THE DUAL POLYHEDRAL PRODUCT, COCATEGORY AND NILPOTENCE

STEPHEN THERIAULT

ABSTRACT. The notion of a dual polyhedral product is introduced as a generalization of Hovey’s
definition of Lusternik-Schnirelmann cocategory. Properties established from homotopy decompo-
sitions that relate the based loops on a polyhedral product to the based loops on its dual are used
to show that if X is a simply-connected space then the weak cocategory of X equals the homotopy
nilpotency class of 2X. This answers a fifty year old problem posed by Ganea. The methods are
applied to determine the homotopy nilpotency class of quasi-p-regular exceptional Lie groups and

sporadic p-compact groups.

1. INTRODUCTION

This paper establishes strong relationships between three different concepts in topology: polyhe-
dral products, cocategory and homotopy nilpotency. Polyhedral products play a fundamental role
in toric topology and have a growing number of applications to other areas of mathematics, such as
group actions on graphs, intersections of quadrics, and coordinate subspace arrangements. Cocat-
egory is dual to Lusternik-Schnirelmann category; the latter has been heavily studied since it was
introduced in the 1930s, partly because of its connection to counting the critical points of functions
between smooth manifolds. Homotopy nilpotency is the topological analogue of nilpotency in group
theory, and it has powerful implications for homotopy theory, especially in the stable case.

Throughout the paper, assume that all spaces have the homotopy type of path-connected CW-
complexes. It has long been thought that cocategory and homotopy nilpotency are very closely
linked. Ome problem in establishing a good link is settling on the right definition of cocategory.
Several different definitions exist, each trying to dualize some feature of Lusternik-Schirelmann
category. We use Hovey’s definition, but others include those by Ganea [G1], Hopkins [Hop| and
Murillo-Viruel [MV]. In all cases, a connection is made between the definition of cocategory in
question and homotopy nilpotence. For example, Hovey and Murillo-Viruel show that, in their own
notion of cocategory, if the cocategory of a simply-connected space X is m then iterated Samelson
products of length > m + 1 formed from the homotopy groups of QX all vanish. Our main result
is to show that if X is a simply-connected space then the weak cocategory of X (using Hovey’s
definition) is precisely equal to the homotopy nilpotency class of 2X. This has the added benefit of

identifying Murillo-Viruel’s and Hovey’s notions of weak cocategory.
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To do this we first generalize the notion of cocategory to dual polyhedral products, and then use
loop space decompositions to compare the based loops on a polyhedral product to the based loops
on its dual. This results in a natural filtration of the based loops on a polyhedral product that
should have many applications beyond those in this paper. A more detailed description is obtained
in the special case of a thin product, which is relevant to cocategory.

The methods developed in the paper are sufficiently powerful to allow for explicit calculations
of the homotopy nilpotency classes of quasi-p-regular exceptional Lie groups and nonmodular p-
compact groups. These cases would have previously been considered as completely unapproachable.

To describe our results more carefully, several definitions are required.

The dual polyhedral product. Let K be an abstract simplicial complex on m vertices, and
assume the empty set belongs to K. For 1 <1 < m, let (X;, A;) be a pair of pointed CW-complexes,
where A; is a pointed subspace of X;. Let (X, A) = {(X;, A;)}; be the set of CW-pairs. For each
simplex (face) o € K, let (X, A)? be the subspace of [[;~, X; defined by

i X, ifieo

(X, A7 =]]vi where V=
i=1 A; ifido.

The polyhedral product determined by (X, A) and K is

m

(X, 4% = |J X, 47 <[] xw

o€k i=1
For example, suppose each A; is a point. If K is a disjoint union of m points then (X,x)¥ is
the wedge X; V ---V X,,, and if K is the standard (m — 1)-simplex then (X,*)¥ is the product
X1 X x X
The polyhedral product is therefore a colimit over all the faces of K, ordered by inclusion. There
is another way to describe the polyhedral product as a colimit. Let [m] = {1,...,m} and let
I ={i1,...,ix} be a subset of [m]. Let K; be the full subcomplex of K on the vertex set I, that
is, the faces of K are those faces of K whose vertices are all in I. There is a map of simplicial
complexes K1 — K including Ky into K, and if the subsets of [m] are ordered by inclusion then
there is a system of simplicial maps K; — K; whenever I C J. These induce maps of polyhedral
products ¢r y: (X, A)¥7 — (X, A)%7. Notice that the only possible face of K which is not in
some K for a proper subset I of [m] is o = [m]. But in this case K equals the full simplex A™~!

and the polyhedral product (X, A)¥X equals X x --- x X,,. Therefore, if K # A™~1  then
X, 4)%= J x4
1¢[m]

The description of the polyhedral product as a colimit of its full subcomplexes lets us define a
dual notion. Fix a simplicial complex K on the vertex set [m]. Since each (X, A)X7 is a pointwise

inclusion into (X, A)% it is a cofibration but not a fibration so the appropriate dual notion for
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homotopy theory is not an inverse limit but a homotopy inverse limit. Order the subsets of [m] by
reverse inclusion. If I C J then there does not exist a simplicial map K; — K;. However, there is
amap on the level of polyhedral products. If X7 is the product X;, x - --x X;, then, as in [DS, 2.2.3],
the projection X7 — X induces a map of polyhedral products ¢ r: (X, A)%7 — (X, A)K7 with
the property that ¢ oty s is the identity map on (X, A)%7. Assemble {(X, A)X7 | I C [m]} and
{es1 | I CJ C [m]} as the vertices and edges of an m-cube in order to take a homotopy inverse

limit.
Definition 1.1. If K # A™~! then the dual polyhedral product is

(X, A)E = holim (X, 4)%".
IC[m]
Cocategory. A special case of the dual polyhedral product is the thin product. Let K be the
simplicial complex on the vertex set [m] consisting of m disjoint points. In each pair of spaces
(X, A;), take A; = *. Then for I C [m] the full subcomplex K consists of |I| disjoint points, so
(X, 0% =\/ Xi.
iel

If J C I, the projection K; — K induces a map of polyhedral products \/,.; X; — Vje X
which sends X; to itself if ¢ € J or to the basepoint if ¢ ¢ J. Write X for the set of spaces
{X17 e 7Xm}

iel

Definition 1.2. The thin product of pointed spaces X1, ...X,, is the space
P™MX) = (X,#)p
where K is the simplicial complex consisting of m disjoint points.

The thin product was defined by Hovey [Hov] as a dual to the fat wedge, and he used it to define
a notion of cocategory that is dual to Lusternik-Schnirelmann category. Some of its properties have
been determined by Hovey [Hov] and Anick [A, Lemma 6.24] in the case when m = 3.
In the case when each X; equals a common space X for 1 <i < m, write P"™(X) for P™(X). Let
v: VX —X
i=1

be the m-fold folding map.

Definition 1.3. Let X be a pointed space. The cocategory of X is the least m for which there

exists an extension
1
Viti' X —— P (X))

-
_
v -
-
-

£

X.

In this case, write cocat(X) = m.
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For example, when m = 1 then P?(X) is the homotopy inverse limit of the system X — % +— X.
That is, P2(X) ~ X x X. So cocat(X) = 1 if and only if X is an H-space.
There is a weaker version of cocategory which will be important. Define the space F™*1(X) and

the map f™*1(X) by the homotopy fibration

m+1
\V X —— Pm(X).
i=1

F7’l+1(X) FLX)
Definition 1.4. Let X be a pointed space. The weak cocategory of X is the least m for which the

composite

Fmrx)

Ferl(X) I v:r;"'l‘lX

)i(v

is null homotopic. In this case, write wcocat(X) = m.
Notice that the definitions immediately imply that wcocat(X) < cocat(X).

Homotopy nilpotency. An H-group is a homotopy associative H-space with a homotopy inverse.
Let G be an H-group. The commutator ¢: G x G — G is defined pointwise by é(z,y) = xyz~ty~ .

Observe that the restriction of ¢ to the wedge is null homotopic so ¢ extends to a map
c:GANG — G.

Since XG A G is a retract of (G x G), the homotopy class of ¢ is uniquely determined by that of ¢.
The map ¢ is the Samelson product of the identity map on G with itself. For an integer m > 1, let
Gm*1) be the (m + 1)-fold smash product of G with itself. Define the iterated Samelson product

Cm: GMTYD 5 @

by ¢ =co(l1Ac)o---0(1A---1A¢c). Notice that ¢,, has a universal property: any Samelson

product of length m + 1 on G factors through c,,.

Definition 1.5. Let G be an H-group. The homotopy nilpotency class of G is the least m such

that ¢, is null homotopic but ¢,,—1 is not. In this case, write nil(G) = m.

For example, nil(G) = 1 if and only if G is homotopy commutative. Homotopy nilpotency in this
formulation is due to Berstein and Ganea [BGe], who related it to a notion of cocategory different
from Hovey’s. A different notion of homotopy nilpotency is due to Biedermann and Dwyer [BD]
which occurs in the context of Goodwillie towers. A series of recent papers have explored the
relationship between the two types of homotopy nilpotency and the various types of cocategory [BB,
CS, CSV, E].

Our main theorem identifies (Hovey’s) weak cocategory and (Berstein-Ganea’s) homotopy nilpo-

tency.
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Theorem 1.6. Let X be a simply-connected space. Then wcocat(X) = m if and only if nil(QX) = m.

One interesting consequence of Theorem 1.6 is the identification of Murillo-Viruel’s and Hovey’s
notions of weak cocategory. The author would like to thank the referee for pointing this out. Write
MVcocat(X) and MVwcocat(X) for the Murillo-Viruel definition of cocategory (see [MV, Defini-
tions 3.4 and 3.9] for explicit definitions). In [MV, Remark 3.16] it is shown that MVcocat(X) <
cocat(X), and the same argument shows that MVwcocat(X) < wcocat(X). On the other hand,
in [MV, Remark 4.13] it is shown that nil(QX) < MVwcocat(X). Thus, using Theorem 1.6 we

obtain a string of inequalities
weocat(X) < nil(2X) < MVwcocat(X) < wcocat(X)
proving the following.

Corollary 1.7. Let X be a simply-connected space. Then MVwcocat(X) = wcocat(X). O

mx
The approach to proving Theorem 1.6 is to consider the homotopy fibration F™(X) f_@)

Vit X; —— P™(X). We identify the homotopy type of F™(X) as a certain wedge of suspensions,
and the homotopy class of f™(X) as a wedge sum of Whitehead products. In the case when each X;
equals a common space X, this lets us play off the definition of weak cocategory, which involves
the map f™(X), with the homotopy nilpotentcy of QX by taking the adjoints of the Whitehead
products to obtain Samelson products.

The identifications for F™(X) and f™(X) are obtained as special cases of much more general
phenomena involving dual polyhedral products. The definition of (X, A)g as a homotopy inverse
limit implies that there is a map (X, A4)® — (X,A)§. Let F,) be its homotopy fibre. By
comparing the homotopy types of Q(X, A)X and Q(X, A)K, we show that there is a homotopy

equivalence
(1) QX, AN ~ QX A)f x QF.

In a way that can be made precise via certain idempotents, Q(X, A)X contains all the information
about Q(X, A)¥ that involves only proper subsets of the ingredient pairs (X;, 4;), while QF
captures all of the information about Q(X, A)¥ that involves all m pairs (X;, 4;) simultaneously.

This leads to a filtration of the homotopy theory of Q(X, A)¥ obtained from its full subcomplexes.

Theorem 1.8. For any polyhedral product (X, A)X, there is a homotopy equivalence

X, AN~ ] oF
IC[m]

where Fy is the homotopy fibre of the map (X, A)K1 — (X, A)gf.
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In the special case when (X, A) is of the form (CX, X), where CX is the reduced cone on X,
more can be said. The polyhedral product (CX, X)¥ has been well studied. In [BBCG] it is shown

that there is a homotopy equivalence

2) S(CX, X)X = \/ 2 (KA XT)
I¢K

where |K| is the geometric realization of K, and for I = {i1,...,4x}, we have X! = Xig N NXG, .
In particular, $(CX, X)¥ is a wedge of suspensions of iterated smashes of the spaces X;.

A great deal of work has been done in [BGr, GT2, GT3, IK1, IK2] to determine for which
simplicial complexes the decomposition (2) desuspends. In [IK2] the notion of a totally homology
fillable simplicial complex was introduced, which includes the more well known families of shifted,

shellable and sequentially Cohen-Macaulay complexes. It was shown that if K is totally homology

fillable then there is a homotopy equivalence

(3) (CX, )% =~ \/ S(K| A XT)

I¢K
and ¥|K;| is homotopy equivalent to a wedge of spheres. Consequently, (CX, X)X is homotopy
equivalent to a wedge of suspensions of iterated smashes of the spaces X;.

When K is totally homology fillable we show that the spaces F in Theorem 1.8 are also homotopy
equivalent to wedges of suspensions of iterated smashes of the X;’s. Further, in the special case of
the thin product, the spaces Fj,,) and '™ (X)) are homotopy equivalent, and the map F(X) &)
\/;’il X, is a wedge sum of iterated Whitehead products.

This paper is organized as follows. In Part I we give homotopy decompositions of Q(X, A)¥
and Q(X, A)K via certain idempotents. Section 2 establishes the basic decomposition in terms of
certain telescopes and Section 3 identifies the telescopes as certain loop spaces. Section 4 refines the
decomposition in the case of Q(CX, X)X and Q(CX, X)X when K is totally homology fillable by
showing that the factors are the based loops on certain wedges of suspensions. In Section 5 these
results are then transferred to give analogous decompositions in the case of Q(X, %)% and Q(X, x)*
for the same complexes K.

In Part IT the role of Whitehead products is investigated. Section 6 recounts some of the homotopy
theory surrounding a wedge of two spaces. In Section 7 a fundamental result is proved that does
not seem to be in the literature: we show that Porter’s decomposition of the homotopy fibre of the
inclusion of a wedge into a product can be altered by a homotopy equivalence so that the maps
from the fibre into the total space are described by Whitehead products. Along the way we also
give a refined decomposition in the case when each space in the wedge is a suspension. Finally, in

Section 8 all this is applied to give a homotopy decomposition of the homotopy fibre of the map from
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the wedge into the thin product, and to identify the maps from the fibre to the wedge as certain
Whitehead products.

In Part III the results from Parts I and IT are used to prove Theorem 1.6 in Section 9. To explicitly
calculate the homotopy nilpotency classes, a special class of H-spaces called retractile H-spaces is
discussed in Section 10, and a criterion for applying Theorem 1.6 to retractile H-spaces is proved in
Section 11. Examples are then given in Section 12.

The author would like to thank the referee for many valuable comments, and for pointing out

Corollary 1.7.

Part 1. Homotopy decompositions of Q(X, A)X and Q(X, A)K.

