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1 Attributes are defined as parameters of the system under consideration that are used to describe the 
system. For example this could be performance or dimensional parameters such as thrust, mass, etc. 





 



 



 





 



 

𝐉 = 𝐟(𝐱) =

[(𝑓1(𝐱),… . . , 𝑓𝑘(𝐱)] 𝐱 𝐽𝑘 =

𝑓𝑘(𝐱) ℎ𝑖(𝐱)

𝑔𝑖(𝐱) 𝐱

𝐱

[ℎ𝑖(𝐱), 𝑔𝑖(𝐱)]

𝐉 = 𝐟(𝐱) = [(𝑓1(𝐱), … . . , 𝑓𝑘(𝐱)]

ℎ𝑖(𝐱) = 0,                𝑖 = 1,2,… , 𝑝

𝑔𝑗(𝐱) ≤ 0,             𝑗 = 1,2, … . ,𝑚

𝑥𝑞
𝐿 ≤ 𝑥𝑞 ≤ 𝑥𝑞

𝑈 ,     𝑞 = 1,2, … . , 𝑛
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𝐉𝟐

𝐽𝑖
1 ≤ 𝐽𝑖
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𝐱

[𝐗𝟏, 𝐗𝟐, 𝐗𝟑, 𝐗𝟒]
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2 Net worth in economic terms is defined as the amount by which assets exceeds liability i.e. the total assets 
that an individual or business has minus the total liabilities of that individual or business. 
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∗, … . . , 𝑣𝑛

∗} = {(max𝑗𝑣𝑖𝑗|𝑖 ∈ 𝐼
′), (min𝑗𝑣𝑖𝑗|𝑖 ∈ 𝐼
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𝑎𝑖

𝑃𝑖 (𝑎1, 𝑃1 ; 𝑎2, 𝑃2; , , , )

𝑈(𝑆) = 𝑢⊺ = 1

𝑈(𝑆) = 𝑢⊥ = 0

(𝑎𝑖|𝑎𝑗)~(𝑎𝑖|𝑎, P; 𝑎𝑖
′′|𝑎𝑗) 

(𝑎𝑖|𝑎𝑗
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′|𝑎𝑗
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′′|𝑎𝑗
′)

𝑎𝑖|𝑎𝑗 𝑎𝑖 𝑎𝑗

𝑎𝑖 𝑎𝑗 𝑖 ≠ 𝑗

{𝑎1, … . . , 𝑎𝑁}

(𝑎𝑖|𝑎𝑗 , 𝑃 = 0.5; 𝑎𝑖
′|𝑎𝑗

′)~(𝑎𝑖|𝑎𝑗
′, 𝑃 = 0.5; 𝑎𝑖

′|𝑎𝑗)



(𝑃 = 0.5) 𝑎𝑖 𝑎𝑖
′

𝑎𝑗 𝑎𝑗
′

𝑎𝑖 𝑎𝑗

𝐾 ⋅ 𝑈 + 1 =  ∏(𝐾 ∙ 𝑘𝑖 ⋅ 𝑈(𝑎𝑖) + 1)   where   𝐾 = −1 +∏(𝐾 ⋅ 𝑘𝑖 + 1)

𝑛

𝑖=1

𝑈 𝑈(𝑎𝑖)

𝑎𝑖 𝑘𝑖 𝑖𝑡ℎ

𝐾

𝑈 𝑈(𝑎𝑖).

∑ 𝑘𝑖 = 1

𝑈 =∑𝑘𝑖𝑈(𝑎𝑖)

𝑁

𝑖=1
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𝑁𝑃𝑉 =  𝐷𝑜 + ∫
𝐷(𝑡)

(1 + 𝑟(𝑡))𝑡
𝑑𝑡

𝑡𝑘

𝑡𝑗

 ~𝐷𝑜 +∑
𝐷(𝑡)

(1 + 𝑟(𝑡))𝑡
~𝐷𝑜 +

𝑡𝑘

𝑡𝑗

∑
𝐷(𝑡)

(1 + 𝑟)𝑡

𝑡𝑘

𝑡𝑗

𝐷𝑜 𝑡𝑗 𝐷𝑡

𝑡 𝑟(𝑡)

𝑡



 

𝑁𝐵 = (∑𝐵𝑜 −∑𝐶𝑜) + (∑
∑𝐵(𝑡)

(1 + 𝑟)𝑡
−∑

∑𝐶(𝑡)

(1 + 𝑟)𝑡

𝑡𝑘

𝑡𝑗

𝑡𝑘

𝑡𝑗

)

3 Black-Scholes model is a mathematical model that gives a theoretical estimate of the price of options. For 
further detail the reader is referred to Black-Scholes and Beyond: Option Pricing Models [147]. 
 
4 The definition of costs in CBA not only includes actual monetary value (i.e. manufacturing costs, operating 
cost, etc.), but also the costs due to negative social impacts of the project (i.e. cost of emissions, cost of 
deteriorating human/animal health, etc.). 
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𝑁

𝑀𝑖𝑛       𝐟(𝐱) = ∑ 𝑤𝑖𝑓𝑖(𝐱)
𝑁
𝑛=1

𝑠. 𝑡.       𝑋 ∈ Ω     𝑊 = [𝑤1, 𝑤2, … , 𝑤𝑁]

𝑊 𝑓𝑖(𝐱)

𝑖𝑡ℎ 𝑖𝑡ℎ

𝑤𝑖

𝐿 =

{𝑓(𝑋)|∑ 𝑤𝑖𝑓𝑖(𝐱) = 𝑐𝑁
𝑛=1 } Λ 𝐿 =

−𝑤1 𝑤2⁄

𝐴 𝐵

 



Min      

{
 

 

[∑(𝑤𝑗
+𝑑𝑗

+ +𝑤𝑗
−𝑑𝑗

−)
𝑝

𝑘

𝑗=1

]

1
𝑝

}
 

 

s. t.        𝑋𝑏 ∈ Ω𝑏

Ω𝑏 = {

𝑓𝑗(𝐱) − 𝑑𝑗
+ + 𝑑𝑗

− = 𝑓𝑗       𝑗 = 1, … , 𝑘

𝑑𝑗
+ ∙ 𝑑𝑗

− = 0       𝐱𝑏 = [𝐱
𝑇 𝑑1

+ 𝑑1
−, … , 𝑑𝑘

+ 𝑑𝑘
−]

𝑑𝑗
+, 𝑑𝑗

− > 0        𝐱 ∈ Ω

}

𝑑𝑗
− 𝑑𝑗

+ 𝑤𝑗
−

𝑤𝑗
+ 𝑓𝑗

𝑗

Min      𝑎𝑙 = 𝑝𝑙ℎ𝑙(𝐷
+, 𝐷−)

s. t.     𝐱𝑏 ∈ Ω𝑏,   𝑙 = 1,2,… , 𝐿

𝐷+ = [𝑑1
+, 𝑑2

+, … , 𝑑𝑘
+]𝑇 𝐷− = [𝑑1

−, 𝑑2
−, … , 𝑑𝑘

−]𝑇 𝑝𝑙 𝐿

𝑎1 𝑎1
∗ 𝑎2

𝑎2 ≤ 𝑎1
∗ 𝑎𝐿

𝑋∗

𝐱



 

Min     log10 [
1

𝑛𝑠𝑐
∑𝑓𝑖̅[𝑓𝑖(𝐱)]

𝑛𝑠𝑐

𝑖=1

]

s. t.      Ω

Ω 𝑛𝑠𝑐

 



 

Min    𝜆  𝐱 ∈ 𝐗, 𝜆

s. t.   𝚽𝐰 + 𝜆𝐧 = 𝐅(𝐱) − 𝐅𝑜

𝚽 𝑘 × 𝑘 𝑖 𝐅(𝐱𝑖
∗) − 𝐅𝑜

𝐅(𝐱𝑖
∗) 𝑖

𝐅𝑜 𝚽

𝐰 ∑ 𝑤𝑖 = 1𝑘
𝑖=1 𝐧 = −𝚽𝐞 𝐞 ∈ 𝑅𝑘

𝐧 𝐰

𝚽𝐰 𝚽𝐰+ 𝜆𝐧

𝐰

5 Convex hull of individual minima: Let 𝑥∗ be the representative of the optimum variable for the global 
minimum of 𝑓𝑖(𝑥), 𝑖 = 1,… , 𝑘 . Let 𝐹𝑖

∗ = 𝐹𝑖
∗(𝑥𝑖

∗), 𝑖 = 1,… , 𝑘. Then the set of points in 𝑅𝑘 that are convex 
combinations of 𝐹𝑖

∗ is referred to as the convex hull of individual minima. 



