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ABSTRACT
FACULTY OF SCIENCE
MATHEMATICS
t C Philos
APPLICATION OF A VARIATIONAL METHOD TO THE CALCULATION OF TWO-
DIMENSIONAL AND AXISYMMETRIC COMPRESSIBLE FIOW FIELDS
by Nigel William Heys

The classical problem of steady, inviscid irrotational flow past
an aerofoil is formulated as a variational principle, the Bateman-
Dirichlet princirle., The maximization of the resulting integral
is an infinitely dimensional problem, which is replaced by a finitely
dimensional problem by means of finite differences and an approximate
maximizing function is then found by the Newton-Raphson method. A
conformal mapning is used to transform the body to the unit circle
and all calculations are carried out in the circle plane. An
iterative scheme is used to give the solution for compressible flow,
using either the solution for incompressible flow or the sclution
for a lower free stream Mach number as the starting point.

Both two-dimensional and axisymmetric flows are considered.

The shapes considered in two-dimensional flows are circles, ellipses
and Karman-Trefftz profiles, while the corresponding bodies of
revolution are considered in axisymmetric flows. The solutions,
obtained, compare well with those obtained by other approximate
methods, except for ellipses, near the stagnation points, where
differences of up to 5% with Sells' method are encountered.

Attention is drawn to the fact that the critical Mach number is
anpreciably higher‘for axisymmetric flow than for two-dimensional
flow past an eguivalent shape. In all these cases, both plane and
axisymmetric, results are obtained for flows up to and slightly
beyond the eritical Mach number. It was found that when the free stream

Mach number was increased further the variational procedure would

not converge.




§1 INTRODUCTION AND REVIEW

1.1 Introduction

The classical problem of steady, inviscid, irrotational flow
past a body can be formulated in two ways. The usual formulation is
as a set of non—linear partial differential equations satisfying a set
of boundary conditions. However, it can also be formulated in terms of
two complementary variational principles, as in Serrin (1959), which are
related, since for the exact solution, the variational integrals have the
same value.

Most attempts at finding approximate solutions have used the
formulation in ferms of partial differential equations with bouadary
conditions, but the variational for#ulation has also been attempted. A
review of the major methods used in solving the partial differential
equations, and approximations using the variational method is given in
the second part of this Chapter.

In this thesis a variational method for obtaining numerical
solutions to the complete equations of motion is described. The
method consists of replacing the infinitely dimensional problem by a
finitely dimensional problem, by means of finite differences, and an
'épproximate maximizing function ié then found by the Newton-Raphson
method. A conformal mapping is used to transform the body to the unit
circle and all calculations are made in the circle plane. The solution
for incompressible flow, or the solution for a lower free stream Mach
number, is used as the starting point and an iterative scheme is used

to give the solution for compressible flow. Greenspan and Jain . (1967)
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used a similar approach to study the plane flow past a circle. However,

|
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their results, near the stagnation points, differ greatly from otﬂer
approximate solutions, obtained either by the variational method, :Lush
and Cherry (1956) and Wang (1948), or by formulations in terms of | the
differential equations, for example Imai (1941) and Sells (1968), so
it was felt that it would be advantageous to reconsider their method.
The method used here and in Rasmussen and Heys (1973) differs in some
important aspects from that used by Greenspan and Jain (1967), mainly
in the approximation of the derivatives of the potential by finite
differences and in the treatment of the boundary conditions on the
aerofoil,

The method is also exﬁended to flows past shapes other than a
circle, without the difficulties associated with the Rayleigh-Ritz and
Galerkin's methods and to axisymmetric flows. Since all calculations
are carried out in the circle plane the only changes required for a
different shape are the requisite transform modulus and the series
solution away from the body. In axisymmetric flows, the incompressible
flow solution and the distance of points from the axis of symmetry are
also different for different shapes.

As a result of the changes, listed above, the method gives
far closer agreement with the results of Sells (1968), Lush and Cherry
(1956) and Imai (1941) than was obtained by Greemspan and Jain (1967)
for two-dimensional flow past a circular cylinder.

Results in good agreement with Sells (1968) are also obtained
for the flow past ellipses, mostly with a thickness ratio of 107, apart
from a discrepanc& of 5% near the stagnation point and for a Karman-

Trefftz 'F' profile, for which results are also compared with those




obtained by use of one of the programs of Bauer,Garabedian and Korn
: ;
(1972).
In order to show that the method was practical for any

symmetric aerofoil, results were obtained for a NACA 0012 profile,

These results gave reasonable agreement with those listed by Lock
(1970) for Sells' method.

Results were also obtained for axisymmetric flows past a
spbere, where good agreement was obtained with those of Wang and
de los Santos (1951) who used a variational technique and with the
Rayleigh—Jansen mebhod, used by Lamla (1939). Calculations were also
made on ellipsoids of different thickness ratios and results in close
agreement with Pidcock (1969), who applied Sells' method tc axisymmetric
flows, were obtained. Calculations were also carried out for bodies
of revolution with a Karman-Trefftz profile as cross—section. Attention
is druwn to the fact that the critical Mach number is appreciably higher
for axisymmetric flow than for two—-dimensional flow past an equivalent
shape.

In most of these cases, both plane and axisymmetric, results
are obtained for flows up to and slightly beyond the critical Mach
number. It was found that when the free stream Mach number was pushed
appreciably higher than the critical Mach number the variatimal pro-
cedure would ndt converge. ~

A review of the work on compressible inviscid flow past bqdies
by the variational method and other methods is given in Section 1.2.
Section 2 deals with the formmiation of the variational approach used
in this thesis. The details of the numerical method for plane flow

are given in Section 3, while the convergence is discussed in Section 4.




Results for two-dimensional flows are given in Section 5. For axisymmetric
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flows, the details of the numerical method are given in Section 6, the
convergence 1is discussed in Section 7 and the results are given in Section

8. Section 9 is a discussion of the points arising from this thesis.,

Appendix A deals with the derivation of the variational integrals
as formulated by Lush and Cherry (1956) and Serrin (1959). Appendices B
and C deal with the calculation of the transform modulus for the ellipse
and the Karman-Trefftz profile, respectively. The modifications required
in the derivation of the variational integral to cope with axisymmetric
flows are discussed in Appendix D. The series solution of the equation of
motion a large distance from the body for use as the far boundary condition
for plane flow is derived in Appendix E. Various coefficients required
in plane flow for finding the maximum of the variational integral are found
in Appendix F. Appendix G deals with the far boundary condition for axi-
symmetric flows. The changes to the coefficients derived in Appendix F,
required for axisymmetric flows, are listed in Appendix H and in Appendix I
the series solution, for the potential at'the trailing edge of the body

of revolution with a Karman—-Trefftz profile as cross section is derived.
1.2 Review

It was stated in the introduction that there are two ways of

-

formulating the problem of steady, inviscid, irrotational flow past a

body. Normally the formulation is as a set of non-linear partial differential

equations with a corresponding set of boundary conditions of which no




solution.in closed form is known. Methods which have been used, in an
attempt to solve the problem , include small perturbation methods, where

the velocity potential 1is expanded in terms of the free stream Mach number,
the Rayleigh—Janzen method, or a thickness parameter, for which the Frantl-
Glauert method is a first approximation. This means that accurate solutions
are restricted either to small velocities for a Mach number expansion or
thinlbodies for a thickness parameter -expansion. Increased mathematical
difficulty with each higher approximation normally prevents their application
beyond second or third order. Another drawback is that these approximations
break down near the stagnation points.

An improved method for célculating the pressure distribution on
a thin cambered aerofoil at moderate incidence in compressible flow up to
second order accuracy was derived by Gretler (1965). His complicated
method consisted of reducing Green's formula, by means of integral transforms
and application of Tricomi's convolution theorem, to the calculation of
integrals in one variable.

An alternative course is to use the hodograph method where the
non—-linear, partial differential equation is transformed to an exact linear
differential equation. However, the boundary conditions are now far more
difficult to fulfil, since part of the boundary is closed in two sheets
of a Riemann surface in the hodograph plane. Thus, application to actual
problems requires simplifying results which are only approximately correct.
This method has been épplied to transonic flows using a finite difference
scheme, by Bauer, Garabedian and Korn (1972), who also considered the in-—
verse problem of wing design. |

One of the best formulations for solving the differential equations

is that of Sells (1968) who mapped the exterior of the body onto the interior




of the uqit circle and introduced the stream function, from which he
removed the two singularities of dipole and vertex type at the centre

of the circle, so that they could be considered separately. The differen-
tial equation, for this modified stream function, was gpproximated by a
difference equation on an annular mesh inside the circle. This equation
and Bernoulli's equation were then solved by a coﬁvergent iterative process.
The drawbacks were that near the critical Mach number, under-relaxation

had to be used and the program would not cope with tramsonic flow with or
without a shock., However, Albone (1971) modified Sells' treatment of
Bernoulli's equation and found that under-relaxation was no longer necessary
when the free stream Mach number approached the critical Mach number. He
discovered that over—relaxation could even be used on the density. These
changes caused a significant drop in the number of iterations required for
convefgence. He also obtained results for slightly supercritical flows,
where the flow was only supersonic on the aerofoil surface.

It is also possible to formulate the problem in terms of com—
plementary variational principles, which do not require linearization, and
provide a direct method of solution. The governing equations and appropriate
boundary conditions are equivalent to the Euler equations for two variationmal
integralé.: In one case, the Bateman—Kelvin integral, the integral is to
be minimized and the integrand consists of the sum of the pressure and
"the product of the density and the square of the velocity. In the other
case, the Bateman—Dirichlet integral, the integral is to be maximized and
the integrand is just the pressure, though it is necessary to add a surface
integral to avoid prescribing the velocity potential on the boundary, which
is not physicaliy acceptable,

Despite the fact that most researchers have used the differential




equation.formulation a number of attempts have used the variational
formulation. The variational integrals were first formulated by

Bateman (1929), based on Hargreaves' (1908) kinetic potential but do

not seem to have been applied until Braun (1932) used the Bateman-—
Dirichlet integral to obtain a linearized approximate solution for the
plane subsonic flow past a circular cylinder using the Rayleigh-Ritz
method to approximate the extremal, Wang (1948) pointed out that Braun
had omitted to add terms to give a convergent integral and solved the
same problém without linearization, though in his method it was necessary

v
/o

He took vy as 2, although 1.5 satisfies this criterion, to make the

to have y, the ratio of the specific heats so that is an integer.
calculations simpler.

Wang and his associates later made numerous extensions to his
work. Wang and Rao (1950) considered other shapes in the physical plane,
~giving non—linear equations for the Rayleigh-Ritz parameters. They lost
one advantage of the variational method by finding it necessary to linearize
these equations and again y was taken as 2. They found that above
the critical Mach number the solution may no longer be unique and above
a certain limiting Mach number no physically possible solution exists.
This Mach number is the point at which shock waves occur, so the flow
behind the shock is no longer irrofational. They also showed that a
non-symmetric flow pattern may occur at this Mach number and claimed close
agreement between theAlinearized and non—-linearized flows.

When considering transonic flows, it must be remembered that the
Bateman-Kelvin and Bateman-Dirichlet principles can only be proved for
purely subsonic flows as they can only be shown to have an extremum in

this case. However, Courant and Friedrichs (1943) pointed out that the
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Rayleigh-Ritz method is still applicable when the flow does not have
an extremum. The differential equations and boundary conditions are
not satisfied completely but in the mean, and a good approximation can

be obtained.

Another extension was to axisymmetric flows by Wang and de
los Santos (1951). They formulated the problem for an arbitrary Body
but only calculated the flow for a sphere and an ellipsoid of 807 .
thickness to length ratio as it was difficult to calculate other shapes
despite taking vy as 2. They claimed close agreement between their
linearised and non-linearised solutions.

In an effort to use a more accurate value of vy, attempts
were made to replace the Rayleigh-Ritz method. Wang and Chou (1950)
used the Biezeno—Koch method which did not require the formulation of
any variational principle, but Courant in the discussion of Biezeno
and Koch (1924) pointed out that the Biezeéno—-Koch method was a special
case of the variational principle. Wang and Brodsky (1950) used
Galerkin's method and found that as well as being able to take Yy as
1.405 it was not necessary to formulate variational integrals for each
body. The disadvantage was that despite the circle being easier, more
work was required for arbitrary bodies than witﬁ the Rayleigh—-Ritz pro—
cedqre. Kantorovich and'KryloV (1958) pointed out that the Rayleigh-
Ritz method was really a special case of the Galerkin method and that
for problems connected‘with variational methods, they are equivalent
in that Galerkin's method leads to the same approximate solution as
the Rayleigh-Ritz method, usually with simpler computations;

Yet another extension of Wang's work was to the calculation of

transonic flows with shock waves. Wang and Chou (1951) found that Wang's




method fgiled as soon as shock waves occur as the flow behind the shock
wave becomes rotational and has variable entrépy. Using the Bateman-—
Kelvin integral, which is expressed in terms of the stream function
rather than the velocity potential modified to allow for rotational
flows they showed that a variational principlé which allowed for flows
with rotation and variable entropy could be obtained. It was necessary
to use the stream function rather than the velocity potential, as the
latter does not exist for rotational flows. Their new principle was
applied to regions of flow behind the shock waves and Bateman's original
principle to the other regions. Shoék equations whose solution exists
were obtained. They used Galerkin's method as the Rayleigh-Ritz method
was too complicated. Calculations were made for flow past a circle, but
the absence of adequate computing facilities, made detailed calculations
for this case and any calculations for arbitrary bodies impractical.

Other work on transonic flows was dome by Lin and Rubinov (1948),
who formulated a variational principle for rotational flows suitable
for plane and axisymmetric calculations, and HYlder (1950/1), who gave a
proof of a generalised variational principle for rotational flows, with
shockwaves, in three dimensional space. The use of variational methods
in transonic flows has been reviewed by Fiszdon (1964).

Another applicétion of the variational integrals was found by
Shiffman (1952), who used them as the basis of his proof of the existence
and uniqueness of the solution for plane subsonic flow past an aerofoil,
which had only previously been established fdr flows with a sufficiently
small Mach number at infinite by Frankl and Keldysh (1934) and for boundary
value problems concerning minimal surfaces analogous to problemé for flows,

by Bers (1951), both approaches using non-variational methods.

12 -
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A big step forward in variational methods was the work of Lush
%

and Cherry (1956). They improved on Wang's treatment of the convergence
|

_ . . L.
problems and cleared up some of the problems associated with the boundary
i

!
conditions. They also found it unnecessary to have Y/ as an 1nFeger

Y-1
and indicated the relation between the two formulations of the variaLional
method. They obtained results for flow past a circular cylinder takingby
as 1.405,

Despite the popularity of the Rayleigh-Ritz method in these early
variational calculations for fluid dynamics problems, certain objections
to this method were listed by Courant (1943), in the application of
variational methods to problems of equilibrium and vibration. His objections
were that the selection of the coordinate functions is ofteﬁ very difficult
and laborious computations are sometimes necessary. The accuracy of the
approximations is also difficult to determine. He considered that the
approximation of the derivatives by finite differences was preferable,
except when suitable analytic expressions are available for the Rayleigh-
Ritz method. Courant (1943) stated that as the mesh is made finer, not
only does the approximate probem tend to the original problem, but the
solutions of the difference equations approach the solution of the original
problem exceedingly well. ~ He had previously proved that all the relevant
difference quotients of first and higher order converge to the corresponding
derivatives of the original problem. Although Courant (1943) considered
using finite differences in the integral instead of in the Euler equations
(which many previous authors had done, such as Sokolnikoff and Specht (1948)
for elasticity problems) he gave no worked examples of their use.

A more detailed investigation and worked examples of the use of

finite difference techniques to find extrem2ls of the integrals directly,
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rather than from the Euler equations, seem to have been given first by
Greenspan (1965) and extended by Allen (1966) and Greenspan (1967), the
last named paper also considering convergence.

Greenspan and Jain (1967) then applied these techniques to
the minimization of Lush and Cherry's variatbhal‘integral. They approxi-
mated the integral on a suitably bounded region by an appropriate algebraic
function, using finite differences to replace the derivatives. They
calculated the flow paét a circular cylinder though their results were
not in complete agreement with those obtained by other methods and are
discussed later.

In recent years the problem of deducing variational principles
for compressible inviscid flow directly from Hamilton's principle has
been considered. Seliger and Whitham (1968) discussed the general problem
of finding a variational principle for a given system of equations. They
claim that in continuum mechanics the troubles appear when the Eulerian
description is used while the extension of Hamilton's principle is
straightforward in the Lagrangian description. However, they admit that
in fluid dynamics the Eulerian description is preferable. Bretherton
(1970) used a slightly different approach to derive the Eulerian equations
of motion directly from the Lagrangian formulation of Hamilton's principle
for a perfect fluid, and used them, in a new derivation of Kelvin's
circulation theorem.

There are four stages to be considered in using either of the
two variational principles. TFirstly it is necessary‘to ensure that the
variational integral is suitably formulated so that it is always convergent
even when the region of integration is infinite. Ideally a rigorous

proof of the existence of a well determined solution to the variational




problem should be found. It is aiso necessary to derive a method for
obtaining an approximation to the extremal of the variational problem.
Finally the method should be shown to converge and some bounds on the
error involved should be obtained.

Apart from the paﬁer of Shiffman (1952); little work seems
to have been done on the existence and uniqueness problem, especially
on finite dimensional analogous of the variatiomal integrals which give
rise to non-linear partial differential equations. Schechter (1962),
however, proved existence and uniqueness of solutions to the minimization
of certain convex functions. Stepleman (1971) extended Schechter's work
obtaining existence and uniQueness results for éolutions to the minimization

of
J |u] =,,JJ f(s, t, u, u, ut) ds dt

over an open, unbounded, simply connected region in the plane, using
either finite difference techniques or the Rayleigh-Ritz method, for
obtaining finite dimensional approximations to the integral over a
square mesh, subject to the restriction that f 1is a convex function

of u, and u, for fixed values of u. Of course, the Bateman—Kelvin .
and Bateman—-Dirichlet integrals do not satisfy this restriction, but
Rasmussen (1972) suggests that Stepleman's work may indicate a method

of obtaining similar results for these variaticnal principles.

On the other hand, a great deal of work has been carried out
on the formulation of the problem, notably by Serrin (1959) and Lush and
Cherry (1956), whose work is given in Appendix A. Sewell (1963) also
;onsidered the properties of the Bateman integrals and showed that the

integrands of the two principles could be related by a Legendre transformation.
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He proved a free variational principle for steady flow within a given
. |

region, from which generalizations of Bateman's variational principlés

to non-homentropic and non-homoenergic three-dimensional flow were |

found. He also proved the associated uniqueness and extremum theorers

for homentropic, homoenergic flow, when the ihteérands related by the

Legendre transformation are convex, without requiring the flow to be

éubsonic at every point in the field, but in an overall sense. He also

claimed his work applied equally well to plane flow as to three-dimensional

flow unlike that of Lush and Cherry (1956) and Serrin (1959).

The most important methods of approximating the exteymnal are
the Rayleigh-Ritz and finite difference methods; though Galerkin's

method have also been used and Angel
method and the Biezeno-Koch/(1968) has applied dynamic programming to
probiems with two independent variables, though this method has not
been used in fluid dynamics, despite the fact that the example used was
Laplace's equation.

The convergence problem only seems to have been tackled
rigorously for Rayleigh-Ritz approximations to the variational integrals.
Lush (1963) and O'Carroll and Lush (1968) showed that these approximations
converge uniformly in a finite subregion provided the boundary of the
aerofoil is sufficiently smooth, but they only showed the Rayleigh-Ritz
method converged, not that it converged to the exact solution. However,

a more satisfactory proof was given by Rasmussen (1973), who proved that
the Rayleigh-Ritz approximation converges to the exact solution provided
the aerofoil is sufficiently smooth and the coordinate functions are
properly chosen. Despite the restiction to subsonic flows, it is not

necessary for all the approximate solutions to be subsonic. The proof

also applies to certain other two-dimensional problems as well as those

'-16-




concerning flow fields. Convergence theorems in linear but not non-
linear problems, for Galerkin's method, were given by Mikhlin and
Smolitskiy (1967). No such clear cut results exist for finite difference
approximations. However, Greenspan (1967) proved convergence of the

numerical solution for minimizing
b
J(@) = f F(x, v, ¥y') dx
a

the approximate solutions being limited to those whose corners cannot
become arbitrarily sharp for a large number of iterations. This proof
was extended to three-dimensional problems and the extension to n
dimensions was indicated. Greenspan édmitted that it was not known
whether his convergence theorem was applicable to the integral in

Greenspan and Jain (1967).

A review of the applications of variational methods in com-

pressible flow has been given by Rasmussen (1972).
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2 'FORMULATION

We shall now formulate the boundary value problem for plane;
subsonic, irrotational, inviscid flow past an aerofoil, Let (x, y)
be a cartesian coordinate system withlvelocity vector g = (ul; u2).
Far from the aerofoil C, u has the form u = (U, 0) where U is a
~given constant, see Figure 1.

