k1(Z) = d(zh1(x))/dZ is shown in the right panel of Figure 4.7, and # = (M;/m¢)?, ' =
(May/me)?, § = (1/me)?, with me = /e, Mépy,. The contours in the left panel of Figure 4.8
show the dependence of R, as defined in Eq. (4.3.10), on (Ms/u)? and z. It is seen that for
(My/p)? = 1.5, R is larger than one for all Z ~ 0.43%2/(1 + 0.3x) < 0.6, while for (Ma/u)?
O(1) and smaller, the U(1) contributions can dominate if £ does not decrease faster than
(Mz/p)?. The right panel in Figure 4.8 is based on the scan and shows that the correlation of
(My/p)? and z through x is such that R, as defined in Eq. (4.3.9), stays larger than one in most
of the parameter space, making the SU(2) contribution to the (6% ;)i2 term in Eq. (4.3.8) the
most important one.

Similarly, one can show that the RR contribution to u — ey in Eq. (4.3.8) is comparable to the
LL one only when [(0%5)12A|/[(07 1 )12| 2 1, although (65 ; )12 is suppressed by an order of A with
respect to (6%5)12. This happens because the RR parameter has only two U(1) contributions
which come in with opposite signs, allowing even for a complete cancellation.

Finally, the relative size of the LL and LR contributions will now be studied by considering the
ratio:

ptsmu(9g, )12 C [ = X pts Cy

R =
MerMeégp (521%)1203 Ao CB

(4.3.11)
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where Kk = SyS(ng — 20N Elg)/(d%(pEL)Q)‘, with Ria, &fQ, 5, FE1s and ny defined in Egs.
(D.4,D.5,F.3.44,F.2.15,F.1), respectively. The absolute value of the right-hand side of Eq. (4.3.11)
exhibits a similar behaviour as the ratio R, defined in Eq. (4.3.9) and shown in the right panel
of Figure 4.8. Taking into account the A-suppression (A3 ~ 1072) and the range of x which can
vary within two orders of magnitude, it is found that the (67 )12 contribution to the branching
ratio can be comparable to the (6%, )12 one when (Ma/p)? ~ 1.

Considering situations in which the (67 )12 contribution to Eq. (4.3.8) dominates, one obtains
the approximate expression

BR ~ O (10 27710 2 - sl )" 4.3.12
(/~L_>6’Y)|(5ER)12 ~ O‘omg 1('1") Tys : ( e )

In the case where (6%;)12 is more important, e.g. when (Mz/u)? < 1, see right panel of

Figure 4.8, one obtains

(4.3.13)

x t2 6

8 Mg

BR(u — ey)|(5h)12 ~ O <2§
[

‘2
K LL

h3(3.7 l“L)) ‘R12 — 2y Eny
Forzy = (Mi/me,, )P 2~ 0.1, 2~ 1, a9~ 1,t5~ 10, u~my~1TeVandme,, ~ 750 GeV,
the approximations of Egs. (4.3.12,4.3.13) both produce a value of the order of 107! times the

relevant order one coefficients squared. In order to gain an extra suppression of at least an order
of magnitude, the latter are preferred to be smaller than one.

The total supersymmetric contribution to the branching ratio of u — ey of Eq. (4.3.8) as
produced in the scan is shown in Figure 4.9. There it is plotted against the average slepton mass
(left panel) as well as |d./e| (right panel). From the left panel, observe that the model requires
rather heavy sleptons, in the TeV range, in order to survive the current experimental limit in
Eq. (4.3.7), which is denoted by the red dotted line. As can be seen in Eqgs. (4.3.8,4.3.13), there
is also a strong p dependence, with a preference for large values. The right panel of Figure 4.9
shows that the ;1 — ey branching ratio is correlated with the electron EDM, mainly through the
slepton masses and the bino-slepton mass ratio. The combination of the current limits on both
observables highly restricts the parameter space. Reaching the expected future limits, denoted
by the black dotted lines, would nearly exclude the model.

In Figure 4.10 it is shown that the predictions for BR(u — e) in the plane of two (12) mass
insertion parameters as produced in the scan. Comparing this to the discussion of Section 4.2.2.3
reveals that, with the present MEG bound, |(6¢,)12] <5 x 1073 and |(65 z)12| <5 x 1076 are
not excluded as it was suggested by the limits in Figure 4.5. On the other hand, |(6%5)12| can
take its maximum values produced by the scan. The reason for these weaker bounds is twofold.
Firstly, the analysis in [95] sets the limits on the mass insertion parameters by choosing ¢z as
large as 60, whereas here only maximum values of 25 are allowed. Secondly, the derivation in [95]
requires that the discrepancy of (¢ —2),, from its SM value is explained by SUSY contributions.
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FIGURE 4.9: The supersymmetric contribution to the branching ratio of u — e~ versus the

average slepton mass mg = \/Mz,, Mey, (left panel) as well as |d./e| (right panel). The red

dotted lines represent the current experimental limits given in Eqgs. (4.3.3,4.3.7) while the black

dotted lines show the expected future limits, that is BR(u — evy) < 6 x 1071* [100] and
|de/e| < 1.52 x 10717 GeV ™' [98].
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FIGURE 4.10: The range of the (12) lepton mass insertion parameters as produced in the scan,
together with the resulting prediction for the branching ratio of 4 — ey. The grey points do
not satisfy the current experimental limit given in Eq. (4.3.3).

4.3.3 Meson mixing

Turning to AF = 2 transitions, the SUSY contributions to meson mixing are now studied. The
dispersive part of the mixing for a meson P can be parametrised as [101]:

MSZMSSM+M]_P2’NP: ].-P2,SM (1+hP€2iaP), (4314)
and the corresponding mass difference is given by:

AMp = 2|M{;)|. (4.3.15)
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The SM contribution is expressed herein as Mf;’ SM _ \Mf; SM| ¢2i62"  The New Physics (NP)

P,NP |M11;,NP

contribution, M,y | €297 is encoded in the real parameters

op =0p — P, (4.3.16)

The contributions of the gluino-squark box diagram in terms of mass insertion parameters
read [13, 76]:

P,(g P,(g P,(g PAg
ME® — 4P@ <A2 D 611)3% + @hr)%] + A7 011140k

+ Af’(g) {(5%1%)?1' + (5?%)32‘1} + A5P’(g) (5dLR)ji(5§l%L)ji>’ (4:3.17)
where
- 2 1 -
1 216m§-3 Mpf3, yfe(y) +66fs(y), (43.18)
: Mp \? ;
AD@ (384 ( + 72> yfo(y ( —24 <P) + 36) f6(y),
mj + m; m; +my;

. M M 2 =
APO — 139 <mj+sz> yfoly), A3 = (‘ 144 <m]+Pm1> - 84) olu)

Mp denotes the mass of the meson under consideration and fp is the associated decay constant.
m; and m; are the masses of the meson’s constituent quarks while mg is an average squark mass

defined herein as:

VTG P K
mg = (4.3.19)
\/\/ Map,Mop, Mdpp P = By,
with mg , my ~and mg  defined in Eq. (F.3.30). The loop functions fg(y) and fg(y), where
y = (mg /mg)?, are given in Appendix G and the gluino mass has been approximated by
Eq. (4.3.2).

4.3.3.1 B, — B, mixing

The SM contribution to By, ¢ = s, d meson mixing given by [102]:

2
Bysm  GEMp . -
My = = My ViV s So(0) /3, B, (4.3.20)
with:
Vis = —[Visle®,  Vig = [Viale ™, (4.3.21)

o = —Bs, I =5 (4.3.22)
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Here np is a QCD factor, BBq a perturbative parameter related to hadronic matrix elements
and So(z; = m?(my)/M3,) is the Inami-Lim loop function [103]. The calculation of the pure
SM contribution to the Bg mass difference gives [104]:

AMGM = 12527138 5 1071 Gev, (4.3.23)

with the largest uncertainty stemming from the non-perturbative factor fp,4/ BBS, for which
the value 275 + 13 MeV [105] has been used.” The SM prediction for AMp, can be deduced
from the ratio [104]:

A M(SM)

—2 - =10.02835 + 0.00187 (4.3.24)
(SM) ’

AMp

which is less sensitive to theoretical uncertainties. On the other hand, the associated experi-

mental averages as of summer 2014, provided by the HFAG group, read [107]:

AMG™® = (1169 £0.1) x 1071 GeV (4.3.25)
AM‘QXP) (3.357 £ 0.020) x 10713 GeV | (4.3.26)
AMf;"p)
——Ts = 0.02879 + 0.0002. (4.3.27)
AMEP

Comparing Eq. (4.3.23) with Eq. (4.3.25) leads to a negative central value for the experimentally
allowed NP contribution to AMp,, with a similar result being obtained for AMp,. The main
source for the errors are the uncertainties of the SM calculation.® In view of Egs. (4.3.23-
4.3.27), and in anticipation of reduced theoretical uncertainties, it is concluded that the largest
NP effects that could still be allowed should be consistent with:

AMET | <2x 10712 GeV,  [AME | < 1x 1071 GeV . (4.3.28)

Using Egs. (4.3.15,4.3.17), one can estimate the effects of the gluino-squark box diagrams.
Taking into account the A-suppression of each d parameter entering Eq. (4.3.17), one can write
AMJ(BQS )d in the schematic form:

AM) o X (459 4 AT O3 4 AP O\ 4 AZH 030

AMég) x )\8 <ABd7( )_|_Ade( )+ABd7(g))\2 +ABd7( ))\3) . (4329)

2

Figure 4.11 shows the individual contributions as a function of y = (mg/mg)°. The largest

contributions originate from the terms proportional to Afs’d’(g) and Ang’d’(g), i.e. the terms as-
sociated with the 5% ;, and 54 %Ry see Eq. (4 3.17). The contributions from the LR-type mass

@)

insertion parameters, proportional to A, Sd’ , are negligible. The maximum effect of the

gluino-squark box diagrams is obtained When r = (M /mp)? and y are smaller than one,

"Note that the 2014 average of the FLAG collaboration [106] corresponds to a lower central value but with a

larger error: fg 1/ BB ‘ = 266 + 18 MeV.
SFor a recent dlscussmn on theoretical uncertainties and comparison with experimental results, see [108].
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FIGURE 4.11: The dependence of the individual contributions in Eq. (4.3.29) on y = (mz/mg)?.
. . . . Bs,a,(9
The average squark mass mg is defined in Eq. (4.3.19) while the functions A; = @ can be found
in Eq. (4.3.18).
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FIGURE 4.12: The dependence of the loop functions as well as |A273 | appearing in

Eq. (4.3.30) on y = (mg/mg)?, yu = (u/mg)? and yo = (Ma/mg)* ~ 0.11y. The blue lines
correspond to y,/y = 30 and the magenta ones to y,/y = 0.3. In the plots for |AQB“’(DP)\, it
has been assumed that A; ~ m;.

with the (5%L( RR)>Z23 and (09, )i3(6%p)i3 terms interfering constructively. For relatively light

mg around 2 TeV, ]A?S’d’(g)\max ~ O(10712) GeV. Assuming furthermore (6%, )13 ~ 1073,
|(69,)23] & 2 x 1072 and |(0%5)13] = [(6%)23] ~ 1072 (see Figure 4.3) as well as y ~ 0.3, one
can use Eqs. (4.3.15,4.3.17) together with Figure 4.11 to estimate the maximum gluino effects
as |AM§S)|maX ~ O(1071) GeV and |AMéi)\max ~ O(1071%) GeV. This is about two orders of
magnitude smaller than the corresponding SM and experimental values.

For relatively large values of 3 and a light CP-odd Higgs mass My, the contributions of the
double penguin (DP) diagrams, which scale as t% u?/M?, become important. Considering dia-
grams with (i) two gluino, (i7) one gluino and one Higgsino and (7i7) one gluino and one Wino
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loops, the associated part of ng can be approximated by [76]:
2
B,,(DP B,,(DP 1% B,,(DP B,,(DP
M12q ( ) — Al q ( )(5%1%)31 té;Mi {A2 q ( ) + (6%L)3i143 q ( )}7 (4330)

where i = 1(2) for ¢ = d(s) and

Bg,(DP) _ Qs Oz% Mqu%q MBq 2 ng
A = 5 5 v f3(y),
16w my my +mg ) 3My,
2
By,(DP) _ Ay mj .
Ay = g Mi%/ VirVig J1(Yp)
M Sa
Aqu(DP) -9 2 _2s . 4.3.31
3 e fa(y2, yu) 3 g f3(y) ( )

yu = (u/mg)? and yo = (Ma/mg)? where the latter is related to y = (mg/mg)? via the approx-

imations of Eq. (4.3.2). The loop functions f3(y), fi(yu), fa(y2,yu) are given in Appendix G.
Bq,(DP)

Their behaviour is sketched in Figure 4.12, along with that of [Ay3 |. For |A: > 500
GeV, the dominant contribution to Eq. (4.3.30) comes from AQBd’(DP) in the By sector, even

for the maximum values of |(0¢;)13], while for Bs, where (6%, )23| assumes larger values (see
Figure 4.3), the two terms in the curly brackets are comparable. For light average squark masses

mg around 2 TeV, A?q’(DP) can reach values up to O(10716) GeV, while |(6%5)i3/max ~ 1072

(see Figure 4.3). Then, for A; 2 mgz and p < myg, |AQBS<‘1)’(DP)| ~ O(10~1=2)), such that
\AMlB;(d)’(DP)\ A 2 x 10719(=20) té p?/M3% GeV, barring contributions from the ASB"’(DP) term.
When t3 takes its maximum value of 25 and u ~ My, the double penguin contributions to
AMp, increase to about an order of magnitude above the gluino-box contributions, which is

however still significantly below the SM and experimental values.

Figure 4.13 shows the predicted SUSY contributions to the B, meson mixings as produced in
the scan. They are plotted against the average squark mass defined in Eq. (4.3.19) and lie below
both the experimental measurements (red dotted lines) and the NP limits (blue dotted lines) by
at least an order of magnitude. This result is in agreement with the findings in Section 4.2.2.2,
where the predictions for the mass insertion parameters are compared with existing limits in
the literature.

The effects of the complex down-type mass insertion parameters of the (23) and (13) sectors can
be studied through the time dependent CP asymmetries associated with the decays By — J/1 ¢
and By — J/1 Kg. Focusing on the mixing-induced CP asymmetries, one has [109]

QIm()\f)
g, = A 4.3.32
ARSI (4.3.32)
with:
_ B, * i ~Bg*
A\ _ ¢ ABg — f) q _ | Myt —3Ty 4
- 7 _ 2" 312 (4.3.33)
pA(By = f) p Myt — AT
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FIGURE 4.13: The absolute value of the gluino and double penguin contributions to AM, Buay

versus the average squark mass as defined in Eq. (4.3.19). The colour coding corresponds to

different values of & = (Mj5/mg)*. The red dotted lines denote the experimental central

values of Egs. (4.3.25,4.3.26), while the blue dotted lines indicate the maximum allowed NP
contributions according to Eq. (4.3.28).

where f denotes the final state of the decay and A is the corresponding amplitude. As the
absorptive part Ff;q of the B, meson mixing is much smaller than the dispersive one MlB2", ie.

F% < M1B2q7 one can approximate q/p & 1/ Mleq* /MlBQq. Then, the Ay factors associated with
the decays Bs; — J/¢ ¢ and By — J/v Kg take the form:

Ajpe = e ', s = —28 + arg (1 + hp, €2iUBs> ;
)\J/z/;KS = —e_id)d» bq = 20 + arg (1 + the%fde) , (4.3.34)

where the parameters hp, and op, are defined in Eq. (4.3.16), while the SM phases 35 and j3
can be found in Egs. (4.3.21,4.3.22). The mixing-induced time dependent asymmetries can then
be simply written as:

S1pe = —sin(¢s), S1wrs = sin(@q). (4.3.35)

The current measurements are [107]”
Sy = 0.015+£0.035, Sk, = 0.682 £ 0.019, (4.3.36)

while the SM expectations read [111]:
ST he = sin(285) = 0.0365°0:0015, STk = sin(26) = 0.771F 44T (4.3.37)

S?,% » comes with a relatively small error, whereas 5’5%) Ks depends strongly on the value of | V],
which differs significantly when extracted via inclusive or exclusive decays, see e.g. [102], with
the above data preferring the lower exclusive result. The value of S§% K¢ quoted in Eq. (4.3.37)
has been derived by averaging over inclusive and exclusive semileptonic determinations of the

"LHCD recently published their first measurements of S,k = 0.746 £ 0.030 [110] in the limit of a vanishing
V| A(By—J /WK )/ A(Bg— I/ Ks) |
1+ A(Bg—~J/¥Ks)/ A(Bg— /¥ Ks)|?

direct CP asymmetry, i.e. = 0, thereby improving consistency with the SM

expectation.
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relevant CKM elements and using the value of the CP-violating parameter eg, see Eq. (4.3.45),
amongst the input parameters but not the measurement of sin(2/53) itself.

Comparing Eq. (4.3.36) and Eq. (4.3.37), one observes that the NP contributions to S;/yg
and Sj/yK, can be as large as ~ 100% and ~ 10% of the respective SM values. In order to
reach 10% deviations, hp, and hp, should be larger than ~ 4 x 1073 and ~ 0.14 respectively,
corresponding to |[AM 1(31:-15)‘ > 5 x 107, Here NP phases were assumed which maximise the
effect. In view of Figuré 4.13, one would expect a non-negligible contribution to Sj/,4 in a
small part of the parameter space. However, at leading order, (5% )23 and (5?%1%)23 are real, see
Egs. (F.3.19,F.3.21). They only receive non-trivial phase factors at order A\°, suppressing the
imaginary part of AMEESY by one power of A &~ 10! with respect to the real part. As a result,
any deviation from S§%b¢ is only of the order of 1%. In the By sector, (6¢;)13 and (6%p)13
are already complex at leading order in A, see Egs. (F.3.18,F.3.20). But as can be seen from
Figure 4.13, ]AMESSY|maX ~ 10715 is too small to be relevant. Even for |AM]§ESY\ ~ 10714
the maximum deviation from SE% Ks would be ~ 3% at most.

In conclusion, the model would not be able to explain any persistent deviations from SM ex-
pectations in observables related to B meson mixing.

4.3.3.2 K — K mixing

The SM contribution to the Kaon mixing reads [102]:

G%M . .
Mgy = ZESEMG (Ve Vi) e Sole) + (Vis Vi) *mueSole) +

+ eV VesViimaSo(ae, 20 ) £ Bie, (43.39)

where 7; are QCD factors, By denotes a perturbative parameter and So(z; = m?(mm;) /M32;) are
the Inami-Lim loop functions [103]. From this, the SM value for the Kaon mass difference is
numerically given by [112]:

AMEM = 3.30(34) x 1075 GeV, (4.3.39)
while the experimental measurement yields [113]:
AME®) = 3.484(6) x 10715 GeV. (4.3.40)

Therefore it is sensible to impose the constraint that the maximum allowed NP contribution
should be limited by:

AMET) <5 %1076 GeV. (4.3.41)

For Kaon mixing, the relevant mass insertion parameters are those of the (12) sector. Taking into
account their A-suppression, one can write the gluino-box contribution to the mixing amplitude,
given in Eq. (4.3.17), in the schematic form:

AM](?) x \6 (Aé(v(g) +A§(7(§))\+A£{:(§)>\4+Aé(7(§))\4)‘ (4'3‘42)
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FIGURE 4.14: The dependence of the individual contributions in Eq. (4.3.42) on y = (mg/mg)?.

The average squark mass mg is defined in Eq. (4.3.19) while the functions AiK’(g) can be found
in Eq. (4.3.18).