2. DECOMPOSITIONS VIA IDEMPOTENTS

The focus for the most part is on Q(X,A)X, with the decomposition for Q(X,A)E being a
consequence. The decomposition will be constructed by using a family of commuting idempotents.
The idempotents will be defined on (X, A)¥ but in order to take a product of their telescopes a
multiplication is needed, which is why loop spaces are taken. We begin with some general information
about decompositions of H-groups using idempotents.

In general, let G be a path-connected H-group. Suppose that for 1 < j < k there is a family
of maps ej: G — G such that: (i) each e; is an idempotent, (ii) e; o e; ~ * if ¢ # j, and
(iii) 1 ~ eg + --- + e, where 1 is the identity map on G and the addition refers to the group
structure on [G,G] induced by the multiplication on G. The family {e;}¥_, is called a set of
mutually orthogonal idempotents. Let T'(e;) be the telescope of e;, that is, T'(e;) = hocoligejG7
and let G — T'(e;) be the map to the telescope. Observe that, being a telescope, there is a map
T(ej) — G, and as e; is an idempotent the composite T'(e;) — G — T'(e;) is a homotopy
equivalence. In particular, T'(e;) is a retract of an H-space and so is itself an H-space. Observe also
that H,(T(e;)) = Im (e;).. Since e; o e; =~  for ¢ # j we may form the direct sum @§:1H* (T'(ej)),

and since 1 ~ ey + - - - 4+ e, we obtain an isomorphism of modules
HL(G) = &k_, H.(T(e,)).

The product of the telescope maps
k

G — H T((ij)

j=1
therefore induces an isomorphism in homology. Since both G and Hle T(e;) are H-spaces they
are nilpotent. Therefore, by Dror’s [Dr, Example 4.3] generalization of Whitehead’s Theorem, the

product of telescope maps is a homotopy equivalence.
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Lemma 2.1. Let G be a path-connected H-group and suppose that {e; }2?:1 is a family of mutually

orthogonal idempotents on G. Then there is a homotopy equivalence G —> H§:1 T(e;). O

Next, suppose that for 1 < j < m there is a family of commuting idempotents e¢;: G — G.
Observe that each pair (e;,1 — e;) is mutually orthogonal, and the larger family of idempotents
{ej,1 —e;}7L; all commute. Let J be the collection of 2™ sequences (a1,...,an), where each

a; € {0,1}. For (ai,...,am) € J, define
flarsnam): G — G

by the composite

ej if aj =0
f(al,‘..,am) :fa1 O---Ofam where faj = .
1—e; ifa;=1.

We record three properties of the maps f(a1,...,an). First, since the idempotents {e;,1 —e;}2;
commute, each map f(,, . q,) is also an idempotent. Second, if f(a},...,a;,) is another such

idempotent distinct from f(aq,...,an), then at least one 1 < j < m satisfies a; # a;, for otherwise

the two maps agree on every a; and so are identical. Therefore the j* term in the composite

for f(a1,...,am) is e; and that for f(af,...,a],) is 1 — e;, or vice-versa. But as e;j o (1 — ¢;)
is null homotopic and the idempotents commute, we obtain f(ai,...,am) o f(a},...,a.,) =~ *.

Third, since 1 = e; + (1 — e;) for each j, we obtain 1 = (e3 + (1 —e1)) 0--- 0 (e + (1 — €m))-

Expanding gives 1 = X4, . a,.)e7f(ar,.. The three properties together imply that the collection

Sam)*

of idempotents {f(a,.....am)}(ar,....am)es 18 mutually orthogonal. Therefore, if T'(ay, ..., a,) is the

m m

telescope of f(4, ... a,,) then Lemma 2.1 implies the following.

Lemma 2.2. Let G be a path-connected H-group and suppose that {e; 7Ly is a family of commuting

idempotents on G. Then there is a homotopy equivalence G —» H(al am)ET T(at,...,am). |

We wish to construct a family of commuting idempotents on (X, A)%X. Recall from the Introduc-
tion that if I = (41,...,4%) C [m] then K7 is a full subcomplex of K and there is a map of simplicial
complexes K; — K but not a map K — K;. However, the situation improves on the level of
polyhedral products. Let X! = X; x---x X;,, let X! — X™ be the map defined by sending the
jth-factor of X! to the (ij)th—factor of X™ and let X™ — X' be the projection. The inclusion
of K7 into K induces a map t7: (X, A)¥7 — (X, A)X. An immediate consequence of the definition
of the polyhedral product as a union of coordinate subspaces of X™ = X; x - - - x X, is the following

lemma [DS, Lemma 2.2.3].

Lemma 2.3. Let K; be a full subcomplex of K. The following hold:

(a) the inclusion X! — X™ induces a map of polyhedral products (X, A)K1 —
(X, A)X which equals i;
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(b) the projection X™ — X! induces a map of polyhedral products or: (X, AKX —
(X, A)fr;

¢) the composite (X, A)X1 Ly (X, A)K BEN X, A)X1 s the identity map.

(c) y

For 1 <j <m,let I; = [m]\{j}. By Lemma 2.3 there is a composite of polyhedral products
K %1 K, M K
e (X, A)0 — (X, 4)7 — (X, A4)7.

Lemma 2.4. The following hold:
(a) for 1 <j <m the map e; is an idempotent;

(b) for any 1 < j, k < m we have ej o ey, = ey, 0 e;.

Proof. Part (a) follows immediately from the definition of e; and Lemma 2.3 (c). For part (b),
if j = k then the statement is a tautology. Suppose that j # k. Let I, = [m]|\{j,k}. Observe
that the composites of projection and inclusion maps X™ — X% — X™ — X; — X™
and X™ — X — X™m Xy, — X™ both equal the composite X™ — Xk — X™,

Therefore, as in Lemma 2.3, ej o e, = ey, o e;. (]

By Lemma 2.4 the maps {e;}/2; are commuting idempotents on (X, A)X. However, this space
is not an H-space in general so we must loop to obtain one. Since the loop map of an idempotent is

an idempotent, {Qe;}7, are commuting idempotents on (X, A)*. For (a1,...,am) € J, define
f(al,“.,am) : Q(K; A)K — Q(&v A)K

by the composite

Qe; ifa; =0
f(al,_“7am) = fa,0...0 fa,, where faj = )
1-— Q(Ej if aj =1.
Then each f,; is an idempotent and as {er};-”zl commute, the composite f(q,,. . 4,) is also an
idempotent. Let
T(a1,...,am) = hocolimy, . oy SUX, A)K.

Lemma 2.2 implies the following.

Proposition 2.5. Assume that (X, A)X is simply-connected. Then there is a homotopy equivalence

QXA > [ Tlar....an).
(a1,sam)ET

O

We wish to relate the factors T(ay, ..., an) in the decomposition of Q(X, A)¥X in Proposition 2.5

to the factors that appear in the corresponding decomposition for (X, A)%7.
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Lemma 2.6. If j ¢ I then there is a commutative diagram

€j

(Xv A)K - (Xv A)K

(X, ) == (X, 4)"".

Proof. Recall that I; = [m]\{j}. Since j ¢ I, Ky is a full subcomplex of Kj,. So the projection
X™ — X' is the same as the composite X™ — X% — X™ — X!, As in Lemma 2.3,
the induced maps of polyhedral products (X, A)%X — (X, A)%7 and (X, A)X — (X7A)K’j —

(X, A)X — (X, A)X7 are the same. The lemma now follows. O

Let T'(e;) be the telescope of e;. Taking telescopes of the horizontal maps in Lemma 2.6 imme-
diately implies the following.
Corollary 2.7. If j ¢ I then there is a commutative diagram

(X, A)F ——— T(e))

]

(X, AT —= (X, ).

O

Now consider the map f(a,,....a,,) = fa; © 0 fa, Wwhere f,; is either Qe; or 1 — Qe;. Suppose
that j ¢ I. If a; = 0 then f,, = Qe;. By Lemma 2.6, Qg o Qe; = Qpr. So as the idempotents
{Qe; | 1 < j <m} commute, we obtain

Qsofofaq O-~-fa],71 erj Ofaj+1 O"’Ofam :Q@Iofaq O"'fa]‘71 ofaj+1 O.'.Ofam'
If aj = 1 then f,, = 1 — Qe;. By Corollary 2.7, Qpr o (1 — Qe;) ~ . So as the idempotents
{Qe; | 1 <j <m} commute, we obtain
Qpro fa, 0 fa;_y O(I—er)ofaj+1 00 fo, ok

Doing this for every j ¢ I gives the following.

Lemma 2.8. Let I = {iy,...,ix} C [m]. The following hold:
(a) if aj =0 for every j ¢ I then Qpro fo, 00 fa, ~Qpro fo, o --0fq, ;
(b) ifa; =1 for some j & I then Qo fo, 0---0 fq, =~ *.

]

Let J; be the index set for the 2!/l idempotents f(ah’___’aik) used to decompose (X, A)%T in
Proposition 2.5. Notice that by Lemma 2.8 (a), f(aily---,aqzk) corresponds precisely to the idempotent
far,am) ON Q(X, A)X where every j ¢ I has a; = 0. Let T(a;,,...,a;) be the telescope of
f(a1‘1:~~7a'ik)' Then Lemma 2.8 implies the following.
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Lemma 2.9. Let I = {iy,...,ix} C [m]. The following hold:

(a) if a; =0 for every j ¢ I then there is a commutative diagram

QUX,AE ——— T(ay,...,am)

|2 lN

Q(Xv A)KI - T(aiu EERE a’ik);

(b) if a; = 1 for some j ¢ I then the composite T(ay,...,an) — QX, A)X 20

Q(X, A)ET is null homotopic.

O
From Lemma 2.9 we obtain compatibility for the decompositions of Q(X, A)% and Q(X, A)%r.

Proposition 2.10. Let I C [m]. There is a homotopy commutative diagram

Q(K7A)K H(al 7777 am)ej T(ala"-aam)

l Qer \L T

QX A)KI — H(ai17~~,aik)€.71 T(ai,, ..., a)
where Tp projects away from factors with a; = 1 for some j ¢ I and identifies T(aq, ..., am) with
T(aiy,--.,a4,) for factors with aj =0 for all j ¢ I. O

Next, we bring in the dual polyhedral product. By definition,

(X, A)p = holim (X, A)"
IC[m]
where the homotopy inverse limit is taken over the maps of polyhedral products (X, A)%7 —s

(X, A)E1 induced by the projection X7 — X! when I C J. Looping, we obtain

Q(X, A)E = holim Q(X, A)%r.
1CIm]
On the other hand, by Proposition 2.10 the decompositions of the spaces Q(X, A)X7 in Propo-
sition 2.5 are compatible with the maps Q(X, A)%7 — Q(X, A)%7 and induce projections onto

factors. Therefore holim (X, A)%7 is precisely the product of all possible distinct factors that ap-
1¢m]
pear in the decompositions of Q(X, A)%r for any I C [m]. Put another way, the only factors of

Q(X, A)X which are not also factors of Q(X, A)E are those that project trivially under every map

7y for all I C [m]. There is only one such factor, T'(1,...,1), so we obtain the following.
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Proposition 2.11. There is a homotopy commutative diagram

QX A — [ ayeq Tlar, .. am)
\LQ@ lﬂ'
UL A — iay,ampen,...y Tlar, - am)

where w is the projection. O

Since every factor of Q(X, A)K is also a factor of (X, A)¥ and the only additional factor of
(X, A)X is T(1,...,1), Proposition 2.11 immediately implies the following.

Theorem 2.12. Assume that (X, A)X is simply-connected. The map Q(X, A)K % QX, A)g has

a right homotopy inverse and there is a homotopy equivalence

QX A ~ QX A)S xT(1,...,1).

3. FURTHER PROPERTIES OF THE DECOMPOSITIONS

Next, we show that each of the factors T'(a1,...,a,,) in the decompositions for Q(X, A)X and

Q(X, A)E is a loop space, and prove Theorem 1.8. Define the space F| [m) be the homotopy fibration
Fo — (X, A% 55 (X, A)F.
Lemma 3.1. There is a homotopy equivalence T(1,...,1) =~ QFjy.

Proof. On the one hand, by Proposition 2.11, the homotopy fibre of ¢ is the same as that of 7, which
is T'(1,...,1). On the other hand, by definition of F,,, the homotopy fibre of Q¢ is QFj,,). Thus
there is an induced map of fibres T'(1,...,1) — QF},,; which induces isomorphisms on homotopy

groups by the Five Lemma. Since all spaces are CW-complexes, this implies the map of fibres is a

homotopy equivalence. O
Fix a sequence (ay,...,am) € J. Let {a;,,...,a;, } be the set consisting of all the elements in the
sequence which are 1 and let {a;,,...,a;,} be the set consisting of all the elements in the sequence

which are 0. Let I = {41,...,ix} and J = {j1,...,7¢}. Note that k+¢=m and I NJ = 0.

By Lemma 2.9 (a) there is a homotopy equivalence T(aq,...,am) =~ T(a;,...,a;, ), where
T(ai,,.-.,ai,) is the telescope of the idempotent f,, o---o f,, = (1 —Qe;)o-- 0 (1~ Qe;)
on (X, A)Xr. Note that each a;, equals 1 for 1 < ¢ < k, so applying Lemma 3.1 to the case

of (X, A)%1 immediately implies the following.

Lemma 3.2. There is a homotopy equivalence

T(al,...,am) ZQF]
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where I = {i1,...,ix} consists of those indices in [m] for which a;, = 1 and Fy is the homotopy fibre

of the map (X, A)f1 — (X, A)gl- =

Consequently, the decompositions of (X, A)X in Proposition 2.5 and of Q(X, A)¥ in Proposi-

tion 2.11 can be rewritten as follows.

Theorem 3.3. There is a homotopy commutative diagram

QX 4K —~ L cpm) QFT

lﬂtp lﬂ'

where  is the projection. O
Proof of Theorem 1.8. This is simply the homotopy equivalence in the first row of Theorem 3.3. O

Remark 3.4. It is tempting to suspect that the homotopy decompositions in Theorem 3.3 deloop,
that is, that there are homotopy equivalences (X, A)¥ ~ [T;cpm £ and (X, A)E ~ ngm] F;. But
(X, A)K and (X, A)K are not H-spaces so any hope of delooping the homotopy equivalences would
come from the homotopy fibrations F; — (X, A)%1 LN (X, A)g’ having a splitting of the form
(X, A)K1 — F;. But this does not happen even in the simplest cases. For example, let K be two
disjoint points. By the definition of the polyhedral product, (X, A)X = (X7 x A2) U (4; x X»).
The proper full subcomplexes of K = {1} [[{2} are {1}, {2} and @. The corresponding polyhedral
products are Xi, X and . Therefore, (X, A)% is the homotopy inverse limit of the diagram
X1 — * «— X, which is X; x X5. This implies that space Fly is the homotopy fibre of the
inclusion (X7 x A1) U (A; X Xo) — X3 X X5. Specializing to A; = Ay = %, this fibre is homotopy
equivalent to that of the inclusion X; V Xo — X3 X X5, which by the Hilton-Milnor Theorem, is
QX; % QX5. The only case when the map QX; x QXo — X7 V X5 has a left homotopy inverse is

when at least one of X7 or X5 is trivial.