 



ΙΙ ΙΙ

 



𝜎𝑠ℎ𝑎𝑟𝑒

𝜎𝑠ℎ𝑎𝑟𝑒

ΙΙ

ΙΙ

 ΙΙ



 ΙΙ

 𝑅𝑡 = 𝑃𝑡 ∪

𝑄𝑡 𝑅𝑡 𝐹𝑖 𝑖 =

1,2,…, 

 𝑃𝑡+1 𝑁 |𝑃𝑡+1| + |𝐹1| <  𝑁

𝑃𝑡+1 = 𝑃𝑡+1 ∪ 𝐹𝑖 𝑖 = 𝑖 + 1.

 

𝐹𝑖 𝑃𝑡+1

 𝑃𝑡+1

 

𝑄𝑡+1

 

𝑦̂ = 𝑓(x, 𝛼) 𝛼



𝑦̂ =

𝑓(x, 𝛼)

𝐱 = [𝐱(𝟏), 𝐱(𝟐), … , 𝐱(𝒏−𝟏)]
T

𝐲 = [𝑦(𝟏), 𝑦(𝟐), … , 𝑦(𝒏−𝟏)]
T

𝑓

𝛼

 

𝑦(𝐱)

𝛽

Γ

𝑌(𝐱) = 𝛽 + 𝑍(𝐱)

𝑍(𝐱)



Cov (𝑍(𝐱, 𝐱′) = Γ(𝐱, 𝐱′) = 𝜎𝑧
2𝑅(𝐱, 𝐱′)

𝜎𝑧
2 𝑅(𝐱, 𝐱′)

𝑅(𝐱, 𝐱′) = exp |−∑𝜃𝑗|𝑥𝑗 − 𝑥𝑗
′|
𝑚𝑗

𝑛

𝑗=1

|

𝜃𝑗 ≥ 0 0 < 𝑚𝑗 ≤ 2 𝑛 × 𝑛

𝑹 =

[
 
 
 
 
𝑅(x(1), x(1)) 𝑅(x(1), x(2)) ⋯ 𝑅(x(1), x(𝑛))

𝑅(x(2), x(1)) 𝑅(x(2), x(2)) … 𝑅(x(2), x(𝑛))
⋮

𝑅(x(𝑛), x(1))
⋮

𝑅(x(𝑛), x(2))
⋱                ⋮

… 𝑅(x(𝑛), x(𝑛))]
 
 
 
 

𝑚 𝜃 𝑚

𝑚𝑗 = 2

𝑚𝑗

|𝑥𝑗
(𝑖)
− 𝑥𝑗| 𝜃𝑗

|𝑥𝑗
(𝑖)
− 𝑥𝑗| 𝜃𝑗

𝑥𝑗

𝜃𝑗 𝜃𝑗

𝑌(𝑥𝑗) 𝜃𝑗

𝒎 𝜽

𝐲 = [𝑦(𝟏), 𝑦(𝟐), … , 𝑦(𝒏)]
T



ln(𝐿(θ, 𝛽, 𝜎𝑧
2)) =

1

2
|𝑛 ln(2𝜋) + 𝑛 ln 𝜎𝑧

2 + ln|𝑹| +
1

𝜎𝑧
2
(𝐲 − 𝟏𝛽)𝑇𝑹−1(𝐲 − 𝟏𝛽)|

θ 𝜃𝒊 , 𝑖 = 1,… 𝑛 𝑹 ∈ ℝ𝑛×𝑛

𝟏 [1,1,… . , 1]T ∈ ℝ𝑛

𝜽, 𝛽 𝜎𝑧
2

𝛽 𝜎𝑧
2

𝛽 =
𝟏𝑇𝑹−1𝒚

𝟏𝑇𝑹−1𝟏

𝜎𝑧
2 =

(𝒚 − 𝟏𝛽)𝑇𝑹−1(𝒚 − 𝟏𝛽)

𝑛

ln(𝐿) ≈ −
𝑛

2
ln(𝜎𝑧

2) −
1

2
ln|𝑹|

𝛽 𝜎𝑧
2

𝜽

𝜽

𝜽

x̂ 𝑦̂

|
𝒚
𝑦̂| ~𝑵 (

|𝟏𝑛+1𝛽|, |
𝚪 𝛾(𝐱̂)

𝛾(𝐱̂)𝑇 𝚪(𝐱̂, 𝐱̂)
|)

𝛾(𝐱̂) = [𝜎𝑧
2𝑅(𝐱̂, 𝐱(1)),   𝜎𝑧

2𝑅(𝐱̂, 𝐱(2)), … , 𝜎𝑧
2𝑅(𝐱̂, 𝐱(𝑛))]𝑇 𝑦̂

𝑦̂ 𝒚

𝑦̂|𝒚~𝑵(𝛽 + 𝛾(𝐱̂)𝑇𝚪−1(𝒚 − 𝟏𝛽), 𝛾(𝐱̂)𝑇𝚪−1𝛾(𝐱̂))

𝑦̂(𝐱) = 𝛽 + 𝝉(𝐱)𝑻𝐑−1(𝒚 − 𝟏𝛽)

𝝉(𝐱) = [𝑅(x, x(1)), 𝑅(x, x(2)), … , 𝑅(x, x(𝑛))]



𝐱̂

𝜎2(x)=𝜎𝑧
2 (1 − 𝝉(𝐱)𝑻𝐑−1𝝉(𝐱))

 

𝐱 =

[𝐱(𝟏), 𝐱(𝟐), … , 𝐱(𝒏−𝟏)]
T

𝑓

𝑠̂2(x)

𝑦̂(x)

𝑠̂2(x)

𝑓𝒆
min(𝐱) = min (𝑓𝑒

(1)(𝐱(1)), 𝑓𝑒
(2)(𝐱(2)),⋯ , 𝑓𝑒

(𝑁0)(𝐱(𝑁0))) 𝑃[𝐼] =

𝑃 [𝑦 (x(𝑁0+1) ≤ 𝑓𝒆
min(𝐱))]



𝑓1(𝑥) 𝑓2(𝑥) 𝑥

𝑓1,2
∗ = {[𝑓1

(1)∗(𝑥(1)), 𝑓2
(1)∗(𝑥(1))], [𝑓1

(2)∗(𝑥(2)), 𝑓2
(2)∗(𝑥(2)), … , [𝑓1

(𝑀0)∗(𝑥(𝑀0)), 𝑓2
(𝑀0)∗(𝑥(𝑀0))]]}

𝑦̂1(𝑥) 𝑦̂2(𝑥)

𝑠̂1(𝑥) 𝑠̂2(𝑥)

𝑥

𝑃 [𝑌1(𝑥) < 𝑦1
∗(𝑖) ∩ 𝑌2(𝑥) < 𝑦2

∗(𝑖)]

𝑃 [𝑌1(𝑥) < 𝑦1
∗(𝑖) ∩ 𝑌2(𝑥) < 𝑦2

∗(𝑖)]

= ∫ ∫ 𝑌1𝜙(𝑌1, 𝑌2)𝑑𝑌2𝑑𝑌1

∞

−∞

𝑦1
∗(1)

−∞

+ ∑ ∫ ∫ 𝑌1𝜙(𝑌1, 𝑌2)𝑑𝑌2𝑑𝑌1

𝑦2
∗(𝑖)

−∞

 
𝑦1
∗(𝑖+1)

𝑦1
∗(𝑖)

𝑚−1

𝑖=1

+ ∫ ∫ 𝑌1𝜙(𝑌1, 𝑌2)𝑑𝑌2𝑑𝑌1

𝑦2
∗(𝑚)

−∞

∞

𝑦1
∗(𝑚)

𝜙(. )

𝐸[𝐼(𝐱)]

𝑃[𝐼(𝐱)]

(𝑌̅1 𝑌̅2) 𝐸[𝐼(𝐱)]

 𝑃[𝐼(𝐱)]

(𝑌̅1 𝑌̅2)

(𝑦1
∗(𝑥), 𝑦2

∗(𝑥)) 𝑃[𝐼(𝐱)]

𝐸[𝐼(𝐱)] =  𝑃[𝐼(𝐱)]√(𝑌̅1(𝑥) − 𝑦1
∗(𝑥))2 + (𝑌̅2(𝑥) − 𝑦2

∗(𝑥))2



𝑌̅1(𝑥) = {∫ ∫ 𝑌1𝜙(𝑌1, 𝑌2)𝑑𝑌2𝑑𝑌1

∞

−∞

𝑦1
∗(1)

−∞

+ ∑ ∫ ∫ 𝑌1𝜙(𝑌1, 𝑌2)𝑑𝑌2𝑑𝑌1

𝑦2
∗(𝑖)

