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ABSTRACT
We present results for several light hadronic quantities {x, Bk, Mg, ms, té/z, Wp) obtained
from simulations of 2+1 flavor domain wall lattice QCD withrd@ physical volumes and nearly-
physical pion masses at two lattice spacings. We perfornmo#,s#i(3)%, extrapolation in pion
mass to the physical values by combining our new data in al&nmeous chiral/continuum ‘global
fit' with a number of other ensembles with heavier pion mas$#s use the physical values of
m;;, Mg andmq to determine the two quark masses and the scale - all othetijea are outputs
from our simulations. We obtain results with sub-perceatistical errors and negligible chiral
and finite-volume systematics for these light hadronic ¢jtias, including: f; = 1302(9) MeV,
fx = 1555(8) MeV; the average up/down quark mass and strange quark m#ssMS scheme
at 3 GeV, 2997(49) and 8164(1.17) MeV respectively; and the neutral kaon mixing parameter,
Bk, in the RGI scheme,.050(15) and theMS scheme at 3 GeV,.B30(11).



I. INTRODUCTION

The low energy details of the strong interactions, encapedltheoretically in the Lagrangian of
QCD, are responsible for producing mesons and hadrons ft@rks, creating most of the mass
of the visible universe, and determining a vacuum state vhitibits symmetry breaking. For
many decades, the methods of numerical lattice QCD have Umssshto study these phenomena,
both because of their intrinsic interest and because QG tsfire important for many precision
tests of quark interactions in the Standard Model. Many ristgzal and computational advances
have been made during this time and, in this paper, we repdheofirst simulations of 2+1 flavor
QCD (.e. QCD including the fermion determinant for d ands quarks withm, = my) with
essentially physical quark masses using a lattice fernoomdilation which accurately preserves
the continuum global symmetries of QCD at finite lattice spgicdomain wall fermions (DWF).
This isospin symmetric version of QCD requires three inpofgerform a simulation at a single
lattice spacing: a bare coupling constant, a degenerdtedigark massnfy, = my), and a strange
guark mass. We fix these using the physical valuesrigrmk, andmg. In particular, for a fixed
bare coupling, adjusting, = my andms until m;/mg andmg /mq take on their physical values
leads to a determination of the lattice spacimdor this coupling. All other low energy quantities,
such asf;; and fi, are now predictions. By repeating this for different ltspacings, physical
predictions in the continuum limig(— 0) for other low energy QCD observables are obtained. In
this work, we used results from our earlier simulations toweate the input physical quark masses
and then we make a modest correction in our results, usimglgrerturbation theory and simple
analytic ansatz, to adjust to the required quark mass vaduesrrection of less than 10% in the
guark mass. These physical quark mass simulations woullavat been possible without IBM
Jia

For the past decade, the RBC and UKQCD collaborations haga beeadily approaching the

Blue Gene/Q resourc

physical quark mass point with a series of 2+1 flavor domaiti fgamion simulations. Re-
cently B] we reported on a combined analysis of three of ammain wall fermion ensembles
with the Shamir kernel, namely our 32 64 and 24 x 64 ensemble sets with the Iwasaki gauge
action at8 = 2.25andB = 2.13 (a1 = 2.3839) GeV and 17855) GeV) and lightest unitary pion
masses of 304) MeV and 3372) MeV respectively, and our coarser®32 64 lwasaki+DSDR
ensemble set witf = 1.75 @ ! = 1.37§(7) GeV) but substantially lighter pion masses of (43
MeV partially-quenched and 171) MeV unitary. We refer to these as our 32I, 241 and 32ID



ensembles, respectively. (The lattice spacings and o#iseitts for these ensembles quoted here
come from global fits that include the new, physical quarksreasembles, as well as new observ-
able measurements on these older ensembles. As such,| ecahies have shifted from earlier
published values, generally within the published erronsoAthe new errors are smaller, because
of the increased data.) For the latter 321D ensembles, thefisscoarser lattice represented a com-
promise between the need to simulate with a large physidain@in order to keep finite-volume
errors under control in the presence of such light pions hagtohibitive cost of increasing the
lattice size. The DSDR term was used to suppress the diglasan the gauge field that dom-
inate the residual chiral symmetry breaking in the domaiil feamulation at strong coupling.
The addition of this ensemble set resulted in a factor of @duction in the chiral extrapolation
systematic error over our earlier analysis of the Iwasakeetbles alone (241 and SZB [6], but the
total errors on our physical predictions remained on theoofl2%. Now, combining algorithmic
advances with the power of the latest generation of supgraters, we are finally able to perform
large volume simulations directly at the physical pointheiit the need for such compromises.

In this paper we present an analysis of two 2+1 flavor domalhemaembles simulated essentially
at the physical point. The lattice sizes are® 4896 and 64 x 128 with physical volumes of
(5.476(12) fm)® and(5.354(16) fm)3 (m,L = 3.86 and 378). Throughout this document we refer
to these ensembles with the labels 48] and 64l respectiVééyutilize the Mobius domain wall
action tuned such that the Modbius and Shamir kernels argia up to a numerical factor, which
allows us to simulate with a smaller fifth dimension, and leeatower cost, for the same physics.
This is discussed in more detail in Sectioh Il. The valuet pére 24 and 12 for the 481 and
641 ensembles respectively. For the 48] ensembjayould have to be more than twice as large
to achieve the same residual mass with the Shamir kernel.cdiresponding residual masses,
Mres, COMprise~ 45% of the physical light quark mass for the 481 ensemble,~a@®% for the
641. We use the lwasaki gauge action wgh= 2.13 and 225, giving inverse lattice spacings of
a1 =1.730(4) GeV and 23597) GeV, and the degenerate up/down quark masses were tuned to
give (very nearly) physical pion masses of 139) MeV and 1392(5) MeV.

We also introduce a third ensemble generated with Shamiadowall fermions and the Iwasaki
gauge action a8 = 2.37, corresponding to an inverse lattice spacing 4#4817) GeV, with

a lattice volume of 32x 64 and withLs = 12. The lightest unitary pion mass is 351 MeV.
Although these masses are unphysically heavy, this ensepnbVides a third lattice spacing for

each of the measured quantities, allowing us to bounditte#) errors on our final results. We



label this ensemble 32Ifine.

We have taken full advantage of each of our expensive 48| dhddge configurations by devel-
oping a measurement package that uses EigCG to produce DyWRvectors in order to deflate
subsequent quark mass solves, and that uses the all-medgag (AMA) technique of Refﬂ?].
In AMA, quark propagators are generated on every timesli¢dhelattice but with reduced pre-
cision, and then corrected with a small number of precisesomeanents. To reduce the fractional
overhead of calculating eigenvectors and the large I/O déesaf storing them, we share propaga-
tors betweemy, Mg, fr, fk, Bk, theK,z form factorf*j"(q2 = 0) and theK — (1171);—2 amplitude.
(The last two quantities are not reported here.) By puttmgnsny measurements into a single
job, the EigCG setup costs are orly20% of the total time, and we find this approach speeds
up the measurement of these quantities by between 5 and 25, titepending on the observable.
Here again the Blue Gene/Q has been invaluable, since it lageaenough memory to store the
required eigenvectors and the reliability to run for suéfiditime to use them in all of the above
measurements. In Sectibnl Il we present the results of timessurements.

As mentioned already, in order to correct for the minor ddfeces between the simulated and
physical pion masses, we perform a short chiral extrapolaths these new 481 and 641 ensem-
bles have essentially the same quark masses, we must irddtdevith other quark masses in
order to determine the mass dependences. We achieve thisrilyiring the 641 and 48| ensem-
bles with the aforementioned 32 64 and 24 x 64 lwasaki gauge action ensemble sets (321 and
241, respectively), and the 3% 64 Iwasaki+DSDR ensemble set (32ID), in a simultaneous chi-
ral/continuum ‘global fit'. We also include the new 32Ifinesemble, to give us a third lattice
spacing with the same action, to improve the continuum prtedgion. We note that these are the
same kinds of fits we have used in our previous work with the 22lland 32ID ensembles - here
we have the addition of very accurate data at physical quaréses. In addition, we also have
added Wilson flow measurements of the scale on all of our epigsnto the global fits. While
the Wilson flow scale in physical units is an output of our demions, the relative values on the
various ensembles provide additional accurate data thps$ h@ constrain the lattice spacing de-
terminations. In Section IV we discuss our fitting strategyriore detail and the fit results are
presented in Sectidn] V.

Given the length of this paper and the many details discyssedpresent a summary of our
physical results in Tablg | as the last part of this introdwct These are continuum results for

isospin symmetric 2+1 flavor QCD without electromagnetie&s. Our input values aney,



Mk, Mg, and the results in Tablé | are outputs from our simulatiofer results quoted in the
MS scheme, the first error is statistical and the second iettee from renormalization. For
other quantities, the error is the statistical error. THeeousual sources of error (finite volume,
chiral extrapolation, continuum limit) have all been reradthrough our measurements and any
error estimates we can generate for these possible systemats are dramatically smaller than
the (already small) statistical error quoted. This is désed at great length in Sectibh V. The
Conclusions section (Sectign]VI) summarizes our results gimes comparisons of them with

experiment and/or the results of other lattice simulations

Quantity Value
fr 13019+ 0.89 MeV
fk 15551+ 0.83 MeV
f/fn 1.1945+ 0.0045

my = my(ms,3 GeV)  2.997+0.036+ 0.033 MeV

me (s, 3 GeV) 81.64+0.77+0.88 MeV
Ms/My = Ms/My 27.344+0.21
t/? 0.7292+0.0041 GeV'.
Wo 0.87424-0.0046 GeV!

Bk (SMOM(g, 1), 3 GeV) 0.5341+0.0018

B (WS, 3 GeV) 0.5293+0.0017+0.0106
Bk 0.7499+ 0.00244 0.0150
LZ (Aypr=1GeV)  —0.000171+0.000064
L& (Aypr =1 GeV) 0.000513t 0.000078
L& (Aypr =1GeV)  —0.000146H0.000036
LZ (Aypr=1GeV)  0.000631+0.000041

TABLE I. Summary of results from the simulations reportedaeheThe first error is the statistical error,
which for most quantities is much larger than any systenmtior we can measure or estimate. The ex-
ception is for the quantities iMS andBk. For these quantities, the second error is the systematc er
on the renormalization, which is dominated by the pertuvbanatching between the continuum RI-MOM

scheme and the continuuMS scheme.

The layout of this document is as follows: In Sectioh Il weganet the details of our new en-



sembles, including a more general discussion of the Mathiunsain wall action. The associated
simulated values of the pseudoscalar masses and decagmsnsheQ-baryon mass, the vector
and axial current renormalization factors, the neutrahkaixing parameteBy, and the Wilson
flow scales,té/ ? andwp, are given in Sectiofll. In Sectidi]V we provide an ovewief our
global fitting procedure for those quantities, the resultloich are given in SectionlV. Finally,

we present our conclusions in Section VI.

II. SIMULATION DETAILS AND ENSEMBLE PROPERTIES

Substantial difficulties must be overcome in order to worthvphysical values of the light quark
mass. Common to all fermion formulations are the challelfasreasing the physical spacetime
volume to avoid the large finite-volume errors that woulduteBom decreasing the pion mass at
fixed volume. Similarly, the range of eigenvalues of the Diogerator increases substantially,
requiring many more iterations for the computation of itgeirse and motivating the use of de-
flation and all-mode-averaging to reduce this computatioost. For domain wall fermions it is
also necessary to decrease the size of the residual chimmhetry breaking to reduce the size of
the residual mass to a level below that of the physical liglarkf masses. While this could have
d@] used in previous RBC and
UKQCD work, this would have required a doubling or triplinitlee length of the fifth dimension,

been accomplished using the Shamir domain wall formul

Ls, at substantial computational cost.

Instead, our new, physical ensembles have been generated wiodified domain wall fermion
action that suppresses residual chiral symmetry breakasglting in values for the residual mass
that lie below that of the physical light quark, but withoetsubstantial increase lig that would
have been required in the original domain wall framework.

We use the Mobius framework of Brower, Neff and Orgin@ M)J— Although the action has
been changed, we remain within the subspace of the Mobiwsr@rization that preserves the
Ls — oo limit of domain wall fermions. The changes to the Symanzile@ifve action resulting
from this change in fermion formulation can be made arhilyramall and are of the same size
as the observed level of residual chiral symmetry breakikgydiscussed in Sectidn IIA, we are
therefore able to combine our new ensembles in a continudrapotation with previous RBC
and UKQCD ensembles.



A. Mobius fermion formalism

In this section and in Appendik]A we describe the impleméatabf Mobius domain wall
fermions, and provide a self-contained derivation of mafryne properties of this formulation on
which our calculation depends.

Of central importance is the degree to which the presenttsekaom the Mobius version of the
domain wall formalism can be combined with those from outi@aBhamir calculations when
taking a continuum limit. As reviewed below and in ApperldixtAe Shamir and Mobius fermion
formalisms result in very similar approximate sign funo8pe(Hy ), having the form given in
Eqg. (24) below. In fact, the only differences between the twactionse(Hy) corresponding to
Shamir and Mobius fermions is the choicel@fand an overall scale factor entering the definition
of the kernel operatokly. Thus, in the limitLs — o both theories agree with the same, chirally
symmetric, overlap theory. The differences of both Shami lobius fermions from that theory,
and therefore from each other, vanish in this chiral limibté&J this equivalence in the chiral limit
holds for both the fermion determinant that is used to geaé¢he gauge ensembles (shown below)
and for the 4-D propagators (shown in Apperldix A) which deiae all of the Green’s functions
which appear in our measurements and define our lattice sippaton to QCD.

Thus, we expect that all details of the four dimensional apipnation to QCD defined by the
Shamir and Mobius actions must agree in the lingit> o and, in our case of finites, will show
differences on the order of the residual chiral symmetryakireg, the most accessible effect of
finite Ls. Since this constraint holds at finite lattice spacing, wectade that the coefficients of
the O(a?) corrections which appear in the four-dimensional, effec8ymanzik Lagrangians for
the Shamir and Mobius actions should agree at this samepexaient level, allowing a consistent
continuum limit to be obtained from a combination of Shanmmd #obius results.

To understand this argument in greater detail, it is usef@lonnect the Shamir and Mobius the-
ories in two steps. We might first discuss the relation betwae Shamir theories: one with a
smallerLs and larger residual chiral symmetry breaking, and a secatichwarger value oks and

a value fom,,below the physical light quark mass. In the second step weaapare this larges
Shamir theory with a corresponding Mobius theory that hassame approximate degree of resid-
ual chiral symmetry breaking. For example, when comparungfo= 2.13 Shamir and Mobius
ensembles, we might begin with our®24 64, Ls = 16, 241 ensemble witm.a = 0.00315415)

which is larger than the physical light quark mass. Next wesater a fictitiousl.s = 48 ensemble



which should have a value ai., very close to the 0.0006102(40) value of our 481 Mobius ense
ble. In this comparison we would work with the same Shamimfalism and simply approach the
chiral limit more closely by increasirig; from 16 to 48. Clearly the & reduction in the light quark
mass will produce a significant change in the theory, which lerge degree should be equivalent
to reducing the input quark mass in a theory with a large fixadesofLs. Of course, there will
be smaller changes as well. In addition to reducing the dizg.g we will also reduce the size
of the dimension-fiveQ(a) Sheikholeslami-Wohlert term (whose effects are expeddxbtat the
m.a < 0.1% level even for the smaller value bf). There will be further small changes coming
from approaching thes — o limit, for example the 3% change in the lattice spacing dssed in
AppendixXC.

The second comparison can be made between the fictitipes48 Shamir ensemble and our
actual 48| Modbius ensemble withh = 24 andb+c = 2. Since the product dfs(b+c) is the same
for these two examples, the approximate sign function wgitea for eigenvalues of the kerrigy,
which are close to zero. In fact, a study of the eigenvalue$ Hy, for the Shamir normalization
shows that they lie in the range<OA < 1.367(14) for B = 2.13. One can then examine the ratio
of the two approximate sign functions, which determine tbeesponding 4-D Dirac operators,
over this entire eigenvalue range and show that the appeigi®hamir and Mobius sign functions
€(Hw) agree at the 0.1% level. Thus, in this second step we are corgpgeo extremely similar
theories whose description of QCD is expected to differ irmgpects at the 0.1% level. We now
turn to a detailed discussion of the Shamir and Mobius dpesand their relation to the overlap
theory.

Our conventions are as follows. The usual Wilson matrix is

Dw(M) :|\/|+4—%Dhopa (1)
where
Dhop = (1= Vi)Up ()3t py + (14 Y )US (V) Sy - @)

For our physical point ensembles we use a generalized fothreadlomain wall actiorm(gllZ],

S = gDZpw¥, 3)
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where
D —P_ 0 0 mP
—P, . 0 0
Depw = O o 0 ; (4)
: 0 0
0 0 - —-P_
mP. 0 ...0 —-P. D
and we define
D, =(bDw+1) ; D_=(1-cby) ; D=(D. ) 'D,. (5)

This generalized set of actions reduces to the standardiBaetion in the limitb=1,c= 0, and

it can also be taken to give the polar approximation to theldeger overlap action as another
limiting case BA]. In all of our simulations we take treefficientsb andc as constant across
the fifth dimension. This setup is well known to yield a tanipryximation to the overlap sign
function. Coefficients that vary across the fifth dimensian also be used to introduce other
rational approximations to the sign function, such as thietdocev approximatio 7].

As in the Shamir domain wall fermion formulation we identiphysical”, four-dimensional quark
fieldsg andg whose Green'’s functions define our domain wall fermion apipnation to contin-
uum QCD. We choose to construct these as simple chiral giojesoof the five-dimensional fields

@ and which appear in the action given in EQJ (3):
OR=Pry, aq=P-yn,
OrR= PP~ L= {nP;.

While there is considerable freedom in this choice of thespdal, four-dimensional quark fields,

(6)

as is shown in AppendixIA, this choice results in four-dimenal propagators which agree with
those of the corresponding overlap theory up to a contaet tertheLs — o limit. This choice
is also dictated by the requirement that we be able to commesdts from the present, physical
point calculation with earlier results using Shamir ferngan taking a continuum limit. With this
choice both the Mobius and Shamir theories will yield 4-dimsional fermion propagators which
differ only at the level of the residual chiral symmetry ieg. The choice of physical quark
fields given in Eq.L(6) has the added benefits that the cornelipg four-dimensional propagators
satisfy a simple/® hermiticity relation and a hermitian, partially-consahaxial current can be

easily defined.
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In practice, one solves for physical quark propagatorsguia linear system
D_DZpwd =D-n. (7)

To find the 4d effective action which corresponds to our chat physical fields we must first

perform some changes to the field basis as follows. We write
S = PDpwi = XDy X, (8)

where, for now leaving a matriQ_ undefinedy = 21y, x = PyQ_, D5 Q=YD py 2,

and
PPP.0..O
0 ... 0 :
P=1t 0 0 |- 9)
0..0 P
P, 0 ... 0 P
Then with
H=y(D_) "Dy = y(H ) *Hy, (10)

andH_ = yD_, H, = wD we may write

H PO .. 0 mP

s 4| O .0
Dy =Q- : S z. (11)

>0 .. .0

0O ..0 - . P

—mP. 0 ... 0 —P. H

We may choos€)_ to place the matrii);r’( in a particularly convenient form as follows,

Q- = HP.— Py = p[H | 1HP- —H_Py]

~ (12)
Q. = HP . +P_ = w[H | Y HP. —H P],

and introduce the so-called transfer matrix as

T = —(Q)'Q

b+c)D b+
= [yt — 1]y, rIDe ]

= —[Hm — 1~ [Hw +1].



Here the Mobius kernel is

HM =

We find Dg’( takes the following form,

P_— mP+
0

0
~T-1P, —mP.)

(b+c)Dw
2+ (b—c)Dw
Tt 0

1 -Tto
0

0 1
0
0

0
—_T1
1
0

0
By
1

for which we can perform a UDL decomposition around the tdpdeck:

23 )R

Here, the Schur complement$s = D —CA 1B, where

1-T1 o0 171712 T-(s=2)
o 1 -T1 o 0 1 11 T (Ls3)
A=]0 0 1 -Tt o Al=lo 0o 1 71t
0 0 1 -7t 0 . o 1 T
0 0 1 0 . 0 1
= P.—mP,
C=(-T1to..... 0),
B" = (0 ...0 -Ti{P.—mP)),
CAB = TP, —mP).

12

(13)

(14)

(15)

, (16)

(17)
(18)
(19)
(20)

Denoting the left and right factors BlsandL(m) respectively, we write this factorization @ =

UDs(m)L(m). The determinants of thd andL(m) are unity, and the determinant of the product

is simply
detD}; = detAdetS, = detS, ,
where
1+m 1-m T -1
_ —Ls
Sy(m) = —(1+ T )y | "5+ 5 |-

(21)

(22)



13

We can see that after the removal of the determinant of thé YA#ars fields with m= 1 in our
ensembles we are left with the determinant of an effectielap operator, which is the following

rational function of the kernel:

_ Ls (1 HuLs
detDP\}D(m):detDOV:det<1+m 1-m (1+Hw)™—(1-Hwm) )

23
> T B Am)S ot (1 Hu)E (23)
We identify Doy as an approximation to the overlap operator with approxersagn function

(14+Hw)s — (1—Hw)bs
(1—|— HM)LS—l— (1— HM)LS ’

E(HM) = (24)

with
Nim &(Hw) = sgr(Hw). (25)

Note that since sdity) = sgnaHy) for all positivea, changing the Modbius parametdrs-c
while keepingb — c = 1 fixed leaves our kerndflyy proportional to the kernel for the Shamir
formulation. This therefore changes only the approximmatamthe overlap sign function, but not
the form of theLg — o limit of the action.

In this way, our new simulations with the Mobius action vdlffer from those with Shamir do-
main wall fermions only through terms proportional to thsideial chiral symmetry breaking. In
particular the change of action is not fundamentally déférfrom simulating with a differerits.

Other, equivalent views of this approximation to the sigmclion are useful. Noting

1 1-z
—tanh=1 = 26
an > 09z 11z (26)
we see that since
_ 1+Hwm 1-T
T 1= Hu=>— 27
1-Hy  MTIpT 27
we have
TiLS_l—tanh Lo IT| ) = tanh(Lstanh*Hy) (28)
T_LS+1 - 2 g - S M 9

and for this reason our approximation to the sign functioofien called the tanh approximation.
For eigenvalues oflyy near zero, this tanh expression becomes a poor approximtatihe sign
function and it is for these small eigenvalues that the ktrgentributions to residual chiral sym-
metry breaking typically occur. For small eigenvaldesf Hy, the tanh approximation is a steep,

but not discontinuous, function at= 0. Examining Eq.[(24) one can easily see that

g(ar) ~LsaA, (29)
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which approaches the discontinuity of the sign functiory@dlLs — «. The quality of the sign
function approximation for small eigenvalues can be imptbliy either increasings (at a linear
cost) or by increasing the Mobius scale factor= b+ ¢ while keepingb —c = 1 (close to cost-
free), or both. One concludes that the scale faotpr should be increased to the maximum extent
consistent with keeping the upper edge of the spectrusyofvithin the bounded region in which
€(Hw) is a good approximation to the sign function. In the limit afdeLs a simulation with
(b+c) > 1 will have the same degree of chiral symmetry breaking amalation in which that
scale factor has been set to one but vzlincreased ta.s(b+ c).

In AppendiX A we continue the above review of the relationsin the DWF and overlap opera-
tors, demonstrating the equality of the Shamir and Mobaus-tlimensional fermion propagators
in the limit Ls — . We also introduce a practical construction of the conskwmeetor and axial

currents for Mobius fermions, appropriate for our choi€ploysical fermion fields.

B. Simulation parameters and ensemble generation

We generated three domain wall ensembles with the Iwasalgegaction. The 481 and 64l en-
sembles were generated with Mobius domain wall fermiombveth (near-)physical pion masses,
and the 32Ifine ensemble was generated with Shamir DWF amdawieavier mass but finer lat-
tice spacing. The results from previous fits to our older Brides were used to choose the input
light and strange quark masses to the simulations. The pgmaimeters are listed in Talbl¢ Il. As
discussed above, the Mobius parameters for the 481 and&éhebles are chosen with-c =1
such that the Shamir and Mobius kernels are identical. Hheeg ofa = b+ ¢, which to a first
approximation gives the ratio of fifth-dimensional exteme$ween the Mobius and the equivalent
Shamir actions, are listed in the table.

