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UNIVERSITY OF SOUTHAMPTON
ABSTRACT
FACULTY OF SCIENCE
PHYSICS

Doctor of Philosophy

AN INTERFEROMETRIC MEASUREMENT OF THE 1S-2S5
TRANSITION FREQUENCY IN ATOMIC HYDROGEN

by John Richard McAlpine Barr.

Two photon Doppler free laser spectroscopy has been used to
measure the 1S,-2S. transition frequency in atomic hydrogen
Z 2

by interferometric comparison with a reference line in
ﬁoTel. The measured lSi—ZSi transition frequency of

2 466 061 397 (25) MHz is in good agreement with the
theoretical value 2 466 061 405.5 (2.9) MHz. This
measurement can be used to deduce a value for the ground
state Lamb shift giving 8182(25) MHz, which may be compared
with a theoretical value 8173.248(81) MHz. Alternatively a
value of the Rydberg constant can be deduced as

10 973 731.50 (11) m™ which is consistent with other
measurements but with a slightly larger uncertainty. This
is the first time that the Rydberg constant has been

measured on a transition in atomic hydrogen other than

Balmer ® using techniques of laser spectroscopy.
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Chapter 1.

Chapter 1. Introduction.

Ever since Rydberg described the relatively simple
hydrogen spectral line structure using an empirical formula
in 1889, hydrogen has been used to test and refine theories
of atomic structure. The major discovery which stimulated
the development of quantum electrodynamics (QED) was the
observation of the Lamb shift by Lamb and Retherford in
1947 [1]. The agreement between QED and experiment is
impressive; nevertheless, in experiments where the accuracy
is comparable with the theoretical calculations, some
discrepancies do remain [2,3,4,5].

Until the early seventies, experiments which achieved
accuracies approaching the theoretical values were mainly
limited to examining fine structure transitions. For
example, Lamb and Retherford [1] measured the 2P%j28”1
transition by applying a radio frequency electric field to
a beam of metastable H atoms. This method works well for
all fine structure levels with principle quantum numbers
n=2 and greater. The ground state of hydrogen, being an S
state, has a large Lamb shift, but since there is no
adjacent P state the methods of radio-frequency
spectroscopy cannot be applied. The first attempt to
measure the ground state Lamb shift was carried out by
Herzberg [6] in 1956. The wavelength of the 15-2P

transition in deuterium was measured; the precision was
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Chapter 1.

severely limited by the large Doppler width of this
transition. (The results of this and other Lamb shift
measurements are detailed in Appendix A). A resolution of
1.3 parts in 10 was obtained which has to be compared with
a resolution of 2 parts in lO5 achieved in the most recent
2P) =251 measurements.

2 X

Since the early seventies, laser systems which can be
used in high precision measurements in hydrogen have been
under continuous development. These measurements were
pioneered by Hinsch [7]. The initial experiments determined
the ground state Lamb shift by comparing one quarter of the
18-25 frequency with one of the n=2, n=4 Balmer /3
transitions [7,8]. This can be done conveniently since the
15-25 transition is a two photon transition requiring light
at 243 nm which can be generated hy freauency doubling
486 nm light. Since the hydrogen atom enerqgy levels scale
as n“l, the 486 nm light can be used to perform a single
photon experiment on the Balmer[} transition. The 1S-28
transition was suggested as an interesting candidate for
high resolution Doppler free spectroscopy by Baklanov and
Chebotaev [9].

It is useful to consider why this approach was
adopted. In all measurements where a theory is compared
with experiment, the theoretical value has two sources of
uncertainty. The first contribution is due to the
approximations made in deriving the relevant result. Por

"
OFD this is at the few parts in 10 level [or the 18-25
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Chapter 1.

transition frequency or 1.3 parts in lO5 for the ground
state Lamb shift [2]. These uncertainties are only
estimates based on the order of magnitude of uncalculated
terms. If the experimental aim is to measure fundamental
constants, for example the Rydberg constant, then ideally
the QED uncertainty should be small compared with the
experimental constants used in numerical evaluations. For
the 1S-2S transition this is indeed the case. The
predominant uncertainty arises from the Rydberg constant,
which is at present known to 1 part in qu [10,11,12,13].
Using this value the 1S-2S frequency can be calculated to
t2.5 MHz. Measuring the 1S-2S frequency to this precision
or better would only enable the Lamb shift to be determined
to 2.5 MHz or 3 parts in 104. However, in the early
seventies when this series of experiments commenced, the
Rydberg constant had not yet been measured accurately using
laser spectroscopic techniques and was only known to 8
parts in 108 giving an uncertainty in a calculation of the
15-28 frequency of £197 MHz [9]. The comparison method
outlined above involves the difference between two
transitions, one quarter of the 1S-2S frequency and one of
the Balmer 3 lines. This small difference can be calculated
theoretically and is effected by the uncertainty in the
Rydberg constant to 8 parts in lO8 if the Cohen and Taylor
value of the Rydberg is used [10]. This is to be compared
with the uncertainty in the QED calculations for the ground

state Lamb shift of 1 part in 10° , which is larger than
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Chapter 1.

the uncertainty due to the fundamental constants. So for
this case the theoretical uncertainty is larger than the
experimental contribution to the uncertainty and the
experiment could provide a stringent test of theory.
Another more practical reason for using the comparison
method is that determining the ground state Lamb shift by
measuring the absolute 1S-2S frequency requires a frequency
standard for comparision. This was not available at the
time. The development of a suitable standard is discussed
in Chapter 4.

There are other reasons, in addition to testing QED by
measuring the ground state Lamb shift, why the 15-2S
frequency is of interest to physicists. The 2S level is
well known to be metastable with a lifetime of
approximately 1/7 s [9,14] which implies a natural lifetime
of 1 Hz. This feature makes it very attractive to
metrologists who are interested in measuring fundamental
constants since it predicts an ideal resolution of a few
parts in 10‘#. This is far narrower than the linewidth of
the Balmer &X transitions in hydrogen which have been used
for measuring the Rydberg constant. The most recent Rydberg
measurement involved locating the centre of the 2S-3P
transitions which have a linewidth of about 50 MHz to
within one hundredth of that width [2]. If the 15-28
transition frequency can be measured to better than
T 2.5 MHz then the Rydberg constant can be used as an

adjustable parameter in the QED expression in order to
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obtain a better value. This would provide a check on both
the internal consistency of QED calculations and also on
systematic errors that may exist in Rydberg constant
measurements since the constant has only been measured on
the BalmerX transitions using technigques of laser
spectroscopy. Additionally, a comparison between the
deuterium and hydrogen 1S-2S frequencies could provide
information on the ratio of the mass of the electron to the
mass of the proton via the isotope shift [8].

The importance of measurements on hydrogen cannot be
too highly stressed. It provides a dual role whereby theory
can be tested and fundamental constants measured. To meet
this twofold aim the transition frequencies of various
levels should be determined so that there are more results
than adjustable parameters. There are a variety of

measurements in progress throughout the world.

1.1. 2S5 _4Pi Balmerﬁ} transitions.

Examination of the Balmer/? transitions using laser
spectroscopy requires H atoms prepared in the metastable 28
level. The simplest method is to dissociate the molecular
hydrogen in a Woods discharge [7] and probe the Balmer/g
transitions in the discharge environment. This can lead to
systematic energy level shifts due to the electric field in

the discharge which can be difficult to measure and control
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Chapter 1.

[7,8]. To avoid this problem metastable hydrogen beams can
be used which enable spatial separation of the dissociation
discharge, excitation to the 28 level and the interaction
regions. The influence of strong electric fields can be
reduced which simplifies the experimental analysis.

A metastable atomic hydrogen is under construction at
Southampton. This will be used in an experiment designed to
measure the absolute frequency of the 2S.i -4P. ,

2 2
transitions. The frequency standard used in this experiment

Niw

will be BoTez vapour as described in Chapter 4 [15].
Ultimately this could lead to a Rydberg constant
measurement. The Balmerﬁ transitions are more attractive
than the Balmer& since the natural linewidth is 13 MHz as
opposed to 30 MHz, [16]. Alternatively, the frequency of
the ZS% _4Pi ,%' could be compared with one quarter of the
15-28 frequency in order to measure the ground state Lamb

shift using the comparison method.

, 8D

N r5 two photon transitions.
z Z

2
Another interesting experiment makes use of the very
narrow linewidths possible in transitions to Rydberg states
in hydrogen. The ZSé —8Si ,BD% ,%: transitions have been
observed with linewidths of the order of 3 MHz in a

metastable atomic hydrogen beam [17]. It is intended to

make a measurement of the Rydberqg constant in this

PAGE 6



Chapter 1.

experiment. One of the fundamental problems to be overcome
in using this type of system to measure fundamental
constants is its extreme sensitivity to the D.C. Stark
shifts. For example, a field of 50 mV/cm causes a shift of
~3 MHz in this experiment which must be compared with a
field of 50 V/cm in the case of 1S5-2S8 transition (see

Chapter 3).

1.3. Double quantum excitation of the 2SS, -3S: +transition.
2. 2

One method to reduce the large Balmer® linewidth
mentioned in 1.1. is to use a double guantum method with
one optical photon and one r.f. photon [18]. The natural
linewidth is expected to be about 1 MHz. This experiment is
in an early stage and the measured linewidth is about

20 MHz. Again the aim is to measure the Rydberg constant.

1.4. C.W. excitation of the lSU1—2SVz transition.

There are at least two independent schemes for
producing c.w. 243 nm radiation for a 15-2S experiment. One
method involves mixing light at 351 nm from an argon ion
laser with light from a 790 nm dye laser in potassium

dihydrogen phosphate (K.D.P.),[19]. This method has
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resulted in 1-2 mw of 243 nm light which has been enhanced
by a factor of 10 using a resonant cavity about the H cell.
Linewidths of 8 MHz at 243 nm have been observed. However,
no measurements have been reported with this system.

One method of overcoming the low efficiency of
frequency doubling c.w. 486 nm light is to place the
doubling crystal within the laser cavity [20]. This is
limited by poor beam quality and optical damage to the
doubling crystal. No measurements on hydrogen have been

reported yet.

1.5. Pulsed excitation of the lSJ_—2Sﬁ transition.
27

An experiment which is similar to the one described in
this thesis is underway at Stanford University. Recent
results seem to be slightly more accurate than the values
obtained here [21,22].

In both experiments pulsed amplification of c.w. light
at 486 nm was used to overcome the low efficiency frequency
doubling of c.w. 486 nm‘light to 243 nm. To reduce the
linewidth the pulsed output was passed through a confocal
Fabry-Perot etalon stabilised to the c.w. light. Frequency
doubling was carried out in urea and Doppler free two
photon resonant three photon ionisation was used to observe
the lSl—2Sé transition. Simultaneously a Doppler free

s

. B . 130
saturated absorbtion experiment was carried out on Te,

PAGE 8



Chapter 1.

vapour and the frequency separation between a line of known

frequency in the '*°

Te, spectrum and the hydrogen two photon
resonance was measured. These measurement constitute the
first frequency measurement of the lSé—ZSé transition in
hydrogen.

2. Thesis outline.

The second and third chapters of this thesis deal with
the hydrogen atom and its interaction with electromagnetic
fields. The second chapter gives a simple outline of the
present status of the theoretical predictions for the
hydrogen energy levels. Detailed information is given for
the structure of the 18-2S transition. Finally the
measurement described in this thesis is discussed and
related to theory. In the third chapter the influence of
external fields is examined. The basic question to be
resolved here is how to relate the measured value of the
15-2S transition which is made on a perturbed atom to a
fictitious atom which is not influenced by external fields.
Various numerical estimates are made.

The next three chapters discuss the experimental process
in detail. Chapter 4 is devoted to the frequency standard.
A brief description is given of the measurement of this
frequency, which was made in conjunction with J. Girkin,

and the National Physical Laboratory. Chapter 5 involves a
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detailed discussion of the laser system which was developed
for this measurement. This includes the production of
atomic hydrogen and the data collection methods. In Chapter
6 the results are analysed.

References are given after each chabter. This
increases the ease by which entries of interest may be
found. The appendices contain a large amount of information
which, while not of immediate relevance to the main subject
matter of this thesis, is of some interest if only for

reference.
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Chapter 2. The Lamb shift in hydrogen-like atoms.

This chapter discusses the energy levels of
hydrogen-like atoms calculated by QED techniques [1], which
apply to an unperturbed atom. In order to make a real
measurement, the atom is of necessity perturbed in some
manner by both the actions of the experimenter and the
state in which the atom is prepared. An example of the
former is the laser beam used to excite the atom, while the
latter can occur through the presence of other hydrogen
atoms in the gaseous sample used in the experiment. The
small corrections caused by these perturbations are
examined in Chapter 3.

A computer program has been written which enables the
Lamb shift to be calculated for the levels of interest in
hydrogen and deuterium. The program was initially written
by Dr.J. Hey of Cape Town University and adapted and
corrected by myself. This enables the effect of varying the
values of fundamental constants to be examined simply. The
constants used in the calculations are shown in Table 2.1.
The program was used to generate the theoretical values for
the Lamb shift quoted in this chapter. A listing of the

program is given in Appendix A.

2.1. Dirac contribution to the energy levels of

hydrogen-like atoms.

The Dirac contributions to the energy of one electron
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Chapter 2.

atoms arises from the use of a relativistically correct
Hamiltonian [2]. The result, which is derived in any
standard text, eg. [3], for an electron orbiting a fixed

nucleus is: _L
7

2L
™M Y = 2 | ( X £ j) } - m C').
(}JE) ED(ﬁJJ) MeC |: -+ (v ) +A/(J . 1,1)2_00 = e

thp\w[ {H_( (“"z)/\/h‘/m) “Zﬂ)}l

(2.1,1)

ll

where the alternative expression for the electron rest mass

m i).
has been used to re—express(I;)EDb,D.

2 . 2hC

Notice that the energy for a given principal quantum
number n depends only on the total orbital angular momentum
J=Qitﬁ,and not on the orbital angular momentum 1. For the
n=2 levels the fine structure splitting between the 2P3 and

2,
the 28% ’ 2P$ states is correctly given (to this level of
approximation) while the ZSi and ZPi levels are
degenerate,

In practise the nucleus does not have an infinite mass
and so is not fixed. In non-relativistic quantum theory
this is taken account of by replacing m, by L/, the reduced
mass. This can be done formally by replacihgrhe on the rhs
of (2.1,1) by U or replacing Ry by RM + Such a procedure
cannot be justified theoretically since the Dirac equation

is not separable in terms of a reduced mass.
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Table 2.1.

Rydberg Constant

Chapter 2.

Reo - 10973731 m™'

Goldstein et. al. [14] 0.500 (32)
Petley et. al. [15] 0.521 (64)
Amin et. al. [16] 0.539 (12)
Weighted average 0.534 (13)
Fine Structure Constant 137.035988 (10)

Proton electron mass ratio 1836.152 701 (37)

Radius of the proton 0.862 (12) fm

Values of the constants used in calculations relating to

the energy levels of hydrogen. The values given (apart from

the proton radius) were communicated by B.Taylor and arise

from the most recent rationalisation of the fundamental

constants [17].
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A detailed discussion of this point is given in [1] and

[2]. The following corrections have to be added to Eo(n,ﬂ

4129 2 4 2 )
_(BOYC A EX)CT g (i- dyo)

4 A3) =
{RM/D } EQ(“ J) 8"\4(M*me) Mz 2,T\3 29+ |

(2.1,2)
where
| _ \
Wl 3~/Q+ /1
Ces = | ‘
T y= ="y

The second correction term only acts on non S states. The
expression in curly brackets to the left of this and other
equations gives the label under which the corrections are
displayed in the program print out shown in Table 2.2. The
labels are chosen for uniformity with Erickson's print
outs. Notice that the degeneracy with respect to 1 of the
Dirac energy levels is broken by the reduced mass
correction although only slightly. The dominant 1 dependent
correction is the Lamb shift which is discussed in the next
section.

An additional recoil correction arises from a full
co~-variant calculation. Appendix A gives a complete account
of all necessary corrections. Table 2.2 gives the Dirac

energy differences ED(Z)i)—EDU,i) for n=1,2 and j=ﬁ for H.
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Table 2.2

Dirac Contribution -2467411574,
Reduced Mass +1343062
Nuclear Recoil {RM/N4} -22,
15% Lamb Shift ~-8173.
ZSé Lamb Shift +1045.
lSé "2S§ Frequency 2466061405,

Contributions To The Lamb Shift (MHz) .

{IR LOG}
{MAG MOM}
{VAC POL}
{zn}

{72A2 LL)
{ZA2 L}
{ZA2 ETC}
{("HTOT) }
{HO VP}
{A L}

{An MM}

{A VvP}
{RM/BS}
{NUC STR}

{TOTAL}

Chapter 2.

lSé 2Si
7925.168 1013.987
406.266 50.783
-216.675 ~-27.084
55.177 6.897
-4.196 -0.524
2.311 0.316
~1.105 0.126
52.187 6.562
1.866 0.233
3.554 0.444
-0.614 -0.076
-1.913 -0.239
2.4009 0.341
0.998 0.124

8173.248(81)

PAGE 17
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MHz

MHz

MHz

5 (2.9)
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Table 2.2 (b).
Hyperfine Splitting.

1s 1420 405 751.786 £0.028 Hz

3
25, 177.551 MHz
2

Theoretical contributions to the 15% —ZSé: freqguency. The
weighted mean of the Rydberg constants from Table 2.1 is
used in these calculations. The value for the lsi
hyperfine spliting is the experimental value, while the 28
value is deduced by noting that the splittings scale as

n’s.
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2.2 QED contribution.

The preceding results for the energ§ levels of a
hydrogen-like atom result from a treatment in which
electromagnetic fields are considered classically. A
further correction to Ey(n,}) arises when the
electromagnetic field is quantised. This quantity is called
the Lamb shift and is defined as the correction that has to
be added to

Eo(njd) + Eg(n,g,3)
to give the correct energy. This definition differs from
Erickson's where the recoil correction E;R“MQ,J) was
included as part of the Lamb shift rLj.

A simple physical picture for the origin of QED
corrections is given by Welton [4]. Quantisation of the
radiation field results in fluctuating field strengths even
in empty space. Such fluctuations are responsible for
spontaneous emission of atoms in excited states. The
effects of fluctuations on an electron in a bound state in
an atom results in the dominant QED correction to the
energy levels.

Consider an electron in free space. It is acted upon
by the zero point field of the quantised electromagnetic

field. For a fluctuation of frequency w =RC, the energy 1is
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+HRC. The total energy density can be written either as a
2
volume integral over the electromagnetic energy density or

as a sum over normal modes:

2 2 ! . 4TYPfC1R
i‘{g.,(E %\/+ ,LJo<l—\ >°.V}Y:J(5JF\RC)2 _8_1_T_3
. Y4
(2.2,1)
since €, < Eﬂ)aw = /ZJD < H2>o.\/
2 2% cC 3
KED =i | R 4K
(4T E)TT (2.2,2)

[

This enables the average value of a frequenéy component of
the field to be defined as
3
Q _ 2 hw
CE, = T
(aTreyi e (2.2,3)
If the electron is assumed to move with nonrelativistic
velocities, then the influence of the fluctuations of

frequency w on the electron position vector d, obey:

2

MQ 1, - G,E—

3

t (2.2,4)

o

o

For a given harmonicliuthe solution is

Q_EQ

—

9w

.. mew1
(2.2,5)
or
2 [ e* 2hw® o RT
<q/w> - 2 4 ~ P Ul T S
Mg W'/ (ks TE)TTC mmg R
(2.2,6)
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The mean square fluctuation is given by
K

20k [ gk
Me TT R

L(a9Y>, =

(2.2,7)
Upper and lower limits are introduced to prevent the
integral diverging. The justification being that at
sufficiently high frequencies there is a longitudinal as
well as transverse recoil of the electron. This occurs when

MeC  Lnq at this

K= Compton wavelength of the electron, K =
. pboint (2.2,4) is not valid. At low frequencies the
fluctuation energy is infinite for a free electron but not
a bound electron. A bound electron is constrained to
positions close to the atom and cannot undergo the large
slow fluctuations predicted by (2.2,5). K, will be related
to the bound state in the atom. The effective potential

seen by the electron undergoing fluctuation is

V(iw*Aj,) ol [|+ A_‘L'V“' .i-(Ai.(]>l+ ]\/(C‘L)

since {AY%:0, averaging over all A¢ gives

vy = [ie 2eaT e TV

For a coulomb potential the change in V(@) due to

fluctuations is

Veay = ze* )1 2N Q,\(ﬁ‘ﬁ_c_l) [—mré(%]
AvVEy) = 4mE )6 mET ki =
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Using perturbations theory to obtain the first order change

in the enerqgy levels the result is

4 %
_ A% (XZ) MeC the >

(2.2,8)
The é&o arises from the cg(g) in the previous equation and
means that the energy correction E (n%)is only appreciable
for those states with wavefunctions which are non zero at
the origin. The effect of the fluctuation is to weaken the
coulombic potential and causes an upward shift in enerqy
levels. Consequently (2.2,8) predicts that the Zsuh_lies
above the 2PV2 as found by Lamb and Retherford [5].
Welton's result (2.2,8) also correctly predicts that the
QED corrections scale as rf3. This means that the ground
state Lamb shift is approximately 8 times larger than the
289& Lamb shift. A value for the Lamb shift may be deduced
from (2.2,8) by using a value for the Lower cut off, K,,
calculated by Bethe [9], hCK,=3.88%10 J

E.(n,Q) = (8 x 10" Ha) h 2°
n3 (2.2,9)

This value is close to the more precise calculations
outlined in Appendix A.

Returning to Erickson's results, the dominant
radiative correction due to the Dirac energy level

structure is the vacuum fluctuation contribution:
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{IR LOG)}

4 * 3 2
4% (XZ) meC (AJ_) [{ﬁ L)+ lf‘(ﬂ’-)lr'—,"}c(no * L_,,J
371 03 Me v M/ 24 (2.2,1

This term, together with the anomalous magnetic moment of

0)

the electron (+-%) and vacuum polarisation effects (—'é)

which change the X term in (2.2,10) to I! +3 L
24 24 8 5

contribute over 90% of S stake Lamb shifts. The
contribution L. is the xZ and Me independent part of the
Bethe Logarithm and is given iquable B of [1].

The next largest contribution arises from higher order

self energy and magnetic moment terms left uncalculated in

(2.2,10). Representing these terms by

4
{ (H TOT) ) k(K Z) MeC”

PyvPE H(x 2)

H(x2) is given by

H(x2)= C5 2 + (Zo()l[csz Q“z(zm)"_r C,, ,Qr\(g‘&)z+ Ceo + szb(]
In this expression the coefficients C are given in Table C,
[1]. Cs s C and C,, are terms calculated exactly for small
wZ. The form of H{x2) given above retains the known
behaviour at small®Z while introducing C,, and C, in order
to provide an approximation valid for large X Z, These
coefficients are discussed fully in [1,6,7]. The
coefficient Cgpis the origin of the discrepency between the

theoretical works of Erickson [1] and Mohr [6]. The
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difference between the two predictions for the 1S-25
frequency is approximately 300 kHz (1 part in ldo), see
Appendix A, Table A.3. Notice that to choose between the
two theoretical values in hydrogen by measuring the lSu{2SUz
frequency would require an accuracy better than 1 part in
10" and that the uncertainty in the Rydberg constant be
less than this level. The discrepancy increases in high
atoms and experiments are underway to test these
predictions in many places [8] and references therein.

A number of other terms which are all relatively small
contribute to the Lamb shift. A list of the contributions
for the 18,, and ZS.b_Lamb shift are given in Table 2.2 for

o.

2.3. Structure of the 1S,-2S) transition.
P 2
It has been assumed so far in this chapter that the
energy levels in a hydrogen like atom are completely
specified by the quantum numbers n, £ and 3 through the

following expression:

Eo(n,y) E&(n"z’;))"-EL(ﬂ’gj (2.3,1)

where E, (n,2) is the Lamb shift as defined in Section 2.2.
This is not strictly true since the influence of the
magnetic moment of the nucleus on the enerqgy level

structure has been ignored. The nuclear magnetic dipole

PAGE 24



Chapter 2.

moment L is related to the nuclear spin angular momentum
k; by
P = Qrfe /T

M

Here g  is the nuclear o factor and p/y is the Bohr

magneton,L@==f%i . The energy of interaction arises
through a magnetic field experienced by the nucleus and
caused by the orbiting electrons. There are three

contributions to this field.

(1). The orbiting electrons constitute a current which
induces a magnetic field at the origin. For spherically
symmetric charge distributions (ie. closed shells or S

state valence electrons) this contribution vanishes.

(11). The spin magnetic moment of the electrons can

interact directly with the magnetic moment of the nucleus.
This is analogous to the interaction between two classical
magnetic dipole moments. This contribution again vanishes

for S states.

(111). For S states the interaction is given by the Fermi
contact potential. The non-zero probability of finding the
electron at the nucleus gives rise to a magnetisation

z . , .
M='LG|WQ®\. From classical magnetostatics [10], the field

inside a magnetised sphere¥ﬂ=-%. Thus the magnetic field

B= Lo(Hrm) = 2w
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and
’N
Hy = — &g B = —_23—_1/013_1./4_)5\‘{%0)\
(2.3,2)
Notice that this contribution vanishes for non S states.

For the case of hydrogen-like atoms the interaction

Hamiltonian can be summarised by

Hag = ACH T3
since the magnetic field experienced by the nucleus is in
all cases proportional to 3 [11,12,13]. The energy level
shift can be represented by
Englm £,3, 1) = A [ F(Fe) - TCEe) -3¢
(2.3,3)
where F =T+37 and F takes values from |3-I| to 3+I. Using the
useful property, which is valid for all hydrogen-1like

atoms, that A(S) is the same for all states independent of R

o 3 ‘2
A(3) = %(ZT’Y) 31 Ds 2 3(%5)/(/8

ndey

(2.3,4)

2. 23
is obtained from (2.3,2) together with f Y(D)J = Py
r[Yf\3C*-o

Thus

> i +) - S+
Em}(n,F,‘S.I)z (_m_f> %1(5s.>hc Rw (o( 3Z ){F(F-ﬂ)«I(I Y -3¢ 3}

M 2 n S (22+1)

(2.3,5)
Two corrections have to be applied to En.(mE3,1) . The
reduced mass correction arises from the 0;3 term since the
effect of the reduced mass is to increase @, to Meo.. So

A
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3
Eng(n, 7, 3,1)= (ﬂ) (ﬂcj o 28 "—‘C—s“” o 23§ FLen) - T(zr) -3
e/ i 2 n TS (20+1)

(2.3,6)
If the electron was a pure Dirac particle of spin ), the

electron o factor %A would precisely equal 2. It is found

that _ {H X 0328 4
- 2 e

P

(2.3,7)
It is of historical interest to note that it was the
discrepancy between theory and experiment on measurements
of the ground state hyperfine structure of hydrogen that
lead to the discovery of the anomalous magnetic moment of
the electron. Table 2.2 (b) gives values of the hyperfine
splitting for the lSVLand 25, levels of H . Figure 2.1
outlines the level structure as so far described.

The reason why it is convenient to neglect the
hyperfine splitting arises directly from the selection
rules of a two photon transition. For an S-#S transition
the rules are AF=0 and AM =0,and the intensities are
proportional to the statistical weights of the transition.
It can be shown that the centroid of the 1Sy, =28y,

transition defined by

3vF=l—‘7F:l T VF—‘O*?F:O

1jus»zs - 4

is simply the frequency predicted by the Dirac theory
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including the Lamb shift and unperturbed by the hyperfine
interaction. This result is only of importance when the
hyperfine components are not clearly resolved. In the
present experiment the hydrogen hyperfine structure was

well resolved.

2.4. Summary.

The experiment described in this thesis aims to make a
measurement of the 1S-2S two photon transition frequency.
To be more precise, one quarter of the 1S-29 frequency is
compared with a calibrated line in 13"Tel vapour (see
Chapter 4). From this measurement a number of deductions
may be made.

Firstly the predicted value of the 15-25 frequency 1is

given by
Loz D) ~Bol1id) + o (2,0, 4)- B (10, 1) + EL(z.o)—ELu,@}

(2.4,1)
where the hyperfine splitting has been neglected. This
number may be compared directly with the experimental
value. This is the most obvious method of analysing the
data.

Alternatively, it may be accepted that the Dirac

contributions are exact at least to within the experimental
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uncertainty of the Rydberg constant. That being the case,
the Dirac contribution (Table 2.2) may be subtracted from
eq.(2.4,li leaving the Lamb shift. The Dirac contribution
is also subtracted from the experimentally determined 15-28
frequency. This enables a test of the QED predictions to be
made. Notice that in carrying out this process the
experimental uncertainty of the measurement is increased
slightly because the uncertainty in the theoretical value
of the Dirac levels due to the Rydberg constant has to be
combined with it.

Finally, if the experimental value of the 18-25
frequency is sufficiently accurate, a new value of the
Rydberg constant could be deduced from this measurement.
That will not be done in this experiment, but the required
increase in accuracy is possible. It is remarkable that the

precision from a pulsed experiment can approach the results

obtained from essentially c.w. experiments.
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(A) -~ (B) (C)

177-6 MHz
l ' y F=1
F=0
28y, _—‘T_— T
10451 MHz
2466%10° MHz 14204 MHz
l F=1
T T F=0
8173+ 2 MHz T et F o1
1S, ___l_““ . ]
» 1242:8 MHz— LLO";F 0
| 4

Figure 2.1. The n=1 and n=2 levels of atomic hydrogen.