Figure 4.14 depicts the individual contributions as a function of y = (mgz/mg)>.

that the dominant contribution originates from the term proportional to A?’(g )
proportional to (6%L)21(6?%R)21, see Eq. (4.3.17). The effects of the LR-type ds, proportional to

Aﬁ(g), are negligible. Using Eqgs. (4.3.15,4.3.17) together with Figure 4.14, one can estimate

It shows

, i.e. the term

the maximum gluino contributions to |[AMpg|. Assuming y =~ 0.3, Af(’(g) ~ 10713 GeV and
(5%L)21 ~ 5 x 1072, (5?{3)21 ~ 7 x 1073 (see Figure 4.3), it is expected that |AM§f)\maX ~
5 x 1071* GeV, which is about one order of magnitude larger than the experimental result of
Eq. (4.3.40).

The double penguin (DP) contributions to AMp arise at the level of four mass insertions, by
effectively generating the (s — d) transitions through (s — b) followed by (b — d). The relevant
part of the mixing amplitude takes the form [76]:

2 2 2 t2 2
K, (DP) ol a 9 My 32my g p 9
M = M 4.3.43
B = Gt () o v B s
x (871)23(67)31(0%er)23 (6% R) 31, (4.3.44)

with the loop function f5(y) given in Appendix G. It is found that this contribution is completely
negligible, as it is proportional to A%, The upper left panel of Figure 4.15 shows the combined
gluino and DP SUSY contribution to AMp, as produced in the scan. It can exceed the NP
limit quoted in Eq. (4.3.41) (blue dotted line) for small values of x, even shooting above the
experimental value of Eq. (4.3.40) (red dotted line) for x < 1.

Turning now to the CP-violating parameter €, defined as [102]:

Kee'Pe

K,SM K,SUSY
= S Aa (a5 5M) + Im(arfy SU5Y)), (4.3.45)
K

€K

where the superweak phase® . = arctan(2AMy /AT) = (43.52 4 0.05)° [113], and the factor

8 AT denotes the difference of the widths.
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FIGURE 4.15: Upper panels: the absolute value of SUSY contributions to AMg (left) and

ex (right) plotted against the average squark mass defined in Eq. (4.3.19), with the different

colours corresponding to different values of x = (M 2/ mg)?. Lower panels: the most important

mass insertion parameters, relevant for K mixing (left) with different colours representing the

produced value of [e3SY]; |[AMEYSY| versus [e575Y] (right), with the grey shaded points being

excluded by BR(u — ev). The red dotted lines indicate the experimentally observed values,
while the blue dotted lines show the limits on NP contributions.

ke = 0.94+0.02 [114] takes into account that ¢, # 7/4 and includes long distance contributions.
The experimentally measured value of ey is [113]:

P = (2,228 £0.011) x 1073 x €%, (4.3.46)

while the SM prediction depends highly on the value of Vg, [102]. According to [115] and for
the input set from the angle-only fit [116], where the Wolfenstein parameters do not show an
unwanted correlation with ex and B K, one finds

€3] = 2.17(24) x 1073 (inclusive V),

€5M)] = 1.58(18) x 1073 (exclusive V). (4.3.47)
Therefore, it is demanded that:

) < 0.8 x 1073, 4.3.48
K
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The upper right panel of Figure 4.15 shows the absolute value of the predicted SUSY contribu-
tion to €x, plotted against the average squark mass. This can exceed the limit of Eq. (4.3.48)
by more than three orders of magnitude when z < 1. In view of Figure 4.3, one would not
have expected such a big effect. However, the limits on the mass insertion parameters used in
Section 4.2.2.2, only take into account one non-zero mass insertion at a time. As was seen in
this section, the dominant contribution to the Kaon mixing amplitude stems from the multiple
J term A?’(g) (69 ,)21(6% )21 (see Figure 4.14). The non-zero phase of the RR parameter is the
source of the prediction of a large |¢3V5Y].

The lower left panel of Figure 4.15 shows [¢37°Y | in the |(6¢,)12| — [(6%5)12| plane. It indicates
that for |(6¢,)12| ~ 5 x 1072, i.e. towards the largest possible value according to Figure 4.3,
|(6%5)12] S 1075 is required. When [(6%5)12| takes its maximum value of ~ 1072, |(6¢,)12]
should stay below ~ 1074

Finally, from the lower right panel of Figure 4.15 one observes that ex places stronger bounds
on the mass insertion parameters than AMg. Due to the SU(5) framework of the model there
is a correlation between the § parameters relevant in Kaon mixing and the ones that enter the
branching ratio of (@ — e7y). Denoting the points excluded by BR(u — ey) with a grey shade
reveals that there still remains a small area of parameter space which is excluded by eg.

4.3.4 BR(b — sv)

This section will now consider the gluino contribution to the branching ratio of b — sy. In
terms of the relevant mass insertion parameters it is given by [13]:

a2a

37 (I Ma (9) (57 )25 + g Ma(y) (5 p)asl® + L > R),  (4.3.49)

where the loop functions M (y), Ms(y) are defined in Appendix G, 7 denotes the mean life
of the B meson and y = (mg/mg)?. This observable does not constraint the parameter space.
Even for squark masses as low as 100 GeV and y = 1, the LL and RR mass insertion parameters
would only need to be smaller than 0.4 to be consistent with the current experimental value
of [107]:

BR(B — X¢v) = (3.434+0.21 £0.07) x 107, (4.3.50)

which is in good agreement with the SM prediction [117]. Similarly, the chirality flipping mass
insertion parameters would need to be smaller than 3 x 1073, In the scan it is found that, see
Figure 4.3, (6%, )23 < 1072, (6%5)23 < 1072, (64 5)23 < 1075 and (0%, )23 < 1076, Taking into
account the squark mass dependence and the fact that the scan excludes such light squarks, it
was found that the model predicts a contribution to BR(b — s7v) which is at least three orders
of magnitude below the experimental measurement.
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4.3.5 BR(Bsq— ptp™)

The most recent SM predictions for the branching ratios of By g — p*p~ are given by [118]:

BR(Bs — ptp™) M) = (3,65 +0.23) x 107,
BR(Bg — p )M = (1.06 + 0.09) x 10710, (4.3.51)

while the averages of the CMS and LHCb collaborations read [119]:

BR(Bs — pt ™)) = 28107 5 1077,
BR(By — ptp™)®P) = 39716 510710, (4.3.52)
The By sector therefore still allows for rather large relative deviations from the SM expectations.

In the case of B the experimental measurement yields a value which is slightly lower than the
SM prediction.? Therefore, the allowed room for contributions from new physics is quoted as:

BR(B, — ptp)(NP)
BR(Bg — p* = )NP)

< 1.68 x 1077,
< 4.53 x 10719, (4.3.53)

The chargino and gluino contributions to the branching ratio of By 4 — uTu™ can be expressed
as [76]:

8, [5 M} m2
BR(By — ptp™) = % L4 x (4.3.54)
B
q ) m2
x { |A SN (GPERCIEY (1 - 4M§>
B
2‘1
My _ % d d Y.
+ MBq + -A [ f3( ) ((5LL)13 + (5RR)Z3) ] }7
where
B 3 Mp, my mgp m? Ay My, .,
A" = ajt} 4]\22 M2g m’ A7t = M; ththfl(yu) mig((;LL)iS Ja(y2,yu),
SM_a24GF o $—4 3x
Cly” = In 3 VisVigYo(xt),  Yo(z) = 3 <33 — + @1 In(x) |, (4.3.55)

with 2y = m? /M2, and i = 1(2) for ¢ = d(s) . The the loop functions f1(y,), f3(y) and fa(y2,y,)
are the ones which appear in the double penguin contributions to B, mixing in Section 4.3.3.1.
With C{M = 0 and 4; > 100 GeV, the dominant contribution to Eq. (4.3.54) originates from
the flavour blind term of A2 , such that the following approximation can be made:

_ 6 x1076(1 x 107 Gev4 A
BR(Byay - p7) 0< 1 107) f1< >> (4:3.56)

mg

9The calculations in [118] have been performed using the inclusive value of |V,,|. Working with the exclusive
one would result in a lower central value of BR(Bs — pTp ™)™ = 3.1 x 107 which fully agrees with the
data [120].
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FIGURE 4.16: The SUSY contributions to the branching ratios of B, — p*u~ versus the
average squark mass mg, defined in Eq. (4.3.19). The red dotted lines denote the experimental
measurements, while the blue dotted lines indicate the maximum NP contributions.

Then, for |A; u|/M% ~ O(1), mg ~ 2 TeV, tz ~ 25 and f1(y,) receiving its maximum value of
order one (cf. Figure 4.12), one expects BR(Byq) — ptp~) ~ O(10~10(=12)y,

In Figure 4.16, the predicted SUSY contributions to the branching ratios of By — pu~ are
plotted against the average squark mass mg, defined in Eq. (4.3.19). The red dotted lines
denote the experimental measurements, while the blue ones correspond to the limits for the NP
contributions as given in Eq. (4.3.53). In both sectors, Bs; and By, the maximum predictions
fall about an order of magnitude below these limits.

4.3.6 Neutron and '?Hg EDMs

CP-violating effects in the quark sector can manifest themselves through the quark EDMs
as well as the quark Chromo Electric Dipole Moments (CEDMs). The gluino contributions
read [76, 121, 122]:

{dj,di} = %%Im [(5%L)ik(5%R)kj(5?%R)ﬂ] {Qq]:q(y)»ch(y)}’ (4.3.57)
with
Foly) = —gNl(y% Fo(y) = (%Nl(y) +3N2(y)> ; (4.3.58)

where @), denotes the electric charge of quark ¢ and the loop functions Ni(y), Na(y), with
y = (mg/mg)?, are given in Appendix G. As the first generation squarks dominate Eq. (4.3.57),
the average squark masses are used

Ma =\l Mg, Mg = /g, g (4.3.59)

with mg, ; pn given in Egs. (F.3.15,F.3.30).
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Similar to the case of the electron EDM, the most general scenario is considered where the
phases of the soft trilinear sector are different from the corresponding Yukawa ones. Then the
dominant contributions of Eq. (4.3.57) arise from the single mass insertions with i = j =k =1,

m[(6%5)11] o Im [a%] A%,  Im [(52R)n] o Im [agﬁ] AS, (4.3.60)

where dlfj is defined in Eq. (D.5). The double and triple mass insertions start contributing at
orders A'2 and A% for the up and down quark (C)EDMs, respectively.

If, however, the phases of the soft trilinear and Yukawa sectors are aligned, Ez{j isreal. In the case
of the up quark sector, one should then check!® whether the NLO corrections to Im [(6} 5)11] also
vanish, before assuming that the term Im [(6%;)13(6% 5)33(6% 5)31] o< sin(46§ — 09) A2 dominates.
The situation in the down sector is such that the NLO correction to (6¢ R)11 gives a non-vanishing
contribution to the (C)EDMs. Explicitly, it was found that Im [(6¢ 3)11] NLO X sin (409 + 04\,
while the smallest contribution from multiple mass insertions is Im [(6%; )12.0 (07 5)21] o
sin(03)\7.

In order to compare the gluino contributions of the model according to Eq. (4.3.57) with the
experimental limits, the RG running is taken into account from the SUSY scale down to the
hadronic scale, using the LO results of [123], for a,(us ~ 1TeV) ~ 0.089 and as(uy ~ 1GeV) ~
0.358 [124]. Then,

dg, () ~ 0.87dg, (1s),
dg, dg.
() & 0.38 =1 () — 0.39 Qq dg; (1s), (4.3.61)

with d((h.c) (1us) as given in Eq. (4.3.57).

With these preparations, the predictions for the neutron and the ?Hg EMDs can be studied.
Adopting the QCD sum rules approach, the neutron EDM at the renormalisation scale u =
1 GeV, is given in terms of the QCD #-term and the quark (C)EDMs by [98]:

dy, _ _ dy d
—=82x10 Temb —0.12 — 078 f + (-0.3dS +0.3d5 —0.0144Y), (4.3.62)
while the current experimental limit is [125]:

\d,/e] < 2.9 x107cm ~ 1.47 x 10712 GeV L. (4.3.63)

The quark (C)EDMs can also be probed through measurements of the EDMs of atomic systems,
where 1% Hg provides the best upper limit amongst the diamagnetic systems [126]:

|dug/e| < 3.1 x 107%%cm =~ 1.57 x 1071 GeV 1. (4.3.64)

However, large theoretical uncertainties in the atomic and in particular the nuclear calculations

prevent the extraction of bounds on d,(hc). Eq. (4.3.64) limits the nuclear Schiff moment as [127]:

Shg < 1.45 x 1072 |e| fm?, (4.3.65)

10The expansion was truncated at the order of AS.
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FIGURE 4.17: The neutron EDM versus the average squark mass mg = ,/mg mg, with mg and

m as defined in Eq. (4.3.59) (left panel) and versus the electron EDM (right panel). The red

dotted lines denote the current experimental limits as given in Egs. (4.3.63,4.3.3) and the black

dotted lines the future limits |d,, /e| < 10728 cm ~ 5x 107 GeV ™' and |d,/e| < 3x1073 em~
1.52 x 10717 GeV ! [98].

which, assuming it is dominated by pion-nucleon interactions, can be expressed as [128]:

Spg = 13.5 (0.01 7% + (4£)0.02g)  +0.02 gff}w) . (4.3.66)
In this equation, the gfr’])\, n denote the pion-nucleon couplings. Their coefficients in Eq. (4.3.66)
are the best fit values taken from the review article [128], which assesses the strengths and

weaknesses of different, sometimes contradictory, nuclear calculations provided in the literature.
Combining Eqgs. (4.3.65,4.3.66) with the relation:

g =2x107"2 (d¢ - d9), (4.3.67)
which was derived in [129], it can be inferred that [127]:

1(dS —dS)/e| < 2.8 x107%cm ~ 1.42 x 10712 GeV L. (4.3.68)
However, this bound only applies if the coefficient of ?17(313; ~ in Eq. (4.3.66) takes its best fit value.
In principle, it could also be zero, in which case no bound on |(d$ — d$)/e| could be extracted.

In the left panel of Figure 4.17, the prediction for the neutron EDM is shown versus the average
first generation squark mass mg = ,/mgm;. For squark masses less than about 6 TeV, it lies
just below the red line denoting the experimental limit in Eq. (4.3.63). For heavier squarks it
stays below the limit by at least one order of magnitude. The colour coding corresponds to
the predicted value of |(d§ — d$)/e| x 10'2 GeV, which can also reach the limit in Eq. (4.3.68)
for large |d,,/e| values. In the right panel of Figure 4.17, the neutron and electron EDMs are
plotted against each other. They are of the same order of magnitude, but it is the current
electron EDM limit that constrains the parameter space. When the future experimental limits
are reached, only the small part lying in the lower left corner bounded by the black dotted lines
would survive.
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4.4 Conclusions

In Chapter 3 it was shown how MFV can emerge approximately from an SU(5) SUSY GUT,
whose flavour structure is controlled by the family symmetry S; x U(1) and provides a good
description of all quark and lepton masses, mixings, as well as CP violation. It was seen that the
model leads to mass insertion parameters in Eqgs. (3.7.7,3.7.8,3.7.9) which very closely resemble
the MFV forms, where 5%’3’;1% are unit matrices and 52}%’8 are proportional to the Yukawa
matrices.

Whereas Chapter 3 focused on the similarity to MFV, this chapter investigates the deviations, by
considering the predictions for electric dipole moments, lepton flavour violation, B and K meson
mixing, as well as rare B decays. It is found that many of the supersymmetric contributions
lie below current limits, as anticipated. This is the case for example in B physics observables,
where deviations are negligible (at the 1% level) making it unlikely for the model to explain
any possible discrepancies between SM expectations and measurements in AMp_ , or in the
time dependent asymmetries Sj/y6 and S k- On the contrary, the SU(3) family symmetry
models previously studied, predicted large effects in these observables.

However, there are still processes where the Sy x U(1) SUSY GUT model could be probed.
The (12) down-type quark and charged lepton sectors, show significant deviations from MFV,
leading to large contributions to Kaon mixing observables and to the branching ratio of y — e~.
In particular, (09, )12 provides the dominant contribution to BR(x — ey) and rather heavy
sleptons, exceeding about 1 TeV, are required in order to satisfy the experimental bound. Fur-
thermore, the model produces observable CP violating effects, predominantly in the prediction
of the electron EDM, where again large (TeV scale) slepton masses are required for compatibil-
ity with current bounds. A signal is therefore expected to be observed in both y — ey and the
electron EDM, within the expected future sensitivity of the associated experiments.

Turning to CP violation in the Kaon system, an important contribution to ex is found, due to
the phase of (645)12. The SM prediction for this observable depends sensitively on |V, which
differs when considering inclusive or exclusive decays, leading to a lower central value in the
latter case. It is noted though, that even for inclusive values of |V, the SM expectation for €z
is still about 10% below the measurement. That being the case, sufficient enhancement appears
to be available from this flavour model, in order for experimentally observed value of €x to be
explained.






Chapter 5

Exclusive Chromomagnetism in
heavy-to-light FCNCs

5.1 Introduction

This Chapter reports on a different project, not directly related to Chapters 3 and 4. It describes
the computation of the chomomagnetic matrix element for heavy-to-light semileptonic decays,
using the method of light-cone sum rules (LCSRs). The work presented here has been published
in [18, 19]. My contribution has been to the derivation of the analytical results; the numerical
output presented in Tables 5.2, 5.3, H.1 and Figure 5.5 has been provided by my collaborators.

The study of exclusive flavour changing semileptonic decays, where the underlying quark level
transition is of the b — s(d)ITI~ type, are of particular interest, as they give rise to multiple
observables, such as CP and isospin asymmetries. These “rare” decays are very suppressed in
the SM and they can potentially provide invaluable information for the flavour structure of TeV
scale physics. Identification of any BSM effects in the B-sector necessitates the improvement of
the measurements of different independent observables, but also accurate theoretical estimation
of how the operators of the weak effective Hamiltonian in Eq. (5.1.1) contribute to each one
of them. There are ten operators contributing to the amplitudes of semileptonic B decays and
with the present calculation of the chromomagnetic dipole operator Og contribution, they are
now all known.

The energy scales encountered in such a decay are both the electroweak scale of O(Myy ), related
to the underlying quark level flavour changing transition and the scale of the strong interactions
Agcep, related to meson formation. Since the mass of the W boson is a lot larger than the
typical hadronic scale, the W propagator is of very short range and the charged currents, which
it connects in a weak decay, can be considered to interact locally, as in the classical Fermi theory.
In that sense, the W boson, as well as heavy quarks, can be integrated out as dynamical degrees
of freedom and using the Operator Product Expansion (OPE), one can construct an effective
weak Hamiltonian, appropriate for the low energy scales under consideration [132]:

Hess = o SV Cin)OLla) (5.1.1)

85
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In the above formula, the operators O; (1) describe the low-energy /long distance (LD) dynamics
of the system, while the Wilson coefficients C;(1) encode the high-energy /short distance (SD)
structure of the theory and play the role of coupling constants for the effective interaction terms
O;(u). The factorisation scale at which the LD and SD contributions are separated is denoted
by u and the VéKM factors denote the CKM structure of a particular operator. Then, the
probability amplitude for an I — F' transition factorises as:

AT = ) = (FIHegsl1) = 25 37 VeuClin)FIOGoI ). (5.1.2)

Any new physics effects at a high scale manifest themselves at low energy through corrections
to the Wilson coefficients (and/or introduction of additional operators). The Wilson coefficients
are process independent perturbative objects that can be calculated once and for all. This is
done by requiring that the “full” amplitude, where the W bosons have not been integrated out,
is equal to the amplitude in the effective approach; this is done at the matching scale which
is of the order of Myy. Subsequently, the Wilson coefficients can be evolved down to the low
energy scale of the external momenta, typically of the order of the decaying meson.