−∞

 
𝑦1
∗(𝑖+1)

𝑦1
∗(𝑖)

𝑚−1

𝑖=1

+ ∫ ∫ 𝑌1𝜙(𝑌1, 𝑌2)𝑑𝑌2𝑑𝑌1

𝑦2
∗(𝑚)

−∞

∞

𝑦1
∗(𝑚)

 } / 𝑃[𝐼(𝐱)] 

𝑌̅2(𝑥)

𝐸[𝐼(𝐱)]

𝐸[𝐼(𝐱)]

 



 

𝑔𝑖(x), 𝑖 = 1,⋯ , 𝑛

x

f(x) = [−𝑈(𝐱), 𝐿𝐶𝐶(x)]

                           𝑔𝑖(x) ≤ 0.  𝑖 = 1,⋯ , 𝑛

                                              x𝑞
𝐿 ≤ x𝑞 ≤ x𝑞

𝑈 𝑞 = 1,⋯ , 𝑧

x𝑞 ∈ 𝐱

x𝑞
𝐿 ≤ x𝑞 ≤ x𝑞

𝑈

𝑓(x)

                𝑔𝑖(x) ≤ 0.  𝑖 = 1,⋯ , 𝑛

                                                        x𝑞
𝐿 ≤ x𝑞 ≤ x𝑞

𝑈  𝑞 = 1,⋯ , 𝑧

𝑓(x)  

ℒ

ℒ(𝐱, λ) = 𝑓(𝐱) +∑𝜆𝑗𝑔𝑗(𝐱)

𝑛

𝑗=1



ℒ(𝐱, 𝛌) = 𝑓(𝐱) + 𝛌𝑇𝐠(𝐱)

𝐿(𝐱, λ) 𝜆𝑗 𝑗𝑡ℎ

𝛌 = [𝜆1, 𝜆2, … , 𝜆𝑛]
𝑇

𝑔𝑖(𝐱)

𝐱∗ 𝑔𝑖(𝐱
∗) = 0

𝐱∗

𝐱∗ 𝑓(𝐱) 𝑔𝑖(𝐱)

𝐱∗

𝛌

                                                              ∇𝐱ℒ(𝐱
∗, 𝛌) = 0

                                                     𝑔𝑗(x) ≤ 0. 𝑗 = 1,⋯ , 𝑛

                                                         𝜆𝑗   𝑔𝑗(x) = 0 𝑗 = 1,⋯ , 𝑛

                                             𝜆𝑗 ≥ 0 𝑗 = 1,⋯ , 𝑛

∇𝐱ℒ(𝐱
∗, 𝛌) = ∇𝑓(𝐱) + ∑𝜆𝑗∇𝑔𝑗(𝐱) 𝜆𝑗

𝑔𝑗(𝐱) 𝜆𝑗   𝑔𝑗(x) = 0

𝐱𝑘

1

2
𝐝𝐤
𝐓𝐁𝑘𝐝𝐤 + ∇𝑓(𝐱𝑘)

𝑇𝐝𝐤

∇𝐠(𝐱𝑘)
𝑇𝐝𝐤 + 𝐠(𝐱𝑘) ≤ 0 



𝐝𝐤 = 𝐱 − 𝐱𝑘 𝐁 = 𝐈

𝐇

∇𝑓(𝐱𝑘) = ∇𝐱ℒ(𝐱𝑘, 𝛌𝑘)

1

2
𝐱𝑇𝐆𝐱 + 𝐱𝐓𝐩 − 𝜇∑ log 𝑠𝑘

𝑚
𝑘=1

𝐚𝑗
𝑇𝐱 = 𝑏𝑗 𝑗 = 1,2,… , 𝑙

                                                         𝐜𝑘
𝑇𝐱 − 𝑑𝑘 − 𝑠𝑘 = 0 𝑘 = 1,2,… ,𝑚

𝑠𝑘 𝜇

𝜇

𝐱𝑘+1 = 𝐱𝑘 + 𝛼𝑘𝐝𝑘



𝛼𝑘

𝜙(𝐱)

𝜙(𝐱) = 𝑓(𝐱) +∑𝑟𝑖 ∙ 𝑔𝑖(𝐱) + ∑ 𝑟𝑖 ∙ max[0, 𝑔𝑖(𝐱)]

𝒍

𝒊=𝒎+𝟏

𝒎

𝒊=𝟏

𝑟𝑖

𝑟𝑖 = (𝑟𝑘+1)𝑖 = max {𝜆𝑖
(𝑟𝑘)𝑖 + 𝜆𝑖

2
} ,   𝑖 = 1, … ,𝑚.

𝐇𝑘+1 = 𝐇𝑘 +
𝑞𝑘𝑞𝑘

𝑇

𝑞𝑘
𝑇𝑠𝑘

−
𝐇𝑘𝑠𝑘𝑠𝐾

𝑇𝐇𝑘
𝑇

𝑠𝑘
𝑇𝐇𝑘𝑠𝑘

𝑠𝑘 = 𝐱𝑘+1 − 𝐱𝑘

𝑞𝑘 = ∇𝐱+𝟏ℒ(𝐱𝑘+1, 𝛌)

 (𝐱𝟎, 𝝀𝟎) 𝐁𝟎 𝑘 = 0

𝜙(𝐱)

 

𝐱𝑘

𝐝𝐤

 𝛼𝑘

𝐝𝐤 𝜙(𝐱𝑘 + 𝐝𝐱)



 

 

 𝐁𝑘 𝐁k+1

 𝑘 = 𝑘 + 1

 

 𝐗 = {𝐱(𝟏), 𝐱(𝟐), 𝐱(𝟑), … , 𝐱(𝑛)}

 

𝐲 = {𝑦(1), 𝑦(2), … , 𝑌(𝑛)}
𝑇

𝒟0 ≡ {𝐱(𝑖), 𝑦(𝑖)}, 𝑖 = 1,… , 𝑛 𝜅 = 0

 𝒟0

 𝑈̂(𝐱)

𝐿𝐶𝐶̂(𝐱)

𝐱†

 

 𝒟𝜅 ≡ {[𝐱(𝑖), 𝐱†], [ 𝑦(𝑖), 𝑦𝜅]} 

 

 𝒟𝜅





 



 

 

 

 

 

 



 

𝑛 × 𝑛

𝐹1 → 𝐹2 𝐹1 → 𝐹3 𝐹1 → 𝐹4 𝐹1 → 𝐹5

𝐹2 → 𝐹1 𝐹2 → 𝐹3 𝐹2 → 𝐹4 𝐹2 → 𝐹5

𝐹3 → 𝐹1 𝐹3 → 𝐹2 𝐹3 → 𝐹4 𝐹3 → 𝐹5

𝐹4 → 𝐹1 𝐹4 → 𝐹2 𝐹4 → 𝐹3 𝐹4 → 𝐹5

𝐹5 → 𝐹1 𝐹5 → 𝐹2 𝐹5 → 𝐹3 𝐹5 → 𝐹4



 

 



 

 



𝑠 𝐴(𝑠) 𝑃(𝑆𝑡+1 = 𝑠
′|𝑆𝑡 = 𝑠, 𝑎)

𝑅(𝑠)

𝑆𝑡+1 𝑆0:𝑡

𝑃(𝑆𝑡+1 = 𝑠
′|𝑆0:𝑡 = 𝑠) = 𝑃(𝑆𝑡+1 = 𝑠

′|𝑆𝑡 = 𝑠)

〈𝑆, 𝐴, 𝑃𝑎 , 𝑅𝑎〉 𝑆 𝐴𝑥

𝑠 𝑃𝑎(𝑠, 𝑠
′) 𝑠

𝑠′ 𝑅𝑎(𝑠) 𝑠 𝑎

𝑆 𝑦

𝑎 𝑏

𝑈(𝑠) = 𝑅(𝑠) + 𝛾 max
𝑎∈𝐴(𝑠)

∑𝑃(𝑠′|𝑠, 𝑎)𝑈(𝑠′)

𝑠′

𝑈(𝑠) 𝛾



𝑈𝑖+1(𝑠) ← 𝑅(𝑠) + 𝛾 max
𝑎∈𝐴(𝑠)

∑𝑃(𝑠′|𝑠, 𝑎)𝑈𝑖(𝑠
′)

𝑠′

𝑈𝑖(𝑠) 𝑠 𝑖

𝜋0 𝜋𝑖

𝑈𝑖 = 𝑈
𝜋𝑖 𝑖 𝜋𝑖

𝑠 𝜋𝑖+1

𝑈𝑖

𝜋𝑖

𝑠 𝜋𝑖

𝑈𝑖(𝑠) = 𝑅(𝑠) + 𝛾∑𝑃(𝑠′|𝑠, 𝜋𝑖(𝑠))𝑈𝑖(𝑠
′)