(A). The Dirac energy levels with 1=0. For clarity the 2 P,/2
and the 2 Pgﬁ_levels have been omitted.

(B). The 2 Sul.and 1 S1h-levels shifted by the Lamb shift.
(C). The energy levels including the hyperfine structure
and showing therelative intensities of the allowed two

photon transitions obeying AF=0.
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Chapter 3. The hydrogen atom in external fields.

This chapter examines in detail the effects which
perturb the energy levels of a real hydrogen atom from the
fictitious isolated atom described in Chapter 2. The
initial discussion covers the Doppler free two photon
excitation and derives results which enable transition
rates to be estimated. Tonisation rates from the ZS,hlevel
are also discussed. The shifts of enerqy levels due to the
A.C. and D.C. Stark effects are covered in Sections 3.5 and
3.6 respectively. Section 3.7 covers perturbations such asg
pressure which are less well known For two photon Nopnler
free spectroscopy of the hydrogen atom. Experimentally
these shifts are found to bhe small, hut if the nltimate
resolution possible on the lS.hTZSVltnzwﬁition is to he
achieved, these perturbations will have to he known

accurately both theoretically and experimentally,

3.1. Time varying electromagnetic fields.

Under certain circumstances an atom can absorb enerqy
from an electromagnetic field and undergo A transition. For
single photon transitions one requirement is thak the

frequency of the field corresponds to the energy difference
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between the initial and final levels. Two photon
transitions are also possible and these will he examined in
detail. This will be done by deriving equations which
describe two photon transition probabilities. This problem
is well covered in the literature [1,2,3], but a better
physical insight can be obtained by examining the problem
of interest rather than by quoting general results.

The starting point for this discussion will be the
nonrelativistic Hamiltonian €or the interaction of an
electromagnetic field with an isolated atom. The approach
1s semi-classical since no information useful for
calculating transition rates would be obtained by
gquantising the radiation field in this case. The non

relativistic Hamiltonian is

Hir ¢) = —lrn (P+eA)—- e + V()

(3.1,1)
where A is the vector potential of the electromagnetic

field, and ﬂf is the scalar potential of the same field.

The Hamiltonian

(3.1,2)
represents the unperturbed atom in the absence of an
electromagnetic field. The potential V(r)is assumed to
commute with r. If V(r) is a coulombic potential then thisa

is the case. Consequently
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(3.1,3)

The remainder of H(rt) will be used as a perturbation.

g o= = (P-A B'E)*li; AR -egd
e

(3.1,4)
H(rt) may be simplified by making some assumptions which
apply to an atom irradiated by a nearly monochromatic
unidirectional mode of the electromagnetic field. The term
in A.A will be neglected in this problem. The ratio of the

A.A term to the A.P term is approximately

e B'& QQOE
£-a C,n*soac) (3.1,5)

where Qo is the radius of the first Bohr orbit in
hydrogen. Typical values may be estimated for the pulsed
laser used in this experiment by assuming a pulse enerqgy of
50 pJ in 5 ns passing through a spot size of 100 pym. The
intensity is 3xlO”qu'corresponding to an electric field

B ~1.5¢10° v’ - Evaluating eq.(3.1,5), which is the ratio
of the dipole interaction enerqgy to the potential enerqgy of
an electron in the first Bohr orbit, shows that the eA.A

-6
interaction is approximately 10 of the A.P interaction.
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Consequently it will be ignored in what follows.
Making the usual assumptions for a plane wave
travelling through a linear isotopic medium with no free

charges or currents gives the following Maxwell's equation:

__908
VXE =-To (3.1,6a)
Ux B = /szrg% (3.1,6h)
C’.!.
V'E = 0O (3.1,6c)
v_@ - O (3.].,66)

where the symbols take their usual meaning. A plane wave
travelling in the z direction will have no variation in the
x and y direction. Eq.(3.1,6c) gives dEa =0 and since
we are not interested in steady longitJ%f;al fields, E; may
be taken as zero, and the wave is transverse [4]. Given
that Maxwell's equations may be satisfied for a transverse

plane wave if g5=0 the vector potential enables both the E

field and the B field to be calculated

A A
E- -vg-28 . - 98
o) dt (3.1,7a)

B= VxR (3.1,7h)

If A is a harmonic field, the time differential in (3.1,7a)

may be replaced by iw and using (3.1,6c) A obeys
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V-A=0
(3.1,8)
This result means that A and € commute so the perturbing

Hamiltonian reduces to

e

Ho(c,e) = — AP
Me —
(3.1,9)
Taking the vector potential to be
A = 2_!SOCLOS<U)t’—kE'C)
the following fields are obtained from (3.1,7)
E= 2WA.smn(wt-R-0) (3.1,10a)
B= 2(RxA0)sin(we-BF) (3.1,10b)

The latter is deduced using the vector identity

vx(sh

with §= CoxﬁJﬁ Rryand UxA=8 . The intensity of a plane

\l

(VS)XA + $(uxa)

wave is defined by [4]

I = ExH = E x B

— —

e 1o (3.1,11)

In the laboratory it is the time average of I that is

measured. Since E, © and R are mutually perpendicular:

T = <IZl> = {\—\E—\—<Sh(wt RC)) = N A AN
Mr Lo € z

(3.1,12)
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where Jer=1 and |E,l is the amplitude of the real electric
field. In terms of the complex amplitude of the vector
potential

*
I

I=<II>= 2n&cwilfol = 4ngcw < ialty

(3.1,13)

The units of I are watts m™< .

3.2. Time dependent perturbation theory

The time dependent Schrodinger equation describing the

interaction between an atom and electromagnetic field is

ctg = (Hy+u) Y

(3.2,1)
H, and H, are given by (3.1,2) and (3.1,9) respectively.
The relative sizes of H, and H, may be deduced by a similar

argument as that leading to (3.1,5). The result is

H, e ok ~ 10*6
HO é‘_ V((-Lo\

(3.2,2)
Since this represents a small interaction it is possible to
attempt an approximate solution of (3.2,1) using time
dependent perturbation theory [5,6].
The method is to assume that a complete set of

orthonormal solutions are available to the equation
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i ngr = PMD§M
ot (3.2,3)

Since the set Ei\ is complete the solution to (3.2,1), W,

may be expressed as
_ipnt .
V=2 c.(od.e = 2 Cu®®,
(3.2,4)

The time dependence of the solution ¥ is represented in

2
terms of the 8, by Cn® where | Cm(t)l is the probabhility
that the atom is in the state 2, after a time t. The time

dependence E&C“(g) is found from (3.2,1) and (3.2,4) to be
dt

) (,..ka‘t
dte® = L2 . (¢, ") e
Lt iR

where¢udmﬁ(EK—Em). The set of equations (3.2,5) are to be
solved subject to the condition that at some time in the
past, t= - say, the system was in a definite state, m=qg.
In order to apply the theory so far developed to a real
atom, a modification must be made to (3.2,5). The
electromagnetic field is being treated semi-classically so
that spontaneous decay which is caused by the zero point
fluctuations of the quantised electromagnetic field is not

included naturally. Instead decay rates are included in

(3.2,5) in an ad hoc manner.
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' (W £
d Celt) 4 (;éi> Cdy = L2 cu® (S, M) e
dt 2 i

(3.2,6)
where ¥, = 7%; and T is the %: lifetime of the level K. This
procedure ensures that an excited state decays with the
experimentally correct lifetime %% . So far no
approximations have been made.

The set of equations (3.2,6) cannot be solved exactly
analytically since to evaluate C,(¢) say, all the other
C(®, R#EM |, must be known. Clearly if this were the case
it would no longer be necessary to solve (3.2,6) since the

T
value of \CK(Eﬂ could be obtained from the normalisation

condition

S lcaunl = |

which can be obtained from (3.2,4). The solution is found

approximately by letting

3! @)
co(®y = o o+ Do Ry e

(3.2,7)
Substituting (3.2,7) into (3.2,6) the standard time

dependent perturbation theory expansion

(Q-H) (21"\ f L\)Km'b

®
d Cplo 4 (ﬁ) C(®) = 2 Cald (¢, mde
dt 2

is found where £ represents the order of approximation.
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3.3. Two photon transition rates.

The perturbation written out in full is

iwt-Rr)

i (we—-Rox)
Ho(f ) = eD.E { C. + @ (Wt }

L
Mg

(3.3,1)
The spatial dependence of the perturbation due to the

(AL
coordinate of the electron r enters through

2 , and since

N
I~

R-c

(27 Re). ctp = 3 TRp X
8 4T R

2
v

TR
for hydrogen @ <~ |

= 2y K
I 6

is a good approximation. This is

called the electric dipole approximation.

The model that will be analysed is the same as [7] so

many manipulative steps in the argument will be omitted.

The atom is assumed to be in its ground state before
the perturbation is applied.:

Conl-0) = 6;?3

To prevent mathematical complexities from obscuring the
physics, the .slightly idealised problem of a laser pulse

which is rectangular in time will be considered.

A, O&t &7
A, =
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+iwt
where YV is the pulse length. Additionally the C term
will be neglected from the perturbation (3.3,1) since this
will be found to correspond to stimulated downward
transitions. Since two photon transitions are generally
weak this term can be neglected.

The solution for the first order equation

i (Wi ~ W) T
dCite) s B CRoH = Lop, el
dt 1 |'V\
(3.3,2)
where HK% = (¢K >m£0_ecf g@ is
-3kt | (Wkg— W)t
Ct‘:(t): Hes (e * — @ ) 0< £
o (Wkey =) — L@K)
(3.3,3)

For t>7T there is no perturbation and Cy (¥) decays with the

phenomological decay rate ¥x. The amplitude as a function
2
of time 1is

¥yt
° 1 -t = 2
ICK (o) = ) HK%' e + 1 - 2¢c * CO5LW»<%"~>)15} = le\ G.%(u,t)
‘V\l (\»)K% -—l»))l + (}%()?_ t

12

(3.3,4)
The term in braces {} may be written in terms of a

normalised line shape (%(uw® and a multiplying factor G.
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N

Bt

qonr= g | ;J —¢2 1COS(qu)£}
=
(3.3,5a)
LI}
G = z’ﬁ(n—e—”“t)
(3.3,5hb)

Notice that G is related to

interaction. If the time of
then G—b}ﬁﬁrt. If the pulse

the natural lifetime ¥t >>1

the characteristic time of the
interaction is short ¥t <<1
length is long compared with

G v éﬁ . Thus it is reasonable

21Y

to define the first order transition rate VJmsto be

| c (M)
\/zﬁGr

W

-

K3

Hes Sme*a(w,)
,K’J.

In the long and short pulse limits

z |
\Hy((—jl __B_‘f_) = \JKK\V >>
W 27 deg'w)l+ (%g)
\A/KQ, X - N
|Heal 1 &S (a3 Pe T <<
€L

4 iy

(Wry-w)*

In the long pulse the line shape is Lorentzian and has the

natural width AW, = ¥x, in the short pulse case the

lineshape is given by the artificial choice of a laser

pulse amplitude which i1s rectangular in time.

The linewidth
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is given by the laser linewidth g;

For the experiment being considered here the first
order transition rate is zero since H,.=0 for an &—-eg

transition. In this case the second order coefficient

must be calculated:
{ (\'JK% —L‘))t o

(2) &)
cht z
(3.3,6)
Substituting (3.3,3) into (3.3,6) gives
..?_Sﬁi: { (uscﬁ"lu)ll:
D - _‘_{Z Hyw Huey [e - ¢ §
5 = K Wy —W - i Wea, - 2w ~ ¢ ¥
2
(3.3,7)
(2)
By analogy with the first order transition rate, VQ% is
given by
2
\/\/(2) z Hgy( HK% S\.V\l(\»\).gc:)—i"‘))?—;
S'CS K lA)K%—-LJ \_61,‘ oy YA
x [ (Wsey -2 :;_l
(3.3,8)

(Y
To evaluate VJ?3 a value

for the short pulse case f;¢’<<l
Let

for the summation over matrix elements must be found

A
E be a unit vector representing the polarisation direction
of the electromagnetic field A, = A, £ . The on resonance

(v v g .
transition rate \A/(3 for a unidirectional travelling wave

may be written
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AT

A
13
, £
Egy - kW

e e I s @
4 Mg LJY\‘LEOC_'ZV\'II K
(3.3,9)
FEquation (3.1,13) has been used to give A in terms of the
laser intensity I. The decay rates of the intermediate
states 'ﬁkis omitted from the denominator since \J:Z is
only applicable if all other transitions are far from

resonance. Using the definition of the fine structure

constant (3.3,9) may be expressed compactly as

" YN <<
1 2.1 5
wWee = (@M & MIT
n* i T o0
s

M is given for the hydrogen 15-2S transition by [8]

Mo L5 (Fe, 2P R B 0P

Meld?*
e EK%—%\U‘)

-3 -
_ 503% 10 w37

Numerically, the rate on resonance 1is

) S T B
\/\/S% = 532 %t I 4 -~

(3.3,10)
This is the transition rate per atom per second. To obtain
the transition probability per pulse eq. (3.3,10) has to be
multiplied by the pulse length V.
So far the atom has been assumed to be at rest in the

laboratory frame. In a real gas the atom will be in motion
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and the perturbation frequency w will in general be Doppler

shifted to

(% :
(V) — — )

[i- v

< 10

N -
where terms of order Vx which are typically ~10 of the

C‘L
optical frequency for atomic hydrogen at room temperature
have been neglected. Vy is the component of the atomic
velocity along the laser beam direction and follows a
Gaussian distribution characteristic of the temperature of
the gas. For a two photon transition it is straightforward
to observe that an atom can absorb energy from two
counter-propagating beams, if 2wW-Wsy independently of the
value of Vx . One of the beams is Doppler shifted up in
frequency while the other is shifted down in frequency as

observed in the atomic frame of reference and the sum is

independent of Vx :

Ldys: u)(l— %f)4-td(l+‘ﬁ) = 2w + O !f)

< v

The terms of order %%. which were originally neglected
cause the second order Doppler shift which redshifts the
observed transition frequency by an amount which has been
shown to be much smaller than the resolution of this
experiment which is 10° of the optical frequency.
Absorbtion of light from a single beam gives rise to a

Doppler broadened background and it must be shown that the

Doppler free signal can be observed against it. A full
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treatment is given elsewhere [2,7] so only a qualitative
argument will be given here. Let AVgp be the Doppler width
of the transition as observed on the exciting laser
frequency scale and let AV, be the laser linewidth. The
contribution to the Doppler broadened background at a
particular laser frequency YV, will be proportional to the

number of atoms excited, ie. roughly proportional to

AV
AV
transition. The Doppler free excitation only occurs within

This is still true on the line centre of the

AV, of the line centre and all the atoms independent of
their axial velocity class can contribute. The resulting
transition rate is four times the same constant that is
involved in the Doppler broadened case. The reason for this
is that the Doppler broadened transition rates are
proportional to 21° (see (3.3,9)) while the Doppler free
transition involves a modified M reflecting the fact that
the one photon can be absorbed from each beam in either
order.

M = l {Zk (8753«,_'?.‘3 ¢K)(¢K,gz'E¢€) 4 (%,éfﬁ ¢K)(¢K,§_I'E 9753)}

mlw’l_
& EK%~”kw EK%~¥WQ

If the intensity and polarisation in each beam is the same,

then the Doppler free transition rate is proportional to

4121 The ratio of Doppler free excitation to Doppler

broadened excitation is approximatelv Z LVp at line

oY
centre. The full result is [2]

F2 LV 2. AV

N N ) PN
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For values used in this experiment the ratio is ~ 350 using
AVny~T7 GHz, (this is a quarter of the real value since all
frequencies and separations were observed at 486 nm. This
is explained in Chapter 6), AV, =40 MHz. Typical values
observed for this ratio were in the region 50-100:1. Any
effect which reduced the overlap of the beams in the cell
could contribute to a reduction in signal strength. Despite
the lack of agreement the enhancement of the Doppler free
signal means that it is readily observable.

If the counter propagating beams are not exactly
parallel and there is an angle & between them, then it is
straightforward to show that the Doppler width of the

transition is [1]

— LV cin/®\ 'V
AV = =sin(g)V
a2
where V = K%%;TE—- ~ 1854 ms for hydrogen at 300 K.

So

AV = (28 GH2) Si\(\(%

For co-propagating beams this predicts AV, = 28 GHz, which
is the Doppler width observed without Doppler free
spectroscopy. Typical angles © used in this experiment were
~2xldd’rads so AVy~ 2.8 MHz. This quantity is small compared
with the laser linewidth (~40 MHz) used in this experiment
and provides a negligible contribution to the observed

linewidth.
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3.4, Three photon ionisation.

The detection scheme used in this experiment was two
photon resonantly enhanced, three photon ionisation
[9,10,11,12]. Two photons at 243 nm are regquired to excite
a hydrogen atom from its ground state to the ZSULlevel.
Subsequent absorbtion of a third photon with a wavelength
shorter than 364.5 nm results in the ionisation of the
hydrogen atom. Observation of the resonance involves
collection of the resultant protons and electrons by
applying a small electric field between two parallel metal
plates. For the intensity range used in this experiment the
non-~resonant three photon ionisation is vanishingly small
[13] and is not detectable.

The ionisation process can either be viewed as a
single step process in which a transition from the ground
state to the continuum occurs, or as a two step process in
which the ZSvllevel is physically populated and a
proportion is subsequently ionised. In the approximation of
the low excitation rates and no collisional damping both
these processes should give the same rates. However if the
excitation rates are high, giving significant probability
of ionisation, the single step calculation [13] based on
third order perturbation theory can overestimate the

obhserved transition rate since saturation of the transition
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rate can occur if the probability of excitation approaches

unity in any excitation step.

3.4.1. Three photon ionisation transition rates.

From Figure 11 of Reference [13] the transition rate
for three photon ionisation can be written as

~54
w = 375% 10

3
F pec Second pec atomn

(3.4,1)
where ¥ is the photon flux in photons cﬁJ'S” and ¥ is the
linewidth of the intermediate resonance in S . From the
discussion in Section 3.3, ¥ has to be replaced by the
laser linewidth at 243 nm.

The cross-section for ionisation from the 2S5 level to
the £P continuum can be calculated using the results of

Table I, Reference [14] to be 9.2 x 10 cm® in agreement
-1

with [15]. In a flux of F photons cm’ S ' the ionisation

rate per atom from the 25 level is

\'\/25'-6‘? = o F

(3.4,2)
combining with the transition number per pulse given by
eq.(3.3,10) for short pulse excitation, the total
ionisation number per pulse from the ground state of

hydrogen is
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\-S’B 3 3
n - .
W;s-ep M= 32 % \Q F™T

where the ionisation rate is

-53 2 oY
— . e
Wie.ep = 32 %10 F-r

(3.4,3)
since K=‘#7, eqs.(3.4,1) and (3.4,3) differ by an order of
magnitude in the ionisation rate. The origin of this
discrepancy is not known.

For the typical laser parameters used in this
experiment (energy 1 pJ, pulse length 6 ns, spot radius
100 pm) the photon flux is 6.5 xlOzBCﬁléd, and the
transition rates per pulse are

(BL")]) \/\/‘s_epTl = 2-2 x ,0_7

(34)3) \/\/‘S_ep Y - 14 x ‘06

At a pressure of 0.2 torr (2.6 Nm ~) and assuming the
atomic hydrogen forms 1/10 of the gas, the number density
is N = 6.3><]_Olgcrri-3 and an interaction volume of

5% 3 xldﬂ cm3, the resulting number of ions is either

2 %10 or 1.8 xlO5 ions per pulse. These numbers are in
excess of the noise level of the detector described in

Section 5.6.
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3.5. A.C. Stark shifts.

A time varying electric field can cause shifts of the
energy levels as well as inducing transitions [16]. The
shift can be shown to have a time independent component as
well as components at twice the driving frequency. For
optical excitation the latfer may be ignored.

Consider a level m exposed to a monochromatic

perturbation

Lo+ -t
H, () = g? {’Q,h> + & }

-t
The correction to the unperturbed wavefunction %“Q is
R iwt ~iwk —mt
—_— ~ 1w e
A? = ﬂ¢m€ = "Z —HKM{ G oo To ]¢Ke
™m K 2m 2‘#\ \,JKM—LJ Wrm

where (3.2,4) and (3.3,3) have been used. The term
representing stimulated emission neglected in (3.3,4) has
been reintroduced. From time independent perturbation

theory the change in energy due to H, is [17]

AE. = (c}fm ) H.A(}SW‘) = ) H v HMK{LGM{: ) éw(: }(em:: e-.‘ue)

K #m b R Wi = L2 Wt
N 2iLE —2iéE
| l HKW\] |+ e |+ €
. LS Lol
“ K?‘-W‘ 'V\ Wim — wKW+L‘)
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+2imt
Ignoring the time dependent terms e r the D.C level shift

is
n 2
_ e*Es S (¢, E-rda)) 1 L
A Em B 4 KZ'\‘:YY\ % LJKY“—LJ Wipa
(3.5,1)

The form of the perturbation used is

H\(t): —_GE‘E: '—e-Eo_é__\’fCO_SlA)t

—

which is valid in the dipole approximation [18]. In the
limit w-»o0 the é%wtterms omitted from (3.5,1) must be
retained. In this case (3.5,1) reduces to the familiar form
for the quadratic D.C. Stark effect.

The effect of the A.C. Stark effect has been explored
experimentally and good agreement found with theory [16].
In previous experiments on hydrogen [7,20] the A.C. Stark
effect has been included as a calculated systematic
correction. The resolution in these experiments was too
poor to confirm the expected magnitude of the shifts. This
is also the case in the experiment described here.

The value for the A.C. Stark shift for the 15-28
transition is calculated in [7]. A recalculation has been
undertaken for this experiment. The method used is similar
to [7] so that the calculation will only be discussed in
outline. Values for the matrix elements (¢K ,2!:¢m) were

obtained for the discrete states from [21] and the
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continuum from [22]. The numerical summation and
integration were found to give good agreement with the

results of [7]. The result is

2 “
DBVig 95 = e %o {4635% L
6 £.C (R

(3.5,2)
for a single laser beam of intensity I. Evaluating the
constants gives
-2
AV g = *l-h Hz W cm
(3.5,3)
The effect is a combination of a lowering of the 1S energy
due to repulsion of all the higher lying states and a
raising of the 2S,level which is influenced mainly by the
nearby 2P%}evel. The shift of the ZSw}evel is 5 times the
shift of the 1S level. The overall shift increases the
15-25 frequency. For the experimental arrangement
considered here the Stark shift is twice the value given hy
(3.5,3) since counter-propagating beams are present. This
result is approximately 15% larger than that of [7], the
difference being due to the values of the fundamental
constants used in (3.5,2).

For the intensities used in this experiment the A.C.
Stark shift is smaller than the statistical uncertainty
which means that it is difficult to observe. For a U.V.
pulse of length 6 ns, energy 1pJ, and spot size 100 pm the

laser intensity I is 0.5 MWem © which increases the
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measured 15-2S8 frequency by 1.5 MHz. However, since up to
20 pJ has been generated for use in this experiment, once
the resolution is improved the A.C. Stark shift might be

observable.

3.6. D.C. Stark shifts.

The energy level shifts caused by external electric
fields are important in precision measurements on atoms.
The shifts manifest themselves in two ways. Firstly, the
experimental environment may not necessarily be free from
stray electric fields. The atom may have to be prepared in
a discharge where the electric fields may be difficult to
measure. Alternatively, as in this experiment, a small
known electric field is applied in order to detect the
electrons produced in three photon ionisation detection.
Secondly, the presence of other atoms and molecules in the
experimental cell can perturb the transition frequency.
Such effects may manifest themselves as Stark shifts due to
the electric fields of atoms, molecules or ions passing
close to the atom of interest. These shifts are normally
called pressure shifts since they are related to the number
density of the perturbers and will be discussed in a later
section.

Obviously it is important to choose a transition which

is insensitive to Stark shifts if precision measurements
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Table 3.1.
2S|11 2P|/'L 2P 3/2_
25, L,-¢ *Rs Jes
ZPVl + /3 S L,-& 0
2P3, Je s 0 L,-¢
Table 3.1.

Matrix elements for the Stark shift calculation for the
25y,1level. S = 1.2795 E where E is the electric field in
volts/cm, and the shift is in MHz. If L,=0 then

L, =1057.9 MHz and L3=10969 MHz.
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Figure 3.1.
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Figure 3.1.
D.C. Stark shifts of the n=2 levels in hydrogen. The

experimental points are discussed in Section 3.6.1.
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for metrological purposes are required. In this section it
is hoped to demonstrate that the 18-2S transition fulfils

these requirements.

In the following discussion the hyperfine interaction
will be neglected since a treatment by [23] indicates that
for the fields used in this experiment the differences
should not be noticeable. The energy level shifts which
will be derived apply to the fine structure levels, which,
as has already been discussed, are the centroids of the
hyperfine levels. The range of field strengths of interest
are those for which the Stark shift is small as compared
with fine structure and Lamb shifts. In the dipole
approximation the infiuence of an external electric field,

E, may be written as

(3.6,1)
The dominant contribution is due to the 2P, level pushing
the 25, level upwards. Contributions from all other levels
and the continuum are small. For example, from the
calculation used to derive the A.C. Stark shift with w=0 ,

the shift of the 181& level is found to be

DEis (quadcetic) ~ 10 E" Hz
W
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where the units of E are Vem' . This is negligible compared
with the shift of the 2S5y, level. Here a different approach
is taken. Only the fine structure levels with n=2 are
considered. The basis states for this calculation are the
zero field Pauli-Dirac states with the energy levels
corrected for the Lamb shift [24,25]. The matrix elements
between the fine structure states 28”2, 2P|ﬁ,1@_ have been
calculated and are displayed in Table 3.1. There 1is no
matrix elemeﬁt connecting 2Pz, (My=*2) with the other levels
so in this approximation this state is unshifted. The
calculation proceeds as follows.

For an arbitrary field E we may diagonalise the
matrix represented in Table 3.1. This enables the field
dependent eigenvalues and eigenvectors to be obtained. For
this problem it is the eigenvalue which reduces to the 28
level in zero field that is of interest. It is simple to

show that the determinant of the matrix is:

(L3—€>{(L7_—£)(Ll—i> - 352151} -6SEY(L.-£)=0
(3.6,2)
where £ is a solution of this cubic equation. Each of the
solutions may be labelled by the level to which they reduce
to in zero field. However, since states of different £ and
J are mixed by the field E the labels are not physically
meaningful. The shifts of the three levels 25.,2,2}3.,1,]33,1

are shown in fig.3.1l.
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An additional effect of the electric field which may
become important in measurements with higher resolution
than obtained in this experiment is the reduction in the
2SuZlifetime [26,27]. The electric field mixes a small

contribution of the 2Pvland ZPWiinto the 2S5 _wavefunction.

I/_Z

After a time t where M, <t< Tzs (T,,1is the 2P,,lifetime and

/T

;s 1s the 28,lifetime) the ZPé',gi contributions have

decayed leaving only the 2S5y, contribution. Tt may be shown
that the effective lifetime of the 28 1level in a field E

(in volts/cm) is

-2

Tas (E) = %%L)

475 (3.6,3)

This is only valid for intermediate fields where the
lifetime is short compared with “Tps but long compared with
/Ex. For sufficiently large fields the lifetimes of the 2Sy,,
and 2P, become 2T, [27]. A field of 5 V/cm which was
applied to detect the ions results in a 2S lifetime of

14 yS. This corresponds to a linewidth of 70 kHz which is

unobservable in this experiment.

3.6.1. Experimental verification of D.C. Stark shifts.
Details of the experimental system used to examine the

influence of electric fields on the lSUL—ZSWl frequency are

given in Chapter 5. Only the experimental results will be
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discussed here. The object of this investigation was to
verify (3.6,2) in order to confirm that the shift of the
2S'h level due to the small electric field required for the
ionisation detection scheme was negligible.

The lS,,L—2S(,L frequency was measured for three fields
10 Vem , 67 Vem', and 161 Vem'. The results are shown in
fig.3.1 together with the theoretical curve obtained from
(3.6,2). Within the experimental accuracy the agreement is
adequate. Improvements in the experimental accuracy would
provide a better test of the theory.

The field used in the ionisation detection scheme was
5 V/cm. The corresponding shift in a quarter of the 15-28
frequency was +23 kHz which is approximately 200 times
smaller than the statistical error. For the present

measurement the D.C. Stark shift may be ignored.

3.7. Pressure shifts of the ISL—ZSL frequency.
z 2

Pressure broadening and shifts occur when the presence
of other atoms and molecules perturb the frequency and
linewidth of the transition of interest. TIf the 15-28
transition is ever to be probed at the 1 part in lOW
level, the shifts of the 15-2S5 frequency will have to be
well understood and controlled. There are no theoretical
works which address the problem of the pressure effects on

the 15-25 frequency which is examined using two photon
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Doppler free techniques. This section summarises the
information that is available and describes an experimental
measurement of the pressure shift in atomic hydrogen.