On the other hand, the hadronic matrix elements (O;), depend on the external states and encode
LD contributions. As exclusive processes suffer from non-perturbative QCD effects due to the
hadronisation of the quarks participating in the I — F' transition, these matrix elements are
described in terms of hadronic “Form Factors” (FF), that are specific to the initial and final
states and their calculation requires a non-perturbative method.

In a B meson decay, the b quark decays into a light quark (recoiling quark), which combines
with the light quark contained in the B meson (spectator quark), to form the final state meson.
There are two different parton configurations that need to be described [133]; one is the so-
called hard-gluon exchange, where through the momentum transfer of an energetic gluon, all
quarks have large momenta; the second one corresponds to the case where one quark is soft
and interacts with the other partons only via soft-gluon exchange. The method used for the
calculation of (O;) needs to treat these two mechanisms on the same footing. The light-cone
sum rules (LCSRs) method is designed to do exactly that. In the context of weak-decay form
factors, the main object of the calculation is the correlation function of the weak current and
a current with the quantum numbers of the B-meson, sandwiched between the vacuum and
the final state meson. For large (negative) virtualities of these currents (below any thresholds
corresponding to physical states), the correlation function is (in coordinate-space) dominated
by distances near the light-cone, such that it can be analysed within the framework of a “light-
cone” expansion (LC-OPE) [16, 133], which allows consistent factorisation of perturbative and
non-perturbative effects. This is briefly illustrated in what follows.

In order for the final meson to be formed, its two constituent quarks should have a small
transverse separation. The light-cone expansion is based on integrating out the transverse
momenta of the partons, up to some scale ur, and considering only the longitudinal ones as the
relevant degrees of freedom. Then, the correlation function can be factorised as:

PRARET L (5.1.3)
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according to the so-called “collinear factorisation”, as the momenta of the partons in the meson
are collinear with its momentum. All momenta below the cut-off up are included in the light-
cone distribution amplitude (DA) ¢, which is a non-perturbative object, while the larger ones
are contained in the process-dependent amplitudes T, which are the analogues of the Wilson
coefficients in Eq. (5.1.1) and can be calculated in perturbation theory. The sum runs over
contributions with increasing “twist”, which is defined as the difference between the spin and
the dimension of the corresponding operators. With increasing twist, the terms in the sum are
suppressed by increasing powers of the virtualities of the involved currents. The leading term is
a twist-2 DA, which corresponds to the final state meson being in a 2-parton (quark-antiquark)
state. It is then a dimensionless function of u that describes the probability to find the meson
in a state where its quark has a collinear momentum fraction u and its antiquark 2 =1 —u. A
twist-3 DA would describe a meson being in a 3-parton (quark-antiquark-gluon) state and so
on.

Using the LCSRs method, a review of which can be found in [16], this Chapter describes the
computation of the matrix elements:

(M) (0)|Os|H (pr)) . pr=DP+4q, (5.1.4)

of the chromomagnetic operator ! :

a
Os = —8% mbEUWGg”%(l +5)b = [—%} Os (5.1.5)
where H is a pseudoscalar heavy meson that decays into a pseudoscalar or vector meson M
and a photon v. Allowing the latter to be off-shell, leads to photon momentum invariant g*-
dependence of the matrix element. It is found that the matrix elements are suppressed by
one(two) orders of magnitude for the D(B)-transitions w.r.t. to the penguin short-distance
(SD) form factors. Their interest is thus for asymmetries rather than for branching ratios. One
example is the isospin asymmetry, since the emission of the photon from the spectator quark is
dependent on the charge of the decaying hadron.

The chapter is organised as follows: In section 5.2 the matrix elements are defined and the
basic sum rule is presented. Section 5.3 describes the computation, including the final sum rule
expression. Section 5.4 contains the numerics. In section 5.5 the results are compared with
the estimate of the QCD Factorisation method (QCDF) [17], which suffered from end-point
divergences, not encountered in the LCSRs approach. In section 5.6 the main points of the
chapter are summarised. Some explicit results and definitions can be found in Appendices H to
L. The analytic structure of the correlation functions in use, can be found in Appendix J.

!The normalisation of g goes with the effective Hamiltonian normalisation convention: Heg =
7GFV;;;V;55,03(98/\/§+...
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5.2 Matrix element and sum rule

5.2.1 Lorentz-decomposition of Oy matrix elements

For definiteness, throughout this chapter, the initial state meson is chosen to be of the B type
and the final state meson to be a vector meson V2 . The relevant transition amplitude reads:

AP (V) = (3% (0, )V (p.1)|Os|B(pp)) = i/<V\Tjé’m(x)@s(0)|3>6iq'x+~- ;o (5.2.0)
x
where the dots stand for higher-twist contributions. The polarisation vector of V' is denoted by
n and the momenta of V', v and B are denoted by p, ¢ and pg = p + ¢ respectively. Also, the
notation: fx = d*x is used. The star indicates that the photon is, generically, off-shell and the
index p is due to the photon polarisation left uncontracted. The operator Og = 50 - G(1 4 v5)b
corresponds to Og in Eq. (5.1.5) with the constant prefactor dropped.

The amplitude in Eq. (5.2.1) can be decomposed as: 3

ey A(V) = ke (GL(¢)) P + Gala") Pf + Ga(¢*) PY)
A*(P) = ke (GT(q2)P;) , (5.2.2)

where G, are the scalar functions that play the role of the form factors and P; 7 are the Lorentz
structures given in Appendix I. The normalisation constant kg = —2e/g is chosen such that the
G,-functions parallel the standard vector T; and pseudoscalar fr penguin form factors in the
amplitude:

(v (¢, )V (p, )| Hegt| B) < Y _(C7Ti(q%) + CsGi(q?))PL + ...

i

(v*(q,p)P(p)|Het| B) o (C7 fr(q®) + CsGr(q®)) Ph + ... (5.2.3)

The physical domain of semileptonic transitions is (2m;)? < ¢? < (mp—mp,)?. Under exchange
of chirality (14+75) — (1—75) in Os, often denoted as Of, the G,-functions transform as follows:

(G1,Go,Go,Gry T30 va Gy Gy Gy} (5.2.4)

5.2.2 The sum rule

A characteristic feature of the LCSRs method is that the initial state meson features as an
interpolating current, which can produce not only the ground state but also excited mesons and
a continuum of states that have the same quantum numbers. The matrix elements (5.1.4) are

2The analogous relation for the pseudoscalar A”(P) simply replaces V by P in the final state.

3The factor cy is inserted to absorb trivial factors due to the w ~ (@u + dd)/+/2 and p° ~ (Gu — dd)/v/2
wave functions. ¢y = —+/2 for p in b — d transitions, cy = V2 in all other transitions into w & po and cy =1
otherwise.
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extracted from the following correlation function®:

Y(¢*, pB) = (I (¢, p}) = i/<v*(Q)V(p)ITJB($)08(0)|0>€_ipB'Z : (5.2.5)

xT

JB = imb575q y <B(p3)|JB|O> = mQBfB . (526)

where Jp is the interpolating current of the B-meson. The dispersion representation of the
correlation function in the variable pQB reads:

1 dsI1V (g%, s)
1Y (¢% ph) = mﬁs T (5.2.7)

and is nothing but Cauchy’s integral theorem: The closed path T is chosen such that no sin-
gularities® are crossed. An example is shown in Figure 5.1 for the analytic structure of the
correlation function in QCD; I = I'p UT¢. In a second step, advantage is taken of the isolated
B-pole, encircled by T'p in Figure 5.1, by splitting the dispersion integral into two parts as
follows:

2 o 1 dsHV(q2 S)
(¢°,pB) ", (7 @V ()|0s|B(ps)) + 5 e S—D% 025

Equating (5.2.7) and (5.2.8), one obtains the desired ground state contribution:

o Ims N 7 Ims

m% So T'e

i 3
> .)§N

FIGURE 5.1: T'p[I'p] and I'c[T'¢] correspond to the straight and dashed paths in the right[left]
figure respectively. (left) Analytic structure of the correlation function in QCD. There is an
isolated B-pole at s = m% and a branch point 5y = (mp + 2m,)? at the continuum threshold.
The existence of a complex branch point 5;, which corresponds to an anomalous threshold is
discussed in Appendix J. The path ' = T'p UT¢ is a possible path for Eq. (5.2.7). (right)
Analytic structure of the correlation function as found in leading order perturbation theory.
The branch point related to the normal threshold starts at m?. The two branch points 54 and
s are expected to be close, but not identical, like m% is close to m.

4For the sake of notational simplicity the photon polarisation tensor is kept contracted here as with respect
to (5.2.1), though from a physical point of view this does not make sense for an off-shell photon.

Sincluding the anomalous branch-cut extending into the lower half plane in Figure 5.1, the existence of which
is discussed in the next section
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%W(q?»‘) ‘f{ m@?,s)) . (5.29)

- 2 - 2
r S—Pp Tc s —DPp

m2 ) B
LBV ) Osl B = o

For the purpose of numerical improvement, a Borel transformation [16, 134],

1 e*I/M2
Bel—] =0, (5.2.10)

in the variable p% is applied to (5.2.9), yielding:
(v*(¢)V (0)|Os|B(pp)) = D[, T] - DIV, T¢] , (5.2.11)

where the following shorthand notation is introduced:

1 1

=_- - (mB=s)/M? £(2 g . 212
Fon 21 I, dse™s f(q*,s) (5.2.12)

DIf,Ty]

The expression in (5.2.11), up to neglecting the width of the B-meson, is exact although rather
cryptic. Approximations enter the calculation of the correlation function IV, due to neglect-
ing higher twist- and as-corrections and in estimating D[IIV,T'c]. More precisely, whereas
DIV, T| =~ DIV |Lc—opE, I is a good approximation for off-shell p% (up to the truncations in
twist and s mentioned above), the approximation D[IIV,T'¢] ~ D[IIV |Lc_opE, I'c], which goes
under the name of semi-global quark hadron duality, is less transparent and usually the main
limitation of a sum rule computation. In the full theory I'c marks the onset of the continuum
threshold which corresponds to the lowest lying multi-particle state (e.g. 5o = (mp + 2my)?
in QCD. For the LC-OPE dispersion representation shown in Figure 5.1 (right), one introduces
an effective continuum threshold sg [16, 134], which corresponds to the duality approximation
mentioned above.

The crucial point in connection with the anomalous threshold which results in branch cuts
extending into the complex plane, is that its real part is above the continuum threshold, mg +
mQB /2 > sg, and therefore it is entirely included in I'c and does not contribute to the final sum
ruleS. Therefore, the path I' minus the path I'c corresponds to the path I'p that encircles the
real line segment from mg to sg. The final sum rule can be written as:

(v*()V(p)|0s|B(pp)) =~ DY |Lc—ope,T] — DY c_opg: '

1 50
= D[ [Lo—ope, T'p] = fg/ dse™s=I BV (g2, 5) (5.2.13)
BMp m?
where:
2mip” (¢, s) = Disc IV (¢%,5) = 11V (¢%, 5 +i0) — 11V (¢°, s — i0) , (5.2.14)

and the subscript LC-OPE in Eq. (5.2.14) has been dropped. Note that the radius of the path
I'c and T' (as well as for the barred quantities) does not enter the final relation (5.2.13). The
important point is that the endpoint of the duality interval is much larger than the intrinsic
scale of QCD: sg > A%QCD.

5 Tt is also suppressed by the Borel transformation (5.2.10) (by at least of e(mB=50)/M? ity respect to the
B-pole part), both due to the large real part of s and the oscillation in the exponential due to I's # 0 along the
associated branch cut.
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5.2.2.1 Remarks on dispersion relations and anomalous thresholds

As the appearance of complex singularities in forms of anomalous thresholds is rather non-
standard in sum rule computations, adding a few remarks may be worthwhile. For a two-point
function, a dispersion representation is in one-to-one correspondence with the insertion of a
complete set of states. Thus, the analytic structure in the complex plane of the four momentum
invariant has a cut and poles on the real line, starting from the lowest state in the spectrum. For
correlation functions with three and more fields, there is no such direct relation. The analytic
structure can be more involved, as singularities other than those related to intermediate states
might appear, known as anomalous thresholds e.g. [137, 138]. Singularities related to unitarity,
that is to say to an insertion of a complete set of states, are called normal thresholds. From the
viewpoint of a dispersion relation, normal and anomalous thresholds should be viewed as being
on the same footing, as only the analytic structure counts. Which singularities are relevant for
the physics in question is another matter. Clearly, the interest here is in the matrix element
corresponding to the residue of the pole of the B-meson, which belongs to the normal part. It
should be clear that the anomalous thresholds do no more harm to the extraction of the matrix

element in question than any other continuum contribution.

5.3 The computation

This section provides some more details of the computation, with some explicit results deferred
to the appendices. At leading order in «g, there are twelve graphs in total. They can be split
into those where the gluon connects to the spectator(s) and the ones where it connects to the
non-spectator (ns) quark:

Gu(¢®) = G (@) + G () . (5.3.1)

L

The four diagrams denoted by A; to A4 in Figure 5.2 (top, middle) contribute to GES), whereas
the diagrams at the bottom of the same figure correspond to the GE”S)—contributions. Hereafter,
@ =1-uis used. The G\"*-functions factorise into a function f(g?/m3?) times the standard
vector, axial or tensor form factors. The function f has been obtained in the inclusive case in
[139]7, in terms of an expansion in powers of ¢/ mg and logarithmic terms. The two diagrams
where the gluon connects to the non-spectator quark and the photon is emitted from the latter
are not shown. These diagrams are expected to be small, since no fraction of the my-rest mass
is transmitted to the energetic photon. They are therefore neglected. For the same reason and
for being of higher twist, one expects the diagrams where the gluon is radiated into the final

state meson to be suppressed &.

It is worth adding that it would be possible to compute these contribution within LCSR itself.

8 A rough estimate can be given by comparing the similar case, where a gluon is radiated from a charm loop,
instead of Os, to the hard spectator or the final state meson. Taking the estimates of [130] and [140, 141], a
factor of roughly four is found between them.
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@g @8

FIGURE 5.2: (top/middle) Diagrams A; to Ay, correspond to all four possibilities with the gluon

from the weak vertex connecting to the spectator quark. (bottom) Non-spectator corrections.

They have been computed in the inclusive case in [139]. The crosses indicate all possible photon
insertions.

5.3.1 The problem of parasitic cuts

Due to the fact that there is no momentum flowing into the weak vertex at Og, there’s an
ambiguity in separating the cuts corresponding to the B-meson from other cuts. The general
problem originates from the fact that the relation between correlation functions of higher degree
and matrix elements is complicated by time ordering and a non-trivial analytic structure. The
problem is best understood by first introducing its (partial) cure.

Following the method introduced by Khodjamirian for B — 7 [143], a spurious momentum k is
introduced into the weak vertex. This introduces two further momenta, denoted by P = pp — k
and () = ¢—k. Formally, the 1 — 2 decay is augmented by the spurious momentum k£ toa 2 — 2
scattering process, which has six independent kinematic variables: {¢?, Q?, pQB, P2, k%, p*}. For
the purposes considered here, it is possible to set ¢ = Q2 and k? = 0 without consequence. From
now on, capital () will only be used for the four momentum throughout the chapter. Recalling
that p? = m2P’V the six kinematical invariants are reduced to {q2,P2,pQB}. The variable P2
remains the only trace of the spurious momentum at this stage. How it effectively disappears
from the final result, is discussed in the next subsection after the light-like dominance of the
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FIGURE 5.3: Various cuts in the variables p% and P? = (pp — k)?. The cut in P? is of a

parasitic type, in the sense that for k — 0 it cannot be distinguished from p%, yet it is clearly

not associated with the B-meson, as it does not cut in the b-quark line. The two cuts in p% are

of the 2-parton and 3-parton type and should and are both included. The double-line denotes
the b-meson propagator.

correlation function is discussed. At the level of the correlation function (5.2.5), the change
is implemented by changing the photon momentum ¢ — . The above mentioned cuts then
branch into cuts in sz and P2, see Figure 5.3, where the former correspond to the B-meson
and the latter to parasitic ones.

The extension of the Lorentz-structures to the case where the spurious momentum & is included,
is given in Appendix I.1. Denoting the photon polarization tensor by €(Q), the correlation
function is now parametrised as:

4
=3 0@ -pi, T'= > gi(d)e@Q)  pi. (5.3.2)
=0

i€{0,T, T}

5.3.2 The Light-Cone Expansion

The correlation function is expected to be dominated by light-like distances, in the case where
the kinematical invariants k2, ¢2, p2B and P? Y are below the thresholds. In that case, the
light-cone operator product expansion (LC-OPE), see [16] for a review article on the topic, is
applicable. For the physical matrix element, ¢ and P? necessitate analytic continuation, an
issue which is deferred to sections 5.3.3 and 5.4.2. Schematically the LC-OPE reads:

(g% p%. P2) = Y T (¢* 0, Pxupiu) 0 6O (u, up) (5.3.3)

9The remaining two invariants are Q%> = ¢ and p? = m%yv. The former does not necessitate a separate
statement, while the latter is on-shell, as it corresponds to the momentum of a physical state.
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where i sums over different distribution amplitudes (DAs) of increasing twist. The twist corre-
sponds to the dimension of the operator minus its spin. The terms in the sum are suppressed
by Aqcp over the virtuality, to the power of the twist. This work is limited to the the leading
twist-2. The relevant DAs are summarised in Appendix 1.2. The variable u represents generic
parton momentum fractions, the symbol o stands for the integration over the latter and T}y is a
perturbatively calculable hard kernel. The symbol ur denotes the collinear factorisation scale
and separates, within the LC-OPE, the SD physics in the kernel Ty from the LD part in the
DA. Using FeynCalc [145] to compute Dirac traces, Passarino-Veltman (PV) [146] reduction
and basis projections, the results are obtained in terms PV functions and their corresponding
dispersion relations, including the handling of the complex branch cuts, are given appendices H
and J respectively.

5.3.3 Analytic continuation and appearance of strong phases

As previously stated, the LC-OPE is valid when all invariants take on values such that no
thresholds are crossed. To obtain a physical result, two of those invariants: ¢? and P? need to
be analytically continued; ¢? to enter the physical domain for B — V(P)Il transitions and P?

to eliminate the spurious momentum k.

For B — V(P)Il, the physical range for ¢* is between (2m;)? and (mp — mpy)? and it has
become customary to exclude the region below 1GeV?, in order to avoid the (p,w)-resonance
region. For B — V', which corresponds to ¢*> = 0, it can be argued that one is sufficiently
below the (p,w)-threshold region and therefore the LC-OPE is expected to work. It is once
again highlighted, that the only trace of the spurious momentum is in P? = (pp — k)% # pQB.
This trace can be lifted by analytically continuing P? — m% + i0. Note that if the full solution
of the correlation function was available, then pZB = mQB would lead to an exact projection by
virtue of an LSZ reduction. In the sum rule approximation, the remnant of this is the fact that
the integral representation (5.2.13) averages over a narrow range of m%. On the level of the LC-
OPE, this analytic continuation is expected to hold, as it is far above all thresholds; the variable
P? does not cut through the b quark line (see Figure 5.3). Both analytic continuations lead to
LD contributions, which in turn lead to strong phases. This is illustrated for a P? = mQB—cut in
Figure 5.4 (left) and for a ¢% ~ mf, cut in Figure 5.4 (right). In summary, both ¢ and P? are
analytically continued sufficiently far above the thresholds.

