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UNIVERSITY OF SOUTHAMPTON

ABSTRACT

Faculty of Engineering and the Environment

Institute of Sound and Vibration Research

Thesis for the degree of Doctor of Philosophy

Vibration analysis using approximate methods
for heavily damped systems with variability

by Lluís Cortés Mochales

In many engineering fields, vibration analysis is required for a safe design of me-
chanical structures. At an early stage, the design process relies on computer models
for assessing the performance of the structure. Computational methods, such as the
Finite Element Method (FEM), are typically used in order to predict the vibration
behaviour of the modelled structure. These methods, however, involve a high com-
putational cost for obtaining the dynamic response of a system model, specially
when the analyses are targeted at vibrations in the mid-frequency range. Further-
more, repeated vibration analyses are often required in structural design since the
model parameters may be variable, e.g. in model updating from vibration mea-
surements, in model optimisation algorithms, or in vibration analysis of systems
subject to uncertainty. Therefore, in applications where repeated analyses need
to be conducted intensively, the vibration analyses cost may add up, so that the
overall computation time becomes unbearable for the engineering needs. For this
reason, there already exist efficient methods for the approximate vibration reanaly-
sis of systems with varying properties. However, these approximate methods most
often neglect the energy dissipation mechanisms in the structure, and just address
the system dynamics through undamped modal analysis. This produces sufficiently
fair approximations for lightly damped structures, but it may not be the case for
locally/heavily damped structures.

This thesis presents novel approximate vibration analysis methods for heavily damped
structures, which are based on the state-space formulation for the modal analysis
of generally damped systems. It is shown how, whereas the modal solution of



the state-space equations of motion presents some added computational difficul-
ties, linear approximations on state-space models present equivalent computational
complexity to those on undamped models, while providing better estimates of the
variation in the damped dynamics. In particular, the variations in (state-space)
damped modes due to variations in the system model parameters are efficiently
estimated through perturbation and interpolation methods. Moreover, a recently
defined Rayleigh quotient for damped systems is proposed for improving the ac-
curacy of the linear approximate methods. In order to enhance the efficiency of
the approximate reanalyses, it is further proposed to reduce the state-space mod-
els through Component Mode Synthesis (CMS). Existing CMS methods based on
state-space formulation are investigated for the reduction of large built-up systems
which are locally and/or heavily damped. A perturbation propagation scheme on
state-space CMS models is then introduced. By simplifying this general scheme
for a given CMS method much efficient perturbation methods for damped systems
are attained. Finally, these latter methods are used in a numerical case study in
application to uncertainty analysis.
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Chapter 1

Introduction

In many industrial fields, control of vibrations is an issue of significant importance
when designing engineering structures. Structures such as bridges, buildings, ma-
chinery, cars, trains, airplanes or spacecrafts might vibrate excessively in operating
conditions if they are not properly designed. Excess vibration might cause mechan-
ical structures to fail and it may also produce noise and vibration annoyance to
human beings. For instance, structural vibrations are a common cause of mate-
rial fatigue due to the local stress loadings induced by the vibration. An excess of
vibration will increase the level of vibration-fatigue and, consequently, the risk of
fracture in parts of the structure. In time, this will worsen the performance of the
overall structure, failing to execute its task, or jeopardising human safety. Like-
wise, excess vibration in a structure may cause instability. For example, a bridge
or a building may go into resonance due to external loading, so that the vibration
response grows increasingly leading to structural collapse. It is therefore important
to take into account the vibration response behaviour in the design of mechanical
(and civil) structures.

In the design stage, an engineer needs to analyse the vibration behaviour of the
structure so that the vibration response, the internal forces and stresses, the sound
radiation, etc. of the structure in operating conditions can be estimated. Based
on these estimates one has to make a judgement whether the design needs to be
improved with respect to its dynamics. The influence that vibrations have on me-
chanical structures can be predicted as long as the dynamic characteristics of the
structure are known. The dynamic characteristics of a structure depend on the
physical properties of the structure. That is, the material properties (e.g. mass
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1.1. The design process

density, elastic modulus, shear modulus, Poisson ratio, etc.), the geometry and
dimensions of the structure, the connections between the parts that form the struc-
ture and the boundary conditions of the structure (e.g. grounding, supports, etc.).
All of these properties determine how the structure responds to any given dynamic
loading. Therefore, the design process is a cyclic process in which the physical
properties of the structure are being adjusted to meet certain requirements, in this
case through vibration analysis and control.

1.1 The design process

The adequacy of a structural design needs to be assessed repeatedly in order to
improve its performance through design modifications. In the early stages, the
structure is modelled using Computer-Aided Engineering (CAE) tools and its per-
formance is estimated using numerical methods such as the Finite Element Method
(FEM). The model is refined iteratively according to the design requirements, ei-
ther based on the engineer judgement and experience, using model optimisation
algorithms, or a combination of both. In the later stages, structure mockups are
built physically according to the computer model. These are then evaluated through
measurements.

In most cases, the measured performance does not match with that of the structural
model. This means that the structural model is not an exact representation of the
real structure. At first, the numerical model is built under certain assumptions
regarding the physical properties of the structure. It may happen that the physical
models assumed for each of the structure parts (e.g. beams, plates, block solids,
porous materials, composites, junctions, etc...) do not match with their actual
physical nature, or are incomplete models. Eventually, this would lead to completely
erroneous estimates of the vibration response. On the other hand, even if the
physical model assumed is correct (or sufficiently approximated), it is possible that
the numerical estimates diverge significantly from the measured ones. This is the
case when the physical properties of the real structure materials and the physical
model parameters have been wrongly assumed or are uncertain, i.e. they are not
known with sufficient accuracy. In all these situations the initial model predictions
will be very much imprecise.

Given that the original numerical simulations may be inaccurate, it is likely that
the prototype-structure does not meet the design requirements adequately. This
implies that more modifications need to be introduced in the design. Introducing
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modifications and estimating the updated model performance is a relatively cost-
effective task both in terms of time and economic cost. On the contrary, introducing
modifications in prototypes is much more expensive because additional materials
need to be paid for and, possibly, a new mockup needs to be built from the ground
up. Furthermore, the manufacturing-time cost is larger than the time needed for
updating a computer model. On top of that, the measurement tests also increase
significantly the time and economic budget for the performance estimation in com-
parison to computer simulations. Thence, it is desirable to spend some extra efforts
to devise a model closer to reality rather than to carry on with the design process
through modification and testing of prototypes. In this way, the structural design
can be further improved using a much more accurate model, taking advantage of
the numerical method’s capabilities.

A physical model may be corrected in view of structure measurements. On one
hand, there is the need to verify that the physical model corresponds to the physi-
cal nature of the materials and parts that form the structure. On the other hand,
the values assigned to the physical model parameters have to be validated so that
the numerical simulations match with the real structure performance. However,
it is impractical to perform model verification and validation of a built up struc-
ture directly. Instead, the physical model of each of the parts and materials may
be identified through separate measurements. This is known generically as model
identification. Having identified the models for the different physical elements of
the structure, an enhanced model of the full structure can be formulated. This
new model should be a closer representation of the real structure. Nevertheless, the
connections that assemble together the built up structure have not been identified.
Also, the assembled parts may have significantly different boundary conditions than
when measured separately. These aspects remain assumed in the full model so that
its performance may still well deviate from that of the actual structure. At this
point, measurements of the full structure can be conducted in order to perform
the full model validation. This is typically referred to as model updating. The
updating process consists in adjusting those model parameters that are still to be
determined in order for the model to produce numerical results in accordance to
the measurements.

Although it has just been stated that a model may be verified and validated through
model identification and updating, it is not always possible to determine the true
values for the model parameters. Sometimes it is just unattainable to measure
physical quantities with sufficient precision. There are material properties which
are easy to measure, like the mass density or the elasticity of a beam or plate, but
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some other properties are not trivial to obtain. For example, properties of composite
materials or non homogeneous materials are usually approximated to simpler mate-
rial models. Also, energy dissipation mechanisms in structures are usually diverse
and not fully understood so that the physical model will be an average representa-
tion of the dissipation in the structure. Moreover, the physical properties of a real
structure may vary during its life time due to material degradation, temperature
and weather conditions variability and other causes. It must also be taken into
account that the industrial manufacturing process is never exact, and the material,
geometries, junctions and other properties of a structure will inevitably be in a tol-
erance range around the nominal design values. All in all, this means that there is
always a degree of uncertainty that impedes us to know the true physical properties
of a structure.

Nowadays, uncertainty is increasingly being taken into account in the modelling
of structures. Including uncertainty in the physical model parameters implies that
the estimated performance of the structure consists of a range of possible operating
responses. That is, the structure is not a deterministic system, and therefore its
performance may vary within a range. There is the need for a designed structure
to be robust and reliable to the variability in the modelled operating structure that
the uncertainty in the physical parameters induces. Hence, analysis of the response
uncertainty is needed to determine the variation range. Therefore, the modelling
and numerical methods used in engineering design must provide uncertainty analysis
on the estimated performance.

1.2 Analysis of vibrations

In the beginning of this chapter, the reasons for taking vibrations into account in the
design of structures have been highlighted. Therefore, design modifications are to
be selected in accordance with the vibration control targets. In order to effectively
decide which modifications are needed, analysis of vibrations must be considered.

Vibration analysis involves the evaluation of the dynamic displacement throughout
the structure or, alternatively, its time derivatives, i.e. velocity and acceleration.
Typically, the analysis of vibrations is conducted in the frequency domain. Time
domain analyses may be of interest when transient responses are to be evaluated,
but they will not be considered here, and the consideration throughout is that the
structure is linear in its behaviour. Therefore, one usually evaluates displacement,
velocity and/or acceleration frequency responses in a frequency range of interest.
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The frequency responses of a structure depend on the properties of the structure
and the dynamic loading applied to the structure. The dynamic forces applied to
the structure may be also expressed in the frequency domain. Then, one can de-
termine the frequency response functions that establish the relation between the
frequency responses and the input forces in the frequency domain. The frequency
response functions (FRFs) are characterized by the structure’s physical properties
only. Thus, obtaining the frequency response functions makes it possible to under-
stand the dynamic characteristics of the structure in a target frequency range, and
it also allows one to study the steady state vibration response.

Generally, the study of the dynamic properties of vibrating structures is done
through modal analysis. In modal analysis the dynamic behaviour of a structure
is represented by means of a mathematical model that expresses the vibration re-
sponse as a linear combination of vibration modes. Hence, the structure is regarded
as a linear time-invariant dynamic system. This model is called the modal model
and it is fully determined by the modal parameters of the system, i.e. the modal
frequency, modal damping and scaled mode shape of each mode of vibration. In
time, the FRFs of a dynamic system can be worked out from the modal parameters.
Hence, knowing the modal parameters makes it possible to characterize the linear
dynamics of a vibrating structure. Thus, the key point for the analysis of vibration
through modal analysis is to have good estimates of the modal parameters of the
system, which is in general an arduous task. Nevertheless, the effort in obtaining
such estimates is worth its cost because the representation in terms of vibration
modes greatly facilitates the subsequent analysis of vibrations.

The advantage of using modal analysis is that the vibration of a structure in a
target frequency range is sufficiently described with a rather reduced number of
modes. This means that the number of modal parameters needed to characterise
the system is far below the number of parameters in the physical model. Moreover,
under certain assumptions, each mode of vibration behaves as a single harmonic
oscillator uncoupled from the other modes. Thence, in modal analysis each mode of
vibration can be evaluated independently, with the benefit that not too many modes
are to be analysed. Actually, the number of modes required to analyse a dynamic
system depends on the width of the frequency range considered with respect to the
dimensions of the structure. Each mode of vibration generally contributes mainly
to the frequency response around its modal frequency. Hence, in the frequency
response functions a resonance peak emerges for each mode. The frequency width
of the resonance peak is proportional to its modal damping. In consequence, only
the modes that contribute significantly to the response in the target frequency range
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are required.

1.2.1 Estimation of modal parameters

The modal parameters can be calculated from the physical properties of the struc-
ture. The dynamics of a system are governed by the partial differential equations
(PDEs) that describe its physical behaviour, that is, the system’s physical model.
The modes of vibration may be derived analytically from the governing equations.
However, defining the PDEs and obtaining the analytical modes is only possible for
simple geometries and materials such as a single homogeneous beam or plate. For
more general systems a finite element (FE) model may be used.

An FE model is a discretisation of the physical model where the governing PDEs
are defined for each of the elements in which the system is discretised. A number
of nodes are defined usually at the boundary of the element. The element nodal
positions are chosen to coincide with the nodes of the adjacent elements. Then,
based on the virtual work principle (VWP) [1], the element PDE is approximated
at the element nodes with a set of Ordinary Differential Equations (ODEs). For
a dynamic FE model these nodal ODEs are the so called equations of motion of
the element. The element set of equations of motion is posed in matrix equation
form in terms of the element mass, stiffness and damping matrices. Eventually,
the equations of motion of all elements are coupled together by assembling the
element matrices at the corresponding nodes, leading to the system equations of
motion. Thus, the equations of motion are a discretisation of the system governing
equations at the nodal positions.

The modes of the structure can be computed numerically as the solutions of the
eigenvalue problem (EVP) corresponding to the system equations of motion. The
number of modes that can be estimated accurately through FE modelling depends
on the refinement in the discretisation. At the same time, the finer the discretisation
the larger the size of the system matrices and, consequently, the computational cost
for finding the modes. Therefore, there is a trade-off between the number of modes
that can be estimated, the accuracy of the estimates and the computation time
required.

Considering that the modal parameters can be estimated from an FE model and
that, at the same time, the response functions may be calculated in terms of the
system modes, the vibration analysis of a structure may be fully modelled using an
FE model. In other words, Finite Element Analysis (FEA) of dynamic structures
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can be done based on modal analysis. Figure 1.1 shows a schematic of the stages for
the FE-modelling of dynamic systems. From the physical properties of a system a
finite element model is defined. Then the corresponding modal model is computed
through the EVP-solution of the FE equations of motion. Finally, the frequency
responses of the dynamic system are calculated using modal superposition. When
designing large structures, the solution of EVPs is by far the most computationally
expensive process in FEA of dynamic systems. On the contrary, the construction of
the system matrices and the computation of response functions take a minor part
of the computation time.

Figure 1.1: Dynamic systems FE-modelling block diagram.

Alternatively, the modal parameters of a structure can be estimated from frequency
responses measurements, i.e. modal parameter identification. This is generally
known as modal testing. Modal testing involves, first, the measurement of the
frequency response functions of the structure at a set of locations and, second, the
fitting of a modal model to the measured FRFs. The measurement phase is usually
done through an impact hammer test or a shaker test. In such tests, the FRFs
between the measurement points are obtained from the measured input force and
responses spectra at those locations.

Once the frequency response functions are measured the next step is to estimate the
modal parameters. The way to do so is to fit a mathematical model to the measured
functions. The fitting process is a linear inverse problem which is referred to as linear
regression [2]. Several mathematical models can be used for the linear regression,
e.g. state-space models, polynomial models, time-series models, etc. These models
are linear models of response functions. Therefore, they are equivalent to the modal
model and, therefore, the modal parameters can be straightforwardly obtained from
these identified models. For example, the modal frequencies and damping are found
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by finding the roots of the polynomials in an FRF polynomial model. Thus, there
exist a wide range of algorithms that perform modal parameter identification from
measurements.

Modal testing is the inverse process to the computation of frequency responses
from the modal model. In principle, the number of modes that can be estimated
accurately through modal testing depends on the number of measured positions and
the quality of the measurements. Notice that there will always be a physical (and
time) limitation on the number of positions that can be measured in a real structure.
Furthermore, inverse problems are computationally complex and typically need to
employ iterative methods to be solved. This is also a limitation in the number of
modes estimated, because the time needed to solve the inverse problem may be
unattainable. Moreover, an inverse problem becomes ill-conditioned as the size of
the model increases. This means that the identified modal parameters become very
sensitive to any error, e.g. noise in the measured data when a large number of modes
are attempted to be identified. For all these reasons, modal testing is in practice
restricted to the identification of a reduced number of modes of the structure.

1.2.2 Low, high and mid-frequency analysis

The specific vibration features that need to be analysed depend on the frequency
range for which the analysis is aimed. Typically, the first modes of vibration of a
structure, i.e. the modes with lower modal frequency, show up frequency-spaced
from one another. On the contrary, for higher frequency modes, the FRF resonance
peaks overlap in frequency since the width of the frequency band in which a mode
resonates become of similar order to the frequency spacing between consecutive
modes. The frequency at which the modes start overlapping depends on the modal
density of the system, i.e. on the average number of modes per frequency band.

Furthermore, if the system under study is subject to uncertainty, e.g. manufacturing
process variability, the modes of vibration may vary accordingly. In general, low
frequency modes are only slightly modified in the presence of uncertainty. Their
dynamic characteristics keep steady since uncertainty caused by local variations
have little influence in the low frequency modes with smooth mode shape patterns.
On the other hand, high frequency modes have short wavelength variations in the
shape so that they are very unsteady with respect to uncertainty. This means
that their modal parameters, and specially their modal frequency, may get shifted
significantly for a small amount of uncertainty.
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The combination of these factors, i.e. modal density, modal overlap and uncertainty,
motivates the definition of three frequency ranges for vibration analysis. There
exists a low-frequency range in which the system dynamics may be regarded to
be deterministic. In the low-frequency range the FRFs are characterised by the
low modal density and overlap so that different separate resonant peaks can be
identified. These peaks remain constant regardless of system uncertainty. The
analysis of vibration in this frequency range focuses on the individual analysis of
each mode in the frequency response throughout the system spatial extent.

Thus, in the low-frequency range it is very convenient to perform modal analysis.
It is suitable to use Finite Element Analysis for this purpose since the number
of modes is small in this range and consequently, the computational cost for the
FE solution is bearable. Additionally, uncertainty does not need to be taken into
account due to the deterministic nature of the low frequency modes. The FEA may
be further complemented by posterior modal testing.

On the other hand, there is a high-frequency range characterised by a high modal
density and modal overlap. In addition, the variability of the modal frequency with
uncertainty is considerable. This implies that the system frequency responses in
this frequency range may be regarded as a random mixture of modal contributions.
Therefore, in the high-frequency range it is not relevant to study the one by one
contribution of each mode. To start with, there is a high number of modes in this
region so that the amount of modal information is overwhelming to the analyst.
Moreover, the system frequency and spatial responses are very sensitive to any
uncertain system property.

For these reasons, the analysis of vibrations at high frequencies is expressed in
terms of averaged quantities. It is not important to study the exact value of an
FRF peak because of the high variability of modes. Instead, the statistical average
value of the frequency responses is of interest. Likewise, the spatial distribution of
the response is not constant. Hence, it is only meaningful to the analyst to consider
spatial averages of the energy of the responses in a given frequency. In short, the
analysis of vibration in the high-frequency range is generally performed through the
analysis of spatial and ensemble averages of the response energies.

The most common method for high-frequency vibration analysis is the Statistical
Energy Analysis (SEA). In SEA the system is divided into several subsystems. An
SEA model characterises the average energy in each subsystem and the energy trans-
mission between subsystems. SEA takes advantage of the high modal overlap and
randomness in the high frequency modes to simplify the (sub)system’s modal model
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based on statistical considerations. SEA assumes average values for the modal den-
sity and overlapping so that all modes in a subsystem carry the same amount of
energy, i.e. there is modal energy equipartition. It also assumes that the high fre-
quency modes are local to the subsystem and that, in consequence, there is weak
coupling between the subsystems. This implies that the energy transfer between
two subsystems is independent of the rest of the subsystems. These simplifications
make it possible to calculate the averaged energies and energy transfers in the sub-
systems without the need of a detailed estimation of the modal parameters of the
subsystems. If the analysis at high frequency was to be made through FEA, the
computational cost would be prohibitive.

In between the low and high frequency ranges there is a transition region that has
combined characteristics. This is the so-called mid-frequency range. The modal
density in the mid-frequencies is usually higher than in the low-frequencies and the
modal contributions to the FRFs start overlapping. However, the modal overlap is
low and the different modal resonances can be still identified in the frequency re-
sponse functions. Furthermore, the modes in the mid-frequency region are sensitive
to uncertainty, although to a lesser extent than for the high-frequency region. This
means that, in the mid-frequencies, the frequency responses of several structures
with identical nominal values show variations in the position and magnitude of the
resonances. Yet, the modal variations keep in a limited range around the nominal
values. Thus, the mid-frequency dynamics of a system cannot be regarded to as
deterministic nor as a random mixture of modes.

These combined characteristics make the analysis of vibration in the mid-frequency
range rather complicated. The FEA of a nominal system is not sufficient to char-
acterise the mid-frequency dynamics. Instead one needs to determine the statistics
of the system response due to model parameter variability. On the other hand,
the information about the frequency content and the spatial distribution of the
responses is of interest. The average frequency responses of the structure’s ensem-
ble retain a smooth shape with resonances. Similarly, the ensemble average of the
responses’ spatial distribution presents different areas with regard to response am-
plitude. Therefore, frequency and spatial averaged quantities - such as the energies
in SEA - may lack the required detail for the analysis.

Mid-frequency analysis presents several issues either if finite element analysis or
statistical energy analysis is attempted. To start with, for an accurate FEA in the
mid-frequencies the physical model has to be finely discretised. This implies a large
size of the FE model matrices, so that the FE solution becomes very computation-
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ally expensive. Additionally, the uncertainty in the model requires to evaluate the
variability in the system responses, which multiplies the computational cost of the
solution of an already large FE model. On the contrary, the SEA assumptions - high
modal density, modal energy equipartition and weak coupling - do not hold in the
mid-frequencies. This means that the simplifications in the SEA formulation lead
to erroneous results when applied to the mid-frequency range. For these reasons,
there is still on-going research for developing new mid-frequency analysis methods
[3], either by using alternative deterministic methods to FEA, or through the devel-
opment of statistical methods with relaxed assumptions with respect to SEA, or by
hybrid methods coupling deterministic and statistic methods. Nevertheless, finite
element analysis remains the conventional mid-frequency analysis approach.

1.3 Motivation

In many design situations, it is necessary to perform repeated analyses of a struc-
ture due to variation of the design parameters. The dynamic analysis of a vibrating
system to be designed is usually modelled using the Finite Element Analysis (FEA).
This is certainly the case when the analysis is targeted at the low and mid-frequency
ranges. The modal parameters of a system, that is the modal frequencies, the modal
damping and the mode shape vectors, are obtained from its finite element model.
In order to compute the modal parameters, the eigenvalue problem corresponding
to the model equations of motion has to be solved. The solution of an eigenvalue
problem (EVP) is typically the most costly computational task in the dynamic mod-
elling and analysis of the system. Therefore, for systems whose design parameters
may vary, eigensolution reanalysis must be conducted over and over again.

Situations in which the model parameters may be indeterminate include design
processes such as model updating, model identification and model optimization -
which are essentially inverse problems - and also include the analysis of systems
subject to uncertainty. In all these situations the dynamics of the system are re-
evaluated iteratively. The exact reanalysis of the finite element model would involve
the EVP (or inverse problem) solutions to be computed at each iteration. However,
the computational cost for calculating such solutions is prohibitive for the large
models needed in industrial design.

It is common practice to use approximate methods for solution reanalysis which
are significantly more time efficient than solving EVPs; that is, to perform the re-
analysis without actually solving EVPs. These methods approximate the dynamics
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of a system whose parameters have changed from the solution prior to the varia-
tion. This may be done through sensitivity analysis or interpolation of previous
FEA solutions. The gain in efficiency comes from the fact that the full FE model
has to be solved once (or a few times) only, and the reanalysis solutions are ob-
tained through computationally time-saving linear approximations. However, the
approximate variations in the solution have to be evaluated independently for each
indeterminate model parameter. Therefore, the number of varying model parame-
ters affects the efficiency of the approximate methods.

What’s more, the total number of FE model degrees of freedom (DOFs) also limit
the efficiency of the approximate methods. The solution approximate reanalyses
involve a number of arithmetic operations proportional to the order of the system
FE matrices. This is even exacerbated for inverse problems where, typically, the
matrices have to be inverted. Therefore, the use of approximate methods does in
principle reduce the computational cost of the reanalysis, but the computational
time may still be excessive for the needs of the designer.

For this reason, it is very convenient to use model order reduction methods in
conjunction with approximate reanalysis methods. The order of the FE model - i.e.
the number of degrees of freedom - can be reduced through transformation of the
physical DOFs into a reduced coordinate space. Hence, if the FE model is reduced,
the solution reanalyses can be conducted on the reduced model which supposes
a significative gain in efficiency. Eventually, the reduced model solutions can be
transformed back into full system solutions.

Engineering structures are usually large structures built up of several subsystems.
When one applies design modifications, these are likely to involve only a few subsys-
tems at a time. Similarly, when analysing uncertainty, not all subsystems need to
be considered uncertain, and the degree of uncertainty may be different on different
subsystems. On the other hand, the full finite element model order of such struc-
tures is remarkably large, specially if one desires to analyse the dynamic behaviour
at the mid-frequencies. The FE model may contain thousands or millions of DOFs.
These facts make it suitable to use Component Mode Synthesis for the solution and
reduction of the FE model.

Component Mode Synthesis (CMS) is a well established method that efficiently
computes the vibration modes of a system by substructuring the FE model into
several components (i.e. subsystems), and reducing the order of the component
models by means of the component modes. As reviewed later in this chapter, it
has so far been widely used together with uncertainty analysis, model optimisation
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and model updating. In the literature, the applications to these fields invariably
use CMS methods based on the undamped component modes. Therefore, all these
applications make the simple assumption that the damping in the structure is of
the Rayleigh kind, i.e. the damping in the structure is distributed proportionally
to the mass and stiffness properties.

However, damping in built-up structures has by no means this spatial distribu-
tion. Typically, the damping in structures is very localised. Most of the damping
may come initially from the dissipation phenomena that occur at the structural
junctions. Apart from that, additional damping treatments are employed for the
control of vibrations by placing on the structure viscoelastic materials such as rub-
bers, polymers, etc. Damping materials are generally expensive materials and they
add unwanted mass to the system. Therefore, it is convenient to use the least pos-
sible amount of damping materials necessary to control vibration. Hence, damping
materials are placed in the structure only at the locations where they are most
effective. Thus, the modelling of damping in FEA should be trustworthy enough so
that the damping treatments in the design are effective but not oversized.

This rises some questions on the suitability of undamped modes based CMS methods
for the reanalysis of systems with localised damping. On one hand, these CMS
methods compute the undamped modal solution of the full system model. The
modal damping is calculated a posteriori by transforming the damping matrix into
the undamped modal coordinates. This way of computing the modal damping is
just an approximation which is valid for lightly damped systems. Therefore, it may
present some inaccuracies when applied to locally damped systems.

Nevertheless, it is not just the error in the estimation of modal damping what puts
in question the use of the undamped CMS methods in the reanalysis of damped
systems. The approximate solution reanalysis methods rely on the CMS model to
find the variation in the modal parameters and responses of the system. Since the
CMS model consists of undamped modes it contains no information on damping.
Therefore, when the undamped CMS model is used, it is not possible to know the
rate of change in modal damping when there are variations in the model parame-
ters. In consequence, applications such as damping optimisation or model damping
updating produce no benefit with the introduction of CMS. In contrast, damping
modifications become a blind search if undamped CMS is used for the reanalysis.

Alternatively, there exist CMS methods based on damped component modes. These
later methods directly obtain the exact damped modes of the full model regardless
of the damping being small or not proportional. Although accurate estimates of
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the modal damping are an asset, the damped modes based CMS methods have
not been extensively used because of their higher computational cost. However,
it might be beneficial to use them in the context of solution reanalysis of locally
damped systems. Therefore, the motivation for this thesis is the efficient reanalysis
of damped systems using approximate methods in conjunction with damped modes
based Component Mode Synthesis.

1.4 Literature review

Component Mode Synthesis for undamped systems was introduced in the late 1960’s
by Hurty [4] and Craig and Bampton [5]. Numerous variations of the CMS method
were developed over time depending on the basis functions used for the component
model reduction and how the coupling of components is specified. Nevertheless,
the Craig-Bampton method, which is based on fixed-interface component modes
together with so called constraint modes, is the one that has earned greater success
due to its ease of component coupling.

Also, CMS methods using free-interface modes are widely used in applications in-
volving measurements. This is because free-interface normal modes can be validated
with modes estimated from free vibration measurements of the physically uncoupled
substructure.

Free-interface modes CMS was introduced by Goldman [6]. However, it wasn’t
until the appearance of the CMS method developed by Craig and Chang [7] that
free-interface methods became accurate enough. This method included residual-
flexibility attachment modes for a better modelling of the components coupling.
However, the coupling of components in the Craig and Chang method is system-
specific. Later, Craig [8] developed a systematic method for coupling components
regardless of the type of modes used.

Component Mode Synthesis methods based on complex-valued damped modes in
state-space coordinates were explored once the undamped CMS methods had been
well-established in the late 1970’s. A method with fixed-interface complex modes
was proposed first by Hasselman and Kaplan [9]. Similarly, Craig and Chung [10]
extended Goldman’s method using free-interface complex modes. Other complex
mode methods based on state-space formulation followed, such as those by Wu and
Grief [11] and by Martin and Ghlaim [12]. Nonetheless, these methods did not
obtain the required accuracy to be competitive against classic CMS methods based
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on undamped modes.

It was much later that Craig and Ni [13] devised a damped modes CMS method
that was significantly precise for non-proportional viscous damped systems. They
formulated the residual attachment modes in state-space form to be used with free-
interface damped modes, analogous to the Craig-Chang undamped CMS method.
More recently, Morgan et al. [14] proposed two new methods where the constraint
modes and the residual attachment modes in state-space form were formed from
the classic CMS constraint and attachment modes respectively. In this way the
extension from undamped modes CMS to damped modes CMS is direct with the
addition of the damped normal modes computed from the state-space EVP. These
latter methods were compared together with the Craig-Ni method by Craig and
Morgan [15] presenting similar accuracy.

The classic (undamped) CMS methods have been widely used in conjunction with
solution reanalysis methods for uncertainty analysis and for solution of inverse prob-
lems. In the following, the use of CMS in these applications is briefly summarized
with a focus on their use in association with approximate reanalysis methods.

1.4.1 Component Mode Synthesis and Uncertainty

During the 1980s the research community started introducing uncertainty into finite
element modelling. The initial approaches consisted of introducing probabilistic
uncertainties into the parameters in order to compute system response statistics
through the Monte Carlo method [16]. Subsequently, perturbation methods were
proposed by Liu et al. [17], where the stochastic finite element matrices were ex-
panded using first and second order Taylor expansions, so that response variability
(i.e. the response covariance matrix) are approximated efficiently. In the early
1990s, Ghanem and Spanos presented a spectral approach for the uncertainty in
FE models based on the homogeneous chaos [18]. They introduced the use of ma-
trix expansions which efficiently model random fields with a minimum number of
parameters. Namely, the Karhunen-Loéve (KL) expansion for Gaussian distributed
fields, and the Polynomial Chaos (PC) expansion for non-Gaussian fields. These ex-
pansions may be used with the perturbation method or with the spectral approach.

All of these uncertainty propagation methods are based on the probabilistic descrip-
tion of the uncertainties in the finite element model parameters. This is generically
known as the Stochastic Finite Element Method (SFEM). A review of probabilistic
methods and their applications can be found in reference [19]. Later, uncertainties
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for which a probabilistic description could not be given (i.e. epistemic uncertainties)
were also modelled in finite elements with the use of possibilistic approaches such
as random matrix theory, evidence theory, interval probabilities, fuzzy probabilities
and Bayesian methods. A review of these methods and their applications can be
found in references [20, 21].

Well into the 1990s, Component Mode Synthesis was originally used in conjunction
with probabilistic uncertainty by Brown and Ferri [22]. They used the component
modes and residual flexibility matrices as random variables and used reliability
methods to obtain the statistical characteristics of the responses. Then, Mace and
Shorter [23] developed a perturbation method based on Craig-Bampton CMS mod-
els. They proposed to quantify uncertainty at a component-modal level and propa-
gate the uncertainty to the full system modes using a perturbation relationships in
Monte Carlo simulations. They pointed out that it makes sense to quantify uncer-
tainty at a component level, since different components may come from independent
manufacturing processes. Also, statistical properties of the component modes might
be easier to measure in modal coordinates, rather than quantified in terms of ran-
dom fields in physical variables. Nonetheless, component mode statistics may be
alternatively obtained from physical uncertainty description using available SFEM
methods. Subsequently, Hinke et al. [24] expanded this approach by establishing
the perturbation relationships between the covariance matrices of physical param-
eters, component-modes and global-modes. Hinke [25] also proposed an efficient
covariance propagation between the global-modes and the FRF covariance matrices
with the use of KL expansion. Recently, Kammer and Krattiger [26] presented a
perturbation method that performed covariance propagation directly from compo-
nents FRFs to full system FRFs using a Craig-Bampton CMS approach. In their
method damping was implicitly included in the FRFs.

In the last few years, the use of CMS has been exploited in all kinds of uncertainty
analysis. Mencik [27] put together the use of Wave Finite Elements (WFE) and
perturbation methods in CMS for the modelling of uncertain junctions. Sarsi et
al. [28] used PC expansion for the quantification of uncertainties in the component
matrices. The PC expansion for the full matrices in CMS coordinates is obtained
using the CMS transformation matrix. Uncertainty analysis is performed using
spectral SFEM in CMS coordinates. Possibilistic methods have also started to
make use of CMS. For instance, Hiannini and Hanss [29], and De Gersem [30] et al.
used CMS in conjunction with fuzzy arithmetic and interval analysis.

A rather new approach to uncertainty is the stochastic reduced basis methods
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(SRBM) developed by Nair and Keane [31]; that is, Ritz reduction methods in
which the transformation matrix consists of stochastic modes (i.e. modes with un-
certainty). Bah et al. [32] first developed the Stochastic Component Mode Synthe-
sis (SCMS). They presented a method in which the Craig-Bampton transformation
matrix is formed by stochastic modes based on mode perturbations. Later, Guedri
et al. [33] proposed a double-condensation stochastic reduction method. They
first reduce the model using the original SCMS method and then, they further
condense the stochastic matrices in Craig-Bampton coordinates using the Pertur-
bation expansion in SFEM or the PC expansion in spectral SFEM. Next, Tran et
al. [34] presented another SRBM for damped systems. They basically accounted
for viscoelastic damping by adding enrichment Ritz vectors to the Craig-Bampton
transformation matrix and then used this enriched transformation matrix in the for-
mer double-condensation method. Similarly Dohnal et al. [35] developed SRBM for
joint uncertainty propagation expressing the stochastically reduced Craig-Bampton
matrices in terms of the KL expansion. They also presented enhanced methods for
the computation of the stochastic reduced basis.

1.4.2 Component Mode Synthesis and Inverse Problems

Modal truncation based reduction methods have been identified as being the most
suitable methods for the reanalysis of indeterminate systems [36]. Among these,
Component Mode Synthesis is probably the method that has been used in a broader
range of applications. In the last two decades, Component Mode Synthesis has been
used in conjunction with reanalysis approximate methods for model identification,
updating and optimization.

From the early 1990s, researchers in the model updating and parameter identifica-
tion fields [37] have been introducing reduction methods. Friswell et al. [36, 38]
first considered the use of reduced models for parameter estimation and updating
from frequency response functions measurements. In parallel, Huckelbridge et al.
[39] pioneered the use of Component Mode Synthesis for parameter identification.
They aimed at identifying junctions/interface parameters from estimated/measured
modal parameters using a sensitivity method. Component Mode Synthesis allows
for a significant reduction of the number of degrees of freedom of the components,
and at the same time, the coupling interface DOFs remain unreduced in using the
Craig-Bampton method. Later, CMS was used for robust model identification from
modal parameters by Link [40]. In this case, CMS local and global parameters are
allowed to have uncertainty. Robust identification of joints was attempted. Also,
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CMS was used for model identification directly from FRF measurements by Grafe
[41]. In his work, identification of proportional viscous damping using a sensitiv-
ity method on CMS is presented as well. Then, Morgan et al. [42–44] derived
methods for identifying CMS matrices in Craig-Bampton coordinates directly from
FRF measurements, both for undamped and damped cases. Takewaki et al. [45]
presented an incremental inverse problem for model redesigning based on CMS for
updating damped systems from damped modal frequencies.

1.5 Aims and objectives

In this work it is intended to explore new ways to address variations and mod-
ifications in dynamic system models when these are heavily damped. The focus
is placed on approximate solution methods based on the modal analysis of such
systems. Therefore, one is interested in how the damped modes of a system vary.

The literature review above was used to highlight the fact that Component Mode
Synthesis is employed in a large variety of situations in which approximate repeated
analyses are conducted, with the purpose of reducing the model order and, thus,
increasing the reanalysis efficiency. It has also been remarked that specific CMS
methods based on damped component modes may be used for the reduction and
solution of generally damped systems. Accordingly, the aim in this thesis is to
determine how one would proceed to the analysis of heavily damped systems with
varying parameters with the use of CMS methods for damped systems.

One question that needs to be addressed is whether the damped modes CMS meth-
ods provide a substantial benefit over classical CMS methods. Therefore, one of
the objectives is to assess the performance of damped modes CMS in comparison
to classical CMS methods in order to evaluate in which situations, i.e. for which
damping characteristics, the damped CMS methods may be required for a correct
modal solution.

Moreover, an associated concern is that in the damped CMS methods the compo-
nent modes are formulated in the state-space. Therefore, a consequent objective is
to determine the implications of the use of the state-space formulation. This involves
the investigation of numerical complexity of state-space solution and quantification
of the cost for the modes computation.

Whether the system is reduced or not, the methods for approximate analysis are
mainly based on linear approximations. This is the case for sensitivity based meth-
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ods, such as the perturbation method, or linear interpolation methods. In the event
of using damped CMS methods for reducing a FE model, the solutions to approxi-
mate would then be the damped component modes of the system and, eventually,
the damped modes of the full system. Therefore, another objective of this work is
to critically examine the linear approximation methods when these are used for the
analysis of damped vibration modes in order to determine the limitations of these
methods. The applicability of the approximate methods is to be assessed with re-
gards to solution cost and admissible range of variation of the parameters for an
accurate solution.

The main goal is to formulate the approximate reanalysis of heavily and/or locally
damped systems when these are reduced through state-space based damped CMS
methods. To this effect, it is necessary to evaluate how amenable the damped CMS
methods are for the reanalyses computation based on the kind of component modes
to compute, the ease of component coupling, the scalability of the CMS method,
etc. In other words, evaluating how easy it is to update the reduced model after
parameter variation. The objective is then deriving the approximation expressions
and reporting their performance in terms of efficiency and accuracy.

Then, a subsequent objective is to improve the approximate CMS analysis of damped
systems. On one hand, it is sought to enhance the accuracy of the approximations
so that the range of validity of the approximation methods can be broadened. On
the other hand, the lowest possible computation cost for the approximations is
also pursued. The combined goal is to accomplish an increase in efficiency which
does not result in a degradation in accuracy and, viceversa, that an approximation
enhancement does not produce a large increment in computation cost. This may
be attempted on the basis of existing CMS approximate reanalysis approaches for
undamped/lightly damped systems found in the literature.

Finally, it is a purpose of this thesis to test the performance of the damped CMS
approximate solution methods when applied for the intensive analysis of damped
dynamic systems, specifically for scenarios in which damping plays an important
role in the variation behaviour. That may be the case for uncertainty analysis of
locally damped systems, modelling of damped joints, trim damping optimisation,
or design search of the placement of damping treatments in built up structures.
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1.6 Outline of the thesis

For the purpose of developing approximate reanalysis methods for generally damped
systems based on damped CMS reduction this thesis starts by revisiting the state-
space formulation. The mathematical properties of the state-space EVP are exam-
ined in detail and specific eigenvalue algorithms for the solution of the state-space
equations of motion are discussed. Moreover, the determination of error bounds
for damped modal solutions is also addressed. On these grounds, the perturbation
and interpolation methods for heavily damped systems have been developed in this
work. Existing sensitivity functions for damped (state-space) eigensolutions are re-
visited. Likewise, interpolation of damped (state-space) eigensolutions is proposed.
Improved modal estimates are achieved by means of a novel non-linear approxi-
mation method for the damped eigenvalues through a Rayleigh quotient for the
damped equations of motion.

Then, a generic formulation for the state-space based CMS methods is proposed
and their performance is studied through numerical examples. Next, the linear
approximate analysis of damped CMS reduced models is formulated. The appli-
cability and limitations of the damped modes approximation in CMS state-space
coordinates are further analysed. Finally, original perturbation methods on CMS
models are derived. These methods offer enhanced efficiency and they are very well
suited for the analysis of systems with localised damping and/or heavy damping
characteristics. The application of the CMS perturbation methods to uncertainty
analysis is addressed, showing very good performance both in terms of accuracy
and efficiency.

A brief overview of the coverage in the thesis is described below:

CHAPTER 1: An introduction chapter. It sets the motivation, the aim and the
scope of the thesis. It contains a relevant literature review.

CHAPTER 2: Background theory for the linear modelling of dynamic damped
systems is outlined here. Included are sections for the types of linear damping and
modal analysis of damped systems. The state-space formulation is explained here,
the properties of the state-space eigenvalue problem are discussed and its solution
through appropriate eigenvalue algorithms is determined. The implications of the
use of state-space formulations on the error analysis of the modal estimates are also
discussed.

CHAPTER 3: In this chapter the perturbation and interpolation methods are intro-
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duced. Their application for damped modes estimation is presented. The accuracy
of the methods is tested numerically and their efficiency through asymptotic anal-
ysis. Furthermore, a new formulation of the Rayleigh quotient for damped systems
is developed. Its use for enhancing the linear approximations is novel to this work.
These methods are to be combined with Component Mode Synthesis to devise more
efficient reanalysis methods for damped systems, which are presented in chapter 5.

CHAPTER 4: This chapter is devoted to Component Mode Synthesis. The back-
ground theory for model order reduction techniques and substructuring of finite el-
ement models is first presented. Component mode synthesis is explained by means
of a generic formulation which is valid for all specific CMS methods. The most
conventional CMS methods are then described; namely, the fixed-interface with
constraint modes and the free-interface with residual attachment modes. Then,
a generic formulation for state-space based CMS methods is developed, and two
CMS methods for damped systems are described. The CMS methods are tested on
two numerical examples in order to evaluate their accuracy and efficiency, and the
undamped and damped CMS methods are compared.

CHAPTER 5: In chapter 5 perturbation methods in damped modes CMS are formu-
lated. Two methods, namely the Component Modal-Propagation (CMP) method
and the Local Modal Perturbation (LMP) method for damped systems are pre-
sented. They are validated using numerical examples so that the accuracy of ap-
proximation can be bounded. The range of validity is discussed and a range of
potential applications is proposed. The efficiency of the methods is further tested
with a large numerical example.

CHAPTER 6: The application of the fixed-interface perturbation method for un-
certainty analysis is developed in this chapter. The basic theory for modelling
of uncertainty as well as uncertainty quantification is explained. Then the use of
perturbation method in Monte Carlo calculations is described. Finally, validation
and efficiency of this application is tested through simulations on a ribbed plate
example.

CHAPTER 7: Finally chapter 7 summarises the work done and reviews the degree
of accomplishment of the thesis objectives. It draws conclusions of the thesis, future
research lines, other potential applications and underlines the research achievements
of this study.
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1.7 Contributions

This section summarises the original contributions coming out of the present thesis,
which can be arranged in three main areas of contribution.

A first area concerns the development of the approximate modal analysis of heav-
ily damped systems from the state-space formulation. This involves bringing to-
gether the perturbation and interpolation linear approximation methods with the
eigensolution of state-space models. On one hand, the exact solution of state-
space eigenvalue problem is needed for computing the baseline solutions needed for
the linear approximations. Here, a modified version of the Symmetric Indefinite
Lanczos Method has been proposed in order to obtain just the relevant (i.e. non-
overdamped) modes of vibration. This is very important specially for the proper
component reduction in state-space based CMS. On the other hand, damped mode
perturbation has been formulated from existing sensitivity expressions and the ap-
proximation of damped modes through the interpolation method has been proposed,
showing similar efficiency and improved accuracy in comparison to existing methods
for linear approximate modal analysis from undamped eigensolutions.

Secondly, the range of validity of the modal approximations has been efficiently
broadened by means of the proposed quotient approximation for damped eigen-
values. This damped quotient is derived directly from the state-space EVP and
provides optimal eigenvalue estimation given an approximate damped eigenvector.
Its use with interpolation methods is preferred given the reduced cost for eigen-
vector interpolation. Hence, the accuracy in modal damping and modal frequency
approximation is highly improved by applying the proposed quotient, which makes
quotient approximation suitable for approximating gross modifications in structural
design.

In third place, enhanced perturbation methods based on the CMS reduction of
state-space models have been proposed. In this thesis, existing state-space based
CMS methods have been evaluated, proving their improved performance for the
reduction of locally and heavily damped systems. Perturbation approximations
in CMS reduced models have been formulated, providing in this way a substruc-
tured perturbation scheme that allows for scalable application of the perturbation
approximations. From this generic framework two perturbation methods are de-
veloped. The Component Modal-Propagation method which is very well suited for
the efficient modal approximation of systems with locally varying damping, and
the Local Modal Perturbation method whose application is satisfactory for very
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efficient modal approximation of heavily damped systems with variability in the
medium and high-frequency regimes. In the current work, the (state-space) CMS
perturbation methods have shown very good performance when applied to uncer-
tainty analysis applications, and they are regarded equally suitable for their use in
other applications requiring intensive reanalysis.
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Chapter 2

Linear analysis of damped systems

In this thesis, the dynamic analysis of vibrating systems is considered. Efficient
original methods are to be derived for the analysis of damped systems. These
efficient methods are required for the case when large systems have to be analysed
repeatedly (e.g. for variability investigations), so that the computational cost is
bearable for modelling purposes. In subsequent chapters these efficient approximate
methods will be presented. Before that, however, examination of the conventional
ways to perform the dynamic analysis of damped systems will be presented in this
chapter. The theory introduced here will serve as a basis for the derivation of the
aforementioned approximate methods.

The linear analysis of dynamic systems is typically performed using the modal
superposition method, where the vibration solution is found as the weighted sum
of vibration modes. Each mode is defined by its modal frequency, modal damping
and mode shape vector. Determination of the modes of a system is not a trivial
task and typically it constitutes the most expensive computation in the analysis. In
particular, the modal analysis of damped systems is rather complicated because it
is difficult to correctly account for the damping using a simple mathematical model.

In this chapter the modal analysis of damped systems with viscous damping is de-
tailed. Two different strategies for finding the damped system modes are presented.
First, the classical Rayleigh approach is explained, where the damped modes are ob-
tained from the undamped modes of the system. This approach is only valid under
the assumption that the viscous damping is small or proportional to the mass and
stiffness properties of the system. The second approach based on the state-space
formulation is then explained. The damped modes are obtained directly in this
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2.1. Damping models for structural vibrations

second approach, with no assumption other than the damping being of the viscous
kind.

The computation of dynamic system modes always results in estimated modes with
a certain degree of computational error. When one performs modal analysis one
has to be aware of the amount of error introduced in the computation. Ways
exist to estimate the error in the modal solutions, or at least upper bounds for the
error. In this chapter, these error measures and bounds are specified for damped
modal analysis. The importance of introducing them is that they will be of use for
estimating the approximation error introduced by the approximate methods that
are developed in this thesis.

2.1 Damping models for structural vibrations

The classical Rayleigh [46] approach for the modelling of vibrating structures ap-
proximates the elastic and inertia properties of the system with the stiffness K and
mass M matrices respectively. The energy dissipation in the system is analogously
represented by the damping matrix C giving rise to the damped equations of motion

Mü + Cu̇ + Ku = f (2.1)

with u the vector of generalised displacements and f the vector of external forces.
The vectors u̇ and ü stand for the displacements’ first and second derivatives with
respect to time. In the classical approach, it is assumed that the damping forces
are proportional to the instantaneous velocity u̇. Hence, the matrix C is a viscous
damping matrix.

The viscous damping model is not the only existing dissipation model. In fact, in
equation 2.1 the elastic and inertia forces are known to be well defined by the terms
Ku and Mü respectively. On the contrary, there may be various dissipation mech-
anisms in a structure (e.g. distributed material damping, frictional micro-slipping
and air pumping at joints, fluid in contact with the structure) and, according to
Woodhouse [47], it is not clear that the damping forces are proportional to the
instantaneous velocity. Nevertheless, viscous damping is the most generally used
damping model and it gives good approximate results in the majority of cases,
especially for light damping.

Other linear models of damping include the hysteretic damping model which is a
dissipation-matrix based model [48] for frequency domain analysis. In this model
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2.2. Modal analysis of viscously damped systems

the damping matrix is frequency dependent C(ω) so that damping is not necessarily
proportional to the instantaneous velocity. A specific case of hysteretic damping is
when the damping matrix is defined as C(ω) = C/|ω|, which implies that it is pro-
portional to the instantaneous harmonic displacement. This model gives frequency
independent modal damping, which is in agreement with many material damping
testing results. However, the hysteretic damping model is physically inconsistent
since it violates considerations of causality [49]. Typically viscoelastic damping is
alternatively accounted for by assigning a constant damping ratio to all modes once
they have been computed from the undamped equations of motion.

Linear damping models which are not dissipation-matrix models assume that damp-
ing is not only proportional to the instantaneous state variables but also to its past
time history. These methods use kernel functions which are convoluted with the
state variables instead of dissipation matrices. Also, there exist non-linear models
such as friction power law damping (e.g. velocity squared damping, etc.). The in-
terested reader can refer to [50] for further details on these damping models. In this
thesis only the dissipation-matrix models will be used, and the viscous damping
model will be assumed throughout unless otherwise stated.

2.2 Modal analysis of viscously damped systems

The modal analysis of a system consists in finding the modes of vibration of the
system, so that the vibration response of the system due to external loading can be
expressed as a sum of modal contributions. The modes of a system modelled with
a Finite Element model can be computed from the dynamic equations of motion.

For a viscously damped system the equations of motion are posed in terms of the
mass, stiffness and viscous damping matrices (c.f. equation 2.1) whose free vibration
solutions are the vibration modes of the system. The damped equations of motion
are a set of Nd coupled second-order differential equations. The solutions to these
equations are assumed to be of the following kind

u(t) = φeλt (2.2)

so that generalized displacement vector is expressed as the product of a constant
shape vector φ and an exponential time function with argument λ.

The modal parameters of the system are obtained from the homogeneous equations
of motion, i.e. setting f = 0. In principle, the modal solution to such a system
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2.2. Modal analysis of viscously damped systems

of equations follows from the solution of the corresponding quadratic eigenvalue
problem (QEVP) (

λ2M + λC + K
)
φ = 0 (2.3)

with λ the eigenvalue and φ the eigenvector solutions. The QEVP has 2Nd eigenval-
ues and 2Nd right/left eigenvectors. For K, M and C being real and symmetric, the
eigenvalues and eigenvectors occur in complex conjugate pairs and the left eigen-
vector equals the transposed right eigenvector [51].

Each complex conjugate pair represents one vibrational mode m. The eigenvalues
of damped systems are therefore complex valued, i.e. λm = −σm ± iωd,m, with
the negative real part accounting for the modal decay rate due to damping and
the imaginary part corresponding to the damped modal frequency. The modal
damping is usually given in non-dimensional units in terms of the damping ratio
ζm = σm/|λm|. Generally, the eigenvectors φm are also complex valued and they
correspond to the mode shape vectors.

In order to avoid dealing with a non-linear EVP whose solution is numerically
complicated [51], the QEVP is typically linearized into a standard generalised EVP.
This can be done in two ways: either by solving the undamped system EVP under
the assumption that the damping is small or proportional to the mass and stiffness
matrices; or by transformation of the equations of motion into first order state-space
form.

2.2.1 Proportional damping

The classical approach assumes that the viscous damping matrix is proportional
to the mass and stiffness matrices, which is known as Rayleigh damping, classical
damping or proportional viscous damping. In this case the problem is initially
reduced to the solution of the undamped equations of motion.

Mü + Ku = f (2.4)

The undamped solutions for the generalized displacements u are assumed to be
the product of a shape vector u and an exponential time function with argument
s = iω.

u(t) = uest (2.5)

Then, the linearized EVP corresponding to the undamped equations of motion is
solved (

s2M + K
)
u = 0 (2.6)
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2.2. Modal analysis of viscously damped systems

having Nd eigenvalue pairs s2
m = (±iωm)2 = −ω2

m corresponding to the undamped
modal frequencies and Nd real-valued eigenvectors um corresponding to the un-
damped mode shape vectors. Here it must be pointed out that the undamped
eigenvalues are generally termed

λundamp
m = ω2

m (2.7)

This convention comes from expressing the EVP in equation 2.6 as λMu = Ku.
However, one shall not confuse this undamped eigenvalues convention with the
damped eigenvalues λm coming from the QEVP in equation 2.3.

The mass and stiffness matrices can be transformed into modal coordinates p by
pre and post multiplication with the matrix U = [u1,u2, · · · ,uNd ] consisting of the
undamped eigenvectors. This transformation diagonalises the matrices because the
eigenvectors form an orthogonal basis. Typically, the eigenvectors are normalised
with respect to the mass matrix (c.f. Appendix A.3) so that the modal mass matrix
M̄ equals the identity matrix, that is

M̄ = UTMU = I

Correspondingly the mass-normalized modal stiffness matrix K̄ is

K̄ = UTKU = Ω2

where Ω = diag(ω1, ω2, · · · , ωNd) is a diagonal matrix consisting of the Nd un-
damped modal frequencies.

The proportionality assumption implies that the C matrix is also diagonalised by
the U matrix. The modal damping matrix C̄ = UTCU is a diagonal matrix with
the m’th element in the diagonal of the modal damping matrix C̄mm corresponding
to the modal damping of the mth mode. Therefore, the undamped eigenvectors
do uncouple the proportionally-damped equations of motion when transformed into
the modal coordinates p, that is

p̈ + C̄ṗ + Ω2p = Q (2.8)

with u = Up and Q = UT f . This means that the mode shape vectors φm of a
proportionally damped system equal the undamped mode shape vectors um.

Each uncoupled equation of motion in equation 2.8 corresponds to a mode of vibra-
tion that can be analysed as a single-degree-of-freedom (SDOF) viscously damped
oscillator1.

1A damped SDOF system with mass m, stiffness k and damping constant c has its damped
resonance frequency at ωd = ωn

√
1− ζ2, with ωn =

√
k
m the corresponding undamped natural

frequency and ζ = c
2mωn

the damping ratio.
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2.2. Modal analysis of viscously damped systems

Thence, a proportionally damped mode has ωd,m = ωm
√

1− ζ2
m modal frequency

and ζm = C̄mm
2ωm damping ratio, so that the eigenvalues of a proportionally damped

system read
λm = −ζmωm ± iωm

√
1− ζ2

m (2.9)

The steady state response solution is obtained by assuming harmonic vibration
response for each mode. Then, the modal displacement vectors p in equation 2.8
are straightforwardly differentiated with respect to time giving

[−ω2I + iωC̄ + Ω2]p = Q (2.10)

so that solving for the modal displacements

p = [−ω2I + iωC̄ + Ω2]−1Q = H̄Q (2.11)

one finds modal response solution in terms of the modal receptance matrix H̄. The
modal response p can be transformed back into physical displacement coordinates
by pre-multiplying both sides of equation 2.11 with U, that is

u = UH̄UT f = Hf (2.12)

where H is the receptance matrix in physical coordinates. Hence, the displacement
response of the system is found by means of the H matrix. Each element of the
receptance matrix Hij is the frequency response function between the force applied
at the i’th physical degree of freedom and the displacement response at the j’th
degree of freedom. From equations 2.11 and 2.12 it can be seen that

H =
Nd∑
m=1

umu
T
m

−ω2 + i2ζmωmω + ω2
m

(2.13)

where it is clear that, in modal analysis, the response of the system is obtained as
the sum of the contributions of each mode.

2.2.2 Small damping

In the majority of cases the mode shapes of a system are complex-valued when they
are estimated using modal testing [48]. Hence the proportional damping assumption
is convenient mathematically, but it does not match with the damping distribution
of real systems. In a general case, the viscous damping matrix is non-proportional
to the mass and stiffness matrices. Performing the analysis with undamped eigen-
vectors does not uncouple the damped equations of motion, i.e. the C̄ matrix is
not diagonal.
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2.2. Modal analysis of viscously damped systems

Nevertheless, the modal damping matrix C̄ for non-proportional viscous damping is
usually diagonal-dominant, and many times the modal damping can be still fairly
well estimated using undamped modes for lightly damped systems. Under the
assumption of small damping, Rayleigh [46] showed that the damped eigenvectors
λm can be approximated from the corresponding undamped modal frequencies ωm
and undamped mode shape vectors um as

λm ≈ −
1
2C̄mm ± iωm (2.14)

with C̄mm = uTmCum. Similarly, the damped eigenvectors φm can be approximated
from all undamped modal frequencies ωk and all undamped mode shape vectors uk
as

φm ≈ um ± i
∑
k 6=m

ωmC̄km
ω2
m − ω2

k

uk (2.15)

with C̄km = uTkCum. Complex valued mode shape vectors are obtained from the
small damping approximation.

2.2.3 State-Space formulation

The QEVP in equation 2.3 may be linearised using the State-Space formulation
instead (see for instance Meirovitch [52]). The damped equations of motion in
equation 2.1 can be cast into the first-order state-space form 0 M

M C

ü
u̇

+
−M 0

0 K

u̇
u

 =
0

f

 (2.16)

where the identity Mu̇−Mu̇ = 0 is introduced in the upper row. Introducing the
state condensed notation

x =
u̇

u

 , A =
 0 M
M C

 , B =
M 0

0 −K

 and fx =
0

f

 (2.17)

it can be clearly observed that the equations of motion in state coordinates x are a
set of 2Nd first-order differential equations.

Aẋ−Bx = fx (2.18)

The state equations of motion may be solved in the same way as for the undamped
equations of motion. Assume solutions of the kind

x(t) = xeλt (2.19)
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with the state vector x composed as the product of a shape vector x and an ex-
ponential time function with complex argument λ. The state solution follows from
the solution of a linear EVP in state-coordinates

(λA−B)x = 0 (2.20)

with λm = −σm ± iωd,m the complex eigenvalues of the original QEVP, and xm =
{λmφTm,φTm}T the state eigenvectors which contain the original QEVP complex
eigenvectors φm. The solutions obtained using the state-space formulation are exact
and, unlike the expressions in equations 2.14 and 2.15, they are valid regardless of
the system being lightly damped or not.

The state equations of motion in equation 2.18 can be decoupled using a matrix X =
[x1,x2, · · · ,x2Nd ] consisting of the A-normalized state eigenvectors (c.f. Appendix
A.4). The modal state matrices are then

Ā = XTAX = I

B̄ = XTBX = Λ

with Λ = diag(λ1, λ2, · · · , λ2Nd) a diagonal matrix consisting of the 2Nd complex
eigenvalues. In this way the equations of motion are posed into modal state coor-
dinates q

q̇ −Λq = Qx (2.21)

with the vectors x = Xq and Qx = XT fx having 2Nd degrees of freedom (DOFs).

As for the proportionally damped case, the steady state response is obtained as-
suming harmonic vibration so that the state equations of motion read

[sI−Λ]q = Qx (2.22)

with s = iω. Again, solving for the modal state-displacements q

q = [sI−Λ]−1Qx = H̄xQx (2.23)

the modal response solution is posed in terms of a modal receptance matrix H̄x =
[sI−Λ]−1. The modal response is transformed back into physical state coordinates
x by pre-multiplication with the X matrix

x = XH̄xXT fx (2.24)

The physical displacement coordinates u are a partition of the state coordinates
x. The X matrix can be partitioned accordingly, i.e. X = [ΛΦT , ΦT ]T with Φ =
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[φ1,φ2, · · · ,φ2Nd ] a matrix consisting of the damped eigenvectors of the original
QEVP. Hence, from equation 2.24 we can write

u = ΦH̄xΦT f = Hf (2.25)

where H = Φ[sI−Λ]−1ΦT is the receptance matrix in physical coordinates. Notice
that here Φ is a matrix of damped mode shape vectors φm with different normal-
isation than the mass normalised undamped mode shape vectors um. Finally, the
receptance matrix H for non-proportionally damped systems is expressed as the
sum of the modal contributions

H =
Nd∑
m=1

φmφ
T
m

s− λm
+ φ∗mφ

H
m

s− λ∗m
(2.26)

where H is the Hermitian operator and each mode is characterised by the complex
conjugate pairs of damped eigenvalues and eigenvectors.

The solutions obtained using the state-space formulation are exact and, unlike the
expressions in equations 2.14 and 2.15, they are valid regardless of the system being
lightly damped or not. On the contrary, the order of the state EVP in equation
2.20 is doubled with respect to the undamped EVP in equation 2.6.

2.3 The eigenvalue problem in modal analysis

Typically, the dynamic structures for which it is desired to perform modal analy-
sis are characterised by FE models consisting of thousands or millions of degrees
of freedom, giving rise to very large sparse system matrices. In turn, one is usu-
ally interested in just a few tens or hundreds of vibrational modes. The EVPs
corresponding to such large systems are typically solved using Lanczos algorithms.
These eigenvalue algorithms are the most efficient algorithms for computing just a
few number of eigensolutions of large eigenvalue problems.

Although it is not the purpose of this work to gain a deep insight into the details of
eigenvalue algorithms, some basic features of the Lanczos algorithms will be briefly
highlighted in this section. This will give a general understanding of the nature of
these algorithms, so that the associated computational cost of the algorithms can
be evaluated. For further algorithm details, the interested reader may find many
publications in the literature devoted to numerical algorithms for the solution of
eigenvalue problems (e.g. [53–55]).
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In this section, the mathematical properties of the EVPs encountered in the modal
analysis of dynamic systems are evaluated. It will be seen that the undamped EVP
and the state-space EVP have different properties. Consequently, different Lanczos
algorithms are used for each case.

2.3.1 Eigenvalue algorithms

The solutions to eigenvalue problems are computed through so called eigenvalue
algorithms. Eigenvalue algorithms are very computationally expensive. These are
typically iterative algorithms which keep iterating until the solution converges. The
computational efficiency of the eigenvalue algorithms depends on the computational
cost of each iteration step, and also on the convergence rate of the algorithm, i.e.
how many iterations are needed for each modal solution.

Eigenvalue algorithms may be divided into two groups. Those algorithms that may
compute one or few eigensolutions only (e.g. Rayleigh quotient iteration, Lanczos
algorithms, etc.), and those algorithms that necessarily produce all eigensolutions
of the EVP (e.g. QR algorithm, MRRR algorithm, etc.). The former are aimed
at solving EVPs defined by large sparse matrices whereas the latter are applied to
EVPs defined by smaller densely populated matrices.