A simple view of the broadening process in three
photon ionisation is as follows. Consider a laser tuned
sufficiently far off the two photon resonance SV =7V,,-2V,
that there is a negligible signal in the absence of
collisions, ie. SV 2>8V. yhere aV. is the laser linewidth.
The occurrence of collisions will tend to interrupt the
interaction of the atom with the light field, so that
instead of the interaction time being controlled by the
inverse of the laser linewidth, it is limited by a time

T . Thus the detuningd?vV satisfies %i>cfv >AY, the

LY
signal rate for this detuning will increase relative to the
signal rate on resonance and the transition is broadened.
Note that the signal rate decreases quadratically as the
interaction time decreases so that the overall signal rate
decreases. Estimates for the magnitude of this broadening
are available [7,28]. In [28] a broadening 10 MHz/torr was
obtained by analogy with inert gases. A slightly more
quantitive estimate was made in [7], again giving a value
of 10 MHz/torr. This analysis was based on the above simple
picture that collisions cause an interruption of the
interaction between the atom and the electic magnetic
field.

In practise the collisional process is more

complicated and for transitions probed by two photon
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Doppler free techniques the broadening cannot be due to
elastic collisions which merely change £he atomic velocity,
since the Doppler free component is independent of atomic
velocity as noted in Section 3.3, [3]. The shifts and
broadening arise through the perturbation of the energy
levels of one atom by the electric field of an atom or
molecule passing close by. Typically these might be
attractive Van der Waals potentials which drop off as R—E,
or Coulombic fields which drop off as R>if the perturber
is an ion where R is the atom - perturhber separation. The
effect of the electric field is firstly to Stark shift the
energy levels of the atom and secondly to change the life
time of the various levels either by mixing with a nearby
level with a shorter lifetime, as discussed in Section 3.6,
or by inducing transitions between nearby levels,[28].

The presure shift was measured by observing how the
*9re, to 18,,-25,, separation changed as a function of
pressure. The separation was measured at 0.5 torr and
1.5 torr and the observed change found to be +3* 6 MHz/torr
to higher frequencies. Since this shift was measured at
486 nm the total 1S-2S shift will be four times this value,
or +12 %24 MHz/torx. At the normal operating pressure of
0.2 torr the shift is deduced to be +0.6% 1.2 MHz. The sign
of the presgure shift is in agreement with the D.C. and
A.C. Stark shift results and gives an increase in the 1S-28S
frequency. The large error connected with this measurement

can easily be reduced by improving the statistics by
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increasing the number of scans used in the analysis.
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Chapter 4. The 130 Te, Saturation Spectrometer.

Diatomic molecules such as I,, Na, and Te, have many
transitions throughout the visible region. Cells containing
I, at close to room temperature have been used as secondary
frequency or wavelength standards for highly accurate
measurements [1,2,3], and for stabilising lasers [4]. The
advantage of using this type of standard over passive
systems such as interferometers is that molecular
transitions are relatively insensitive to the macroscopic
perturbations present in a laboratory environment. A
stabilised laser locked to a transmission maximum of an
interferometer will inevitably follow the frequency drifts
of that interferometer. If a laser is locked to a line in a
molecular vapour, provided the cell pressure is regulated
and no external perturbations such as magnetic fields are
applied, there will be no long term drifts of the laser
frequency. Additionally, it is possible for experimenters
in different parts of the world to be sure that they have
the same standard, because different samples of the same
element have identical physical properties. Naturally there
is a limit to this certainty, and for I, this corresponds
to cases when accuracies better than 10”0 of the optical
frequencies are required. Shifts of this order can be
caused by foreign gas contaminants, wall temperature
effects, stréy magnetic fields and optical power shifts
caused by the laser field.

For this experiment it was necessary to develop a
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frequency standard for use near 486 nm. This ruled out the
use of I, since it starts to photodissociate at wavelengths
below 500 nm [5]. GoTeJ was an obvious choice since it had
been used in previous experiments in the blue [6,7], and a
comprehensive atlas of its absorbtion spectra was available
[8]. One disadvantage of ”oTez is that it requires an
elevated temperature in order to provide a sufficient

t30

number density. Fortunately the Te, can be used in a

z

quartz cell which simplified the experimental apparatus
[9].

The fluorescence spectrum of ”oTeL when probed with a
tuneable single frequency dye laser near 486 nm is rich,
and bands fluorescing mainly in the green can easily be
observed. Spacing of these bands is irreqular but typically
around 10 GHz. No attempt to identify these bands was made
[10). The widths of some of these bands is larger than
might be expected from the Doppler broadening of a single
line (0.8 GHz) and when observed using Doppler free
techniques a multitude of lines separated by ~ 300 MHz may
be found.

This chapter outlines the methods used to observe the
Doppler free transitions in “oTeL and specifies the
experimental conditions under which the ?°Te, standard was

used.
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4.1. Doppler free saturated absorbtion spectroscopy.

Doppler‘free saturated absorbtion techniques have been
used for many years for high resolution spectroscopy. The
details of this experimental method are outlined in many
text books and review articles [11,12] so only a brief
description is given here.

Doppler free saturated absorbtion spectroscopy is
performed using two counter-propagating laser beams,
normally of the same frequency in the laboratory frame of
reference. One of the beams, called the pump, is of a
higher intensity than the other beam, called the probe. The
experimental cell is assumed to contain a gas of atoms with
a resonant frequency close to the laser frequency. The
transition being probed has a homogeneous linewidth much
smaller than the Doppler width, so the resulting absorbtion
is inhomogeneously broadened. Only those atoms which, due
to their motion, see the laser frequency Doppler shifted
into resonance can absorb a photon from one or other of the
laser beams. If 7V, is the laser frequency and )4 the
transition frequency in the laboratory frame of reference,

then v
\jT = 34'(1 * E;)

where V, 1is the atomic velocity component along the axis
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Figure 4.1.
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Figure 4.1.

Saturated absorbtion spectroscopy.

(a).

Population difference hole burning by the laser beam

(B).

Resulting probe absorbtion showing the Doppler free
decrease at V;
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defined by the counter-propagating laser beams. If the pump
interacts with the *+Vx velocity class then the probe
interacts with the -Vx velocity class and the two counter
propagating beams do not compete for the same atoms,
providing |Vi-V|>aY; where AVr is the linewidth of the
Doppler free transition that is observed. This is
illustrated in fig.4.1. However, if |Vi-V:1< AV~  then the
two beams are competing for the same atoms. Assuming that
the pump beam is sufficiently intense that it changes the
ground state population of the velocity class with which it
interacts significantly (it saturates the transition) then
the probe beam will see a reduced absorbtion. The resulting
line is narrower than the Doppler width of the transition
and is composed of the homogeneous linewidth, the laser
linewidth, and power and collision broadening effects.
Since this method probes within the Doppler width of the
transition it is often called Doppler free.

The experimental method is often more complex than
outlined above. An additional laser beam may be sent
through the cell in the same direction but spatially
separated from the probe so it does not interact with the
pump. This is subtracted from the probe intensity mainly to
compensate for the laser intensity fluctuations, but also
to remove the residual Doppler broadened changes in
transmitted probe intensity. Also standard phase sensitive
detection schemes may be used. The pump beam can be

amplitude modulated at a selected frequency using an
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optical chopper and the difference between the probe and
reference monitored for a component at this frequency. The
modulation is transferred by the saturation of the
transition described above. Another refinement is to
observe changes in the polarisation of a linearly polarised
probe when the pump is circularly polarised [13].
Polarisation spectroscopy, as it is called, can be much
more sensitive than saturated absorbtion spectroscopy, but
at a cost where the observed line shapes may be more
dependent on the experimental conditions. In the experiment
described here, the standard saturation absorbtion set up
using pump, probe and reference beams and phase sensitive
detection was used since it is simple and the signal to

noise was adequate (20-80:1).

4.2. Doppler free moTel spectra.

The experimental arrangement used to obtain the IwTe

2
saturated absorbtion signals is shown in fig.4.2.
Approximately 20-50 mw of single frequency light with a
peak to peak linewidth of 1-2 MHz was provided near 468 nm.
An acousto-optic modulator (Isomet) run at 80 MHz provided
optical isolation between the saturation spectrometer and
the dye laser. This enabled colinearity of the

counter-propagating beams to be maintained over a long path

length and reduced any residual Doppler broadening due to
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the crossing angle of the pump and probe. If the
acousto-optic modulator was omitted, the pump beam could
feed back into the dye laser causing amplitude and
frequency instabilities. The acousto~optic modulator also
had the effect of increasing the frequency of the light
used in this part of the experiment by 80.00 MHz. A
suitable correction for this had to be applied in the final
stages of data analysis (Section 6.1).

Tellurium of 99.3% isotopic purity was contained in an
evacuated fused silica cell (80 mmx 25 mm diameter) with
normal incidence windows [14]. The cell had been baked *to
1100 C and evacuated to l()—‘6 torr (ld5 Pa) prior to filling.
No detailed information regarding the level of contaminants
within the cell following the filling and sealing, or
during any subsequent heating, was available. The cell wall
was heated to 643°C via a 10.0 nichrome heater wire which
was non-inductively wound. Insulation was provided by a
layer of silica glass fibre between the heater and the cell
body and two layers of the glass fibre over the heater. The
complete assembly was wrapped with allumina coated paper.
The temperature was monitored by a cold junction
compensated chromel-alumel thermocouple fixed to the
thermally insulated outer wall of the cell body. It was
presumed that the tellurium equilibrium vapour pressure was

determined by the temperature of the cell windows,
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Figure 4.2.
Experimental arrangement used to obtain the lao'I‘e2

spectra and to provide the absolute frequency standard.
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since these were not lagged and there was no "cold finger"
side arm. This premise was in agreement with the
observation of tellurium condensate there. Initially it was
attempted to measure the temperature differential between
the cell body and windows by observing the known tellurium
melting point and assuming a proportional variation of this
differential with respect to the measured temperature above
ambient. This assumption was later found to be invalid with
the differential being much larger than the measured ~18°c.
To ensure reproducibility of the frequency standard, the
absorbtion of a low power beam (<1 mw) at a fluorescent
band with only one major Doppler free component was
measured using the standard operating conditions. The
absorbtion and conditions are discussed later.

The saturated tellurium spectra in the vicinity of the
deuterium and hydrogen transitions are shown in fig.4.3.
These are produced by overlapping a 6 mw chopped pump beam
with a 0.4 mw probe beam counter-propagating through the
cell. The beams were focussed to waists outside the cell
and the saturating and probe beam radii ( o amplitude
point} in the cell ranged from 0.28 mm to 0.24 mm and
0.20 mm to 0.13 mm respectively. A reference beam identical
to the probe but displaced was used to subtract off the |
laser intensity noise and linear absorbtion background from
the detected probe. The Doppler free spectra were then

recovered using standard phase sensitive detection methods.
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The probe beams were slightly smaller than the pump beams
in order to prevent convection induced probe beam wander
relative to the saturating beam which otherwise resulted in
a variation of the saturated signal amplitude.

Careful consideration was given to the choice of
tellurium saturated components to be used for calibration.
Use of saturated features with the narrowest linewidths
should optimise the short term stability of a tellurium
stabilised dye laser. The spectra of fig.4.3 exhibit
linewidths (full width at half maxima) in the range of
20-100 MHz. By comparison, linewidths of 1-5 MHz were
typical for saturated absorbtions in iodine [15]. Further,
good long term reproducibility is required. As a result
some of the features in fig.4.3 were deemed unsuitable due
to unexpected temperature behaviour (egq. component h, ) or
to magnetic field dependence. In this latter case an
inductive heater winding used in a preliminary study
resulted in an axial field induced 100 MHz modulation to
the a, and d, features. These were discounted although the
heater was rewound non-inductively. The components chosen
for calibration were b, and b, which lie roughly 4.2 GHz
and 1.4 GHz respectively below the frequencies equal to a
quarter of the 1S-2S transitions in deuterium and hydrogen.
The fwhm linewidths were measured to he 20 MHz and 34 MHz

for b, and b, respectively.
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onel spectra near 486 nm in (i)

Doppler free
deuterium and (ii) hydrogen showing the calibrated
components (b, and b,). The approximate position of one

quarter of the centroid of the 18-2S transition frequency

is also shown.
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4.3. Interferometric frequency measurements.

The calibration of the tellurium Doppler free
components b, and b, was carried out at the National
Physical Laboratories in London. The frequency of a dye
laser locked to a tellurium line was interferometrically
compared with the 633 nm light from a HeNe laser stabilised
to component "i" of the 11-5 R(127) transition in Iz711. The
iodine stabilised laser was an NPL reference laser and was
operated under preferred reference conditions. It had a
resettabili£y of 1 part in 10" and its frequency was
within 4x10" of the mean of a number of lasers from other
national laboratories with which it had been compared. The
reference interferometer was a 1 m long plane-plane
Fabry-Perot interferometer which was evacuated. The phase
shifts on reflection of the mirror coatings (Appendix B)
and other properties are well characterised [16,17,18].

The full experimental process is outlined in [19],
only a brief description is given here. Preliminary
frequency measurements of the dye laser stabilised at
486 nm to the chosen tellurium components were made using a
moving arm Michelson Interferometer wave meter [20] to 5
parts in 108 (30 MHz). This was within the accuracy
necessary to unambiguously determine the correct order

number at 486 nm for the 150 MHz free spectral range
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reference interferometer. Two HeNe reference lasers were
used. One is the iodine stabilised laser mentioned earlier,
the other is locked to a transmission maxima of the
reference interferometer. The beat frequency between these
two lasers is observed. The etalon length is changed to
bring it into resonance with the dye laser at 486 nm and
the offset between the two HeNe lasers is noted. Given that
the phase shifts on reflection are known at 633 nm and may
be extrapolated to 486 nm then the ratio of the frequencies
of the dye laser and the reference HeNe laser may be found.
From this result the frequency of the dye laser locked to a
tellurium component may be calculated using the known
reference HeNe frequency. The measured frequencies of

components b, and b, are

f(b,)

616 678 857.5 t 0.25 MHz

£(b,) = 616 513 896.3 ¥ 0.25 MHz

Il

The uncertainties correspond to one standard deviation and

are made up as follows:

—~1
reference laser 34 x10
-y
observation statistics 8 x10
.y
phase shift extrapolation 16 x 10
-
other [19] 11x10
-1
Total (root sum of squares) 40 »x 10 !
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The largest individual uncertainty was in the definition of
the reference laser frequency. This could be reduced if an
improved HeNe laser frequency is measured. The phase shift
were extrapolated from nine measurements betwen 670 nm and
514 nm and the error arises from the difference between a
cubic, quartic and exponential fit to these measurements.
The observation statistics are larger than normally found
with this interferometer. This is related to the larger
linewidth of the tellurium components compared with iodine
lines and the consequent uncertainty in the lock
resettability. The remaining errors arise from residual
effects in the interferometer optics and cell temperature
drifts. The saturating beam power dependence of the
measured frequency was measured between 3 mW and 9 mW and
gave rise to shift which was not statistically significant.
It was ﬂot possible to carry out long term observations
of the frequency of the measured components. A build up of
foreign contaminants in the cell due to prolonged exposure
to high temperatures is possible. Similarly, it was not
feasible to intercompare different tellurium cells which
would give information on the cell to cell reproducibility
and on the variations in foreign contaminant levels. Such a

method, utilising the Hanle effect, is used in iodine [21].
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4.4. The operating conditions.

Durihg the hydrogen lsuz—ZSVz experiments the
tellurium spectrometer was used with the following
conditions. The cell wall temperature at the point used in
the calibration was maintained at 640-645 . However, as
has been mentioned earlier, there was a problem in
determining the "cold finger" temperature. To ensure that
future experiments use the same conditions the absorbtion
of a low powered probe was measured at this temperature.
The experimental set up used is shown in fig.4.4, and
fig.4.5 demonstrates the position of the fluorescent band
for which the absorbtion was measued. It lies approximately
9 GHz lower in frequency than the calibrated hydrogen 1line
and was chosen because it contains one strong Doppler free
line which is 20 times stronger than any other components

lying under this band. The absorbtion was 23.4%*1.4 &.
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Figure 4.4.

Experimental arrangement used to obtain the linear

absorbtion at the calibrated temperature.
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Figure 4.5.
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Figure 4.5.

Location of the fluorescent line used to measure the

linear absorbtion.
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Chapter 5. The Experimental Equipment.

The experiment consisted of three sections: the
hydrogen 1S8-2S experiment, the tellurium saturation
spectrometer and the reference interferometer. In this
section the laser system and the equipment used in the
experiment are described and the experimental procedure is
outlined. The equipment is schematically shown in fig. 5.1
which has references to the section of this chapter where

each component is described.

5.1. The laser system.

The c.w. 486 nm radiation was generated by a krypton
ion laser (Coherent Cr 3000 K) pumping a coumarin
102 (Cl02) dye laser. The krypton laser typically ran all
lines in the violet (406.7 nm, 413.1 nm, 415.4 nm) and
produced 2-3 Watts. The Cl02 dye laser was a commercial
ring dye laser (Coherent 699-21). In the later parts of the
experiment it was converted to standing wave operation. The
reason for this was that the threshold was lower so the
krypton laser could be operated at reduced powers (l1.5-2 W
as opposed to 3 W), which proved a more reliable system.
Also the day to day operation of a standing wave laser is
easier and less time consuming than the ring laser. This
proved important in the data collection process in the
latter part of the experiment. The reductién in single

frequency power in the standing wave laser as opposed to
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the ring laser (150 mw to 75 mw) was not a constraint in
this particular experiment. However, if a grand experiment
was envisaged in which the 1S-2S spectra, the Balmer
spectra and the tellurium spectra were recorded
simultaneously, then the power limitations of a single
frequency standing wave laser might be a problem.

The standard dye laser system ensured single frequency
operation by using three line narrowing filters: a
birefringent filter and two etalons. Stabilisation of the
laser was achieved by locking the laser to an external
confocal etalon. The laser frequency was scanned by
changing the length of the confocal interferometer by
rotating an internal Brewster plate. Since the laser was
locked to this cavity its frequency followed the cavity
resonant frequency. The control electronics allowed the
laser to be scanned over a frequency region of up to 30 GHz
(lem!) in times ranging from 0.25 s to 600 s. Scanning the
laser tended to broaden the laser linewidth to about 7 MHz.
This was attributed to irregular rotations of the Brewster
plate and nonlinearities and instabilities in the ramp
voltage driving the Brewster plate galvanometer. Pressure
scanning of the reference cavity was tried to see if any
reduction in linewidth occurred [l]. The refractive index n
in the cavity is related to pressure by the

Clausius-Mossotti relation [2]:
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At -\ _ 470 N X
N+ 3

where N is the number of molecules per unit volume and
is the mean polarisability of each molecule. N is related

to the Pressure P, so assuming for air ne1

n-1 =KP K= constunt

and the refractive index is approximately linear with
pressure. The resonance condition for a confocal

interferometer is (Appendix B)

_2L = 2L
2

and A is independent of n. However, on passage into
another medium of fixed refractive index n, , the output

wavelength %ois related to A by

AoNg = N A

Since A and n, are fixed, a change in n means Ay also

changes. The wavelength change AN, is

AN, = .‘}r_\“.. Az KoaP k' = constont
[~

If the gas in the reference cavity is nitrogen then the
frequency change is 226 MHz/torr [3]. Thus if the required
scan range is 2 GHz the pressure change will be ~ 10 torr
which is rather small. Notice that the free spectral range

of the interferometer does not enter into the final result.
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The modifications required to pressure scan the dye
laser were modest. The reference cavity was already
hermetically sealed otherwise the laser frequency would be
sensitive to small atmospheric pressure changes. The major
modification was to replace the original 1id with a
homemade 1id which had a pressure fitting built in.
Additionally the galvanometer body was réised slightly from
the base of one of the two internal chambers to allow free
gas flow between them. The advantage of being able to
combine both pressure and electrical scanning mechanisms in
one container is that the electrical scanning is more
convenient for initial tuning in to a given frequency.
Pressure scanning is then available for the actual
experimental runs. The pressure in the reference cavity was
monitored using a water filled manometer. For simplicity
the reference cavity was pressurised using a syringe and
allowed to leak out of a needle valve. The scan linearity
was measured by monitoring the transmission fringes of a
75 MHz confocal interferometer. If the frequency of the
laser varies smoothly with time it should have been
possible to fit a curve to the separations between the
interferometer peaks. In practice it was found that the
error in the fit was comparable to electrical scanning
indicating that the random frequency fluctuations were
similar. Part of the reason for this result is that the
locking electronics have to work harder when the frequency

is pressure scanned than when it is electronically scanned.
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It is possible to derive a feed forward signal when
electrically scanning which smoothly adjusts the tuning and
stabilisation filters so that the locking circuits only
have to deal with small detunings of the laser frequency
from the reference cavity resonant frequency. When pressure
scanning using the simple set up described above no feed
forward was generated and the locking electronics had to
compensate for the total change in resonance frequency of
the reference cavity. This led to periodic relocking events
when the voltage on the various stabilisation elements
reached a maximum value and were automatically zeroed. A
feed forward could be generated by monitoring the pressure
in the reference cavity using a capacitive manometer and
applying this to the stabilisation electronics.

The laser dye, coumarin 102, had a relatively short
useful lifetime and required to be changed after
50-100 Whrs. Photodissociation products tended to increase
the losses and reduce the output power. The concentration
was 0.75 g/1 and the circulator contained approximately 1
litre of solution. The dye was initially dissolved in
100 ml of benzyl alcohol then added to ethylene glycol
(ethandiol) in the dye circulator while monitoring the
laser power. Maximum power normally corresponded to a pump
light absorbtion of 60-70% in the dye jet. The krypton
laser was oné of the most troublesome components in this
experiment. The most frequently occuring failure mode was

non user serviceable and required a new laser tube. The
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Brewster windows on the tube gradually coated on the
inside. This coating absorbed in the violet and U.V.
causing thermal lensing which reduced the output and beam
quality. Laser tubes lasted, on average, 4.5 months with
eight tubes being used over the three years of the

experiment.

5.2. Pulsed amplification.

The low power c.w. beam from the dye laser was
amplified to high peak powers using a pulsed, single pass,
four stage, transversely pumped dye amplifier chain. The
dye cells were pumped by a frequency tripled Q-switched
Nd:YAG oscillator-amplifier system (Quanta Ray DCR 2 (10)).
This laser generated up to 0.7 J in a 7 ns pulse length at
1064 nm. Subsequent frequency doubling and mixing gave

150 mJ in a 5-6 ns pulse length at 355 nm.

5.2.1. The dye amplifier chain.

The amplification process has been well treated in the
literature [1,5,6,7,8] and only a brief outline will be
given here. Pumping of a dye cell, using a several
nanosecond pump pulse can create a population inversion

which can be used to amplify an input signal. In common
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with all amplifying processes the output consists of an
amplified version of the input signal, (the amplifying
process may introduce temporal, spectral and spatial
distortion) and a noise signal. The experimental
considerations leading to the amplifier system illustrated
in fig.5.2 are designed to optimise the amplification by
reducing the associated distortions and the background
noise. The background noise is due to amplified spontaneous
emission (ASE) which, as its name suggests, is caused by
excited dye molecules relaxing to their ground state and
emitting a photon by spontaneous emission. Since this
photon emission was not stimulated it is completely
unrelated to:the input signal. It may however experience
the same gain as the input signal and be amplified to an
inconveniently large level. If its growth is not limited it
may saturate the gain, thus reducing the gain experienced
by the signal. It is shown in [5] that the maximum single
pass gain G, before gain is limited by ASE, is independent
of the dye parameters and dependent only on the geometric
properties of the excited region:

L'l.
Ca =

enG R'L

(5.2,1)
where R and L are the radius and length of the active
medium respectively. This result only holds for weak
punping and for exponential gain, which means that the gain

is not saturated by by the amplifying process.
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For the dye cells used in the early stages of amplification
L=l cm and R~ 0.1 mm, & G ~3x10" . Typically the measured
gain ranged from SXlOBto lO4 . In the second and subsequent
stages of amplification (5.2,1) does not apply since the
gain is saturated by the amplification précess and the weak
pumping condition does not apply. Secondly, in these stages
the ASE does not grow from the background noise but is
injected together with the signal from the previous stage.
However the same geometric considerations do apply. The
active medium should be long and thin to reduce the
probability of a spontaneously emitted photon being
amplified.

Transversely pumped dye cells introduce inhomogeneity
in the spatial distribution of energy in the amplified
beam. This is due to the non uniform gain distribution
within the active region. The gain is highest closest to
the front surface of the dye cell, consequently the.signal
in this region experiences a higher gain. The front surface
of the dye cell can act as a diffraction edge which
introduces intensity fluctuations across the beam profile.
Careful alignment and spatial filtering can compensate a
little for these defects.

Amplification can also chirp the frequency of the
pulse. This process has not been generally discussed in the
literature since it is only a problem when amplifying

narrowband c.w. dye lasers and using the light in
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experiments where the c.w. frequency is being compared with
the pulsed frequency [9,10,11].

Approximately one third of the vertically polarised
light from the dye laser, 10-20 mw, was passed through a
polariser and focussed (f=10 cm) to a 55 ym* 10 ym radius
spot in the first dye cell. The polariser was optional and
was used to reduce the backward travelling ASE to a level
where it did not perturb the dye laser stabilisation. The
355 nm light from the NA:YAG laser was horizontally
polarised and the front surface refleéction from a quartz
plate was used to pump the dye cell (~1%, 1-2 mJ). It was
focussed to a 1 cm long line using a quartz cylindrical
lens (f=15 cm). The position and rotation of the lens
optimised the amplification (5xlds— qu). The output of the
first cell was collimated and passed through a direct view
dispersing prism, which spatially separated the ASE from
the amplified light. A 3.3 cm lens focussed the light onto
a screen with a 100 pm pinhole. This provided spatial and
spectral filtering and reduced the ASE background to
1/200 - 1/500 of the amplified signal level. The
transmitted light was collected and focussed (f=6 cm) to a
180* 10 ym spot size in the second stage. The 355 nm A/2
plate was used to rotate the polarisation incident on the
quartz plate and thus vary the reflectance to enable
optimisation of the signal amplification and ASE to be
made. Typically 1-7 mJ reached the dye cell and gave a

saturated gain in the region of 100. The output of this
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stage was collected and focussed into the third stage
(180720 mMm) and allowed to expand into the final stage
(650550 pm). A second 2/2 plate rotated the pump
polarisation until it was vertical and pumped the third
stage with ~7 mJ, The rest of the pump energy (~30 mJ) was
used to pump the final stage where it was expanded and
focussed to a 2 cm long line to match the final cell
length. The final stages gave comparable gains of 20-50
giving an overall gain in the region of 2x10" . Tosses and
absorbtion in the dye cells account for the discrepancy
between the gain each stage gave and the overall gain. The
total amplification process was not particularly efficient
and could be improved. The output of the Nd:YAG was 70 mJ
per pulse of which about half reached the dye cells. This
gives an energy conversion of 3.5% which was adequate for
this experiment.

Flowing dye cells were essential to prevent thermal
lensing in a system operating at 10 Hz. The first two cells
share the same circulator and dye concentration: 0.7 g/l of
Cl02 in methanol. The third stage dye concentration was
0.5 g/1 and the final stage concentration was 0.2 g/l.
Variations in the dye concentration of ~25% did not change
the overall performance.

The amplifier typically produced 1.0-1.3 mJ per pulse
with a background of ASE between 10%-30%. The pulse length
is about 5 ns which is shorter than the pump pulse length

of 7 ns. The spectral properties of the pulse were measured

PAGE 97



Chapter 5.

using confocal interferometers of 1.5 GHz and 300 MHz free
spectral ranges and resolutions of 15 MHz and 2 MHz
respectively. The linewidth was measured to be 150-200 MHz
which is approximately 2 to 2.5 times the Fourier transform
limit. Pulse broadening effects could be due to intensity
modulations of the pump [4] and to the frequency chirp
experienced in the amplification process. The frequency
chirp varied on a day to day basis but was normally in the
region of 30-55 MHz.

A simple model of the contributions to the amplifier
chirp will be analysed. Consider a dye cell transversely
pumped by a short pulse. The gain experienced by light
passing through the cell increases to ~lO3 in times ~1 ns.

The light propagates in the cell according to [12]
+ 3z (it~ (RraR)2)
E=E, C e Z=o0, L

(5.2,2)
where L is the length of the dye cell (L=0.01 m), ¥ is the
intensity gain coefficient related to the imaginary part of

the complex susceptibility x"(w):

R )C"(“)
2 n?

¥ (W) =

n is the refractive index far from resonance. R is the

wavevector of the wave assuming a refractive index n. AR is
the change in wavevector caused by the pumping and assuming
that the dye cell is sufficiently short that changes in the

population inversion during the passage of light is small.
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k()
2 n*

AR =

where ka) is the real part of the complex susceptibility
. 174
X (L) = )C_’(LQ) -t X (w)

The real and imaginary parts of the complex susceptibilty

are related through the Kramers-Kronig relations [12] by

Xy = A eI (W)

where W, is the resonance frequency and aw is the full width
ay half maximum of the absorbtion curve.