4. FURTHER REFINEMENT IN THE CASE OF (CX, X)¥

Recall from the Introduction that if the simplicial complex K is totally homology fillable (a
property that includes shifted, shellable and sequentially Cohen-Macaulay complexes) then there is
a homotopy equivalence

(CX, X) ~ \/ S|K;| A X!
I¢K
and %|K;| is homotopy equivalent to a wedge of spheres. Thus (CX, X)X is homotopy equivalent

to a wedge sum of spaces of the form X'X; A---AX;, for various t > 1 and 1 < iy < -+ < i < m.
In this section we show that for this class of polyhedral products the spaces F; that appear in the
decompositions of Q(X, A)X and Q(X, A)K can be more explicitly identified.
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To prepare, we require two general lemmas. For spaces B and C' the right half-smash of B and C'
is the quotient space BxC = (B x C)/ ~ where (*,c) ~ *. It is well-known that if B is a co- H-space
then there is a homotopy equivalence B x C' ~ BV (B A C). The following lemma is well known
and follows easily from the methods in [G2] (a more detailed statement and its proof appear later

in Theorem 6.1).

Lemma 4.1. Let B be a path-connected pointed space and C a simply-connected, pointed space. Let

BV C — C be the pinch map. Then there is a homotopy fibration
BxaC -1 BvC—C

This homotopy fibration is natural for maps B — B’ and C — C’ O

One feature of the James construction [J] (see [Se, Proposition 7.9.1] for a more modern presen-

tation) is that if Y is a pointed, path-connected space then there is a homotopy equivalence

LONY ~ <7 Yy ™

n=1

which is natural for maps Y — Y’. An immediate consequence is the following.

Lemma 4.2. Let X andY be a pointed, path-connected spaces. Then there is a homotopy equivalence

(oo}
SXAQRY ~ \/(BX AY™)

n=1

which is natural for maps X — X' andY — Y. O

We now give a construction that will identify the homotopy type of the space Fj,, in the case of
a polyhedral product (CX, X)X where K is totally homology fillable. Recall that, for 1 < j < m,
I; = [m]\{;j} and e; is the idempotent

e;: (CX, X)X — (CX, X)5t — (Cx, X)X

induced by projecting (CX)™ to (CX)%s and then including back into (CX)™. First consider e;.
Since (CX, X)¥ is homotopy equivalent to a wedge of spaces of the form X! X; A---AX;, for various

t>1land 1 <i; <---<ip <m, we can write
(CX, X)X ~¥B, vIC,

where each wedge summand of By has X; as a smash factor and each wedge summand of C; does

not have X; as a smash factor.

Lemma 4.3. The following hold:

(a) the restriction of e; to ¥.By is null homotopic;

(b) the restriction of e; to Oy is the inclusion of ¥.Cy into (CX, X)X ;
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(¢c) part (a) implies that there is a homotopy commutative diagram

q1

©B, VX0, el

|- |

(CX, X)K —— (CX,X)Kn

where qy 1s the pinch map.

Proof. The wedge decomposition of (CX, X)¥ is natural with respect to maps of simplicial com-
plexes. Applying this to the composite e; : (CX, X)X — (CX, X)%n — (CX, X)X the fact that
I, = {2,...,m} implies that any wedge summand of (CX, X)X involving X; is mapped trivially to
(CX, X)K1 while any wedge summand not involving X; is mapped identically to itself by e;. This
proves parts (a) and (b). Part (c) follows immediately from part (a). O

Define the space G; and the map g; by the homotopy fibration
Gy 25 2B, vEC, 5 2C).

By Lemmas 4.1 and 4.2 there are natural homotopy equivalences
(4) G~ YB; X QXC, ~ XB; V (EB; AQXC)) ~ £B; V (\/ (B A (cl)<">)> :
n=1

Observe that, by definition, each wedge summand in B; is a smash product with X; as a factor,
so every wedge summand of By A (C’l)(") is also a smash product with X; as a factor. Therefore,
every wedge summand of 1 is the suspension of a smash product that has X; as a factor. We now
separate out those wedge summands that also have X5 as a factor. As the wedge summands are all

suspensions, we can write

Gl = EBQ V ECQ

where each wedge summand of Bs is a smash product with X; and X5 as factors and each wedge

summand of C5 is a smash product with X; as a factor but not X5. Let 1, be the composite
Y1: Gy 25 ¥B VO, = (CX, X)X,

Lemma 4.4. For the composite G1 = X By V XC» BN (CX, X)X =2 (CX, X)X the following hold:

(a) the restriction of ex 011 to X By is null homotopic;

(b) the restriction of ea 0 1p1 to £Co is homotopic to the restriction of 1 to XC1;
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(¢c) part (a) implies that there is a homotopy commutative diagram

$By VN0, — 2 o 50,

lN

Gy

P

(07X7 X)K —_— (07X7 X)KIQ

where qs 1s the pinch map.

Proof. The proofs of parts (a) and (b) start by reorganizing the data in order to apply the naturality
of Lemma 4.1. First consider (CX, X)X ~ ¥ B, VXC;. As all the wedge summands of ¥B; and XC}
are suspensions, we may write ¥B; = XBy; V ¥B; 2 and XC; = XC;; V XC; 2 where Y5 ;
(3C1 1 respectively) consists of those wedge summands of ¥B; (X£C7) having X; as a smash factor
but not X5, and B2 (3C1,2) consists of those wedge summands of ¥B; (X£C;) having both X,
and X, as smash factors. The pinch map £B; VEC; 2 SC, can then be rewritten as a pinch map
¥B11VEB1 2 VEC 1 VEC — XC 1 VEC,.

Let ¥B) = %B;1 2V %C1 2 and let ¥C§ = By 1 V XC; 1. Notice that (CX, X)X ~ ¥B} v 2C}
where $B) consists of all wedge summands in (CX, X)¥ which are smash products with X, as
a factor and YO} consists of all wedge summands in (CX,X)®X which are smash products not
having X, as a factor. As in Lemma 4.3, the restriction of es to X.Bj is null homotopic and the
restriction to (Y is the inclusion of £C% into (CX, X)¥X. Therefore the composite ©Bj V Ch —»
(CX, X)X — (CX,X)Er factors through the pinch map ¢4: ©B V ©C) — XC5. Reordering
the wedge summands, ¢4 can be regarded as the wedge sum By 1V EB12V ECy 1V EC) 2 RLALEY
¥ By V XCy,1 of the pinch maps gp: ¥By = ¥By;1 VEB12 — Y¥B; and q¢: ¥Cp = XCy1 V
3Ci2 — XCh 1.

Putting g1 and ¢4 together, by the naturality of Lemma 4.1 there is a homotopy fibration diagram

q1
YB; x Q¥XC; ——— ZBl,l \Y EBLQ V 20171 V 20172 —_— 20171 \Y EOLQ

J/ qB XQqc i aBVqc l qc

ZBI,I X QEOl,l ZBl,l \Y 201,1 20171

where ¢ is the pinch map. Putting the left square together with the factorization of ey through ¢
gives a homotopy commutative diagram

~

SB,VEC, — = (CX,X)K

YB; x Q¥XC4 231’1 V EBLQ V ECLI V ECLQ

qB XQqc \LqB\/qc lfé i

ZBI,I Pl QECl,l ZBLI \Y ZCL]_ ZCé (CiX, X)KIZ .
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Notice that G ~ ¥ B; x QX(C'; and the top row is homotopic to .

The maps ¢p and g¢ pinch out any wedge summands of 3 B; and 3C respectively that have Xs
as a smash factor. As ¢p and g¢ are suspensions, the naturality of the wedge decomposition (4) of
G1 ~ Y B; x QX (4 implies that ¢gg x Qgc pinches out any wedge summand of G; having both X3
and X5 as factors, and sends any wedge summand having X as a smash factor but not X5 identically
to itself in By ;1 x QXCq 1. That is, g % Qqc¢ is the same as the map G; = XBy V YOy 25 205,
Therefore, the homotopy commutativity of the previous diagram implies that the restriction of es o)y
to ¥ By is null homotopic and the restriction to XCs is the restriction of ¢;. This proves parts (a)
and (b). Part (c) follows immediately from part (a). O

Now proceed as before by taking the homotopy fibre of the pinch map Gy = ¥ By VX5 25 20,.

Tterating, for 1 < j < m we obtain homotopy fibrations
G 28 Gy ~ 2B, v 0 25 %0

where ¢; is the pinch map; every wedge summand of B; is a smash product with X;,...,X; as
factors; every wedge summand of C; is a smash product with X;,..., X;_; as factors but not Xj;

and there are natural homotopy equivalences
Gjt1~XB; x QXC; ~ $B; V (£B; AQXC)) ~ ¥B; V ({7 (ZB; A( >)> :
n=1
Further, if 1); is the composite
by: Gy 25 Gy B (CX, XK
then arguing as in Lemma 4.4 the following hold.

Lemma 4.5. For the composite G; = ¥B; VXC; — (CX, X)¥ = (CX, X)X the following hold:

(a) the restriction of e; o 1; to XB; is null homotopic;
(b) the restriction of ej o ¢; to LC; is homotopic to the restriction of ¥, to £C;;

(c) part (a) implies that there is a homotopy commutative diagram

qj
EBj V ZC]‘ _— ZCj

(CX, X)X —— (CX, X)X

where q; is the pinch map.
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For 1 < j < m, let 0; be the composite
0;: XC; — $B; VEC, = Gy 25 (CX, X)X
and let 0 be the product of the maps Q0;:

0: [[oxc; — aCx, x)¥.

j=1

Let 6 - v,,, be the composite

0 - ([ OZC)) x QG 202 Q(CX, X)X x Q(OX, X)X s Q(OX, X)X

j=1

where p is the loop multiplication.

Lemma 4.6. Suppose that K is totally homology fillable. Then the map (H;ﬂ:1 OXC;) x QG OYm,

QCX, X)X is a homotopy equivalence.

Proof. In general, the homotopy fibration B x QC — BV C — C in Lemma 4.1 has a section
C — BV C given by the inclusion of the wedge summand. Therefore, after looping, there is
a homotopy equivalence QC x (QB x QC) — Q(B V C). In our case, for 1 < j < m, from
the homotopy fibration G;41 s G; = ¥B; vV XCj N ¥C; we obtain a homotopy equivalence
O3C; x QG = QG;. Iteratively substituting the homotopy equivalence for 0G4, into that
for 0G;, we obtain a homotopy equivalence (H;"Zl Q¥C;) x QG — Q(CX, X)X. Notice that the
restriction of this homotopy equivalence to £23C; is the definition of Q0; and the restriction to QG,,

is Qp,. Thus the equivalence is 6 - Q. |

Theorem 3.3 and Lemma 4.6 give different homotopy equivalences for Q(CX, X)X. We wish to

compare them.
Lemma 4.7. The composite G, LN (CX,X)K LN (CX, X)K is null homotopic.

Proof. Fix an integer j for 1 < j < m. Consider the homotopy fibration G4 AR G; &, ¥C;. By

Lemma 4.5 (c), the composite v;: G; BZN (CX, X)X — (CX,X)"% factors through ¢j. There-

fore «y; o gj+1 is null homotopic. By definition, ¥;4+1 = %, o gj4+1, so the composite Gj41 Vit
CX, X)¥ — (CX, X )K’f is null homotopic. The recursive definition of v, implies that it factors
through 1; so the composite G,, KN CX, X)X — (CX, X )KIJ' is null homotopic. This holds for
all 1 < j < m, so v, composes trivially into (CX, X)KIJ‘ for all j. But this implies that 1), composes
trivially to (CX, X)X’ for every proper subset I of [m] because the projection (CX)™ — (CX)!
has to factor through some (CX)’t. Looping, Qi,, composes trivially to Q(CX, X)X’ for any
I ¢ [m]. But by Proposition 2.11, Q(CX, X)& decomposes as a product, each factor of which
is a factor of Q(CX, X)X for some I, and this decomposition is compatible with Q¢. Thus the

composite QG,, L QOX, X)K 29 Q(CX, X)X is null homotopic.
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To deloop this, observe that as G, is a suspension there is a map G,,, — XQG,, which is a right
homotopy inverse of the evaluation map ev: ¥QG,,, — G,,. The naturality of the evaluation map
implies that there is a homotopy commutative diagram

XY EQ‘P
G, — 300G, — ZQ(@,K)K  —— EQ(CX,X)IB

Nk

Gm (CX, X)% (CX,X)5-

The null homotopy for Qy o Q,, therefore implies that ¢ o v, is also null homotopic. (]

Recall that there is a homotopy fibration F,,) — (CX, X)K LN (CX, X)E.

Corollary 4.8. There is a lift

Gm

-
A s i
- ¢7n

'
ya

for some map \. Further, QX has a left homotopy inverse.

Proof. The existence of the lift follows immediately from Lemma 4.7. By Lemma 4.6, Q,,, has a
left homotopy inverse. The fact that A factors through v, then implies that QX also has a left

homotopy inverse. O
Lemma 4.9. H;n:l OXC; LN QCX, X)X 20 Q(CX, X)E has a left homotopy inverse.

Proof. Fix an integer j for 1 < j < m. By Lemma 4.6, the map QXC; 29 Q(CX, X)X has a left
homotopy inverse. On the other hand, by Lemma 4.5 (b), e;08; ~ 6;. This implies that the composite
QX0 04 QCX, X)E — Q(CX, X)Ki — Q(CX, X)X has a left homotopy inverse. Therefore
the composite QXC; 0 QCX, X)) — Q(CX, X)X has a left homotopy inverse. By definition
of (CX, X)X as a homotopy limit, the map (CX, X)X — (CX, X)%i factors through (CX, X)¥.
Thus the composite QXC; % QCX, X)K LA Q(CX, X)X has a left homotopy inverse. This is
true for all 1 < j < m. Collectively, no overlap in the factors in the different retractions occurs
because the product map H;'L:l OxC; LN Q(CX, X)X has a left homotopy inverse. Hence the
composite H;n=1 OXC; N QCX, X)K LA Q(CX, X)X also has a left homotopy inverse. O

Proposition 4.10. Let K be a totally homology fillable simplicial complex. Then the map G, 2

Fiy in Corollary 4.8 is a homotopy equivalence.

Remark 4.11. It is worth repeating at this point that G, is homotopy equivalent to a wedge of
spaces of the form !X, A---AX;, wheret>1and {1,...,m} C {i1,...,ir}. That is, each X; for

1 < i < m appears as a smash factor in every wedge summands of G,,.
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Proof. On the one hand, by Theorem 3.3, the homotopy fibration Fj,,) — Q(CX, X)K 29,
Q(CX, X)) splits to give a homotopy equivalence Q(CX, X)X ~ Q(CX, X)) x QF},. On the
other hand, by Lemma 4.6, the composite (H;":1 QEC;) x QG Hm, 5 Q(CX, X)X is a homotopy
equivalence. We compare the two decompositions.