In modal analysis the eigenvalue algorithms producing a limited number of solutions
to the EVP are of relevance. Among these, the Lanczos algorithms are the ones
that achieve the best computational efficiency. The Lanczos algorithms are nothing
but efficient implementations of the Arnoldi iteration method. In turn, the Arnoldi
iteration method was developed from the power iteration method.

In the following, the power and inverse iteration methods are explained. Next,
the Arnoldi iteration method is explained on the grounds the power iteration. In
this way, a general overview of the computational complexity and efficiency of the
Lanczos algorithms is given. For simplicity, the methods will be described for
the standard eigenvalue problem Ab = λb, that is, the problem of finding the
eigenvalues λ and eigenvectors b of a matrix A.

Power and inverse iteration

The algorithms that compute just some of the eigensolutions have their origin in the
power iteration method for finding the dominant (largest) eigenvalue of a generic
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matrix A.

Power iteration starts from an arbitrary vector b0 (typically a random vector). At
each iteration i the A matrix is applied to the vector resulting from the previous
iteration, i.e. bi = Abi−1. This is equivalent to multiplying the initial vector with
increasing order powers of the matrix at each iteration, i.e. bi = Aib0. After several
iterations the vector converges to the dominant eigenvector of the matrix. In turn,
the norms ratio of two consecutive iterations vectors converges to the dominant
eigenvalue.

For a matrix of order N , each iteration has a computational cost of O(N2), which
is that of performing the matrix-vector multiplication. The rate of convergence
is linear and may be very slow if the second larger eigenvalue is of comparable
magnitude to the largest one.

In order to find eigensolutions other than the one corresponding to the domi-
nant eigenvalue, the power iteration method may be applied to the inverse matrix
(A− µI)−1, which is known as the inverse iteration method. Inverse iteration con-
verges to the eigenvalue of matrix A which is closest to the value of the parameter
µ at a linear convergence rate. For hermitian matrices (or hermitian generalised
EVPs) inverse iteration can be enhanced by updating µ with the Rayleigh quotient
at each iteration yielding a cubic convergence rate.

However, the large matrices that arise in structural dynamics are often ill condi-
tioned, so that performing their direct inversion may give rise to large errors in
the solution. Hence, it may not be implemented, analogous to the power iteration,
as just multiplying the inverted matrix at each step. Instead, a linear system of
equations, i.e. (A− µI) bi = bi−1, must be solved at each iteration step. This sig-
nificantly increases the computational cost at each step which may go up to O(N3)
depending on the structure of the matrix (e.g. sparse, Toeplitz, non-structured...).

Arnoldi iteration and Lanczos algorithms

Much more efficient algorithms have been devised based on the fact that the set of
vectors bi obtained at each iteration in the power iteration method span a Krylov
subspace.

The central idea of these algorithms is to project the EVP matrix A onto a Krylov
subspace K of reduced order m generated by the matrix A and an initial vector b0.
This gives as a result a reduced matrix R with the same order as the Km(A, b0)
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subspace, whose eigensolutions correspond to the m dominant eigensolutions of the
original matrix A. The order m of the Krylov subspace may be chosen arbitrarily
and it is typically set to twice the number of eigensolutions (modes) that are to be
computed.

Following this idea, the Arnoldi iteration method and the Lanczos algorithms were
defined. Arnoldi iteration is the method for reducing the EVP matrix ensuring
numerical stability, and it is valid for any linear eigenvalue problem. The Lanczos
algorithms are efficient implementations of the Arnoldi iteration.

The classic Lanczos algorithm [56] is the most efficient algorithm and applies only to
hermitian EVPs. Hermitian EVPs are those that can be transformed into a standard
EVP defined by a Hermitian matrix. There also exist less efficient variants of the
Lanczos algortihm for non-hermitian EVPs.

Arnoldi iterartion computes the m vectors that span the Krylov subspace perform-
ing Gram-Schmidt orthogonalisation at each step, giving rise to an orthonormal
basis V of so called Arnoldi vectors vi. The EVP matrix A is projected onto the
Arnoldi vectors basis, so that it gets transformed into a reduced matrix R, i.e.
R = VHAV. The reduced matrix is of Hessenberg form for a generic matrix A. If
the A matrix is hermitian, the reduced matrix becomes real-symmetric tridiagonal.

The computational cost of the Arnoldi iteration method is the cost of computing the
Arnoldi vectors and obtaining the reduced matrix. This is done at a computational
cost O(N2)m+2Nm2. The Lanczos algorithm is a simplified version of the Arnoldi
iteration that takes full advantage of the symmetry of the tridiagonal reduced matrix
in hermitian EVPs. It efficiently computes the so called Lanczos vectors and the
tridiagonal reduced matrix at a cost O(N2)m+ 7Nm.

Then, m eigensolutions can be found by solving the EVP corresponding to the re-
duced order matrix R. The computed eigenvalues correspond to the m dominant
eigenvalues of the original EVP. The corresponding computed eigenvectors are of re-
duced order and they may be transformed back into full order by pre-multiplication
with V.

Efficient algorithms that produce all eigensolutions of the reduced EVP may be used
since R is a small matrix. The QR algorithm may be used for computing efficiently
all eigensolutions of a Hessemberg R matrix at a cost O(6m3)+O(m2) per iteration
step and with a cubic convergence rate. For a real symmetric tridiagonal R ma-
trix (i.e. hermitian EVP), the Multiple Relatively Robust Representations (MRRR)
algorithm may be used instead at a computational cost O(m2) per iteration step.
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Assuming, as it is usually the case in dynamics, that the order of the matrices N
is very large, the computational cost for solving the reduced EVP is very small in
comparison with the cost of obtaining the reduced EVP. Moreover, since m � N ,
Lanczos algorithms obtain the m dominant eigensolutions of a large matrix roughly
at a cost O(N2) per eigensolution.

2.3.2 Eigenvalue problem properties

In modal analysis, the eigenvalue problems that need to be solved are generalised
eigenvalue problems defined by a pair of matrices, what is known as a matrix pencil.
The mathematical properties of the matrices defining the eigenvalue problem are
of great significance for the computation of the solution. Depending on these prop-
erties more or less efficient algorithms can be used for solving the corresponding
eigenvalue problem.

The undamped EVP is defined by the (M,K) pencil whereas the state-space EVP
is defined by the (A,B) pencil. These two pencils have distinct mathematical
properties.

The M and K matrices are real-symmetric positive-definite matrices. This makes
the (M,K) pencil to be a definite matrix pencil and, consequently, the undamped
EVP is of the hermitian kind. These are the less complicated eigenvalue problems
to solve.

The A and B matrices are real-symmetric as well, but they are not positive-definite.
Hence, the (A,B) pencil is said to be indefinite. This has several implications. To
start with, the state-space eigenvalue problem is a non-hermitian eigenvalue prob-
lem. Therefore, the EVP solving algorithms become more complicated and therefore
less efficient. In turn, the availability of error bounds for the modal solutions of
the state-space EVP gets reduced due to the indefiniteness of the pencil, as will be
shown in section 2.4.2.

2.3.3 Undamped eigenvalue problem solution computation

As has been described in section 2.3.2 the eigenvalue problem corresponding to the
undamped equations of motion is hermitian. Hence, the solution of the undamped
EVP is obtained using the standard Lanczos algorithm for the generalised hermitian
eigenvalue problem (GHEVP). Implementation of the Lanczos algorithm is publicly
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available in the Linear Algebra Package (LAPACK) software library.

As opposed to the O(N2) cost per eigensolution of the Lanczos algorithms for the
standard EVP, the generalised EVPs involve a solution cost of up to O(N3) per
eigensolution through the use of Lanczos algorithms. This is because one needs to
solve a linear system of equations at each iteration of the Lanczos algorithm for
the GHEVP, in addition to the matrix-vector multiplication (O(N2) cost) that was
already needed in the Lanczos algorithm for the standard EVP (see section 5.5.1
in reference [54] for details). The cost for solving a linear system of equations is of
O(N3) for a generic matrix.

Sparsity of the matrices

It has to be pointed out, however, that the M, C and K matrices are markedly
sparse (and so are the A and B matrices in the state-space EVP). Most of the
elements in sparse matrices are zero valued and, therefore, the computational com-
plexity of sparse matrix operations is significantly smaller than for generic full ma-
trices.

For instance, the cost of sparse matrix-vector products is proportional to the number
of non-zero elements rather than to the total number of matrix elements (see [57]).
For large systems, the number of non-zero elements NNZ is much smaller than the
total number of elements N2, but larger than the matrix order N since they are
of full rank, i.e. N < NNZ � N2. Therefore, the associated computational cost of
sparse matrix-vector products is somewhat close above O(N) rather than O(N2).

In a similar way, solving a system of equations determined by large sparse matrices
involves a much smaller computational cost than O(N3). Estimating the associated
computation cost is not a trivial task although, according to [57], the required com-
putational time is proportional to the number of arithmetic operations on nonzero
quantities. Hence, the computation cost for solving a sparse system of equations
may well be below O(N3). In fact, rather than computing the exact solution to the
linear system of equations, eigenvalue algorithms for large sparse matrices typically
compute a least squares estimate of this solution, which is much more efficiently
computed through sparse specific algorithms such as the LSQR algorithm [58].

It can be concluded that the solution of large sparse generalised eigenvalue prob-
lems encountered in modal analysis involves a solution cost that scales with the
number of non-zero elements in the matrices, and that O(N2) may be regarded as
a conservative upper bound for the computational cost per eigensolution through
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Lanczos algorithms.

Lumped mass approximation

For the undamped EVP, the mass matrix is the matrix involved in the linear sys-
tem of equations to solve in the Lanczos iterations. Many times, a lumped mass
matrix approximation is used in order to reduce the solution cost. This approxima-
tion replaces the consistent element mass matrices obtained in the finite element
method with diagonal mass matrices with equivalent total mass. That is, the in-
ertial properties of the elements are approximated by lumped masses at the nodes
of the element. Thence, the lumped mass matrix is a diagonal matrix and, conse-
quently, it only involves an O(N) solution cost in the Lanczos algorithm iterations.
Thus, by using the lumped mass matrix approximation the solution of the large
undamped EVPs encountered in modal analysis involve a cost of just O(NNZ) per
eigensolution.

2.3.4 State-space eigenvalue problem solution computation

In contrast to the undamped eigenvalue problem, the eigenvalue problem in the
state-space formulation is non-hermitian and is defined with an indefinite pencil.
Therefore, the standard Lanczos algorithm for the GHEVP may not be used since
it would not converge to any correct solution.

One possibility is to use the Implicitly Restarted Arnoldi (IRA) algorithm [59],
whose implementation is publicly available in the Arnoldi Package (ARPACK) soft-
ware library included in Matlab. This is a less-efficient eigenvalue algorithm than
the Lanczos algorithm, but it can handle non-hermitian eigenvalue problems. How-
ever, the Arnoldi iteration presents some limitations when computing the solution
of large indefinite GEVPs.

The Implicitly Restarted Arnoldi algorithm is a less stable algorithm than the Lanc-
zos algorithm. It may efficiently compute the outer spectra eigensolutions, i.e. the
larger eigenvalues, but it may have much more trouble finding the eigensolutions
in the inner spectra of the GEVPs. This implies that the IRA algorithm may
break down when computing eigensolutions, e.g. due to loss of orthogonality of the
Arnoldi vectors, or may have a extremely slow convergence rate.

This problem is exacerbated for large orders of the state-space matrices, which is
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the case in modal analysis. Due to the fact that robust algorithms for solving
the state-space EVP had not been available, the use of state-space formulation
for modal analysis has traditionally been avoided in practical situations. Despite
specific variants of the Lanczos algorithm for non-hermitian GEVPs having been
developed in recent decades, the state-space formulation has been customarily left
aside.

Thus, it is possible nowadays to perform modal analysis of damped systems through
state-space formulation. In particular, a specific variant of the Lanczos algorithm,
namely the Symmetric Indefinite Lanczos Method, shall be used for solving the
state-space EVP.

Symmetric Indefinite Lanczos Method

The solution of the state-space EVP using a Symmetric Indefinite Lanczos Method
(SILM) was described by Chen et al. [60, 61] for systems without mode multiplicity
(i.e. systems without repeated eigenvalues) and extended to systems with mode
multiplicity by Kim et al. [62]. SILM tackles specifically the indefinite GEVP in the
state-space formulation, but its implementation is not generally available in most
commercial software. Yet, a prototype Matlab implementation of the Symmetric
Indefinite Lanczos Method (named INSYLAN ) was developed by Thomas Kowalski
[54] and is available online.

For large systems, the Symmetric Indefinite Lanczos Method is significantly more
stable than the Implicitly Restarted Arnoldi algorithm, making it possible to com-
pute many more inner spectra eigensolutions without breakdown or convergence
issues. As for the standard Lanczos algorithm, the computational complexity of
SILM is also of O(N2) per eigensolution.

Yet, since the state-space formulation involves doubling the degrees of freedom in
the equations of motion, the solution of the state-space EVP is at least four times
more computationally demanding than the undamped EVP solution, let alone the
increase in computational cost due to complex arithmetic operations and lower al-
gorithmic efficiency of the Symmetric Indefinite Lanczos algorithm with respect to
the Lanczos algorithm for the GHEVP. Moreover, for the state-space EVP, neither
of the two state-space matrices, A and B, become diagonal if a lumped mass matrix
is introduced. Therefore, the lumped mass approximation gives hardly any compu-
tational cost reduction when the equations of motion are cast into the state-space
form.
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All in all, the solution of the state-space EVP through Lanczos algorithms is an order
of magnitude more computationally demanding in comparison with the solution of
the undamped eigenvalue problem.

2.4 Modal solution error analysis

In section 2.2, the modal analysis method has been described from an analytical
point of view. In engineering applications, however, modal analysis is conducted
numerically. A numerical representation is inherently an approximation to real-
ity and, consequently, any numerical method produces results subject to a certain
degree of error.

There is therefore a need to quantify the amount of error in the computed modal
solutions. This quantification is what is known as error analysis. Measures of
the error are presented in this section. These measures allow one to determine if
the numerical solutions are accurate enough for the needs of the damped system
analysis.

Specifically, if modal analysis is performed on a finite element model of a vibrating
structure, the modal solution is an approximation with two main sources of error.
On one hand, the FE model is a numerical model and as such it is already an
approximation of the structure’s nature. Moreover, the FE model parameters are
in practice estimated values, which are usually assumed from partial information
about the structure properties. On the other hand, the numerical algorithms for
solving the eigenvalue problem always obtain solutions with a certain amount of
inaccuracy.

Nevertheless, numerical modal solutions are usually considered to be exact for en-
gineering purposes. That is, it is assumed that the FE model is accurate enough for
a correct dynamic analysis, and that the output error in EVP algorithms is negligi-
ble. In this thesis, however, the aim is at developing efficient methods for obtaining
cheap computational modal solutions at the expense of larger approximation errors.
Thus, the error measures defined for the error analysis of eigenvalue problems may
be used for the quantification of the error in the approximate modal solutions.
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2.4.1 Error measures

The most straightforward way of measuring the error in the mode approximation is
to compute the absolute error in the eigenvalues and eigenvectors. In order to do so,
one must know both the exact and the approximate values for the eigensolutions.
Here we introduce the following notation for exact and approximate modes.

Exact eigenvalues are denoted by symbol λ for both damped and undamped EVP,
undamped eigenvalues being λm = ω2

m and damped eigenvalues being λm = −σm±
ωd,m. Approximate eigenvalues will be denoted with a tilde, λ̃m being the approxi-
mation to the exact eigenvalue λm.

Exact eigenvectors are denoted um, φm and xm and their corresponding approxi-
mate eigenvectors ũm, φ̃m and x̃m for undamped, damped and state-space eigen-
vectors respectively.

Absolute error

The error in the eigenvalues is calculated as the absolute value of the difference
of the exact to the approximate eigenvalue, i.e.

∣∣∣λm − λ̃m∣∣∣. In most of the cases,
however, it is of interest to know the error in the modal frequencies and modal
damping directly. Thence, errors for the undamped modal frequencies |ωm − ω̃m|,
damped modal frequencies |ωd,m − ω̃d,m| and damping ratios

∣∣∣ζm − ζ̃m∣∣∣ are usually
regarded.

The error in eigenvectors can be computed in an analogous way, i.e. |um − ũm|,∣∣∣φm − φ̃m∣∣∣ and |xm − x̃m|. However, this error measure does not give any practical
information. On one hand, it is a vector quantity which does not give a clear
understanding of the amount of error. On the other hand, eigenvectors are scalable
solutions, and therefore the absolute error of an eigenvector does not have a unique
value, since it depends on an arbitrary scaling factor. Thus, it would be desirable
to establish alternative error measures for eigenvectors that express the error as a
simple scalar value.

Modal Assurance Criterion

A broadly used measure for eigenvalue errors is the Modal Assurance Criterion
(MAC). It is a measure of the orthogonality between two vectors. The MAC is
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defined in the following way for any two vectors v and w

MAC (v,w) =

∣∣∣vHw
∣∣∣2

(vHv) (wHw) = |〈v,w〉|2

‖v‖2 ‖w‖2 (2.27)

The MAC can take values between 0 and 1 since its definition follows from the
Cauchy-Schwarz inequality (c.f. Appendix A.1). A MAC value of 1 indicates that
the two vectors are identical regardless of their scaling factor. This is clearly proved
if v = αw is introduced in equation 2.27. A MAC value of 0 indicates that the
two vectors are orthogonal. This is straightforward to see since for two orthogonal
vectors it holds that 〈v,w〉 = 0.

Therefore, the Modal Assurance Criterion performs an orthogonality test whose
result may serve as a measure of the error between an exact and an approximate
eigenvector. This measure is given by a simple scalar value and it does not depend
on the arbitrary scaling of the eigenvectors.

For instance, for an exact φm and approximate φ̃m damped eigenvectors one can
compute MAC

(
φm, φ̃m

)
. The closer the MAC value is to 1, the smaller the error

committed in the approximation. Conversely, if one computes MAC
(
φn, φ̃m

)
with

n 6= m the error in φ̃m is smaller as this MAC value tends to 0.

Residual vector

So far, the error measures that have been presented require knowledge of the exact
solutions in order to evaluate the error in the approximate ones. These can be
calculated for small academic examples when the aim is to validate the approximate
solution method itself. However, in practical applications, the exact solutions will
not be available, precisely because one wants to avoid computing them. Therefore,
alternative estimations of the approximation error are needed to ensure that the
deviation of the solution is within an acceptable tolerance.

The accuracy of eigensolution approximations may be determined by substituting
them back into the equations for which they are solutions, that is, into the EVP
equations. Certainly, if the approximate eigenpairs are introduced in the left hand
side of the EVPs in equations 2.3, 2.6 and 2.20, then the right hand side becomes
no longer a zero vector 0, but an error vector which is known as the residual vector.

Explicitly, the residual vectors – r for the undamped EVP and s for the state EVP
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– for the m’th mode read

rm =
(
K− λ̃mM

)
ũm (2.28)

sm =
(
B− λ̃m A

)
x̃m (2.29)

with λ̃m = ω̃2
m in the undamped case. Notice that the state residual vectors are

complex valued, unlike the undamped residuals which are real valued. In any case,
the smaller the approximation error, the closer to 0 are the rm and sm residual
vectors. Conveniently, this may be quantified by a positive scalar quantity using
the norm of the residual, i.e.

‖rm‖ = 〈rm, rm〉
1
2 =

(
rTmrm

) 1
2 (2.30)

‖sm‖ = 〈sm, sm〉
1
2 =

(
sHmsm

) 1
2 (2.31)

where a smaller residual norm indicates better eigensolution accuracy. Neverthe-
less, the residuals are scaled accordingly with the arbitrary scaling of ũm and x̃m.
Therefore, in order to compare different approximations accuracies it may be use-
ful to normalise the residual norm with respect to the norm of the corresponding
approximate eigenvector.

2.4.2 Error bounds

The residual vector itself gives an indirect measure of the error introduced in the
approximation, but it does not quantify explicitly the approximation error in the
eigenvalues and eigenvectors. Yet, it is possible to derive error bounds for the
approximate eigenvalues from their corresponding residuals.

These error bounds can be found in the literature in publications dedicated to
the mathematical and computational aspects of the eigenvalue problem (see for
instance references [53–55]). However, most of the time these are only stated for
the standard eigenvalue problem. In modal analysis, on the contrary, generalised
eigenvalue problems are faced. For this reason, error bounds for the generalised
EVP are relevant to this work and their derivations can be found in Appendix B.

For the undamped eigenvalue problem, error bounds for the eigenvalue error
∣∣∣λm − λ̃m∣∣∣

are found in terms of the M-inverse norm of the residual vector rm, which is defined
as

‖rm‖M−1 =
〈
M−1rm, rm

〉 1
2 =

(
rTmM−1rm

) 1
2 (2.32)
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Assuming that the ũm eigenvectors are mass-normalised, the error in the eigenvalues
is bounded according to the inequality∣∣∣λm − λ̃m∣∣∣ ≤ ‖rm‖M−1 (2.33)

which is known as the Krylov-Weinstein theorem [63]. This is a simple result that
allows one to estimate the error without knowing the exact solution, albeit it may
give a coarse bound with respect to the actual error.

An alternative bound may be used when the eigenvalues are computed through the
Rayleigh Quotient. In such case the error is bounded according to the Kato-Temple
theorem [64], i.e. ∣∣∣λm − λ̃m∣∣∣ ≤ ‖rm‖2

M−1

d
(2.34)

with d the distance from λ̃m to the closest eigenvalue other than λm. Clearly, if
the distance d is significantly larger than the

∣∣∣λm − λ̃m∣∣∣ error, Kato-Temple gives a
much tighter error bound than the Krylov-Weinstein one.

For the state-space eigenvalue problem, however, analogous error bounds to the
ones in equations 2.33 and 2.34 cannot be defined (c.f. Appendix B). Only a more
generic bound can be formulated based on the Bauer-Fike theorem [65], i.e.

∣∣∣λm − λ̃m∣∣∣ ≤ cond(X)
∥∥∥A−1

∥∥∥ ‖sm‖
‖x̃m‖

(2.35)

with cond(X) the condition number of the state-eigenvectors matrix X. This bound
is of hardly any practical use because it requires knowledge of all of the exact state-
eigenvector solutions. Nevertheless, it states that the error in the eigenvalues is
proportional to the sm residual norm.

2.5 Summary

The theory for the linear vibration analysis of damped systems has been covered in
this chapter. The main features of the analysis are summarised in the following.

Firstly, it has been seen that the damping properties of dynamic systems depend
on a range of energy dissipation mechanisms with different physical nature. These
dissipation mechanisms may act conjointly when a structure is vibrating so that
the mathematical modelling of the overall damping of a system is rather difficult.
For this reason the modelling of damping is addressed using formulations which are
mathematically convenient, and that produce a fair approximation to the actual
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modal damping of vibrating systems. The most commonly used model is the viscous
damping model and it is the one used in this thesis.

Secondly, the modal analysis of viscously damped systems has been explained in
detail. The modes of vibration of such systems are found as the solutions of the
quadratic eigenvalue problem arising from the corresponding equations of motion.
A complication with QEVPs is that there is no canonical form for decoupling the
QEVP set of equations, as opposed to the standard EVP2. Therefore, the QEVP
may be linearised conveniently into a first order EVP in order to find the eigenso-
lutions using well-established EVP solving methods.

The classical approach for modal analysis is to consider the undamped equations
of motion, so that their corresponding EVP becomes of first order. The undamped
EVP is defined by a definite pencil (M,K). Therefore, it can be efficiently solved
using the well-known Lanczos algorithm. The eigenvalues and eigenvectors obtained
in this way are real valued and they correspond to the undamped system modes.

Obtaining the damped system modes can be done a posteriori and only in two cir-
cumstances. One is the mathematical assumption of proportional damping, where
the undamped mode shapes diagonalise the damping matrix, and thus the corre-
sponding modal damping is found. This assumption, however, is rarely of use in
practical situations. The other valid situation is when the system’s damping is
small, where a first order approximation can be used to find the damped modes
from the undamped modes. Obviously, the approximation worsens as the level of
damping increases.

The alternative approach for finding the damped modes is to rearrange the equa-
tions of motion into the state-space formulation. The corresponding eigenvalue
problem is then of first order and its eigensolutions directly correspond to the ex-
act damped modes. However, the transformation into the state-space presents two
handicaps. The matrix pencil (A,B) defining the state-space EVP is indefinite.
This means that the standard Lanczos algortihm cannot be directly applied for
the EVP solution. A less-efficient Symmetric Indefinite Lanczos Method [54, 60, 61]
may be used instead. Moreover, the state-space formulation doubles the dimensions
of the matrices in the EVP, which significantly increases the solution computation
cost. As it has been shown in this chapter, the computational cost for computing
each modal solution using Lanczos algorithms is proportional to the square of the
matrices order. Hence, the computational cost for solving a state-space EVP is

2The case of proportional damping is a special case where precisely the Schur form can be used
for decomposing simultaneously the mass, stiffness and damping matrices.
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roughly an order of magnitude bigger than the cost for solving the corresponding
undamped EVP.

Lastly, ways to estimate the error introduced in the computation of modal solutions
have been explained. The error in the computed modes may be measured directly
if the exact modes of the system are known. The absolute and relative errors may
be calculated for the modal frequencies and modal damping. The error in the mode
shape vectors may be assessed through the Modal Assurance Criterion.

When the exact modes of the systems are not available – which is typically the case
– the error in the computed modal solution may be assessed alternatively through
the residual vector. The residual vector does not measure the modal parameters
error explicitly, but it does give information about the overall computation error in
the corresponding mode.

Moreover, it has been seen that error bounds for the computed eigenvalues can
be given in terms of the residual vector norm. The Krylov-Weinstein theorem
gives an error bound for the eigenvalues of the undamped EVP, so that the error
in the natural frequencies may be (roughly) estimated without knowing the exact
solution. A tighter error bound for the natural frequencies can be obtained using
the Kato-Temple theorem, but only when the undamped eigenvalues are computed
through the Rayleigh quotient. For the state-space EVP, however, analogous error
bounds cannot be defined. Therefore, no explicit estimate of the error in modal
damping and damped modal frequencies can be given when the exact solutions are
not available.

2.6 Concluding remarks

The aim of this thesis is to develop new methods for repeatedly analysing the
dynamics of damped vibrating linear systems in an efficient way. The reanalysis
methods shall obtain cost efficient dynamic solutions at the expense of acceptable
approximation error in the solutions. Approximate reanalysis methods for damped
systems may be developed based on the mathematical grounds of modal analysis
that have been presented in this chapter.

The reanalysis methods that are developed throughout this work stand on the
mathematical model for viscous damping. Viscous damping is proportional to in-
stantaneous velocity and it results in frequency dependent modal damping. This
may not be the case for all damping mechanisms, e.g. viscoelastic materials usually
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show constant modal damping. Nevertheless, for a certain frequency range and an
appropriate choice of viscous damping values one can obtain a rather flat charac-
teristic of the modal damping as a function of frequency. On the contrary, one
could think of using some kind of hysteretic damping model giving constant modal
damping. However, such models are not used in this work because they present
inconvenient mathematical properties that impede the derivation of successful re-
analysis methods.

The computational cost of any approximate reanalysis method has to be smaller
than the cost of performing modal analysis. Since the most expensive task in
modal analysis is that of resolving the eigenvalue problem, most of the computa-
tion cost reduction may be achieved by calculating cheap approximations of the
eigensolutions. Therefore, the reanalysis methods may be based on mathemati-
cal approximations for the solutions of either the undamped eigenvalue problem or
the state-space eigenvalue problem. Typically, such mathematical approximations
involve the system matrices and also some previously computed solutions corre-
sponding to a former analysis of the system that is to be reanalysed.

The question to put forward now is whether an approach based on the undamped
eigenvalue problem or an approach based on the state-space eigenvalue problem
should be used in order to perform damped systems reanalysis. In modal analysis,
even though the state-space formulation yields the exact damped modes, use of the
state-space formulation is preferably avoided in practical situations. This is because
it involves a much higher computational cost for solving the eigenvalue problem, and
also because the eigenvalue algorithms for the indefinite pencils could occasionally
fail due to numerical instability. However, this may not be necessarily the case for
eigensolution reanalysis.

In the undamped eigenvalue problem the number of degrees of freedom of the eigen-
vectors and the order of the matrices is that of the equations of motion. On the
contrary, these dimensions are doubled in the state-space eigenvalue problem. This
fact implies that the cost for computing approximate eigensolutions will be at the
very least two times higher for the state-space case than for the undamped case. Yet,
the increase in computational cost is not as pronounced as for solving the EVPs,
where the solution cost in the state-space case is an order of magnitude higher.
Moreover, the undamped eigensolutions do not have direct correspondence to the
damped modes of the system, whereas the state-space eigensolutions do. Obtain-
ing the damped modes from the undamped eigensolutions needs extra computation
effort, which is that of the Rayleigh approximation for small damping (c.f. section
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2.2.2).

Therefore, it is not apparent that reanalysis methods based on the undamped eigen-
solutions approximations shall be significantly more efficient than reanalysis meth-
ods based on state-space eigensolutions approximations. On the other hand, reanal-
ysis methods based on the state-space formulation might produce more accurate
results, specially for highly damped systems. Furthermore, no numerical instability
issues are expected in reanalysis methods since the solutions are not to be searched
for through iterative algorithms. Thus, reanalysis methods based on the state-space
formulation are particularly considered in this thesis.

The approximation error of the reanalysis methods may be assessed in the same
way as the error introduced by the eigenvalue algorithms. The damped modes
error can be measured explicitly by comparison to the exact solution. This way
of measuring the approximation error implies that the exact eigensolution must
be additionally computed. Certainly, this is not what is aimed to do in practical
situations, where the eigensolution computation through eigenvalue algorithms is
precisely to be avoided in the reanalysis. When the exact solution is not available
the error shall only be assessed through the residual vector. However, it has been
seen in this chapter that explicit estimates of the error in damped modes (such
as "damped" eigenvalue error bounds) cannot be obtained from the residual vector.
This is the case for damped modes obtained through eigenvalue algorithms, and will
equally be for damped modes approximated through reanalysis methods, regardless
of the use of state-space formulation or small damping assumption.

Nevertheless, in this work, approximate solutions obtained through the reanalysis
methods will be compared to the exact solutions for small academic examples, so
that the error introduced by the reanalysis approximations can be estimated. For
engineering purposes, the modal solutions computed through eigenvalue algorithms
are considered to be error free. Thence, the direct error measures may be used
to estimate the error in the modal solutions coming from approximate reanalysis
methods if one regards the eigenvalue algorithms solutions as exact solutions. In
this way, the accuracy of the reanalysis methods themselves will be evaluated.
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Chapter 3

Approximate methods for the modal
analysis of damped systems

This chapter addresses methods for computing the dynamics of damped vibrat-
ing systems without necessarily solving the eigenvalue problems arising in modal
analysis.

When the parameters of a system model are prone to vary one is interested in the
corresponding variation in dynamic response. Computing the dynamic response for
each possible variation through the solution of eigenvalue problems is in general too
demanding. Instead, the dynamic response can be computed fully for one or few
deterministic cases, and the remaining range of possible dynamic responses may
be computed coming out from the former at a much lower cost using approximate
reanalysis methods.

Here, the perturbation method and the interpolation method are considered. In this
chapter these methods are defined for undamped systems and also for systems with
general viscous damping. Subsequently, the accuracy and efficiency of the methods
that are being presented in this chapter will be assessed through simple academic
numerical examples.

The perturbation method is an approximate reanalysis method that computes vari-
ations in the system response. The idea of the method is that if the response of the
system is known for a given set of parameters, the variations in the response due to
variations in the parameters may be computed through first order approximations,
under the assumption that the variations are small. The use of this method in
dynamics was first proposed by Liu et al. [66] in order to perform the analysis of
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systems subject to uncertainty.

The interpolation method is an approximate reanalysis method that computes rough
estimates of the response of a system by interpolation of already available modal
solutions. It was proposed by Bhaskar et al. [67] as a method for obtaining very
computationally cheap estimates of the modal frequencies of a system whose pa-
rameters are allowed to vary, so that these estimates may be used in design search
and optimisation problems of large dynamic systems.

Also in this chapter, the use of the Rayleigh quotient in combination with perturba-
tion and interpolation methods is proposed. The Rayleigh quotient is an important
quantity in modal analysis. It is used in the methods that solve the equations of
motion of the system in order to find its modes of vibration. Here, however, we are
mainly interested in its use as a modes approximant.

The classical Rayleigh quotient is defined for undamped systems. Therefore, its use
as an approximant is restricted to undamped modal solutions. For this reason, a
new Rayleigh Quotient for damped systems is defined in this chapter, as proposed
by Bhaskar [68]. The properties of this quotient are analysed in detail and its
potential use as a novel damped modes approximant is studied for the first time.

3.1 Response variation in dynamic systems

The reanalysis methods presented in this chapter approximate the variation of the
dynamic response of a system when the system model parameters vary. The varia-
tion in dynamic response may be approximated following two different approaches.
On one hand, one may attempt to update the response function of a system from
previously computed response functions. On the other hand, one may update the
system modal parameters from previously computed modal parameters, and then
compute the corresponding response function from the updated modal parameters.

It is desirable that the reanalyses take the lowest possible computation time. Thence,
linear approximations are to be used in the reanalysis methods, since they are the
most simple approximations one can use and, therefore, the ones that present the
lowest computational complexity. However, the accuracy of linear approximations
depend crucially on how close to linear is the rate of change of the variable being
approximated.

In this section, the rate of change of response functions and modal parameters are
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qualitatively analysed in order to determine which approximation approach (i.e.
response function or modal parameter approximation) is best for approximating
variations in the system dynamics. Recall that vibration modes behave analogously
to single degree of freedom (SDOF) oscillators. Therefore, the rate of variation of
the dynamic response of a generic system shall be similar to the response variation
of a SDOF system.

An example of varying response for a SDOF damped system is illustrated in figure
3.1. In this example the stiffness value k in figure 3.1a varies in a ±20% range of
its nominal value. In figure 3.1b the frequency response function for the nominal
value of k is drawn along with several frequency response functions corresponding
to equidistant k variations inside the variation interval. The response function reso-
nance peak is located roughly at 5 Hz, and incurs significant variations in frequency
and amplitude when k varies.

m

k c

a) Damped SDOF system. b) Frequency response variation.

Figure 3.1: Example of response variation of a single degree of freedom system with
±20% variation range in stiffness value.

For the same example, the rate of change of the response function and the modal
parameters with respect to the variations in stiffness is illustrated in figure 3.2. The
frequency response function variation is shown at 5 Hz because it is the frequency
around which the resonance peak varies. It can be observed that the variation
in the response function has a completely non-linear shape. On the contrary, the
variations in modal frequency and modal damping are much more smooth, showing
a monotonic and quasi-linear shape.

The response functions of a generic system with multiple degrees of freedom (MDOF)
will show resonance peaks for each mode of vibration behaving similar to the reso-
nance peak in figure 3.1b when subjected to variations. The rate of change of such
response functions will be very non-linear especially around the resonance peaks, as
is the case for the SDOF example. On the contrary, the modal parameters of each
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3.1. Response variation in dynamic systems

Figure 3.2: Variations in frequency response at 5Hz, modal damping and modal fre-
quency of the SDOF system for a ±20% variation range in stiffness value.

mode will vary smoothly as in figure 3.2. Therefore, the rate of change of modal
parameters will be fairly well approximated using linear approximations, whereas
approximating response function variations through linear approximations will give
very poor results. Thus, the modal approximation reanalysis approach is considered
best and, for this reason, it is the one developed in this work.

3.1.1 Variation in modal parameters

The rate of variation of modal parameters with respect to system model parameter
changes is analysed here with further detail. In Appendix C the rate of change of the
modal parameters of a SDOF system are analysed. From the analysis on undamped
resonance frequency in section C.1, it can be stated that variations in the undamped
modal frequencies are rather smooth, although the rate of change with respect to
mass and stiffness variations is non-linear. On the contrary, undamped eigenvalues
(i.e. λm = ω2

m) show a linear rate of change with respect to stiffness variations and
a flat quasi-linear rate of change with respect to mass variations.

As for the undamped modes, the variation of the modal parameters for a damped
SDOF system has been analysed in Appenix C. The rates of change of the damped
modal frequencies and modal damping show very different characteristics depending
on whether the system is lightly or heavily damped.

Lightly damped modal frequencies incur smooth non-linear variations for mass and
stiffness variations (like undamped modal frequencies), and are almost invariant
for (low) damping variations. In turn, modal damping varies proportionally to
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damping constant variations, and incurs very small quasi-linear variations due to
mass or stiffness variations for low levels of damping.

On the contrary, heavily damped modal frequencies vary in a very non-linear way
for variations in any of the dynamic system parameters: mass, stiffness and damp-
ing. Moreover, although modal damping varies proportionally to damping constant
variations, variations in mass or stiffness produce significant non-linear variations
in modal damping for high levels of damping.

The rate of change of mode shape vectors may not be analysed from a SDOF system
analogy. However, the shape of a mode is a rather invariant quantity with respect
to physical parameter variations. Only significant variations in the geometry of the
system would change the mode shapes strongly. Essentially, a mode of vibration
is an oscillating displacement shape. Variations in mass or stiffness make such
a (mode) shape to resonate at one frequency or another. In turn, variations in
the damping constant introduce small shifts in the phase of the mode shapes, i.e.
the difference in vibration phase at two distinct degrees of freedom varies slightly.
Therefore, although their rate of change may not be linear, the variations in mode
shape vectors are expected to be very small in comparison to modal frequency and
modal damping variations.

3.2 Perturbation Method

The perturbation method needs a baseline model to be solved once. The dynam-
ics of the system when model parameters vary are then calculated as the original
dynamic response plus the corresponding response variation, which is computed
using sensitivity functions. Sensitivity functions relate the change in the dynamic
behaviour of the system to the variation in model parameters.

Consider a generic system model defined by a set of model parameters θ (e.g.
physical dimensions, mass density, elastic modulus, etc). The response of the system
is characterised by a set of output quantities z (e.g. modal frequencies and mode
shapes, or displacement responses) which depend on the model parameters. For
the baseline system, the model parameters have a given value θ0 for which the
corresponding response z0 is known.

For an output quantity z(θ) depending on a model parameter θ, a perturbation
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(variation) ∆θ in the parameter induces a perturbation ∆z in the output, i.e.

z(θ0 + ∆θ) = z0 + ∆z (3.1)

The perturbation method consists in approximating the ∆z perturbation using a
Taylor series expansion truncated after the linear term, i.e.

z(θ0 + ∆θ) ≈ z0 + ∆̃z = z0 + [Sz(θ)]θ=θ0
∆θ (3.2)

where Sz(θ) = ∂z
∂θ

is the linear sensitivity function to be evaluated at θ = θ0.
Generically, for a set of varying parameters θ and a set of outputs z the perturbation
relationship reads

z(θ) ≈ z0 + [Sz(θ)]θ=θ0
∆θ (3.3)

with Sz(θ) a matrix of sensitivity functions.

The sensitivity functions may be formulated analytically, and therefore, the com-
putational cost of the method is that of evaluating linear functions for the varying
parameters. This implies that the computational cost for obtaining the perturbed
system response is significantly reduced with respect to that of solving the corre-
sponding EVP.

On the contrary, the perturbation method linearly approximates the generally non-
linear relationship between the outputs and the parameters of the model. Therefore,
the perturbation method is restricted to small variations in the parameters, since
the error in the linear approximation increases as the parameters deviate from the
baseline model values. This is shown in the qualitative example in Figure 3.3.

3.2.1 Sensitivity functions in dynamics

In dynamic analysis the output quantities to be evaluated are the frequency re-
sponses of the system. The perturbations in the frequency responses may be com-
puted in two ways depending on which sensitivity functions are used.

Analytical sensitivity functions for undamped modes were first described by Fox
and Kapoor [69] for systems without eigenvalue multiplicity, and by Nelson [70] for
systems with eigenvalue multiplicity. Analytical sensitivity functions for damped
modes were first proposed by Bhaskar [71] for the eigenvalues of viscously damped
systems and, later, sensitivities for the corresponding eigenvectors were derived fol-
lowing the same idea [72]. Other sensitivities may be found in the literature for the
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Figure 3.3: Perturbation method qualitative example. Solid line: Exact variation of the
output quantity. Dashed line: Perturbation approximation.

modes of non-viscously damped systems, e.g. [73–75]. Analytical sensitivity func-
tions for the frequency response are easily obtained through the partial derivation
of the response matrix.

The analytical sensitivity functions for undamped modes, damped modes and re-
sponse functions are described in Appendix D for brevity. These analytical sensi-
tivities are posed in terms of the sensitivities of the system matrices SM(θ) = ∂M

∂θ
,

SC(θ) = ∂C
∂θ

and SK(θ) = ∂K
∂θ

with respect to model parameters variations. This
may be expressed as

Sz(θ) = Sz(SM(θ), SC(θ), SK(θ)) (3.4)

In a finite element model, the system matrices are obtained by assembly of the
element matrices. Hence, the dependency of system matrices to physical model pa-
rameters depends on the element types used to describe the physics of the systems.
Therefore, generic expressions for the matrices’ sensitivities cannot be given since
they are completely case specific. Nevertheless, perturbations in model parameters
can be propagated to the system matrices and further propagated into the output
quantities as we shall see next.
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3.2.2 Perturbation propagation

Let an approximate output quantity be noted z̃ and an approximate perturbation
be noted ∆̃z so that

z̃ = z0 + ∆̃z (3.5)

Hence, the perturbation in an output quantity z with respect to a perturbation in
a model parameter θ is approximated as

∆̃z = Sz(θ)∆θ (3.6)

where the evaluation of the sensitivity function at θ = θ0 (c.f. equation 3.2) has
been omitted for clarity.

Due to the fact that first order sensitivities are used, Sz(θ) in equation 3.4 is just
a linear combination of the matrices sensitivities. Therefore, the parameter pertur-
bation ∆θ may be directly applied to the matrices sensitivities SM(θ), SC(θ) and
SK(θ) , i.e.

Sz(θ)∆θ = [αSM(θ) + βSC(θ) + γSK(θ)]∆θ = Pz(∆̃M, ∆̃C, ∆̃K) (3.7)

where ∆̃M = SM(θ)∆θ, ∆̃C = SC(θ)∆θ and ∆̃K = SK(θ)∆θ are first order
approximations of the exact system matrices perturbations ∆M, ∆C and ∆K re-
spectively.

Since generic sensitivities for the system matrices are not generally available, the
actual perturbations in system matrices may be directly calculated at a bearable
computation cost through FE matrices re-assembly instead. Therefore, the pertur-
bation in an output quantity z may be expressed directly in terms of the system
matrices perturbations ∆M, ∆C and ∆K.

∆̃z = Pz(∆M,∆C,∆K) (3.8)

Here, Pz(∆M,∆C,∆K) is no longer a sensitivity function but a perturbation prop-
agation function. The perturbation in the system matrices is computed from the
perturbation in model parameters, then, the system matrices perturbations are
propagated to the output quantities through the perturbation propagation function.

If several model parameters are perturbed at the same time and these are un-
correlated, a perturbation propagation needs to be computed for each perturbed
parameter. The total perturbation in an output quantity is the sum of the prop-
agated perturbations. Let Nθ be the number of perturbed parameters and θn the
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nth perturbed parameter, the total perturbation in an output quantity z is

∆z ≈
Nθ∑
n=1

∆̃z(∆θn) =
Nθ∑
n=1

Pz(∆M(∆θn),∆C(∆θn),∆K(∆θn)) (3.9)

where ∆M(∆θn), ∆C(∆θn) and ∆K(∆θn) are the matrices perturbations for the
nth parameter perturbation ∆θn.

In the following the perturbation propagation functions for the modal parameters
are presented. The dependency on the nth parameter perturbation ∆θn will be
omitted for brevity. Nevertheless, it should be kept in mind that the following
expressions hold for a single parameter perturbation and that, if multiple parameters
are perturbed, these expressions would be summed up as in equation 3.9.

Perturbation functions for frequency responses may also be formulated. However,
the perturbation approximation yields very large approximation error at the res-
onance peaks of response functions for the reasons that have been presented in
section 3.1. Thus, direct perturbation approximation of response functions is dis-
carded beforehand.

3.2.3 Modal perturbation

In this section, the perturbation propagation functions for the modal parameters are
presented in explicit form. These expressions are obtained from the corresponding
analytical sensitivity functions, which can be consulted in Appendix D.

Perturbation functions for undamped modes

The perturbation functions for undamped modes are based on the sensitivity func-
tions derived by Fox and Kapoor [69] and described in section D.1. The sensitivities
for the undamped eigenvalues Sλm (equation D.2) and the undamped eigenvectors
Sum (equation D.3) depend on the mass and stiffness matrices sensitivities only, so
that the corresponding perturbation functions are of the form

∆̃λm = Pλm(∆M,∆K) (3.10)

∆̃um = Pum(∆M,∆K) (3.11)

Then, assuming the undamped eigenvectors to be mass-normalised, the explicit first
order perturbation propagation expression for the undamped eigenvalues is

∆̃λm = uTm [∆K− λm∆M]um (3.12)
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and for the undamped eigenvectors

∆̃um = −1
2
(
uTm∆Mum

)
um −

∑
i 6=m

uTi [∆K− λm∆M]um
λi − λm

ui (3.13)

Recalling that the undamped eigenvalues correspond to the squared natural fre-
quencies, i.e. λm = ω2

m, the perturbed undamped modal frequencies may be ap-
proximated as

ω̃m =
√
λm + ∆̃λm (3.14)

Logically, the undamped modes give no information on the system damping. Hence,
when the undamped modes perturbation functions are used, the modal damping of
a perturbed damped system needs to be computed a posteriori. Using the small
damping approximation in section 2.2.2 together with the approximate perturbation
of the undamped modes, the perturbed modal damping may be approximated as

ζ̃m = ũTm(C + ∆C)ũm
|ũTm(C + ∆C)ũm ± i2ω̃m|

(3.15)

which is valid as long as the small damping assumption is fulfilled.

Perturbation functions for damped modes

The sensitivity functions for damped eigenvalues Sλm (equation D.7) and damped
eigenvectors Sφm (equation D.10) are used to derive the perturbation functions for
damped modes. In this case the sensitivity functions depend on the damping matrix
sensitivity as well as the sensitivities of the mass and stiffness matrices, i.e.

∆̃λm = Pλm(∆M,∆C,∆K) (3.16)

∆̃φm = Pφm(∆M,∆C,∆K) (3.17)

Assuming A-normalisation, the explicit perturbation propagation expression for the
damped eigenvalues is

∆̃λm = −φTm
[
λ2
m∆M + λm∆C + ∆K

]
φm (3.18)

and for the damped eigenvectors

∆̃φm = −1
2
(
φTm [2λm∆M + ∆C]φm

)
φm +

∑
i 6=m

φTi [λ2
m∆M + λm∆C + ∆K]φm

λi − λm
φi

(3.19)
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Recalling that the expression for the damped eigenvalues is λm = −σm± iωd,m, the
perturbation approximations for damped modal frequency and modal damping are

∆̃ωd,m = ={∆̃λm} (3.20)

∆̃ζm = <{∆̃λm}
|λ̃m|

(3.21)

3.2.4 The cost of modal perturbation

So far, the modal perturbation method has been presented and some considera-
tions on the approximation accuracy have been discussed. Now, the computational
complexity of the modal perturbation method is analysed in this section.

If a look is taken into the modal perturbation equations in section 3.2.3 (c.f. equa-
tions 3.12, 3.13, 3.18 and 3.19), one can see that all perturbation functions involve
operations of the kind vector-matrix-vector product. These products involve the
perturbed matrices (∆M, ∆C or ∆K) and the eigenvectors (um or φm) which
have dimensions N ×N and N × 1 respectively, with N corresponding to the num-
ber of degrees of freedom defined. For large systems the dimensions of the matrices
and vectors are big enough that the computational cost of their products domi-
nate over any other operation cost. Thus, the computational complexity of the
modal perturbation method will scale as of the cost of the eigenvector-perturbation
matrix-eigenvector products (∆-matrix products for brevity).

The cost of a vector-matrix-vector product is the cost of a matrix-vector product
plus the cost of the subsequent vector-vector product. Generically, the cost of
a matrix-vector product is of O(N2) scalar floating point operations (flops) and
the cost of a vector-vector product is of O(N) scalar flops. However, the products
computation cost may vary dramatically depending on whether the matrix involved
is a full matrix, a sparse matrix or any other sort of structured matrix.

The system matrices that define the equations of motion for a large FE model
present very large sparsity. This means that most of the entries are zero valued.
The number of non-zero entries may be characterised by the average number b of
non-zero entries per matrix row. For large systems the number degrees of freedom
greatly exceeds this quantity, i.e. b << N .

Moreover, whenever a model parameter is perturbed (e.g. a design modification, a
material property uncertainty, ...), not all entries in the system matrices are neces-
sarily perturbed. In fact, for large systems it is more probable that the perturbation
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is localised in a rather small region. Thence, the ∆-matrices involved in the vector-
matrix-vector products may show even much higher sparsity than the already sparse
system matrices. A number p of perturbed degrees of freedom may be defined to
characterise the sparsity of the matrices, so that for localised perturbations the
number of perturbed DOFs p is smaller than total number of degrees of freedom N ,
i.e. p < N .

In table 3.1 the computational cost of the vector-matrix-vector product operation is
shown for three different cases, namely for a full matrix, for a sparse matrix and for
a sparse perturbation matrix. Only those non-zero entries in sparse matrices need
to be multiplied. In the table it can be seen that the cost of the product involving
a ∆-matrix scales as of O(p) flops in contrast with the O(N2) computational cost
for full vector-matrix-vector products. Assuming that both quantities b and p for a
perturbation matrix are much smaller than the total number of degrees of freedom
N , it is apparent that the computational cost of the ∆-matrix product is orders of
magnitude smaller than the full matrix product cost.

Matrix-Vector product Vector-Vector product Vector-Matrix-Vector product
Operations/row Rows Operations Total operations Complexity

Full matrix N products + N − 1 sums N N products + N − 1 sums 2N2 +N − 1 O(N2)
Sparse matrix b products + b− 1 sums N N products + N − 1 sums 2(b+ 1)N − 1 O(N)
Sparse ∆-matrix b products + b− 1 sums p p products + p− 1 sums 2(b+ 1)p− 1 O(p)

Table 3.1: The computational cost of a vector-matrix-vector product for full matrices,
sparse matrices and sparse perturbation matrices.

The overall cost of the modal perturbation method will be proportional to the cost
of the ∆-matrices products involved in the eigensolutions perturbation functions.

In particular, the undamped eigenvalues perturbation function in equation 3.12
involves 2 ∆-matrix products plus 2 extra scalar operations. Therefore the cost for
computing each undamped eigenvalue perturbation scales as O(p) operations.

Similarly, the undamped eigenvectors perturbation function in equation 3.13 in-
volves a weighted sum of all unperturbed eigenvectors. Each weight is computed
through ∆-matrix products, i.e. at an O(p) cost. With M being the total number
of computed modes and N the size of the vectors, the cost for scaling and summing
up all vectors is M times an O(N) number of flops. In summary, the total cost for
computing an undamped eigenvector perturbation scales as M times an O(p) cost
plus M times an O(N) cost.

Yet, an extra vector-matrix-vector product involving the full system damping matrix
is needed to compute the corresponding perturbed modal damping (c.f. equation
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3.15). This will be computed at a cost of O(N) operations, and only after having
previously computed both the eigenvalue and eigenvector perturbations.

The total cost of the undamped modes perturbation method is summarised in table
3.2. The perturbed modal frequencies are obtained at a cost proportional to the
∆-matrix products. The computation is very efficient specially if the perturbations
occur in a reduced set of DOFs. On the contrary, the computational cost for the
perturbed mode shapes scales as the size and number of the eigenvectors. This sup-
poses a much higher computational cost compared to the eigenvalues perturbation.

Nevertheless, in a worst case scenario where all degrees of freedom are perturbed
at a time, i.e. p = N , the cost of the perturbation method scales as 2(M + 1) times
O(N) operations (see table 3.2). Recall that the cost of solving the EVP through
Lanczos algorithms (c.f. section 2.3.3) scales as of O(N2) operations. Thus, since
the number of computed modes M will always be much smaller than the system
model order N , the cost for computing eigensolution perturbations through the
modal perturbation method is much smaller than the cost for solving the perturbed
EVP.

Undamped Modes Perturbation
Operations Complexity

Modal frequency 2 ∆-matrix products + 2 flops O(p)
Mode shape vector M times (∆-matrix products + vector operations) M [O(p) +O(N)]
Modal damping 1 sparse-matrix product + 2 flops O(N)

Table 3.2: The computational cost of the undamped modal perturbation method.

Analogous to the undamped case, the damped eigenvalues perturbation function in
equation 3.18 involves 3 ∆-matrix products plus 4 extra scalar operations. Hence,
the cost associated with the computation of damped eigenvalue perturbations also
scales as O(p) operations. Here, however, both the modal frequencies and the
modal damping perturbations are directly obtained. This implies that the modal
damping perturbations may be computed without the need of previously computing
the eigenvector perturbations.

In turn, the damped eigenvector perturbation function in equation 3.19 involves
a weighted sum of all damped eigenvectors. Again, the weights correspond to ∆-
matrix products with O(p) computational cost. With Md the number of damped
eigensolutions computed, Md vector operations are needed to perform the vector
sum. Notice that each mode corresponds to a complex conjugate pair of damped
eigensolutions so that Md = 2M . Thus each damped mode shape vector perturba-
tion is obtained at a cost of 2M times an O(p) cost weighting operation plus 2M
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times an O(N) cost vector operation.

The total cost of the damped modes perturbation method is summarised in table
3.3. The computational complexity of the damped modes perturbation is the same
as for the undamped modes perturbation, but scaling with the double number of
eigenvectors. If one is not intending to compute the eigenvector perturbations but
just the perturbations in modal frequencies and modal damping, damped mode
perturbation is a much more efficient and accurate method.

Damped Modes Perturbation
Operations Complexity

Modal frequency/damping 3 ∆-matrix products + 4 flops O(p)
Mode shape vector 2M times (∆-matrix products + vector operations) 2M [O(p) +O(N)]

Table 3.3: The computational cost of the damped modal perturbation method.

Finally, it should be mentioned that the costs shown in table 3.3 assume that just
one model parameter is perturbed. If several uncorrelated parameters are perturbed
these costs apply for each of the varying parameters (c.f. section 3.2.2). Thus, for
n varying parameters, the overall cost is n times the cost presented in table 3.3.

3.2.5 Numerical example

In this section, the modal perturbation method is tested through a simple example.
The two degrees of freedom system in figure 3.4 is used for this purpose. The
system is damped by means of the c1 and c3 viscous dampers. Specifically, the
c3 damper has a prominently high damping value which makes the system overall
heavily damped in a non-proportional way.

m1 m2

k1

c1

k2

k3

c3

Figure 3.4: Damped two degrees of freedom system. Parameters: m1 = 0.12 kg, m2 =
0.1 kg, k1 = 1.5 kN/m, k2 = 1 kN/m, k3 = 2 kN/m, c1 = 2 Ns/m, c3 = 10

Ns/m.
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The free-vibration equations of motion of the 2-DOFs system arem1 0
0 m2

 ü +
c1 0

0 c3

 u̇ +
k1 + k2 −k2

−k2 k2 + k3

u = 0

These equations of motion have been coded into Matlab so that the dynamics
of the system can be solved. The exact modal solution is obtained by solving the
eigenvalue problem corresponding to the equations of motion cast into the state-
space formulation. Two modes of vibration are encountered for the 2-DOFs: the
first mode at 20.1 Hz modal frequency and 15.7% modal damping ratio; the second
mode at 28.3 Hz modal frequency and 21.0% modal damping ratio.

In this numerical example the k3 spring and the c3 damper will be allowed to
vary. Variations from -50% to +50% around their nominal value will be applied in
steps of 10%. However, the two parameters will not vary simultaneously, only one
parameter, either k3 or c3, will vary at a time and the rest of the parameters will
be kept constant.

For each variation in the value of k3 or c3 the modal solutions of the perturbed
system are computed in two ways. On one hand, the exact eigensolutions of the
perturbed system are computed by solving the corresponding state-space EVP. On
the other hand, the perturbed system approximate eigensolutions are computed
using the perturbation propagation expressions in section 3.2.3. In this way, the
accuracy of the undamped and damped modal perturbation approximations can be
evaluated through comparison with the exact modal solutions.

The exact and approximate modal solutions for the aforementioned k3 and c3 vari-
ations are compared in figures 3.5, 3.6 and 3.7. Figure 3.5 shows the variation in
the modal frequency of the two modes introduced by the k3 stiffness variation (left)
and the c3 damping variation (right). Likewise, figure 3.6 shows the corresponding
variation in the modal damping. In both figures, the top plots present the exact and
approximate values of the modal frequencies and damping, and the bottom plots
present the relative error of the approximate values with respect to the correspond-
ing exact values. In figure 3.7, the MAC between the exact and the approximate
mode shapes, i.e. MAC(φm, φ̃m) and MAC(φm, ũm), is shown for the k3 stiffness
variations (left) and the c3 damping variations (right).

Damped modes exact perturbation

The baseline system modal frequencies and modal damping are indicated with a red
circle (at 0% parameter variation) in figures 3.5 and 3.6 respectively. When stiffness
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Figure 3.5: Variation and error in modal frequencies with respect to k3 and c3 variations:
1st mode: — exact −◦− damped perturbation ··×·· undamped perturbation
2nd mode: — exact −◦− damped perturbation ··×·· undamped perturbation
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Figure 3.6: Variation and error in modal damping with respect to k3 and c3 variations:
1st mode: — exact −◦− damped perturbation ··×·· undamped perturbation
2nd mode: — exact −◦− damped perturbation ··×·· undamped perturbation
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Figure 3.7: Exact to approximate eigenvectors’ MAC with respect to k3 and c3 variations:
1st mode: − ◦ − damped perturbation · · × · · undamped perturbation
2nd mode: − ◦ − damped perturbation · · × · · undamped perturbation

or damping perturbations are introduced, the exact modal frequencies and damping
vary in a slightly non-linear manner (solid lines). For stiffness variations, both
modes increase their modal frequency as the stiffness increases. On the contrary,
the modal damping of the first mode decreases whereas the modal damping of the
second mode increases with respect to stiffness increments. For damping variations
the converse behaviour is observed, that is, for both modes the modal damping
increases together with damping increments but, while the first mode increases its
frequency, the second mode frequency decreases.

Damped modes perturbation approximation

The damped modes perturbation functions approximate the exact modal parame-
ter variations as linear variations proportional to the varying parameter as can be
observed in the top plots of figures 3.5 and 3.6 (dashed-circle lines). Consequently,
the corresponding approximation error (bottom plots) grows polynomially with the
stiffness or damping perturbation magnitude. A fair approximation error is ob-
tained in the ±20% perturbation range, with modal frequency errors below 1% and
modal damping errors below 5% for ∆k3 and below 1% for ∆c3. Beyond ±20%
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perturbation in k3 or c3 the approximation error in the perturbed modal parame-
ters may be considered too large. For this reason, the validity of the perturbation
method is said to be restricted to small variations in the parameters.

So far, modal frequencies and modal damping have been evaluated, but little atten-
tion has been paid to the mode shapes. The accuracy of the mode shapes perturba-
tion approximation may be evaluated by means of the Modal Assurance Criterion
(MAC). In figure 3.7 it can be observed how the MAC values corresponding to
damped modes perturbation functions approximation (dashed-circle lines) are all
very close to unity. This means that the error in the approximate (damped) mode
shapes is very small for the full ±50% perturbation range. This fact corroborates
the idea that mode shape vectors vary at relatively slow variation rate, so that the
range of validity of the perturbation approximation method will be rather delimited
by the modal frequencies and modal damping errors.

Undamped modes perturbation approximation

Finally, the results for the undamped modes perturbation approximation are dis-
cussed separately. The undamped modes diverge from the damped modes as the
level of damping increases. Damping reduces the resonance frequencies and the
mode shape vectors become more complex valued. In consequence, the accuracy
of the undamped modes perturbation approximation shows a great dependency on
the overall system level of damping.

As is appreciable in figures 3.5 and 3.6, the modal parameters obtained from the
undamped system eigensolutions (dotted-cross lines) present significant approxima-
tion error with respect to the exact solution even before applying any perturbation
(2-3% errors in mode 1 and 5-6% errors in mode 2). This is due to the fact that the
2-DOF system is heavily damped (ζ1 = 15.7% and ζ2 = 21.0%). Similarly, it can
be observed in figure 3.7 that the MAC between the undamped and damped mode
shapes of the baseline system MAC(φm,um) have values well below unity already.

For stiffness variation, the undamped approximate modal frequencies (dotted-cross
lines in figure 3.5) show a similar rate of change to that of the damped approximate
modal frequencies (dashed-circle lines), shifted in frequency due to the baseline
undamped modal frequencies error. This results in an always present significant
error level for the full variation range. Likewise, the undamped approximate mode
shape vectors incur a similar behaviour. The wide ranging error in the undamped
approximate mode shapes is noticeable in figure 3.7 (dotted-cross lines) where the
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MAC values are around 0.8-0.9 for the full variation range. Incidentally, the MAC
values converge to unity for the highest positive variation in stiffness. The reason
for this is that the system becomes closer to being proportionally damped, i.e. the
prominence of c3 is matched by the prominence of the perturbed k3.

For damping variation, the undamped approximate modal frequencies show no vari-
ation (dotted-cross lines in figure 3.5). However, the approximation error diminishes
as the damping diminishes (errors<2% at -50% ∆c3) and increases otherwise (er-
rors>8% at +50% ∆c3), since the actual damped modes tend to converge with the
undamped ones as the damping becomes small. The undamped approximate mode
shapes show the same behaviour; that is, no perturbation is produced by damping
variations, but the approximation errors varies according to overall damping level.
In figure 3.7 close to unity MAC values are observed for -50% damping variation,
whereas for +50% variation low MAC values around 0.7-0.8 are encountered.

The corresponding modal damping variation has been computed a posteriori from
the undamped mode approximate perturbations using the small damping approx-
imation (c.f. equation 3.15). The larger errors in modal damping (>15%) occur
precisely when the undamped mode perturbation approximation shows more error
with respect to the exact damped modes. Conversely, minimum modal damping
errors (<3%) occur when the undamped modes perturbation approximation shows
less error. The latter has happened for +50% stiffness perturbation (close to propor-
tional damping condition) and -50% damping perturbation (close to the undamped
condition).

