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Abstract. It has long been recognised that the macroscopic mechanical behaviour of
a granular material depends, to differing extents, on micro-mechanical properties such
as the particle size distribution, the particle shape, the inter-particle friction angle and
the particle strength. However, a systematic investigation of some of these effects is
still lacking. In this paper we focus on particle shape, which is one of the fundamental
characteristics of a granular material.
We build on previous work that used the axes of an equivalent scalene ellipsoid to
characterise particle form, one of the three aspects that define particle shape. (The other
two being angularity and roughness.) We use DEM simulations to investigate the effect
of particle form, and in particular of particle platyness, on the friction angle of a granular
material at critical state. It is found that a deviation of particle shape from that of
a sphere leads to higher angles of friction; quantities such as fabric, average rates of
particle rotation and interparticle sliding are used to provide insights into the underlying
micromechanics.

1

Introduction

The shape of its particles is one of the fundamental properties of a granular material.
To quantify it, three (assumed) independent aspects of shape are generally considered,
each describing geometrical properties of a particle at a different scale of observation.
These are particle form, angularity and roughness. Form quantifies the overall shape of a
particle, angularity describes the number and sharpness of angles on its perimeter/surface,
and roughness relates to the microscopic variations of the particle surface that are to some
extent responsible for interparticle friction.
Particle form in particular is generally quantified using the longest (L), intermediate
(I) and shortest (S) dimensions of the particle. Whilst a number of different measures
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have been proposed to describe form, generally involving combinations of S, I and L, no
consensus exists on whether one has a clear advantage over the others [8].
Here we propose a new way of describing form on the basis of an equivalent scalene
ellipsoid with axes equal to the dimensions S, I and L of the particle. In this framework,
particle form is uniquely defined by two parameters: particle elongation and platyness.
We then perform DEM simulations of triaxial compression on granular assemblies of the
same particle size distribution, each consisting of particles of a single form, to investigate
the effect of particle platyness. We use the method of potential particles, which allows
modelling of particles with (almost) arbitrary shape. Particle size distributions consistent
with those of railway ballast are used, while the number of particles in each simulation is
consistent with the number of ballast particles present in the specimens of corresponding
physical tests.
2

Particle Form

Over the years many different ways to describe particle form have been presented, with
many authors contributing to the debate [2, 13, 7, 27, 26, 25, 24, 23, 17, 16]. One of the
most common methods is to use a simple solid to represent the particle, and assume that
the form of the particle can be determined with reference to the geometry of that solid.
The simplest such solid that can be defined in 3D is a sphere.
The definition of form that we use in this study is detailed in [20]. A scalene ellipsoid
is used as reference solid; such an ellipsoid is the simplest smooth shape that allows three
independent radii, corresponding to a particle’s longest (L), intermediate (I) and shortest
(S) dimensions. If we consider S , I and L to be coordinates in a three dimensional space,
any particle can be represented by a vector f linking the origin of the axes to point (S, I, L).
Clearly the shape (form) of the particle is represented by the orientation of f , whereas
the length of f merely quantifies the size of the particle.
To quantify form we consider the intersection F of f with the S + I + L − 1 = 0
“deviatoric” plane, which is normal to the spherical axis S = I = L along which all
spherical particles plot. The form of each particle is then uniquely defined by the two
in-plane coordinates of F in a frame of reference centered at the intersection P of the
spherical axis. In this way particle form is essentially quantified as the deviation of
a particle’s shape from that of a sphere. These two independent parameters of form,
normalised in the [0, 1] interval for ease of use, are given by Equations 1 and are referred
to as platyness (α) and elongation (ζ) respectively.
L−I
2(I − S)
,
ζ=
(1)
L+I +S
L+I +S
Ellipsoids that share the same values for both α and ζ are geometrically similar, i.e. they
differ only in size but not shape. All possible scalene ellipsoids plot, on the α-ζ plane,
within the triangle shown in Figure 1. The edges and corners of the triangle correspond
to degenerate cases where some of the dimensions are equal and/or zero.
α=
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Figure 1: Elongation and Platyness space with description of forms