We use an exact hybrid Monte Carlo algorithm for our enseméleeration, with five intermediate
Hasenbusch masses, (0.005, 0.017, 0.07, 0.18, 0.45),ddwthflavor part of the algorithm of
both the 48] and 641 ensembles, and three intermediate 8)d8s@05, 0.2, 0.6), for the 32Ifine.
A rational approximation was used for the strange quarkrdetant. The integrator layout and
parameters are given in Tables IlI V.

Each trajectory of the 481 ensemble required 3.5 hours orcisraf Blue Gene/Q (BG/Q) (2
1024 nodes), and those of the 64l required 0.67 hours on & @CBG/Q. We generated 2200
and 2850 trajectories for the 481 and 641 ensembles respedctiThe first 1100 trajectories of the
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48| 64l 32Ifine

Size 483 x 96x 24 64 x128x 12 3B x64x 12

B 2.13 2.25 2.37
am 0.00078 0.000678 0.0047
am 0.0362 0.02661 0.0186
a 2.0 2.0 1.0
al(Gev)| 1.730(4) 2.359(7) 3.148(17)
L (fm) 5.476(12) 5.354(16) 2.006(11)
myL 3.863(6) 3.778(8) 3.773(42)

(P) |0.5871119(25) 0.6153342(21) 0.6388238(37)
() |0.0006385(12) 0.0002928(9) 0.0006707(15)

({yPy) |-0.0000043(31) -0.0000000(34) -0.0000013(26)

TABLE II. Input parameters and relevant quantities for theeé new Iwasaki ensembles. Hérés the
spatial lattice extent in lattice units, amd= b+ c is Mobius scaling factor (recall the 32Ifine is a Shamir
DWF ensemble, and therefore has= 1.0). The last three entries are the average plaquette, dural
densate, and pseudoscalar condensate respectively.tiite $pacings are determined in Secfidn V of this

document.

48| 64l 32Ifine
Steps per tra;. 15 9 6
AT 0.067 0.111 0.167
Metropolis acc| 84% 87% 82%
CG iters per traj~ 5.9 x 10°|~ 6.1 x 10°|~ 8.4 x 10*

TABLE Ill. The number of steps per HMC trajectory, the MD tiratepAT, the Metropolis acceptance and

the total number of CG iterations for the three new ensembles

641 ensemble were generated with= 10 and produced a pion mass of about 170 MeV, due to
the residual mass being larger than anticipated. Changihg+ 12 reduced the residual mass,
allowing us to simulate at essentially the physical pion snaéhe 32Ifine ensemble required 5

minutes on 1 rack of BG/Q, and we generated 6940 trajectfmrdhis ensemble.
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Level (i) S Integrator n; Step size (48l,641,32Ifine)
1 >SS+ YR FGIQPQPQ 1 1/15, 1/9, 1/6
2 S FGI QPQPQ 4 -

TABLE IV. The integrator layout for our three ensembles. &{§iS; andy S are the sum of the quotient
and rational quotient actions used for the light and stramggrks respectively. The sums are over the
intermediate mass listed in the teXfs is the gauge action, FGI QPQPQ is a particular form of theeforc
gradient integratorlﬂB], ang; are the number of steps comprising a single update of thesmonding
action. The coarsest time-steps are at level 1, and the iziep @&re chosen such that the total trajectory
length is 1 MD time unit. More detail regarding the notatiowdntegrators can be found in Appendix A of

Ref. [5].

C. Ensemble properties

In Figure[1 we plot the Monte Carlo evolution of the topolaicharge, plaquette, and the light
quark scalar and pseudoscalar condensates, after theati@ii We measured the topological
charge by cooling the gauge fields with 60 rounds of APE smgdgemearing coefficient 0.45),
and then measured the field-theoretic topological chargsityeusing the 5Li discretization of
Ref. ], which eliminates the'(a?) and¢ (a*) terms at tree level. In Figulé 2 we plot histograms
of the topological charge distributions.

In Figure[3 we plot the integrated autocorrelation time far same observables on the 32Ifine,

481, and 641 ensembles as a function of the cutoff in MolecDignamics (MD) time separation,

Acutoff: o
Tint(Bewto) =142 5 C(B), (30)
where -
) :<(Y(t)—\7) (;(2(t+A)—V)> 31)
t

is the autocorrelation function associated with the okz@s) (t). The mean and variance ¥ft)

are denote andg?, andA is the lag measured in MD time units. The error on the integrat
autocorrelation time is estimated using a method discussedr earlier papenDS]: for each fixed
Ain Eq. (31) we bin the set of measureme(itst) —Y) (Y(t+A4) —Y) over neighboring config-
urations and estimate the error on the méan), by bootstrap resampling. We then increase the

bin size until the error bars stop growing, which we foundaaespond to bin sizes of 960, 100,
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FIG. 1. Monte Carlo evolution of the average plaquette (fiogt), light quark chiral condensate (second

row), light quark pseudoscalar condensate (third row),tapdlogical charge (fourth row) after thermaliza-

tion on the 32lIfine (left column), 481 (middle column) and §dght column) ensembles.

and 200 MD time units on the 32Ifine, 48l, and 641 ensemblgeaetbvely. The error Oty IS

then computed from the bootstrap sum in Eq] (30).

For all quantities considered, we observe that the chosesibes are sufficient to account for

the autocorrelations suggested by Fidure 3. We also obsesignificant decrease in the rate of
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FIG. 2. Topological charge distributions for the 32Ifinep(teft), 481 (top right), and 64l (bottom) ensem-

bles.

tunneling between configurations with different topol@jicharge as the lattice spacing becomes
finer, as evidenced by the long autocorrelation time on th&@&2ensemble.

After generating our ensembles we discovered that therspnmaous correlations between U(1)
random numbers generated by the CPS random number geneitatamew seed. Fortunately, as
discussed in Appendix]G, we determined that the correlgifesent in the freshly-seeded RNG
state was lost during thermalization, and consquentlyttiiathad no measurable effect on our

thermalized gauge configurations or measurements.
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FIG. 3. The integrated autocorrelation time for the avernalgguette, light quark scalar and pseudoscalar
densities, and topological charge as a function of the EM&f time separationAcytosf 0N the 32Ifine (top
left), 48l (top right), and 64l (bottom) ensembles. The daa been binned over 960, 100, and 200 MD

time units on the 32Ifine, 48, and 641 ensemble, respegtivel

lll. SIMULATION MEASUREMENT RESULTS

In this section we present the results of fitting to a numbeshsiervables on the 481 and 641 en-
sembles. On the 48] ensemble we used data from 80 configusdtiche range 420—2000 with
a separation of 20 MD time units. The 641 measurements weaferpged on 40 configurations
in the range 1200-2760 and separated by 40 MD time units. @teah both ensembles were
binned over 5 successive configurations, correspondin@@oMD time units and 200 MD time
units respectively. On the 641 ensemble, we measured thepeh&Vilson flow scales every 20

configurations (as opposed to every 40 for the other measuntsinin the range 1200-2780 and
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binned over 10 successive configurations. We also presaiiasresults computed on 36 config-
urations of the 32Ifine ensemble in the range 1000-6600,uriegsevery 160 MD time units and
using a bin size of 6 configurations (960 MD time units).

The ability to generate physical mass ensembles forced smseo dramatic improvements in our
measurement strategy, since the statistical error for kdxservables increases with decreasing
light quark mass (holding the strange quark mass fixed). irexample of this behavior, consider

the kaon two-point function,

=Y [sU(y,1)[0g(%,0), (32)
=

which in the limit of larget goes as
(Ct))=Ae ™4 (33)

where(..) is the average over the gauge field ensemble. The standaatidewn this quantity, i.e.
its statistical error, goes ag (C2(t)), which contains two strange quark propagators and two light
guark propagators. This quantity can also be representadirasar combination of exponentially
decaying terms:

(C2(t)) = Be (Mstmmt (34)

wheremssis the mass of thesstate. The signal-to-noise ratio goes asexjnk — (mss+ my) /2Jt)

in the large time limit, and therefore decays faster withiey pions.

The first component of our measurement strategy involvesnraly reusing propagators for all
of our measurements, which include;, mg, mg, fr, fk, Bk, ff"(O) andK — (7)) —2. (Note
that the latter two quantities are not reported on in thisudoent.) Reusing propagators requires
choosing a common source for our propagators that rematisasdory across the entire range
of measurements. Also, since we measure both two- and poie¢functions, we need to be
able to control the spatial momentum of the sources in o@raject out unwanted momenta.
We performed numerous studies of Coulomb gauge fixed watcesuand Coulomb gauge fixed
box sources for many of these observables. (The box soureesgenerically chosen so that an
integer multiple of their linear dimension would fit in thdtlee volume, allowing us to obtain
zero momentum projections by using all possible box sourcé#ile the box sources showed
faster projection onto the desired ground state, the 8tatigrrors on the wall sources were much
smaller, such that the errors on the measured quantitiasnitesf computer time were essentially

the same. From these studies, we chose to use the simplen@lmgkuge fixed wall sources.
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In previous work on tha) — n’ mass, which involves disconnected quark diagrams, we found
that translatingh-point functions over all possible temporal source locgagioeduced the error
essentially as the square-root of the number of transla@]. The calculation of such a large
number of quark propagators on a single configuration carcbenaplished much more quickly
by a deflation algorithm. The EigCG aIgorithQ[Zl] was useaddo- (7171); -2 measurements at
unphysical kinematics in ReEEZ], and was adopted for¢hlsulation. Measurements were again
performed for all temporal translations of thepoint functions, and a factor of 7 speed-up was
achieved. The major drawback of EigCG is the considerablaong footprint. However, BG/Q
partitions have large memory and therefore this issue candmaged. In practice we found that
only a fraction of the vectors generated by the EigCG methe\wgood representations of the true
eigenmodes, and in future we may be able to reduce the CG trtieef by pre-calcula(tjﬁ exact
23].

An alternative approach to generating a large number ofkqurapagators is to use inexact defla-

low-modes using the implicitly restarted Lanczos alganithith Chebyshev accelerati

tion. ]. This approach had not been optimally formuldi@dthe domain wall operator when
the measurements on our new ensembles were begun. Howewesy,farmulation of inexact de-
flation appropriate to DWF, known as HDC[25], has since lmeamreloped, and has been shown
to be more efficient than EigCG,; this technique is now beirggdusr our valence measurements.
The final component of our measurement package is the use afltmode averaging (AMA) [7]
method to further reduce the cost of translating the projpag@urces along the temporal direc-
tion. AMA is a generalization of low-mode averaging, in whione constructs an approximate
propagator using exact low eigenmodes and a polynomiabappation to the high modes ob-
tained by applying deflated conjugate gradient (CG) to acswector on each temporal slice and
averaging over the solutions. The stopping condition ordftated conjugate gradient can gen-
erally be relaxed, reducing the iteration count. The reimgibias in the observable is corrected
using a small number of exact solves obtained using the lodes@nd a precise deflated CG
solve from a single timeslice for the high-mode contribatidhe benefit of this procedure is that
the CG solves used for the polynomial approximation can loepeed very cheaply using inex-
act ‘sloppy’ stopping conditions of 1@ or 10~° as many of the low modes are already projected
out exactly. The net result of combining the sloppy tramslagolution with the (typically small)
bias correction is an exact result calculated many timesrobeaply than if we were to perform
precise deflated solves on every timeslice.

In order to avoid any bias due to the even-odd decomposed Dparator used in the CG, we
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calculate the eigenvectors using EigCG on a volume souiaenspg the entire four-dimensional
volume, and the temporal slices where we perform the exdatsare chosen randomly for each
configuration. We calculate low modes in single precisiomgi€£igCG in order to reduce the
memory footprint, and also perform the sloppy solves in leiqyecision. For the exact solves,
we achieve double precision accuracy through multiplearesbf single precision solves, restart-
ing the solve by correcting the defect as calculated in dopbtcision. For the zero-momentum
strange quark propagators required, we do a standard,aeddG solve for sources on every
timeslice. On the 48I, we performed our measurements usnggesrack BG/Q partitions (1024
nodes), calculating 600 low modes with EigCG (filling the nogy) and running continuously for
5.5 days. (Note that this timing includes non-zero momenight quark solves for measurements
of fjf and additional light quark solves f&r— (1171), —2, Which are not reported in this document.)
For the 641 ensemble, the measurements were performed wedre8 and 32 rack BG/Q parti-
tions at the ALCF and 1500 low modes were calculated by EigQi@a 32 rack partition, the latter
took 5.3 hours and the solver sustained 1 PFlops. (The Eigfdp sime is efficiently amortized
in these calculations by using the EigCG eigenvectors tatkefl large number of solves.)

The Coulomb gauge-fixing matrices for the 641 ensemble wetecomputed on the BG/Q
and were instead determined separately ﬁ]d more quicklg oluster, using the timeslice-

[26].

We simultaneously fit the residual mass, pseudoscalar asskedecay constants, axial and vec-

by-timeslice Coulomb gauge FASD algorith

tor current renormalization coefficient&sand2y, respectively), and kaon bag parametp ).

A separate fit was performed for tkebaryon mass. The values for these observables obtained on
each lattice, as well as the statistical errors computeadiknife resampling, are summarized in
Table[M. The corresponding fit ranges are summarized in $AAlend VII. In the following sec-

tions we discuss the fit procedures and plot effective mamsgamplitudes for each observable.

A. Residual mass

For domain wall fermions, the leading effect of having a @niifth dimension is an additive
renormalization to the bare quark masses known as the edsiissimes We extract the residual
mass from the ratio

(0] 35 i& (%))

i ; 3
(O yxig(x t)|m) (35)

Cgmres(w -
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32Ifine 48| 64l

my | 0.11790(131) 0.08049(13)| 0.05903(13)
mn || 0.17720(118) 0.28853(14)| 0.21531(17)
fi 0.04846(32)| 0.07580(8) | 0.05550(10)
fin || 0.05358(22)| 0.09040(9) | 0.06653(10)
Za || 0.77779(29)| 0.71191(5) | 0.74341(5)
2y 0.77700(8) | 0.71076(25)| 0.74293(14)
Bin 0.5437(85) | 0.5841(6) | 0.5620(6)
Mwn || 0.5522(29) | 0.9702(10) | 0.7181(7)
m,. || 0.811(49) | 1.273(10) | 0.937(7)
Mes ||0.0006296(58)0.0006102(40)0.0003116(23)

Wo 2.664(16) | 1.50125(94)| 2.0495(15)
t/? 2.2860(63) | 1.29659(28)| 1.74496(62)

My /Munn|| 0.2135(26) | 0.08296(17)| 0.08220(20)
Min/Mhnn||  0.3209(25) | 0.29740(32)| 0.29983(37)

TABLE V. Summary of fit results in lattice units.

Correlaton|32Ifine| 481 | 64l

PPVL(Il) || 10:31|15:48 12:60
PPYW(11) || 10:31|10:35 10:61
APVL(11) || 10:31|10:46 10:60
PPYL(Ih) || 10:31|14:40 17:49

PPYW(Ih)|| 10:31|14:33| 14:45
APVL(Ih) || 10:31|12:40 20:49
Za 11:52| 6:89(10:117
Q 6:20 | 5:17| 5:19
Myes 6:57 | 9:86|10:117

TABLE VI. Summary of fit ranges$min/a < t/a < tmax/a used for each two-point correlator and ensemble.

Wherejg‘oI is the pseudoscalar density evaluated at the midpoint difthelimension, and2 is the

physical pseudoscalar density constructed from the saiffaldls (cf. Ref.|[27], Egs. (8) and (9) ).
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2y 16:4:32 8
32lfine

Bin 52:4:56 10

Zy 12:4:24 6
48l

Bin 20:4:40 10

Zy 15:5:40 6
64l

Bin 25:5:40 10

TABLE VII. Summary of fit ranges used for each three-pointretator and ensemble. We simultaneously
fit to all source-sink separations in the given range, whegeperator insertion is evaluated at times which

are at leastsip/a time slices away from the sources and sinks.

In Figurel4 we plot the effective residual mass, as well agithen each ensemble.

B. Pseudoscalar Masses

The masses of the pion and kaon at the simulated quark massegedn;, andmy, respectively,

were extracted by fitting to two-point functions of the form
Core,(t) = (00T (1) 53(0)[0).. (36)

Here the subscripts indicate the interpolating operatndsthe superscripts denote the operator
smearing used for the sink and source, respectively. Indhewing we have used Coulomb
gauge-fixed wall\(V) sources, and both locdl)and Coulomb gauge-fixed wall sinks. We extract
the pseudoscalar meson masses by fitting three correlatoutaneously: PPV, PPYW, and
APV whereP is the pseudoscalar operator ahis the temporal component of the axial current.
These are fit to the following analytic form for the groundestaf a Euclidean two-point correlation

function:
(0|0711X)(X]| 0| 0)
2myV

where the + (-) sign corresponds to tAE (AP) correlators, anK denotes the physical state to

ER% (t) = (et e ™M), (37)

which the operators couple. In the following sections we use

s _ (0107 X)(X|677]0)

NE2 = Y (38)
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FIG. 4. Effectivem,eson the 32Ifine (top left), 48l (top right), and 64l (bottom)sembles.

to denote the amplitude for a given correlator. The effectivass plots associated with these

correlators, as well as the fitted masses, are shown in E@& T, and]8.

C. Pseudoscalar Decay Constants and Axial Current Renormédation

The pseudoscalar decay constarifsand fx, are defined in terms of the coupling of the pseu-
doscalar meson fields to the local four-dimensional aximemlAﬁ:

{<0A3<x>nb<p>> = i6PtpudP* .
(012 (X)|KP(p)) = ~i5%f p.eP
where

A%(X) = T(X) yuysA 2q(x) (40)

is formed from the surface fieldgx). In order to match this operator to the physically normalize

Symanzik-improved axial operatAﬁa, we must derive the appropriate renormalization fa&gr,
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In the domain wall fermion formalism it is also possible tdide a five-dimensional curren:zw‘j’I

which satisfies the discretized partially-conserved astuatent (PCAC) relation,
AL (x| 77 (y) = ((x)|2mj5(y) +254(Y)), (41)

whereA; is the backwards discretized derivative. The factor netpathis to the Symanzik current
is denotedZ,, .
In the past, we took advantage of the fact thgt = 1+ &'(myes) to approximateZa asZa/Z.,,

which can be computed directly via the following ratio:

Zn (O] 3er2R0)|m)
~ = . 2
AT Ol s AE 42)

The 5-D current2(x) is properly defined as the current carried by the liekween sandx+ ,

whereas the 4-D currert(x) is defined on the lattice site The correlation function€(t +
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1) = S (2%, 1)m(0,0)) andL(t) = Tx(AZ(X,1)7?(0,0)), that one would use to compute the
above ratio, are therefore not defined at the same tempooatlicate. By taking appropriate
combinations of these correlators one can remove the ased¢i(a) error and reduce thé/(a?)
error.Za/Z,, is then computed via the following ratio: [27]
C(t—3)+C(t+3) 2C(t+3)

2L (1) TLe—D Lt

R(t) = (43)

2

While the 1-2%mes errors associated with the above determinatiodp€ould be neglected in

our earlier work, where we were far from the chiral limit ar tstatistical errors were larger
than in the current work, in Refﬂ [6] arBZS] it was shownt thdetter approximation could be
obtained via thevectorcurrent. The local vector current operator formed from themdin wall

surface fields is

Vi (%) =1a(x)yuAr®a(x), (44)
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which is related to the Symanzik vector currb’ﬁ?by a renormalization coefficie@, which was
shown to be equal tBa up to terms?(mé,J) [6]. There is also a five-dimensional conserved vector
current”//,u,a for which the renormalization factozy, is unity, and we can obtain a significantly
better approximation td, by computingzy /Z, on the lattice:
Lo _ O3 AR OW0,0)10) s
Zy (0] Zxi V(X 1)2(0,0)|0)
Below we determine botls/Z., and2y,/Zy, but use only the latter to renormalize our decay

constants.

1. Determination of £/Z,,

We introduce a practical approach to the conserved axiakotfor Mobius fermions in Ap-
pendix[A and Ref.EQ]. For the numerical determinatiorZgf the explicit construction of the
current, used in EgL_(42), can be avoided with an alternatrmiénation that utilizes the ratio of

the divergences of the four-dimensional and five-dimeradiarial currents:

2 2 _ 0 ExOu i XYM 2m(0] 35 i5(X, 1)1 +2(0] 35 i5,(X. ) |) (46)
ATz (0 xR (0 2x AL (X, 1)) ’

where the last equality follows from the PCAC relation, E&ll); We extracZ, from our lattice

data using the improved ratio

(C./(t)=(0 ;@%ﬁ(xmm

Ca (t - %) = 01y A%l | a7
Zeﬁ(t) _ } Cb@/(t — 1) -I-Cb@/(t) ZCQ/(t)

| 2 2Ca(t—2) Ca(t+3) +Calt—3)

which is also constructed to minimize errorscata®) [27]. The translation by?z: in the argument
of the correlation function associated wmﬂ arises from the divergence. The five-dimensional
current¢, by contrast, is defined on the links between lattice si@#ssdivergence is centered

on the lattice. In Figurg]9 we plot the effectig and fit on each ensemble.

2. Determination of ¢/Zy

Since the relatively noisp meson is the lightest state to which the vector current asjmlom-

puting 2y accurately requires a different approach from that use@£qiEq. (46)). Instead, we
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FIG. 9. EffectiveZa on the 32lIfine (top left), 48l (top right), and 64l (bottom)sembles.
calculate the pion electromagnetic form factfigg?) andf, (%), defined by the matrix element

(11 pa) V| T1(p2)) = fif (&) (P2+ P+ i (67) (P2 — 1), (48)

whereq = pz — pz1 is the momentum transfer. Current conservation imﬂllireéqz) =0 for all ¢,
leaving only the vector form factof,". For two pions at restf; (0) = 1, and we can figy from

the temporal component of E€. (48). We fit to the ratio

GV (tsny)  bltsetsnd>1

2y, 49
CKPV P(tSI'C7t7tSI']k) v ( )

where

a0 =) - e (G e miv (50)

is the pion two-point function, Eq_(B7), with the arouna@-tvorld state removed using the fitted

pion mass, anWQ,’{’,V,;’(tsrc,t,tsnk) is the three-point function defined by the matrix element,(&8§).
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On the 32Ifine and 48l ensembles, this matrix element was atedfor all 71— 711 separations,
tsink — tsre, that are a multiple of 4. For the 641 ensemble we computedeparations that are
multiples of 5. We determine the ranges mf- 11 separations to use in the fit by plotting the
midpoint of Eq. [49) as a function of the— T separation on each ensemble and looking for a
plateau: based on this analysis we chose to includert separations in the range 16—-32 on the
32Ifine ensemble, 12—-24 on the 48] ensemble, and 15-40 omtlenéemble. In Figure 10 we
illustrate this method by plotting Ed._ (#9) for a singte- T separation included in the fit, as well

as the fitted value fary,, on each ensemble.
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FIG. 10. Effectivezy on the 32lfine (top left), 48l (top right), and 64l (bottom)sembles, forrr— 1T
separations of 32 time units, 20 time units, and 40 time urespectively. Note that in each case the fit is

performed using severat— 1T separations, not just the separation plotted here.
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3. Determination of the Decay Constants

The light-light pseudoscalar decay constant can be cordgtden Zy and the amplitudes of the

PP andAP correlators as

Lw?2
fi =2y milvjé&w, (51)
and likewise for the heavy-light pseudoscalar. In FiglrB@sad 12 we plot the effective ampli-
tudes, »
( t
MO = Gormo T g;;()()—m(N[ ~0)
)= rell) (52)
exp(—mt) —exp(—m(N: —t))
m=rm(t),

associated witH; and fi,.