The frequency chirp 6w is given by

dw = -

LW L dX W -w Ay
chdt ALo OTE
An expression for YL is

-t
¥L = QV\E"*'G"e ’l"]

3
where G is the gain of the cell [G ~10 ] and T is the

time of the pumping pulse (Y~3 ns). For I%J < 2 the time

differential i} is
dt 47

e .
a¥ G e 7[_2;15],\,_& .+ 0.6 x10 S
— N 1 k2

The magnitude of the resulting frequency chirp for t=%is

1 MHz if W,-w~aw., The sign of the chirp is positive on the
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leading edge of the pulse (t<0) and negative on the falling
edge. As the model stands it leads to a symmetrical
broadening of the spectrum and does not predict a shift as
observed in the experiment. Additionally the predicted
chirp is an order of magnitude smaller than the measured
shift (~ 30 MHz).

A number of comments on this calculation are
appropriate. The model only considers a single dye cell
whereas the dye amplifier chain consists of four cells each
pumped by different energies. The relative timings of the
pump and the amplifier pulse passing through each cell may
play a role in reducing the effect of the trailing edge
chirp thus giving the pulse frequency a net positive shift.
The model assumes that the Kramers-Kronig relations are
valid, which is not true in the presence of saturation [12]
which is an important consideration in the second and
subsequent dye cells. Additionally it is not clear that the
Kramers-Kronig relations in the form used here are valid
for a dye emission band. The important result is that the
refractive index changes occuring during a pump pulse
causes a frequency shift and the calculated chirp has
roughly the right order of magnitude.

A further mechanism that can cause a frequency shift
is the frequency dependence of the gain coefficient ¥(w).
The gain is higher for frequency components closer to Wo ,
[13]. An estimate of the shift due to this process gives a

value 4'103 too small.
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5.3. The line narrowing interferometer.

The linewidth of the pulsed light from the amplifier
system was measured to be in the region of 150-200 MHz
using a 1.5 GHz confocal interferometer with a 15 MHz
passband. This limited the experimental resolution to
20 MHz in the blue (3 parts in.lﬁf), With the availability
of more efficient doubling crystals (see Section 5.4) the
possibilty of line narrowing the pulsed light by passing it
through a confocal interferometer was considered. The
transmitted light would acquire the linewidth
characteristic of the interferometer passband and the
energy would be reduced by approximately the ratio of the
interferometer linewidth to the pulse bandwidth. This
section discusses the design and operation of the filter.

The design criteria were:

(1). The linewidth of the filter was chosen to be about
20 MHz because the filtering process would reduce the
energy per pulse to 0.1 of its original value, while
conversion to U.V. light could be maintained by focussing
in the doubling crystal. How much further this process
could be carried out was not known without experimental

results.

(2). The intensity on the mirrors should not be above the

coating damage threshold and the amplifier beam quality
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should not limit the filter resolution. Both these
requirements meant that a confocal interferometer (see
Appendix B) should be used. Since the transverse modes
resonant frequencies are degenerate and the acceptance
aperture is large ( fmax ~ 3 mm) for a confocal
interferometer, no modematching optics should be required
and large beam diameters could be maintained on the
mirrors. The only alignment required is to ensure that the
optic axis of the interferometer is parallel and coincident

with the laser beam.

(3). The transmission frequency should be related to the
c.w. dye laser frequency. This was achieved by mounting one
mirror of the interferometer onto a piezo-electric crystal
and locking the interferometer resonant frequency to the

dye laser frequency.

Each of these criteria will be discussed in more detail as

the filter design is described.

5.3.1. Mechanical construction of the filter.

The mirror separation of the filter was chosen to be

25 cm which gives a non modematched free spectral range of
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300 MHz and a modematched free spectral range of 600 MHz.
When the interferometer is modematched the free spectral
range is much greater than the linewidth of the incoming
pulses (200 MHz) so only one order of the filter will be
excited. Apart from this, a design for interferometers of
this type already existed. Also a reliable source of
mirrors with the required curvature and coatings was
available (Technical Optics). The filter body was made out
of a stainless steel tube which has a smaller coefficient
of thermal expansion than dural. The mirror holders were
constructed of brass. The piezo-electric crystal (PZT-5H,
1" diameter, I.D.=0.75") was glued onto a brass holder
which was threaded to give a coarse length adjustment. Two
wires were soldered to the inside and outside of the PZT
tube and were taken to a BNC connector to be used to apply
the high voltage required to modulate the cavity length and
apply the correction voltage. The other mirror was mounted
on a mirror mount which gave the slight angle adjustments
which aligned the mirrors on a common optical axis.

The filter tube was held by two mounts which were
independently adjustable both vertically and horizontally.
The mounts held the filter tube as close as possible to the
mirror positions so that each adjustment was independent.
Modematching was achieved by aligning the interferometer
parallel to an optic axis defined by the incoming laser
beam. The initial stage was to pass the light through the

interferometer until two distinct spots were observed. The
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spots were overlapped close to the output of the
interferometer by adjusting the horizontal and vertical
controls at the output end. Next the spots were observed on
a wall a few meters away and overlapped using the
horizontal and vertical controls at the input end. This
process was repeated until a two beam interference pattern
was seen. The dye laser was then scanned over a few free
spectral ranges and the interferometer transmission was
observed on an oscilloscope. Fine adjustments to the
horizontal and vertical controls enabled modematching to be
realised which was shown on the oscilloscope by a decrease
in amplitude of alternate transmission fringes, indicating

that the free spectral range had doubled.

5.3.2. Optical parameters of the filter.

The bandwidth of a modematched confocal interferometer

with mirror reflectivity R is (Appendix B)

AV = Vesg - c 1-R
F 2L MR

If R=0.9 and L=25 cm, the bandwidth is 20 MHz corresponding
to a theoretical finesse of 29. The finesse was measured
and found to be approximately 25. The discrepency is

probably due to the figure of the mirrors. The first
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mirrors tried were specially coated standard 300 MHz
interferometer mirrors (SA 300 Technical Optics). These
mirrors performed well if only a limited region of the
mirror surface was used, which corresponds to the
acceptance aperture being limited by the mirror quality
rather than by spherical aberration. The mirrors were
replaced with another set which were of higher optical
quality ( A/ls) allowing a larger input spot size and
giving results closer to the theoretical values. The output
beam quality also improved and became substantially more
like the input beam. The original mirror set gave a very
distorted fringe pattern. It is interesting to note that
the analysis of Appendix B indicates that if the
interferometer length is tuned away from the confocal
condition then the acceptance aperture is controlled by the
detuning rather than the spherical aberrations and other
defects of the mirrors. This is indeed what was observed.
The detuned non confocal interferometer gave a good
circular fringe pattern even with the low quality mirrors.
As the length was adjusted towards the confocal condition
the fringes distorted progressively. The distortion was
only noticeable in the lower quality mirror set.

Another prediction of the analysis of Appendix B that
was verified was the resolution of higher order transverse
modes as the interferometer length was tuned away from the
confocal condition. When a large diameter beam was passed

through the detuned interferometer so many transverse modes
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were excited that the resulting transmission fringes when
viewed on an oscilloscope were asymmetric in a sufficiently
detuned interferometer. If the interferometer was too long
(short) then the tail was on the high (low) frequency side
as shown in fig.B.2. This was one of the techniques used to
identify the confocal condition. The other method was to
observe whether the fringes pattern got smaller or larger
when the laser frequency was increased [14]. This method
did not work with the low quality mirrors in the immediate
vicinity of the confocal position because the distorted
fringe pattern made it difficult to tell if the fringe

radii were increasing or decreasing.
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5.3.3. Filter stabilisation.

The filter was stabilised using standard first
derivative locking techniques [15]. Refer to fig. 5.3 to
follow the description of this method. The cavity length
and hence resonant frequency is scanned over a small
freqguency range which modulates the transmission of a fixed
frequency laser beam. Depending on whether the fixed laser
frequency is higher or lower than the resonant frequency,
the intensity modulation will be in phase or 180° out of
phase with the modulation. Also when the fixed laser
frequency is equal to the average resonant frequency the
intensity modulation is at twice the modulation frequency.
The intensity modulation is amplified and phase sensitively
detected. The phase sensitive detector is driven by the
modulation frequency and its output is a D.C. level whose
polarity depends on the relative phase and and whose
magnitude depends on both the relative phase and the
gradient of the transmission versus freguency curve shown
in fig. 5.3. Essentially the output is the first derivative
of the transmission profile. The sign of the P.S.D. output
contains the required information about the position of the
fixed frequency laser relative to the transmission maxima

of the cavity.
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Figure 5.3.
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Figure 5.3. First derivative locking.

The graph shows on an expanded frequency scale one of
the transmiséion maxima of an interferometer. The
transmission as a function of time is shown at three points
on the curve as the resonant frequency is varied.

(a) on the low frequency side of ), the transmission
change is in phase with the frequency change.

(b) at the peak the change in transmission occurs at
twice the rate of the change in frequency.

(c) on the high frequency side the change in

transmission is 180° out of phase with (a).
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If the P.5.D. output is amplified to a sufficient level and
applied with the correct sign to the PZT crystal then the
cavity resonant frequency may be tuned into resonance with
the fixed laser frequency. This simple scheme has the
defect that the P.S.D. output, the error signal, vanishes
when the cavity and laser frequencies are equal. As the
signal applied to the PZT is proportional to the error
signal final cavity frequency will come to equilibrium
somewhere between the original cavity frequency and the
laser frequency. To avoid this problem the P.S.D. output is
integrated before being amplified and applied to the PZT.
Thus when the laser and cavity frequencies are equal, the
error signal becomes éero and the integrator output remains
constant. A schematic diagram of the locking system is
shown in fig. 5.4.

The circuits used in this experiment were taken from
[16]. The modulation frequency was 600 Hz and the cavity
resonant frequency was modulated over 7 MHz. Due to the
lack of sensitivity of the P.S.D. circuit a commercial
P.S.D. unit (Bentham) was substituted. This has continually
variable gain and a wide range of time constants. The
intensity modulation was detected on a photocell. The
amplified pulses were also incident on the detector since
they were coincident with the residual c.w. beam. To
prevent the very large signal saturating the amplifier and
@Wffecting the locking, the detector was shorted out during

the pulses. The circuit used for this is shown in fig.5.5.
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Figure 5.4.

Schematic of the locking electronics.
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The signal from the photocell was passed through a current
to voltage converter.An analogue switch shorted the output
to earth wherever a trigger pulse was present from the
Nd:YAG laser. The analogue switch was triggered by two
74LS123 which controlled the delay with respect to a
trigger pulse from the Nd:YAG laser and the duration that
the analogue switch conducted. The next stage was an active
low pass filter which rolled off at 18 dB per octave and
had a corner frequency at 1000 Hz. This surpressed any
transients due to the switching while passing the
modulation frequency. Two stages of adjustable gain follow
the filter. The output of the amplifier was passed to the
phase sensitive detector where it was rectified and sent to
the integrator [16]. After integration the signal was
passed to the high voltage amplifier where it was summed
with the modulation voltage and the feed forward from the
dye laser. As explained in Section 5.1 the feed forward was
used to adjust the filter resonance frequency when the dye
laser was scanned. The locking electronics deal with any
non linearities in the scan and any perturbations the
filter might receive. The maximum frequency scan of this
system was 2 GHz. This was limited by the high voltage

(900 V) that could be applied to the PZT. Since this was
sufficient to carry out the experiment no steps were taken

to expand the scan range,.
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Figure 5.5(a).

Filter stabilisation detector's

filtering and

amplification circuit.
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Figure 5.5(b).
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Figure 5.5(b).
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The quality of lock was monitored by measuring the
ratio of the error signal when locked to the maximum error
signal when unlocked. Typically this value lay between
1/200 and 1/1000 of the filter linewidth. The lock was
optimised by increasing the gain and time constant on the
P.5.D.. The laser could be scanned over 2 GHz in 0.25 s
without losing lock. Normally the filter lost lock only
when the dye laser suffered an abrupt frequency
perturbation.

When in use both the c.w. light and the pulsed light
were modematched into the cavity. Since modematching was
insensitive to deviations less than * 5xld%- radians from
coincidence of the filter axis with the laser beam optic
axis this means that the pulsed and c.w. light were
colinear to this level. One mechanism which could make the
pulsed light non parallel with the c.w. light was the
thermal lenses set up by the pump laser. Since the dye was
flowing in the dye cells the thermal lenses would be washed
out by the time the next pulse arrived. However the c.w.
beam was present all the time and sampled the production
and decay of the lens. This could cause beam deviations not
seen by the pulsed light. It is conceivable that such non
parallelism could cause a frequency offset between the c.w.
light and the pulsed light. The magnitude of such an offset

may be estimated from [14] and is negligible in comparison
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with a frequency shift caused by the amplifier chirp
described in Section 5.2.

The linewidth of the filter was 25 MHz measured with
a single frequency laser. The linewidth of the pulsed light
was measured to be 30-40 MHz with some of the broadening
attributed to the 7 MHz length modulation applied to the
filter.

When the filtered pulsed light frequency was compared
with the c.w. frequency it was found to be slightly blue
shifted. One contribution to this residual amplifier shift
was due to the non zero gradient of the pulsed spectrum at
the c.w. frequency. This may be estimated as follows. Let
the filter lineshape be represented by a Gaussian (V)

~U2

(=]

f(v = F e
while the pulsed lineshape is represented by

~Cv~1@i7611
q(y) = C e

Then the transmitted lineshape is given by {(v)%(v) with a
maximum found by equating the first differential with

respect to Y to zero:
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Vs is the amplifier shift ( 40 MHz), o is the 1/e half
width of the filter (o¢;~15 MHz) and O, is the 1/e half
width of the pulsed spectrum (0,~75 MHz).

The resultant contribution to the residual amplifier
shift is + 1.5 MHz towards the peak of the pulsed spectrum
(see fig. 5.6.). This value is smaller than that observed
using a high resolution confocal interferometer with a
300 MHz free spectral range and a 2 MHz linewidth. For the
sequence of spectra used in the final data analysis the
residual amplifier shift was 12.3%*5.2 MHz. Other
contributions to the residual amplifier shift could include
a locking error in the filter stabilisation electronics or
the effect of spherical aberrations of the mirrors. As
pointed out in Appendix B, the round trip phase change is
smaller off axis than on axis, so the resonance frequencg
is higher. The maximum useable radius r.., is calculated
assuming that it is the radius when the off axis resonance
frequency can be resolved from the on axis frequency. This
corresponds to a change of +25 MHz and could explain the

magnitude of the residual amplifier shift.
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Figure 5.6.

AMPLIFIER SHIFT

(A) ;;)

»

(B) >
RESIDUAL .AMPLIFIER SHIFT

_>

(C) g

Figure 5.6.
Spectral properties of the filtered pulsed light
showing the formation of the residual amplifier shift.
(a) spectrum of the c.w. and pulsed light.
(b) transmission of the filter locked to the c.w. light.

(c) the residual amplifier shift.
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Consideration of the Fourier transform relation
between time and frequency shows that for the filter
limited linewidth of 25 MHz the length of a single sided

exponential pulse must be

|

At:l’ﬁ AT ~ Tas
and for a Gaussian pulse
Atz ZHHL o 7as (Funm)
LYV
The % time is related to At by At(é):: ot 2Sns .

a2

Since the output pulse was a combination of a Gaussian
rising edge and an exponential tail the expected duration
was between 7 ns and 25 ns as indeed it was. Fig. 5.7 shows
tracings of a series of photographs of the temporal shape
of the filtered pulse. The first photograph shows the
modematched case with a duration of 12 ns ( é‘ time). The
second photograph shows the output pulse of the filter when
it has been deliberately detuned from the mode matched
case. The ripple in the intensity is a real effect, the
exposure was 20 s which corresponds to an average of 200
pulses. The period of the ripple is ~ 3 ns and relates to a

beat frequency of ~300 MHz. The explanation is that when

non modematched, the free spectral range reduces to
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Figure 5.7.

(a) 10ns

(b) 10 ns

Figure 5.7.
Temporal profile of the amplified and filtered pulses.
(a) interferometer mode matched.

(b) interferometer deliberately detuned from the

modematched condition.

(c) the amplified pulse before filtering.
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300 MHz and since the pulse bandwidth is 150-200 MHz a
significant amount of power may be present in the adjacent
orders of the interferometer. These cause the 300 MHz
beats. The final photograph shows the input pulse to the
interferometer with the full width at half maximum of 4 ns.

The transmission of the interferometer was 1/13. An
incident peak power of 260 kW was reduced to 10 kW after

taking into account the different pulse lengths.

5.4. Frequency doubling.

Frequency doubling was carried out in either lithium
formate monohydrate (LFM) or urea. Both crystals had
similar dimensions (8x8x8 mm) and were cut for type I phase
matching at 486 nm at normal incidence. The crystals were
obtained from Quantum Technology. The crystal cells had
normal incidence windows and contained a solution of FC104
which acted as a nominal index matching lignid and
prevented the crystals from coming into contact with water
vapour. Details of the phase matching requirements and
calculations of the nonlinear coefficients are given in
Appendix C where it is also shown that urea is expected to
be about four times more efficient than LEFM under optimum
focussing conditions. The relative conversion from 486 nm
to 243 nm was measured and urea was found to be six times

more efficient than LFM which is in reasonable agreement
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with theory. Any differences may be accounted for by the
optical quality of the LFM crystal which had deteriorated
due to colour centre formation by U.V. absorbtion. The high
efficiency of the urea crystal meant that it was used
exclusively in the final stages of the experiment. As an
example of this, energy conversion efficiencies of up to
20% were observed when doubling a i mJ unfiltered pulse
from the output of the amplifier giving up to 200 pJ of
U.V.. The best observed from LFM was 50 MJ. Under optimum
focussing conditions (spot size = 18.6‘pm) the generated

second harmonic power is (see Appendix C, Table C.1)

-5 2
gh’= 894 x 10 P
for a crystal of length 0.0l m. After filtering of the
pulsed light there is approximately 10 kW of peak power in
the pulse indicating that up to P,y” 8.5 kw may be
generated. Clearly at this level of conversion the
assumption that the fundamental is not being depleted is
invalid. Experimentally the ‘e radius in the crystal was
70 ym?* 20 ym indicating that the arrangement was far from
optimum. The generated U.V. energies ranged from 10-20 pJ
(1.7 kw-3.3 kw using a 6 ns pulse length) after correction
for losses in optics, which is a conversion of 33%. Using
the experimental value of ¥ = 0.1, h,,m (B) = 0.03 and for
P, =10 kW, P, = 3.2 kW in close agreement with the

measured value.

Typical energy levels in the experimental cell were
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0.7—3/13. Using a U.V.pulse length of 6 ns these correspond

to peak powers of 117-500 W.

5.5. Production of atomic hydrogen.

The atomic hydrogen source was initially designed by
J.M. Girkin. This section briefly describes the design and
operation of the system. The molecular hydrogen (or
deuterium) was obtained by electrolysis of H,0 (or D,0).
The electrolysis cell consisted of a stainless steel
cathode and a tungsten anode. The electrolyte was a mild
NaOH solution. A reservoir of capacity 500 ml was included
to provide a reliable supply. Flow from the electrolysis
cell was controlled by a needle valve.

The molecular gas was dissociated using a microwave
discharge (Microtron 200). Total power available was 25 W
but normally 6-10 W was sufficient to provide a good
discharge. Increasing the microwave power did not normally
increase the atomic hydrogen yield as observed in the
sample cell. The discharge cell was quartz with dimensions
9 cmx 1l cm diameter. It was connected via an orifice of
I.D. 1 mm and a graded seal to a pyrex U. tube which lead
to the sample cell. The dimensions are given in fig.5.8.

Atomic hydrogen tends to recombine on almost any material.
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Teflon and éuartz are good low recombination materials. By
coating the inside of the tube with a thin layer of dilute
ortho-phosphoric acid (10-20%) the recombination rate is
enormously reduced. With practise, observation of the
discharge colour and spectrum enabled the presence of
atomic hydrogen to be predicted. A deep pink colour and the
absence of molecular bands was a good sign. Drying out of
the phosphoric acid coating by evaporation caused by the
discharge or the low pressure (0.2 torr) was noted by a
reduction in signal or a change in colour of the discharge
to a whiter shade of pink. Adding a little water to the
discharge tube generally cured this problem. When deuterium
was under examination it was found beneficial to use
deuterated water as the dilutant of the phosphoric acid. If
this was not done the hydrogen 15-2S signal was found to be
larger than the deuterium 1S-2S signal even though D, was
being flowed into the discharge. Replacing the water
coating with D, O increased the deuterium 15-2S signal until
it was comparable with the hydrogen signal. The reason for
this is twofold. Firstly the deuterium source produces a
significant quantity of H, since NaOH was added to the
electrolyte. Secondly, there may be a mechanism for the
exchange of D, vapour with the H, combined on the walls of
the discharge tube as water. This process may reduce the
amount of D, and increase the amount of H, in the cell when
the walls were coated with H,O.

Pressure in the discharge cell was monitored using a
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capacitdtive manometer (Baratron 222B). Normally the
experiment was carried out using a pressure of 0.18 torr,
but when pressure shifts were examined a range of 0,5 to

1.5 torr was used.

5.6. The detection scheme.

The ions produced by three photon ionisation of atomic
hydrogen were detected by applying a small voltage between
two stainless steel plates in the sample cell. The plate
dimensions were 10x75 mm”~ and they were separated by 15 mm.
The collected charge changed the potential of the capacitor
plates which was detected using the circiuts of fig. 5.9.
The sample cell and the first amplifier were placed in a
Faraday cage to prevent pickup in the electrically noisy
environment of the laboratory. The biggest problem was R.F.
pickup associated with the Nd:YAG laser and 50 Hz noise
related to the microwave discharge. The circuit of fig. 5.9
includes a high pass filter which reduces the amplitude of
50 Hz pickup. The combined system has a response of 13Vpc
which was measured by applying a voltage step Vin to one
end of a known capacitor Co connected in place of the
sample cell. If Vo 1is the output pulse height the

sensitivity S is given by
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Figure 5.9.
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Figure 5.9.

The ionisation detector circuit.
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™
The noise level corresponds to 10 electrons peak to peak

3
or 3 x10 rms.

5.7. The reference interferometer.

The reference interferometer was a confocal
interferometer with a nominal free spectral range of
500 MHz. The spacer was a quartz tube the ends of which
were ﬁade parallel by polishing on a latﬁe. The tube length
was measured'independently by Dr. A.I. Ferguson and myself;
the measurements agreed within experimental error. The
result was 149.57% 0.02 mm. The mirrors were coated with
aluminium and epoxied to the end of the quartz tube with
torr seal applied to the outside of the joints only. Taking
into account the diameter of the tube 23.76 % 0.1 mm, and
the radius of curvature of the mirrors, 15 cm, the optical
length of the interferometer was 150.51% 0.013 mm
corresponding to a free spectral range of 497.96 (10) MHz.
The refractive index correction to this was made negligible
by evacuating the tube to ldb torr and testing for pressure
integrity. After this the tube was sealed.

Ambient temperature variations can cause the resonant
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frequency to shift. Quartz has a small temperature
coefficient (O.led‘ %ﬂ), however, in order to keep the
resonant fréquency constant to better the 1 MHz the ambient
temperature should be stabilised to better than 4»(10“3 “c.
While this level of accuracy was not achieved in this
experiment a temperature drift of less than 20 MHz per hour
was normally found. The correction to the free spectral
range Vg, due to this shift is easily found to be:

Ve - Vg
where iLand i& are the laser and interferometer freguency
changes per unit time respectively. In this experiment the
laser scan was normally 2 GHz in 200 s, ie.i&_= 10 MHz/sec
and ﬁ{~6xldg MHz/sec, and the correction was less than
0.3 MHz per free spectral range. This number is roughly the
order of magnitude of the uncertainty in the free spectral
range and since no systematic shift of this size could
possibly be resolved in this experiment this correction was
neglected. It could, however, be included as an additional
uncertainty.

The temperature of the interferometer was stabilised
using a proportional controller designed to control a
peltier cooler. A nicrome heating wire of resistance 10 £
was wrapped around the tube, fig. 5.10. Thermal insulation
was given by foam rubber inside an airtight tube. This

system was somewhat sensitive to the ambient temperature

changes and draughts in the laboratory so it was placed
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within a temperature controlled box which was stabilised to
*0.5 °C using a commercial control unit. A 100 W bulb

provided the heat source.

5.8. Data acquisition.

Up to six channels of information were recorded using a
homemade data acquisition system. A small microcomputer
(BBC model B Acorn computer) controlled the system and
analysed the data. Data was digitised using an analogue to
digit converter (ADC) which sequentially accessed up to

eight channels. Normally six channels were used:

Number (1). Pulsed 15-2S data.

(2). Not used in this experiment

(3). Not used in this experiment

(4). 500 MHz interferometer fringes

(5). Smoothed 15-2S data (0.1 s time constant).

(6). Tellurium saturation spectrometer (0.1 s time
constant).

(7). Amplifier shift c.w. data

(8). Amplifier shift pulsed data.
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Figure 5.10,
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Figure 5.10.

The reference interferometer.
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As will be explained in the next chapter, the amplifier
shift data was taken separately from the experimental data.
A schematic of this experiment is shown in fig.5.11. Prior
to being digitised the data was collected using sample and
hold techniques. The output of the sample and holds was
scaled and shifted to utilise the resolution of the ADC.
Timing of the data acquisition process was achieved by
using trigger pulses from the NA:YAG laser to start each
device. The sample and hold was triggered from a pulse
approximately 210 ysec before the optical pulse. Adjustable
delays and gate widths enabled the correct data to be
collected. The ADC was triggered by the computer which
continually interrogated a memory mapped logic input
connected to the Nd:YAG  switch. This ensured the ADC
cycled after the data had been collected. Since the
internal memory of the BBC computer was limited, the data
was stored in a sideways RAM (Solidisk 128 k bytes). This
was configured to appear as an additional disc drive with
100 k bytes of extra memory. After each run the data was

displayed and stored on floppy disc.
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Figure 5.11.
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Figure 5.11.

Experimental arrangement used to obtain the residual

amplifier shift.
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5.9. Experimental procedure.

This section discusses and summarises the experimental
set up which has been described area by area in the
preceding sections. The analysis of the results is given in
Chapter 6. |

The 243 nm light from the frequency doubling crystal
was focussed into the sample cell using a quartz lens of
10 cm focal length and a cylindrical quartz lens of 15 cm
focal length. The cylindrical lens was used to compensate
for the astigmatic beam caused by walkoff in the doubling
crystal. The beam was focussed onto a plain high reflecting
mirror placed 1-2 cm beyond the sample cell. The U.V. spot
size wés lOO}ﬂni 30 ym. Typical energies were in the region
7 PJ—3 M3 per pulse in 6 ns.

The residual amplifier shift described in Section
5.3.3 was measured before or after each sequence of 15-28
spectra and used to correct those spectra before the other
corrections were included. It would have been preferable to
record the shift for each individual spectrum but this
proved difficult since the extra losses introduced by the
doubling crystal and other optics made it impossible to do
both at oncé; Improvements in the sensitivity of the filter
locking detector would overcome this.

The tellurium spectra were recorded using essentially
the experimental arrangement described in Chapter 4 and in

[17]. The phase sensitive detector had a time constant of
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0.1 s. Since the filter locking electronics had a limited
scan range of 2 GHz, the c.w. laser was scanned over a
range which did not contain the calibrated component. To
overcome this problem the separation between the hydrogen

15-25 spectra and the intermediate "°

Te, line was measured.
This line is indicated in fig. 6.1 by an arrow. The
separation between the calibrated line and this
intermediate line was measured in a separate experiment.
The frequency marker fringes were detected on a
photocell and amplified using a standard current to voltage

converter. The signal was sent to the ADC with no signal

averaging.
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Chapter 6. Results and Conclusions

The first part of this chapter discusses the methods
used to analyse the experimental data. The conditions under
which the data was recorded are described in Chapters 4 and
5. A general description of the techniques used to analyse
the data is given in Section 6.1. Each stage of the data
reduction is discussed in turn: calibration of the relative
frequency scale in Section 6.2, measurement of the
intermediate frequency standard in Section 6.3, and the
measurement of the 15-2S frequency in Section 6.4. The
results of the experiment and comparison with theory and
previous experiments are given in Section 6.5. Finally an
overall view of this experiment, together with suggestions
for improvements and new experiments, is given in Section

6.6.
6.1. Data analysis.

The data was collected on a pulse to pulse basis as
described in Section 5.8. The data was treated in two ways.
Firstly, in order to provide print outs of the spectra, as
in fig. 6.1, the data was smoothed using a moving average

defined by:

| +N
Y. = X
Xm = oo MZ_N nim

where X; 1is the data corresponding to the jm pulse in a

particular spectrum. X, is the smoothed value of Xa carried
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out using the adjacent 2N points. The smoothed value is
only defined over the points m=N to m=M-N-1 where M is the
total number of points, typically M~2000. Other types of
smoothing were investigated [1,2] and gave similar results
but at a cost of increased computer time. Figure 6.1 was
produced using this method of smoothing. N was taken as 15
for the interferometer fringes and 5 for the moTel spectrum
and 1S5-2S spectrum,

It is tempting to numerically differentiate the
smoothed data in order to find the peaks of each spectrum.
This is equivalent to evaluating 5}=§;“-3a\ and finding
5“=0. However in full this is

o _
T e NrmogL erm) = ZN*'\( XMN“ X“_N)

and only two points contribute to each §, . In practise the

following definition was used [3]

N
(S:f= Z (Xm—w\ = x“—w\\

m=t

and the zero crossings which correspond to a maximum were
found. A linear interpolation was carried out to find the
position of the zero if it occurred between two S .
Geometrically this method is equivalent to finding the
centre of gravity of the peak providing there are less than

2N+l points in the width of the peak.
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Figure 6.1.