5.4 Results, summary and numerics

Note that in the sum rule the product [m%fg] x (y*(¢)V (»)|Os|B(pB)), see Eq. (5.2.8), rather
than the G;(¢?) functions themselves are extracted. This suggests that one should use a sum
rule determination of the same order in the quantity [m%fg] '° in order to extract the matrix
element(s). Such a strategy has for example been proposed in [147]. From Figure 5.3, it is
evident that the 2-particle cut corresponds to a decay constant of order @(a?). The 3-particle
cut in the same figure corresponds partially to an O(ag)-correction. The former is expected to

be dominant, justifying the use of the sum rule result for [m% fp] [148] to O(al),

'9This quantity corresponds to the matrix element of the interpolating current (5.2.6).
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FIGURE 5.4: (left) Hadronic interpretation of the 3-particle cut in Figure 5.3 in terms of a

LD hadronic process. The latter is a source for the strong (CP-even) phase obtained for the

G, (¢*)-functions. (right) Hadronic interpretation of the strong phase due to ¢ > 0, associated
with B — V(p,w) — V~v* — Vll-type transitions.
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The parameters M? = M?[f,] and s = so[fn,] are not necessarily the same as the ones in the
sum rule for GG,-functions.

Following the decomposition (5.3.1), at twist-2, the spectator parts decompose for the vector
and pseudoscalar final state as follows:

Gy = 6(eh, (5.4.2)

The superscripts {_L, ||, P} refer to the projections onto the corresponding light-meson DA e.g.
(I.2.11). Out of the seven functions (5.4.2), four satisfy relations, so that the full function can
be reconstructed by three of them:

ve ¢P@),6l@, PP, (5.4.3)
The four relations required are:

G = @) =0, Y = -@/mpGs, 65 = - @/mp)er) (5.44)

Furthermore, in the ultra-relativistic approximation m%/ — 0, the projections Ggpp) (¢%) and

Gg”)(q2) are proportional to each other modulo a replacement of the corresponding DA, see
Appendix H.
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For the sake of completeness, the sum rule expression for GgL)(qQ) is given:

1 S0 m2375
a2y — / omEB (D) (g
1 (q ) (m2BfB)|SRO mg pl ( )

1 d
o) = b [ duos () S0 m 0. 5) + 6 u.5). (5.4
where p = Cr(as/47) firm2Qp/(—2) and and pB(C); and b(c); are given in Eqs. (J.4) and (H.5)
respectively.

The types of FCNC b — (d, s)-, ¢ — u-transitions of B(D) meson into a light V(P) meson that
have been considered are indicated in Table 5.1 This sums to a total of 19 transitions; 11 to a
vector and 8 to a pseudoscalar.

plalt  plr’w  plr]” KY[K]T K*[K]" K*[K]” K*[K]" ¢

(ud)  (au) £ (dd) (ud) (us) (ds) (su) (sd) (s5)
B~ | (bu) — - b—d — — b— s — —
BY | (bd)| - b—d — — - — b— s -
Bs | (b3) | — - - - b—d - - b— s
DO | (cu) - c—u - — - - — -
DY | (cd) | c—u — — — — — — —
D | (¢5) - - - c—u - - - -

TABLE 5.1: FCNC-transitions up to charge conjugation for B(D) — V(P) as indicated. The
valence quark content of the mesons are indicated in brackets and the type of transition is also
indicated. There are 11y 4+ 8p = 19 transitions in total.

The central hadronic input parameters and their uncertainties are given in Appendix K. The
collinear factorisation scale is chosen to be u% = my(me)Anaa =~ mp(me) 0.8 GeV for B(D)
transitions. This scale corresponds to the momentum transfer and is standard for hard-spectator
contributions. Central values at ¢® = 0 for ng') (0), as required for B(D) — V~-transitions and
uncertainties are collected in Tab.5.2. The Borel parameters M?[G], M?[fy], the continuum
threshold sg, the heavy quark mass my, the decay constants and the condensates are all varied
as indicated in Appendix K. The major uncertainties come from varying sg, mp and pp which
amount to about 11[15], 8[7], and 5[20]% for B[D]-transitions respectively. The uncertainties in
the decay constants can be significant depending on the final state meson, as they enter linearly.
One expects violation of quark-hadron duality to be accounted for by variations of sg. There are
two further sources of uncertainty which are not taken care of by varying parameters. First, the
scale dependence of the operator Og(uUV),H especially since proper radiative corrections in asy
are not included. At 1-loop level the diagonal anomalous dimension is ysg = Cr in conventions
where 7, = 6Cr and is fortunately small. Evolving at leading log level from u = 1 GeV to

11n physical processes, such as B — K*~, this is compensated by the Wilson coefficients.
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my leads to a 7%-effect which shall be adapted as an estimate of this uncertainty. Second,
the omission of twist-3 and higher twists: on grounds of past experience a 15% uncertainty
is attributed to them. Note that the Borel mass is chosen to suppress the latter, yet keeping
violations of quark-hadron duality acceptably small, as explained in Appendix K. Finally all
the parametric variations, as described above, and the uncertainty of higher twist and uyy are
added in quadrature, as strong correlations are not anticipated. The final uncertainties along
with the central values are collected in Table 5.2.

GSL)(O) -10% unc.% type GgL)(O) -10% unc.% type
B~ —py 029-039% 25% (bD)" | Bs— K%y 021+4+0.18 27% (bD)°
B~ — K* v 0.29-0.40i 26% (bD)™ | Bs — ¢y 0.26 +0.23i  26% (bD)°
B — pVy 0.224+0.19i  27% (bD)? | D° — pVy ~7.0-5.0 32% (cu)®
BY — wy 0.19+0.17i  33% (bD)° | DY — wy —6.1—-43i  34%  (cu)®
BY — K*%  0.204+020i 28% (bD)? | DT = pty  —1.9+25i 32% (cu)T
Df - K*¥*y  —18+421i 33% (cu)t

TABLE 5.2: Contribution of the diagrams A;-A4 in Figure 5.2 at ¢> = 0, for an on-shell
photon. On a qualitative level, there are four types of transitions, the B or D and charged or
uncharged. The notation (bD)° for instance means a b — (d, s) transition in a charge neutral
meson. In all cases, the charge conjugate transition follows by simply reversing the sign, since
all amplitudes are proportional to the charges of the valence quarks. Together with the non-
spectator correction ngs), this constitutes the relevant information for B(D) — V'~ decays.
Note that Ggl)(()) = GéL)(O). The uncertainties in the real and imaginary parts are very close
and thus are not quoted separately.

5.4.1 Qualitative discussion

As discussed in the caption of Table 5.2, there are four qualitatively different transitions de-
pending on whether the initial meson is either of b or ¢ flavour and on whether it is charged
or not, which is of course a manifestation of the sensitivity to isospin. The b-types are plotted
in Figure 5.5. The ¢?-dependence is somewhat more complex than the one of an ordinary form
factor B — 7. In the latter case, the ¢>-dependence is merely governed by a series of poles,
starting at ¢ = mQB*, and higher multi-hadron cuts. For this reason, fitting that form factor is

rather simple. In the case at hand, the photon couples to all kinds of flavours and thus poles
2
p7
in strong phases for ¢, P2 > 0, as discussed in subsection 5.3.3 and illustrated in Figure 5.4.

in ¢> = m2,m%., Y (bb) appear. Furthermore, there are genuine LD contributions which result

Moreover, note that the imaginary part decreases with ¢2. This is to be expected as the process
shown in Figure 5.4 (left) is more and more off-shell for higher ¢2.
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FIGURE 5.5: Plots of Gﬁ“(q?) and Gén)(qQ) for charged and uncharged B mesons. Any other
G,-function, where a U- or D-type flavour is exchanged, is qualitatively similar. As usual, U-
and D-type stand for the u,c,t and d, s, b-flavours.

Table 5.3 reproduces values for G1(0) for the spectator contributions Ggs) (0), the non-spectator
um G1(0) = G§S) (0)+ ngs)(()) as well as ratios between the latter

contributions ngs) (0), their s

and the SD penguin form factors 77(0).

The ratios of |G}

(L)(O)/ngs)\ are between 20% and

59% and vary considerably according to the charge and flavour of the heavy initial meson. The
ratio of \Ggs)(O) /T1(0)] is around 2% for the B meson and considerably larger for the D(-) at
5%(13%). The ratio of the total G1(0) to the SD part, |G1(0)/71(0)|, is 7% for the B meson and
rather sizeable for the D%(-): 21%(34%). Concerning the comparison of the B and D matrix
elements themselves, to obtain a meaningful answer one has to use the decomposition:

Then,

A9(0) = QuGI(0) + Q67 (0)

b
Ry =

G o)B - ]

G (0)[D - pr]

=0.14,

fy~ GPOOIB = p]

h e {b,c},qe{u,d,s}. (5.4.6)

= 0.05 + 0.04¢ .

G (0)[D = p]

(5.4.7)
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type B~ —=py BY=p%y DT —=pty D= ply
G19(0) - 1072 0.29 —0.39 0.22+0.195 —1.9+2.5i —7.0—5.0i
G0 - 1072 0.90+1.3i 090+ 1.3i —85-12 —85—12i
G1(0) - 102 124091 1.1+15i —10—95 —16—17i
G%(0)/G4")(0)| %) 31 18 21 58
¢ 0)/1(0)| %) 2 1 1 12
|G1(0)/T1(0)] [%] 6 7 20 33

TABLE 5.3: Comparison of various parts of the four characteristic types of G,-functions. See

subsection 5.4.1 for comments. For the T;(0) form factors the following were used as reference

values: T2 7P(0) = 0.27 [154] for B — p and TP 77(0) = 0.7, e.g. [155], for D — p. Note

G (0) = G (0) at this level of twist-approximation. The ratio of G\ to T1(0) can directly
be inferred from the formula (5.4.9).

5.4.2 Validity of computation in ¢*>-range

The validity of the computation in the g*-range will now be discussed in some more detail than
in section 5.3.3. The computation cannot be trusted when either real QCD or perturbative
QCD, as employed here'?, predicts the production of particles, which would be hadrons and
quarks & gluons in the respective cases. This happens in real QCD when ¢? reaches the p-,
B; s~ and Y (bb) thresholds for J* € = 1= -mesons. The corresponding production thresholds for
perturbative QCD are of the two-valence quark-type and occur at ¢?: (2mq)2, (mp + md,s)2 and
(2m?) respectively. The p-threshold leads to the exclusion of the region 0 < ¢ < (~ 1 GeV?)
for B — VIl. The quark threshold at (m; + md7s)2 indicates that the LC-OPE is not valid a
few GeV below that value. This is the case for all diagrams except A1 — Ao which do not have
these thresholds and therefore the validity ought to extend a few GeV below B*-resonance and
thus basically to the endpoint of the physical region.

5.4.3 Summary for B(D) — Vv

For the reader’s convenience, the essentials points for B(D) — V'~ decay are briefly be sum-

marised.
B(D) = Vy:  G1(0) = G2(0) = G1P(0) + 6" (0) (5.4.8)
with
610 = () Qi 1(0). (5.49)
where h = b(c), Qpe) = —1/3(2/3) and F8(7) are taken from [139]. The generic amplitude

assumes the following form:'?

A(B(D) = V) ~ (,41(131 €) + AQ(P2-E)) , (5.4.10)

12By which it is meant that the LC-OPE with perturbatively computed hard scattering kernels.
13The amplitudes A; 2 up to normalisation are often denoted by Apc py in the literature.
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where Ar, r = A1 + Az correspond to left- and right-handed photon polarisations. The result
and the leading SD penguin read:

Ay = Ay = C7T1(0) + CsG1(0) + .. . (5.4.11)

Using the notation 0’778 = O78|y5——~s for the penguin operators with opposite chirality and
the corresponding Wilson coefficients one gets:

Ay2 = C7T1(0) + CsG1(0) £ (C5T1(0) + CgG1(0)) + .., (5.4.12)

where T1(0) = T5(0) and G1(0) = G2(0) were used. The former is an equality and the latter is
a result of the leading twist-2 computation.

5.5 Comparison with QCD factorisation

This section compares the results with QCDF [17]. More precisely the diagrams A; and Ay,
in Figure 5.2, at ¢> = 0 corresponding to QqGiI’(s)(O) (5.4.2) shall be considered, where the
formulae take on a rather simple form. The G;-function at ¢ = 0 is parametrised as follows:

G1(0) = [Zj]cvilzﬁ f;l"z;B } (QeX1 + QX 1), (5.5.1)
2
with X as in [17],
X, = /Olm(u)u(u) , (5.5.2)
9P ) = 1;72“ (5.5.3)

and likewise for the quantity X |. The LCSR result in this limit reads:

S0 mZ—s
2HO5R () :/2 dse 2 p(s,u), (5.5.4)
my,
with
1 ﬁs(ngerfs)
miN, |98 ( P2(m?—us) ) s —m?
,O(S,’LL) = b : - : )
1272 f2 P2 — us s P?
N——
=cm}
2 2 2 log (%%
_ _ my N, s —mj oy [ us —mj (mQ)
pls,u) = 1272 2 [_ usP? Olus —mp) 2u?sP? * 2uP2b - (639)

It should be emphasised that the result in Eq. (5.5.3) was computed anew and found to be
in agreement with reference [17]. The contributions of diagrams As4, which correspond to

4Note the sum of these two diagrams is well-defined as they constitute the contribution proportional to the
spectator charge.
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X |, have been kept in the expression above. A few remarks about the my-behaviour are in
order. The term in the bracket in Eq. (5.5.1) scales as m;5/ 2, taking into account fp ~ ml:l/ 2,
The coefficient ¢ in Eq.(5.5.5) is O(my). The expression XJ?CDF is O(1). The questions for

investigation are:

a) The presence and absence of an endpoint divergence at leading order as, for u — 0, in
XECDF and X fCSR respectively.

b) In what respect XECDF and X fCSR can be compared to each other.

c) The absence and presence of an imaginary part, to leading order in as, in XECDF and

X fcs R respectively.

The answers to these questions are, certainly, tied to each other. First, question a) will be
discussed. Assuming the usual endpoint behaviour

u~1

o1 (u) = 6uu, (5.5.6)
the most singular part in (5.5.3),
Qcpr _ 1 - QCDF du .
xy =32 +0(@ ") = X7 =2 - + finite (5.5.7)
0

convoluted as in (5.5.2) with (5.5.6) leads to logarithmic endpoint divergence. The endpoint
configuration v ~ 1 corresponds to the situation where the non-spectator quark carries all the
momentum. On a purely technical level the divergent integral arises from the fact that two
propagators assume the same form 1/(am%), see Figure 5.6 (left), as the momentum fraction
of the spectator quark is neglected due to Aqcp/my suppression. In view of this and poten-
tial transverse corrections, it was advertised in [156], that for B — 77 and similar cases the
replacement 1/(am%) — 1/((@ + €)m%) should be made (¢ = Ap/my, with Aj, some hadronic
scale of the order of the QCD-scale) and a correction term included to account for missing soft
contributions with possible strong phases. The endpoint divergent integral in (5.5.7) becomes,

- A 1
QCDF i _ h 1
= XECDF = 2(1 + pe'®) In (7\%> + Ap-independent , (5.5.9)
h

with p € [0,1] and ¢ € [0, 27] being numbers parametrising the above mentioned corrections.
Thus changes can be expected if the heavy quark limit is not assumed as is the case in LCSR.
Yet the question to address is whether there are qualitative differences beyond the behaviour of
the RHS in Eqgs. (5.5.8, 5.5.9).

In the LCSR computation there is only one propagator with manifest 1/(@m%)-behaviour, see
Figure 5.6. Thus, to the question: Is there another one hidden in the loop? The answer is no, as
it would correspond to a power IR-divergence whereas it is known that in four dimensions IR-
singularities, be they soft or collinear, are at worst logarithmic in nature, e.g. [157]. Inspection
of the graph Figure 5.6 reveals that there can at most be a collinear divergence in the limit
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@ — 0 and p? = ¢®> = 0. The potential endpoint sensitive terms are parametrised as follows:

xﬁCSR ~ o lnéu) + B In(a) +~v1 % . (5.5.10)
Note that they are all integrable assuming the DA Eq.(5.5.6). From Eq. (5.5.5) '° it is found
that: a; =0, 51 # 0, v, # 0. The absence of the most singular term In(u)/a appears to
be accidental; such terms are present in the P/ Vll-contribution. In summary, the endpoint
behaviour of the z{¢5% (5.5.10) differs from foCDF (5.5.7) even when finite my-effects are
added by hand (5.5.8).

Before attempting an interpretation of this difference one should try to reflect on question b),
namely to what degree it makes sense to compare the QCDF and the LCSR result at face value.

FIGURE 5.6: The shaded propagators that scale like 1/(@m%) in both figures. (left) Diagram

of LCSR or the LC-OPE respectively (right) Diagram in QCDF. Thus meDF ~ 1/@? and
o C5E ~In(u)/u at worst, as explained in the text.

It is advocated here that, within the approximations, the QCDF contribution is contained in
the LCSR result but the converse is not true. For example, the gluon in Figure 5.6 (right) is not
necessarily the hard gluon of QCDF but can also be a gluon that hadronises into a 3-particle
(gs)o+-state, as shown in Figure 5.4(left). Moreover there are cuts of the 3-particle type for
the B-meson as well, see Figure 5.3. Possibly it is helpful, at this point, to note that there is
a crucial difference between the two approaches. In QCDF one computes a specific sub-process
and the corresponding scaling of the momenta leads to a clear physical picture of the dynamics
of that sub-process, whereas in LCSR one computes a correlation function, in a domain where it
is believed to be valid, and extracts the matrix element by suitable methods such as dispersion
relation and Borel transformation. Thus, the physical parton configurations are, generically,
not immediately deducible from the correlation function.

In summary, the LCSR result is not endpoint divergent, yet sensitive to the endpoint It is seen
that the amendment (5.5.8) is not enough to obtain a similar qualitative behaviour of xfCDF
and xiCSR. Whether or not this is due to the fact that xﬁCSR constitutes in addition to the

QCDF
1

physics present in x , a LD-part, see Figure 5.4 (left) is a question not addressed herein.

5 Integration over ds is not going to change anything at this point.
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5.6 Summary & conclusions

This chapter has reported on the computation of Og matrix elements between heavy pseu-
doscalar B and D states and a light vector and pseudoscalar state plus an off-shell photon, by
using the method of LCSRs, at leading twist-2 and leading «,. Scalar functions of the photon
momentum invariant Gy 23(¢?) and Gr(¢?) Egs. (5.2.1,5.2.2) were defined such that they par-
allel the well-known penguin tensor form factors T} 2 3(¢?) and fr(q?), see Eq. (5.2.3). Central
values for interesting flavour transitions are presented in Table 5.2, as well as plots of the four
characteristic cases in Figure 5.5 are presented in section 5.4. A remarkable feature is the large
CP-even (strong) phase for which a LD interpretation was given in section 5.3.3 (see Figure 5.4).
This fact, as well as the plots, make it clear why G, (q?) should be referred to as matrix elements
rather than form factors. Comparison of various contributions such as spectator, non-spectator,
and SD penguin photon emission can be found in Table 5.3. Note that the G,(¢?)-functions are
relevant for asymmetries of isospin- [151] and CP-type (depending on new weak phases) [131],
rather than branching ratios.

In section 5.5 the computation was compared with QCDF. The comparison is not straightfor-
ward as the LCSRs contain LD contributions of the type shown in Figure 5.4 (left) which are not
present in leading order QCDF. The LCSR computation does not suffer from endpoint diver-
gences like QCDF, which is attributed to the fact that IR-divergences are at worst logarithmic
in four dimensions.

A remarkable feature on the technical side of the computation is the appearance of a com-
plex anomalous threshold on the physical Riemann sheet, for which various viewpoints and
derivations are given in Appendix J. The anomalous threshold is associated, in the three point-
function, with all three propagators being on the mass shell and therefore is not related to the
intermediate B-meson state. The crucial point, for the physics, is that the anomalous thresholds
is well isolated from the mp-pole. This results in an exponential as well as oscillatory suppres-
sion by the Borel parameter, such that the extraction of the matrix element is not affected
considerably.