The flow is supposed to be irrotational, so a velocity potential

can be defined by

The pressure and density are denoted by p and p, respectively. The

speed of sound is defined by

For- o ‘)e,?’(é.-:‘.):: c,c(v\‘)?e_‘ssg\)'le_%\.ut&

Ue can write p and p in the form

X a2
p = p -2 2)“
26C_
2
p = 0,0 = P
26
wvhere
2 - . = X =1
q ury, o 1 B T3 =1




the suffix o indicates stagnation values.
It is known that the boundary value problem of ¢ 1is equivalent
to a variational principle. If we let V be the flow region and § the

boundary, we have from Serrin (1959):

The Bateman-Dirichlet Principle.

Consider the variational principle of maximizing the integral

Jle| = fpdV +J¢hdA (2.1)
N B
among all subsonic velocities u. = V¢. Then J|¢| is a maximum
»
Ve(pu) =0 and pu-*3d. = h on B i.e. the continuity equation holds

and the mass flow across B 1s a constant. Here the normal mass-flux h

is prescribed on B such that

It is easily seen that if the flow region V becomes infinite
the variational integral (2.1) becomes unbounded. Lush and Cherry (1956)
showed how the integral should be formulated in order to remove this

difficulty, and later Lush (1963) wrote it in the form

Ie| = ” [p-p,* P,V ¢, - V0 -0)] dxdy (2.2)

[+

where
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p, = pressure at infinity,

p, = density at infinity,

¢, = potential for a uniform stream,

¢o. = potential for incompressible flow past C.

The details of the derivation of this integral are given in
Appendix A.

The class of admissible functions is restricted to functions

for which

9%

(i) o 0O on C,

(ii) ¢ = ¢, *+ Ux

-1 -2
where le gkr -, |Vx| gkr
a1l

as r = (x2+y2)? > o and

1

k¥ 1is constant

In order to make it easier to treat a fairly general class of
aerofoils, we shall use a conformal transformation to map the aerofoil
C onto the unit circle. Let (r, 9) be a polar coordinate system in

the transformed plane, the computation plane, with origin at the centre

(2.3)

of the unit circle. Then if we write z =x + 1y and ©O= r(cos6 + i sinf),

the transform mcdulus becomes

dz

do = G2 yr2)£

r

The Jacobian of the transformation is




Since the transformation

so the transform modulus

and

Hence

ds

Also

J =

7o

T2

d (x, y)
e Suiell S AX SR -
Xr ye X

3 (r, 9) )

is conformal

- 2 , 1 2
Xy 2 %
= 2 4, 1 2
r(g o2 X ) .
= r T? .

(2.4)

The coordinates r, 8 are orthogonal so the element of length

|dz] 1is given by

ds?

ds?

2 2 4, B2 2
hI dr 'h2 doe<.

= laz|?2 = |FE |do|?
= T2(dr? +

r2 de2)




Thereforq

]
=l
—~

H >
-

+
Hle >
-©-
@

N’

V¢

Since the speed q can be expressed by

q2 = (Vv ¢)?
and the potential

¢ = U(r cos B + ¥x) ,
we have

N »
2 = P— —\-2-‘ 1
q°. 2 [1 + 2 cos 6 X, =57 sin 0 Xg
+ y2 + L o2 (2.5)
fr 2 0
T
Also, as previously stated
g2
a
p.= p, (1- 1
- 2kc ?
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and by using the relation

) Q” Pe
we get after some manipulation
(v -1 M2
P = D, [1 + ——— (T2 ~1 -2 cos 6 X
272 r
2 _,2_1 2y 1°
+ = sin 8 Xg = X, ) Xg )] (2.6)

where the free stream Mach number M is defined by

2 ="'28U2' .
S —————

28C 2 - y?2
(e}

Réarranging this and substituting for C,, we have

TP o, @2
Pe, ° 28
so
2
b= — 28y Py = Y P, . (2.7)
® 28C 2 ~ y2 u2
Thus since the &ncompressible potential
¢ .= U + 10 cos B
o r
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we can write

Ly 2 2
-1 +1 .
P V 9, * V($=¢,) = p, — [r 5 080 X, - - sind XGJ (2.8)

When the expressions (2.4), (2.6) and (2.8) are used in (2.2),

we see that the variational integral J|¢| becomes

2q

Il - v, |

o o 2
d e f [i + 11;22—353— (T2 - 1 - 2 cosb X,
0 1

272

cos ©
T2 T Xr
) 'r2+1 . : 2
- sinb x.) r T+4dr. (2.9)
3 )
T
The boundary conditions on yx are
) Q. cos © at r=1
ar
.1
X. = OC;) as r > ® (2.10)

The local Mach number M and the .local nondimensional pressure p, are

~given by




M o= M_gq [1 + % (v = 1).M 21 - qz)]—% (2.11)

: Y/, '
pp = ;E- = [1 + (- D) M 20 -’q2>] Y (2.12)

where ¢q 1is given by (2.5).

The transform modulus T cannot, in general be expressed
analytically except for very special bodies su;h as ellipses and |
Karman—-Trefftz profiles. Thus if the flow past a realistic aerofoil
is desired T must be evaluated numerically. However, the analytic
form for an ellipse is derived in Appendix B and for a Karman-Trefftz
profile in Appendix C.

There are a number of methods available for evaluating the
conformal mapping of an arbitrary body on to the unit circle. The
most successful mapping programme developed so far seems to be that
of Catherall, Foster and Sells (1968), though since this programre only

~gives the mapping on the body surface, it is necessary to find the trans-

form modulus at exterior points, by a separate routine.

2.2 Axisymmetric Flow

In axisymmetric flows a form of the variational integral similar
to (2.2) can be developed, but it is not always advantageous to use
this form, since for bodies other than spheres and ellipsoids the incom
pressible potential cannot easily be evaluated;

If we take cylindrical polar coordinates (x; R, &) the form
of the integral equivalent to (2.2) for flow past an axisymmetric body

C 1is then
o
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3le] = f f (= »p, *+e, V6 . V(= 9,)) RdRdx (2.13)

2]

while if it is difficult to find the incompressible potential ¢o

the form
le| = ®-p +Up X R4 Rax - Up x' X Ras (2.14)
~o0 © X% . =) on

B

2]

is used instead. The notation used in these integrals which did not

appear in the plane flow integral is as follows:

U is the free stream velocity

R is the distance from the axis of the body

x' 1is the perturbation potential i.e. ¢ = ¢_

ds 1is the element of the contour B of the cross-section of

body C.

The details of the derivation of these integrals from the Bateman-
Dirichlet principle are given in Appendix D.
The same restrictions on the class of admissible functions are

made as in two dimensional flows. These are

(1) %g— = 0 on C, and hence on B
(i) ¢ = ¢_+Ux=4¢_+x'

where x| € k', |vx| g ke

ol
as r = (x2+ R?)? 3o and K 1is a constant.
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As in two-dimensional flow we use a conformal transformation
to map- B onto the unit circle i.e. (%, R) 1is mapped into (r, 6)»
a polar coordinate system with origin at the centre of the unit circle.

The modulus of the transformation (x, R) - (r, 8) in the

cross sectional plane can be related to the Jacobian in exactly the

same way as in two-dimensional flow. Thus

J = rT? (2.4)

and the square of the velocity is given by

12 . .
2 = -[-]_ - 2. 1 ' }- 2 Y
q " [1 + 2 cosf Xp =% sin® Xg t X2t 2 Xg J (2.5)

Therefore p and p_ are still related by (2.6). Sub-
stituting (2.4), (2.6) and (2.7) into the variational integral in
the incompressible and surface integral forms, (2.Tﬁ) and (2.14)

respectively, gives

= 2m e y-1 2 2 2 .
Jx| = P, 1+ G——z) M < (T°-1-2 cosfx  + = sin® x,
o 2T

e

1 o
- X.2 — = Xez _1+
272

)} rRT? dr d6

~

ba

=<
+

1
or “r 2 Xo0 Xg
T

. where S Uy = ¢ (2.1%)

and
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2 g0 .
Ix| = Pe J J [1 + l*l'sz(Tz -1 - 2 cosb X, ¥ %-sine Xg

. 0 ‘1 2T2
-y 21 2ye_ 2¢., 9T 38
X, o Xg )] L+ yM 2, 32 * Xg 5% )
2 ] [ X o ,
rRT% drde + M J X = Rds Q.te
=23 B ar b

subject to the boundary conditions (2.10) on Y.

In two-dimensional flow the incompressible potential in the
transformed plane was always that for the circle, since we were solving
Laplace's equation, which is invariant under transformation. However,
for axisymmetric flows the equation of motion in the cross—sectional
plane is no longer Laplace's equation and changes under transformationm.
Thus the incompressible potential must be calculated separately for each
body and it is only pracéiéal to solve the partial differential equation
for the sphere and the ellipsoid. For other shapes, it is better to use
the integral (2.3;3. In this case, however, the functions 9r/3x and
90/3x must be fouﬂd at all points in the field. Once again, calculation
of these quantities is fairly simple for the ellipsoid, but for a Karman-
Trefftz profile the evaluation becomes rather complicated (see Appendix C).
When the tra;iorm modulus is found numerically it is also necessary to
determine these quantities numerically, since an analytic form of the

transformation will not be known.
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§3 NUMERICAL METHOD

The object of the calculation is to find for given M_  and
aerofoil shape a function Y which maximizes J|x| as given by (2.9)
and satisfies the boundary conditions (2.10). If we only consider
nonlifting bodies which are symmetric about the axis y = 0, it is
only necessary to treat the interval O g 6 g m. Since the derivatives
in both directions are approximated by finite differences, it is
necessary to have a finite computation region. This is obtained by
replacing the infinite integration limit on r by a finite limit Rf
and insisting that the reduced potential ¥ satisfies an appropriate
condition at r = Rf. The manner in which Rf is determined is described
later. The simplest condition to impose is that Y equals the reduced
potential for incompressible flow at r = Rf. A more complicated pro-
cedure which involves an asymptotic solution that takes into account
the shape of the body is developed in Appendix E and was generally used.
When Rf = 20 or larger the two boundary conditions give results which
are identical to within the accuracy of the method, but for smaller
values of R_. the second condition is more accurate.

f

Thus the variational integral (2.8) reduces to

T Rf
Jlx] = ow do f F(r, 9, X, Xe) dr (3.1)
o 1

where
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: - T 2
+ (v-1) M

= 2 .1 - 2 o
F. 1 (T 1 - 2 cos8 X, * 3 sinb Xg
212
2
o M 2_
- sz -1 xez) -1 + r-1 cosB y (3.2)
£2 7 g2 r
2
I sine Xe) r T2 .
r
The boundary conditions are now
X o =
YR 0 at 6 =0, 7
gx- = - cos B atr =1 (3.3)
T
= f£(6 at r =R
X ——é ) £

where £f(8) 1is derived in Appendix E, or can be.taken as cos® if
incompressible flow is acceptable at the far boundary.

If r and 6 are measured along cartesian axes, we see that
the integration domain is a rectangle (see fig. 2). The domain is
divided into an irregular mesh given by the intersections of two sets

of straight lines which are defined by

where




-and

where
k., = . - r. .
3 3+l 3
We can now explain how a value for Rf is decided . on.
Let o = 1/r so that the interval 1 g r < « 1is mapped onto 12 v 20,

/
and divide [0, fl into n equal parts. By use of r = 1/ the

o

interval 1 g r <« is then divided into n unequal parts, and we
set Rf =T . Since the grid lines in the o plane are 1/n apart,
the last line before the origin will be a distance 1/n from the origin.
Hence r =n=n and Rf = n. Thus the value of Rf depends on the number
of mesh points in the radial direction. THis procedure is, of course,
equivalent to mapping the outside of the unit circle onto the inside
using the mapping r = 1/c in order to obtain a finite computation
region as was done by Sells (1968). |

The grid lines of constant 6 map into curves in the physical
plane which are clustered around the areas of high curvaturé on the aero-
foil, see Sells (1968), p. 381. Thus the grid used ensures that there
are more points in the regions where the flow varies rapidly than
elsewhere.

The infinitely dimensional variational problem is now replaced

by a finitely-dimensional problem. Consider four neighbouring points

as shown in figure 3, rectange 1. The derivatives of x in the rectangle
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formed by the grid limes i, i + 1 and j, j + 1 are approximated

by finite differences

ox _ Xie1,i T Xia1,541 T %55 T XiLiw
a9 2hi

. . + y. . - .. - . .
o o Mugnr T Xergen X7 Mg
or 2k

-

With these expressions J(x) can be approximated for the rectangle by

- 2
+('Y 1) Moo 2 _

Jlx] e 3, L= {2
; 212

1,]

. + X. . - X " Xs .
Xi,J+1 X1+1,1+1 XlJJ X1+1,J

2kj
+ Y. .. -Y. .
+_2_ sin 6 Xi+1,j Xi+1,]’+1 Xl,_] xl,]'l'].
T 1 2h.
1
s KLin X ga T X T Mg e
2kj
1 (X, T Xaerge1 T X Xi;j+1>2) o
L ' 2h.,
1
YMQZ rl2 -
- 1 + ( cos 61
T2 r
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T2 h. k. .
r1 i % , (3.4)

where 06, =06, + 0.5 h., r =1r. + 0.5 k., and T 1is evaluated for
1 1 1 1 J J

91 and rl. Before we can sum the contributions for each rectangle, -

it is necessary to consider the treatment of the boundary conditions.
One of the four boundary conditions that x must satisfy

creates no problems. From (3.3) we see that, at the line j = n,

¥ 1is prescribed, so no modification is required to the procedure

described above. Ho wever, at the lines 1 =1, i =24 and j =1

only the normal derivative of ¥ 1is prescribed. Let us first consider

i = 2. Here Xg must be zero, and in order to approximate this we

add an extra line i = &+1 to the mesh such that h,Z =h and then

2 -1’

set

Xouq . =
24155

Xoos .
2 l:J

Similarly at i =1, we add an extra line i = 0 such that h, = ho

and then set
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The boundary condition at j =1, i.e. at ¥ =1, is
approximated in a different way. Here we use an interpolation between

the three points (i,1), (i,2) and (i,3) and find that

_ ~ k2 + 2k1 | ) k1 + k2
X | = X1 T T Xip
‘r=1 k (k_+k.) ? k k :
171 2 1 2
k1
* i,3
k + ’ )
2 (kl k2)
Since Xy =—-cos © at r =1, we have that

1

1 2
((kl * kz) Xi,z
ko + 2k1 k2

i,l1
1

~ 2 3
k Xi,3) + kl(kl + kz) cos e] . (3.5

We can now sum the contribution (3.4) for each rectangle,

and we see that J'xl can be approximated by

xl = 3 = § 1 4.

The values of X5 3 which maximize this expression are given by the
3

solutions to the equations

- i=1, ... , %
.a..)%__{ = 0 (3.6)
i’j J =2, » n—1 i




These e€quations were solved by the Newton-Raphson method in'the following

way. For a given (i,j) we can write (3.6) in the form

where As’ BS Cs’ Ds’ Hs’ are functions of x at the neighbouring
3
. . . . of J .
points derived in Appendix F and hi, hi-l’/&gll' Let }:gn? be the

b

th

n approximation to the solution. Then an improved estimate is given
by
(n)
(n+1) _ (n) _ g(xl,j)
i:j lsJ 1 (n)
_ 8 (Xi,j)

where g'(z) = dg/dz. When the difference [xingl) - xinﬁl was found

3 b
to be less than 1O_LP the iterative process was stopped. For a typical
point this took about four iterations. A tolerance of 10“4 here,

- probably means that the local Mach numbers are only accurate to the third

decimal place. If the Newton-Raphson method is continued until

+ -5 . . .
lx(? ;) x£n§| £ 10 a large number of iterations are required for

3 3’ ‘
sweeps through the field, where the approximate solution is still close
to incompressible flow. This process is carried out for each point in
turn with the calculated values being used as soon as they are available.
In this way x can be calculated to the desired degree of accuracy.

When equations (3.6) are solved, (3.5) is then used to evaluate x on

the surface.
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Calculations were also carried out for the regions

ot

boundary conditions at 6 = Tr/2 and /2 . for a body symmetric
e
about x = 0 fthat vanishes there.
The approach used by Greenspan and Jain (1967) differs in

some important aspects from the one described above. Given an interior

point (i,j) they approximate the derivatives of y by

RN 95 L S I
ar’. .~

1,] Ar
(EK) = Axi+1’j Xi;j
90%; 3 A8

These expressions are then substituted into J|x| to give
an approximation Ji,j for the rectangle (i,j), (i+1,3j), (i+1,j+1),
(i,j+1). A summation over all the points gives a global approximation
J' to J. The boundary conditions are then used to obtain approxi-
mations to X on the boundaries in terms of the neighbouring interior

points, and these boundary values of x are substituted into J'. A

maximizing expression is found for J' by solving the equation

for all interior points.

The main differences between the two approaches are the
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treatment of the boundary conditions on the surface of the body and
the extent to which the values of x at the neighbouring points appear
in the equation for X3 i’ Greenspan and Jain approximate the condition

’

X, = T cos 8 at r =1 by writing

Xi,O' = Ar cos Gi + Xi,l
where (i,0) 1is on the surface, while we use a three points inter-—
polation. Due to the way in which they approximaté the derivatives
of X, their equation for Xi,j dependsonly on ¥ at six of the
eight neighbouring pointé, the points (i-1, j~1) and (i+l, j+1)
being excluded. This is in contrast to the approach in this thesis
where ¥ at all the neighbouring points are used. It is difficult
to know if these differences account for the fact that our solutions
for flow past a circle are closer to other approximations mnear the
stagnation points than those obtained by Greenspan and Jain.

It was found that the most satisfactory way to sweep through
the field was to start at the leading edge and,keeping the value of
6 constant, to cover all the r values for this value of 6 from
the body to the far boundary. This was repeated for the other values
of 6 wuntil the trailing edge was reached. 1In other words the first
point, where the new value of the potential was found, was r =1,
é = 7, then the other grid points where 6 had the same value, had
their potential values found working outwards from the body. Then the
new value at . r = 1; 6 =1~ hk-l was found and the process repeated
working outwards from the body. This method was continued until the

new value of the perturbation potential had been found at all grid points.
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This order was chosen, so that the errors in the process would tend to
accumulate away from the body, while we were more interested in velocities
on the body surface. If r had been fixed and 6 varied; for each
value of r some of the error would have tended to accumulate at the
trailing edge.
For a Karman-Trefftz profile, it can be seen (see Appendix C)
(C-6), that, T2, the transform modulus squared is zero at the trailing
edge, r =1, 6 = 0 and for the rectangles close to the trailing edge,
T2 will be small, making the integral (3.4) small in these rectangles.
The singularity, however, is sufficiently weak not to affect

the calculation of the potential at points near the trailing edge.
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§ 4 CONVERGENCE FOR PLANE FLOW

Three different convergence criteria were used. At one
stage the iterative scheme was continued until the Mach number on
the surface of the body changed by less than 1.0 x 10--5 during one
iteration. This gives a solution of similar accuracy to that by
Sells (1968). It was found that this criterion was approximately
fulfilled if the reduced potential did not change by more than the
same amount during 100 iterations.

However, since the Newton-Raphson method was only iterated
until a difference of less than 1.0 x 1()--4 was achieveg in successive
iterations, the local Mach numbers are probably not accurate beyond
the third decimal place, as they involve differentiation of the potential
tﬁus it was felt that an adequate convergence criterion was that the
maximum difference in potential at any point in the field should not
exceed 0.25 x 10—5 in two successive iterations.

In other words the iterative process was stopped when

max

5

1$£ig 2 _ -
T (@ _ (@1 < 0.25 x 10 (4.1)

.. X
1< j<n H 1

.The accuracy of the final results is obviously geing to depend
on the mesh size. The above convergence criterion (4.1) was usually
used for a grid with 17 points around the upper half plane and 21 points
radially outwards. This gives a step léngth of 11{o around the body,
which is probably only fine enough to give results accurate to the second
decimal place. Therefore the iterative process could probably be

terminated at an earlier stage, but waiting until (4.1) is satisfied
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ensures the results are as accurate as possible for a particular
mesh. Results agreeing with Sells' (1968) to the second decimal
place have been obtained, apart from near the stagnation point,
signifying that our iterative process has converged to the right
answer.,

Usually, about 800 iterations were required, toc satisfy
(4.1), but this depended, of course, on the number of mesh points
and on the value of the free stream Mach number. For the calculation
of the flow past a 10% ellipse with a free stream Mach number of 0.8,
on a 17 by 21 grid on the region 1¢ rg 21, 0 6 < w, 800 iterationg
were required, and the-computing time on an ICL 1907 was about 80 minutes.

The rate of convergence was improved by using over-

relaxation at the end of each iteration. Thus if Xij (g+1) was obtained
_ . ; (q+1) .
by solving (3.6), the new value of ¥, Xij was defined by
(e+1) _ — - (©
ij = WXiJ- + (1 -w Xij

where w is 2 parameter greater than zero. If w< 1 we have under-
relaxation and if w > 1 over-relaxation. It was found by trisl and
error that the best convergence for the ellipse was achieved with
w = 1.4 and this value also seemed to give the best convergence for
the Karman~-Trefftz profiles, but no extensive search for an optimal
value was carried out. Even when the local Mach number was close to
unity, it was not necessary to use under-relaxation in order to obtain
convergence. This is in contrast to Sells (1968), though Alboﬁe (1971)
later modified Sells' method to make under-relaxation unnecessary.