3.3 Interpolation method

The interpolation method considers a limited interval of variation of the model
parameters. Then the system model is solved at each of the interval extremes.
The rest of the solutions throughout the range of variation are approximated by
interpolation of the exact solutions at the interval extremes. The method is aimed
at moderate variations of the model parameters.

3.3.1 Linear interpolation

As for the perturbation method, consider a system model defined by a set of model
parameters θ. For each model parameter θ an interval in which the parameter is
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assumed to vary is determined, i.e. θ ∈ [θo, θf ]. Then, the values for the output
quantities z(θ) at the interval extremes are computed, i.e. z(θo) = zo and z(θf ) = zf .

The interpolation method considers that an output quantity z(θ) corresponding to a
parameter value θ inside the defined interval can be approximated as a combination
of zo and zf . Since a priori we do not have any information on how z(θ) may vary,
the simplest approximation is to perform linear interpolation, that is

z(θ) ≈ (1− ε)zo + εzf = z̃(θ) (3.22)

with ε a normalised value for the varying parameter, i.e.

ε(θ) = θ − θo
θf − θo

(3.23)

so that ε takes values between 0 and 1 in the [θo, θf ] interval.

Figure 3.8: Linear interpolation qualitative example. Solid line: Exact variation of the
output quantity. Dashed line: Interpolation approximation.

In this way, the approximated output z̃(θ) is obtained as a weighted sum of the
exact outputs zo and zf at the interval extremes. For a θ value close to θo, ε is
close to zero, and therefore most of the contribution to z̃(θ) comes from zo. For a θ
value close to θf , ε is close to unity, and therefore most of the contribution to z̃(θ)
comes from zf . At θ = θo and θ = θf the interpolation yields the exact solution.
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The maximum error in the interpolation approximation is expected to be around
the centre of the interval because z(θ) will differ from both zo and zf . This can be
observed in the qualitative plot shown in figure 3.8.

Linear interpolation provides a rough approximation whose accuracy depends on
the degree of linearity of the relation between the model parameters and the output
quantities in the defined interval. Therefore, for a generally non-linearly dependent
output, the interpolation approximation may be too imprecise for large variations
of the model parameters.

On the contrary, it will give good accuracy for small variations of the parameters,
like the perturbation method, but with a reversed distribution of the approximation
error along an interval of variation, i.e. smaller error at the interval extremes than
in the centre. However, the need to compute at least two exact solutions to perform
the interpolation puts in question its computational efficiency benefits with respect
to the perturbation method in the case of small variations.

Nonetheless, linear interpolation might be very beneficial if one considers moderate
variations of the model parameters. For such variations, the perturbation method
is definitely going to result in large errors away from the baseline solution. On
the contrary, the interpolation method may provide a fair approximation since the
error is constrained at both extremes. Thence, the interpolation method could be
used in search processes where one explores design modifications, at a very low
computational cost, in order to meet some design requirements.

3.3.2 Multivariate linear interpolation

The interpolation method may be also applied when more than one parameter
varies. For instance, consider two parameters θ1 and θ2 whose intervals of variation
are θ1 ∈ [θ1o, θ1f ] and θ2 ∈ [θ2o, θ2f ] respectively. In such case, the joint variation
of the two parameters may be combined together in a two dimensional coordinate
space θ = (θ1, θ2), so that the two intervals of variation define a rectangular-
shape area of variation. The area of variation is limited by four coordinate values
corresponding to the four corners of the rectangle, i.e. θ1 = (θ1o, θ2o), θ2 = (θ1o, θ2f ),
θ3 = (θ1f , θ2o) and θ4 = (θ1f , θ2f ).

Thence, an output quantity z(θ) that varies along the area may be approximated
by bilinear interpolation of the output quantity at the four corners coordinates, i.e.

z̃(θ) = (1− ε1)(1− ε2)z1 + (1− ε1)ε2z2 + ε1(1− ε2)z3 + ε1ε2z4 (3.24)
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where zi is the value of the output quantity at the i’th corner coordinate θi, and εj
is the normalised value of the j’th varying parameter θj (c.f. equation 3.23).

In the same way, if three varying parameters are considered an output quantity
may be approximated by trilinear interpolation. In this case the joint variation
of the three parameters span a three dimensional space with variations inside a
cube-shaped volume determined by the intervals of variation of each parameter.
Output quantities at the eight vertices of the cube need to be computed in order to
interpolate output quantities inside the volume of variation.

Generalising, for a set of output quantities z(θ) depending on a set of n varying
parameters θ = (θ1, . . . , θn), the output quantities at 2n extreme values θi are
needed in order to obtain the interpolated approximations z̃(θ), i.e.

z̃(θ) =
2n∑
i=1

ai(ε)zi (3.25)

with zi = z(θi) the set of output quantities at the i’th extreme value θi, and ai(ε)
the corresponding interpolation weighting factor depending on the set of normalised
parameters ε = (ε1, ..., εn).

The computational cost of the interpolation method grows exponentially with the
number n of varying parameters, since 2n solutions must be computed before actu-
ally performing the interpolation. Therefore, as the number of varying parameters
increase, the interpolation method provides smaller gain in computational efficiency.
This fact together with the expectation of roughly approximate results may not jus-
tify the use of interpolation method when more than, say, 2 or 3 simultaneously
varying parameters are considered.

3.3.3 Modal interpolation

In dynamic analysis we may consider as output quantities either the modal pa-
rameters or the frequency responses. Here, the interpolation method is specified
for the computation of approximate modal parameters when the model parameters
vary. Application of the interpolation method to frequency responses is discarded
beforehand because of the way the frequency responses vary1.

1Consider that one knows the frequency response for the two extreme values of the varying
parameter. Now consider that at a certain frequency none of the two known responses show
resonance, but that the response shows resonance for an intermediate value of the varying param-
eter. Clearly, interpolation of the two extreme responses will not show any resonance giving a
completely wrong approximation for certain range of variation of the parameter.
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Interpolation of undamped modes

Starting with undamped systems, one may think on interpolating modal frequencies.
Variations in undamped modal frequencies are non-linear but rather smooth when
the mass or stiffness in the system vary. Therefore, undamped modal frequencies
may be interpolated directly.

However, as has been seen in section 3.1.1 and Appendix C, the rate of change of
undamped eigenvalues (i.e. λm = ω2

m) is linear with respect to stiffness variations
and quasi-linear with respect to mass variations. This observation suggests that
linear interpolation of undamped eigenvalues may yield better approximations in
modal frequencies than direct modal frequency interpolation. Therefore, undamped
eigenvalue linear interpolation is preferred over undamped modal frequency linear
interpolation.

For a generic varying parameter θ, the exact eigenvalues λm(θo) and λm(θf ) at the
extremes of the interval of variation shall be computed. Then, linear interpolation
of eigenvalues is used to approximate the intermediate eigenvalues, that is

λ̃m(θ) = (1− ε)λm(θf ) + ελm(θo) (3.26)

Next, one may contemplate interpolating the undamped eigenvectors for the same
variation interval. Typically, the rate of variation in mode shape vectors is small
compared to variations in modal frequencies. This means that for moderate varia-
tions of model parameters, the relative change from the eigenvector at one of the
extremes of the interval to the eigenvector at the other extreme is relatively small.
Hence, linear interpolation may be a fair approximation of the eigenvectors inside
the interval of variation. This can be posed as

ũm(θ) = (1− ε)um(θf ) + εum(θo) (3.27)

with um(θo) and um(θf ) the undamped eigenvectors at the variation interval ex-
tremes.

The approximate undamped mode shape vectors correspond directly to the interpo-
lated undamped eigenvectors ũm. The approximate undamped modal frequencies
ω̃m correspond to the square root of the interpolated eigenvalues λ̃m.
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Interpolation of damped modes

Modal interpolation may be used for approximating damped systems dynamics
as well. The question here is whether to treat modal damping ζm and damped
modal frequencies ωd,m independently, or if it is preferable to interpolate directly
the damped eigenvalues which contain both quantities, i.e. λm = −ζm|λm| ± iωd,m.

For lightly damped systems, the rate of change in modal frequencies is almost invari-
ant with respect to damping (moderate) variations, and show the same variation
rate as undamped modal frequencies. Conversely, modal damping is almost in-
variant with respect to mass or stiffness (moderate) variations, and varies linearly
with system damping variations. Therefore, the variations in modal damping and
modal frequencies are uncorrelated, so that interpolating each modal parameter
independently may be a good idea.

Lightly damped modal frequencies may be treated as undamped modal frequencies
and, in consequence, linear interpolation of their squared values shall give the most
accurate approximations. For a generic varying parameter θ, one may compute the
exact modal frequencies ωd,m(θo) and ωd,m(θf ) at the extremes of the interpolation
interval. Then, linear interpolation of the squared modal frequencies is used to
approximate the intermediate modal frequencies, that is

ω̃2
d,m(θ) = (1− ε)ω2

d,m(θf ) + εω2
d,m(θo) (3.28)

Likewise, knowing the modal damping ζm(θo) and ζm(θf ) at the intervals extremes,
the intermediate modal damping values may be approximated fairly through linear
interpolation, i.e.

ζ̃m(θ) = (1− ε)ζm(θf ) + εζm(θo) (3.29)

Logically, modal frequencies interpolation (equation 3.28) would be used for mass
or stiffness variations and modal damping interpolation (equation 3.29) for damping
variations, when the system is lightly damped.

Damped eigenvectors show the same behaviour of small variation compared to the
damped modal frequencies than the one explained for undamped systems. The only
difference is that the variations happen in the relative phase and amplitude between
the shape positions, not only relative amplitudes as in the undamped case. Thus,
linear interpolation of damped eigenvectors is sought to be a fair approximation of
the variation of damped eigenvectors for moderate variations in the system model
parameters. The linear interpolation of damped eigenvectors is made explicit in
equation 3.30.

φ̃m(θ) = (1− ε)φm(θf ) + εφm(θo) (3.30)
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For heavily damped systems both modal frequencies and modal damping vary
strongly and in a non-linear way for variations in any of the system parameters:
mass, stiffness and damping. Since no further specific information on the rate of
change of these modal parameters can be known beforehand when the system is
heavily damped, the simplest choice is to directly interpolate the damped eigen-
values λm = −σm ± iωd,m as in equation 3.26. However, this may not yield very
accurate results.

Mode shape vectors of heavily damped systems also vary at a higher rate than
for lightly damped systems, especially the relative phase between shape positions.
Nevertheless, the variations may still remain relatively small. Linear interpolation
of heavily damped mode shape vectors may be performed in the same way as given
in equation 3.30 for the lightly damped ones.

3.3.4 The cost of modal interpolation

The modal interpolation method has been presented. After having discussed the
approximation goodness of the modal interpolation method, it is now time to eval-
uate its presumed efficiency. Reanalysis through modal interpolation involves two
main processes that contribute to the overall computational cost.

On one hand, there is the cost associated with computing exact modal solutions for
each of the extremes of the variation domain of the varying model parameters. For
instance, if only one varying parameter is considered, two exact modal solutions are
needed, that is, two eigenvalue problems must be solved. For n varying parameters,
2n EVPs have to be solved.

The computational cost for solving the eigenvalue problem in modal analysis has
been largely discussed in the previous chapter (see section 2.3.3), and it depends
on the order N of the involved system matrices. The cost for finding each vibration
mode scales as of O(N2) floating point operations (flops) if the undamped EVP is
solved, or O (4N2) flops if the state-space EVP is solved.

On the other hand, there is the computational cost associated with the interpolation
expressions exposed in the previous section. The interpolation of eigenvalues (equa-
tion 3.26), damped modal frequencies (equation 3.28) or modal damping (equation
3.29) involves only a few scalar operations, so that the associated computational
cost is trivial.

The interpolation of mode shape vectors (equations 3.27 and 3.30) corresponds to a
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weighted sum of N -sized vectors. For a single varying parameter only two extreme
mode shape vectors must be summed up, but for multivariate interpolation 2n

vectors should be summed up. Each weighted eigenvector to be summed supposes
a computational cost proportional to O(N) flops.

Computing exact modal solutions Each modal reanalysis
Operations Complexity Operations Complexity

Undamped eigensolutions 2n EVP solutions 2nO(N2)
2n vector operations + O(2n) flops 2nO(N)

Damped eigensolutions 2n S-S EVP solutions 2nO(4N2)

Table 3.4: The computational cost of the modal interpolation method.

All in all, the computational cost of the modal interpolation method is that of
computing the extreme exact solutions twice, plus the cost of interpolation of the
eigensolutions at each reanalysis. This is summarised in table 3.4.

Each reanalysis is performed at a very low computational cost in comparison with
the perturbation method. The cost for interpolating the scalar modal parameters
(eigenvalues or modal frequencies/damping) is negligible. The cost for computing
mode shape vectors scales as of O(N). In contrast, the cost of eigenvalue perturba-
tion was proportional to the number of perturbed DOFs, and the cost of eigenvector
perturbation proportional to the number of modes M times O(N). That is, the
interpolation reanalysis obtains approximate eigenvalues at a cost up to N times
smaller, and approximate eigenvectors at a cost M times smaller than perturbation
reanalysis.

That being said, one must take into account the cost of computing exact solutions
at the interval extremes. This cost may be extremely large in comparison with the
reanalysis cost. The factor that makes it worth incurring such large extra cost is
the number of reanalyses one intends to perform, since the exact solutions are to
be computed only once.

3.3.5 Numerical example

The modal interpolation method is tested here using the same two degrees of free-
dom examples used for the modal perturbation method (see figure 3.4 in section
3.2.5). In this case, however, exact modal solutions for the damped system are com-
puted at the extremes of the variation intervals. Only Damped modes interpolation
is considered in this example.

The k3 and c3 parameters are allowed to vary in a ±50% range around their nominal
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value as in the perturbation method numerical example. Variations from -50% to
+50% around their nominal value are applied in steps of 10%. Although simul-
taneous variation of k3 and c3 may be handled using multivariate interpolation,
non-simultaneous variation is chosen here so that the interpolation results can be
compared to the results obtained using the perturbation method.

For each variation in the value of k3 or c3 the modal solutions of the system are
computed in two ways. On one hand, the exact eigensolutions of the perturbed
system are computed by solving the corresponding state-space EVP. On the other
hand, the approximate modal solutions are computed through interpolation of the
exact damped modal solutions at the interval extremes. The approximate modal fre-
quencies and modal damping are computed twice: once by interpolation of squared
modal frequencies ω2

d,m and interpolation of modal damping ζm separately, and once
again by interpolation of damped eigenvalues λm directly.

The exact and approximate modal solutions for the k3 and c3 variations are com-
pared in figures 3.9, 3.10 and 3.11. Figure 3.9 shows the variations in the modal
frequencies induced by the k3 stiffness variation (left) and the c3 damping variation
(right) respectively. Figure 3.10 shows the corresponding variation in the modal
damping. In both figures, the top plots present the exact and approximate values
of the modal frequencies and modal damping, and the bottom plots present the
relative error of the approximate values with respect to the corresponding exact
values. In figure 3.11, the MAC between the exact and the approximate mode
shapes, i.e. MAC(φm, φ̃m), is shown for the k3 stiffness variations (left) and the c3

damping variations (right) respectively.

The solid lines in figures 3.9 and 3.10 show the exact variation in modal frequencies
and modal damping respectively. Logically, the exact solutions coincide with the
example in section 3.2.5 since the same variations in k3 and c3 have been defined
(c.f. figures 3.5 and 3.6). In the same figures, the dashed-circle lines show the
results for the direct interpolation of damped eigenvalues λm as defined in equation
3.26. In figure 3.9, the dotted-cross lines show the results for the squared damped
modal frequencies ω2

d,m interpolation as defined in equation 3.28; whereas in figure
3.10 the dotted-cross lines show the results for the modal damping ζm interpolation
as defined in equation 3.29.

The first thing one can realise by inspecting figures 3.9 and 3.10 is that, as expected,
the error in the interpolation approximation is minimum at the extremes of the vari-
ation intervals and maximum in the central range of variation. This characteristic
in the error is opposite to that of the perturbation method.
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Figure 3.9: Variation and error in modal frequencies with respect to k3 and c3 variations:
1st mode: — exact −◦− damped λm interpolation · ·×· · ω2

d,m interpolation
2nd mode: — exact −◦− damped λm interpolation ··×·· ω2

d,m interpolation
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Figure 3.10: Variation and error in modal damping with respect to k3 and c3 variations:
1st mode: — exact −◦− damped λm interpolation · ·× · · ζm interpolation
2nd mode: — exact −◦− damped λm interpolation · ·×· · ζm interpolation
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Figure 3.11: Interpolated to exact eigenvectors’ MAC values variation with respect to
k3 and c3 variations: − ◦ − 1st mode − ◦ − 2nd mode

Looking at the modal frequencies interpolation results in figure 3.9, the approxima-
tions obtained through λm interpolation and through ω2

d,m interpolation are almost
coincident. For stiffness variations maximum approximation errors are of 6% in
the first mode and 2% in the second mode. For damping variations maximum ap-
proximation errors are of 2% for both modes. These approximation errors are of
comparable magnitude to those of the perturbation method2.

Despite it having been argued in the previous section that the ω2
d,m interpolation

should give better approximation for lightly damped systems, the results of this
example show that for moderate to high damping (as is the case here) the ω2

d,m in-
terpolation does not show any substantial advantage over the more straightforward
λm interpolation.

As can be observed in figure 3.9, the modal damping interpolation results obtained
through ζm interpolation also show little differences with respect to λm interpolation
results. The latter results produce slightly smaller error than the former. This fact
reaffirms the convenience of using λm interpolation for damped systems. Again,

2In the numerical example for the perturbation method described in section 3.2.5, the maximum
errors in damped modal frequencies obtained at the interval extremes were: 10% error in the first
mode and 4% in the second mode for stiffness variation; 2% error in the first mode and 3% error
in the second mode for damping variation. See figure 3.5
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the maximum amount of error in the interpolation approximation occurs at the
central range of variation, with comparable magnitude to that of the damped modes
perturbation errors.

Finally, the error in the interpolated mode shape vectors may be evaluated through
the Modal Assurance Criterion. Here it has to be remarked that the eigenvector
interpolation results will vary depending on the difference in absolute phase of the
complex valued eigenvectors at the extremes of the variation range. Care has to
be taken when interpolating them. Since the absolute phase of eigenvectors may
have any arbitrary value, there is the need to put in phase the two interval extremes
eigenvectors before performing the interpolation. Otherwise, the relative amplitudes
and phase shifts between different DOF positions in the interpolated mode shape
are wrongly computed.

It can be seen in figure 3.11 that, for both modes and in the whole range of variation
of k3 and c3, the MAC of the interpolated mode shapes to the exact mode shapes
is permanently above a value of 0.99. Therefore, very good accuracy is obtained
when interpolating complex mode shape vectors even for heavily damped systems.
The limiting factor in the usage of the modal perturbation method is therefore the
approximation error in modal frequencies and modal damping.

3.4 Rayleigh quotient eigenvalue approximation

The Rayleigh quotient is a key concept in the analysis of dynamic systems. It
was defined for conservative systems (i.e. undamped systems) within Rayleigh’s
variational approach for solving the generalised eigenvalue problem that arises from
the equations of motion [46]. The main application of the Rayleigh quotient is its
usage in algorithms for solving the eigenvalue problem. However, this is not the
only application it may have. For the purpose of this thesis, the Rayleigh quotient
holds some properties that means it presents itself as a candidate to be used in
approximate reanalysis methods. For instance, Bhaskar et al. [67, 76] combined
the Rayleigh quotient with interpolation methods. Thus, the Rayleigh quotient is
introduced in this section and the properties relevant to this work are outlined.

Then, it is also shown in this section that a very good approximation of an eigenvalue
may be obtained when the Rayleigh quotient is applied to an approximate corre-
sponding eigenvector. Hence, it is proposed to use Rayleigh quotient approximation
in conjunction with approximate reanalysis methods (specifically the perturbation
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and interpolation methods presented in the previous sections).

3.4.1 The Rayleigh quotient

The Rayleigh quotient R(u) is a functional over a real vector space V defined as
the ratio of two quadratic forms involving the stiffness K and mass M matrices
respectively. In other words, the Rayleigh quotient R(u) is a scalar associated to
any shape vector u ∈ V , with respect to the (M,K) matrix pencil.

R(u) = R(u; M,K) = uTKu
uTMu

(3.31)

The Rayleigh quotient is specifically defined so that it equals a system eigenvalue
when applied to its corresponding eigenvector, i.e.

R(um) = λm = ω2
m (3.32)

This may be easily proved by pre-multiplying with uTm the undamped EVP equation,
i.e.

uTm (λmMum) = uTm (Kum) (3.33)

In effect, isolating for the λm eigenvalue in equation 3.33 yields the R(um) Rayleigh
quotient expression.

It can also be proved that for any trial vector u the Rayleigh quotient is an upper
bound for the smallest eigenvalue of the system, and a lower bound for the largest
eigenvalue of the system. Moreover, if a trial vector u is orthogonal to the N lowest
eigenvectors, then its Rayleigh quotient is an upper bound for the N + 1 eigenvalue
(see section 4-11 in [52]).

The importance of the Rayleigh quotient lies in the fact that it is stationary for
any trial vector u in the neighbourhood of an eigenvector um. This means that the
rate of change of the Rayleigh quotient is zero at the system eigenvectors, i.e.

δR(u)|u=um = 0 (3.34)

where δ is the first variation of a functional, as encountered in variational calculus.

The stationarity property implies that if a vector u differs from an eigenvector um
by a small quantity ε, the corresponding Rayleigh quotient R(u) will differ from the
corresponding eigenvalue λm by a small quantity O(ε2). This is proved in section
E.1 of Appendix E, where the properties of the Rayleigh quotient are demonstrated
separately.
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3.4. Rayleigh quotient eigenvalue approximation

The stationarity of the Rayleigh quotient has implications of practical use. For ex-
ample, consider an eigenvector is calculated using an approximate method. Thence,
this eigenvector is an approximation to the true eigenvector. Assume that the
Rayleigh quotient is used to compute the corresponding eigenvalue. Then, due to
stationarity, the eigenvalue approximation error will be much smaller than the er-
ror in the eigenvector. This implies that very good approximations in the modal
frequencies can be obtained from much less accurate mode shape vectors.

Not only is the Rayleigh quotient a better than deserved approximation of an eigen-
value, but the best approximation one can get from any trial vector u. In Chapter 2
it has been seen that the eigenvalue error for the undamped EVP may be bounded
using the Krylov-Weinstein or the Kato-Temple error bounds. These bounds for
generalised eigenvalue problems are given in terms of the M-inverse norm of the
residual vector ‖r‖M−1 . As is shown in section E.2 of Appendix E, the Rayleigh
quotient of a vector u minimises the M-inverse norm of the corresponding residual
vector r(u). Thus, the Rayleigh quotient provides the best possible approximation
of an eigenvalue for a given approximate eigenvector.

The Rayleigh quotient gives rise to yet another important property. When an eigen-
value is approximated through the Rayleigh quotient, the residual vector r(R(u),u)
becomes orthogonal to the corresponding trial eigenvector u (see proof in section
E.3 in Appendix E). In turn, residual to eigenvector orthogonality is the property
that makes it possible to define the Kato-Temple bound. For this reason this error
bound only holds when the Rayleigh Quotient is used for eigenvalue approximation.

3.4.2 Eigenvalue approximation

When one wants to perform repeated analysis of dynamic systems, one can perform
the modal analysis of the system. Then, in each modal reanalysis the mode shape
vectors may be approximated fairly well using perturbation or interpolation meth-
ods, and the modal frequencies may be approximated with much better accuracy
through the Rayleigh quotient.

Consider an undamped system defined by a set of parameters θ. The dynamics of
that system are governed by the corresponding mass-stiffness matrix pencil (M,K).
Then, the modal solution of such system will consist of a set of λm − um pairs.

When the θ parameters vary, the modal pairs may be computed accurately at a high
computational cost or, alternatively, they may be approximated using computation-
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3.4. Rayleigh quotient eigenvalue approximation

ally cost-efficient approximate reanalysis methods. Rayleigh quotient eigenvalue
approximation brings together cost-efficient computations with accurate solutions.

For a varying parameter θ, an approximate eigenvalue λm(θ) is computed by ap-
plying the Rayleigh quotient to a corresponding approximate eigenvector, i.e.

λ̃m(θ) = R(ũm(θ)) (3.35)

where the ũm(θ) eigenvector may have been obtained through perturbation of the
M(θ) and K(θ) matrices, or by interpolation of certain known exact solutions
um(θi).

Since the eigenvectors are computed through approximate methods they are ob-
tained at a small computational cost. In turn, the eigenvalues are approximated
using the Rayleigh quotient, which also involves a small computational cost. At
the same time, the Rayleigh quotient provides a highly accurate estimate of the
true eigenvalue due to the stationarity and optimality of the the Rayleigh quotient.
Furthermore, good estimates of the approximation error can be computed using the
Kato-Temple error bound.

However, the Rayleigh quotient approximation is only applicable to undamped
eigenpairs. Thence, a novel Rayleigh quotient for damped systems is explored in
the next section in order to apply Rayleigh quotient eigenvalue approximation to
the modal solutions of damped systems.

3.4.3 A Rayleigh quotient for damped systems

The Rayleigh quotient as defined in the previous section is only applicable to un-
damped eigenvalue problems with real valued eigenvalues and eigenvectors. There-
fore, its use for damped system is limited only to cases where the damping may be
modelled using small or proportional damping assumptions. Since it is intended to
develop approximate methods for generally damped systems, it would be desirable
to have a Rayleigh quotient that could be used for the complex-valued eigenvectors
corresponding to the damped eigenvalue problem. In this section, the possibilities
for defining a Rayleigh quotient for damped systems are explored. In order to do
so, the state-space EVP defined by the matrix pencil (A,B) is considered.

Previously, the mathematical definition of the Rayleigh quotient for undamped
systems has been given as the ratio of two quadratic forms. This definition can
be naturally extended to EVPs defined by hermitian (i.e. conjugate symmetric)
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3.4. Rayleigh quotient eigenvalue approximation

matrices which have complex eigenvectors. The Rayleigh quotient is defined then
as the ratio of two hermitian forms. For a definite pencil (D,F) and a complex trial
eigenvector v this is explicitly stated as

R(v) = R(v; D,F) = vHFv
vHDv

(3.36)

This definition of the Rayleigh quotient is mathematically consistent with respect
to the classical Rayleigh Quotient for undamped systems.

However, a Rayleigh quotient like the one in equation 3.36 is not applicable to
the state-space eigenvalue problem. Even though the A and B matrices are real-
symmetric matrices they are not positive-definite. Accordingly, the (A,B) pencil is
indefinite. These properties of the state-space EVP result in the state-eigenvectors
xm being orthogonal to their complex conjugate pair with respect to the A and B
matrices. Consequently, a Rayleigh quotient of the kind R(x; A,B) would give an
indeterminate result when applied to the state-eigenvectors, that is

R(xm) = xHmBxm
xHmAxm

= 0
0 (3.37)

All in all, there does not exist a quotient based on (A,B) that strictly matches the
mathematical definition of the Rayleigh quotient while providing useful results.

Nevertheless, the idea of approximating eigenvalues using a Rayleigh quotient for
damped system may be still possible. Bhaskar [68] proposed a Rayleigh quotient in
the state-space for non-conservative systems.

Q(x) = Q(x; A,B) = xTBx
xTAx

(3.38)

In this case, the quotient is defined as a ratio of two bilinear forms – BB(v,w) =
wTBv and BA(v,w) = wTAv – applied to a complex trial vector x. This im-
plies that Q(x) does not conform exactly with the mathematical definition of the
Rayleigh quotient. However, this quotient retains most of the properties of the
Rayleigh quotient for undamped systems, as shall be proven in the following sec-
tion.

Properties of the proposed quotient

To start with, the quotient applied to a state-eigenvector xm results in its corre-
sponding eigenvalue λm = −σm ± iωd,m, that is

Q(xm) = λm (3.39)
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3.4. Rayleigh quotient eigenvalue approximation

which is straightforwardly proved by pre-multiplying the state-space EVP with xTm,
i.e.

xTm (λmAxm) = xTm (Bxm) (3.40)

This is analogous to the classical Rayleigh quotient.

The Q quotient also shows stationarity for any trial vector x in the neighbourhood
of a state-eigenvector xm. This is proved as follows. Regarding that Q(x) is a
functional one can compute its first variation δ, i.e.

δQ(x) = δ(xTBx)xTAx− δ(xTAx)xTBx
(xTAx)2 (3.41)

where δ(xTBx) = 2δxTBx and δ(xTAx) = 2δxTAx. The stationary points of
Q(x) are those that accomplish δQ(x) = 0; and it turns out that this happens for
δQ(x) evaluated at the state-eigenvectors.

δQ(x)|x=xm = 2δxTm(Bxm − λmAxm)
(xTmAxm)2 = 0 (3.42)

Since the Q quotient is stationary around the state-eigenvectors, for an approximate
state-eigenvector the quotient gives a better approximation of the corresponding
eigenvalue than the present eigenvector approximation. Again, this property is in
agreement with the stationarity of the classical Rayleigh quotient.

Therefore, the quotient proposed in equation 3.38 serves as a Rayleigh quotient for
damped systems posed in the state-space. For its use as an eigenvalue approxima-
tion it does fulfill the properties that make the Rayleigh quotient relevant, namely,
it is stationary in the neighbourhood of the eigenvectors and its value converges to
the damped eigenvalues when meeting the true eigenvectors.

The quotient in physical coordinates

The proposed quotient may be transformed back from the state-space into physical
coordinates as suggested in [68]. Since the state-eigenvectors are of the form xm =
{λmφTm,φTm}T , the trial state-vectors x may be restricted to be of the form x =
{βφT ,φT}T , so that they are defined by a trial pair (β,φ). Using this well-founded
restriction, the Rayleigh quotient for damped systems is defined alternatively in
terms of the system matrices and shape vectors in physical coordinates.

Q(β,φ) = Q(β,φ; M,C,K) = β2φTMφ− φTKφ
2βφTMφ+ φTCφ

(3.43)
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3.4. Rayleigh quotient eigenvalue approximation

Obviously, this second definition possesses eigenvalue convergence and stationarity
properties, i.e. Q(λm,φm) = λm and δQ(β,φ)|β=λm,φ=φm = 0. The quotient in
terms of the (β,φ) trial pair may be beneficial when it has to be computed inten-
sively, since the size of the trial vectors is reduced to half the number of degrees
of freedom in comparison to the state-space vectors. This would be the case for
solution search algorithms such as the EVP iterative solvers.

Quotient bounds

So far, theQ(x) quotient has been introduced as an alternative Rayleigh quotient for
damped systems. It has been proved that damped eigenvalues may be approximated
using this quotient. Yet, the accuracy of this approximation has not been assessed.
Thence, it would be convenient to quantify the approximation error.

Previously in chapter 2, eigenvalue approximation error bounds have been presented
in section 2.4.2. General error bounds for damped eigenvalues have proved to be
of no practical use. On the contrary, it has been seen that the error committed
by a Rayleigh quotient approximation of undamped eigenvalues is bounded by the
Kato-Temple inequality. Here, we ask ourselves whether an analogous bound can
be defined for the Q(x) quotient approximation of damped eigenvalues.

The Kato-Temple theorem follows from Temple’s inequality, whose derivation can
be found in section B.4 of Appendix B. In turn, Temple’s inequality follows from
the orthogonality property of the Rayleigh quotient. Section E.3 in Appendix E
shows that the residual vector r(α,u) is orthogonal to the corresponding undamped
trial eigenvector u when the trial eigenvalue α equals the Rayleigh quotient R(u).

The orthogonality property implies that for two residual vectors ra and rb with trial
eigenvalues a and b respectively it holds that

〈ra, rb〉M−1 = rTb M−1ra = ‖r‖2
M−1 + (R(u)− a) (R(u)− b) (3.44)

with r = r(R(u),u). Temple’s theorem states that the 〈ra, rb〉M−1 product in
equation 3.44 is positive valued for any interval (a, b) containing R(u) but no exact
eigenvalue. This conforms Temple’s inequality, i.e.

‖r‖2
M−1 ≤ (R(u)− a) (b−R(u)) (3.45)

Similarly, for a damped trial eigenpair β − x a state-space residual vector s can be
considered, that is

s = (B− βA)x (3.46)
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3.4. Rayleigh quotient eigenvalue approximation

Now, assume that β equals the Q(x) quotient. In this case it does not hold that the
residual vector s is orthogonal to the trial eigenvector x, i.e. 〈s,x〉 6= 0. This is not
the case because Q(x) is defined mathematically as a quotient of two bilinear forms,
as opposed to the classical Rayleigh quotient which is a quotient of two quadratics.

However, if a bilinear form B is defined such that B(v,w) = wTv, and is applied
to the s and x vectors

B(s,x) = B(Bx− βAx,x) = BB(x,x)− βBA(x,x) (3.47)

one finds out that when β = Q(x) the B form vanishes. That is, the state-space
residual vector and trial eigenvector are orthogonal with respect to the B form when
the trial eigenvalue is β = Q(x).

Analogously to the undamped case (c.f. the Temple’s inequality derivation in section
B.4), the orthogonality property implies that for two residual vectors sa and sb with
trial eigenvalues a and b respectively it holds that

BA−1(sa, sb) = sTb A−1sa = BA−1(s, s) + (Q(x)− a) (Q(x)− b) (3.48)

with s = s(Q(x),x). On the contrary, the spectral expansion of the expression in
equation 3.48 reads

BA−1(sa, sb) =
∑
m

c2
m (λm − a) (λm − b) (3.49)

where cm, λm, a and b are in general complex valued. Hence, it cannot be said that
the form BA−1(sa, sb) in equation 3.48 is positive valued for any restricted values of
a and b. This gives no opportunity for a sort of Temple’s inequality to exist in this
case, and one might discard the idea of finding an specific error bound for the Q(x)
quotient.

Optimality of the quotient

The classical Rayleigh quotient is said to be optimal because it minimizes the M-
inverse residual norm ‖r‖M−1 which guarantees the tightest possible eigenvalue error
bound. In the previous section it can be observed that the BA−1(s, s) form in
equation 3.48 plays an analogous role to the squared ‖r‖M−1 norm with respect to
the classical Rayleigh quotient (see equation E.14).

In fact, as it is the case of the Rayleigh quotient with respect to the ‖r‖M−1 norm,
the Q(x) quotient does minimise the BA−1(s, s) form. As for the undamped case
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(see section E.2), BA−1(s, s) may be expanded as a function of the trial value β

BA−1(s, s) = β2xTAx− 2βxTBx+ xTBA−1Bx = f(β) (3.50)

whose minimum is found by setting to zero its first derivative with respect to β

f ′(β) = 2βxTAx− 2xTBx = 0 (3.51)

which clearly corresponds to β = Q(x).

However, the BA−1(s, s) form does not appear in the error bounds formulations, nor
it has been possible to establish analogous inequalities based on bilinear forms. Yet,
it can be expressed in an inner product fashion as

BA−1(s, s) = sTA−1s = 〈A−1s, s∗〉 (3.52)

Then, making use of the Cauchy-Schwarz inequality (c.f. Appendix A.1), the
BA−1(s, s) form may be related to the residual norm ‖s‖ encountered in the Bauer-
Fike error bound (c.f. equation 2.35), i.e.

|BA−1(s, s)| =
∣∣∣〈A−1s, s∗〉

∣∣∣ ≤ ∥∥∥A−1s
∥∥∥ ‖s∗‖ ≤ ∥∥∥A−1

∥∥∥ ‖s‖2 (3.53)

Equation 3.53 indicates that the lower the BA−1(s, s) form is, the lower the ‖s‖
norm can potentially be. In other words, a small BA−1(s, s) is a necessary condition
for a small residual norm, although it is not a sufficient condition. Therefore, the
minimum BA−1(s, s) induced by the Q(x) quotient may not yield a minimum ‖s‖.
Nevertheless, the minimum for ‖s‖ shall correspond to a β value which may not be
far from Q(x) due to the necessary condition specified in equation 3.53. Thus, the
Q(x) quotient is the best guess (close to optimal) one can do for a damped trial
eigenvalue in terms of the eigenvalue error bound.

3.4.4 Approximation of damped system eigenvalues

The Q quotient has been defined as a Rayleigh quotient equivalent for damped
systems. Its stationarity and convergence towards the exact eigenvalues of the
damped system have been proved in the previous section. Hence, in this work it is
proposed to use such a Q quotient for the first time in the approximate reanalysis
of damped vibrating systems.

Analogous to the approximation of undamped eigenvalues through the Rayleigh
quotient described in section 3.4.2, when the system model parameters θ vary, the
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damped eigenvalues λm(θ) may be directly approximated with great accuracy by
means of the Q quotient. The quotient has been defined for vectors and matrices
in the state-space domain, i.e. Q(x; A,B), but it may be also expressed in physical
coordinates, i.e. Q(β,φ; M,C,K).

In order to use the Q(x) definition for approximating the system eigenvalues one
needs to have beforehand a fair approximation to the corresponding state eigenvec-
tors xm(θ). These may be obtained using the modal perturbation method if one
uses the sensitivity function for state eigenvectors (equation D.9) that can be found
in Appendix D. Alternatively, state eigenvectors may be approximated through
linear interpolation in the same way that it is done for the mode shape vectors (c.f.
equation 3.30). Then, accurate approximations for the damped eigenvalues λ̃m may
be computed as

λ̃m(θ) = Q(x̃m(θ)) (3.54)

with x̃m the prior approximation for the state eigenvectors.

On the contrary, for using the Q(β,φ) counterpart one needs a priori fair approxi-
mations of both the damped eigenvalues and the damped eigenvectors. These may
be obtained through the damped modes perturbation or interpolation methods de-
scribed in this chapter. Then, a second more accurate eigenvalue approximation λ̃m
may be computed as

λ̃m(θ) = Q(λ̃m(θ), φ̃m(θ)) (3.55)

with λ̃m and φ̃m inside the quotient the prior approximations for the damped eigen-
values and eigenvectors respectively.

3.4.5 The cost of the quotient approximation

Approximating eigenvalues through the Rayleigh quotient or its damped equiva-
lent, the Q quotient, involves the computation of the approximate eigenvectors to
be quotient-evaluated, and the computation of the quotient itself. The cost for
computing approximate eigenvectors has been already evaluated for the perturba-
tion method in section 3.2.4, and for the interpolation method in section 3.3.4.
Therefore, in this section focus will be taken mainly on the cost of computing the
quotient.

The Rayleigh quotient involves the computation of two quadratics, i.e. uTKu and
uTMu. Each of them corresponds to a vector-sparse matrix-vector multiplication
as the ones that have been described previously when analysing the computational
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cost of the perturbation method (c.f. table 3.1). Due to the sparsity of the matrices
of large dynamic systems, such operation shall be computed at a cost of O(N)
floating point operations (flops), with N the order of the involved vectors and
matrices which corresponds to the number of degrees of freedom of the system
model.

The Q quotient involves the computation of bilinear forms which are essentially
vector-sparse matrix-vector multiplications as well. For the quotient expressed in
the state space domain Q(x) two bilinear forms, xTBx and xTAx, must be com-
puted. The order of the state space matrices and vectors is 2N . Thus, the com-
putational complexity of the quotient evaluation scales as of O(4N) flops. On the
contrary, the quotient expressed in physical coordinates Q(β,φ) involves three bilin-
ear forms φTKφ, φTCφ and φTMφ, with N -sized matrices and vectors. Therefore,
the associated computational complexity is proportional to O(N) flops instead.

Summarising, undamped eigenvalue approximation through the Rayleigh quotient
involves the cost of computing approximate undamped eigenvectors plus the cost
of evaluating the Rayleigh quotient. Damped eigenvalues approximation through
the Q(x) quotient involves the cost for computing approximate state eigenvectors
plus the cost for evaluating the quotient. Also, damped eigenvalue approximation
through the Q(β,φ) quotient involves the cost for computing approximate damped
eigenvectors and damped eigenvalues plus the cost for evaluating the quotient. The
associated computational complexity for the three cases is summarised in table 3.5.
In all cases the computational cost is much lower (for large systems) than the cost
of performing an entire EVP solution which scales as O(N2) operations.

Prior approximation Perturbation cost Interpolation cost Quotient Complexity
ũm n M O(N) 2n O(N) R(u) O(N)
x̃m n 2M O(2N) 2n O(2N) Q(x) O(2N)
φ̃m / λ̃m n 2M O(N) / n O(p) 2n O(N) / O(2n) Q(β,φ) O(N)

Table 3.5: The computational complexity of Rayleigh quotient eigenvalue approximation.

3.4.6 Numerical example

The same two degrees of freedom damped system that has been used in the nu-
merical examples for the perturbation and interpolation methods is considered here
again. In this case, the objective will be to obtain the damped system modes
through quotient approximation for the same variations in the k3 stiffness and the
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c3 damping parameters. That is, variations from -50% to +50% of their nominal
values in steps of 10% variations.

Since the damped modes are to be computed, the Q quotient will be used for
the approximation. Recall that the Rayleigh quotient only provides undamped
eigenvalue solutions. In particular the Q(β,φ) form of the quotient is used here. On
one hand, because of the more efficient computation with respect to the Q(x) and,
on the other hand, because the approximate damped solutions from the previous
numerical examples are already available.

Hence, the approximate damped eigenvalues λ̃pm and eigenvectors φ̃pm obtained
through damped modes perturbation in section 3.2.5 have been used to obtain ap-
proximate modal frequencies and modal damping through the Q quotient. Likewise,
the approximate damped eigenvalues λ̃im and eigenvectors φ̃im obtained through
damped modes interpolation in section 3.3.5 have also been used to approximate
modal frequencies and modal damping using the Q quotient.

The exact and approximate modal solutions for the k3 and c3 variations are com-
pared in figures 3.12 and 3.13. Figure 3.12 shows the variations in the modal
frequencies induced by the k3 stiffness variation (left) and the c3 damping variation
(right) respectively. Figure 3.13 shows the corresponding variation in the modal
damping. In both figures, the top plots present the exact and approximate values
of the modal frequencies and modal damping, and the bottom plots present the
relative error of the approximate values with respect to the corresponding exact
values.

The solid lines in figures 3.12 and 3.13 show the exact variation in modal frequencies
and modal damping respectively. In the same figures, the dashed-circle lines show
the results for the quotient evaluated at the interpolation approximated eigensolu-
tions, and the dotted-cross lines show the results for the quotient evaluated at the
perturbation approximation eigensolutions. Yet, the exact and approximate fm and
ζm curves are barely distinguished by naked eye since they almost overlap.

As can be observed in the error curves of figures 3.12 and 3.13, the quotient results
obtained from the interpolation approximate modes show the interpolation method
error characteristic, that is, zero error at the interval extremes and maximum error
in the central range of the interval. Conversely, the quotient results obtained from
the perturbed approximate modes show the perturbation method error characteris-
tic, namely zero error over the broad mid-range parameters solution and maximum
error at the interval extremes. Yet, the quotient approximation error is remarkably
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Figure 3.12: Variation and error in modal frequency with respect to k3 and c3 variations:
1st mode: — exact − ◦ − Q(λ̃im, φ̃im) · · × · · Q(λ̃pm, φ̃pm)
2nd mode: — exact − ◦ − Q(λ̃im, φ̃im) · · × · · Q(λ̃pm, φ̃pm)
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Figure 3.13: Variation and error in modal damping with respect to k3 and c3 variations:
1st mode: — exact − ◦ − Q(λ̃im, φ̃im) · · × · · Q(λ̃pm, φ̃pm)
2nd mode: — exact − ◦ − Q(λ̃im, φ̃im) · · × · · Q(λ̃pm, φ̃pm)
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smaller than the error of the prior approximate eigenvalues.

The Q quotient approximation obtains modal frequencies with error under 1% for
the full variation range of k3 and error under 0.5% for the full variation range of
c3, as can be appreciated in figure 3.12. The modal frequency errors were under
6% and under 3% for k3 and c3 variations respectively when using perturbation or
interpolation method as can be recalled from figure 3.14. These are six times more
accurate results.
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Figure 3.14: Error and MAC values for the prior approximate eigensolutions:
1st mode: − ◦ − damped interpolation · · × · · damped perturbation
2nd mode: − ◦ − damped interpolation · · × · · damped perturbation

As can be observed in figure 3.13, the Q(λ̃im, φ̃im) approximation obtains modal
damping with error under 2% for the full variation range of k3 and c3. This is
a great improvement in accuracy in contrast with the modal damping error ob-
tained through the interpolation method. For k3 variations the interpolated modal
damping error was as high as 25% (see damping error in figure 3.14). This sup-
poses a ten times reduction in the approximation error when using the Q quotient
approximation.

Also in figure 3.13, it can be observed that the Q(λ̃pm, φ̃pm) approximation results
in modal damping with approximation error below 2% for most of the variation
range in k3 and the full variation range in c3. Only in the lowest values of k3

does it get around 5% modal damping error. Notice that this corresponds to the
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"worse" values fpr the approximate to exact mode shapes MAC (see MAC values in
figure 3.14). In any case, these error values are much lower than the error in modal
damping obtained through the perturbation method. As can be observed in figure
3.14, these were over 25% error for stiffness variation and over 10% for damping
variation. Again this results in a ten times reduction in the approximation error
when using the Q quotient approximation in most of the variation range.

3.5 Conclusions

In this chapter several methods have been presented for reanalysing the dynamics
of damped vibrating systems when these are subject to structural variations. These
methods are aimed at reducing the computational cost of the reanalyses, since the
computational cost might be prohibitive for very large system models. However,
approximation error is the price to pay for obtaining efficient methods.

The focus has been placed on methods that linearly approximate the variations
in dynamic behaviour of a damped system, namely, the perturbation method and
the interpolation method. Linear approximations have the advantage that they are
the simplest mathematical approximations one can use and consequently the ones
that can be computed at a lower cost. However, they incur large error whenever
the variation curve being approximated possesses a non-linear characteristic. In
structural dynamics, the relation between the parameters that define the system
model and the quantities that characterise its dynamic behaviour is typically non-
linear. For this reason, the validity of the linear reanalysis methods is in general
restricted to small variations in the parameters.

The first thing that has been analysed in this chapter is the rate of change of
the quantities that characterise the dynamics of a system. The dynamic response
of a system may be evaluated through its time or frequency response. Yet, these
response functions are highly non-linear so that only incredibly narrow variations in
the model parameters might be reanalysed through linear methods. In particular,
for the frequency response functions, linearly approximating the response variation
in the vicinity of resonance peaks yields completely erroneous predictions. On
the contrary, the dynamic response of a system may be characterised alternatively
by its modal parameters, i.e. modal frequencies, modal damping and mode shapes.
Although the rate of change of the modal parameters is also non-linear, the variation
in modal parameters is quite smooth, so that linearly approximating them is a much
more reasonable option. Thus, the perturbation and the interpolation methods are
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applied here to the modal parameters.

In fact, the modal perturbation and interpolation methods compute approximations
to the eigensolutions of the EVP corresponding to the equations of motion of the
varying system. If the undamped EVP is considered, approximate undamped eigen-
solutions are obtained, and the damped system modes must be obtained through
further small damping approximation. Undamped eigenvalues computations is a
rather standard way of proceeding when computing damped system modes in finite
element analysis. However, for approximate reanalysis methods, undamped eigenso-
lution approximations yield quite poor accuracy in damped modal solutions as has
been proved in this chapter’s numerical examples. On the contrary, damped eigen-
solution linear approximations show much fairer accuracy to the actual (damped)
modal parameters. Therefore, in this work it is chosen to proceed with the less-
conventional linear approximations of the complex valued eigensolutions arising in
the quadratic EVP, or the equivalent state-space EVP.

With regard to the reanalysis efficiency, the computational cost of each of the modal
approximate reanalysis methods has been evaluated analytically. In both cases, the
cost for computing the approximate eigenvalues is much smaller than the cost of
computing the approximate eigenvectors. Hence the efficiency of the methods is
mainly determined by the complexity of the eigenvectors computation. The eigen-
vector approximations involve computations whose computational cost is of the
order of the total number of degrees of freedom N which, for very large system
models, may be a very large number. Nevertheless, the exact solution of an eigen-
value problem involves a cost of the order of N2 operations. Thus, the approximate
methods are way more efficient than exact reanalysis in any case.

Together with linear eigensolution approximations, the use of the Rayleigh quo-
tient has been proposed in order to further improve the accuracy of the reanalyses.
Improving the eigenvalues accuracy implies that the approximation methods may
be used for much wider ranges of variation in the model parameters. The Rayleigh
quotient performs a non-linear eigenvalue approximation, which means that its com-
putational cost for computing the eigenvalues exceeds that of the linear approximate
reanalysis methods. Yet, the cost for evaluating the Rayleigh quotient is also of the
order of N , so that it does not exceed the cost for linearly approximating the eigen-
vectors through perturbation or interpolation method. Therefore, performing the
Rayleigh quotient approximation does not introduce much extra cost in a reanaly-
sis where the mode shapes are also approximated. However, the Rayleigh quotient
approximation is only applicable to undamped eigenvalues.
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Damped eigenvalues cannot be approximated through the Rayleigh quotient as has
been proved in section 3.4.3. For this reason it is proposed here to use an alternative
ad-hoc quotient that serves as a damped eigenvalues approximation, equivalent to
the Rayleigh quotient approximation. This quotient was first defined by Bhaskar
in [68] and here it is referred to as the Q quotient. Its use as damped eigenvalues
approximation for eigensolution reanalysis is original to this work.

It has been shown in this chapter that the Q quotient upholds the properties of the
Rayleigh quotient that qualifies it as an eigenvalue approximant, i.e. convergence
and stationarity. Yet, it has also been proved that, unlike the Rayleigh quotient,
error bounds for the Q quotient may not be formulated. Nonetheless, it has been
justified analytically that this quotient approximation is close to optimal in an
eigenvalue error bound sense, and this argument has been corroborated by the
accurate results obtained in the numerical example.

Finally, recall that the approximate methods described in this chapter are intended
to be used in processes such as uncertainty analysis or model optimisation. The
claimed efficiency of these methods might not be sufficiently high for such processes
that require very intensive reanalysis calculations. Thence, there is the need to
explore ways to increase the efficiency of the methods. Noticing that the efficiency
of linear approximation methods and quotient approximations is limited by the
number of degrees of freedom of the model to reanalyse, a logical option is to
explore the use of these methods on smaller models.

A finite element model may be reduced into a dynamic equivalent model with
reduced number of degrees of freedom by means of model order reduction and
substructuring techniques. Hence, model reduction methods for damped systems
are presented in the next chapter, and the use of approximate reanalysis methods
described here will be applied in the reduced models which will be developed in the
following chapters.
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Chapter 4
Component Mode Synthesis for

damped dynamic systems

When designing engineering structures, the dynamics of vibrating systems may be
assessed at an early design stage through numerical computations. At low frequen-
cies, this may be typically done through finite element analysis (FEA) provided
that a finite element (FE) model for the structure is created.

The computational cost for performing finite element analyses is always dependent
on the size of the model generated. As the frequency range at which one aims at
conducting a vibration analysis increases, more and more degrees of freedom are
needed in the FE model in order to obtain accurate analysis results. That is, the
FE model becomes larger.

For large engineering structures, very large FE models are needed for the analyses,
especially as the target frequencies approach the mid-frequency range. In order
to handle FEA of such large models one often attempts to circumvent the direct
analysis of the full FE model. Otherwise, the computational cost will be prohibitive.

One possible way of reducing the computational cost of a FEA is to follow a sub-
structuring strategy. One may chose to split a structure model into smaller sub-
structures and conduct the FEA of each substructure separately. Then, the full
structure dynamics are resolved by consistently coupling the dynamics of each of
the substructures.

Another possible way of handling the FEA of very large models is to devise a
dynamic equivalent FE model with a much reduced number of degrees of freedom.
This may be done through model order reduction methods. For large built-up
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structures Component Mode Synthesis may be used for reducing the order of the
corresponding finite element model.

Component Mode Synthesis (CMS) combines model substructuring and model order
reduction methods. In CMS, the FE model of the structure is split into several
smaller FE models corresponding to the structure subsystems. These are referred to
as the system components. Then, the modes of each component are computed when
the components are uncoupled. In this way, the component models are reduced by
transformation into the component modal coordinate space. Next, the reduced
component models are coupled together. This gives a reduced model of the full
system in terms of the modes of the different subsystems. Thus, this reduced CMS
model can be used for the FEA of the original system and, also, for the solution
reanalysis using approximate methods.

In the previous chapter, approximate reanalysis methods for the modal analysis of
(large) damped systems have been explored. It has been seen that these approxi-
mate methods are very efficient in comparison with computing the exact modal so-
lution from an FE model (typically by solving a corresponding eigenvalue problem).
However, for processes that require intense reanalyses (e.g. model optimization, un-
certainty analysis...) it would be desirable to further increase their efficiency. As it
has been already pointed out, this may be possible if the approximate reanalyses
are performed on reduced order models.

Keeping in mind that in this thesis efficient reanalysis methods are to be developed,
Component Mode Synthesis offers a very convenient framework for reducing large
system models that are to be intensively reanalysed through approximate reanalysis
methods. There exist many methods for performing Component Mode Synthesis
and these are generally based on undamped component modes. Yet, considering
that in chapter 3 emphasis has been placed on the reanalysis methods for damped
systems, CMS methods based on damped component modes are regarded here.

Having said that, this chapter addresses model order reduction methods as well as
substructuring methods, and focuses particularly on the description of Component
Mode Synthesis. The main purpose is to give a comprehensive background in order
to introduce CMS methods for damped systems. These CMS methods based on
damped component modes are very rare, and typically are not found in commercial
software.

In this chapter the use of Component Mode Synthesis for locally or heavily damped
structures is recalled. CMS methods based on damped component modes are re-
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visited and studied through numerical examples. Further, the use of CMS reduced
models in conjunction with approximate reanalysis methods is addressed in the
following chapters.

4.1 Model order reduction methods

A reduced order model is a projection of a full model into a coordinate space with
fewer degrees of freedom. The reduced model is therefore an approximation of the
full model. Reduction methods imply a loss of information but, if the truncated
information is unimportant or redundant, the dynamics of the reduced model are
a very good approximation for the full model dynamics. Thus, a model reduction
method aims at achieving the maximum accuracy possible with a minimum order
of the reduced model.

Several reduction methods exist depending on the basis used for the reduction of the
model. In Component Mode Synthesis it is common to use reduction methods based
on Ritz vectors. These may be modal truncation methods [46, 77–79] and conden-
sation methods [80–83]. There exist other reduction methods which are not based
on Ritz vectors (e.g. Krylov Subspace Method [84], Padé approximations [85, 86],
Balancing-related truncation techniques [87],...). However, these latter approaches
are less frequently used in Component Mode Synthesis, and are not required for
the component reduction through damped component modes. Therefore, a brief
overview of reduction methods based on Ritz vectors only is given in the following.

Consider the finite element model of a dynamic system defined by its equations of
motion, that is

Du = f (4.1)

with D = M ∂2

∂t2
+ C ∂

∂t
+ K the dynamic stiffness matrix. Typically, model order

reduction methods are Rayleigh-Ritz methods in which the full model coordinate
space u is transformed into a new coordinate space spanned by Ritz vectors. The
full set of Ritz vectors is an orthogonal basis that defines a coordinate space v of
the same order as u. The relation between the two sets of coordinates is given by
the coordinate transformation matrix Tv

u = Tvv (4.2)

where the transformation matrix columns are the Ritz vectors. In equation 4.2, the
Tv matrix has as many columns as the number of DOFs in u. If only a subset of
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Ritz vectors is considered, a reduced coordinate space w can be defined, so that the
full model coordinate space may be approximated by a linear combination of these
vectors.

u ≈ Tww (4.3)

with Tw the transformation matrix associated to w. Candidate Ritz vectors to use
in a reduced basis should contain the maximum amount of relevant information for
the scope of the analysis.

Then, the equations of motion of the full system may be transformed into a reduced
set of equations of motion by means of the Tw matrix, that is

Dww = fw (4.4)

with Dw = TwTDTw and fw = TwT f . The solution of the reduced model may be
transformed back into the full model coordinates by means of equation 4.3. The
accuracy of the full solution will depend on the chosen reduced basis.

4.1.1 Modal Reduction

Rayleigh-Ritz methods are in fact a generalisation of the Rayleigh method for modal
analysis. It can be observed that the coordinate transformation in equation 4.2 is
analogous to the modal coordinates transformation in modal analysis

u = Φp (4.5)

with Φ the modal transformation matrix and p the modal coordinates. Therefore,
mode shape vectors are appropriate vectors to use as candidate Ritz vectors.

Accordingly, one of the methods for reduction of the model order is the modal
transformation using a reduced set of modes. This is known as modal reduction.
The modes of vibration contribute significantly to the system response in the vicinity
of their corresponding modal frequency, and their contribution vanishes far away
from it. Since a dynamic analysis is typically aimed at a confined frequency range,
the response of the system can be approximated by the weighted sum of those
modes that contribute significantly in this frequency range. These modes are kept
for the modal transformation, while the rest of the modes are not included, that is,
truncated or removed.

Generally, truncated modes are termed higher order modes because the kept modes
include all low frequency modes up to the truncation limit frequency. Hence, the
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modal transformation matrix Φ can be split into the kept modes partition Φk and
the higher order modes partition Φh. Thus, the full model coordinates u can be
approximated by the transformation into the reduced modal coordinate space pk.

u ≈ Φkpk (4.6)

The process of mode truncation inevitably introduces error in the predicted re-
sponse. Generally, the accuracy obtained for the displacement response is satisfac-
tory including only the modes with lowest modal frequency [88] (e.g. up to one and
a half times the maximum frequency of the analysis). However, the higher modes
may have significant influence in the internal forces and stresses related to local
effects. A greater number of modes must be included in order to have the same
accuracy for the forces and stresses [77].

Residual flexibility correction

The modal reduction method can be enhanced using corrections accounting for the
static effects of the truncated modes. This is known generically as the Modal Ac-
celeration Method (MAM) [89]. Several versions of the MAM exist in the literature
[77–79] with the residual flexibility method being the simpler and more widespread.

In the residual flexibility method the static equations of motion Ku = f are con-
sidered. The solution to the static equations of motion may be expressed in terms
of the flexibility matrix G = K−1, that is

u = Gf (4.7)

It can be proved1 that the flexibility matrix G of a dynamic system can be expressed
in terms of the modal parameters as

G = ΦΛ−1ΦT (4.8)

Hence, by splitting the modes into kept and higher order modes one may decompose
the flexibility matrix as the sum of the kept modes flexibility matrix Gk = ΦkΛ−1

k ΦT
k

plus the residual flexibility matrix Gh = ΦhΛ−1
h ΦT

h corresponding to the higher

1Consider the modal transformation matrix Φ = U of an undamped system, where U is the
full set of undamped eigenvectors um. The flexibility matrix G = K−1 of a dynamic system may
be expressed in modal form by pre and post multiplying the inverse of the stiffness matrix with
the identity ΦΦ−1 = I, i.e. G = (ΦΦ−1)K−1(ΦΦ−1)T = ΦΛ−1ΦT
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order modes. In practical situations the residual flexibility matrix Gh is obtained
as the flexibility matrix in which the contribution of the kept modes is subtracted.

Gh = G−ΦkΛ−1
k ΦT

k (4.9)

In this way, the static solution may be decomposed into the kept modes static
contribution Gkf and the truncated modes static contribution Ghf .

u = Gkf + Ghf (4.10)

Therefore, a modal transformation may be enriched with the static contribution of
the truncated modes, i.e.

u ≈ Φkpk + Ghf (4.11)

In this way, exact static responses are ensured along with more accurate dynamic
responses. The error in the modal reduction transformation is minimised through
the static correction provided by the residual flexibility matrix.

Inertia-relief projection

When a component has rigid body freedoms - i.e. it is not fully constrained -
the stiffness matrix is singular and therefore it cannot be inverted. Instead, the
flexibility matrix may be computed in an alternative way.

Assuming there are Nr rigid body modes, the component may be temporarily re-
strained at a set r of degrees of freedom to avoid rigid body motion. The stiffness
matrix for the remaining unrestrained degrees of freedom u can be then inverted. A
pseudo-flexibility matrix G′ is assembled by inserting zeros in the rows and columns
for the temporary restrained degrees of freedom.

G′ =
K−1

uu 0ur
0ru 0rr

 (4.12)

The flexibility matrix G′ is singular and it has the same rank as the unconstrained
stiffness matrix. This means that it describes both the elastic and rigid body be-
haviour of the component. In [90] the inertia-relief loading matrix P was introduced
to filter out the rigid body characteristic of the flexibility matrix as

P = I−MΦrΦT
r (4.13)

where Φr is the (mass-normalised) rigid body modes’ partition of the modal trans-
formation matrix. The rigid body modes φr are those modes that are solution to
the static equation Kφr = 0.
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It can be proved that an elastic flexibility matrix Ge may be obtained by pre and
post multiplying the flexibility matrix G′ with the projector P. The same Ge

matrix is obtained regardless of which degrees of freedom r have been chosen to be
temporarily restrained.

Ge = PTG′P (4.14)

4.1.2 Condensation methods

Other kinds of reduction methods based on Ritz vectors are the condensation meth-
ods. In condensation methods the reduced coordinate space w is a subset of the
physical coordinates u. Condensation methods split the physical coordinates into
master uM and slave uS degrees of freedom and uses the master DOFs as the
reduced coordinates

u ≈ TMuM =
IMM

TSM

uM (4.15)

with IMM an identity matrix of rank equal to the number of master DOFs, and
TSM a transformation matrix relating the slave DOFs to the master DOFs.

Static reduction

The Guyan reduction method [80] was the first condensation method to appear.
This reduction method was developed for the analysis of the static response. The
static equations of motion may be arranged in terms of the master and slave degrees
of freedom, i.e. KMM KMS

KSM KSS

uM
uS

 =
fM

fS

 (4.16)

If one considers the slave DOFs to be unforced, that is fS = 0S, the lower row in
equation 4.16 reads

KSMuM + KSSuS = 0S (4.17)

so that the response at the slave DOFs may be expressed as a linear combination
of the master DOFs response. A static transformation matrix relating the master
and the slave DOFs is computed from the homogeneous static equations of motion.

TSM = −K−1
SSKSM (4.18)

By solving the statically condensed equations of motion the exact static response at
the master DOFs is found, and the static response at the slave DOFs is approximated
through the TSM matrix.
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Dynamic reduction

The condensation method was later extended for dynamic analysis [81]. A dynamic
transformation matrix relating master and slave DOFs can be computed for a fixed
value of frequency.