Chapter 6

Conclusions

To recap, despite its tremendous success, the Standard Model of particle physics is widely
viewed as the low energy limit of a more fundamental theory. One of its long-standing puzzles
is associated with the flavour sector, which is governed by free parameters, tuned to fit the
experimental observation. There is still no mechanism that dictates their size. When consider-
ing a supersymmetric framework, the number of free parameters and, as a result, the flavour,
as well as the CP problems increase dramatically. Even though there is no symmetry to force
supersymmetric sources of flavour and CP violation to be small, experiment tells us that they
have to be as all measurements so far are in agreement with the SM expectations. From the
phenomenological point of view, this issue is usually addressed by means of ad hoc assumptions
such as e.g. Minimal Flavour Violation (MFV), where all sources of flavour violation are inti-
mately linked to the flavour structure of the Yukawa matrices. However, the concept of MFV
is not a theory of flavour. Moreover, it does not seem to provide a framework in which the
structure of the fermionic masses and mixing angles, the origin of CP violation and the number
of generations can be addressed in a satisfactory way. Through all those concerns emanates the
need for an underlying symmetry.

In Chapter 2, the main features of the SM were briefly reviewed and its perceived shortcomings
were discussed. Motivating supersymmetry as a favourable new physics scenario, its basic
ingredients were outlined. Finally, the idea of imposing a family symmetry was discussed in
order to gain insight into the flavour sector of the SM and its supersymmetric extension, ideally
in a GUT background.

In Chapter 3, the crux of the original research of this thesis was reached. Therein, the SM
and SUSY flavour and CP problems were addressed, within an SU(5) SUSY GUT model of
flavour, based on the simple family symmetry Sy x U(1) [11]. The existence of three families of
quarks and leptons ensues from the non-Abelian factor of the family symmetry, whose triplets
are the only faithful irreducible representations and they accommodate the matter superfields.
Introducing a set of heavy Higgs-like scalars, called flavons, that can couple to the usual matter
superfields and working in an effective theory approach, all operators involving flavons, matter
and Higgs fields, that can form a singlet under all symmetries were identified. The structure
of the Yukawa, Majorana and soft SUSY breaking mass matrices, as well as that of the Kéahler
metrics, is dictated by the controlled breaking of the family and CP symmetries, via non-zero
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complex flavon vevs. Identifying the absolute value of these vevs, divided by the UV cut-off
mass scale, with powers of the Wolfenstein parameter A, all matrices were constructed up to and
including the order A\®. Taking into account effects of canonical normalisation and RG running,
it is found that the model provides a good description of all quark and lepton masses, mixings
and CP violation, in agreement with the LO results in [11](where canonical normalisation effects

were ignored).

Concerning the soft SUSY breaking sector, which was the main focus in this work, the mass
insertion parameters were derived, which parametrise the amount of flavour and CP violation
beyond the SM. The calculation relied on the assumption that the SUSY breaking mechanism
respects the family symmetry. The results for the low energy mass insertions were summarised
in Egs. (3.7.7-3.7.9) in terms of their A-suppression, while their full expressions were given in
Appendix F.3. It was found that 5£ ;, and 511; R are approximately equal to the identity, with only
small off-diagonal entries. Considering the parameters 5£ p» it was observed that the diagonal
elements featured the same hierarchies as the corresponding diagonal Yukawa matrices Y7/, while
the off-diagonal elements are strongly suppressed. Crucially, this shows that the Sy xU(1) SUSY
GUT model approximately reproduces the effects of low energy MFV, where one would simply
impose (5{L = 5{%1% =1 and (5{ r X Y /. The phenomenological implications of the deviations
from MFV were left to be discussed quantitatively in Chapter 4, where the predictions of the
model with respect to a number of different flavour observables were presented and discussed
in detail.

Whereas in Chapter 3 the focus was on the similarity to MFV, Chapter 4 highlighted the
differences. This was done by considering the predictions for electric dipole moments, lepton
flavour violation, B and K meson mixing as well as rare B decays. As expected, it was found
that many of the new physics contributions fall well below current limits. This is the case for
example in B physics observables, where deviations are negligible (at the 1% level). Thus, the
model would be unable to explain any discrepancies between SM expectations and measurements
in AMp, , or in the time dependent asymmetries Sy, and Sy, k. This is in marked contrast
to the SU(3) family symmetry models previously studied, where large effects were expected in
these observables. Thus, neutrino physics which led to Sy x U(1), appears to lead us towards
models with small such deviations.

On the other hand, it was found that there were observable effects which would distinguish the
Sy x U(1) SUSY GUT model from MFV. The most significant effects of the departure from
MFV appear in the (12) down-type quark and charged lepton sectors, related to Kaon mixing
observables and the branching ratio of y — e. It was found that (5 ; )12 provides the dominant
contribution to BR(y — ev) and that the model requires rather heavy sleptons, exceeding about
1 TeV, in order to satisfy the experimental bound. Another important area where the model
gives observable deviations from MFYV is CP violation, in particular the electron EDM, where
again large (TeV scale) slepton masses are required for compatibility with current bounds to
be achieved. Interestingly, it is therefore predicted that a signal should be observed in both
u — ey and the electron EDM within the expected sensitivity of future experiments.

It was also observed that with regard to CP violation in the Kaon system, the model contributes
significantly to ex due to the phase of (6%5)12. The SM prediction for this observable depends
sensitively on |Vg|, which differs when considering inclusive or exclusive decays, leading to



Chapter 6 Conclusions 107

a lower central value in the latter case. However, even for inclusive values of |V|, the SM
expectation for e is about 10% below the measurement. Thus, the model is capable of providing
sufficient enhancement to explain the experimentally observed value of €.

To summarise, in the first and main part of this thesis presented in Chapters 3 and 4, theories
with discrete flavour symmetries such as the Sy xU (1) SUSY GUT model, motivated by neutrino
physics, seem to lead to MFV-like flavour changing expectations, but with some important
exceptions. This study shows that, while observable deviations in B physics are generally not
expected to show up, departures from MFV are expected in both u — ey and the electron
EDM within the foreseeable sensitivity of future experiments. CP violating effects may also be
observed in €x, perhaps resolving some possible SM discrepancies.

The second part of this thesis was presented in Chapter 5 and described the computation of
chromomagnetic matrix elements between heavy pseudoscalar B and D states and a light vector
and pseudoscalar state plus an off-shell photon, by using the method of LCSRs, at leading
twist-2 and leading as. The basic object was a correlation function with the B initial state
interpolated by a current that has the same quantum numbers. As a result, not only the ground
state was produced but also excited mesons and a continuum of states. The calculation starts
with the four momentum invariants being far below any thresholds, such that perturbative
QCD can be applied. Cauchy’s formula was used in writing the dispersion representation of
the correlation function in the variable of the B-current four momentum invariant, the aim
being to extract the ground state. For the description of real particles, analytic continuation
of the four momentum invariants to the physical domain is required. The discontinuities in the
dispersion integrand (associated with non-zero imaginary parts of the correlation function) are
usually interpreted as physically accessible states. Upon analytic continuation of a three-point
function, the appearance of a complex anomalous threshold was observed, associated with the
case where all the propagators are on the mass shell. This made the computation highly non-
trivial, but, crucially, the anomalous threshold was well isolated from the mp pole and it did
not considerably affect the extraction of the matrix element.

An interesting feature of the computation was the appearance of a large CP-even (strong) phase,
which was interpreted as a long distance effect. For that reason, the G,(¢?) scalar functions of
the four momentum invariant, defined in Egs. (5.2.1,5.2.2), were referred to as matrix elements,
rather than form factors. Results for interesting flavour transitions were presented in Table 5.2
and in Figure 5.5. Contributions amongst spectator, non-spectator, and SD penguin photon
emission were provided in Table 5.3. Finally, the results were compared with those obtained
using the QCDF method. The comparison was not straightforward as the LCSRs contain long
distance contributions, which are not present in leading order QCDF. The advantage is that the
LCSRs computation does not suffer from endpoint divergences like the QCDF one. As a result
of this work, the contribution of the chromomagnetic operator in these FCNC decays that had
been unknown for a long time, can now be accounted for. As the G,(¢?)-functions are small,
they may not be relevant for the overall branching ratios but they can provide a significant
contribution to isospin and CP asymmetries and their calculation allows for assessing whether
any possible deviations from the SM expectations can be attributed to the associated Cs Wilson
coefficient.






Appendix A

S4 and CP symmetry

The non-Abelian finite group S4 can be defined in terms of the presentation

(ST*=1, (SU)?=1, ((TU)?*=1, (STU) =1,

where S, T" and U denote the generators of the group. Explicit matrix representations are basis
dependent. In this work we apply the basis where the T' generator is diagonal and complex for

the doublet and triplet representations. Defining w = e2m/3_ we have

1: S=1, T=1, uv=1,

1: S=1, T=1, U=-1,

o g 10 , T w02 7 U— 01 ’

01 0w 10

-1 2 2 100 100

3: S=3|2-12 ], T=[0w?0|, U=—-[001],
2 2 -1 00 w 010
-1 2 2 100 100

3: S=12-12 |, T=|0w?0|, U=+]001
2 2 -1 00 w 010

The corresponding Clebsch-Gordan coefficients are all real and can be found e.g. in [10].

In addition to the flavour symmetry Sy, we impose the canonical CP symmetry in our theory.
As has been discussed in the literature, see e.g. [171, 172], the consistent combination of a
flavour and a CP symmetry requires certain conditions to be fulfilled; in particular that the
subsequent application of a CP, a flavour and a further CP transformation leads to a transfor-
mation belonging to the flavour group. The possibility to combine the group S4 with CP has
been explored previously, see e.g. [58, 171]. Here we are interested in combining S; symmetry,
defined in the above basis, with the canonical CP transformation, i.e. the CP transformation
that acts trivially in flavour space with X; = 1 for all representations r of S4. Note that this
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particular CP transformation X, fulfils the constraints of being a unitary and symmetric ma-
trix. Moreover, it represents a consistent choice for a CP transformation (see e.g.[58]), which
corresponds to the involutionary automorphism that maps the generators S, T' and U in the

following way
S - S, T — T°=T"' and U — U, (A1)

since S and U are represented by real matrices in our chosen basis, while the generator T is given
as a diagonal complex matrix in the two- and three-dimensional representations. As with all
automorphisms of Sy, this is an inner one. In particular, one can check that the automorphism
of Eq. (A.1) is “class-inverting” [82], i.e. it maps the group element ¢ into the class which

1

includes g=*. This is true, since all automorphisms are inner ones and all classes of Sy are

1

ambivalent, i.e. the elements g and g~ are in the same class.

With only real Clebsch-Gordan coefficients, a canonical CP symmetry imposed on the theory
entails that all coefficients in the (super-)potential are real. Moreover, we observe that the
residual symmetry in the neutrino sector at LO comprises the CP symmetry if all three neutrino
flavons share the same phase factor. Following the comments of Footnote 2 of Appendix B, this
is the case in our setup, cf. also Egs. (B.1,B.2), so that the common phase can be factored out
of the neutrino mass matrix, leading to an effective LO result which conserves CP. Furthermore,
the canonical CP transformation X, = 1 commutes with the Klein group generated by S and
U and thus at LO the residual symmetry is given by the direct product Zs x Zo x CP.
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Vacuum alignment

The vacuum alignment of the flavon fields is achieved by coupling them to a set of so-called
driving fields and requiring the F-terms of the latter to vanish. These driving fields, whose
transformation properties under the family symmetry are shown in Table B.1, are SM gauge
singlets and carry a charge of +2 under a continuous R-symmetry. The flavons and the GUT
Higgs fields are uncharged under this U(1)g, whereas the supermultiplets containing the SM
fermions (or right-handed neutrinos) have charge +1. As the superpotential must have a U(1)g
charge of +2, the driving fields can only appear linearly and cannot have any direct interactions
with the SM fermions or the right-handed neutrinos.

Field || X¢ | X7 | XV XY | Y| Yo | 28 |Vo| VA | Vyy | XPew | X 0w
SUG) 1|11 |11 {11 |1 |1f1|1| 1 |1
Sy 1111|2228 |1]/11" 1 |1
U(l)|-2|14| 3 |10 9 | 6 |-16|-16| 0 [-8|-7| 18 | 15

TABLE B.1: The transformation properties of the driving fields, as introduced in [11], which
serve to align the flavon VEVs.

The LO alignment of the flavon fields, see Eq. (3.2.1), has been thoroughly discussed in [10, 11].
The particular setup also provides correlations amongst the VEVs. As described in Appendix D
of [10] and in Section 4 of [11],' the vanishing of the F-terms of the driving fields X%, Xbev,
Yy, Z3, Vo, V1 and V;, gives rise to the relations?

Py~ 505, B~y ~dY,  (¢3)°¢Y €Re,

hu ('bl/ 7 v n
Py ~ 7; ) ¢g ~ ¢§l (¢g)3 ) Pz~ W . (B.1)

!The introduction of the new flavon field n in [11] favours the exchange of the S; doublet driving field Va,
which was introduced in [10], by the Sy singlet field V;. Furthermore, the field V;,, transforming in the same
representation of S4 as 7, is introduced in order to relate the new flavon field to an explicit mass scale.

2The proportionality constant between ¢35, and ¢3 is a square root of an order one real number, which we
assume to be positive, such that ¢% and ¢35 have the same phases.
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Denoting the phase of each flavon VEV qﬁ,’j by 9,’; , Eq. (B.1) correlates the LO phases as®

05 =0,  05=205+305,  05=05+365,
0" =303 — 0%, 0% =05=0" =209, (B.2)

leaving as free variables only the two phases Gg, Hg, which correspond to the LO VEVs of the
two flat superpotential directions: <<I>§l’1> and <<I>§’2> respectively.

In order to find the higher order terms of the flavon VEVs, we start by writing each one of them
as a series expansion in A, up to and including order A'2. For example, the leading operators of
the superpotential fix (®% ;) /M to be zero up to A*, while (®4,)/M has to be ¢§ A* [10]. When
considering the subleading operators, the VEVs of @4, and ®4, receive corrections (shifts)
which we parametrise as

§
084 A"
0 — 21

All flavon VEVs are parametrised in a similar manner. The aim is to find the order of A at which
each shift § has to be non-zero. The computation consists of taking into account all possible
operators and solving the F-term conditions resulting from the set of driving field order by
order in A, up to A'2. Each vanishing expression is solved for the lowest order shift involved.
At the end, all shifts can be expressed in terms of the LO flavon VEVs. We find

(P3) _ ig,l A8 ., <‘I’15>: - ig,l {‘6 B ﬁ:¢nA4+5nA5’
M G5 A"+ 055 A M Py A"+ 055 A M

—~

d 5§l P X0 =d Sgl 1A d d
iy ) o - a0 . i) A
<]\43> = Q;g )‘26 ) <]\43> = - <~g )\3 + (ig,z(él) )\4 + 6~g,2(5) )\5) ) < 7‘2[> = (5;52 )\7 ) )
553 A §AT 405, AT+ 055, N ’
1
(®3) 4 5 (@) P A+ 85 | N (@) 4 5
_ v v - : = ¢ YA, B.4
M 1 (85 X7+ 05.°), M PEANF YN )T M PLA + 1A (B-4)

Note that the shifts presented in Eq. (B.4) are the first non-trivial ones. However, in our
calculations of the mass matrices we take into account all shifts up to O(\®). It should be
pointed out that the alignment of ®%, is not perturbed up to order A8, so that it preserves the
S symmetry to that level. On the other hand, the alignment of ® is already perturbed at
order A\? which, however, does not break the S generator as it is nothing but the identity for
the doublet representation. Taking into account also CN effects, one can show that m‘;ﬁ has the
form of Eq. (3.4.22) up to O(\7).

Eq. (B.4) is in agreement with the discussion presented in Section 4 of [11], barring the ab-
sorptions of 655 A, 059 A, 6%72(@ A, 05\, 07X and 6" A into the corresponding LO VEVs. Being
interested in the CP transformation properties of the fields, such absorptions must not be made

3Here and in Eq. (B.6), a possible phase shift by 7 has been ignored as real coefficients can generally be
positive or negative.
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in the current work, as the phases of shifts and LO VEVs are generally different. In particular,
we find the following relations between the shifts and the LO VEVs,

551~ (62093, 0%y~ (0D)0(e9), 0%y ~ 0%y~ (D)0, 67~ (69),

5d d\5 1d 5Y 5Y K14 5Y (¢§l)4 B5
2,2N(¢2)¢3a 3/ ~ 021 ~ 09~ 0] ~ ol (B.5)
3

Similar relations also hold for higher order shifts. Although such shifts have to be taken into
account when performing a systematical A-expansion, their explicit expressions are irrelevant
for our phenomenological study.

The phases of the LO shifts can be deduced straightforwardly from Eq. (B.5). Denoting the
phase of 52;1- by 92;2. we obtain

O, =205 +305 , 03, =2(305+209) , 0%, =05, =405 +05, arglo") =765,
05, =053=05, 03, =05+30%, ég,2(4) = 503 + 465 , afg[ggg(s)— 5??,2(5)] =503 ,

6, — 500+ 08, axglét] — 5, — 05, — anglel]) — 16 — 03 (B.6)






Appendix C

Basis transformations

C.1 Canonical normalisation

In order to find the transformations which map the Kéahler potential into its canonical form, we
express the hermitian matrix 4 as in Eq. (3.3.14), i.e. P;PA = K 4. Note that the matrix Py
is not unique since P4 — Q4 P4 with unitary Q4 will satisfy Eq. (3.3.14) just as well. Moreover,
K4 can always be decomposed as

Ka = (Q4vDaQa)(Q,v/DaQa) , (C.1.1)

where D4 is the diagonalised form of K 4. Therefore it is sufficient to find a hermitian matrix
P4 which satisfies Eq. (3.3.14), i.e. PLPA = P4P4 = K4. Expanding K4 and P4 in powers of
A,
o o
Ka=> kaX",  Pa=> pmA", (C.1.2)
n=0 m=0

with k,,, p, being matrices, allows one to calculate P4 iteratively. With kg = 1, the result reads

1 1 n—1
po=1, p1 = ikl , Pn = ) kn — ijpn_j . (C.1.3)
j=1

C.2 SCKM transformations

The SCKM rotation matrices that diagonalise the Yukawas are found through the singular
value decomposition. In particular, if Y/ = Ugffdjiag(U 1’;)7, then Ug and U ]J; consist of the
eigenvectors of Y/ (V) and (Y/)TY/, respectively. These eigenvectors are only defined up to
phase transformations

it it iod

U}j — UI{Q{, Q{ = diag (ele , eWL2,emL3) , (C.2.1)
o o o

UL — ULQLQL,  Qf = diag (ele : e’“Rz,e’”R3> : (C.2.2)
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We fix the phases of the matrices Q{ by requiring that the CKM and PMNS mixing matrices
are given in the standard phase convention, while the phases of Qé are fixed by demanding

real and positive charged fermion masses. To L.O, we find the following structure of the SCKM

transformation matrices in terms of their A-suppression.

1 A\t XS 1 M\t )6
U~ X 1 XN |, U~ | M 1 XN |,

A6N 1 A6 N1

1 A A 1 A M
Uf ~ 1 X, Ui=|[x 1 X,

AN 1 PSP S|

1 A M 1 A A
Ui~ X 1 M|, U~ X 1 )

AN A2

(C.2.3)

(C.2.4)

(C.2.5)

With these SCKM transformations, it is straightforward to calculate the CKM mixing to leading

order,
o T2 )3
Terd ~1 ys>\ yb)\2
_ U * _ T2 Ys
VCKMGUT - (UL) UL ~ ys); 1 yb)\
_e—i0d T3 N4 ys )2
€ ysyb)‘ l/b)\ 1

(C.2.6)

The associated measure of CP violation is given by the Jarlskog invariant ‘]CqJPGUT and can be

calculated from the imaginary part of VekMeur,, VCKMGUT32 Vé"KMGUT22 VékKMGUTgl . The explicit

result can be found in Eq. (3.6.5).