D. Neutral Kaon Mixing Parameter

We compute the neutral kaon mixing parameBgy, from the ratio

KO| & KO
8< 0‘ 2L >_o =By, (53)
3(K”|A0|0) (0] Ao|K®)

wheredyyaais theAS= 2 four-quark operator responsible for the mixing:

Oyvian=3Yu (1—y5)d-sy* (1—y)d. (54)

The matrix element in the numerator of E.1(53) was computetf— K separations which are
a multiple of 4 (5) on the 32Ifine/48l (641) ensemble. On théfi2 ensemble we use linear
combinations of propagators with periodic and antipeddzbundary conditions in the temporal
direction to effectively double the time extent of the ledtifor theBy, correlators, a technique
we have also employed in previous calculaticmls [5]. We deitee appropriate ranges &f — K.
separations to include in the fit using the same procedureessriied in the previous section
for Zy. We chose separations of 52 and 56 time units on the 32lfinendris, 2024...40 on
the 48] ensemble, and 230...40 on the 641 ensemble. In Figurel 13 we plot g effective
amplitude for a singl& — K separation included in the fit, as well as the fitted valueBigr on

each ensemble.
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FIG. 11. Effective amplitudes, defined by Elq.1(52), assediatith f;; on the 32Ifine (top), 481 (middle),

and 64l (bottom) ensembles.
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performed using severl — K separations, not just the separation plotted here.
E. Omega Baryon Mass

We measured th@-baryon massn, from the two-point correlator

3
Z (0|0 (%,1)i0g(0)i0), (55)

using an interpolating operator

Oa()i = €anc (S (ICHD() ) 9. (56)

whereC denotes the charge conjugation matrix. We performed measnts using both Coulomb

gauge-fixed wall sources afid box (Z3B) sources, and, in both cases, a local (point) sink. The
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correlator, Eq.[{55), is a4 4 matrix in spin space which couples to both positiv¢ &nd negative

(—) parity states, and has the asymptotic form

[>

[l

@0y (Farwemm @S- Ja- Wt me ) )

5 2
for larget. The fit to extractmyny, is performed by first projecting onto the positive parity quon

nent,

1 (1
;@+%§&::Zn{§(1+¢o%g&}, (58)

for each source type, and then performing a simultaneous hibth correlators to a sum of two

exponential functions with common mass terms :

ORI CA e T

% ' (59)

One can also include terms proportionaétd™ (M—t) | wherem_ is the mass of the ground state in
the negative parity channel, to account for around-thddymntamination effects, but we find that
our lattices are sufficiently large and the masses of thedesssufficiently heavy that including
these terms has no statistically significant influence orfittezl Q mass. Using multiple source
types and double-exponential fits to common masses allotesraguce the statistical error on the
Q baryon massmp, as well as to also fit the mass of the first excited state in tsétige parity

channelny,,. Figure[14 plots the effectiv@-baryon mass on each ensemble.

F. Wilson flow scales

The Wilson flow scaleaé/2 andwp, are quantities with the dimension of length defined via the

following equations: [30]

and E]

t2(E(t))|t=t, = 0.3, (60)

G CED)] g =03, Gy

whereE is the discretized Yang-Mills action density,

1
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FIG. 14. EffectiveQ-baryon mass on the 32I-fine (top left), 48l (top right), add @ottom) ensembles.

We determine the action density using the clover discretimafor whichF,,, is estimated at each
lattice site from the clover of four & 1 plaquettes in thet — v plane. We find that this leads to

smaller discretization errors (especially fgythan estimatindr,, directly from the plaquette via

4
a
(P)=1——(E)+0(a% (63)
36
which is in agreement with some previous experieEL [30Fi¢ure[15 we show an example of
the interpolation of the two scales on the 641 ensemble. Tiad fesults for all ensembles are

listed in TabldV.

IV.  SIMULTANEOUS CHIRAL/CONTINUUM FITTING PROCEDURE

The bare quark masses for the 481 and 641 ensembles werenchased on the results for the

physical quark masses at equivalent bare couplings oltaineef. [5]. The simulated values for
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FIG. 15. The interpolation in Wilson flow timteon the 641 ensemble of the functions of the action density

used to definéyg andwy respectively. The red point is the interpolated value.

the dimensionless ratias;/mg andmk /mq are shown in Table V. Since we are not simulating
electromagnetism, we compare to the following physicaleaim; = 1350 MeV, mx = 4957
MeV andmg = 1.67225 GeV. Clearly our simulations are very close to the [aygoint, yet we

must perform the very modest extrapolation in order to olpaecise physical results.

A. Summary of global fit procedure

In Refs. EH}] we have detailed a strategy for performinguieneous chiral and continuum
‘global’ fits to our lattice data. In this document we perfosorch fits to the following quantities:
my, Mk, T4, fk, Mo and the Wilson flow scale%/ 2 andwp. We parametrize the mass depen-
dence of each quantity using three ansatze (where aplgjcadLO partially-quenched chiral
perturbation theory with and without finite-volume coriens (i.e. infinite volumexPT), which
we henceforth refer to as the ‘ChPTFV’ and ‘ChPT’ ansatapeetively; and a linear ‘analytic’
ansatz. For the ChPT and ChPTFV ansatze we use heavy-mé’s'l’olj_sj, ] to describe quan-
tities with valence strange quarks. We use the differented®n the results obtained for each
ansatz to estimate our systematic errors. In order to atd¢oudiscretization effects, we include
in each fit form are? term. As discussed in Ret.|[5], we neglect higher order ¢f@mcluding
terms ina* anda?In(a?). The fits are performed to dimensionless data, with the petiers de-
termined in the bare normalization of a reference ensemblde bare lattice quark masses and

data on other ensemble sets are ‘renormalized’ into thisreehvia additional fit parameters: For
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an ensemble, these ar&’, Z{ for normalizing the light and heavy quark masses respdytiaad

RS for the scale. These are defined as follows:

e _i(am/h>r Al /ae
/N Rg (amy e and Ra=d/2", e

wherea is the lattice spacing anth = m+ myes The procedure for obtaining the general dimen-
sionless fit form for a quantit is described in AppendixIB.

We choose a continuum scaling trajectory along whighymg and mg /mq match their physi-
cal values. Here we include the baryon mass due to the ease of obtaining an precise lattice
measurement and its simple quark mass dependence. Thedpreadefinesn;, mx andmg as
having no lattice spacing dependence. After performinditheve obtain the lattice spacing for
the reference ensemble by comparing the value of any of trerakntioned quantities to the cor-
responding physical value after extrapolating to the plalsjuark masses. The lattice spacings
for the other ensembles are then obtained by dividing thiisevey R. An alternate choice of
scaling trajectory, for example usirfg in place ofmg, would reintroduce the scale dependence
onmg and remove it fromfy; the values of each? coefficient are therefore dependent on the
choice of scaling trajectory, but the continuum limit is gargeed to be the same (up to our ability
to measure and extrapolate the quantities in question)e tatt the inclusion of the Wilson flow
data results in significant improvements in the statisgcedr on the lattice spacings compared to

our previous determinations due to its influence on the shat@sR;.

B. Details specific to this calculation

Using our simultaneous fit strategy, we combine our 641 arigpi@sical point ensembles with

a number of existing domain wall ensembles: the ‘241" and’*82sembles with lattice volumes
243 x 64 x 16 and 33 x 64 x 16 and Shamir domain wall fermions with the Iwasaki gauge ac-
tion at bare coupling® = 2.13 and 225 respectively (equal to the 48] and 641 bare couplings
respectively) described in RefGSB] arﬁi [6]; the ‘32ID’'sembles with volume 32x 64 x 32
and Shamir domain wall fermions with the lwasaki+DSDR gaaceon at8 = 1.75 described in
Ref. B]; and finally the ‘32Ifine’ ensemble with volume 32 64 x 12 and Shamir domain wall
fermions with the Ilwasaki gauge action fAit= 2.37 described in this document. Following our
earlier analyses, we use the 321 ensemble set as the rederasemble against which the ‘scaling

parameters’Z , andRs, are defined.
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1. Ensemble-specific parameters

As discussed in Sectidnl Il, the Mobius parameters of thea#8l 641 ensembles are chosen to
ensure the equivalence of the Mobius and Shamir kernelg; rasult, the ensembles with the
lwasaki gauge action can all be described by the same camtrscaling trajectory, i.e. with the
samea? scaling coefficients. As described in Rg. [5], additionalgmeters must be introduced
to describe the lattice spacing dependence of the 32ID drlsspwhich use the lwasaki+DSDR
gauge action to suppress the dislocations that enhancethain wall residual chiral symmetry
breaking on this coarse lattice.

The 48l and 641 ensembles have identical bare couplinget®d4hand 321 ensembles respectively,
yet differ in their values of the total quark mag&g,and Mobius scale parameter The change in
residual chiral symmetry breaking resulting from the chemimLs anda gives rise to a shift in
the bare mass parameter of the low-energy effective Lagaanghich we account for at leading
order in our fits by renormalizing the quark massemas M+ myes. Higher order effects such as
those of ordem.a? are small enough to be ignored. After performing this cdiomcwe might
assume that the scaling paramet@rsZ, andR, (or equivalently the lattice spacing) for the 48I
and 241 ensembles should be identical, and likewise for #heued 321 ensembles. However when
we performed our global fits we found that the 48l lattice §paés 32(2)% larger than that of
the 241 ensemble, and the 64l lattice spacing.l§2)% larger than the 32| value. We saw no
statistically discernible differences &) andZ;,. In Appendix'C we discuss how changes in the
lattice spacing can arise from the changelsdand the Mobius scale parameterand we provide
additional numerical evidence that these effects can bedestribed by allowing for a change
in the lattice scale between each of these pairs of ensemiifes result we use independdy
parameters for every ensemble in our global fits, while fi)Zr\/% = Z|2/4rl\ andz8 = 732 in order

i/h = “/h
to reduce the number of free parameters.

2. Weighted global fits

The fits are performed independently for each superjacklsamplel by minimizing)(‘]2 under

changes in the set of fit parametegf the functionf. XJZ is defined as

X2 = 5 [via — f(Xia,¢3)? (65)

2
. Gi
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werey;; is the J superjackknife sample of a measuremeand x;; are the associated input
parameters (quark masses, eta).is the error on the measurement, and provides the weight of
each data point in the fit.

The naivex?-minimization procedure weights each data point accortbrjgst its statistical error,
and is therefore unable to account for systematic uncéigaion thefit functionitself. Given that
NLO xPT can only be expected to be accurat®{6%) in the 200 - 370 MeV pion-mass range in
which the majority of our data lies, the fits over-weight tlaadin this heavy-mass region resulting
in deviations of the fit curve from the light-mass data. Ingbiee the enhanced precision of the
near-physical 641 and 48l data partially compensates ferdhger number of heavy-mass data
points, resulting in only’ (1o — 20) deviations between these data and the fit curve. However,
as the intention of these global fits is only to perform a feaveent mass extrapolation of our
near-pristine data, such deviations are unacceptable.leWhis can be remedied to a certain
degree by removing data from the heavy-mass region, therains pollution from the systematic
uncertainty of the fit form. We chose an alternative appraackhich we force the fit curve to
pass through our near-physical data by increasing the wefghese data in thg2 minimization

as follows.

We introduce a measurement-dependent weighting fagttwr the x2 determination:

-3 wlyis — f (g, €)1 (66)

2
. Gi

Note that only the relative values af matter as the same parameters that mininyizevill also
minimizer x2, wherer is some common factor. (Of course the algorithm itself hasesoumerical
stopping condition which will need to be adjusted to take axtcount the change in normalization
of x2.) In principle one could tune the relative weights based eprabination of the measured
statistical error and an estimate of the systematic errthreofit function at each point, but this runs
the risk of becoming too complex and arbitrary. Instead,ragipusly mentioned, we weight the
data such that the fit is forced to pass directly through the jpl@ints on the 481 and 641 ensembles.
To achieve this, we sety = Q for those data, wherQ is assumed to be large, angl= 1 for the
remainder. This is performed independently for each sapkknife sample, and does not change
the fluctuations on the datetweersuperjackknife samples. As a result, the statistical droon

the overweighted points is unchanged by this procedure.pimeAdiX D we demonstrate that the
fit results become independent Qfin the limit Q — « and that the procedure has the desired

effect of forcing the fit through the physical point data.
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For large values of2 we must choose small values of the numerical stopping comndin the
minimization algorithm, increasing the time to perform fheand making it more susceptible to
finite-precision errors. In the aforementioned appendixiatermine tha® = 5000 and a stopping

condition ofdx2,, = 1 x 10~*is sufficient.

V. FIT RESULTS AND PHYSICAL PREDICTIONS

We performed global fits using the ChPTFV, ChPT and analytg@&tze. As discussed in RQ. [5],
we attempt to separate the finite-volume and chiral extedjwol effects by performing the analytic
fits to data that is first corrected to the infinite-volume gsihe ChPTFV fit results. Following
Ref. B], the ChPTFV and ChPT fits were performed with a 370 M@h mass cut on the data
(this is set slightly larger than the value used in that papgemwe wish to include in our fit the
32Ifine data with a 371(5)MeV pion). The criteria for exclngithe other fitted data are as follows:
For f; we exclude the data if the pion mass with the same set of pgrtjaenched quark masses
lies above the cut; fofx andmk data points with light valence quark masgand heavy massy,

we exclude the data if the pion with, = m, on that ensemble is above the pion mass cut; and for
ma, té/z andwg we exclude the data only if the unitary pion on that ensensédso excluded.

We consider two different pion mass cuts for the analytic fitee 370 MeV cut used for the
ChPTFV and ChPT fits, and a lower, 260 MeV cut. In our previoaskwve determined that
the analytic fits were not able to accurately describe tha deér the range from the physical
point to the heaviest data, forcing us to use the lower cutvéver, in the present analysis the fit
predictions are dominated by the near-physical data duestoverweighting procedure, and these
data require only a small, percent-scale, chiral extraoldo correct to the physical light quark
mass. This can be seen in Table VIII, in which we list the sifdéke various corrections required
to obtain the physical prediction. We therefore also penfanalytic fits with the 370 MeV cut,
which includes substantially more data, including a thatli¢e spacing, that may enable a more
precise determination of the dominafttscaling behaviour. In practice we find the results to be

highly consistent.

Quant ||Meas. Ansatz |la=0 s m"

f(481) |/0.075799(84) ChPTFV ||-0.0037(73)-0.00111(30)0.00129(30)

Ana.(370)|-0.0110(67)-0.00175(20) -0.00093(44)



Ana.(260

-0.0075(80

-0.00201(24

-0.00046(33)

f(641)

0.055505(95

ChPTFV
Ana.(370
Ana.(260

-0.0009(39
-0.0059(37
-0.0040(43

-0.00083(41
-0.00179(26
-0.00211(37

0.0001(10)
-0.0039(11)
-0.0020(12)

fic (481)

0.090396(86

ChPTFV
Ana.(370
Ana.(260

-0.0024(58
-0.0059(54
-0.0055(62

-0.00059(14
-0.00084(10
-0.00090(12

-0.00095(68)
-0.00174(73)
-0.00173(75)

fic (641)

0.066534(99

ChPTFV
Ana.(370
Ana.(260

-0.0009(31
-0.0032(29
-0.0029(33

-0.00047(18
-0.00085(13
-0.00093(18

-0.0061(13)
-0.0074(13)
-0.0073(17)

fic / fn(481)

1.1926(14)

ChPTFV
Ana.(370
Ana.(260

0.0013(42)
0.0051(42)
0.0020(47)

0.00052(16)
0.00091(10)
0.00111(15)

-0.00223(49)
-0.00082(35)
-0.00127(57)

f / frn(641)

1.1987(18)

ChPTFV
Ana.(370
Ana.(260

0.0000(23)
0.0027(23)
0.0011(25)

0.00035(23)
0.00093(13)
0.00117(22)

-0.00625(89)
-0.00346(68)
-0.0053(13)

t2/%(48l)

1.29659(39)

ChPTFV
Ana.(370
Ana.(260

-0.0276(62
-0.0260(56
-0.0259(68

0.000122(20
0.000120(20
0.000140(22

)0.000204(95)
)0.000176(84)
)0.00023(10)

t2/%(641)

1.74448(98)

ChPTFV
Ana.(370
Ana.(260

-0.0150(33
-0.0142(30
-0.0141(37

0.000122(24
0.000124(23
0.000148(32

)0.00088(24)
)0.00076(21)
)0.00097(24)

W0(48|)

1.5013(10)

ChPTFV
Ana.(370
Ana.(260

0.0063(59)
0.0080(54)
0.0076(66)

0.000327(40
0.000328(41
0.000373(48

)0.00047(20)
)0.00043(19)
)0.00042(18)

Wo(641)

2.0502(26)

ChPTFV
Ana.(370
Ana.(260

0.0034(32)
0.0043(29)
0.0041(36)

0.000322(50
0.000335(51
0.000388(73

)0.00199(41)
)0.00183(36)

)0.00179(41)
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TABLE VIII: Data in lattice units on the 481 and 641 ensembledong with the relative (fractional) cor-
rection to the infinite volume limit, in combination with daof the following: the continuum limit, the
physical light quark mass and the physical strange mass.cdinections are shown for the ChPTFYV fits,
the analytic fit with a 260 MeV pion mass cut (labelled ‘An&@2), and the analytic fit with a 370 MeV
cut (labelled ‘Ana. (370)"). We include the infinite-volunoerrection (where applicable) in all of these
such that the ChPTFV corrections can be compared directhyoge of the analytic fits, where the latter are

performed to data that has first been corrected to the infiniteme.

The predicted values of the lattice spacings and (unrenaeadd physical quark masses obtained
using the ChPTFV ansatz are listed in Table X alongside theleded (superjackknife) differ-
ences between those and the results for the other ansasmilAr listing of the physical predic-
tions can be found in Table XI. The corresponding fit paranseta all four ansatze are given in
Table[XIl. For the analytic fit with the 260 MeV cut, the cut &xaes the 32Ifine data for which
the pion mass is 375) MeV, and we are therefore unable to directly obtain the sgglarameters
associated with the heavy 32Ifine data; instead we first fliauit these data and then determine
the remaining unknownZ‘:”/zh'“”e andRr32'ine py including the 32Ifine data while freezing the other
fit parameters to those obtained without these data.

In Figure[I8 we plot the unitary mass dependenag,gfmg andmg, which are used to determine
the quark masses and overall lattice scale. In this figurelearlg see that the overweighting
procedure forces the curve to pass through the near-physitzeas desired, and that this procedure
does not introduce any significant tension with the heawa¢s.dn Figuré 16 we plot a histogram
of the deviation of the data from the ChPTFV fit, showing eberelgeneral agreement between
the fit and the data, and in Figure] 17 we plot the corresponldistggrams for the analytic fits.
For the analytic fit with the 370 MeV mass cut we obsefi(@ — 4) o deviations of the 32ID pion
mass data from the fit curve, which arise because of chirabture in the data: the fit is pinned
near the physical point by the overweighting procedure amtrongly influenced by the larger
volume of data in the heavy mass regime, leading to deviatimmm the lighter 32ID data that
lies between these extremes. Nevertheless, in TabBlesIXn&Xdll we generally observe better
agreement between the analytic fit with the 370 MeV mass alitlae ChPTFV results than for
the lower cut. The total (uncorrelateg¥/d.o.f. are given in Tabl&IX and are sub-unity for all

four ansatze.
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As previously mentioned, the inclusion of the Wilson flowalat these fits has a significant effect
on the precision of the lattice spacings via their influentéhe@ sharedR, parameters. This can be
seen in TableXIV, in which we show the various scaling partanse as well as the unrenormalized
guark masses and lattice spacings, obtained using the Gh&Tdatz with and without the Wilson
flow data. For the 481 and 641 ensembles, for which the hadnm@asurements are very precise,
we see only a small improvement in the statistical error. el@w, for the 321, 241 and 32Ifine
ensembles we observe factors of three or more improvemeptecision. The results themselves

are very consistent.

A. Systematic error estimation

In our previous analyses we used the difference between HRITEV and ChPT results as a
conservative estimate of the higher-order finite-volunrtersron our results (recall the ChPTFV
formulae incorporate the NLO finite-volume correctionsjori a purelyxPT perspective this is
a considerable over-estimate of the size of the NNLO and@&bowrections, which are known to
be only a small fraction of the NLO values even at smaller naa. Our prudence was motivated
by Ref. Ql], in which the authors observed significant dieres between the finite-volume cor-
rections predicted by standard finite-volume chiral pédtion theory and those obtained via a
resummed version of the Lischer form@ [35] that relatedinite-volume mass shift of a parti-
cle to the infinite-volume Euclidean scattering length afttparticle with the pion. Nevertheless,
one can conclude from those results that the full finite-i@corrections can be expected to differ
from the NLO xPT predictions by only 30-50% for the light pions that we argently using.

Our present fits are dominated by near-physical data cordput®.5fm volumes, such that (e.g. in
Tableg X and XI) we observe only very tiny differences betwe ChPT and ChPTFV fit results;
these differences are typically 10-20% of the size of thissitzal error, and hence have negligible
impact upon the total error. Given the small size of thesiedihces and that the true sizes of the
higher-order finite-volume effects are expected to be sdtienes smaller, we therefore choose to
omit the finite-volume systematic from our error estimate.

The estimate of the chiral extrapolation error is made diffidue to the fact that the global fits
combine the chiral and continuum extrapolations togetat,in this analysis the latter are larger
than the former while being less well determined by the fiis & parameters have typically 50-

100% statistical error). As a result, the established mhoe of estimating the chiral error from
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ChPTFV| ChPT |Analytic (260 MeV) Analytic (370 MeV)

0.44(13) 0.44(16 0.49(14) 0.79(18)

TABLE IX. The x?/d.o.f. for each of the four chiral ansatze. Here fifedoes not include the overweighted
data, and the number of degrees of freedom has been cordisgigrreduced. For the analytic fits, the pion

mass cut is given in parentheses.

the difference of the ChPTFV and analytic result with a 260/M\et is no longer satisfactory.

In this analysis we considered analytic fits with both a 26(/Mad a 370 MeV pion mass cut. The
latter is clearly applying the linear ansatz outside ofetfion of applicability, leading to deviations
from the 321D data at the 3etlevel. Despite this there is generally excellent agreerhetween
the continuum predictions of this fit and the ChPTFV. The winafit with the 260 MeV mass
cut does not suffer from this issue, but at the expense aidith a considerably smaller amount
of data, including one less lattice spacing. The ChPTFV fitle other hand is theoretically
‘clean’ in that it is the correct ansatz for the data in therahlimit, and agrees very well with
our data when applied in the 140 to 370 MeV pion mass range.ahielVII we see that all
four ansatze agree at a broad level (given the size of tlsean thea? terms) as to the size
of the continuum extrapolation, and this is by far the domtr@orrection. The only significant
inconsistencies are in the light quark extrapolation, ftMol the 260 MeV analytic fit gives a
larger correction indicating a stronger slope near the ighypoint. Nevertheless, the differences
between the predicted corrections of the ChPTFV and 260 M&lW#c fits are at most on the
0.1% level.

Given the small size of the observed differences in the ctoes to the 481 and 64l data, and
our understanding that these are likely a result of defiogsnim the fitting strategies for those
ansatze, we choose to take the cleaner ChPTFV ansatz, déschibes our data very well, as our
final result and treat the systematic error associated Wwélektrapolation to the physical point as

negligible.
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FIG. 16. A stacked (non-overlapping) histogram of the demaof the ChPTFV fit curve from our data in
units of the statistical error. Different coloured blocks associated with the different quantities given in
the legend. The & outlier is theQ mass on the heavieaifn = 0.005) 24| ensemble at the un-reweighted

strange mass of 0.04 in lattice units. The jackknife errathigspoint (not shown) is such that it is consistent

with (y —yst) /0 = —2.
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FIG. 17. A stacked (non-overlapping) histogram of the dasiaof the analytic fit curves from our data
in units of the statistical error. The left figure is for the028leV pion mass cut, and the right plot for the
370 MeV cut. Different coloured blocks are associated wihih different quantities given in the legend.
The outliers in the right-hand plot are exclusively fromp on the 32ID ensembles, indicating that the linear

curve is deviating from the data due to chiral curvature.
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FIG. 18.m2/m (upper-left),mZ (upper-right) andng (lower) unitary data corrected to the physical strange
guark mass and the infinite volume limit as a function of theeanrmalized physical quark mass, plotted
against the ChPTFV fit curves. Circular data points are tldeded in the fit and diamond points are

those excluded. The square point is our predicted contincaloe. Note the 641 and 48| data lie essentially

on top of each other in this figure.
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ChPTFV A(ChPT) A (Analytic [260 MeV])|A (Analytic [370 MeV])
am(32l)  ||0.00026G13) 0.0000015263) —0.000005463) —0.000002558)
amy(32l)  |(0.0247718) 0.00004415) 0.00003295) 0.00007245)
a1(32l) ||2.383386) GeV| —0.0023474) GeV|  —0.0001(51) GeV|  —0.004325) GeV
am(64l)  |{0.000620377) 0.0000013762) —0.000004760) —0.000003156)
amy(64l)  |(0.0253917) 0.00003914) 0.00005488) 0.00005640)
a~1(64l) ||2.358670) GeV| —0.0018167) GeV|  —0.0021(40) GeV|  —0.0027(19) GeV
am(24l)  ||-0.00177G79) | —0.0000004835) —0.000003721) —0.000001220)
amy(24l)  |(0.0322418) 0.000020969) —0.00005450) 0.00004618)
a~1(24l)  ||1.784850) GeV| —0.0007421) GeV 0.003222) GeV|  —0.0019465) GeV
am(48l)  ||0.000697981) | —0.0000004935) —0.0000020418) —0.000001619)
amy(48l)  |(0.0358q16) 0.000012964) 0.00001525) 0.00001713)
a~l(48l) ||1.729538) GeV| —0.0002916) GeV|  —0.0002759) GeV|  —0.0004233) GeV
am(32ID) ||—0.00010617) | —0.000006912) —0.00000713) 0.000000461)
amy(32ID) |{0.0462548) —0.00009127) —0.0001828) —0.0001611)
a~1(32ID) ||1.378468) GeV| 0.0014137) GeV 0.002538) GeV 0.002017) GeV
am (32lIfine)||0.00005816) 0.000002120) 0.00002412) 0.0000040¢57)
amy(32Ifine)||0.0185230) 0.00004434) —0.0001926) 0.0000510)
a~1(32Ifine)||3.14817) GeV ||  0.000314) GeV 0.010099) GeV|  —0.002044) GeV

TABLE X. The unrenormalized physical quark masses in batticéaunits (withoutm,, included) and
the values of the inverse lattice spaciag' obtained using the ChPTFV ansatz, and the full correlated
differences (labelled) between the results obtained using the other ansatzenandhPTFV result. We
present analytic fit results obtained using both the 370 Ma¥260 MeV pion mass cut. The latter fit was
performed without the 32Ifine data, and a separate fit witldfp@rameters was used to obtain the 32Ifine

scaling parameters.