If one considers harmonic vibration, the equations of motion in equation 4.1 may
be expressed in terms of the the dynamic stiffness matrix

D(ω) = −ω2M + ωC + K (4.19)

Thence, the dynamic stiffness matrix at a certain fixed frequency ω0 may be re-
garded as a static stiffness matrix. Therefore, pseudo-static equations of motion
may be formulated for the D(ω0) matrix as in Guyan’s method.

Proceeding in this way, a dynamic condensation matrix may be obtained from the
homogeneous dynamic equations of motion corresponding to the unforced slave
DOFs

TSM = −D−1
SSDSM (4.20)

The dynamic response of the reduced model is computed exactly at the master
DOFs. The response in the slave DOFs is approximated through multiplication of
this matrix with the response in the master DOFs. The error in the approximation
increases as the analysis frequencies move away from the fixed frequency chosen to
create the transformation matrix. It can be noticed that Guyan’s original static
reduction method is the specific case when the fixed frequency is chosen to be zero.

IRS and SEREP methods

Improved condensation methods were developed by O’Callahan et al. for analysis
of dynamic systems. The Improved Reduction System (IRS) method [82] is an
extension to the Guyan method to increase its accuracy when used for dynamic
analysis. IRS adds some adjustment terms to the Guyan transformation matrix
in equation 4.18 to account for inertial effects of the slave DOFs, increasing the
accuracy for the higher order modes.

The System Equivalent Reduction-Expansion Process (SEREP) method [83] uses
the modes of the full order system to compute a transformation matrix relating the
master and the slave DOFs.

TSM = ΦSkΦ−1
Mk (4.21)
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As many modes φk as master DOFs uM are required for inverting Φ−1
Mk. Therefore,

the SEREP transformation may be computationally expensive to produce. On
the other hand, the eigensolution of the reduced system is exact and the SEREP
transformation gives great accuracy for the slave DOFs response.

4.2 Substructuring and coupling of models

Dynamic systems are usually built-up structures consisting of several coupled sub-
structures. Hence, a finite element model of a dynamic system may be is split into
Ns submodels corresponding to each of the substructures. The submodels may be
treated as independent models which are connected to one or more adjacent sub-
structures by redundant interfaces. For a substructure s ∈ {1, Ns} the equations of
motion in physical coordinates u read

Dsus = fs (4.22)

with Ds = Ms
∂2

∂t2
+ Cs

∂
∂t

+ Ks the subsystem matrices, us the substructure’s dis-
placement vector and fs the vector of external forces in physical coordinates. The
physical degrees of freedom consist of the FE-nodal displacements and rotations in
the considered dimensions, i.e. x, y, z, θx, θy and/or θz.

In each substructure the degrees of freedom may be split into two subsets. On
one hand, those degrees of freedom corresponding to nodes located at the coupling
interface with other substructures. On the other hand, those degrees of freedom
of the substructure that do not correspond to the coupling interface nodes. The
former are termed coupling degrees of freedom uc,s and the later are termed interior
degrees of freedom ui,s. The substructure equations of motion may be rearranged
according to this nomenclature, that is

Dii Dic

Dci Dcc


s

ui
uc


s

=
fi

fc


s

(4.23)

.

When the substructures are assembled together, the equations of motion for the
full structure may be obtained by coupling of the equations of motion for each of
the substructures. The substructure coupling is performed by applying coupling
constraints into the equations. Namely, the constraints for coupling the models are
displacement continuity and force equilibrium at the coupling interface nodes.
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Displacement continuity implies equal displacement at coupling interfaces DOFs of
two adjacent substructures α and β, i.e.

uc,α = uc,β (4.24)

Force equilibrium implies that the internal forces that the two adjacent substruc-
tures exert on each other at the coupling interfaces are mutually reactive, so that
the internal forces balance at the coupling interfaces, that is

f int
c,α + f int

c,β = 0 (4.25)

Now, the substruture’s displacements may be merged together into a generalised
coordinates displacement vector s, and the substructures matrices and forces may
be merged accordingly, i.e.

s =


u1
...

uNs

 Ds =


D1 0 0

0 . . . 0
0 0 DNs

 f s =


f1
...

fNs

 (4.26)

Notice, however, that the generalised displacements s contains redundant coupling
interface DOFs, so that it is not equivalent to the physical displacements u of the
full system.

Thence, the displacement continuity constraint can be put into a matrix form in
generalised coordinates as

Cs = 0 (4.27)

where C is the coupling matrix. For instance, for a two coupled substructures
system the coupling matrix would read C =

[
0ci,1 Icc,1 0ci,2 −Icc,2

]
.

The coupled system equations of motion may be formulated in generalised coordi-
nates by application of Lagrange’s equation as it is done in Lagrangian mechanics
(e.g. see section 7.4 in reference [52]), i.e.

Dss = f s + λC (4.28)

with λ the Lagrange multipliers. The coupling internal forces are conservative forces
and therefore they cancel out in the Lagrangian expression. However, it is more
convenient to formulate the coupled equations of motion in the full system’s physical
coordinates.

Due to the constraint equation (equation 4.27) the generalised coordinates s are not
linearly independent. The coupling generalised coordinate set sc contains redundant
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degrees of freedom so that half of the set is dependent on the redundant counterpart.
Therefore, the generalised displacements may be split into a dependent d and a
linearly independent l coordinates sets, i.e.

s =
sd

sl

 (4.29)

where the dependent displacement vector sd involves the redundant set uβc , and the
independent displacement vector sl involves ui and uαc , that is the assembled system
physical coordinates, i.e. sl = u.

Accordingly, the constraint equation (equation 4.27) may be rewritten

Cdlsl + Cddsd = 0 (4.30)

Thus, a condensation transformation may be established between the physical co-
ordinates displacements and the generalised displacements as

s =
sd

sl

 =
−C−1

dd Cdl

Ill

 sl = Su (4.31)

where S is the transformation matrix involving the dependent coordinates partition
of the coupling matrix Cdd and the independent coordinates partition Cdl. This con-
densation is a lossless transformation since only redundant information is reduced.

Pre-multiplying equation 4.28 with ST one obtains the full system equations of
motion, i.e.

Du = f (4.32)
with D = STDsS, and f = ST f s. Consequently, the coupled equations of motion
may be directly obtained by transformation of the matrices and vectors in gener-
alised coordinates. The coupling term λC in equation 4.28 vanishes since STC = 0
by its own definition.

In fact, the matrix condensation transformation (D = STDsS) corresponds to the
finite element assembly of superelements matrices. However, formalising the assem-
bly process in terms of a coordinate transformation matrix is of interest in this work
because it will allow one to formulate the coupling and assembly of reduced order
models.

4.3 Component Mode Synthesis

Component Mode Synthesis (CMS) is a method for solving/computing the dynamics
of large built-up systems in an efficient way. It combines substructuring and model
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order reduction techniques for this purpose. Figure 4.1 shows a block diagram
outlining the procedures involved in the CMS method.

Figure 4.1: Component Mode Synthesis schematic

In CMS, a structural model is split into several substructures or components. A
finite element model is defined for each component being uncoupled from the rest of
the system. The dynamic equations of motion are defined in terms of the component
mass, damping and stiffness matrices in component-physical coordinates.

Then, a coordinate transformation is applied to each component model by means
of a set of component basis functions. Typically, the basis functions set consists
of the component normal modes plus a series of attachment or constraint modes.
Accordingly, the equations of motion may be posed in terms of these component-
modal coordinates. Model order reduction is achieved by truncation of the set of
basis functions. This results in a much reduced order of the component-modal
coordinates.

The components’ reduced models are then coupled together by enforcing displace-
ment continuity and force equilibrium at the coupling interface degrees of freedom.
These coupling conditions are applied to the reduced component models through a
modal constraint equation. In this way a reduced coupled model for the full system
is obtained in terms of the coupled-modal coordinates. This process is known as the
synthesis of components.

The equations of motion of the full system in coupled-modal coordinates are still a
set of linear dependent equations. These may be uncoupled by means of the global
modes of the full system. The global modes are obtained from the solution of the
corresponding (reduced) eigenvalue problem. Using the global modes as a set of
basis functions, the equations of motion can be transformed into a set of linearly
independent equations in global-modal coordinates. The dynamics of the full system
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are fully characterized by the global modes that contribute to the response in the
target frequency range.

The efficiency of the CMS method derives from the fact that the cost for solving an
EVP scales as of the squared number of degrees of freedom in the EVP matrices.
Consequently, the solution of an EVP for each component reduction will be much
more cost-efficient than the solution of an EVP for the full system finite element
model. Then, for large models, the cost for coupling the modal components and
solving the much reduced coupled-modal EVP involves a trivial cost.

4.3.1 Component modes

Several kinds of component modes may be defined (e.g. normal modes, constraint
modes, attachment modes...) and these will be obtained from the component equa-
tions of motion. In the following, the most common kinds of component modes
are summarised. Their corresponding mathematical definitions may be consulted
in Appendix F.

The component normal modes are the solution of the eigenvalue problem (EVP)
defined from the component equations of motion. These may be free-interface
component modes or fixed-interface component modes.

Free-interface modes φ are the normal modes of a component whose coupling in-
terface DOFs are considered force-free.

Fixed-Interface modes φF are the normal modes of a component whose coupling
interface DOFs are considered fixed, i.e. with zero displacement and rotation.

Constraint modes ψC describe the static deformation of the component when a unit
displacement is applied to one coupling degree of freedom while all other coupling
degrees of freedom are held fixed. There are as many constraint modes as component
coupling degrees of freedom. The set of constraint modes ΨC is obtained as the
static transformation matrix in Guyan’s reduction when the coupling DOFs are
considered to be the master degrees of freedom, i.e.

ΨC =
−K−1

ii Kic

Icc

 (4.33)

The set of constraint modes spans all possible displacement boundary conditions
that any adjacent component might impose to its interface, and they are linearly
independent of the fixed-interface normal modes.
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Attachment modes ψA describe the static deformation of the component when a unit
force is applied to one coupling degree of freedom while all other coupling degrees of
freedom are force free. As for the constraint modes, there exist as many attachment
modes as component coupling degrees of freedom. The set of attachment modes ΨA

is computed from the static equations of motion with the described force boundary
conditions at the component interface, giving rise to

ΨA =
Gic

Gcc

 (4.34)

where Gic and Gcc are partitions of the flexibility matrix. The set of attachment
modes spans all possible force boundary conditions that any adjacent component
might impose on its interface.

Residual attachment modes ψR are obtained if the residual flexibility matrix Gh

is used in equation 4.34 instead. The residual attachment modes are linearly in-
dependent of the free-interface normal modes, because they only account for the
contribution of the higher order normal modes that have been discarded for the
modal reduction.

The choice of the modes to use in the component transformation matrix must be
such that the dynamics of the component are described with completeness, and that
the coupling constraints can be imposed consistently. This is usually accomplished
by choosing a transformation basis consisting of a reduced number of the component
normal modes, plus the full set of attachment or constraint modes that relate the
motion in the component coupling interface degrees of freedom to the motion in
the rest of component (interior) degrees of freedom. In CMS, it is common to use
the constraint modes together with fixed-interface normal modes, and (residual)
attachment modes together with free-interface normal modes.

4.3.2 Component modal reduction

Initially, a finite element model must be available for each component. Hence, each
component’s equations of motion are those defined for the substructuring method
in section 4.2, i.e.

Dsus =
Dii Dic

Dci Dcc


s

ui
uc


s

=
fi

fc


s

= fs

with Ds = Ms
∂2

∂t2
+Cs

∂
∂t

+Ks the component matrices, us the component displace-
ments and fs the component external forces.
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Then each component is reduced by means of a coordinate transformation. The
component physical displacements us are transformed into component modal dis-
placements vs by means of a component modal transformation matrix Ψs, i.e.

us = Ψsvs (4.35)

where the transformation matrix consists of a reduced set of component modes.

Thence, the reduced model equations of motion in component modal coordinates v
read

Dv
svs = f vs (4.36)

with Dv
s = ΨT

s DsΨs = Mv
s
∂2

∂t2
+ Cv

s
∂
∂t

+ Kv
s the reduced modal component matrices

and f vs = ΨT
s fs the reduced modal force vector.

4.3.3 Synthesis of modal components

Once the component models have been reduced into component-modal coordinates,
the components may be coupled together following the coupling process described
in section 4.2. In Component Mode Synthesis, the coupling of modal components
is referred to as synthesis of components (or component modes), which gives the
name to the method.

The coupling constraints for two adjacent components α and β, i.e. uc,α = uc,β,
may be formulated in component-modal coordinates as

Ψc,αvα −Ψc,βvβ = 0 (4.37)

with c standing for the coupling DOFs partition.

Then, the components modal displacements vs may be merged together into gener-
alised modal displacements v, and the modal component matrices and modal forces
may be merged accordingly, that is

v =


v1
...

vNs

 Dv =


Dv

1 0 0

0 . . . 0
0 0 Dv

Ns

 f v =


f v1
...

f vNs

 (4.38)

so that a modal constraint equation can be posed in generalised modal coordinates
v as

Cvv = 0 (4.39)
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where Cv is the modal coupling matrix. For instance, for a system comprising two
components the modal coupling matrix would be Cv =

[
Ψc,1 −Ψc,2

]
.

As for the physical generalised coordinates used in section 4.2, the modal generalised
coordinates in general show redundancy. For instance, if constraint modes are used
for the component reduction, the static displacement at the coupling interface DOFs
is described twice, once by the constraint modes of one of the components and once
again by the constraint modes of the adjacent component.

Therefore, the generalised component-modal coordinates may be split into a subset
of independent modal coordinates l and a subset of dependent modal coordinates d,
so that the modal constraint equation (equation 4.39) may be rewritten accordingly,
i.e.

Cv
dlvl + Cv

ddvd = 0 (4.40)

Thence, based on the modal constraint equation, one may condense the generalised
component modal displacements v into coupled-modal displacements w in linearly
independent coordinates, that is

v =
vd

vl

 =
−Cv

dd
−1Cv

dl

Ill

vl = Sww (4.41)

where Sw is the modal condensation matrix. Notice that Sw is analogous to the
condensation matrix S used in the substructure coupling process.

Thereupon, the equations of motion of the full system can be formulated in modal-
coupled coordinates w through the use of the modal condensation matrix Sw, i.e.

Dww = fw (4.42)

with Dw = SwTDvSw = Mw ∂2

∂t2
+ Cw ∂

∂t
+ Kw the coupled-modal system matrices,

w the coupled-modal displacements, and fw = SwT f v the coupled-modal external
forces.

4.3.4 Global modal solution

Finally, the modes of vibration of the full system are computed from the reduced
equations of motion in coupled-modal coordinates. The modal solutions are ob-
tained from the eigenvalue problem2 corresponding to equation 4.42, i.e.

λ2Mwφw + λCwφw + Kwφw = 0 (4.43)
2Component Mode Synthesis methods are typically formulated for the undamped equations

of motion. Therefore, a reduced undamped EVP is to be solved instead of the reduced QEVP.
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The modes of vibration of the full system are fully characterised by the eigensolution
pairs λm– φwm.

The total number of modes that can be correctly computed in this way will depend
on the accuracy of the reduced coupled-modal model, that is on the amount and
type of component modes used for the reduction and synthesis of components. In
the same way, the cost for solving this EVP will depend on the number of DOFs of
the reduced coupled-modal modal.

The reduced equations of motion of the full coupled system can now be transformed
into a set of linearly independent equations, that is into global-modal equations of
motion. Using the set of coupled-modal eigenvectors Φw as the modal transforma-
tion matrix one obtains

D̄p = Q (4.44)

with D̄ = ΦwTDwΦw = M̄ ∂2

∂t2
+C̄ ∂

∂t
+K̄ the (global-)modal system matrices, p the

(global-)modal displacements, and Q = ΦwT fw the (global-)modal external forces.

Summarising, the component models are reduced by means of a component-modal
transformation us = Ψsvs. The component-modal models are coupled and reduced
into a coupled-modal model by means of the synthesis transformation v = Sww.
Finally, the modal model of the full system is found by means of the modal trans-
formation w = Φwp.

4.3.5 Global modes back-transformation

Notice that the φwm eigenvectors are of reduced size since they are expressed in
coupled-modal coordinates w. However, one will be interested in knowing the mode
shape vectors of the system in physical coordinates (e.g. for visually displaying the
mode shapes, for computing the frequency response functions, etc.). Nevertheless,
the full system mode shape vectors in physical coordinates φm may be recovered
from the reduced eigenvector solutions φwm.

The relation between the reduced and the full mode shape vectors may be obtained
by concatenating the different coordinate transformations that have been defined in
Component Mode Synthesis. The transformation from global-modal displacements
p to component-physical displacements us is then

us = Ψsvs = ΨsSws w = ΨsSws Φwp (4.45)

However, in this chapter it is aimed at describing CMS methods for damped systems. Thus, the
reduced QEVP is formulated here in order to maintain generality.
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where Sws is the partition of the modal condensation matrix mapping the component
modes of the s’th component. Then, since the us displacements correspond to
uncoupled components, these may be merged into a generalised-physical coordinates
displacement vector s as described in section 4.2, i.e.

s =


u1
...

uNs

 =
sd

u

 = Su (4.46)

which is related to the full model displacements u by the condensation matrix S.
Hence, a component-modal matrix Ψs in generalised component-physical coordi-
nates may be formulated as

Ψs = diag(Ψ1, . . . ,ΨNs) (4.47)

which, in turn, can be transformed into a component-modal matrix Ψu in full system
physical coordinates by pre-multiplication with the inverse condensation matrix

Ψu = S−1Ψs ≡ Ψ (4.48)

Thence, using the full system component-modal matrix Ψ one can establish a di-
rect relation from the global-modal displacements p to the full system physical
displacements u

u = ΨSwΦwp = Φp (4.49)

where Φ = ΨSwΦw is in fact the modal matrix of the full system. From equation
4.49 it is apparent that the relation between the global-reduced mode shapes φwm
and the full system mode shapes φm is

φm = Twφwm (4.50)

with Tw = ΨSw the transformation matrix that provides a transformation back
from the reduced modes to the full system modes.

4.3.6 The coupled-modal reduced model

The coupled-modal system matrices Mw, Cw and Kw fully describe the coupled-
modal model. The dynamics of the actual physical system can be described by this
reduced model with more or less accuracy depending on the amount and type of
component modes that have been used for the reduction.
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The amount of component normal-modes to keep in each component will depend
on the modal frequency of the component modes in relation to the frequency range
of interest for the full system analysis. Typically, the higher the number of kept
component normal-modes, the better the accuracy of the model. Conversely, the
higher the amount of component modes, the lower the reduction of the model.
Therefore, there should be a compromise regarding how many component modes
need to be kept in order to optimally reduce the model without incurring significant
inaccuracies.

At the same time, the type of component modes chosen for the component reduction
also compromises the accuracy and reduction of the coupled-modal model. With
the same amount of component modes, some component mode combinations may
describe with more completeness the components and the coupling dynamics. In
other words, an accurate coupled-modal model may be achieved with larger or
smaller reduced model order depending on the component modes chosen.

Furthermore, another factor that should be taken into account when evaluating the
goodness of CMS methods is the computation time required to obtain the coupled-
modal matrices. Some CMS methods may result in certain structured disposition of
the matrices that make their computation more cost-efficient, reducing in this way
the overall time for solving the dynamics of a system through Component Mode
Synthesis.

4.4 Undamped Component Mode Synthesis meth-
ods

Many Component Mode Synthesis methods may be described depending on the
type of component modes used for the components reduction, each of them having
its pros and cons in this regard. The most commonly used methods are the Craig-
Bampton [5] method and the Craig-Chang [7] method which are based on fixed-
interface and free-interface component modes respectively. In the following, these
classic CMS methods are described.

Focus will be placed on principles that ensure consistent synthesis of the modal
components. The features that define these methods (e.g. structure of the compo-
nent matrices, structure of the coupled-modal matrices, etc.) and distinguish them
from any other CMS method are also presented. Otherwise, the specific mathemat-
ical derivation of the particular CMS transformations are omitted for brevity, since
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these two methods are quite standard methods. In any case, the transformation
expressions in any of the two methods are specific forms of the generic Component
Mode Synthesis described in the previous section.

4.4.1 The Craig-Bampton method

The Craig-Bampton (CB) method [5] uses fixed interface normal modes and static
constraint modes for the component’s reduction basis. The definition of these com-
ponent modes may be consulted in sections F.1 and F.2 of the appendix.

Craig-Bampton component model reduction

For a component s, consider the reduced set UF
s of component fixed-interface (un-

damped) normal modes, and the set ΨC
s of component constraint modes. Then,

the component modes transformation matrix Ψs in the CB method is

Ψs =
UF

ik ΨC
ic

0ck Icc


s

(4.51)

where the i, c and k subindices stand for the interior, coupling and kept normal-
modal component DOFs. Notice that the coupling DOFs of the fixed-interface
modes are all zero. This implies that the component modal coordinates involve the
coupling set of physical coordinates. Hence, the component modal displacements
vs may be expressed as

vs =
pF

uc


s

(4.52)

with pFs the component fixed-modal displacements and uc,s the component coupling-
physical displacements. Accordingly, the undamped component-modal matrices Kv

s

and Mv
s read

Kv
s =

ΛF
kk 0kc

0ck Kv
cc


s

Mv
s =

 Ikk Mv
kc

Mv
ck Mv

cc


s

(4.53)

where ΛF
kk,s = diag(λ1, . . . , λNk)s is a diagonal matrix containing the eigenvalues

corresponding to the kept fixed-interface modes. Notice that the matrices coupling
partitions Kv

cc,s and Mv
cc,s remain in physical coordinates. On the contrary, the Mv

kc,s

and Mv
ck,s partitions of the component-modal mass matrix are expressed in modal-

physical hybrid coordinates. The corresponding partitions for the component-modal
stiffness matrix become zero matrices due to the specific definition of the constraint
modes in terms of the stiffness matrix (c.f. equation 4.33).
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The Craig-Bampton coupled-modal model

The fact that the coupling partitions remain in physical coordinates is what makes
the coupling of components so easy in the CB method. The constraint equation
can be formulated from displacement continuity in physical coordinates (equation
4.24), rather than from its modal counterpart in equation 4.37. This means that the
synthesis of components is performed through condensation of the physical coupling
DOFs. Therefore, the coupled-modal displacements form a vector involving all the
component’s fixed-modal displacements pF plus the non-redundant set of physical
coupling-interface displacements uc, that is

w =
pF

uc

 with pF =


pF1
...

pFNs

 (4.54)

Thence, the coupled-modal CB system matrices Kw and Mw may be simply ob-
tained through the assembly of the component-modal matrices. Accordingly the
coupled-modal CB system matrices have the following structure

Kw =
ΛF

kk 0kc
0ck Kw

cc

 Mw =
 Ikk Mw

kc

Mw
ck Mw

cc

 (4.55)

with ΛF
kk = diag(ΛF

kk,1, . . . ,ΛF
kk,Ns) Mw

kc = vect(Mv
kc,1, . . . ,Mv

kc,Ns) = Mw
ck
T

Kw
cc = assembly(Kv

cc,1, . . . ,Kv
cc,Ns) Mw

cc = assembly(Mv
cc,1, . . . ,Mv

cc,Ns)

where ΛF
kk is a diagonal matrix containing the eigenvalues corresponding to the com-

ponent modes of all components, Kw
cc and Mw

cc are the assembly of the component
matrices’ coupling interface partitions in physical coordinates, and Mw

kc and Mw
ck are

the sub-matrices containing the corresponding partitions of all component-modal
mass matrices.

In turn, the CB reduced to physical global modes transformation matrix Tw is also
constructed through assembly of the component modal transformation matrices Ψs

as

Tw =
UF

ik ΨC
ic

0ck Icc

 (4.56)

with UF
ik = diag(UF

ik,1, . . . ,UF
ik,Ns) ΨC

ic = vect(ΨC
ic,1, . . . ,ΨC

ic,Ns)

where UF
ik contains the fixed-interface component normal modes interior partitions

of all of the components and ΨC
ic contains the constraint modes’ interior partitions

of all of the components.

117/306



4.4. Undamped Component Mode Synthesis methods

Pros and cons of the Craig-Bampton method

The Craig-Bampton (CB) method performs the synthesis of components and the
recovery of the full system modes without the need of performing complicated co-
ordinate transformations, i.e. v = Sww and Tw = S−1ΦsSw. Instead, it simply
assembles the component-modal matrices and the transformation matrices as if they
were finite element superelements. This supposes very good scalability of the CB
method, since the components may be coupled systematically.

However, the ease of coupling of the CB method comes at the price of non optimal
reduction of the model. On one hand, all coupling degrees of freedom are not being
reduced into compact modal coordinates. On the other hand, the modal reduction
of the components needs a sufficient number of fixed-interface modes in order to
ensure good accuracy in the coupled model. This supposes that the CB coupled-
modal model involves a moderate number of fixed-interface modal DOFs and a large
number of coupling-interface physical DOFs.

Characteristic constraint modes reduction

One possible way for reducing the number of DOFs of the CB coupled-modal model
is to use characteristic constraint (CC) modes [91]. After assembling together the
component matrices, the coupling interface physical DOFs may be reduced by means
of a modal reduction of the coupling DOFs.

An undamped EVP may be formulated for the coupling interface matrices Kw
cc and

Mw
cc, i.e.

λCCMw
ccu

CC = Kw
ccu

CC (4.57)

so that the coupling interface displacements are transformed into modal coordinates,
that is

uc = UCCpCC (4.58)

with UCC the reduced set of characteristic constraint modes. Thence, the CB
coupled-modal displacements wCB may be reduced using the CC modes as

wCB =
pF

uc

 =
I 0
0 UCC

 pF

pCC

 = Tνν (4.59)

where ν is the much reduced set of coupled-modal displacements involving the
fixed-interface modal DOFs and the characteristic constraint modal DOFs. Thus,
the coupled-modal CB system matrices Kw and Mw can be further reduced through
the CC modal transformation, i.e. Kν = TνTKwTν and Mν = TνTMwTν .
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This transformation reduces greatly the number of coupling interface DOFs of the
CB coupled-modal model. In turn it makes the reduced coupled-modal stiffness
matrix Kν diagonal since UCCTKw

ccUCC = ΛCC .

4.4.2 The Craig-Chang method

The Craig-Chang (CCH) method [7] uses free-interface normal modes and great
reduction and accuracy in the coupled-modal model is achieved through the use
of residual attachment modes. The definition of these component modes may be
consulted in sections F.1 and F.3 of the appendix.

Craig-Chang component model reduction

For a component s, consider the reduced set Us of component free-interface (un-
damped) normal modes, and the set ΨR

s of component residual attachment modes.
Then, the component modes transformation matrix Ψs in the CCH method is

Ψs =
Uik ΨR

ia

Uck ΨR
ca


s

(4.60)

where the i and c subindices stand for the interior, coupling physical component
DOFs, and the k and a subindices stand for the kept normal and (residual) at-
tachment component DOFs. This implies that the component modal coordinates
v involve a reduced set of free interface normal-modal coordinates and the set of
attachment coordinates. Hence, the component modal displacements vs may be
expressed as

vs =
 p

va


s

(4.61)

with ps the component free-interface normal-modal displacements and va,s the com-
ponent attachment displacements. The set of attachment displacements va,s is of
the same size to the set of coupling physical displacements uc,s. However, this
does not mean that the attachment coordinates a are interchangeable with physical
coupling coordinates c.

Thus, the undamped component-modal reduced matrices Kv
s and Mv

s may be com-
puted through the CCH component modes transformation matrix. Assuming (for
simplicity) that the components have no rigid body freedom, the component-modal
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matrices read

Kv
s =

Λkk 0ka
0ak Kv

aa


s

Mv
s =

Ikk 0ka
0ak Mv

aa


s

(4.62)

where Λkk,s = diag(λ1, . . . , λNk)s is a diagonal matrix containing the eigenvalues cor-
responding to the kept free-interface modes. In this case, the matrices attachment
partitions Kv

aa and Mv
aa are transformed into attachment coordinates, as opposed

to the CB method. Moreover, since by definition the residual attachment modes
are linearly independent to the kept free-interface modes, the remaining partitions
of the component-modal matrices become zero matrices.

Attachment pseudo-static approximation

This specific structure of the component matrices was exploited by Craig and Chang
in [7] in order to find a pseudo-static approximation that allows reduction of all of
the attachment component DOFs in the coupled-modal model.

Since the normal-modal partitions and the attachment partitions of the component
matrices in equation 4.62 are linearly independent, the component-modal equations
of motion for the attachment coordinates subset may be formulated separately, i.e.

Mv
aa,sv̇a,s + Kv

aa,sva,s = ΨR
ca,s

T fc,s (4.63)

Then, it is further shown in [7] that the attachment partition of the component
modal stiffness matrix Kv equals indeed the coupling partition of the residual at-
tachment modes set ΨR

s , i.e.
Kv
aa,s = ΨR

ca,s

Thence, since by definition ΨR
ca,s = Gh

cc,s is a symmetric matrix, the component
static equations of motion for the attachment DOFs read

ΨR
ca,sva,s = ΨR

ca,sfc,s (4.64)

From this last equation, and regarding that ΨR
ca,s is a non-singular matrix, a pseudo-

static approximation for the attachment displacements va,s can be established as

va,s = fc,s (4.65)

The attachment displacements pseudo-static approximation is then used to for-
mulate the force equilibrium constraint at the coupling interfaces of two adjacent
components α and β in terms of the attachment displacements, that is

va,α + va,β = 0 (4.66)
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This pseudo-static constraint together with the displacement continuity modal con-
straint, i.e.

Ψc,αvα −Ψc,βvβ = 0

are combined into a single constraint equation Cvv = 0 in modal coordinates. For
instance, for a two component system the constraint equation would read

 0ck Ica 0ck Ica
Uck,1 ΨR

ca,1 −Uck,2 −ΨR
ca,2




p1

va,1
p2

va,2


= 0 (4.67)

where the upper row corresponds to force equilibrium and the bottom row to dis-
placement continuity.

The Craig-Chang coupled-modal model

The fact that two complementary constraints can be formulated in terms of component-
modal displacements supposes that all component attachment DOFs become lin-
early dependent with respect to the free-interface component modal DOFs, that
is, the attachment DOFs are redundant. Therefore, the resulting modal condensa-
tion matrix Sw does condense all attachment DOFs, meaning that the Craig-Chang
coupled-modal displacements consist of just the free-interface modal displacements
of all components, that is

w =


p1
...

pNs

 (4.68)

However, the attachment partition of the modal condensation matrix Swak turns
out to be a rather complicated expression in terms of the coupling partitions Uck,s

and ΨR
ca,s of the component modal transformation matrices Ψs. Consequently, the

CCH coupled-modal matrices Kw and Mw become fully populated non-structured
matrices that are function of the Ψs and Kv

aa,s or Mv
aa,s matrices.

On the contrary, the normal modal partition of the modal condensation matrix Swkk
is just an identity matrix Ikk. Hence, the mathematical expressions for coupled-
modal matrices may be decomposed into the sum of two distinct matrices, one
corresponding to the normal modal DOFs of the component matrices, and the sec-
ond one corresponding to the condensation of the component matrices (residual)
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attachment DOFs, that is

Kw = Λkk + KR
kk Mw = Ikk + MR

kk (4.69)

with Λkk = diag(Λkk,1, . . . ,Λkk,Ns), KR
kk = SwakTKv

aaSwak and MR
kk = SwakTMv

aaSwak.

The Λkk matrix contains the eigenvalues corresponding to the free-interface normal
modes of all components. The KR

kk and MR
kk matrices are fully populated, whereas

the Λkk and Ikk matrices are diagonal.

The CCH reduced to physical global modes transformation matrix Tw may be
also decomposed into component normal-modal and condensed residual attachment
matrices as

Tw = Uw + TR (4.70)

with Uw =
diag(Uik,1, . . . ,Uik,Ns)

1
2 [Uck,1 . . . Uck,Ns ]

, TR =
diag(ΨR

ia,1Swak,1, . . . ,ΨR
ia,NsS

w
ak,Ns)

1
2 [ΨR

ca,1Swak,1 . . . ΨR
ca,NsS

w
ak,Ns ]



Pros and cons of the Craig-Chang method

The Craig-Chang coupled-modal model describes with very good accuracy the dy-
namics of the full physical system. This is because the component-modal model
is obtained through a modal reduction with residual flexibility correction. Thence,
the residual static effects of the higher order component modes discarded for the
reduction are accounted for through the residual attachment modes. This contrasts
with the CB method, where the contribution of the higher order fixed-interface
modes is simply trimmed off.

Consequently, for the same number of component modes covering a target frequency
range, better accuracy is obtained with the CCH method than with the CB method.
In other words, the same accuracy may be achieved with a slightly smaller number of
component modes. In turn, the CCH coupled-modal model consists only of the free-
interface component normal-modal coordinates. Therefore, the CCH reduced model
is of significantly reduced order since no coupling (or characteristic constraint) DOFs
remain in the coupled-modal model. Thus, the Craig-Chang method optimally
reduces the full model into a minimum order coupled-modal model.

Conversely, the CCH coupled-modal matrices do not show a structured composi-
tion. Therefore, the coupling of components is not as straightforward as in the CB
method. In turn, this implies that the coupled-modal matrices necessarily need to
be computed through the modal-condensation matrix pre and post-multiplication.
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Accordingly, the global modes back-transformation matrix is non-structured and
needs also to be computed through modal-condensation matrix pre-multiplication.
This fact implies a much greater computation time for the coupled model reduction
and the recovery of the full order global modes.

4.5 Damped Component Mode Synthesis meth-
ods

The two classic CMS methods described in the previous section - namely the Craig-
Bampton and the Craig-Chang methods - are based on the component undamped
normal modes. Consequently they are aimed at systems with light damping that
may be modelled as undamped systems or systems with classical damping. For these
kinds of systems the classic CMS methods produce results with sufficient accuracy.
Yet, heavily damped systems or systems with the damping being localized will
show non-proportional damping characteristics and may be poorly estimated by
the classic CMS methods.

For the purpose of analysing systems with non classical damping, CMS methods
based on damped component modes were likewise developed. Typically, these meth-
ods write the component equations of motion in state-space form to find the com-
ponent damped modes. However, these state-space methods are not commonly
adopted by most of the engineering community. Here, the damped CMS methods
are recovered/revisited here in order to put them together with the damped modes
reanalysis methods that have been explored in the previous chapter.

In this thesis, these latter damped CMS methods – namely the Morgan method [14]
with fixed-interface complex modes and constraint modes in the state-space, and
the Craig-Ni method [13] with free-interface complex modes and attachment modes
in the state-space – are proposed for reducing large damped systems with varying
parameters. These methods are not standard methods and for this reason they will
be explained thoroughly in this section. Before that, the specific notation for CMS
methods in the state-space is introduced in the following.
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4.5.1 Component Mode Synthesis in state-space formula-
tion

The Component Mode Synthesis method performs the reduction of the compo-
nents through linear modal transformations. When a dynamic system is generally
damped, the modal components reduction will involve damped modes of vibration.
As has been explained in chapter 2, damped modes are mathematically described
through complex conjugate eigensolution pairs. Therefore, a generally damped com-
ponent (or full system) modal transformation matrix should contain both complex
conjugate eigensolutions of the kept damped modes used for the reduction. The
most convenient way to find these eigensolution pairs is to transform the equations
of motion into the state space. Thence, Component Mode Synthesis methods for
generally damped systems typically start by posing the component equations of
motion in state-space form, i.e.

Asẋs −Bsxs = fxs (4.71)

with xs =
u̇

u


s

, As =
 0 M
M C


s

, Bs =
M 0

0 −K


s

and fxs =
0

f


s

where xs is the component state-displacements vector, consisting of the component
physical displacements and velocities.

Henceforth, all steps are analogous to the standard Component Mode Synthesis but
working with duplicated number of DOFs. State-coordinates contain displacement
and velocity physical DOFs, and the corresponding modal state-coordinates involve
double the amount of DOFs, accounting for the complex conjugate modal pairs.
Here, the CMS explicit formulation for damped systems is introduced with specific
notation for the state-space variables.

To begin with, the component state-displacements are split into interior and cou-
pling degrees of freedom. Accordingly, the component equations of motion may be
partitioned as Aii Aic

Aci Acc


s

ẋi
ẋc


s

−

Bii Bic

Bci Bcc


s

xi
xc


s

=
fxi

fxc


s

(4.72)

Then, a set Υs of component modes in state-space coordinates (including damped
state-normal modes, state-constraint modes, state-attachment modes, etc.) is used
for transforming the component state-displacement xs into modal state-displacements
ys, that is

xs = Υsys (4.73)
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where ys is the state-space equivalent of the component-modal displacements vs
described in section 4.3.

Therefore, the state-space component equations of motion may be reduced into
modal state-coordinates

Ay
sẏs −By

sys = f ys (4.74)

with Ay
s = ΥT

s AsΥs and By
s = ΥT

s BsΥs the component-modal state-matrices and
f ys = ΥT

s fs the component external forces in modal state-coordinates. Notice that
the damped normal-eigenvectors that are used for the modal reduction will gener-
ally be complex valued. Therefore the reduced component matrices are generally
complex valued.

Then, the coupling modal constraints for the full system can be formulated in
generalised component-modal state-coordinates,

Cyy = 0 (4.75)

with the generalised component-modal state-displacements, state-matrices and state-
forces being

y =


y1
...

yNs

 Ay =


Ay

1 0 0

0 . . . 0
0 0 Ay

Ns

 By =


By

1 0 0

0 . . . 0
0 0 By

Ns

 y =


f y1
...

f yNs

 (4.76)

In this case, the constraints must ensure that the coupling is consistent for both
the displacement and the velocity DOFs. Therefore, the modal constraint equation
shall impose displacement and velocity continuity at the coupling interfaces, i.e.

xc,α = xc,β (4.77)

Subsequently, the synthesis of components is carried out through a modal conden-
sation transformation

y = Szz (4.78)

where z is the state-space equivalent of the coupled-modal displacements w, and
Sz is the modal condensation state-matrix

Sz =
−Cy

dd
−1Cy

dl

Ill

 (4.79)

Thus, coupled-modal equations of motion in the state-space may be formulated as

Azż−Bzz = f z (4.80)
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with Az = SzTAySz and Bz = SzTBySz the coupled-modal state-matrices, and
f z = SzT f y the full system external forces in coupled-modal state-coordinates.

Finally, a reduced EVP in coupled-modal state-coordinates may be solved in order
to find the global modes of the system

λAzz = Bzz (4.81)

with the corresponding eigensolutions being the full system damped eigenvalues
λm = −σm ± iωd,m and the full system damped eigenvectors zm in coupled-modal
state-coordinates.

Notice that the matrices in equation 4.81 will be complex valued and symmetric,
i.e. the reduced EVP is non-hermitian. Therefore, the solution of this reduced EVP
shall be tackled with an appropriate eigenvalue algorithm.

The full system damped mode shape vectors φm in physical displacement coordi-
nates may be recovered through a corresponding back-transformation matrix

φm = Tz
Dzm (4.82)

which is just the physical displacement partition of the back transformation from
modal global state-eigenvectors zm to state-eigenvectors xm, i.e.

xm =
λmφmφm

 = Tzzm (4.83)

with Tz = ΥSz the state-modal to state-space back transformation matrix.

4.5.2 The Morgan-Craig-Bampton method

The CMS methods developed by Morgan et. al [14, 42–44] are based on the state-
space formulation. In these methods, component constraint and attachment modes
in the state-space are derived from the standard constraint and attachment modes
in physical coordinates.

In particular, one of the methods’ formulations uses state-constraint modes and
combines them with fixed-interface state-normal modes, which is in effect the ex-
tension of the classical Craig-Bampton method into the state-space formulation.
Therefore, in this thesis, this CMS method for damped system is referred to as the
Morgan-Craig-Bampton (MCB) method, which is described next.
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MCB component modes

As has just been introduced, the modal reduction basis of each component s consist
of a reduced set XF

s of fixed-interface state-normal modes and a set ΥC
s of state-

constraint modes.

The fixed-interface state-normal modes xFk,s may be computed from the eigenvalue
problem corresponding to the interior degrees of freedom of the component state-
space equations of motion. The interior DOFs eigenvalue problem

Bii,sxi,s = λFs Aii,sxi,s (4.84)

has complex conjugate eigensolution pairs (λFs ,xi,s)k and (λ∗sF ,x∗i,s)k corresponding
to the k’th fixed-interface damped component mode. Thence, mode shapes for the
fixed-interface state-normal modes xFk,s are obtained as

xFk,s =
xi0c


k,s

(4.85)

The reduced set of fixed-interface state-normal modes consist of a number Nk of
kept complex conjugate mode pairs, i.e.

XF
s =

[
xF1 . . . xF2Nk

]
s

(4.86)

The set of state-constraint modes is obtained from the standard constraint modes.
Constraint modes relate the displacement at the coupling interface DOFs to the
displacement at all physical DOFs of the component, that is

us =
ui,s

uc,s

 =
−K−1

ii,sKic,s

Icc

uc,s = ΨC
s uc,s (4.87)

Now, Morgan et al. made the observation that, since the constraint modes conform
to a static transformation, they are time independent. Therefore, by differentiating
the constraint modes relation in equation 4.87 with respect to time one obtains a
constraint relation in terms of the velocity DOFs, i.e.

u̇s = ∂

∂t

(
ΨC
s uc,s

)
= ΨC

s u̇c,s (4.88)

Hence, a state-constraint relation may be posed as

xs =
ΨC 0

0 ΨC


s

u̇c
uc


s

= ΥC
s xc,s (4.89)

where ΥC
s = diag(ΨC

s ΨC
s ) is the set of constraint modes in the state-space, which

is directly obtained from the standard constraint modes set ΨC
s .
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Component MCB state-modal reduction

Thus, the component modal reduction for the MCB method may be finally formu-
lated in terms of the component-modal transformation state-matrix Υs = [XF

s ΥC
s ],

that is

xs =
XF

ik ΥC
ic

0ck Icc


s

qF

xc


s

= Υsys (4.90)

where the component-modal state-displacements ys involve a reduced set of fixed-
interface modal state-displacements qFs and the set of coupling state-displacements
xc,s.

Accordingly, the component state-matrices may be reduced into component modal
coordinates by pre and post-multiplying them with ΥT

s and Υs. Thence, the MCB
component-modal state-matrices read

By
s =

ΛF
kk By

kc

By
ck By

cc


s

Ay
s =

 Ikk Ay
kc

Ay
ck Ay

cc


s

(4.91)

with ΛF
kk,s = diag(λF1 , . . . , λF1Nk)

By
kc,s = XF

s

TBsΥC
s = By

ck
T Ay

kc,s = XF
s

TAsΥC
s = Ay

ck
T

By
cc,s = ΥC

s

TBsΥC
s Ay

cc,s = ΥC
s

TAsΥC
kc

As in the classic Craig-Bampton method, the modal partition of the reduced component-
modal state-matrices are diagonal matrices. Assuming the state-normal modes to
be As-normalised, the diagonal entries of the ΛF

kk sub-matrix correspond to the
complex conjugate eigenvalue pairs of the EVP in equation 4.84. Accordingly, the
modal partition in matrix Ay

s is just the identity matrix.

Moreover, analogous to the CB method, the coupling partitions By
cc,s and Ay

cc,s

remain in state-space coordinates, which implies that the synthesis of state-modal
components shall be performed through simple assembly of the reduced matrices.

Synthesis of MCB state-modal reduced components

Once the components have been reduced into component-modal state-coordinates
one may proceed with the synthesis of components. For simplicity, the synthesis
process is here specified for a system consisting of two components, namely compo-
nent 1 and component 2.
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The state-displacement continuity constraint, i.e. xc,1 = xc,2, expressed in gener-
alised component-modal state-coordinates yields the constraint equation Cyy = 0.
Explicitly, the constraint equation in the MCB method reads

[
0ck,1 Icc,1 −0ck,2 −Icc,2

]


qF1
xc,1
qF2
xc,2


= 0 (4.92)

where xc,2 is the set of dependent DOFs. Therefore, since Cy
dd = −Icc,2, the MCB

synthesis transformation has explicit form

y =


qF1
xc,1
qF2
xc,2


=


I 0 0
0 0 I
0 I 0
0 0 I




qF1
qF2
xc

 = Szz (4.93)

By virtue of such a simple modal condensation matrix Sz, the synthesis of com-
ponents is straightforwardly implemented as the assembly of component-modal
state-matrices. The generic computation of the coupled-modal state-matrices, i.e.
Az = SzTAySz and Bz = SzTBySz, may be substituted with the easier and more
efficient assembly of matrices as encountered in any finite element commercial soft-
ware. For the two component system, the assembled coupled-modal state-matrices
read

Bz
s =


ΛF
kk,1 0kc By

kc,1

0ck ΛF
kk,2 By

kc,2

By
ck,1 By

ck,2 By
cc,1 + By

cc,2


s

Az
s =


Ikk,1 0kc Ay

kc,1

0ck Ikk,2 Ay
kc,2

Ay
ck,1 Ay

ck,2 Ay
cc,1 + Ay

cc,2


s

(4.94)

The state-modal reduced model in the MCB method consist of the coupled-modal
state-equations of motion previously presented in equation 4.80 with the Az and
Bz matrices having the structure shown in equation 4.94.

In the MCB method, the coupled-modal state-coordinates involve a reduced set
of modal DOFs, but also a large number of coupling-interface state-space DOFs.
This is analogous to the classic CB method, where the ease of coupling comes at a
price of non-optimally reduced coupled-model. However, in the state-space case the
coupled-modal state-matrices are complex valued. So, when it comes to solve the
reduced EVP corresponding to the coupled-modal state-equations of motion, the
concurrence of complex matrices with a not-so-reduced order of the matrices may
result in a significant computation cost for solving the reduced EVP.
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Global modes MCB back-transformation

In any case, the global (damped) modes of the coupled system correspond to
the complex conjugate eigensolution pairs (λm, zm) and (λ∗m, z∗m) of the reduced
coupled-modal state-EVP. The obtained eigenvectors zm, however, are in coupled-
modal state-coordinates.

The global modes back-transformation performs the coordinate transformation x =
Tzz, where the Tz matrix may be obtained as Tz = ΥSz with Υ = S−1Υy. For
the MCB method this results in

x =


xi,1
xi,2
xc

 =


I 0 0 0
0 0 I 0
0 1

2I 0 1
2I



XF
I,1 ΥC

I,1 0 0
0 I 0 0
0 0 XF

I,2 ΥC
I,2

0 0 0 I




I 0 0
0 0 I
0 I 0
0 0 I




qF1
qF2
xc

 = Tzz

(4.95)
where the I subindex denotes interior partition of the state-normal modes XF

s and
state-constraint modes ΥC

s matrices. Hence, the Tz matrix results in the following
compact expression

Tz =


XF
ik,1 0 ΥC

ic,1

0 XF
ik,2 ΥC

ic,2

0 0 Icc

 (4.96)

which may be efficiently obtained by assembly of the component-modal transfor-
mation state-matrices Υs. In order to obtain the global modes φm in physical
coordinates rather than the global modes xm in state-space coordinates, the dis-
placement partition of the Tz matrix shall be used, that is

Tz
D =


ΦF
ik,1 0 ΨC

ic,1

0 ΦF
ik,2 ΨC

ic,2

0 0 Icc

 (4.97)

with ΦF = XD,F and ΨC = ΥD,C the displacement partitions of the state-normal
modes and state-constraint modes respectively. Thus, the global modes are recov-
ered through the φm = Tz

Dzm transformation.

4.5.3 The Craig-Ni method

The Craig-Ni (CN) CMS method [13] for generally damped systems is also based on
the state-space formulation. In this method, a state-space equivalent of the residual
flexibility matrix is defined, so that residual attachment modes in the state-space

130/306



4.5. Damped Component Mode Synthesis methods

may be defined analogously to the standard residual attachment modes. Con-
sequently, the CN method combines these residual state-attachment modes with
free-interface state-normal modes, deriving in this way a consistent extension into
the state-space formulation of the Craig-Chang (CCH) method.

CN component modes

In the Craig-Ni method, the modal reduction basis of each component s consist
of a reduced set Xs of free-interface state-normal modes and a set ΥR

s of residual
state-attachment modes.

The free-interface state-normal modes xk,s may be computed from the eigenvalue
problem corresponding to the full component state-space equations of motion. The
component state-eigenvalue problem

Bsxs = λsAsxs (4.98)

has complex conjugate eigensolution pairs (λs,xs)k and (λ∗s,x∗s)k corresponding to
the k’th free-interface damped component mode. The reduced set of free-interface
state-normal modes consist of a number Nk of kept complex conjugate mode pairs,
i.e.

Xs =
[
x1,s . . . x2Nk,s

]
(4.99)

The set of residual state-attachment modes is obtained from a state-space equivalent
of the residual flexibility matrix. Component attachment modes relate the motion
in the interior DOFs to the motion in the coupling interface DOFs when a unit force
is applied at a coupling interface DOF and the remaining DOFs are force-free.

The forcing conditions for the state-attachment modes set may be expressed by
means of a forcing matrix in the state-space Fx

a,s,

Fx
a,s =


0Via
0Vca
0Dia
IDca


s

(4.100)

where the V superscript indicates the velocity partition and the D superscript in-
dicates the displacement partition of the state-space coordinates. The attachment
modes definition supposes that forces are only applied in the displacement partition
coupling DOFs.
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Then, the residual state-attachment modes ΥR
s correspond to the solution of the

set of static (residual) state-equations of motion

−Bh
sΥR

s = Fx
a,s

with Bh
s = Xh

s
TΛh

sXh
s the higher order modes contribution to the Bs state-matrix.

Using the residual flexibility state-matrix Gx,h
s defined by Craig and Ni [13], the

attachment modes are directly obtained as

ΥR
s = Gx,h

s Fx
a,s. (4.101)

The Gx,h
s matrix may be partitioned in terms of the interior i and attachment a

DOFs of the velocity V and displacement D state-coordinates partitions, that is

Gx,h
s =


GV V
ii GV V

ia GV D
ii GV D

ia

GV V
ai GV V

aa GV D
ai GV D

aa

GDV
ii GDV

ia GDD
ii GDD

ia

GDV
ai GDV

aa GDD
ai GDD

aa



x,h

s

(4.102)

Consequently, combining equations 4.100, 4.101 and 4.102, the set of residual state-
attachment modes ΥR

s of component s is just partition of the Gx,h
s matrix, i.e.

ΥR
s =


GV D
ia

GV D
aa

GDD
ia

GDD
aa



x,h

s

(4.103)

Before proceeding with the description of the CN method itself, explicit derivation
of the Gx,h

s matrix is presented next.

The residual flexibility state-matrix

The flexibility state-matrix may be defined from the "static" state-equations of mo-
tion

−Bsxs = fxs (4.104)

of a component s. The component flexibility state-matrix Gx
s must be such that

xs = Gx
s fxs holds. Hence, it is defined as minus the inverse of the component’s Bs

state-matrix, that is

Gx
s = −B−1

s =
−M−1 0

0 K−1


s

(4.105)
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Then, the residual flexibility state-matrix Gx,h
s is obtained by subtracting the contri-

bution of the kept free-interface state-normal modes from the flexibility state-matrix
Gx
s . This may be done in an analogous way as for the standard flexibility matrix

defined in section 4.1.1, that is

Gx,h
s = Gx

s −XsΛ−1
s XT

s (4.106)

The residual attachment modes correspond to the pertinent partition of this Gx,h
s

matrix.

In the case that the component is not constrained, it will be subject to rigid body
motion and, consequently the Ks matrix will be singular and non-invertible. To
overcome this problem, the inertia relief method that has been explained in section
4.1.1 was formulated in the state space. The inertia relief projection may be defined
in the state-space as

Px
s = I−AsXr,sXT

r,s (4.107)

where Xr,s is the set of (As-normalised) rigid-body state-component modes. In a
separate article [92] Craig and Ni defined the set of generalised rigid body modes
in the state-space as

Xr,s =
Φr 0

0 Φr


s

(4.108)

with Φr,s the set of physical domain rigid body modes accomplishing KsΦr,s = 0.
Hence, the flexibility state-matrix Gx

s may be obtained by pre and post multiplying
a pseudo-flexibility state-matrix with the inertia relief projector Px

s , i.e.

Gx
s = Px

s
T

−M−1 0
0 G′


s

Px
s (4.109)

with G′ the pseudo-flexibility matrix as defined in section 4.1.1.

Component CN state-modal reduction

The component modal reduction for the CN method may be formulated in terms
of the component-modal transformation state-matrix Υs = [Xs ΥR

s ], that is

xs =
xi

xc


s

=
Xik ΥR

ia

Xck ΥR
ca


s

 q
ya


s

= Υsys (4.110)

where the component-modal state-displacements ys involve a reduced set of modal
state-displacements qs and the set of attachment displacements ya,s.
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The attachment coordinates correspond to the same FE nodes as the state-space
coupling interfaces coordinates. However, from equation 4.110 it is evident that the
attachment displacement ya,s do not equal the coupling interface state-displacements
xc,s. In fact, the attachment coordinates have as many DOFs as physical displace-
ment DOFs at the component coupling interface (i.e. ya,s has half the number of
DOFs than xc,s). Thence, the coupling interface state-coordinates are not equivalent
to the attachment coordinates.

Here, it is convenient to make a clear distinction between the velocity and the
displacement DOFs in the coupling interface state-coordinates. Velocity V and
displacement D partitions have already been used for the definition of the residual
state-attachment modes, and they are recurrently used in the formulation of the
CN method. The component modal transformation for the coupling interface state-
displacements xc,s is specified in the lower row of equation 4.110. This lower row
may be decomposed into the velocity and displacement partitions as

xc,s =
u̇c

uc


s

=
XV

ck ΥV,R
ca

XD
ck ΥD,R

ca


s

 q
ya


s

(4.111)

In the following, the coupling-displacement partitions XD
ck,s and ΥD,R

ca,s appear fre-
quently in the component state-matrices reduction and synthesis processes. For this
reason they are made explicit in equation 4.111.

The component state-matrices reduced into component modal coordinates are ob-
tained by pre and post-multiplying them with ΥT

s and Υs.In the CN method these
read

By
s =

B̄kk 0ka
0ak By

aa


s

Ay
s =

Ākk 0ka
0ak Ay

aa


s

(4.112)

with B̄kk,s = XT
s BsXs Ākk,s = XT

s AsXs

By
aa,s = ΥR

s

TBsΥR
s = −ΥD,R

ca,s Ay
aa,s = ΥR

s

TAsΥR
s

Since the residual flexibility state-matrix is a flexibility matrix from which the
contribution of the kept free-interface state-normal modes has been removed, the
residual state-attachment modes ΥR

s are linearly independent to the free-interface
state-normal modes Xs (including rigid body modes). Consequently, the compo-
nent state-matrices partitions corresponding to modal to attachment coordinates
coupling are zero-valued matrices.
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The B̄kk,s and Ākk,s sub-matrices are modal matrices which in general are not
diagonal, but have Jordan form due to repeated rigid body zero-valued eigenvalues.
Assuming that the free-interface normal modes are As-normalised, the diagonal
entries of B̄kk,s contain the eigenvalues of the component, and the diagonal entries
of Ākk,s equal unity. Moreover, the By

aa,s sub-matrix is of special form. It may be
demonstrated3 that it is equivalent to minus the coupling-displacement partition of
the residual attachment modes matrix ΥR

s .

Attachment pseudo-static approximation

As in the Craig-Chang method for undamped systems, the Craig-Ni method com-
ponent modal state-matrices in equation 4.112 present zero-valued partitions. This
implies that the attachment DOFs are linearly independent with respect to the free-
interface normal-modal DOFs. Therefore, the component-modal state-equations of
motion for the attachment coordinates subset may be formulated separately, i.e.

Ay
aa,sẏa,s −By

aa,sya,s = ΥR
ca,s

T fxc,s (4.113)

In view of the fact that the velocity DOFs are always force-free, the right hand side
in equation 4.113 may be simply expressed in physical coordinates, i.e.

ΥR
ca,s

T fxc,s = ΥD,R
ca,s

T fc,s

Then, since By
aa,s = −ΥD,R

ca,s is a symmetric matrix, the component static equations
of motion for the coupling-displacement DOFs read

ΥD,R
ca,sya,s = ΥD,R

ca,s fc,s (4.114)

From this last equation, and regarding that ΥD,R
ca,s is a non-singular matrix, a pseudo-

static approximation for the state-attachment displacements ya,s can be established
as

ya,s = fc,s (4.115)

Synthesis of CN state-modal reduced components

The synthesis of components in the Craig-Ni method is performed by enforcing the
coupling constraints on the component modal displacements. Both the displacement

3The ΥR
s
TBsΥR

s product may be understood as a partition of a more general matrix product
Gx,h
s

TBsGx,h
s = −Gx,h

s
T . The corresponding partition is −[GDD

aa ]x,hs
T = −[GDD

aa ]x,hs = −ΥD,R
ca,s .
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continuity condition and the force equilibrium condition at the coupling interfaces
may be applied to modal displacements by virtue of the attachment pseudo-static
approximation. As in the MCB method, the synthesis process is specified next for
a two components system.

Consider a system with two components, namely component 1 and component 2,
that share a common coupling interface. By using the displacement partition D in
the bottom row of equation 4.111, the displacement continuity constraint uc,1 = uc,2
may be expressed in component modal coordinates as

XD
ck,1q1 + ΥD,R

ca,1 ya,1 = XD
ck,2q2 + ΥD,R

ca,2 ya,2 (4.116)

The force equilibrium constraint fc,1 + fc,2 = 0 in terms of the attachment displace-
ments is straightforwardly formulated from the attachment pseudo-static approxi-
mation, that is

ya,1 + ya,2 = 0 (4.117)

Thus, the two coupling constraints may be unified in a single constraint equation
Cyy = 0 in component modal coordinates. The explicit constraint equation for the
two components system is

 0ck Ica 0ck Ica
XD
ck,1 ΥD,R

ca,1 −XD
ck,2 −ΥD,R

ca,2




q1

ya,1
q2

ya,2


= 0 (4.118)

where the upper row corresponds to force equilibrium and the bottom row to dis-
placement continuity4. The component attachment coordinates form a linearly de-
pendent set with respect to the set of component free-interface modal coordinates,
so that the constraint equation may be rewritten as

Cy
dlyl + Cy

ddyd =
 0ck 0ck
XD
ck,1 −XD

ck,2

q1

q2

+
 Ica Ica
ΥD,R
ca,1 −ΥD,R

ca,2

ya,1
ya,2

 = 0 (4.119)

Therefore, from the constraint equation, the modal condensation matrix Sz may be
formulated as in equation 4.79 giving rise to the synthesis transformation

y =


q1

ya,1
q2

ya,2


=


I 0

−YXD
ck,1 YXD

ck,2

0 I
YXD

ck,1 −YXD
ck,2


q1

q2

 = Szz (4.120)

4Generally, for multiple component systems, coupling DOFs may appertain to several compo-
nents. Then, the constraint equation involves 1 force equilibrium equation and Nc−1 displacement
continuity equations for each coupling DOF connecting Nc components.
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with Y =
(
ΥD,R
ca,1 + ΥD,R

ca,2

)−1
.

The coupled modal state-matrices are finally obtained by applying the synthesis
transformation, i.e. Az = SzTAySz and Bz = SzTBySz. Using the modal con-
densation matrix in equation 4.120, the CN method coupled modal state-matrices
read

Bz =
B̄kk,1 0

0 B̄kk,2

+
BR

11 BR
12

BR
21 BR

22

 Az =
Ākk,1 0

0 Ākk,2

+
AR

11 AR
12

AR
21 AR

22


(4.121)

with BR
st = XD

ck,s

TYT (By
aa,1 + By

aa,2)YXD
ck,t

AR
st = XD

ck,s

TYT (Ay
aa,1 + Ay

aa,2)YXD
ck,t

Hence, the coupled-modal state-matrices are composed of the sum of two matrices,
i.e. Bz = B̄kk + BR

kk and Az = Ākk + AR
kk. The B̄kk and Ākk matrices are block

diagonal matrices containing the free-interface modal matrices of all components.
The BR

kk and AR
kk matrices correspond to the condensation into coupled-modal

coordinates of the component modal state-matrices (residual) attachment DOFs.

Thus, in the CN method, the coupled-modal state-matrices are reduced into a set
of coordinates that involve only the component free interface modal DOFs. This
is analogous to the standard Craig-Chang method but with double the amount of
modal DOFs, since the damped eigensolutions come in complex conjugate pairs.
Additionally, the coupled-modal state-matrices are complex valued, which shall
make the solution of the full system EVP in coupled-modal coordinates less cost-
efficient. In any case, the CN yields a coupled-modal model of optimally reduced
order. On the contrary, the computation of the reduced coupled-modal model is
not systematic as in the MCB method. Therefore, much more computational effort
is required for constructing the CN coupled-modal state-matrices.

Global modes back-transformation

The global (damped) modes of the coupled system correspond to the complex conju-
gate eigensolution pairs (λm, zm) and (λ∗m, z∗m) of the reduced coupled-modal state-
EVP. The zm eigenvectors, however, are in coupled-modal state-coordinates.

The global modes back-transformation performs the coordinate transformation x =
Tzz, where the Tz matrix may be obtained as Tz = ΥSz with Υ = S−1Υy. For
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the CN method the Tz matrix reads

Tz =


Xik,1 0

0 Xik,2
1
2Xck,1

1
2Xck,2

+


−TR

ik,11 TR
ik,12

TR
ik,21 −TR

ik,22
1
2(−TR

ck,11 + TR
ck,21) 1

2(TR
ck,12 −TR

ck,22)

 (4.122)

with TR
ik,st = ΥR

ia,sYXD
ck,t TR

ck,st = ΥR
ca,sYXD

ck,t

In order to obtain the global modes φm in physical coordinates rather than the
global modes xm in state-space coordinates, the displacement partition of the Tz

matrix shall be used, that is

Tz
D =


Φik,1 0

0 Φik,2
1
2Φck,1

1
2Φck,2

+


−TD,R

ik,11 TD,R
ik,12

TD,R
ik,21 −TD,R

ik,22
1
2(−TD,R

ck,11 + TD,R
ck,21) 1

2(TD,R
ck,12 −TD,R

ck,22)

 (4.123)

with TD,R
ik,st = ΥD,R

ia,s YΦck,t TD,R
ck,st = ΥD,R

ca,sYΦck,t

with Φs = XD
s the component normal modes in physical coordinates. Thus, the

global modes are recovered through the φm = Tz
Dzm transformation.

4.6 Numerical Validation of Component Mode Syn-
thesis methods

Up to this point, different Component Mode Synthesis methods have been pre-
sented. The Craig-Bampton (fixed-interface with contraint modes) and the Craig-
Chang (free-interface with residual attachment modes) classical methods have been
explained and their pros and cons have been outlined. Yet, since it is aimed in
this work to introduce Component Mode Synthesis for the modelling of damped
systems, CMS methods for general damped systems based on the state-space for-
mulation have been revisited. It is now time to validate the usefulness of these
latter CMS methods.