A number of calculations were carried out for a 107 ellipse
with a free stream Mach ﬁumber of 0.8 ot a quarter plane in order to test
the importance of different grid sizes. Some results are given in

table 4.1, and they seem to indicate that if the number of points in

-
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“either the radial or angular direction is increased, the local

Mach number on the surface converges.

22.5

45.0

67.5

90.0

Local Mach numbers on the surface of a 107

ellipse with Mw

Table 4.1

0.8 for different grid sizes.

Grid

no. of points around the body x no. of points out from the body

9 x 41
0.8617
0.9409
0.9683

0.9763

9 x 31
0.8615
0.9413
0.9689

0.976Y

9 x 21
0.8606
0.9420
0.9702

0.9784

13 x 21

0.8615

0.9447

0.9739

0.9825

17 x 21
0.8621
0.9457
0.9752

0.9836




5 RESULTS

The main part of the calculations were carried out for nonlifting
ellipses of different thicéness ratiomes, usually 10% but a number were
also obtained for Karman-Tref{ftz profiles. In most of the cal-
culations the computation region: was 0L 8 €W, ILr £ R, and
the solutions show that when the flow is subsonic the potentials for
nonlifting ellipses are always symmetric about the line 8 =T1/2, A
few calculations were carried out for /2 <€ 8 € 372 in order to
check the accuracy of the freatment of the boundary conditions at
=0 and 8= M. Since the results were identical with those
obtained for 0 £ © € Mit was coﬁsidered gufficient to only carry
out the calculations for the upper half-plane. The results in this
section for the different ellipses were obtained using either the
reduced incompressible soluﬁions as boundary conditions at
r = Rgor the condition derived in Apperndix E while for the Karman-
Trefft; profile only the boundary condition derived in Appendix E
was used.

One of the simnlest cases to consider is that of a circle
for a free stream Mach number just below the critical value. Table
5;1 shows results obtained with a 21 by 21 grid and gives also for
comparison similar results by the program developed by Sells (I1964).

Very good agreement is achieved.
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The non-dimensionalised speed on & the surface of the
circle at a free streanm Mach/humber of 0.4 is compared with the
results obtained by Lush and Cherry (1956), IMai (1941), Wang (194%),
Greenspan and Jain (1967) and a linearized solution in Table 5,2
Good agreemenﬁ is achieved, except with the results of Greenspan and
Jain (1967) near the stagnation point where a discrepancy of 46% is

found. The reason for this difference was discussed in Section 3.
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TABIE 5.1,

Local Mach numbers on the surface of a circle, M = 0,39,

8 Sells Our results
0.0°- 0.0 0.0

9.0° 0.1123 0.1123
18.0° 0.2246 0.2245
27.0° 0. 3367 0. 3366
36.0° 0.4483 0. 4482
45.0° 0.5587 0.5585
54,,0° " 0. 6665 0. 6661
63.0° 0.7689 0.7682
72.0° 0. 8604, ~0.8591
81.0° 0.9301 0.9276
90.0° . 0.9582 0.9544

A more exacting test of the programme is to calculate soluaetions
for thin bodies at high speeds. In Table 5.3 results are given for
a 10% ellipse with a free-stream Mach n mber of 0.8 and with the cal-

culations done on a 17 by 21 grid. Again results obtained by Sells!

programme are presented




TABLE 5.2

Speed o/ on the surface of the cylirder. A comparison of
our method with those of Iumsh and Cherry, Imai, Wang, Greenspan and

Jain and a linearized solution, for a free stream Mach number of O./.

Position  Speed q/’H on Surface

on body Iush and Imai M6 Wang Greenspan  Linearized Cur

surface Cherry ¥= 2 and Jain Soln, Soln.,

90° 2.3102 2.284  2.335  2.2844 2.285  2,2867
99° : \ 2.4344 2.2339

100° 2.2492 2.227 2,271 2.22,% 2.229 2,2072 %
108° 2.,0769 2.0937
110° 2.1074 2.068  2.097 2,0285 * 2,070  2.0502 *
117° . 1.8590 1.8977
120° 1.8340 1.836  1.845 17774 * 1.836  1.8210 *
126° | 1.6142 1.6676
130° 1.5568 1.561  1.552 1.4980* 1.571  1.5554 %
135° 1.3527 1.4152
140°  1.2537  1.266  1.247 1.2011% 1,260 1.2776 *
144° 1.0798 1.1475

©150°  0:9536  0.959  0.941 0.8927 * 0.957 0.9651%
153° 0.7791 0.8690
160° 0.6464 0.644  0.635 0.5766* ~ 0.635 0,6467 %
162° 0.5130 0.5832
170°  0.3280 0.323  0.319 0.1952 % 0.319 0,3243*
171° 0.1564 0.2926
180° 0 0 0 o 0 0

* results obtained by linear interpolotion.
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TABLE 5.3

Local Mach numbers on the surface of a 10% ellipse, M = 0.8,

Our results

8 ' Sells Incomp far b dy. Series soln f.b

0.00° 0.0 0.0. 0.0

11.25° 0.7640 0.7250 0.723/,
22.50° 0. 8900 0. 8606 0. 8596
33.75° 0.9170 0.9132 0.9133
45.00° . 0.9398 0.9419 0.9430
56.00° 0.9609 ‘ 0.9590 0.9612
67.50° 0.9756  0.9702 0.9732
78.75° 0.9831 0.9762 v 0.9799
90.00° 0.9855 0.9783 0.9823

for comrarison. The agreement away form the neighbourhoods the
stagnation points are good, but -ear these points they differ by about
5%. It is not clear what the cuace is of.this difference. Since in
both procedures conformal mappings are used to transform the ellipse
into the unit circle, it would seem that the treatments of the region
of high cur-ature are identical. It is possible that it is the
different treatments of the boundary condition on the surface that

are the cause. In Sells' programme the streamfunction is used so the
boundary condition is‘the simple one of setting it equal to zero on the
surface. In our programme, however, it is the norﬁal derivative of |
the velocity potention which is rrescribed. Different ways of treating
this condition were tried out, but no improvement over the resuljs

presented here was achieved,
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The values of the free-stream Mach number were also increased

until the numerical procedure ceased to converge, For a 10% ellipse
with a 17 by 21 grid it converged for M;o= 0.82 but not for 0.83, In
Table 5,1 the values of the local Mach number along the surface are

given for different values of Mgy,.

TABIE 5.4

Local Mach numbers on the surface of a 10%

ellipse for different values of Mes

M, =0.70 M, =0.80 M, =0.8

[ ]

0.0° 0.00 0.00 0.00
11.25° 0. 6569 0.7250 0.7351
22.50° 0.7587 - 0. 8606 . 0.8768
33.75° 0.7888 . 0.9132 0.9357
45.00° 0.8019 0.9419 0.9696
56.25° 0. 8081 0.9590 0.9940
67.50° 0. 8115 0.9702 1.0089
78.75° 0.8131 0.9762 1.0242
90.00° 0. 8136 0.9783 1.0281 )
101.25° 0.8131 0.9762 1.0213
112.50° 0.8115 0.9702 1.0119
123.75° 0.8081 0.9590 0.9922
135.00° 0. 8019 0.9419 0.970%
126.25° 0.7888 0.9132 0.9353
157.50° 0.7587 0. 8606 0.8771
168.75° 0.6569 0.7251 0.7349
180.00° 0.00 0.00 0.00
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In oxder fo see if the method was feasible for more realistic
shapes, the flows arcund two different Karman-Treffts profiles were
calculated.

Results for a profile of 10% thickness to chord ratio with a
trailing edge angle of &° are shown in Table 8.5, for a range of free
stream Mach numbers.

The flow around a Karman-Treffiz !Ef profile at various free
stream Mach nimbers was also calculated to compare the results with
those provided by R.A.E. Farnborough, found using Sells' program and
that of Bauer, Garabedian and Korn (1972). These are compared in
Tables 5.6 and 5.7 and show a maximum difference of only 0.8% with Sells'
program,

'Since a Karman-Trefftz profile is not antisymmetric about

9= z% all calculations were carried out on the half plane
0Os8s™, 1srg Rf. -

Results were also obtained for a Karman-Trefftz 'F' profile at
Mach 0.75 and the free stream Mach number was pushed above 0.76 to see
if transonic flows could be obtained. A small supersonic bubble was
found at Mach 0.78 but at 0.79 the iterative ovrocess failed to converge.
The results are given in Table 5.8.

It was considered desirable to investigate the flow agout a
NACA 0012 profile to see if the method was still valid when a
mmerical transformation was used. Table 5.9 compares our results with
those given by Lock (1970), obtained by Sells' (1968) method. Lock
(1970) considered that a NACA 0012 profile at a free stream Mach
number of 0.72, which is just suberitical, was a desirable test case for

. us
xisting

. e g . . .
comparison of new and “methods of caleulating two—dimensional flows,

-~ 48 =




The greatest difference betwee: Sells' results and oux§ (after using linsar
interpolation to obtain them at the same points) is one of 3.4% near

the leading edge. The reason, that‘%h;s difference is greater than in
most other cases, is probably that the capacity of the ICL 1907 was
insufficient to use enough points in finding the transform modulus at
exterior poin£s. However the results are sufficiently close to show

that the variational metvod is valid for arbitisry profiles.
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TABLE 5,5

Flow past a 10% thick Karman-Trefftz = profile k = 0.9375,
"
ri= 1.9667 with a trailing edge angle of 6° and thickness ratio of

10%,
Position Frée Stream Mach Yo,
on the 0.6 0.7 0.75 0.76
Aerofoil ) Local Mach Yo,
180° 0.0 0.0 0.0 0.0
1682° 0;5504 0.6250 0.6545 0. 6594
- 1573° 0.6783 0.7938 0. 8454 0. 8543
1463° ) 0.7200 0.8620 .  0.9361 0.9490
135° 0.7328, 0.8888 0.9852 1.0069
1232° 0.7305 0. 8889 0.9943 1,0222
1124° 0.7193 0.8717 0.9688 0.992/
1013° 0.7021 0. 8444 0.9280 0.9459
90° 0.6812 0.8124 0.8845 : 0.8993
785° 0.6582 0.7787 0.8417 0.8542
674° 0.6346 0.7454, 0.8012 0.8121
564° 0.6111 0.7134 0.7634 0.7731
45° 0.5885 0. 6834 0.7289 0.7376
333° 0.5670 0.6556 0.6973 0.7052
221° 0.5463 0.6293 0.6678 0. 6750
114° 0.5235 0. 6007 0.6361 0.6428
0° 0.0 0.0 0.0 0.0

At M = 0.77 the process failed to converge
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TABLE 5.6
Comparison of Mach numbers along the surface of a Karman-

Trefftz 'F'' profile at free stream Mach number 0.6

m = 1.94444 k = 0.95493
Angle Our Method Sells Method
180° 0.0 0.0
174° 0.4267 0. 4250
1éé° . 0.5666 C0.5765
162° 0. 6254 0.6336
1560 0.6576 0.6638
150° 0.6780 0.6838
144° 0.6917 0.6973
138° ~ 0.7009 0.7066
132° - 0. 7067 | 0.7123
126° 0. 7097 0.7150
120° 0.7103 10.7153
i14° - 0.7088 0.7134
108° - ) 0.7054 0.7095
102° 0.7003 _ 0.7039
96° 0.6937 0. 6963
90° 0.6859 0. 688
84° 0.6769 0. 6789
78° 0. 6671 0.6685
72° 0. 6564 0. 6574,
- 66° ‘ 0.6451 0. 6458
60° 0.6334 T 0.6336
54° 0.6212 0.6211
48° 0.6087 | 10.608,
42° 0.5960 0.5954
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TABLE 5,6 (Continued)

“Our Method
0.5829
0.5694
0.5552
0.5396
0.5211

0.4945
0.0
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Sells Method
0.5822
0.5687
0.5545
0.5392

(@]

-5212

0.4949
0.0




TABLE 5.7
Comparison between the results obtained by our program with those
obtained by Bauer, Garabedian and Korn (1972) for a Karman-
Trefftz 'F' profile.

Free stream Mach number

Position 0.7 0.72 0.76
_on the Our B.G.K's Our B.G.K's Our  B.G.K!s
profile results results results results results results

180°

1683°

221°

Local Mach numbers

0.0 0.0002 0.0 0.0003 0.0 0.0002
0.6353 - 0.6315  0.6494  0.6443  0.6746 0.6678
0.7586 0.7632 0.7796 0.7835 0.8188 0.8219
0. 8125 0.8211 0. 8388 0.8472 0. 8909 0. 8994
0.8413 0. 82514 0.871¢ 0.8822 0.936/4 0.9482

0.8527  0.8632  0.8857  0.8968  0.9597 0.974
0.8506  0.8600  0.8839  0.8939  0.9596 0.9735
0.8376 0. 8453 0. 8692 0. 8774 0.9394 0.9497
0.8167  0.8225  0.859  0.8518  0.907) 0.3147
0.7907  0.7947  0.8171  0.8211  0.8714 0.8757
0.7615  0.7642  0.7¢53  0.7879  0.8331 0.8356
0.7308  0.7327  0.7523  0.7540  0.7946 0.7962
0.6994  0.7006  0.7188  0.7199  0.7566 0.7575
0.6673  0.6683  0.6849  0.6858  0.7188 0.7195
0.6337  0.6345  0.6496  0.6503 | 0.6801  0.6805
0.5928  0.5934  0.6069  0.6075  0.6336 0.6340

0.0 0.5232 0.0 - 0.5349 0.0 0.5562
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TABLE 5,8

Local Mach numbers on the surface of a Karman-Trefftz

'F! profile

Pgsition
on the
aerofoil
180°

1683°

1574° .

1463°

135°

1233°
1128°

1012°

Free stream Mach number

0.75
Local Mach numbers

0.0

0. 6687
0. 8094
0.8781
0.9198
0.9398
0.9383
0.9206
0.8918
0.8575
0.8212
0.7841
0.7473
0.7105
0.6726
0.6272

0.0

-5/ =

0.78

0.0

0.6855
0.8361
0.9154
0.9692
1.0052
1.0087
0.9804
0.9415
0.8991
0.8568
0.8151
0. 7747
0.7349
0.6943
0.6461

0.0




TABLE 5.9
Comparison of our results with those given by Lock (1970) for the flow

past a NACA 0012 profile at a free stream Mach number of 0.72

Position . Position

on the Local Mach “umbers on the Local Mach numbers
prafile Lock Heys profile Lock Heys
180° 0.0 0.0 87.13 °  0.8392

174,.90° 0.3761 81.02 °©  0.8199

168.75° 0.6302 % 0.6085 78.75° 0.8122 * 0.81596
168.52° 0.6397 74,.93° 0.8018

162.93° 0.7860 68.90° 0. 7843

157.50° 0.8610 * 0.8370 67.50° 0.7803 * 0.7859
157,22° 0. 8647 62.73° 0.7675

151.65° 0.9172 56.50°  0.7508

146.25° 0.9497*  0.9361 56,25° 0.7501 % 0.7542
145.89° 0.9517 . 50.21° 0.7340

140.00° 0.9748 45.00° 0.7195 * 0.7225
135.00° 0.9826  0.9774 43.95° 0.7166

134.27° 0.9837 37.43° 0. 6982

128, 32° 0.9807 33.75° 0.6872 * 0.6880
123.75° 0.9674 * 0.9721 30,92° 0,678/,

122,68° 0.9672 24,.22° 0.6561 )
116.75° 0.9475 22,50° 0.6501 *  0.6471
112.50° 0.9330"  0.9390 17.05°  0.6305

110. g5° 0.9257 11.25° 0.6098 * 0.5901
104,..95° 0.9032 8.10°  0.5985

101.25°  0.8%90* 0.8975 0° 0 0

99.12° 0. 8309

93.10° 0. 8595

90° 0.8490 * 0.8568

* Found by linear interpolation from the other values,

- 55 -




6, NUMERICAL METHOD FOR AXISYMMETRIC FLOW

As in the two-dimensional case we can only consider the

-

integral over a finite region, so we take the far boundary at
r = Rf and derive an asymptotic expansion for X awajr from the body.

"In the cross-section plane we only consider bodies which are symmstric

——about R = 0 and only the non-lifting case is considered, so we need
only treat the upper half plane 0$8<II, The integrals (2.21) and

(2.22) then become, after dividing by Poss
_ R ¥y 2 1-1
J!¢l_jfj{[1+(2_)Mm(..T2)_
1

o
¥-1 2 (2cos 8Xr -2 sinexe+xr2+lIZ]
(2—1'?'“‘2)0 Mes ( r 1‘2 Q

(<3

-1 + X}Fe&é(xor‘xr + %ngexe>} rRT2 drde

(6.1)
and
J\M‘—‘jn JRf ([l+ ¥-1 Meo? (1—1 ) -
o 1 ¢ 2 T2
1 X
-1 Megz {2 cos SIr - 2 sin SIQ +{Ir2 + &2>]
2 2
27T T T g
-1+XMan<Ir3_; +Xo d0|l 1 rr2r as
ox ox
+XM&82 x__é_)_g_ Rds )
4 3y (6.2)
respectively, with the boundary conditions
’Ig = 0 at & = O’ T
Xr = -cos & at r=1 ‘ (6.3)
I’: £(8) at r :Rf
R g

where f(8) is derived in Appendix G.
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The definition of the irregular mesh and the determination of s
are exactly the same as for two dimensions, as are the expressions for

bx and E'I in finite differences.
Y Sr

Using these expressions we have the two following forms for the

apnroximation of JVL) ona rectangle of the mesh.

TN\ = Ji'j = {‘[1 + (2§-1)Maa2< % _1
. 2T 2

-2cos 61 Ixi g+l o+ xiﬂj»{-l -Iij - xi+i,j.

2Kj
+_g_sin 9' Ij_ + 1’ j +Ij_+1, jo+1, - _xi } —X'i, j+1
r, 2 he
- < Xi, i1 Kiwa,ga -Liyg KL, j>2
| 2 K j S
X X >
o (Fews K Ta T )
1‘1 : 2 }\(_
-1+ XMQ_@ 2 (X:or X, 541 +Xae1, 441 Kig - Lia, j
T 2 Kj
v Koo Xi+1, 5 + i1, 341 Kij - Xy 41 )
2 )
ry 2 kK¢
r) R 72 h; K (6.4.)

corresponding to (6.1.), and

T\X) == Jij ={[1+ (.K;;)zMas2 (T2_1 -

2 cos 8. Xi, 41 +Xi+1, 41 -Ki,j3 - Xie, j

2 Kj
+ 2sin 8, Xi+1,j + Lis1, jo1 Xi,5 X541
r, 2hi
..< Xi,j+41 +Xie1,5+1 -Ki,5 “Xi+1,; >2
2Kj -
2 =

-1 Xy + X34, 341 -Xi,3 X154 :[

r,2 2h ¢




1o 8 me? (dr Xiga e Kia g Xy JKa g
Ox 2 K;

s 06 Xie,j +xi+1,j+1 “Xi; -751,5+1)
5 X 2\\1

i, R hi K

+ WY Maﬂz ’)Ci+1.1 +Ii.1 ‘”)x Rhi (6.5)

2 3 by

whereW=-0 for j§ 7 2 and W =1 for j = 2. Also %~ a1+ 0.5hi, r,

= rj +0.5kj. R, T, Sr

’ ég’
Ix 0 Dx

evaluated for r, and €,. The boundary conditions at r = 1 and

‘X:o , a.nd’xO o are

8 = 0 or IT are treated in exactly the same way as for two-dimensional
flow.
As for plane flow, the contributions (6.4) and (6.5) are summed

over the field to give an approximation for JI\XI

<\

>

. R
I a T o= Z2E T

Equation (3.6) is again solved by the Newton-Raphson method,
where the expressions for As, Bs, Cs, Ds and Hs are given in
Aopendix H, The same orocess is carried out until the desired degree
of accuracy is achieved.

In axisymmetric flows the factor R in (6.4) and (6.5) is small
for rectangles bordering 8 =0, so the contribution to the integral
from rectangles near © = 0 is also small, but the singularity is
sufficiently weak not to affect the‘éalculatiQn of the potential, .
Near the trailing edge, r =1, 6 =0, however, for a Karman-Trefftaz

profile of revolution, we have that 72 is also small, as in the two-

dimensional case.

- 58 -




In this ;:ase the factor 872 in (6.4) and (6.5) becomes very
small, casting doubt on the validity of the results obtained by the
variational method, near the trailing edge. |
| It was therefore decided to try replacing the variational
method by the series exransion for a cone, of the same trailing
edge angle, near the trailing édge. The flow past a cone was
‘discussed by Margler (194?) who had previously found, with Leuterit»
that the.potential was given by

g = -kJF () (6.6)
to within a constant, where

~ Qe is the distance from the cone vertex
K 1is a constant
VY is a constant related to the cone
angle and lies between 1 and 2

and ¥ = IT - @ where @ is the angle the line joining the cone
vertex to the point being considered, makes-with the positive
X - axis (see fig, 5)

The constants are derivedin Appendix I.
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§ 7 CONVERGENCE FOR AXISYMMETRIC FLOWS

The convergence criterion used for axisymmetric flows
was the same as the one finally used for plane flow. Thus the
iterative procedure was terminated when the maximum difference in
the potential at any point in the field should not exceed 0.25 x 10‘-5
in two successive iterations.

The remarks, made in Section 4 for plane flow, that the
mesh size probably restricts the accuracy to two decimal places,
also apply to axisymmetric flows, though once again agreement with
other approximate methods implies the iterative process converges
to tﬁe correct values.