A(ChPT

A (Analytic [260 MeV])

A (Analytic [370 MeV])

ChPTFV
f. 1(0.13029) Gev
fc  ||0.15558) GeV
fic/ || 1.194545)
/2 [0.729241) Gev-1
wo ||0.874246) GeV!

—0.00037%53) GeV
—0.00025152) GeV

0.0015212)
0.0009837) GeV?
0.0011442) GeV!

—0.0001945) GeV
—0.0003543) GeV

—-0.001021)
0.001423) GeV*
0.001327) GeVv!

—0.0006820) GeV
—0.0004317) GeV

0.0029760)
0.001411) GeVv*!
0.001612) GeVv1!
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TABLE XI. The physical predictions obtained using the ChRTdnsatz, and the full correlated differences

(labelledA) between the results obtained using the other ansatzéai@htPTFV result. We present analytic

fit results obtained using both the 370 MeV and 260 MeV pionsrag. The latter fit was performed

without the 32Ifine data, and a separate fit with fixed paramsetas used to obtain the 32Ifine scaling

parameters.
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Parameter ChPT ChPTF\|Parameter Analytic (260 MeV) Analytic (370 MeV)
z 0.972751)  0.971554) 0.967570) 0.9686/56)
z® 0.972751)  0.971554) 0.967570) 0.968656)
zZs2o 0.919267)  0.915§72) 0.910(13) 0.910584)
z>me 1.012(19) 1.01517) 0.971(19) 1.005(15)
z 0.963438)  0.962840) 0.963743) 0.963636)
z® 0.963438)  0.962840) 0.963743) 0.963636)
zg2° 0.915960)  0.914463) 0.917482) 0.917256)
z32 e 1.004(12) 1.005(12) 1.01316) 1.005(12)
R4 0.749322)  0.748924) 0.750326) 0.749421)
R 0.726327)  0.725728) 0.725§29) 0.726925)
R 0.989919)  0.989§19) 0.9889(16) 0.990318)
Rg20 0.579534)  0.578336) 0.579445) 0.580233)
g2 fine 1.322244)  1.320844) 1.3251(46) 1.322443)
B (GeV) 4.23321) 4.236(21)||Cy" ([GeV]?) 0.0003715) 0.00042191)
LY 0.00061141) 0.00063141) ||C{" (GeV) 7.982(80) 7.917(51)
L —0.000145%36) —0.00014636) ||C;" (GeV) 0.190(32) 0.21925)
Crnym, 6.8(4.1) 3.7(4.1) ||C" (GeV) —0.036(31) —0.026(32)
f (GeV) 0.1219594)  0.1222996)||C/" (GeV) 0.125911) 0.1259388)
¢ ([GeVP?) 0.021(23) 0.017(23)||Ci™" ([GeV]?) 0.02325) 0.034(21)
cP ([GeV)?) —0.027(30)  —0.03330)||Ci™"® ([GeV]?) —0.007(31) 0.01329)
L 0.00052478) 0.00051378)/C!™ 1.082(78) 0.988(45)
L —0.00019864) —0.00017164)||C," 0.792(75) 0.64371)
Ctpm, 0.084(46) 0.070(46) ||C," 0.094(54) 0.188(46)
mK) ([GeV]?) 0.236316) 0.236317) ||Cg* ([GeV)?) 0.236319) 0.236315)
A2 0.0282550)  0.0284550) ||C™®(GeV) 3.782(77) 3.82843)
M 0.0036771)  0.0037172)||CJ* (GeV) 0.54(16) 0.478(95)
Cmem, (GEV) 3.93316) 3.935(17)||C5¥ (GeV) 3.92322) 3.92915)
Cme.my, (GEV) 0.097(86) 0.094(86) ||CJ* (GeV) 0.11(15) 0.07583)
K) (GeV) 0.1512394)  0.1514697)||C (GeV) 0.1530(11) 0.1530489)




¢ (GeVP?)
o (Gev?)
A4
A3
Cemy
Che.m,
Q) (GeV)
Cmo.m
Cmg,my
Cmo,m,
c /50 (GeV ™)
(GevP?)
(GevP?)

\/—a

fa
c i1 ((GeV2)

con (GeV?)
Cwo0 ((GEV| )
Cupa ((GEVI?)
Choa (GEVP?)
Cwo ((GEV]7?)
Cwon ((GEV7?)

0.012(18)
—0.020(27)
0.0062038)

—0.0038379)

0.295251)
0.074(45)
1.661830)
4.86(42)
5.565(44)
1.39(45)
0.731739)
0.081(18)
0.037(13)
—0.65581)
—0.221(43)
0.879846)
—0.022(16)
0.01812)
—2.05(12)
—0.597(64)

0.010(18)
—0.024(27)
0.0059439)
—0.0033580)
0.295951)
0.080(46)
1.6620(33)
4.75(43)
5.583(46)
1.60(47)
0.730742)
0.08519)
0.042(14)
—0.660(81)
—0.227(43)
0.8787(48)
~0.01917)
0.023(13)
—2.06(12)
—0.602(64)

2! ([GeV?)
2" ((GevP?)
Cl¢
ck
clx
Cl¢
Cp® (GeV)
o
c"
C3"
c o (GeVI™h)
¢ 5. (GeV)
e (GEVI)
c /i) ((GeV?)
c/in (GeV?)
Cwo.0 ([GeV )
Ch.a ([GEVI?)
Clo.a ((GeVI?)
Cwo, ((GEV7?)
Cwo.h ([GEV|?)

0.017(19)

0.880558)
—0.022(19)
0.01817)
—2.30(14)
—0.567(67)
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0.018(17)
—0.001(26)
0.361(34)
0.573(69)
0.2991(51)
0.124(46)
1.661827)
4.89(44)
5.553(42)
1.27(47)
0.732037)
0.080(18)
0.03513)
—0.640(80)
—0.205(44)
0.880343)
—0.024(16)
0.016(12)
—2.03(12)
—0.580(65)

TABLE XIl: The fit parameters of each of our chiral ansatzéneTparameters are given in physical units

and with the heavy quark mass expansion point adjusted tphysical strange quark maasposteriori

Analytic fit results are presented with a 370 MeV and 260 Medhpnass cut. The latter was performed

without the 32Ifine data, and a separate fit with fixed parammet@s used to obtain the 32Ifine scaling

parameters. For the ChPTFV and ChPT fits we use a chiral s€al® &seV. The fit formulae to which

these parameters correspond can be found in F@Q [5, 6].



Parameter |A(370 MeV,260 MeV)|Parameter A(370 MeV,260 MeV)
z 0.0012(41)|CJ* (GeV) -0.026(39)
z: 0.0012(41) CT* (GeV) 0.0053(32)
zzo 0.000(10}|CT™ (GeV) -0.015(31)
Zeane 0.034(16)|C (GeV) 0.00014(10)
2 -0.0002(15)|Ci¢! ([GeV]?) 0.0003(14)
z: -0.0002(15)|Ci"® ([GeV]?) 0.0009(17)
Zzzo -0.0002(49)[C ¥ 0.018(67)
Z3 e -0.009(10)|Clx -0.080(91)
R4 -0.0009(11)[Clx -0.0056(30)
R 0.0012(12)|ClK 0.011(55)
Re 0.00150(54) CT™® (GeV) 0.00146(45)
Re20 0.0008(27) CI" -0.26(57)
Re2 fine -0.0027(17) C5* -0.030(40)
C ([GeV?) 0.000009(20)C® -0.08(49)
C'™ (GeV) -0.021(26)[c, ;0 ([GeV ™) -0.0037(27)
CJ" (GeV) 0.0124(66 c'ma([eev]Z) 0.0001(15)
C'" (GeV) 0.004(12) ¢ _ ((GeV}?) 0.0000(19)
Clr (Gev) 0.000105(99) ¢, ([GeV]?) 0.62(26)
Cir' ([GeV?) 0.0019(18) c ;1 ([GEV] ) 0.33(11)
Cir'® ([GeV]2) 0.0036(21)| Cup 0 ((GEV] 1) -0.0041(31)
clr -0.093(56)|cl, 2 ([GEV]) -0.0002(15)
clr -0.149(89)|cll , ([GeV]) -0.0004(19)
clr 0.095(50)|Cw, 1 ((GEV]72) 1.55(50)
Co¥ ([GeV?) 0.000154(45)) cy, h ([GeV]2) -0.06(17)
C™ (GeV) 0.022(20

cut and those with a 260 MeV cut.
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TABLE XIllII. Correlated differences between the parametdrhe analytic fits performed with a 370 MeV
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With W.flow Without W.flow
am(32l) |0.00026G13) 0.00026Z15)
amy(32l) |0.0247718)  0.0248327)
a1(321) |2.383386) GeV 23726181) GeV
Z/(641) |1.0(0) 1.0(0)
Zn(641) |1.0(0) 1.0(0)
Ra(641) |0.989619) 0.995360)
am(641) |0.000620377) 0.000617%84)
amy(641) |0.0253917)  0.0253119)
a~1(64l) |2.358670) GeV 2361580) GeV
Z/(241) |0.971554) 0.970256)
Zn(241) |0.962840) 0.961243)
Ra(241) |0.748924) 0.749442)
am(24l) |—0.00177@79) —0.00176778)
amy(241) |0.0322418)  0.0323632)
a1(241) |1.784850) GeV 17779132 GeV
Z/(481) |0.971554) 0.970256)
Zn(481) |0.962840) 0.961243)
Ra(481) |0.725728) 0.7291(55)
am(481) |0.000697981) 0.000697185)
amy(48l) |0.0358016)  0.0357718)
a1(481) |1.729538) GeV 1729940) GeV
Z/(32ID) |0.915672) 0.912279)
Zn(32ID) |0.914463) 0.910770)
Ra(32ID) |0.578336) 0.5791(52)
am(32ID) |—0.00010617) —0.00009918)
amy(32ID) |0.0462548)  0.0464953)
a1(32ID) |1.378468) GeV 13741(75) GeV
Z/(32Ifine) |1.01517) 0.998(30)
Zn(32Ifine) | 1.005(12) 0.98921)
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R.(32Ifine) | 1.320844) 1.308(16)
am (32lfine){0.00005816)  0.00007§30)
amy(32Ifine) 0.0185230)  0.0190768)

a~1(32lfine)|3.148(17) GeV 3104(45) GeV
TABLE XIV: A comparison of the scaling parameters and thedp#ons for the lattice spacings and un-
renormalized quark masses obtained by fitting using the ENRANsatz with and without the Wilson flow

data.

B. Physical predictions

In this section we present our predictions.

1. xPT parameters

The LO and NLO SU(2) partially-quenchedPT low-energy constants are given in Table] XII.
These can be combined into the standard SWYE) LECs,|3 andlg, giving

I3 =2.73(13) and I4 = 4.11359). (67)

We can also compute the ratio of the decay constant to the LQ)PT parametef, for which

we obtain:
Fn/F = 1.064515). (68)

2. Lattice spacings

For the lattice spacings we obtain the following values:

azy = 2.383386)GeV,
agy; = 2.358670) GeV,
a; = 1.784850) GeV,
a,g = 1.729538) GeV,
oo = 3.148(17) GeV,

agan = 1.378468) GeV,

(69)
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where we quote the statistical error in parentheses. Ou'rmmvaluesHS] for the lattice spacings
of the 321, 241 and 32ID ensembles are as follows:

agy = 2.310(37)(17)(9) GeV,

ays = 1747(31)(24)(4) GeV, (70)

agnp = 1.370984)(56)(3) GeV,
where the errors are statistical, chiral and finite-voluMe. observe a .Bo tension between the
new and old values of the 32l lattice spacing, which appeaasise from the introduction of the
physical point data; if we look at Figure]18 we see that thesgiay point data appears to favor a
stronger light quark mass slope than one would obtain frarh#favier data. Nevertheless there
do not seem to be any clear discrepancies, except for thaseniight be attributed to statistical
effects. Other than this, our new results are consistehttivése values, and are significantly more

precise due to the inclusion of the Wilson flow data.

3. Decay constants

In Table[X] we list the predicted values éf, fx and fx /f; obtained using the ChPTFV ansatz,
as well as the differences between those results and thake other ansatze. As we now have
data at several lattice spacings, we can examine the saalingth f,; and fx in order to ensure
that their dependence on the lattice spacing can be deddnba quadratic form. In Figute RO we
plot the data, corrected to the physical quark masses andfthiée volume using the ChPTFV
fit, as a function of the lattice spacing. In addition we show scaling curve for the Iwasaki
ensembles. We observe excellent consistency betweentthartithe fit curve for both quantities.
In Figure[19 we show the chiral extrapolation in the contmiiafinite-volume limits with the
ChPTFV ansatz, again showing excellent agreement betvaeatata and the fit.
We obtain the following physical predictions:
fr =0.1301989) GeV,
fk ~ =0.1555183) GeV, (71)
f /T = 1.194545),
where, as above, the statistical errors are given in pagsath Previouslﬂ[S] we obtained
frr =0.1271(27)(9)(25) GeV,
fk  =0.152430)(7)(15) GeV, (72)
fk /fr =1.1991(116)(69)(116).
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Here we see that the inclusion of the 48] and 641 data, giviatissically precise data at simulated
masses very near the physical quark masses, has led to & kighificant improvement in our
results.

In our first global fit analysisﬂ6], performed only to the 32ida241 ensembles over a (unitary)
pion mass range of 290-420 MeV, we obtained a valueffofrom our NLO xPT fit that was
6.6% (9 MeV) lower than the experimental value. We conclutthed this discrepancy was due
to systematic errors in the chiral extrapolation, and hiced the analytic fits as a means of esti-
mating this systematic. When we included the 32ID ensenibtesghe global fitBS] we observed
a marked improvement in the results for the decay constamitsaacorresponding reduction in
the size of the chiral systematic (as estimated by takinglifierence between the ChPTFV and
analytic fit results).

Now, with the inclusion of the 481 and 641 data we have esa#nteliminated the chiral extrap-
olation error, and have obtained values for both decay eotsthat are in excellent agreement
with the Particle Data Group (PDG) valuQ[Sﬁ,]W =0.13042) GeV andfx- =0.15627) GeV.
Here, f,- is determined experimentally using the measured brandhactjon and pion lifetime,
with [V,q| computed very precisely via nuclg@mdecay, such that the error is dominated by higher
order terms in the decay width formula. On the other handyahee for fx - requiresV,¢| as input,
which, for the quoted result, is computed usikgs| .- (0) determined via semileptonic kaon de-
cays and lattice input fof (0). The consistency of oufik with the PDG value could therefore be
taken as both representing the consistency of experiméntina Standard Model, and the quality
of the lattice QCD determinations both the kaon semileptéorm factor and our determination

of the kaon decay constant.

4. Wilson flow scales

In Table[X] we list the predicted values of the Wilson flow mté/z andwp, in the contin-
uum limit. The unitary mass dependencies are plotted inrEigd and the? dependencies in

Figure[22. For our final results, we obtain the following ¢outim predictions:

t2/2 =0.729241) Gev 1,

(73)
Wo = 0.874246) GeV 1,

where the statistical error is quoted in parentheses.
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FIG. 19. f; (left) and fk (right) unitary data corrected to the physical strange kjuass and the continuum

and infinite-volume limits as a function of the unrenormadizphysical quark mass, plotted against the
ChPTFV fit curves. Circular data points are those includdterfit and diamond points are those excluded.
The square point is our predicted continuum value. Note thed 48l data lie essentially on top of each

other in this figure.
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FIG. 20. f; (left) and fx (right) data corrected to the physical up/down and strangelkgmasses and
the infinite-volume as a function of the square of the latespacing. The curve shows the continuum
extrapolation for the Iwasaki action with the ChPTFV ansétere we have not shown the 321D data point

as it has a different gauge action.

The above values can be compared to the following resul&rmdd using 2+1f 2HEX-smeared
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FIG. 21. té/z (left) andwyg (right) unitary data corrected to the physical strange seakgmass and the

continuum limit as a function of the unrenormalized phylsozark mass, plotted against the ChPTFV fit
curves. Circular data points are those included in the fitchachond points are those excluded. The square

point is our predicted continuum value. Note the 64l and 4&hdie essentially on top of each other in this

figure.

Wilson fermions@]:

t/2 = 0.146525) fm = 0.7425127) GeV 1,

(74)
Wo =0.175518) fm = 0.889491) GeV !,

where we have combined the statistical and systematicseimoguadrature. We find excellent

agreement between our results.
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FIG. 22.té/ 2 (left) andwyg (right) data corrected to the physical up/down and straegagsiark masses as a
function of the square of the lattice spacing. The curve shibww continuum extrapolation for the Iwasaki

action with the ChPTFV ansatz. Here we have not shown the 82k point as it has a different gauge

action.

5. Unrenormalized physical quark masses

The quark masses in bare lattice units on the 32| referensendle are given in Tablel X. In
physical units, and including the residual mass, the unreabzed physical quark masses are

given in Tablé_XY. Combining these results we obtain thedfelhg:

rpnrenom _ 2 19g(11) MeV,
mgnrenom: — 60.62(24) MeV,

(75)

where the errors are statistical.
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Ansatz munrenomm (\ev/) pirenorm(pev)
ChPTFV 2.198(11) 60.62(24)
ChPT 2.199(10) 60.67(22)
analytic (260 MeV)2.185(16) 60.70(27)
analytic (370 MeV)2.188(13) 60.69(21)

TABLE XV. Unrenormalized physical quark masses. For thdyditdfits, the corresponding pion mass cut

is given in parentheses.

C. Renormalized physical quark masses and the chiral condesate

The quark masses presented above are defined in the bare hattmalization of the 321 reference
ensemble. On each of the 32l and 241 ensembles independeattalculate the non-perturbative
renormalization factors that are necessary to convertkguasses in the corresponding bare nor-
malization into a variant of the Rome-Southampton RI-MOMeste H?] that can be related to
MS via perturbation theory. The procedure applied belowdéntical to that used in Refsﬂ [6]
and &], and the determination of the renormalization coigffits is documented in Appendix F;
below we provide only a brief outline.

We compute amputated, projected bilinear vertex functions

ole?) =tr [Mp(@ry)] (76)

where ¢ is an operatorf1 are the matrix-valued amputated vertex functions BEffdare projec-
tion operators, for which the superscriindexes the particular renormalization scheme (where
applicable). We use the ‘symmetric’ RI-MOM schemes, defimgthe following condition on the
incoming and outgoing quark momenf®, and pout respectively:pﬁ] = P2u= 9% = (Pin — Pour)>.

We define renormalization factors by matching to the treellamplitude at the scaje? = g

Zo
ﬁ(u, a) x N&"®(1,a) = Aiee. (77)

In order to cancel the factors of the quark field renormailirain the denominator, we use

KS(“? a)

(s)
Zm (l.l,a) - — )
Zy x N (u,a)

(78)

whereA, = /\%are x (A¥®®)~1, SandV are the scalar and vector operators repectively,Zani

the vector-current renormalization computed using hadreariables via the procedure given in
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Sectio TITC2. We use two different choices of projectioremior for the vector vertex, formed
from the quantitie&;qq“/q2 andy*; these define the SMOM and SMQMschemes respectively.
More details on the projection operators and the numeriegdrchination of these quantities can
be found in AppendikIF.

We now describe the procedure by which we obtain the renaethlquark masses given the
renormalization factors. In Sectign VB 5 we present quarksea normalized according to the
bare lattice units of the 32l reference ensemble. For angrahsemble, the quark masses in
the associated bare normalization can be obtained simptiviging the values ofm,q andmg
given in Eq. [(75) byZ® andZ; respectively. For each ensemble, the masses renormatizbe i
RI-SMOM schemes can therefore be computed as

<m§MOM*)e _ (Z%MOM*)eml#nrenorm/Z? (79)

where f € {I,h}. These measurements contain finite lattice spacing erssecated with the
vertex functions used in the conversionM&. In order to convert our continuum quark masses to

the RI-SMOM scheme, and thenceMtS, we linearly extrapolate the ratio
Zont = Zm/ Z5 (80)

in a2 to the continuum. The quantities

m?MOM* _ (Zr?]hpOM*)contmmLfmrenorm, (81)

are then free fronw’(a?) scaling errors.

Fixing the renormalization coefficients to a particularlegaquires the input of the lattice spac-
ings from the main analysis in order to convert the latticemanta to physical units; for this we
used only the central values of the ChPTFV fits. In order t@antfor the effect of the statistical
and systematic uncertainties on the lattice spacings, peated the determination of the renor-
malization coefficients using two different values of thit® spacings that differed slightly in
value, and from these we estimated the slope of the renarati@in coefficients with respect to
the input lattice spacing. For each chiral ansatz, we thed tise slope to shift the central values
of the renormalization coefficients to the lattice spacidggermined via that ansatz, and also to
inflate the statistical errors of the superjackknife digttion to reflect the uncertainty on those val-
ues. The continuum extrapolations&y andZ,, were performed independently for each ansatz,
enabling us to determine the full effect of the systematiorsrin the final step. The values 8f,
andZnt thus determined are given in Table XVI.
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Applying the renormalization factors to the masses fronptie@ious section, we obtain the values
given in Tablé_XVI]. Converting to th#1S scheme and including the additional systematic errors

associated with the perturbative matching, we find

myg(Ms,3.0GeV) = 2.997(36)(33) MeV, (82)
mg(Ms,3.0GeV) = 81.64(77)(88) MeV.
where the errors are statistical and from the perturbatunecation respectively. In the RGI
scheme, these correpond to
Myg = 8.62(10)(9) MeV,

s = 2350(22)(25) MeV.

(83)

The quark mass ratio is
Me/Myqg = 27.34(21), (84)

for which there is no systematic error associated with timupgative matching as it cancels in the
ratio.

For comparison, in our previous wovm [5] we obtained

myg(Ms,3.0GeV) =3.05(8)(6)(1)(2) MeV, (85)
mg(Ms,3.0GeV) =835(1.7)(0.8)(0.4)(0.7) MeV.
and

ms/Muq = 27.36(39)(31)(22) , (86)

for which the errors are statistical, chiral and finite-vakt Our new results are highly consistent
with these values and again show a substantial improvemeheisystematic error as a result of
including the near-physical data.

We can also compute the chiral condensate,
S = —(UU)m, mys0 = BF? = Bf?/2, (87)

by combining the leading-order SU(QPT parameters from Table XII. Like the quark masses,
this quantity must be renormalized. Again we first converbtio intermediate SMOM schemes
and subsequently perturbatively convert eaciVi®, using the difference as an estimate of the
perturbative truncation systematic. The appropriate neabzation factor can be determined by
noting that the leading-ordeyPT formula for the pion mass must be renormalization-scheme

independent:

(m%)LO — ZBunrenornwgrenorm: ZBSMOM*mﬁé\/IOM* _ ZBSMOM*(Zr?qll\/IOM*)contmnhugrenorm_ (88)
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This suggests that
BSMOM* — Bunrenorm/<zr?]ll\/IOM*)contm ) (89)

The subsequent conversion to & scheme at 3 GeV can be performed by further dividing by
the appropriate scheme change factor.