Appendix D

Mass insertion parameters at the
GUT scale

In the following we present the explicit expression for the various LO mass insertion parame-
ters at the GUT scale whose A-suppressions have been stated in Eqs. (3.7.4-3.7.6). Using the
definitions of Egs. (3.7.2,3.7.3), we obtain

1 671:51512 )\4 efi(4eg+9g>l~713 6
01 \/b01(b02+v3 y2/m3)
5%LGUT ~ 67i<793+2gg)523 5 y
\/bo1 (boz+v2 y2/md)
1
1 e_’:gi)lg )\4 1;13 6
ot \/b01 (b02+vﬁ yf/m%)
SRRauvr ~ | . 1 B B 2 Ao (D.1)
\/bo1 (boz+v2 y?/md)
1
‘Tfl*yu#
bolﬂo)\8 ~u,L _dO
5 Uy g 0 a”jﬂ 24 2 ay, 7
LRgur ™ mo 01 \/bm (1302-&-115 yzi/m%) )
0 ei<3eg+eg)&gg - a%s—yt Tz
\/1701 (b02+vﬁ y?/mg) bo2+v2 y7 /mg

o, ied ) nd ~ nd ~
1 Bio A3 €72 By A4 105 4 it 4
551 bo1 bg1 bo2 5d 1 e”2Ry2 A € b R124)\ (D 2)
~ B 2 ~ . 1 — Ri9 A .
LL . 1 —225_ \° |> RR 12 )
GUT b01 b02 GUT 1
1 . .
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1 (~d _ #ts 33 6 afy 5 afy 5
Vbo1 (all Ao ys A Vbo1 A 201)\
d ~ Vd @0 a12 5 1 ~d Mg 4 a3 4
0T Reur & - ﬁbo A T agzd A, Ys A - A )
719‘1 a31 )\6 ags )\6 1 (~d nig ) 2
1 i L (Gd, — o)\
bo2 vbo2 vbo2 33 Ag Yb
~ ~ 19 >,
4 _ 4 _ €2B15 43 Bi3 4
LoRnX - R 1 - gpBu s Bu_,
e ~ (= ~
OLaur ™| - 1 — R A" |, Orrgur | - 1 731%12:02 a2 |, (D3
1 1
1o R2 0 ~d 5d
1 (&d K Bﬂ) )\6 € 2ajy )\5 as Aﬁ
3v/bo1 1 . Ao ys Vbo1 Vboz
5 o o Vi _eT?2afy 5 38 (ad, — 1o, )\ a3 6
aur ™ T v Voo \ %22~ A Vs Vbor
B 162a§12 5 3ads 14 1 (dd _ ptg yb) \2
Vbo1 vbo1 Vo2 \ 33 Ao

These § parameters are expressed in terms ag = Ag/mo and the coefficients of the soft mass
matrices in Eqs. (3.6.13-3.6.21), where we have defined:

bia = (by —borka), b1z = —(bs — borka), baz = —(b3 — borks), (D.4)
~ ~2
~ X9 ~ ~ Y ~
Big = 2-=(by — boik1), Big = —2-(bo1 — bp2), DBaz = =(bo1 — bo2), Ri2= Bs— K3,
Ys Yb Ys Yo
and
. y . y Q¢ S(pFua Zy Zua
d’lul = auel(9u79u)’ (132 = acel(ecfeu)7 dé’fg — at7 d7213 — Zg < _ 61(92 792 )2u> ’
Yt Z9
.% ZTa T a a s(pa ~ S(pa __
&‘111 = ( e'f2" ~02) _ 2 ¢il0s _ey)> ) dgg = aze' %" _eg)’ ag:s = aye’ % 95),
T2 Ys
:Ea Za T a (pa a a a
afy = fz 22103 -02) _ 861(95_020 , a9y =ys < 2 i3 =05) _ 20il6] 0y)> )
1'2 Ys s yb
da
a a - n*dg z
flg1 _ ap 1(0 —6¥) _ 761(93 —054) ’
<3
a y ap y ay y zd“ ‘(07da _p3d
ad, — < s i(03-0Y) _ bez(Gg—Ob)> b of [ GeiOp-0p) _ P2 i —0it) )
Yb Yo Yb 25
do ;
Sy = 9% <a5 i(0e—6Y) _ abei(9§—9§)> 4 od [ Dei®3—03) %ei(%d“ =04 | . (D.5)
Yo \ Ys Yo Y 24
The phases Hu s 0:“ 4 6% can be expressed in terms of the flavon phases Hg, Hg according to

Egs. (3.4.4,3.4. 10) This has been done in Eq. (D.4), but we refrain from doing so in Eq. (D.5)
in order to highlight the fact that all &ij become real in the limit where the contributions of
the auxiliary components of the flavon superfields to the A-terms are neglected such that the
relation ¢ = 6% holds.



Appendix E

Renormalisation group equations in
SCKM basis

The renormalisation group equations for the parameters of the superpotential as well as the soft
breaking terms are usually given in the gauge flavour basis, see e.g. [47], with the transforma-
tion to the SCKM basis being defined only at the electroweak scale. As already discussed in
Section 3.6, we find it useful to diagonalise the Yukawa matrices already at the high scale. In
such a high scale SCKM basis, the RGEs will explicitly depend on the CKM mixing matrix.

Here we define for convenience
V = (U})'U} = Vékmaur- (E.1)

Introducing the parameter ¢t = In(u/M,), with p being the renormalisation scale and M, the
high energy scale, we have for the Yukawas and the trilinear A-parameters,

ay" s . 16 13 . e\ -
1672 T (3Y“Y"T +Viydydty — §g§ — 3¢5 — 759? + 3Te[YTY Y] + Tr[Y"TY”]) Y,
16w2d—w = (syayat pyyupuiyt 1002 g T o 3Tr[Y4UYd) + Tr[yetye] | v
a 3 93 92 1591 )
1672 ddt - (31/61/‘3T + Uy Yyrius — 3¢5 — gg% + 3Tr[Y Y] + Tr[YeTYe]> Ye, (E.2)
dA® . e 1 1 . .
1672 i <5Y“Y“T + Viydydty — 3693 — 393 — ng% + 3Ty iy Y] + Tr[Y”TY”}> A"+

- e 32 26 ot -
+ (414“1/“T +2viAdydty 4 §g§M3 + 695 My + ﬁg%M1 + 6Tr[Y“TAY] + 2Tr[Y”TA”]>Y“,

dA4 . - 1 . —roer)

167° = = <5dedT N 78740 A 7a 3693 — 3¢5 — %g% +3Te VYY) + TﬂY@Wﬂ) Ad 4
i e 2 14 . ot vor) <

+ (4AdY(” + 2V ALY YT 4 %ggMg + 692 Mo + = g My + 6Tr[Y4T A) + zﬂ[yeme]) v,

dA
1672
61 i

_ (m?efxef FUSYYUIUE - 863 — g7 4 ST 4 Tr[?eWe]) iy

o~ 1 -~ . -
+ (4AeyeT + 20T AV YVTUS 4 692 M,y + EE;g%Ml + 6Tr[Y A + 2Ty [y e Ae]) ye. (E.3)
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Appendix E Renormalisation group equations in SCKM basis

The running of the soft scalar masses in the SCKM basis is given by

with:

5 d

2 _ U d

167 (m3) o = Go 1+ Fg+VIFGV,

d ~ 2 u d
1672 (Mma)e = Gol+ VE4VT+ Fg,

d
16772%(77@)“ =Gp1+Ff+ FY,

o d
167T @( )RR - Gf]l +Ff7 f =, d7 €, (E4)

Fg = ?U?UT( i)LL =+ ( T 2)LL1~/U}N/UT + 2?“( T 2)RR}~/UT —+ Q(m%u)yufﬂ” + QAUAUT,
FS =YYl pr + (md) oYV + 2V () rrY T + 2(m3;, ) YV 4+ 24947,
FE = ?6?6{( Q)LL + ( )LLYeYeT =+ 2Y€(mg)RRY6T + Z(m%{d)ffel}d + QAGAET,

FY = USyvytus (m?

2w+ () L US Y Yius + 22Uy mi Y U +
+2(m3 ) USTY YU TUs + 208 A AVTU

Fy =2 (?“Ti/“(mi)RR + (M2 gRY MY 4+ 2V (12) L, Y + 2(mdy ) VY + 2A“TA“) :

= 2 (PHV i mn + (3) e MY 4 27 (03) 4 2my )PP 4 240 A7),

F, =2 (Y@T?e(mz)RR + (2 RrY TV + 2V (m2) LV + 2(m%, )V IV + 2A€TA6)

Gg =

( 1My -

10

1
—4( M2 + SR + B - LR, m@),
2M 2 3 2 2
+E91’ 1+ 1091(mHu—de)

8 2
MR+ 2gmy, - m%m) ,

5
2 1o o 2
*91|M1| gl(mHu de) )

3
S, i) )

For completeness, we also show the evolution of the u parameter, i.e. the coupling of the bilinear
superpotential term H, H,,

d S e ot 3
167r2di; = <3Tr[Y"T YU 4+ 3Te[YHY 9 4 Te[Y V) 4+ Te[YV YY) — 3¢2 — 5g§> w, (E5)

where g;, M;,

1 =1,2,3 are the gaugino couplings and masses respectively.



Appendix F

Renormalisation group running

In this appendix, we provide analytical expression for the RG evolved Yukawa couplings, soft
terms and mass insertion parameters. We estimate the effects of RG running using the leading
logarithmic approximation. In order to formulate the two-stage running (i) from Mgyt to Mg,
where the right-handed neutrinos are integrated out, and (i7) from Mg to Mgusy ~ Mw = Miow,
we introduce the parameters

1 M, 1 M,
n ln< GUT> . NN ln< GUT) : (F.1)

= 1672 Mo = 1672 Mg

For Mqur ~ 2 x 10'6 GeV, Mg ~ 10" GeV and M., ~ 103 GeV, n ~ 0.19 is of the order of
our expansion parameter A ~ 0.22 and ny =~ 0.03.

F.1 Low energy Yukawas

The SCKM transformations, discussed in Section 3.6, diagonalise the Yukawa matrices at high
scales. RG running to low energies re-introduces off-diagonal elements in the low energy Yukawa

matrices. These off-diagonal entries in fﬂgw and Y% are proportional to the quark masses and

low
the Vokw elements. As the CKM matrix features only a mild running, the RG corrections can
be treated as a perturbation. In f/lgw, the off-diagonal terms are proportional to the charged
lepton masses and the elements of Y. The corresponding RG equations are provided explicitly

in Eq. (E.2) for convenience. To LO in A, we find,

1+R, 0 0 0 0 T2\
Vo= | 0 1+RL 0 | Yur—nwmy [0 0 |, (F.1.1)
0 0 1+R/ 00 0
1+R} 0 0 0 0 ey
Vi~ | 0 1+R 0 | Yurt+nw|o o oyt |, (F.1.2)
0 0 1+R 0 Ex g
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1+R 0 0 0 —3ys A8 yp A6

Yigw =~ 0 1+R{ O Yéor+nvyp R, |0 0 X |, (F.13)

0 0 1+ RY 0 0 0
with
46
RZ:U<59(21—3%2>—377N1/%, Rf:Rg—?)nyf, (F.1.4)
Ry =t RY = RY —ny? (F.1.5)
d_n5gU’ p — g —NYs 1.
24

RY =n"cgt —nnyb,  Ru=20 —yp(Ks + K3). (F.1.6)

where gy ~ +/0.52 is the universal gauge coupling constant at the GUT scale.

F.2 Low energy soft terms

Similar to the Yukawa matrices, the parameters of the soft terms have to be run down to low
energies. Moreover, it is mandatory to perform further transformations to the “new” SCKM
basis which render Y/I(J:W diagonal again. The running of the trilinear terms is similar to the one
of the corresponding Yukawas. To LO in A, n and 7ny, we derive the following expressions in
the “new” SCKM basis.

1+RY 0 0 R 0 0

A ; Abur 20 |7y
| 0 1R 0 Gt =20 0 RGO |V (F.2.1)
0 0 1+RY 0 0 Ry
0 0 yb 7 oi(03" —03) \T
—2ny: | O 0 ypas e 0N
0 ytei(39§+9§‘f)a%3)\7 0
d 1+RY 0 0 A R3 0 0\
|0 g Ry 0 | SREE-20 0 Ry 0| Vi (F.2.2)
0 0 1+R/ 0 0 RY
0 0 0
+2nysye | O 0 a At |,
0 ﬁ (ys at — Yy &gg) A0
Tllow ~ 0 1+R! O —CUL _ 2R Yéur (F.2.3)
0 0 0 1+RY °
o 6
0 0 %TS A
+2ivypRuye [ O 0 A0 |,

0 0 O



Appendix F Renormalisation group running 123

with
[ a3 1/2+3a +3 RC=R"+3 (F.2.4)
u 5 t Yt "IN YD @D, t =y 14t Yt “Lie
a 4 a a
Ry = g .’ Ry = Rg +natys, (F.2.5)
24 o My
R? = "= gb—2% +ux ypap, (F.2.6)
5 Ag
R = zPeei®™ _ op(Ks + K. (F.2.7)

The first terms in Eqs. (F.2.1-F.2.3) are analogous to the first terms in Egs. (F.1.1 - F.1.3); they
are usually ignored. The second terms contain the universal gaugino mass M, contributions,
which generate non-zero diagonal trilinear couplings through the running, even for Ay — 0. The
sources of the off-diagonal entries in the Yukawa couplings are also present for the trilinear soft
terms. We see that the (13) element in A¥
is an O(A%) contribution (but additionally suppressed by a factor of 1) to the (23) element,

low> Which was zero in AGUT? is now filled in, and there
which was of order A7 in A% . The (32) element in A , with aY; given in Eq. (D.5), is of
the same order in A as the one that is already present in fléUT. All the off-diagonal elements
generated by the running in flﬁ)w and in flleow are of the same order in A as the ones that were
already present at the high scale.

Analogously to the trilinear A-terms, we find for the soft scalar mass,

O O yt2 (m%)LLQGUTIS

(ﬁli)LLlow ~ (Thg)LLGUT + (6 51+ Tu) 1—n 9 (mﬁ)an(éUT (F 2 8)
m% mg : L . 0 n m% 23 ) L
2R,
0 0 yf gyt
~ t 2
(mu)RRlow (mu)RRGUT u (m2) "o
5 R 5 +(6.15x+T) 1 —2n| 0 o2 wRRGUTy; |, , (F.2.9)
mg mg Yi m32
2R,
2R 2 (mg)LLGUT
() rry,  (2) 00 (i o) g
A8l o STWILLOUT 4 (650 + TP D +n | | o (2R, o) M iteury, |, (F.2.10)
my my . bo1—bo2 Vi m3
— 2R,
~ 2 ~
(M) R (Ma)RAGur (610 1 7)1 (F.2.11)
my my
B 8 0 Epn —Ef
2 2 12
(me)Lflow ~ <m6)L2LGUT + 05z +Tf—2pnR)L—2ny | - 0 —Eyp |A, (F.2.12)
my my 0
(o), (Me)RRGuT 4 (015 4 )1, (F.2.13)
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where we have introduced the ratio z = Mlz/2 /m? and

Ry = (2b02 + cm,) y; + af af, (F.2.14)
By = yh (RquBé,V—KéVBéV) + R — (K3 + KR, (F.2.15)
Ry = (14 BY + cn,)yd + adad (F.2.16)
Ry = (1+ BY +cm,)yp 22 + adap P2 (F.2.17)

with ag = Ag/mg and cpy, = m%IuGUT / mg. Furthermore, the small quantities T£ r are defined

as
1 1 1 1
T = — | =T + A} Th = — | —=T + A% F.2.18
L m%<20+L>’ R m%<5+R>v ( )
Té = 1 iT+ Al T4 = L 1T+ AL (F.2.19)
m \ 20 mg \5
1 3 1 3
qe_ L (35 Ae Te — 2 (24 Ac F.2.20
1I‘l(]\4low)
with T =5 [ gf (mF, —m3;,), as well as
In(Mgur)
L (1 2 v 2.
A} = (2 ~3 81n2(c9w)) cos(26) M2, Afp = 3 sin” (B ) cos(28) M3, (F.2.21)
1 1 1
A = <—2 + 3 sin2(9W)) cos(2B)M2, A% = —3 sin?(fyy) cos(28) M3, (F.2.22)
1 1
Af = <—2 + 3 sin2(9W)> cos(26) M2, ¢ = —sin?(Oy) cos(26) M% . (F.2.23)

The contributions T}j  to the running soft masses are usually ignored, and it is common practice
to set them to zero in a numerical scan. In our study, we will therefore not consider them any
further.

The off-diagonal entries in the soft scalar masses which are induced by the running are of the
same order in A as the high scale ones, with an additional suppression by 7. Only for the LL
masses of the down-squarks and charged sleptons, the contributions due to R, and Rl(/) can
be relatively large as those factors take values up to ~ 35 in a numerical scan. Generally,
however, the main effect of the RG evolution on the scalar masses is the change of the diagonal
elements. The masses of the first two generations of (m2)rr,.., (M2)RR.s (M3)LL,, and all
three generations of (mg) RRy.s (M2)RR,., are increased at low energy scales due to the second
terms in Eqs. (F.2.8-F.2.13). The (33) elements of (m2)rr,.., (M2)RR,,, and (M3)Lr,., can
still remain relatively light, as they also feel the effect of R, defined in Eq. (F.2.14), entering
with a negative sign. Similarly, the enhancement of all three diagonal entries of (m2)rr, . is
reduced due to the term —2ny R; which encodes seesaw effects.
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F.3 Low energy mass insertion parameters

With these preparations, we can now formulate the mass insertion parameters at the low energy
scale.