In this section, the accuracy of the different CMS methods is evaluated through
numerical examples. The modal solutions of finite element models for two test
problems will be computed using Component Mode Synthesis and compared to
the exact modal solutions. The accuracy gain when using state-space based CMS
methods is evaluated by comparing the resulting modal solution error to that of the
classical CMS methods.
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On the other hand, finding eigensolutions from the equations of motion posed in
the state-space presents some numerical challenges. Some practical issues that arise
when computing the component and the global modes in the state-space will be
addressed here. Moreover, the numerical complexity of the CMS methods will be
evaluated in terms of the computation time for performing the Component Mode
Synthesis solution.

4.6.1 Example 1: A damped cantilever

The first example is a damped cantilever beam with uniform cross section, shown in
figure 4.2, which is modelled using 2-noded beam bending elements5 with 2 degrees
of freedom per node (i.e. transverse displacement z and rotation θy).

Figure 4.2: Uniform cantilever beam example having ten elements with EI
ρAL4

e
= 1, and

description of its substructuring into two components.

The cantilever beam model consists of ten elements, which give rise to a system with
20 unconstrained degrees of freedom (40 DOFs in state-space form). The model is
split into two components: component 1 comprising elements 1 to 6, and component
2 comprising elements 7 to 10. Thus, component 1 has 12 DOFs (24 state-space
DOFs) and component 2 has 10 DOFs (20 state-space DOFs), and they have a 2
DOFs redundant coupling interface.

The beam’s dynamic properties are described by each element’s constant parameters
satisfying

EI

ρAL4
e

= 1 (4.124)

5The beam bending element complies with the Euler-Bernouilli beam theory and its description
may be found in [1], which has been coded into Matlab.
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with E the elastic modulus, I the second moment of area of the beam’s cross section
A about the y axis, ρ the mass density and Le the beam element’s length. Damping
properties are described by each element damping matrix Ce being proportional
to the corresponding element stiffness matrix Ke. Note that this does not imply
that either the beam or the components are proportionally damped unless all of
the elements’ proportionality factors coincide. This way of describing the general
damped beam properties has been recurrently used as a test problem for damped
component mode synthesis validation6.

In the present example, all elements possess the same damping proportionality
factor except for elements 5 and 8, which have a ten times bigger proportionality
factor. In this way the cantilever beam as well as each of the components show a
locally heavily damped characteristic, as if (massless) damping patches were placed
on elements 5 and 8.

Here, the first 10 modes of the full system have been computed for different levels
of system damping. The full system eigenvalue problem in the state-space is ini-
tially solved and is regarded as the exact solution. Then the same 10 modes are
computed using the CMS methods explained in the previous section, namely the
Craig-Bampton (CB), the Craig-Chang (CCH), the Morgan-Craig-Bampton (MCB)
and the Craig-Ni (CN) methods. The former two are CMS methods based on un-
damped component modes whereas the latter are state-space CMS methods based
on damped component modes.

The component modes computed in each CMS method are summarised in Table 4.1.
The same number of (elastic) vibration modes is computed in all methods, 8 modes
for component 1 and 5 modes for component 2, so that their performance may
be compared under equal conditions. For the CMS methods using free-interface
normal modes (i.e. the CCH and the CN methods), component 2 shows rigid
body freedom, therefore two extra rigid body modes need to be computed. In the
case of the state-space based methods (i.e. the MCB and the CN methods), the
number of normal modes to be computed is doubled since each vibration mode is
characterised by a complex conjugate pair of eigensolutions. Notice as well that
double number of state-space constraint modes are needed in the MCB method
(i.e. for the displacement and for the velocity coupling DOFs), whereas this is not
the case for state-space residual attachment modes in the CN method.

6A free-free beam example defined in this way was evaluated in [13, 93, 94]). The present work
implementation of the Craig-Ni method has been tested against the free-free beam example in [13]
yielding identical results.
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Component 1 Component 2
CB CHH MCB CN CB CHH MCB CN

Elastic modes 8 8 8× 2 8× 2 5 5 5× 2 5× 2
Rigid body modes - - - - - 2 - 2× 2
Constraint modes 2 - 4 - 2 - 4 -
Attachment modes - 2 - 2 - 2 - 2
Total component modes 10 10 20 18 7 9 14 16

Table 4.1: Number of component modes computed for the damped cantilever example.

In the following, the first 10 modes of the damped cantilever computed through
CMS methods will be evaluated for two different damping conditions.

Lightly damped cantilever

First of all, the cantilever modes are computed for the cantilever being lightly
damped. The damping distribution over the beam is as described previously, with
element damping being Ce = 0.05Ke for elements 5 and 8 and Ce = 0.005Ke for
the remaining elements.

Figure 4.3 shows the resulting damped modal frequencies for the first ten modes
and, likewise, Figure 4.4 shows the resulting modal damping ratios. On the left
hand side plots, a solid black line indicates the exact values for the damped modal
frequencies and modal damping ratios. The corresponding results obtained through
Component Modes Synthesis are overlayed. On the right hand side plots the relative
error between each of the CMS methods (CB, CCH, MCB and CN) and the exact
modal values is shown in a logarithmic scale.

It can be seen in Figure 4.3 that the modal frequency results for all CMS meth-
ods practically coincide with the exact modal frequency solution. Since the sys-
tem is lightly damped, the system damping hardly influences the values of the
modal frequencies, so that the damped modal frequencies are almost equal to the
undamped modal frequencies. Consequently, modal frequencies are accurately esti-
mated through all of the CMS methods considered (damped or undamped), with all
modal frequency errors below 1%. Yet, it can be noted from the error plot that the
state-space based CMS methods (in dashed lines) show relative error values around
an order of magnitude smaller than the classical CMS methods (in dotted lines).
It can also be observed from the error plot that, for all CMS methods, the relative
errors increase as the modal frequency values rise. This is consistent with the fact

141/306



4.6. Numerical Validation of Component Mode Synthesis methods

1 2 3 4 5 6 7 8 9 10
0

0.5

1

1.5

mode number

m
o

d
al

 f
re

q
u

en
cy

 [
H

z]

 

 
exact
CB
CCH
MCB
CN

1 2 3 4 5 6 7 8 9 10
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

mode number
m

o
d

al
 f

re
q

u
en

cy
 e

rr
o

r 
[%

]

Figure 4.3: Damped modal frequency for the first 10 modes of the lightly damped can-
tilever, and relative error in the CMS-computed damped modal frequencies.
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Figure 4.4: Modal damping for the first 10 modes of the lightly damped cantilever, and
relative error in the CMS-computed modal damping ratios.

that both the constraint and the residual attachment modes represent static correc-
tions for the contribution of higher order modes. Recall that static correction is less
accurate as the modal frequency values fall further away from zero, thus yielding
increased modal frequency errors.

On the other hand, as can be observed in Figure 4.4, not all damping ratio values
obtained through the CMS methods match the exact solution. Whereas the modal
damping values obtained through state-space based CMS methods do coincide with
the exact solution, several of the modal damping values obtained from the classical
CB and CCH methods show significant deviation. In these latter methods, the
modal damping is estimated a-posteriori from the undamped system modes (c.f.
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small damping approximation in chapter 2). Since the system is non-classically
damped, the undamped mode shape vectors do not diagonalise the damping matrix
so that modal damping is incorrectly estimated. Modal damping error values for
the undamped CMS methods lie around the 1% to 10% error range. In contrast,
modal damping ratio estimates through state-space based CMS methods present
errors well below 1%.

In view of these results it can be concluded that, when computing the vibration
modes of locally (i.e. non-classically) damped systems, the Morgan-Craig-Bampton
and the Craig-Ni methods are significantly more precise than their classical coun-
terparts, the Craig-Bampton and the Craig-Chang methods respectively. Yet, for
low modal damping values, the CB and CCH modal frequency predictions may be
considered accurate enough since they show errors below 1%. On the contrary, er-
rors in modal damping obtained through undamped CMS methods are significant.
Therefore, the use of the state-space based CMS methods implies a sensible gain in
accuracy when estimating modal damping values.

Heavily damped cantilever

A second evaluation of the locally damped cantilever modes is considered here for
increased values of the system damping. In this case, the element damping matrices
are Ce = 0.2Ke for elements 5 and 8 and Ce = 0.02Ke for the remaining elements.
This supposes the same distribution of damping but with four times more overall
damping, so that the system becomes heavily damped (i.e. with modal damping
values exceeding 20% modal damping ratio for modes 7 to 10).

The first 10 modes of the heavily damped cantilever have been computed using the
four CMS methods considered (CB, CCH, MCB and CN). The resulting damped
modal frequency and modal damping ratio values are presented in Figures 4.5 and
4.6 respectively, together with the relative error with respect to the exact solution.

Starting with the modal damping results in Figure 4.6, the most noticeable fact
is that for the modes which are largely damped, in this case modes 7 to 10 show
modal damping between 25% and 35% damping ratio, the estimation error of the
classical CMS methods is very large, with relative error values exceeding 40% error
in the 10th mode. Conversely, state-space CMS methods estimate modal damping
with very good accuracy for all modes with errors in modal damping below 1%
of the ratio value. For the first 6 modes, which are not so highly damped, the
modal damping error does not seem to be so excessive when looking at the absolute

143/306



4.6. Numerical Validation of Component Mode Synthesis methods

1 2 3 4 5 6 7 8 9 10
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

mode number

m
o

d
al

 f
re

q
u

en
cy

 [
H

z]

 

 
exact
CB
CCH
MCB
CN

1 2 3 4 5 6 7 8 9 10
10

−8

10
−6

10
−4

10
−2

10
0

10
2

mode number
m

o
d

al
 f

re
q

u
en

cy
 e

rr
o

r 
[%

]

Figure 4.5: Damped modal frequency for the first 10 modes of the heavily damped can-
tilever, and relative error in the CMS-computed damped modal frequencies.
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Figure 4.6: Modal damping for the first 10 modes of the heavily damped cantilever, and
relative error in the CMS-computed modal damping ratios.

damping values in the left hand plot. Yet, the relative errors lie between 1% and
10% values for the classical CMS methods, while the same modes are estimated with
errors below 0.1% with the state-space methods. Thus, the relative difference in
accuracy between the classical and the state-space CMS methods shows a constant
gap in the error levels of about two orders of magnitude.

The effect on the modal damping errors are reflected in the modal frequency results
shown in Figure 4.5. For high levels of damping the damped modal frequencies
are strongly dependent on the corresponding modal damping values. In this case
it can be observed how the modal frequencies for modes 7 to 10 estimated through
the CB and the CCH methods deviate significantly from the exact damped modal
frequencies solution, reaching modal frequency errors between 1% and 10%. This
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amount of error in modal frequency estimation may be regarded to be beyond
acceptable tolerance. On the contrary, this is not the case for the MCB and the CN
methods, which show very good accuracy even for the highly damped modes with
errors far below 1%, that is, errors two orders of magnitude smaller than the CB
and CCH methods once again.
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Figure 4.7: MAC value between exact and CMS computed mode shape vectors for the
first 10 modes of the lightly (left) and heavily (right) damped cantilever.

Finally, the cantilever mode shape vectors obtained through the different CMS
methods may be compared to the exact mode shape vectors by means of the Modal
Assurance Criterion (MAC). In Figure 4.7 the MAC values for the CMS computed
mode shape vectors compared with their matching exact mode shape vector are
presented for the lightly damped case (left) and for the heavily damped case (right).
In both cases, the MAC values for the MCB and CN methods are closer to one
than the MAC values for the CB and CCH methods. Nevertheless, the loss of
orthogonality with respect to the exact modes is very small in the lightly damped
case (all MAC values above 0.98). On the contrary, since highly damped modes
become more complex valued, the orthogonality of the (undamped) mode shapes
computed through the CB and CCH methods with respect to the highly damped
cantilever exact mode shapes is severely lost. Therefore, the increased accuracy of
the state-space based CMS methods is also decisive for the correct damped mode
shape estimation in highly damped systems.

With the locally damped cantilever example it has been illustrated that the Morgan-
Craig-Bampton and the Craig-Ni state-space based CMS methods estimate the
modes of vibration of general damped systems with much improved accuracy with
respect to their classical counterparts, the Craig-Bampton and the Craig-Chang
methods. Regardless of the system being lightly or heavily damped, the computa-
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tion error in the modes is sensibly smaller. Yet, the need for such accurate CMS
methods is better justified for highly damped systems where the amount of error
incurred with the CB and CCH methods clearly exceeds the error tolerance for dy-
namic analysis purposes. Nevertheless, the use of state-space based CMS methods
is also convenient for lightly damped systems if accurate modal damping estimation
is of major interest in the purpose of the analysis. Although the modal frequencies
and mode shape vectors are reasonably well estimated through the classical CMS
methods when the damping is low, the corresponding modal damping ratios are
still estimated with a significant amount of error.

4.6.2 Example 2: Coupled plates with damping patches

The second validation example is a set of four aluminium plates which are coupled
together as shown in Figure 4.8, each of the plates having a damping patch attached
on its surface.

Figure 4.8: Description of the locally damped coupled plates example and its dimensions.

The dimensions of the four aluminium plates are indicated in Figure 4.8, all of
them having 3mm thickness, and their mechanical properties are listed in Table 4.2.
Likewise, the area of the damping patches and their position over the aluminium
plates are also indicated in Figure 4.8. The system’s edges are partially clamped
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(represented by black walls in Figure 4.8) and partially free.

Elastic
Modulus

Mass
Density

Poisson
Ratio

Thickness Proportional
Damping Factor

Aluminium Plates 70 GPa 2700 Kg/m3 0.3 3 mm 10−4

Damping Patches negligible negligible - negligible 10−2

Table 4.2: Material properties for the locally damped coupled plates example.

Although it seems a rather simple example, locally damped metal plates are recur-
rently found in industrial design. For instance, in the car industry damping pads
may be attached to the car body panels in order to reduce sound and vibration lev-
els. Whereas the cantilever example in the previous section provided a simple test
problem on which to prove the accuracy and correct implementation of the CMS
methods, this second validation example will serve for analysing the CMS methods
in a more realistic problem.

The coupled plates system is meshed using 4-noded isotropic thin plate elements 7

with 3 degrees of freedom per node (i.e. transverse displacement z and rotations
θx and θy). Initially, each of the 4 plates is meshed with elements of the size of the
corresponding damping patch as shown in Figure 4.9, and 4 components coinciding
with the physical plates are defined. Later in this section, the meshing of the
coupled plates system will be refined in order to obtain FE models with increasing
number of DOFs.

The coupled plates FE model illustrated in Figure 4.9 gives rise to a system of
627 DOFs. Its division into components results in components 1 and 3 having 198
DOFs, components 2 and 4 having 162 DOFs, and the components coupling interface
consisting of 87 DOFs. Whenever the state-space formulation is introduced, the
described number of DOFs is doubled.

For the sake of simplicity, the damping patches are modelled in an analogous way
to the damping in the cantilever example. That is, they are considered massless
and their damping properties are accounted for through a proportional damping
factor. Hence, the underlying aluminium plate elements will have added damping
proportional to their element stiffness matrix by a factor of 0.01 (see Table 4.2), i.e.
a hundred times more damping than plate elements with only baseline low damping
and no damping patch. Clearly, the coupled system and also all of the components
are very locally damped due to the damping patches.

7The thin plate element description may be found in [1], which has been coded into Matlab.
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Figure 4.9: Element meshing and component division for the coupled plates example.

The coupled plates example presents several challenging features that were not
encountered in the cantilever example. To start with, the overall number of degrees
of freedom is larger. This implies that the solution of the eigenvalue problems is
not as trivial as for the small matrices in the previous example. In addition, this
will allow for the evaluation of the model order reduction capabilities of the CMS
methods.

Furthermore, the system model is two dimensional and is split into several compo-
nents, which yields more complex coupling interfaces than a 1-noded interface. The
coupling interface in this example presents components having common interface
with more than one component at a time, coupling DOFs belonging to 2 or even
4 (the central node) different components and coupling DOFs which correspond to
clamped edges. This supposes a demanding test that will prove the correct imple-
mentation of the coupling and synthesis processes.

In this example, the first 100 modes of the full system are computed through the
Craig-Bampton (CB), the Craig-Chang (CCH), the Morgan-Craig-Bampton (MCB)
and the Craig-Ni (CN) methods, and compared to the exact solution obtained from
the full system equations of motion in the state-space.

In the CMS methods, 50 component normal modes are computed for each compo-
nent (100 component normal eigensolutions in the state-space based methods). In
this case, since all components have a clamped edge, no rigid body motion is ex-
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pected. The number of constraint modes (for fixed-interface methods) and residual
attachment modes (for free-interface methods) in each component are proportional
to the number of unbounded coupling DOFs in each component, and they are sum-
marised in Table 4.3 for the initial mesh (Mesh 1).

Component 1 Component 2 Component 3 Component 4
Normal modes 50 (100) 50 (100) 50 (100) 50 (100)
Constraint modes 42 (84) 36 (72) 42 (84) 36 (72)
Attachment modes 42 (42) 36 (36) 42 (42) 36 (36)
Total component modes 92 (184/142) 86 (172/136) 92 (184/142) 86 (172/136)

Table 4.3: Number of component modes computed for the coupled plates example. In
brackets: number of state-space component modes.

The results for the first 100 modes of the coupled plates system are presented in
Figures 4.10, 4.11 and 4.12. Figure 4.10 shows the CMS computed modal frequency
values and errors. Likewise, Figure 4.11 shows the CMS computed modal damping
values and errors. Lastly, Figure 4.12 shows the MAC value between the CMS
computed mode shape vector and the corresponding exact mode shape vector.

First, the modal characteristics of the coupled plates system are evaluated. The
first 100 modes have modal frequencies from 20 up to 760 Hz. It can be observed
in Figure 4.10 that the number of modes grows linearly with increasing frequency.
Thus, the coupled plates system shows a constant modal density, with an average
spacing 7.5 Hz between contiguous modes. Modal damping values range from 2.5%
values in the lowest modes till 50% damping values in the higher modes as can be
observed in Figure 4.11.

The relatively high modal density together with high damping condition indicates
that the system modal overlap shall also be high. These conditions indicate that
undamped modal solutions will be far from uncoupling the damped equations of
motion, i.e. strong coupling will occur between close undamped modes due to off
diagonal terms in the modal damping matrix. In other words, modal parameters
(specially modal damping values) computed from undamped modal solutions will be
markedly erroneous. Therefore, it is expected that the CB and CCH methods, which
are based on undamped component modes, are not capable of correctly estimating
the damped modes of the system.

Now, the modal results obtained through the different CMS methods may be anal-
ysed. In the error plot in Figure 4.10 it can be observed that the CB and CCH
methods obtain the damped modal frequencies values with errors in the 1% to 5%
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Figure 4.10: Modal frequency for the first 100 modes of the locally damped coupled
plates system, and relative error in the CMS-computed modal frequencies.

relative error range. As expected, they get a significant amount of error, which
may be excessive (over 1%) for most practical situations. On the contrary, the
state-space based CMS methods obtain modal frequencies with errors below 1%.
The MCB method shows errors between 0.1% and 1% of the modal frequency value
over the 100 computed modes. The CN method shows errors below 0.1% in the
lowest modes, which proves that the static correction applied by the state-space
residual attachment modes is very accurate. As the frequency increases, the error
in the modal frequency estimations lies in the 0.1% - 1% range, similar to the MCB
method.
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Figure 4.11: Modal damping for the first 100 modes of the locally damped coupled plates
system, and relative error in the CMS-computed modal damping ratios.

The results for modal damping of the 100 modes are even more divergent. Whereas
the MCB and CN methods fairly well estimate the modal damping values, the CB
and CCH methods give completely erroneous results with errors exceeding 100%
of the damping ratio value. What is more, half of the modes computed through
CB and CCH methods show overdamped conditions, i.e. over 100% damping ratio,
while the actual modes are highly damped but not overdamped.

In contrast, the modal damping ratios computed through the CN method agree
fairly well with the exact values, with errors ranging from 0.5% to 5%. The MCB
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Figure 4.12: MAC value between exact and CMS computed mode shape vectors for the
first 100 modes of the locally damped coupled plates system.

method also estimates fairly well the modal damping values. However, the relative
errors in damping estimation vary strongly from one mode to another. In general,
damping errors range from 0.1 % to 10% error, but with some specific modes clearly
exceeding the 10% relative error in modal damping.

The reasons for such an uneven accuracy in modal damping estimation through the
MCB method may be disclosed by looking at the MAC values plot in Figure 4.12.
There, it may be observed that along the lowest 85 modes the CN method obtains
mode shapes which accurately match the exact ones (MAC values very close to
unity). Yet, the mode shapes computed through the MCB method do not match
so closely (smaller average MAC values than the CN method ones), and the MAC
values plot shows clear dips in some specific modes. The cause for such dips, which
involve in most of the cases two contiguous modes, is that pairs of modes are very
close in frequency, so that the mode shapes for the two modes are mixed up in the
MCB computation.

Both the CN and the MCB computed modes are in poor correlation with the exact
mode shapes above the 85th mode. It might happen that a larger number of com-
ponent modes is needed to correctly account for the highest system modes. Another
option is that the eigenvalue algorithm loses vectors orthogonality as the amount of
modes to compute increases. At the moment, no clear explanation has been found
for why these low MAC values are found in this example. In any case, the MAC
values obtained for the MCB and CN methods are close to unity for most of the
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modes, whereas for CB and CCH methods this only happens for the first 15 modes.

This second example has provided a further insight into the level of acceptance of
the different CMS methods in terms of accuracy. On one hand, the superiority
of the state-space based CMS methods over the classical CMS methods based on
undamped component modes has been confirmed once again for a general damped
system. On the other hand, it has been possible to evaluate the CMS estimated
results in the mid-frequency regime rather than just in the few first modes of vi-
bration.

After the first 10 or 15 modes, modal frequencies were in the hundreds of Hertz, with
modal damping ratio over 10% and modal spacing below 10 Hz. That is, in the mid-
frequency regime, with moderately high modal overlap. It has been seen that under
these circumstances the modal frequencies and modal damping values computed
through the MCB and CN methods are still fairly well estimated. However, it has
been seen that neighbouring modes with very close modal frequencies are not always
fully distinguished, especially for the Morgan-Craig-Bampton method.

The Craig-Ni method appears to be more accurate for the lower modes (first 50
modes), and it resolves better the discrimination of neighbouring global modes.
Nevertheless, as the number of computed modes increases, both the Morgan-Craig-
Bampton and the Craig-Ni methods show similar accuracy.

4.6.3 Computational issues when solving the eigenvalue prob-
lems in state-space based CMS methods

Up to this point, the focus has been only on how accurate results are obtained when
computing the modal solution of the cantilever and the coupled plates examples
through CMS methods. It has been proved that fair estimates may be obtained
through the state-space based methods. However, no attention has yet been paid to
the computational needs for obtaining such results. In this section, some difficulties
which are faced when working in the state-space formulation are discussed, and the
computational solutions that have been adopted are stated.

For the state-space based CMS methods, most of the computational issues come
from the complication in solving the state-space eigenvalue problem. In chapter 2,
eigenvalue algorithms for the solution of the state-space EVP have been discussed
(c.f. section 2.3.4). There, it has been stated that for large systems the Implicitly
Restarted Arnoldi algorithm, which is included in the eigs Matlab function, fails
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at converging to the desired solutions. Alternatively, the Symmetric Indefinite
Lanczos Method (SILM) may be used for tackling the state-space EVP. However,
this latter algorithm is not coded in any commercial software library.

Here, the coupled plates example is used as a basis for studying numerical issues
in the solution of the state-space eigenvalue problem. The plate’s mesh is increas-
ingly refined in order to obtain corresponding finite element models with increasing
numbers of degrees of freedom. The initial mesh (Mesh 1) shown in Figure 4.9 has
an element size equalling the area of the damping patches. Successive meshes have
been created having elements with edge lengths being a fraction of the damping
patch edge lengths. For instance, Mesh 2 in Figure 4.13 has 4 elements per damp-
ing patch area, Mesh 3 (also in Figure 4.13) has 9 elements per damping patch area,
and so on.

Mesh 2 Mesh 3

Figure 4.13: Refined meshes for the coupled plates example.

In this way 6 meshes have been defined having 627, 2331, 5115, 8979, 13923 and
19947 physical degrees of freedom respectively. When the state-space formulation
is introduced these figures are doubled, i.e. system corresponding to meshes 1 to 6
contain 1254, 4662, 10230, 17958, 27846, and 39894 state-space DOFs respectively.
Meshes 3 to 6 already represent systems of considerably large size in terms of number
of degrees of freedom.

On the eigenvalue algorithms for solving state-space eigenvalue problems

Now, the first 10 full system modes are computed for the 6 different meshes and the
computation time for solving the corresponding EVPs is recorded. Here, the first
10 modes were computed from the full system equations of motion, i.e. Component
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Mode Synthesis is not used in this test. This has been done 3 times: first by solving
the undamped EVP in physical coordinates through the standard Lanczos algorithm
(eigs function in Matlab), second by solving the state-space EVP through the
Implicitly Restarted Arnoldi (IRA) algortihm (eigs function in Matlab), and last
by solving the state-space EVP through the Symmetric Indefinite Lanczos Method
(ad-hoc implementation of SILM in Matlab). In the undamped case 10 eigensolu-
tions are computed, whereas in the state-space cases 20 eigensolutions (10 complex
conjugate pairs) are required.

In Figure 4.14 the time records obtained in this test are presented. The computation
time records for solving the undamped and state-space eigenvalue problems are
plotted in logarithmic scale as a function of the number of degrees of freedom of the
mesh (also in logarithmic scale). Obviously, the undamped EVP requires much less
computation since the size of the matrices and the number of wanted eigensolutions
is halved with respect to the state-space EVP.
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Figure 4.14: Eigenvalue problem solution time as a function of the number of physical
degrees of freedom of the full system.

Solution times for the undamped EVP (black solid line) range from hundredths of
a second for Mesh 1 until close above 1 second for Mesh 6. Solution times for the
state-space EVP (blue line for IRA, red line for SILM) are much larger than those
figures.

The Implicity Restarted Arnoldi algorithm (blue crossed line in Figure 4.14) solves
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the 10 system modes for Meshes 1 and 2 in times under 1 second, which are indeed
solution times that are less than an order of magnitude above the undamped EVP
solution time. Yet, this trend is disrupted for Meshes 3 to 5 where solution times
rise up to hundreds of seconds. This is a consequence of the loss of convergence
of the algorithm. Over 10,000 state-space DOFs, the IRA algorithm struggles at
finding just 20 converged eigensolutions. For mesh 6 (close to 40,000 state-space
DOFs) the situation is even worse, and the algorithm is unable to find 20 converged
eigensolutions8.

The Symmetric Indefinite Lanczos Method (red crossed line in Figure 4.14) does not
incur any convergence issues, as can be seen by the smooth increase in computational
time as the number of DOFs increase. However, since SILM is programmed here in
Matlab code rather than in a lower level programming language such as Fortran
(contrarily to the built-up algorithms in the eigs function), its execution time is
shifted up overall. The solution time goes from below half a second for Mesh 1 up
to almost 100 seconds for Mesh 6. If an efficient (Fortran) implementation of the
SILM algorithm were available, computation time might be an order of magnitude
lower, matching the state-space EVP solution time of the eigs Matlab function
(IRA algorithm) for Mesh 1 and Mesh 2.

In conclusion, the Symmetric Indefinite Lanczos Method algorithm needs to be
used for the computation of large system modes in the state-space. Hence, for
performing state-space based Component Mode Synthesis in large systems, the
component modes must be computed through the SILM algorithm. On the contrary,
once the system model is reduced into coupled-modal coordinates, either by the
Morgan-Craig-Bampton method or the Craig-Ni method, the corresponding EVP in
coupled modal coordinates is no longer an indefinite GEVP, but a generic complex-
valued non-hermitian GEVP. Therefore, since the coupled-modal coordinates are
of reduced size, the corresponding EVP may be solved through the IRA algorithm,
i.e. using the eigs Matlab function.

On the overdamped modal solutions in state-space eigenvalue problems

In the test that has been just described, 20 eigensolutions have been computed for
the state-space EVPs in order to find 10 vibration modes. The reality is, however,
that these 20 eigensolutions do not all correspond to the 10 first modes of vibration.
Despite having found 20 converged solutions, just a few of them correspond to the

8If 100 modes are to be computed as in the previous section, the IRA algorithm fails at finding
them already in Mesh 3 with about 10,000 state-space DOFs.
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complex conjugate pairs of eigensolutions that were being searched and found.

Starting with the IRA solution for Mesh 1, just 4 out of the 20 converged eigensolu-
tions showed complex valued eigenvalues coming in complex conjugate pairs. The
remaining 16 converged eigensolutions presented (negative) real-valued eigenvalues.
With the imaginary part of the eigenvalues accounting for modal frequency and the
negative real part of the eigenvalues accounting for modal damping, these negative
real-valued eigenvalues may only correspond to overdamped modal solutions, i.e.
non-vibrating modes which get rapidly attenuated. This means that only the low-
est two damped modes of vibration have been found in this case. In turn, the SILM
algorithm has obtained 8 complex-valued eigensolutions and 12 negative real-values
eigensolutions out of the 20 converged eigesolutions for Mesh 1. Hence, only the
first four modes of vibration have been encountered through SILM. That is, slightly
better than IRA but absolutely insufficient.

With these results, one must understand why all of these overdamped solutions are
found, and how to proceed for computing the sought vibration modes. For the sake
of analysing the reason for these overdamped results, a second test was conducted
using the coupled plates example.

Instead of looking for just 10 modes of vibration, successive solutions of the state-
space EVP for mesh 1 and mesh 2 were computed for increasing number of requested
eigensolutions. The SILM algorithm has been executed targeting 20, 40, 60, 80, 100,
120, 140, 160, 180 and 200 converged eigensolutions respectively in each run. This
has been done both for Mesh 1 and for Mesh 2. In Table 4.4 the number of resulting
overdamped solutions in each run are summarised.

Requested
eigensolutions

20 40 60 80 100 120 140 160 180 200

Overdamped
Eigensolutions

Mesh 1 12 20 32 36 36 36 36 36 36 36
Mesh 2 12 18 34 51 68 82 96 96 96 96

Table 4.4: Number of overdamped eigensolutions for SILM solution of the full system
state-space EVP.

It can be observed in Table 4.4 that as the number of requested eigensolutions
increases more overdamped solutions are being found. Yet, it comes a point where
this tendency gets clipped to a maximum number of overdamped solutions. For
mesh 1, 36 overdamped solutions are found among the 80 first converged solutions,
and from there on all additional converged solutions come in complex conjugate
pairs. For mesh 2, a maximum of 96 overdamped solutions are found among the
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first 140 converged solutions and, from that point no more overdamped solutions are
found. These results were obtained through the SILM algorithm, but similar results
with identical maximum number of overdamped solutions were obtained through
the IRA algorithm.

In fact, the maximum number of overdamped modes appears to increase as the mesh
is refined, i.e. as the number of DOFs grows. Refining the mesh implies that modes
with higher frequency may be computed, which could not be included in a model
with a coarser mesh. These higher frequency modes are most likely overdamped,
given the damping characteristics of the coupled plates examples.

As presented in the previous section, the modal damping was larger for the higher
order modes, and the low frequency modes (even when computed from the un-
damped eigensolutions) were moderately damped. Consequently, the overdamped
modes do not correspond to low frequency modes with high modal damping. Thus,
these overdamped solutions will correspond to high frequency modes.

The reason for these high order overdamped modes being found among the first
eigensolutions by the eigenvalue algorithms for the state-space EVP is unclear.
Overdamped modes in the state-space should be double rooted eigensolutions with
zero frequency. However, overdamped solutions do not occur in pairs of solutions
with identical eigenvalues. Perhaps, the damping of these presumably double roots
is not computed evenly due to some numerical instabilities, making them appear
among the first computed eigensolutions.

In view that superfluous overdamped eigensolutions are encountered, these need
to be filtered out when solving state-space eigenvalue problems. In fact, the re-
sults shown in section 4.6.2 do not include overdamped modes, which have been
discarded. The solutions adopted for eliminating overdamped state-space eigenso-
lutions are presented in the following.

Computational solutions adopted

In the context of state-space based Component Mode Synthesis, overdamped modal
solutions are unwanted solutions. On one hand, they are of no use for the order
reduction because they would only be added basis vectors that carry no relevant
information. On the other hand, these solutions are not examined in any vibration
analysis because they do not resonate and also because they fall out of the frequency
range of interest.
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One possible approach for finding a certain number of resonant eigensolutions, e.g.
a predefined number of state-space component modes, is to compute many more
eigensolutions than the required amount, and then filter out the overdamped so-
lutions a posteriori. The problem, however, is that the number of overdamped
solutions is not known beforehand so that one may not know how many extra
eigensolutions are needed. Hence, this may involve a trial and error search of the
overhead number of eigensolutions needed to obtain the requested number resonant
modes.

As been shown before, the number of overdamped solutions increases as the number
of requested modes increases, and the maximum number of overdamped solutions
also varies with the mesh size. This makes the number of overdamped converged
eigensolutions that one may obtain very unpredictable. Therefore, it is desirable to
filter out overdamped eigensolutions in another way.

A modification in the Symmetric Indefinite Lanczos Method has been devised for
this purpose. Lanczos algorithms keep iterating until a requested number of eigen-
solutions converge. At each iteration a new Lanczos vector is computed and added
to the basis of Lanczos vectors. Then, the original problem is projected into the
Lanczos vectors basis and the eigensolutions of the projected problem are computed.
Finally, a convergence check is performed in order to validate whether the computed
solutions are actual eigensolutions of the original problem. Therefore, the idea here
is to modify the convergence criterion of the Lanczos algorithm.

The Modified SILM (MSILM) includes a new condition in the convergence check at
each iteration. A converged eigensolution in terms of residual vector is unflagged
as converged if its associated Ritz value (eigenvalue) indicates that this solution
is overdamped, i.e. if it has zero imaginary part and non-zero negative real part.
The consequence is that the algorithm keeps iterating until sufficient numbers of
converged eigensolutions are found.

The Matlab code for the SILM algorithm has been modified in order to include this
new convergence condition. Then, the same test which computed increasing num-
ber of eigensolutions (from 20 to 200 requested eigensolutions) has been repeated
for mesh 1 using MSILM. The resulting converged eigensolutions are all resonant,
coming in complex conjugate eigensolution pairs, each of them corresponding to a
non-overdamped mode.

In Figure 4.15 the numerical efficiency of MSILM is compared to that of the SILM
algorithm. In the left hand side plot, the number of Lanczos vectors computed until
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Figure 4.15: Comparison of the computational complexity of SILM and MSILM. Left:
Number of Lanczos vectors as a function of the number of wanted modes.

Right: EVP solution time as a function of resonant modes obtained.

convergence for SILM and MSILM is compared. For the same number of wanted
modes (i.e. requested eigensolution pairs) MSILM has computed an average of
50 more Lanczos vectors. In other words, the algorithm has executed about 50
more iterations, which means that the solution time is increased. Yet, for the same
number of computed modes, SILM obtains many overdamped modes. In the right
hand side plot of Figure 4.15 the solution time as function of the number of non-
overdamped modes obtained is represented. It is clear that, when the overdamped
modes are discarded, equivalent computational cost to that of MSILM is effectively
needed for computing resonant modes through SILM.

The advantage with the modified version of the Symmetric Indefinite Lanczos
Method is that overdamped solutions are intrinsically dismissed. This circumvents
the problem of having to track the number of overdamped eigensolutions. In turn,
the implementation of state-space based CMS methods is simplified, since no mem-
ory must be allocated for an excess number of eigensolutions, which in addition
is an uncertain number. Therefore, the issue with overdamped solutions can be
overlooked through the use of MSILM.

Yet, this strategy has only been applied for the computation of state-space com-
ponent modes through the Symmetric Indefinite Lanczos Method. Since the global
eigenvalue problem in coupled-modal coordinates is here solved through the IRA
algorithm, i.e. eigs Matlab function, similar modifications on the algorithm have
not been introduced.
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Nevertheless, the number of overdamped eigensolutions obtained from the EVP in
coupled-modal coordinates is very reduced due to the fact that most of the po-
tential overdamped solutions have been already filtered out at a component modal
level. Therefore, the total number of requested eigensolutions must be increased
by a small quantity in order to obtain the wanted number of full system (resonant)
modal solutions. This does not cause a significant rise in computation time since
the coupled-modal EVP is of reduced order. If any overdamped global modal solu-
tions are obtained, these may be easily filtered out through a simple check on the
corresponding eigenvalues.

4.6.4 Computational efficiency of the state-space based CMS
methods

The accuracy of Component Mode Synthesis for damped system has been validated
through numerical examples in sections 4.6.1 and 4.6.2. It has been shown that
state-space based CMS methods show much enhanced accuracy than the classical
Craig-Bampton and Craig-Chang CMS methods. However, working in the state-
space formulation presents some numerical setbacks which have been subsequently
evaluated in section 4.6.3. Overall, these are overcome through the use of a Modified
Symmetric Indefinite Lanczos Method (MSILM) algorithm. This section completes
the Component Mode Synthesis validation by numerically evaluating the computa-
tional complexity of the state-space based CMS methods.

Continuing with the coupled plates example, the computational cost for computing
the system modes through the Morgan-Craig-Bampton method and the Craig-Ni
method will be compared to that of the cost for computing the system modes from
the full system equations of motion in the state-space. In section 4.6.2, only the first
80 out 100 system modes were highly accurately computed through the MCB and
CN methods with 50 normal modes (100 state-space eigenvectors) per component.
Consequently, the efficiency of CMS methods is here evaluated for the computation
of the first 80 system modes.

For each of the 6 meshes defined for the 4 coupled plates system, 160 eigensolutions
corresponding to the 80 first vibrating modes have been computed directly for the
full system, and also through the MCB and CN methods with 100 eigensolutions
per component. The direct modal solution involves computing 160 eigensolutions
on the state-space system matrices, whereas the CMS solutions involve computing
400 eigensolutions on state-space component matrices and then 160 eigensolutions
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on the coupled-modal matrices.

In Table 4.5 the number of physical and state-space degrees of freedom for each
of the meshes is summarised together with the corresponding number of degrees of
freedom of the coupled-modal models obtained through the MCB and CN methods.
Notice that the number of coupled-modal DOFs for the CN method is constant and
corresponds to the number of overall component eigensolutions. Contrarily, the
number of coupled-modal DOFs for the MCB method increases for larger meshes
since the coupling interface (state-space) DOFs are retained.

Full System DOFs Coupled-Modal DOFs
Physical State-Space MCB method CN method

Mesh 1 627 1254 574 400
Mesh 2 2331 4662 742 400
Mesh 3 5115 10230 910 400
Mesh 4 8979 17958 1078 400
Mesh 5 13923 27846 1246 400
Mesh 6 19947 39894 1414 400

Table 4.5: Number degrees of freedom comparison between the MCB and CN coupled-
modal coordinates and the physical and state-space coordinates for the 6

different meshes in the coupled plates example.

Component matrices have roughly a quarter the number of DOFs compared with
the full system matrices, so that the cost for computing a component mode should
be much smaller than the cost for computing a full system mode. For the smaller
meshes (1 and 2), the number of DOFs of the coupled-modal models is of comparable
magnitude to the number of DOFs of the full system, which means that CMS is
not very efficient in terms of model order reduction nor in terms of computational
complexity reduction. On the contrary, for the larger meshes (3 to 6) the coupled-
modal models are of much reduced size with respect to the full system models. It
is in these latter cases that CMS may give significant computational savings.

Before evaluating the results a couple of things should be made clear. First, the
absolute solution time values are just indicative figures since they depend on the
specific processor and operating system that has been used, as well as on the Mat-
lab coding of the MSILM algortihm. Yet, absolute solution time values are not
relevant here since the analysis aim is of comparative nature. Second, the efficiency
evaluation is targeted for the solution of large systems. Here, meshes 1 and 2 may be
regarded as small system models, so that focus will be mainly placed on evaluation
of the results obtained for the other four meshes.
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The actual solution times for computing the first 80 damped full system modes are
presented in Figure 4.16. The results for the direct solution of the full system state-
space eigenvalue problem through MSILM are plotted in black, the MCB method
results in blue and the CN method results in red.
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Figure 4.16: Computational time for solving the first 80 damped full system modes of
the four coupled plates example as a function of the number of degrees of

freedom of the mesh.

Now, the first thing that may be observed in Figure 4.16 is that, for any solution
method, the time for computing the first 80 modes increases as the number of DOFs
increases. However, if the full state-space EVP solution time curve is observed for
meshes 3 to 6, the increase in solution time appears to be almost linear with respect
to the number of DOFs. This seems contradictory with the theoretical computa-
tional cost of Lanczos algortihms, which in Chapter 2 was estimated proportional
to the square of the number of DOFs.

In fact, the solution cost is not actually proportional to the number of DOFs but
to a certain power p of the number of DOFs N , i.e. O(Np). The exponent p may
be estimated from the registered times through a simple calculation

pi =
log( ti

tref
)

log( Ni
Nref

)
(4.125)

withNi and ti the number of DOFs and solution time corresponding to the i’th mesh,
and Nref and tref the number of DOFs and solution time of one of the meshes which is
taken as reference. Taking Mesh 3 as reference, the pi average for i = 4, 5, 6 results
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in an exponent estimate of p = 1.2. This result is concurrent with the sparsity
relation of the coupled plates system matrices. If the number of non-zero elements
NNZ in the system matrices is expressed as NNZ = N q, with N the number of
state-space DOFs, the resulting q exponent for meshes 3 to 6 range from 1.23 to 1.2
values9.

Thus, the solution computational cost through MSILM grows at a much smaller
rate than the O(N2) conservative upper bound claimed in Chapter 2 for Lanczos
algorithms. Instead it grows at a rate of O(N1.2) for the present example which, in
turn, has a clear relation to the sparsity characteristic of the system matrices.

Looking back again into Figure 4.16 one may observe that the MCB and the CN
methods have very similar performance with solution times well below the direct
solution of the full system eigenvalue problem. For meshes 3 to 6, the CMS methods
take about half the time to obtain the same 80 full system modes, with the MCB
method showing slighlty better performance than the CN method. In order to
evaluate the performace of the state-space based CMS methods in higher detail,
partial solution times for each of the EVPs (the four component EVPs and the
couped-modal EVP) have been also recorded. Figure 4.17 shows the computational
cost of each of the proceses in the CMS solution in a stacked bar plot.

In Figure 4.17, the CMS computational cost is expressed in relative units with
respect to the total cost of the corresponding direct solution, i.e. as the percentage
of the full system state-space EVP solution time (black line in Figure 4.16). For each
of the meshes two stacked bars are shown, one for the MCB method (in blue) and
one for the CN method (in red). Each bar is divided into 6 sections. The blue/red
sections indicate the computational cost for solving the four component state-space
EVPs for the MCB/CN method respectively, the yellow sections correspond to
the computational cost for solving the global EVP in coupled-modal coordinates,
and the white sections involve all other CMS associated computation cost (e.g.
constraint/attachment modes computation, reduction of the component matrices
into the component modal basis, assembly/synthesis of reduced components, etc.).
The total height of the stacked bars correspond to the MCB/CN methods total
solution time (blue and red lines in Figure 4.16).

Some conclusions may be extracted from the results presented in Figure 4.17. It
can be observed that the solution of the 4 component EVPs takes much less time

9The number of non-zero elements in state-space system matrices is at least two times NNZ of
the system marices. Yet, since the matrices are symmetric, the actual computation cost is halved
back. Thence, it makes sense relating NNZ to the number of state-space DOFs
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Figure 4.17: Computational time for solving each of the EVPs in the MCB and CN meth-
ods relative to the computational time for solving the full order state-space
EVP. Blue: MCB components; Red: CN components; Yellow: Coupled-

modal; White: Other computations.

than the solution of the full system EVP. As the mesh grows the difference becomes
larger, with the solution for the 4 components accounting for just 30% of the time
needed for directly solving the full system (meshes 4 to 6).

The overhead cost associated with the CMS processes other than the solution of
EVPs is also small in comparison to the solution time required for solving the full
system EVP. Yet, this cost is not negligible at all, and it gains prominence for
larger systems (up to 20% of the solution cost for the full system EVP). Most of
the overhead cost comes from the reduction of the component matrices into modal
basis, i.e. Ay

s = ΥT
s AsΥs and By

s = ΥT
s BsΥs, due to the modal transformation

matrices Υs being large and fully populated.

The solution of the coupled-modal EVPs involves a very small fraction of the com-
putation cost. For mesh 1 it only supposes about 10% of the full solution cost, and
for larger meshes this percentage diminishes even further. However, these figures
seem controversial if one looks back into Table 4.5 and compares the number of
DOFs of the full system with the number of DOFs of the coupled-modal models.
For the smaller meshes the number of coupled-modal DOFs is of comparable mag-
nitude to the total number of system DOFs, so that one might expect much less
difference in solution time. On the contrary, this circumstance is cleared up if one
recalls that the coupled-modal EVP is solved through the IRA algorithm, i.e. with
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the efficiently coded eigs Matlab function.

It has been seen in section 4.6.3 that the eigs function is much more efficient than
the current SILM implementation as long as the matrices are small. In such a
situation, SILM was shown to be 5 times more time demanding (c.f. Figure 4.14).
Consequently, comparing the solution time results for the coupled-modal EVPs with
the component state-space EVPs ones may be misleading in this case.

Ideally, in order to correctly evaluate the efficiency of the CMS methods, the com-
parison between the CMS and the full system solution computational cost should
be free of the bias introduced by uneven implementations of the algorithms. How-
ever, equally efficient implementations of the IRA and SILM algorithms were not
available. Therefore, a correction is here introduced consisting on multiplying by a
factor of 5 the coupled-modal EVPs solution time. In this way, the solution times
can be impartially compared as if a commercial implementation of SILM were avail-
able. The computational cost for the MCB and the CN methods is presented again
in Figure 4.18 with corrected values for the coupled-modal EVPs.

Figure 4.18: Computational time for solving each of the EVPs in the MCB and CN meth-
ods relative to the computational time for solving the full order state-space
EVP. Blue: MCB components; Red: CN components; Yellow: Coupled-

modal (Weighted); White: Other computations.

Here, it can be seen that the MCB and the CN overall corrected computational
costs increase with respect to the uncorrected ones in Figure 4.17. For Mesh 1, the
projected solution times exceed that of the corresponding full system EVP solution
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time, so that no computational advantage is achieved by using CMS for such small
system models. On the contrary, the relative cost for solving the global modes in
coupled-modal coordinates decreases as the mesh grows. For meshes 4 to 6 the cost
for solving the coupled-modal EVP is already below 10% of the full EVP solution
cost, yielding an overall relative costs for the MCB and CN methods below 60% of
the full EVP solution cost.

The MCB and CN methods show similar computation cost but, this time, with
the CN method showing slightly better performance. Although the synthesis of
components is more straightforwardly addressed in the MCB method, where the
coupled-modal matrices are obtained by simple assembly of the component matrices,
the increased computational cost of the component synthesis in the CN method is
balanced out by the less-demanding solution of a significantly smaller coupled-modal
EVP.

4.7 Conclusions

In this chapter the generic Component Mode Synthesis method has been explained
on the grounds of the model order reduction methods presented in section 4.1 and
the substructuring and coupling processes presented in section 4.2.

In Component Mode Synthesis, each of the components is reduced by means of
a coordinate transformation in terms of the component modes. According to the
distinct model order reduction methods, different kinds of component modes are
defined. Fixed and free-interface component modes correspond to the modal trun-
cation reduction method under specific boundary conditions. Constraint modes
correspond to Guyan’s condensation method, and the residual attachment modes
correspond to the residual flexibility correction for the modal reduction method.

In turn, the synthesis of components is performed by applying the substructure
coupling process to the modal reduced components. This leads to the CMS coupled-
modal model, which is a dynamic equivalent reduced model for the original system.
Finally, the dynamics of the system are solved by performing modal analysis on this
reduced model (i.e. solving the corresponding eigenvalue problem).

In the context of structural design, Component Mode Synthesis presents various
advantages. First of all, the FE solution of the full system is speeded up because it
is more efficient to solve several smaller EVPs for the subsystems than the combined
EVP of the full system. Therefore, the use of CMS reduces the time for performing
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the modal analysis. Conversely, this means that the frequency limit at which it is
bearable to perform FEA is pushed up. In addition to faster modal solutions, once
the FE model is solved using CMS, the reduced CMS model can be readily used for
solution reanalysis.

Furthermore, CMS is very well suited for modelling a structure under design that
is built up of several substructures. When a structural model needs to be recur-
rently updated, only those components involved in design modifications need to be
reanalysed. Therefore, for the reanalysis of the full structure only the solution of
the modified components needs to be updated and coupled to the previous solu-
tion of the rest of the unchanged components. In a similar way, when designing a
structure that may be subject to uncertainty, only the uncertain components need
to be reanalysed to perform uncertainty analysis of the full system. Thus, it is
somehow a natural choice to tackle the dynamic design of large built-up structures
using Component Mode Synthesis.

Different CMS methods exist depending on which component modes are used for
the components reduction. The most common (and successful) component modes
combinations are fixed-interface modes together with constraint modes, and free-
interface modes together with residual attachment modes. These combinations
correspond respectively to the Craig-Bampton (CB) and Craig-Chang (CCH) classic
CMS methods for undamped modal analysis, which have been described in this
chapter. The former method provides a very easy and systematic modal component
coupling procedure, but it does not optimally reduce the model order. Furthermore,
the fixed-interface modes are more difficult to be verified against measurements than
free-interface modes. The latter method offers optimal reduction of the model order
at the price of a more complicated synthesis of components, giving rise to system
specific coupled-modal model formulations.

However, in this work, Component Mode Synthesis is aimed at being used for the
approximate reanalysis of generally damped systems (e.g. locally damped built-up
systems). Therefore, the objective in this chapter has been to reclaim CMS methods
for damped modal analysis. Explitcly the development of CMS methods based on
the state-space formulation.

Here, a generic reformulation in state-space coordinates of the Component Mode
Synthesis method has been proposed. Accordingly, two already existing state-space
based CMS methods have been revisited, and exposed in detail matching this generic
formulation. Namely, the Morgan-Craig-Bampton (MCB) method and the Craig-
Ni (CN) method which are state-space analogous to the CB method and CCH
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methods respectively. These methods have been studied through two numerical
test examples.

The solution of the component state-space eigenvalue problems has proved to be
troublesome. On one hand, as it has been already explained in chapter 2, an
indefinite GEVP (as it is the case for the component state-space EVP) may not be
solved through the standard Lanczos algorithm. Instead, the Symmetric Indefinite
Lanczos Method (SILM) shall be used.

On the other hand, overdamped component eigensolutions arise when solving the
component state-space EVP. These overdamped solutions are unwanted, since they
should not be included in the component modes basis for the modal reduction of
the component. For this reason a modified version of the Symmetric Indefinite
Lanczos Method (MSILM) has been devised, so that the overdamped solutions are
intrinsically filtered out.

With these adopted computational solutions, the performance of the CMS meth-
ods for the modal analysis of damped systems has been evaluated. It has been
demonstrated how, for generally damped systems, the state-space CMS methods are
significantly more accurate than the classical CMS methods, especially for heavily
damped systems. Moreover, the computational efficiency of state-space based CMS
methods has been tested against the full order state-space modal analysis solution,
showing that significant computational savings are obtained for large FE models.
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Chapter 5

Perturbation methods for locally
damped built-up systems

The perturbation method presented in Chapter 3 is a way for approximating the
variations in the modal parameters of a dynamic system when its defining physical
parameters vary. The perturbation approximation consists in expressing the system
modal parameters as a Taylor series expansion truncated after the linear term, so
that the modal variations may be related to physical parameter variations by means
of first order sensitivity functions.

For the modal parameters, the sensitivity functions are generically expressed in
terms of the system matrix sensitivities, so that when multiplied by the corre-
sponding physical parameter perturbation one may directly consider the pertur-
bation in the modal parameter as a function of system matrix perturbations (c.f.
section 3.2.2). This gives rise to the modal perturbation propagation functions
Pλm(∆M,∆C,∆K) and Pφm(∆M,∆C,∆K). As proved earlier in Chapter 3, the
computational complexity of modal perturbation method (and in general of any
linear approximation) is determined by the number of degrees of freedom of the
baseband model, i.e. on the size of the system matrices.

The order of the matrices for large built up systems may be conveniently reduced
through the Component Mode Synthesis (CMS) methods. Specifically, for locally
(or generally) damped built-up systems the state-space based CMS methods de-
scribed in Chapter 4 may be used. In this chapter, the use of perturbation methods
on (state-space) CMS reduced models is proposed for the efficient reanalysis of
locally damped built-up systems.
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5.1 Perturbation propagation functions in state-
space based CMS models

In this section, an original perturbation propagation scheme is proposed for the
state-space based Component Mode Synthesis methods1. The idea is that for any
variation in the physical parameters, the corresponding perturbation in the com-
ponent matrices may be computed. Then, the perturbation in component matrices
is propagated into the component modes through modal perturbation propagation
functions and, finally, the perturbation in component modes may be propagated
into the global modes of the full system. A block diagram representation of the
perturbation propagation across a CMS model is shown in Figure 5.1.

Figure 5.1: Perturbation propagation scheme in state-space based Component Mode
Synthesis models.

Modal perturbation propagation functions (PPFs) are used for approximating com-
ponent mode variations with respect to the component matrix variations. These
include PPFs for eigenvalues PΛs , state eigenvectors PXs , state constraint modes
PΥCs and state residual attachment modes PΥRs . Similar modal PPFs are used for
approximating the global mode variations with respect to variations in the coupled-
modal matrices, Pλm for the eigenvalues and Pzm for the eigenvectors. In between,
the variation in component modes is propagated into variation in the coupled-modal

1The perturbation propagation scheme for the state-space based Component Mode Synthesis
methods was presented in [95]
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matrices through a third group of perturbation propagation functions PAz and PBz .
These latter PPFs are specific to each of the CMS methods since they depend on the
structure of the coupled-modal matrices, i.e. on the specific synthesis formulation.

With this scheme, the perturbation propagation from physical parameters to com-
ponent modes is made independent of the perturbation propagation from component
modes to global modes. This may be very convenient in the context of structural
design, since design modifications do not usually involve the full built up structure
but just one or a few of its constituent substructures.

The supposed scalability of the perturbation propagation in CMS models makes it
possible to address variations in a single subsystem independently from the rest of
subsystems. Hence, only the perturbations in the corresponding component modes
need to be computed. Thereafter, the perturbation propagation from component
modes to full system modes can be computed at a very little computational cost by
virtue of the CMS coupled-modal models being of much reduced order.

Specifically, local damping variations may be conveniently addressed in state-space
based CMS models. Damping treatments in vibrating structures are expensive
and, consequently, they are typically applied locally where they are most efficient.
The fact that damped component modes are obtained in state-space based CMS
methods makes it possible to treat damping variations at a component level, which
would not be the case in classical undamped CMS methods. Thus, the perturba-
tion propagation scheme in state-space based CMS models should be well suited
for tackling damping modification/optimization, or uncertainty analysis in locally
damped structures.

In the following, the state-space based CMS perturbation propagation functions are
derived. First, the PPFs for the component modes are presented, next, the PPFs
for the global modes and, finally, the PPFs for the matrices in the MCB and the
CN methods.

5.1.1 Perturbation of state-space component modes

In this section, perturbation propagation functions for component modes in state-
space coordinates are presented. Normal modes, which may result from free-
interface or fixed-interface conditions, are defined by the λk—xk eigenpairs and
depend on the s’th component matrices As and Bs. Hence, the PPFs for the com-
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ponent eigenvalues and eigenvectors sets Λs and Xs are of the form

∆̃Λs =PΛs(∆As,∆Bs) (5.1)
∆̃Xs =PXs(∆As,∆Bs) (5.2)

In turn, state constraint modes as defined in the MCB method are only dependent
on the stiffness matrix so that the corresponding PPF is of the form

∆̃ΥC
s = PΥCs (∆Ks) (5.3)

State attachment modes are a partition of the state flexibility matrix and, therefore,
a function of the Bs matrix. Accordingly, a PPF for state attachment modes is of
the following fashion

∆̃ΥA
s = PΥAs (∆Bs) (5.4)

Last, in order to obtain the state residual attachment modes as defined in the
CN method, the residual effects of the kept component modes must be subtracted
from the attachment modes. Therefore, the PPF for the state residual attachment
modes shall be function of the perturbation in the normal and attachment modes
and, consequently, a function of the perturbation in component matrices, i.e.

∆̃ΥR
s = PΥRs (∆̃ΥA

s , ∆̃Λs, ∆̃Xs) = PΥRs (∆As,∆Bs) (5.5)

The specific expressions for these perturbation propagation functions are briefly
derived next. For clarity, the component subindex s is dropped in the derivations.

Normal modes

The sensitivity functions for damped modes may be either formulated in physical
coordinates or in state-space coordinates (see Appendix D). In Chapter 3 sensi-
tivity functions in physical coordinates have been used giving rise to perturbation
propagation functions for damped eigenpairs λ—φ which are expressed in physical
coordinates. However, in damped Component Mode Synthesis, state component
modes are required for reducing the component matrices in state-space coordinates.

Modal sensitivity functions in the state-space may be used for obtaining the corre-
sponding perturbation approximations. Using the state-space sensitivity functions
for the damped eigenvalues (equation D.6) and state eigenvectors (equation D.9)
one may find the perurbation propagation functions for the normal state component
modes, i.e.

∆̃λk = xTk [∆B− λk∆A]xk (5.6)
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∆̃xk = −1
2
(
xTk∆Axk

)
−
∑
i 6=k

xTi [∆B− λk∆A]xk
λi − λk

xi (5.7)

with the state eigenvectors being A-normalised.

Alternatively the Pλk,s(∆Ms,∆Cs,∆Ks) and Pφk,s(∆Ms,∆Cs,∆Ks) functions in
physical coordinates may be used instead. The resulting eigenvalue perturbations
are exactly the same, and the state eigenvectors perturbations may be obtained
from the physical eigenvector perturbations ∆̃φk. Since the state eigenvectors can
be expressed in terms of the corresponding eigenvalue and physical eigenvector, the
perturbation in state eigenvectors can be approximated to first order as

∆̃xk =
 (λk∆̃φk + ∆̃λkφk

)
∆̃φk

 (5.8)

Constraint modes

The sensitivity function for the constraint modes in terms of the stiffness matrix
may be easily obtained. The interior DOFs of the constraint modes matrix are
computed from the stiffness matrix as ΨC

ic = −K−1
ii Kic. Hence, the corresponding

partial derivation with respect to a physical parameter θ reads

∂ΨC
ic

∂θ
= ∂(−K−1

ii Kic)
∂θ

=
(

K−1
ii

∂Kii

∂θ
K−1
ii

)
Kic −K−1

ii

∂Kic

∂θ
(5.9)

where the derivative of an inverse matrix and the derivation chain rule have been
used. In turn, the coupling DOFs of the constraint modes matrix is just an identity
matrix, i.e. ΨC

cc = I, so that its partial derivation is just a zero matrix.

Thence, by using the sensitivity expression in equation 5.9, the perturbation prop-
agation function for the constraint modes matrix is obtained

∆̃ΨC =
−K−1

ii (∆KiiΨC
ic + ∆Kic)

0cc

 (5.10)

Finally, since the state constraint modes are defined from the constraint modes in
physical coordinates as ΥC = diag(ΨC ,ΨC), the perturbation propagation function
for state constraint modes is simply obtained as

∆̃ΥC =
∆̃ΨC 0

0 ∆̃ΨC

 (5.11)
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Attachment modes

State attachment modes are defined as the attachment DOFs partition of the state
flexibility matrix, i.e. ΥA = Gx

a. Since the state flexibility matrix is the inverse of
the B matrix, its partial derivative with respect to a physical parameter θ is just
the derivative of an inverse matrix. The sensitivity function for the state flexibility
matrix is therefore

∂Gx

∂θ
= −Gx∂B

∂θ
Gx (5.12)

A perturbation approximation for the state flexibility matrix may be directly formu-
lated from the sensitivity function in equation 5.12. The corresponding perturbation
propagation function for the attachment modes is then achieved by selecting just
the attachment DOFs of the state flexibility matrix perturbation approximation,
that is

∆̃ΥA = −Gx∆BΥA (5.13)

Residual attachment modes

The residual state attachment modes correspond to the attachment DOFs of the
residual state flexibility matrix. In other words, attachment modes from which the
residual static effects of the kept normal modes have been removed, i.e.

ΥR = Gx,h
a = [Gx −Gx,k]a = ΥA −XΛ−1XT

a (5.14)

where Gx,k = XΛ−1XT is the residual matrix corresponding to the kept modes,
and the a subscripts indicate attachment DOFs partitions. A sensitivity function
for the Gx,k matrix in terms of the normal eigenvalues and eigenvectors is again
easily obtained by partial derivation using the derivative of inverse matrix and the
derivation chain rule.

∂Gx,k

∂θ
= ∂(XΛ−1XT )

∂θ
= ∂X

∂θ
Λ−1XT −XΛ−1∂Λ

∂θ
Λ−1XT + XΛ−1∂XT

∂θ
(5.15)

The perturbation propagation function for the residual state attachment modes is
then obtained by combining the PPF for the state attachment modes in equation
5.13 and a first order perturbation approximation using the sensitivity function in
equation 5.15 for the residual effects of the kept modes

∆̃ΥR = ∆̃ΥA − (∆̃XV T
a − V ∆̃ΛV T

a + V ∆̃XT
a ) (5.16)

where the matrix V = XΛ−1 has been introduced for a shorter notation.
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5.1.2 Perturbation of global modes

The perturbation propagation from the coupled-modal matrices to global modes
is described in this section. Global modes are defined by the λm—zm eigenpairs
resulting from the solution of the global eigenvalue problem in coupled-modal co-
ordinates. Therefore, perturbation propagation functions of the following form are
sought.

∆̃λm = Pλm(∆̃Az, ∆̃Bz) (5.17)

∆̃zm = Pzm(∆̃Az, ∆̃Bz) (5.18)

Regardless of the structure of the coupled-modal matrices Az and Bz, the varia-
tions in global modes with respect to the coupled-modal matrices follow the same
sensitivity relation as in any generic GEVP. Thus, analogous sensitivity functions
to those of the undamped EVP (c.f. equations D.2 and D.3) shall be obtained for
the global modes in coupled-modal coordinates, i.e.