It is customary to quote the dimension-one quarttity/3. We obtain

>1/3(SMOM,3.0 GeV) = 0.2837(19) GeV

(90)
>1/3(SMOM,x,3.0 GeV) = 0.2791(19) GeV,
which, after converting td1S and combining, gives
>1/3(ws,3.0 GeV) = 0.285320)(10) GeV, (91)

where the errors are statistical and from the perturbati&eehing respectively.
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Scheme Lattice Ansatz Zm Zmi Zmh
SMOM 24l ChPTFV 1.4386(12) 1.4808(82) 1.4942(63)
SMOM 24l ChPT 1.4385(12) 1.4788(79) 1.4932(60)

SMOM 241  analytic (260 MeV)1.4390(12) 1.4874(108) 1.4931(68)
SMOM 241  analytic (370 MeV)1.4383(12) 1.4849(86) 1.4927(57)

SMOM 321  ChPTFV 1.4396(37) 1.4396(37) 1.4396(37)
SMOM 32|  ChPT 1.4393(37) 1.4393(37) 1.4393(37)
SMOM 321  analytic (260 MeV)1.4396(37) 1.4396(37) 1.4396(37)
SMOM 321  analytic (370 MeV)1.4391(37) 1.4391(37) 1.4391(37)

SMOM cont. ChPTFV - 1.3870(122) 1.3699(100)
SMOM cont. ChPT - 1.3888(120) 1.3704(100)
SMOM cont. analytic (260 Me\fy 1.3780(145) 1.3706(103)
SMOM cont. analytic (370 Me\fy 1.3805(128) 1.3705(99)
SMOMyu 241 ChPTFV 1.5235(13) 1.5682(87) 1.5824(67)
SMOMy« 241 ChPT 1.5234(13) 1.5661(83) 1.5813(64)

SMOM,« 241 analytic (260 MeV)1.5240(13) 1.5752(115) 1.5813(72)
SMOMy: 241 analytic (370 MeV)1.5232(13) 1.5725(91) 1.5808(60)

SMOMyu 321 ChPTFV 1.5192(39) 1.5192(39) 1.5192(39)
SMOMy. 321 ChPT 1.5189(39) 1.5189(39) 1.5189(39)
SMOM,« 321 analytic (260 MeV)1.5192(39) 1.5192(39) 1.5192(39)
SMOMy: 321 analytic (370 MeV)1.5186(39) 1.5186(39) 1.5186(39)

SMOMy« cont. ChPTFV - 1.4567(126) 1.4386(103)
SMOMyx cont.  ChPT - 1.4585(125) 1.4389(103)
SMOMy« cont.  analytic (260 MeV

~

1.4470(150) 1.4392(106)
1.4496(134) 1.4390(102)

SMOMy« cont.  analytic (370 MeV

~

TABLE XVI. The non-perturbative renormalization factoaleulated aju = 3.0 GeV that are used to con-
vert bare quark massez,() and quark masses in the normalization of the 32| referenserable Zn,Zmn).

Values are given on the 321 and 241 ensembles and in the comtidimit for the latter quantity.
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Scheme Ansatz myq (GeV) ms(GeV)
SMOM ChPTFV 0.003049(37) 0.08305(80)
SMOM ChPT 0.003055(36) 0.08314(79)

SMOM  analytic (260 MeV)0.003011(50) 0.08319(87)
SMOM  analytic (370 MeV)0.003021(42) 0.08317(76)

SMOM,« ChPTFV 0.003202(38) 0.08721(83)
SMOMy: ChPT 0.003208(37) 0.08730(81)
SMOMy. analytic (260 MeV)0.003162(51) 0.08735(89)
SMOM,« analytic (370 MeV)0.003172(43) 0.08733(79)

TABLE XVII. The physical quark masses renormalizeduat 3.0 GeV in the two intermediate RI-SMOM

schemes for each of the chiral ansatze. The quoted eratistical only.

D. Neutral kaon mixing parameter, Bg

The neutral kaon mixing parameter is renormalization se&héependent, and as such the fits must
be performed using renormalized data. As this introducedgiadal systematic errors, we follow
our established procedure of performing these fits sepgaraten the main global fit analysis.
Below we first summarize our non-perturbative renormalrgprocedure foBk and then present

the results of the chiral/continuum fit and finally our physigredictions.

1. Renormalization of B

In this section we provide a brief outline of the proceduredetermining the renormalization
EQS] an(Jﬂ[S].

As with the quark mass renormalization, we make use of ‘sytnaiesgularization-invariant mo-

coefficients; for more details we refer the reader to Appelthnd Refs.

mentum schemes (RI-SMOM for short), defined by the condiiér= p? = p3 = ¢ = (p1 —
p2)?, wherep; and p, are the momenta of the incoming and outgoing quackgy )S(—pz) —
d_(—pl)s( p2). We compute the amputated and projected Green’s functigheofelevant four-
quark operator¢, describing thek — K mixing, normalized by the square of the average be-

tween the vector and axial bilinear:

A(S1)
N (1,a)
Zés}jvsz)(u,a) » LAZ =1, (92)

A (u,a)
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where

1
Ny = §</\V +/\A) , (93)

andA\, = AP (AUe€)~1 for the operator7, as before.

Note that the quark wave function renormalization factanogds in the ratio. In Appendix]F
we show that the difference betwedgy and/Aa at 3 GeV is numerically negligible, and there-
fore the above choice of normalization is irrelevant. Thpessacript(s) refers to choice of pro-
jector (cf. B]): eithery, or g. The choicess; = s, = Y ands; = s, = ¢ define the so-called
SMOM(y*, y#) and SMOM4, @) schemes respectively.

We perform the full analysis separately for each scheme aedhe difference to estimate the
systematic error associated with th&S matching. While treating the two schemes in an equal
fashion is the most rigorous estimate we can make with thectidata, we have indications that
this might overestimate the error on the SMQiy) result: A preliminary study|E9] of step
scaling to higher momentum scales suggests that the saaligtien in this scheme agrees with
perturbation theory over the full range of scales, whereaSMOM y*, y#) scheme evolves into
better agreement as the scale is raised. The perturbativegtiion error is therefore greater for the
SMOM(y#, y#) scheme than for the SMO(, @) scheme. The complete study of the evolution
to higher energy scales requires careful treatment of thenththreshold, and is the subject of
further work by RBC and UKQCD. These observations are ctersisvith our earlier results at
lower scales, and the better agreement with the pertugbatisle evolution for the SMOWM, g)
scheme was the reason we have, in this work and previoukgn taur central values f@yk from

this schemelES].

We computeZg, on each ensemble at a numbenéfand interpolate to a chosen high momentum
scale at which the matching MS can be performed. We choose to perform the matching at 3.0
GeV as before. The values of the renormalization coeffisiahthe various lattice momenta and
further details of the analysis are given in Apperidix F.

All matrix elements included in the global fit must be renolizea to a common scale of.(3
GeV in order that the global fit can extrapolate these to aeshamiversal continuum limit. As
described in Ref.DS], due to the coarseness of the 32ID elnigewe are unable to renormalize
directly at 3 GeV without introducing potentially sizeald¢tice artifacts. Instead we renormalize
with a lower momentum scale qfy = 1.4363 GeV, and apply the continuum non-perturbative

(s1,2)

runningog, (U, Up), extracted from the 321 and 24l lattices (and extrapolatete continuum),

to convert this value tpt = 3GeV. More details of this conversion are given in Appemndix F
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Scheme Lattice ChPTFV ~ ChPT  Analytic (260 MeV) Analytic (370 MeV)
321 | 0.9787(3) 0.9787(3) 0.9787(3) 0.9786(3)
241 | 0.9568(3) 0.9568(3) 0.9570(3) 0.9568(3)
481 | 0.9545(1) 0.9544(1) 0.9544(1) 0.9544(1)

%9 641 | 0.9782(2) 0.9781(2) 0.9781(2) 0.9781(2)
32Ifine| 0.9995(4) 0.9995(4) 0.9998(5) 0.9995(4)
32ID |0.9284(45) 0.9286(45)  0.9276(45) 0.9289(45)
321 | 0.9409(2) 0.9408(2) 0.9409(2) 0.9408(2)
241 | 0.9161(5) 0.9161(5) 0.9162(5) 0.9160(5)
481 | 0.9140(1) 0.9140(1) 0.9140(1) 0.9140(1)

) 641 | 0.9411(1) 0.9410(1) 0.9410(1) 0.9410(1)
32Ifine| 0.9617(3) 0.9617(2) 0.9619(3) 0.9617(2)
321D |0.8824(25) 0.8824(25)  0.8824(26) 0.8824(25)

TABLE XVIII. Zg, at 3 GeV in the two intermediate schemes, with the centralegabhifted and errors

inflated to account for the different values of the lattica@pgs obtained via each chiral ansatz.

Determining the lattice momentum corresponding to the 3 @wlith point requires the input of
the lattice spacings determined in the previous sectiofm® €fffects of the uncertainties on the
lattice spacings are incorporated by shifting the centrhles and inflating the errors according to
the lattice spacings determined via each of the chiraltaasasing the procedure outlined in the
Sectiorf V.C. The resulting values @g, are given in TableXVTII.

2. Chiral/continuum fitto B

As above, we describe the chiral dependence using chirairpation theory, with and without
finite-volume corrections, as well as a linear ansatz witb@ eV and 370 MeV pion mass cut.
The chiral/continuum fit forms can be found in R[38]. Addre, we use separate parameters
to describe the lattice spacing dependence of the lwasakiwasaki+DSDR actions. The fit
parameters can be found in Table XX, and in Figure 23 we shameles of the unitary and
continuum extrapolations. In Figurel24, in which we plot stbgram of the statistical deviations
of the data from the ChPTFV fit curve, we see excellent coeiscst between the data and the fit.
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SchemeChPTFV ChPT |Analytic (260 MeV) Analytic (370 MeV)

(a.9) |0.55(38)0.70(42 0.46(35) 0.51(34)
(y*,y")| 0.62(43) 0.78(46 0.52(40) 0.58(39)

TABLE XIX. The x?/d.o.f. for each of the four chiral ansatze and the two intermediat@rmalization
schemes. Here the? does not include the overweighted data, and the number oéee®f freedom has

been correspondingly reduced. For the analytic fits, the piass cut is given in parentheses.

e

321
241
481
641
32Ifine
32ID H
Unitary extrapolation 0. 52%

000000

‘ ‘ : ‘ 0 0.1 0.2 0.3 0.4
0.000 0.005 0.010 0.015 0.020 9 _9
my (GeV) a (GCV )

FIG. 23. The left figure shows the unitary light quark masseteignce oBy in the SMOMg,q) at 3
GeV. The quark masses are in physical units and in the nabirreatlization of the 32l reference ensemble.
The right figure shows the lattice spacing dependence ottbata. Here we have not included the 321D

ensemble as it lies on a different scaling trajectory.

The totalx?/d.o.f. for each of the four ansatze are given in Tdhle XIX.

3. Predicted values

In TablelXXI] we list the continuum predictions f&, renormalized in each of the two interme-
diate schemes, that we obtained using the ChPTFV ansatzlbhasithe sizes of the differences
between those and the other chiral ansatze. We use the Sg@Mesult for our central value,

giving us a final continuum result in a non-perturbative MOdhame with 0.3% total error after

all sources of error are accounted for:

Bk (91,9, 3GeV) = 0.5341(18). (94)
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FIG. 24. A histogram of the deviation of the ChPTFV fit curvenfr our data in units of the statistical error

for the (@, @) intermediate scheme.

Parameter ChPT| ChPTF\{|ParametgrAnalytic (260 MeV) Analytic (370 MeV)
B2 0.5280(16)| 0.527816) || Cg* 0.531628) 0.5322(17)
Chy a 0.12512)|  0.12812)||CcE«" 0.145(19) 0.129(12)
B 0.14815)|  0.15315)||CE«"® 0.201(33) 0.164(15)
CBe.m, 0.0049264)| 0.0042064)||CB* —1.0(1.1) 0.37(19)
CBe.m —0.0080994) | —0.0072895) || C5* 0.58(68) 0.38(28)
Cae.m, 1.31632)|  1.324(32)||C5* 1.547(96) 1.331(32)
CB.my —0.13(18)| —0.06(18) ||C5* 0.50(55) 0.07(18)

TABLE XX. The B fit parameters for each of our chiral ansatze in the SM@M) scheme at 3.0 GeV.
The parameters are given in physical units and with the hgaayk mass expansion point adjusted to the
physical strange quark mass. For the ChPT and ChPTFV anttetzhiral scalé\, has been adjusted to 1
GeV.

Here we have again neglected the chiral and finite-volumeesyatic errors as their sizes are
considerably smaller than the statistical error.
This final prediction, and the result in the SMQM, y#) scheme, can be converted into &

scheme using the following one-loop matching coeffici i
C(g, 9 — Ws) = 0.99113 C(yH, y* — is) = 1.00408 (95)

usingas(3 GeV) = 0.24544. The resultiny1S values are also listed in Tafle XXI.



72

ChPTFV A ChPT|A Analytic (260 MeV) A Analytic (370 MeV)
Br (@, 9) 0.5341(18) ||0.0002q11) —0.003525) ~0.0002921)
Bk (VH, yH) 0.516618) ||0.0002712) —0.003724) —0.0002921)
Bc(WSviag,g) [/0.529317)(0.0002q11) —0.003524) ~0.0002921)
Bk (WS via y#, y#)|[0.5187(18) (| 0.0002712) —0.003724) —0.0002921)

TABLE XXI. The physical predictions foBy in the two intermediate schemes and in M8 scheme (via
the intermediate schemes) obtained using the ChPTFV arsatzhe full correlated differences (labelled
A) between the results obtained using the other ansatzehar@PTFV result. Analytic fit differences are

presented with a 370 MeV and 260 MeV pion mass cut.

For the reasons discussed above, we use the value obtamétevEMOMd, ¢) scheme for our
final MS result. The matching introduces a perturbative truneoatiror, which we estimate by tak-
ing the full difference between the results obtained udiegwo RI-SMOM intermediate schemes.

We obtain:
Bk (Vs,3 GeV) = 0.529317)(106), (96)

where the errors are statistical and from the perturbatiaehing toMS respectively.

In the renormalization group invariant (RGI) scheme, thevatcorresponds to
Bk = 0.749924)(150). (97)
PreviouslylﬂS] we obtained:
Bk (s, 3 GeV) = 0.535(8)(7)(3)(11), (98)

for which the errors are statistical, chiral, finite-volurswed from the perturbative matching re-
spectively. Comparing with the above, we see excellenteagemt. Our new result offers a con-
siderable improvement in the statistical error, but thedetion effects are the same as we have

not changed the scale, and dominate the final error.

VI. CONCLUSIONS

Combining decades of theoretical, algorithmic and comprtal advances, we are finally able to

perform 2+ 1 flavor simulations with an essentially chiral action dihgat the physical masses
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of the up, down and strange quarks in isospin symmetric QCIh tbth fine lattice spacings
and large physical volumes. In this paper we report on twd ®rsembles; a 48< 96 x 24
(481) ensemble and a 84 128x 12 (64l) ensemble, both using Mdbius domain wall fermions.
The inverse lattice spacings aae! = 1.730(4) GeV and 23597) GeV, respectively, and these
ensembles have,L = 3.863(6) and 3778 8). We make use of the Mobius kernel with parameters
chosen such that the Mobius and Shamir (traditional domaailt) kernels are identical, but the
approximation to the sign-function of the four-dimensibatiective action is improved in the
former, resulting in a smaller residual chiral symmetryaiiag for the same computational cost.
The simulated pion masses are 139.2(4) and 139.2(5) MeVh®o#d8I and 641 ensembles re-
spectively. These are slightly above the physical valuguireng a small extrapolation that we
performed by combining these ensembles with several of lwar Ghamir domain wall ensem-
bles in a simultaneous chiral/continuum ‘global fit', sgieecilly the 24 x 64 x 16 (24l) and
328 x 64 x 16 (321) ensembles with the lwasaki gauge actioi at 2.13 and 22 respectively,
and the 32 x 64 x 32 (32ID) ensemble with the lwasaki+DSDR gauge actiof§ at 1.75. We
also include a new 32< 64 x 12 (32Ifine) Shamir domain wall ensemble with the lwasakiggau
action atB = 2.37, corresponding ta~* = 3.148(17) GeV, and a heavier 371(5) MeV pion mass;
this enables us to examine the scaling behaviour of our dateeil.75-3.15 GeV range of inverse
lattice spacings to look for deviations from the lead#fgscaling behavior. These ensembles give
us access to a wide range of unitary and partially-quench&rdnging from the physical point
up to the imposed 370 MeV pion-mass cut. As we use the samelKerrour Mobius and Shamir
simulations, we are able to describe all of these ensemisieg the same continuum scaling
curve, apart from the 321D ensemble which has a differenggaction.

The global fits are performed using the techniques develop&efs. BS] and ELS]. We fit to the

following quantities:my, mk, fr, fk, Mo and the Wilson flow scalesp andté/2

. A separate
fit is performed to the neutral kaon mixing paramei, To describe the mass dependence of
these quantities we use NLO patrtially-quenched chiralyledtion theory with and without finite-
volume corrections (referred to as the ‘ChPTFV’ and ‘ChPs@&ze) and also a linear ‘analytic’
ansatz.

Despite the significantly improved precision of the 481 adtidata, we found that the fits missed
these data by 1€, this is an artifact of the large number of data points in thady-mass regime
where xPT is only reliable tor’(5%). We resolve this issue by over-weighting the 481 and 64l

data in order that the fit is forced to pass through these point
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The 48l and 64l ensembles each have the same gauge couptimg@sresponding 241 and 32|
ensembles, but with smaller residual chiral symmetry brepksignificantly so for the former).
We found that the differences in the fermion action betwéwsé two pairs of ensembles, each
evaluated at the same gauge coupling, resulted in a 3.2(E)étethice between the 48] and 24l
lattice scales, and a 1.1(2)% difference between that dd4hand 321 ensembles. In Appendik C
we show that this can be understood as an unexpectedly I&egt ef the changes s and
the Mobius scale parametear which distinguish these ensembles, and provide added meather
evidence that these effects are accurately described hys$uits in the lattice scales.

We showed that due to the dominance of the 481 and 641 datahwirere measured with near-
physical pion masses on large, 5.5fm boxes, the systenraticseassociated with the chiral ex-
trapolation and finite-volume can be neglected. The ermocuo final results, which we take from
the ChPTFV fits, are dominated by statistics, and are themsgkry small. For the pion and kaon
decay constants we obtaffp = 1302(9) MeV and fx = 1555(8) MeV; for the average up/down
quark mass and strange quark mass ili&scheme at 3 GeV, 297(49) and 8164(1.17) MeV;
the neutral kaon mixing parametBk in the RGI scheme, .@50(15) and theMS-scheme at 3
GeV, 0530(11); and the Wilson flow scaletg’? = 0.7294) GeV-* andwp = 0.874(5) GeV .

In Table[V] we compare our numbers to tNg = 2+ 1 results compiled by the Flavor Lattice
Averaging Group (FLAG) in their Review of Lattice Result€]4

Our results for the light and strange quark masses, obtairgectioi V.C, are renormalized in the
MS scheme at 3 GeV. The only remaining uncertainties on theaatities are statistical and per-
turbative matching errors, roughly 1% each. The renorratibn and running of the quark masses
were computed nonperturbatively, details of which can hmébin AppendiX . The masses are
quite consistent with our previous determinations, butaskmnificant improvement due to the
inclusion of the physical point ensembles. Our masses amgiteehe FLAG averages, but have
errors that are both smaller than those of the average asawelose of any of the individual
results used thereim[gﬂ]. The ratio of strange ta liglark masses, shown in EQ. [86), is
also consistent with the FLAG avera@[m], but here therasrslightly larger since systematic
errors mostly cancel, though it is as small as any individesiilt used in the averagﬂ 47].
The FLAG average for the standard model kaon bag parametargsly dominated by the
Budapest-Marseille-Wuppertal collaboration (BMWc) e8], Bk = 0.772781)staf 34)sys( 77)pT,
where the errors are statistical, systematic and from gaation theory, respectively. We would

like to stress the difficulties one encounters in reliablgegsing truncation errors, a point also
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Quantity This Work FLAG Average
fr 13019+ 0.89 MeV  |1302+1.4 MeV [5, 41, 42]
fic 15551+0.83 MeV  |1563+0.9 MeV [5, 41, 42]
fic/ fr 1.1945+ 0.0045 1.194+0.005 [5,41-43]
m, = My(Vs,3 GeV)  |2.997+0.036+ 0.033 MeV]
My (WS, 3 GeV) 81.6440.77+0.88 MeV
M /My = Ms/My 27.3440.21 27.46+0.15 [5,44-47]
My = My(Ws,2 GeV)  |3.315+0.040+ 0.036 MeV|3.42+0.06 MeV [5, 45-47]
me (s, 2 GeV) 90.29+0.8540.97 MeV | 938+ 15 MeV [5, 44, 46, 47]
t/? 0.7292+0.0041 GeV'*
Wo 0.8742+0.0046 GeV'*
Bk (SMOM(g,9),3 GeV) 0.5341+0.0018
Bx (WS, 3 GeV) 0.5293:+0.0017+0.0106
Bk 0.7499+ 0.0024+ 0.0150 | 0.7661+0.0099 [5, 43, 48, 49]
Fr/F 1.0645:+0.0015 1.0624:+0.0021 [44, 50, 51]

5 (V8,3 GeV)Y/®

2853+2.0+1.0 MeV

[5(Vs,2 GeV)|Y® 2759+19+1.0MeV | 271+15MeV [6, 45, 50]
T3 2.73+0.13 305+0.99 [5,45,50,51]
T4 4.113+0.059 4.02+0.28 [5,45,50,51]

TABLE XXII. Summary of results from the simulations repaitbere. The first error is the statistical
error, which for most quantities is much larger than anyeaysitic error we can measure or estimate.
The exception is for the quantities MS andBx. For these quantities, the second error is the systematic
error on the renormalization, which is dominated by theyrbgtive matching between the continuum RI-
MOM scheme and the continuumMS scheme. Comparison of our results to the averages cairipji¢he
Flavor Lattice Averaging Grou;l;LO] faN; = 2+ 1 flavor isospin symmetric QCD. Note that Bk, a
direct comparison of the perturbative error is not posssiiee we use a different, and we believe more
robust, method to estimate it. This perturbative error imicmn to our calculation and to the calculations
dominating the FLAG average. In the rightmost column we @®uhe references to the original work
that entered the quoted FLAG-averages. Light quark massktha chiral condensate are given in M8
scheme, evaluated at 2 GeV. Results from this work have heedawn from 3 GeV to 2 GeV using the
running factor 1.106 from the FLAG revie\m40] and do not ¢ the FLAG-estimated systematic error

due to the omission of the charm sea quark.
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emphasized by BMW@?)]. Among other checks, the BWMc shothatithe NLO-perturbative
and their non-perturbative running in the RI-MOM schemesadretween 1.8 and 3.5 GeV within
statistical errors (of 2%), and quote 1% for the error dueddysbation theory, 2% being the
size of the NLO term in the perturbative expansion. We prdagifferently, by evaluating the
difference between two different intermediate SMOM schgnaed estimate an error of 2%. We
believe our procedure is more robust than those that havimfedhe FLAG average, since mul-
tiple intermediate schemes were used to assess the trmmeator. This error can certainly be
reduced further in the future by performing the matching/i® at higher scale or by computing
the matching coefficient at NNLO. We want to emphasize thatdfrors quoted are different
because the subjective procedures to estimate these areatdferent. For completeness, we also
compare the non-perturbative scale evolution to the NLMingbetween 2 and 3 GeV. We find
a deviation of around.5% for the RI-SMOMy,, y;;) and for the RI-MOM schemes, and ab69%
for the RI-SMOMg, @) scheme.