Up-type quark sector:

1 .
(0fp)2 = ﬁe_wg bia A%, (F.3.1)
(lec)
1 apdopd ~
(OF s = e ETII(L —yyf) b 2, (F.3.2)
PricPrsc
1 A -
(031)23 = ————e T2 (1 — pyy2) byy A, (F.3.3)
PricPrsc
FY _ 1 —i@gi) )\4 F.3.4
(Orr)12 = T3¢ 1277, (F.3.4)
(pRlG)
1 -
(0hr)1s = —————(1 = 2ny?) big A%, (F.3.5)
pRleRBG
1 ; d d ~
(0kR)23 = ﬁel(wﬁ%)(l —2ny7) baz A°, (F.3.6)
pRlc}pRSG
QQ Uy aiq p(l+ RM) R > 8
0y = —y,(1+ RY ( — -2 A%, F.3.7
Ok mo p%lG pjuglc bl 2 Yu Aotg 1+ Ry ( )
Qg Uy ag, w1+ Ry) Ry > 4
U )gy = — 0V (14 RY (— ) A4 F.3.8
(Ohr)22 mo p%m‘ p%lc bl 2 Ye Aotg 1+ Ry ( )
o vy i, wl+R) . R
§U )3 = — 2 (14 RY < - ) : F.3.9
Olr)ss MO Plac Plhsc (I RD L, Aot 1+ R (F-3.9)
(67 r)12 = (0fr)21 = (0LR)31 =0, (F.3.10)
apvy TS i(o7a—o3) R¢ > -
§U )y = ———0u 5 12 git03—05) | A7, F.3.11
(6LRr)13 0 Dl Pl 2 Yb Yt (332 e n ( )
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QU Uy, Us j(ga—oY) R 6,
0fR)2s = ———————4 —Ys Wb ¥ (el( sTUs + 2n\° + F.3.12
i) mo Pqim: plfgac { ’ ! Ys Ry ( )

. R¢
+ AT (14 RY —ny?) + 2 O >><
[ 23( Uyt) ﬁybyt< 12 <ys 11 R

da . n*da zZ
x (Z2 cos(03) — 2§ cos(463 + 63)) + Zdel(49d+9§l) (ei(e‘;@sy) _ %g(%d 94d)> )] }7

2
(0fp)sz = —— (1 + RY — 27y2)e GO+ \T, (F.3.13)
mgpligg p%glc

where, in Eq. (F.3.12), 2§ and 2{* parameterise the O(A\%) NLO corrections of the (22) and (23)
elements of the down-type Yukawa and soft trilinear structures, respectively. Originating from
the second term of Eq. (3.4.7), 2467'9 =ydod 20 )ng, so that 07 = 609 + 40¢. We see that the
term proportional to n A8, which was generated in AIOW ,; via th RG evolution, is the source of
the associated term in (6% )23, which was of order A7 at the GUT scale. In Eqgs. (F.3.1-F.3.13)
we have defined the factors

2
pqzm = \/6014—6.5%, pz3G:\/b02+65.73—27]R + u2 (1+Rt) ,
0

2
Pric = Vbo1 +6.152, Prsc = \/bgg +6.152 —4nR, + “2 2(1+ RY)?, (F.3.14)
my
which are related to the full sfermion mass matrices by

~ s e w o~ u
Mapy, &~ Mep, FMoPric, mi, . ~MoPrsc,

~ e A u o~ u
Mapr =~ Mégr =~ MOPRIG My, = Mo Prsc (F.3.15)

whose GUT scale definitions are given in Eq. (3.7.1). The p parameter at the low energy scale
can be estimated by

3
Pow = 1 (1 + Ry), R, =4n (0.9 g — 4y§> — 3N Y5 . (F.3.16)
Down-type quark sector:
d 1
(6zp)12 = ) ——— B2 A%, (F.3.17)
L1G
(671)18 = L giog % (bor — bo2 + 21 Ry) <1 + ny; > A (F.3.18)
L p%le%m Yb Ys 1 1+ R?g ’ e
(77— (bm—boz+2nR)( nyi >>\2 (F.3.19)
e leGles Yo L+ Rg ’
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(6%r)12 = —(6%R)13 = ¢ Rip A1, (F.3.20)
(k)
1 ~
(6%R)2s = —prEte AL (F.3.21)
R
(s = —COVd_T5y gy < it B, R )AG (F.3.22)
mo p%m pﬁl{ Ys d I3 /ys Ao 1+ RZ 7
~d a
@0 Vd agy _ ptp(l+ Ry) 1 4
64 =< y.(1+RY (— -2 2\ F.3.23
OLr)22 mo p%lG pcfzy ( d) Ys A 1+ RZ ( )
ad t3(1+ Ry) Ry
§hp)ss = — o (14 RY (“33—“5 w9 ))\2, F.3.24
CLr) mo s P ( ) Yo Ag 1+ R} ( )
g Vg i
(67 R)12 = —(6%R)or = (6T )13 = ———— (1 + RY)aga \°, (F.3.25)
moPric PR
(8 )23 = — 20—y (1 + RY) (dg3+2 nyi (“t+ R >>)\4 (F.3.26)
b mo de1G p?{ ’ d Ys 1+ Réj Y 1+ Rz ’ e
ap v _ _
(67 R)s1 = me %1+ RY)ag, A, (F.3.27)
136 PR
~d 2 Y 2 ~d
a0 Vg a ys | 2(1 + Ry) + ny; asgs
59 )30 = — 2 (14 RY)y, | 222 4 2py22s b ajs
(07R)32 mop%mde( b)Y w M2 T Ry,
ag Ry (1+ RY)? "
S o A% F.3.28
(yt 1+R§> (1+Ry)? ( )

where

e = Vbor + 652,  plia = \/boa+ 65z —4anR,,  ph=V1+6.1x, (F.3.29)
such that
~ ~ ~ ~ d ~ ~ d
mdLL ~ mSLL ~ Mo leG ) mbLL ~ Mo pL3G )

~ Mme  aS M A d
Mg, N Mapp &My~ Mo P - (F.3.30)

Charged lepton sector:

1 - -
(ke = —(in)es = o (Fr2 = 20w Er2 ) X1, (F.3.31)
L

(Rlz - 277NE;‘2) A (F.3.32)

Obihs = =75



128 Appendix F Renormalisation group running
1 . dBlQ
0%p)1e = ————el%2 2 )3, F.3.33
1 Bz,
(0hr)13 = 72" A%, F.3.34
it Phic Prac 3 ( )
1 -
(0rRr)23 = . 3Ba3 A2, (F.3.35)
RlG pRBG
1 vgag SE% Ys —g4 pts R?
8¢ = 2A4+R)(Zad, - =L(1+R,)—2—C |\ F.3.3
1 vgag ady, pts R
5 = 3ys(1+ RY <—1+R —2——C )4 F.3.37
Obp)z2 PLPpc Mo bl ¢) Ys A ( 2 1+ R ( )
1 wiag (d§l3 pts a ) 9
) = 1+RH (=22~ ""F(1+R,)—2 £ A4, F.3.38
(Oh)ss P PRsc Mo o ¢) Yb A ( 2 1+ RY ( )
1 Vd O i09 ~d 5
05 p)12 = 1+ RY)e"2afy \°, F.3.39
(e = i R0+ RO al, (F.3.30)
(65 )i = o VL0 ((1+Ry>ad + 20 yp R (O‘D+ e ))AG (F.3.40)
T b mo S W\ TrerE))
1 Vg O i0d ~
(Ohr)2r = Ofmlor = =% jnoo (1+ RY)e~ad, A0, (F.3.41)
LY RIG
1 vy - R R?
(07 R)23 = 0 P ;100 <(1 + RY)aSs + 2nn yp Ry (RV + 7 +€Ry>> A6, (F.3.42)
LEYR3 v e
(0Lr)32 = L v Y1+ RY)3a%, M (F.3.43)
PS5 Poua Mo Ty
where
P = V1+05z—2ny Ry, phie = Vbo1 +0.152,  phac = \/boo +0.15z,  (F.3.44)
such that
Mer, = Mpp, =~ Mz, = 1Mo pi,
Mepp = Mipr = mopialG ) Mipr = mopf%so . (F.3.45)



Appendix G

Loop functions

The dimensionless functions Cp, C7, Ck, Cs, Cp , O and Cp which appear in the ex-

pressions for the EDM of the electron in Section 4.3.1 and the branching ratio of 4 — ey in

Section 4.3.2 are defined as [97]

4
Ci = 72011‘ ;
where
2 2 2 1
Ig(Mi, m, mg) = —5—— [yr 91 (zL) —yr o1 (zR)],
mp —myg
1y
I (mi, M}, p*) = — [P (zL) — P (yL)],
mrpyr —IL
I yr
I mQ,MQ,,u2 = —5———|h1(xr) — h1(yr)|,
bl ME, 1) = o B [ o) = o )]
Mo cot? 0w YL
I(m%, M2, i) = ho (27,) — he (y1)]
2( L 2 ) Mlm% n _x/L [ ( L) ( )]
1
I§3,R(M127 m%a m2) = T35 2 (yR hl ($R) - m%%IB) ’
My —my,
1
IjB,L(Mf, mi, mp) = T —mZ (yL hi(zr) — mQLIB) 5
R L
2,2
1
I// ]\427 m2’ m2 _ Mi I/ _ ]I ’
B(Mj 7, MR) m%_m% 2 (?JR B,R — YL B,L)
with
‘]Ml2 ]\412 ! ]\422 s p
rp = —5, TR = —5 Ty = —5 YL = —5 YrR = "5
my, mp my, my, mp
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and

1 y? + 2y In(y)

91(y) = 1-y)? )
e 2 2 n
h(y) = LF 5y(1+_(z?;4 +4y) Iny)
2 11 2 n
holy) = Ty” + 4y 112(y2£y1)1— 6y +2)1 (y) (G.10)

Note that we assume real and positive values for M; and 2.

The loop functions appearing in the meson mixing amplitudes of Section 4.3.3 as well as the
branching ratios of Bs 4 — ' p~ in Section 4.3.5 read [76]

6(1 + 3y) In(y) + v — 9y? — 9y + 17

foly) = i , (Ga11)
Fi(y) = SLHY) 1n<zg)(;_yi; W' +9y+1 (G.12)
hi) = 7= + s (), (G.13)
) = g7 — Ty ), (G.14)
Fe) =~ e AR (G15)
fs(y) = 2&?{ ;)22 i _yy) 2 ln(y). (G.16)

The relevant functions for the branching ratio of b — s in Section 4.3.4 are given by [13]

_ 144y —5y* + 4y In(y) + 2y In(y)

M (y) 20— ) : (G.17)
—1+ 9y + 9y? — 1793 + 18y% In(y) + 633 In(y)
Ms(y) = 20— 1) : (G.18)

Finally, the loop functions entering the hadronic EDM expressions in Section 4.3.6 are [121]

3+ 44y — 36y — 1297 + y* + 12y(2 + 3y) In(y)
a 6(y —1)° ’
10+ 9y — 18y — ¢ + 3(1 + 6y + 3y?) In(y)
- 3(y — 1) '

(G.19)

(G.20)



Appendix H

LC-OPE results of the correlation

function 11V

Below are presented the results of the LC-OPE for the correlation functions for the vector and
pseudoscalar case,s using the decompositions in Eq. (5.3.2). The same decomposition as in
Eq. (5.4.2) is used for the various contributions on the DA (1.2.11) parts:

G =@ gDy 0.3, ) = gP)

The dots stand for higher twist contributions. In order for the results to be presented our in a
compact way, the following abbreviations are introduced for the PV-functions:

B, = Bo(u(ph—P2),0,m2) By = Bo(ph — P*,0,mj)

B, = Bo(up%+1q*,0, mb) By = Bo(pQB,O,mz?) )

Ca = Co(pB, u(pp—P?), uP*+ug?,0,m,0) ,  Cy, = Co(ph, pys — P, ¢%,0,mi,0)

Ce = Co(upy + uq®, u(pp—P?),¢*,mj,0,m;) ,  Cq = Co(py, ph — P*,¢*,mi,0,mi)  (H.1)

Note only the PV-functions which depend on pQB are listed, as the other ones do not enter the
dispersion representation. Moreover, the functions on the right correspond to the functions on
the left at v = 1.

V| -transverse

It is found that for the transverse parts, the Lorentz-projections satisfy:

957 = (=Pl g = (1= /PR g =0 (.2)
The result ggl)(qQ) can be written as:
_ Ol 1 1
b7l (a?) = ECr ) fmiQs [ dut ()61 (w) (1.3)
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132 Appendix H LC-OPE results of the correlation function IIV:¥

where the t%‘) (u) corresponds to the hard kernel and is given in terms of PV-functions:
d
ty) (w) = " (0F Bi + ¢+ C), (H.4)

where the sum extends alphabetically from a to d. The only non-zero coefficients are:

1
b b bg) = (—
(bar, b ) (qu—i—aPQ’ﬁqQ—i—uPQ’

(carer) = (—2qr, 1), (H.5)

2(by +b2))

with ¢r = Q4/Qp being the charge ratio.

Vj-longitudinal

The computation of V} is in principle highly non-trivial due the extra coordinates z appearing
in front of the integral in (I1.2.11). The so-called ultra-relativistic limit can be employed,

n(p)a — mi (pa +0 <T£§/> Ca> , (H.6)

which is correct up to the relativistic correction, as indicated, and the vector ( is a linear
combination of p and 7. In this limit, using the DA as given in appendix 1.2, the V}; and P

contributions are identical up to the replacements f‘H/ — —ifp and ¢ — ¢p. Noting that in
the ultra-relativistic limit
P1 — 0 s PQ — CP3|17%p/mv <H7)

with ¢ a constant, it is clear that only g3 receives a contribution. Taking further into account
Eq.(I.1.2) one gets:
—(mp =) fr L)

(P), oy _ P Qifrkv
Gp'(q°) = (¢°) 2y (mis —me) 3

2
m M3 4 |6y —op =
v gl kp

(q2)|¢H—>¢P : (HS)

Thus, the result for the longitudinal vector meson entirely follows from the pseudoscalar in the
ultra-relativistic limit. Note that the sign of this relation changes when (1 +v5) — (1 —~5) in
Og (5.1.5).

P (pseudoscalar)

Analogously to (H.3), ggp) is parametrised as follows:

1
b (@) = S Cp(—3) fomiQy /0 duty (u) dp(u) (11.9)
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The entire expression of tg) (u) is rather bulky, so only one coefficient for tg) (u) is given,
4P2m4+m2p2_22+2+2 2_P2
op = AarP” (mi + mi(P* — 2 + ¢°) + Ph(vh — P*)) (H.10)

mp(mp —mp)i (P4 +2P2¢% + ¢%(¢% — 4p23))

Q? G\ x 102 GV x 102 G\ % 102 GV x 102
B~ — K*~ B~ = K*~ B® - K* B® - K*
0.010 0.2931 — 0.3960% 2.3443 4 0.8303: 0.2022 + 0.1980% —1.1952 — 0.4151¢
0.261 0.3204 — 0.3781% 1.0673 + 0.8213¢ 0.1661 + 0.18901 —0.5574 — 0.4107%
0.512 0.3384 — 0.3604% 0.7999 + 0.81227 0.1431 + 0.1802¢ —0.4243 — 0.4061¢
0.764 0.3526 — 0.3429: 0.6388 + 0.80297 0.1251 4+ 0.1715% —0.3443 — 0.40142
1.015 0.3641 — 0.3257% 0.5217 4+ 0.7933: 0.1102 4 0.16297 —0.2863 — 0.39661¢
1.266 0.3736 — 0.3087% 0.4286 + 0.7834% 0.0975 + 0.15443 —0.2403 — 0.3917%
1.517 0.3815 — 0.2920z 0.3508 + 0.77321 0.0866 + 0.1460¢ —0.2020 — 0.38662
1.768 0.3878 — 0.27557 0.2834 4 0.76284 0.0771 4 0.1378% —0.1688 — 0.38141
2.020 0.3929 — 0.2593: 0.2235 4 0.7519: 0.0689 + 0.1297% —0.1395 — 0.3760¢
2.271 0.3969 — 0.2434: 0.1693 + 0.7407% 0.0617 4+ 0.1217% —0.1129 — 0.3703¢
2.522 0.3998 — 0.2277% 0.1196 + 0.7290% 0.0554 4+ 0.11391 —0.0887 — 0.36457%
2.773 0.4018 — 0.2124% 0.0734 + 0.7168% 0.0499 + 0.10621 —0.0662 — 0.3584¢
3.024 0.4028 — 0.19744 0.0300 + 0.7041% 0.0453 + 0.0987% —0.0451 — 0.35212
3.275 0.4030 — 0.1827% —0.0110 + 0.6908¢ 0.0413 4 0.0913% —0.0253 — 0.3454¢
3.527 0.4024 — 0.1683: —0.0500 + 0.6768¢ 0.0379 4 0.08427 —0.0064 — 0.33841
4.786 0.3883 — 0.1024% —0.2248 4+ 0.59357 0.0295 + 0.05121 0.0775 — 0.2967%
6.046 0.3586 — 0.0489: —0.3754 + 0.4758: 0.0323 + 0.02457 0.1488 — 0.23791
7.305 0.3177 — 0.0129: —0.4908 + 0.29461 0.0431 4 0.0065% 0.2019 — 0.1473%
8.565 0.2758 4+ 0.0000% —0.4519 + 0.02247 0.0562 — 0.0000% 0.1770 — 0.0112%
9.824 0.2492 + 0.0000% —0.2972 + 0.0000¢ 0.0630 — 0.0000% 0.0933 — 0.0000%
11.084 0.2312 — 0.0000% —0.2485 — 0.0000% 0.0669 + 0.0000% 0.0613 + 0.0000z
12.343 0.2176 — 0.0000% —0.2243 — 0.0000¢ 0.0696 + 0.0000% 0.0400 + 0.00002
13.603 0.2070 — 0.0000% —0.2128 + 0.0000¢ 0.0718 + 0.0000% 0.0230 — 0.0000%
14.862 0.1986 + 0.0000% —0.2101 + 0.0000% 0.0740 — 0.0000% 0.0076 — 0.0000%
16.122 0.1921 — 0.0000z —0.2147 — 0.0000¢ 0.0763 4 0.0000% —0.0080 + 0.0000%
17.381 0.1873 — 0.0000% —0.2267 + 0.0000¢ 0.0790 + 0.0000% —0.0252 — 0.0000¢
18.641 0.1843 + 0.0000% —0.2475 + 0.0000¢ 0.0824 — 0.0000% —0.0459 — 0.0000¢
19.900 0.1831 — 0.0000% —0.2803 + 0.0000¢ 0.0869 + 0.0000% —0.0725 — 0.0000%
21.160 0.1844 — 0.0000% —0.3310 — 0.00002 0.0932 4 0.0000% —0.1097 4 0.00001
D° = O D° S O DY 5t DY ot
0.010 —7.0027 — 4.97871 14.939 + 2.507: —1.9295 4 2.48931 19.589 — 1.2544
0.048 —6.5207 — 4.7048:¢ 10.506 + 2.673: —1.8309 + 2.35241 0.5204 — 1.3366%
0.087 —6.2041 — 4.49451¢ 8.9314 + 2.7462: —1.7662 + 2.2472¢  —1.0918 — 1.37314
0.125 —5.9599 — 4.3583¢ 7.9497 4 2.9176:¢ —1.7163 + 2.1792¢  —1.4961 — 1.4588:
0.163 —5.7571 — 4.2099¢ 7.2213 4 3.1650¢ —1.6766 + 2.1050¢ —1.5870 — 1.5825¢
0.202 —5.5875 — 4.1273¢ 6.6209 + 3.4331% —1.6417 + 2.0637¢ —1.5541 — 1.71664
0.240 —5.4402 — 4.0195¢ 6.1014 + 3.5850% —1.6115 + 2.0098: —1.4644 — 1.7925¢
0.440 —4.9159 — 3.42921 3.7348 4 4.82671 —1.4907 + 1.7146¢  —0.5866 — 2.41332
0.640 —4.6317 — 3.0393¢ 0.8816 + 6.7486% —1.3979 + 1.5196¢ 0.8464 — 3.3743%
0.840 —4.4966 — 2.6815¢  —3.643 4+ 11.193¢  —1.3125 4 1.3407: 3.2215 — 5.59641
1.040 —4.4921 —2.19747 —11.832+4 18.837: —1.2174 4 1.0987: 7.4949 — 9.41871
1.240 —4.6038 — 1.8406¢ —27.338 +33.651¢ —1.1080 + 0.9203% 15.490 — 16.825%
1.440 —4.8063 — 1.26857 —58.743 +61.022¢ —0.9925 + 0.6342% 31.511 — 30.511¢
TABLE H.1: g?-dependance of the GgJ‘)(qQ)— and Gé”)(qQ)—functions for the four characteristic

cases, depending on whether the initial state is B~, B°, D" or D*-type.