©) L98MHz
(»
F=1-—F=1
©
INCREASING LASER FREQUENCY —=
Figure 6.1.

Typical experimental spectra of:
(a) reference interferometer
(b) '*°Te, Doppler free spectrum
(C) two photon resonantly enhanced three photon

ionisation spectra.
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The function Jﬁﬂis composed of two parts. For a given

point § the area under the points jn to jsw is

4%
A"\: cL 2 x:\-r.'

)

where o is the frequency change between the points and is
assumed constant. The area under the points j-N-i to j-i is

also calculated:

and the difference taken,Jﬁquy'A_s. When 5T=O the point

corrosponds to the centre of gravity of the curve provided
N is sufficiently large compared with the number of points
in the curve. In mathematical terms if AaVp is the full

width at half maximum of the peak then

aVe
2o

N =

The algorithm is useful since it can give both the first
derivative of the peak (N< %ET) and the centre of gravity
(N>€%£). Any differences correspond either to an asymmetric
profile or poor signal to noise.

This method is probably the best that can be used
without making any assumptions about the shape of the

peaks. Alternatively if the shape of the "“?Te. curves are

2
assumed to be Lorentzian, then this curve could be fitted
to the data using a nonlinear least squares method. This is

attractive for the next stage of experiments but was not
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done here since the resolution is not severely limited by
the techniques used in data analysis. This point will be
returned to in the discussion of the experiment in Section
6.5.

A different technique for analysing the data which
looks promising is the maximum entropy method [4]. This
technique is designed to give a consistent analysis of data
while making the minimum possible assumptions about the
structure within the data. It is also possible to
incorporate any additional information about the structure.
Examples of the use of this method given in [4] include the
analysis of blurred and noisy photographs, X-ray
tomography, NMR spectroscopy and an interesting "blind"
deconvolution of an unknown image blurred with an unknown
point spread function. Maximum entropy could prove useful
in analysis of the type of spectral data accumulated in
laser spectroscopic measurements. It was notused in this
experiment mainly due to time constraints and limited

computing power.

6.2. Relative frequency calibration.

The information contained in the reference
interferometer channel was analysed to provide a frequency
scale in terms of pulse number. The centre of gravity of

each fringe was located using the method of Section 6.1.
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For this case the value of N=15 was chosen. Changing N had

little effect on the centre of gravity because the fringes

were very symmetrical. In any case since each fringe in a

given spectrum had the same shape, the separation between

two calculated centres of gravity would be the free

spectral range of the interferometer for any value of N.
The pulse number of three or four maxima in the

vicinity of the r3o

Te, line and the H 1S-2S transition were
recorded and plotted on a graph as a function of relative
interferometer order number. It was found that a linear fit
to the graph of order number versus pulse number was not
always a particularly good fit and often a quadratic fit or
occasionally a cubic fit was better. The origin of this
effect was the non linear scan of the dye laser referred to
in Section 5.1. In the absence of any further information
it was difficult to decide which fit is the appropriate one
to use. It should be emphasised that the differences
between each fit were very small, typically in the region
of 0.6% of the free spectral range of the interferometer
(497.96 (10) MHz), which was less than the standard error
in the final result. However, it was possible to use the
measured separation of the two hyperfine components in the
H 18-28 transition as a guide in selecting the best fit.
This number may be deduced from the ground state
hyperfine splitting (see Section 2.3, [5]) and is
310.713 7583 MHz in the frequency frame of the blue laser.

The real energy splitting is four times this value. The
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measured hyperfine splitting using the linear, quadratic
and cubic fits was compared with this value and the fit
giving the closest agreement was used to measure the H
15-2S to moTeL line separation. For the 30 runs used to
obtain the final result, 18 gave the best hyperfine
splitting using a quadratic fit. The measured value of the
hyperfine splitting was 310.0 (6.2) MHz which is in
excellent agfeement with the previous quoted experimental
value. The error is one standard deviation.

Once the frequency calibration was known for each run
the separation of any lines in the'3°Te9_and H 15-28
spectra can be found. Assume for the sake of simplicity
that the maxima of the reference fringes occur at the 100,
500, 900 and 1300 pulse. Assign relative order numbers 0,
1, 2, 3 respectively. In this case the graph of relative
order number versus pulse number is clearly linear. Let a
'*Te, peak occur at pulse 300 and a H 1S-2S maxima occur at
pulse 1000. The fractional order number corresponding to
each peak is 0.5 and 2.25 respectively, and the difference
is 1.75 free spectral ranges. This simple example gives the
essence of the method used in determining the
hydrogen-tellurium line separation. If the fit is non
linear the procedure is more complex requiring the use of

interpolating polynomials [6].
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6.3. Intermediate frequency standard.

The separation between the calibrated mOTeL component
and the H (F=0 #F=0) component was approximately 1.8 GHz
while the scan range of the laser was 1.9-2.0 GHz (Section
5.3.3), due to limitations of the confocal filter locking
electronics. It was found extremely difficult to reliably
scan the laser over the range containing both peaks. The
solution was to measure the separation between component d,
and the H (F=1->F=1) component. In this case it was simple
to ensure that both H components appeared on each spectra.

Component d, was used as an intermediate frequency
standard and the separation between the calibrated
component b, and component d, was measured in a separate
experiment. Conditions were as described in Chapter 4. A
total of eleven spectra were taken to obtain the b, -d,
separation which was found to be 549.1 (1.7) MHz with d,
being higher in frequency than b,. The transfer standard is
indicated in fig. 6.1 by an arrow.

To carry out the above analysis the centre of gravity
of each curve was found using the procedure outlined in
Section 6.1. The number of points used was 2N=10. Varying
the number of points did not change the observed positions
significantly; the shift was always less than the scatter

in the points.
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6.4. Measurement of H (F=1-»F=1),"* Te separation.

2
A total of thirty spectra were analysed to measure the
*°Te, intermediate frequency standard (component d,) to
H (F=1-»F=1) hyperfine component separation. The data
collection was carried out in four groups and the residual
amplifier shift was measured for each group as discussed in
Section 5.3.3. The experimental layout used in measuring
the residual amplifier shift is shown in fig. 5.11. The net
amplifier shift weighted for the number of runs in each
group was 12.3(5.2) MHz while the weighted separation
between the intermediate frequency standard and the
H (F=1-+F=1) component was 895.1(2.8) MHz. The latter
result together with the previous measured separation

between the two 130

Te, lines (b,, d,) indicates that the
accuracy of the interpolation routine is better than

1?3 MHz (1 standard deviation). Thus the main contribution
to the overall error as discussed in Section 6.5 arises
from the amplifier shift measurements. In analysing the H
15-2S8 spectra the number of points used in finding the
centre of gravity of the lines was 2N=10. Varying the
number of points did make a small difference in the
apparant position of the centre of gravity indicating an
asymmetry in the shape of the spectrum. The magnitude of
the shift was less than the statistical uncertainty

(2.8 MHz) and was neglected.

There is a further problem in relating the peak
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frequency of the pulsed laser spectrum to the centre of the
15-2S two photon transition. This is discussed in detail by
Wieman and Hansch [7] and arises because in measuring the
pulsed spectrum using an interferometer phase information
is lost. This makes it difficult to relate the pulsed laser
spectrum to the two photon signal. If no phase information
is available then the relationship is clearly arbitrary.
The approach taken in [7] was to attempt to calculate the
expected two photon signal spectrum using the measured
pulsed laser spectrum and making a number of assumptions
about the phase. The relative peak positions of the two
spectra was then found to depend upon the choice of phase
variation and physical arqguements used to select the most
likely variations. The differences between the possible
choices was the dominant error in that experiment.

In this experiment it was assumed that filtering the
amplified pulses using the confocal interferometer produced
transform limited pulses with electric field amplitudes
represented by single sided exponentials. The result is
that the phase is a constant across the spectrum and the
peak of the pulsed spectrum coincides with the peak of the
H 15-25 signal. In this case the only amplifier shift
correction that had to be included was the residual
amplifier shift described in Section 5.3.3. While this
assumption is probably not completely valid the following
points support it. The linewidth of the confocal filter was

measured to be ~ 25 MHz and was broadened to ~30 MHz when
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the length modulation was applied. The linewidth of the
filtered pulsed spectrum was 35-45 MHz which is less than
one and a.half times the Fourier transform limit. The
linewidth of the H 1S-2S signal was also in the region of
35 MHz to 45 MHz which is the result expected for a
transform limited pulse. Also it was qualitatively noted
that if the filtered pulsed spectrum was asymmetric due to
the confocal filter length being detuned, the H 18-28
signals similarly showed a corresponding asymmetry. If this
assumption is not correct, an estimate of the magnitude of
the shift may be obtained from [7] where the correction was
taken to be 7% of the pulsed linewidth giving, in the case
of this experiment, a 2.8 MHz shift which acts in a
direction to make the 15-2S frequency larger. This is
considerably smaller than the total error in this

experiment and is the same size as the statistical error.

6.5. The 1S-2S transition frequency.

The lSVJZSUZtransition frequency of atomic hydrogen
can be calculated using the results of Section 6.4 together
with various corrections. All corrections are applied in
the frequency frame of the blue laser. The origin of the
main corrections due to the acousto-optic shift of the

130

Te, spectrometer (Section 4.2) and the

light used in the

residual amplifier shift (Section 5.3.3) are shown in fig.
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6.2. The measured separation was reduced by 80 MHz and
increased by 12.3(5.2) MHz. One experimental systematic
correction was applied: in Section 3.7 measurement of a
pressure shift was discussed. The 18,28y, frequency
increases by +3(6)MHz/torr so at operating pressure of
0.2 torr the correction was -0.6(1.2) MHz. The A.C. Stark
shift was calculated in Section 3.5 to be 0.7 Hz chﬁzand
using the laser intensity of 117-500 W and a 100 pYm spot
size, the shift was 0.3-1.1 MHz. This shift was not
experimentally confirmed since the magnitude was very small
in comparison with the resolution. Additionally, such an
experiment would require careful experimental control and
measurement of the spot size and laser pulse energy. Since
the A.C. Stark shift is expected to increase the measured
15-25 frequency the correction was -0.6(0.6). An additional
uncertainty of (0.3) MHz was included to account for the
error in the interferometer free spectral range.

The result of the above calculation is shown in Table
6.1 where the value of one quarter of the H (F=1-+F=1)
hyperfine component frequency is found by adding the
corrected '”Tez—H (F=1-*F=1) separation to the known value
of the "Te, frequency giving

616 515 271.6 (6.3) MHz

The value of the centroid of the H 1S-2S transition
frequency is. found by adding 77.678 MHz to the one quarter
of the H (F=1 +F=1) frequency and multiplying by 4. The

factor 77.678 MHz is given by 1/4X the hyperfine splitting
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of the 15-28 transition. The value of the 1S-2S frequency
is

2 466 061 397 (25) MHz.
Figure 6.3 shows a histogram of the experimental results
indicating that the distribution is approximately Gaussian.
The small deviations are probably mot significant due to

the small number of samples (30).

6.6. Experimental results and deductions.

The aim of this experiment was to measure the
frequency of the lSé—ZSé transition in atomic hydrogen.
This has been successfully done. The main reason for
carrying out this measurement, as discussed in the
introduction, is to make a comparison of experiment with
theory. To do this the difference between the Lamb shift of
the lS;,z and ZSVL levels is extracted from the measured
frequency of the lS%—2S%‘level by subtracting it from the
Dirac value (including the recoil correction) given in
Section 2.2, The result is

7137 (25) MHz
which compares well with the theoretical value of
7128.171(81) MHz which may be calculated from Table 2.2. By
accepting the theoretical value for the 25 Lamb shift, a
value for the ground state Lamb shift is obtained:

8182 (25) MHz
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Figure 6.2.
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Figure 6.2.
The major corrections to the separation between the
%0 7e,line and the H 15-28 signal are the acousto-optic

shift of +80 MHz which made the '‘*

Te, frequency appear
lower than it really was and the residual amplifier shift

which had the same effect on the H 15-2§ frequency.
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Table 6.1.

calibrated 3C’Te,_
Intermediate "’ Te, offset
% Te, - H(F=1vF=1)
H(F=1-F=1), centroid
Acoousto-optic shift
Pressure shift

A.C. Stark shift

Interferometer free

spectral range

Total

Measured lSUEZS”Lfrequency
Deduced Lamb shift difference
Deduced lS“LLamb shift
Deduced Rydberg constant

lS”{ZS”Lhyperfine splitting
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frequency [15]

616 513 896.
+549,
+907.

+77.

-80.

(0.3)

616 515 349.3

2 466 061 397

7137 (25) MHz
8182 (25) MHz

10 973 731.50

1240 (25) MHZ.

.6(1.2)

.6(0.6)

30 (25) MHz

1 (1.7) MHz
4(5.9) MHz
678 MHz
00 MHz
MHz

MHZ

MHz

(6.3) MHz

(25)

MHz

(11) m”
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Figure 6.3.
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Figure 6.3.

Distribution of the experimental results. The frequency
scale is the measured separation between the d, tellurium
line and the H (F=1->F=1) resonance including the amplifier

shift. No other systematic corrections have been included.
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The theoretical result (Table 2.2) is 8173.24(8) MHz. The
difference between theory and experiment is 9(25) MHz.
Given that the quoted error is 1 standard deviation, the
agreement is excellent.

There are three previous measurements of the ground
state Laﬁb shift of hydrogen with which this work may be
compared, [7,8,9]. The measured values are given in Table
A.l (note the results quoted there include the recoil
correction as part of the Lamb shift). Only the value of
[7], which gives the ground state Lamb shift to be
8175(30) MHz {(excluding the recoil correction) [10] is
comparable in accuracy with the results of this experiment.
While this value is in better numerical agreement with
theory, the error bounds ensure that disagreement is
insignificant. All previous experiments [7,8,9] use the
comparison method briefly outlined in the introduction to
deduce a value for the ground state Lamb shift. This
involves measuring the separation between a Balmer /3 line
which was, in the case of reference [7], the cross-over
between the 28%74P% and 28%748”1(Stark allowed) transitions
as observed using polarisation spectroscopy, and one
quarter of the lSHIZSultransition frequency. In order to
obtain the ground state Lamb shift the measured separation
was compared with the theoretical separation calculated

assuming that the ground state Lamb shift was zero. The
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difference between these two numbers is one quarter of the
ground state Lamb shift. These experiments give essentially
an indirect measurement of the ground state Lamb shift and
do not allow direct comparison with independent experiments
which measure other properties of the H atom. Additionally
there were large corrections to the measured separation
which arose from observing the Balmer/ spectra in a Woods
discharge using polarisation spectroscopy. In order of
importance [7] these corrections were pressure, D.C. Stark
shifts, unresolved hyperfine structure and A.C. Stark
shifts.

In comparison, the experiment described here was

somewhat simpler. The 12

Te, frequency standard, with the
exception of temperature induced pressure shifts, was
stable and insensitive to perturbations [15]. Using this
cell far from the recommended conditions resulted in shifts
of less than 1 MHz. However, as with reference [7], similar
problems were found with the 18-2S systematic shifts
(amplifier chirp, A.C. Stark shift). In this experiment
pressure shifts were included as a correction whereas [7]
excludes them as being too small. The main experimental
conclusion of this work was a value of the 1s, -2s,,,
transition frequency [1l4]. From this a value for the ground
state Lamb shift has been deduced. In addition this result
may be compared directly with experiments which have made

measurements of the Rydberg constant, [10,11,12,13]. This

comparison is interesting because most of these
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measurements have been made on one of the HX(n=2 $n=3)
transitions. The ideas used were basically the same as
those of this experiment, the wavelength of the transition
was measureﬁ [11,12,13] and the value of the Rydberg
constant varied until the theoretical value for the
transition wavelength was in agreement Qith the
experimental value. For this experiment the new value for

the Rydberg constant was given by

R = Raa - -_% Row = Ve Rold

new
T V¢

where Ro\ is the weighted mean of the recent values of the
Rydberg constant [11,12,13,16] shown in Table 6.2. Vy is
the value of the 18-28 frequency calculated using Rotd » Ve
is the experimental value of the 15-28 frequency and
A =V =Y, . The value of the Rydberg constant deduced here is
109 737 31.50 (11) m"'
A comparison of this value [14] with all previous
measurements of the Rydberg constant made on Ho [11,12,13]
and on the 1S-2S transition [10] is shown graphically in
fig.6.4. This information is also given in tabular form by
Table 6.2.

The comparison shows that there is a disagreement
between Amin's value [13] and those of Hildum et al. [10]
and Goldsmith et al. [11]. The Rydberg constant derived
from this work is in agreement with the other values but

with a slightly larger uncertainty [14].
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AR A E
Hildum et al. [10] 0.492(22) 395.6(4.8)
Goldsmith et al. [11] 0.500(32) 397.8(7.2)
Petley et al. [12] 0.521(64) 402.6(14.4)
Amin et al. [13] 0.539(12) 406.6(2.7)
Weighted mean [11-13] 0.534(13) 405.5(2.9)
This work [14] 0.50(11) 397(25)

A comparison of recently measured values of the Rydberg
constant adjusted by Taylor [16]. Also included is a value
for the Rydberg constant deduced from a recent measurement
of the 1Sy-28,, transition frequency in atomic hydrogen
[10]. The tabulated quantities are: R=R -10973731 m and

E=E -2466061000 MHz.

15-29
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Figure 6.4.

E4g-25 ~2466061000 MHz
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Figure 6.4.

A comparison of the recent Rydberg constant values measured
on atomic hydrogen using methods of high resolution laser
spectroscopy. The frequency scale corresponds to the values

for the 15-2S transition calculated using each value of the

Rydberg constant.
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The conclusion that may be made from these results is
that to within the experimental accuracy the lS”;Zqu
frequency measured here is consistent with other
independent measurements made on the H® lines in atomic
hydrogen. However it does not give a great deal of
confidence in the value of the ground state Lamb shift that
was deduced. This occurs because the magnitude of the
difference between the experimental value of the 15-25
frequency and the predicted value for each Rydberg constant
is the same as the magnitude of the difference between the
theoretical value of the ground state Lamb shift and the
value deduced from the experiment. Thus using the Rydberg
constant of Goldsmith et al. [11] would give a value, for
the ground state Lamb shift from this experiment, of

8174(26) MHz
which is in better numerical agreement with the theoretical
value. Note the increase in uncertainty. However the range
of values for the Lamb shift is well within the error
bounds of the original result calculated using the weighted

mean value of the Rydberg constant.

6.7. Conclusion.

The results discussed in Section 6.4 represent one of

the first experimental measurements of the 15-2S5 transition

frequency in atomic hydrogen [10,15]. While the agreement,
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both with other experiments and with theory, was fair,
improvements could be made to the experiment equipment and
procedure.

The experiment procedure could be improved by using an
interferometer with a smaller free spectral range as a
frequency marker. Alternatively a number of interferometers
with different free spectral ranges could be used. The
advantage of this would be a better method of correcting
non linearities in the laser frequency scan. Additionally
interpolation to such a small fraction of the free spectral
range (~1%) would not be required. More linear frequency
scans could be realised by pressure scanning the laser
stabilisation interferometer as discussed in Section 5.1
[10]. The precision of determining the centre of the
various spectral lines could be better. Either a non linear
least squares programs could be used to fit Lorentzian or
Gaussian shapes to the lines, or perhaps methods of maximum
entropy [4] could be utilised.

It is expected that the main improvement will result
from a reduction in filter linewidth. This would give the
advantage that the observed lines would be narrower, also
the magnitude of the residual amplifier shift would be
reduced. Some consideration will have to be given to the
cause of the residual amplifier shift. The three possible
contributions are (a) spherical aberrations of the
interferometer, (b) the non zero frequency background of

the pulsed spectrum and (c) frequency offsets introduced by
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the locking circuitry. The constraints on reducing the
linewidth arise partially from the reduction in enerqgy
throughput. To some extent this can be mitigated by tighter
focussing into the urea crystal and by improving the
sensitivity of the ionisation detector. A further problem
will arise once the filter linewidth approaches the laser
linewidth (1-2 MHz). In this case locking the filter could
become a problem. The lower limit on the filter linewidth
is expected to be about 3 MHz. In this case the accuracy
could well be about 300 kHz. At this level an improved
measurement of the Rydberg constant would be possible. The
ultimate aim of such a series of measurements would be to
investigate the differences between the Erickson [17], Mohr
[18] and Saperstein [19] theories, which amount to about
300 kHz in the ground state Lamb shift. At this level of
accuracy the use of a ground state hydrogen beam to reduce
pressure shifts [10,13] will be important. An alternative
to an atomic hydrogen beam is to use atoms emitted from a
cold source (<1 mk) and slowed down using the earth's
gravitational field, [20]. Using a c.w. 243 nm source
[21,22] and two photon optical Ramsey spectroscopy
resolution of the natural linewidth of the 15-2S transition
may prove possible.

To carry out the measurement reported here a frequency
standard near 486 nm has been developed which is known to 4
parts in 107'° of its optical frequency [15]. Two lines in

the tellurium spectrum close to one quarter of the 15-2S

PAGE 160



Chapter 6.

transition frequency in atomic hydrogen and deuterium were
calibrated. These are available for accurate frequency
measurements both in the Balmer 2 spectrum and in the 1S-25
spectrum. Tt is anticipated that with measurements made in
a metastable atomic beam a new improved value of the
Rydberg constant can be measured since the linewidths of
the Balmer 3 transitions are narrower than the
corresponding Balmer X transitions [23]. Such an experiment
is in progress in Southampton.

A narrow linewidth high power dye amplifier chain has
been constructed which provides up to 260 kW peak power
with a 180 MHz linewidth. The linewidth can be reduced to
35 MHz by filtering in a confocal interferometer. Typically
10 kW power is available. Frequency doubling with
efficiencies of up to 20% have been observed for both
schemes with up to 0.2 mJ available in the broadband case
and 20 pJ in the narrowband case. As demonstrated in this
experiment this constitutes a useful source for high
resolution spectroscopy.

The system described here provides the basis for a
narrow linewidth high peak power laser system which spans
the near ultra violet to near infra red. By combining sum
frequency generation and frequency doubling all possible
frequencies between 208 nm and 900 nm could be reached. An
argon ion pumped oscillator which is capable of generating
560 nm to 900 nm light also covers 280-450 nm by frequency

doubling. The region 360-488 nm is covered by mixing with
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the residual fundamental of the Nd:YAG laser which for the
Quanta-Ray DCR-2A is of the order of 200 mj per pulse.
Frequency doubling of the amplified dye laser output
Followed bf mixing reaches the region of 208-280 nm. The
difficult wavelength region around 500 nm can be obtained
by pumping the oscillator with the U.V. from an argon ion
laser and pumping the amplifier chain with the frequency
tripled Nd:YAG output. To retain the good spectral
properties of the narrow linewidth output of the dye
amplifier chain when frequency mixing, the Nd:YAG should be
run on a single longitudinal mode. Recent developments in
single mode c.w. Nd:YAG lasers pumped perhaps by a diode
array have made it possible to seed a single cavity mode of
a high power pulsed Nd:YAG laser with low level coherent
radiation so the only one mode is preferentially present in
the laser output. Providing proper frequency matching is
maintained between the master and slave oscillators, single
mode operation of the slave occurs [24]. It would be
interesting to observe whether a dye amplifier chain pumped
by a single mode pump laser exhibits improved spectral
performance since mode beating would not occur [25]. Such a
laser system might prove useful for a spectroscopist whose

spectral range of interest is not fixed.
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A.l. Previous measurements of the lSqland ZSHJZPUZLamb

shifts.

A list of Lamb shift measurements is given in [1]
which is complete until September 1976. From this table
measurements relating to the lS”ZLamb shift in hydrogen and
deuterium have been extracted and displayed in Table A.l.
Recent accurate measurements on the ZS%fZP”Lhave heen
included in order to highlight the experimental
discrepancies still remaining. Table A.2 lists the three

theoretical values for the 28,-2P, Lamb shifts showing that

',
there is fundamental disagreement between the various
approaches and between theory and experiment. There is fair
agreement between Saperstein's value for the Lamb shift and
experiment, but insufficient details are given in his paper
on the proton size assumed in his calculation [8] to be
sure that the same constants where used in each
calculation. The major difference between these
calculations is in the value of C,, used in the electron

structure corrections. Table A.3 demonstrates the

difference in {ZA2 ETC} using the various values of C¢o -

PAGE 165



Appendix A.

Table A.1.

Atom Interval Measured Reference

H 1s,-18s,, 8600%800 MHz [2]

8.20%0.10 GHz [3]

8151%30 MHz [4]

28 =2P 1057.845%X0.009 MHz [5]

1057.8594%0.0019 MHz [6]

D 1s -18 0.262*¥0.038 cm [7]

8300300 MHz [2]

8.25%0,110 GHz [3]

8177%+30 MHz [4]

Summary of the Lamb shifts of the n=1 and n=2 levels in
hydrogen and deuterium. The values given here are those
quoted in the relevant papers. The values from references

[2,3,4] include the recoil correction.
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Table A.2.
Erickson [1,8] 1057.934%¥0.010 MHz
Mohr [8,9] 1057.888*0.014 MH=z
Saperstein [10] 1057.860*0.009 MHz

Comparison of the various theoretical predictions for the
28%72P%_Lamb shift. Both Mohr's and Erickson's results have

been corrected for the new value of the proton radius.

Table A.3
{zAZ ETC} Ceo
Erickson -1.105 MHz -19.343(500)
Mohr -1.331 MHz -23.25(1.25)
Saperstein -1.426 MHz -24.9(9)

Values of {ZA2 ETC} for the ground state Lamb shift
predicted using the values of C4o calculated by Erickson
[1], Mohr [9] and Saperstein [10]. The predictions differ

by about 300 kHz.

PAGE 167



Appendix A.

A.2. Contributions to the Lamb shift.

A full list of the contributions to the Lamb shift as
detailed in Erickson [1l] are presented here. This is to
enable the origin of the terms given in Table 2.2 to be
traced. A listing is also given of a program written to
calculate the Lamb shift of levels in H and D. This 1is
fully annotated so that improvements in theory and the
experimental values of fumdamental constants can be

incorporated.

ooy e ] o) - ) s

(A2.1)
where L, is defined after (2.12) in reference [1]
3
{MAG MOM} 4u(2m)"mecl e 3 e+ 3[(me) Cai
IN N me/l B Blu/ 2ae
(A2.2)
where Cg; is defined after (2.2)
(ZD()HM C.t )z 3 |
(vac por} % — ( )[ "?CSQOJ
371 n Me
(A2.3)
4 A
3rnd
(A2.4)
where (HTOT) = ZA +ZA2 LL + ZA2 ETC.
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po ZX) mect (2« cs)
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(n2.5)
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(A2.13)
{NUCSTR} er> 2(2a) mect

where Cyer

me (

& Sl s oS

(A2.14)
is -0.00410.002 for H and -0.0147r0.0055 for
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other nuclei. The RMS radius of the nucleus <r*> is given
in [1] Table A.

n

ZX ML

a =

is the Bohr radius.