By Lemma 4.9, the composite h: H;":l QX0 N QCX, X)K SLA Q(CX, X)E has a left ho-

motopy inverse. By Corollary 4.8, the map QG,, g Q(CX, X)X lifts to a map QG,, LN QF

and QA has a left homotopy inverse. Thus the product map

QCX, X)X Hszzck X QG 2225 0(CX, X)E x QF,) —— Q(CX, X)X

has the property that A x QA has a left homotopy inverse. In particular, h x QA induces an injection
in homology and therefore T, is an injection in homology with any coefficients. Taking Z/pZ or Q
coefficients, I, is a self-map of a finite type module which is an injection, and so it is an isomorphism.
Thus I' induces an isomorphism in mod-p and rational homology and so induces an isomorphism in
integral homology. Therefore I' is a homotopy equivalence. This implies that h x Q2 is a homotopy
equivalence. As hx A\ is a product map, each of A and Q) must therefore be a homotopy equivalence.

Finally, since QA is a homotopy equivalence, it induces an isomorphism on homotopy groups, and

therefore so does A. Hence A is also a homotopy equivalence, as asserted. O

By Theorem 3.3, each factor in the homotopy decompositions of Q(CX, X)¥ and Q(CX, X)X is
of the form QF; where F; is the homotopy fibre of the map (CX, X)X — (CX, l)gl. Further,
by [IK2] any subcomplex of a totally homology fillable simplicial complex is itself totally homology
fillable. Therefore Proposition 4.10 applies to each F to obtain the following.

Theorem 4.12. Let K be a totally homology fillable simplicial complex. Then the homotopy de-

compositions

QCx, X)K H QOF; QCX,X)¥ H OF;
IC[m] IC[m]

in Theorem 3.3 have the property that each space Fr is homotopy equivalent to a wedge of summands,

where each wedge summand is the suspension of a smash product having X; as a factor for alli € I.0

5. A GENERALIZATION TO (X, )X

In this section we show that Theorem 4.12 gives useful information for a wider range of polyhedral
products. Let {X;}7, be a collection of pointed CW-complexes and let K be a simplicial complex
on the vertex set [m]. Bahri, Bendersky, Cohen and Gitler [BBCG, Corollary 2.32], relying heavily
on a result of Denham and Suciu [DS], show that there is a homotopy fibration

(5) (COX, 0X)" — (X, 6" — ﬁX

i=1
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The spaces (X, )% include many familiar spaces: if K is m disjoint points then (X, *)¥ is homotopy
equivalent to the wedge X7 V ---V X,,,; if K is the boundary of the standard (m — 1)-simplex then
(X, )% is the fat wedge in [];~, X;; and crucially to toric topology, if each X; = CP> then (X, x)&
is the Davis-Januszkiewicz space DJk .

Each vertex i of K is the full subcomplex K;}, and the polyhedral product (X, *) K0 is simply X;;.
So including i into K we obtain a map of polyhedral products X; — (X, )% which, when composed
to H:’;l X, is the inclusion of the i*" factor. After looping we can take the product of all such maps

for 1 <i < m to obtain a section for the map Q(X, )% — [~ QX;, implying the following.

Lemma 5.1. The homotopy fibration (5) splits after looping, resulting in a homotopy equivalence

QX )" ~ (ﬁ 0X;) x Q(COX, 0X)¥.

i=1

]

We wish to show that the homotopy equivalence in Lemma 5.1 is compatible with that in Theo-
rem 4.12. The following lemma does this. Write F7(X, x) and F;(CQX,QX) for the spaces F that
appear in the respective decompositions of Q(X, *)% and Q(CQX, QX)X in Theorem 3.3.

Lemma 5.2. Let 1 < i< m. The following hold:
(a) Fy(X,x) ~ Xy;
(c) for I C[m] and I # {i} for any 1 <i < m, the map (CQX, QX)K — (X, x)K
induces a homotopy equivalence Fr(CQX,0X) ~ Fr(X, x).

Proof. In general, for (X, A)¥, the definition of the polyhedral product implies that (X, A)%¥¢3 = X;.
By the definition of the dual polyhedral product as a homotopy colimit over the proper sub-
complexes of K, we obtain (X, A)g“} = x, and by definition, F(;; is the homotopy fibre of the
map (X, A)Ke — (X,A)gm. Thus Fp;p ~ X;. In particular, we obtain Fy; (X, *) ~ X; and
Frin (COQX,QX) ~ CQX; ~ +. Part (c) now follows from parts (a) and (b) and Lemma 5.1. O

Consequently, by applying Theorem 4.12 to Q(CQX, QX)X we obtain the following.

Theorem 5.3. Let K be a totally homology fillable simplicial complex. Then there are homotopy

decompositions

QX0 ~(J]ox) x [] oF  X.0F ~ ([ox) x [ QF:
i=1 1C[m] i=1 IC[m)
I#{i} I#{i}
where each Fr is homotopy equivalent to a wedge of summands, and each wedge summand is the

suspension of a smash product having QX; as a factor for alli € I. |
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In particular, if each X; is CP* then (X, *)X = DJ(K) and QX; ~ S1. So Theorem 5.3 gives
a homotopy decomposition for QDJ(K) in which every F; is homotopy equivalent to a wedge of

spheres.

Part 2. Whitehead products.
6. WHITEHEAD PRODUCTS AND GANEA’S THEOREM

In studying thin products it is important to have a good grip on the homotopy theory of the
wedge /-, X;. In this section we examine the special case when m = 2, in Section 7 we examine
the general case when m > 2, and in Section 8 we relate this to thin products.

Consider the following two maps: the inclusion i: X VY — X XY of the wedge into the product
and the pinch map ¢: X VY — Y onto the right wedge summand. Observe that ¢ is also the
composite X VY X xY Y, where ms is the projection onto the second factor. Define

spaces F' and GG, and maps f and g, by the homotopy pullback diagram

F G X
f

l g J{ i
F—>XVY > XxY
l q \L ™2
Y ———Y
where 41 is the inclusion of the first factor. Ganea [G2] identified the homotopy type of F as
YOQX AQY and the homotopy classes of f as a Whitehead product. The homotopy type of G is well
known to be X x QY but the homotopy class of g is not readily identifiable in terms of otherwise
known maps. When X is a suspension then X x QY ~ X V (X AQY), in which case the homotopy
class of g should be identifiable. As the author can find no reference for this, we give a proof. There
is no claim of anything new here, as the methods and results go back to Ganea [G2] and he surely
knew everything stated in this section.
Letix: X — X VY and iy: Y — X VY be the inclusions of the respective wedge summands.
Define evy and evy by the composites evy : TOQX =5 X X, XVY and evy: 3QY 5 Y vy XVY,

where ev is the canonical evaluation map.

Theorem 6.1. The following hold:

(a) There is a homotopy fibration
SOX AQY B vy L x wy;
(b) there is a homotopy fibration

XxQy L xvy Ly
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where the restriction of g to X isix;
(c) if X = XX', then there is a choice of a homotopy equivalence XX’ x QY ~
YX'V (EX'AQY) such that the restriction of g to XX’ AQY is [ix, evy].

Proof. The goal is really part (c) since Ganea [G2, Equation (9) and Lemma 5.1] proved part (a)
and part (b) is well known (see, for example, [Se, Theorem 7.7.7]). However, to set up for part (c)
we re-prove the identifications of the homotopy types of the fibres of i and ¢ in parts (a) and (b).

In general, for a space Z, let PZ be the path space of Z, where paths start at the basepoint of Z
at time t = 0. Let ev;: PZ — Z be the map which evaluates a path at time ¢ = 1. The homotopy
fibre of a map h: A — Z is homotopy equivalent to the topological pullback of h and ev;.

In our case, let @ be the topological pullback of the maps X VY 3 X xY and PX x PY £2X¢v,
X x Y. Notice that the part of @ sitting over * VY is QX x PY, the part sitting over X V x is
PX x QY, and the part sitting over * V % is QX x QY. Thus @ = QX x PY Ugxxay PX x QY.
Let CQX be the reduced cone on QX , where the cone point is at ¢ = 1. It is well known that there
is a homotopy equivalence ¢x : CQX — PX given by ¢ x (f,w) = ws, where w; is the path defined
by wi(s) = w((1 —t)s). Note that wy = w and w; is the constant path to the basepoint of X. Thus
Q ~ QX x CQY Ugxxay CQX x QY, and the right side is the definition of the join QX % QY.
Ganea shows that the composite QX AQY ~ QX QY — Q — X VY is the Whitehead product
[evx, evy], proving part (a).

Next, let P be the topological pullback of the maps X VY —% Y and PY <% Y. Notice that
the part of P sitting over * VY is x X PY, the part sitting over X V % is X x QY, and the part
sitting over x V x is x X QY. Thus P = % X PY U,xqy X x QY. The composite X — P — X VY
is exactly ix and contracting PY we obtain P ~ X x QY. This proves part (b).

For part (c), observe that the projection X x ¥ -2 Y induces a projection PX x PY 2 PY,
so there is an induced map of topological pullbacks Q — P. In terms of the identifications for Q

and P above, this map of pullbacks is

QX X PY Ugxxay PX X QY — % X PY U,xay X X QY

evy X1

where PX x PY —— X x PY has been restricted to the subspaces QX x PY, PX x QY and

evq

QX x QY. Notice that the composite CQX Y% pX % X sends (t,w) to we(l) = w(l — ).

That is, evy o by = —ev, where XQX % X is the canonical evaluation map. Thus the composite
YOXAQY ~ QX QY — Q — P~ X xQY — X AQY is —ev A 1. Consequently, if

X =YX’ and s is the composite s: X' A QY ZENSOR X A QY = Q — P~ X xQY, then

X' AQY L BX % QY — DX/ AQY is homotopic to —id, where id is the identity map. Thus s
is a section for the right map in the cofibration XX’ TynX 1 QY — 2X' A QY , where j is the
inclusion. Therefore ZX' Vv (XX’ A QY) X M QY isa homotopy equivalence.
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Finally, from the pullback map (Q — P and the definition of s there is a homotopy commutative
diagram

DX AQY 2 SORXIAQY — Q — > X VY

I

P—— XVY.

By part (a) the map YQXX'AQY ~ Q — X VY is homotopic to [evx, evy]. Therefore the top row
is homotopic to [ix, evy|. Hence, choosing the homotopy equivalence for P ~ 3 X’ x QY determined

by j + s, the restriction of ¥X. x QY — X VY to ZX’' A QY is homotopic to [ix, evy]. O

7. WHITEHEAD PRODUCTS AND PORTER'S THEOREM

Define the space I'(X) and the map v(X) by the homotopy fibration

When m = 2 Theorem 6.1 (a) identifies I'( X)) as ¥QX; A QX3 and the homotopy class of v(X) as

Px) "

ﬁ<3

a Whitehead product [evx,evy]. Porter [P] partially generalized this by identifying the homotopy
type of T'(X) for any m > 2.

Theorem 7.1. Let Xi,...,X,, be simply-connnected, pointed CW -complezes. Then there is a

homotopy equivalence

0
<3

\V (k—1)(ZQX;, A---AQX;,)

k=2 \1<ij<--<ipg<m

which is natural for maps X; — Y;. O

However, Porter did not identify the homotopy class of the map v(X). It is folklore that it too
is determined by Whitehead products that depend on evaluation maps, but there seems to be no
proof of this in the literature. As this is important in what follows, in this section we carry out the
identification.

For 1 <j <m, let

m
S5 Xj — \/ Xl
i=1

be the inclusion of the j*"-wedge summand. Let ¢; be the composite

tj: XOX; 5 X; 5\ X;
i=1

where ev; is the canonical evaluation map. We say that an iterated Whitehead product has length k

if it is formed from k ingredient maps. For example, [t;,,t;,] has length 2.

7,17
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Theorem 7.2. Let Xi,...,X,, be simply-connnected, pointed C'W -complexes. Then there is a

natural homotopy equivalence

rXx)~\/ \V (k—1)(ZQX;, A---AQX;,)

k=2 \1<ij<--<ipg<m

which may be chosen so that the restriction of v(X) to XQX;, A--- AQX,, is an iterated Whitehead

product of length k formed from the maps t;,, ..., t;

ke

Theorem 7.2 will be proved in two stages. First we consider the special case when each X; = XY;
and in Theorem 7.4 identify the homotopy fibre of the inclusion \/~, XY; — [[/~, XY;, but in a
formulation different from that of Theorem 7.2. This formulation will also be useful in subsequent
sections. Second, we consider the wedge sum of evaluation maps \/;~, ¥QX; — V", X; and use

the formulation for the first stage in the case of XY; = ¥XQX; in order to prove Theorem 7.2.

7.1. Identifying the homotopy fibre of the inclusion \/;’;1 XY, — H:r;l YY;. This starts
with a refinement of Theorem 6.1 (c¢) in the case of suspensions. It is notationally convenient in
what follows to pinch to the first wedge summand rather than the second. It was shown that
there is a homotopy fibration QXX x Y -4 X v XY -4 ©X where ¢ is the pinch map,
QXX x XY ~ (QEX AXY) VY, the restriction of g to XY is the inclusion ixy, and the restriction
of g to QXX A XY is the Whitehead product [evsx,iny]. By Lemma 4.2 there is a homotopy
equivalence QXX A XY ~ \/2 XM AY,
For n > 1, define

ad"(isx)(izy): SXMWAY — DX VEY

recursively by adl (izx)(igy) = [igx, igy] and, for n Z 2, adn(izx)(igy) = [igx, adnfl(igx)(igy)].

The following was essentially proved in [N, Theorem 9.3.1].

Theorem 7.3. Let X and Y be pointed, path-connected CW -complexes. There is a homotopy
fibration

(\/ 2X<”>AY> vy Lyx vy -4 vx

n=1
where the restriction of W to XY is ixy and the restriction of W to XX AY is the iterated
Whitehead product ad™(isx)(isy ). All of this is natural for maps X — X' andY — Y.

Proof. The precise statement of [N, Theorem 9.3.1] is that the composite

(6) ( \/ =X A Y> VIY) x QBX 22X (nx v YY) x Q(EX VIY) 5 Q(EX VIY)

n=1
is a homotopy equivalence, where p is the loop multiplication. We will show that this implies the

existence of the homotopy fibration in the statement of the theorem.
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Observe that the naturality of the Whitehead product, the fact that g o ixx is the identity map

on XX, and the fact that ¢ o ixy is null homotopic together imply that
goad'(inx)(isy) = ad' (g o isx)(g o iny) = ad' (Isx)(¥) = lisx, ¥] = *.