𝑠′

𝑛 𝑛 𝑛



 

𝑆

𝑍

𝐶𝐷 𝐶𝐹

𝐶𝑉

𝐶𝑆𝑊

𝑆 𝑍

𝑡 𝑐



 

 



(𝐗, 𝐃𝐗, 𝐶𝐗) 𝐗 x𝑖 ∈ 𝐗

𝐷x𝑖 ∈ 𝐃𝐗 𝐶𝐗

𝐗

𝐶𝐗 = 𝐭𝐫𝐮𝐞 𝐭𝐫𝐮𝐞 = [𝑡𝑟𝑢𝒆𝟏, 𝑡𝑟𝑢𝑒2, 𝑡𝑟𝑢𝑒3, … , 𝑡𝑟𝑢𝑒𝑁𝑐] 𝑁𝑐

 

𝑣1 ≠ 𝑣2

𝑣1 + 𝑡1 ≤ 𝑣2

(𝑣1, 𝑣2) (𝐷1, 𝐷2)

𝐷

𝑣 𝐷

𝑎 𝑏 𝑣 = (𝑎, 𝑏) = {𝑣 𝜖 𝐑 |𝑎 < 𝑣 < 𝑏}

𝐶𝑝 = {𝐹1, …… . , 𝐹𝑚} 𝑚

𝐹𝑗

(CSP,𝐠) (𝐗, 𝐃𝐗, 𝐶𝐗, 𝐠) 𝐠



A*

 

𝐗 =

{𝑊𝐴,𝑁𝑇, 𝑄, 𝑁𝑆𝑊,𝑉, 𝑆𝐴, 𝑇} 𝐃𝐗  =

{𝑟𝑒𝑑, 𝑔𝑟𝑒𝑒𝑛, 𝑏𝑙𝑢𝑒}

𝐶𝐗 = {𝑆𝐴 ≠ 𝑊𝐴, 𝑆𝐴 ≠ 𝑁𝑇, 𝑆𝐴 ≠ 𝑄, 𝑆𝐴 ≠ 𝑁𝑆𝑊,𝑊𝐴 ≠ 𝑁𝑇,𝑁𝑇 ≠ 𝑄, 𝑄

≠ 𝑁𝑆𝑊,𝑁𝑆𝑊 ≠ 𝑉}



 

𝑘

𝑘

𝑘

𝑘

𝑘 𝑘, 𝑘 − 1, 𝑘 − 2,…… . ., 

𝑘

𝑘

𝑘

 

𝑘



, ( 𝑊𝐴,𝑁𝑇, 𝑄)



 

 

 

 

 

6 A meta-language is a language or system of symbols used to discuss another language or system. The prefix 
“meta” means “origin” or “one level of description higher”, and “language” is used as a system of signs, 
symbols, or rules that are used for communication[108]. 



 

〈𝑃, 𝐵, 𝐶〉



〈𝑃, 𝐵, 𝐶〉

𝑃 {〈𝑘𝑒𝑦, 𝑣𝑎𝑙𝑢𝑒〉∗}

𝐵 {𝑇𝑅𝑈𝐸, 𝐹𝐴𝐿𝑆𝐸}

𝐶 〈{𝑂𝑏𝑗}, {𝑃𝑟𝑜𝑐}, {𝑝𝑟𝑒}, {𝑝𝑜𝑠𝑡}〉

𝑃

{〈𝑘𝑒𝑦, 𝑣𝑎𝑙𝑢𝑒〉∗}

{𝑚𝑒𝑟𝑔𝑒, 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑒, 𝑖𝑛𝑡𝑒𝑟𝑝, 𝑑𝑒𝑙𝑒𝑡𝑒}

𝐵

{𝑎𝑛𝑑, 𝑜𝑟, 𝑛𝑒𝑔𝑎𝑡𝑒, 𝑖𝑛𝑡𝑒𝑟𝑝}

𝐶

{𝑢𝑛𝑖𝑜𝑛, 𝑠𝑢𝑏𝑡𝑟𝑎𝑐𝑡} 

𝐴𝑜𝑆 =  〈{𝑃, 𝐵, 𝐶}, {𝑒𝑛𝑐𝑑, 𝑒𝑛𝑢𝑚, 𝑒𝑣𝑎𝑙}〉

{𝑒𝑛𝑐𝑑, 𝑒𝑛𝑢𝑚, 𝑒𝑣𝑎𝑙}



 









 

~ ~ ~

  ~



〈𝑃, 𝐵, 𝐶〉 𝑃

𝐵 𝐶



 

𝑛

1,… . , 𝑛 𝑖 𝑗 (𝑖, 𝑗)

𝑛

𝑛 = 4

[(1,2), (1,3)]

𝐴𝑖𝑗

𝐴𝑖𝑗 = {
1   If there is an edge between vertices 𝑖 and 𝑗.
0  Otherwise.                                                               

𝑖 𝑗

𝑗



 

 

𝑖 𝑗

𝐴𝑖𝑗 = 𝐴𝑗𝑖 = 2 𝑖

𝐴𝑖𝑖 = 2

𝑖

 



𝑗

𝑖 𝑗 > 𝑖

 

𝑛 × 𝑛



𝑛 𝑔 𝑔 × 𝑛

𝐵𝑖𝑗

𝐵𝑖𝑗 = {
1   If vertex  𝑗 belongs to group 𝑖 .
0  Otherwise.                                      

(𝐴, 𝐵, 𝐶, 𝐷) (1,2,3,4,5,6,7)

 



 

𝑥𝑖 𝑖

𝑥𝑖 =∑𝐴𝑖𝑗

𝑛

𝑗=1

𝑥𝑖
𝑖𝑛 𝑖 𝑥𝑗

𝑜𝑢𝑡

𝑗



𝑥𝑖
𝑖𝑛 = ∑ 𝐴𝑖𝑗

𝑛
𝑗=1     and    𝑥𝑗

𝑜𝑢𝑡 = ∑ 𝐴𝑖𝑗
𝑛
𝑖=1

𝑥𝑖𝑛

𝑥𝑜𝑢𝑡

 

𝑥𝑖 = 𝑘1
−1∑𝐴𝑖𝑗𝑥𝑗

𝑗

𝑥𝑗 𝑥𝑖 𝑘𝑖

𝐴𝑖𝑗 𝑘1



 

𝑥𝑖 = 𝛼∑𝐴𝑖𝑗𝑥𝑗 + 𝛽𝑖
𝑗

𝛼

𝛽

𝐱 = (𝐈 − 𝛼𝐀)−𝟏𝜷

𝛼

𝛼 → 0 𝛽

𝛽 𝛼



(𝐈 − 𝛼𝐀)−𝟏 det(𝐈 − 𝛼𝐀) = 0 𝛼

𝛼 = 1/𝑘1

𝛼

 

𝑥𝑖 = 𝛼∑𝐴𝑖𝑗
𝑥𝑗

𝑘𝑗
𝑜𝑢𝑡 + 𝛽𝑖

𝑗

𝑘𝑗
𝑜𝑢𝑡 = 0

𝑘𝑗
𝑜𝑢𝑡 = 1



𝐱 = 𝛼𝐀𝐃−𝟏𝐱 + 𝛃

𝐃 𝐷𝑖𝑖 = max(𝑘𝑖
𝑜𝑢𝑡, 1) 𝑘𝑖

𝑜𝑢𝑡

𝑥𝑗 𝛃

𝐱 = 𝐃(𝐃 − 𝛼𝐀)−𝟏𝛃

𝛼

𝛼

AD−𝟏

(𝑘1, 𝑘2, 𝑘3, … ) 𝑘𝑖

𝑖 𝛼



 



 

 

 



 

 

 

{𝑋1, ……… ,𝑋𝑁}

{𝑣1, ……  , 𝑣𝑛}

 

 



 

 

 

 

 

 



Objectives, minimise 𝐉 = 𝐟(𝐱) = [(𝑓1(𝐱), 𝑓2(𝐱)]

Decision Variables 𝐗 = [x1, 𝑥2, … . . , 𝑥𝑁]