In general fewer iterations were required for convergence
than in two-dimensiocnal flow. For the calculation of the flow past
a 107 ellipsoid with a free stream Mach number of 0.9 on a 17 by
21 grid on the region 1< rg 21, 0 £ 0 ¢ w, 200 iterations were
required and the computation took abouf 13 minutes on the ICL 1907
at Southampton University.

It was found, as in two-dimensional flows, that over-
relaxation could be used at the end of each iteration to increase
the rate of convergence. It was again found by trial and error that
the best rate of convergence was achieved with a relaxati;n parameter
of 1.4, though, again, no extensive search was carried out. Even for
local and free stream Mach numbers close to sonic speed under-

relaxation was unnecessary to obtain convergence, in contrast to

Pidcock (1969) who adapted Sells' (1968) method to axisymmetric flows.
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8. RESULTS

Galculations were carried out for a . ‘phere, an ellipsoid,
of thickness ratio 10%, and for bodies of revolution with Karman-
Trefftz profiles as cross-section. In most of the calculations, as
for two-dimensional flow, the computation region was 0£8 « ™
Isr < R_f and, again for subsonic flow the potentials for a sphere and
an e1lipsoid are symmetric about © = ;{ . Some calculations were
carried out for N < &, 3T in these cases to check the

2 2

accuracy of the boundary co-ditions at 8 =0 and © =T , Once again,
as in plane flow the results were ide-tical with those for 0<% 8¢ ™ s
so it was only necessary to consider the upper half-plane., In gll
cases the assym~totic form of the boundary conditions derived in
Appendix G wasruscd.

The first case considered was the flow past a unit sphere, since
no conformal manping is required. The sphere has previously been
calculated by Wang and de los Santos (1951) using a variational

technique and Lamla (1939) and Kaplan (1940) , among others, using a

Rayleigh—Janzen method, Wang and de los Santos'integral was of the foxm.
S\ = \S X; ( _ éjé éﬁé ) . ( HKL-;' \9& < %““
al\, ax— Oxg > &L

+ 2 ( Qm ‘-'\f'>$ S L, %gé; ds
where the notation not -reviously used is gm is the eritical velocity
amd’_ﬁA is given by § =p +X, | i -

As in Wang's two-dimensional work ¥ was taken as 2 to
simplify the calculation. However, they did obtain some results, for
flow past a sphere, which are compared with our results in Table 8.1, fcor
both their lineari-ed andron-linearized theory. In the lineari-ed
theory they took fewer terms in the Rayleigh-Ritz series. The biggest
discrepancy is at 20° where there is a difference of 0. 4% between the

non-linearized results and our results and 0.5% with the lineari-ed theory.
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It ecan be seen from Table 8.1. (b) that our method szives results
closer to those obtained by the Rayieigh-Janzen method than those obtained
by Wang and de los Santds (1951) at most points around the sphere. The
reason for this is probably the use of ¥ = 2 instead of 1./05 by
Wang and de los Santos (1951).

Thef also made some calculations for an 80% ellipsoid, but
despite taking ¥ = 2, the calculation of the Rayleigh-Ritz parameters
became formidable so they conly took one parameter. Thus the
accuracy of their results for the ellipsoid is doubtful and for higher
Mach numbers the agreemsnt with the Rayleigh-Janzen method was only in
the first decimal place.

TABLE 8.1
Flow past a unit sphere at a free stream Mach number of 0.5. Comparison

with results of Wang and de los Santos (1951)

Velocities compared to the free stream

Position. Heys!' Wang and de los Santos' results

on sphere results L inearized non-linearized
0° 0.0 0.0 0.0

10° 0.2481 0.2473 0.2473

20° 0. 4862 0. 4887 0.4881

130° 0.7192 0. 7206 0.7187

40° 0.9411 0.9408 0.9376

50° 1.146/, 1. 246 1.143

60° 1.3282 © .33 1.328

70° 1.4765 1.8 1.479

g0° 1.5770 1.580 1.580

90° 1.6132 1.615 1.616.

(a) Velocities compared to the free stream.




Pressure coefficients on the sphere

Pogition
Heys' Wang and de Rayleigh-Jangen

on svhers results los Santos(1951) Lamla (1939)

0° . 1.0640 1.0641 1.0641

10° 0.9947 0.9940 0.9968

20° _ 0. 8007 0.7980 0. 8018

30° 0. 497/, 0. 4982 0. 4997

40° i 0.1151 0.1218 0.1144

50° - 0.3081 - 0.3005 - 0.2891

60° - 0.7283 - 0.7270 - 0.7339

70° \ - 1.0955 ~ 1,1002 - 1.0971

80° | - 1.3537 - 1.3567 - 1.3435 .

90° - 1,481 - 1.4482 . 1.4330

(b) pressure coefficients on the sphere.
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Axisymmetric flow past a unit sphere for various

free stream Mach numbers,

Free stream Mach numbers

Position
. 0.4 0.5 0.6
on snhere
Local Mach numbers
120° 0.0. 0.0 0.0
1623° 0.1109 0.1362 0.1574
1573° ‘ 0.2198 0.2678 0. 3097
1464° 0. 3245 0.3982 0.4640
135° 0. 4220 0.5240 0.6182
12232° 0.5082 0.6409 0.7713
1128° 0.5774 0.7416 0.9157
1014° 0.6230 0.8136 1.0534
90° 0.6305 0. 8405 1.1245
783° | 1.0533
673° - 0.9159
564° 0.7714
45° 0.6183
33%° 0. 4641
224° * ' o 0. 3098
14° o 0.1575
0 © 0.0




There does not seem to have been a great deal of work done on
axisymastric flows, However, for the 10% ellipsoid, some calculations
were made by Laitone (1947) using a first order Mach number correction
in the linearized form of the potential mguation of motion for a slender
body of revolution. This correction considers terms of the order of
log Bm , added to the incompressibls flow, where 6& =7 - M2.

Apart from the approximate form of the eguation used, another
drawback of the Laitone method is that it is not applicable near the
stagnation pcints or for large values of R = dR(xX) where R and X are

dx
- the cylindrical coordinates for the body of revolution. However, his
results, read off a graph, are compared with our results for the 10%
ellipsoid, bslow.

It can be seen from Table 8.3 that there is clcse agreement near
the centre of the ellipsoid, but at points away from the centre, there
is a large discrepancy, sven at the points away from the stagnation
points, which suggests that his approximation was not of a high enough
order.

-The results are compatible over a larger part of the ellipsoid
for the lower free stream Mach number 0.6, as one would expect, since
Laitone's approximation is exact when the free stream Mach number is
zero, i.e. incompressible flow.

Results were also obtained by Pidcock (1969) for flow past
ellipsoids of variocus thickness ratios, using Sells' method anplied
to axisymmetric flows. For an ellipsoid of 10% thickness ratio, he
gave the maximum local Mach numbers on the surfa;e which are compared
with our results in Table 8.4. It can be seen that there is close
agreement between our results at a free stream Mach number of 0.7 and

0.8 but the difference is larger,of the order of 0.6%, at a free stream

Mach number of C.9.
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TABLE 2,3
Axisymmetric flow past a 10% ellipsoid ccmpared
with the results obtained by Laitones (1947) for

subsonic flow,.

Free stream Mach number

0.6 0.9
Laitone's Heys! Lajtons‘ts Heysg!
Position
results results results .. results
Pressure coefficents on the body surface

180° 1,0932 1.2191
1683° . 0.1802 0.2273
157%° - 0.010 0. 0200 - 0.023 0.0351
163° - 0.024 - 6.0193 - 0.037 =0.0232
135° - 0.03, - 0.0330 - 0,047 - 0.0422
1233° ~0.040 = 0.0390 - 0.052 - 0.0503
11231° . - 0.042 - 0.0420 - 0.055 - 0.0542
1014° - 0.044 - 0.043/, - 0.057 - 0.0580
g0° - 0.044 - 0.0438 - 0.057 - 0.0565
783° - o.o44 - 0.0434 - o.ost - 0.0560
675° - 0.042 - 0.0420 - 0.055 - 0.0542
564° ~0.00 - 0.0390 -0.052 - 0.0504
145° - 0.034 - 0.0330 - 0,046 - 0.0/422
333° - 0.024 - 0.0193 - 0.037  -0.0232
224 ° - 0.010 0.0199 "= 0.024 0.0350
114° 0.1799 ©0.0.2271
0° 1.0932 1.2191




TABIE g 7
A comparison of the maximum local Mach numbers
found by Pidcock and Heys on the surface of a

10% ellipsoid for various free stream Mach numbers,

Free stream Maximum local Mach nmumber

Mach number Heys Pidecock
0.7 0.7177 0.7168
0.8 0.8224 0.8223
0.9 0.9297 0.9355

The reason for this discrepancy is probably that, as in Sells' method for
two-dimensional floﬁ, Pidcock's method is slow to converge near the
critical Mach number and under-relaxation must be used, when the free
stream Mach number is above 0.8, A

Pidcock (1969) gave detailed results for flow about 20%, 40%, and
60% ellipsoids at a free stream Mach number of 0.6 and these are compared
with our results in Table 8.5.

Once again, it is found that the greatest discrepancy is near the
stagnation point, as was the case for plane flow. As an example, for the
20% ellipsoid, there is a discrepancy of 3.7% at 6°,

However, for axisymmetric flow our local Mach n mber is higher
than Pidcock's at this point, while in two-=dimensional flow our results
vere 5% lower than Sells!,

In Table 8,6 the maximum velocities, obtained our our method,
Pidcock's method, the linearized theory and the érandtl-Glauert theory
are compared. Results obtained by the two-different forms.of the integral
are cqmpared in Table 8,7 for flows past a 10% ellipsoid. It can be seen
that the two versbns give virtually identical results near 900 while there

is a greater difference near the stagnation point, 0.5% for a free stream

Mach number of 0.9,




Other resu‘ts found by using the incompressible form of the
integral are given in Table 8.8 and flows with a superscnic region
caiculated fpom the surface integral form of the variational integral
~are given in Table 8.9.

At a free stregm Mach nvomber of 0.99 the iterative process failed
to converge. At Mach 0,98 the flow is supersonic over most of the
ellipsoid and at a distance of up to C.15 times the chord, from the
ellipsoid thch has a maximum thickness of only 0.1 times the chord.

Calculations were also carried out for bodies of revslution with
a Karman-Trefftz profile as cross.3lection., Since there was some doubts
whether the variati nal method would cope with the singularity at the
trailing edge, it was decided to calculate the flow using both the
standara variational method, as applied to other bodies and the series
solution, for points near the trailing edge, as derived in Section 6.

The results are tabulated in Tablelﬁel}from which it can be seen
that the difference in the local Mach numbe§ obtained by the two meth-ds ,
for the point next to the trailing edgs igy?gout 0.6%.

The corresponding calculations were also made>for the Karman-
Trefftz 'F' profile and are given in Table 8.11. In this case the
maximum difference in the results, obtained by the two methods occurs
at the second point away from the trailinz edge and ranges from 0.43,. for
a free stream Mach number of 0.8 to 0.7% for a free stream Mach number
of 0.96. The reason for this difference for the two profiles is not

clear, but it is sufficiently small not to cause.much conecern.
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Thickness
ratio
Position on’
ellipsoid

0°

(0

12°

18°
24°
30°
36°
42°
48
54°
60°

66°

(o]

72°

78°
[o]

84
90°

TABIE 2.5
Surface Velocity against Angular
Position Moe = 0.6

Comparison with Pidcock (1969)

20% 40% 60%
Pidecock Heys Pidcock Heys Pidcock

Local Mach numbers

0.0 0.0 0,0 0.0 0.0
0.2669  0.2767- 0.1563  0.1620  0.1152
0.4400  0.4401 0.2974  0.2987  0.227
0.52¢4  0.5277 0.4108  0.4104  0.3308
0.5730  0.5741 0.4964  0.4955  0.4232
0.5976  0.6000 0.5591  0.5582  0.5035
0.6125  0.615, 0.6047  0.6053  0.5721
0.6221  0.6251 0.6380  0.6396  0.6299
0.6286  0.6315 0.6626 ~ 0.6649  0.6781
0.6331  0.6358 0.6808  0.6836  0.7177
0.6363  0.6388 0.6944  0.6973  0.7493
0.6385  0.6409 0,743  0.7074  0.7752
0.6401  0.6423 0.7113  0.7145  0.7944
0.6411  0.6433 0.7161  0.7193  0.8073
0.6417  0.6438 0.7188  0.7220  0.815€

0.6419 0.6440  0.7197 0.7229° 0.8;84
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Heys

0.0

0.1193

- 0.2288

0.3313
0. 4231
0.5033
0.5722
0.6307
0.6757
0.7201
0.7530
0. 7790
0. 7988
0.8126
0. 8208

0.8235




TABLE 8,6
Comparison of maximum velocity compared to free stream with those

obtained by Pidcock (1969), lineari~ed theory and the Prandti-Glauert.

theory.

Freé stream Maximum velocity compared to free stream a

Mach number  Heys Pidcecck  Linearized thecry [Pramdtli-Glauvert
0.7 1.0229 1.021 1.C25 1.030
0.8 1.0247 1.024 -1.028 1.036
0.9 1.0281 1.034 1.034 1.050

- TABLE 8.7
Comparison of the local Mach numbers on the surface of a2 10%
ellipsoid using the surface integral and incompressible forms

of the variational integral.

Free stream Mach numbers

Position
0.7 0.9
on the
‘ Local Mach numbers
ellipsoid :
Surface Incomrressible Surface Ircompressible
integral integral integral integral
180° 0.0 0.0 0.0 0.0
1683° 0. 6263 ~0.6236 0.7823 0.7785
1575° 0.6915 0.6910 0.8817 0. 8807
1464° 0. 7078 0.7076 0.9122 0.9117
135° 0.7134 0.7132 0.9222 0.9219
1233° 0.7158 0.7157 0.9265 . 0.9263
1123° 0.7170 0.7169 0.9285 0.9283
1014° 0.7175 0.7175 0.9294 0.9293
9° 0.7177 0.7177 0.9297 0.9297
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TABLE 8.8

ther results using the incomrressible form of the integral

Position Free stream Mach numbers

. on the 0.8 0.95

ellipsoid Local Mach numbers
180° 0.0 0.0
1683° ~ 0.7049 0. 8087
1574° 0.7876 0.9231
164° 0. 8096 0.9619
135° 0.8168 0.9756
1232° 0.8199 0.9816

- 1123° 0. 8214, 0.9843

101:4° | 0. 8222 0.9856
90° 0.822/ 0.9860
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Local Mach numbers on the surface of a 10%

IABIE 8,9.

ellipsoid for free stream Mach mumbers above the

critical Mach number using the surface integral form

of the variational integral,

Position
on the
ellipsoid

180°
1683°
1574°

14,64°

Free stream Mach numbers

0.97

0.98

Lécal Mach numbers

0.0

0. 8221
0.9384
G.9811
0.9976
2.0054
1.0092
1,0109
1.0113
1.0109
1.0C091
1.005
0.9976
0.981)
0.9385
0. 8222

0.0

0.0
0. 8258
0.9443
0.9890
1.0078
1.0176
1.0228
1.0248
1.0254
1.0249
1.022/
1.0178
1.0076
0.9891
0. 9444
0. 8259

0.0




Position

profile

180°
- 1683°
1573°

TABIE £,10

Comnarison of the variational method and cone

series solution at the trailing edge of a

Karman-Trefftz profile of revolution.

on

Free stream Mach number

Cone Variational

0.8

Variational
0.0 0.0
0.6576  0.6576
0.7901  0.7901
0.8361  0.8361
0.8501  0.8501
0.8508  0.8508
0.8443  0.8443
10.8337  0.8336
0.8209 0.8209
0.8076  0.8075
0. 7947 0.7948
0.7833  0.7832
0.7739  0.7740
0.7664  0.7653
0.7601  0.7575
0.7490  0.7444
0.0 0.0
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0.

0

o)

. 7197
. 8799
<9454
. 9682
.9702
. 9606
9452
<9274
- 9095
. 8928
. 8784
. 8668
. 8580
. 8507
. 8388

0.0

0.9

Cone
0.0
0.7196
0. 8800
0.9454
0.9682
0.9702
0.9606
0.9452
0.9275
0.9095
0.8929
0.8782
0.8670
0.8565
0.4870
0.8333
0.0

0.94

Variationzl Cone

0.C

0.7385
0.9102
0.9869
1.0205
1.0259
1.01z7
0.9929
0.9710
0.9501
0.9311
0.9151
0.9024
0.8930
0.8853
0.8734
0.0

0.0
0.7384
0.9103
0.9868
1.0206
1.0259
1.0127
0.9929
0.9710
0.9501
0.9311
0.9149
0.9026
0.8915
0.8808
. 8674

(@]

0.0




-7[."

Position

on body

Flow about a Kerman-Trefftz 'F' profile of revolution at various free stream'Mach numbers

Variational
0.0.
0.6837
0.7794
0.8153
0.8310
0.8370
0.8368
0.8319
0.8238
0.8134
0.8019
0. 7900
0.7785
0.7676
0.7563
0.7369
0.0

Oa 8.

Cone

OQ
OQ

O.

0

0

0.

0
6838
7794

.2153
. 8310
. 8370
. 8368
.8319
. 8238
8134
. 8019
. 7898
. 7788
. 7660

L7532

7347

.0

Free gstream Mach numbers

0.9

Local Mach numbers

Variational Cone
0.0 0.0
0.7531 0.753%
0. 8693 0. 8693
0.9186 0.9186
0.9412 0.9413
0.9503 0.9503
0.9501 0.9501
0.9432 0.9431
0.9317 0.9317
0.9176 0.9175
0.9022 0.9023
0. 8869 0. 8867
0.8725 0.8728
C.8591 0.8571
0.8456 0.8412
0.8240 0.8213
0.0 0.0

0.95

Variational Conme

0.0

0.7807
< 0.9083

0.9678
0.9987
1.0132
1.0136
1.0038
0.9884
0.9704
0.9518
0.9339
0.9174
0.9025
0.8877
0.8652

C.0

O.

0.

0

0

0.
1.
1.
1.
0.

0
0
0

0

0

7806

.2084
.9678

9988
0133
0138
0039
9884,

. 9703
9518
-9335
.9176

Varistional
0.0
0.7852
0.9145
0.9770
1.0090
1.0284
1.0294
i.0171
1,0006
0.9807
0.9616
0.9427
0.9259
0.9106
0.8956
0.8730

0.0

0.

0.
0.
0.
0.
1.
1.
1.
1.

10

0

0

96

Cone
0

7851
9145
9763
0090
0285
CR94
0170

0Co7

.9806
.Gh17
« Q424




9, DISCUSSION

There are two main areas for discussion which arise from the
preceeding work. These are the differences between two dimensional and
axisymmetric fliows and the possible extensions of ‘the method.

9.1 Copparison_of Two-Dimensional and Axisympetric Flows

A comparison of the results given in Section 5 for plane flows
with those given in Section 8 for axisymmetric flows, shows immediately
that the local Mach numbers are far closer to the free stream Mach
number for axisymmetric flows than plane flows for the equivalent
body, this is true for all the shapes considered, This difference
means that the critical Mach numbers aﬁd the highest free stream Mach
number for which convergence could be obtained are both higher for
flow about the axisymmetric body than for its cross section. A
crmparison of this highest Mach number for which convergence could be
obtained is given in Table 9.1 for various shapes, and the local Mach
numbers around the surface of a 10% ellirse are comrared with those
for the corresnonding ellipsoid in Table 9.2 at a‘free stream Mach
number of 0.8, Table 9.3 compares the local Mach numbers on the
surface of a Karman-Trefftz 'F' profile with those on the surface
of thevcorreSponding b-dy of revclution at a free stream Mach number

of 0.78.
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TABLE 9.1

Highest free stream Mach number M for which the iterative

scheme converged for plane and axisymmetric flows.

Two-Dimensional Axisymmetric

Body , Mach Number Mach Numbsr Body
Circle 0.435 0.60 Sphere
10% ellipse 0.82< 0.08 10% ellipsoid
Karman-Irefftz 0.76 0.94 Karman-Trefftz of reon.
T.E. angle 6°, : . T.E. angle 6°, thickness
thickness ratic 10% ratio 10% |
Karman~-Irefftz 'F! 0,78 0.96 ﬁarmanJTrefftz 1t

of revolution.

TABLE 9.2,
The flow past a 10% ellipse and the corresponding body of
revolution at a free stream Mach number of 0.8,

Local Mach Number

Position
Plane Axisymmetric

on body - Flow Flow
180° 0.9783 0.822/
1683° 0.9762 0.8222
1574° 0.9702 0. 821
1464° 0.9590 0.8199
135° v 0.9419 0.8168
1233° 0.9132 0.8096
1123° 0. 8606 0.7876
1014° 0.7250 0.7049
90° 0.0 0.0
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TABLE_9,3
The flow past a Karman-Trefftz 'F' profile and the

corresponding body of revolution at a free stream Mach

number of 0.78

Position : Local Mach Numbers
on body Plane Flow Axisymnetric
~180° 0.0 0.0
1683° 0. 6855 0.6687
1574° 0. 8361 . 0.7607
14,64° 0.9154 0. 7946
135° 0.9692 0. 8094,
1232° 1.0052 0.8151
11223° 1.0087 0. 8149
1014° 0.9804 0.8103
90° ©0.9415 0. 8026
783° | 0. 8991 0.7927
67% © 0.8568 0.7818
564° | 0. 2151 0.7703
45° 0. 7747 0.7597
33%° 0.7349 0. 7474
221° 0. 6943 0.7352
114° 0.6461 0.7170
0° 0.0 0.0

-7 -




9,2 General Digcugsion

It has been shown in this thecis that the application of finite
difference techniques to the modified form of the Bateman-Dirichlet
principle can produce a satisfactory numerical solution for the plane
and axisymmetric flow past non-lifting bodies. For a circle results
in close agreement with those of Sells (1968) are obtained, which are
much more accurate than those fcund by Greenspan and Jain (1967).