Inducting on the definition of ad™ then implies that ¢ o ad™(inx)(iny) ~ * for each n > 1. Thus
q o ¥ is null homotopic. Recall from the discussion preceding the theorem that the homotopy fibre
of ¢ is QXX x Y. So we obtain a lift

(Vo SXMAY)VvEY

™) =k

QDX Ky — 2 - X VIY
for some map £. If ¢ is a homotopy equivalence, then ¥ may be substituted for the homotopy fibre
of ¢, giving the homotopy fibration asserted by the theorem.

It remains to show that £ is a homotopy equivalence. The homotopy equivalence (6) implies that
the map Q¥ induces an injection in homology. Looping the homotopy commutative triangle in (7)
then implies that €2/ induces an injection in homology. In the discussion preceding the theorem it
was observed that (\/7;, X AY) VEY and QEX x XY have the same homotopy type. As both
spaces are simply-connected, their loop spaces then also have the same homotopy type. Thus (£2¢).
being an injection implies that it is an isomorphism. Now Dror’s [Dr] generalization of Whitehead’s
Theorem implies that €2/ is a homotopy equivalence. Hence ¢ induces an isomorphism on homotopy

groups, so as all spaces have the homotopy type of CW-complexes, ¢ is a homotopy equivalence. [

We will use Theorem 7.3 iteratively. Let Yi,...,Y,, be pointed, path-connected C'W-complexes.
Let Ag =V, XY; and for 1 < j < m let

m
s;: %Y — \/ Y

i=1
be the inclusion of the j*-wedge summand. Let By = \/[.,Y; so that Ag = £Y; V £B;. By
Theorem 7.3 there is a homotopy fibration

A L vy, VEB, —L 5y,

where ¢; is the pinch map, A; = (\/Zo:1 EYl(") /\B1> V ¥ By, the restriction of ¥ to ¥B; is
the inclusion ixp,, and the restriction of ¥; to ZYI(") A Bj is the iterated Whitehead product
ad™(ixy, )(ixp,). Since By is the wedge /|-, Y; and the inclusion ixp, is the wedge sum of the
inclusions s; for 2 < j < m, and since ixy, = s1, the Whitehead product ad™(isy,)(ixp,) is the
wedge sum of the Whitehead products ad”(s1)(s;) for 2 < j < m.

Observe that A4; is a suspension and has XY5 as a wedge summand (via it being a wedge summand
of ¥By). Write

Al = XYy V EB,
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where By = ([, Y;) V (\/Z":1 Y™ A Bl). Now iterate this process by considering the pinch map
YY, V EB, —£5 2Y,. We obtain a sequence of homotopy fibrations

Ay 2 YL VEB, — 2 vy,

for 1 < k < m, where Ap_1 = XY V X By, qi is the pinch map, Ay = (\/20:1 ZYk(n) A Bk) V X By,
the restriction of ¥y to X By is the inclusion ixp, into XY} V X By, and the restriction of ¥y to
EYk(n) A By, is the iterated Whitehead product ad™(ixy, )(ixp, ). Consider the maps ixy, and ixp,
composing into \/!"; XY; by the composite

Bpo1: Apr = SYi VEBy B Ay — - A 0 A= \/ TV
i=1

In the iteration we have B, = (V2 YV (\/ff:1 Yk(f)l /\B;€_1>7 the restriction of ®5_; to

[eS)
n=1

\/?lkJrl Y.B; is the inclusion, the restriction of ®5_; to \/ EYk@l A By_1 is a wedge sum of
iterated Whitehead products formed from the maps s; for 1 < j < m, and the restriction of ®;_;
to XY}, is the inclusion. Thus ®;_; oixp, is a wedge sum of the inclusions s; for k+1 < j < m and
iterated Whitehead products of the s;’s for 1 < j < m, and ®y_; oixy, is the inclusion s;. Hence
@, = Pp_1 o ¥y, is the wedge sum of the inclusions s; for k +1 < j < m and iterated Whitehead
products of the s;’s for 1 < j < m.

Consequently, at the end of the iteration, we have A,, a wedge of suspensions and the composite

Byt A o Aoy — - — A — \/ BV,

i=1

is a wedge sum of iterated Whitehead products formed from the maps s; for 1 < j < m.

Theorem 7.4. There is a homotopy fibration

A, 2m \721@» —>ﬁEYi
=1

i=1
which is natural for maps Y; — Y.
Proof. Noting that ®; = ¥y, we start with the homotopy fibration A; LN \/:’;1 NY; L 2. As-
O
sume inductively that for some 2 < k < m that there is a homotopy fibration Ag_1 i \/:’;Z XY, —

_ e
Hf:f YY;. Observe that the map A,_; —=5 1Y}, factors as the composite Ay_; —— Vi, 2V, —

YY:. Therefore there is a homotopy fibration diagram

D1
Ay ——= VI Y —— [, 3

L

YY1 — HZ’LH XY g Hf:_f XY
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where 7_1 is the projection. Since the left square is a homotopy pullback, from the homotopy
fibration Ay LN Ap_q &y YY: and the fact that &, = ®;_; o ¥, we obtain a homotopy fibra-
tion Ay N \/111 XY, — szﬂ >Y;. By induction, such a homotopy fibration exists for all
2 <k <m, so when kK = m we obtain a homotopy fibration A,, By Vi, 2V, — [12, 2Y; as
asserted.

Finally, since ®,, consists of iterated Whitehead products formed from the inclusions s; for
1 < j <'m, the naturality of the Whitehead product and the inclusions implies that this homotopy

fibration is natural for maps Y; — Y. O

7.2. Identifying the homotopy fibre of the inclusion /", X; — []", X;. We turn to The-
orem 7.2. The idea is to use the information in Theorem 7.4 in the case of \/, ¥QX; and compose
it with evaluation maps to \/;7;1 X;. We first consider the basic case of Theorem 7.3 applied to
YOX VvV EQY and compose with evaluation map to X VY. Note here that we assume X and Y are

simply-connected so that QX and QY are path-connected, as needed in Theorem 7.3.

Lemma 7.5. Let X and Y be simply-connected, pointed CW -complexes. There is a lift

Vo, ad™ (isax)(isay)

Voo, 20X ™ A QY TOX VEQY
|
A lev\/ev
\
[evx ,evy]
20X A QY i XVY

for some map .

[evx,evyl

Proof. By Theorem 6.1 (a), there is a homotopy fibration XQX AQY XVY : XxY.

The naturality of the Whitehead product implies that the composition (evx Vevy )oad™ (isax)(isay)
is the Whitehead product ad™(evx)(evy ). Every Whitehead product into X VY composes trivially

with 4 and so lifts through [evx, evy]. The lemma now follows. O

Remark 7.6. In analogy with the definition of ¢;, let tx = ev o ixqx and ty = ev oixngy. Then

Lemma 7.5 equivalently says that ad™(tx)(ty) factors through [evx, evy] = [tx, ty].

Recall that the map ¢; is defined as the composite XX AN X; BN Vi~ , X;. The naturality of

the evaluation map implies that ¢; can also be regarded as the composite

b s0x, 2 \/ max, YR/ X,
i=1

i=1
Now run through the construction of the spaces Ay with the input being Y; = QX for 1 <7 < m.
Starting with Ay = /[~ £QX;, the first homotopy fibration A, T4y % $0OX, has

A = <7 (QXf") A (\7 mxg) v <\7 EQXi> ,

n=1 =2 i=2
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the restriction of ¥y to \/Z";1 YQX; is a wedge of the inclusions s; for 2 < 7 < m, and the restriction
of ¥y to QXYL) AV, BOQX;) is a wedge of iterated Whitehead products ad™(s1)(s;) for 2 < j < m.

Composing ®; = ¥ with the wedge of evaluation maps

m m ) m

e: \/ 20X, Viziew, \ Xi

i=1 i=1

the maps s; are sent to t; and, by Lemma 7.5, the iterated Whitehead products ad™(s1)(s;) factor
through [t1,¢;]. At the next stage, writing A; = X By V 3QX,, we have

Ay = (7 (QXQ(”) A EBQ> V 5B,
n=1

First, ¥ Bs consists of all wedge summands in A; except XX, and e o $5 maps these into \/;11 X;
exactly as does e o @4, that is, by a ¢; if 3 < j < m (excluding t» since XQX, is not in By) or by
factoring through a [t1,t;] for 2 < j <m. Second, ®» maps the summands \/,- ; (QXQH) A EBQ)
into V-, ZQX; by iterated Whitehead products ad™(s2)(f) where f comes from ®;. Compos-
ing with the wedge of evaluations e, the naturality of the Whitehead product implies that e o f
factors through a t; for 3 < j < m or a [t1,¢;] for 2 < j < m, and Lemma 7.5 then implies
that eoad"(s2)(f) = ad™(eo sz)(eo f) factors through [ts,t;] for 3 < j < m or [to,[t1,t;]] for
2 < j < m. Refining a bit, observe that if j = 2 then [to, [t1,t2]] = [t1, [t2, t1]] o (X1 A T) where 1
is the identity map on QX5 and T: QX; A QX — QXo A QX interchanges wedge summands.
But [ta, [t2, t1]] = ad?(t2)(¢1) and, by Remark 7.6, ad®(t2)(t1) factors through [ta,t;]. Thus, in fact,
eoad™(s2)(f) = ad"(eo s2)(eo f) factors through [t9,t;] for 3 < j < mor [to, [t1,t,]] for 3 < j < m.

Continuing in this manner we see that e o ®,, factors through a wedge sum of the Whitehead

products [t,,, [tr, o, [ -, [tr,t;]---] where j >r1, 1 <1 <--- <rg<m,and j ¢ {r,...,rs}.

Remark 7.7. We need to re-index the enumeration of these Whitehead products. Let C be the
collection of iterated Whitehead products of the form [t,, [tr, ,,[ -, [tr,. ;] - -] where j > 7 and
1<r <. <rs <m. Fixing a sequence (i1,...,i;) with 1 < iy < .-+ < i < m, we wish to
determine how many brackets in C' are formed from this sequence. Note that r; must be the smallest
index, so we must take r; = i;. Note that j only needs to be bigger than 71, so there are k—1 possible
choices for j; we can take j = i, for 2 < s < k. Suppose that j = i,,. Then the remaining terms are
i, .. ,%SO, ..., where %50 is removed from the list. As this list is ordered, and we are substituting
them in for the ordered list r9,...,7x_1, we are forced to take (ra,...,7r%) = (i2,... ,%SO,...,z’k).
Thus in total there are k — 1 possible brackets in C' we can form from (iy,..., ).

Conversely, any element in C' corresponds to a sequence (i1,...,4i5+1) by simply taking the se-
quence (rq,...,7s) and inserting j in order. Thus there is a one-to-one correspondence between C

and the collection of k — 1 brackets for each sequence (i1, ...,i;) with 1 <4y < -+ < i < m.
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To compress notation, let

(8) W(X) = \7 \/ (k—1)(2QX;, A--- AQX;,)
k=2

1<ii <<, <m

Using Remark 7.7 to correspond indexing sets, let
O(x): W(X) — \/ X;
i=1
be the wedge sum of the Whitehead products in C. We have proved the following.

Lemma 7.8. Let Xq,...,X,, be simply-connected, pointed CW -complexes. Then there is a factor-

1zation
P
A, —— VL, BQX,
l € i Vit ev
o(X) m
WX) —— Vs, Xi
for some map e. O

Lemma 7.8 will play a key role in the proof of Theorem 7.2. Before starting the proof, some

additional preliminary information is needed.

Lemma 7.9. The homotopy fibration T'(X) sy Vit Xi — [1i~, Xi has the property that Qvy(X)

has a left homotopy inverse.

Proof. For 1 < j < m, the composite X N \/z";1 X; — H:L X; is the inclusion of the j** factor.
After looping the maps 2s; can be multiplied together to obtain a right homotopy inverse s for the
map Q(Vi~, X;) — [[i~, QX;. Consequently there is a homotopy equivalence

[T ox: x arcn) =2 o/ x,) x (\/ x;) —— a(\/ X.)
i=1 i=1 i=1 =1
where p is the loop multiplication. Therefore Qv(X) has a left homotopy inverse. O

For 1 < i < m, we have the evaluation map ev;: XQX; — X;. Let

be the suspension map.. Since ev; is the left adjoint of the identity map on QX; and FE; is the right
adjoint of the identity map on XX, the composite Qev; o F; is homotopic to the identity map on

QX;. Building on this, for any sequence 1 < i1 < --- < i < m, there is a composite

QX A ANQXG, — EQEQX; A AQEQX,;, — EQX A AQXG

k

where the left map is ¥ E;, A--- A E;,, the right map is £Qev;, A --- A Qev;, , and the composite is

homotopic to the identity map. Doing this for each of the wedge summands in (8) we obtain maps

9) W(X) -5 W(2QX) -5 W(X)
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whose composite is a homotopy equivalence.

Proof of Theorem 7.2. Consider the diagram

QW (Xx)
Q&
QA,, > QW (20X)
Qdb,, Qv(ZQX)
e QY™ | £OX)) ac
(10)
QViL, evi)
QW (X) QW (X)
QViL, Xi)
Q(X)
AW (X).

Here, Q(X) is a left homotopy inverse of Qy(X) that exists by Lemma 7.9. The left quadrilateral
homotopy commutes by Lemma 7.8, and the right quadrilateral homotopy commutes by the natu-
rality of Theorem 7.1. For the triangle, by Lemma 7.8 and Theorem 7.1 respectively, both A,, Py
VI R0X; — [T, 20X, and W(20X) “Z2 y7 o s0x, —— 7, 90X, are homotopy
fibrations, so there is a homotopy equivalence 6: W(XQX) — A,, such that v(3QX) ~ &, o 6.
Looping this give the homotopy commutativity of the upper triangle above. Therefore the entire
diagram homotopy commutes.

By (9), the composite Q¢ o Q& is a homotopy equivalence and, by definition, Q(X) is a left
homotopy inverse for Qv(X). Therefore, on the right side of the diagram, the composite Q(X) o
Qv(X) 0 Q¢ 0 Q€ is a homotopy equivalence. The homotopy commutativity of the diagram therefore
implies that Q(X) o QO(X) o Qe 0 Q0 0 Q is a homotopy equivalence. Let a = Qe o Q6 o QE, let
b=Q(X)oNO(X) and consider the composite of self-maps

QW (X) -5 QW(X) 2 QW (X).

We have just seen that b o a is a homotopy equivalence. This implies that, in integral homology, a.
is an injection. Since H,(Q2W (X)) is a finite type module, a self-map which is an injection must
be an isomorphism, and hence a, is an isomorphism. Noting that W (X) is a suspension so that
QW (X) is nilpotent, Dror’s [Dr] generalization of Whitehead’s Theorem implies that a is a homotopy
equivalence. (While we do not strictly need this, notice that a being a homotopy equivalence implies
that b is also a homotopy equivalence, since b = (boa)oa~! and both boa and a~! are homotopy

equivalences.)
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Let c = QCoQfoa~t. As both Q¢ o Q€ and a~! are homotopy equivalences, so is ¢. Further, the
definition of a and the homotopy commutativity of (10) implies that

QO(X)~00(X)oaoa ' =Q0(X)oQeoNoQoa ! ~Qy(X)oQColoat =Qy(X)oec.