Appendix I

Lorentz structures and
distristribution amplitudes

The Lorentz structures of the vector meson are given by!:

Py =2 o n*p g

P = i{(mz—mi ) —(n*-q)(p+ pp)"}
2

. q
P{ = i(n* P P I1
5 = 1(n"a){q sz_mQV(erpB) I (1.1)
and the one for the pseudoscalar meson is
1 2 2 2
Pt = o \m —mp)d” — (0 +p5)} (L.2)

All projectors are transverse, i.e. ¢+ P = 0 when on-shell momentum relations like p2B = mQB

etc are taken into account. The structure P3 = P{e(q), is absent for an on-shell photon since
€(q) - P3|,2—0 = 0 and thus P3 can be seen as a purely longitudinal part of the photon. Note:

P:’f = Z/(TnB - mP)(”*'q)Pje|mp—>m\/'

'The sign convention for the epsilon tensor is given by tr[ysVaVsYeVa] = 4i€abea and are the ones used in the
classic textbook of Bjorken & Drell.
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I.1 Extension to include spurious momentum

The extension of the Lorentz structures to include the spurious momentum k in the vector case
(I.1) is

(p1)p = 2¢" 1" P’ Q7

(p2)p = il((pp +p) - Q)ny — (0" - Q)(pB +p))]

q2

’Q- (ps +P)]
k@
’Q - (pp+p)

(p3)p = il(n" - Q)Qp — (0" - Q)(pB + p)

(pa)p = il(n" - Q)kp — (1" - Q)(pB + p) ] (LL.1)

and in the pseudoscalar case (1.2) is:

2

(pT)p = (mB - mP)[(Qp - >(pB +p)p]

q
Q-(p+p
Q- (pB+0p)

(p7)p = (mp —mp)[(k, — (B + D))

Essentially, we get one more structure due to a linearly independent vector k and the projectors
are extended such that they remain transverse, i.e. @ -¢ = 0. This is easy to verify using

¢°> = Q2. Since ps=(n- Q)pg we have got:

P — (mv(ip'Q ) P = ( i = q) ) v, (I.1.2)

mp —my) 2my (mp — my)

in the ultra-relativistic limit 7 — p/my . In the last equality we have used the approximation
2
p* =0.

.2 Distribution amplitudes

The leading twist (twist 2) DAs for the pseudoscalar (e.g. [143]) and vector (e.g. [154]) mesons
are defined as follows,

_ o .fK ! ux-p+iuz-p
(K(p)l[5(2)]a-1a(2)]510) = Z4L¢’Y5]5a/0due Prc(u) + ...

fiee L -
(K o) [5()a-la()1510) = L4 o [ due™=r 7070, ) (12.11)
*(r— 2z 1 . .
e e (I

which have been represented by the kaons for definiteness.



Appendix J

Analytic structure and dispersion
representation

Let us parametrise a dispersion representation as follows:

oo
f(pQB) = / 27’[ + [f(sz)]An + subtractions . (J.1)
o s—pp—1i0

The polynomial subtraction terms, as previously emphasised, are of no importance as they
vanish under the Borel-transformation. The term [f]4, corresponds to an anomalous threshold.
Amongst the PV-functions (H.1) present in the results, given in appendix H, solely C,! includes
an anomalous threshold which extends into the lower complex half plane, c.f. Fig. J.1, at
physical momenta P2, ¢?> > 0. This is discussed in section J.1 from various viewpoints. In
addition, the density pc, necessitates many case distinctions, which is not uncommon for vertex
function e.g. [166].

We have checked the dispersion relations by comparing them against LoopTools [169] which
allow for numerical evaluation of the scalar PV-functions. Below, we shall quote the results,
starting with the anomalous part of Cj:

Res+ds 1
C.(p%)]a :—2m‘/ — . J.2
CalD})]an s (1.2)
s4 is one of the two solutions of the leading Landau equations of the graph
(1+u)ym? +uP? £ \/(uP2 —am?)? — dumiq® —i0
St = . (J.3)

2u

1Cy corresponds to Cy|u—1 and so we shall not discuss it separately as well as all other functions on the RHS
of the list in Eq. (H.1)
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where the —i0 implies that $s; < 0. The densities ps of the representation (J.1) are:

m2 m2
= (1—-——"° _ % p?
o= (1= ) 0 (o= - 7)
2 2 _ =92
_ __ M _my, —uq
PBe (1 us%-uq2> © (8 u >
Im[C,] 1 Zy — 2L zy — 1 9
- — (1 —1 -
pC., ( - +¢X<%LQ;_%> QL<L—1 O(s —mj)

A—vV/AIX
_ log (A+\/)\1)\2> ofs_ mp —ug*\ ofs_ my P2
pCc \/)\»3 u m

) 1((%) (2%), (o). (3.4

where

A= 2m2 2 u(q2 —P2) (mg + ag? +us)
B = u(( —P2) (mz—i—u(s—]ﬂ)) —2¢* (s—Pz))
)\1 = )\(us—i—uq mb,O) , )\QE)\(u(s—Pz),mg,O) ,
)\(us—i—uq u(s — P?),q ) . A= \p%, aP? 4 ug®, u(ps — P?)) (J.5)

and \(x,y,2) = (z — (y + 2))? — 4yz is the Killén-function.

The notation log_ and log; in the density pc, demands clarification:

(7“+>0/\7"_ >0 log, 0

r)\<0 s <Resy log, 0
s > Res; log_40
( <A log_#
h<0 ° o8
s> Ay log, 0 (J.6)
A>0 Resi < s < A_ log —2mi
0>0 A <s<Resi logb+2m

logr 0 — <rpy <O0Ar_ >0

otherwise log 6

ry <0OAr_ <0 log_#0

The square root of A, but not A1 23, in Eq. (J.4) is to be taken as:

VA 5 < A
VA= V=N AL <s< Ay - (J.7)
—\/X S>)\+
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Furthermore, log, are defined as follows:

log x Imz =0
log, = = (J.8)
log(—z) +ir Imx #0
log_ x =log(—xz) —im (J.9)
The remaining variables in p¢, are given by:
_P2 1 2 4+ 9 \/2_P2—2
o +u(l +u)g = 2uy/g (uP? + ug?) A= 25— A (s A)
a
(1+u)p% — P? — ug? + VA uP? 4 ug?
A+ = 2 AL =14 g
2rp my, —PB
re =r(As), r(h) = (1+u—2z1)pp — P? —ug®. (J.10)

J.1 Analytic structure of Cy(s,s — 3,«,0,m?,0) in C

In this section we shall discuss the analytic properties of the PV-function C, through a function
with simplified but equivalent variables, namely,

Co(s,s — B,a,0,m2,0) , (J.1.1)

with conventions as indicated in the caption of Fig. J.1. The function (J.1.1) corresponds to Cj,
in Eq. (H.1) with the following substitutions:

s=p%, a=ug>+uP?, B=uP?®+us. (J.1.2)

It is argued in a succession of rigour: first from the viewpoint of Landau equations J.1.1, then
explicit one-loop solutions & uniqueness of analytic continuation J.1.2 and finally axiomatic
results by Kallén & Wightman J.1.2.1, that the correlation function has a complex anomalous
threshold on the physical sheet for ,
p

a>a = —.
4m§

(J.1.3)

J.1.1 Singularities from the Landau equations

The Landau equations [137, 138] are a means to determine singularities of a perturbative dia-
gram?. The crucial and limiting point is that, unless the singularities are real, there is no direct
way to determine on which Riemann sheets they appear.

We shall be interested in determining the so-called leading Landau singularity of the triangle
graph J.1, also known as an anomalous threshold. It corresponds to all three propagators being

2Singularities which arise due to infinite loop-momentum are possible to interpret through the Landau equa-
tions though not easily and have therefore been called singularities of the second-type or non-Landau singularities.
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Analytic
continuation 5_

! O
P2

1

1
\
\

FIGURE J.1: Analytic structure of Cy(s, s—f3, a,0,m3,0). The path of the branch cut connected
to the branch point s can be inferred from a deformation analysis as in [170]. (left) Black spots
correspond to branch points on the physical sheet. White spot branch point which is not on the
physical sheet. Black zig-zag lines are branch cuts on the physical sheet. The dashed zig-zag line
corresponds to a branch cut of CI (J.1.2.1) but not of C, = Co(s, s— B, a, 0,m?,0) as explained
in the text. The arrow indicates around which branch point CI" is analytically continued into
the lower half plane. (right) Triangle graph corresponding to the Co(p?,p3,p3, m3, m3, m?)
PV-function. The conventions are the same as in LoopTools [169] and Feyncalc [145].

on-shell. The condition can conveniently be written in terms of a determinant,

1 21 @9 2 2 2
det |2y 1 23| =0, T = —7T

L it jEkE, (J.1.1.1)

Io T3 1

where m; and my, are the masses of the propagators adjacent to the in-going momentum squares
p?. For the Cp in question (J.1.1), this leads to the Landau surface

(s —mi)(s —mi —B)+ami =0 (J.1.1.2)

whose solutions are given by

sy =mj + B/2+1/(8/2)2 — am? (J.1.1.3)

As long as a < o* (J.1.3) the solutions are real and we can decide of whether they are on
the physical sheet or not by checking whether the Landau equations admit solutions where
the Feynman parameter admit values between [0,1]. As a matter of fact for any ¢*> > 0,
cf. Eq. (J.1.2), there is exists some u € [0,1] for which @ > «a*. Thus we are lead to the
question of whether or not the singularities s+ are on the physical sheet. Some guidance can
be gained following Mandelstam contour deformation prescription [170]. The idea is that one
starts with values for P? and Q? such that s; are real. Then a dispersion representation can
be constructed by checking which singularities are on the physical sheet. Upon deformation of
the external momenta (P?, Q?) the contour is deformed such that no singularities are crossed.
Applying this procedure we found that s; is on the physical sheet and s_ on an unphysical
sheet. In the next section we shall show the same result to be true in a more explicit and
possibly more transparent way from the known one loop result.
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J.1.2 Complex branch points in the lower half-plane from analytic continu-
ation of the Feynaman parameter representation

Here we discuss the function C, (H.1) itself rather than Cp (J.1.1) because reference is made to
the variables used in pgo, (J.4) and thereafter. Variables are restricted to the following values :
0<u<1,m%>mi>0, P?=m%+1i0 and ¢*> —i0 = Re[¢g?] > 0. Our two main ingredients
are the uniqueness of analytic continuation from the real line and the fact that the lowest cut
on the real line starts at mz. The latter can be verified from the Landau equations.

The correlation function C,, originally defined just above the real line of p% (at Re[p%]+i0), can
be analytically continued into the entire upper half-plane by the Feynman-parameter integral
representation,

1 11—z
Cy () =/ d:c/ dy [(1 = = = y) (aph + yu(ph — P?) — m}) + zy(@P? + ug®) +i0] ",
o (7.1.2.1)
since it is free from singularities in this region. For %[pQB] # 0 (where the i0-prescription is
irrelevant) CI'(p%) = CI(p%)* by inspection. This implies that CI', but not necessarily Cj,
has got a branch cut on the real axis whenever S[CL'(p%)] # 0. Note these are the only possible
singularities for the range of variables mentioned above.

Using the Feynman-parameter representation Cf (p2B) as a starting point we construct an ana-
lytic continuation to the lower half-plane as follows:

Ccl(r})

0
Ca 2\ ]>
) {Cf(p%?“)*waem(p%)

]<0°

[p

” (J.1.2.2)

31,
S0,
With reminder-function C*™(p%) such that there is no branch cut below p% < mi for Cy(p%).
To remove the branch cut near a given p% we require that C,(p%) in (J.1.2.2) is equal immedi-

ately above and below the real line which enforces

Ca™(p) = 2iS[Cy (WB)] . Slppl =0. (J.1.2.3)

The resulting function eliminates the branch cut for p% < mg. In this region a remainder

function CI*™(p%) may be derived from (J.1.2.3) and (J.1.2.1) using 1/(x + i0) = PP[1/z] —

imd(x)3 to give
21 ZL — 2, Z_ —zr,
Crem(py)y = —=— (1 ot b)) _— J.1.2.4
wmh) =~ (1o (220 ) o (52 (112
with z+, zz and A as in (J.10)%. The branch points of the logarithms and square roots appear

on all Riemann sheets unless there are cancellations between terms.

The branch cuts of the two logarithms start at zy = z, (there are no solutions for |p%| < oo to
z4 = 1), which occurs at pQB = s4, and since the branch points s+ are separate no cancellation

3PP stands for the principal part.

4Note whilst the directions of the cuts are ambiguous the branch points s+ are unambiguous. Fortunately it
is the latter we are interested in. In other words: The exact location of the cuts is somewhat analogous to the
choice of a coordinate system whereas the branch points are not dependent on it.
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occurs and there indeed must be a cut on all Riemann sheets of CX*™(p%). sy is complex for
physical momenta, and since we know that CZ"(p%) is the only term with branch points away
from the real line in (J.1.2.2) we conclude that analytically continuing (J.1.2.1) to J[p%] < 0
across the real line, to the left of the branch point p% = m? c.f. Fig. J.1(left), necessarily
results in a branch cut off the real line in the lower complex half plane. To this end we note
that C*™(p%) corresponds to pc, (J.4) modulo the imaginary part. To this end we would
like to add a clarifying remark. Whereas the Feynman parameter representation does satisfy
the Schwarz reflection principle (C{'(s*))* = CF'(s), as previously stated, the proper analytic
continuation (Cy(s*))* # Co(s) does not. This is surely due to the complex singularity on the
lower half-plane which is not balanced by a singularity on the upper half plane.

In the next section we are going to learn that the complex singularities are not an artefact of
perturbation theory but are expected on most general grounds from axiomatic approaches.

J.1.2.1 The Kallén-Wightman domain

Based on axioms such as Lorentz-covariance, assumption on the spectrum and microcausality
Kallén & Wightman [167] obtained results on the domain analyticity of the vacuum expectation
value of three scalar fields. We note that the Cy PV-function is simply a one-loop approximation
in a specific theory with three point interactions. Denoting the three invariant momentum
squares of the three vertices by Z; = p?, for ¢ = 1..3, the domain can be separated into eight
regions characterised by the signs of Im[Z;]; denoted by [+ + 4] . Those eight octants are partly
separated by the normal cuts. In addition the domains with signatures [+ + —] and [— —+] and
permutations thereof have got the following boundaries [168]:

(Z1=1)(Za—71)+1Z3=0,  1>0; (J.1.3.1)
with Im(Z1)Im(Z3) > 0. Thus for (Z1, Z3, Z3) = (s,s — 5, a + i0) with Im[s] < 0 we find
(s=r)(s—B—r)+ra=0 (J.1.3.2)

which corresponds to the Landau surface equation (J.1.1.2) upon identifying r = m3.
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Hadronic input values

The hadronic input for the vector DAs is summarised in Table K.1. For the pseudoscalar decay
constants fr = 0.131GeV and fx = 0.160 GeV are taken [158] the data for the pseudoscalar
meson DAs is taken from Ref [159]:

az(m) =0.29(3)(7) , a2(K)=0.24(3)(7) , a1(K)=0.074(2)(4) (K.1)
The latter value is in good agreement with [160].

The sum rule specific input can be found in Table K.2. so[fz] = so[H] = so is chosen throughout,
with so[B,] = 35(1) GeV? as a reference value. All others are determined to satisfy (mpg, +X)? =
so[Hg) for “universal” X, where X is between the two pion mass and the rho-threshold. The
Borel parameter M2[fy] of (5.4.1) is chosen in the minimum of the Borel window and in
addition it is verified that the dimension five operators are below 10% and that the continuum
contribution, vulnerable to quark-hadron duality violation, does not exceed 30%. The Borel
parameter M?2[G] for the G; is chosen such that the continuum is 30%; this choice suppresses
higher twist-corrections, which have not been computed, maximally.
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fl[Gev]  fH[GeV] a} a} ol af
p |0.216(1)(6) 0.160(11) 0.17(7) 0.14(6) — —
0.187(2)(10) 0.139(18) 0.15(12) 0.14(12) — —
K* | 0.211(7) 0.163(8)  0.16(9) 0.10(8) 0.06(4) 0.04(3)
¢ |0.235(5) 0.191(6) 0.23(8) 0.14(7) — -

TABLE K.1: 17 -mesons with odd G-parity have vanishing odd Gegenbauer moments. The

scale dependent quantities f*, agzj are evaluated at u = 1GeV. The value B(t — K*v,;) =

1.20(7) - 1072 is used [158] as compared to the PDG value used by the end of 2006 B(r —
K*v;) = 1.29(5) - 1072 in [141], which leads to a decay constant which changes fH . from
0.220 GeV to 0.211 GeV whereas all the others remain the same as in [141]; with a numerical

error corrected for f (L‘ as noted by the authors of [161]. The f* decay constants follow from

the ratios r[X] = f5(2 GeV)/f)”( with r[p] = 0.687(27), r[K*] = 0.712(12) and r[¢] = 0.750(8)
in [162]. Further, r[w] ~ r[p] is used, in view of a lack of a lattice QCD determination of this

quantity. For the DA parameters the values aQ, ag (p, K*, ¢) from the lattice [159] are averaged

with the sum rule determinations, keeping the relative sum rule uncertainty, which is larger, in

order to account for neglecting higher Gegenbauer moments. The references for the sum rule

values are [163] for the p, [164] for the ¢ and [160] and [165] for the K*. In view of the lack

of theoretical determinations of parameters for the w, it is assumed that they have the same
values as for the p enlarged uncertainty by a factor of 2.

H so M?[G] M?[fu] mug | fu(5.4.1) || cond. value || mass value
Bs | 36(1.5)  9(2) 5.0(5) 5.37 0.162 || {(qq) (—0.24(1))3 || my 4.7(1)
B, | 35(15)  9(2) 5.0(5) 5.28 0.142 || () 0.8(1)(gq) || me 1.3(1)
Dy | 67(7)  6(2) 1.5(2) 1.96 0.185 || (GGq) (0.8(1)2(Gq) || ms  0.094(3)
D,| 62(7) 6(2) 15(2) 1.86 0.156 || (3Gs) (0.8(1))(5s)

TaBLE K.2: (left) H stands for heavy-light meson and ¢ stands for either a u or d quark. Sum
rule specific values in units of GeV to the appropriate power. fg correspond to the decay
constants obtained from a tree-level sum rule. They should not be compared with the true
value of fy as the latter have substantial radiative corrections in QCD sum rules. (middle)
condensates relevant for the fy sum rule (5.4.1). (right) Quark masses. The tree-level heavy
quark masses are chosen to satisfy my ~ my, + A with A ~ 0.6 GeV approximately. The strange
quark mass in the MS correspond to tais = 2 GeV. In the the sum (5.4.1) my is scaled up to

n=pF.



Appendix L

Non-spectator corrections G(ns)

The corrections which do not connect the gluon of the operator Og with the spectator quark
are depicted in Figure 5.2 (bottom). They have been computed for the inclusive b — sil [139]
and their contribution is proportional to a function Fg7 © (¢%/ mg) times the operator O7(g). The
latter reduces to the standard tensor and vector form factors T;(fr) and V, 4;(f+) when taken
between B and V(P) states.

6= (-2 )

2

w ) \=1/ o
() (D) (P )

mp+m
— Sy = ()

where FS7 © are given in [139] in terms of an expansion in powers of ¢?/m? and a logarithm.

The functions V; and vr are defined as:

(V(p,m)|5v"(1—=5)b|B(pg)) = P Vi + P§ Vo + PY Vs + [i(n* - ¢)q”]Vp

(P(p)|57°0| B(pp)) = Pfor + qpvs (L.2)
with
—2my 2 V(%)
= A =
VP q2 O(q ) Vl mp + my
—Al(q2) THB—i-mV 2 mp —my 2
= — =(————A — A
Vo P — Vs = ( = 1(q7) 7 2(¢%))
m¥ — m7 —(mp—+m
Vg = %fo(f) v = (BqQP) f+(q2) , (L.3)

where V, A;, fo, fo, fr, T; are all standard form factor notations in the literature. Note, as
manifested by limiting the sum from i = 1..3, the fy(Ap) component does not contribute to
B — VIl as the ¢” vanishes upon contraction with l_”ypl or the photon polarization tensor €(q).
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