It is useful to compare our results with R[43] in the imediate MOM schemes (before con-

verting toMS) as these numbers are purely non-perturbative:

BR'(3.5 GeV) = 0.530956)staf23)sys ~ BMWCe (99)
BH (3 GeV) = 0.5341(18)g this work, (100)

where we neglect the various sources of systematic errangriresult since they are considerably
smaller than the statistical error. These results are feréifit non-perturbative schemes and at
different scales, and are therefore not directly comparatbwever, we can compare their relative
total errors: our result and that of BMWc have 8% and a 1.1% relative error, respectively. We
emphasize that in terms of objective statistical errord,emery systematic effect for which there is
a theoretical framework for estimation (e.g. discretmatimass extrapolation, and finite volume),
our new result is more precise than those entering the FLAZBage. This is reflected in the 0.3%
total relative error on results in a non-perturbatively wefig RI scheme. Our assessment of the
(subjective) perturbative systematic uncertainty on thaversion taViS is more pessimistic than
that of FLAG and BMWc, but we believe that it is better foundmdthe evidence of multiple
intermediate schemes.

Predictions 0Bk in lattice QCD have now reached a level of precision wheremitigredients in
its utilization for SM-tests are limiting progress (e.gr&uaowledge orVg)|).

The results for the kaon and pion decay constant and thé&ir i compatible with the FLAG
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average and amongst the most predise= 2+ 1 predictions that have been made. Our results

will certainly allow for further constraining CKM-unitasi tests [40].

The most significant remaining differences between our kitimns and the physical world are

isospin breaking and EM effects and the effect of quenchiegharm quark.

Including isospin breaking effects requires using nonethegate masses for the up and down

quarks. This is possible within the domain wall fermion feamork with current technoloijsfor
2].

However, these techniques are computationally demandind,the effects in question are ex-

example using the rational quotient action or the one-flaabion developed by TWQC

pected to be similar in size to the electromagnetic efféeace there is limited value in consider-
ing these in isolation.

The RBC and UKQCD collaborations have performed exployataiculations using QCD do-
main wall configurations with quenched electromagnetiergnttions 4] and have performed
unquenched simulations using reweighting techniigs [B%re is increasing effort in the lattice
community to control these effects, from more precise evegtienched calculatior@@ 57] (i.e.
with EM included only in the valence sector) up to full QCD+RQEimulations|[58]. Adding QED

to lattice simulations is challenging for many reasonssthiy adding a coupling constant to the
theory, especially in the context of non-degenerate liglairkis, considerably increases the cost of
the simulations, particularly when using a chiral actioosel to the physical point. Secondly, the
absence of mass gap in QED implies finite-size effects withgsdaw dependence on the lattice
spatial extent, which are potentially large compared toQE® contributions@g]. Finally, it

is still not clear how to define quantities such as decay emtisin QCD+QED, because the matrix
elements are infrared divergent and gauge depenEjnt [6JauBe of these issues, the addition
of isospin-breaking effects and electromagnetism remamnisnportant and challenging topic for
our future calculations.

Dynamical charm effects are expected to be small for the nityajof the quantities studied in this
paper, but for quantities such as the— Ks mass difference and — rmrramplitudes they can have
significant contributions. This is therefore the most prsing avenue for RBC and UKQCD to
take, allowing us to address these systematic errors onemshiip calculations. The biggest hurdle
for including the charm is the requirement of simulatinghwiter lattice spacings, which tends to
incur freezing of topology as well as requiring large conmpgipower to obtain sufficiently large
physical volumes. RBC and UKQCD have developed the ‘dislonaenhancing determinant’

(DED) method@] to overcome the effects of the topologghiag, and have already commenced
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large-scale physical simulations with dynamical charm.
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Appendix A: Conserved currents of the Mobius domain wall action

The connection of the Mobius formulation to overlap fernsacan be made at the propagator
level and with the familiar DWF physical fieldg andgg. In the following subsection we repeat
known but important results connecting the surface-tdaserand surface-to-bulk propagators of
the Mobius domain wall action (in our conventions) with fbar dimensional overlap propagator.
These results are then used to establish a practical impletien of the conserved axial and

vector currents for the Mobius case.

1. Domain wall and overlap propagators, and contact terms

The approximate overlap operator can be written in termsiofaur dimensional Schur comple-

ment matrices as

Dov = Sy(m=1)""Sy(m). (A1)

Observe that if we solve the following 5-D system of equagtion

q
5 115 0
Dx(m: 1) Dx(m)(p: Nk (A2)
0
and substitute the UDL decomposition, this yields
q
1 0
Dg (m=1)DsmL(me=L(m=1)| |. (A3)
0

Since(L(m)(q,0,.. .,O)T)1 =gand(L(m)p)1 = @, the topmost row of our 5-D system of equa-

tions gives the overlap propagator:

Sy(m=1)"'§,(m) = (D§(m=1)~*D§(m))_ . (A%)

11
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This approximate overlap operator can however be expréstedns of they basis fields, and

Doy = Sy(m=1)""S(m) o
- [gz*lg»Df}(m: 1)7'Q 7 ysysQ-D3 (M) 71 } 11 -
— [ngngDw(m: 1)~ *DZpw( )gz} 11’ A

The cancellation the Pauli-Villars term can be expressadnms ofunmodifiedgeneralized do-
main wall matrixD%DW. The overlap contact term can be subtracted from the ovprigpagator.

Here we define

Doy = ﬁn [Dov — 1] (A8)
1

1 m [‘@ "Dgow(M) "Dgpw(m= 1) — 1} " (A9)
1

= i~ 1% "Déow(m) * [Dgow(m=1)~Dgoy(m| #} . (AL0)

Now, the differencgDgpy (M= 1) — Dgpy(m)];; = (1~ m) [P 1,8j1 + P+ 8,10,.L]. This re-
lation is simpler to interpret in our convention than witle ttonvention from Refl [12]: the mass

term is applied to our five dimensional surface fields witHaitl rotation. With this,

Bat = { 2 'DZow(m) Re7 } . (AL1)

This is just the normal valence propagator of the physicalFDi€ldsq = (2 ~1¢); andq =
(YRsZ2)1. We see that the usual domain wall valence propagator has/aleontained both the
contact term subtraction and the appropriate multipheatenormalization of the overlap fermion
propagator. As a result, the issues of lattice artifacts RRNaised in Ref. [63] have never been
present in domain valence analyses. This was guaranteesl ttrelcase because Shamir’'s 5-D
construction is designed to exactly suppress chiral symynteeaking in the limit of infinitelLs,
including any contact term.

For later use, we may also consider the propagator into tlkeftaum a surface field) for Mobius
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fermions,
(Qstl) = [c@_lD%Dw(m)_lRSc@Ll (A12)
_ 1_Lm {7 D8on(m) DEou() 7 -1} _ (A13)
e R (A14)
= ﬁn L~ (m)D ™Y (m)D(1)L(1) — 1} (A15)
1
_ )y [ XM o L) -1 . (A16)
o 1),
Now,
1 0 1 0
T (p, ~(Ls-1)(p, _
L(m) = T (P, —mP.) Lmy-ie T (P, —mP.) (AL7)
: 1 : 1
TP, —mP) TP, —mP.)
and so we have,
Doy (M) — 1 0
1 | T D[P —mP)Dgy(m) — ]
(Qs0) = 1-m E 0 (AL8)
T H(Py —mP-) Dy (m) — v o
[P, +P-T 5] |0
S B I EE PR e ) (A19)
T;l
sl

Finally, applying the permutation matrix, we have the fiveensional propagator from a physical
field,

T- (s
T-Ls2)
Gq=Z(Q) = [P +P_T7} : [14+T 751D (A20)
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The connection between domain wall systems and the ovesealp established in the literature
and reproduced in this section, is useful in understandiagelation of domain wall fermions to

their 4-D effective action.

2. Conserved vector and axial currents

The standard derivation of lattice Ward identities proceasl follows. A change of variables of

the fermion fieldsp andy at a single sitg is performed:

W=uy—iagy, ;  F=gy+igya. (A21)
Under the path integral, the Jacobian is unity, and thetgartiunction is left invariant:
= [ d@dye S¥-¥l {1— i [ } } Z. (A22)
/ 5% Vg,
Hence,
0S _ 0S
<W'~/»’y—'~ﬂyﬁ> =0. (A23)

The Wilson action gives eight terms from varyigg and eight terms from varyingy, due to the

4-D hopping stencil:

Ryl y— 1)y g+ By B U () Ty

=4, {‘l_’y_Ty“Uu(y) Wyt — 'ﬁyﬂluf;(y) —;Vu Wy] =0, (A25)

whereA; is the backwards discretized derivative.

_o Ny T i
4_’5>'(DW>WAHJY1V(V>Z[ by, U)W+ By 22Uy - u)llfy] 2

An equivalent alternate approach may be taken, howevertrasds a better way to approach
non-local actions such as the chiral fermions. Gauge symyrtestves the action invariant & a )

under the simultaneous active substitution, for a fixedystte

Up(y) = (I+io)Uuly) 3 Uply—f1) = Uply—)(1-ia) (A26)
and
W— (L+io)yy Py — gy(l—ia).. (A27)
A change of variables on the fermion fields at sitemay be performed simultaneously to absorb

the phase on the fermions:

gy = (1+ia)yy ; = gy(l-ia). (A28)
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Under the path integral, the Jacobian is again unity, angtiase associated with the fermion is
absorbed. We can now view the change in action as being assdevith theunabsorbeghases

on the eight gauge links connected to site

5S i oS i
WUM(W - Wuu(y— M) ]} ~
(A29)

For a gauge invariant Lagrangian we aawaysuse a picture where the same change in action,

7 =7= /dLﬁ'dLﬂ'eSW’w/’U} {1+ iay
o

and same current conservation law may be arrived at by diffeating with respect to the eight

links connected to a site:

5S ’ 5S N
(% WUN(W'—WUM(Y—H)J )=0. (A30)

This arises because the phase freedom of fermions and o gields are necessarily coupled and
inseparable in a gauge theory. For the nearest-neighb@oWiction, this generates the same
eight terms entering,, J, = 0.

In the case of non-local actions, the Dirac matrix, whatégeform, can be viewed as a sum of
gauge covariant paths. When generating a current congemnatv fromU (1) rotation of the
fermion field at sitey, we sum over all fieldg/(x) and/(x) connecting through the Dirac matrix
D(x,y) to the fixed sitay(y) and{(y). The following sum is always constrained to be zero for all

y, and is identical to that found by Kikukawa and Yam [64]:

Z LEXD(Xv y)wy o lﬁyD(y, X) Py = 0. (Asl)

The partitioning of this sum of terms, into a pairdidcrete divergence operatandcurrentis not
obvious, and it is cumbersome to generate Kikukawa and Yaimadn-local kernel
It is instructive to consider what happens if we derive th@esaum of terms by differentiating

with respect to the 8 links connected to gite
% [ 5oy = g ey =) ) =0 (A32)

The structure of Eq[(A323lwayslends itself interpretation as a backwards finite diffeeeriéor
a non-local action, the differentiation Eq. (A32) appeargénerate a lot more terms than the
fermion field differentiation Eq.[(A31). The reason is cleélnese extra terms are constrained

by gauge symmetry to sum to zero, but only after cancelldbetwveen the different terms in
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Eq. (A32). Specifically, we consider an action constructetha product of Wilson matrices:

S= % Dw(Xy)Dw(y,2)Dw(z W)Y (w). (A33)

XyzZw

The link variation approach gives three terms, each of wiidh conserved under a nearest-
neighbor difference divergence: varying with respect t® 8hlinks we obtain, via the product

rule,

Sy (YDwDwDw )Y = ¢ [(8,Dw)DwDw + Dw (8,Dw)Dw + DwDw (8,Dw)] @ . (A34)

Each of these contributions contain a backwards differepezator, and it is trivial to split this
into a divergence and corresponding conserved curreng &Esin(A24).

The above comment is generally applicable to any functiothefWilson matrix. We take this
approach to establish the exactly-conserved vector duafean approximate overlap operator,
where the approximation is represented by a rational fanctiVe will also establish that matrix
elements of this current are identical to those of the FuramahShamir approacg [9] in the case
of domain wall fermions. The Furman and Shamir approachtidh be used to also establish an
axial Ward identity for our generalized Mobius domain wialimions under which an explicitly
known defect arises. This is important in both renormatjdmitice operators and also in deter-
mining the most appropriate measure of residual chiral sgtmnbreaking in our simulations. We

construct the conserved vector current by determining éination in the overlap Dirac operator,

ADov:

ODov = _TVS {@(%T_Ls)[l—TLS] + %T_Lséy(l— TLS)}

= 1_Tm%‘> {55/(1-1—5:-'4-5) - 1+#—LS®(TLS> <1_ HT*TL_LS) }

= (1—m)ysdy, (ﬁ) : (A35)

We can similarly find the variation ifi 1 induced by a variation iBy, where the variation iDw

is just the backwards divergence of the standard Wilsonezoed current operator. Denoting,
T 1=—(Q )10,
Q_ =DSP.-D P, =D ykQ_
Q; =D3P; —D_P_=D_iQ,, (A36)
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we see that
&(T 1) = —-Q-H {-3,(Q-)Q='Q+ +8(Q4) }
=-Q 1{55/ )T +5§/(Q+>}
= —Q'8,(Dw) {(bP- +cP) Tt +bP. +cP_}. (A37)
Since

Q P = (1+bDw)P- ; QP = (cDw—1)P-
Q Py = (cDw—1)P; ; Q:P; = (1+bDw)P;,

we may re-express the identity

(b+C)(P++P )—CQ P —bQ+P +CQ+P+ bQ P+ (A38)
OHP, +P ) = k?; (G, (cP, —bP ) +G (cP. —bP,)]. (A39)

and this lets us find a symmmetrical form:
(b+0¢)8y(T™Y) = [b[Py — T *P_] +¢[T Py — P_]] &(Dw) [b[P: + P-T Y +c[P. T +P_]].
We may now look at the variation of the teffrts

Py —T1P]

= ZTSl[ 1P+—P]]5Y(DW)

Compiling these results, we find

b[P, +P-T~1
Pet ) (A40)
+c[P T 1+P ]

1-m 1 Ls Tf(sfl) Tfl T*(LS*S) 1 Ad1l
- b+Cysl+T_Ls S; 5}’( ) 1+T_LS. ( )

The terms may be expanded until insertions of the the badsadivergence of the Wilson current

5yDov =

are reached (Eq.{A24)). Gauge symmetry then implies theazeation of the obvious current and
the vector Ward identities can be constructed. For examysenay take as sourapli'@ "'(z) =

3ij 0 0*(z—X) and a two-point function of the conserved current may betcocted as

R0 Hu3) = Tryopen Do yia-+ T 15 To3,(T T -e49 b 74 g
(A42)

Note that whert = 0, the insertion of Eq[(A40) contains only terms such as

P-T14pP], (A43)
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which are also present in the surface to bulk propagator/&2QJ), As one would expect, when
we takeb andc to represent domain wall fermions, the two-point functidroor exactly con-
served vector current - derived from the four dimensiongdatifve action - exactly matches the
matrix element of the vector current constructed by FurmrthhamirEb], Eq. (2.21), from afive
dimensional interpretation of the action.

Since the Furman and Shamir current was easily construaigtthe five dimensional propagator
Eq. (A20), one might hope to do the same in the generalizetbapp to domain wall fermions.

To play a similar trick for the term, we would need to generate the terms
P [1+T 1Dy, (A44)
and
Py T L1+ T 71D,y (A45)

These are not manifestly present in Hq. (A19). However, tkegnce of the contect term on the

s= 0 slice can be removed after a propagator calculation. Wael#iis slice as

SX) = (Qof) =~ (Dyk(m) —1). (A46)

1-m
In a practical calculation, the source veatomay be used to eliminate the contact term by forming
(1-m)SX)n+n =Do (MmN = [1+ T =)[1+T ] "Dy/1. (A47)

By applyingP. andP_ we find we have the following set of vectors

P,
P-T P (14T 5 | [14+T75 7Dy, (A48)
P [1+T

and we may eliminate to formla + 1 vectors from a 4-D sourag
T -1 117141
T(s) = . (14T, T Doy (m)n. (A49)

This may be used to construct

[bP+P_T 4+ cP.T 1 +P ] TS, (A50)
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for se {0...Ls— 1}, and by contracting these vectors through the Wilson cemsecurrent the
matrix element, Eq[{A42), can be formed imerysimilar manner to the standard DWF conserved
vector current. Wheg = 0 the matrix element reduces to beignticalto that for the Furman
and Shamir vector current.

A flavor non-singlet axial current, almost conserved undbaekwards difference operator, can
now also be constructed following Furman and Shamir. Wediatsoa fermion field rotation

jar (s oy
by & PR ix=x (A51)

P(xs) ; X#Xo
where
-1 ; 0<s<Lg/2

r(s) —
1 ; Lsg/2<s

(A52)

We acquire a related (almost-) conserved axial currentselpseudoscalar matrix element is

B B (4) =
Tl Byl TS T (T T 9 b T gy

s=0

(A53)

The exact vector current conservation induces the sgymaidpoint density defect that arose for
DWEF, and the Ward identity is

APy (X)]Au(y)) = (@ysi(X)|2mP(y) + 2J5q(Y)).- (A54)

This allows us to retain the usual definition of the residuasmin the case of Mobius domain wall

fermions. We emphasize that the definition,

(17(P = 0)|Jsq)
<7T(ﬁ=0)“3> m:—mres’

via the zero-momentum pion matrix elementJgj is particularly important, because then our
PCAC relation,

Myes =

(rm(p=0)|2mP+ 2J54) = 0,

guarantees that the low momentum lattice pions are masdlassis the appropriate measure of
chiral symmetry breaking for the analysis of the chiral exgpan.
SectiorL 1T C discusses methods of using the vector and w&ed identities to measure the renor-

malization of the local vector and axial currents, and tbe& in our analysis.
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Appendix B: Deriving dimensionless global fit forms

In this section we briefly describe how to obtain the appaiprdimensionless global fit function
describing the lattice data for a quant®/of mass dimensio on a general ensembé The

procedure is as follows:

1. Write down the fit formula foQ in physical unitson the reference ensemble, including an

a? term. For example, a linear ansatz might have the followimmt

Q = co0(1+Cq.a8f) + Com M + com,N,,

where we have assumed that there are no partially-quencehagdints for simplicity. Here
the superscript on the quark masses indicates that they are in the normahzat the

reference ensemble.

2. To derive the fit form forQ on ensemblee, first replacea, with the lattice spacingae,

appropriate for that ensemble, then rewateasae. = a, /RS:
Q = coo(1+Cq.adf(R) 2) + Com M + Com, T

3. Multiply by aP and redefine the fit parameters in terms of dimensionlesditjearfdenoted

with a prime superscript):
a’Q = ¢ o(14Coa(RE) ) + Cym (B M) + o m, (B 1Y,) .
4. Usinga, = RSae, rewrite the function in terms of the lattice spacing on theesblee:

(RE)P(a8Q) = (1 +CqalRE) ) +Com Ra(BetM) + Co m, RE(aeM,).

5. Finally, user” = Z°f to move the quark masses into the native normalization afrebie
e, and divide by(RE)P:

(a8Q) = (RE) Pego(1+coa(RE) %) +com (RO PZ%(@el) +com, (RO PZS(ael)

%

This fit function now describes the data in lattice units fog ensemble.



89

Appendix C: Dependence of the lattice spacing on the fermioaction

In Sec[1V we described that, contrary to our expectatioomlining the 241 and 481 ensembles
into a single global fit required that two lattice spacingffedng by 3.2(2)%, be used for these
two, nominally similar ensembles. (Similar but smallercdépancies between the lattice spacings
for the 321 and 641 ensembles were also found.) In this apgene will discuss this phenomenon
in greater detail and describe additional measurementsvia@erformed in order to verify that
this assignment of different lattice spacings is correot.dfarity we will focus on the 241 and 48l
ensembles, since the explanation for both cases is the $amnthe 241 ensemble set we consider
only the ensemble with the lighter input quark massgf= 0.005

The 241 and 481 ensembles are very similar. Each uses the lsgasaki gauge action with the
same value of3 = 2.13. They differ in the fermion formulation used (Shamir anéus re-
spectively), the total light quark massi(+m., = (5.0+ 3.154(15)) x 103 = 8.154(15) x 103
andm¢ +m,, = (7.8+6.102(40)) x 10~% = 13.99940) x 10~4, respectively) and the degree of
residual chiral symmetry breaking, which is suggested lgydifferences in the values of the
residual quark masses just quoted. For a comparison ahihe 0.004 321 and 641 ensembles,
the corresponding numbers arg +m,, = (4.040.666476)) x 10~ = 4.666476) x 102 and

m¢ +m,, = (6.78+3.116(23)) x 104 = 9.896(23) x 10~ respectively.

If we were to describe the low energy Green'’s functions cargbon the 241 and 481 ensembles
as corresponding to separate Symanzik effective thedhesge two effective theories would be
essentially identical, except for differences in their lewergy constants of ord¢ma)". For
example, in a theory with chiral fermions the dimensioF4'V)? term, closely related to the
lattice scale, would have coefficients which differed byrteiof orderf ma)?, terms much too small
to be relevant here. Of course, had such a term been impootarglobal fitting procedure would
have included its effects by describing both the 241 and #8kebles with a single Symanzik
effective theory, with a single lattice spacing, whose niegzendent coefficients were represented
by explicit mass-dependent terms in the fit. In this framéwawth the 241 and 481 ensembles
would be described by the same lattice spaci@gd the same value &%.

It may be useful to briefly review the meaning of the latticagpga as it is generally defined in
field theory and specifically defined in the calculation présé here. Perhaps the simplest way
to define the cut-off scale is by specifying the value of a “pbgl” quantity, such as the Wilson

flow or three-gluon coupling, at a sufficiently short flow timelarge gluon momentum that the
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process can be understood in perturbation theory. Theattbsdentical lattice actions but with
different quark masses will give the same value for thedaticale up to terms of ord@na)? if we
introduce the lattice scakeas the natural lower/upper limit on the flow times or momensagades
that are available for such a short-distance definitioniFttas perspective, such mass dependent
effects are much too small to result in the 3% discrepancy me fln our actual approach, we
define the lattice spacing through the mass of®e This requires our global fitting procedure
and an explicit extrapolation to a specific value of inputrjuaasses, specifically those which
give physical values fom;/mqg andmk /mq, in order that such a low-energy definition of the
lattice scale be well defined. Necessarily, in this apprdahael24| and 481 ensembles are assigned
a common lattice spacing and their different input quarksaasre completely accounted for in
the global fitting procedure (up to negligible systematfe&s). For our low-energy definition of
the lattice spacing, it is not possible to interpret the 3%edkénce ina between the 241 and 48l
ensembles as resulting from their different input masses.

Instead, the change in the lattice spacing between the 248nensembles must be attributed to
some other change in the lattice action. We are left to calecthat this effect must be a result
of the change in fermion formulation. As discussed in Sedlibwe can consider this change as
being accomplished in two steps: we first chahgé&om 16 to 48 using the Shamir formulation,
and then change from the Shaniig & 48,b+c =1 to the Mobiusi(s = 24,b+c = 2) formulation

at fixed Ls(b+c). Since all 4-dimensional Green'’s functions related by firial change are
expected to agree at thel® level, the Shamir to Mobius change is inconsistent wkechange

in the lattice spacing, which would naturally result in a 3f&cge in such Green'’s functions. (For
example, a change in the Omega mass of 3% would result insttde2%6 change in the Omega
propagator.)

Thus, we expect that this 3% change in lattice spacing woale tbeen observed even if we
had continued to use the Shamir action and simply increhgédm 16 to 48. While this is a
surprisingly large effect for such a changd.i) we believe that it is a plausible explanation. The
effect of the smallet.s = 16 value is usually characterized by the valuemfa = 3.154(15) x
103, which is substantially less than 3%. However, consideraflort has been devoted to
reducing the size o, including a careful choice for the domain wall paraméierand the
choice of the lwasaki gauge action. It is possible that, evtilese choices have significantly
reducedn,,, they have not correspondingly reduced the size of dtbelependent effects.