∂λm
∂θ

= zTm

[
∂Bz

∂θ
− λm

∂Az

∂θ

]
zm (5.19)

∂zm
∂θ

= −1
2

(
zTm

∂Az

∂θ
zm

)
zm −

∑
i 6=m

zTi
[
∂Bz

∂θ
− λm∂Az

∂θ

]
zm

λi − λm
zi (5.20)

where the zm eigenvectors are assumed to be A-normalised. This means that the
perturbation propagation functions for the global modes have exactly the same
mathematical formulation as the modal perturbation propagation functions for un-
damped modes in section 3.2.3, i.e.

∆̃λm = zTm
[
∆̃Bz − λm∆̃Az

]
zm (5.21)

∆̃zm = −1
2
(
zTm∆̃Azzm

)
zm −

∑
i 6=m

zTi
[
∆̃Bz − λm∆̃Az

]
zm

λi − λm
zi (5.22)

where ∆̃Az = ∂Az

∂θ
∆θ and ∆̃Bz = ∂Bz

∂θ
∆θ are first order perturbation approxi-

mations of the variation in the coupled-modal matrices with respect to a generic
varying parameter θ.

If the mode shape vectors xm in physical or state-space coordinates are to be re-
covered, then the perturbed z̃m eigenvectors need to be transformed back by means
of the Tz transformation matrix. However, the transformation matrix is also a
function of the component modes, which means that it is also perturbed by a quan-
tity ∆Tz when the system is subject to variations. Hence, approximate perturbed
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eigenvectors in full order coordinates may be recovered through the coordinate
transformation

x̃m = (Tz + ∆̃Tz)(zm + ∆̃zm) (5.23)

Clearly, the first order perturbation approximations for the coupled-modal matrices
perturbations, ∆̃Az, ∆̃Bz and ∆̃Tz need to be computed in order to use the global
modes perturbation propagation functions in equations 5.21, 5.22 and 5.23. In the
context of perturbation propagation in CMS models, the variations with respect to
the component modes perturbations are specifically regarded.

In the following sections, the perturbation propagation functions for propagating
perturbations from the component modes to the coupled-modal matrices in state-
space based CMS methods are subsequently presented. Since the structure of these
matrices is specific to each CMS method, different perturbation propagation func-
tions are obtained for the MCB method and the CN method.

5.1.3 Perturbation of Morgan-Craig-Bampton matrices

In this section, perturbation propagation functions for the MCB coupled-modal ma-
trices Az and Bz in terms of the component modes are derived. The coupled-modal
matrices in the MCB method are obtained by assembly of the reduced modal compo-
nent matrices Ay

s and By
s , where the modal component matrices are reduced through

pre and post-multiplication with the modal transformation matrix Υs consisting of
the fixed-interface eigenvectors XF

s and the constraint modes ΥC
s in state-space

coordinates.

Accordingly, the pursued coupled-modal matrices perturbation expressions will be
functions of the perturbation in component modes and also in the full order com-
ponent matrices, i.e.

∆̃Az = PAz(∆As, ∆̃XF
s , ∆̃ΥC

s ) (5.24)

∆̃Bz = PBz(∆Bs, ∆̃ΛF
s , ∆̃XF

s , ∆̃ΥC
s ) (5.25)

where the approximate perturbations in component modes correspond to the ones
derived in section 5.1.1. Here, it is assumed that the eigenvectors are A-normalised,
so that only matrix Bz is dependent on the fixed-interface eigenvalues matrix ΛF

s .
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Component matrices

First, it is convenient to derive perturbation approximation expression for the
MCB component matrices. Sensitivity function for the component matrices can
be straightforwardly derived using partial differentiation. For instance, the sensi-
tivity function for the MCB reduced component matrix Ay

s is

∂Ay
s

∂θ
= ∂(ΥT

s AsΥs)
∂θ

= ∂ΥT
s

∂θ
AsΥs + ΥT

s

∂As

∂θ
Υs + ΥT

s As
∂Υs

∂θ
(5.26)

Thence, a first order perturbation approximation for Ay
s follows as

∆̃Ay
s = ∆̃ΥT

s AsΥs + ΥT
s ∆̃AsΥs + ΥT

s As∆̃Υs ≡ ∆̃(ΥTAΥ)s (5.27)

where the short notation ∆̃(ΥTAΥ)s is introduced. An analogous expression is
obtained for the By

s matrix, i.e. ∆̃By
s = ∆̃(ΥTBΥ)s.

Now, the expressions for ∆̃Ay
s and ∆̃By

s shall be better expressed in terms of the
component modal and constraint DOFs partitions. According to the MCB compo-
nent modal matrices in terms of modal and constraint partitions, i.e.

Ay
s =

 I XF TAΥC

ΥCTAXF ΥCTAΥC


s

By
s =

 ΛF XF TBΥC

ΥCTBXF ΥCTBΥC


s

equation 5.27 may be expanded as

∆̃Ay
s =

 0 ∆̃(XF TAΥC)
∆̃(ΥCTAXF ) ∆̃(ΥCTAΥC)


s

(5.28)

and a similar expression is found for ∆̃By
s , that is

∆̃By
s =

 ∆̃ΛF ∆̃(XF TBΥC)
∆̃(ΥCTBXF ) ∆̃(ΥCTBΥC)


s

(5.29)

Perturbation propagation functions for the MCB coupled-modal matrices can now
be easily derived from the component matrices perturbation approximations in
equations 5.28 and 5.29.

Coupled-modal matrices

Since the MCB coupled-modal matrices are obtained by simple assembly of the re-
duced component matrices, their corresponding perturbation propagation function
can be directly obtained through the adequate assembly of the perturbation approx-
imations in equations 5.28 and 5.29 for each of the reduced components matrices.
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Hence, the PPFs for the Az and Bz coupled-modal matrices have the following
structure

∆̃Az =


0 0 · · · ∆̃

(
XF TAΥC

)
1

0 0 · · · ∆̃
(
XF TAΥC

)
2... ... . . . ...

∆̃
(
ΥCTAXF

)
1

∆̃
(
ΥCTAXF

)
2
· · · ∑

s ∆̃
(
ΥCTAΥC

)
s

 (5.30)

∆̃Bz =


∆̃ΛF

1 0 · · · ∆̃
(
XF TBΥC

)
1

0 ∆̃ΛF
2 · · · ∆̃

(
XF TBΥC

)
2... ... . . . ...

∆̃
(
ΥCTBXF

)
1

∆̃
(
ΥCTBXF

)
2
· · · ∑

s ∆̃
(
ΥCTBΥC

)
s

 (5.31)

Here, it can be observed that the PPF for the Bz coupled-modal matrix is posed as
function of the ∆̃ΛF

s , ∆̃XF
s ∆̃ΥC

s and ∆̃Bs (approximate) perturbations in each of
the components, whereas the PPF for the Az matrix is function of the ∆̃XF

s ∆̃ΥC
s

and ∆̃As perturbations, but not of the ∆̃ΛF
s perturbations.

Global modes transformation matrix

Similarly, in the MCB method, the transformation matrix Tz for recovering the
global modes in physical coordinates is obtained by assembly of the component
modal transformation matrices Υs = [XFΥC ]s. Thence, the perturbation expres-
sion for Tz can also be obtained by adequate assembly of the component modes
perturbation approximated through the corresponding PPFs, yielding the following
expression

∆̃Tz =


∆̃XF

ik,1 0 · · · ∆̃ΥC
ic,1

0 ∆̃XF
ik,2 · · · ∆̃ΥC

ic,2
... ... . . . ...
0 0 · · · 0cc

 (5.32)

In conclusion, when a FE model is reduced into a MCB model, any perturbation in a
system parameter can be effectively propagated into the full system modes through
perturbation propagation functions. A perturbation in any of the defined elements
is propagated into the MCB coupled modal matrices following equations 5.30 and
5.31 together with the PPFs for the fixed-interface and the constraint modes in
state-space coordinates defined in section 5.1.1. Then, the perturbation in the MCB
reduced matrices is propagated into the global modes at a small computational cost
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(equations 5.21 and 5.22). Finally, the perturbed transformation matrix, as has
just been defined, may be used to recover the mode shapes in physical coordinates.

5.1.4 Perturbation of Craig-Ni matrices

The perturbation propagation functions for the CN coupled-modal matrices Az and
Bz in terms of the component modes are derived in this section. In this case, the
PPFs will be function of the perturbation in the full order component matrices and
in CN component modes, that is

∆̃Az = PAz(∆As, ∆̃Λs, ∆̃Xs, ∆̃ΥR
s ) (5.33)

∆̃Bz = PBz(∆Bs, ∆̃Λs, ∆̃Xs, ∆̃ΥR
s ) (5.34)

where, this time, Az is also function of the component eigenvalues matrix Λs by
reason of the use of residual attachment modes.

Component matrices

As for the MCB method, it is convenient to first derive the perturbation expressions
for the reduced component matrices. Component matrices reduction is performed
analogously to the MCB method, i.e. Ay

s = ΥT
s AsΥs and By

s = ΥT
s BsΥs, but this

time with the modal reduction matrix consisting of free-interface normal modes
and residual attachment modes in state-space coordinates, i.e. Υs = [X ΥR]s. This
results in the CN reduced component matrices having the following structure

Ay
s =

Ākk 0ka
0ak Ay

aa


s

=
 I 0

0 ΥRTAΥR


s

(5.35)

By
s =

B̄kk 0ka
0ak By

aa


s

=
 Λ 0

0 −ΥR
a


s

(5.36)

where the free-interface modes are assumed A-normalised. Equations 5.35 and 5.36
show simple expressions where the reduced component matrices depend basically
on the residual attachment modes ΥR.

This very simple structure of the CN component matrices yield equally simple
expressions for the CN component matrices perturbations. The perturbation ex-
pression for matrix Ay

s reads

∆̃Ay
s =

 0 0
0 ∆̃(ΥRTAΥR)


s

(5.37)
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where the short notation ∆̃(ΥRTAΥR) is introduced again as in equation 5.27.
Hence, ∆̃Ay

s depends only on the full order component matrix perturbation ∆̃As

and the residual attachment modes perturbation ∆̃ΥR
s . In turn, the perturbation

expression for matrix By
s is even simpler

∆̃By
s =

 ∆̃Λ 0
0 −∆̃ΥR

a


s

(5.38)

being just a function of the eigenvalues perturbation ∆̃Λ and the residual attach-
ment modes perturbation ∆̃ΥR

a at the attachment DOFs. However, recall that
the residual attachment modes perturbation involves the perturbation of the free-
interface modes as well (both eigenvalues and eigenvectors). Thus, both component
matrices are functions of the perturbation in all of the component modes.

Coupled-modal matrices

Once the perturbation expressions for the CN component matrices have been de-
rived, the perturbation propagation functions for the coupled-modal matrices may
be derived. Yet, the synthesis of components in the CN method is more complicated
than the simple superelement assembly process resulting in the MCB method. In
consequence, the PPFs for the CN coupled-modal matrices are not so straightfor-
ward in this case.

The synthesis of CN components is enforced by pre- and post-multiplying the Ay

and By component-modal matrices2 with the modal condensation matrix Sz. Given
the structure of Sz for the CN coupling process, the CN coupled-modal matrices
may be expressed as a sum of modal and residual matrices3, i.e.

Az = Ākk + Szak
TAy

aaSzak = I + AR (5.39)

Bz = B̄kk + Szak
TBy

aaSzak = Λ + BR (5.40)

Sensitivity functions for the coupled modal matrices are easily obtained by partial
differentiation of equations 5.39 and 5.40 using the chain rule. Accordingly, first
order perturbation approximation for the coupled-modal matrices read

∆̃Az = ∆̃AR = ∆̃(SzakTAy
aaSzak) (5.41)

2Here Ay and By are block diagonal matrices in generalised component-modal coordinates,
that is, containing all of the CN component matrices Ay

s and By
s .

3Here Ākk = I and B̄kk = Λ are block diagonal matrices containing all of the components
modal matrices, and the residual matrices AR and BR contain all the residual effects of the
truncated high order component modes.
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∆̃Bz = ∆̃Λ + ∆̃(SzakTBy
aaSzak) (5.42)

where the ∆̃( ) compact notation is introduced again for clarity. The ∆̃Ay
aa and

∆̃By
aa perturbations are directly obtained from equations 5.37 and 5.38. The ∆̃Szak

perturbation shall be further derived.

The attachment partition of the modal condensation matrix Szak is obtained from
the modal coupling matrix Cy. Its mathematical expression, i.e. Szak = −Cy

ca
−1Cy

ck,
is analogous to the expression for computing the constraint modes. Hence, the
perturbation aproximation for Szak is exactly of the same form as the perturbation
approximation for ΨC

ic in equation 5.10, that is

∆̃Szak = −Cy
ca
−1
(
∆̃Cy

caSzak + ∆̃Cy
ck

)
(5.43)

Equation 5.43 propagates the perturbation in modal coupling matrix into the modal
condensation matrix. A perturbation expression for ∆̃Cy in terms of the component
modes is therefore needed. However, there is no generic expression for the modal
coupling matrix since its structure is system specific (e.g. how many couplings has
a component, how many components are involved at each coupling DOF, etc.).

Therefore, explicit expressions for the coupled-modal matrices perturbation may
not be given for a generic case. Nevertheless, the modal coupling matrix is always
composed of component modes matrices Xs and ΥR

s . For instance, in Chapter 4
the modal coupling matrix for a simple system consisting of just two coupled com-
ponents was given in equation 4.118. Accordingly, the corresponding perturbation
expression is simply

∆̃Cy = [∆̃Cy
ck ∆̃Cy

ca] =
 0ck 0ck 0ca 0ca

∆̃XD
ck,1 −∆̃XD

ck,2 ∆̃ΥD,R
ca,1 −∆̃ΥD,R

ca,2

 (5.44)

Hence, a perturbation expression for Cy may be always found in terms of the ∆̃Xs

and ∆̃ΥR
s perturbations, but this will always be system specific.

In any case, considering that a perturbation approximation ∆̃Cy may be obtained,
PPFs for the CN coupled-modal matrices in terms of the component modes per-
turbations are derived by inserting the specific ∆̃Cy perturbation expression into
equation 5.43, and this latter equation into equations 5.41 and 5.42.

Global modes transformation matrix

Once the perturbations in component modes are propagated into the CN coupled-
modal matrices, these can be further propagated into the global modes through

183/306



5.1. Perturbation propagation functions in state-space based CMS models

equations 5.21 and 5.22. In order to recover global modes in physical coordinates,
the global modes in CN coupled-modal coordinates must be transformed back. Yet,
CN transformation matrix Tz is a function of the component modes, so that it also
gets perturbed by a quantity ∆Tz. A first order perturbation approximation ∆̃Tz

may be computed.

The CN transformation matrix is obtained by post-multiplication of the Υ com-
ponent modes matrix4 with the modal condensation matrix Sz, i.e. Tz = ΥSz.
Both matrices, Υ and Sz are functions of the component modes for all the com-
ponents, but the exact structure of these matrices is dependent on the coupling
constraint equations, which are system specific. Thus no explicit form for Tz in the
CN method may be given.

At best, the CN transformation matrix may be expressed as a sum of two matrices,
i.e. Tz = X + ΥRSzak = X + TR, from which a ∆̃Tz perturbation approximation
can be derived

∆̃Tz = ∆̃X + ∆̃ΥRSzak + ΥR∆̃Szak (5.45)

where ∆̃Szak is given by equation 5.43 and the ∆̃X, ∆̃ΥR and ∆̃Cy perturbations
are system specific, but simple expressions in terms of the component modes per-
turbations.

In conclusion, perturbation approximation expressions ∆̃Az, ∆̃Bz and ∆̃Tz exist for
the Craig-Ni matrices, however, their mathematical formulation is system specific.
Moreover, although the perturbation approximation for the CN component matrices
is very simple, intermediate perturbation approximations (e.g. ∆̃Sz, ∆̃Cy ...) are
needed in order to get the linear perturbation propagation function for the the CN
coupled modal-matrices.

This makes the use of the perturbation propagation scheme with CN reduced mod-
els less amenable than its use with MCB reduced models. This does not mean
that efficient perturbation methods may not be derived for CN reduced models,
but their mathematical derivations would be very tedious. Accordingly, in the re-
maining parts of this chapter the MCB method will be considered throughout for
the derivation of efficient perturbation methods in state-space based CMS models.

4Here the component modes matrix Υ is a matrix constructed by the adequate assembly of
all of the component modes transformation matrices Υs into a generalised coordinates matrix Υy

and further transformation into (state-space) physical coordinates through condensation of the
redundant coupling DOFs between components, i.e. Υ = S−1Υy.
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5.1.5 Numerical validation

The locally damped cantilever example is here used again in order to test the
performance of the damped CMS perturbation propagation approximation. The
description of the beam is exactly the same as in section 4.6.1 for the heavily
damped case, with elements 5 and 8 in Figure 5.2 having ten times higher damping
than the rest of the elements. The beam is divided into two components and the
ten first modes are computed through the MCB method.

Figure 5.2: Locally damped cantilever beam example.

Damping variation

First, variation of the localised damping in component 2 is considered. The damping
in element 8 is described by the corresponding element damping matrix CE8. A
variation ∆CE8 from -50% to +50% of the original CE8 value is defined in steps of
10%. The modal solution for each variation is sought.

For each of the first ten damped modes, Figure 5.3 shows the exact eigenvalue
variation curves in a modal frequency versus modal damping complex plane when
the CE8 matrix is perturbed from -50% to +50% of its original value. Here, these
modal solutions will be computed through perturbation approximations for each of
the 10% perturbation steps.

From the baseline solution the full system modes of the system are approximated
in two ways. First, they are computed through the CMS perturbation propagation
functions defined for the MCB method. The perturbation approximations are sub-
sequently compared to the exact modal solutions by means of relative error and
MAC values. Then, the same modes are directly computed through full system
modes perturbation approximation (as defined in section 3.2.3), and compared to
the exact solutions. In this way, the state-space CMS perturbation propagation
scheme can be assessed against the full order modal perturbation approximation.

Figure 5.4 shows the relative errors in the perturbed modal frequencies of the first
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Figure 5.3: Exact variation for the first 10 eigenvalues of the cantilever example when
CE8 is perturbed by -50% to +50%. Black dots and black triangles indicate

eigenvalues at 0% and +50% perturbations respectively.

ten modes. The error curves for the CMS perturbation propagation scheme are pre-
sented in the left hand side plot, and the error curves for the full order perturbation
approximation are presented in the right hand side plot. It can be seen that, in
both cases, the approximation error in the six lowest modes is below 0.1% of the
modal frequency value for all of the damping variation range. In fact, in Figure
5.3 the modes 1 to 6 show modal damping values below 15%, so that they can be
considered lightly damped. Hence, damping variations imply almost no perturba-
tion in modal frequency, and the perturbation approximation error is consequently
very small. On the contrary, modes 7 to 10 show modal damping values well over
20%, i.e. they are heavily damped. Therefore, noticeable perturbations in modal
frequencies occur for variation in the system damping. Nevertheless, the pertur-
bation approximation error in these latter modes is still below 1% error in modal
frequency, which is a rather small error for engineering purposes.

If the left and right hand plots in Figure 5.4 are compared it can be seen that
the error curves for the four largest frequency modes show significant differences.
For the full order modal perturbation solutions, the exact solution is obtained at
0% damping perturbation, and maximum approximation errors are encountered
almost symmetrically at both extremes of the damping variation interval, all of
them in the range of 0.3% to 0.5% error. On the contrary, for the CMS perturbation
propagation solutions, significant modal frequency errors are already present at
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Figure 5.4: Modal frequency error values for the first 10 eigenvalues of the cantilever ex-
ample when CE8 is perturbed from -50% to +50%. Left: CMS perturbation

propagation. Right: Full order modal perturbation.
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Figure 5.5: Modal damping error values for the first 10 eigenvalues of the cantilever
example when CE8 is perturbed by -50% to +50%. Left: CMS perturbation

propagation. Right: Full order modal perturbation.

0% damping perturbation5 (e.g. 0.2% error in mode 10). Thence, in the highest

5These errors are not due to the perturbation propagation scheme but to the fact that the CMS
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Figure 5.6: Modal Assurance Criterion values for the first 10 eigenvectors of the can-
tilever example when CE8 is perturbed by -50% to +50%. Left: CMS

perturbation propagation. Right: Full order modal perturbation.

modes, slightly bigger maximum errors result from CMS perturbation propagation
approximation (up to 1% error), and these are not symmetrical with respect to the
damping variation interval. In both cases, it can be said that the approximation
errors in the modal frequencies are of similar magnitude.

Figure 5.5 shows the relative errors in the perturbed modal damping ratios of the
first ten modes. It can be seen that modal damping errors are of larger magnitude
than modal frequency errors. For the 4 highest modes (heavily damped) maximum
approximation errors up to 5% of the damping value are encountered at the extremes
of the variation interval. Moreover, modal damping errors for the 6 lowest modes
(lightly damped) increase up to 2% error, which are not negligible errors as were
the case for the modal frequency error. This happens because significant modal
damping perturbations occur even for the lightly damped modes, as can be seen
in Figure 5.3. This time, the perturbation approximation error dominates over
the CMS modal solution error so that, besides not obtaining the exact solution at
0% damping variation, the CMS perturbation propagation approximation obtains
roughly the same error curves as the full order modal perturbation approximation.

Finally, the mode shape vectors obtained through perturbation approximations were

baseline solution already presents some approximation error for the highest modes. The reference
case CMS solution errors might be minimised by increasing the number of component modes.
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evaluated by computing the Modal Assurance Criterion between the approximate
eigenvectors and their corresponding exact eigenvector solution. The resulting MAC
values are shown in Figure 5.6. MAC values over 0.97 are obtained for all modes
throughout all the variation range, with slightly worse performance for the CMS
perturbation approximation as a result of non-exact baseline solution obtained in
the MCBmethod. This means that eigenvectors are very well approximated through
perturbation approximation, probably because the actual eigenvector perturbations
are very small when system damping varies.

Stiffness variation

Next, a second variation scenario is considered. The elastic modulus in Component
2 is assumed to vary from -50% to +50% of its nominal value (with damping held
fixed). That is, the assembled stiffness matrix for Component 2 KC2 is subject to
elastic modulus proportional variations ∆KC2. The same modal solutions as in the
damping variation case have been computed in steps of 10% variations.
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Figure 5.7: Exact variation for the first 10 eigenvalues of the cantilever example when
KC2 is perturbed by -50% to +50%. Black dots and black triangles indicate

eigenvalues at 0% and +50% perturbations respectively.

Figure 5.7 shows the exact variation of the eigenvalues for -50% to +50% KC2

variations for which perturbation approximations are computed. Notice that the
eigenvalue variations are much more pronounced for ∆KC2 variations than for ∆CE2
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variations in Figure 5.3. For increasing KC2 values the modal frequencies increase
monotonically, whereas the modal damping values do not all vary increasingly nor
monotonically. Thence, it is clear that modal damping values are strongly sensitive
to system stiffness variations in a non-linear way.

The perturbation approximations for the first ten modes are evaluated in the fol-
lowing. Approximation errors for the modal frequencies and modal damping values
are presented in Figures 5.8 and 5.9 respectively, and the MAC values for the cor-
responding mode shape vectors are shown in Figure 5.10.
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Figure 5.8: Modal frequency error values for the first 10 eigenvalues of the cantilever
example when KC2 is perturbed by -50% to +50%. Left: CMS perturbation

propagation. Right: Full order modal perturbation.

Modal frequency errors show maximum values of 5% to 6% relative error at the
variation interval lower extreme. These are significantly bigger figures than in
the previous example case, most likely due to larger modal frequency variations.
Similarly, modal damping errors are bigger than in the system damping variation
example. Maximum modal damping errors rise up to 18% at the variation interval
lower extreme for certain modes (those that have the least linear damping varia-
tion). MAC values show also worse performance, decreasing down to 0.84 for the
largest modes at the variation interval lower extreme.

In this case, the error curves and the MAC values for the CMS perturbation prop-
agation (left plots) and the full order perturbation approximation (right plots) are
very similar, since the perturbation approximation errors dominate over the base-
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Figure 5.9: Modal damping error values for the first 10 eigenvalues of the cantilever
example when KC2 is perturbed by -50% to +50%. Left: CMS perturbation

propagation. Right: Full order modal perturbation.
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Figure 5.10: Modal Assurance Criterion values for the first 10 eigenvectors of the can-
tilever example when KC2 is perturbed by -50% to +50%. Left: CMS

perturbation propagation. Right: Full order modal perturbation.

band CMS solution errors.

Stiffness variation in all of the elements of Component 2 has shown much larger
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perturbation of the modal frequencies and a much more non-linear variation in the
modal damping than damping variation in element 8. Consequently, the perturba-
tion approximation errors are bigger for the same range of variation. In this case,
perturbation methods should be restricted to a narrower variation interval. For
example, if a ±20% variation interval is considered for KC2 similar errors in the
modal parameters are obtained in comparison to those for the ±50% variations in
CE8.

Mass variation

A third perturbation test may be conducted considering variation in component
mass values. Analogous to the stiffness perturbation test, the mass density in
Component 2 is assumed to vary from -50% to +50% of its nominal value, implying
that the assembled mass matrix for Component 2 MC2 is subject to proportional
variations ∆MC2. For the same 10% variation steps modal solutions have been
computed.

The resulting frequency and damping errors as well as MAC values are very similar
to those of the stiffness perturbation test, with almost identical figures regarding
maximum error at the interval extremes. It would be redundant to show almost
repeated error results to those presented in Figures 5.8, 5.9 and 5.10, so that error
figures for the mass variation results will be omitted here. In any case, it can be
said that the perturbation propagation scheme in CMS models shows equivalent
accuracy for mass variations as for stiffness variations. Thus, the same conclusions
as found for the stiffness perturbation test apply in this case.

5.2 Local modal perturbation method

The perturbation propagation scheme presented in the previous section obtained
modal perturbation approximations with equal accuracy as the perturbation method
in full coordinates. Reanalysis flexibility is gained by performing perturbation ap-
proximations in a substructured model, since any variation may be addressed at a
component level and then propagated into the reduced model of the full system.
Yet, several perturbation propagation functions have been defined for the CMS pa-
rameters (e.g. for component constraint and attachment modes, for the reduced
order and transformation matrices) so that all of the computational efficiency gain
that has been reached by virtue of the substructuring may be lost again due to the
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need for computing the approximation for so many intermediate variables.

However, not all of the PPFs in the CMS scheme necessarily contribute significantly
to the perturbation in the full system modes. Some CMS parameters may experience
variations of very little magnitude or, perhaps, the full system modes may be more
sensitive to variations in some parameters than others. Hence, the propagation of
perturbations in a CMS model might be made more efficient if some of the PPFs in
section 5.1 can be neglected at the price of a small increase in the approximation
errors.

Following this idea, Mace and Shorter [23] first proposed a perturbation method
for propagating uncertainties from component modes to global modes in Craig-
Bampton CMS models at very little computational cost. Firstly, they considered
that system uncertainties may be better quantified at a component modal level,
since the variability in modal parameters is more easily measured than the random-
ness in spatially distributed physical parameters. This assumption implies that the
perturbations are directly defined in the component modes so that the perturbation
propagation from component matrices to component modes can be bypassed.

Secondly, they assumed that the natural frequencies of the component modes are
the only CMS parameters that vary significantly. Then, since the component (un-
damped) eigenvalues appear as Λ submatrices in the Craig-Bampton matrices (c.f.
equation 4.55), it is trivial to obtain global mode sensitivities with respect to com-
ponent eigenvalue variations. Accordingly, very simple perturbation propagation
functions can be derived for the global undamped modes.

The local modal perturbation (LMP) method achieves in this way a very cost-efficient
approximation of the global modes variation once the perturbation in component
modes is available. However, since it is based on the Craig-Bampton method, this
approach is only applicable for approximating undamped modes. Therefore, its use
is restricted to lightly damped systems.

In this thesis, the local modal perturbation method is extended using a novel ap-
proach of the method based on state-space CMS models6. The aim of this new
approach is to perform approximate vibration analyses on large built-up systems
which typically have localised damping treatments.

In this case, the LMP method is developed based on the Morgan-Craig-Bampton
CMS method. Consider the coupled-modal matrices in the MCB method which

6The Local modal perturbation method in state-space CMS models was presented in [96]
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have the following structure

Ay =
 Ikk Ay

kc

Ay
ck Ay

cc

 By =
 Λkk By

kc

By
ck By

cc


where the Λkk submatrix contains all of the components (fixed-interface) damped
eigenvalues λk = −σk ± iωd,k in its diagonal.

Now, assume as in the original LMP method that the component eigenvalues are the
only CMS parameters that may vary, with the particularity that damped eigenvalues
involve both the modal frequency and the modal damping parameters. Thence, the
resulting sensitivity functions for the coupled-modal matrices with respect to a
component eigenvalue λj are

∂Ay

∂λj
=
 0kk 0kc

0ck 0cc

 ∂By

∂λj
=
 ∂Λkk

∂λj
0kc

0ck 0cc

 (5.46)

That is, the Ay matrix in MCB coordinates is invariant, and only the Λkk submatrix
in By is sensitive to variations in component eigenvalues.

In fact, since the component eigenvalues are independent variables, the partial
derivation of a component eigenvalue λk with respect to another component eigen-
value λj equals zero unless both eigenvalues are the same one, i.e.

∂λk
∂λj

= δkj (5.47)

with δkj the Kronecker delta. Notice that complex conjugate eigenvalue pairs in
Λkk are also independent since for any complex number z ∈ C the partial derivative
of the complex conjugate is zero, i.e. ∂z∗

∂z
= 0.

Consequently, the By sensitivity in equation 5.46 is a Jjj single-entry matrix7 with
Jjj = ∂λj

∂λj
= 1. Therefore, in the LMP method, first order perturbation approxima-

tions for the MCB coupled modal matrices simply read

∆̃Ay = 0 ∆̃By = Jjj∆λj (5.48)

Then, by inserting these simple perturbation approximations for ∆Ay and ∆By

in the PPFs for damped global modes (equations 5.21 and 5.22) the following ex-
pressions are obtained for the global modes eigenvalues λm and eigenvectors zm
perturbations with respect to component eigenvalues λj perturbations

∆̃λm = (zjm)2 ∆λj (5.49)
7A single-entry matrix Jij is a binary matrix with all zero-valued elements except for element

Jij which is unity-valued.
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∆̃zm =
∑
i 6=m
−
zTjizjm

λi − λm
zi∆λj (5.50)

where the zi global eigenvectors are expressed in coupled-modal coordinates.

Thus, a perturbation in a component eigenvalue λj is propagated into the global
eigenvalues λm at a trivial cost, just by multiplying ∆λj with a squared scalar value
zjm corresponding to j’th coupled-modal DOF of the m’th global eigenvector.

In turn, the propagation into the global eigenvectors zm is not so straightforward,
but it is significantly more cost-efficient than the full order perturbation approxi-
mation. Although a weighted sum over all of the i 6= m global modes needs to be
computed, all of the weighting quantities in equation 5.50 are scalar values, and
the zi global eigenvectors are of reduced order since they are in coupled-modal co-
ordinates. Moreover, since the component eigenvectors are assumed invariant, the
full order eigenvectors perturbation are simply recovered by multiplication with the
deterministic back-transformation matrix, i.e.

∆̃xm = Tz∆̃zm (5.51)

The LMP perturbation propagation functions in equations 5.49, 5.50 and 5.51 are
the direct extension to MCB reduced models of the original LMP method PPFs
in Craig-Bampton coordinates (see [23]). Hence, these might be used for modal
uncertainty analysis in the same way as proposed by Mace and Shorter. That is,
the uncertainty may be introduced in the MCB model at a component modal-level
by assuming some random distribution for the component eigenvalue perturbations.
Then, the damped component eigenvalue perturbations may be propagated into the
global modes.

5.2.1 Numerical validation

The LMP method for the MCB models is evaluated in the following using the can-
tilever example in section 5.1.5. The same two tests are performed, namely, the
-50% to 50% CE8 and KC2 variations in 10% steps. First, the corresponding com-
ponent eigenvalues perturbations are computed using the state-space normal modes
perturbation propagation function in equation 5.6. Then, these are propagated into
the global modes through the LMP perturbation propagation functions.

The error in the first 10 LMP approximated cantilever modes with respect to the
exact solution is presented in Figures 5.11, 5.12 and 5.13 for the modal frequencies,
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modal damping and mode shape vectors respectively. The results for CE8 damping
variations are shown in the left hand side plots, and the the results for the KC2

stiffness perturbations are shown in the right hand side plots.
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Figure 5.11: Modal frequency error in the first 10 cantilever modes computed through
the LMP method with perturbed CE8 (left) / KC2 (right).

Looking first at the results for system damping variation, it can be observed that the
error in modal frequencies (Figure 5.11) and the MAC values for the mode shapes
(Figure 5.13) are almost the same as the ones obtained in Figures 5.4 and 5.6 for the
full CMS perturbation propagation scheme. In other words, the accuracy in modal
frequencies and mode shapes is as good as it can be for a first order perturbation
approximation. On the contrary, the modal damping approximation is significantly
worse in the LMP case. In Figure 5.12, the damping error rises steeply even for the
central part of the variation interval, and maximum errors up to 20% of the modal
damping value are obtained at the extremes of the interval.

A completely different situation is observed when looking at the LMP results for
stiffness variation in the right hand plots of Figures 5.11, 5.12 and 5.13. The LMP
results for the global modes are completely wrong, they cannot even be considered
approximations: Modal frequency errors of up to 400%, modal damping errors of
up to 1400% and MAC values falling to zero even for the 10% KC2 perturbations.
Similar completely inaccurate results would be obtained for mass variations.
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Figure 5.12: Modal damping error in the first 10 cantilever modes computed through
the LMP method with perturbed CE8 (left) / KC2 (right).
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Figure 5.13: Modal Assurance Criterion for the first 10 cantilever eigenvectors computed
through the LMP method with perturbed CE8 (left) / KC2 (right).

5.2.2 Validity of the LMP method

The LMP method when applied to MCB reduced models does not appear to work
at all for variations in the system stiffness. However, the LMP method provides
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fairly accurate undamped modes estimations when applied to CB reduced models as
demonstrated by Mace and Shorter in [23]. What is then the reason why inaccurate
results are attained when applied to state-space based CMS models?

The answer to this question lies in the fact that the component state-eigenvectors
xk used for the component model reduction may not be considered by any means
unperturbed. On one hand, when the system is heavily damped, variations in any
of the three component matrices M, C or K produce significant variations in modal
frequencies and also in modal damping (c.f. section 3.1). Consequently, the damped
mode shapes of the components show variation in their complexity at the very least.

On the other hand, and more determining, the velocity DOFs of state-eigenvectors
involve the corresponding damped mode shape and damped eigenvalue, i.e. xVk =
λkφk. Therefore, as is evident if one inspects the ∆̃xk alternative perturbation
approximation in equation 5.8, a perturbation in a component eigenvalue λk nec-
essarily implies a perturbation in the corresponding state-eigenvector xk. It is
inconsistent to assume perturbation in the component eigenvalues but not in their
corresponding state-eigenvectors.

Thus, variation in component state-eigenvectors may not be neglected for an accu-
rate analysis of the global modes perturbation coming from an state-space based
CMS solution. However, although it is possible to reformulate the LMP method
in order to include the sensitivities of the global modes with respect to compo-
nent mode shape variations, a local modal perturbation approach involving the
component mode shapes would make the LMP method much less appealing for
propagating uncertainties. Since mode shapes are spatially distributed variables,
defining uncertainties at a component modal level would involve defining a mode
shape random field for each of the considered component modes. Hence, consis-
tently quantifying uncertainty in the local mode shapes may be even more difficult
than the quantification over the primary physical parameters.

Nevertheless, the LMP method may still be used for propagating system damping
perturbations only. In the CE8 perturbation test good accuracy in modal frequencies
and mode shapes was obtained. Actually, the relatively accurate results are rather a
consequence of the perturbation in modal frequencies and mode shapes being small
in comparison with the baseline values, as has been already pointed out in section
5.1.5. On the contrary, the accuracy in modal damping of the global modes was
not as good due to component mode shape perturbation being neglected. Yet, for a
sufficiently narrow range of variation modal damping errors fall below an acceptable
tolerance (e.g. 5% maximum error value for ±20% CE8 perturbation).

198/306



5.3. Component modal-propagation method

Accordingly, the use of the LMP method for damping uncertainty propagation
has been proposed in [97] for locally damped systems. The LMP method proved
very cost-efficient and reasonably accurate for a system with uncertain localised
damping, where Gaussian random variations of just the component modal damping
were assumed with relative standard deviation of 5% times its nominal value.

5.3 Component modal-propagation method

In locally damped built-up systems, perturbations in the physical properties of the
constituent subsystems may be propagated into the full system modes by means of
the perturbation propagation functions defined in section 5.1.1. However, efficient
propagation of stiffness/mass perturbations in state-space based CMS models has
not yet been resolved.

Even though the LMP method may be used for damping variability analyses, it
has been shown in the previous section that stiffness/mass variations may not be
addressed at a component modal level through the LMP method. This happens
because component mode shapes play an important role in the propagation of per-
turbations into the global modes. Therefore, a state-space based CMS perturbation
method which addresses stiffness/mass variability in locally damped systems must
necessarily involve component mode shape perturbations.

In this section, following the idea that global modes might be more sensitive to
variation in certain CMS parameters than in others, a new perturbation method is
presented for state-space based CMS models. In this case it is assumed that only
the normal component modes vary for any variation in the physical parameters
of a component. In other words, that the perturbation propagation goes from
component matrices to the component eigensolutions, and from the component
eigensolutions directly to the global modes.

The perturbation approximations for component eigensolutions have already been
described 8. Thence, what is looked for here are perturbation propagation functions
that directly relate the perturbation in component eigensolutions to perturbation

8For state-eigensolutions the modal perturbation propagation functions Pλk,s
(∆As,∆Bs)

and Pxk,s
(∆As,∆Bs) in equations 5.6 and 5.7 may be used. Alternatively, perturbation

propagation functions in physical coordinates may be used, i.e. Pλk,s
(∆Ms,∆Cs,∆Ks) and

Pφk,s
(∆Ms,∆Cs,∆Ks) in equations 3.18 and 3.19.
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in the global eigensolutions, that is

∆̃λm = Pλm(∆̃Λs, ∆̃Φs) (5.52)

∆̃zm = Pzm(∆̃Λs, ∆̃Φs) (5.53)

These PPFs will be derived in the following for the Morgan-Craig-Bampton CMS
method.

5.3.1 Component modal to global modal perturbation prop-
agation in state-space coordinates

Consider the perturbation approximations for the MCB reduced component matri-
ces in equations 5.28 and 5.29. There, the approximate perturbation in component-
modal matrices ∆̃Ay

s and ∆̃By
s is a function of the perturbation in the component

eigensolutions, constraint modes and component matrices.

Now, assume that any perturbation in a physical parameter of a component is fully
described by the ∆̃ΛF

s and ∆̃XF
s fixed-interface state-eigensolutions perturbation

approximations. That is, that the perturbation in constraint modes can be ne-
glected, i.e. ∆ΥC

s = 0, and that the perturbations in component matrices ∆As

and ∆Bs need not to be considered since they are already included in ∆̃ΛF
s and

∆̃XF
s . Then, the perturbation expressions for the MCB component-modal matrices

get simplified into

∆̃Ay
s =

 0 ∆̃XF TAΥC

ΥCTA∆̃XF 0


s

(5.54)

∆̃By
s =

 ∆̃ΛF ∆̃XF TBΥC

ΥCTB∆̃XF 0


s

(5.55)

These may be easily assembled for all components in order to obtain the perturba-
tion approximation for the MCB coupled-modal matrices. Yet, when variability is
contemplated in built-up systems (e.g. design modifications, uncertainty, etc.), in-
dependent variations are typically assumed from one component to another. There-
fore, perturbation in global modes shall be computed considering perturbation in a
single component at a time.

Accordingly, if only one component s is assumed to be perturbed, the corresponding
perturbations in MCB coupled-modal matrices will be matrices with most of their
entries zero valued, except for those entries corresponding to the s’th component.
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For instance, for a two-component system where only the second component is
perturbed, the coupled-modal matrices would read

∆̃Az =


0 0 0
0 0 ∆̃Ay

2c

0 ∆̃Ay
2c
T 0

 ∆̃Bz =


0 0 0
0 ∆̃ΛF

2 ∆̃By
2c

0 ∆̃By
2c
T 0

 (5.56)

with ∆̃Ay
sc = ∆̃XF

s
TAsΥC

s and ∆̃By
sc = ∆̃XF

s
TBsΥC

s .

Then, the perturbation in global modes can be approximated by introducing ∆̃Az

and ∆̃Bz into the global-modal PPFs in equations 5.21 and 5.22. However, no-
tice that the global-modal PPFs involve bilinear forms of the kind zTi ∆̃Azzm and
zTi ∆̃Bzzm. Accordingly, since most of the ∆̃Az and ∆̃Bz entries are zero valued,
these bilinear forms may be rewritten just for the entries corresponding to the s’th
component.

The global eigenvectors in MCB coupled-modal coordinates zm are composed of the
modal degrees of freedom corresponding to each of the Nc components, and of the
state-space coupling degrees of freedom, i.e.

zm =



z1
...
zNc
xc


m

(5.57)

From these, only the modal DOFs zsm and the coupling DOFs xcm corresponding
to the s’th component multiply with non-zero entries. Thus, the bilinear forms can
be rewritten as

azim = zTi ∆̃Azzm = zTsi∆̃Ay
scxcm + xTci∆̃Ay

sc

T
zsm (5.58)

bzim = zTi ∆̃Bzzm = zTsi∆̃By
scxcm + xTci∆̃By

sc

T
zsm + zTsi∆̃ΛF

s zsm (5.59)

where ∆̃Ay
sc and ∆̃By

sc are function of the state-eigenvalues perturbation ∆̃XF
s only.

Finally, the perturbation in global modes can be posed in terms of the weighting
factors defined in equations 5.58 and 5.59, i.e.

∆̃λm = bzmm − λmazmm (5.60)

∆̃zm = −1
2a

z
mmzm −

∑
i 6=m

bzim − λmazim
λi − λm

zi (5.61)

Note that these are the direct PPFs from component modes to global modes since
azim and bzim are function of just the perturbation in component eigenvalues ∆̃ΛF

s
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and eigenvectors ∆̃XF
s of the s’th component. Notice as well that the last term in

equation 5.59, i.e.
lzim = zTsi∆̃ΛF

s zsm (5.62)

is the only one dependent on the component eigenvalues. If component eigenvectors
were assumed unperturbed, all other terms in azim and bzim would vanish except for
lzim. In such case, the global-modal perturbation propagation functions would be
simply

∆̃λm = lzmm (5.63)

∆̃zm = −
∑
i 6=m

lzim
λi − λm

zi (5.64)

which are, in fact, the generic expressions for the Local Modal Perturbation method.

Eventually, the perturbed global mode shape vectors in physical (or state-space)
coordinates may be recovered by multiplication with the back-transformation ma-
trix (c.f. equation 5.23). In this case, since component eigenvectors perturbation
has been considered, the back transformation matrix will be perturbed accordingly.
For example, for a two-component system where only the second component is
perturbed the back-transformation matrix would simply read

∆̃Tz =


0 0 0
0 ∆̃XF

ik,2 0
0 0 0

 (5.65)

5.3.2 Component modal to global modal perturbation prop-
agation in physical coordinates

The efficiency of the Component Modal-Propagation (CMP) perturbation method
can be improved if the global modes perturbation approximations are computed
directly from the component matrices in physical coordinates. Equivalent perturba-
tion expressions to those in equations 5.60 and 5.61 may be derived by decomposing
the state-space coordinates into the velocity and displacement physical coordinates.
The explicit derivations may be consulted in Appendix G.

On one hand, the As and Bs state-space component matrices are block matrices
consisting of the Ms, Cs and Ks component matrices in their displacement/velocity
DOFs. Likewise, the state-constraint modes ΥC

s are a composition of the baseband
constraint modes ΨC

s , and the component state-eigenvectors perturbations ∆̃XF
s
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may be also split into velocity V and displacement D DOFs as

∆̃XF
s =

∆̃XV,F

∆̃XD,F


s

=
∆̃ΦFΛF + ΦF ∆̃ΛF

∆̃ΦF


s

(5.66)

Hence, the ∆̃Ay
sc and ∆̃By

sc submatrices may be expressed in terms of the Ms,
Cs, Ks, ΨC

s and ΦF
s component matrices and their corresponding eigensolutions

perturbation approximations ∆̃ΛF
s and ∆̃ΦF

s .

On the other hand, the global eigenvectors in coupled-modal MCB coordinates
involve the state-space DOFs for the coupling interface between components, which
may be also split into velocity and displacement DOFs as

xcm =
xVcmxDcm

 =
λmφcmφcm

 (5.67)

Accordingly, the azim and bzim weighting factors in equations 5.58 and 5.59 may be
decomposed into several terms so that each of them is computed from component
matrices in physical coordinates.

Simplified formulation

Proceeding in this way, the CMP perturbation propagation functions for the global
modes may be reformulated as

∆̃λm = lzmm −
(
λ2
mm

z
mm + λmc

z
mm + kzmm

)
(5.68)

∆̃zm = −1
2 (2λmmz

mm + czmm) zm −
∑
i 6=m

lzim − (λ2
mm

z
im + λmc

z
im + kzim)

λi − λm
zi (5.69)

where new weighting factors in physical coordinates analogous to azim and bzim are
defined for the mass, damping and stiffness matrices, i.e.

mz
im =zTsi∆̃My

scφcm + φTci∆̃My
sc

T
zsm (5.70)

czim =zTsi∆̃Cy
scφcm + φTci∆̃Cy

sc

T
zsm (5.71)

kzim =zTsi∆̃Ky
scφcm + φTci∆̃Ky

sc

T
zsm (5.72)

with ∆̃My
sc = ∆̃ΦF

s

TMsΨC
s , ∆̃Cy

sc = ∆̃ΦF
s

TCsΨC
s and ∆̃Ky

sc = ∆̃ΦF
s

TKsΨC
s .

Notice that in the CMP perturbation approximations for MCB global modes in
equations 5.68 and 5.69, the lzim factors account for the dependency on component
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eigenvalues perturbations (as in the LMP method) and the mz
im, czim and kzim factors

account for the dependency on component eigenvectors perturbations.

Yet, the validity of the CMP perturbation propagation functions above relies on the
fact that exact solutions for the global modes are available. Otherwise it cannot be
guaranteed that equation 5.67 holds.

However, exact solutions are rarely achieved through CMS methods. When damped
global modes are computed through the MCB method, an exact solution is obtained
if and only if all of the component fixed-interface eigensolutions are used for the
component modal transformation. That is, when there is no modal truncation.
That would mean no model order reduction of the components.

On the contrary, when modal truncation is applied the global modes are the solution
of a reduced global EVP in MCB coordinates which is just an approximation to the
full order EVP. Accordingly, coupling velocity-DOFs of the global MCB eigenvectors
may well deviate from showing a constant relation to the coupling displacement-
DOFs, i.e.

xVcm 6= λmx
D
cm (5.73)

Thus, serious approximation errors shall occur when using equations 5.68 and 5.69
on MCB reduced models.

Generic formulation

Alternatively, independent xVcm and xDcm values shall be assumed yielding generic
perturbation expressions (see Appendix G), i.e.

∆̃λm = lzmm − (λmm̂z
mm + λmc

z
mm + kzmm) + (µ̂zmm − λmµzmm) (5.74)

∆̃zm =− 1
2(m̂z

mm + µzmm + czmm)zm

−
∑
i 6=m

lzim − (λmm̂z
im + λmc

z
im + kzim) + (µ̂zim − λmµzim)
λi − λm

zi
(5.75)

where additional weighting factors have been defined as

m̂z
im =zTsi∆̃My

scx
V
cm + xVci

T ∆̃My
sc

T
zsm (5.76)

µzim =zTsi∆̃M̌y
scx

D
cm + xDci

T ∆̃M̌y
sc

T
zsm (5.77)

µ̂zim =zTsi∆̃M̌y
scx

V
cm + xVci

T ∆̃M̌y
sc

T
zsm (5.78)

with ∆̃M̌y
sc = [ΦF

s ∆̃ΛF
s + ∆̃ΦF

s ΛF
s ]TMsΨC

s .
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Notice that the m̂z
im weighting factor equals λmmz

im if the assumption in equation
5.67 is fulfilled. Furthermore, the (µ̂zim − λmµzim) terms in equations 5.74 and 5.75
cancel out when xVcm = λmx

D
cm, but they don’t otherwise. Therefore, equations

5.68 and 5.69 are just simplifications of the generic PPFs where the (µ̂zim − λmµzim)
contribution is neglected, which may yield a significant amount of error in the
approximation.

Although being also posed in terms of weighting factors in physical coordinates,
the generic PPFs in equations 5.74 and 5.75 do not show such a clear distinction
between the contributions of the component eigenvalues and eigenvectors perturba-
tions. Moreover, they do not resemble the damped modes perturbation approxima-
tions for a full order model (c.f. equations 3.18 and 3.19) as much as the simplified
PPFs in equations 5.68 and 5.69 did.

On the contrary, the CMP generic PPFs shall obtain identical results to those of
the state-space based expressions presented in the previous section, while proving
a more efficient computation of the global modes perturbation. Furthermore, some
simplification is still possible. Notice how, by the definition of the fixed-interface
and constraint modes, it holds that

∆̃Ky
sc = ∆̃ΦF TKΨC =

[
∆̃ΦF

ic

T 0cc
] Kii Kic

Kci Kcc

−K−1
ii Kic

Icc

 = 0 (5.79)

Therefore, the kzim weighting factor is invariably zero valued, which means that its
computation is not necessary.

In the following the accuracy of the CMP method is evaluated, and the performance
of equations 5.74 and 5.75 (which are exactly equivalent to equations 5.61 and 5.61)
is compared with that of equations 5.68 and 5.69.

5.3.3 Numerical Validation

The CMP method for MCB models is evaluated using the cantilever example again.
The same two tests are performed, namely, the -50% to 50% CE8 and KC2 variations
in 10% steps.

First, the corresponding component eigenvalue and eigenvector perturbations are
computed using the modal perturbation propagation functions in physical coordi-
nates. Then, these are propagated into the global modes through the CMP pertur-
bation propagation functions. Specifically, the component-modal to global-modal
perturbation propagation is computed two times: first using the simplified PPFs in
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5.3. Component modal-propagation method

equations 5.68 and 5.69, and second using the generic PPFs in equations 5.74 and
5.75.

For the CE8 variation test, the error in the first 10 CMP approximated cantilever
modes with respect to the exact solution is presented in Figures 5.14, 5.15 and 5.16
for the modal frequencies, modal damping and mode shape vectors respectively.
The left hand side plots correspond to simplified PPFs approximations and the
right hand side plots correspond to generic PPFs approximations.
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Figure 5.14: Modal frequency error in the first 10 cantilever modes computed through
the CMP method with respect to CE8 damping perturbations.

Left: Simplified PPFs Right: Generic PPFs.

It can be observed in Figures 5.14, 5.15 and 5.16 how the error values for the global
mode approximations are very similar for both CMP formulations. This means
that, in this case, the simplified PPFs give almost identical results to that of the
generic PPFs.

Moreover, if one revisits the numerical test for the full perturbation propagation
scheme in section 5.1.5, it can be observed that the error plots fully coincide with
those of the current CMP method. Therefore, all of the assumptions of the CMP
perturbation method are valid for system damping variations.

Next, the error in the first 10 CMP approximated cantilever modes with respect
to KC2 variations is presented subsequently in Figures 5.17, 5.18 and 5.19 for the
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Figure 5.15: Modal damping error in the first 10 cantilever modes computed through
the CMP method with respect to CE8 damping perturbations.

Left: Simplified PPFs Right: Generic PPFs.
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Figure 5.16: Modal Assurance Criterion for the first 10 cantilever modes computed
through the CMP method with respect to CE8 damping perturbations.

Left: Simplified PPFs Right: Generic PPFs.
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modal frequencies, modal damping and mode shape vectors respectively.
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Figure 5.17: Modal frequency error in the first 10 cantilever modes computed through
the CMP method with respect to KC2 damping perturbations.

Left: Simplified PPFs Right: Generic PPFs.

In this case very different results are obtained whether the simplified or the generic
PPFs are used. Acceptable approximation errors are obtained through the generic
CMP formulation which actually match those of full perturbation propagation
scheme. On the contrary, the simplified CMP formulation gives rise to approxi-
mate modal results with large errors.

In the left hand side plots (corresponding to the simplified PPFs in equations 5.68
and 5.69) the error in modal frequencies stays at an acceptable maximum error of
8% at the interval extremes. However, modal damping errors rise up over 100% for
some of the modes, and the mode shape vector accuracy rapidly falls towards zero
MAC values for the majority of the modes. That is, the global mode perturbation
approximation is largely inaccurate.

It has been previously stated that the reason why the simplified formulation may
not work is due to the assumption expressed in equation 5.67 not being fulfilled, i.e.
xVcm 6= λmx

D
cm. However, it is surprising that the simplified approximation does not

work for stiffness variations while it does work for damping variations, considering
that in both cases the same xVcm and xDcm vectors apply.
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Figure 5.18: Modal damping error in the first 10 cantilever modes computed through
the CMP method with respect to KC2 damping perturbations.

Left: Simplified PPFs Right: Generic PPFs.
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Figure 5.19: Modal Assurance Criterion for the first 10 cantilever modes computed
through the CMP method with respect to KC2 damping perturbations.

Left: Simplified PPFs Right: Generic PPFs.
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What actually happens is that the µ̂zim and µzim weighting factors, which are ne-
glected in the simplified formulation, have much larger values for stiffness variations
than for damping variations. Accordingly, for damping variations, the non-zero
contribution of the (µ̂zim − λmµzim) terms is much smaller than the other weighting
factors in the generalised PPFs, so that little error is made by neglecting them. On
the contrary, the value of (µ̂zim − λmµ

z
im) is of significant magnitude for stiffness

variations. Therefore, large approximation errors are made by using the simplified
formulation.

5.3.4 Validity of the CMP method

For the cantilever example, the CMP perturbation method has proved to work in
its generic formulation for stiffness and damping variations with equal accuracy to
the full perturbation propagation scheme. Moreover, its simplified formulation also
works with similar accuracy for damping variations.

One would expect that the CMPmethod works for mass variations as well, at least in
its generic formulation. However, this is not the case. Considering a mass variation
test analogous to the stiffness variation test, the CMP results give perturbations in
global modes with large approximation errors, similar to those of the LMP method
for stiffness variations.

This means that the initial assumption of the CMP method, i.e. that only the per-
turbation in component eigensolutions need to be considered in order to propagate
perturbations into the global modes, is valid only in certain circumstances.

For mass variations, neglecting the component mass perturbations ∆̃Ms introduces
large errors in the component MCB matrices perturbation approximation. In par-
ticular, this happens because the component mass matrices are multiplied with the
velocity DOFs of the component modes in the MCB component reduction process.
Hence, component mass matrix perturbations are somehow weighted by larger fac-
tors (i.e. by velocity mode shapes) than damping or stiffness component matrices
(i.e. by displacement mode shapes).

On the contrary, for damping and stiffness variations, efficient perturbation ap-
proximations are obtained by neglecting the component damping/stiffness matrices
perturbations ∆̃Cs and ∆̃Ks in the global modes perturbation propagation without
loss in accuracy for the cantilever example. Therefore, the CMP method is only
applicable to damping and stiffness variation scenarios.
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5.3.5 Low-frequency modes correction

In general, structures having line/surface coupling interfaces between components
result in a much larger number of coupling DOFs than in the cantilever example.
Since the MCB reduction method is based on fixed-interface component modes, the
lowest global modes of such structures are mostly characterised by the constraint
modes relating the interior and the coupling partitions of the MCB reduced com-
ponent matrices, rather than by the fixed-interface component modes. Therefore,
the CMP method may fail to correctly propagate perturbation in the lowest global
modes of vibration.

A correction for the low-frequency modes can be easily introduced in the CMP
formulation. The czim and kzim weighting factors in equations 5.74 and 5.75 may be
conveniently redefined as

ĉzim = czim + φTci∆̃Cy
ccφcm (5.80)

k̂zim = kzim + φTci∆̃Ky
cc,sφcm (5.81)

with ∆̃Cy
cc,s = ΨCT

s ∆̃CsΨC
s and ∆̃Ky

cc,s = ΨCT

s ∆̃KsΨC
s . In this way the perturba-

tion in the coupling partitions of the damping/stiffness matrices is introduced at a
little cost and without altering the formulation of the CMP method.

5.4 Interdependency of the perturbation propa-
gation functions

So far in this chapter, perturbation methods for damped built-up systems have been
developed on the basis that the system model is reduced using state-space based
CMS methods. Specifically, the LMP and CMP methods have been derived from
the generic perturbation propagation scheme applied to MCB reduced models.

In section 5.1, the propagation scheme has been presented as a sequence of per-
turbation propagations, each of them defined by its corresponding perturbation
propagation functions (PPFs). Accordingly, perturbations in subsystem physical
parameters may be propagated into the component modes which, in turn, may be
propagated into the coupled-modal matrices and, eventually, into the global modes
of the system. Hence, the propagation scheme could be understood as if the varia-
tion in the system modal solutions with respect to a variation in physical parameters
is the result of the concatenation of independent propagation processes.
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However, this abstract conception may be misleading since all of the perturbation
propagation functions defined in section 5.1 are implicitly interdependent. Essen-
tially, they are just parts of one single linear perturbation approximation expression.
For instance, for the global eigenvalues the full-end perturbation propagation func-
tion would be

∆̃λm = Pλm (PAz(PAs , PΛs , PXs , PΥs), PBz(PBs , PΛs , PXs , PΥs)) (5.82)

where PΛs , PXs and PΥs are also function of the component matrices perturbations.

This single perturbation propagation expression obtained from the perturbation
propagation scheme in CMS models shall be equivalent to the generic definition of
a linear perturbation approximation, i.e.

∆̃λm = Sλm(θ)∆θ = ∂λm
∂θ

∆θ (5.83)

where Sλm(θ) is the first order sensitivity function for damped eigenvalues. For a full
order FE model, the sensitivity functions expressions correspond to those defined in
Appendix D (c.f. equation D.7 for the damped eigenvalues). Yet, for a state-space
CMS model, the overall sensitivities for the global modes result in extremely long
mathematical expressions, which are more conveniently expressed in terms of the
sensitivities between intermediate CMS quantities, i.e.

Sλm(θ) = Sλm (SAz(SAs , SΛs , SXs , SΥs), SBz(SBs , SΛs , SXs , SΥs)) (5.84)

This is exactly what the perturbation propagation scheme proposes.

In a mathematical sense, what it is actually done is rewriting the overall sensitivities
for the global modes in terms of the partial derivatives between intermediate CMS
parameters (e.g. the partial derivative of the component modes with respect to
the component matrices, etc.). Then, since all the sensitivities are of first order,
the ∆θ perturbation can be introduced inside the sensitivity expression in equation
5.84 giving rise to the corresponding perturbation propagation functions in equation
5.82.

Notice how, the fact that the PPFs for the CMS model global modes are obtained
using the partial derivative chain rule, implies that definition of each of the PPFs is
dependent on the other intermediate PPFs definitions (i.e. PBs , PAs , PΛs , PXs , PΥs ,
PAz , and PBz). This means that the PPFs in the CMS perturbation propagation
scheme shall not be though as being a set of independent approximations.
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5.4.1 Consequences of the perturbation propagation func-
tions’ interdependence

The consequences of the interdependence between the PPFs in the CMS perturba-
tion propagation scheme may be illustrated through a simple numerical demonstra-
tion.

Consider the perturbation propagation functions in equations 5.21 and 5.22, which
propagate the perturbation from the coupled-modal matrices into the global modes.
These correspond to a sensitivity derivation through the partial derivative chain rule
as exposed above.

Now, returning to the cantilever example, presume that for each 10% damping or
stiffness perturbation the exact coupled modal matrices are computed through the
MCB method. Thence, the exact coupled-modal matrices perturbations ∆Az and
∆Bz may be computed, so that they can be introduced into the global modes PPFs,
i.e.

∆̃λm =Pλm(∆Az,∆Bz) (5.85)
∆̃zm =Pzm(∆Az,∆Bz) (5.86)

One may expect that, by using the exact perturbations ∆Az and ∆Bz instead of
their approximate counterparts ∆̃Az and ∆̃Bz, the approximation in the global
modes should be more accurate. However, performing this simple exercise one
realises that, in fact, completely erroneous results are attained.

In Figures 5.20 and 5.21 the relative error in the global eigenvalues computed as
in equation 5.85 is presented. Figure 5.20 shows the modal frequency error in
logarithmic scale for the damping variation test (left) and the stiffness variation
test (right). Similarly, Figure 5.21 shows the modal damping error in logarithmic
scale for the damping variation test (left) and the stiffness variation test (right).

It can be observed how for both tests the error in modal damping and modal fre-
quencies reach maximum values far above 1000% values. In fact, values of 100%
error are obtained already for the minimum considered perturbation (10%), ex-
cept for the lowest two modes which show little sensitivity to any perturbation.
This shows that introducing exact perturbations in the perturbation propagation
scheme does not lead to more accurate results in the global modes approximations.
However, does this mean that the cause for such failing results is the propagation
functions interdependence?
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Figure 5.20: Modal frequency error in the first 10 cantilever modes with perturbed
CE8 (left) / KC2 (right) propagated from exact ∆Az and ∆Bz.
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Figure 5.21: Modal damping error in the first 10 cantilever modes with perturbed
CE8 (left) / KC2 (right) propagated from exact ∆Az and ∆Bz.
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One may argue that the component eigenvectors may be obtained with different
arbitrary phase for each exact solution corresponding to a physical parameter per-
turbation. Therefore, computing exact coupled-modal matrices perturbations from
component eigenvectors with non-matching absolute phases might not be coher-
ent. This could explain why the error values in Figures 5.20 and 5.21 vary non-
monotonically as the perturbation grows. In fact, this is partially true, but it is not
the whole explanation.

Consider now that instead of using the exact MCB coupled-modal matrices per-
turbations ∆Az and ∆Bz in equations 5.85 and 5.86, their linear perturbations
approximations are used, i.e.

∆̃Az =PAz(∆As, ∆̃XF
s , ∆̃ΥC

s ) (5.87)
∆̃Bz =PBz(∆Bs,∆ΛF

s , ∆̃XF
s , ∆̃ΥC

s ) (5.88)

with the particularity that the exact component eigenvalues perturbations ∆ΛF
s

are introduced. Component eigenvalues experience significant variations for system
stiffness variations. Thence, there is a sensible difference between using their exact
perturbation value or the corresponding linear perturbation approximation. More-
over, no component eigenvectors arbitrary phase influence may be claimed in this
case.