Domain of  value assignments 𝐷𝑥𝑖 = [𝑣1
(𝑖)
, 𝑣2

(𝑖)
, … . , 𝑣𝑛

(𝑖)
] 𝑖 = 1,2,… . , 𝑁

Metric Constraints  ℎ𝑗(𝐱) = 0 𝑗 = 1,2,… , 𝑝

𝑔𝑘(𝐱) ≤ 0 𝑘 = 1,2,… . ,𝑚

x𝑞
𝐿 ≤ x𝑞 ≤ x𝑞

𝑈 , 𝑞 = 1,2,… . , 𝑧  

Assignment Constraint 𝐶𝑙 =  〈𝑠𝑐𝑜𝑝𝑒, 𝑟𝑒𝑙〉𝑙 𝑙 = 1,2,… . , 𝑁𝑐                     ( )

𝐟(𝐱) = [𝑓1(𝐱), 𝑓2(𝐱)]

𝐾 ⋅ 𝑈 + 1 =  ∏(𝐾 ∙ 𝑘𝑖 ⋅ 𝑈(𝑎𝑖) + 1)   where   𝐾 = −1 +∏(𝐾 ⋅ 𝑘𝑖 + 1)

𝑛

𝑖=1

𝑈 𝑈(𝑎𝑖)

𝑎𝑖 ∈ 𝐀 𝑘𝑖 𝑖𝑡ℎ

𝐾

𝑈 𝑈(𝑎𝑖)

𝑈 =∑𝑘𝑖𝑈(𝑎𝑖)

𝑁

𝑖=1

  where   ∑𝑘𝑖 = 1

 



 

𝑌

〈𝑠𝑐𝑜𝑝𝑒, 𝑟𝑒𝑙〉 𝑠𝑐𝑜𝑝𝑒

𝑟𝑒𝑙

(𝐗, 𝐃𝐗, 𝐶𝐗) 𝐗 x𝑖 ∈ 𝐗

𝐷x𝑖 ∈ 𝐃𝐗 𝐶𝐗

𝐗

𝐶𝐗 = 𝐭𝐫𝐮𝐞 𝐭𝐫𝐮𝐞 = [𝑡𝑟𝑢𝒆𝟏, 𝑡𝑟𝑢𝑒2, 𝑡𝑟𝑢𝑒3, … , 𝑡𝑟𝑢𝑒𝑁𝑐] 𝑁𝑐

xq ∈ 𝐱

ℎ𝑗(𝐱) = 0 𝑔𝑘(𝐱) ≤ 0

 x𝑞
𝐿 ≤ x𝑞 ≤ x𝑞

𝑈

 



𝐗 𝐷𝑥𝑖

𝐶𝐗

𝐱

 







 

𝐴1

𝐴2 𝐴2

𝐴1

 



𝐴1 𝐴2 𝐴1

𝐴2 (𝑓𝑢𝑛𝑐 𝐴1 ==

𝐴𝑙𝑡1||𝐴𝑙𝑡2) 𝑡ℎ𝑒𝑛 {𝑓𝑢𝑛𝑐 𝐴2 ~ = 𝐴𝑙𝑡3}

 

 

{𝑂1, …… . . , 𝑂𝐽}  {𝑎1, ……… . , 𝑎𝑁}

7 A proxy attribute is the level of an attribute is valued only for their perceived relationship to the satisfaction 
of a fundamental objective. 



𝐴∗ 𝐴0

 𝑃𝑒 = 0.2

 𝑃𝑒 = 0.25

 𝑃𝑒 = 0.36

𝑈 = 2 ∙ 𝑃𝑒 → 𝑈(
𝑎 + 𝑎∗

2
) = 2 ∙ 𝑃𝑒



 𝑎𝑜𝑝𝑡 ± 𝜎𝑡𝑜𝑙

𝑦 = 𝑓(𝑎|𝜇, 𝜎) =
1

𝜎√2𝜋
𝑒
−(𝑎−𝜇)2

2𝜎2     →    𝑈(𝐴) =
𝑦

max (𝑦)

 

𝑘𝑖

 {𝑎1, ……… . , 𝑎𝑁}

𝑘 −

𝑁 − 2

𝑎1

𝑎2 𝑎3 𝑘1 𝑘2 𝑘3

𝑎1 𝑎2

𝑎3

𝑎1 𝑎1
′ (𝑎1

′ , 𝑎2𝑜 , 𝑎3𝑜)

(𝑎1𝑜 , 𝑎2
∗ , 𝑎3𝑜)

𝑘1𝑈1(𝑎1
′ ) = 𝑘2

𝑎1 𝑎3

𝑎1 𝑎1
′′ (𝑎1

′′, 𝑎2𝑜 , 𝑎3𝑜)

(𝑎1𝑜 , 𝑎2𝑜 , 𝑎3
∗)

𝑘1𝑈1(𝑎1
′′) = 𝑘3

𝑘1 + 𝑘2 + 𝑘3 = 1



𝐾

𝑘1 𝑘2 𝑘3 𝐾

𝐾 + 1 = (𝐾𝑘1 + 1)(𝐾𝑘2 + 1)(𝐾𝑘3 + 1)

𝑃1

(𝑎1
∗ , 𝑎2𝑜 , 𝑎3𝑜) [(𝑎1

∗ , 𝑎2
∗ , 𝑎3

∗) 𝑃1 (𝑎1
𝑜, 𝑎2

𝑜 , 𝑎3
𝑜)]

𝑘1 = 𝑃1

𝐾

∑𝑘𝑖 < 1.0 𝐾 > 0

∑𝑘𝑖 > 1.0   −1 < 𝐾 < 0

𝒏 = 𝟑

𝐾

(𝑛 − 1)



 

(𝐗, 𝐃𝐗, 𝐶𝐗)

{𝑥𝑖 =

𝑣𝑖 , 𝑥𝑗 = 𝑣𝑗 , … }

 Algorithm: Backtracking algorithm for CSP. 

 function BACKTRACKING SEARCH (𝐶𝑆𝑃) returns  solution set, or failure 

1 return BACKTRACK ( {}, 𝐶𝑆𝑃) 

 function BACKTRACK (assignment,𝐶𝑆𝑃) returns a solution, or failure 

2  if assignment is complete then return assignment 

3  𝑣𝑎𝑟 ← HEURSTIC (𝐶𝑆𝑃) 

4  for each 𝑣𝑎𝑙𝑢𝑒in ORDER-DOMAIN-VALUES (𝑣𝑎𝑟, assignment, 𝐶𝑆𝑃) do 

5  if 𝑣𝑎𝑙𝑢𝑒 is consistent with assignment then 

6   add {𝑣𝑎𝑟 = 𝑣𝑎𝑙𝑢𝑒} to assignment 

7   𝑖𝑛𝑓𝑒𝑟𝑒𝑛𝑐𝑒 ←  INFERENCE (𝐶𝑆𝑃, 𝑣𝑎𝑟, 𝑣𝑎𝑙𝑢𝑒) 

8   if 𝑖𝑛𝑓𝑒𝑟𝑒𝑛𝑐𝑒 ≠ 𝑓𝑎𝑖𝑙𝑢𝑟𝑒 then 

9   add 𝑖𝑛𝑓𝑒𝑟𝑒𝑛𝑐𝑒 to assignment 

10   𝑟𝑒𝑠𝑢𝑙𝑡 ←  BACKTRACK(assignment, 𝐶𝑆𝑃) 

11   if 𝑟𝑒𝑠𝑢𝑙𝑡 ≠ 𝑓𝑎𝑖𝑙𝑢𝑟𝑒 then 

12   return 𝑟𝑒𝑠𝑢𝑙𝑡 

13  remove{𝑣𝑎𝑟 = 𝑣𝑎𝑙𝑢𝑒} and 𝑖𝑛𝑓𝑒𝑟𝑒𝑛𝑐𝑒 from assignment 

14  return 𝑓𝑎𝑖𝑙𝑢𝑟𝑒 



𝑣𝑎𝑟 ← HEURSTIC (𝐶𝑆𝑃)

(𝑣𝑎𝑟 ← HEURSTIC

(𝐶𝑆𝑃)) ( )

{𝑥1, 𝑥2, … , 𝑥𝑁}

𝑖𝑛𝑓𝑒𝑟𝑒𝑛𝑐𝑒 ←

 (𝐶𝑆𝑃, 𝑣𝑎𝑟, 𝑣𝑎𝑙𝑢𝑒)

𝑥𝑖

𝑥𝑗 𝑥𝑖

𝑥𝑗 𝑥𝑖

𝐷𝑖

𝑋𝑖 𝑛𝑢𝑙𝑙

𝐷𝑖 𝑛𝑢𝑙𝑙 𝑋𝑖

𝑛𝑢𝑙𝑙

8 A decision variable 𝑥𝑖 is arc-consistent with respect to another decision variable 𝑥𝑗  if for every value in the 

domain 𝐷𝑖 there is some value in the domain 𝐷𝑗  that satisfies the constraints on the arc (𝑥𝑖 , 𝑥𝑗) [102]. 