In [22, 21, 12, 11, 9, 5, 4, 3, 18] the authors showed that any deviation in particle form
from a sphere leads to an increase in the strength of the granular material. Preliminary
results presented in [20] showed that increases in strength are more sensitive to increases
in particle elongation than particle platyness.
In this paper we focus on the effect that particle platyness has on the strength of a
granular material at critical state. To isolate this effect, in the analyses reported here
elongation was kept constant by setting L = I and therefore ζ = 0. Platyness on the
other hand was varied by decreasing S between S = 1 (for L = I = S, a sphere) and
S = 0 (L = I and S = 0, a circular disk). The particle forms considered have dimensions
L = I ≥ S; a summary is given in Table 1.
Form
1
2
3
4
5
6

L:I:S
Platyness α
1: 1: 1
0
1 : 1 : 0.8
0.14
1 : 1 : 0.73
0.2
1 : 1 : 0.6
0.3
1 : 1 : 0.5
0.4
1 : 1 : 0.3
0.6

Elongation ζ
0
0
0
0
0
0

Table 1: Table of particle forms considered in the analyses reported here.

3

DEM Modelling

As physical tests on a granular material of a single particle form are very difficult to
carry out, the Distinct Element Method (DEM) is used here to simulate triaxial tests.
DEM has been used extensively in the field of soil mechanics due to its ability to provide
micro-mechanical information on the material at the particle scale. For this paper an
in house DEM code was used, detailed in [14], that can accommodate smooth, convex
particles of arbitrary shape. Hertzian interparticle contact is assumed.
Models were created using particles of a single form and a particle size distribution
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(PSD) representative of that of railway ballast. They were then used to simulate triaxial
compression conditions. To determine the PSD, 5 different sizes between the maximum
and minimum gradation curves for railway ballast as defined in [1] were created for each
model, keeping I equal to the respective sieve size.
To help constrain the models and ensure comparability of results, the total volume
contained within each model was kept as close to 0.2m3 as possible. As a result the
number of grains contained within each model varied with particle shape, however this is
also the case with specimens of fixed dimensions used in physical tests.
To create a model, a number of particles were randomly dispersed within 3D space to
a target initial void ratio of 2.0. The particles themselves were given random orientation
to remove any bias in the initial conditions that could affect results.
The model was then subjected to isotropic compression using periodic boundaries,
zero gravity forces and zero inter-particle friction. Once a void ratio of 0.65 was reached,
isotropic stress of 100kP a was applied to the boundaries and the model was allowed to
reach equilibrium. At that point inter-particle friction was reintroduced and the model
was subjected to triaxial loading, where the lateral boundaries were stress controlled at
a constant 100kP a. The top boundary was strain controlled and moved downwards at a
constant axial strain rate.
Table 2 shows the different model parameters that where used.
Properties
Value
Particle Density
2700Kg/m3
Interparticle Friction Angle 30 degrees
Particle Bulk Modulus
50 GPa
Particle Poison’s Ratio
0.3
Table 2: Material Properties

4
4.1

Results
Shear Strength

Mobilisation of shear strength of a granular material can be described by the mobilised
angle of friction φmob , given by Equation 2.