For a 10% ellipse, the results agree well with Sells except near

the stsgnation points where for a free stream Mach number of 0.8

the discrepancy between the local Mach numbers is about 5%. No
satisfactory explanation has been found, but one reason may be‘the
different boundary condition on the surface since Sells worked with
the stream function which vanishes at the surface, while we used the
condition that the normal derivative of the velocity potential is

zero at the surface. For a Karman-Trefftz 'F'! profile the discrepancy
between our results and Sells' results drops to 1.7% for a free

st—eam Mach number of 0.6. When results were com—ared with those
obtained by Bauer, Garabedian and Korn's (1972) program for a Karman-
Trefftz 'F! p;ofile close agreement was obtained except at the trailing
edge, where their programme fails to give the required stagnation
point. The maximum difference elsewhere is one of 11%, at the point
of maximum thickness, for a free stream Mach Yumber of 0.76.

The discrepancy with Sells' results for a NACA 0012 profile, was
about 3.4% near the stagnation point. This difference was probably
caﬁsed by insufficient computer storage being availablé to take
enough grid points in the numerical evaluation of the transform

modulus away from the profile,

- 78 -




Results have also been compared with those obtained by other
methods for axisymmetric flows. or the sphere fairly good agree-
ment was found with Wang and de los Santos (1951) despite their use
of ¥= 2. Apart from a discrepancy near the stagnation point, which
was smaller than that found for plane flbw, close agreement with
Pidcock's adaptation of Sells' (I968) method to axisymmetric flows
was found for ellipsoids of various thickness ratios. Results have
also been found for flow past the bodies of revolution with Karman-
Trefft» profiies, as cross-gsection, though no results have been
available for comparison purvoses.

For nearly all the shapes considered the free stream Mach number
has been pushed above th@ critical Mach number and a small surer—
sonic region has been obtained. The iterative scheme fails to
converge when the free stream Mach number is pushed even higher.

No attempt has yet been made to show that the numerical method
converges. However, it may be rossible to use a modified form of
the technique used by Rasmussen (1973), for proving the convergence
of thé Rayleigh-Ritz method in plane subsonic flow, to prove the
convergence of the reduced problem on the finite region 1< rs;Rf.

No work seems to have been done on comparing the solution of the
governing differential equations directly with the variational method,
with respect to factors such as the computing time required to obtain
a certain accuracy or ease of programming. It might be claimed the
variational method should be more accurate, since only first
derivatives aeed to be approximated and an integration carried out,
while in the replacement of the differenfial e-uations by algebraie
equations second derivatives also have to be approximated. However,
whe; finite differences are used it may not be possible to evaluate

the inte<rals to sufficient accuracy.
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One advantage of the variational method is that a measure of
the accuracy could, in theory, be obtained by using both variational
principles, as the value oﬁ the two integrals should be the same
for the exact solution, though this would double the amount of work
reéuired for a calculation. In practice, however, it was found that
the value of the integral did not change over the last hundred or
so interations, while the values of the perturbation potential
were still changing. Thus, it does not aprear that the value of
the integral is a very sensitive test of convergence.

It has been shown in this thesis and Rasmussen and Heys (1973)
that it is possible to treat a fairly general class of aerofoils
using finite differences, without the difficulties associated with
the Rayleigh-Ritz method. |

The two-dimensional version of the programme could be used to
investigate the flow past wings or tailnlanes, while the
axisymmetric version could have application in the study of flows
past fuselages or missiles.

The reasons for the use of the Bateman-Dirichlet principle,
rather than the Bateman-Kelvin one, are that the integrand is a
fairly éimple function of the velocity potential and some transonic
flows can Se obtained, The Bateman-Kelvin principle has the
advantage that the boundary condition on the body is that the
stream function vanishes there, instead of the normal derivative of
the potential being zero, as reguired by the Bateman-Dirichlet principle.
One is normally most interested in the velocities and pressure dis-
tribution on the body surface, so it is necessary to use a second
order accurate formula for the normal derivative here, if the
Bateman-Dirichlet princivle is used. The disadvantage of using the
Bateman-felvin princiole is that the relationship between the streanm
function and the density is not one-to-one, so only subsonic flows can

be considered.




It would be interesting to extend the method to the consideration
of lifting bodies in plane flow. The main problem would be the need
to evaluate the flow all round the body, instead of in the upper half-
plane only. Another possible extension is to use finite diffesrence
techniques to consider rotational transonic flows with shock waves
using the modified form of the Bateman-Kelvin principle derived by
Wang and Chou (1951), to see if the difficulties they encountered
in actually carrying out any calculations could be avoided,

The method, used in this thesis, has shown that the finite
differsnce technigues, when used to approximate tﬁe derivatives in
the Bateman-Dirichlet principle can give an accurate approximation
to the com ressible flow past various shapes in two-dimensional and
axisymmetric flows. Since the difficulties in calculating flows
past arbitrary shapes, using the Rayleigh-Ritz or Galerkin methods,
are avoided the method used here could prove a useful design tool in

compressible flow.
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APPENDIX A, THE DERIVATION OF THE VATATIONAL INTEGRAL

FOR PLANE FIOW

The formulation of the variational princivles basically follows
that in Rasmussen (1972).

The equations of motion are the continuity equation

V.(guw =0 (A - 1a)
and Bernoulli's ecuation
N S T = constant (4 - 2)
2 ¥-1 Q

(A - 15) can also be written in the form

¢feuil = o (& - 1b)
) xi

‘where the summation convention is used with i summing through the _
values 1, 2, 3 and the xi form an orthogonal system with ui being the
corresponsing velocity components.
Ve assume that p and Q are related by
£ = kef (4 - 3)
where K is a constant and ¥ .is the ratio of the specific heats of
the gas being considered. It is hoﬁ necessary to make this
restriction, Lush and Cherry (1956) and Serrin (1959) used more
general relationshi~s, but (4 = 3) is valid for the cases considered
in this thesis.
The local speed of sound was defined in Section 2 by C 2 - {}jl-
and we say the flow is subsonic if q2 < 02 everywvhere in the flow R
field V. The boundary surface B of V iStaken to be sufficiently
regular to permit the apnlication of Green's theorem. We surrose
the normal moss flux h is prescribed on B such that
Outflow z;jé h dA =0,
We restrict the class of admissible functions to those for which

(2,3) applies.
SR
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There are two variational principles. One is the Bateman-
Kelvin principle which is as follows. Consider the variational
problem of minimizing the integral |

1] = Sy(p v ed®) av (4 - 4)
among all subsonic velocity fields which satisfy thre equation of
continuity and have prescribed mass - flux on B. Then I [yl is a
minimum if énd only if the flow is irrotational.

The proof fllows the treatment in Serrin (1959) since the
proof in Imsh and Cherry (1956) is only valid for two dimensions.
Set T = Qu_then from (A - 1a) V. T = 0. Hence by Bernoulli's
equation (A - 2) it follows that u and therefore I may be
considered as functions of L. Set T =T +€%%,be any function of
the field where T and f} are regarded as fixed and € as a small
parameter. Writing F(L) = {>W-Qq2, F can be expanded in a cower

series for sm2ll & as

F(2+Gf}_) = F(g):F(L)+ eg'é' \G_ZO
+%<—:2cf;z\ + 0 (€3)
ae?le=o0

F can also be considered as a function of the three components

of Q, i.e, of T,, T TB or of N=Ti Ti . Hence we can write

2,
& = 01 oF
ae le=0 i
and since
oF = 2Ti dF
dTi an
it can be seen that
e 4R = 20111 ar
del €=0 dn
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Also

ar :-L and d2F = 1
an =

Hence QE!
d&l =90

and d2F

Sasunaras

;2
de

&=0 ’ > - q2)

where 9 2 = ()i{)i. Thus F can be expressed in the following form
F(L)=F(L)+€0m

+ (6% - %)

€ -

2 +O(e?)

When this expression is integrated over the region V we have

() =1[z] + e8I + £ 140 (&)

vhere
I = J}-g, 9_ av
and
$°1 = % S (w. %)2 +(02—02)92 dv
v (c® - ¢%)

2; . ‘s - .
&°I is positive definite for subsonic flow so for an extremal
which gives rise to subsonic flow will minimi-e I. Thus the »nroof
of the Bateman-Kelvin principle involves showing that §I1 =0 if

and only if Vx u =0, i,e. the flow is irrotational.




Suppose first the flov is irrotational, then we can write p =V ¢. -
Since ¥, L =0 for all variations, ‘l'gﬂ: 0, and
. ) 9 |
Sv.yg.g’_ dv ’SV .(7/.@.) av
By the divergence theorem this becomes
r ‘ C A :
Jy VOB av= JpN . (Fg) a
Since the normal mass flux is prescribed on B, we can insist
that g..g_ = 0 on B. Hence the right hand integral eguals zero,
‘and So §1 =0,
Suppose on the other hand that §1 =0, butVx u is non-zero

at some point P in V. Then a vector £ can be found, which
~vanishes in V excent in the neighbourhood of P, so that

fy 2 . (Yxwav 40
since

N, (2 x u)=un. (Ix2) -Z . (Vxyu)

and

we must havs _
Jyw (Yxzyav =0
but since NV x 2, is an admissible variation, i.e. ¥V x 2 = 0, this is
a contradictién, so &I =0 must imply that WV x g = O which
completes the proof of the Bateman-Kelvin principle.
The other variational principle, the Bateman-Zirichlet principle

is as follows.
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among all subsonic velocities u =V4.

Consider the variational problem of maximi-ing the integral

J g\ =

V.(QQ_) =0 and pu .2 =1 on B.

equation holds and the mass flow normal to B is

In other words J \ﬂ\\ is a ma imum if the

The proof follows that in Lush and Cherry

fvpdv««fBﬁ hd A (A - 5)

Then J \ﬁ\ is a maximum if

continulty
constant.

(1956) as their's

is valid for two or three dimensions.

Consider the integral

J, \gl =

SV ~% dv

As before we expand in a powver series in €.

p(# + G‘()) = p(f )

Now (A = 2) can be written

FPxi i o+

+

=

¥ K 0 -1

~

d €’)

o]

|

+~é—€2 g‘%‘ﬁj + 0
=0 Toodaee=0

jo 8
(Pl

c

= constant (A - 6)

using (A = 3) and differentiating (4 = 3) and (A - 6) with respect

to ﬁxi

S0

Also

where

¥ -1
fxi + KK QX"Z
bsz = ?SK Q.K

#xi

o/
N
o
i
!
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" By Taylor's theorem

« 0(D)

2
p(# +(;;)) = p () + ¢ a& +1é_£13_“§:
¢ = 0

del e=0 * d e

. . 2
=p (F) —eQuiYxi + b & @E%" ! ? <e3>)
: A

~C*0xi ) xi + Uil i ) x5

- (c?

i

" where Q
- qZ)q xi¢) xi

- ( U,f)x2 - U2 9}(, )2 +(q! X3 - U3X|)2 + (U29X3.U3?x2)2

For subsonic flow i.e. q2<; C:a Q is negative deflinite.
Integrating the expansion for p over V gives
s Weegl=a, 1) - e Jpuigu dv + 4 & £Qdvcl
v 2 J, ™

which by application of Green's theorem becomes

Sgrefl = TLA - efo g wdh vef (V. ou)dv
| + 12 28 dv O(e®) (k-2
' v

C’l
The surface integral vanishes if <) =0 orf\\ .n = O on

B, but ‘): 0 corresponds to the assignment of § on B which is
physically unacceptable, It is therefore, necessary to modify
J,i:ﬁ] by the surface integre” ss in (4 - 5) and the surface
intengal in (A = 7) will vanish if we restrict ourselves to functions
@ of class C3 for which ﬁ . 1 is given on B.

From (A - 7) it can be seen that the first variation of J is
given by :
si= J9wiewra
so J =0 implies that V. uy =0, i.e. the continuity equation
holds., Since Q is negative - definite for subsonic flow, the second

variation

— R
CS.QJ - 25\[ -g-'zgd"

is negative - definite, hence, the integral J Eﬁ] has a maximum value
when the first variation vanishes, completing the proof of the Bateman~

Dirichlet principle,
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The extfémxls are unique for both principles. For the fifst'

principle &1 is zero for an extremal flow u, so

ILw) = 10} fef 8?1
where y* is any other flow. For subsonic i‘low»c?2 I is positive
definite so I [ u Ayl hl] unless ¥ - u = 0, so the extremal must
be unique. By a similar arzument the Batemen-Dirichlet principle
has a unique maximum, ]

In (A - 5) let § be the extremal function ¥ extr. Since the
function satisfies the continuity equation the boundary integral
equals.

jv ( qu) extr 47

Hence -

J [Q exti] = I [ﬁ exti} = ‘SV (p + ® qz) di (A - 9)

In the subsonic case I is a minimum and J a maximom so for
irrotational motion with zero normal mass flow we have two distinct
formulations <§J, =0, éﬁJz =0, Ifyandy > are two approximate
solutions of this boundary value problem, then

T lu] & JTTuextr]. & I{u,]

Thus for two solutions thus calculated
J [u.'] - 1 (.2.2]

can be considered a'criterion of mean error".

Up to this point the analysis for two-dimensional and
axisymmetric flows is the same, but it is now necessary to consider
the two cases separately.

For a two dimensional flow withoul circulation past a body C

in a region V bounded externally by a circle CR, of large raduis R,
)

the Bateman-Dirichlet problem is to maximize
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Iy W}= gp ax dy + jeﬁ 0 as
| dn ‘

CRJ_,CO
and by (A - 9)

J, Lﬁ extr] = .S;S\ ( L+ qu) dx dy. Thus for all

Py A LT L . e "
functions § which are close to the § extr. J, [_;’Z’J-% o as Ry ~* oo,

Assume the proposed extremal flow will be given by

f = foo + X7 = Ux + X7 @A-10)"
where § s is the free stream potential and ‘]C/is small when
T = Jx + y2 is large. Since we can subtract a part whose

variation vanishes at oo, we define

3. [8) = (p-pen)axay+ j?(x‘ mb(U")ds
- 5\; CR, ¢ A n )

.‘V+S¢Q OF  as (4 - 11)
C on

We can assume for large r that Qf =Ux + £ 1 (92 + £ 2 (8) + ...
r r 2 ,
=Ux + A
vhere £ 1, f 2 are trignometrin series in the polar angle 9, and the
series converges uniformaly when | Tm 8\ and r -1 are small, For
' /
a linear family # = fo + e (or = 55 + t‘) ), will be invelved
linearly in the coefficients in the fn, so that differentation with
respeft to € will not affect the order of a term when r is large.
-5 . -¥
(A - 3) can be rewritten pQ = constant =p, QQ (A.- 12)
so by Bernoulli's equation -
[\Y
p = -‘Do(l —q2 i Q———QO (1-q2 )pwhereﬁzl (A, = 13)
R e
2BCo 2800 5-1

the zero suffix denoting stagnation vzlues. from (4 = 10) for large T

q2=U2+2U _A_I_X_J/+(VX,/)2 :U2+2U-'C}:éf +O(r"4)
‘ dx oXx




From (A - 11)

2pCo
so
P = ps [2807 ( - )]"‘
[2 B0 - U° 2 Boo
and. since Coo2 = Co2 - Iﬁ
2p

2 2
P = Dea [1‘{[_]_.._2- :2]
ZBC‘O@ 2;10(5
S m&
= pa 1..11_25/6 + ofa
s N X —_I‘_Z:-

= g 1-¥u. % +o/1N|"
> [ Co(}? I X (?)]

:_i Pos = Panl 53_;2{2 + 0(;.1_1?) (A = 14)

e

From (A - 11)

JR, € 525] Sj‘ (p = poy) dx dy +ﬂ py.egt Qoodx dy + W
V &x (A. - 15)

where
" y
W= S'(Q;ﬁ%_gé_ - U L 2x ds (A - 16)
\ n dn
From (A - 1/) therefore JR, [ﬁ}converges as R, —> o8 and

J Dé = t(-'.: + U Qo 2"76(’>dd + W
o ] é}}:p ob Q a——- Xy‘

X

-~ , Y
Now let 7 have the form fo +.%() , and hemze X the form Xo +€’?.

Then '
_ 1
“%‘g (p-po.>+UQm 37@) = O(—;z;)
by (A - ) Hence
Jos LB} = 1im Sg(é +Upos X \ax ay + QU
¢ Ri'?oavéc dedx | (A-lg)&
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But by (A - 7) and Greecn's theorem

§ (38) o =) odeseffyae (9 ey

i

v = C,Ca,
and
) )
Sg U (2}2L dxdy = gj U S %_2/ dxdy
WY - ! X
: v
OGO w0 :g‘UQMr)B:r, ds
¢, ' on
R

again by application of Green's theorem. On CRl Q_ Qeo E 1+0 (r '2)3
, X =

and

dn .Bn S
: (> _ r 3
R 9”“‘)'%” ot

Substituting into (A - 16), the integrals over CR, vanish in the limit

g = dwx + DX = dux) + 0GP

R,“éoa and for & =0, :
_SE)J&{]{) = j;)@ Q(y\ d -QJ)ds +g§9d1v (pV8) dxdy+g_é_

The order of?dn (si»vﬂ ) is r -Z‘, so the integral converges.
Substituting for %S- from (A =16) with gﬁ ‘QZ: D and since

d
Q ? /S n is prescribed on Co, s0 its & der:watlve 1s zero then we have

2 e (4] \ - ﬁ ) div QU ax ay

Thus an extremal 25 gives div (QV)?}) = 0 at all points outside
- C and for the infinite region we replace the hydrodynamic flow

problem by ohe of maximizing J so E@'j
Since 9F /On
J o 4]

"

OonC,J o [ﬁ]c:m be written in the form

g(p-poﬁ* U Qe é?ig)dXdy

"‘U»Qw j}(, }a___gc_ ds
C

1

dn
= ﬂ(p—p-‘owifQo« E’L/)dxdy _
00 o
Q"" \S\x/ ) d - > (A - 18)
<

vag

+

7
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since the incomnressible notential

750 = U(x+TF) so
VU dx =  dfo - UF
n 3_% An
and Dﬁo/anis ~@ro onC»

Thus ‘
Joa Uél = ﬂ” (P =1 o+ UQoaVx VX' ax gy

o

P4
+UQ""S% VF(\\ ds
C .

N
where Y\ is the unit normal to C.