𝑛𝑢𝑙𝑙

𝑛𝑢𝑙𝑙

𝑛𝑢𝑙𝑙

𝑛𝑢𝑙𝑙

𝑛𝑢𝑙𝑙

 

if  {𝐶𝑜𝑛𝑣𝑒𝑛𝑡𝑖𝑜𝑛𝑎𝑙 𝑙𝑎𝑢𝑛𝑐ℎ == 𝑛𝑢𝑙𝑙} then {𝑈𝑛𝑐𝑜𝑛𝑣𝑒𝑛𝑡𝑖𝑜𝑛𝑎𝑙 𝑟𝑒𝑐𝑜𝑣𝑒𝑟𝑦~ = 𝑛𝑢𝑙𝑙}

 

𝑛𝑢𝑙𝑙

𝐢𝐟 {𝐶𝑜𝑛𝑣𝑒𝑛𝑡𝑖𝑜𝑛𝑎𝑙 𝑟𝑒𝑐𝑜𝑣𝑒𝑟𝑦 ~ = 𝑛𝑢𝑙𝑙} 𝐭𝐡𝐞𝐧  {𝑈𝑛𝑐𝑜𝑛𝑣𝑒𝑛𝑡𝑖𝑜𝑛𝑎𝑙 𝑟𝑒𝑐𝑜𝑣𝑒𝑟𝑦 == 𝑛𝑢𝑙𝑙}



 

𝐢𝐟 { 𝐶𝑜𝑛𝑣𝑒𝑛𝑡𝑖𝑜𝑛𝑎𝑙 𝑙𝑎𝑢𝑛𝑐ℎ ==′ 𝑇𝑟𝑖𝑐𝑦𝑐𝑙𝑒′} 𝐭𝐡𝐞𝐧 {𝑈𝑛𝑐𝑜𝑛𝑣𝑒𝑛𝑡𝑖𝑜𝑛𝑎𝑙 𝑙𝑎𝑢𝑛𝑐ℎ

==′ 𝑇𝑒𝑛𝑠𝑖𝑜𝑛𝑙𝑖𝑛𝑒 𝑙𝑎𝑢𝑛𝑐ℎ′| | 𝑛𝑢𝑙𝑙}

𝐢𝐟 { 𝐶𝑜𝑛𝑣𝑒𝑛𝑡𝑖𝑜𝑛𝑎𝑙 𝑙𝑎𝑢𝑛𝑐ℎ ~ =′ 𝑇𝑟𝑖𝑐𝑦𝑐𝑙𝑒′} 𝐭𝐡𝐞𝐧 {𝑈𝑛𝑐𝑜𝑛𝑣𝑒𝑛𝑡𝑖𝑜𝑛𝑎𝑙 𝑙𝑎𝑢𝑛𝑐ℎ ==  𝑛𝑢𝑙𝑙}

𝐢𝐟 { 𝑈𝑛𝑐𝑜𝑛𝑣𝑒𝑛𝑡𝑖𝑜𝑛𝑎𝑙 𝑙𝑎𝑢𝑛𝑐ℎ ==′ 𝑇𝑒𝑛𝑠𝑖𝑜𝑛 𝑙𝑖𝑛𝑒 𝑙𝑎𝑢𝑛𝑐ℎ′} 𝐭𝐡𝐞𝐧 {𝑈𝑛𝑐𝑜𝑛𝑣𝑒𝑛𝑡𝑖𝑜𝑛𝑎𝑙 𝑟𝑒𝑐𝑜𝑣𝑒𝑟𝑦

==′ 𝐶𝑎𝑏𝑙𝑒 𝑎𝑠𝑠𝑖𝑠𝑡𝑒𝑑 𝑟𝑒𝑐𝑜𝑣𝑒𝑟𝑦′}

𝐢𝐟 {𝑈𝑛𝑐𝑜𝑛𝑣𝑛𝑡𝑖𝑜𝑛𝑎𝑙 𝑟𝑒𝑐𝑜𝑣𝑒𝑟𝑦

==′ 𝐶𝑎𝑏𝑙𝑒𝑎𝑠𝑠𝑖𝑠𝑡𝑒𝑑 𝑟𝑒𝑐𝑜𝑣𝑒𝑟𝑦′} 𝐭𝐡𝐞𝐧 {𝑈𝑛𝑐𝑜𝑛𝑣𝑒𝑛𝑡𝑖𝑜𝑛𝑎𝑙 𝑙𝑎𝑢𝑛𝑐ℎ ~ =′ 𝑅𝑎𝑖𝑙 𝑙𝑎𝑢𝑛𝑐ℎ′|| ′𝐺𝑟𝑜𝑢𝑛𝑑 𝑣𝑒ℎ𝑖𝑐𝑙𝑒 𝑙𝑎𝑢𝑛𝑐ℎ′}

𝐢𝐟 {𝐶𝑜𝑛𝑣𝑒𝑛𝑡𝑖𝑜𝑛𝑎𝑙 𝑙𝑎𝑢𝑛𝑐ℎ ==′ 𝑄𝑢𝑎𝑑𝑟𝑖𝑐𝑦𝑐𝑙𝑒′| | ′𝐵𝑖𝑐𝑦𝑐𝑙𝑒′} 𝐭𝐡𝐞𝐧 {𝐶𝑜𝑛𝑣𝑒𝑛𝑡𝑖𝑜𝑛𝑎𝑙 𝑟𝑒𝑐𝑜𝑣𝑒𝑟𝑦

==′ 𝐶𝑜𝑛𝑣𝑒𝑛𝑡𝑖𝑜𝑛𝑎𝑙𝑙𝑎𝑛𝑑𝑖𝑛𝑔′}

𝑛𝑢𝑙𝑙 𝑛𝑢𝑙𝑙

𝑛𝑢𝑙𝑙 𝑛𝑢𝑙𝑙

𝑛𝑢𝑙𝑙 𝑛𝑢𝑙𝑙

𝑛𝑢𝑙𝑙 𝑛𝑢𝑙𝑙

𝑛𝑢𝑙𝑙 𝑛𝑢𝑙𝑙

𝑛𝑢𝑙𝑙 𝑛𝑢𝑙𝑙

𝑛𝑢𝑙𝑙 𝑛𝑢𝑙𝑙

𝑛𝑢𝑙𝑙

 



 

𝐾𝑓

𝐱𝟏 𝐱𝟐

𝐽𝑖(𝐱
𝟏) + 𝐾𝑓(𝐽𝑖

max − 𝐽𝑖
min) ≤ 𝐽𝑖(𝐱

𝟐) ∀𝑖 ∈ {1,2,… . , 𝑘}

𝐽𝑖(𝐱
𝟏) + 𝐾𝑓(𝐽𝑖

max − 𝐽𝑖
min) ≤ 𝐽𝑖(𝐱

𝟐) for at least one 𝑖 with 𝐾𝑓 ∈ [0,1].  

𝐾𝑓

𝐾𝑓 𝐾𝑓

𝐾𝑓(𝐽𝑖
max − 𝐽𝑖

min)

𝐾𝑓

𝐾𝑓

𝐾𝑓



𝐾𝑓

𝐾𝑓

 𝑀𝐷𝐷𝑆

𝑀𝐷𝐷𝑆 𝑖

𝑘 𝑘

𝑗 = 1… . 𝐹 − 1 𝑖

𝐹 𝑖 ≠ 𝑘

𝑀𝐷𝐷𝑆 =
1

𝐷𝑃
∑ 𝐸x,𝑖
𝐹−1
𝑖=1  

where 𝐸x,𝑖 = min 𝑘=1,|𝐹−1|√∑ (
𝐱𝑗
(𝑖)
−𝐱𝑗

(𝑘)

𝐱𝑗,𝑚𝑎𝑥−𝐱𝑗,𝑚𝑖𝑛
)

2

𝑀
𝑗=1

𝐸x

𝑖 𝑗 𝐹

 𝑀𝐷𝑃𝐹

𝐾𝑓 = 0

𝑓(𝐱)𝑖

𝑓(𝐱𝑃𝐹)
𝑘 𝑓(𝐱)𝒊

𝑑𝑖

𝑑𝑖 ∈ 𝐝 𝑖 = 1, … , 𝐹

          𝑀𝐷 = max  (𝐝), where d=[𝑑1,𝑑2, … . . , 𝑑𝐹,𝑓𝑖𝑙𝑡𝑒𝑟𝑒𝑑]

and d 𝑑𝑖 = min𝑘=1,|𝑃𝐹|√∑ (𝑓(𝐱𝑗)
𝒊
− 𝑓(𝐱𝑃𝐹,𝑗)