Thus there is a homotopy commutative diagram

QW (X)

C_l

(11) lQG(X)
v (X) m
Q(\/izl Xi)~

We claim that (11) deloops. In general, if g: YA — X B is a map with the property that Qg

Qw (X)

is a homotopy equivalence, then ¢ is a homotopy equivalence. For €)¢g induces an isomorphism on
homotopy groups and therefore, as both XA and ¥ B are simply-connected, so does g. As we are
assuming spaces are C'W-complexes, this implies that ¢ is a homotopy equivalence. In our case,
by definition, a = Qa for a = eo o &. As Qa is a homotopy equivalence, so is a. Therefore
a~! ~ Q(a"!), implying that ¢ = Q¢ for ¢ = (o £ oa~!. Again, as ¢ is a homotopy equivalence, so
is €. Since W(X) is a suspension it retracts off SQW (X)), implying that for any space B the map
[W(X), B] — [QW(X),QB] sending g to Qg is an injection. Hence the homotopy commutativity

of (11), with ¢! written as Q¢~1, deloops to give a homotopy commutative diagram

W(X)
(12) > i o(x)
v(X) m
W(X) \/1':1 Xi

where ¢!

By Theorem 7.1 there is a homotopy fibration W (X) 1) Vit, Xi — [I%, X;. Thus (12)
implies that there is a homotopy fibration W (X) o) Vit X; — [[i~, X;. This proves the first

is a homotopy equivalence.

assertion of the theorem. The naturality assertion follows from the fact that ©(X) is natural because

the Whitehead product is natural. O

8. THIN PRODUCTS AND WHITEHEAD PRODUCTS

Recall from the Introduction that if Xi,...,X,, are pointed spaces then the thin product is
defined by P™(X) = (X, )5 where K is the simplicial complex consisting of m disjoint points.

Noting that (X, %)% ~ \/™ | X;, from the map (X, )% -2 (X, %) we obtain a homotopy fibration
m
Frx) 5\ X, 2 Pr(x).
i=1
For 1 < j < m, recall again that
S5 Xj — \/ Xl

=1
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is the inclusion of the j!"-wedge summand. Suppose that for 1 < k < ¢ there are maps ay: XY —

X, where 1 < jp < m. Let by be the composite
S m
br: XYi 5 X, 5 \/ X
i=1

Let
w: XY1 N ANYy — \/Xi
i=1
be an iterated Whitehead product formed from the maps by,. We say that w has length ¢ and involves

the maps {s;,,...,s;,}

Theorem 8.1. Let w be a Whitehead product on \/:’;1 X, formed from the maps by. Suppose
that w has length t > m and involves all the maps s; for 1 < j < m. Then w lifts through
Prx) EE v X

Proof. Recall that K is m disjoint points. For any proper subset I C [m], by Lemma 2.3 the
projection X™ — X' induces a map of polyhedral products (X, *)% — (X, *)%7 which, in this
case, is the equivalent to the pinch map pr: ;" X; — \/,c; X;. Observe that if j ¢ I then the
composite XX 2, Vit X; 2L Ve Xi is trivial, since s; is the inclusion of X; into the wedge.
Since I is a proper subset of [m], we can always find a j such that p; o s; is null homotopic. As w
is a Whitehead product involving all the maps s; for 1 < j < m, the naturality of the Whitehead
product implies that pr o w is null homotopic. This holds for any proper subset I of [m], so p; o w
is null homotopic for all I C [m].

Let w: Y1 A+~ AY, — Q(VI2, X;) be the adjoint of w and consider the composite

ViAo A Y -5 )\ X)) 25 aPm(X).
i=1
By Theorem 5.3, every factor in the homotopy decomposition of QP™(X) = Q(X,*)K is also a
factor of Q(X, %)% for some I C [m], and the decomposition is compatible with the maps Qpj.

Therefore as p; o w is null homotopic for all I C [m], so is Qp; o w. Thus Q¢ o w is null homotopic,

implying that its adjoint ¢ o w is null homotopic. Hence w lifts through f™(X). O

A special case is when each of the spaces X; equals a common space X. Then we write P (X)
for the thin product, and have a homotopy fibration F™(X) LRGN Vit, X —— P™(X). In this
case Theorem 8.1 refines. Consider the composite F™(X) ARG} Vit X —Y 4 X which is used to

define the weak cocategory of X.

Lemma 8.2. Let w be a Whitehead product on X of length t > m. Then w lifts through V to a

Whitehead product on \/!*; X of length t involving all the inclusions s; for 1 < j < m.



34 STEPHEN THERIAULT

Proof. Suppose that w is a Whitehead product on X of length ¢ > m, where w is formed from maps
ap: XYy — X for 1 <k <t For 1l <k < m, let b; be the composite XY S x \/Z’;lX.
If t > m, then for m < k < t, let by be the composite LV — X == Vit, X. Let w be the
Whitehead product of the maps by for 1 < k < ¢, where the bracketing order is the same as for w.
Then the naturality of the Whitehead product implies that w ~ V o @w. Thus w lifts w through V,

it has the same length as w, and involves all m inclusions s;. (Il

Combining the lifts in Lemma 8.2 and Theorem 8.1 we immediately obtain the following.

Theorem 8.3. Any Whitehead product on X of length t > m lifts through the composite F™(X) fﬂg)
Ve x X O

Remark 8.4. Tt is interesting to compare Theorems 8.3 with [Hov, Theorem 2]. Both prove the
same statement but in different language, we use polyhedral products in the proof of Theorem 8.1
while Hovey uses “flasque diagrams”. However, the key point in both cases is the same: that the

Whitehead products considered on \/?;1 X vanish when composed to any proper subwedge.

Next, we aim towards Theorem 8.6 which is a sort of converse to Theorem 8.1. While Theorem 8.1
says that any Whitehead product of length ¢ > m involving all m maps s; lifts through f™(X),
Theorem 8.6 says that the homotopy class of f™(X) is completely determined by length ¢ > m
Whitehead products involving all m maps s;. To see this we modify the proof of Proposition 4.10
that identified the homotopy type of F™(X) in order to take into account the Whitehead product
information in Theorems 7.2 and 6.1.

First, we require a general lemma.

Lemma 8.5. Suppose that there are maps

s t t

f=\fti: V24 —2 g=\yg: /B — Z

i=1 i=1 j=1 j=1

Then the Whitehead product [f, g] is homotopic to the wedge sum of Whitehead products \/;_, \/;=1 [fi, 95]-

Proof. Denoting the adjoint of a map w by u, it is equivalent to show that the Samelson product
of <f, g) is homotopy equivalent to the wedge of Samelson products \/;_, \/;=1<ﬁ,§j). But this is

clear from the pointwise definition of the Samelson product of two maps u and v as (u,v)(z,y) =

w(x)v(y)u(z) to(y) L. 0

Theorem 8.6. Let X1,...,X,, be a simply-connected, pointed CW -complexes. Then the homotopy

fibration
o £ m
Fr(X) —=\/ X — P™(X)
=1

satisfies the following:
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(a) F"™(X) ~ \/aeIE(QXl)(O‘l) A AQX ) @) where a; > 1 for each 1 < i < m;

(b) the restriction of f™(X) to B(QX1) @A A(QX,,) (@) is an iterated Whitehead
product of length t > m formed from the mapst;: 3Q.X; = X; BN Vit X;, where
each t; for 1 < j < m appears at least once;

(¢c) parts (a) and (b) are natural for maps of spaces X; — Y;.

Proof. The construction in Section 4 worked for any polyhedral product (CX, X)¥ where K is a

totally homology fillable simplicial complex. Specialize to the case of (CQX,QX)%X when K is m
disjoint points. Then the homotopy fibration (CQX, QX)X — (X, %)% — [[2, X; is a model
for the homotopy fibration I'(X) 1) Vit, X; — T1%, X;. Therefore, by Theorem 7.2 there is
a homotopy decomposition of (CQX, QX)X as a wedge sum of spaces ¥QX;, A--- A QX;, which
can be chosen so that the restriction of the map (CQX,QX)K sy (X, %K ~ /7" X, to a wedge
summand XQX; A--- AQX,, is an iterated Whitehead product of the maps ¢;.

With (CQX, QX)% — /-, X; as the starting point in this case, the first step in the construction
in Section 4 was to divide the wedge summands of (CQX | QiX)K so that (CQX, QX)X ~ ¥Bv20y,
where 3B, consists of those wedge summands having (2X; as a smash factor and XC; consists of
those wedge summands not having Q2.X; as a smash factor. Pinching to XC7, we obtain a homotopy
fibration XB; x QXC; 25 B, vV XC; — XC;. By Theorem 7.3, there is a homotopy equivalence

B x QXC) ~ £B; V (7 (2B A (C1)™)

n=1
which may be chosen so that the restriction of g; to 3B; is i, and the restriction to 3By A (Cl)(”)
is an iterated Whitehead product of the maps iy, and ir where i;, appears once and i appears n
times. Regarding ¥B; and X' as a wedge of spaces of the form XQX; A---AQX;, , by Lemma 8.5
each iterated Whitehead product of the maps i;, and ir is homotopic to a wedge sum of iterated
Whitehead products of the inclusion maps of the summands £QX;, A---AQX;, into (CQX, Qx)kK.
Therefore, as (COQX,QX)K AEX) Vi, X, is a wedge sum of iterated Whitehead products of the
maps t;, the naturality of the Whitehead product implies that the composite ¥B; x QXC; EAN
YB; V XC, ~ (COX, QX)X W(ﬂx) \/:;1 X, is homotopic to a wedge sum of iterated Whitehead
products (of iterated Whitehead products) of the maps t;. Further, as each wedge summand of
¥B; x QXC4 has 2X; as a smash factor, each of the Whitehead products has t; appearing at least
once.

The next step in the construction identifying the homotopy type of F™(X) was to divide G; ~
¥B1 X QXC into a wedge X Bs V X(C5 where each wedge summand of X By has both X7 and QX5 as
smash factors while the wedge summands of ¥XC5 have X, as a smash factor but not QC5. Then one
pinches GG to XC5 and calls the homotopy fibre G5. This process is iterated until G, is identified as
being homotopy equivalent to F(X). At each step in the iteration we may argue as in the previous

paragraph to identify the composite G; — Gi_1 — -+ — G1 — (CQX, QX)X — /" | X, as
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homotopic to a wedge sum of iterated Whitehead products of the maps ¢;. As each of QX1,...,QX,,
appears as a smash factor in each wedge summand of G,,, each of the corresponding Whitehead
products has ti,...,t,, appearing at least once. This proves parts (a) and (b).

The naturality statement in part (c) follows from the naturality of Theorems 7.2 and 6.1. O
When each X; equals a common space X Theorem 8.6 implies the following.

Corollary 8.7. Let X be a simply-connected, pointed CW -complezx. Then the homotopy fibration

Frox) 5\ x —— Pr(x)

i=1
satisfies the following:

(a) F™(X) = V,4er B(QX) ),

(b) the restriction of f™(X) to X(QX)) is an iterated Whitehead product of length
t > m formed from the mapst;: QX v x 2 Vit X where eacht; for1 <j <m
appears at least once;

(¢) parts (a) and (b) are natural for a map of spaces X — Y.

We also need a refined version of Theorem 8.6 in the case when each X; is a suspension.

Theorem 8.8. Let Y1,...,Y,, be simply-connected, pointed CW -complexes. Then the homotopy
fibration

i=1
satisfies the following:

(a) F™(EY) ~ Vs YY) B A A (Vi) Bm) where B; > 1 for each 1 <i < m;

(b) the restriction of f™(XY) to L(Y1)P) A~ A (V;n)Pm) is an iterated Whitehead
product of length t > m formed from the maps XY; BN Vit XY, where each s; for
1 <5 <m appears at least once;

(c) parts (a) and (b) are natural for maps of spaces Y; — Z;.

Proof. Argue exactly as for Theorem 8.6 using Theorem 7.4 as the starting point rather than The-
orem 7.2, and organizing the B;, C; wedge summands so that B; contains all the smash products
having Y1,...,Y; as factors (rather than QXY;,...,QXY;) and C; contains all the smash products
having Y7,...,Y;_1 as factors but not Y;. O
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Part 3. Cocategory and Nilpotence.
9. COCATEGORY AND NILPOTENCE I

The purpose of this section is to prove main result of the paper, Theorem 1.6: if X is simply-

connected then wcocat(X) = m if and only if nil(QX) = m.

Proof of Theorem 1.6. We will use the homotopy fibration
m+1

(13) Frex) SO N x  prtx)
i=1

from Corollary 8.7.

Suppose that wcocat(X) = m. By the definition of weak cocategory, this implies that the com-
position F™m*1(X) m \/;7:{1 X —Y 5 X is null homotopic. Consider the Samelson product
(QX)m+) Zm QX where ¢, is the (m + 1)-fold Samelson product of the identity map on QX
with itself. Let w,,: X(QX)m*Y) — X be the adjoint of ¢,,. Then w,, is the (m + 1)-fold
Whitehead product of the evaluation map QX Yy X with itself. By Theorem 8.3, w,, factors
through V o f™*1(X). But by hypothesis, V o f™*!(X) is null homotopic. Therefore w,, is null
homotopic and hence its adjoint ¢,, is null homotopic. This implies that nil(QX) < m; that is,
nil(QX) < weocat(X).

Conversely, suppose that nil(Q2X) = m. By Corollary 8.7, F™+1(X) ~ \/_ .7 £(2X)(+) and the
restriction of f™+1(X) to each wedge summand is an iterated Whitehead product of length > m + 1.
Therefore V o f™T1(X) maps each wedge summand X(QX )t2) to X by an iterated Whitehead
product of length > m + 1. The adjoint (X)) — QX is a Samelson product of length > m + 1,
and so factors through ¢,,. By hypothesis, c,, is null homotopic. Therefore, so is (X)) — QX
and its adjoint $(QX)() — QX. This is true for every a € Z, so V o f™1(X) is null homotopic,
implying that weocat(X) < m; that is, weocat(X) < nil(2X).

Combining the previous two paragraphs we obtain wcocat(X) = m if and only if nil(QX) =m. O

10. RETRACTILE H-SPACES

We now aim towards explicit calculations of the homotopy nilpotency class of quasi-p-regular
exceptional Lie groups and nonmodular p-compact groups in Section 12. This requires introducing
a special family of finite H-spaces. Throughout this section we will assume that all spaces and maps
have been localized (or completed) at a prime p, and homology is taken with mod-p coefficients. For

a Z/pZ-vector space V, let A(V') be the exterior algebra generated by V.