By Green's theorem

SSV( XV F) ax day = cg'?i\‘fzﬂ A as
Alsov F =0 (;,1') AX'=0 (%)
. 80 XVF = o0 (£ 3)

Hence in the limit as R, = < we have
T~ / > . "
SQV.(TNF) dx dy :S’X,’\‘/F. Y as
¢ <.
Sine the incompressible potential satisfies Laplace's

ecuation, so must ¥, so

V. (XVF) = Vr . VX

and the integral becomes

Jon La] SX (p - vpa + UQ(A (Vo VX5 VF.-V?C’))dxdy

. O

i

or

1

Joa [525]

oo

SS (p - pontp, Vio. V(# #,,)) dx dy (& - 19)
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APPENDIX B THE TRASSFORM MODULUS FOR AN BLLIPSE

The conformal mapping

z=o+ A
o

converts a circle radius G, centre at the origin, in the o - plane

into the ellipse
< 2
X +
-2 X? = 1
a b

in the 2z - plane where
| 1 - 1 2 .2 %
C, = ¢ (a+b) and X =% (a° = Db")

Suppose the thickness ratio
b =
. / a r&
Then to map the ellipse in the z ~ plane to the unit
circle in the O - plane, we require

1=¢, = —,-;-(_,xu 1) a

S0
2
a = f** 1
and 5
b = }k-fl
giving
2 _ 1= SN
>\ -1+
M
If U‘=gl+ig2 =y cos & + ir sin ©
and
z = X + iy
then
2.
x = § t >§‘%;L_ = fr + >\ > cos &
§|2+§22 T
and




Now the

transform modulus, squared :
2 1 2 -
= xr” + 55 e
T

i W 2\
(l —2\__1_) cos” O + (1 + )_5:__,) sin” ©
2 2
T : T

1—252 cos 2 6 + )\4
2
T

i

4

X
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APPENDIX G THE TRANSFORM MODULUS FOR A KARMAN-TREFFTZ PROFILE

A symmetric Karman-Trefftz profile is transformed into a
cirele radiug C centre ( -~ bk, 0) by the transformation

7 = mk = ( § ,"'...:If:...>m (C - 1)

7z + mk S+ k

where C = k + bk
We require the transformation of the symmetric Karman-
Trefftz profile to the unit circle centre the origin.
Thus
c = 1
and we need another transformation
| ¢ = S+ bk
to move the centre of the circle to the origin,

Also

m = 2 - T
n

where U is the trailing edge angle of the profile,

Hence the full transformation is ‘
Zz + mk < - bk 773) O bk + k

Thus, if we rearrange this ex-ression we have

z+mk = 2mk (o-b+x )" © - 2)

g( & bk+ k)8 - (cr..l)mg

Hence

(m - 1)
2 - A [(e-1) (odr+r)])

d " 4

i § (ebk + )™ = (0™ 3

R (2F2) (m—1) ei(m - 1)¢2ei(m—\ W1
'{an:x eim,f)l _ sz o imﬁgg 2

!

i
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where

Q12=r2-2(bk-k)rcos~9 +(bk-—k)2 (C - 3) i
Q222r2~2r cos B + 1
Gon g1 = r sin &
‘ rcos@-bk+k C - 4)
b‘“‘ﬁZ = " r sin ©
r cos & - 1 (G - 5)
Now '
dz i Am2k2 (Ql@)(m-l) m-1) (§1+82) ((,1 m e-—lﬁﬁl(,zm eim¢2>2
o € Q1P s Qo™ | 201" 02" cos m (- #2)3 7
Hence

ds

T? :ldz \2 = b mhict (Q201) 2-D[Qudm 4 P24m 4 5 01%m 0272 ¢ cos 2

B142)) -+ QU cos m (Fr-g2) (037 Q2™
£Q1™ + Q2™ _2Q1"Q2" cos m (A1 - #2) 3 4
= 16nht (P1p2) 2 (m-1)
L™ +Q22’“ - 2 Q1" Q2" cos n(#1-42)3% (€ - 6)

From (C ~ 4) and (C -~ 5), we can obtain

N (F1 - g2) = - 2kr sin &

r2 - 2b T cos B +b, -k
k k

so finally by (C - 3) we find
T2 = r_( r2_ 2r cos 9 + 1) (1‘2— 2b 1‘ cos a’(b —k (bk_k)z}im—l)
2,2
{m k /[_(I‘ -2b, T cos G(b "z{)+(b X) )

(r - 2r cos ® +1)" - 2[( %« 2r cos G(b ~k)+(b —k)z)

(r2 ~2r cos © +1] X COsmi tan -1 ( - Zkr sin 9

2
r --2bk ?cos S +bk-k
Since the transformation contains non-integer powers we seek

a simpler form for large values of \Ul . For large {c\ we can

write,
z = 0’+a0+a1+a2‘+...
o o
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so that

7 - mk To mk+ a0 + alfe + d/’/C"? Fonennnn
LR LY )
S+ mk + a0 + alle + a2/ o+ ......
et [1 + a -mk + al + 321 Ll ~ ao+mk - al
c 02 0-3-' (o 0’2
, 2 , 3
- a2 + (ao + mk)“ + 221 (ao +mk) - (ao + mk )
o3 ug o3 o 3

1 - 2mk + 2mk (a7 + mk) + 2mk (21 —(ao + mk)z
o~ CT?* 0—3

Also we can express the term

g -1 1-4
as <&
CT-‘t?k'rk 1 +(k-bk)/25' -
2 3
oA 1-%}_ (1_k.bk+(k-.bQ ~ (k=1 )7+ ...
o ) o3

2 1-2 + 2 (k-b) - 2% (k-bk)2

———

Hence

1-Yo \™ 1= 2k« 2mk (nk - b, )
1+ (kb Mo & o

(1 .2 2
-%q_‘%i? k (l+2m}+b'<(bk-2mzc)3

comparing coe ficients of powers of & gives

ao = e bk
and 1
al = ;kz ( 2 _ 1)

Thus for large \or\

k
2
so the transform modulus squared
' 2,2, 2
2 2 = -
T \QZ.\ = 1 - 3k(111 1) cos 2 &
do r"
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since

%‘“7; P 1l -~ 3 k™ (m™=1)
2
For axisymmetric flows 3 r and _2_@_ are also required.
dx Sx

Differe :tiating (C-2) with resnect to r gives

\’; — ;:;— — + r\. m = 1
%3} = 20k = [ (o b+ k) - (@;bk+k)m
(o=b, +k)"-( & -1)" ‘

E(o’-b + k)" 1_(0'-1) '13
L, + 0" ()] 7
In terms of Ql,fiZ, #1 and $2 and expressing T as r e 18 this
formula becomes ‘
dx o+ C..?'\_‘_Ii = 4n%* 3z (o b, )"~ o) ™1
dr v T crf(o*bﬂc)m ~(o-1)" 3 ?
= mAlete@iom-l o 1 (m-1) ($1+82)
(ofnlmﬂ,Qf‘ uﬁﬁ 2
- mzk ( (‘\1 2ym-1 1(941.;/52
(2% 2 2m 201" cos m( (F1-82) ) 2
x (Q12m - 1m($?5h52) 204 ,, n Q)_ chﬁé\-?(x))
72 4 1 (6-¢-72) ('\12111 - 1m(¢1 - ;752) - onmen
2 2 - } ‘ m im(él‘ - 22)
mlk(elg +Q2e
by (C-6). Thus
?_35 = T2 %vos (6 F1-72) [((.121:1 Q2 ) cos m&ﬁ1~ﬂ2/-2\31 92]
L EARRTN e (@™ 2P sin (6 - f1f2)sin m(Zl-ﬁZ)T»
IR - 72 sin (& - 41 - #2) (012m+”22m) cos "(B-£2)
or 22 m-1 SSERAN '
| 4m k" (R1RQ2)”
-2 le Qz’“ ( lem -szm) cos (8 = 71 - #2) sin m(f1 - 2§2)3
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Similarly we have

2 —— v ;-"1 -
%‘“Z““ = K de (¢r= by + k) m=l(olq) Bl
J0 ‘J(\ . 5 . )
R T
and since D_Ei. = ire 1. e
Y

this is equivalent to

o o o} N T N O, YV oN o -—Jm(yfl-{é2) "
OX_ + i %'_‘B- = j:l::; T e - (V P’L_"?jz/b.\.zl‘”“l - 2({\‘}1111@21:‘
e © @ 4P (102) L o
‘ . f) » 5 7
. (}2~n1elm(2§1—,52)>
Thus
}\

;X = = T2 sin (3 - g1 « #2) (%Lzm + QQZm) cos m(f1-22)
k(1 23F ‘
- R sz] - Q™ -p2™) cos @ - #1A2)sin mm..,m]

LR L (8 41 - ’”2){ (017" %) oos n (1 - #2)
_ \ \‘ .
"o m92m3 . (lem _ Q22m) sin (& = 1 -~ $2) sin m(ﬁl-ﬁ%):,
\ ~ .
Thus
r éx = SR
dr Té
p S
ard cx =T R
C¢G R) T
Now J __%__r_ = R, J_Q9 __ _9mr_
x “Je 1 dx - or
andJ = r T 2
giving
or . 1 05 (0182)(, 2™ +02%) cos n(f1-12)
\

'y 7 m'{k{(cl”\2 )111—1

- 2‘{1“‘ Q\zm} +(Q12m _szm ) sin (3 - #1 - #2) sin m(m_ﬁz):}

r b ) = 1
dx Amzkzgl@)m'l
- sin (& f1 - ﬁ?)i (‘{12’%322’“) cos m (F1 - 42) - 2Q1’n Qz n 3]

E:os (8-41-72) (lem- szm) sin m(f1-72)
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Thus

ok = 1

. z .
¢ /nm k2<é}1f’~§z
N, v

o X
)rn«l u\ ~

cos m(P1 - #2) - 2Q1mQ2m

sin m(P1 - §2)
. r UG

-

(& - g1 _ {/52)((’312’" . Q,z??m)

( cos

+(Q12m— Qz'?m) sin(® H4F2)

cos (3 - 751-’5252)(Q12m-Q22m)sin n{f1-42)

- sin(6 - 251-252)5 <Q12m+Q22m) cos m (f1 -#2) -2 Q;L’“ Qz”jﬂ(cme)
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APPENDIX D THE DERIVATION OF THE VARTATIONAT, TNTEGHAL FOR

AXTSYMYETRIC FLOW

The Bateman-Dirichlet principle for axisymmetric flows is
considered below. For a region V bounded internally by Co and
externally by the surface of a large sphere CR1 of radius R1l, the
Bateman-Dirichlet integrai to be ma,xifnized is

J Lg] = §§ p dx dy dz + ca‘i,c R 7 __0_9_/__ ds
and by (A-9)
‘ { 2
J Lﬁ extr] = SS;’K (p + Qq ) dx dy d‘z

As for two-dimensional flows, we assume the proposed

extremal flow is given by
o= Boo v X
Ux + X7 (D-1)

.

I

where § o is the free stream potential and Xis small when r =

Jx*y + 2 is large. It is also assumed that the principle part of
J Uﬂ will be independent of X so a part whose variation vanishes
at oo can be subtracted.

We define

smld) - SSN - Po») dx dy az + SSX\QB(UX) ds
v on

CR1

+ SS yﬁQ%%_ as (D-2)

In axisymmetric flow we can write

=  Ux +£i®) + (£2{3) + ... = Ux+ X
r T _

where r, & are polar coordinates in the plane about which the flow

is symmetric and f1, f2 ... are trignomestric series which converge
-1 Ao

when (Im 8) and r™ are sufficiently small. By the same process as

in the two-dimensional case, we obtain

X 4 o (%/»') (D-3)

P= P - .
SV Qg&; S %
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Now from (D-2) and Green's theoren

JR1 [_ﬂ] = SS\(p - pon) dx dy dz + WU Gm Qr\g dx dy dz + W
N -

V Jx
(D-4)
where
3 _‘:‘ l _ - “’/ N . v
W= g&(‘ o} ,%%_ U Q&D 7\/ —§‘§> as (D-fj)

I'd
A

From (D-3), therefors JR1 1 f#]converges as Rl = <2 and

Jo!s\-.?ﬂ :Sg(p—perUCm D dx dy dz + W
(s (,

As before we let ¥ and %{ have the forms Po +€’:9 and Lo+ Cv()

respectively. Then
2 (P-Poo+Uge QLY =0 1,
de ‘ AL r
. by (D-3). Hence

_:Q_Jw[ﬂ_llm gé(%>+ Em“;t dxdydz«*ﬁ%ﬁm

G (D-6)

‘«

But by (A-7) and Green's theorem

0/ Ao x dv dg = N ¥ + 1 iv (OV Z
S%ﬂ(“*‘)d rars - (g2 Yffaw g ”d"‘dyd

deloos on )
/CRA
and
\ - 0 O
S“ Qe xﬁ\}dxd‘;dz mu\@ £ dxdydz
& /e N OJL/
= SS Uémv as

: < 0‘“\
again by Green's theorenm A

On. CR1 ”_\mf_l £ 0 (o™ )3, and

Q) + o = Swx) + 0 (r )

on on S n dn

S
it

S0
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Substituting into (D-6), taking the limit Rl ¢4 and for =0

2 I U] = j‘.SZ)(UQw %”i" 2 ESJQ o

de S
- S“lev (\’\754) dx dy dz + Q}L
- -/ Ci
e order ol { dilv (pV is ™ so the integral converges.
The order of ¢ di (U#) 15 ¥ so the int

b

‘Substituting for BW/BG from (D-5) with o = ¢ =) -and since
Y o ’

QAQVQQ) is fixed on C so its & derivative 1s zero, then we have

e

& g \:)ﬂ‘ = .\ggt)div ({0 #) dx dy dz

U; & foa =3 oD

Thus an extremal Pgives div ({V;ﬁ) = 0 at all points outside
C and as in two-dime~nsional flow the replacement of the hydrodymamic
. flow problem in the infinite region by one of making J oo [ﬁ:}
stationarys The axisymmetric flow case uses the fact that all the
 remainders in the two-dimensional convergence discussion were all-
higher in order, by one pover, than was needed. This spare power is
cancelled by the third integral.

We now have

J 1 = - U o 0K ax a
&s[ﬁ,& (p Pf* be‘%}/ x dy dz
-0 & Tex as (D=7)
Q:® §S) < n . .

| There are now two possible ways of proceeding. We can proceed,
as in the two-dimensional case, to a form of the integral only
containing a yolume intezral with terms containing the incompressible
flow potential. Alternatively,since it is difficult to calculate the
incompressible potential for axisymmetric flows aboub most bodies,
it is advantageous to retain the surface integral form, for bodies
A other than the ellipsoid and sphere.

Since the incomnressible potential fo = U(x + F) and <fo is

on
zero on C, we have
Dx _ EF
dn T - on
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so that

Jobﬂ = gg(p_pm+b' Ktx;,\//\;m)\i)fdydu
< + U ¢ CO&a. 8 as

Cy .
N . .
where W is the unit normal to the surface C. By Green's theorenm

SXYV( k% F) dx dy d- = fgx%w N gs
v , e
Now F o= 0 (&) and 7 = OfF) S

so ‘
’/"" 1

WY F = 0 (—53)

Thus as Rl ~ on

geYTey i 4"4 8 i K ~

$S S (XVE) axdydz = SSwVE. R as

oo <
For incompressible flow V’z Po and hence‘?zF are zero, therefore,

V. (K¥F) = VFENXS

so the intesral can be written
J ) Eﬁ] S&;( P~ Dw +U Q(AKVX V% + \7 ’K—d)i dy dz
= (o -1 Q"" Po. N (@ - ﬁm)ux dy dz  (D-8)

O

If we change the coordinate system ( %X, y, z) in the volume i
integral to cylindrical rolars * ( X, R;g.) we obtain for the form
of the integral retaining the surface integral (D—7)

el - Leld = f 0 -ver e Yan
- A hS
: -U ;’c‘u Rd\
e X 5

where d: is an element of the contour of a cross-section aboub which
the flow is ax1s;mmetrlc i.e. 83 =R d=d8 and B is the contour of
C in the cross-section,

(D-8) can also be expressed in the form

sl?) =0 (-5, va/so V(@ -7 5.)) RaRdx

O

s = J e UL
2 R

(0-9)
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APPENDIX B THE FAR BOUNDARY COMDITION IN PLANE FLOW

In order to find a series expansion for the potential at the
far boundary it is first necessary to derive the equation of
motion in terms of the potential. ~

The equations of motion are:

géx— (Ru,) + %__ (Quy) = 0 (E-1)

> u, + D, -1 Ay
U, 5—;\ uz.(jl;\ Qf;x
M, + p oM, = -1 2 (E-2)
u u 2
‘3% Jy gﬁ‘?
P = £R)
so we can define 02 = jo
ivi dp = ¢? 3o am dp = c2d¢
giving ar 8o an
éx éX 5y‘ é y

~

There is a velocity potential # so that wu, = ffx and u, = Py

N

giving for (A=2)
? (E-3)
Q

Px Bxx + Py Ixy .= =

Px Pxy + By Byy = _C _S_s;
R oy

N

+

A
Also (E-1) can be Tewritten
d fx + Qfxx + 3 g )
. y + yy
3 et &5 <

which is equivalent to

€2 %% px +C%pax + CP §&¢y+02ﬁyy=0
R o= ¢ 3y
which by (E-3) gives the equation of motion

(€2 - #x?) Pxx - 2 fx By Pxy + (C%= By°) Byy =0 (B-4)

i
O

We need a conformal mapping from the body in the z - plane to

the unit circle in the o~ - plane.

If
4 = x + iy
and
e = g ¢ 1§i2
The Jacobian
J = l E)fx, v)
J (€, &)




/
We can transform again to the & - plane so that

c’= re® = r’e "1° forabodyr=rl. Thus, the

coordinates in the © - plane’ can be written

§\+i%-;, = O = _.9—\-’;\0%%/:—\063(_/
Hence
A_g;'I:idc«:c\gz - d% , = dr + id®
<
and the partial derivatives are i
b = - é and a = T §___
R, 99 9%, s
Let _ .
%.L&:.JC.L — (Qn 912)
(€5 2" Q22
Since the mapping is conformal Q” = A sz 2 and Q‘l O:z. -0
=03,
wheré A,2 A22 = - J, \
The equation of motion (E-4) can be rewritten as
2> (3¢ _i EARE
"2 2. =0
Sxa (axn) A ( (xq
Since ‘ ‘
q2 - ¢x2 + ¢ y2
2 () - F o2 (%)= o
éxn Xn EXQ» éxn
Transforming coordinates gives
2 3 o b 1 2
¢ J ' op - Bﬁ { (3g°) =0
7 Ve (("* ;,ga) Lo
or . N |
23-.{,\) S0 97 Y P -
C ng 91 - Oong 97 & (35") =0 _
r AN % x ¢ (5=5)
Now in the transformed plane
2 = 2 fad\=2
Gy,
0%\) oS
Thus .
2 (G = ( . [2 T Tl 138 9% 198 24
3%, ¢%) | 9€, Yo% of, 7 0g oW,
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Hence (E-5) becomes
c? —?LEQ + :d__zg_.)“ _21_&5&'2 + ﬁ§§> i Dg PR 355
o= 3%_ % 0% K 3%
- } QS@: ?—é - 2 ﬁ . [ __ﬁ__ -1 ),5 -0
&2 J g7 c)& oS, 3 €2 —-%
or alternatively replacing g\ ‘ga. by r and ©, and replacing C\e' by

Pl (o) - Pk v 32 (- et )

U~ J

we have

U%(foe + r° Prr + rﬁr){M + §_.'L_( - _@ﬁ_); 1 fe ,Z‘ee

;Z rﬁrﬂeﬁre- 2 Pr (r ﬁrr+r¢r>

J
+ 3 (o 1 +¢o)(¢e oJ + éJ) =0 (E-6)

r
J< or

Now the Jacobian

=1 Q -
=2yl = g, -xes ygll
B C$\1§3-) -
Since the mapping is conformal
X gt = Yeo and ‘_X‘_gQ = ¥Ye
= Y ¢2

]

@) tr)

Thus (E-6) ‘can be revritten

uz{j _lﬁ;_zg._;(l- 8r ;ﬁ;/r >3(@<_3_3 « frr +_;zrs_g>

U T T
-1 Qfez foo - 2 Pr ﬁe fre - 1 ¢r2 <ﬂrr + >
rl‘T2 r2‘1‘2 'j[‘2 ® T

+ @rz + %2 ﬁ@z)(% g-g- + &3 (T + r.g_l‘)} 0 (E—7)
T T
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For large \c\ we can assume that the transformation can be written

z = c—+ ao + a' + a2 + ses e
T o~
giving
51_2_.__ = 1 - 8.' -2 a 2 - sace
d
o2 P
-2ie 3 8
= 1 - a.e - 2ape °°
12 gl
where o = re e

Thus for large r (|B\)

2 1 > 2.2
T = \dz (1l -a,cos 28 ~2a5 cog 39\ + a, sin"2 &
do r2 1‘3 I‘Z

D 1 - 22 4528 (E-8)

2
T

Differentiating with respect to r and € we have

2T ST < 4 a,

o = ;_3_ cos 28

(E-9)

o D
ﬂﬁ—g- 2 4% gpn00

Thus (E-7) can be written -
¥ 2 2 2\ ( ~ s
1L, + -1 1 -gr°+ 86" /[ x foo + Prr + gr
émﬁ, ( U212 )SE r r

- 12 - 6 fre - II[‘ZII'.‘II'.“">
;z.LT'z‘g ﬁoe;%_zﬁrﬁﬁ %2;621 gz

' 2 2
+¢r+l_ Pe 2%s in 2@ + +28 s 2€})=0
( T )(r4T4 B Lo T 02

r 0 TR
(E-10)
If we try a solution of the form
g = U (rcos@ +lf@)) : (B-11)
T ' .
we obtain
Pfr= U (cos® -2 f)
L
ﬁrr: 2,_3 uf
T
* '4
fo 2 U(-rsin® + 1 TF)
T
oo = U(-rcose+1f7)
by
fre = U (-sin@-lzfl)
: , T

-nQ




Substituting into (%-10) for £ and 7% e find

¥.1 [-2a, > o\ _¥_ 1 2
[ + l(Zardcos? > 2! <1+5;%4_ c0529>

2
(5

+ f_’_ﬁ -2_2 fcos@---_g_2 f/sine):‘{gg f + cos ©
4
T T T T T

r

1+ 8\ /- sin® e + & f+ f sin O
( ;2_4_ cos 2 )( sin cos g:s sin

-
Retaining only the coefficients of r -, the highest order

term remaining in the equation, we obtain

which

(f+f") + 2 a, sin28 cos @ cos 22

v
- f g sin2 8 — la, sin~'26 cos 8 cos 2%

-~ 2 8in Ocos@-f/

25in© cos 8 £/ + 2 £%5in 9 cos O + 2 f sin® &

2 a,cos 29 cosBG - f cos 5 4 _2f cos2 15

2a, sin 20 sin & + 4a, cos 2 €& cos & -~ f -2f%in & cos &

2fcosze-:0 »

simplifies to

/
£7( 1 - M%in"8) - M sin 6 cos & £7
1+ Bein® —2)Mile=-2a, M, cos 30 (E - 12)
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It can be verified by substitution that a solution of the left

hand side put equal to zero is f1 (©) =cos 8

142, sin0
so the general solution of (E.12) is of the form
£(e) = h (o) 1 (e)

Substituting into (E -10) gives
h { (1 - 4o 5in®) £,7 = Mad 5in 8 cos o £,
+ 1+ (3sin%0 -2) Mafj £, K{2(1-tosin® 8) £,
- /Mogzsin 8 cos 8 T, }+ (1 - Ma'gz sin2 8) h//f,
o - 2a, M\OQ2 cos 3 ©
which simplifies to
h*cos 8 - 2 h’sin & = - 2a, Mass cos 3 O
- Integrating, we obtain |
0032 e n = B - a, Mo‘oz (# sin/ 3 + { sin 29)
where B  is a constant.
h = B sec2 8 - 2a, M-'m‘.z sin 8 cos e
On integrating again we have
h (8) = A+B kton s -‘aL,I/I‘.:,;bzsirx2 e
where A is a constant.
Thus, the expression for £ (8) is

£ (8) = Acos9+Bsin9-a,Mmzsinzecose

1 - M=fsin® 0
Since the solution is symmetric about 8 =0 and 8 = N for
a symmetric body we must have B =0
Thus a two term series expansion for. flow past a symmetric:
body is

$-Ucos © (r + (A —a, MoZ sin8) ) (E-12)

r(1-Mewlsin< 8)
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If we have values of 7<. , the perturbation potential for
points well away from the body (e.g. for r>» 10, %—2 £ 0.01 so the
next term in the series is small) we can find the value of A by the
_method of least squares at the points at whichr =r «a -l1.