(Ho vp) AB(ZEmec” [:az(“% 3 (209" 2T ()t J

—3 256
RELICE VLN § O e o
Tfr\s 5 192 \fay 35“, ) 256 \m\
: e
s 5, (S 1y ) —
T oo Tt (- @
(A2.15).
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1 REM J. Hey. 1983
2 REM corrected and adapted
3 REM by J.R.M. Barr. 1985
5 MODE?7
10 CLS:PRINT''"!
100 PROCinit
110 INPUT"H OR D":YS=GETS:IF YS<>"H" AND YS$<>"D" THEN 110
120 IF YS$="H" THEN Il=1 ELSE Il=2
125 PRINT
130 INPUT"Principle Q.N "N:N=INT(N):IF N<1 OR N>7 THEN
130
140 INPUT"Angular mom., "L:L=INT(L):IF L<O OR L>N-1 THEN
140
150 INPUT"Total Angular mom., "J:IF J<>L-.5 AND J<>L+.5
THEN 150
155 N9=N:L9=L:J9=J
160 PROCelecstr(N)
170 PROCsum
175 I=I1:N=N9:L=L9:J=J9
176 IF J=ABS(L-.5) THEN K=1 ELSE K=2
180 PROCdelta
190 PROCrmnié
200 PROCnucstr
210 PROCirlog
220 PROCrmbs
225 PROCza
230 PROCa
240 PROChovp
300 CLS:PRINT''
310 PRINT"LAMB SHIFT "
320 @%=&00020103
330 PRINT"Z=1.0 mass£="I" n="N" 1="L" j="J
335 @%=&0002050A
340 PRINT'"Ir log ",irlog/lE6*C
350 PRINT"Magmom " ,magmom/lE6*C
360 PRINT"Vacpol ",vacpol/lE6*C
370 PRINT" Za ",za/1E6*C
380 PRINT"Za LIL ",za2ll/1E6*C
390 PRINT"Za L ",za2l/1E6*C
400 PRINT"ZaEtc ",zal2etc/lE6*C
410 PRINT" (Htot) ",htot/1E6*C
420 PRINT"Ho Vp " ,hovp/lE6*C
430 PRINT" A L ",al/1E6*C
440 PRINT" A MM ",amm/1E6*C
450 PRINT" A Vp ",avp/lE6*C
460 PRINT" Rm/N4 ", rmn4/1E6*C
470 PRINT" Rm(bs) ",rmbs/lE6*C
480 PRINT"Nucstr ",nucstr/lE6*C
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500
shift=irloq+magmom+vacpol+htot+hovp+al+amm+AVp+rmbs+nucstr
510 PRINT"LAMB SHIFT ",shift/lE6*C
520 END
990 DEF PROCinit
1000DIMB(7,7)
1010DIMM(2),R2(2),C0(2)
1020D1IMC(7,7,2,5)
1030READC,A,M,R1,R0,MU
1031 PROCnucmass
1032 PROCelecstrcoef
1039 ENDPROC
1040 DREF PROCnucmass
1050FORI=1T0O2
1060READM(TI),R2(I),CO(T)
1070M(1I)=M(T)/M
1080R2(I)=R2(I)"2
1090NEXTI
1100 ENDPROC
1110 DEF PROCelecstrcoef
1120 FOR N=1 TO 7
1130L0=N-1
1140FORL=0TOLO
1150TIFN>5THENL1180
1160READB(N, L)
1170G0T012890
1180IFL>OTHENL210
1190B(N,L)=-2,71631-0.02402*(5/N)"(3/2)
1200G0OT01280
1210IFL>1ITHEN1240
1220B(N,L)=0.0525-0.00838*(5/N)"(3/2)
1230G0OT01280
1240ITFL>2THENL1270
1250B(N,L)=0.01148224*(1-(2/N)"(3/2))
1260GOT01280
1270B(N,L)=0.1623834*((1/L)"(3/2)~(1/N)"~(3/2))/(2*L+1)
1280NEXTL
1.290NEXTN
1300 ENDPROC
1310 DEF PROCsum
1320 wW=0
1330 FOR I0=1TON:W=W+1/I0:NEXTIO: ENDPROC
1340 DEF PROCdelta:IFL=0 THEN D=1 ELSE D=0 : ENDPROC
1350 DEF PROCrmné
1360S1=M(I)"2/(1+M(I))"3
1370X1=-RO*A"2/(4*N"4)
1380 rmn4=X1*81l
1390 PROCspinorbit
1400 ENDPROC
1410 DEF PROCnucstr
1420S8=32*P172/3
1430X=R2(I)*R0O"2/(R1L*N"3)
1440X=X*(1+C0(1))
1450nucstr=8*X*D
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1460 ENDPROC
1470 DEF PROCspinorbit
1480S=-RO*M(I)/(1+M(I))"3*A"2/N"3
1490IFL=0THEN1560

1500K1=J-L-1/2

1510IFK1=0THEN1540
1520X==-1/(L*(2*L+1))

1530G0T01570
1540X=1/((L+1)*(2*L+1))
1550G0T01570

1560%X=0

1570rmnd=rmn4+S*X

1580 ENDPROC

1590 DEF PROCirlog
1600S=8*A"3*RO/(3*PI)*N"(=3)
1610X=(M(I)/(1+M(1)))"3
1620irlog=S*X
1630B=D*(LN(1/A"2)+11/24)+B(N,L)
1640F=D* (LN{ (1+M(I))/M(1)))

1650 vacpol=-1/5*D*irlog:magmom=3/8*D*irlog
1660irlog=irlog* (B+F)
16808S=A"3*R0O/(PI*N"3)
16905=8*(M(I)/(1+M(1)))"2
1700IFL=0THEN1770

1710K1=J~-L~-1/2

1720IFK1=0THEN1750
1730X==1/(L*(2*L+1))

1740G0OT01780
1750X=1/((L+L1)*(2*L+1))
1760GOTOL780

1770X=0

1780magmom=magmom+S*X

1790ENDPROC

1800 DEF PROCrmbs
18105=8/(3*PI)*N"(-3)*A"3*R0
1820X=M(I)"2/(1+M(1))"3
1830rmbs=5*X

1840B0=2*( (LN(1/A"2)+11/24)*D+B(N,L))
1850B=-D~7/2*D* (LN(N/{(2*A) ) -W+(2*N) " (-1)-1)
1860IFL=0THEN1890
1870B1l==7/2*1/(2*L*(L+1)*(2*L+1))
1880G0TO1900

1890B1=0

1900B=B+B1+R0
1910F=D*(-3/2*1/(M(I)"2-1))
1920F=F*(M(T)"2*LN((1+M(I))/M(I))-LN(1+M(I)))
1930rmbs=rmbs* (B+F)

1940 ENDPROC

1950 DEF PROCa
1960avp=-D*164/81*A"4*R0O/(PI"2*N"3)
1970al=D*3.76*A"4*R0/(PI"2*N"3)
1980K1=J-L-1/2

1990IFK1=0THEN2020
2000X=-1/(L*(2*L+1))
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2010GOT02030
2020X=1/((L+1)*(2*L+1))
2030S8=1.285*(A/PI)"3-0.328*(A/PI)"2
2040amm=2*S*A"2*RO*X*] /N" 3

2050ENDPROC

2060 DEF PROC=za

20708=8*A"4*R0/(3*PI*N"3)
2080za=S*C(N,L,K,1):2a211=8*A*(LN(1/A"2))"2*%C(N,L,K,2):za2
1=8*A*LN(1/A"2)*C(N,L,K,3)
2090za2etc=8*(A*C(N,L,K,4)+A"2*C(N,L,K,5))
2100htot=za+zal2ll+zal2l+zaletc

2110 ENDPROC

2120 DEF PROChovp

2130MU=1/MU

2140TF D=0 THEN hovp=0:G0T02220
21508=4*RO*A"3/(PI*N"3)
2160X=(LN((1/A)"2)*(1-3*A*A) /(1-A*A)+2*A*A) /( (1-A*A)"2)
2170 X=-X*S*A*A/15

2180 Y=-MU*MU/15+5*PI/192*(MU"3+1)*A

2190 Y=Y-3/35*% (MU 4+1)*A*A+7*PI/256* (MU 5+1)*A"3
2200 Y=Y*2%§

2210 hovp=Y+X

2220 ENDPROC

2230 DEF PROCelecstr(N)

2235 FOR N=1 TO 7

2240L0=N-1

2250FORL=0 TO LO

2260J0=ABS(L-1/2)

2270J1=L+1/2

2280K=0

2290FORJ=J0 TO J1

2300K=K+1

2310FORI=1 TO 5

2320IFN>4THEN2350

2330READC(N,L,K,I)

2340G0OT02400

2350IFL>0THEN2390

2360IFI>1THEN2390

2370C{N,L,K,I)=6.968

2380GOT02400

2390C(N,L,K,I)=0

2400NEXTI

2410NEXTJ

2420NEXTL

2425 NEXT N

2430 ENDPROC

2440DATA2.99792458E10 tvelocity of light
2450DATA7.29735449E-3 :fine structure constant
2460DATA5.44617082E-4 tmass ratio
2470DATA2.4263089E-10 :Compton wavelength
2480DATAL109737.31521 tRydberg constant
2490DATA206.76865 telectron muon mass ratio

2500DATAL1.00,0.862E-13,~0.004 :proton mass,proton radius,Cg,,
2510DATA2.01355323474,2.096E-13,-0.0147:3euterium data

PAGE 175



2520DATA-2.9841285559
2530DATA-2.8117688932
2540DATA0.0300167089
2550DATA-2.7676990000
2560DATA0.0381885200
2570DATA0.0052321000
2580DATA-2:7498590000
2590DATA0.0419540000
2600DATA0.0074226551
2610DATA0.0015646821
2620DATA-2.7403300000
2630DATA0.0441200000
2640DATA0.0085774375
2650DATA0.0023895267
2660DATA0.0006415458

2670DATA6.968,-0.75,4.065,~-24.9,30.04 :C

Appendix A.

:Bethe logarithms

C

s 61’C

2680DATA6.968,~0.75,4.448,-17.598,18.48
2690DATA0,0,0.429,-0.352,-1.28
2700DATA0,0,0.242,-0.438,-0.32
2710DATA6.968,-0.75,4.409,-17.339,17.18
2720DATA0,0,0.496,-0.396,-1.58
2730DATA0,0,0.274,-0.497,-0.36

2740DATA0,0,0.00741,-0.
2750DATA0,0,0.00741,-0.

020,0.09
02,-0.06

2760DATA6.968,-0.75,4.359,-17.268,17.00
2770DATA0,0,0.52,-0.412,~-1.68
2780DATA0,0,0.285,-0.519,-0.37

2790DATA0,0,0.00833,-0.
2800DATA0,0,0.00833,-0.

2810DATA0,0,0.00119,-0
2820DATA0,0,0.00119,-0
2830END

024,0.088
024,-0.059
0039,0.042
0039,-0.031
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Interferometry.

It is well known that Fabry-Perot type resonators can
be used as frequency selective elements. This appendix
discusses the various uses made of spherical mirror
interferometers in this experiment. The usefulness of this
type of interferometer is emphasised [1,2,3,4,5].

The properties of the confocal interferometer are
discussed in two ways. Firstly, Gaussian beams [1,3,6]
which represent the fundamental field distributions within
such a resonator are used to deduce the resonant
frequencies and the transmission as a function of
frequency. Another analysis of the confocal interferometer
is also given in which off-axis ray paths are considered
[2,4,5]. This analysis is suitable for considering the
aberrations of spherical mirrors which are used
sufficiently far off axis that the paraxial condition, for
which Gaussian beams are valid, is broken. Using the
results of this analysis the maximum useable aperture of a

confocal resonator is derived.

B.1l. Resonator analysis.

It can be shown that a resonator consisting of two

mirrors of radius of curvature R, and R, can support
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electric fields whose spatial distribution is described by

W(z) wiz) W) 9(2)

E,Qm( r,2) = kEy We HQ (ﬁx> Hm(&) e,xp[“ inr? -itkz + l'(2+m«—\]+w\(_2))

(B1.0,1)
where 2
wh2) = wol[| + (‘2%“) ]
L
9q(2) R@) ™ wh)n
Z
= Z. |+ -9
R(2) [ (Z) ]
= %2 %ﬁ
K = ‘ZTTV\
A
The beam is propagating along the z-axis. w(2) is the

radius of the fundamental 1=m=0 Gaussian beam defined as
the distance off-axis for which the electric field drops to
Ve of its axial value. W, 1is the beam waist and occurs at
z=0. It is the smallest value of the beam radius. Zo 1is
the distance over which W(z) grows to ,2lw, . A related
quantity b:lzois called the confocal parameter because it
is the separation of two mirrors with radius of curvature
R=Rz:zb which forms a confocal interferometer with a spot

size W, .
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where n 1is the refractive index

of the wmedium between the

mirrors. R(2) is the radius of curvature of the Gaussian

beam wavefront at z. The complex beam parameter q(z)

enables the values of the spot size and radius of curvature

to be calculated and transforms by the ABCD law [1,6] as

Aq, + B

C"J': <9, D

where A,B,C and D are elements of
calculated according to geometric
the complex beam parameter before
integers 1 and m define the order
the Hermite polynomials W, and H.

transverse enerqgy distribution.

(B1.0,2)
the transformation matrix
optics [1,6] and CM is
transformation. The
of the mode and through

they describe the

Bl.1l. Location and size of beam waists.

Consider a resonator formed by two mirrors of radius

of curvature R, and R, , separated by a distance L=z,-2,,

where z, and 2z, are the mirror positions relative to the

beam waists. It is possible to show that the condition that
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after one round trip round the resonator q, = qz- and q, is
imaginary is equivalent to R(z,)=R, and R(2.)=®,[1,3].
There is a sign convention that concave mirrors to the
right of the beam waist have positive radius of curvature
and to the left of the beam waist have negative radius of

curvature. The result is

%
Zo
R, = Z, ~ =3
RL = Zga «z;
=2 (B1.1,1)
Thus
L-: ZZ—Z‘
R, i 2 P
Zl: "2_-‘ t 1,/ KI A'Z.o
Z, = &; T R, - uzp
(B1.1,2)
and
w2 ( A)‘ L (=R L) (Ra~LY(Ry-R,-L)
o Y EAY (RZ'P\‘“ZL)L
(BL.1,3)

We note immediately that for some values of R, ,R,and L no
solution exists and the resonator is unstable [1,3,5]. Also

for a given spot size W, there are two possible positions
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of each mirror or a total of four "different" resonatoré
with respect to the z=0 plane. It is demonstrated in [2]
that for given resonator length L and spot size we the two
physically "distinct resonators have similar diffraction
losses. For a confocal resonator R,=R,=22,the spot size is

calculated using (B1.1,3) to be

Also the resonator is very close to being unstable.

Bl.2. Resonant frequencies.

The resonant frequencies are calculated by requiring
that the round trip phase change of the electric field of
(B1.0,1) is an integer multiple of 2%, This ensures that
the electric field at the output remains in phase. The
effect of relaxing this condition will be explored later.
The reflectivity of each mirror will be written as n<£¢
where ¢ is the phase change on reflection [8,9,10] and
depends upon the material used to coat the mirror. Using

(B.1.0,1) the phase change for one round trip is

&= 2709, = 2 [ Kz, - (Q+m+\)tuv_\l(iz_'f)— Rz, +(2+ma) +uv:‘(;—'o)}+¢‘+¢z

Vo= 2en

= re 1
oy x are given by

The resonant frequencies
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Vase = (257) { 9+ om0 [ - o)) - (64) )

(B1.2,1)
By combining (B1.1,1) and (B1.1,3) this may be written in a

more usual form as

v,

ﬂﬂm:(g_{__r\) {Cl'* ;(_Y‘_.(k“'ﬁ\-‘r\) Cos;/(l« g‘x\_( L)? __(Séz"nL)}

»lr

(Bl.2,2)
The form of this result arises from q which is normally
a large integer equal to the number of half wavelengths of
a plane-plane cavity of length L . The seéond term corrects
for the geometric phase shift which is different for
Gaussian beams when compared with plane waves. The final
term is the correction for the phase shift on reflection
and makes the cavity appear shorter than its geometric
length [10].

When the round trip phase change J is not equal to an
integer multiple of 27r , interference between successive
round trips modifies the transmitted electric field. A
Gaussian beam E (r,2,t) incident upon the cavity is
transmitted entirely, providing it matches one of the
spatial and spectral cavity modes. If the frequency of the

incoming beam does not match one of the resonant
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frequencies then part of the beam is reflected and the
transmission reduced. Let t, and t, be the electric field

transmission of the mirrors. The transmitted field is

M) nd n
E_(c,2,t)= Zi E(nz,t-nT) e t,tlvﬁﬂﬂ
T n=o

(B1.2,3)
where % is the round trip time of the resonator ?ﬁ—%% and n
is the number of round trips. Assuming the input field is
monochromatic then

E.(Y\Z) tity

L= aene'd

E;(2) =

This results in the familiar result for the intensity
transmission of a plane-plane Fabry-Perot modified for
phase shifts on reflection and differing mirror

reflectivities [10,11].

*
IT - E-\' E1 - T\ T'J.

g

1 E g (1 "./R\R,_')lil * 4Rk s\‘v&d‘/z}
(- /AR

(B1.2,4)
Here T,= t, ,Kﬁ-ﬂl . R, and R, in this context refer to
mirror reflectivity and should not be confused with the
mirror radius of curvature used elsewhere. Dimensional

analysis should identify the relevant meaning. Maximum
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transmission occurs when % =779 when the incoming light

Frequency matches one of the cavity longitudinal modes.

T T
IT(J:Z’MH: =

1 - (\ - JRR. 32

The intensity transmission and reflection coeffocients are

related by

and A; is the loss in the mirror coating. If there is no
loss and T=T, , then the transmission is unity. In all
other cases the maximum transmission is less than unity. As
a function of cavity length or round trip phase change the
transmitted light will appear to have a series of maxima
which are separated by a phase change d of 237 . This means
that the inferometer can only unambiguously measure round
trip phase differences which are less than AT . This

corresponds to a frequency difference

= — = —_C'—
UFS'R ]42\"\ Mvmm Ln

where‘quﬁis the free spectral range of the cavity. The
transmitted intensity drops to half its resonant value

away from a maximum when

WRRD s (2119 8 L

(SRR 2
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Making the assumption that c&z<< 27 , the full width at

half maxima is given by

2 (1 - JRRY)
(RiRL)™M

2..6\/1 =

The maximum number of such peaks that can be fitted into

one free spectral range (F.S.R.) of the interferometer is

"
2dy, L= [R.Ra

(B1.2,5)
The importance of this quantity F, known as the finesse,
may be appreciated by considering a practical example.
Interferometers are often used as spectrum analysers, for
example to ensure a single frequency dye laser is indeed
single frequency. Assume a beam containing two
monochromatic frequency components separated by less than
one free spectral range is incident on the interferometer.
The interferometer length is scanned over a number of free
spectral ranges using a mirror mounted on a piezo electric
crystal, and the transmitted intensity is monitored. The
minimum phase difference that can be resolved will then be
1éhL which is analogous to Rayleigh's criteria [6]. (This

is an approximation since the resolution will depend on the
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relative heights of the transmitted components [7,11]). The
minimum resolvable frequency or bandpass of the

interferometer av is calculated by

AV = Vega JSu, = Vese
124 F

(B1.2,6)

B1.3. Mode structure of confocal interferometers.

The resonant frequency for a confocal interferometer

is given by (Bl1.2,2)

v‘ﬂzm: i%{{ 9+ ';‘_(Q-”“*‘)" (@f?‘z)}

217

Assuming that ¢n and @, do not depend strongly on

frequency [10], then <V and

qoo ~ v‘(-( 20~ vq-; 40
xﬁm:: xﬂqao = Vynso ° That is, the resonant frequency
spectrum of a confocal interferometer is degenerate. A
monochromatic input beam which is not spatially modematched
into a confocal interferometer will excite many transverse
modes. However, scanning the interferometer length reveals

that the transmitted spectrum remains simple with a free

spectral range

PAGE 186



Appendix B.

c
VEse = P
(B1.3,1)

The reason for this is that decreasing 9 by 1 may be

compensated for by increasing the sum 1+m by 2. The sum l4m

may be odd, 1l+m=1,3,5.... or even, 1+m=0,2,4.... and the
separation xa(eﬂ“kum- \A(Q+m%m& is a multiple of
& . Hence the free spectral range of a non

hin
modematched confocal interferometer is half of a

modematched interferometer. The degeneracy explains why a
confocal interferometer is so useful. The transverse modes
do not have to be discriminated against, so complex
positioning and focussing of the input beam are

unnecessary.

Bl.4. Geometric ray analysis of confocal interferometers.

A ray injected into a confocal interferometer parallel
to and a distance r from the optic axis will form a closed
path as illustrated in fig. B.l. The length of this ray if

the mirrors are separated by a distance R+S is

l[R*rcY“ ZXC”] + 2,\/41"‘-\- Y_R-\-cf*lxcﬂ}?

{B1.4,1)
1
The path length correct to terms of order §£ﬁ, if, d rlis
RY RS RE
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1 y 1, . “ 4
R A A C A (R N

(BX.4,2)

. . , L
If the mirrors are parabolic, ie. X = éf% then

L. = 4(R+d) ~ 5—‘;%_-;

A confocal mirror path length for d =0 is independent of
the radial distance off axis. This result implies that
there is no aperture limitations on the use of a confocal
interferometer with parabolic mirrors. The use of Gaussian
beams which are valid for paraxial optics also assumes this
result implicitly.

Further information may be obtained from this

Lol

L \ .
geometric analysis by choosing Xv) = é;%-ﬁg s ¢ in this

case the bracketed term in (B1.4,2) vanishes and the path

length is
g y
PL= 4(Red)~ 470 _ ¢
R
(B1.4,3)
which is given in [2,4,5]. This result is valid for

spherical mirrors and spherical aberration has introduced
an extra term for the off axis paths. If the interferometer
is not illuminated close to the axis a reduction in

resolution occurs due to spherical aberration. The round
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trip phase change d} neglecting the phase change on

reflection is given by

IS¢ = Eﬁ'{ hR+S) - ac*d b k
A

R™ R3

= dy - S

where dtr) is the off axis change relative to the on axis

phase change d, = %?(H(R+J» . As in fig. B.l the two

possible output beams are labelled ¢ = 0,1. An analysis
similar to that leading to (Bl.4,4) gives

[4

f

I T T2 (RRY)
T

Q" «\9\\_>1i[ 4 Z' (R\RL[ 5\‘(\1(5&‘;) X

(- 00"

(Bl1.4,4)
and is valid providing the two beams p = 0,1 do not overlap
otherwise a multiple beam interference pattern results. The

finesse is given by
kS

Y
F = Q.TT - 77’ ‘RIRL,

7?3-/2_— (l"‘ R\RL)

(B1.4,5)
and the free spectral range corresponding to a change in J+

of 21 is
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(B1.4,6)
which agrees with the non modematched confocal case. It is
important to know if the linewidth depends on whether the
interferometer is modematched or not. This is found by

forming the ratio

AUO% ox _ (_\_) ]-—RL /\/’E—l
= '
BV ooe tredehed A R ?

+ R

LS

V]

~ |

Pl-

Here it has been assumed that R, = Ror Vi =Ty and no losses.
It can be seen that if R>0.9 then the bandwidth is
effectively independent of the method of use of the
interferometer.

The influence of the spherical aberration becomes
important when J&¢~ 248y, . In this case the difference in
resonant frequencies between the on axis and off axis path
may be resolved by the interferometer. For best resolution

then

ZTT(

L‘('LJ + r") < 240
)\ T

R R3

'.':

If the interferometer is confocal 6‘=O, the maximum useable

radius is given by
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(B1.4,7)
Alternativély, if the detuning from the confocal condition

is sufficiently large, the useable diameter is

M
Conon = R’A) * S > £F
4F S

(Bl1.4,8)

A connection between the geometric and the modematched
pictures can be made at this point. This may be deduced by
considering the detuning from the confocal condition in the
modematched picture which can be tolerated before the
degeneracy is broken in the sense that the frequencies of
two nearly degenerate modes are separated by the minimum
resolved frequency AV .

The resonant frequencies are

c —
AVygm = — L @emary( T xS
em 2 N0(RxS) Lq'k‘WQ+m*)<l R)\

(B1.4,9)

which may be written in the form

JAY) - < ! Qe[ 28
4'am zu\@mf)[a o >(’:)}

where q': 2 Aﬁfmvo is an integer. The frequency

difference caused by the transverse mode structure is
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Figure B.1l.

L=R+d

-

Figure B.1l.

Notation for off-axis ray analysis in a slightly

detuned confocal interferometer.

Figure B.2.

TRANSMISSION

FREQUENCY 14

Figure B.2.

Transmission of a detuned confocal interferometer where

s> TR
(ermy 2
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))C\ Qem ~ q)q,oo and must be less than av

{ ge»rm)chl < VesR
4w(&+6) F

where v =
FsQ AT

SO

.ZF(}+NQ

(B1.4,10)

Clearly for a modematched beam €+m = 0 and there is no
limit to the detuning. This result indicates one method for
obtaining the confocal condition by illuminating the
interferometer with a large beam so that many transverse
modes are excited. (B1.4,9) shows that if the resonator is
longer than the confocal condition then the resulting
transmission fringes will be broader on the high frequency
side as illustrated in fig. B.2. By changing the cavity
length so that the transmission fringes are symmetrical,
the confocal condition may be achieved.

The spot size of a resonator of length R+§ in the
electric field approach is approximately

v = (EDN)* (B secr

T 4
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By comparison with (B1.4,8) for 42 W Wo it is necessary

< MR and the

that %%mvl. But from (B1.4,10) @Aﬁﬁma& e

maximum number of transverse modes that may be excited is
(@+m) <\ for the detuning § that corresponds to J2' ¢ ~u, .
The factor of J§1 relates the maximum radius of the
intensity €., to the maximum radius of the electric field.
Clearly this picture should not be pressed too far. In
particular the classical ray picture fails when diffraction

effects are important.

Bl.5. Phase shifts on reflection.

It is important to bhe able to determine whether the
phase shift on reflection influences the resonator
parameters. In the experiment described in this thesis a
confocal resonator is used as a frequency marker. The free
spectral range may be calculated using the following

definition of the resonant frequency:

Vo1 = iﬁ%: [ q' - (éLié&l

2.7

(B1L.5,1)

where g'= 29 + (€ +m+1) .
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The free spectral range Vesg is defined as

VFSR = VC]'+| — ti

and is
c poon ,
stR = —-K [l + 2.—;'T(¢(C(+‘)~¢(C1 )]
(B1.5,2)

where

$la’Yy= b a)r @ (o)

The free spectral range is frequency dependent through the
phase shift ‘term [10]. An estimate for the phase shift on
reflection and the frequency dependence of the phase shift
on reflection for aluminium coated mirrors may be found

using data presented in [10]:

¢, L486nm) = 15°

C_A__C_}i' = O‘OS’O At
a»

v -1y -
d_'_?\:.' ——__>_‘_(o‘ogx|o°‘) He' ~ = 6 x1\0 OH'Z.\
dv v

The magnitude of the correction for an interferometer with
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a 500 MHz free spectral range with aluminium mirrors
operated near 486 nm is approximately é~%€.~u%« ~ 165 ,
and changes the F.S.R. from the value measured
geometrically by 5 kHz. This is considerably smaller than

the error in the length measurement (100 kHz) for the

interferometer used in this experiment.

Bl.6. Geometric phase shifts.

The geometric phase shift term which is

C. A L4+ m C.OS:/LI- - - L B

cancels out in calculating the free spectral range of the
interferometer since it is frequency independent. This
means that the usage of this interferometer solely as a
frequency reference requires no information on the
magnitude of fhe geometric phase shift correction or of the
number of transverse modes excited, provided the transverse
mode structure does not change during an experimental run.
This change is only important when the maximum transverse
mode order excited violates (B1.4,10) because in this case
the interferometer fringes will be noticably asymmetric. If

the shape changes during the scan then a change in

PAGE 196



Appendix B.

transverse mode structure has occurred and the definition
of the free spectral range (Bl.5,2) is not independent of

the mode structure.

Bl.7. Interferometers used as filters.

It has been assumed that the proposed use of a
confocal interferometer is to either analyse the frequency
dependence of incoming light as a laser diagnostic tool, or
to provide a frequency calibration for experimental
purposes. It is also possible to use the light that has
passed through the interferometer, as was done in this
experiment, when the incoming light has too large a
frequency bandwidth for the particular use in mind. The
interferometer is being used as a frequency filter and the
transmitted light acquires the frequency characteristics of
the filter.

In the frequency domain the filtering action may be

described by the transmission of the filter g(mO

T !
U*&Y %-r 4R ﬁ&%}

aLv) =
-

(B1.7,1)
which is equivalent to (B1.2,4) for an interferometer with

identical mirrors and
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6('1)) = 2—“{ VC{LW\ - _‘_;_Y(g*-mﬁ\\) C_Dsl([—- _L_r-:{_) + ¢|-\—(é‘x}

VEsR in

is the round trip phase change. Any input beam may be
described by Fourier analysis as the sum of monochromatic
beams with appropriate phases. If W(¥) is the frequency
content of the incoming beams then the frequency content of

the transmitted light is W(V)&(V). The transmitted light

will have the width

1
\

! - —

L,
oVr "/ (23" (ovey

assuming that the incoming light and the filter have
spectral profiles which may be approximated by Gaussians of
width &V, and OVe respectively.

A simple time domain analysis demonstrates intuitively
how the filtering action applies to a pulsed input.
Consider N, photons stored in a resonator of length L and
mirror transmission T=1-R . The number of photons lost in

a time 47= % is

Qﬁ _ (1-RYN
At e
_(-pce

L
with solution N= Ny € . The transmitted photon number

declines to Ye of its original number in a time
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,r;: = ~—L- = __F__
(1-r)c 27 & Ves g

This is a measure of the reaction time of the cavity to an
impulse. If the impulse is shorter than the cavity lifetime
T it is effectively stretched out to T¢ . Notice that ¢
is related to the cavity bandwidth awv= Y%} implying the
Fourier transform uncertainty relation

AV = (Aﬁ?er>

247

(B1.7,2)
which is to be expected from the Fourier analysis of a
single sided exponential. The reduction in bandwidth is
achieved by averaging over a time corresponding to the
cavity lifetime and thus reduces intensity fluctuations
that occur on shorter time scales. This corresponds to a
reduction in frequency bandwidth via the Fourier transform

relation (Bl1.7,2).

PAGE 199



Appendix B.

References,

[1] H. Kogelnik, T. Li. Applied Optics. 5 1550. (1966).
[2] M. Hercher. Applied Optics. 7 951. (1968).

[3] G.DP. Boyd, H. Kogelnik. Bell Sys. Tech. J. 41 1347.
(1962).

[4] D.J. Bradley, C.J. Mitchell. Phil. trans. Roy. Soc. A.
236 298. (1961).

[5] D.A. Jackson. Proc. Roy. Soc. A263 298. (1961).

[6] A. Yariv. "Introduction to Quantum Electronics". 2nd.
ed. Wileyv. (1976).

[7] E. Hecht, A. Zajac. "Optics". Addison-Wesley. (1979).
[8] L.G. Schulz. J.0.S.A. 44 357. (1954).