Definition 10.1. Let B be an H-space. Suppose that there is a space A and a map i: A — B
satisfying the following:
(i) H.(B) = A(H.(A));

(ii) 44 induces the inclusion of the generating set;
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(iii) X7 has a left homotopy inverse.

Then the triple (A, 1, B) is a retractile H-space.

If (A,i, B) is a retractile H-space then many properties of B are determined by the restriction
to A [GT1, Thl, Th2]. We will show this is also the case for nil(G) when G is a finite loop space
and (A,i,G) is retractile. A large family of retractile H-spaces was constructed in different ways
by Cooke, Harper and Zabrodsky [CHZ] and Cohen and Neisendorfer [CN]. They show that if p is
a prime and A is a finite CW-complex consisting of £ odd dimensional cells, where ¢ < p — 1, then
there exists a p-local H-space B and a map ¢: A — B which makes (4,1, B) retractile. Further,
in the boundary case when ¢ = p — 1, they show that if there happens to be a finite H-space B and
amap A —> B inducing an isomorphism H, (B) 2 A(H,(A)), then ¥i has a left homotopy inverse
so (A, i, B) is retractile. Notice that products of retractile H-spaces are retractile. For if each of
{(A;,i5, Bj)}72y is retractile then so is (2, Aj, Vi, i5, [[72, B)-

Specific examples of retractile H-spaces are given by certain simply-connected simple compact
Lie groups and p-compact groups. Fix a prime p. By [MNT], when localized at p every simply-
connected, simple compact Lie group G without p-torsion in cohomology decomposes as a product
of k spaces for some 1 < k < p — 1 spaces. If the rank is low with respect to p then by [Th2] the
factors are all retractile, and so their product - the original group G - is also retractile. The precise

ranks involved are as follows:

SU(n) ifn<(p—1%2+1
Sp(n) if 2n < (p— 1)?

(14) Spin(2n +1) if2n < (p—1)2
Spin(2n) if2(n—1) < (p—1)?
Go,Fy, B ifp>5
Er, By itp>7.

Recall that X is a p-compact group if X ~ QBX where BX is a p-complete space and the mod-p
homology of X is finite. When p is odd there is a classification of simply-connected simple p-compact
groups without p-torsion in cohomology. We give the description in [Da, Introduction], which distills
the classification from deep results in [AGMV]. There are four familes: (i) simply-connected, simple
compact Lie groups; (ii) an infinite family of spaces that decompose as a product of spheres, sphere
bundles over spheres, and factors of SU(n); (iii) 30 special nonmodular cases; and (iv) 4 exotic
modular cases. The retractile cases in (i) are covered by (14). The retractile cases in (ii) depend

on SU(n) being retractile, and from [Da] it follows that every case in (iii) and (iv) is retractile. So
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to (14) we add a second list:

(a) an infinite family of p-compact groups that decompose as a product of spheres,

(15) sphere bundles over spheres, and factors of SU(n) for n < (p — 1)% + 1;
(b) the 30 special nonmodular p-compact groups (see [Da, Table 3.2]);

(¢) the 4 exotic modular p-compact groups.
Since a p-compact group G is a loop space, it has a classifiying space BG and there is a homotopy
equivalence e: G — QBG. Let v be the composite
e: Y6 =% 0BG <% BG
where ev is the canonical evaluation map. Let j be the composite
j:¥A 25 26 5% BG.
A key property is the following.

Lemma 10.2. Let G be a p-compact group from list (14) or (15). Then there is a homotopy

commutative diagram

Y6 -2+ BG
I
YA '+ BG

where r s a left homotopy inverse of .

Proof. By hypothesis, the map YA 24 YG has a right homotopy inverse, so G ~ XA Vv C for
some space C. In [GT1] the retractile properties were used to precisely describe the complementary
factor C in the case when G is from the list (14), but the proof adapts immediately to list (15) as
well. It is well known that there is a homotopy fibration G A G L> YG =% BG where w* is the

canonical Hopf construction. In [GT1] it is shown there is a homotopy equivalence
(16) DAV C =2 56

where C' is a retract of G A G and s factors through the Hopf construction p*. Consequently, s
composes trivially with v, so from the decomposition in (16) we obtain a homotopy commutative

diagram
G —> BG

|

YA — > BG

where 7 is a left homotopy inverse of 3. O
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For a space Y, let E: Y — QXY be the suspension map, which is defined as the (right) adjoint
of the identity map on XY. Notice that the evaluation map QY =% Y is the (left) adjoint of the
identity map on QY. So the composite QY o oxaoy 2% v is homotopic to the identity map.

This leads to the following corollary of Lemma 10.2.

Qr

Corollary 10.3. The composite G Eoava 2 oava Y 0BG s homotopic to the homotopy

equivalence e.

Proof. By Lemma 10.2, jor ~ év = ev o Xe. Thus Qj o Qr o E ~ Qev o Qe o E. The naturality
of E implies that the latter composite is homotopic to 2ev o E oe. But Qev o E is homotopic to the
identity map on Q2BG, so we obtain 2j o (r o E ~ e, as asserted. O

11. COCATEGORY AND NILPOTENCE II

In this section a restricted version of Theorem 1.6 is proved.

Definition 11.1. Let G be an H-group. Suppose that Y is a pointed, path-connected space and

there is a map f: Y — G. We say that G has homotopy nilpotency class m with respect to f if the
(m+1)

composite Y (m+1) T gt ey s qull homotopic but ¢,_1 o f™) is nontrivial. In this

case we write nil(Y, f,G) = m.

Definition 11.2. Let X and Y be pointed, path-connected spaces, and suppose that there is

amap ¢g: Y — X. We say that X has weak cocategory m with respect to g if the composite
m4+1(Y . . . ..

Frt1(Y) Jmirl¥), \/Z’:{l Y —Y Y —2 4 X is null homotopic but go Vo fm (Y) is nontrivial.

In this case we write wecocat(Y, g, X) = m.
Remark 11.3. Definition 11.2 is dual to the weak category of a map (see [CLOT, Exercise 2.8]).

Theorem 11.4. Let G be a p-compact group from list (14) or (15). Then wcocat(XA, j, BG) =m
if and only if nil(4,i,G) =

Proof. The naturality of the thin product and the naturality of the decomposition of F™*1(X) in
Corollary 8.7 implies that there is a homotopy fibration diagram

Frri(sa)
Fmtl($A) A VI SA ——— prti(n4)

l g™t () i Vit l P™YL(5)

FmH(BG)
Frs1(BG) Vit BG P"™Y(BG)

where F"T1(LA) ~ \/aeI (QZA)(t“) F™tY(BQG) ~ \/aeI (QBG)(tQ) and gm+1(j) ~ \/QGIZ(Qj)(tf’).
+1
Suppose that wcocat(XA, j, BG) = m. Then the composite F’”‘H(EA) =4 \/m+1 24 -
YA 25 BG is null homotopic. Consider the Samelson product A™+H & G(m+1) G,
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i(m+D) w .
(m+1) 2005 sqim+l) _“m .y BQ where wyy, is the (m + 1)-fold

Its adjoint is the composite XA
Whitehead product of ev with itself, which is adjoint to c¢;,.

We claim that there is a lift
Ferl(EA)
7
Phd lf’"“(EA)
(17) e VittyaA

re

re
-
- joV
-~

s A+ P Sy " pa.

The lift is constructed in two stages. First, we give a specific lift of w,, o Xi(™*1 through jo V. Let
i XA — \/:’21 YA and sj: BG — \/:’Z1 BG be the inclusions of the j*"-wedge summands, and
let ¢} and t; be the composites t/: QLA — XA S—;> Vit S Aandt;: 2@ % BG -2 Vit Ba.
Let @, = [t} [thy .-, [t thit] -] and Ty, = [t1, [t2,- .-, [ty tmya] ... Since G ~ QBG, for

convenience we write QXA % QBG as O2A 2 G. Consider the diagram

’

m

(m+1)
SAm T samatmiy it YV vy

(18) E(m\\ i n(Qj)m+h i Vit lj

nGmt) 2\ e Yo B,

The left triangle homotopy commutes since ¢ ~ jo E. The middle square homotopy commutes by the
naturality of the Whitehead product. The right square homotopy commutes by the naturality of the
fold map. Thus the entire diagram homotopy commutes. Observe that since ¥ A ZE yv054 2% 54
is homotopic to the identity map, we have t; ok ~ 53. Thus the composite @;n o XE™*D along the
top row in (18) homotopic to [s],[sh, ..., [S,, Siuq1]--.]- On the other hand, since wy, ~ V o W,y,,
the bottom direction around (18) is homotopic to w,, o £i(™*1. Thus the homotopy commutativity
of (18) implies that [s, [sh, ..., [sh,, 8hyy1] - -] lifts wp, o ™+ through j o V. Further, as w,, is
an (m + 1)-fold Whitehead product involving all m + 1 spaces in the wedge \/:’:{1 3 A, Theorem 8.1
implies that w,, lifts through f™1(SA) to F™t(SA).

By hypothesis, wcocat(X A4, j, BG) = m, so the composite F™T1($A) \/;’:{1 vA
¥4 L5 BG is null homotopic. Therefore the lift of w,, o Xi(™*1) through Vo jo fm1($A) in (17)

m+154
JmT(SA)

implies that w,, o %™+ is null homotopic. Taking adjoints, w,, o 7(™1 is null homotopic, and so
nil(4,4,G) < m. That is, nil(4, i, G) < weocat(X A4, j, BG).

Conversely, suppose that nil(A4,4,G) < m. Then the composite A+1) iﬂ) GUm+l) fmy @ is
null homotopic. Taking adjoints, the composite ZA+1) M »Gm+h 2y BG is null homo-
topic. Consider the composite F (X A) m \/:’:;1 $4 Y $A L5 BG. By Corollary 8.7

we have F 1 ($A) ~ Viedni YA®) and (L A) restricted to LA®) is an iterated Whitehead
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m—+1
i=1

product w;_, of length > m+1 formed from the inclusions ¥4 < \/ Y A of the wedge summands.
Thus each wy factors through w,, o »i(m+1) which by hypothesis is null homotopic. Therefore Wy,
is null homotopic. As this is true for every wedge summand of F™*1($A), the map fm+1(XA) is
null homotopic. Thus j o V o f™*1(X A) is null homotopic, implying that wcocat(XA, j, BG) < m.
That is, weocat(X A4, j, BG) < nil(4, i, G).

Hence wcocat(X A, j, BG) = m if and only if nil(4,i,G) = m. O

The next theorem links the equivalences in Theorems 1.6 and 11.4.

Theorem 11.5. Let G be a p-compact group from list (14) or (15). Then wcocat(BG) = m if and
only if weocat(XA, j, BG) = m.

Proof. In general, by Corollary 8.7, for a space X there is a homotopy fibration

m1 m+1
(19) P x) 8\ x —— Pr(x)
i=1
where the right map is the inclusion of the wedge into the thin product; F"*(X) ~\/ .7 $(QX)t);
and f™+1(X) is a wedge sum of iterated Whitehead products of maps of the form QX =% X S

+1
Visi

retractile means that there is a map G —— YA which is a left homotopy inverse of ¥i. Starting

X. Moreover, all of this is natural for maps of spaces X — Y. Recall that (A,4,G) being

from the composite XG —— A REIN BG@G, consider the diagram

~

Voer BGU) = Ve S(QBG) ()
Vaer B(Qr)te) Vaer S(Q)) )
Voer SORG) ) ZZ o/ (DAt S\ S(QBG) )
(20) Fm+L(R@G) Fm+l(TA) F™"+(BG)
fmr(Ee) FrT(zA) fm(BG)
. Vit " Vit .
Viagee - Vit sa 1 Vit BG
v v v
e - TA ! BG.

The bottom squares homotopy commute by the naturality of the fold map, the middle and top

squares homotopy commute by the naturality of (19) and the naturality of the decomposition of

Fr(X).

homotopy commutes.

Suppose that wcocat(BG) = m. Then the composite F™+1(BG)

m+lga
fTT(BG)

+1
Vit

By Corollary 10.3, Qj o Qr o E is a homotopy equivalence, so the top rectangle also

BG —Y

BG is null homotopic. The homotopy commutativity of (20) therefore implies that the composite

m—+1
Fri(ma) R vt

YA Y5 vA L5 BG is null homotopic. Thus weocat(X A, j, BG) < m.
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m+1s g
Suppose that wcocat(X A, j, BG) = m. Then the composite F™+1($A) ) \/:':1'1 vA Y,
A L3 BG isull homotopic. The homotopy commutativity of (20) therefore implies that the upper
direction around the diagram is null homotopic. But as the top row is a homotopy equivalence, this

m+1
implies that the composite F™1(BQ) MY \/?:{1 BG —Y 5 BG is null homotopic. That is,
weocat(BG) < m.

Hence weocat(BG) = m if and only if wcocat(X A, j, BG) = m. O

Combining the equivalences in Theorems 1.6, 11.4 and 11.5 we obtain the following.

Theorem 11.6. Let G be a p-compact group from (14) or (15). Then nil(G) = m if and only if
nil(4,4,G) = m. O

This reduction from checking whether G("+1) % @ is null homotopic to checking whether
j(m+1)
ey

Alm+1) G(m+1) 2y @ is null homotopic gives a very practical tool for determining the
homotopy nilpotency class of certain finite loop spaces. This will be used in the next section to give

explicit calculations.

12. EXAMPLES

Fix an odd prime p. Let G be a p-localized simply-connected simple compact Lie group, or in
the p-complete setting, let GQ be a p-compact group. In the p-local case, G is rationally homotopy
equivalent to a product of odd dimensional spheres Hle S27i=1 and in the p-complete case, GI/,\ is
rationally homotopy equivalent to the rationalization of a product of odd dimensional p-completed
spheres Hle(S%”_l)ﬁ. Reordering the indices if need be, we may assume that n; < --- < ng.
The type of G is {n1,...,n¢}. From now on we drop the usual (), notation for p-completion for
convenience, the context making it clear when it should be used. In the p-local (p-complete) case we
say that G is p-regular if there is a p-local (or p-complete) homotopy equivalence G ~ Hle §2ni—1,
It is quasi-p-regular if there is a p-local (or p-complete) homotopy equivalence G ~ Hle B;, where
each Bj; is either a sphere or a sphere bundle over a sphere.

Kaji and Kishimoto [KK] have determined the homotopy nilpotency classes of all p-regular p-
compact groups. Kishimoto [K] determined the homotopy nilpotency class of all quasi-p-regular
cases of SU(n). In both cases the calculations were intense and involved detailed information about
nontrivial Samelson products on the group in question. In contrast, very little is known about
nontrivial Samelson products in exceptional Lie groups, so one would ordinarily not hope to be able
to determine their homotopy nilpotency classes. Nevertheless, in Theorem 12.1 we will calculate the
homotopy nilpotency class in most quasi-p-regular cases.