Performing the stiffness variation test again (using the exact component eigenvalues
perturbations) leads to the results presented in Figure 5.22. This time, the error
curves grow monotonically as they depart from the unperturbed position. Yet,
the maximum error values obtained are as high as 70% modal frequency error and
170% modal damping error. Even though more accurate component perturbations
are used, the accuracy in global modes decays drastically.

The results obtained in the numerical examples in this section show that the CMS
parameters (component modes, component modal matrices, coupled-modal matri-
ces and global modes) are intimately related. This is equivalent to saying that the
distinct perturbation propagation functions are interdependent. In consequence,
the independent perturbation of one CMS parameter (say for instance the com-
ponent eigenvalues) supposes that the accuracy of the perturbation propagation
scheme and its derived perturbation methods (the LMP and the CMP methods)
gets jeopardised.
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Figure 5.22: Modal frequency and damping error in the first 10 cantilever modes with
perturbed KC2 propagated from exact ∆ΛF

s .

5.5 Computational efficiency of the perturbation
methods

This section will discuss whether the perturbation methods presented in this chapter
are cost-efficient. This will be done through a numerical example where the per-
turbation methods’ solution cost is compared to the cost for computing the exact
solution of a perturbed system.

The four locally damped coupled plates test example presented in the previous chap-
ter is used here again for evaluating the computational efficiency of the perturbation
methods in state-space CMS models. Three of the meshes defined in section 4.6.2
are considered, namely mesh 1 having 627 physical DOFs, mesh 2 having 2331
physical DOFs, and mesh 3 having 5115 DOFs. For each of the meshes the first 80
damped modes of the full structure are to be computed.

First, the exact modal solution of the baseline system may be computed either by
solving the full order state-space eigenvalue problem or through state-space based
CMS methods. Then, assume that only plate number 2 out of the 4 coupled plates is
subject to variations. For any variation in a physical parameter, the corresponding
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variation in the global modal solution is examined.

The computational cost for obtaining exact solutions is taken here as a reference
for evaluating the efficiency of the perturbation methods. In figure 5.23 the compu-
tational time for obtaining the exact solutions for the baseline and the perturbed
system are presented. The computation time for the full order undamped EVP so-
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Figure 5.23: Global modes exact reanalysis solution time as a function of the number of
physical degrees of freedom of the full system.

lution is plotted in blue. Likewise, the modal analysis computation time through
the full order state-space EVP solution is plotted in red. The solution time for
an equivalent modal analysis performed through the MCB method with 50 damped
modes (100 eigensolutions) per component is plotted in green. Last, for a given per-
turbation in component 2 (only), the solution time for CMS reanalysis9 is plotted
in yellow.

The exact solutions are only obtained from the modal analysis in state-space coor-
dinates. Hence, the undamped EVP solution does not provide the exact solution
since the system is heavily and locally damped. Yet, the undamped solution time
is indicated here as a reference for efficiency evaluation.

As has been explained in the previous chapter, the solution time for solving the
9The modal reanalysis involves only the solution of the state-space EVP of component 2 and

the coupled-modal EVP. Accordingly, the CMS solution cost for the reanalyses is lower than for
the baseline system.
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state-space eigenvalue problem through the the SILM eigenvalue algorithm may
not be directly compared to other solution times since the available SILM Matlab
implementation is not coded in an efficient low-level programming language. Ac-
cordingly, an efficient implementation of SILM may give rise to solution times an
order of magnitude below the ones presented in Figure 5.23. As can be observed,
the undamped EVP solution time is approximately an order of magnitude lower
than the CMS reanalysis solution time, which is the most efficient way for obtain-
ing exact reanalyses. Therefore, it is assumed here that comparison with the full
order undamped EVP solution time is a fair measure of the perturbation methods
efficiency.

A similar perturbation test to those applied to the cantilever example throughout
this chapter is applied to the four coupled-plates system. In particular, stiffness
perturbations ∆KC2 in all of the component 2 domain are considered from -20% to
+20% of the KC2 value in steps of 5% perturbations.

For each ∆KC2 perturbation the approximate perturbations in the modal solutions
are computed through perturbation methods. Specifically, they are computed using
four methods: the full order perturbation approximation for damped modes (c.f.
section 3.2.3), the full state-space based CMS perturbation propagation scheme for
the MCB method (c.f. section 5.1), the Component modal-propagation (CMP)
method in its generic formulation (c.f. section 5.3) and the Local-modal perturba-
tion (LMP) method (c.f. section 5.2). This is done for the three meshes described
above.

This time it is not the approximation error with respect to the exact solution that is
to be evaluated, but the perturbation approximation computation time with respect
to the exact solution computation time. Hence, for each perturbation method and
every mesh size, the time for propagating each ∆KC2 perturbation into the global
modes has been recorded. The average computation times have been subsequently
calculated.

In Figure 5.24 the average computation time values for the approximate reanalyses
in each of the defined meshes are presented in a logarithmic scale. The blue line
serves as a reference and it indicates the computational time needed for solving the
full order undamped eigenvalue problem. The computation time for the full order
damped modes perturbation approximation is plotted in red, the computation time
for the full CMS perturbation scheme is plotted in green, the computation time for
the CMP method in yellow and for the LMP method in purple.
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Figure 5.24: Global modes approximate reanalysis solution time as a function of the
number of physical degrees of freedom of the full system.

Here, it is of interest to compare the computational efficiency of the CMS based
perturbation methods with respect to the exact solution cost and also with respect
to the computational cost for full order damped modes perturbation method. First
it may be observed that, as expected, the full order perturbation method (red line)
is more efficient than obtaining exact EVP solutions (blue line). This is true for
all of the mesh sizes considered, which have a relatively small number of degrees
of freedom. According to the asymptotic computational costs discussed in section
3.2.4, the efficiency of the perturbation methods with respect to the EVP solution
cost shall further increase for larger models.

However, for the full perturbation propagation scheme (green line), the compu-
tational cost asymptotic behaviour is completely the opposite. Although the re-
analysis solution time is lower for the smaller mesh (2 × 627 state-space DOFs),
the computation time as a function of number of DOFs increases at a greater rate
than the solution time through eigenvalue algorithms. The reason for such an in-
creased computational cost may be found in the calculation of the constraint mode
perturbation (c.f. equation 5.10), where a matrix inversion operation is required.

In fact, the inverse matrix K−1
ii in the constraint modes perturbation propagation

function may be computed just once, so that it can be used at each perturbation
propagation with no extra cost. This would reduce the average computation time
shown in Figure 5.24 (green line). Nevertheless, the full CMS perturbation prop-
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agation scheme computation cost is in any case higher than the cost for full order
damped modes perturbation. Thus, the full perturbation propagation scheme shows
no computational advantage with respect to the existing methods.

On the contrary, the CMP (yellow line) and the LMP (purple line) methods in-
variably show computation times below that of the full order damped modes per-
turbation and, of course, lower than the full order EVP solution. The efficiency
of these latter two methods may be better evaluated by expressing the reanalysis
solution time of the perturbation methods as the computation cost relative to the
undamped EVP (UEVP) solution time.

In figure 5.25, the UEVP relative computation cost for the full order damped modes,
the CMP and the LMP perturbation methods is shown on a linear scale. As the
number of degrees of freedom increases, the relative computation times decrease.
This is concordant with the perturbation methods cost asymptotic behaviour.
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Figure 5.25: Global modes approximate reanalysis solution cost relative to the reanalysis
solution time for the undamped eigenvalue problem of the full system.

The CMP method appears to converge to a value between 10% and 15% the UEVP
computational cost, i.e. the CMP method is an order of magnitude more efficient.
At the same time, the CMP computational cost is approximately half of the full
order perturbation cost for all three meshes. In turn, the LMP method is even more
cost-efficient (although less accurate). Compared to the CMP method, the LMP
method is about 3 to 4 times more efficient, showing times relative to UEVP below
5%.
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These relative time values are specific to the test example that is being evaluated,
that is, a system composed of four similar-sized components where just one com-
ponent is subject to variation. The efficiency figures may vary depending on the
amount and size of varying components with respect to the total number of com-
ponents of the system.

In a system composed of many components, a small number of component modes in
each component are needed relative to the number of global modes required. On the
contrary, for a system with few components the number of component modes in each
component needs to be of the same order as the number of global modes. Moreover,
in the context of structural design, variations in the physical model parameters are
typically considered in a few subsystems at a time.

Hence, for large built-up systems, relatively few component modes need to be per-
turbed. Notice that component mode perturbation propagation functions are the
ones that contribute the most to the overall computation cost in the CMP and LMP
methods, since the full order component matrices and shape vectors are involved.
Thus, it can be stated that for large built-up systems the CMP and LMP methods
are significantly more efficient than full order perturbation methods.

5.6 Conclusions

In this chapter original perturbation methods have been devised using CMS reduced
order models for damped systems. The novelty in these methods consists in the use
of damped component modes for the model reduction, which allows one to tackle
damping variations as well as any other parameter variations showing covariance
relation with damping (e.g. stiffness variations in heavily damped systems).

The main idea is that if, in a substructured model, one reduces each component
model by means of damped component modes, variations in the full system dy-
namics may be efficiently computed from the variations in the damped component
modes. Thence, by considering parameter perturbations in the varying components
only, the perturbed dynamic response of the full system is linearly approximated
from the corresponding damped component mode perturbation approximations.
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On the perturbation approximation in damped CMS models

Here, a linear perturbation approximation for the global modes of the system with
respect to a perturbation in component parameters has been proposed in terms of
the linear approximations for the perturbation in intermediate CMS parameters.

However, not all of the CMS parameters perturbations necessarily contribute to the
perturbation in global modes for small perturbations in the physical parameters.
Therefore, any intermediate perturbation approximation which does not contribute
significantly to the global modes perturbation may be conveniently ignored in order
to make the computation more efficient without loss in the approximation accuracy.

With this regard, one very important feature is that damped modes of vibration
correspond to complex conjugate pairs of eigensolutions, that is, to complex valued
eigenvalues and eigenvectors. In practice, this implies that CMS methods based on
state-space formulation shall be used. These facts have serious implications regard-
ing the efficiency that may be achieved by computing damped dynamics variations
through CMS perturbation approximations.

On one hand, the components’ model order is doubled, meaning that the number of
degrees of freedom of the state-eigenvectors used in the component reduction is also
doubled. Besides, highly damped modes present a broader bandwidth, which means
that the number of component modes required for a correct dynamic modelling
within a frequency range of interest grows as the system becomes heavily damped.

On the other hand it has been demonstrated that, due to the complexity of the
damped eigensolutions, any variation in mass, damping or stiffness of a compo-
nent produces significant variations in both the eigenvalues and the eigenvectors,
as opposed to undamped eigenvectors which show very little dependency on small
perturbations in mass or stiffness. This implies that component damped eigen-
vectors perturbations may not be neglected or, otherwise, the dynamics of the
perturbed system would be very poorly estimated by the perturbed CMS model.
Thus, perturbation methods based on damped CMS methods must involve com-
ponent eigenvectors perturbation approximations in order to obtain fairly accurate
results.

It should be further mentioned that, as it has been proved in section 5.4, the
CMS parameters perturbation approximations are interdependent, so that these
approximations may not be used independently, but as constituent parts of a whole
perturbation approximation expression.
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Proposed methods

In particular, perturbation methods based on the MCB method for Component
Mode Synthesis have been explored in this chapter. It has been observed that
when a system is reduced using the MCB component modes (i.e. fixed-interface
state-eigenvectors and state-space constraint modes), the perturbation in constraint
modes is insignificant for small perturbations in either mass, damping or stiffness
component parameters. Consequently, there is no need for computing the pertur-
bation approximation for the state constraint modes defined in section 5.1.1, which
involves a costly matrix inversion operation.

Furthermore, it has also been observed that for variations in component damping
or stiffness (but not mass), the variation in the component dynamics is mainly de-
scribed by the variation in the fixed-interface damped component modes. Therefore,
once the component modes perturbation approximations are computed, the ∆As

and ∆Bs state component matrices are not required anymore for the computation
of the MCB coupled-modal matrices perturbation approximation presented in sec-
tion 5.1.3. Thus, by neglecting the constraint modes and the component matrices
perturbations, the perturbation approximation for the global modes of the system
may be greatly simplified. This is the basis of the proposed methods.

The Component Modal-Propagation (CMP) perturbation method has been devised
on these grounds, yielding perturbation propagation functions which directly ap-
proximate variations in global modes from perturbations in component eigenvalues
and eigenvectors. The required damped component modes perturbations may well
be computed using the baseband perturbation method on the component FE model.

The CMP method shows identical approximation error as the damped modes per-
turbation method presented in Chapter 3. In turn, it offers enhanced computational
efficiency by virtue of the use of substructuring and model reduction in CMS mod-
els. Since variations may be restricted to one or few components, and since these
variations are independent from the rest of subsystems, any non-varying component
model is just kept in its reduced order modal basis. Thence, only the perturbations
in the damped modes of the varying components have to be computed, and these
are then propagated to the global modes at a little cost. This can be done at a
fraction of the time for computing the modes perturbation in the full order system,
as it has been illustrated through a numerical example in section 5.5.

Notice, that the Component Modal-Propagation is valid for damping and stiffness
variations. This fact makes the CMP method suitable for applications where damp-
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ing treatments are incorporated in built-up systems. First, because those are situa-
tions where small-damping models may give poor estimation of the modal damping.
Second, because uncertainty in the damping values should be commonly assumed,
given that the modelling and estimation of damping in conventional industry sce-
narios is not as certain as for other physical quantities.

A much simplified perturbation method has also been proposed for damped built-
up systems, the Local Modal Perturbation (LMP) method. This second method is
an extension to locally damped systems of the homonymous method for undamped
systems (see [23]). In the LMP method, only the component eigenvalues are consid-
ered to vary. In this way, very simple perturbation expressions for the global modes
are encountered in terms of perturbations in the component eigenvalues. Moreover,
it is assumed that perturbations are directly defined at a component-modal level,
avoiding in this way the computation of component eigenvalue perturbations from
the corresponding component matrices. The LMP method thus achieves a very
cost-efficient approximation of the global modes perturbation.

However, neglecting the component eigenvector perturbations is clearly in contra-
diction with the statement above saying that component eigenvectors perturbations
should be included in the damped case. Consequently, the LMP method is signifi-
cantly less accurate than the CMP method. In fact, the LMP method works with
a fair accuracy for only small component damping perturbations.

For this reason, its usage for uncertainty modelling purposes is restricted to cases
where very localised additional damping is placed in a structure. Alternatively, it
may also be used in scenarios in which a very general result is sought. For example,
when deciding where to put more damping in a structure, several attempts can be
executed at a low cost through the LMP method. It may not give very accurate
results, but it may help the decision making for a trivial solution time.

Discarded methods

Due to the interdependent property of the perturbation expressions in state-space
based CMS models, the methods proposed here may not be further improved by a
combination with other linear approximation methods.

For example, one might intend to use the Q quotient (c.f section 3.4.3) for damped
systems in order to improve the accuracy of the component eigenvalues perturbation
approximation. However, doing that would be worthless since it has been proved
in section 5.4 that the error in the global modes would then grow. Using the Q
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quotient on the approximate perturbation for the coupled-modal matrices would be
equally worthless, since the Q quotient value would converge to the eigenvalues of
the approximately perturbed coupled-modal matrices.

Likewise, one could also try to approximate the perturbed component modes through
interpolation methods. This would be advantageous because interpolation methods
are more cost-efficient than perturbation methods, specially when the eigenvec-
tors are required as it is the case for component eigenvectors in Component Mode
Synthesis. Furthermore, interpolation methods are suitable for wider variation in-
tervals. Yet, as has been proved also in section 5.4, the use of interpolated compo-
nent modes within the perturbation propagation scheme would lead to completely
erroneous results. In fact, this was initially attempted numerically in this work
yielding very unsatisfactory results. Thus, the perturbation methods presented in
this chapter shall always be used without violating the perturbed parameters inter-
dependence.

Besides, efficient perturbation methods based on CMS models in Craig-Ni coordi-
nates (i.e. free-interface and residual attachment component modes) have not been
further developed in this work for good reasons. Foremost, the difficulty in im-
proving the efficiency of a CN perturbation method is due to the fact that residual
attachment modes may not be neglected, opposite to constraint modes perturbation
in MCB models.

By their very definition, residual attachment modes are dependent on the com-
ponent eigenvalues and eigenvectors. Hence, since it has been resolved that both
eigenvalues and eigenvectors perturbations are to be included in perturbation meth-
ods, residual attachment modes perturbation should also be included for a correct
perturbation approximation in the global modes through perturbation methods.

Accordingly, the inclusion of residual attachment modes perturbation supposes a
significant computation effort in any would-be CN perturbation method. First, be-
cause the perturbation approximation for the residual attachment modes involve
several matrix products. Second, because by not neglecting them one cannot sim-
plify any of the perturbation propagation functions for the CN coupled-modal ma-
trices. Thus, no computational saving for approximating the global modes would
be obtained.
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Chapter 6

Application of the perturbation
methods to uncertainty analysis: A

numerical case study.

In this chapter a numerical case study is presented where the CMS perturbation
methods devised in the previous chapter are applied for the uncertainty analysis of a
locally damped benchmark example. Perturbation methods are often applied for the
analysis of uncertainties because they offer efficient computation of the variation in
the dynamics of a system model, given that the variations are not too large. Thus,
the performance of the CMS perturbation methods is evaluated here in a realistic
application. The system dynamic response uncertainty is estimated through CMS
perturbation methods and compared to uncertainty estimates obtained from the
exact CMS reanalysis of the system. The computational cost for the perturbation
uncertainty analyses is also evaluated.

6.1 Description of the benchmark example

A ribbed plate structure is used as a test example. Here the ribbed plate in Figure
6.1 is considered. The ribbed plate structure in the example consists of four consec-
utive aluminium plate sections which are stiffened by means of three intermediate
steel ribs. A damping treatment is assumed on all of the surface of the aluminium
plates. Ribbed plates are often found in mechanical structures, such as airplane
fuselages. More complex curved ribbed plate structures may be used, but a small
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flat ribbed plate is chosen here for simplicity without loss of generality.

Figure 6.1: Description of the locally damped coupled plates example and its dimensions.

The dimensions of each aluminium plate and steel rib are 0.43× 1.50× 0.03 metres
and 0.10×1.50×0.04 metres respectively. Their physical properties are summarised
in Table 6.1. In this example, the vibration behaviour of the structure is to be
analysed in a frequency range up to 1.5 kHz.

Elastic
Modulus

Mass
Density

Poisson’s
Ratio

Thickness Proportional
Damping Factor

Aluminium Plates 70 GPa 2700 kg/m3 0.31 3 cm 4× 10−5

Steel Ribs 210 GPa 7800 kg/m3 0.34 4 cm 10−7

Table 6.1: Material properties for the damped ribbed plates example.

A finite element model for the ribbed plate structure has been produced, using 4-
noded thin plate elements for the modelling of both the aluminium plates and the
steel ribs. Each aluminium plate is partitioned into 180 rectangular elements, and
the steel ribs are subdivided into 60 elements each. The resulting mesh, shown in
Figure 6.2, consists of 966 nodes. Since the thin plate elements have three degrees
of freedom per node (i.e. one transverse displacement, and two in-plane rotation
DOFs), the finite element model order is of 2898 DOFs. The ribbed plate is assumed
to be simply supported at its four corners, so that according boundary conditions
are applied to the model.

Seven components are defined, one for each of the four aluminium plates and one
for each of the three steel ribs. The damping in each components is modelled as
being proportional to stiffness by a proportional viscous damping factor. Steel
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Figure 6.2: Description of the locally damped coupled plates example and its dimensions.

beams and plates are typically very lightly damped with modal damping ratios of
0.1%-0.2% [98]. This is here characterised with a proportional damping factor of
10−7, which yields realistic modal damping values for the steel ribs in the target
frequency range of analysis. Likewise, aluminium parts are also very lightly damped
with modal damping of the order of 0.01% [99]. Also, they are assumed to have
some added damping, which could be the addition of a thin layer of rubber material,
and some extra dissipation may be assumed at the plate-rib joints. For simplicity
of the numerical example, the overall dissipation effects in the aluminium plates are
then characterised with an overall proportional damping factor, which is chosen to
be 4× 10−5. Despite each of the components being proportionally damped, the full
structure model is non-proportionally damped.

6.2 Deterministic solution

The ribbed plate is considered to be heavily damped. Hence, the solution of the
system dynamics is addressed through state-space modal analysis. The exact modal
solution may be computed by solving the global system state-space EVP through
the MSILM algorithm presented in Chapter 4. The maximum frequency of the
analysis is set to 1.5 kHz. Accordingly, 60 global modes (120 state eigensolutions)
of the ribbed plate are needed to cover the target frequency range.
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The 60th mode has a modal frequency of 1.53 kHz and 36% modal damping ratio,
confirming that the target frequency range is covered and that the system is heavily
damped. In addition, the mode shape of the 60th mode is shown in Figure 6.3 (only
displacement DOFs), where it can be observed that the current mesh is fine enough
for modelling vibrations up to 1.5 kHz (i.e. there are ~10 elements per wavelength
in both directions x and y).

0
0.5

1
1.5

2

0

0.5

1

1.5

−1

−0.5

0

0.5

1

x [m]

Mode 60

y [m]

z 
[m

]

Figure 6.3: Mode shape of the 60th ribbed plate mode of vibration.

Computing all of the 60 global modes takes 16.91 seconds. The corresponding
dynamic response of the ribbed plate can then be evaluated. In Figure 6.4, the
dynamic behaviour of the ribbed plate is shown from two points of view, frequency
response and modal views. In the top plot, the input mobility of the ribbed plate at
a loading position is presented. This has been computed at the 100th node of the
mesh, which corresponds to position (x,y,z)=(0.191,1.125,0.0) in the leftmost alu-
minium plate. In the bottom plot the positive-frequency eigenvalues corresponding
to each of the 60 modes are presented in a modal frequency-damping ratio complex
plane. In both plots the frequency axis is logarithmic, and in the second plot the
16 Hz to 1 kHz octave bands are indicated.

The low-frequency, mid-frequency and high-frequency vibrating behaviour of the
ribbed plate can be observed in Figure 6.4. In fact, the modal density of the plates
is almost constant. For the ribbed plate the average density is of 0.041 modes/Hz or,
conversely, an average spacing of 24.4 Hz between modes. However, this constant
spacing implies increasing modal overlap in the different frequency ranges since high
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Figure 6.4: Dynamic response of the ribbed plate. Top plot: Input mobility in dB ref.
10−6ms−1/N at the 100th node displacement DOF. Bottom plot: modal

frequency and damping for the 60 computed modes.

frequency modes have larger modal bandwidth than low frequency modes.

A low-frequency regime is observed in the first four octave bands, namely the 16 Hz,
31.5 Hz, 63 Hz and 125 Hz bands. In the eigenvalues plot it can be seen how there
are just 8 modes in the frequency range covering the first four octave bands, that is
an average of two modes per band. Since, maximum modal damping values of 3%
are found in this range (i.e. the modes are lightly damped), the modal bandwidth
of the modes is much smaller than the modal spacing, so that there is hardly any
modal overlap in the low frequencies. Accordingly, in the mobility plot resonance
peaks corresponding to each of the vibration modes can be clearly distinguished.

A high frequency regime is observed for the 1 kHz band. With a large number of
modes (27) in the band and modal damping values between 10% and 32%, many
modes overlap at each frequency, yielding the flat spectrum characteristic observed
in the mobility plot.

Lastly, mid-frequency characteristics are observed in the intermediate frequencies.
Average modal damping ratios of 5% and 10% are obtained in the 250 Hz and
500 Hz bands respectively. These modes are moderately to highly damped so that
their modal bandwidth is of comparable magnitude to the modal spacing. In fact,
a modal overlap equal to one is obtained at 313 Hz, which is close to the border
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between the two bands. In the mobility plot this gets translated into an irregular
frequency response which does not show isolated modal resonances as in the low-
frequencies nor the flat spectrum characteristic of the high frequencies. This is in
principle the frequency range in which uncertainty analysis is most necessary.

Physical description State-Space DOFs State Eigenvectors Max. Modal Frequency
Comp. 1 and 7 Outer Aluminium Plates 1260 50 2949 Hz
Comp. 2, 4 and 6 Steel "rib" plates 504 10 24379 Hz
Comp. 3 and 5 Inner Aluminium Plates 1260 30 2692 Hz

Table 6.2: Description of the ribbed plate components substructuring and reduction.

Alternatively, the same modal analysis can be conducted through state-space based
CMS methods. In this way, the modal solution computation time is reduced while
providing almost identical results. Furthermore, a reduced order model in terms
of the system modal components is obtained and can be used for any required
reanalysis of the modelled structure.

The Morgan-Craig-Bampton (MCB) method is used here for the CMS solution.
A reduced number of component modes were computed for each component: 25
modes for the outer aluminium plates, 15 modes for the inner aluminium plates
and 5 modes for the steel ribs. These numbers of modes were chosen so that each
component has fixed-interface modes with frequencies over one and a half times the
maximum frequency of analysis (as a rule of thumb), which is explicitly given in
Table 6.2. The MCB solution for the global modes takes 12.79 seconds, which is a
smaller time than the full model direct solution even though the model considered is
not very large. The resulting MCB coupled-modal model has 906 DOFs, as opposed
to the 5796 DOFs of the full model in state-space coordinates.

6.3 Uncertainty modelling

In this case study example a damping treatment has been added to the ribbed plate,
specifically on the aluminium components. As it has been pointed out throughout
the thesis, the modelling of damping remains a challenging matter, since mechanical
structures usually present many dissipation mechanisms at the same time. Thus, the
modelling of damping is often addressed through simple damping models (such as
viscous damping) which approximately describe the overall damping introduced by
the different dissipation mechanisms. It is therefore natural to assume uncertainty
in the modelling of damping. It may further be assumed that not only the modelled
damping is uncertain due to the applied damping treatment. The damping layer
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may be glued to the surface of the plates, so that it could alter other physical
properties like, for example, the stiffness properties of the aluminium plates.

The parameters in the ribbed plate physical model (e.g. damping factor, Young
modulus, etc.) have been assumed to be homogeneous values for all of the spatial
domain of each component. That is, all elements of, say, an aluminium plate have
the same physical parameter values. However, when uncertainty is considered, the
physical parameters typically show spatially varying properties. In other words, the
variation in one physical parameter may differ from one position to another.

6.3.1 Random fields

The spatial distribution of the varying parameters may be represented by means
of random fields [17]. A random field is a set of correlated random variables which
are spatially distributed. For varying parameter θ, a corresponding random field
θ(x, y, z) may be defined.

Random fields are described by the correlation between the variation of random
variables at different spatial positions. Homogeneous isotropic Gaussian random
fields are usually used to represent the spatial variation of uncertain physical pa-
rameters. Given an uncertain physical parameter θ with mean value θ̄ and standard
deviation σθ, the correlation r between its variation at two positions separated by
a distance d is modelled through a decaying exponential function

r(d, Lc, σθ) = σ2
θ exp

(
−
∣∣∣∣∣ dLc

∣∣∣∣∣
)

(6.1)

with Lc the correlation length, which characterises the spatial rate of the variation
in the random field. In the asymptotical extremes, Lc = 0 indicates independent
variation at all positions, and Lc = ∞ fully correlated variation in all of the field
domain.

For applying spatial variations in a Finite Element model, the continuous random
field θ(x, y, z) must be discretised. One possible discretisation is to consider the
variation inside each finite element to be fully correlated. The random field takes
then one single value in each of theNe elements. Thence, a corresponding covariance
matrix Cov(θ) can be computed, with each covariance matrix element covkl(θ)
being the correlation function between the centroids of the (k,l) finite elements, i.e.

covkl(θ) = r(dkl, Lc, σθ) (6.2)
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Thus, a discretised random field θ is a set Ne interdependent Gaussian random
variables ϑe whose correlation is characterised by the covariance matrix Cov(θ).
In order to produce a random field sample, a random number for each of the field
variables must be generated. Since the random field variables are correlated, these
random numbers must be generated according to the covariance matrix. By finding
an orthogonal basis for the covariance matrix one may express the set of correlated
random variables ϑe in terms of a set of uncorrelated random variables ξi. Conse-
quently, a random field can be produced by generating a random sample for each
of the independent random variables ξi.

The Karhunen-Loève (KL) expansion [18] is usually used for efficiently generating a
random field with a minimum number of independent random variables ξi. It uses
the eigenvalues µi and eigenvectors ψi of the covariance matrix for its orthogonal
decomposition. Thereupon, the random field may be posed in terms of the KL
expansion as

θ(ξ) = θ̄ +
∑
i

√
µiψiξi (6.3)

where θ̄ is the mean value of the field which typically corresponds to the nominal
value of θ. In general, the correlation length is high enough so that a very small
number of covariance matrix eigenvalues dominate. Therefore, the KL expansion
may just be truncated after the first few dominant eigensolutions, which implies that
a very small number of independent random variables ξi are needed for modelling
the random field.

6.3.2 Quantification of uncertainty at a component level

The uncertainty in the ribbed plate components is modelled here through random
fields and KL expansions. Each component’s uncertainty is assumed uncorrelated
from the uncertainty in the other components, so that a random field is generated for
each aluminium plate. In fact, since the 4 aluminium plates have the same nominal
properties, the same random field is valid for all of them in this case. Therefore,
a normalised random field θ0 with zero mean and unit variance is generated with
an assumed correlation length Lc = 0.5 m. Then, a KL expansion for θ0 is defined
using just 3 covariance eigensolutions, i.e.

θ0(ξ) =
3∑
i=1

√
µiψiξi (6.4)

since the 4th eigenvalue µ4 = 7.9167 is already an order of magnitude below the
first eigenvalue µ1 = 59.7802 which is the most dominant one.
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The damping and stiffness properties of the aluminium plate components are con-
sidered uncertain. A 20% coefficient of variation1 (CV) is assumed in the viscous
damping proportionality factor α, while a 10% CV is assumed for the damped alu-
minium plates’ Young’s modulus E. For each component s, a damping random field
αs and a stiffness random field Es are then defined using KL expansion for the θ0

random field, that is

αs = α + σαθ0 = α(1 + CVαθ0) (6.5)
Es = E + σEθ0 = E(1 + CVEθ0) (6.6)

Thus, 6 independent random parameters ξi are used for describing the uncertainty
in each component (3 for the damping and 3 for the stiffness random fields). Hence,
a component damping perturbation ∆αs = σαθ0 is produced by generating 3 ξi
independent random numbers. Likewise, a component stiffness perturbation ∆Es =
σEθ0 is produced by generating 3 other ξi independent random numbers. Each ξi
random variable has a normal Gaussian probability distribution function.

Yet, when a perturbation method is used for approximating the variation in the
dynamic response, each of the ξi random variables must be regarded as an indepen-
dently perturbed parameter. Therefore, a damping perturbation ∆αis = σα

√
µ
i
ψiξi

or stiffness perturbation ∆Ei
s = σE

√
µ
i
ψiξi for each ξi must be considered.

For a damping perturbation, the corresponding component damping matrix pertur-
bation ∆Ci

s is subsequently calculated element by element. If the damping matrix
of element e in component s is Ce,s, the damping element matrix is perturbed
according to its corresponding damping factor perturbation, i.e.

∆Ci
e,s = CVα

√
µiψeiξiCe,s (6.7)

For a stiffness perturbation, stiffness as well as damping component matrix pertur-
bations ∆Ki

s and ∆Ci
s follow. These are also computed by perturbing each element

matrix according to the Young’s modulus perturbation, i.e.

∆Ki
e,s = CVE

√
µiψeiξiKe,s (6.8)

∆Ci
e,s = CVE

√
µiψeiξiCe,s (6.9)

Then, 6 independent perturbation approximations are calculated, one for each ξi,
in order to propagate the component total uncertainty into the dynamic response
parameters. Each perturbation approximation uses the corresponding ∆Ki

s and/or
∆Ci

s component matrices perturbations.
1For a random variable x the coefficient of variation is the standard deviation σx normalised

by the corresponding mean value µx, i.e. CV = σx/µx.
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6.3.3 Component-modal quantification of uncertainty

Given that a CMS model in MCB coordinates has been created, one may attempt
to quantify the components’ uncertainty directly on the component modes, rather
than describing the uncertainty at a physical level. This was originally proposed
by Mace and Shorter in [23]. Quantifying uncertainty at a component-modal level
implies that it is not necessary to propagate component matrix perturbations into
component modes, in order to resolve the uncertainty in the full system dynamics.
This will certainly reduce the computational cost of the uncertainty analysis.

As for the uncertainty in physical parameters, there is the need to coherently model
the uncertainty in the component modes. However, this is not an easy task. Each
of the component modes is described by its three modal parameters, namely modal
frequency, modal damping and mode shape. In a heavily damped system, such as
the ribbed plate example, the uncertainty in the three modal parameters is neces-
sarily correlated. Hence, each of them should be considered as a correlated random
variable (or random field in the case of the mode shapes). Thus, the uncertainty in
a component mode may be quantified by means of a mode covariance matrix. More-
over, there may exist correlation between the uncertainty in the different modes.
Therefore, the component uncertainty may not be modelled for each mode indepen-
dently. Instead, a component modal covariance matrix for the modal parameters of
all component modes should be considered.

Quantifying the modal covariance matrix may be very difficult, especially if the
mode shapes are considered uncertain. One way of obtaining the covariance ma-
trix is to perform repeated modal testing measurements of a physical structure.
However, the cost for performing modal testing may exceed by far the cost reduc-
tion obtained by component-modal uncertainty quantification. Alternatively, the
covariance matrix may be computed from repeated simulations in a Monte Carlo
scheme.

Besides, if only the component eigenvalues are assumed uncertain (as would be
the case for the LMP method), the eigenvalue covariance matrix may be efficiently
computed using sensitivity relations. Hasselman and Hart [100] demonstrated that
the eigenvalue covariance matrix Cov(λ) can be related to the physical parameters
covariance matrix Cov(θ), by means of the sensitivity functions Sλm(θn) for the
eigenvalues λm with respect to an uncertain physical parameter θn, i.e.

Cov(λ) = Sλ(θ)Cov(θ)STλ(θ) (6.10)
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Thereupon, equation 6.10 may be reformulated for each component in terms of the
KL parameters of the random fields defined in the previous section. Consider a
component damped eigenvalue sensitivity function (c.f. equation D.7 in Appendix
D) with respect to a KL random field parameter ξi

Sλk(ξi) = ∂λk
∂ξi

= Sλk

(
∂Ms

∂ξi
,
∂Cs

∂ξi
,
∂Ks

∂ξi

)
(6.11)

which is posed in terms of the component matrix sensitivities. The matrix sen-
sitivities with respect to ξi are easily derived by virtue of the KL expansion. By
inspection of equations 6.7, 6.8 and 6.9 one realises that, for the αs random field,
the element damping matrix sensitivity functions are simply

∂Ce,s

∂ξi
= CVα

√
µiψeiCe,s (6.12)

and the mass and stiffness sensitivities are zero valued. Likewise, for the Es random
field, the element damping and stiffness matrices sensitivities are

∂Ke,s

∂ξi
= CVE

√
µiψeiKe,s (6.13)

∂Ce,s

∂ξi
= CVE

√
µiψeiCe,s (6.14)

and the mass sensitivities are zero valued. Thence, the full component matrix
sensitivities are obtained by assembly of the element matrix sensitivities. This
implies that a closed form expression for the Sλk(ξi) sensitivities is available.

Since ξi are independent random variables with unit variance, their corresponding
covariance matrix is just an identity matrix i.e. Cov(ξ) = I. Consequently, the
component eigenvalue covariance matrix is simply

Cov(λs) = Sλ(ξ)STλ(ξ) (6.15)

whose computation is trivial given that a closed form exists for the Sλk(ξi) sensitivity
functions.

Now, considering the quantification of uncertainty in the aluminium plates, i.e. 20%
CV for the damping factor and 10% CV for the Young’s modulus, a corresponding
modal covariance matrix is computed here for each aluminium component, assuming
that only the eigenvalues of each component are uncertain, but not the eigenvectors.
Consequently, if Nk is the number of kept state-eigensolutions in a MCB reduced
component, the uncertainty in each component is modelled through a modal random
field λs consisting of Nk correlated random variables.
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This supposes that the uncertainty is modelled through 50 and 30 correlated modal
random variables for the outer and the inner aluminium plates respectively. Again,
the component modes uncertainty is more efficiently expressed using a KL expan-
sion. By taking an eigendecomposition of the modal covariance matrix Cov(λs),
i.e.

Cov(λs)ψj = µjψj (6.16)

the λs random field may be expanded into a modal KL expansion:

λs(ξ) = λ̄s +
2∑
i=1

√
µjψjξj (6.17)

In this case, the modal random field may be correctly characterised using just 2
modal covariance eigensolutions.

Thus, with the uncertainty quantification at a component-modal level, the whole
randomness in the damping proportionality factor throughout an aluminium plate is
modelled with just two uncorrelated random variables ξj per component. The same
applies for the Young’s modulus uncertainty. A component modal perturbation
is then created by simply sampling the ξj independent random variables, which
are assumed to have a normal Gaussian probability distribution function. This
modal perturbation is consistent with the physical uncertainty described for the
components.

6.4 Uncertainty Analysis

Once the uncertainty in the ribbed plate has been characterised, the effects of
uncertainty in the dynamic behaviour of the ribbed plate are analysed in this section.
The Monte Carlo (MC) method [101] is used here for estimating the statistics of
the dynamic outputs.

The ribbed plate uncertainty is analysed through 100 MC samples. For each MC
sample, a ribbed plate model realisation is produced by perturbing the model pa-
rameters according to the uncertainty defined in each of the aluminium plates, and
the dynamics of the system are then solved. Finally, from the results for all of the
MC samples the first and second order statistics (i.e. mean and variance) of the
dynamic outputs are computed.

In order to evaluate the performance of the CMP and LMP methods presented in
the previous chapter, the Monte Carlo uncertainty analysis is executed three times
as summarised in Table 6.3.
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Analysis MC samples Uncertainty modeling Reanalysis method Uncertainty propagation Total computation time
1st 100 Component-Physical MCB 1 MCB solution 1428.8 s
2nd 100 Component-Physical CMP 24 CMP approximations 722.3 s
3rd 100 Component-Modal LMP 8 LMP approximations 76.4 s

Table 6.3: Description of the Monte Carlo uncertainty analyses.

In the first analysis the uncertainty is quantified at a component-physical level,
and the perturbed system dynamics are solved exactly at each MC sample through
the Morgan-Craig-Bampton CMS method. Since only the aluminium plates are
uncertain, the component modal solutions for the steel ribs are not recomputed.
The total time for the MCB reanalysis of the 100 MC samples is 1428.8 seconds.
This exact solution is used as a reference for assessing the accuracy of the LMP and
CMP approximations.

In the second analysis the same component-physical uncertainty quantification is
used for each MC sample, and the uncertainty is propagated into the global modes
through the CMP method. In this case, the low-frequency correction for the CMP
method is included (c.f. section 5.3.4). Notice that for each uncertain component
six independent parameters ξi are perturbed. This means that an overall number
of 24 CMP perturbation propagations per MC sample are required.

The total analysis time through CMP perturbation approximations is 722.3 sec-
onds, which is roughly half the time for an exact solution. The computation cost
with respect to the exact solution may vary for other models than the one consid-
ered here. For example, for larger models the component EVP solution cost grows
exponentially with the number of DOFs, whereas the CMP approximation cost rises
linearly. Conversely, a simpler description of uncertainty (e.g. an uncertain scalar
parameter) would need much less CMP perturbation propagations. Thus, it is re-
markable that, in this case (small model and random field uncertainty modelling),
the CMP method is already significally more efficient than the CMS reanalysis.

Last, for the third analysis the modal covariance matrices for the aluminium plates
component modes are computed, so that the uncertainty is quantified at a component-
modal level. Then, for each MC sample the component-modal uncertainty is prop-
agated into the global modes through the LMP method. Since two independent
parameters ξi are used for describing the uncertainty in each component, 8 LMP
perturbation propagations are performed at each MC sample. By virtue of the
modal quantification of the uncertainty, the total MC analysis time is reduced to
just 76.4 seconds. This is a much more efficient method (an order of magnitude)
than the CMP method.
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Next, the uncertainty analysis results are presented and the accuracy of the CMP
and LMP methods are evaluated by comparison to the exact solution.

6.4.1 Component modes uncertainty

First, the uncertainty in the component modes is assessed by comparing the com-
ponent eigenvalue statistics for the three Monte Carlo simulations. Recall that the
exact component modes are computed at each MC iteration in the MCB uncertainty
analysis by solving the state-EVP of the perturbed component. On the contrary,
in the CMP uncertainty analysis these are obtained through damped mode pertur-
bation approximation (c.f. equation 5.6). In turn, in the LMP uncertainty analysis
the component eigenvalue perturbations are obtained by sampling the component
modal covariance matrix.

Figure 6.5 shows the resulting coefficient of variation2 for each of the 25 fixed-
interface component modes of the first component (i.e. the left-most outer damped
aluminium plate). The damped modal frequency CVs and the modal damping ratio
CVs in percentage units are presented in the left hand plot and right hand plot
respectively. Similar plots result for the other three aluminium plates.
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Figure 6.5: Coefficient of variation for the first component eigenvalues.

2It must be pointed out that hardly any differences in the mean values for the modal frequencies
and modal damping of the component modes have been obtained for the MCB, CMP and LMP
results. Therefore, Figure 6.5 merely shows the differences in the variance results, since the
coefficient of variation is the standard deviation normalised by the mean value.
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The results for the three methods are very close and show basically the same com-
ponent mode variability characteristics. All component modes show standard devi-
ations around 3% of their damped modal frequency value, and around 11% of their
modal damping value.

Notice that these CV values are much smaller than the CV values assumed for
the physical parameters (i.e. 20% CV for damping proportionality factor and 10%
CV for Young’s modulus). Clearly, this is due to the fact that the uncertainty is
modelled through random fields, since the physical parameter variation at different
elements may average out. It can also be observed that the 8th and 19th component
modes show slightly higher variability than the rest of the component modes. This
is also a consequence of the use of random field uncertainty modelling since the
damping is no longer proportional when a random field perturbation is applied to
the damping/stiffness matrices, and this may have a higher effect in certain modes
due to uneven damping distribution.

For the MCB and CMP analyses, the uncertainty has been modelled at a component
physical level. Furthermore, the same quantification has been used for the MC
samples. Therefore, any difference in the component mode uncertainty estimation
is due to the approximation error in the modal perturbation propagation. Yet, it
can be observed that the exact CV results and the perturbation results practically
match each other for both modal frequencies and modal damping, which indicates
that the damped modal perturbation approximation has very good accuracy for
such levels of uncertainty.

For the LMP analysis, the MC samples are generated by independent modal co-
variance sampling. This explains the slightly biased results for the component
eigenvalues CVs. Nevertheless, this bias is a result of having just 100 Monte Carlo
samples. With a much higher number of Monte Carlo iterations the CV results
would converge to the exact ones. Furthermore, differences observed in the modal
damping CV (such as for the 5th component mode) may diminish by taking more
terms in the KL expansion for the modal covariance matrix.

Lastly, although the component eigenvector variability is not explicitly addressed
in this section, it is worth to mention that, in the CMP analyses, component eigen-
vectors perturbations are obtained with very little error with respect to exact per-
turbations. On the contrary, no eigenvector variability is considered in the LMP
case.
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6.4.2 Global modes uncertainty

The uncertainty in the full ribbed plate system is evaluated next at a modal level.
The 60 first global modes of the system are considered, and their uncertainty is again
studied by evaluation of their corresponding eigenvalue coefficient of variation for
the MCB, CMP and LMP analyses.

The first 60 modes for the deterministic FE model have been examined previously
in Figure 6.4. There, it may be observed that the modal damping does not increase
monotonically with respect to modal frequency, which implies that their modal
damping values correspond to a general distribution of physical damping. This
means that the physical damping has uneven influence in the global modes. There-
fore, the uncertainty in the global modes will presumably be unevenly distributed
as well.

In Figure 6.6 the global eigenvalue uncertainty is presented in terms of the coeffi-
cients of variation for the damped modal frequencies (left) and the modal damping
ratios (right). The results shown correspond to the three Monte Carlo simulations
through MCB, CMP and LMP reanalyses respectively.
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Figure 6.6: Coefficient of variation for the ribbed plate global eigenvalues.

The MCB results (in blue) are considered to be exact solutions. It is readily ob-
servable how the global modes present fluctuating values for their variance (i.e. the
CV plots are very peaky). Global modes show standard deviations from 0.5% to
2% of their modal frequency values and standard deviations from 4% to 9% of their
modal damping values.

CMP results (in red) show very good agreement with the exact results. The coef-
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ficients of variation for the modal frequencies are almost coincident with the MCB
ones. Slightly larger differences are observed in the modal damping coefficient of
variations. These results are in agreement with the perturbation errors observed in
the CMP validation example in section 5.3.3, that is, very good accuracy for small
perturbations (<20%) with slightly bigger error for modal damping than for modal
frequencies.

On the contrary, LMP results (in green) show very poor estimation of the uncer-
tainty in global modes. The estimation variation for the lower 10-15 modes is clearly
below the exact values. The LMP estimated CV values tend to zero as the modal
frequencies approach zero, meaning that the variability information is lost for the
low-frequencies. Conversely, for modes in the mid and high frequencies the LMP
results tend to converge to a range of variation for the global modes similar to
the exact variation range (i.e. CVfm = 0.5% to CVfm = 2%, and CVζm = 4% to
CVζm = 4%). Nevertheless, for each individual mode the CV values for the LMP
method show large errors with respect to the exact ones, specially for the modal
frequencies.
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Figure 6.7: Band average coefficient of variation for the ribbed plate global eigenvalues.

The variability in each global mode is not correctly estimated through the LMP
method because the uncertainty in component eigenvectors has been ignored. Ne-
glecting the component eigenvector variability has been shown to be the major
source of error in perturbation methods on state-space based CMS models. How-
ever, if one regards the ensemble eigenvalue variability in frequency band averages
(see Figure 6.7), one identifies that the ensemble average CV values for the LMP
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method tend to converge to the exact average CV values as frequency increases. In
fact, the global modes ensemble variability is fairly well approximated for the 500
Hz and 1 kHz bands due to high number of modes per band. This implies that,
in a statistical sense, the LMP method provides valid variability results for these
high frequency bands. Moreover, there is high modal overlap in these bands since
the system is heavily damped, so that even if the individual mode variability is not
accurately resolved, the corresponding frequency response statistical moments will
be quite accurate.

It is worth noting that, in this example, there are many coupling interface DOFs
between the plates and the ribs. Hence, the constraint modes used in the MCB re-
duced model highly contribute to the description of the ribbed plate low frequency
behaviour. Hence, the CMP method accuracy for the lowest modes changes drasti-
cally depending on whether the CMP low-frequency correction is used (c.f. section
5.3.4). The mode variability results shown here correspond to CMP method with
low-frequency correction. Otherwise, if a low-frequency correction is not applied,
the variance of the lower modes is greatly underestimated, which is what actually
happens for the LMP method as can be observed in Figures 6.6 and 6.7.

6.4.3 Forced response uncertainty

Finally, the dynamic response of the uncertain ribbed plate is evaluated when a set
of forces is applied to the system. For this purpose, a set of four uncorrelated point
input forces are considered, each of them having unit amplitude in Newtons. Then,
the power spectral density of the velocity response is computed at a single DOF
corresponding to the vertical displacement in node 100 (i.e. the same position in
which the input mobility has been computed for the deterministic solution). Figure
6.8 sketches the placement of the four point forces and the point response. The
exact location of the point forces and response are resumed in Table 6.4.

Node Position (x,y,z) [m] Degree of freedom
Response 100 (0.191,1.125,0.000) vertical displacement
Force 463 (0.993,0.000,0.000) vertical displacement
Force 471 (0.993,0.600,0.000) vertical displacement
Force 694 (1.490,0.000,0.000) vertical displacement
Force 702 (1.490,0.600,0.000) vertical displacement

Table 6.4: Ribbed plate example: Forces and response positions.
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Figure 6.8: Sketch of the point forces and response in the ribbed plate example.

The velocity spectrum at node 100 has been computed for each Monte Carlo sample.
Accordingly, the mean as well as the extreme values of the ensemble velocity spectra
have been computed at each analysis frequency.

The velocity spectrum for each MC sample together with the mean and extreme
estimates are presented in Figures 6.9, 6.10 and 6.11 for the MCB, CMP and LMP
methods respectively. Each of the 100 velocity responses (in grey) overlay with each
other, creating in this way a grey area which illustrates the range of variation of
the response due to the uncertainty in the system. The minimum and maximum
curves can therefore be taken as safety margins for design purposes.

For the low-frequency bands, individual modes are recognisable with small variation
around them accounting for the uncertainty in modal frequency and modal damp-
ing. Mid-frequency bands present a wider variation envelope because the modal
variation areas overlap. Moreover, great variability is observed around the mid-
frequency spectra antiresonances, which are a consequence of the cancelation of the
overlapping modes at the response location. At high frequencies the mid-frequency
variability characteristics are exacerbated so that the ensemble resonances and an-
tiresonances add up into a flat mean spectrum and uncertainty envelope.

Comparing Figures 6.9 and 6.10 it can be observed that the mean velocity spectra
for the MCB and CMP analyses are almost identical. In turn, very similar en-
velopes for the uncertain area of variation are obtained. Differences between the
two plots are not observed for the low-frequency bands. At mid-frequencies there
are some differences in the antiresonance variation which may happen due to small
perturbation errors in the the global eigenvectors. In the high frequency band, the
CMP analysis provides a wider envelope than the exact one. This may happen due
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Figure 6.9: Point velocity power spectral density statistics at node 100. Exact solution
through CMS reanalysis.
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Figure 6.10: Point velocity power spectral density statistics at node 100. Approximate
solution through CMP perturbation propagation.

to larger perturbation approximation errors in the CMP estimates as the frequency
increases (as happened for the cantilever example in section 5.3.3).

On the contrary, Figure 6.11 shows a very distinct estimation of the velocity re-
sponse uncertainty. For the low frequency bands almost no variability is observed.
Just in the vicinity of the modal resonances a small variation in the peak ampli-
tude is observed, which corresponds to modal damping variability. Accordingly,
the LMP mean low-frequency spectrum basically matches that of the deterministic
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Figure 6.11: Point velocity power spectral density statistics at node 100. Approximate
solution through LMP perturbation propagation.

solution. This erroneous estimate for the low-frequency behaviour is in agreement
with the underestimation of the low-frequency global mode uncertainty discussed in
the previous section, corroborating in this way the inadequacy of the LMP method
for low-frequency response uncertainty analysis.

Nevertheless, for higher frequencies of analysis, the LMP method does propagate
the system uncertainty into the global modes. It can be observed in Figure 6.11
how for the mid-frequency and the high-frequency bands there is variation in the
velocity spectra. For these bands the mean curve matches the exact one, and the
variation envelope converges to that of the exact solution as well.

6.5 Conclusions

In this chapter the CMP and the LMP methods have been applied for the uncer-
tainty analysis of the ribbed plate example. The ribbed plate structure has been
analysed for a wide frequency range, so that low-frequency, mid-frequency and high-
frequency dynamic response behaviours have been covered. Since the benchmark
example is locally and heavily damped, the analysis of uncertainty has been con-
ducted on the grounds of a CMS reduction of the finite element model in state-space
coordinates, specifically through the MCB method.

The CMS reduction of the ribbed plate model facilitates the modelling of the uncer-
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tainty at a component level. In this numerical study, the heavily damped compo-
nents have been considered to have uncertain damping and stiffness properties. Two
alternatives for the modelling of the uncertainty have been used. In first place, the
uncertainties in the component physical parameters have been modelled through
random fields. Also, a second approach has been proposed in which the component
uncertainties are quantified directly on the component modal basis.

In both cases, the component uncertainties are described by means of a large set
of correlated uncertain parameters. This represents a challenging scenario with
regard to the efficiency for the application of CMS perturbation methods, since an
independent perturbation approximation is required for each varying parameter.
Yet, the sets of correlated uncertain parameters may be conveniently projected into
a much reduced set of independent random variables through the Karhunen-Loève
expansion. Thus, the component uncertainties are eventually quantified through
a reduced number of uncorrelated KL parameters: six parameters for component-
physical uncertainty modelling and just two parameters for the component-modal
uncertainty modelling.

A reference uncertainty analysis has been conducted through exact CMS reanalysis
of the uncertain components. Then, the same analysis has been conducted through
the CMP method with component-physical uncertainty quantification and through
the LMP method with component-modal uncertainty quantification.

It has been seen how the CMP method obtains practically equal uncertainty esti-
mates for the dynamic solution of the ribbed plates (i.e. for the damped system
modes and the forced frequency response), while half the computation effort with
respect to the reference analysis has been required. In this example, the CMP
correction for the low-frequency modes has been indispensable for an accurate es-
timation of the modes variability. Nevertheless, its inclusion supposes a minor
increase in the total computation time. In fact, it has also been argued that for
larger finite element models the gain in efficiency of the CMP method with respect
to CMS reanalysis would be even more substantial. Thus, the CMP method has
shown very good performance for all of the analysis frequency range.

On the other hand, LMP reanalysis method has proved to be much more efficient
than the CMP method. The overall computation time is reduced by an order
of magnitude through the LMP method together with the component-modal un-
certainty quantification. However, its application is restricted to the analysis of
medium to high frequencies. The low frequency uncertainty is largely underesti-
mated because the physical uncertainty is not propagated through the constraint
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modes. Additionally, the uncertainty in individual modes is inadequately estimated
because uncertainty in the component eigenvectors is neglected. Nevertheless, at
the mid-frequencies and high frequencies, the uncertainty estimates for the ensemble
of modes is sufficiently accurate by virtue of a high modal overlap, which produces
fair statistical averages for the first and second moments of variation. Accordingly,
the LMP method can be used as a fast estimation method of the uncertainty at
mid/high frequencies.
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Chapter 7

Conclusions

7.1 Conclusions

This thesis concerned the efficient numerical analysis of vibrations of heavily damped
dynamic systems. In the development of mechanical structures repeated vibration
analyses of numerical models are required for their robust design, be it for ad-
justing the model to the actual system response measurements, for optimising the
system performance, or estimating the inherent response variability due to system
uncertainty. In most of the cases the vibration analyses are conducted on finite
element models, and their numerical solution supposes a very high computational
cost, specially for increasing frequencies of analysis. In particular, heavily damped
dynamics may be correctly estimated through state-space modal analysis. How-
ever, the state-space formulation introduces additional difficulties to the numerical
solution computation since the number of equations of motion to solve is doubled,
and due to the corresponding matrices not being positive-definite. Therefore, the
high computational cost for the numerical solution is exacerbated for the analysis
of heavily damped systems. In this work various approximate methods for reduc-
ing the cost of repeated vibration analysis of generally damped systems have been
proposed.

Although the solution of the state-space equations of motion presents some nu-
merical challenges, it has been demonstrated that the corresponding eigenvalue
problem may be solved using an appropriate eigenvalue algorithm. Even for large
finite element models, the damped complex modes of vibration are properly esti-
mated through the Symmetric Indefinite Lanczos Method algorithm. Accordingly,
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approximate modal solution methods for the state-space equations of motion have
been derived given that an initial (state-space) damped modal solution is available.

First, linear approximations for the damped modal solutions have been considered
because the modal parameters of generally damped system show smooth variations
with respect to physical parameters variations (as opposed to frequency responses).

The modal perturbation approximation and the modal interpolation approximation
for damped modes have been explored. For heavily damped systems, perturbation
and interpolation methods for damped modes show much improved accuracy in
comparison to analogous methods based on undamped eigensolutions and classical
small damping approximation. Yet, their range of applicability is restricted to small
variations in the physical parameters of the system due to non-linear variation of
the modal parameters.

The computational cost for the linear approximations depends on two main factors.
On one hand it depends linearly on the number of degrees of freedom of the sys-
tem model. A linear approximation is therefore less costly than the eigensolution
computation which depends quadratically on the number of degrees of freedom. On
the other hand, the computation cost grows with the number of varying physical
parameters. Therefore the perturbation and interpolation methods are significantly
advantageous just when only a few parameters vary.

Thus, the applicability of the approximate analysis methods is limited in terms of
accuracy by the approximately linear range of modal variation, and in terms of
efficiency by the number of degrees of freedom and the number of varying physical
parameters. Accordingly, their applicability may be improved in three ways, that
is, by use of enhanced non-linear approximations, by reduction of the number of
degrees of freedom and by reduction of the number of varying parameters.

In this work, these three aspects have been investigated to a greater or lesser extent
for state-space models. Non-linear eigenvalue approximation has been proposed
through a Rayleigh quotient for damped equations of motion. The reduction of
the number of degrees of freedom has been accomplished through the Component
Mode Synthesis methods in state-space coordinates. The reduction of the number
of varying parameters has been addressed in the uncertainty analysis case example
through the Karhunen-Loève expansion for random fields.

There is certain trade-off between how accurate and how efficient an approximation
method can be. For example, non-linear approximations may improve the accu-
racy in the approximation but they also increase the approximation computational
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cost. Therefore, one shall evaluate how necessary is to enhance the accuracy of
the approximation for the analysis purposes and whether the associated increase in
computation cost yields benefits. Conversely, it has to be ensured that an efficient
approximate method provides sufficient accuracy for the analysis purposes.

For instance, frequency and spatial averaged quantities are regarded in vibration
analysis at high frequencies. Since high frequency damped modes largely overlap,
average quantities are generally well estimated regardless of the error in individual
modes approximations. Consequently, the accuracy requirements for the approxi-
mate damped modes may be relaxed at high frequencies. Hence, for high frequency
analysis, the linear perturbation an interpolation methods can be applied for larger
variation ranges.

It has also been discussed that among the modal parameters mode shape vectors are
the ones that show less sensitivity to physical parameters variations. Variation in
mode shapes are small and in consequence variation approximation errors are very
small with respect to the absolute mode shape values. Moreover, vibration analyses
often focus on the spectral position and amplitude of the response resonances, i.e.
on the modal frequencies and modal damping. Thus, one may require accurate
methods for the estimation of the damped eigenvalues but not necessarily as much
accuracy for the damped eigenvectors.

The Rayleigh quotient eigenvalue approximation precisely provides enhanced esti-
mates for the eigenvalues. The application of the proposed Q quotient for damped
equations of motion broadens the potential range of variation of the physical pa-
rameters that can be analysed with sufficient accuracy. Opposite to the classical
Rayleigh quotient, a posteriori error bounds for the Q quotient may not be formu-
lated due to non-positive definiteness of the state-space matrices. Nevertheless, it
has been proved numerically that the Q quotient approximation reduces the approx-
imation error by an order of magnitude with respect to the linear approximations,
while its computation cost is of the same order as for linearly approximating a sin-
gle eigenvector. Since the eigenvectors linear approximation cost is much reduced
in interpolation methods, the use of the quotient approximation is most efficient
in conjunction with interpolated estimates. All together, the quotient approxima-
tion allows one to tackle the analysis of gross modifications in the design at a low
computational cost while preserving good accuracy in the modal estimates.

In the research of more efficient methods for the analysis of large models, reduction
of the state-space equations of motion through Component Mode Synthesis has been
investigated. For heavily damped systems, state-space based CMS methods largely
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improve the accuracy of the damped modes estimates with respect to conventional
CMS methods based on undamped component modes. In turn, the computation
cost for the initial state-space solution is greatly reduced. CMS models are not only
of reduced order, but they also provide a substructured description of the system.
Therefore, they are a suitable framework in which approximate analyses become
scalable since variations in each component may be addressed independently, and
more efficient because of the model order reduction. Two CMS perturbation meth-
ods for the approximate analysis of heavily damped systems have been devised,
specifically on models reduced through the Morgan-Craig-Bampton method.

The Component Modal-Propagation (CMP) method approximates the damped
modal solution variations by propagating the components perturbations through
the component modes. Including a correction for the correct estimation of low-
frequency variability, the CMP method provides equivalent accuracy to the pertur-
bation method applied to the full order model. Moreover, it provides a moderate
gain in efficiency since only the perturbed components need to be taken into account.
The efficiency gain depends on the number and size of the perturbed components.
Therefore, its use is very beneficial for analysing small to modest localised variations
(e.g. parameter modifications, parameter uncertainty, design optimisation) in large
system models. Specifically, damping treatments are usually applied locally. Thus,
the CMP method is very well suited for the analysis of dynamic response variation
in locally damped systems.

The Local Modal Perturbation (LMP) method defines perturbations at a component-
modal level and propagates them into the global system modes. Hence, the CMP
method performs the perturbation approximation directly on the reduced CMS
model. Consequently, a very notable gain in efficiency is obtained, reaching over an
order of magnitude lower computational cost with respect to the full order pertur-
bation method. However, the state-space component eigenvectors variations have
proved to be crucial for the correct perturbation propagation in CMS models, and
these are not included in the LMP method. Only the eigenvalue perturbations are
considered in the damped component modes, and this makes the global modes ap-
proximation highly imprecise. Nevertheless, the high efficiency of the LMP method
can be exploited for vibration analysis at high frequencies where average estimates
are regarded. This has been illustrated in the uncertainty analysis numerical case
example. In conclusion, the LMP method is applicable for obtaining computation-
ally cheap estimates of medium to high-frequency dynamics variability of heavily
damped systems.
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7.2 Future work suggestions

Research at a fundamental level has been undertaken in this thesis based on the
viscous modelling of damping, which is the simplest and more conventionally used
damping model. The approximate methods proposed here follow from the state-
space formulation for generally damped systems, under the assumption that the
damping is of the viscous kind. Many times, however, damping materials such as
rubbers and polymers show viscoelastic behaviour, which does not correspond to
the viscous damping model. The modelling of viscoelastic damping corresponds
to a frequency dependent damping matrix which may be linear or not. Therefore,
it would be worthwhile to further the research on approximate methods for the
analysis of heavily damped systems by taking into account other damping models.

Nevertheless, for a frequency domain vibration analysis viscoelastic damping is
typically assumed linear, and a usual approach is to perform independent analyses
for limited frequency bands in which the damping matrix is assumed constant.
Thus, the approximate methods based on state-space formulation may be used for
each of the frequency bands. The use of the proposed methods in a viscoelastic
damping scenario could also be a future research line.

In a more applied research, the approximate analysis methods for damped systems
that have been developed throughout this work may be used in optimisation and
model updating processes. These, together with uncertainty analysis, were pro-
cesses which have been motivation for their development, in fact. Specifically, one
may suspect that a suitable application might be for the optimisation of damping
treatment in a design.