𝑘
)
2

𝑀
𝑗=1  

𝑑𝑖 ∈ 𝐝 𝑖 = 1,… , 𝐹 𝐹

𝑘 = 1,… . . , 𝐾 𝐾



𝑀

 

𝛿𝑚𝑖𝑛

𝜇 𝜐 𝜒



 

 

𝑋𝑖

𝑋𝑖

𝑋𝑖

𝛿shift 𝐶𝑖

𝛿𝑖 ,shift = √∑(𝜇𝑗
𝑖 − 𝜇𝑗

0)2
𝑘

𝑗=1

𝑗 ∈ {1,… . , 𝑘} 𝑖 ∈ {1,… . , 𝑁}

𝛿𝑖 ,shift 𝑖 𝑗

𝜇𝑗
𝑖 𝑗

𝑖 𝜇𝑗
0 𝑗



𝐷𝑉𝑆𝛿shift,𝑥𝑘 =
∑ |𝐸(𝛿shift) − 𝐸(𝛿shift|𝑥𝑘 = 𝑑𝑘,𝑖)|𝑑𝑘𝜖𝐷𝑘̃

|𝐷̃𝑘|

𝑥𝑘 𝑘 𝐷̃𝑘 ⊆ 𝐷𝑘 𝑥𝑘

𝑥𝑘 𝑑𝑘,𝑖 𝑥𝑘 𝑑𝑘,𝑖 ∈ 𝐷̃𝑘

𝑑𝑘,𝑖 𝐷̃𝑘 𝐸(𝛿shift) 𝛿shift

𝐸(𝛿shift|𝑥𝑘 = 𝑑𝑘,𝑖)

𝑥𝑘 = 𝑑𝑘,𝑖 |𝐷̃𝑘|

𝐷̃𝑘

𝐷𝑉𝑆𝛿shift,𝑥𝑘 = 0

𝐴𝑖𝑗



𝑥𝑘 = 𝛼∑ 𝐴𝑘𝑗
𝑥𝑗

𝑘𝑗
𝑜𝑢𝑡 + 𝛽𝐷𝑉𝑆𝛿shift,𝑥𝑘𝑗

(1) 

𝑥𝑘 𝑘 𝛼  𝛽

𝛼 + 𝛽 = 1

𝐷𝑉𝑆𝛿shift,𝑥𝑘 𝐴𝑘𝑗
𝑥𝑗

𝑘𝑗
𝑜𝑢𝑡 𝐴𝑖𝑗

𝑥𝑗 𝑥𝑘 𝑘𝑗
𝑜𝑢𝑡

 





 



 



 

 



 

9 AGL – Above Ground Level  



− −

− −

− −

− −

− −

− − −

− −

 



𝑅 = 4.12(√𝐻 + √ℎ)

 



𝑃𝑜𝑣𝑒𝑟𝑎𝑙𝑙 = 𝑃𝑎𝑣𝑖𝑜𝑛𝑖𝑐𝑠 + 𝑃𝐶𝑜𝑚𝑚𝑠 𝑓𝑙𝑡 𝑐𝑟𝑖𝑡 𝑑𝑎𝑡𝑎

𝑃𝑎𝑣𝑖𝑜𝑛𝑖𝑐𝑠 = 𝑃𝑎𝑐𝑡𝑢𝑎𝑡𝑜𝑟𝑠 + 𝑃𝑠𝑒𝑛𝑠𝑜𝑟𝑠 + 𝑃𝑓𝑙𝑡 𝑖𝑛𝑠𝑡𝑟𝑢𝑚𝑒𝑛𝑡𝑠



𝑃𝑎𝑣𝑖𝑜𝑛𝑖𝑐𝑠

𝑃𝐶𝑜𝑚𝑚𝑠 𝑓𝑙𝑡 𝑐𝑟𝑖𝑡 𝑑𝑎𝑡𝑎

𝑃𝑜𝑣𝑒𝑟𝑎𝑙𝑙 = 𝑃𝑎𝑣𝑖𝑜𝑛𝑖𝑐𝑠 + 𝑃𝐸𝑂 𝑝𝑎𝑦𝑙𝑜𝑎𝑑 + 𝑃𝐶𝑜𝑚𝑚𝑠 𝑓𝑙𝑡 𝑐𝑟𝑖𝑡+𝐻𝐷 𝑑𝑎𝑡𝑎

𝑃𝐸𝑂 𝑝𝑎𝑦𝑙𝑜𝑎𝑑

𝑃𝐶𝑜𝑚𝑚𝑠 𝑓𝑙𝑡 𝑐𝑟𝑖𝑡+𝐻𝐷 𝑑𝑎𝑡𝑎

 

10 Avionics refers to any electrical devices used on the UAS with the exception of the electrical power system, 
payloads, and communications system. 



 



 

𝐶𝐷 = 𝐶𝐷𝑂 + 𝐶𝐷𝑖

𝐶𝐷𝑂

𝐶𝐷𝑖

𝐶𝐷𝑂 =
1

𝑆𝑟𝑒𝑓
∑𝐶𝑓,𝑠𝑒𝑔 ∙ 𝐹𝐹𝑠𝑒𝑔 ∙ 𝑄𝑠𝑒𝑔 ∙ 𝑆𝑤𝑒𝑡

𝐶𝑓,𝑠𝑒𝑔 𝐹𝐹𝑠𝑒𝑔 𝑄𝑠𝑒𝑔

𝑆𝑤𝑒𝑡



𝜋 ∙ 𝑐(𝜃)

2 ⋅ 𝑏𝑤
[𝛼 + 𝛼𝑡𝑤𝑖𝑠𝑡(𝜃) − 𝛼0𝐿(𝜃)] sin 𝜃 = ∑ 𝐴𝑛 sin(𝑛𝜃) [

𝜋 ⋅ 𝑐(𝜃) ⋅ 𝑛

2 ⋅ 𝑏𝑤
+ sin 𝜃]

∞

𝑛=1,𝑜𝑑𝑑

𝐴𝑛 𝑏𝑤 𝑐 𝛼

𝛼𝑡𝑤𝑖𝑠𝑡 𝛼0𝐿

𝜃 𝑦

𝜃 = cos−1 (
−2 ∙ 𝑦

𝑏𝑤
)

𝑦 𝑁 𝜋/2 𝑛

2𝑁 − 1 𝑐(𝜃)

𝐀𝐱 = 𝐛

𝐀(𝑖, 𝑗) = sin[𝑛(𝑗) ∙ 𝜃(𝑖)] ∙ {
𝜋∙𝑐(𝑖)∙𝑛(𝑗)

2∙𝑏𝑤
+ sin[𝜃(𝑖)]} , 𝑖, 𝑗 = 1, … , 𝑁

𝐛(𝑖) =
𝜋 ∙ 𝑐(𝑖)

2 ∙ 𝑏𝑤
∙ [𝛼 + 𝛼𝑡𝑤𝑖𝑠𝑡(𝑖) − 𝛼0𝐿(𝑖)] ∙ sin[𝜃(𝑖)],   𝑖 = 1, . . , 𝑁

𝑛(𝑗) = 2 ∙ 𝑗 − 1 𝐱 𝐱 =

𝐀−𝟏𝐛

𝐶𝐿 = 𝐴𝑅 ∙ 𝜋 ∙ 𝐱(1)

𝐶𝐷𝑖 =
𝐶𝐿
2

𝜋∙𝐴𝑅∙𝑒



𝑒𝑡ℎ𝑒𝑜 = 1 1 + ∑ 𝑛(𝑗) ∙ [𝑥(𝑗)/𝑥(1)]2𝑁
𝑗=2⁄

𝑒𝑡ℎ𝑒𝑜

𝑒 = 𝑒𝑡ℎ𝑒𝑜 ∙ 𝑘𝑒,𝐹 ∙ 𝑘𝑒,𝐷0

𝑘𝑒,𝐹 𝑘𝑒,𝐷0

𝐾𝑒,𝐹 = 1 − 2(
𝑑𝐹

𝑏𝑤
)
2

𝑑𝐹

 



𝑃𝑆ℎ𝑎𝑓𝑡,𝑃𝑟𝑜𝑝 =
𝑇

𝜂𝑝
⋅ (𝑉 +

1

2
⋅ Δ𝑉)