If there are { _.points é distance r n=1 from the origin,
we can minimize the difference between the values of the
éalculatedXi , " =1 and |

(A -8, Mo 5% 8) 0058, ¢op s - 1,2, eveny By
ra-1 (1 - Mod sin® Bid

The square of the dlfferen\,e at any point is given by

fcos i (A - a, Moo® 5in° 8 i) - xi,,\-??i 21,2, v0u)l
) ,

rea-1 (1 - Mo-.2 sin2 8 i

For the best fit we must minimize

. /7
b . i(cos 05 (h-a Mofsin®01) o -1>2

ra-1 (1 - Mo sin® 8 i)

- For a min imun
N

dD2=2 2. cos 9 13 A = a3, MQSSLnZGL Jor:] Qi_%i/n_l
)

@A i=1 1 w-l (1Mo sin< & i r -1 (1Maxsins)

- = O
Thus
A =1 =1 2 L0\ =1 cos Si + a! M;csb2cc>329j_ qin281
(l-Mmmn 61) ra-1 (1 =M, 51n 1?

= 24 .
V4 5. 5.3 (E-24)
=1 (1-Mos sin8i)

Also

.
2D2 Z 2 0032 8

G

0,

1

70

- 22y q . 2,32
izl ¥ o -1"(1=i o sin®8i)

="

So the value of & gives a minimum sum of squares. Hence the values

of X can be found at a distance Cw from the body.
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In the case of the plane flow pasfthe unit circle no
transformation is required, so
z =0
and
a, = 0

Thus at large distancesfrom the circle (E=13) becomes

§ = U (r cos ® + A;o; g (E-15)
r (1M 8)
and the value of A is given by

7(’:LM cos 8i
= (1-Mon*sinei) (E-16)

A = T

Nl

cos” ® 3
2
(1M oasin® & 1)°

For the ellipse however, from Appendix B we have that

2
ay, = A
so that at larze distances from the ellipse (E-13) gives
2
;6 =U (r cos 9 + cos_© (A= )\ZM% sir12 8)

r (1 - Mf,sinzg)
(E-12) )
and (E-12) gives | é
) « 2 .
i=1 K;ilcdcos 9 i+ >\2Moa cos2 8i sin2 & i

(1—1”22(51?291) r_, (1- Mi,sin’2 9i)2

——

A= 1

hel

i=1gos”8i
(14Csin” 01)°  (B-1e)
For the ellipse all the a i for i »\ are zero, but this is
not the case for the Karman-Irefftz profile, where from Appendix C

(C-6) we have

and
L k2 (m2 - 1) (see appendix C)
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Thus for large (c\ we can write

_ ) 1.2 ,2 \ %
and ’ .
- 1 - %k?' (m° - 1) cos 2 8
2
r
(A-10) now becomes
$=1U{(rcos8H+ cos9 (A—%kz(zl)y?n'ze)
T (1—N 31n e) ‘
(E29)

at large dlstances from the irofllei ghere A 1§ glven By

N vcos 81
A= l-M%,,,ng@l% 3 75 _)2 (B-20)

1cos 26 1,/1 - Moo® sin? 61)°

Ty -1(1 - Msin?
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APPENDIX F THE CONTRIBUTION TO THE VARTATIONAL INTEGRAL FROM

EACH RECTANGLE IN PLANE FLOW

Consider rectangle 1 in figure 3. Definez X, and X2 by
X, =X, +X2 -JC3; X2 =X2 “"X«B -X,
where I,,IZ, a.ndx3 are the values of the potential at points
1, 2 and 3 respectively.
Then at the centre of rectangle 1

AL = x, =X d &L = X -
35 e

At the centre of the rectangle r and © are given by

8, =@ + 0. 5h, r, = r + 0.5k,
Let T s bp the value of the transform modulus at the centre
of rectangle s (s = 1,2,3,4,) then the contribution to the integral

from rectangle 1 is

» ol
7o) = [aXo®+BXo +0,0+ D,Xo+E,] K
where .
. o :
A, = -, .(..Q/:_l)_Mcx ( 1+ 1 > (F-1)
2 2.2
: r, h,
By, = Imoo cos 81 -s8inb6, + L[ x, +X F .2
! ‘. 2 _22 1 5 ( )
. ktl rl hl k' 1‘, h'
¢, _ 1+ (1 ~1) B o) M - (X1 Mes® [X, cos 8,
W 2 2T X
-X,sin 8, 4 1 X2% 4 x1° (F=3)
r, h, (l-{?— Ty h|2 ,
| , 2
D, = =« XM,o_a__ ( 2_ ) eob 3y - 212& 1 sin 8, (F-4)
2122 r1® k1 hl r1‘3
E, = -1+ _XNes® ~12 =1 X 2ozl + 1 X1 sin 8) (F-5)
| 211°  \ 1% h1r13
and
H = rmmfxn (F-6)
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where

where

and

where

Similarly at the centre of rectangle 2

X = X34+%o ; 0K x4 -Xo
de 2h,, dr 2k1

x3=X3 Xy X5 andx4 =X3 +Xs -Xs

At the cehtre of rectangle 2, r and & are given by

82 = 8 = 0. 5 h'2 and rl1 = 1 + 0. skl.

Thus by (3.4), for rectangle 2, we have

J E?Lé} = [(AZ'xo’2 + Bz'}f.o + C2 <+ D2')Go + E; H- 2

(F=7)
2= - S Me? [ 1, 2 > C O (re)
i 2 2 7 2
e, K® 1%,
B2 = b’-‘M‘z[COSGZ +sin @2 +f X4 -~ _X3 \| (F-9)
2r,? k1 rl h2 K1°  rIn2®
C2 = 1 +(1 -_;‘) _(_;;L)M,_ﬁ - (aMed | %4 cos 82
727 2 212 2 k1
- X3sinez + HuP + xR ) (F-10)
r1 h2 k1 r1*n?®)
D2 = - KM‘oa'? r12-! cos 614_ r§2+! sin © 2) (F-11)
272° r1? k1° r1°h?
E2 = -1+ ¥Mad [r1% Y- £L2+1. X3 sin 6 1) (F-12)
212° | r1* K1 r1° v*
_ 2 '
H2 = 1l T2° k1 h2 (F-13)

Similarly at the centre of rectan:le 3

B = Xi +x0 ;_L = X6+ XQ
Y 2h2 X 5k 2
x5 = X7-Xs -Xe, 36 =%Ks5-X6 X7
82 = & - 0.5h2 ’ re = r - 0.5k2
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where

and

where

where

Thus by (3.4), for rectangle 3, we have

¢ D3%o + 83 43 (F-14)

Js] = [(a3Ko® + B3N o + ©3)
g 13 k2® p2*n2? (F-15)
B3 = - (¥ -1)os” cos 82 - sin@2 ++/X6 + X5 (F-16)
2 ' 2 o 2V
27T 3 ko r2h?2 k2° 12°h2
C3= 1+ (1 1 \¥ ol Mas® —(¥-1)Mo [ %6 cos @ 2
T 32 2 2 T32 K>
-X5sin 82 + 4 [/x6° + x5° (F-17)
r2h2 k2°  1r2%n2?
21 .2 2 . ‘
D3 = _Mo® | (12 l)cos 82 - 22+ 1 sin® 2 (F-18)
213% | 12 k2 n2 £2°
e 2 2 2 .
E3 =-1+ EMe™ [r2°21 X6 cos ® 2 -=p2° +1 X5 8in 6 2
2 2 3
2 T3 r2°K2 r2’h2  (p )
H3=r2T 3°k 2h 2 (F-20)
Similsrly at the centre of rectangle 4
QX = %7 =Xo 3 G x8 + Xo
o e 2hl Sr 2k2
x7 = Xa+Xg -Xv anda x8 = X3-Xy _Xg
At the centre of the rectangle r and e are given by
1 =6 +0.511 12 =1 -0.5k2

Thus for rectangle 4 by (3.4)

J [X,Sl = [(Az, xoz +BiXo + C[,)u+ D4xo + E/,] o4 (F=21)

A4 = (%-1) Mes® 1+ 1 (£-22)
8 142 122 r2°n1°
B, =~ (X-1)Voe Lcos€-1+ sin®1 +3(xg_ X7
2 142 ky r2 h1 k2° r2°n1°
(F-23)
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Ch = 1+ gé—!!b’osz

- (¥-1) Mgaz X2 cos 81
2

(58

2 2T/ Ko
X . 2 2
- X7 gin 81 + 7/ X8° + X7 (F=24)
ry h 1 k2°  r2°h 1°
N, 2 2
D = BMOS r, =1cos®l 4 r22 + 1 sin 81 (F=25)
2 T4 r2° K2 r23 n1
i o2 2 2 .
Ef = -1+ QMos r2_ =1 X8 cos 81 - 2~ + 1 X7 sin ©
2
2 74 \ 222 2> h1
* . (F-26)
and
H, & 12 T4° k2 hl (F-27)
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APPENDIX G THE FAR BOUDARY COMDITION FOR AXTSYMMETRIC FIOWS

The first step is to find the eguation of motion for

axisymmetric flow in terms of the velocity potertial. The equations

of motion are the continuity eguation

V.(Q_U_l_a) = 0 (A-1a)
Bernoulli's equation
c? +—§-q2 = constant (G-1)
¥-1

and, since the flow is irrotational
V x N 0 (G-2)

Since the flow is ise:atropic

Cos = _U_ and
M oo
2 _ _ ‘ ¥—4
8] = ; =
Cos IR Qe

or

¥~
2 V2
O Maoz‘

giving for (G-1)

UZQ“‘ — % \q\z-_- vt (G-3)
Qaé"(z(-l) ¥ os (1) Mos 2

We can expand (A-la) and (G-2) in cylindrical nolar coordinates

(x, R, € ), and using the condition of axial symmetry we obtain

%{{ (R Qug+ _—%”—x, (R Qu,) = 0 (G-4)
absg(u“)" - aafu") =0 (G-5)

From (G-5) we can introduce a velocity potential # so that

v =
R

We = 27
T dx

and
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If we transform co-ordiates from (x, R) to (()\,()z)where
0’:\), +C?2 = r cos9 +irsin® (G-4) becomes
> (Jo RQ ) + § (JoRQuy = 0  (G-6)
O ). . .
where Jo is the Jacobian of the trg;lsformation. If T = \Q\Z\ is
dG‘
the transform modulus.
Jo = ‘I‘2
Since the coordinates ( 0 |),_) are orthogonal the element

of length ds \dzl is given by

2 2\
as © =00 92 L e 92
since Q12 = Ra1 = o
But ds = (d ol ”= lgz"z PPRE
&

72 (d\),2 + d922)

n

giving
Qn = T, Q22 =T
In the transformed plane the o - plane the velocity

components can be expressed as

W T by oux + By, ouy = Tuy
u ?2 = h2, u ¢ h22 up = T up
Since ), = r cos @ and ?2 = r sin ©
u X = cos 8 u, - %L ug
uv);2 =sin O u, + 208 & u,

Thus (G-6) can be written

¥ (TRPuy.) + _9 (TRPug, = 0O
. Ruy2 57 Cuy
Transforming again to r and ® Wwe obtain

(sin® + ¢cos B Q)TR({(sineur+cos8u>
a ¢ T <2 ©,
: +(cos 9 gr - 3in 8 %e T RQ (cos 3 T - sin © u9> =0

which reduces to

8 (TRPu)+1 o T R ] <
e Wt Tp g5 R I TRRue so

which is equivalent to - 120 -




) -+ T U =
r % (TRQ\;‘,,\ _5}_5 ( RQue)'FTR?J‘r“. 0
giving finally

8 (rTRpuy) + 2 (TRPpuw) = 0  (67)

dr e

Avplying the same transformation to (G~5) gives
D @owy) - 2 (Jouy =0 (G-8)
Q ‘.)l B N

In terms of r and 8, this is

cos © _Q_ - gin ® 3 T (sin@ u.+ cos 8 u_
dr : e

» P ,
-(sine b +cos® O T cosGur-siQQ \,\e) = 0
dr T PXe) ¢ r ‘
which reduces to
Tue _ (; (T u ) + T u = 0
f_r‘ Je ] ¢
giving finally
3 (rTu')- 3 (1w )-_— 0 (G=9)
or °© 09 ( C

Hence the velocity potential § is now defined by
fr o= Tue ) (6-10)
$ e = rT u, ;

Thus (G-3) and (G-=7) can be written as

A.§_. (ngfér) + @ (_&Q ﬁe) = 0 (G-11)

dr d6

T
and ot _
i P2 [BR e ¢e2> R B (6-12)
me‘l(& -1) Ma,,z o1? r? (¥-1) Mo 2
Differentiating (G-12) with respect to r and 9, we
obtain
2 ¥- 2
u° o d - 1_ BT Br2 + 1 fPe ) +
%1y 2 ‘f‘. T3 ( e
Qc\o Moo
%2 ( T frr + 1, ﬁe fre - 1; {2592) = 0 (G-13)
T T
y? S':Z-___—__-z B—Q -1 9T @r2+ 1 ?592) + J__ (#rfre + L ¢a¢ee>
Q‘” ‘lnof ds 73 ds r2 72 r2 (G=14)
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/

2

. 2 -1
Since C = U (G=13) and (G-14) are
o w2
Yoo

equivalent to

%.s_ = ézz[%?%%‘_(ﬁrz + %2 ¢92)- T%(Sﬁr Prr + %2 feffre

- 1, 8 4 | (G=15)

dp = 1 E__T ¢r2+ 1. Qfe”?)- l_(ﬁfrﬁre + Lﬁ@aa) (G=16)
S_g c% [T3 do ( r? T? 2

r

Expanding (G-11) we have

RQ¢r+r5_}j_Q¢r+rRé_%ﬁr+rR(>¢rr+_%a__B_ o
T ar \()G

+ ROD fo +Rp foo = O (G-17)
1 e
d
3%

Substituting for 90 and %g from (G-15) and (G-16),

(G=17) becomes
02R¢r+C _Q__B_ﬁr+r Rgr L‘Bél<¢rl+% Qf92>
or T7 dr

r

-1 ﬁrﬁrr+1___ ?50551‘9- ¢83ﬂ+02r3¢rr+
3
r

2
T r
2 5 + Rfe d ( 2+ 92_ rdre+ o Peo
C35 o el B3 (1 po) il )
+Q____~_¢88 = O
r

or alternatively
2 2 2
C [ﬁr (R+l|3rR>+% %_% ﬁg:]+rR¢rr(C -%2¢r>

'%ﬁrﬁeﬁre-kfi ﬁee( %?5)4‘;%2?51‘?592
+%3 <¢r2+%2 QSQ Xz‘ élﬁfr-flb_l )’ée> =0 (G=18)

ar r J8
For large \c| we can assume that the transformation from the

symmetric cross-section in the z-plane to the unit circle in the

C” - plane has the form

z= S+ao+ta, + a2 +..... (G=19)
o o*

as in the two dimensional case,
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2
Thus, the transform modulus T and its derivatives still take
the form of (E-8) and (E-9). Splitting (G-19) into real and

imaginary oarts we have
. ie - i
X +iR = re +ao0+a,e 1
T

=r cos 8 + ao + a, cos&+isin9(r-a,>

r T
giving
R 2 (r-a,) sin® (G=20)
T
and OR = (1+a ) sin @
or T
R 2 (r -a, )cos ©
QB ) r

Thus the equation of motion (G-18) becomes

v_1, + (3-1) (1 - fr> . ﬁezlrf{} [:2 rsined r

Mod 2 uR T2

2
+ (1 -2 cosgﬁe'l-ré.-a. in 8
( ;-2) | sin 8¢ rr

T
"‘é -Eé_)singﬁee +_%<1"ié sin &
T T T
[—1‘2551*1‘%2 -2fr P e Pre - L. pe* foo
2
T
2
+% ﬁI‘ﬁG] +%—._4 (1-%>sin9<¢r2+_l_r_2 ¢02>
2
ra' cos 28 fr + 218-- sin 2 © ﬁe] = 0 (G-21)

We assume that for large |-| and hence large r that we can

write 25 in the form

# = U (rcos®+ £ (8)) (G=22)
T
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~

giving

fr = U ( cosQ—i’Q)
: T
grr = 20U f
z /

Pe = U (-rsin® + £)

T
Poe = U (»rcose+_f_'_")

T
fre ='U (-sin® -£))

by

Substituting into (G-21) gives

2
T

Mas 2 2

+_f_2_-2<'1n6f '2 2r31n9 cos & ~_T _
rl" 2 2

+(1-— cos 9 (—rsin9+'f__ +<1-§%>g,f_‘_ sin ©

T r[fr

+(—§.___)sin6 .(rcos§+__f_fﬂoé+gg_lcos 2 91 - al
T T r2 r2

sinetg_g(cosze—2fcos8 + 2)*2(— r sin © cos &
T

Lo}

N
—

N -4

f
TP T4

+ £sin 8 + f’ cos 9 = %lX (sin g +_§'
r r T r
—(sin2®—2f’ sin9+I:’2) - 271 cos 8 + ,f_‘_)
;‘Z Tr r
2
+ [1 + 43l cos 2 6 31n91—2c 9 f +
S G N f’*‘

ﬂz)['—a‘l cos 29 (cosS-;z>+2 1s:.n26<-sir9+ 5}
r T

Comparing coefficients of r 1 ye obtain the fallowing

equation for £ ( © )
‘ o If {
b f sin® + f cos © + 2 al sin 8 cose]

]
- 2f sin © 0082 g+ f sin3 g9 - f sin39 - 4f‘lsin2 8 cos 8
+ 221l sin 8 cos 38 = 0

or on simplifying
£ (1 - MocZ sin® 8) + £cos ® (1 - 4MSZ Sin® &
+ Mol £ 5in 8 (3 sin® 8 -2)
=-al (sin 28 + 2 Moy Cos 3 © sin O)
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f




A solution of the correSponding homogeneous equation
. /
sin ® (1- Maf sin” 8) £'1(8) + cos 9(1-4 Mo,f Sin® 8)fl ()
+ M‘obz sin 8 (33in2 9-2)f(0)=0 (G=24)

is

1) = 1
1
(l-Ma,?‘sinZS )2
solution
which can be verified by substitution in (G-24). Thus the genersl/»f
(G-23) is given by

£ (8) = f1 (8) h (8)

Substituting into (G-23) we have

i {1
sin @ (1 - Mea> sin~ 0) (F1"h + 261 h+ £1 h" ) +

cos © (1-A~1oo231n 8) (r1'h+ h'£1) M Psind (3sin®8-2)flh
= <2al sin® cos 8 (1+Ma -AM;OOZ sin> 8)
which simplifies to
sin © (1-MeZsin®0)? ' + cos & (1-2 ea25ind) (1Motsino)
= 2al sin © cos © (1+Mab2-4}m535in2 Q)
Integrating we obtain

2

1
sind (1-15.731n°2)% 0 (8) = Boal (14350 )5in” 84221 M, Zsine

where B is a constant., Hence

I\)

Ve
h' (8) =_B - al(l+ves )rv ind + 22l Iv'aez sin39
SinB{I-Fee sin @  (1Moe’sindd)s (1Mo “sin®) %

Integrating again gives

15
2

+ al cos @ (lq fom Sin 9\

+ gugﬂv’;mz)lvg((L-CC% sin f)’-,oa coS =

L
(l-lff oo2sin28>’¥i-'o,, cos 9
+ al (1+I~Z@E_l log ( 1-N 105,231n2 8 +Mgn cO3 '3)

where A’ is a constant of integration.
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T

This expression simplifies to

3
h(8) = A+ B log < (l-l”ooz sin &- cos Al+ al cos '9(1-M<>°231n 8)7‘
2 (1-“052 sin 9)1» cos 9
where
A= « al (1+MS»2) log (I—MQQZ)
2Moe :
Thus the general solution of (G-23) is given by
£r®) = A + B log (1~Meosm g—“os 8
(120102 8)* 2 (1_M§,sinze> 107, 5in° §%50s o

+ al cos ©
For f(8) to remain finite at © =0 and © =W we must have
B = 0. Thus a two term series expansion for flow past a symmetric

body is

¢::U(rcos@+,1_{ A +alcos€’}
T (2 - whein? O) (G-27)

The leastsquares method isagain used to find the value of

A. A% the last but one grid point the sum of squares of the
difference between the series for)i and the perturbation

potential 'X;Mis given by

i 2
D2 = z ( + cos_8i -'Kil,\.,>2

__...___2_.._.2
1 (l-M sin<9)% rl

To find the value of A which minimizes D? we require

é D2 =1 i A + al cos di a'x-t.,n—>

08 1 &[22 sin? el) rl (1_~1 snrQJ) rl

Hence

A = b SR é(al cos 8i/ r1 (1-M 51n 81 ;KM[LI-M sin 8)
\ 2 1/ (l-M2 51n 8i)

=\
Also
32 D2 = i il 7 0
bye L el e e

so the value of A obtained gives a minimum sum of squares. Hence the

values of Xat a distance r _,+ h from the body can be found.
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al takes the same values for the various bodies of revolution,

<

as for the equivalent two—dimensional bodies.