[9] C.J. Koester. J. Res. Nat. Bur. Stand. A64 191.
(1960).

[10] J.M. Bennet. J.0.S.A. 54 612 (1964).

[11] M. Born, E. Wolf. "Principles of Optics". 6th. ed.

Pergamon Press. (1980).

PAGE 200



Appendix C.

Second Harmonic Generation in Urea and Lithium Formate

Monohydrate.

The process of second harmonic generation using
focussed Gaussian beams in anisotropic crystals is
experimentally and theoretically well known [1,2,3,4]. This
appendix outlines methods used to calculate the
phasematching angles in uniaxial and biaxial crystals.
Other factors which influence the doubling efficiency such
as walk off angle and nonlinear coefficient are examined.
Examples are given for the two nonlinear crystals used in

this experiment.

C.1l. Phasematching.

An electromagnetic wave propagating through a medium,
which for the rest of this appendix will he assumed to be

crystalline, induces a polarisation given by

P‘. = E°{Xi.i E,) +  dix E\;E.(} LK E X,4,2

This result is written in tensor form since the directions
of the electric field components in an anisotropic media
are important. The field and polarisation components E;, P;

are referenced to the principle dielectric axis of the
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crystal x, 4%, z [5,6] the importance of which will be
outlined later. This series has been truncated at the
second term since only frequency doubling is of interest
here. X;jis the linear dielectric tensor and diy is the
nonlinear coefficient. The nonlinear component oscillates
as g* and so provides a D.C. term to the polarisation
and, more importantly for this application, a term that
oscillates at twice the frequency of the propagating
electromagnetic wave. The nonlinear component can couple
energy between the fundamental wave and the second
harmonic. In order for efficient coupling to occur it is
necessary that the fundamental and harmonic progagate with
the same phase velocity through the crystal so that the
polarisations can add constructively. This is the reason
why anisotropic crystals are used for frequency doubling,
because for some directions of propagation it is possible
to satisfy this phasematching requirement. As might be
expected the phasematching direction is dependent on the
wavelength. Also the form of the nonlinear dielectric
tensor disx may mean that phasematching is possible but the
nonlinear component vanishes due to symmetry, so no
coupling is possible for some propagation directions (see
Section C.3).

The properties of the anisotropic crystals which

permit phasematching will now be summarised:

(1). For any propagation direction in an isotropic crystal
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Figure C.1.

C0Se

SINeCOS #

Figure C.1.
Spherical co-ordinate system used to relate the

direction of propagation S to the principle dielectric

axis.
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there are two allowed linear polarisations which are
orthogonal. The refractive index may be different for each
polarisation. However, for uniaxial crystals there is one
direction for which both refractive indices are equal, and
for biaxial crystals there are two directions for which
both refractive indices are equal. These directions are

called the optic axis of the crystal.

(2). The refractive index for a given direction of
propagation may be calculated using the principle
dielectric axis which is a system for which the dielectric

tensor g; defined by

D.‘ = EOE,L:‘EO ‘\)\S,K E X, ¥
is diagonal so
D = £, 8, E{ (€ %, u,2

The refractive index is ﬂ;=J&; . The solution of the

Fresnel equation [5,6] for a direction of propagation S(S, ,

Sy, S3)
2, 2 2
Sy L S5 s2 - o
Lo Lo L4
RN S NoNng
(C1.0,1)
is [3]
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2 - 1 g A .t A ~ <t
B oot gl aes

and

il

Sx SMe c,os;é

i

5% Qﬁesm¢

S, = Cose
S+ Sg+Sy = |

where e is the angle between the z-axis and the direction
of propagation and ¢ is the angle between the projection
of this direction onto the x-y plane and the x-axis as
shown in fig C.1.

For uniaxial crystals where n3=fy=(\,and N="Ne

(C1.0,1) gives
N, = N,

L . cos'e 4+ Sin'e
n: ng nx
(C1.0,2)
Thus for uniaxial crystals one of the allowed polarisations
is always an ordinary polarisation with refractive index
No- The direction of this polarisation n, is easily found
since it must lie in the x-y plane and also be orthogonal
to 5. The other refractive index is intermediate between n,

and N, and depends on the angle & between S and the n,
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direction (the optic axis). The direction of this
polarisation is easily found since it is orthogonal to the
direction of propagation S and to the other polarisation
direction.

The directions of the polarisations in a biaxial
crystal are less easily deduced without further analysis.
Using the index ellipsoid [5,6] which is a surface defined

by

>,
..‘,.

l

+

l

i

it is straightforward to show that the polarisation
directions are given by the major and minor axis of the
ellipse constructed by the intersection with the index
ellipsoid of the plane passing through the origin which is
normal to the.propagation direction §. The lengths of the
major and minor axis give the refractive indices of the two
allowed polarisation directions. This ellipse is specified

by points satisfying

XSx + A5, * 254 20
L \ (A
f_l ¥ ._Lé X _Z_z: |
Nx ng Ny

together with the condition that

A= x™ e gty 2t
is an extremum, these values of W corresponding to the two
allowed polarisations of propagation. Born and Wolf [5]

show that x, y and z satisfy
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1, .

n

><il,“ _1_(\-3;)} + d‘Sx( 55? A+ ZS:> = O
Nx Ny N2

together with two similar equations in y and z which enable
X, vy and z to be calculated for each value of n which can
be found from (Cl.0,1). The values of x, y and z give the
spherical coordinates of the polarisation directions

relative to the principle dielectric axis according to

. I %
sine’ cosp = x
sind sing’ = %
cose' . = %
(3). Frequency doubling can be viewed as the combination of

two photons with wavevectors R, and E*’ and frequency w to
produce one photon with wavevector R, and frequency 2w.
Energy and momentum conservation require

Eﬁ = Ry + R4

wa = &Y .
The momentum condition embodies the phasematching
requirement that the polarisation component that oscillates

at 2w travels with the phase velocity of the second

harmonic. This can be written as

ANna - AT A%
' P

where M, is the vacuum wavelength of the fundamental. Thus
the general phasematching condition for frequency doubling

is found
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Figure C.2.

Figure C.2.

Normal surfaces showing the allowed refractive index as

a function of direction for urea (which is a positive (Ne>ny)

uniaxial crystal).

Due to dispersion the refractive indices at 2uvare
larger than at w and if ne(aw) & N,e(w) then at some angle
©=06m then ne(w,8a)= N, (20), and the type I phasematching
condition is satisfied. The dispersion and the

extraordinary eccentricities have been exaggerated for

clarity.
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Figure C.3.
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Figure C.3.

Type I and II phasematch angle in urea.
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ﬂ3: ’\i((\\fﬂi)

(Cl1.0,3)
There are two possible refractive indices for the
fundamental because of the two allowed polarisation modes.
If only one polarisation of the fundamental is excited then
the process is referred to as type I phasematching with the
condition N3 =0, . Type II phasematching reqguires both
polarisation modes to be excited and (Cl1.0,3) is the
phasematching condition.

In most media the refractive index increases with
freqdency, a property known as normal dispersion. In some
anisotropic media and over a restricted wavelength region
it is possible to take advantage of the natural
birefringence-and normal dispersion and satisfy the
phasematching conditions. Urea and lithium formate
monohydrate will be used to demonstrate this for uniaxial
and biaxial crystals respectively.

Urea [7,8,9,10] is a positive uniaxial crystal
(he> No ). The refractive index as a function of & for two
different wavelengths in a positive uniaxial crystal 1is
drawn in fig. C.2. It is apparant that it is possible to
select a direction specified by ®&. for which light
propagating as an extra-ordinary fay has the same
refractive index as its second harmonic propagating as an

ordinary ray. The polarisation of the harmonic is
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orthogonal to its fundamental (type I phasematching). The
type I and type II phasematching angle as a function of
fundamental wavelengths are shown in fig.C.3. Note that the
phasematching condition is independent of ¢ so that
directions satisfying (C1.0,3) are rotationally symmetrical
about the optic axis.

Lithium formate monohydrate is a biaxial crystal and
both allowed refractive indices are in general dependent on
direction. A simplification is possible when propagation
direction lies in one of the principle planes. In this case
the polarisation component normal to the plane has the
value of refractive index of the principle dielectric axis
parallel to it. The other refractive index is dependent on
the direction in the plane. For example, propagation in the
x-y plane (@ = /3 ) gives the following refractive indices

(see C1.0,1)

Lo sin*d , covd
n> Ny Wy
the phasematching problem is similar to urea. Moving off
the principle axis planes the problem is more difficult,
with both refractive indices dependent on direction. An
example of the phasematching conditions in lithium formate
is shown on a stereographic projection at A= 486 nm in
fig. C.4. The wavelength dependence of the © phasematching
angle for light propagating in the x-z plane (¢ =0) is also

shown in fig. C.5 for type I phasematching.
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i C.4. Z
one TYPE 11 ™40

TYPE XL 30

Figure C.4. ;ﬁ

Stereographic plot of the type I and II phasematched

directions in LFM at 486 nm.

Figure C.5.
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Figure C.5. WAVELENGTH [nm]

Phasematching in the x-z plane as a function of

fundamental wavelength. Below 480 nm the use of lithium

formate is prevented due to low damage thresholds caused by

U.V. absorbtion bands.
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C.2. Energy walk off.

In anisotropic media the energy flow is not
necessarily in the propagation direction S(Sy s Syr Sy ).
This is a consequence of the fact that D is not parallel to
E and can be predicted from Maxwell's equations. The walk
off angle is easily calculated using some results derived

in Born and Wolf [5]. Born and Wolf derive the two

equations
q f\rz(\COSS:’

V(}(Vfl—V;) = "

Sy S 5o
(C2.0,1)
where n is the refractive index for the polarisation and
direction of propagation, and Vo = -% is the phase
velocity. . is the ray refractive index and v, = .%r is
the ray velocity and is equal to the energy crossing unit

area in unit time divided by the stored energy per unit

volume. Combining (C2.0,1), the walk off angle ¢ is given

(C2.0,2)
For a uniaxial crystal: Ne=N0u =0, , N,=Np (C.2,2) reduces

to
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?(r\.:v‘\o) = 0

T .
tan¢ = + (Ng-Ne)sinecose

Ne OB + Nlswe

(Cc2.0,3)
The normal ray does not walk off whereas the extra-ordinary
ray does. This is the origin of double refraction. The
second equation of (C2.0,3) can be written in standard form

as

teen (e;-\—g") = _(l;: *oune
Ne

(C2.0,4)
which is given in the literature [14]. In biaxial crystals
both the extra-ordinary and ordinary rays walk off for
propagation out of the planes containing the principle
dielectric axis. Within the principle axis planes the walk
off is similar to the uniaxial case. In the x-z plane the
walk off angle is described by (C2.0,3) with the walk off
for rays polarised normal to the x-z plane being zero and
the walk off for the rays polarised in the x-z plane being

given by

Ten(O " gy = _(_\_5‘ feno
Ny
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C.3. The effective nonlinear coefficient.

The form of the nonlinear coefficient tensor depends
on the crystal structure. For many media the crystal
symmetry means many dx are zero and others may be equal
in magnitude. The nonlinear polarisation relative to the

dielectric axis is

Vi
P =z Eo Aisn E3Ey Iy, K € X, 7,
(Einstein summation convention)

Since there can be no physical significance in
interchanging » and X, cdijk = divd and the twenty seven
components of clijx may be reduced to eighteen independent
components often written as

iy din Ay Ay g dag

d21 chzr day dagy das dac

3y Aza sz chzu ks ae

and the associated column vector E;E; is

The Kleinman condition [15] states that if the three

interacting frequencies W,y y Wa are on the same side of
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Figure C.6.

(a). Urea.

Wy
Ay =1.4%0.1 10 “m/v [8].
(b). Lithium formate monohydrate.
0 0 0 0 dy O
0 0 0 dz; 0 0
dg dy, dgy O 00

day = 0.1120.02 x10 "m/v [16]
daz = 1.27%0.09 x 10 ~m/v

daz = 1.86%0.11 x 10 " m/v

Figure C.6.

Forms of the nonlinear tensor d,;;x for urea and lithium
formate.

Where the coefficients are equal eqg. d,y= dzsonly one

of them is mentioned by name, in this case (|, .
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the electronic resonances then all the indices of di« may
be permuted at will so = dixy=dy;y etc. This leaves
only ten independent coefficients. The form and values of
the di;xare shown in fig. C.6 for lithium formate
monohydrate and urea.

The object is to calculate the effective nonlinear
coefficient dm&gwhich for type I frequency doubling is the
component of the polarisation in the harmonic polarisation
direction due to the fundamental [17]. Formally the
solution is found by calculating the fundamental field g ()

in terms of the principle dielectric axis so

E; = o E(w) P e X,

where Q. is the appropriate direction cosine to be

calculated later [3]. The induced polarisation is

Pr = Eo dhiik Qi ey BETCL)

Finally the induced polarisation in the harmonic direction

may be calculated from the P; :

Yo = /3; P; = & El(“-’) i Bediiv g U\wg

B: are the direction cosines appropriate to the harmonic
polarisation direction. Again the right hand side is to be

summed over all possible (K combinations. The quantity in
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{} is referred to as the effective nonlinear coefficient.

3]
For type II doubling it is easy to show Aoy is given by

n
degs = ﬁi hisw Byany = BRiAisuw ey By

The analysis which gives the direction cosines o, R: is of
interest since it provides an alternative derivation of the
two refractive indices for a direction S(Sy, Sgs S,). These
are given by the lengths of the major and minor axis of the
ellipse defined by the intersection of the plane which
passes through the origin normal to S with the index
ellipsiod:

2
X

s
%
r\x'L (\% e ¥

(C3.0,1)

(see Section C.l). In matrix form (C3.0,1) is represented

by
XT HX = |
where K
% N f) O
X =1y XT= (% ,%,2) H=1o0 v O
pa A
ng

The convention fx < Ny < N, is assumed. A new axis system

4

is chosen %', 4’ , z’ where z’is pérallel to S and x’ and
w' are the minor and major axis of the ellipse

respectively. The values of %' and \5'give the refractive
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Figure C7.

(a). Rotation by an angle ¢ about z .

c_oSs{S $\~Y\¢ o
- SW\?S cos¢g ©
o o \

(b). Rotation by an angle © about the new y axis.

cosSe o - 5WNe
© \ (]
SW O @] cose

(c). Rotation by an angle ¥ about S.

cos¥ —sn¥ o
s Y cosy O
o ) \

Figure C7.
Rotations used to diagonalise T which is defined in

the text prior to (C3.03).
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indices of the allowed polarisations. The new frame of
reference is obtained by the following series of rotations

with matrices given in fig. C.7

(a). Rotate by an angle ¢ about =z .
(b). Rotate by an angle e about the new Yy axis.

(c). Rotate by an angle ¥ about §.

This composite is represented by the matrix

F coseCos ¢ oS ¥ + singsiny wsesfn,&cos)"-— cosgsin —~Sthecos ¥

M= cos® §in ¥ cosgf ~sindeos P co>9$cas‘{’+c_ose siPsing ~sine s

cosP sime Stne sine cosO

s d

This rotation transforms the vectors X intoW :

W= MX
and the equation of the ellipse is
TrAYT -1
W M) R (M)W =)
where the only parts of interest of the matrix T= MH M are
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the components T, , Tia , V,, and T,, .
is that the ellipse is in the plane x‘w’ so 2z’ = 0.

The angle ¥ is chosen so that x/
axis of the ellipse, while 5' lies along the major axis.
This ensures that n, < (\{j in agreement with the chosen

convention. Set ¥ = 0 in M and the matrix T(¥ = 0) is

The reason For this

lies along the minor

cosecosp , coslositg . sine
™S ®
Ny Y Nz

\ s g

T(v=0)=

cosasmﬁcos?ﬂ ?\Ll
3

-'-

\

—

“

™

cos'¢

cose sing cosd [_l_

VR (W nE

X

A B ¢
- D E
B < n I

X

N

X

)

X
X

where K = don't care. Applying the rotation about Y gives

FF‘\C.OS"“P + Esnty - Q’S*—D]&V\ ¥ cosy
Deos™¢ ~Beiv ¥ +{p-E)sidy

X

=

Since B =Dthis is a symmetric matrix.

X

Bcas"'?—bs‘\v}f’-e(\‘\—E)sin?’ws Y

Agin ¥ +Ecos ¥ + @fb) cosPsiny

N
X
X

It is straightforward to show that the values of Y/ for

which the off diagonal elements of T(¥) vanish are given by
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Lo
Q\B oS S\n2LE ‘: r\.&‘ f\)t]

E- WA Lo 20 coS'h-sivtd)~ { L -LXS\hle
vy ) (oo ositg)-fi -t site

Yon 2.¥ =
C3.0,2)

If ‘* is a solution of (C3.0,2) then V¥ +90° is also a N
solution. The diagonal elements of T give the allowed

refractive indices:

L oo Acos ¥+ Esinty + 2B cos¥sind

L 2 AswY a4 Ecostt -2Bcosd siny

(C3.0,3)

Using (Cl.0,1) the solutions may be written as

2‘—’_: X+ 2 = k-
(\xl f\,:y

It is a simple matter to show

X = A+E £ = A/(E“f*)m“f@gy‘

where (C3.0,2) has been used. Substitution for A,E and ¥
from T(W¥=0) demonstrates that (C3.0,3) indeed gives the
correct refractive indices for a direction of propagation
S.

The object of this analysis is to provide the

direction cosines o; 3; , which are obtained from the

matrix M. Given an electric field propagating with a %’
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polarisation,
cosecosp o« sin sm\[’ o -
W= o X= QY\_\) W = (Cose Sm;ﬁws‘f' CDS?”‘“% k >

) — S\V\QC’OSY)

is the direction cosine for the larger refractive index.

Also
cosesinf cod </5 - singh cos ¥

Q—?N) = w>¢¢o$ Y+ coso st 5“"55

[N S\V\p

gives the direction cosines for light polarised in the x'
direction. (smaller refractive index).

In the case of urea which is a positive uniaxial
crystal, e > Ny and Ne= Ny= Ny, M= Ne so (C3.0,2) gives
tan ¥ = 0, ¥ = 0°or 90°. In this case ¥ is chosen so that
the smaller of the two solutions for the refractive index

is independent of angle. Thus Y’= 90° and

cése cos g —-S\'V\{A
(o) = | cose s g @) = cosd
-sne o

The only nonvanishing component of the nonlinear tensor is
the dﬂ1— € = de component. For a fundamental beam
propagating as an extra-ordinary ray Eyr the electric

fields in terms of the principle dielectric axis are
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Ex = Eu CO&BCOS¢
Exb - {._.\3: cos® Sin ¢
E'L - - E\.h’ S’\‘(\a

and the polarisations are
]
Px = ——Ol,“_‘ Svn 2B S\‘Y\(é LC’%')
e% puy -dll-{ SL.Y\’LQ CD~5¢ (Ets‘)i

. 1
Pz = iy cosTe st (E3'>
And the polarisation in the %' direction is

\

Pef!, = dlq S\‘V\le( 5\:«\7-?; - (_05’1¢ )(E-_ 3,)\ T - dﬂo SM1e CDS'ZG(E%')

so the effective nonlinear component for type I doubling is
deﬂ= iy mhhstoszf . Remembering that for uniaxial
crystals the phasematch condition is independent of % the
optimum direction is given by $ = 0.

For completeness, the effective nonlinear coefficient
for type I doubling in a negative uniaxial crystal is found

by setting ¥ = 0 in the above analysis and is

degf = cliy stne sinagd

The effective nonlinear coefficient For lithium
formate monohydrate is more complex since the angle ¥ does
not necessarily take on simple values as it did for urea.

The complete form for the nonlinear coefficient is given in
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[4]. In the x-z2 plane ¢ = 0 so W = Oi 900. The fundamental
propagates as an ordinary ray so the refractive index that

is independent of angle is Ny . From (C3.0,3) it may be

found that ¥ = 0. The direction cosines are
coSe o
= O (0(.) by !
<(3l) - 5B &
and

de@{ = dg;_ SIneG.

Propagation in the x-w plane gives % = di 9¢° again and

direction cosines become with ¥ = 90°:

~s(n¢ (o4
(B) = | eosp @)= [e
o !
The polarisation due to the fundamental is in the =z
direction. However, the nonlinear tensor indicates that the
induced polarisation is also in the Zz direction; thus the
component in the x-4 plane is zero and the nonlinear

coefficient vanishes.

C.4. Frequency doubling.

So far the properties of the crystals which enable

efficient frequency doubling to occur have been discussed.
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This section outlines the Boyd and XKleinman [1] theory of
frequency doubling using focussed Gaussian beams, which
enables the efficiency of the conversion process to be
calculated. Also a figure of merit is defined for nonlinear
crystals, which includes the influence of enerqgy walk off
and the effective nonlinear coefficient thus enabling
different crystals to be compared.

Boyd and Kleinman show that the second harmonic power
P, generated in a positive or negative uniaxial crystal is

given by
—o'L N
o = KL R @ W(o, B,K, 8, ~) R,

(C4.0,1)
which shows the characteristic quadratic dependence of the
generated second harmonic power on the fundamental power.
The fundamental beam is assumed to be Gaussian with a

confocal parameter in the crystal given by

L
b= W;LR\: 2 e NN,

A

where A‘is the vacuum wavelength of the fundamental, N, is
its refractive index within the media, W. is the ‘e radius
of the electric field beam waist and k,= ZETM/A\ is the
wavevector within the media. The second harmonic beam shape
will not in general be Gaussian since the energy walk off
distorts the beam shape. The proportionality constant K in

S.I. units is [18]
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L
2 l‘*)l"L def?(
MWE, C2OM0,

The second harmonic power is quadratically dependent on the
nonlinear coefficient de« defined in C.3. n, is the
refractive index of the second harmonic beam. Normally

® =N\, under properly phasematched conditions. The

differential absorbtion per unit length o' is

where &, is the absorbtion of the fundamental and &, the
absortion of the harmonic. l.is the crystal length. The
dependence of the second harmonic process on focussing,
phasematching and walk off is contained within k\[G}ﬁ,H,ZNU)
which is a numerically evaluated function. The parameters

6, R, ¥%,Z ,Mare given by

b AR AR = R -2R,

&L« 2§
L

= B L Sl
B“ ?”L“ E(Lh)

1

1i

< ~Oq
1
o | ol

K = oo

wi-

Normally the losses may be neglected so K = 0. The optimum
doubling efficiency occurs when the fundamental is focussed

at the crystal centre M = 0. The phasematching parameter o
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is generally optimised experimentally so, as shown in Boyd
and Kleinman, the important function is W (B, %) where thé
subscript m indicates that the phasematching has been
optimised. The value of km(B,i)drops off rapidly for
values of the walk off parameter much greater than 1. Also
the value of the function is rather insensitive to the
focussing parameter for the typical range 1<Z<6. The
optimum value of Z lies in the range 2.84 (for8 =0) to 1.39
(for 8>6). The maximum value of he(B,3) is 1.068.

A figure of merit which depends solely on the material

parameters for doubling a particular wavelength is given by
A

et Mnen (8)

O
where wwm(B) is also defined by Boyd and Kleinman and is
the function h,(8:2) evaluated using the optimum focussing
parameter. The ratio of this figure of merit gives the
relative quantity of harmonic generation at a particular
wavelength. For urea, lithium formate monohydrate and
potassium pentaborate [18] the ratios are given by
1400 : 340 : 1 respectively. The relevant quantities are
summarised in Table C.1.

The reason that urea is more efficient than lithium
formate monohydrate is solely due to the large walk off
experienced by the harmonic. The effective nonlinear
coefficients are roughly of the same size. Potassium
pentaborate is a nonlinear crystal often used to generate

U.V. in the 217-250 nm region. However, its nonlinear
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coefficient is rather small and this is the reason it is SO
inefficient in comparison with urea and lithium formate
monohydrate. It remains the only crystal at present
available for frequency doubling light to the region
238-217 nm, 238 nm is the 90¢° phasematch angle for urea but
its non linear coefficient vanishes at this point. Lithium
formate monohydrate is phasematcheable to below 480 nm

but is limited to harmonic wavelengths greater than 240 nm

due to U.V. absorbtion induced damage to the crystal.
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Table C.1. Properties of urea, LFM and KPB at 486 nm.

phasematch
energy walk off
refractive index

effective non

linear coefficient

proportionality

constant

walk off

&Y
parameter B

h, (B)

tatm

figure of merit

Urea
74.1°
0.0382
1.5907

-13
7.4x10

-9
5.45x10

0.08

~-26

1.3x10

LFM
36.8
0.137
1.4876

7.6%10 "

-9
7.0x10

30.0

0.015

-2 6
0.26x10

KPB Units
57.3°  degrees
0.0339 radians
1.4758

—-iy
1.7x10 m/v

-11 -
3.1x10 W

0.1

-30

7.6%10 m v

(1) Assuming a crystal length 1=0.01 m.
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Valume 54, mnnber 4

OPTICS COMMUNICATIONS
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INTERFEROMETRIC FREQUENCY MEASUREMENTS

OF "¢, TRANSETIONS A'F 486 nim

JRM.BARR, JM. GIRKIN, A.l. FERGUSON

Physies Department, The Unieersity, Southampron, UK

G.P. BARWOOD, P, GILL, W.R.C. ROWLEY and R.C. THOMPSON

National Phvacal Laboratory, Teddimgion, Middlesex, UK

fteceived 18 Febroary 19KS

Duppler-free speetra of '™ Fey have been investigated in the region of 486 nm, clowe 1o the Babner-f tansitions in atomic
hydrogen amnd desterinn. The frequency ratios between o 613 nim He-Ne laser stahifized 1o the 1125 Re127y 07 tansition in
27 and two of these " Te; Doppler-free components have heen measured interferometrically (o i precision of 2 parts in

10" (one standaed deviation)

These measured components constitute useful transfer standands for the measurement of

absolnte freguencies of both the Babiner-# tramitions and the 243am two-photsn 1S 28 transittons in hvdropen il

deunternom.

1. Introduction

There has been considerable effort in recent years
to ohserve the two-photon 1§--28 transition in atom-
ic hythopen, The mrrow finewidth of this transition of-
Ters potential for high accuriey verification ol atomic
structure Ureory, Farly work at Stanford (1,2} com-
pared the (1875 -28,) and Balmer g transitions,
This made possible imeasurements of the ground-state
Lamb shift and the hydrogen-deuterium isotepe shift.
To our knowledge an accurate measurement of the
absolute frequencics of these transitions using Doppler-
free laser techniques has not been reported. Such a
measurement would enable the Rydberg constant to
be determined to a precision better than that previous-
ly achieved with the Balmer« transition [3-6]. As a
step towards this goal we have undertaken the fre-
quency measurement of two Doppler-free transilions
in l30'I‘e2. These transitions lie close to Balmer-f§ and
within a few 11z of the frequencies corresponding to
a quatier of the (1S 28) transition energles in hydro-
gen and deuteriunt, The tellurivm, contained within
a cell, is easily transportable for use as a frequency
transfer standard,

0030-4018/85/503.30 © Elsevier Science Publishers B.V.
(North-tHlolland Physics Publishing Division)

2. Doppler-free 130 e, spectra

The Doppler-limited teflurium absorption spec-
trum between 420 nm and 540 nm has previously
been publishied [7]. Taser-induced Miorescence in
tellurivm has also been reported wt ST nm and 488
nm {8]. More recently saturated telturium spectra at
486 nm have been reported [9]. The Doppler-free
1307, spectra seported here weee abtained using
the saturated absorption contiguration shown in lig, 1.
The cw laser used was a Coumarin 102 standing-wave
dye taser (Coherent 599-21) pumped by 2.5 W of
vivlet light from a krypton jon laser. With fresh dye
this provided ~50 mW of single mode dye laser out-
put at 486 nm. The saturation arrangement was opti-
cally isolated using a 40 Ml Iz acousto-optic modulator
in order to prevent leedback to the dye laser.

Tellurium of 99.3% isotopic purily was contained
in an evacuated fused silica cell (65 mm long X 25
mm diameter) with normal incidence windows [10].
The cell vad been baked to 11007C and evacuited to
10-5 Pa prior to filling. No detailed informaion re-
garding the level of contaminants within the cell fol-
Jowing the filling and sealing, or during any subse-
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Iig. 1. Experimental arrangement for dye laser stabilization to saturated spectra in tellurium,

0)

quent liealing, was available. The cell wall was heated
9 by ] hoe h h

10 643°C vin a 10 $2 nichrome lieater wire which was
non-inductively wound. The lemperature was moni-
tored by a cold junction compensated chromel/alumel
thermocouple fixed to the thermally insulated outer
wall of the cell body. [t was presumed that the tellu-
rium equilibrium vapour pressure in the cell was de-
termined by the temperature of the cell windows, since
these were not lagged, and there was no “cold finger”
side-m, “This premise was in agreement with the ob.
servation of telluriom condensate there. An estimate
of the differential between the monitored wall temper- — i
ature and that at the windows was made by observing "
the known tellurivim melting point and assuming a
proportional variation of this differential with respect :
to the measured temperature abdve ambient, This dif- }
ferential was thus estimated to be —18°C at normal :
operating temperatures, with an estimated standard :L
|
|
!
]
)
I
i

9 b ¢ gry 1 by Y

deviation of 6°C.