σ1 − σ2
−1
φmob = sin
(2)
σ1 + σ2
where σ1 and σ2 = σ3 are the principal stresses. Figure 2 plots the mobilised angle of
friction against vertical strain for each model. Whilst peak friction angles differ widely,
these are not directly comparable because they may correspond to different initial relative
densities of the granular materials modelled. (Although it could be argued that, due to the
preparation procedure, all models were prepared at or near the densest state possible for
4
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each material and therefore at or near unit relative density, this discussion is reserved for
a future publication.) Due to the presumed difference in relative density among models,
some reach a very dense packing that results to an almost immediate mobilisation of a
very high angle of friction. Other models exhibit a delayed mobilisation of a rather lower
peak.
The difference in relative density arises because varying the shape of the particles
varies the minimum and maximum achievable void ratio. Therefore, even if two models are sheared from the same initial void ratio, their initial relative densities will most
likely differ, precluding meaningful comparisons of peak friction. We note that theoretical estimation of the minimum and maximum void ratios is very difficult; research in the
field of particle packing of different shapes does exist, however this is currently limited to
mono-dispersed particles [15, 10].

Figure 2: Mobilised angle of Friction against Vertical strain

On the other hand, the friction angle at critical state φ0crit is independent of the initial
void ratio, allowing valid comparisons. Figure 3 shows that as the shape of the particles
becomes more platy, critical state strength increases roughly linearly with platyness.
4.2

Particle Orientation Fabric

At the start of the test, particles have a random orientation. However, as shearing takes
place, particles will generally reorient themselves and may do so along some preferred
direction. The orientation of each (ellipsoidal) particle can be described by a local system
of orthogonal vectors in the directions of its three radii (L, I and S.) The average particle
orientation with respect to the global model axes can be quantified by a fabric tensor
such as that given by Equation (3) [19]. This describes the average orientation of a set of
1
n unit vectors V k . For randomly oriented vectors the diagonal of Gij will be equal to
3
and off-diagonal values will be zero, indicating lack of a preferential direction.
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Figure 3: Friction angle at critical state against Platyness

n

1X k k
Gij =
V V
n k=1 i j

(3)

As there is no single vector that describes the orientation of an ellipsoid, this fabric
tensor can be calculated for the direction of each one of the three radii. Figure 4 shows
how the G33 component of the fabric tensor corresponding to the S-direction of each
particle varies with vertical strain. G33 essentially quantifies the prevalence of particles
choosing to reorient their S-axis parallel to the global z-axis, i.e. with their flatter face
normal to the maximum principal stress.
All tests started off with random particle orientation, shown by a value of G33 ≈ 0.33
in Figure 4. As shear strains increased, however, so did G33 , showing that on average
particles re-oriented their flatter face normal to the maximum principal stress in the course
of shearing. Also, the rate of reorientation progressively decreases as the model approaches
critical state, presumably because a configuration that can accommodate further shearing
is reached. This general behaviour is observed even for relatively small values of platyness.
In contrast, spherical particles do not show any tendency to re-orient and G33 ≈ const.
throughout.
4.3

Particle Rotation and Sliding

As a specimen is strained, the particles will displace and rotate to accommodate this
by rearranging the structure of the granular skeleton. It is expected that, during this
process, particles of different forms will need to translate and rotate in different ways
or proportions. Previous numerical studies of 2D assemblies have shown a link between
particle rotations and sliding contacts; inhibiting rotation led to larger amounts of sliding
and a higher mobilised angle of friction by increasing the amount of energy necessary to
distort the skeleton [6].
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Figure 4: Vertical fabric orientation for the particle’s S radius against Vertical Strain

Quantifying rotations and rotation increments in 3D in a meaningful way is more challenging, but can be simplified using the algebra of quaternions: rotation can be considered
a quaternion whose real part quantifies the amount of rotation and its three imaginary
parts the direction of the axis about which that rotation takes place. Here we focus on
differences of the real part between relatively closely spaced time-steps, so that the axis
of rotation can be considered unchanged, and divide rotation by the corresponding true
vertical strain increment to produce a rate of rotation with strain given by Equation 4.
dθquat
(4)
dz
Figure 5 plots the mean rate of particle rotation against the proportion of sliding
contacts for the different particle forms at critical state. Spherical particles rotate much
more compared to platy particles; the rate of rotation decreases with increased platyness.
Also, as particle platyness increases there is a reduction in the proportion of sliding
contacts at critical state. An inverse relationship is seen between rate of rotation and
the proportion of sliding contacts at critical state. Therefore to some extent the higher
critical state strength exhibited by platy particles is due to platyness suppressing particle
rotation and leading to increased interparticle sliding, a mechanism that in comparison
requires more energy to be expended.
θ=