The sphere bundles over spheres that appear as factors have a particular form, which we describe
first. Let 75 (S™) be the m!-stable homotopy group of S™. The least nonvanishing p-torsion

homotopy group of S? is m,(S®) = Z/pZ. Let a: S?? —s S3 represent a generator. This map
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is stable and it represents the generator in 7r;?+2p_3(5”) & Z/pZ. For m > 1, define the space

B(2n+ 1,2n + 2p — 1) by the homotopy pullback

§2Hl > B(2n+1,2n+2p — 1) —— S22l

i A

g2n+1 G4n+3 w §2n+2

where w is the Whitehead product of the identity map with itself.
Restrict to p > 7 and consider the exceptional simple compact Lie groups which are quasi-p-

regular but not p-regular. By [MNT] a complete list is as follows:

Fy p=7 B(3,15) x B(11,23)
p=11 B(3,23) x 1 x §15
Es p=7 Fyx8%x8
p=11 F; x S% x 817
E; p=11 B(3,23) x B(15,35) x S x 19 x §27
p=13 B(3,27) x B(11,35) x S5 x §19 x §23
(21) p=17 B(3,35) x S x §1% x §19 x §23 x §27
Es p=11 B(3,23) x B(15,35) x B(27,47) x B(39,59)
p=13 B(3,27) x B(15,39) x B(23,47) x B(35,59)
(3,35) x
p=19 B(3,39) x B(23,59) x S° x §27 x §35 x §47
p =23 B(3,47) x B(15,59) x §% x §%7 x §35 x §39
p=29 B(3,59) x S1° x §23 x §27 x §35 x §39 x §47.

B( )
B( )
p=17 B(3,35) x B(15,47) x B(27,59) x §23 x §39
B( )
)

McGibbon [M] showed that none of the Lie groups listed in (21) is homotopy commutative. Thus,
in every case, nil(G) > 2.
Complete at p > 7 and consider the nonmodular p-compact groups in cases 4 through 34 of the

Shepard-Todd numbering which are quasi-p-regular but not p-regular. We exclude case 28 which
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is Fy. As in [Dal, a complete list is given by:

Case | Prime | Space

5 7 | B(11,23)

9 17 | B(15,47)

10 13 | B(23,47)

14 19 | B(11,47)

16 11 | B(39,59)

17 41 | B(39,119)

18 31 | B(59,119)

20 19 | B(23,59)

24 11 | B(7,27) x S"

25 7 | B(11,23) x §17

26 13 | B(11,35) x 23

(22) 27 | 19 | B(23,59) x §3

29 13 | B(15,39) x S7 x §%

29 17 | B(7,39) x S1° x §%3

30 11 | B(3,23) x B(39,59)

30 19 | B(3,39) x §27 x 8§59

30 29 | B(3,59) x S x §39

31 13 | B(15,39) x B(23,47)

31 17 | B(15,47) x 5% x §%9

32 13 | B(23,47) x B(35,59)

32 19 | B(23,59) x §3% x §47

33 13 | B(11,35) x S7 x S x §23
34 31 | B(23,83) x S x §35 x §47 x §59
34 37 | B(11,83) x §23 x §3% x §47 x §%9

45

Saumell [Sa] showed that the only groups in (22) which are homotopy commutative are: B(15,47)
at p = 17, B(11,47) at p = 19, B(39,119) at p = 41, B(23,59) at p = 19, and B(7,27) x S'! at

p = 11. Otherwise, the groups are not homotopy commutative, in which case nil(G) > 2.

We now state the main result of this section, to be proved following several preparatory lemmas.

Theorem 12.1. Let p > 7 and let G be a quasi-p-regular p-compact group from (21) or (22). If G

is not homotopy commutative then nil(G) = 2.

We begin with some properties of the space B(2n+1,2n+ 2p— 1), which has been well studied. It

is a three-cell complex whose mod-p homology is H.(B(2n +1,2n + 2p — 1))

= A(I2n+17 m2n+2p—1>7
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where |z;| =t. Let A(2n+ 1,2n+ 2p — 1) be the (2n + 2p — 1)-skeleton of B. Then

H.(B(2n+1,2n+2p—1)) 2 A(H(A(2n+ 1,2np + 1)))

and the skeletal inclusion ¢: A(2n+1,2n+2p — 1) — B(2n+ 1,2n+ 2p — 1) induces the inclusion
of the generating set in homology. By [CHZ, CN], ¥ has a right homotopy inverse. Thus we obtain
the following.

Lemma 12.2. Forn > 1, (A(2n+1,2n+2p—1),i,B(2n+1,2n+2p — 1)) is a retractile triple. O

Let G be a quasi-p-regular p-compact group such that G ~ Hle B;, where each B; is a sphere or
space of the form B(2n; +1,2n; +2p —1). If B; = S?"~1 let A; = S?"~1 and let I;: A; — B; be
the identity map. If B; = B(2n;+1,2n;+2p—1) let A, = A(2n;+1,2n;+2p—1). Let A = \/f:1 A;
and let I: A — B be the wedge sum of the maps I; for 1 < i < £. The retractile property in
Lemma 12.2 implies that (A, I, G) is also retractile. Referring to G itself as being retractile, this is

stated as follows.

Lemma 12.3. Let G be a quasi-p-regular p-compact group which is a product of spheres and spaces

of the form B(2n+ 1,2n+ 2p — 1). Then G is retractile. O

Some elementary information about the homotopy groups of G is also required. This requires a

few preliminary lemmas.

Lemma 12.4. Let X be a finite CW-complex with cells in dimensions {m1,...,ms}. Let Y be a
space with the property that m,,(Y) =0 for 1 <i <s. Then any map f: X — Y is null homotopic.

Proof. For a positive integer t, let X; be the t-skeleton of X. Since X has cells in dimensions

PR Sty — —
{m, ms}, for 1 <4 < s there are cofibration sequences
\/ 5™ L X X, 2\ 5™

for attaching maps f; and pinch maps ¢;, where X,,, is the basepoint.

Clearly the restriction of X Ty to X, is null homotopic. Suppose inductively that the
restriction of f to X,,, , is null homotopic. Then from the cofibration X,,, | — X, — \/ S
we see that the restriction of f to X,,, factors through ¢; to a map e;: \V S™ — Y. But as
Tm; (Y) = 0, the map e; is null homotopic. Therefore the restriction of f to X,,, is null homotopic.

By induction, the restriction of f to X,,, = X - that is, f itself - is null homotopic. O

A space B is spherically resolved by spheres S™,... 5"t if for 1 < j < t there are homotopy
fibrations
S" — B; — Bj
where B; = B and B; = S™. For example, SU(n) is spherically resolved by S3,85 ... §2"n~1

From Lemma 12.4 we obtain the following refinement in the case of spherically resolved spaces.
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Lemma 12.5. Let X be a finite CW -complex with cells in dimensions {my,...,ms}. Let B be
spherically resolved by spheres S™ ..., 8™ . If m,,(S™) =0 forall1 <i<sand 1l <j<t, then

any map f: X — B is null homotopic.

Proof. Proceed by downward induction on t. When ¢ = n, as By = 5™, the hypotheses immediately
imply that m,,,(B;) = 0for 1 <14 <s. If j < ¢, suppose inductively that m,,,(B;j4+1) =0for1 <i <s.
Then as m,,,(S™) = 0 for 1 < i <s, the long exact sequence of homotopy groups induced by the
homotopy fibration S™ — B; — Bj41 implies that m,,,(B;) = 0for 1 <i <s. As B= By, by
induction we have m,,,(B) = 0 for 1 < i < s. Lemma 12.4 then implies that any map X L> B is

null homotopic. O

A special case is B(3,2p+1). This can be regarded as the homotopy fibre of the map @: %+ —;
BS? which is adjoint to S% —% S3. Since a has order p, so does its adjoint, and therefore
@ o p is null homotopic, implying that the degree p map on S?P*! lifts to the homotopy fibre
of @. That is, there is a map c: S?**1 — B(3,2p + 1) with the property that the composite
S+l 25 B(3,2p + 1) — S?P*1 is of degree p. For a space X, let X(3) be the three-connected
cover of X. Notice that the map c lifts to a map ¢: S?P*! — B(3,2p + 1)(3). The following

property was proved by Toda [Tol].

@

Lemma 12.6. The map S?’*!1 — B(3,2p + 1)(3) is (2p? — 2)-connected. In particular, ¢ induces

an isomorphism on the homotopy groups m,, for m < 2p% — 2. (|

Proposition 12.7. Let p be an odd prime. Let G be a quasi-p-reqular p-compact group which is a
product of spheres and spaces of the form B(2n + 1,2n + 2p — 1). Suppose that either:

(i) G has type {ni,...,ng} where 3n, < min{nip,n; +p*> — p}; or
(i) G ~ B(3,2p+ 1) XY where Y is as in part (i) and its type also satisfies 2 < ny; < p and

p<ng.

Then nil(G) < 2.

Proof. Part (i): By Lemma 12.3, the hypotheses on G imply that there is a retractile triple (4,4, G).
By Theorem 11.6, to show that nil(G) < 2 it suffices to show that the composite AA A A A nin,
GANGAG —2— @ is null homotopic. We will show more, that any map f: AANAAA — G is null
homotopic.

Since G is quasi-p-regular of type {ni,...,n¢}, it is spherically resolved by the odd dimensional
spheres §?™—1 .. §27¢—1  The type of G also implies that A has a CW-structure with ¢ cells,
in dimensions {2ny — 1,...,2ny, — 1}. So AN A A A has a CW-structure consisting of cells in

dimensions {my,...,ms} where each m; is odd. Therefore, by Lemma 12.5, if m,,(S?*~1) = 0 for

each m € {mq,...,ms} and each 1 < ¢ < /¢, then f is null homotopic.
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The dimension of A A AA A is 6n, — 3, so we consider m,(5%%~1) for m an odd number with
m < 6ny—3. Observe that the stable range for 52" ~1 is 2n;p—4. That is, 7, (S?" 1) = 75 (527 ~1)
if m < 2n;p — 3. Since n; < --- < ng, 8?71 has the stable range of least dimension. So if
61y — 3 < 2n1p — 3, then m,,(S?" 1) is stable for every m € {m1,...,ms} and every 1 < i < /.
This inequality is equivalent to 3ny < nip, which is one of the hypotheses. Therefore, we need only
consider the stable homotopy groups 73 (S2%~1).

Since m is odd, the stable homotopy group 7 (S2"~1) is in an even stem. By [To2], the even sta-
ble stem of least dimension is 2p(p—1)—2 (the stem of the stable generator ;). Thus 75 (527 ~1) =0
for odd m whenever m < (2n; — 1) +2p(p —1) —2. Asny < --- < ny and m < 6n; — 3, we have
75 (827~1) = 0 whenever 6ny, — 3 < (2n; — 1) + 2p(p — 1) — 2. This inequality is equivalent to
3ne < ny + p? — p, which is one of the hypotheses.

Hence 7,,(5?"~1) = 0 for each m € {my,...,ms} and for each 1 < i < n, and the proof of

part (i) is complete.

Part (ii): Since G ~ B(3,2p + 1) x Y with Y as in part (i), by Lemma 12.3 there is a retractile
triple (4,4, G) where A = Ay V A, for retractile triples (Ay,41, B(3,2p+ 1)) and (As,42,Y). Notice
that A; is the (2p 4 1)-skeleton of B(3,2p + 1).

Consider the composite : AN AN A NN GANGAG —2— G. Observe that AA A A A is
8-connected, so 6 factors through the three-connected cover G(3). Since G ~ B(3,2p+ 1) x Y and
ny > 2 implies that Y is at least 4-connected, we have G(3) ~ B(3,2p+1)(3) x Y. By Lemma 12.6,
7 (B(3,2p + 1)(3)) = mp(S?PT1) for k < 2p* — 1. Thus, in this dimensional range, it is as if G is
spherically resolved by $271~1 ... §%7¢=1 and S?P*1. The hypothesis that p < n, implies that the
dimension of A A A A A is that of As A As A Ay, which is 6ny — 3. The hypothesis that ny < p
implies that the arguments for 7,,(S5%"~1) = 0 in part (1) also imply that 7,,(S?*!) = 0. Thus if
61 — 3 < 2p? — 1, then the argument in part (i) goes through without change to show that 6 is null
homotopic and nil(G) < 2.

It remains to show that 6ny—3 < 2p? —1. By hypothesis, 3n, < min{n;p,n;+p*—p} and n; < p.
If min{nip,ny +p? — p} = n1p then 3n, < n1p and n; < p implies that 6n, —3 < 2p? —3 < 2p% — 1.
If min{nip,ny +p* — p} = ny +p? — p then 3ny < ny +p? — p and n; < p implies that 3n, < p? and

so 6ng — 3 < 2p? — 3 < 2p? — 1. In either case, 6ny — 3 < 2p? — 1, as required. ([l

Proof of Theorem 12.1. It has already been mentioned that every group G in (21) and every non-
homotopy commutative group G in (22) has nil(G) > 2. In each such case, except Eg at p = 11, the
hypotheses of Proposition 12.7 hold, so nil(G) < 2. Hence nil(G) = 2.

The one outstanding case is Eg at p = 11. As in part (ii) of Proposition 12.7, write Fg ~
B(3,23) x Y where Y has type {8,14, 18,20, 24,30}. Now n; = 8 and n, = 30, but 3n, is not less
than min{nip,n; + p?> — p} = min{88,118}. The one obstruction that appears in the argument
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proving Proposition 12.7 corresponds to 6n, — 3 = 177 (the dimension of A A A A A) being less than
2n1p — 3 = 173 (the stable range of S'%). But from the homotopy fibration Wy — S5 ﬁ) 02817
induced by the double suspension E?, since Wy is homotopy equivalent to the Moore space P17(11)
in dimensions < 180 and m177(P1™(11)) = 0, we see that 7m;77(S1°) is stable, and so the argument

in Proposition 12.7 goes through. Therefore nil(Eg) = 2 in this case as well. O

Remark 12.8. There are other quasi-p-regular exceptional Lie groups: Gz, Fy and Eg at p = 3
and p = 5. The cases F, and Eg at 3 have torsion in mod-3 homology; therefore a characterization
of homotopy nilpotent Lie groups by Rao [R] implies that, localized at 3, we have nil(Fy) = oo
and nil(Es) = co. McGibbon [M] showed that G2 at p = 5 is homotopy commutative; therefore
localized at 5 we have nil(G3) = 1. The remaining cases all have torsion free homology and are not
homotopy commutative. Moreover, they do not satisfy the hypotheses of Proposition 12.7 and fail
to do so in a way that does not allow for a sidestepping argument as for Fg at p = 11 in the proof

of Theorem 12.1. So the precise value of nil(G) in these cases remains undetermined.
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