For example, the value of the lattice spacing, which is deiteed by the strength of QCD inter-
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actions at the scale @qcp, is a strong function of the anti-screening produced by Q@Buum
polarization. The quarks act to reduce this anti-screerand the Pauli-Villars determinant was
originally included in the domain wall fermion actioH [8] tegulate what would have been a di-
vergent contribution to QCD vacuum polarization comingrirthe increasing number of fermion
species aks — «. While, as can be seen by the relation with overlap fermigssugsed in SeC.lll,
these effects have a well definkegl— oo limit, we cannot rule out the possibility that they appear at
the 3% level for3 = 2.13 andLs = 16. Instead, we interpret this large shiftaras providing new
information about the potential effects of finitg, and a warning that simple estimates can occa-
sionally be misleadingly low. In this spirit, we should rgoize that the earlier arguments about
the insensitivity of the coefficients of ti@(a?) Symanzik correction terms to our change in action
may underestimate these effects. Of course, in this casey ifew tenths of a percent estimate
were to become even a 5% effect, it would not interfere withcomrent continuum extrapolations.
Since the conclusion, implied by our global fits, that thédatspacing did indeed change by 3.2%
and 1% when going from the 24l to 48l and 32l to 641 ensemblspgetively, was a surprise,
it was important to test this hypothesis. For that purposegenerated two additional MDWF+I
ensembles with input parameters set equal to those of thiefig241 and 321 ensembles (i.e. those
with am = 0.005 andam = 0.004, respectively), but using the Modbius parameterslanalues
that were used for the 481 and 641 ensembles respectivelg.oipensated for the reduction in the
residual mass by increasing the input bare quark mass im thraethe total quark masses remain
equal to the 241 and 32| values. If the observed differencdhke lattice spacings can indeed be
attributed to the change iis (that which would have been required if the new ensembleg wer
generated with the Shamir action), then the lattice scalethese new ensembles should match
those determined for the 481 and 641 ensembles.

We refer to these new ensembles as the ‘24Itest’ and ‘32dasembles. They were generated
with Mobius domain wall fermions and the Iwasaki gaugeatttf = 2.13 and 2.25 respectively,
and with lattice sizes of 24x 64 x 24 and 33 x 64 x 12. Both ensembles use Mdbius parameters
of a = b+c=2andb-c= 1, making them equivalent to Shamir domain wall ensemblés wi
Ls = 48 and 24 respectively. On the 24Itest ensemble, we meatheedsidual mass and Wilson
flow scales on configurations in the range 120 to 550; the wabkithass was measured every 40
configuratons, and the Wilson flow scales every 10, and weeblitime latter over four successive
measurements. Similarly, for the 32Itest ensemble, weopadd measurements in the configura-

tion range 200 to 610, measuring the residual mass every®thanVilson flow scales every 10,
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binning the latter over two successive measurements.

The values of the average plaquette, residual mass, toaak gqpass and Wilson flow scales are
listed in TableCXXII. From the table we can immediately obh@&ethat, while the total quark
masses of the 24ltest and 241 ensembles are closely matitiezd,are clear differences in the
average plaquette and Wilson flow scales; smaller diffesgraze also observable between the
32ltest and 321 measurements. The differences in the Wilsanscales are- 3% between the
241 and 24ltest ensembles and 1% between the 321 and 32Itest, which are very similar to the
differences in lattice scales observed between the 244d81321/641 ensembles respectively.

We cannot directly compare the computed values on the tesn@nes in Table_ XXl with the
corresponding 481 and 64l values, due to the measuremeints performed with different quark
masses. For a definitive test, we instead include the teshdriss in the global fits. For each
ensemble there are associated three free parameters:athmg qgarameterg,;, Z, andR,. The
observed differences in the fermion action appear to resutiegligible changes td, andZ,,
hence we are able to fix those values to those of the 241/4Bt{gn241test) and 321/64lI (for the
32ltest ensemble); this leaves oMy as a free parameter for each ensemble. In Table XXIV we
list the values oR; that we obtain, alongside the corresponding values for 4e32I, 481 and
641 ensembles. We observe excellent agreement betiRgen the 24Itest ensemble and that on
the 48l, and similarly between the 32Itest and 641. Thisrsftdear evidence that the change.in

is responsible for the observed differences in lattice isygadt provides further confidence in our
global fitting procedure, which was sufficiently reliablepiaduce strong evidence for this effect
even though it was not expected in advance.

Note, in this explanation we continue to assume the neariggoathe Mobius and Shamir 4-D
theories for fixed_s(b+ c), and to view the difference ia as what would have been observed
had we used only the Shamir action, increadiggrom 16 to 48 (for 241/48I) and 16 to 24 (for
321/641). While we believe that this assumption has a sttbiegretical justification, the numerical

experiment just described does not provide direct evidéorags validity.

Appendix D: Weighted fits

We define a weighteg? as

; (D1)
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Quantity 241 (0.005) 24ltest  [321(0.004)  32ltest

(P) 0.588053(4) 0.587035(6)0.615587(3) 0.615318(8)
m 0.005 0.00746  |0.004 0.00437

m 0.04 0.04246  |0.03 0.03037
Mes  |0.003154(15) 0.000666(2H).0006697(34) 0.000306(9)
M) -+ Myes|0.008154(15) 0.008126(28).0046697(34) 0.004676(9)
My + Myes| 0.043154(15) 0.043126(2H).0306697(34) 0.030676(9)
t/? 1.3163(6)  1.2766(19) |1.7422(11)  1.7226(24)
Wo 1.4911(15) 1.4485(46) |2.0124(26)  1.9937(57)

TABLE XXIIl. Comparison of various quantities in lattice s between the test ensembles and the original
ensembles. For the 241 and 32| ensembles we quote valugsefoesidual mass computed at unitary light
guark masses (not extrapolated to the chiral limit). Theskthe average plaquette values were determined
in Ref. B]. The Wilson flow scales on these ensembles araisksel in Appendik]E. For comparison, the

residual masses for the 481 and 641 ensembles are 0.000641{4.000312(2) respectively.

B =213 B =225

241 48| 241test | 321 641 32ltest

0.7491(23)0.7259(27)0.7243(28)1.0(0)|0.9897(19)0.9877(19)

TABLE XXIV. The values of the lattice spacing ratig, = a®?'/a’ for ensembles with § = 2.13 and

B = 2.25, including the two test ensembles.

wherei indexes the measuremenys,and g; are the measured value and statistical expthe
associated coordinates, anthe set of parameters of the fit functidn The quantitiegy are set

to a valueQ for some subset of the data, wh&les assumed to be large, and to unity for all other
data. We demonstrate below that the dependend® @anishes in the limif2 — co and that this
limit is sensible.

The minimum ofy? satisfies

x> < @ 0DP(%,0)
dCx _Zaiz dCx

=0.

(D2)
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Writing out the derivative explicitly and dividing both sid byQ gives the following expression:

ZQ 02 T dck

—0. (D3)

If we naively take theQ — oo limit of this equation, it appears that all of the data with= 1
drop out entirely and hence do not contribute to the fit. Thisartainly true in those cases in
which the number of data points with weight = Q is sufficient to determine the full set of
parameterg. However when there are fewer points, there is no solutiahghtisfies Eq[{D3) in
theQ — o limit. We argue that if one first determines the solutionffoite Q, either analytically or
numerically, then afterwards take the linit— o, the solution remains valid and in fact depends
on the data withtyg = 1. The resolution of this apparent paradox is that when tleevesighted
points are insufficient to determine the parameters, theaft(almost-)unconstrained directions
with infinitesimally small curvature arising from the valiisg unweighted data, and hence there

is a well defined minimum.

a. Simple example

It is straightforward to demonstrate the behavior discdisg®ve via a simple example in which
we are attempting to determine the parameters of the fumctio

f(x) =a+bx (D4)
by minimizing
N-1
X'=3 (- f(x))wi =0, (DS)

wherer; are a series dil data points with coordinateg and unit variances for simplicity.

Let us first consider a scenario in which we have three datatp@i = 3), two of which are
overweightedwy = wy = Q, and the third is assignet, = 1. Here the overweighted data points
are sufficient to determine both parameters and the resstiloing for the minimum of Eq[(D5)
in the limit of largeQ, and the result of solving at finit@ and taking the limit afterwards, are

identical:
a=(rixo—rox1)/(Xo—x1) and b= (ro—r1)/(Xo—X1) - (D6)

Notice that this result does not contain the unit-weighaqgtint,r,
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Let us now consider just two data poink$-£ 2), and takevg = Q andw; = 1 such that the number
of overweighted data points is no longer sufficient to deteenboth parameters. The equations

for the minimum ofx? are:

2
% — 20 (ro— f(x0))—2(r1— f(xa))=0 and o7
a—):) — 20 (ro— (%)) %o — 2(r1— f(x1)) % = 0.
Taking the large limit gives
—2Q(rp— f(x0)) =0 and —2Q (rg— f(xg)) % = O. (D8)

These are identical up to a trivial normalization, hence \aeehtwo unknowns and only one
equation; no unigue solution can be found. (Note that thetfeat the equations are the same
will not be true in a general case with multiple over-consid data points; there one would
instead find expressions that cannot be simultaneouskfisalti) On the other hand vean solve

for the minimum at finiteQ; the solutions are identical to those given in Equation| (26 are
independent of, allowing us to take the larg@ limit a posterioriwithout issue.

Finally we consider one further example, again with thre@ gaints but this time with only one
over-weighted:N = 3, wp = Q andw; = w, = 1. Here, as above, the number of overweighted
points is insufficient to determine both parameters, butralte points together are more than
enough to constrain the parameters (with one degree ofdneed We might therefore expect
that the solutions at finit€ would beQ-dependent unlike in the previous example. Indeed this
is the case, but it is straightforward to show that the sohgiare finite in the limif2 — « and
furthermore that they are functions afl three data pointdn this limit. The expressions are
somewhat lengthy and we have not reproduced them here, buawveeplotted th&€ dependence
of the solutions for a particular set of data points and patans in Figuré 25. In the figure we also
plot the function before and after the weighting, demonistgathat it does indeed pass through

the over-weighted data point.

b. Determination of the optimdR value in the global fits

It remains to demonstrate the limiting behaviour in the mmmplex environment of the global
fits. As the minimization is performed numerically via the idaardt-Levenberg algorithm we

must be careful in our choice of algorithmic parametersatgerithm terminates when the change
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FIG. 25. (Left) The fit parameters of the functidiix) = a+ bx determined from arbitrarily chosen data
points,ro(xo = 1) = 2,r1(x3 = 3) = 7 andr,(x2 = 4) = 6, plotted against the weightir@ of the first point.
(Right) The fit curves witfQ = 1 (red full line) andQ = 100000 (dashed blue) overlaying the data.

in x2 under a shift of the fit parameters is less than some chosee, {2, . As we increas€

at fixed 52, , the relative effects of fluctuations in the unweighted datareduced and the fit
becomes more tolerant to increasingly large deviationdeffit from the unit-weight data. This
manifests as an increase in the jackknife statistical efa@ur predictions. We must therefore
choose a value odx?, that is small enough to properly take into account the cairgs from
the unit-weight data. The choice is limited by the increas®e for the fit to reach its minimum
coupled with the inevitable limits of finite precision. Foxdd 5)(%",, the time to perform the fit
also naturally increases wif due to the increase in the overall scale of the fluctuatioresmist
therefore determine an optimal value farthat is large enough that our predictions are no longer
noticeably dependent on its value while small enough fofiteéo complete in a reasonable time
and to be unaffected by finite precision errors.

In Figure[26 we show examples of tiedependence on the predicted valued gf fx, wp and
té/z. The plots also show the result of reducing the stopping itl:imndéx,%m by several orders
of magnitude. We observe percent-scale shifts in the devdtaes of these quantities from the
unweighted fit results, and we clearly see the behavior flattut at around2 = 1000. We
chooseQ = 5000 as a value large enough to be well within the flat regioitendmall enough
to avoid the difficulties discussed above. For the chosemevaf Q we observed no significant
dependence of the results a2, but to be conservative we chose« 104 as our final value.
Note that we observed stronger dependence of our resut’lis(,ﬁm for some alternate choices of

guess parameters, but with tighter stopping conditionsakelts stabilized and agreed with those
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FIG. 26. Plots of the predicted continuum value fgr(upper-left), f (upper—right),té/2 (lower-left) and
Wo (lower-right) as a function of the weigl@ applied to the physical point ensembles in the fit. Fits were
performed withQ = 1,10,100 1000 5000 10000 and 50000. We also considered three different values
of the stopping conditio®dx2;,: 1x 1073, 1x 10~ and 1x 10~°. For the point aQ = 5000 we also
considered a fourth valugx?,, = 1 x 10°°, and we only consider two values f@ = 50000 where the
errors are clearly less well controlled. For each choic@ofhe results for each value 6fx2, have been

offset for clarity, with the largest value the left-most podf each cluster, with the largest error.

presented in this document. To be certain, all fits presewtthdn the body of this work were
repeated with tighter stopping conditions, and no sigmficdianges from the given values were

observed.

Appendix E: Additional measurements on the 321, 241 and 32IDensembles

In this work we include additional data for the 241 and 32lemnbles, specifically measurements

. 1/2 .
of the Wilson flow scalesto/ andwp, and also an improved measurement of the vector current
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renormalization coefficient that we use to normalize ouragemonstants. To remind the reader,
these ensembles have lattice volumes of 2464 x 16 and 33 x 64 x 16, and use the Shamir
domain wall fermion action with the lwasaki gauge action atebcoupling®3 = 2.13 and 225
respectively, and were originally described in R [38] B]. We also perform measurements of
the Wilson flow scales on the 321D ensemble, which has aéagtitume of 32 x 64 x 32, Shamir
domain wall fermions with the lwasaki+DSDR gauge actiofBat 1.75, and was described in

Ref. B].

1. Wilson flow scales

The procedure for determining the Wilson flow scales is dieedrin Sectiof IITF. We have three
321 ensembles with bare light quark masseamf= 0.004, 0.006 and 0.008, upon which we per-
form measurements using 300, 312 and 252 configurationsctggly (separated by 10 MD time
units) following our earlier analyses. The measuremem$amed over four successive configu-
rations to take account of autocorrelations. For the 24¢eie set, we have two ensembles with
am = 0.005 and 0.01, and we measure on 202 and 178 configuratiorectegly (separated by
40 MD time units) and use a bin size of 2. Finally, for the 32li3emble set we have two ensem-
bles witham = 0.001 and (0042, and we measure on 180 and 148 configurations respgctive
(with 8 MD time units separation) and bin over 4 configurasioNote that the results for the 321
m = 0.008 ensemble and the 241 = 0.01 ensemble are not included in the global fits due to the
pion mass cut, but we include the results here for completene

On all three ensembles we use reweighting in the sea strargg& mass to constrain the mass
dependence. The number of reweighting steps and the magssrased are given in the afore-
mentioned papers. For the results presented in this seat®list only the simulated value and the
closest reweighted value to the physical strange quark.nféssimulated strange quark masses
are 0.03, 0.04 and 0.045 for the 321, 241 and 32ID ensembépeotively, and the physical strange
masses are as followsam)3?' = 0.02482), (amy)?* = 0.03222) and (ams)3?'® = 0.04625).

2. Vector current renormalization

In Section 1ITQ we describe how the renormalization coeffitirelating the domain wall local

axial current to the physically-normalized Symanzik cotrean be determined via the quantity
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Ens. set(am,am) té/z/a Wp,/a

321 (0.004,0.03) |1.7422(11) 2.0124(26)
(0.004, 0.025) |1.7510(14) 2.0310(34)
321 (0.006,0.03) |1.7362(9) 1.9963(19)
(0.006, 0.025) |1.7439(15) 2.0136(34)
321 (0.008,0.03) |1.7286(11) 1.9793(24)
(0.008, 0.025) |1.7359(12) 1.9913(24)

241 (0.005,0.04) |1.3163(6) 1.4911(15)
(0.005, 0.03225)|1.3237(12) 1.5071(22)
241  (0.01,0.04)  |1.3050(7) 1.4653(14)
(0.01, 0.03225) |1.3126(12) 1.4808(30)

32ID  (0.001, 0.045) |1.0268(3) 1.2178(7)
(0.001, 0.04625)|1.0262(3) 1.2088(10)
32ID  (0.0042, 0.045) |1.0225(3) 1.2042(7)
(0.0042, 0.04625)1.0220(3) 1.2031(8)

TABLE XXV. The Wilson flow scales in lattice units on the 32KI12and 32ID ensembles at the simulated
strange quark mass and the reweighted mass closest to thiegdhyalue. The quark masses are given in

bare lattice units.

2y /Zy, which relates the local vector currevji to the conserved 5D currerff,. This quantity
is used to renormalize the decay constants. In our earlieksmBB] we obtainedy by fitting
directly to the ratio of two-point functions,

(6.0)
,0))

Since the lightest state that couples to the vector opeigtbe noisyp meson, for this work we

2y 3P
Zy 32 3x(VAX V(O

(E1)
instead determine the ratio for the 48I, 64l and 32Ifine efdesnvia the three-point function,
(rVy|m), as described in Sectign III.T 2; this procedure gives a sunisily more precise result
than the above. In the global fits we attempt to describe theafentioned ensembles, along with
32l and 241 ensemble sets, using the same continuum scadijggtory. In order to guarantee
consistent scaling behavior we must therefore recomputen the 321 and 24l ensemble sets

using the new method. This is not necessary for the 32ID eblesmnwhich are described by a
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Ens. set(am) |2y

241 0.03 |0.71611(8)
0.02 |0.71498(13)
0.01 |0.71409(20)
0.005 |0.71408(58)
—aMes|0.71273(26)

321 0.008 |0.74435(42)
0.006 |0.74387(55)
0.004 |0.74470(99)
—ames|0.74404(181)

TABLE XXVI. 2, measured on the 241 and 321 ensembles, and the extrapokiteslin the chiral limit.

different scaling trajectory.

On the 241 ensemble set we measured on 147 and 153 configngrafitheam = 0.005 and 0.01
ensembles respectively. We also included 85 measurementkedeavieam = 0.02 ensemble
and 105 measurements on @ = 0.03 ensemble described in Rﬁlﬂ[33]. For the 321 ensembles
we measure on 135, 152 and 120 configurations oaithe= 0.004, 0.006 and 0.008 ensembles
respectively. In Table XXV we list the measured values atheensemble and extrapolated to the

chiral limit.

Appendix F: Non-perturbative renormalization

In order to determine the renormalization coefficients fa& ¢juark masses amk, we use what
is now the standard framework for our collaboration: the Rédouthampton non-perturbative
renormalization schemes_|37] with momentum sources, édistoundary conditions and non-
exceptional kinematic 8]. This setup has already lbescribed in several previous publi-
cations BS@EEO] and results in tiny statistical esyanfra-red contamination suppression,
and consistent removal af discretization effects in the vertex functions.

A key aspect of the RI-MOM approach is that any other, potdigtregularization dependent,
scheme may be easily converted into the RI-MOM scheme usorgentum-space scattering am-

plitudes determined (either perturbatively or non-pdxatively) solely within that other scheme.
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This makes RI schemes a very useful intermediate schemeifweding between lattice calcula-
tions andVIS.

The amputated vertex functiofk, of the operators of intere§ (in this papelO represent flavour
non-singlet bilinear and four-quark fermion operatorg) @mputed on Landau gauge-fixed con-
figurations, for which we use the timeslice by timeslice FASIDorithm ]). We use non-

exceptional ‘symmetric’ momentum configurations, defingdHz condition

pd = p5 =, (F1)

where, for bilinear verticeq; andp, are the incoming and outgoing quark momenta respectively,
and for the four-quark vertices used to compzgg the quark momenta are assigned as follows:
d(p1)s(—p2) — d_(—pl)s( p2). In the aboveq = p; — p2 is the momentum transfer.

In contrast to the symmetric scheme, the original RI-MOMesok defined in Refl__[_iL7], which
we do not include here, corresponds to the zero-momentumsfelakinematics, i.e.p1 = po,

and suffers from enhanced non-perturbative effects at éigingies arising from low-momentum
loop effects; in particular the effects of the dynamicalrahsymmetry breaking are greatly en-
hanced|[6].

We compute projected, amputated vertex functions of tha for

NE"(u,8) = 2{No(0P.a) }yo_q - (F2)

Precise definitions of the projectog8 depend on the choice of operator, the kinematics, and the
choice of scheme. In practice the Green’s functions aredmstputed at finite values of the quark
mass and then extrapolated to the chiral limit; this quarksrdependence is however very mild
for the non-exceptional schemes considered here and watdyaiow for the purpose of clarity.

The renormalization factors are defined by imposing

Zo

ﬁ(”’ a) x AN2"(1, @) = A%ee. (F3)

whereZg is the quark wave function renormalization factor, arttie number of fermion fields in
O. A second, separate condition is required in order to exEgadNote that the right-hand side of
the above depends on the choice of projector.

In order to simplify the equations, we introduce the follog/notation:

No = NE"® x (N&#) L. (F4)
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projection scheme and for each ensemble, as a function eftieenal momenta.

In this work we are only interested in quantities that reraine multiplicatively, such that the
Z-factors and thé\s are simply scalars. For a general lattice action with rene-zhiral symmetry
breaking, the four-quark operator responsibleior K_mixing in fact mixes with other operators,
andZop and/\%allre become matrix-value&lw]. However for our choice of actitve residual chiral
symmetry breaking is negligible and only multiplicativeoemalization is required.

Once a bare matrix elemen®)P2¢(a) of the operatolO has been computed on a lattice with

lattice spacin@, theZ-factor can be used to convert it into the corresponding M&i¥leme:

MOM
(OMM(u,a) = (%(u@) x (0)*%(a) . (F5)

In order to connect the lattice results to phenomenologgy tiave to be matched to a scheme
suitable for a continuum computation, suchMS; this is performed using perturbation theory.

The final equation reads:
(O)VS(u, @) = MSMOM (L) x (O)MOM(p1, ) (F6)

This quantity has a well-defined continuum limit as any poétiivergences are absorbed by the
Z-factors.

We remind the reader that tlefactors defined above are scheme dependent. The rencatraiiz
scheme is fixed by the choice of projectors and of kinemaspsgcifically, with the choice of
symmetric kinematics given above, it depends on the prajected for the operatd and that
used to extracZy. For both the quark mass renormalization facZay, and theBk renormalization
factor, Zg, we use two SMOM schemes; for the former these are the RI-SM@#the RI-
SMOMy,, [@] schemes, and for the latter the SMOM(y*) and SMOM4, @) [@] schemes.
In the main analysis we use the difference betweenMiSeresults computed using these two
intermediate schemes as an estimate of the systematicasgociated with the truncation of the

perturbative series used to compute the SMOMIS matching factors.

a. Renormalization of the quark masses

Our determination of the quark masses from the global fits aseintermediate scheme that is
hadronically defined and explicitly dependent on our choidattice regulator. The renormaliza-

tion factors from bare masses to this temporary hadronieraehare denotedy andz, for light
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and strange quarks respectively. For quark masses we caartdimns temporary scheme to an
SMOM scheme by determining the SMOM renormalizat&gM©M in the usual way and then
determining the continuum limit of the rati%ﬁ/“%, and from there t®/S in the usual way. This is
described in more detail in SectibnV C.

We first introduce the renormalization factor of the flavoonssinglet bilinears. We definkg
and A\p, the amputated and projected Green’s functions of the iseal pseudoscalar bilinear

operators respectively, as
Ns=tr[Ms-1], Np=tr[Mp- 5] . (F7)
Similarly, for the local vector and axial currents we define:
Ava=tr[Mya, T | (F8)

where(s) denotes the choice of projector. Following RQ [68], wemiethey,, and theg-schemes

(or projectors) in the following way:

F\(,Z“) = Yu, and FQZ‘) = Yuks, (F9)
and
r\(/?,) = qu/qza and r,(oi) - gq“ys/qz (FlO)

For completeness, we also renormalize the tensor curréetvé@rtex function iflgw, where

[
a[JV = é [VH7 VV} 9 (Fll)

and the amputated and projected vertex are

At = tr [rlgw - rﬁfg] . (F12)
For the projectors, we use
FSV;L) = Ouv, and rﬁf‘,fv = OypQpQu/d?. (F13)

The corresponding renormalization fact@ks, T a p/Zq can then obtained by imposing Ef. [F3)
with n = 2.

To obtain the renormalization factor of the quark mags, we take the ratio of the vector and
scalar bilinears in order to cancel the quark wave-funatesrormalization:

KS(”? a)

()
Zm (U,a) — — 9
Zy(a) x AP (11, 2)

(F14)
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whereZy is computed hadronically via the procedure given in Sedib@ 2] In the previous
equation, we have used the fact t@at= 1/Zs = 1/Zp in the chiral limit. Similarly, we should
expectZa = Zy up to some small corrections arising, for example, from #ot that we work at
finite Lg, or due to infrared contaminations. In our estimate of tretesyatic errors, we have also
replaced\s by Ap and/Ay by A in Equation[(E14).

b. Renormalization of the kaon bag parameter

The renormalization factdfg, is defined in a similar manner. The amputated Green’s functio
the relevant four-quark operatér,y . aa describingk — K oscillations in the Standard Model is
computed numerically with a certain choice of kinematicd projected onto its tree-level value.