When the flow past a sphere is being investigated no transform-

ation is required and we have
X = r cos &
R = r sin 8
In this case (G-18) is equivalent to
2[21' sin & fr + cos 9 & ] + v sin ® frr

2 2
(C -¢r)-231n6¢r¢e¢re+s1n€¢eo( _;%_ﬁe)

+ gin® Prhes = O
Tr
or

02[2 rsin® g r + cos © fe + r* sin 8 Brr + sin 8 feo
- r% gin O ;25r2¢rr - 2 sin 8 Prfefre - gin & ?592( foo - ﬁr)
r T
= 0 (G=26)

-2

Since the incompressible solution has a second temO (r ) we

eicpec’c. the far boundary solution to have a similar form. Thus we take

# = U(rcosé + f_i_@_l)

r2
so p

r = U (cos®& -2
/ %)
Prr = Ur

4 '

= U s e + f

fo ( r sin __r_z>

= U - 0 f
Poe ( -1 cos +;§)

Pre = U (-sine_%_{)

Substituting these values into (G-26), we obtain, remembering that

for the circle

2. v? -__l__2_+ RN (1—251'2+¢62/ r2

2 e
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the following differential equation for f (8)

[3 - ¥ (-4£cgg€+4§_-29in6f"+f/2>

Moo2 2 r3 r6 rB T 6

X[2f§jn9 +f'cog8 +§_”_ sinS‘J -6§ing f(cosze
2 2 2

T T

T
-4 f cos ® +Af2)+2s:m8 S.LIIG‘*'__f_)—I‘SlTl'OCOSQ
2

r3 T 6 3
+ 2fsin® +foose-2f>-31n9 Sln 3-2f§ 8
r2, r2- r
+ £/ ) [.. 2cos @+ £l +25 ] = (G-28)
r 4 r3 r3

Comparing coefficientSof r =2 we obtain
f”sin g (1- MMZ sin2 3) + £’ cos & (1 - 6M'0Q2 sin2 8)
+2£8in8]1+ Mok (4 sin® @ - 3)] =0 (G-29)
after multiplying by Mo
A solution of this equation is
f1 (8) = cos ©

3/
(1 - Mc,gz Sln2 ) 2

which can be verified by substitution in (G-29). Thus the general
solution of (G-29) is given by
£f(®) = f1 (8) h (8)
Substituting into (G-29) we have
g{sin 0 (1 - MooZSinz 8) fl” + £17 cos 6 (1-6 IVLoozsinz 2) +

\ !/
2 £1 sin 8 {1+ Moo (4 sin® 9-3)] v g'farr’ sin e (Qrasin? 0)

+ f1 cos 9 (1-BMeaZsin? e)} + b £1 sin @ (1- Molsin® &) = 0
which sim lifies to
h“sin® cos & - 2 h’sin®8 = O
1 1
(1-¥ ac”sin<6)2 (145%51n9)%
01‘ ’I 2 ,
h (8) cos“"8 -2sinBcos®h’(®) = 0
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Thus, on integrating /
0082 en’ 8) = B -
where B is a constant. |
Integrating again we have
h (8) = A +Btang
Thus the general solution of (G-23) is

£ () = Acos @ +Bsiné
(1o sin® 8)%/2

Since the solution for @ must be symmetric about € = 0 and
® =M | we must have B = 0, Thus a two term series exvansion for

flow past a sphere is

¢=U(rc059+ A cos O )

r* (1-Mas’sin®6)%/2
As in the two-dimensional case and for a more general
axisymmetric body, the least squares method is used toe find the value
of A. At the last but one grid point, the sum of squares of the
difference between the series for X and thé perturbatior potential

'th“ -1 is given by
L v ‘
D2 = <; A cos €1 -j(i, n-1

e
oy (1Gsin%ei)’/2

- U=\

To find the value of A which makes this sum a minimum, we require

ap® = 2eos 9% A cos 81 A

e T - ) 4.494//2 < V< e

da i=l r n -1(1-M.$in i) T o1 (1-Measin“e8i)-/2
",Ki s\ —l) =0

Thus Q_,

A= r 2 Z(x’l.n—lcosei
7 21 (1-MS.sin © & 1)7/2

i 2 .
¢os~ ©i
= (122, sin° 81)>
. 2 .
Also 5 5 2 ?os 8i
d°p°~ = 7 SR Vs
aA i=1r (1M5.sin” 61) 0

n-1
for M, <1, so the value of A, obtained above, does give a minimum sum

of squares, Hence the values of7( can be found at a distance rqg from

the body.
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APPENDIX H THE CONTRIBUTION TO_THE VARIATIONAL INTEGRAL, FROM

EACH RECTANGIE IN AXISYVMETRIC FLOW

Comparison of the expression (3.4) for plane flows with the
expressions (6.4) and (6.5) for axiéymmetric flows shows that the
expressions for the Ai's, Bi's and Ci's are the same in both cases,
but the Di's, Ei's and Hi's will be different.

If the form (6.4) is used by a similar method to Appendix F,

we have that in rectangle 1 of figure 3.

2
D1 =—_\§_M_o; (Xbr ‘h‘ t Xee —%——- (H-1)
_T 1 P r1"hl
©=3, SN
2 - \
El= -1+ g,& Yoe| X2 +7Y, 1 (4-2)
211 S el . 11%hl
>, ol
and &g,
HL= rl R T1%k, nl (5-3)

where the Xi have the same form as in Appendix F and R11 is the
value of R at r = rl, & = 61,

In the rectangle 2, we obtain

2
b= - ¥uk (75 2 - %] ) e
2 ' 2
2T, ,EJ r=n Ty hy
, . S oo
E2. = -1+ &Mmz (’Kor XL + X5 \(H-5)
N =0,
2 T2 o0, k1 oo, T 2h2
and
- 2 :
H2 = 1) R, T,° k h, (H=6)
Where £12 is the value of Rat r =1, © =0,
For rectangle 3, we have
2
D, = X Mo + 1 H-7
3 2 <’K4cf L -L— X(ﬂ g 2 ( )
2 T3 o, K2 é;;.r2 h2
E,= -1+ '&Mg X + X7 H-8
3 ol (X«L 00 Ag| —2—) )
‘ 3 ok 2 e=0.r,” h
and By %o, 2 2.
- R 2
i3 = TyfpnpTyikyh | (H-9)
where R22 is the value of R at r = To) 8 = 82.

s
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and

where

still

and

and

and

For rectangle 4, we have

- ’ 2 /
D, = ¥l (%M ) 1 - Yo ] (H-10)
=2 : N
21‘4 ©:0, kl “;;S;x‘rz hl
(2 y
E4= ‘1+5-‘§°<7C ) Xg o+ X )57 (H-11)
=1 s
2’1‘4 %el\ k le r, h1

H = r,R.T,°k, h (H-12)
A 2721 "4 271

R21 is the value of R at r = r, & =8.

If the expression (6.5) is used rather than (6.4) the Hi are
the same but the exoressions for Di and Ei need alterationm.

For rectangle 1 we now have

b = -Xf (_B_;;\ 2 0+ 28| _a. (H-13)
2 \oxlgh i dx = by
El=-1+_§r.4.ia_<ﬁz 2 + o]  _xa\ma)

' 2 Ax &g‘ kl éx g==g~‘ r12 :s
Similarly for rectangle 2, we obtain
D, = - ¥ ( dy 1 - e _1 \(mas)
2 S x gig; ky éx g;fél rlzh2

XL + 28 X3 \(H-14)
2

E2 = -1+ AMEO.EF_
dx

2 é}_&— ky d p< g.gl ry" hy v
In rectangle 3, the expressions are _
D, = &bi(_é; 1+ de 1| (57)
2 éx %:%_ k, x gz-;— r, h2
B, = - 1+XM03 ( P X6 + %9 __.éXs_ (H-18)
2 X gl%; k, éx g;;m r, hy
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Finally for rectangle 4, we have

b= B¥ifd| 1 - s 1 (H-19)
2 éx {f;@\ k2 éx g:r_g,: r22hl
and .
B, = -1+ Xu? (E_r_' xg + o X7 ) (5-20)
2 dx ok, X|&2 ry’hl
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APPENDIX T  SERIES SOLUTION AT THE TRAILING-ZDGE OF A KARMAN.TREFFTZ
| PROFILE

It was stated in Section 6 that the series solution for the
velocity potential of the flow past a cone had been found by
Mangler (1948), in the form

g = -kl F (D) (6.6)

to within a constant (see fig. 5) |

Consider a Karman-Trefftz profile with the part near the trailing
edge made up of a cone. The x - coordinate of the trailing edge is
mk, so using polar coordinates S and % we have

x+1iR = S‘,ei""" = mk+ch“®

-

nk - Q(_Q,"‘f

giving
ch}g = = (x-mk) - iR
= - g (&% D) + mk
(Ql2m + Q22m_ 2Q1m sz cos m (#2 - 211))

- 23i8027Q" mksinm (42 - 71)
(lem + ‘{22m -2 le RZm cos m (#2 - g1))

from Appendix C.

= - 2 mk 92 . [ 1M g2 - 1 m)
—7 ) - 01)-X2
Q™ Q2™ - 2 0"L" cos m(¢2¢1))(Q e m e

+ iQ1%sin n (;252-;751)]

giving

= = 2_mk Q2" N
(Ra™ +Q2% _ 2 Q"R cos m(@f2-#1))*

We require tre form of Q near the trailing edge, so we take

r =1+ <and 8 small.

Then
le = r° -2 (b k) 1 cos O + (b - k)22
21+ 2e+e? -2 (k)1 +e)(1T) + (b k)2
=4k2+4ke+g + (b, - k) o?
e |
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80

Ql:x_zk(1+_e_+_ef_ + (bk-k) 92>,3

S T
2 2k(l+&+ ghk-k292)

2k Lk *
Also
Q22= 2-2rcos9+1
1+2e+e—2-2(1+6) CL-Q__> 1
2
= 62 + 92
Thus
1
Qz ol (62 + ‘92)_5
Therefore, substituting 1n‘bo the expression for Q‘" we have
Re & ok (2 + A)F [(Zk)zm 1+ ge +m (b - k) 6°
k 2 k©
2 2 2m m 2 _2m , -4
+alon=1) ) ¢ (€7+ 9%) =2 (2k) (1 + pe\(€+ 87)7 cos m(f -f1)
462 2k
A 2mk (E+9% )8 E +m&}
@<y
A m(el:i0?) 7 (I -1)
(2x)® 1
Now
cos § = = (x - mx)
Qc
2 L
= - (le cos m(ﬁz—ﬁl) -Q2m>EQ12m +Q2 T -2Q1m€2m cos m(ﬁz-{él} 2
- - ((Zk)m (1 +p& + m (bx.- - k) 92 +m (m-l)62>c08m(2f2-¢1)
2k 4> 8k>
(& 92)3’)[(2”2” (1 +pe +m (o =) 6% +
A k 2k
a_(2n-1) ez) P@ PP 2 @ 1epe
4k2 2’k

(62 + 92) 2 cos m (;@'2 -ﬁl)_] -

o ((l+m_§ +m (b‘ﬁ- k) 92+m (m-—l)(—':z cos m (gz-ﬁl)
2k 4k &
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n 4
- (e?+6°32 1 -ne -nb -k 8% —plmn-3) 2
(2k) 2k 4 k2 8 k
2 2 2 2
+ e v <e+e>%cosm(¢z-mﬂ
g (2"
N --c:osm(ﬁ—'?f)+'62+92)!'.gr in 2 n(d. -
A 2Py &£ 8 )% agin © n( 5 - 1)

(2K)"

Mangler and Leuteritz, in work mentioned by Mangler (1948), wrote

(6.6) in the form

B +Cc = - KQJ’?,,( o) (I-2)
where Cc is a constant
W) = F (@)
and S = cos Y
Now, from the work referred t> in Mangler (1948)
[« Y 0
c),,(.n._) = Z bo (2+1)
N=0 ﬂ‘,
where the constants b, are given by the relation
bpal = oo+ 1) =~ (Y +1)
ba 2 (n+1)
which has the solution
-1
ba = T\‘ k (k+1) = 2 (V) +1)
k =0 2 (k + 1)
and b, can be taken as 1. Thus
D=\
by = (<" PP+ 1) -k (k+ 1) N=1,2 ....
(k + 1)
=0
and
oD
W) =15 - “ 3)1))+l)-k£k+l)
N=y 2 k=o (k+ l)
Hence
m b= N1
g +Ce =X o (2 %) 2 [l +Z(-D-+l n)“”’(ﬁhl)—'k(k*rl)
(2k) m-1 m 2 /R (He1)?

P
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‘Since
] U(recos®e +X)

Y
X + Ce = -rcosg-\(mv(<&2+92)g
(2k) Y(m-1)

H

Yy(2)  (1-3)

The constants W and Cc are found by comraring the value
of the potential obtained by this series with that obtained by the
variational method at the third radial grid points out from the

bodyate:OandQ:'h

Q-1
2 Y
769_- l, 3 = -Ce—(1-+ kl + k2) cos hﬁ—l" Ko~ (heo3 -\'_-_(l\(1+k;)\§
B (2k) 'J(m—l)
and
»
L = ~Co =1+ Ky k) = kY (ky+ k)" ()"(J)“’v 3)

(2k) 2 (m - 1)

Subtracting these two we obtain

')C,_-l, 3 —’)CQJ 3 = (l+k1+k2)(1- cos hy._-l)quf_)%@_"-l)%ksz)mw) :)y("nv, )

- (ht_l2 +(k1+k2)2)%2 )y (eh )}
Hence
(20) YD 3 Ly3 - (L+ky+ky ) (1 - cos hQ_-l):]
m”[(kl * kz)’“"’ A»(1e,3) ~(ng 1%+ (ke +k2)2)"-‘z‘-j 1),,@2,3)
ce = [la3 (e 2% (e +i)? | BE - Wpm13 (ke PV (01, 3)
" L0+ )™ gs(2e)
+1f}kl+kg){ (hg -12+(k1+k2)2)u¥ » (g-1,3)=(ky +k,

X
!

IB_LQ/_

)y ¢23)cos he -1(}

2 2, ¥ '

- (he" + (k)™ ) 2 )y (g1, 3)]
The values of 762-1,\1,7«1-1,2, Lo,1 andXy-1, 2 are then
found by substituting these values of W and Cc in (I-3) with the

requisite values of r and &, ,
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SYMBOLS
A constant in r ~t term in series expansion of the
potential for large r.
As s=1,2,3,4 coefficient of Xi j2 term in quadratic expression
raised to the powerc{for the contribution to the

integral for rectangle s,

- o

A2 | 9 = 0w
| Téq_ R

a major axis of an ellipse

Al

1

aj Jj=1,2,.. coefficients of powers of & in series expansion
of z .

B boundary of body C.

Bs s=1,2,3,4 coefficient of)&.j term in quadratic expression raised
to the power o«for the contribution to the integral for

rectangle s.

b minor axis of an ellipse
bk ‘ l -k 4 .
bn n=0,... (__%_)n q@? V(V+ 1) = k(* + 1)

- : (k + 1)

coefficients in series solution for the potential at

the vertex of a cone.

C the profile being investigated.
CL lift
c

R1 large circle radius Rl
Cs s=1,2,3,4 terms independept of Xi j in the quadratic expression
raised to the power o&for the contribution to the

integral for rectangle s. ,
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Co
Cc1

Ceo

o

D

Ds s=1,2,3,4

Es s8=1,2,3,4

g(’Lij)

Hs

hi
h1l

h 2

local speed of sound

constant term in velocity potential near the vertex
of a cone

stagnation speed of sound

average of major and minor axes of an ellipse

speed of sound at infinity

aerofoil chord for the map to the unit cirele
constant of integration

coefficient ofj[i j in contribution to the integral
for the rectangle s.

constant proportional to the circulation.

terms independent of 7Ci J in the linear part of the
contﬂ}bution to the integral for rectangle s.
non-dimensional difference between free stream and
incompressible velocity potentials.

function of 8 in r - term in the series expansion
of § at the far boundary. |

i [ o< hs Xi j2 +Bs i j+ Cs)o“"l(2As7Ci j+Bs)+Ds] Hs
s=1

factor multiplying all other terms in the contribution
to the integral for rectangle s

A
constant mass fl® across B

i=1,2... . L-1 mesh steps in & direction

Eg_

Bateman-Kelvim integral

B

N

Jacobian of the transformation = h 12 h 22
Bateman-Dirichlet integral

i=1,2,...,8 j =1,2, ..., n-1 contribution to the

integral from the rectangle with sides length h i-1 and k j

4
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[

3

=N

-
i=1 j=1 Jij
constant relating pressure to ?5
The poles of the Karman-Trefftz profile are at + k
j=1,2,..n -1 mesh steps in r direction
number ofigrid points in © direction
local Mach number
free stream Mach number

2 <

A
number of grid points in 1 direction
unit normal to the Epdy
pressure
non-dimensional pressure
stagnation pressure
pressure at infinity
speed
initial velocity
distance from axis of symmetry in axisymmetric flows
value of (| r at far boundary
large value of r
k=1,2;.. & =1,2 value of R at r = Ty = el
distance from the origin in the transformed plane
j=1.4eey n value of r at grid points.
value of r in rectangles 1 and 2
value of r in rectangles 3 \hnd 4
arc length of contour B
distance.from the origin in the physical plane.
transform modulus N

value of T in rectangle s
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'4

free stream velocity
velocity veztor
velocity component in ﬁ direction
velocity component in r direction
velocity comnonent in x direction (axisymmetric flow)
velocity.component in x direction (plane fliow)
velocity component in y direction
angular velocity component
velocity component in ‘)ldirection
velocity components in 92 direction
flow region |

I - S

c n n
relaxation parameter
s=1,2, ...8 expression for sum or difference of three
of the Ks
coordinate,along the body axis
coordinate perpendicular to the body axis in two-
dimensional flows
arbitrary vector
complex variable in the physical plane.
the ratio ...... &/ ¥ -1

angle of incidence

1/ ¥ -1

2
-,

circulation

ratio of the specific heats 1.405
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dae

e1

g2

Nt S N

Kronecker delta = 0 n#8 1 n=2Q
small parameter
intermediate plane in which the transformation of a
Karman-Trefftz profile is a circle with its centre
at a place other than the origin.
Cartesian coordinates in the O ~ plane for
axisymmetric flows
the angle, the line joining the cone vertex to any
point makes with the positive x - axis.
arg ( ) in the transformed plane.
i=1,2, ..., ® wvalue of & at grid points.
value of © in rectangles 1 and 4
value of © in rectangles 2 and 3
constant in the expression for the vélocity potential
near the cone vertex
T. T,
3 (a2 - v3)?
thickness ratio of ellipse
constant related to the cone angle lying between 1 and 2
angle in cylindrical polar coordinates
cartesian coordinates in the ¢ - plane for plane
flow
density
distance from the vertex of the cone

£~nQ Ag A
stagnation density
(fz -2 (bk - k) r cos 8 + { b, - k)2 ).%.

(r2 -27rcos O+ l)%
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I

B extr
Po

al

g2
/RN

i

s

Xs

density at infinity

complex variable in the circlg plane

inverse plane of ¢*plane ie complex variable on the
interior of the unit circle.

trailing edge angle of a Karman-Trefftz profile.
momentum Qu

velocity potential

extremal value of §

velocity potential for incompressible flow,

-1

tan (r sin 8 / (r cos & - bk + k))

tan~ 1 (r sin 8/ (r cos & = 1))
velocity potential for free stream flow
non-dimensional perfurbation potential
difference between velocity potential for compressible
and incompressible flow,
nth., approximation to the solution 7Ci Je
i=1,2,....8, j =1,..., n value of K at the grid
point 1, j
s =1,2,....,9 value of Kat point s in the nine-point
scheme,
A . . _Posg
non-dimensional incomnressible potential
perturbation potential | X
value of7Ci j (n) before relaxation

N - e

stream function

arg (z) in the physical plane

cos gg ‘
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{a) Physical (z) plane

(b) Circle (o) plane

Fig.l Sketch of flow field
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Fig. 5 Terminclogy used in finding the potential near
the trailing edge of 2 bodéy of revolution with
a Karman-Trefftz profile as ceross-section.