Furthermore, the Component Mode Synthesis methods for damped systems might
be exploited for the modelling of damped joints and couplings. Perhaps, a hy-
brid CMS modelling would then be necessary combining simultaneously large com-
ponents with free interface modes and the joint components with fixed interface
modes. The CMS perturbation scheme could then be adapted to this hypothetical
hybrid CMS method. Joint uncertainty, updating or optimisation problems might
be tackled in this way.

Perturbation methods based on the Craig-Ni method for Component Mode Synthe-
sis have been discarded because residual attachment mode perturbations were not
negligible, and the coupled-modal matrices were costly to compute. Yet, an LMP
method on Craig-Ni coordinates might be formulated having a similar efficiency
to the LMP method in Morgan-Craig-Bampton coordinates. Although it would
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not provide good accuracy (presumably) it may be the case that it would be valid
for high-frequency average estimates. The use of perturbation methods based on
free interface modes may be beneficial whenever the numerical estimates are to be
matched with actual measurements.

Finally, the use of the LMP method could be combined with other approximate
methods. For instance, use of the CMP method for low to mid frequencies and the
LMP method for the high frequencies could be combined in one analysis. Also, the
LMP method may be used for the derivation of energy models for heavily damped
systems. Since the energy coupling factors are ensemble average quantities, the
LMP method may be used for obtaining these at a low computational cost from
a nominal FE model containing an uncertainty description. Such energy models
would be valid at high frequencies.
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Appendix A
Norms and normalisation of

eigenvectors

In modal analysis (c.f. section 2.2), eigenvectors are typically chosen to be nor-
malised with respect to the mass (or A) matrix. In this section, the concept of
norm is revisited in order to formalise the way eigenvectors are normalised.

For the undamped case, a so called M-norm is defined. The M-norm is used for
the mass normalisation of eigenvectors. For the state-space case, the eigenvectors
normalisation is done using an A-normalisation factor, which is not a norm.

Additionally, the norms defined in this section are also of application for the es-
tablishment of eigenvalues error bounds. The error bounds are presented in section
2.4.2 and their derivations can be found in appendix B.

A.1 Vector norm

The norm of a vector v is a functional that gives a real-positive number indicating
the size of the vector. The vector norm is therefore positive-definite. The most
common norm is the euclidian norm ‖v‖, which is defined as the square root of the
inner product of a vector with itself.

‖v‖ = 〈v,v〉
1
2 (A.1)

The inner product between any two complex vectors v and w is defined as

〈v,w〉 = wHv (A.2)
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A.2. Matrix norm

where H stands for the complex conjugate transpose. When the inner product of
two distinct vectors v and w equals zero, this vectors are said to be orthogonal. If v
and w are real vectors, then the conjugate transpose operation H simply becomes
the vector transpose T , i.e. 〈v,w〉 = wTv.

The inner product has three important mathematical properties, namely:

• linearity: 〈av,w〉 = a 〈v,w〉 and 〈v1 + v2,w〉 = 〈v1,w〉+ 〈v2,w〉

• conjugate symmetry: 〈v,w〉 = 〈w,v〉∗, and

• positive-definiteness: 〈v,v〉 ≥ 0 and 〈v,v〉 = 0⇒ v = 0

On the contrary, the norm of a vector does not hold the linearity property; although
it satisfies homogeneity (‖av‖ = a ‖v‖), it does not necessarily satisfy additivity
(‖v + w‖ = ‖v‖+ ‖w‖).

Nonetheless, the euclidian vector norm fulfils the triangle inequality

‖v + w‖ ≤ ‖v‖+ ‖w‖ (A.3)

which is, in turn, a consequence of the Cauchy-Schwarz inequality.

|〈v,w〉| ≤ ‖v‖ ‖w‖ (A.4)

A.2 Matrix norm

The notion of vector norms may be extended to matrices. The norm of a matrix
V assigns a real-positive number indicating the size of the matrix. Matrix norms
hold all the properties of vector norms. Again, the most common matrix norm is
the euclidian norm ‖V‖ defined as a matrix norm induced by the euclidian vector
norm. The euclidian matrix norm is defined as the maximum ratio of two vector
norms, that is

‖V‖ = max
v 6=0

‖Vv‖
‖v‖

(A.5)

with v the vector that maximises the ratio.

For square matrices, the euclidian matrix norm corresponds to the maximum sin-
gular value σ of the matrix, with the singular values of a matrix V being the square
rooted eigenvalues of the matrix VHV.

σ(V) =
√
λ(VHV) (A.6)
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A.3. Mass normalisation

A fundamental property (sub-multiplicativity) that arises as a consequence of the
way the induced matrix norm is defined is that the inequality

‖Vv‖ ≤ ‖V‖ · ‖v‖ (A.7)

is always fulfilled for any vector v. Analogously, this is also true for the norm of
the product of any two square matrices V and W.

‖VW‖ ≤ ‖V‖ · ‖W‖ (A.8)

A.3 Mass normalisation

The undamped eigenvectors are usually considered to be mass normalised. This
means that the undamped eigenvectors u are scaled so that the quadratic form
uTMu equals unity. Here, the mass normalisation is described in terms of the
M-norm, which is defined next.

First, the M-product is introduced. For two real vectors v and w an inner product
with respect to the mass matrix M may be defined.

〈v,w〉M = 〈Mv,w〉 = wTMv (A.9)

When the M-product equals zero, the two vectors are said to be orthogonal with
respect to the mass matrix. This is the case for the two vectors being eigenvectors
of an undamped system with distinct associated eigenvalue.

Then, the M-norm can be defined as the square rooted M-product of a vector with
itself, that is

‖v‖M = 〈v,v〉
1
2
M (A.10)

The M-norm may be related to the euclidian norm in the following way. Considering
that the mass matrix is tipically a positive-definite real-symmetric matrix, it can
be decomposed using the Cholesky decomposition. The Cholesky decomposition
decomposes the mass matrix in terms of a lower triangular matrix L, i.e. M = LLT .
Hence, the relation between the euclidian and the M-norm may be expressed in the
following way

‖v‖M =
〈
LTv,LTv

〉 1
2 =

∥∥∥LTv
∥∥∥ (A.11)

An eigenvector is said to be mass-normalised when it is scaled by division with its
M-norm. Notice that the M-norm in equation A.10 is indeed the square root of
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A.4. The A-normalisation

the vTMv quadratic form. Thence, for any mass-normalised eigenvector ū it holds
that

ūTMū = uTMu

‖u‖M ‖u‖M
= 1 (A.12)

A.4 The A-normalisation

In analogy with the undamped eigenvalue problem, the state eigenvectors x re-
sulting from the solution of the state-space eigenvalue problem may be normalised
with respect to the A matrix. This is done so that the modal matrix Ā equals the
identity matrix. An A-normalised state eigenvector x̄ is such that x̄TAx̄ = 1.

In this case, however, the A-normalisation presents some mathematical differences
with respect to the mass normalisation that do not allow it to be defined in terms
of an A-norm. Unlike the undamped pencil (M,K), the state-space pencil (A,B)
is not positive-definite and, therefore, the state eigenvectors are complex valued.
Thence, the xTAx form is not a quadratic form but a bilinear form.

For any two complex vectors v and w a bilinear form BA with respect to the A
matrix may be defined as

BA (v,w) = wTAv (A.13)

Then, a normalisation factor A (x) can be defined as the square root of the BA form
of a state eigenvector with itself, i.e.

A (x) = B
1
2
A (x,x) =

√
xTAx (A.14)

A state eigenvector is said to be A-normalised when it is scaled by division with its
A-normalisation factor, so that

x̄TAx̄ = xTAx
A (x)A (x) = 1 (A.15)

Notice that in this case the normalisation factor A (x) is not a vector norm. Since
the state-vectors are complex valued, the BA form has the property of linearity, but
not conjugate-symmetry nor positive-definiteness. Hence, it does not candidate as
an inner product. An A-product analogous to the M-product in equation A.9 would
involve the hermitian transpose of the second vector, that is

〈v,w〉A = 〈Av,w〉 = wHAv (A.16)

from which an A-norm might be defined as

‖v‖A = 〈v,v〉
1
2
A (A.17)
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A.4. The A-normalisation

However, the A-norm is of little benefit when applied to state eigenvectors. Due to
the fact that the complex conjugate of a state eigenvector is another state eigen-
vector with distinct eigenvalue, they are orthogonal with respect to BA. So since
the A-norm of a state eigenvector may be expressed as ‖x‖A = B

1
2
A (x,x∗), it will

always equal zero.
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Appendix B

Error bounds for the generalised
eigenvalue problem

The computation of the eigensolutions of a system is always subject to a certain
degree of error. It is therefore of interest to determine the amount of error present.
Error bounds for the eigenvalues can be found in the literature, typically in pub-
lications about the computational aspects of the eigenvalue problem, e.g. [53–55].
Most of the time, however, these error bounds are solely formulated for the stan-
dard eigenvalue problem of a matrix, and no explicit derivation is given for the
generalised eigenvalue problem encountered in structural dynamics.

More general or tighter bounds can be derived depending on the properties of the
matrices defining the eigenvalue problem. Three well known error bounds are the
Bauer-Fike [65], the Krylov-Weinstein [63], and the Kato-Temple [64] bounds. Here,
the formulations of these error bounds are derived for the generalised eigenvalue
problem. Specifically, the undamped equations of motion are used for the deriva-
tions.

All three error bounds are valid for the undamped eigenvalues whereas only the
most general one (the Bauer-Fike bound) is valid for the complex eigenvalues aris-
ing from the state-space formulation. This is because the matrix pencils defining
the undamped EVP and the state-space EVP have important differences in their
mathematical properties.

The undamped pencil (M,K) is a positive (semi)definite pencil, which means that
it has positive (or zero) valued eigenvalues. In turn the M and K matrices are real,
symmetric and positive (semi)definite as well. On the contrary, the state-space
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B.1. Bauer-Fike

pencil (A,B) is an indefinite pencil with complex eigenvalues. Although the A
and B matrices are real and symmetric, they are not positive definite (they have
in fact positive as well as negative valued eigenvalues). The indefiniteness of A,
B and the (A,B) pencil makes impossible to define the Krylov-Weinstein and the
Kato-Temple eigenvalue bounds for the state-space EVP [54, 61].

B.1 Bauer-Fike

A general bound (Bauer-Fike) for the error in the eigenvalue approximation may
be derived in terms of the norm of the residual vector. Consider an approximate
solution eigenpair λ̃ − ũ corresponding to an exact eigenpair λ − u of a vibration
mode. The corresponding residual vector r reads

r =
(
K− λ̃M

)
ũ (B.1)

Equation B.1 can be rewritten to get an expression for the approximate eigenvector
as a function of the residual vector.

ũ =
(
K− λ̃M

)−1
r (B.2)

Now two identities are introduced. The stiffness matrix K may be substituted with
an equivalent expression making use of the spectral decomposition of the of a matrix
M−1K, whose solutions equal those of the undamped EVP, i.e. K = MUΛU−1,
with U a matrix containing all the eigenvectors and Λ a diagonal matrix containing
all the eigenvalues. In turn the mass matrix M may be post-multiplied with the
identity UU−1 = I. This gives

ũ =
(
MUΛU−1 − λ̃MUU−1

)−1
r (B.3)

and, with some algebraic rearrangement

ũ = U
(
Λ− λ̃I

)−1
U−1M−1r (B.4)

Notice that in Equation B.4 a diagonal matrix
(
Λ− λ̃I

)
appears, which contains

in its i’th diagonal elements the difference between the exact eigenvalues λi and the
approximate eigenvalue λ̃ corresponding to one of the exact eigenvalues λ. Hence,
the bound for the eigenvalue error λ− λ̃ may be estimated from equation B.4.

Taking the euclidian norm on both sides of equation B.4 and applying the sub-
multiplicative property of matrix norms one obtains the following inequality

‖ũ‖ ≤ ‖U‖
∥∥∥U−1

∥∥∥ ∥∥∥(Λ− λ̃I)−1
∥∥∥ ∥∥∥M−1

∥∥∥ ‖r‖ (B.5)
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B.2. Krylov-Weinstein

where the norm of the (Λ−λ̃I)−1 diagonal matrix is is the maximum of the absolute
values of its diagonal entries, i.e.∥∥∥(Λ− λ̃I)−1

∥∥∥ = max
i

(∣∣∣λi − λ̃∣∣∣−1
)

=
∣∣∣λ− λ̃∣∣∣−1

(B.6)

which is in fact the inverse of the smallest absolute error, that is, the λ − λ̃ error
we are looking to determine. Notice as well that the norms product ‖U‖‖U−1‖ is
by definition the condition number of matrix U. Therefore, solving the inequality
in equation B.5 for the term

∣∣∣λ− λ̃∣∣∣ encountered in equation B.6 one reaches the
definition of the Bauer-Fike bound for the generalised eigenvalue problem.∣∣∣λ− λ̃∣∣∣ ≤ Cond(U)

∥∥∥M−1
∥∥∥ ‖r‖
‖ũ‖

(B.7)

B.2 Krylov-Weinstein

From the Bauer-Fike bound, a narrower and more practical bound can be derived
given that the system matrices fulfil some properties.

Since the mass matrix is real-symmetric and positive definite it can be decomposed
using the Cholesky decomposition, i.e. M = LLT , with L a lower-triangular real
matrix. Pre-multiplying both sides in equation B.4 with LT and introducing the
notation V = LTU, an equivalent equation is obtained.

LT ũ = V
(
Λ− λ̃I

)−1
V−1L−1r (B.8)

Again, if the euclidian norm is taken on both sides of equation B.8 the following
inequality arises

‖ũ‖M ≤ ‖V‖
∥∥∥V−1

∥∥∥ ∥∥∥(Λ− λ̃I)−1
∥∥∥ ‖r‖M−1 (B.9)

where the M-norm of the approximate eigenvalue ‖ũ‖M =
∥∥∥LT ũ

∥∥∥ (c.f. section A.3),
and the analogous M-inverse norm of the residual vector ‖r‖M−1 = ‖L−1r‖ have
been introduced. A modified version of the Bauer-Fike bound follows.∣∣∣λ− λ̃∣∣∣ ≤ Cond(V)‖r‖M−1

‖ũ‖M
(B.10)

Equation B.10 may be further simplified by assuming that the eigenvectors in U
and ũ are mass normalised. In such case, ‖ũ‖M = 1 by definition of the M-
norm, and Cond(V) = 1 because the V matrix becomes an orthogonal matrix (i.e.
VTV = UTLLTU = UTMU = I). Hence, the eigenvalue error bound simplifies to∣∣∣λ− λ̃∣∣∣ ≤ ‖r‖M−1 (B.11)
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B.3. Kato-Temple

which is the generalised Krylov-Weinstein error bound for the eigenvalues of the
(M,K) pencil. This error bound is much more useful than the Bauer-Fike bound
since it does not depend on the full set of exact eigenvectors U which in general is
not computable.

For large systems, however, the computation of the inverse of the mass matrix in the
M-inverse norm might be very computationally expensive. If that cost is unbearable
a more relaxed bound may be utilised instead. An upper bound for the M-inverse
norm is given by the inequality

‖r‖M−1 ≤ λmin (M) ‖r‖ (B.12)

so that a less exact error bound can be obtained at the expense of computing the
lowest eigenvalue of matrix M, i.e.∣∣∣λ− λ̃∣∣∣ ≤ λmin (M) ‖r‖ (B.13)

so that computing the inverse of the mass matrix is avoided.

B.3 Kato-Temple

A tighter error bound in terms of the residual vector norm may be defined following
the Kato-Temple theorem. The Kato-Temple bound only holds when the approxi-
mate eigenvalues are computed using the Rayleigh Quotient (c.f. section 3.4.1), i.e.
λ̃ = R (ũ). Here, this bound is derived for the generalised eigenvalue problem.

The Kato-Temple error bound originates from Temple’s inequality [102]. Consider
an interval (α, β) that contains the approximate eigenvalue λ̃ = R (ũ) but it does
not contain any exact eigenvalue λ. Then, it holds that

‖r‖2
M−1 ≤

(
λ̃− α

) (
β − λ̃

)
(B.14)

which is the generalisation of Temple’s inequality to the (M,K) EVP, assuming ũ
is mass normalised (This is proved in the following section B.4).

Then, Kato [64] extended Temple’s inequality showing that it does still hold when
the closest exact eigenvalue λ is contained in the (α, β) interval (see [103] for proof).
Hence, for the extreme case λ = α we have

0 ≤ λ̃− λ ≤ ‖r‖
2
M−1

β − λ̃
(B.15)
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and, conversely, for the case β = λ

0 ≤ λ− λ̃ ≤ ‖r‖
2
M−1

λ̃− α
(B.16)

Thus, for any position of the exact eigenvalue λ inside the interval it can be assured
that

‖r‖2
M−1

α− λ̃
≤ λ̃− λ ≤ ‖r‖

2
M−1

β − λ̃
(B.17)

The Kato-Temple error bound is finally obtained by considering the interval to be
centered at λ̃. In this way, if a distance d is defined so that α = λ̃−d and β = λ̃+d,
then the eigenvalue error bound reads∣∣∣λ̃− λ∣∣∣ ≤ ‖r‖2

M−1

d
(B.18)

where distance d can be as large as the distance form λ̃ to the next closer eigenvalue
(not counting with λ). Therefore, when the spacing between eigenvalues is wide
enough, Kato-Temple gives a much narrower bound than the Krylov-Weinstein
one.

B.4 Generalisation of Temple’s inequality

The Temple’s inequality presented in equation B.14 is derived here for the gener-
alised eigenvalue problem encountered for undamped vibrating systems. This is
done on the grounds that the residual vector r is orthogonal to the approximate
eigenvector ũ when the Rayleigh Quotient is used for eigenvalue approximation, i.e.
λ̃ = R (ũ).

First, recall the interval (α, β) containing λ̃ but none of the exact eigenvalues. Let
rα and rβ be two residual vectors with α and β eigenvalue respectively. They can
be expressed in terms of r and λ̃ as shown in equations B.19 and B.20.

rα = (K− αM) ũ = r +
(
λ̃− α

)
Mũ (B.19)

rβ = (K− βM) ũ = r +
(
λ̃− β

)
Mũ (B.20)

Then, the M-inverse product of the two residual vectors, i.e. 〈rα, rβ〉M−1 = rTβM−1rα,
may be expanded as follows.

〈rα, rβ〉M−1 =
〈
r +

(
λ̃− α

)
Mũ , r +

(
λ̃− β

)
Mũ

〉
M−1

= ‖r‖2
M−1 +

(
2λ̃− α− β

)
〈r, ũ〉+

(
λ̃− α

) (
λ̃− β

)
‖ũ‖2

M

= ‖r‖2
M−1 +

(
λ̃− α

) (
λ̃− β

) (B.21)
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B.4. Generalisation of Temple’s inequality

Notice that here the product 〈r, ũ〉 = 0 because Rayleigh Quotient is assumed for
eigenvalue approximation. Temple’s inequality is achieved by verifying that the
product in equation B.21 is positive, that is

‖r‖2
M−1 +

(
λ̃− α

) (
λ̃− β

)
≥ 0 (B.22)

This can be proved by using the spectral theorem. The approximate eigenvector
can be expanded as a weighted sum of the exact eigenvectors um, i.e.

ũ =
∑
m

cmum (B.23)

Accordingly, the rα and rβ vectors can be also expanded in terms of the exact
eigensolutions.

rα = (K− αM)
∑
m

cmum =
∑
m

cm (K− αM)um

=
∑
m

cm (K− λmM)um + (λm − α) Mum

=
∑
m

cm (λm − α) Mum

(B.24)

Using the last expression in equation B.24, the 〈rα, rβ〉M−1 product may be expanded
as

〈rα, rβ〉M−1 =
〈∑

i

ci (λi − α) Mui,
∑
j

cj (λj − β) Muj

〉
M−1

=
∑
i

∑
j

cicj (λi − α) (λj − β) 〈ui,uj〉M

=
∑
m

|cm|2 (λm − α) (λm − β)

(B.25)

Given that it has been assumed that no exact eigenvalue belongs to the (α, β)
interval, then either (λm − α) and (λm − β) are both positive, or they are both
negative. Therefore, in equation B.25 all terms in the sum are positive valued. This
result corroborates with the statement in equation B.22, thus Temple’s inequality
is as expressed in equation B.14.
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Appendix C
Modal parameters variation in a
single degree of freedom system

The dynamics of a vibrating systems are typically analysed through modal analysis,
where the system vibration is described in terms of vibration modes. The vibra-
tion modes are linearly independent one another and, consequently, they behave
analogously to a single degree of freedom (SDOF) oscillator.

A SDOF system is defined by its mass m, stiffness k and damping constant c (see
figure C.1). If a SDOF system is undamped, i.e. c = 0, its free (non-forced)
vibration does not decay, and is characterised by the natural resonance frequency
ωn. On the contrary, a damped SDOF shows a decaying free vibration characterised
by the damped resonance frequency ωd and the decay rate damping ratio ζ.

m

k c

Figure C.1: A damped single degree of freedom system.

In this appendix, the rates of change of ωn, ωd and ζ with respect to m, k and c are
analysed for a SDOF system. For a generic vibrating system, the analogous modal
parameters (i.e. modal frequencies and modal damping) will show similar rates
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C.1. Variation in natural resonance frequency

of change with respect to physical parameters (i.e. mass, stiffness and damping).
Therefore, by analysing the SDOF system, a qualitative notion of the rate of change
of modal parameters can be extracted. This information is used in chapter 3 when
determining the convenience of modal approximate reanalysis methods.

C.1 Variation in natural resonance frequency

For an undamped SDOF system with stiffness k and mass m the natural resonance
frequency is found as

ωn =
√
k

m
(C.1)

This means that the natural resonance frequency is proportional to the square root
of the stiffness, and inversely proportional to the square root of the mass. Thence,
undamped modal frequencies of a generic vibrating system will show the same
proportionality relation with respect to mass and stiffness.

In other words, variations in stiffness may be related linearly to variations in squared
modal frequencies, that is, to variation in undamped eigenvalues since for the un-
damped EVP λm = ω2

m. Conversely, undamped eigenvalues vary according to a
function of the kind of f(x) = x−1 with respect to mass variations.

In order to qualitatively illustrate the rate of change of undamped frequencies and
eigenvalues with respect to mass and stiffness, consider a variable x = k

m
and some

arbitrary scaling constants a, b, c and d. The modal frequencies shall vary follow-
ing a ax 1

2 function for stiffness variations and following a bx− 1
2 function for mass

variations. Analogously, the undamped eigenvalues vary according to functions cx
and dx−1 for stiffness and mass variations respectively.

In figure C.2 the shape of functions x, x−1, x 1
2 , and x− 1

2 are shown for x ∈ [0, 10].
Notice that all four functions present very smooth variation for x > 1. Inverse
functions are particulary flat after the knee-point at x = 1. Therefore, variations
in the x > 1 range induce much smaller f(x) variations when the mass varies (x−1

and x− 1
2 curves) than when the stiffness vaires (x and x 1

2 curves).

In fact, a value of x = 1 would correspond to a fn = 1
2π ≈ 0.16 Hz resonance

frequency. Modal frequencies as low as tenths of Hertz are rarely found in dynamics
(perhaps only the first few modes in very large structures such as bridges). In general
cases (e.g. cars, airplanes, machinery...), modal frequencies are located above tens
of Hertz, which means that the stiffness magnitude is much larger than the mass,
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C.2. Variation in damping ratio

Figure C.2: Function shapes for functions x, x−1, x 1
2 , and x− 1

2 .

i.e. k > m. Therefore, x > 1 is precisely the range of variation corresponding to
modal frequencies in dynamics.

In conclusion, undamped modal frequencies show a non-linear rate of change with
respect to mass and stiffness, yet the rate of variation is rather smooth. On the
contrary, undamped eigenvalues show a linear rate of change with respect to stiffness
variations and a flat quasi-linear rate of change with respect to mass variations.
In any case, variations in stiffness imply larger variations in modal frequencies /
eigenvalues than mass variations.

C.2 Variation in damping ratio

As for the undamped modes, the variation of the modal parameters for a damped
system may be analysed. For a damped SDOF system with mass m, stiffness k and
viscous damping constant c, the damping ratio ζ is found as

ζ = c

2
√
km

(C.2)

Here, the range of variation of the damping ratio is assumed to be inside the interval
ζ ∈ [0, 1] since the system would be overdamped (i.e. non-vibrating) otherwise.

From equation C.2 it can be stated that variations in the damping ratio relate lin-
early to variations in the damping constant. Analogously, modal damping variations
will vary at a rate proportional to variations damping constants.
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C.3. Variation in damped resonance frequency

For variations in mass or stiffness consider a variable x = 4km/c2 so that ζ = x
1
2 .

Thence, the damping ratio varies as of ax 1
2 when mass or stiffness vary. Notice that

x is greater than 1 for any underdamped (i.e. ζ < 1) vibrating system. Therefore,
the variations will take place in the x > 1 region of function x

1
2 (c.f. figure C.2).

These variations will be very small above x = 5 (i.e. 20% damping ratio) where the
curve becomes almost a horizontal line. On the contrary, mass- or stiffness-induced
damping ratio variations will be significant in the 1 < x < 5 range ((i.e. above 20%
damping ratio)).

In conclusion, modal damping varies proportionally to damping constants varia-
tions. For high modal damping values the variation of mass or stiffness induces
non-linear significant variations in modal damping. Otherwise, modal damping
incurs very small quasi-linear variations due to mass or stiffness variations.

C.3 Variation in damped resonance frequency

The damped resonance frequency of a damped SDOF system is found as

ωd = ωn
√

1− ζ2 (C.3)

with ωn the undamped resonance frequency introduced in equation C.1, and ζ the
damping ratio introduced in equation C.2. The variations in undamped resonance
frequency and damping ratio have been already analysed in the previous section.
The overall variation will be a combination of the variation in ωn and the function
f(ζ) =

√
1− ζ2 which depends on the variation in ζ. Therefore, focus will be taken

on the variation of function f(ζ) initally.

In figure C.3 the shape of function f(ζ) is illustrated for the damping range ζ ∈ [0, 1]
corresponding to underdamped vibrating systems. This function is clearly non-
linear and it ranges from a maximum value f(ζ) = 1 when the system is undamped
(ζ = 0) to a minimum value f(ζ) = 0 when the system is critically damped (ζ = 1).
When the system is critically damped it stops resonating, i.e. ωd(ζ = 1) = 0.

Function f(ζ) multiplies with ωn in equation C.3, which means that the damped
resonance frequency is necessarily smaller than the natural resonance frequency, and
that the damped natural frequency will be decrease as modal damping increases.

In between the undamped and the critically damped case two regions may be dis-
tinguished. One region in which the f(ζ) function is very flat (below ζ = 0.15), and
the complementary region (above ζ = 0.15) where the value of f(ζ) varies strongly.
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Figure C.3: Shape of function f(ζ) =
√

1− ζ2 for ζ ∈ [0, 1].

If the damping lies in the former region the system is said to be lightly damped or
having low damping. Otherwise, if the damping lies in the latter region the system
is said to be heavily damped or having high damping. Sometimes, the system is
said to be moderately damped when damping is in the limit of the two regions (say
0.1 < ζ < 0.2).

The division between low and high damping matches with the variation behaviour
of the damping ratio with respect to mass and stiffness variations described in the
previous section. Hence, the variation in damped modal frequencies is described
separately for low or high damping conditions.

For a lightly damped SDOF system, damping variations produce hardly no variation
in the damped resonance frequency. This is because the f(ζ) function is almost con-
stant for low damping condition, and the natural resonance frequency is frequency
independent. Mass and stiffness variations induce significant variations in the nat-
ural resonance frequency and, consequently, in the damped resonance frequency.
If the system is lightly damped the damping ratio incurs hardly no variation due
to mass or stiffness variations, let alone the f(ζ) function. Hence, lightly damped
modal frequencies vary in the same way as undamped modal frequencies.

On the contrary, for a heavily damped SDOF system, damping variations do shift
the damped resonance frequency significantly, since the f(ζ) value varies strongly
under high damping condition. Increasing the damping notably shifts the resonance
frequency downwards and vice-versa. Furthermore, mass and stiffness variations
induce damping ratio variations. Thence, both ωn and f(ζ) vary strongly when
mass or stiffness vary, so that describing the damped resonance frequency variation

283/306



C.3. Variation in damped resonance frequency

is not trivial at all 1.

In conclusion, the rate of change of damped modal frequencies show different char-
acteristic whether the system is lightly or heavily damped. Lightly damped modal
frequencies incur smoothly non-linear variations for mass and stiffness variations,
and are almost invariant for (low) damping variations. Heavily damped modal fre-
quencies vary in a very non-linear way for variations in any of the dynamic systems
parameters: mass, stiffness and damping.

1Under high damping condition, increasing stiffness involves higher ωn, lower ζ, and higher
f(ζ); all in all, a non-linear increase in ωd. In turn, increasing mass involves lower ωn, lower ζ,
and higher f(ζ); which means that ωd may decrease or increase depending on which factor ωn or
f(ζ) dominates.
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Appendix D

Analytical sensitivities

In the perturbation method (c.f. section 3.2), first order partial derivatives of the
output quantities z(θ) with respect to the model parameters θ are used to derive the
perturbation expressions. These derivatives express a first order approximation of
the rate of change of the outputs when the parameters vary, and they are referred
to as sensitivity functions or sensitivities. In this appendix, sensitivity functions
are derived for the modal approach and the frequency responses approach of the
perturbation method.

D.1 Sensitivities for undamped modes

The considered output quantities z(θ) for the modal approach are the eigenvalues
λm and eigenvectors φm of the system. For an undamped system the eigenvalues
correspond to the squared natural frequencies of the system, i.e. λm = ω2

m, and the
eigenvectors are real valued, i.e. φm = um.

Analytical expressions for the rate of change of eigenvalues and eigenvectors where
first derived by Fox and Kapoor [69]. In their work linear and second order sensi-
tivities are derived for the undamped eigenvalues and eigenvectors, being the linear
expression the one that has found the wider use. The sensitivities for eigenvalues
and eigenvectors are obtained from the partial derivative of the undamped EVP set
of equations with respect to a model parameter θ.

∂

∂θ
[(−λmM + K)um] = 0 (D.1)
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Rearranging terms and with the use of orthogonality properties of the eigenvectors
the linear sensitivities for the m’th system mode can be derived. Thence, the m’th
eigenvalue sensitivity function Sλm(θ) = ∂λm

∂θ
reads

∂λm
∂θ

= αmu
T
m

[
∂K
∂θ
− λm

∂M
∂θ

]
um (D.2)

and the m’th eigenvector sensitivity function Sφm(θ) = ∂um
∂θ

is

∂um
∂θ

= −αm2

(
uTm

∂M
∂θ
um

)
um −

∑
i 6=m

αi
uTi

[
∂K
∂θ
− λm∂M

∂θ

]
um

λi − λm
ui (D.3)

with
αm =

(
uTmMum

)−1
(D.4)

If the eigenvectors are mass-normalised the αm factor in equations D.2 and D.3
equals the unity and, therefore, it may be dropped. This expressions are derived
under the assumption that the system modes have no multiplicity, i.e. non repeated
eigenvalues. For eigenvalues with multiplicity Nelson’s method [70] can be used
instead.

D.2 Sensitivities for damped modes

If the system is non-classically damped the sensitivity functions for the eigenvalues
and eigenvectors must be obtained in an alternative way. For a damped system the
eigenvalues are complex valued, i.e. λm = −σm ± iωd,m, with real and imaginary
parts corresponding to modal damping and modal frequency respectively. The
damped system eigenvectors φm are complex valued as well.

Similarly to the undamped case, the eigenvalues and eigenvector sensitivities of
viscously damped systems may be obtained form the partial differentiation of the
state-space EVP with respect to θ.

∂

∂θ
[(λmA−B)xm] = 0 (D.5)

This was first proposed by Bhaskar [71] for the eigenvalues sensitivities of vis-
cously damped systems, and later Adhikari [72] used the same idea for deriving the
eigenvectors sensitivities. Equation D.5 is analogous to D.1 and therefore similar
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sensitivity equations to those of Fox and Kapoor are obtained in state-space form.
For the eigenvalues, the Sλm(θ) function reads

∂λm
∂θ

= βmx
T
m

[
∂B
∂θ
− λm

∂A
∂θ

]
xm (D.6)

In [71] however, the sensitivity function for damped eigenvalues is conveniently
reformulated so that the expression avoids quantities in state-space form, i.e.

∂λm
∂θ

= −βmφTm
[
λ2
m

∂M
∂θ

+ λm
∂C
∂θ

+ ∂K
∂θ

]
φm (D.7)

with
βm =

(
xTmAxm

)−1
=
(
φTm [2λmM + C]φm

)−1
(D.8)

Here, the βm factor is equal to the unity if the state-eigenvectors xm are A-
normalised. The sensitivity function for the state-eigenvectors is analogous the
one in equation D.3, that is

∂xm
∂θ

= −βm2

(
xTm

∂A
∂θ
xm

)
xm −

∑
i 6=m

βi
xTi

[
∂B
∂θ
− λm∂A

∂θ

]
xm

λi − λm
xi (D.9)

Reformulating this expression conveniently, the Sφm(θ) function is obtained for the
baseline eigenvectors of viscously damped systems.

∂φm
∂θ

= −βm2

(
φTm

[
2λm

∂M

∂θ
+ ∂C

∂θ

]
φm

)
φm+

∑
i 6=m

βi
φTi

[
λ2
m
∂M
∂θ

+ λm
∂C
∂θ

+ ∂K
∂θ

]
φm

λi − λm
φi

(D.10)

D.3 Sensitivities for frequency responses

In the frequency responses approach, the considered output quantities z(θ) to be
perturbed are the frequency response functions Hij(ω) and the displacement fre-
quency responses ui(ω) of the system.

Analytical expressions for the rate of change of frequency response functions and
displacement responses can be found based on the rate of change of the dynamic
stiffness matrix D(ω). The dynamic stiffness matrix for viscously damped systems
is

D(ω) =
[
−ω2M + iωC + K

]
(D.11)
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In case the system is undamped the C(ω) matrix equals zero, so that the D(ω) ma-
trix does not contain the complex term iωC. The expression for the rate of change
of the dynamic stiffness matrix is obtained straightforwardly bt partial derivation
with respect to the varying parameter θ.

∂D(ω)
∂θ

=
[
−ω2∂M

∂θ
+ iω

∂C
∂θ

+ ∂K
∂θ

]
(D.12)

Now, the FRF matrix may be expressed mathematically as the inverse of the dy-
namic stiffness matrix, i.e. H(ω) = [D(ω)]−1. Therefore, the matrix SH(θ) consist-
ing of the sensitivity functions for the FRFs is obtained as the partial derivative of
an inverse matrix.

∂H
∂θ

= ∂D−1

∂θ
= −D−1∂D

∂θ
D−1 = −H

∂D
∂θ

H (D.13)

Here, the frequency dependency has been dropped for clarity. The sensitivity func-
tion Su(θ) for the displacement frequency responses u(ω) follows straightforwardly

∂u
∂θ

= ∂ (Hf)
∂θ

= ∂H
∂θ

f = −H
∂D
∂θ

u (D.14)

where use of definition of FRFs has been made, i.e. u = Hf .
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Appendix E

Properties of the Rayleigh quotient

The Rayleigh quotient is an important quantity in modal analysis since it is often
used in the methods that solve the equations of motion of the system in order
to find its modes of vibration. In this work, however, the main interest is in its
use as a modes approximant. The classical Rayleigh quotient has been defined for
undamped systems in section 3.4.1 as

R(u) = R(u; M,K) = uTKu
uTMu

(E.1)

In this appendix the relevant properties that have been shortly outlined in section
3.4.1 are demonstrated.

E.1 Stationarity of the Rayleigh quotient

The Rayleigh quotient is stationary for any trial vector u in the neighbourhood of
an eigenvector um. This means that the rate of change of the Rayleigh quotient is
zero at the system eigenvectors.

δR(u)|u=um = 0 (E.2)

This is demonstrated in the following. The set of undamped eigenvectors U form an
orthogonal basis for the vector space V . Therefore, using the expansion theorem,
any shape vector u ∈ V may be expressed as a weighted superposition of the
undamped eigenvectors um

u =
∑
m

cmum = Uc (E.3)
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with c a vector containing the eigenvectors weights cm. Introducing equation E.3
into the Rayleigh quotient definition (equation 3.31), the Rayleigh quotient is re-
written as a function of the eigenvalues and modal weights.

R(u) = cTUTKUc
cTUTMUc

= cTΩ2c
cT Ic

=
∑
m c

2
mω

2
m∑

m c2
m

(E.4)

Now, if the trial vector u is close to the r’th eigenvector ur, the r’th weight cr
is much larger than any other weight, since ur is the major contributor to u. A
normalized weight εm can be defined with respect to cr

εm =
∣∣∣∣cmcr

∣∣∣∣ (E.5)

so that εm is a small number for all modes other than the r’th mode, that is εr = 1,
and εm � 1 form 6= r. Dividing the numerator and denominator in equation E.4 by
c2
r we get an expression of the Rayleigh quotient in terms of the normalised weights.

R(u) =
ω2
r +∑

m6=r ε
2
mω

2
m

1 +∑
m6=r ε2m

= ω2
r(1 +O(ε2)) (E.6)

Equation E.6 proves the stationarity of the Rayleigh quotient. It shows that for a
trial vector u that differs from an eigenvector ur by a small quantity ε, the Rayleigh
quotient R(u) differs from the corresponding eigenvalue ω2

r by small quantity of the
order of ε2.

E.2 Optimality of the Rayleigh quotient

It has been stated in section 2.4.2 that the eigenvalue approximation error is
bounded by the M-inverse norm of the residual vector. Hence, consider the residual
vector corresponding to any trial eigenvalue–eigenvector pair α− u.

r = (K− αM)u (E.7)

The question now is, which is the value of α that minimizes ‖r‖M−1 and, thus, gives
the optimal eigenvalue approximation. The answer will be the Rayleigh quotient.
By expanding the squared M-inverse norm of the residual vector as a function of α

‖r‖2
M−1 = α2uTMu− 2αuTKu+ uTKM−1Ku = f(α) (E.8)

one can find the zeros of its derivative with respect to α

f ′(α) = 2αuTMu− 2uTKu = 0 (E.9)
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and since its second derivative is positive valued, i.e.

f ′′(α) = 2uTMu = 2 ‖u‖2
M > 0 (E.10)

one can conclude from equation E.9 that the minimum ‖r‖M−1 value is achieved for
α = R(u). This completes the prove.

E.3 Orthogonality and the Temple’s inequality

Expanding the inner product of the residual to the trial eigenvector as

〈r,u〉 = 〈Ku− αMu,u〉 = 〈Ku,u〉 − α〈Mu,u〉 (E.11)

and regarding that the Rayleigh quotient can be expressed alternatively as the
quotient of two inner products, that is

R(u) = 〈Ku,u〉
〈Mu,u〉

(E.12)

it is apparent that when α = R(u) the residual vector and the trial eigenvector are
orthogonal with respect to the euclidian inner-product.

〈r,u〉 = 0 (E.13)

The orthogonality property implies that for two residual vectors ra and rb with trial
eigenvalues a and b respectively it holds that

〈ra, rb〉M−1 = rTb M−1ra = ‖r‖2
M−1 + (R(u)− a) (R(u)− b) (E.14)

with r the residual vector with the Rayleigh quotient as the trial eigenvalue.

Temple’s theorem (c.f. Appendix B.4) states that the expression in equation E.14
can be expanded using the spectral theorem (equation E.3) as

〈ra, rb〉M−1 =
∑
m

|cm|2 (λm − a) (λm − b) (E.15)

and, therefore, it is positive valued for any interval (a, b) containing R(u) but no
exact eigenvalue λm. This conforms Temple’s Inequality, i.e.

‖r‖2
M−1 ≤ (R(u)− a) (b−R(u)) (E.16)

which can be extended to (a, b) containing one exact eigenvalue (Kato [64]). Con-
sidering a and b to be equidistant to R(u) by a distance d the Kato-Temple error
bound is attained.
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Appendix F

Component Modes Definitions

In Component Mode Synthesis the system is split into Nκ components that are
connected to one or more adjacent components by redundant interfaces. For a
component κ ∈ {1, Nκ} the undamped equations of motion in physical coordinates
u read

Mκüκ + Kκuκ = fκ (F.1)

with uκ the component’s physical degrees of freedom, Mκ and Kκ the component’s
mass and stiffness matrices respectively, and fκ the vector of external forces. The
physical degrees of freedom consist of the FE-nodes’ displacements and rotations in
the considered motion dimensions, i.e. x, y, z, θx, θy and/or θz.

In each component the degrees of freedom may be split into two subsets. On one
hand, those degrees of freedom corresponding to component nodes located at the
coupling interface with other components. On the other hand, those degrees of free-
dom of the component that do not correspond to the coupling interface nodes. The
former are termed coupling degrees of freedom uc,κ and the later are termed interior
degrees of freedom ui,κ. The equations of motion may be rearranged according to
this nomenclature, that isMii Mic

Mci Mcc


κ

üi
üc


κ

+
Kii Kic

Kci Kcc


κ

ui
uc


κ

=
fi

fc


κ

(F.2)

This partitioned form in Equation F.2 will be useful in the derivation of component
modes.

Component modes are used as a basis for a coordinate transformation from com-
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ponent physical coordinates uκ to component modal coordinates qκ

uκ = Tκqκ (F.3)

with Tκ the coordinate transformation matrix consisting of the component modes.

There exist several kinds of component modes in CMS. Notice that, while the
boundary conditions at the interior component nodes may be known a priori, the
boundary conditions at its coupling interface will depend on the motion at the
adjacent components. For this reason, the component transformation matrix is
typically compound of two subsets of component modes.

Tκ =
[
Φκ Ψκ

]
(F.4)

The first subset of modes Φκ describes the free vibration of the component when un-
coupled from the rest of the system. Typically, the uncoupled component boundary
conditions at the interface nodes are assumed to be either free or fixed condition.
Normal modes of free vibration are the most common kind of modes to use for
describing the component’s motion, although other kind of modes - e.g. Krylov
Vectors [104] - may be used instead. In the case of assuming free boundaries at
the interface rigid body modes might arise, and they must be also included in the
transformation matrix.

The second subset of modes Ψκ approximate the motion of the component nodes due
to a set of prescribed boundary conditions at the coupling interface. These boundary
conditions may be displacement and/or force conditions, and they must form a basis
able to describe whatever boundary condition that the adjacent components might
impose on the component. The most common coupling modes used in CMS are the
constraint modes and the attachment modes which enforce displacement and force
boundary conditions respectively, and use static approximation of the components’
motion.

Normal modes, constraint modes and attachment modes are the component modes
that will be used in this thesis and they will be defined next. For simplicity, the
component subindex κ will be omitted for the rest of the section.

F.1 Normal Modes

The component normal modes are the natural modes of vibration of the uncoupled
component when no external forces are applied. In other words, normal modes
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are specific solutions to the homogeneous equations of motion for given boundary
conditions. The boundary conditions at the coupling interface may be chosen to
be free motion or fixed interface. These give rise to two types of normal modes,
namely Free-Interface Normal Modes and Fixed-Interface Normal Modes.

The component equations of motion (c.f. Equation F.1) are second order partial
differential equations (PDEs) whose solution is known to be of harmonic kind.
Hence, the displacement of each component normal mode will have the following
form

u(t) = φeiωt (F.5)

with φ the mode shape vector and ω the angular frequency. In the CMS context,
the term normal mode is commonly used to refer directly to the mode shape vector.

Normal modes may arranged in a normal modes matrix that contains as many
modes as unconstrained degrees of freedom Nu the component possesses.

Φ =
[
φ1 · · · φj · · · φNu

]
=
[
Φk Φh

]
(F.6)

However, not all modes contribute to the motion in a certain frequency range of
interest. Only a reduced set Φk of the normal modes needs to be kept - the ones
with lower frequency - while the higher order modes set Φh can be discarded. This
will lead to the model order reduction when transforming from component physical
to component modal coordinates (c.f. Equations F.3 and F.4).

F.1.1 Free-Interface Normal Modes

When the coupling interface is assumed to have free boundary conditions, the ho-
mogeneous equations of motion with harmonic solution read

(−ω2M + K)u = 0 (F.7)

Then, the normal modes are found as the solution to the generalized eigenvalue
problem

Kφj = λjMφj (F.8)

with λj = ω2
j the eigenvalue and φj = uj the eigenvector of the jth eigensolution

pair. The normal modes are fully described by the λ− φ eigenpairs.

The set of normal modes are an orthogonal basis with respect to the mass and
stiffness matrix. This means that the equations of motion can be transformed into
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a linear independent set of equations, i.e. normal modes diagonalise the mass and
the stiffness matrices.

ΦTMΦ = I (F.9)

ΦTKΦ = Λ (F.10)

Typically, the eigenvalues are normalized so that the modal mass matrix equals the
identity matrix I and, consequently, the modal stiffness matrix equals the diagonal
matrix Λ which has the eigenvalues at its diagonal.

F.1.2 Fixed-Interface Normal Modes

When the coupling interface is assumed to have fixed boundary conditions, the
solution for the coupling interface degrees of freedom is set to zero−ω2

Mii Mic

Mci Mcc

+
Kii Kic

Kci Kcc

ui
0c

 =
0i

fc

 (F.11)

Then, the generalized eigenvalue problem needs be solved only for the interior de-
grees of freedom of the component

Kiiφi,j = λjMiiφi,j (F.12)

in order to find the fixed-interface normal modes φFj =
φi0c


j

with associated

eigenvalue λj = ω2
j . The eigenvalues are mass normalized as for the free interface

case. Notice that the eigenvalues in Equation F.10 are different eigenvalues than
the ones for the free-interface normal modes.

F.1.3 Rigid Body Modes

Component rigid body modes can be understood as a special case of free-interface
normal modes. It may happen that the uncoupled component is not fully con-
strained when solving free-interface normal modes. In such case, the component
stiffness matrix is singular, so that there will exist solutions with eigenvalue equal-
ing zero, i.e.

Kφr = 0 (F.13)

These modes describe the rigid-body motion of the component. Rigid body modes
φr are often regarded as a separate kind of component modes to the elastic free-
interface normal modes φe with non zero modal frequency. In any case, the full set
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of component normal modes for free-interface boundary conditions is a compound
of the rigid and the flexible modes.

Φ =
[
Φr Φe

]
(F.14)

F.2 Constraint Modes

Constraint modes describe the static deformation of the component when a unit
displacement is applied to one coupling degree of freedom while all other coupling
degrees of freedom are held fixed. There are as many constraint modes as component
coupling degrees of freedom. The set of constraint modes ΨC is computed from the
static equations of motion with interface boundary conditions as described above,
that is Kii Kic

Kci Kc

 ΨC
ic

Icc

 =
0ic
Fcc

 (F.15)

with Icc the identity matrix describing the displacement boundary conditions for
all constraint modes and ΨC

ic the corresponding static displacement in the interior
degrees of freedom. From the first row of Equation F.15 the constraint modes may
be derived.

ΨC
ic = −K−1

ii Kic (F.16)

ΨC =
ΨC

ic

Icc

 (F.17)

The set of constraint modes spans all possible displacement boundary conditions
that any adjacent component might impose to its interface. In CMS, it is common
to use the constraint modes together with fixed-interface normal modes, which is
known as the Craig-Bampton method [5].

F.3 Attachment Modes

Attachment modes describe the static deformation of the component when a unit
force is applied to one coupling degree of freedom while all other coupling degrees of
freedom are force free. As for the constraint modes, there exist as many attachment
modes as component coupling degrees of freedom. The set of attachment modes ΨA

is computed from the static equations of motion with the described force boundary
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conditions at the component interface.Kii Kic

Kci Kcc

ΨA
ic

ΨA
cc

 =
0ic
Icc

 (F.18)

For a non-singular stiffness matrix K the component static-flexibility matrix G is
computed as its inverse, i.e. G = K−1, so that Equation F.18 may be rearranged
as follows ΨA

ic

ΨA
cc

 =
Kii Kic

Kci Kcc

−1 0ic
Icc

 =
Gii Gic

Gci Gcc

0ic
Icc

 (F.19)

from which the expression for the attachment modes matrix is straightforwardly
obtained.

ΨA =
Gic

Gcc

 (F.20)

The set of attachment modes spans all possible force boundary conditions that any
adjacent component might impose to its interface. In CMS it is common to use the
attachment modes together with free-interface normal modes.

F.3.1 Residual Attachment Modes

The residual attachment modes ΨR are attachment modes from which the elastic
contribution of the kept normal modes Φk has been removed. The flexibility matrix
may be expressed in modal form by pre and post multiplying the inverse of the
stiffness matrix with the identity ΦΦ−1 = I.

G = K−1 = (ΦΦ−1)K−1(ΦΦ−1)T = ΦΛ−1ΦT (F.21)

Taking into account that the basis of normal modes may be truncated to reduce
the order of the component model, the flexibility matrix can be expressed as the
sum of the contributions of the kept modes and the higher order modes.

G = ΦkΛ−1
k ΦT

k + ΦhΛ−1
h ΦT

h (F.22)

Then, a residual flexibility matrix Gh can be defined, in which the contribution of
the kept normal modes is subtracted.

Gh = G−ΦkΛ−1
k ΦT

k (F.23)

Residual attachment modes are defined as in Equation F.20 using the residual
flexibility matrix Gh. These modes are orthogonal to the free-interface kept normal
modes Φk.

ΨR =
Gh

ic

Gh
cc

 (F.24)
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F.3.2 Inertia-Relief Attachment Modes

The inertia-relief attachment modes are attachment modes from which the contri-
bution of the rigid body modes Φr has been removed. When a component has rigid
body freedom - i.e. it is not fully constraint - Equations F.19 and F.20 cannot be
used to find the attachment modes. In such cases the component stiffness matrix
will be singular and therefore it can not be inverted. Instead, the flexibility matrix
may be computed in an alternative way.

Assuming there are Nr rigid body modes, the component may be temporarily re-
strained at a set r of degrees of freedom to avoid rigid body motion. The stiffness
matrix for the remaining unrestrained degrees of freedom u can be then inverted.
The flexibility matrix is assembled by inserting zeros in the rows and columns for
the temporary restrained degrees of freedom.

G =
K−1

uu 0ur
0ru 0rr

 (F.25)

The flexibility matrix G is singular and it has the same rank as the unconstrained
stiffness matrix. This means that it describes both the elastic and rigid body be-
haviour of the component. In [90] the inertia-relief loading matrix P was introduced
to filter out the rigid body characteristic of the flexibility matrix.

P = I−MΦrΦT
r (F.26)

It can be proved that an elastic flexibility matrix Ge may be obtained by pre
and post multiplying the flexibility matrix G with the projector P. The same Ge

matrix is obtained regardless of which degrees of freedom r have been chosen to be
temporarily restrained.

Ge = PTGP (F.27)

The inertia-relief attachment modes are defined in the same way as for constraint
components with the use of the elastic flexibility matrix. These modes are orthog-
onal to the rigid body modes Φr.

ΨA,ir =
Ge

ic

Ge
cc

 (F.28)

Residual inertia-relief attachment modes may be obtained in the same way as for
the residual attachment modes. These modes are orthogonal to the free-interface
kept normal modes including rigid body modes Φk =

[
Φr Φe

]
.
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Appendix G
Derivation of the Component
modal-propagation method in

physical coordinates

In section 5.3.1, the Component modal-propagation (CMP) perturbation method
is derived based on the state-space formulation, giving rise to the following pertur-
bation approximations for the global modes in MCB coupled-modal coordinates

∆̃λm = bzmm − λmazmm (G.1)

∆̃zm = −1
2a

z
mmzm −

∑
i 6=m

bzim − λmazim
λi − λm

zi (G.2)

where the azim and bzim scalar weighting factors correspond to

azim = zTi ∆̃Azzm = zTsi∆̃Ay
scxcm + xTci∆̃Ay

sc

T
zsm (G.3)

bzim = zTi ∆̃Bzzm = zTsi∆̃By
scxcm + xTci∆̃By

sc

T
zsm + zTsi∆̃ΛF

s zsm (G.4)

with ∆̃Ay
sc = ∆̃XF

s
TAsΥC

s and ∆̃By
sc = ∆̃XF

s
TBsΥC

s .

In this appendix these expressions are reformulated so that they are expressed in
terms of the component matrices in physical coordinates Ms, Cs and Ks rather
than in terms of the component matrices in state-space coordinates As and Bs.

G.1 Decomposition of matrices ∆̃Ay
sc and ∆̃By

sc

The perturbation expression for the MCB component matrices involve the subma-
trices ∆̃Ay

sc and ∆̃By
sc. In the CMP method, these submatrices are a product of
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three state-space matrices, i.e.

∆̃Ay
sc = ∆̃XF

s

TAsΥC
s (G.5)

∆̃By
sc = ∆̃XF

s

TBsΥC
s (G.6)

which can be expressed in terms of displacement D and velocity V degrees of free-
dom. The state-component matrices As and Bs as well as the state-constraint
modes matrix ΥC

s are simple assemblies of the Ms, Cs and Ks component matrices
and the ΨC

s constraint modes matrixrespectively

As =
 0 M
M C


s

Bs =
M 0

0 −K


s

ΥC
s =

ΨC 0
0 ΨC


s

(G.7)

In turn, the matrix of fixed-interface state-eigenvectors may be written in terms
of the fixed-interface mode shape vectors ΦF and their corresponding eigenvalues
matrix ΛF

XF
s =

ΦFΛF

ΦF


s

(G.8)

Hence, the first order perturbation approximation for the state-eigenvectors may be
reformulated as

∆̃XF
s =

(∆̃ΦFΛF + ΦF ∆̃ΛF
)

∆̃ΦF


s

≡

∆̃Φ̇F

∆̃ΦF


s

(G.9)

where the notation ∆̃Φ̇F is introduced for the velocity DOFs.

Accordingly, equations G.5 and G.6 can be rewritten in terms of the matrices in
physical coordinates, that is

∆̃Ay
sc =

∆̃Φ̇F

∆̃ΦF

T
s

 0 M
M C


s

ΨC 0
0 ΨC


s

=
[
∆̃ΦF TMΨC

(
∆̃Φ̇F TMΨC + ∆̃ΦF TCΨC

)]
s

(G.10)

∆̃By
sc =

∆̃Φ̇F

∆̃ΦF

T
s

M 0
0 −K


s

ΨC 0
0 ΨC


s

=
[
∆̃Φ̇F TMΨC −∆̃ΦF TKΨC

]
s

(G.11)

G.2 Decomposition of factors azim and bzim

In the Morgan-Craig-Bampton CMS method the coupled-modal coordinates involve
the state-space degrees of freedom of the coupling interface. Therefore, the coupling
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DOFs of the MCB global eigenvectors xcm – which appear in the azim and bzim
expressions – may be split into displacement D and velocity V degrees of freedom,
i.e.

xcm =
xVcmxDcm

 (G.12)

Thence, by inserting equations G.10, G.11 and G.12 in equations G.3 and G.4 one
finds an alternative expression for azim and bzim in terms of the component matrices
in physical coordinates

azim = zTsi

(
∆̃ΦF TMΨC

)
xVcm + zTsi

(
∆̃Φ̇F TMΨC + ∆̃ΦF TCΨC

)
xDcm

+ xVci
T
(
ΨCTM∆̃ΦF

)
zsm + xDci

T
(
ΨCTM∆̃Φ̇F + ΨCTC∆̃ΦF

)
zsm

(G.13)

bzim = zTsi∆̃ΛF
s zsm + zTsi

(
∆̃Φ̇F TMΨC

)
xVcm − zTsi

(
∆̃ΦF TKΨC

)
xDcm

+ xVci
T
(
ΨCTM∆̃Φ̇F

)
zsm − xDci

T
(
ΨCTK∆̃ΦF

)
zsm

(G.14)

Now, analogously to the scalar products in equations G.3 and G.4, the following
weighting factors are introduced

lzim =zTsi∆̃ΛF
s zsm (G.15)

m̂z
im =zTsi

(
∆̃ΦF TMΨC

)
xVcm + xVci

T
(
ΨCTM∆̃ΦF

)
zsm (G.16)

czim =zTsi
(

∆̃ΦF TCΨC
)
xDcm + xDci

T
(
ΨCTC∆̃ΦF

)
zsm (G.17)

kzim =zTsi
(

∆̃ΦF TKΨC
)
xDcm + xDci

T
(
ΨCTK∆̃ΦF

)
zsm (G.18)

µzim =zTsi
(

∆̃Φ̇F TMΨC
)
xDcm + xDci

T
(
ΨCTM∆̃Φ̇F

)
zsm (G.19)

µ̂zim =zTsi
(

∆̃Φ̇F TMΨC
)
xVcm + xVci

T
(
ΨCTM∆̃Φ̇F

)
zsm (G.20)

so that the decomposed azim and bzim read

azim = m̂z
im + µzim + czim (G.21)

bzim = lzim + µ̂zim (G.22)
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G.3 Global modes perturbation approximation in
physical coordinates

Finally, using these new expressions for azim and bzim, the perturbation approxima-
tions for the global modes are reformulated as

∆̃λm = lzmm + µ̂zmm − kzmm − λm (m̂z
mm + czmm + µzmm) (G.23)

∆̃zm = −1
2(m̂z

mm +µzmm + czmm)zm−
∑
i 6=m

lzim + µ̂zim − kzim − λm (m̂z
im + czim + µzim)

λi − λm
zi

(G.24)
where the newly defined weighting factors are posed in terms of component pa-
rameters in physical coordinates, namely: Ms, Cs, Ks, ΨC

s and ΦF
s /∆̃ΦF

s . These
involve half the number of degrees of freedom than their analogous state-space coun-
terparts: As, Bs, ΥC

s and ∆̃XF
s . Consequently, the computation of the lzim, µ̂zim,

czim, kzim m̂z
im and µzim weighting factors is more efficient than the computation of

azim and bzim directly from the state-space component matrices.

G.3.1 Further simplifications

In equation G.12 the coupling DOFs of the global eigenvectors zm have been delib-
erately noted as the displacement xDcm and velocity xVcm partitions of the state-space
coupling DOFs for the sake of generality. This forced to introduce a hat notation
on µ̂zim and m̂z

im for indicating multiplication with the velocity partition.

Yet, one might recall that state-space eigenvectors may be written in terms of the
physical mode shape vectors and corresponding eigenvalues as in equation G.8.
Accordingly, xcm (and xci) may be alternatively expressed as

xcm =
λmφcmφcm

 (G.25)

Thence, introducing xVcm = λmφcm, xDcm = φcm, xVci = λiφci and xDci = φci in
equations G.16, G.17, G.18, G.19 and G.20 one may reformulate the weighting
factors definitions in physical coordinates.

Consider the following new weighting factors definitions

mz
im =zTsi

(
∆̃ΦF TMΨC

)
φcm + φTci

(
ΨCTM∆̃ΦF

)
zsm (G.26)

nzim =φTci
(
ΨCTM∆̃ΦF

)
zsm (G.27)

νzim =φTci
(
ΨCTM∆̃Φ̇F

)
zsm (G.28)
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then µ̂zim and m̂z
im can be redefined as

m̂z
im = λmm

z
im + (λi − λm)nzim (G.29)

µ̂zim = λmµ
z
im + (λi − λm)νzim (G.30)

so that for i = m it holds that

m̂z
mm = λmm

z
mm (G.31)

µ̂zmm = λmµ
z
mm (G.32)

As a consequence, in the global eigenvalues perturbation approximation in equa-
tion G.23, the µ̂zmm and the λmµzmm factors cancel out and the λmm̂z

mm factor is
transformed into λ2

mm
z
mm, giving rise to the following simplified expression

∆̃λm = lzmm −
(
λ2
mm

z
mm + λmc

z
mm + kzmm

)
= lzmm + dzmm (G.33)

The beauty of this expression is that the lzmm factor depends only on the perturba-
tion in component eigenvalues ∆̃ΛF

s (i.e. it corresponds to the PPF for the LMP
method), and the dzmm = − (λ2

mm
z
mm + λmc

z
mm + kzmm) factor depends only on the

perturbation in component mode shape vectors ∆̃ΦF
s . Moreover, dzmm completely

resembles the PPF for damped eigenvalues in full coordinates1. This means, that
this perturbation approximation for the eigenvalues is completely independent of
the fact that the state-space formulation has been used for its derivation.

Similarly, for the global eigenvectors perturbation approximation, the (bzim−λmazim)
factors are transformed into

(bzim − λmazim) = lzim −
(
λ2
mm

z
im + λmc

z
im + kzim

)
+ (λi − λm)(νzim − λmnzim) (G.34)

which yields the following expression for the perturbed global eigenvectors in coupled-
modal coordinates

∆̃zm =− 1
2 (λmmz

mm + czmm) zm −
∑
i 6=m

lzim − (λ2
mm

z
im + λmc

z
im + kzim)

λi − λm
zi

− νzmmzm −
∑
i 6=m

(νzim − λmnzim)zi
(G.35)

If this derivation is to be coherent with the fact that the global eigenvalues show
only dependency on the component eigensolutions ∆̃ΛF

s and ∆̃ΦF
s , the expression

1∆̃λm = −φTm
[
λ2
m∆M + λm∆C + ∆K

]
φm
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for the eigenvectors perturbation shall only be dependent on ∆̃ΛF
s and ∆̃ΦF

s as well.
This is the case if one assumes that the following equivalence holds

νzim = λmn
z
im = 1

2λmm
z
mm (G.36)

which implies that the (νzim − λmnzim) factor vanishes in equation G.35. Then, the
perturbation approximation for the MCB global eigenvectors would result in

∆̃zm = −1
2 (2λmmz

mm + czmm) zm −
∑
i 6=m

lzim − (λ2
mm

z
im + λmc

z
im + kzim)

λi − λm
zi (G.37)

where, again, the expression may be split into two parts: one only depending on
∆̃ΛF

s , i.e.
−
∑
i 6=m

lzim
λi − λm

zi

which corresponds to the PPF for the LMP method, and another only depending
on ∆̃ΦF

s , i.e.

−1
2 (2λmmz

mm + czmm) zm +
∑
i 6=m

(λ2
mm

z
im + λmc

z
im + kzim)

λi − λm
zi

which strongly resembles the PPF for damped eigenvectors in full coordinates2.

2∆̃φm = − 1
2
(
φTm [2λm∆M + ∆C]φm

)
φm +

∑
i 6=m

φT
i [λ2

m∆M+λm∆C+∆K]φm

λi−λm
φi

306/306





www.isvr.soton.ac.uk
Institute of Sound and Vibration Research (ISVR)
Faculty of Engineering and the Environment
University of Southampton
Highfield Campus building 13
SO17 1BJ Southampton
Hampshire, United Kingdom
Tel: (+44) (0)23 8059 2291
Email: sjb@isvr.soton.ac.uk