The saturated tellurium spectea in the vicinity of
the deuterivim and hydrogen transitions are shown in
fig. 2. These were produced by overlapping a 6 mW
clopped saturating beam with a 0.4 mW probe beam !
counter-propagating through the cell, The beams were
focused to waists outside the cell, and the saturating

- 4 ————
\GHy

Fig. 2. Doppler-free speetra in 1% Tcy at 486 nm cdose to the

and probe beam radii npli int) in the

! ld f bean Ra i (1/c amplitude point) in the cell frequency equal to o quarter of the t 1Sy, =28/, tansition
ranged from 0.2 ©mm to 0"24 n‘lm, and 0_'20 mm to {requency in (i) deuterium and in (i) hydrogen. The indicated
0.13 mm respectively.'An identical but displaced sec- frequency relevant to the hydrogen transition is the hyperfine
ond probe bearm was used to subtract off the laser in- centroid value,
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tensity noise and linear absorption background from
the detected probe signal. The Doppler-free spectra
were then recovered using standard lock-in techniques.
The probe beums were slightly smaller than the satu-
rating beam, This was necessary due to convection-
induced prohe beam wander relative to the saturating
beant, which otherwise resulted in a variation of the
saturated signal amplitude. The frequency scales for
the spectral scans of fig. 2 were determined using a
confocal interlerometer of 75 MILz Tee spectral range,

Careful considetution was given to the choice of
which telfuriwm saturated components shoutd be used
for the fiequency ritio measurements, Use of saturated
Features witht the nartowest linewidths should optimize
the short-term stability of a teturium-stabilized dye
faser. The spectia ol tig. 2 exhibited linewidths (fwhm)
inthe range 20 -100 Mliz, By compatison linewidths
of 1-5 MHz ase typical for saturated ahsorptions in
iodine 11]. Further, good long-term reproducibility
is required. As a tesult, some of the observed features
infig. 2 were deemed to be unsuitable due to unex-
pected temperature behaviour (e g. fig. 2, component
fabelled hy) or to magnetic field dependence. In this
latter case, an inductive heater winding used in a pre-
liminay study vesulted in an axial tield induced 100
He madulation to the ay and dy teatures, These were
thus disconnted, atthough (he leater was stbsequent-
ly wound non-inductively, The componemts chosen
were by and by (fig. 2) which lie roughly 4.2 Gl1z and
1.3 Gz respectively below tlie Trequencies equal to a
quarter ol the deuterium and hydrogen (18 -28) tran-
sitions. The Fwhm linewidths were measured (o he 20
MUz and 34 Mtz (+ [07) Tor components by and by
respectively,

3. l30‘[‘02-slzll)ili'l.c(l dye laser operntion

During the frequency ratio measurements, the dye
laser light at 486 nm was stabilized to the appropriate
tellurium components. The laser was frequency mod-
ulated at 500 Hz to a depth of § M1z peak-to-peak
and stabilized via a first derivative lock after subtract-
ing off the intensity noise and linear absorption in the
manner atreatly described:, Frequent readjustment of
the differential gain and lock-in offsets randomized
the residual error from the linear absorption and con-
tributed significantly to the scatter of the interferom-

OPTICS COMMUNICATIONS
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etric measurements. A third derivative lock was not
uscd in this instance because the large modutation
depth required for ~20 MUz linewidths wounld have
presented problems to interferometer operation. A
second derivative signal was also detected via snother
lock-in amplifier to check that the laser fiequency re-
mained in lock,

The mean tellurium cell “coltd point™ temperature
under normal operation was 625(£6)°C, whiclt corre-
sponds to a telurium vapour pressuie of 1,30 ki
112]. The normal saturating power of 6 mW corre-
sponded to an axial power density of 6 X 107 Win~2,

4. Interferometric frequency ratio measuremends

Preliminary frequency measmements ol the dye
laser stabilized at 486 nm to the chosen tellurinm
components were made using an NPL-designed wave-
meter [13]. This was modificd with a phase-locked-
l[oop to Aywheel over possible dye laser “diop out”
periods due to air bubbles in the dye jet. The esti-
mated uncertainty of these measnrements was +5 in
108 (30 Mi1z2). This was within the acenracy neces-
siry to determine unambigously the corect onler
number at 486 am Tor the T-m evicuated | abry - Perot
interferometer (150 MUz free’spectial vange), The
stabilized light was transmitted to this remole inter-
ferometer via a multimode prvded index opiical fibre,
An acousto-optic modwlator tnat shown in the 1) was
used to prevent scattered light tiom the e back-
coupling to the dye laser.

The stabilized dye laser fiequencies, when locked
to the transitions marked by and by in g, 2, were de-
termined by interferometric comparison with the 633
nm light from a He-Ne laser stabifized to component
“i" ol the 11.5 R(127) transition in 1271, his jo-
dine-stabilized laser was an NPL relerence Taser, and
it was operated under the preferred reference condi-
tions [14]. 1t has a resettability of ahout | part in
1041, and its frequency is within 4 X 10-11 of the
mean of a number of lasers from other national labo-
ratories with which it has been compared. The 1-m
Fabry-Perot interferometer system and its operating
characteristics have been described in canlier publica-
tions [15~17]. The frequency modulation of the dye
laser {5 MHz peak-to-peak) that was necessary for sta-
bilization was sulficient to cause appreciable broaden-
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ing ol the Fabry-Perot interference rings. This effect
was cancetled by modulating the etalon length in syn-
chironism, with carefully adjusted amplitude and
phase. The 633-nm laser that was locked to the etalon,
was similimly modulated in freqitency so as to match
the etalon modulation and give an unbroadened inter-
ference paltern,

Compuarative measurements were carried out over
a period of 10 days, during which fifteen independent
frequency delerminations were made for each of the
two radiations, The statistical variations were signifi-
cantly gieater than those previously observed with
this inteferomelter, implying that the resettability of
the frequency lock to the tellurium cell contributed
a stundard deviation of 2 parts in 1010, The frequen-
cy ritio results for the tellurium cell, with a 625°C
cold-point, were:

JODI;= 13020754917 X (1 £2X 10-19) |
Siby)/fi= 1301 727 1874 X (1 £ 2 X 10-10) |

The uncertainties of these values correspond to the
estitaated stundard deviation, as detailed in table 1.
The most significant contribution to the uncertainty
arose from the correction for the phase shift at the
clalon plates, which was determined by extrapolation
from previous measurements. These measurements
comprised 9 values between 514 nm and 670 nin
which litted & cubic curve with an rs crror corre-
spunding to only § parts in 1011 frequency uncertain-
ty. The assigned etror is due mainly to the diflerence

Table 1
Frequency ratio measvrement uncertaintics

Standard deviation

(x 1071

Source of uncertainty

Obscrvation statistics
Plisse shift extrapolation
Flatness and Hhwmination
Prismatic imbalance
Ditfraction eftects

Serve errors

Cell temperature

633 nut reproducibitity

BN e NS

Total (root sum of squares) 21
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i the extrapolition to 486 nm by means of exponen-
tial or 4th order polynominl curves, which titted the
9 data values almost cqually well as did the cubic cinve.
By combining (he above 1atio measurenients with
the currently accepled tiequency value |14 of the
633 nm laser (under its reference operating conditions)
ol473 612 214.8 MUz, with a relative standard devia-
tion of 3.4 X 10~19, the foliowing frequency values
may be calculated lor this telurium cell with a 625°C
cold point:

S(by) =616 678 857.5 + 0.25 Mil

J(b3) =616 513896.3 +0.25 Mz,

where the uncertaintics quated correspond (o the es-
timated standard deviations,

The most significant factor alfccting 1he stabilized
frequency values is the vapour pressure of the telluri-
um. Fig. 3 shows the observed chanpe ol locked Tye-
quency for the by component asa lunclion ol vapour
pressure [12], when the cold point lemperature was
raised to 722°C. "The gradient ol the Fited line fs 0,31
+0.03 MHz/kPa, where the uncertainty is due mainly
to the temperature uncertainty.

1t is possible that the stabilized requency value
could be dependent on fhe amplitde ol the frequen-
¢y modulation, duc, for example, to the unlikely vver-
lap of a weak, underlying transition. The signal-to-
noise ratio limited the abilitv to neasne AN Asy -
metry in the first desivative discriminamt, which would
have enabled this etlect to be determined. 1hus only

616 678 858

"
E;
1] i
> 857]- ﬁ}.\
v
& ~N
% P bt
£ S
856 - N
—— { | ! 1 1
0 1 ? 3 4 5 3 7

Meaoe W'

Fig. 3. Pressure shift of the by component, The error bars on
the pressure axis correspond to the systematic temperature
uncertainly ; those on the frequency anis correspond {o the
refative uncertainty of the observations, and omit the condri-
bution in respect of the absolute frequency calibration,
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an upper fimit estimate, of 50 kllz shift per MHz of
modulation, could be made, and a modulation ampli-
tude within 1 M1z of that used here is recommended
in subsequent experiments.

The variation of the stabilized Mrequency with sat-
urating power level was investigated by measurements
with the power slternated between 3 mWV and 9 mW,
The difference cortesponded to 9 X 10=11 of the fre-
quency, the lower power giving the higher frequency
value, However, the result was not statistically signif-
icant. Also, any frequency shift due to stray magnetic
ficld was estimated to be less than 2 X 10~ of the
laser frequency.

Ultimately, serious consideration of frequency
shifts duc to possible foreign gas contaminants in the
cell needs to be made. This is especially significant for
the compatison ol faser {requencies stabilized to dif-
ferent tellurium celts. A method of linewidth assess-
ment such as one used fo determine the purity of jo-
dine cells J18] is clemly desitable,

In conclusion, the frequencies of a dye laser sta-
bilized to certuin silurated components in ”01'02
at 486 nm, under particular operating conditions,
have heen measured to an aceuracy of  parts in 1010
(one stasdand deviation). Such Doppler-free telturinm
spectra can now be used as known reference frequen-
cies in the absolute frequency measurement of the
two-photon 1S-28 trausitions in hydrogen and deu-
teritm,
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Interferometric Measurement of the 15/,-25/; Transition Frequency
in Atomic Hydrogen
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The 151,2-25) transition frequency in atomic hydrogen has been interferomettically measurcd
by compurison with a reference tine in P%Fc, by Doppler-free two-photon laser spectioscopy. | he
measured 18,3-25; ransition frequency of 2466061 397(25) Milz is in paod apreement witly the
theoretical predictions of Erickson modificd 1o take account of recent mensurements of the Ryd-
berg constant. This measurcment can be used to deduce a value for the ground-sinte Lamb shifl
and gives the result of 8182(25) MHz which compares with a value of 8173.248(81) Mliz predicted

by Erickson.
PACS numbers: 32.30.Jc, 06.20.)¢

In recent years atomic hydrogen has attracted the at-
tention of laser spectroscopists in a number of experi-
ments designhed to measure fundamental constanis!-3
or to test theoretical calculations.® These experiments
have been motivaled by the existence of highly accu-
rate theoreticat calculations™? and the development of
new nonlincar laser-spectroscopic techniques which
may cnable discrepancies between these theoretical
predictions to be tested. The wavelength of the
Balmer-o  transition  has  been  determined nuny
times'™? by Doppler-frec techniques with the aim of
measuring the Rydherg constant (R ). Although ex-
cellent accuracies were achicved (1 part in 10°%), the
experimental resolution was limited (o approximalely
50 MHz. Narrower linewidths ( ~ 2 Milz) are expecl-
ed to be achicved by use of double-quantum excitation
ol the 25,,-35},, transition or two-photon excitation
of the 25,5-851/2. 8Dy ¢, transilions.* Previous in-
vestigalions of the [8,,-25),, transition® have concen-
trated on measuring the ground-state Lamb shift by in-
terferometrically comparing one quarter of the 1Sy,
28y, frequency with one of several Balmer-g com-
ponents. In these experiments the ground-state Lamb
shilt was measured to an accuracy of 0.4%; however,
no attempt to measurc the transition energy of the
lines involved was reported. In this Lelter we report
what we believe to be the first measurement of the ab-
solute transition frequency of the 18y,;-28), transition
in atomic hydrogen by Doppler-free techniques. IT the
current best vafue for the Rydberg constant is used 1o
predict the 15,,-2S),, energy scparation, the measure-
ment reported here can be interpreled as a measure-
ment of the difference in Lamb shifts for the 1S, and
281/ levels. This can then be used lo deduce a value
for the ground-state Lamb shift. We refer to Lamb
shifts as any correction, other than hyperfine structure
and reduccd-mass elfects, which has to be applicd to
the Dirac expression for the hydrogen energy levels.
IF it is assumed (hat the theoretical predictions are
correct, this measurement can be used as a measure-
ment ol the Rydberg constant.  As such it is the first

laser-spectroscopic measurement ol the Rydberg con-
slant on any transition other than Balmer-«. Further
extensions of the lechniques reported here will make
possible improved measurements of the Rydberg con-
stant, and may enable the ground-state Lamb shilt to
be measured to an accuracy which will distinguish
between the different theoretical predictions.

The 151/,-25);, transition [requency has been mea-

sured by interferometrically comparing one quarter of

the 18,,,-25),; transition lrequency with a reference
line in 3%Te, vapor which was previously catibrated by
Doppler-free saturation spectroscopy to an absotute ac-
curacy of 4 parts in 10! The experimental system
used in this measurement consisted of a counarin 102
(C102) continuous-wave (cw) dye laser (Coherent
699-21), used in a standing-wave configuration. This
faser was pumped by the violet lines of o krypton-ion
laser (Coherent J000K) and typically provided 10-70
mW in a 1-2-MH2 tinewidth near 486 nm. Al Ire-
quency measurements were made in the blue so that
the measured frequencies and hyperline sepasations
appeared 1o be one quarter ol the alomic value.

The relative frequency calibiation was provided by
the transmission Iringes of a contocal interferomeler
with a quartz spacer and a measured [ree spectral range
of 497.96(10) MIiz. ‘Ihe interfecometer temperature
was actively stabilized (o ¢ 0.01°C and was placed in-
side a second enclosure which was temperatine stabi-
lized 1o +0.5°C. The residual drilt of the interferome
eter frequency was less than 20 MHz/h. The alumi-
num mirror coalings-gave rise Lo a correction for the
phase shift on reflcction of less than | k17 near 486
nm for the tuning range used in these experiments.!
Dispersion of air could be neglected since the inter-
feromelter was evacuated to 107¢ Torr and sealed off,
A Doppler-free saturated-absorption experiment on

Tey vapor enabled the ahsolute frequency to be
determined under experimental conditions described
by Barr e al'® In order to prevent optical feedback an
acousto-optic modutator (Isoniel) was inserted be-
tween the dye laser and the saturation spectromelter.

580 © 1986 The American Physical Sociely
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This shifted up the light used for this part of the ex-
periment by 80.00 Mllz.

The tunable 243-nm light required to excite the
151/2-28, transition was generated by frequency dou-
bling of the 486-nm radiation. In order to increase the
doubling efficicncy the low-power cw radiation was
amplified with a pulsed, single-pass, four-stage,
traveling-wave Cl02 dye amplifier pumped by a
frequency-tripled Nd-doped yttrium-aluminum-garnet
laser (Quanta Ray DCR 2). The output was 1.0~1.5
ml in a 5-ns pulse with a 150-200-MHz linewidth
which is approximately 2-2.5 times the Fourier-
transform limit. The amplification process not only
broadened the linewidth but also shifted the pulse
spectrum up relative to the cw laser by 35-55 Mllz
due to pulse chirping.® This was observed with a con-
focal interferometer of 300-Mllz free spectral range
and 2-Milz linewidth.

Frequency doubling in urea (Quantum Technology
8x8x8 mm?) yiclded up to 0.2 mJ at 243 nm. This
was sufficient to cnable the laser linewid(th to be re-
duced by filtering with a conlocal interferometer. The
interflerometer was 25 cm long with a mirror reflectivi-
ty ol 90%. The linewidth was measured to he 25 M1z
by use of a narrow-linewidth cw dye laser. A transmis-
sion maximum of the interfcrometer was maintained
coincident with the cw-laser frequency by modulation
of the interfcrometer length and use of standard first-
derivalive locking techniques. The length was modu-
lated at 600 11z over a length change corresponding to
7 MHz which broadened the linewidth of the inter-
ferometer to 30 Mz The avernge interferometer
pass-band frequency was locked to the cw frequency (o
better than 5% 1077 of the interferometer linewidth,
The pulsed blue light was mode matched into the in-
terferometer giving a free spectral range of 600 M1z,
For mode maltching, the interferometer must be
aligned with its oplic axis parallel to the laser beam to a
measured angle of less than + 5% (074 rad. As the cw
light and the pulsed light could be mode matched
simultancously, the angle belween them must have
been smaller than this limit. Consequently the differ-
ence in resonance frequency between the cw and
pulsed light due to alignment effects could be made
negligibly small. However, the frequency specirum of
the transmitted pulsed light was found to have a
linewidth of 35-40 MIliz and to be shiflted up by
12.3(5.2) MHz reltive to the cw frequency. This is
related to the amplifier shift since the frequency spec-
trum of the light being filtered had a nonzero gradient
at the cw frequency, The filtering process stretched
the pulse length from 5 10 12 ns and changed the tem-
poral profile from a Gaussian to a single-sided ex-
ponential. The peak power was reduced lrom 260 to
10 kW. High conversion to the uv was maintained by
focusing to a beam radius of 50 wm in the urea crystal,

yielding up to 20 pJ with a pulse duration of 6 ns.

Molecular hydrogen was obtained by clectrolysis of a
weak NaOU solution. Dissociation of 11, was achieved
in 8 microwave discharge (Microtron 200) with typical
microwave powers of 6-10 W. I'he observation -cell
{50 mmx 25 mm diameter) was cquipped with Spec-
trosil windows and two planc-parallel stainless-steel
ionization detection plates (10 $0 mm?) separated hy
15 mm. The pressure in the cell was monitored with a
capacitive manometer (Baratron 222BA) and was
varied in the region 0.1-1.5 Torr. Most measurements
were taken at a pressure of 0.18 Torr. In recent high-
resolution experiments, atomic heams have been used
to avoid broadening and shifts due to discharge electric
fields and pressure effects.>* For the pressures and
resolution used in this experiment it was lound that
the pressure shifts were negligible and so an atomic
beam was not used.

The 243-nm light was focused onto a mirror 1-2 em
behind the cell with a 10-cm focal tength fused-silica
lens and a 15-cm focal fength cylindrical fused-silica
lens. The fatter compensated for the distorted uv
beam profile caused by walkolf in the doubling crystal.
The spot radius of the uv was 100 gom amd energics in
the range 0.7-3 pJ were used. The ions produced by
Doppler-free two-photon-resonant three-pholon joni-
zation were collected by o small clectric field (5 V
em™!) between the mectal plates. The Stark shift
caused by this field can he calculated to be less than 8
kHz.'2 The collected current was amplificd by a detec-
tor with a sensitivity of 13 V pC " and a noise level
corresponding to 10Y clectrons/pulse. Typical signal
levels were several volts corresponding to the produc-
tion of 10% electron-proton pairs per pulse.

The spectra shown in Fip. 1 were obtained by scan-
ning the dye laser over a 2-GHz interval in 2005, The

L98HHy ~--- ~

/ \ ‘
A / \\‘ // \ /
\N\V‘/\M\T/'W\/-f T Ty
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e e ‘ I

IHCREASING ll:;;; H';' 6”( H(Y -

FIG. 1. A typical series of speetra. The top trace shows

the interferometer fringes used as frequency markers. The

middle trace shows a portion of the PTe, spectrum, where

the intermediate transition used as a transler line is indicat-

cd by an arrow. The bottom teace shows the hydrogen
1813-281); spectrum,
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data from the pulsed parl of the experiment were col-
lected on a pulse-lo-pulse basis with no averaging
while the data from the saturation spectrometer were
smoothed by (he 0.1-s time constant on a phase-
sensitive detector. The confoeal filter could only be
locked over a limited scan range and so it was con-
venient to use anolher '°Te, line as a transfer stand-
ard.

The data were analyzed as follows. The centers of
the interferometer peaks were found on the computer
by numerical dilferentiation of data which had been
smoolhed by the carrying out of a moving average
over thirty points. The zero crossing gave the posi-
tions of the extrema. For the hydrogen data and the
13%T'e, data the smoothing was over ten points. Only in
the case of the hydrogen data did varying of the
number of points cause a change in the centroid of
each component. However, the shilt was smaller than
the statistical uncertainties and could be neglected.
The separations of the various lines were found in
terms of the reference inlerlerometer by interpolation.
It was found that small nonlinearities in the laser scan
produced slight variations in the interferometer peak
separations which required a quadratic fit o be taken
into account. ‘The success of this correction was ob-
served by our measuring the known hyperfine splitting
in hydrogen and ensuring thal it was within the experi-
mental crror of the accepted value. The magnitude of
the correction was about * 1% of the interferometer
free spectral range. Eleven scans were used to obtain
the separation between the calibrated IJOTez line and
the transfer line with use of the cw laser. The transfer
linc was found to be 549,1(1.7) MHz higher in fre-
quency than the calibrated line, Thirty scans were
used to obtain the "0Te, line to H F=1—|
hyperline-component separation,

To arcive at the final encrgy measurcment several
corrections have to be taken into account. These are
shown in Table [ and are explained as lollows, where
all corrections are applied in terms of the frequency
scale of the 486-nm radiation.

(1) The amplifier shift was measured at the start and
finish of cach sequence of spectra and used to correct
the averape value of the scparation between the
transfer e, line and the 1 F=1—1 hyperfine
component. The error of 5.9 Mllz represents one
standard deviation and includes the uncertainty of the
amplilier shift (5.2 M11z) and statistical uncertaintics
(2.8 MHiz).

(2) +77.678 Milz is the separalion between the
F=1=1 hyperline component and the centroid of
the hyperfine levels.

(3) ~80.00 MIlz comes rom the frequency shift
causcd by the acousto-optic modulalor.

(4) The pressure shilt was monitored over the range
0.2-1.5 Torr. The measured shift was +3(6)
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TABLE L. Theoreticnl predictions of the 1.8,,-28, cner-
gy scparation using the calculations of Erickson {Ref. 7)
modified by use of the weighted mean value of the Rydberg
constant [sec Taylor (Ref, 13)] together with the predicted
1517 Lamb shift. 1he measured frequencies and corrections
to these frequencies are nlso shown in the table, and 1eler to
the visible laser frequency. The finat 185),; to 25, transi-
tion frequency is 4 times the faser frequency. Al values are
in megahertz,

Theory

—2467411574.203
1343062.867
-22.325
R173.248(81)
2466 061405.5(2.9)

Dirac contribulion
Reduced mass
Nuclear recoil

1Sy, Lamb shilt
151/2-28y;2 frequency

Experiment

Calibrated "T¢, frequency® G16513R96.30(25)

Intermediate "°Te; offset +549.1(1.7)
DOTe,—H(F=1—1) +907.4(5.9)
H{F=1—1), centroid +77.678
Acousto-oplic shilt 80.00
Pressure shilt -0601.2)
ac Stark shifl = 0.6(0.6)
Inlerferometer free spectral tange 0000.1)

G1HSESID.3106.3)
24066001397(25)
RER2(25)

Total
Meusured 15),5-25y,) frequency
Deduced 18, Lamb shift

"Relerence 8.

MUz/Torr 10 higher frequencies. Hence a correction
ol —0.6(1.2) MHz at the operating pressure of 0.2 Torr
is included.

(5) The ac stark shift can be calculated” 10 he
0.6(0.2) MHz, and increases the sepmation between
the levels. This shitt was below the resolution of this
experiment and is included as a  correction  of
~0.6(0.6) MHz.

The predicted value of the 15,,-28,, transition {re-
quency is a sensitive function of the assumed value ol
the Rydberg constant. ‘There have heen several recent
measurements of the Rydberg constant. These arc
shown in Table 11 where the data have been modificd
to take account of chanpes in these measurements due
to the redefinition ol the meter, small changes in the
fine-structure constant, and {he clectron-to-proton
mass ratio.”) The prediction of the Erickson’ theory
for the 18y, to 25y, transition frequency using these
values for the Rydberg constant is also shown in 1able
I together with our experimental measurement of this
transition frequency.

If the Dirac and relativistic nuclear-recoil contribu-
tions calculated with the weighted mean value of the
Rydberg constant in Table 11 are subtracted {rom the
measured value of the 1.5,,-25),; transition frequency
a value of 7137(25) Mllz is obtained tor the dilference
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TABLE 1. Comparison of some recently measured
values of the Rydberg constant adjusted by Taylor (Ref. 13)
together with the weighted mean. The resulting 1.5y, to
2873 transition frequency biased on Frickson's theory is ulso
shown. Our experimental mensurement of this frequency
and the Rydberg constant are shown for comparison. The
ttbulated quantities are AR:=R_.—10973731 m~! and
AE: = Fyay—- 2466061 000 Mz,

AF AR
Goldsmith er al,® 0.500(32) 397.8(7.2)
Petley et al.® 0.521(64) 402.6(14.4)
Amin ef al® 0.539012) 406.6(2.7)
Weighted meant 0.534(13) 405.5(2.9)
This work 0.50(11) 397(25)

“Qeference 3.
9Reference 13.

"Refercnce 1,
"Relerence 2.

in 15y and 25}, Lamb shifts. This compares with a
theoretical value of 7128.171(81) Mliz predicted by
Erickson.” Il the theoretical value for the 28,;; Lamb
shift predicted by Erickson (excluding recoil) of
1045.077(0.010) MI1z is accepled then we obtain an
experimental value for the ground-state Lamb shift of
8182(25) MIiz compared with a theoretical value of
8173.24R8(81) Mz,

An alternative interpretation of this experiment is
that it is a measurement of the Rydberg constant, As
such it is the first measurement of this important con-
stant in a transition other than Balmer-a. The present
work pives a1 value for the Rydberg constant of
10973731.50¢11) m~" which is consistent with other
measurements but with a somewhat larger uncertainty.

The methods described in this paper offer a polen-
tial Tor significant improvemenls in the measurement
of the Rydberg constant and the Lamb shifts in atomic
hydrogen. “The principal uncertaintics are due (o
linewidths of the resonances obtained and uncertain-
ties in the frequency shilt between the cw dye laser
and the amplified beam. Both of these problems could
be reduccd by reducing the linewidth of the filter in-
terferometer. We estimate that the finewidth could be
realistically reduced 1o the region of 3 MHz without
significant loss of signal-to-noise ratio. We would then
expect the accuracy of our meastrements lo improve
to about 300 kllz, At this level of accuracy an im-
proved measurement of the Rydberg constant should
prove possible. This will make an interesting test of

systematic errors since all other accurale measure-
ments of the Rydberg constant have been on Balmer-
a. It should also be possible to muke an improved
measurement of the "1, Famb shitt by comparing
the 15,/)-28y;; transition frequency dircetly with o
component in Balmer-8. A metastable beam suitable
for making this measurement has been constructed in
our laboratory. This next generation of experiment
may enable the diffcrences between the Erickson,?
Mohr,® and Sapirstein’ theories, which amount to
about 300 kHz in the ground-stale Lamb shift, to be
tested.

The authors gratefully acknowledge the support of
Science and Engincering Research Council for this
work in the form of rescarch grants, an Advanced Fel-
lowship (A.LF.), rescarch studentships (JROM.B.,
JM.T.), and a CASE studentship (J.M.G.) in conjunc-
tion with the National Physical Laboratory. We also
thank Dr. B. W, Pelley for many uselul discussions.

@present address: Central | aser Facitity, Rutherford Ap-
pleton Laboratory, Oxlard, United Kingdom,

¥ present address: Photon Control Limited, Cambridge,
United Kingdom.

10 B M, Goldsmith, E.w, Weber, and TW o Iinseh,
Phys. Rev. Lett. 41, 1525 (1978).

3. W. Petley, K. Morris, and R, E. Schawyer, J. Phys. B
13, 3099 (1980).

3S. R, Amin, C. D. Caldwell, and W Lichten, Phys. Rev.
Lett. 18, 1234 (1981).

4D, Shiner and C. Wieman, in 1reasmn Mroswrement and
Fundamental Consiants 1, edited by B N. Taylor and W, D,
Phillips, National Burcau of Standards Special Publication
No. 617 (U.S. GPO, Washington, 1Y C. 1984), p. 123,

SF. Biraben and L. Julien, Opt. Commun. 53, 319 (198%).

6C. Wieman and T. W, Hinsch, Phys. Rev. A 22, 192
(1980).

7¢;. W. Erickson, J. Phys. Chem. Ref. Data 6, 831 (1977),

P, J. Mohr, Ann. Phys (N.Y.} 88,52 (1974).

9. Sapirstein, Phys Rev. Lett. 47,1723 (198]).

1), R.M. Bare, .M Girkin, A 1 Terguson, G, P Bar.
wood, P. Gill, W, R. €. Rowley, and R. C, 1homson, Opt.
Commun. 59, 217 (1985).

UL M. Bennet, J. Opt. Soc. Am. 54, 612 (1964).

12)_ A, Blackman and G. W Series, J. Phys. B 6. 1090
(1973).

BB, N. Taylor, private communication of work earrictl out
in connection with the 1985 least squares adjustment of the
fundamental constants.  Other values wsed are o~
=137.035988( < 10) and m,/m,=1836.152701(37).

583

PAGE 242