We normalize by the square of the average between the veudaaal bilinear:

A(S1)
N\ ,a
Zg ™ () x —X(VT\A(“ Y (F15)
/\A%/ (“7 a)
where
1
Ny = é(/\v +Aa), (F16)

such that the quark field renormalization cancels in the réti practice we find that the difference
between the vector and axial vertices are very small, hédmoesing the average rather than simply
Ny or Ap in the denominator, has no discernable effect.

In Eq. (E1%), the superscripts ands, label the choice of projectors. We refer the reader to
Refs. BSELS] for the details on the implementation, inchglihe explicit definitions of projectors.

1. Numerical details and discussion
a. Quark mass renormalization

For the quark mass renormalization we require only the wabrethe 321 and 24l ensembles,
which together are sufficient to perform the continuum epdtation ofZy/Z, . Here we discuss
an update of the analysis performed in Rf. [5] using the nalgtermined lattice spacings and a
number of additional data points.

In the Rome-Southampton method, the projected vertexifumsare first computed at finite quark

mass before being extrapolated to the chiral limit. For eambemble, we use unitary valence
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guark masses and extrapolate linearly in the quark maskelsda sector, the strange quark mass
remains fixed to - or close to - its physical value. Since weatmbserve any relevant quark mass
dependence in our data, we neglect the systematic erracias=bto the fact that the sea strange
guark mass is not extrapolated to zero.

We use patrtially-twisted boundary conditions to obtain reata of the following form:

pn = 2(~M0,1110), (F17)
2, .
pOUt - T (07 m7 m7 O) ) (F18)

wherenicombines the Fourier mode with the twist an§le
Mm=m+6/2, meN. (F19)

The fact that these momenta all point in the same directioto dnypercubic rotations means that
they lie upon a common continuum scaling curve (i.e. théidependence is the same), allowing
us to unambiguously take the continuum limit.

For the 24l lattice, in addition to the momenta Iistedm"n ik have generated additional points
closer to the 3 GeV point at which we ultimately evaluate tha&tors. More precisely, the twist
anglef is chosen to ba x 3/16, withn = 15,16, ...19. The results can be found in the following

section.

b. Renormalization of B

As By is a scheme dependent quantity, we must perform our glolsatditenormalized data,
and as a result we require values of the renormalizatiorficmefts to be computed on all of the
ensembles used in the analysis: the 321, 241, 48I, 641, 326ind 32ID. This differs from the
guark mass determination, for which we used a hadronicaffindd intermediate scheme during
the continuum extrapolation and converte®A8 a posteriori In this appendix we present updated
values of the 32I, 241 and 3218, results in Ref.ELS], as well as new values for the 48l, 641 and
32Ifine.

For our new ensembles, we have considered only one value gtance quark massea=ma.
Again, due to the modest chiral dependence previously veddor the non-exceptional schemes,
we expect the associated systematic error to be negligivigare to the other sources of errors

(in particular the perturbative matching).
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As the 32ID ensemble is comparatively coarse, we renormaliza lower scalgiy ~ 1.4 GeV
and use the non-perturbative continuum step-scaling rfa:lﬁfga’se)(u,ug) to run to 3 GeV. This
procedure is discussed in RQ. [5]. The step-scaling fastobtained by performing a continuum
extrapolation of the ratio

O ™ (1, Hor) = Zg2 ™ (1) /25 ™ (ko). (F20)

computed on the 321 and 241 lattices.

Since the values of the lattice spacings have been updatedutnbers quoted here differ slightly
from our previous work. The strategy is the following: we tise same 32ID lattice renormaliza-
tion coefficient,Zéfj’sZ) (Ho,as21p), as used previously, but notice that the correspondingevatipiy
obtained with the new lattice spacings i4¢363 GeV rather than 1.426 GeV. As a result we must
recompute the step-scaling factor. The results@j’sﬂ at Lo can be found in Table XXXVIII
and our updated results fmréil’sz) are reported in Table_XXXIX. For each scheme, the 321D

renormalization factor evaluatedat= 3 GeV is then simply given by

(s1,%2)

Zg ™ (1. ac2i0) = 0'%%) (M, o) x Z85 (o, agzin). (F21)

2. Numerical results

a. Bilinears and quark mass renormalization

The values for the amputated vertex functidﬁ:{normalized by the tree level value) at finite
quark mass and in the chiral limit computed on the 241 enserabt given in TableS XXV
andXXVIIlfor the SMOM,» and SMOM schemes respectively. The corresponding numbers f
the 321 ensembles are given in Takles XXIX ahd XXX. Recalk tlha use only one choice of

projector for the scalar and pseudoscalar vertices, spaityfthose given in EqL(E7). The results
for these vertices computed on the 241 and 321 ensemblesdteled in Tablels XXVII and XXX
respectively.

In Table[XXXI we presenﬁ interpolated to 3 GeV using a polynomial ansatz in the moment
For the 24l lattice, since we have a very fine resolution, We tae five momenta quoted in the
tables. For the 321 results we uge- 2.77,3.10 and 343 GeV in the interpolation.

We show the values of the quark mass renormalization in TEKIEILl Using Table[XXXIIwe

can gauge the size of the systematic errorZgnby comparing the S and P vertices and the A
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am=0.01

0/GeV|2.911997 2.973955 3.035912 3.097870 3.159827

S |1.14923) 1.14553) 1.14223) 1.13902) 1.1360(2)
1.0530(2) 1.05372) 1.05432) 1.05502) 1.05572)
1.02252) 1.02442) 1.02632) 1.0281(2) 1.02992)
1.05272) 1.05342) 1.0541(2) 1.05482) 1.0556(2)
1.1520(3) 1.14803) 1.14443) 1.14092) 1.13772)

T > 4 <

am= 0.005

0/GeV|2.911997 2.973955 3.035912 3.097870 3.159827

S |1.1491(2) 1.14552) 1.1421(1) 1.1390(1) 1.1360(1)
1.05291) 1.05361) 1.05421) 1.05491) 1.05561)
1.02252) 1.02442) 1.02621) 1.0281(1) 1.02991)
1.05281) 1.05341) 1.0541(1) 1.05481) 1.0556(1)
1.15172) 1.14782) 1.1441(2) 1.14072) 1.13752)

T > 4 <

am= —alMes

0/GeV|2.911997 2.973955 3.035912 3.097870 3.159827

S |1.1491(7) 1.14556) 1.1421(6) 1.13895) 1.13595)
1.05275) 1.05344) 1.05404) 1.05474) 1.05554)
1.02235) 1.02435) 1.0261(5) 1.02805) 1.02995)
1.05284) 1.05354) 1.05424) 1.05494) 1.05564)
1.15127) 1.14737) 1.14367) 1.14026) 1.13706)

T > 4 <

TABLE XXVII. Projected, amputated vertex functioms for the vector, axial-vector and tensor operators
in the SMOM,: scheme computed on the two 241 ensembles, and in the chimia] &t scales close to the
chosen renormalization scale of 3 GeV. In this table we aistude the projected, amputated scalar and

pseudoscalar vertices.

and V vertices. We observe that the differences betweendbimwvand axial vector vertices are
very small, and can therefore be neglected. The differebetgeen the scalar and pseudoscalar
vertices are slightly larger, but these correspond to ord% changes if used in the computation
of Zm, and can therefore be ignored. As discussed above, thevststeerror associated with not

taking the chiral extrapolation of the sea strange quarksneas also be ignored. Note that the
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am=0.01

0/GeV|2.911997 2.973955 3.035912 3.097870 3.159827

V |1.11594) 1.11603) 1.11633) 1.11663) 1.1171(3)
T [1.02252) 1.02442) 1.02632) 1.0281(2) 1.02992)
A |1.11563) 1.11583) 1.11603) 1.11643) 1.11693)

am=0.005

0/GeV|2.911997 2.973955 3.035912 3.097870 3.159827

V [1.11583) 1.11593) 1.11622) 1.11652) 1.11692)
T [1.02252) 1.02442) 1.02622) 1.0281(1) 1.02991)
A |1.11563) 1.11582) 1.11602) 1.11632) 1.11672)

am= —alMes

0g/GeV| 2.911997 2.973955 3.035912 3.097870 3.159827

V |1.11569) 1.11589) 1.11598) 1.1161(8) 1.11648)
T [1.02245) 1.02435) 1.02625) 1.02805) 1.02995)
A |1.115§9) 1.11588) 1.116Q8) 1.11627) 1.11657)

TABLE XXVIII. Projected, amputated vertex functiomsin the SMOM scheme computed on the two 24l

ensembles, and in the chiral limit, at scales close to theahoenormalization scale of 3 GeV.

uncertainties on the lattice spacings are incorporatelddse quantities in the main analysis.

b. Renormalization of B

We quote the results for the projected vertex funcﬂ_\sm,+AA at finite masses and in the chiral
limit for various momenta on the 321 and 24l ensembles in 88I{XXIII and [XXXIV] The
corresponding values each computed at a single quark mdke d8l, 641 and 32Ifine ensembles
are given in Tablels XXXW, XXXV] and XXXVII respectively.

To obtain the final results we construct the ratio given in&upun [92) at finite quark masses for
a few momenta surround the desired scale, ejtiger 1.4363 GeV o = 3 GeV, take the chiral
limit and then perform the interpolation with a polynomiaisatz. Similarly to the quark mass
case, the procedure is very robust and does not depend ordirevee perform these operations,

nor on the details of the interpolation. The final resultsZgr on the various ensembles are given



am= 0.008

g/GeV

1.186382

1.581953 2.067155 2.397900 2.769988 3.10073314878

T > 4H <

1.5760(95)
1.056813)
0.907210)
1.03579)
1.845392)

1.412423) 1.2881(7

1.04254)
0.94033)
1.03694)

1.03761
0.9668 1
1.03641

1.485322) 1.30659

)
)
)
)
)

1.2346/4
1.03681

1.03621
1.24255

)
)
0.97961)
)
)

1.19202) 1.16482) 1.14461
1.03741) 1.03870) 1.04050

) ) )
) ) )
0.99151) 1.00050) 1.00830)
1.0371(1) 1.03850) 1.04040)

) ) )

1.19563) 1.16652) 1.14572

am= 0.006

g/GeV

1.186382

1.581953 2.067155 2.397900 2.769988 3.10073314878

T > 4H <

1.581854)
1.05447)
0.9081(5)
1.03578)
1.812466)

1.417829) 1.290610) 1.23586

1.04134)
0.94023)
1.03743)

1.03762
0.96693
1.03672

1.474523) 1.30486

)
)
)
)

1.03702
0.97982
1.0366/2
1.24196

)
)
)
)
)

1.1930(3) 1.16562) 1.1451(1
1.03761) 1.03881) 1.0406/1

) ) )
) ) )
0.99171) 1.00061) 1.00841)
1.03741) 1.03871) 1.04051)

) ) )

1.19563) 1.16692) 1.14582

am= 0.004

g/GeV

1.186382

1.581953 2.067155 2.397900 2.769988 3.10073314878

T > 4H <

1.569761)
1.054210)
0.90788)
1.0396/8)

1.416324) 1.29156

1.04182)
0.94042)
1.03832)

1.03732
0.96682
1.03662

1.8346113) 1.4761(21) 1.305Q9

)
)
)
)
)

1.23633
1.03681
0.97981
1.03651
1.24144

)
)
)
)
)

1.19272) 1.16531) 1.14481
1.03741) 1.03871) 1.04051

) ) )
) ) )
0.99171) 1.00051) 1.00831)
1.03731) 1.03861) 1.04041)

) ) )

1.19483) 1.16631) 1.14551

am= —alMes

g/GeV

1.186382

1.581953 2.067155 2.397900 2.769988 3.10073314878

T > 4H <

1.5605173) 1.421957) 1.295514) 1.23847

1.0510(25)
0.908518)
1.043§18)

1.04136)
0.9406(6)
1.04005)

1.03693
0.96684
1.03684

)
)
)

1.03693
0.97993
1.03683

)
)
)
)

1.19344) 1.16593) 1.14533
1.03752) 1.03882) 1.04051

) ) )
) ) )
0.99182) 1.00062) 1.00841)
1.03762) 1.03881) 1.04051)

) ) )

1.7969254) 1.463753) 1.303022) 1.240Q11) 1.194Q7) 1.16594) 1.14523

109

TABLE XXIX. Projected, amputated vertex functionsfor the vector, axial-vector and tensor operators in
the SMOM,«» scheme computed on the three 321 ensembles, and in the kimitalat scales close to the
chosen renormalization scale of 3 GeV. In this table we aistude the projected, amputated scalar and

pseudoscalar vertices.
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am= 0.008

g/GeV| 1.186382 1.581953 2.067155 2.397900 2.769988 3.100733148/8
V. [1.175630) 1.138712) 1.11454) 1.10472) 1.09792) 1.09451) 1.09281)
T [0.907710) 0.94063) 0.966841) 0.97961) 0.99161) 1.00050) 1.00830)
A |1.165927) 1.135912) 1.11374) 1.10432) 1.09772) 1.09431) 1.09271)

am= 0.006

g/GeV| 1.186382 1.581953 2.067155 2.397900 2.769988 3.100733148/8
V. [1.173515) 1.136710) 1.11476) 1.10494) 1.0981(3) 1.09463) 1.09293)
T |0.90896) 0.94053) 0.96693) 0.97982) 0.99171) 1.00061) 1.00841)
A |1.1661(15) 1.134710) 1.11426) 1.10464) 1.09793) 1.09453) 1.092§3)

am= 0.004

0/GeV| 1.186382 1.581953 2.067155 2.397900 2.769988 3.1007331478
V. |1.176019) 1.13778) 1.11384) 1.10452) 1.09792) 1.09441) 1.09271)
T [0.90867) 0.94082) 0.96672) 0.97981) 0.99171) 1.00051) 1.00831)
A [1.171320) 1.13658) 1.11344) 1.10432) 1.09782) 1.09431) 1.0926/1)

am= —alMes

0/GeV| 1.186382 1.581953 2.067155 2.397900 2.769988 3.1007331478
V 1.176954) 1.136823) 1.1131(9) 1.10425) 1.09794) 1.09443) 1.0926(3)
T [0.909717) 0.9411(6) 0.96673) 0.97993) 0.99182) 1.00062) 1.00841)
A |1.177753) 1.137223) 1.11329) 1.10435) 1.09804) 1.09443) 1.0926/3)

TABLE XXX. Projected, amputated vertex functionsin the SMOM scheme computed on the three 32|

ensembles, and in the chiral limit, at scales close to theahoenormalization scale of 3 GeV.

Lattice Scheme S \Y T A P
yH  11.1441(6) 1.0536(4) 1.0251(5) 1.0538(4) 1.1457(7)
24|
g - 1.1158(8) 1.0251(5) 1.1159(8) -

y*  1.1736(4) 1.0383(2) 0.9981(2) 1.0383(2) 1.1737(5)
a - 1.0957(3) 0.9978(2) 1.0958(3) -

321

TABLE XXXI. The bilinear amputated, projected vertex fuiocts A interpolated to 3 GeV. Note that these

errors do not include the lattice spacing uncertainty.
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241 321

Vi |1.523(1) 1.519(4)

g [1.439(1) 1.440(4)

TABLE XXXII. Quark mass renormalization factoﬁ,?(?, GeV,a) computed on the 241 and 32I lattices at

3 GeV in the two SMOM-schemes. Note that these errors do chide the lattice spacing uncertainty.

in Table[XXXVIII] and the continuum step-scaling factoreedgo run the 32ID renormalization
factor to 3 GeV are quoted in Takle XXX X.

As with the quark mass renormalization the only significaniree of systematic error on these
results arises from the perturbative matching/t8, which we estimate using the full difference
between our final predictions f@x determined via the two intermediate SMOM schemes. As
above, we incorporate the uncertainties on the latticeispaento our renormalization factors in

the main analysis.

Appendix G: Random number generator

After all the data presented in this paper was generatedast found that the U(1) noise gen-
erated from the freshly initialized random number gener@®NG) in CPS Eh] is vulnerable
2

/V deviates from N. This

correlation is not observed when U(1) noise is replaced gitssian noise, for which the ac-

to correlations, such that the expectation valur%) piy N, e 0

cept/reject procedure used in generating the gaussiammandmbers appears to eliminate the
observed correlation. We also confirmed that the U(1) nagseated from the CPS RNG for the
thermalized gauge configurations on our previous ensendole®t show the correlation, due to
the de-correlating effect of the gaussian RNG used for teegsfermion fields.

To further test the robustness of gaussian random numbeeraged from CPS RNG, we re-
produced the 2+1 flavor DWF ensemble used in Q [72], withRING's replaced with the
Mersenne Twistem?;], implemented in C++11. Eaéhhgpercube of lattice sites was initial-
ized with randomized seeds. We confirmed that the plagugteea to within 1 standard devia-
tion: 0.588064(12) from 8460 MD units compared to 0.5880%#0m the configurations used in
Ref. [72]. All the random numbers generated from CPS RNGHerwork presented here were

gaussian random numbers. The only exception are the Z(8pnamumbers foZz box source



(y*,y") scheme, lowest momenta

g/GeV

1.172282 1.563201 1.858201 1.920141

am=0.01
am= 0.005

am= —alMes

1.145314) 1.16179) 1.17025) 1.17225)
1.145816) 1.16008) 1.16884) 1.17084)
1.146648) 1.157426) 1.166514) 1.168513)

(y*,y*) scheme, highest momenta

g/GeV

2.973122 3.035062 3.097002 3.158942

am=0.01
am= 0.005

am= —alMes

1.21165) 1.21455) 1.21745) 1.22055)
1.21133) 1.21423) 1.2171(3) 1.22023)
1.210813) 1.213713) 1.216714) 1.219714)

(9,9) scheme, lowest momenta

g/GeV

1172282 1.563201 1.858201 1.920141

am=0.01
am= 0.005

am= —alMes

1.301725) 1.2921(14) 1.2851(10) 1.284€10)
1.299623) 1.287615) 1.28258) 1.2821(8)
1.296264) 1.280349) 1.278230) 1.277927)

(@,9) scheme, highest momenta

g/GeV

2973122 3.035062 3.097002 3.158942

am=0.01
am= 0.005

am= —alMes

1.30127) 1.30377) 1.30648) 1.30928)
1.30085) 1.30335) 1.30594) 1.30874)
1.300318) 1.302718) 1.305218) 1.307818)

112

TABLE XXXIII. Chiral extrapolation ofKVV+AA in both schemes on the 241 ensemble for the momentum

points in the vicinity of the ¥ GeV scale, and those in the vicinity of the 3 GeV matchindesca

used for theQ baryon in Sectioh II['E, which was generated independentijnfthe CPS RNG.
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(y*,y") scheme

/GeV | 1.186382 1581953 2.067155 2.397900 2.769988 3.1007331478
1.13992) 1.14832) 1.15731

am=0.008 |1.098521) 1.111711) 1.124Q2) 1.1311(3)
am=0.006 [1.0991(20) 1.1111(6) 1.12465) 1.13184)
am=0.004 |1.100816) 1.11202) 1.12365) 1.13124) 1.14013
am= —ams|1.103443) 1.112911) 1.123713) 1.13169) 1.14047
(9,@) scheme

1.14043) 1.14873) 1.15773

)
)
1.14832) 1.15732

)

)
)
)
1.14856) 1.15745)

)
)
)
)

GeV | 1.186382 1.581953 2.067155 2.397900 2.769988 3.1007331478
am= 0.008 [1.247340) 1.235221) 1.22625) 1.22333) 1.22383) 1.22662) 1.23162)
am= 0.006 |1.2471(25) 1.233413) 1.2271(10) 1.22427) 1.22436) 1.2271(5) 1.2321(5)
am=0.004 |1.251528) 1.234513) 1.22539) 1.2231(4) 1.22394) 1.22663) 1.23162)
am= —ames| 1.256677) 1.2341(38) 1.2251(22) 1.2231(12) 1.2241(10) 1.22678) 1.23167)

TABLE XXXIV. Chiral extrapolation ofKVV+AA in both schemes on the 321 ensemble for all simulated

momenta.

(y*,y") scheme

¢/GeV | 2.72125  2.88132  2.96136  3.04139  3.20147
VV+AA [1.20472(14) 1.21216(8) 1.21604(8) 1.21996(8) 1.22827(6)
vV [1.05201(5) 1.05371(3) 1.05463(4) 1.05557(3) 1.05753(1)
A |1.05196(3) 1.05368(2) 1.05458(4) 1.05553(3) 1.05745(4)

(9,@) scheme

g/GeV | 2.72125 2.88132 2.96136 3.04139 3.20147

VV+AA |1.29658(31) 1.30250(14) 1.30598(10) 1.30955(10) 1.3(A)3
V. |1.11640(15) 1.11660(7) 1.11697(4) 1.11749(5) 1.11902(15
A |1.11633(13) 1.11659(5) 1.11695(4) 1.11747(5) 1.11902(14

TABLE XXXV. Vertex functions of the four-quark operato/E‘WJrAA and the biIinearsKV andKA needed

for Zg,, computed in both schemes on the 48] ensemble avith= 0.00078.
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(y*,y") scheme

g/GeV | 2.7823 2.94596 3.0278 3.10963 3.27329

VV+AA | 1.13936(9) 1.14363(10) 1.14575(6) 1.14798(6) 1.15261(4)
\Y 1.03721(4) 1.03783(3) 1.03818(2) 1.03859(2) 1.03949(2)
A 1.03715(2) 1.03780(3) 1.03815(2) 1.03856(2) 1.03949(1)

(9,@) scheme

g/GeV | 2.7823 2.94596 3.0278 3.10963 3.27329

VV+AA |1.22136(20) 1.22299(22) 1.22387(12) 1.22501(11) 1.2¢750
\Y 1.09622(9) 1.09451(11) 1.09379(6) 1.09323(5) 1.09239(6)
A 1.09619(9) 1.09449(11) 1.09377(6) 1.09321(5) 1.09238(7)

TABLE XXXVI. Vertex functions of the four-quark operatorg,VJrAA and the bilinearsﬁv andKA needed

for Zg,, computed in both schemes on the 641 ensemble avith- 0.000678.

(y*,y") scheme

0/GeV | 2.18326 2.61991 3.05656 3.49322 3.92987 4.36652

VV+AA |1.08793(30) 1.09602(53) 1.10356(30) 1.11137(28) 1.1(19)91.12751(11)
V  [1.03160(12) 1.03005(15) 1.02984(8) 1.03049(8) 1.031)62{503327(4)
A [1.03076(11) 1.02976(17) 1.02972(8) 1.03042(8) 1.031)59(503324(5)

(9,@) scheme

0/GeV | 2.18326 2.61991 3.05656 3.49322 3.92987 4.36652

VV+AA |1.18143(36) 1.17928(112) 1.17863(65) 1.18050(63) 1.0 1.18855(25)
V  [1.10353(55) 1.09220(57) 1.08465(34) 1.08013(31) 1.0{2B71.07605(12)
A [1.10308(55) 1.09196(57) 1.08453(34) 1.08005(31) 1.077B31.07601(12)

TABLE XXXVII. Vertex functions of the four-quark operatovgverAA and the bilinearsﬁv andKA needed

for Zg,, computed in both schemes on the 32Ifine ensembleanitk- 0.0047.
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Zéil's"’) (3 GeV,a)

241 321 48| 641 32Ifine 321D

(Vi,vu)| 0.9161(5) 0.94092) 0.913973) 0.941062) 0.96171) -
(a.@) |0.95682) 0.97871) 0.9544524) 0.9781522) 0.99951) -

Z5+*)(1.4363 GeVa)

(Yu, Yuu) |0.9546(10) 0.9809(93) - - - 0.9210(8)
(9,9) |1.0488(16) 1.0638(20) - - - 0.9992(11)

~—

TABLE XXXVIII. Bk renormalization factorzés;’SZ) computed on the various ensembles. For the 321, 241
we quote values at both 1.4363 GeV and 3 GeV, which are usemipute the step-scaling factor. For the
coarse 32ID ensemble we only quote the value at the lowes,smiadl for the 48l, 641 and 32Ifine we do not
guote the values at the lower scale as they are not neededrfanalysis. These values do not include the

effect of the uncertainty on the lattice spacing in theioesr

(Vus Yu) |0.9573(21)
(@.9) {0.9103(31)

TABLE XXXIX. Continuum non-perturbative scale evolutian'ésKl’SZ)(u, Ho) extracted from the 241 and 32|
lattices in two SMOM-schemes. As explained in the text, weose Ly = 1.4363 GeV andu = 3 GeV.

These values do not include the effect of the uncertaintyherdttice spacing in their errors.
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