4.4

Contact Distribution

Contact between two ellipsoids can be any one of six types, depending on which side of
one ellipsoid comes into contact with which side of the other. Figure 6 shows the different
types. The type of any given contact in a DEM simulation can be determined using the
geometry of the contacting particles, the location of the contact point on their surfaces
and geometrical arguments. For degenerate cases of ellipsoids, where some of the radii
7
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Figure 5: Mean proportion of sliding contacts against mean rate of rotation

are equal, the independent contact types are fewer: for example only one type of contact
is possible between two spheres, where L = I = S.
L‐I

L‐S

I‐I

I‐S

L‐L

S‐S

Figure 6: Different contact types for ellipsoidal particles

Figure 7 shows how the number of S-S (“flat-to-flat”) as a percentage of the total
number of contacts develops over time for each model. (For spherical particles the difference between L, I and S is simply operational and the data merely confirm that all
“types” of contacts occur with the same probability as expected.) As the particle shape
becomes platier the proportion of S-S type contacts increases, to some extent reflecting
the increasing area of “flat” particle surfaces available for contact. However, although
for near-spherical (Form-2) particles the proportion of S-S contacts remains relatively
constant (i.e. oscillating around the same value between 10% and 50% strain), for the
platier shapes of Form-3, but especially Forms-4, 5 and 6, S-S contacts become even more
8
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Figure 7: Distribution of contact type S-S against Vertical Strain

Figure 8: Distribution of contact type L-S against Vertical Strain

prevalent as the specimen is strained (e.g. varying by 7% over the same strain range for
Form-6). This continuing formation of such contacts coincides with a more pronounced
reorientation of particle flats normal to the maximum principal stress, as seen in Figure 4.
Figure 8 plots the proportion of L-S (“side-to-flat”) contacts over time for all models.
Similarly to S-S, it remains relatively constant for near-spherical particles (Form-2 but
also 3.) In contrast to S-S, however, the proportion of L-S contacts for the platier particles
(Form-4, 5 and 6) reduces with straining. The proportion of L-L (“side-to-side”) type
contacts, on the other hand, remains relatively constant throughout for all models; it is
plotted in Figure 9.
The data suggest that, as the model is strained, platier particles promote a conversion of
less stable L-S to inherently more robust S-S contacts that are less likely to subsequently
break. Finally, there appears to be a threshold value 0.2 ≤ αcr ≤ 0.3 of platyness, where a
9
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Figure 9: Distribution of contact type L-L against Vertical Strain

transition takes place to this type of “platy” behaviour for α ≥ αcr , from “near-spherical”
behaviour for α ≤ αcr .
5

Conclusion

In this paper we used DEM to investigate the effect of particle platyness on granular
material strength.
It was found that as particle platyness increases, so does the strength of the aggregate
at critical state. This is accompanied, or rather is the result of, a reduction of particle
rotation, which is inhibited by particle platyness, and a corresponding increase in the
prevalence of interparticle sliding as the micro-mechanism that accommodates macroscopic straining.
Platier particles also showed a preference for aligning their flatter faces normal to the
major principal stress and for forming “flat-to-flat” contacts, both of which arguably increase stability. A critical platyness value 0.2 ≤ αcr ≤ 0.3 exists, governing the transition
to “platy“ behaviour, where more stable ”flat-to-flat“ contacts continue to develop during
straining at the expense of other types, from ”near-spherical“ behaviour where this is not
the case.
These observations are consistent with particle platyness promoting a more stable configuration of the granular skeleton, thus explaining the increased strength of the aggregate
as measured macroscopically.
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