Δ𝑉 = √𝑉2 +
2𝑇

𝜌∙𝐴𝑝
− 𝑉

𝜂𝑝,𝑖𝑑𝑒𝑎𝑙 =
2𝑉

𝑉𝑒−𝑉
=

1

Δ𝑉/2𝑉 +1

𝑇 𝜂𝑝 = 𝜂𝑝,𝑖𝑑𝑒𝑎𝑙 ∙ 𝜂𝑝,𝑛𝑜𝑛𝑖𝑑𝑒𝑎𝑙

𝜂𝑝,𝑛𝑜𝑛𝑖𝑑𝑒𝑎𝑙 𝑉

Δ𝑉 𝐴𝑝

𝑃𝑠ℎ𝑎𝑓𝑡,𝑅𝑒𝑞 = 𝑃𝑠ℎ𝑎𝑓𝑡,𝑃𝑟𝑜𝑝 +
𝑃𝑒𝑙𝑒𝑐 𝑙𝑜𝑎𝑑

𝜂

𝑃𝑒𝑙𝑒𝑐 𝑙𝑜𝑎𝑑 𝜂



 

𝐸𝑏/𝑁𝑜



𝑆𝑁𝑅(𝑑𝐵) = 𝑃𝑇(𝑑𝐵𝑚) + 𝐺𝑇(𝑑𝐵𝑖) + 𝐿𝑇(𝑑𝐵) + 𝐺𝑅(𝑑𝐵𝑖) + 𝐿𝑅(𝑑𝐵)

+ 20 log10 (
𝜆

4𝜋𝑅
) − 10log10(1000𝑘 ∙ 𝑇) (

𝑑𝐵𝑚

𝐻𝑧
)

− 10log10(𝐵𝑊)(𝑑𝑏𝐻𝑧) − 𝑁𝐹(𝑑𝐵)

𝑃𝑇 𝐺𝑇 𝐿𝑇

𝐿𝑃 𝐺𝑅

𝐿𝑅 𝜆

𝑅

𝑘 𝑇 𝐵𝑊

𝐹

𝑅

𝐿𝑃 𝐿𝑇 𝐿𝑃

𝑘𝑇𝐵

𝐵

Link Margine (10 𝑑𝐵) =  𝑆𝑁𝑅𝐴𝑣𝑎𝑖𝑙  (𝑑𝐵) − 𝑆𝑁𝑅𝑅𝑒𝑞(𝑑𝐵)

𝑃𝑇



 

𝐸𝑏/𝑁𝑜

𝐸𝑏/𝑁𝑜

𝐸𝑏/𝑁𝑜

10−4 10−8

10−6

𝐸𝑏/𝑁𝑜

𝐸𝑏/𝑁𝑜

𝑒𝑟𝑓𝑐( )

11 The symbols are used as a means of encoding the signal prior to transmission, such that the receiver may 
determine the bit information and signal levels in order to interpret the transmitted signal. 



𝐵𝐸𝑅 = 1/2 ⋅ 𝑒𝑟𝑓𝑐(√𝐸𝑏/𝑁𝑜)

𝐸𝑏/𝑁𝑜

𝑆𝑁𝑅𝑅𝑒𝑞 = 𝐸𝑏/𝑁𝑜(dB) + 10 ⋅ log10 (
𝑅𝐷𝑎𝑡𝑎

𝐵
)

𝐵 𝑅𝐷𝑎𝑡𝑎 𝑅𝐷𝑎𝑡𝑎/𝐵

𝑅𝐷𝑎𝑡𝑎/𝐵

 

 



𝐺𝑇𝑂𝑀𝑛𝑒𝑤 = 𝐺𝑇𝑂𝑀𝑎𝑐𝑡𝑢𝑎𝑙 − 0.7 ⋅ 𝐺𝑇𝑂𝑀𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑

 



𝛿𝑅

𝐺𝑆𝐷𝐻 = 2 × (
𝐹𝑂𝑉𝐻

2 × 𝑃𝑖𝑥𝐻
) × 𝑅

𝐺𝑆𝐷𝐻 𝐹𝑂𝑉𝐻 𝐹𝑂𝑉 𝑃𝑖𝑥𝐻

𝑅

𝐺𝑆𝐷𝑉 =
2 × tan(0.5 × 𝐹𝑂𝑉𝑉 × 𝑃𝑖𝑥𝐻)

cos(𝜃𝐿𝑜𝑜𝑘)
× 𝑅

𝜃𝑙𝑜𝑜𝑘

𝜃𝐿𝑜𝑜𝑘 𝛿𝑅

𝑅 = √ℎ2 + 𝐺𝑅2

ℎ 𝐺𝑅





𝑑𝑐 = √𝑊𝑡𝑔𝑡 ∙ 𝐻𝑡𝑔𝑡

𝑊𝑡𝑔𝑡 𝐻𝑡𝑔𝑡

𝑁 =
𝑑𝑐

2 × 𝐺𝑆𝐷𝐴𝑣𝑔

𝑃(𝑁) =
(𝑁/𝑁50) 

(2.7+0.7∙(𝑁/𝑁50)

1 + (𝑁/𝑁50) 
(2.7+0.7∙(𝑁/𝑁50)

𝑁50 𝑁50

 





𝐶𝐹𝑖

𝐶𝑉𝑖

𝑇 𝐷𝑗

𝐶𝐿𝐶𝐶,𝑖(𝐷, 𝑇, 𝑟) = 𝐶𝑅𝐷𝑇𝐸,𝑖 +∑
𝐶𝐹𝑖 + 𝐶𝑉𝑖(𝐷𝑗)

(1 + 𝑟)𝑗

𝑇

𝑗=1

𝑟

12 The CERs applied in this study all contain a factor 𝑘, which scales the cost down to an appropriate level, 
such that it is in line with the small UAS class.  



 

𝐴𝑂

𝑁𝐴𝐶 =
𝑇𝑆𝑢𝑟𝑣𝑒𝑖𝑙𝑙𝑎𝑛𝑐𝑒

𝑇𝑂𝑆 ⋅ 𝐴𝑂

𝑇𝑆𝑢𝑟𝑣𝑒𝑖𝑙𝑙𝑎𝑛𝑐𝑒





𝑅 = exp [
−𝑡

𝑀𝑇𝐵𝐹
]

 𝑅

𝑡



𝐴𝑂

𝐴0 =
𝑀𝑇𝐵𝑀

𝑀𝑇𝐵𝑀 +𝑀𝐷𝑇



𝐿𝑅𝐴𝑐𝑐𝑖𝑑𝑒𝑛𝑡

𝐶𝑅𝑒𝑝𝑙𝑎𝑐𝑒 = 𝑁𝐴𝐶,𝐿𝑜𝑠𝑠 ⋅ 𝐶𝑃𝑈𝐴𝑆,𝑢𝑛𝑖𝑡

𝑁𝐴𝐶,𝐿𝑜𝑠𝑠 = 𝐿𝑅𝐴𝑐𝑐𝑖𝑑𝑒𝑛𝑡 ⋅ 𝐹𝑙𝑡𝐻𝑜𝑢𝑟𝑠

𝐶𝑃𝑈𝐴𝑆,𝑢𝑛𝑖𝑡

 



𝑊/𝑆

𝑃/𝑊 𝐴𝑅



 

𝐉 = 𝐟(𝐱) = [𝑓1(𝐱), 𝑓2(𝐱)] 

𝐠(𝐱) = [𝑔1(𝐱), 𝑔2(𝐱), 𝑔3(𝐱), 𝑔4(𝐱)] ≤ 0

𝐱𝐿 ≤ 𝐱 ≤ 𝐱𝑈      

𝐟(𝐱) = [𝑓1(𝐱), 𝑓2(𝐱)]

𝐠(𝐱) = [𝑔1(𝐱), 𝑔2(𝐱), 𝑔3(𝐱), 𝑔4(𝐱)] ≤ 0

𝐱

0

2

4

6

Wing
assembly

Empenage Tail booms Under
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20
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M
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𝐗 = [𝐗(𝟏), 𝐗(𝟐), … , 𝐗(𝒏−𝟏)]
T

𝐲 =

[𝑦(𝟏), 𝑦(𝟐), … , 𝑦(𝒏−𝟏)]
T

 

𝑆𝐶𝑉𝑅𝑖 =
𝑦(𝑖) − 𝑦̂−𝑖(𝐱

(𝐢))

𝑠−𝑖(𝐱
(𝐢))

13 When making cross-validation predictions, in theory one should re-estimate all the parameters of the GP 
model. However, dropping out a single observation in practice has a negligible effect on the maximum 
likelihood estimates. Therefore in practice the parameters are kept the same, but the correlation matrix 𝐑 is 
recomputed using only 𝑛 − 1 points [140]. 



𝑦(𝑖) 𝑖𝑡ℎ

𝑦̂−𝑖 𝑠−𝑖

𝑅2

 



𝐸[𝐼(𝐱)]

𝐸[𝐼(𝐱)]

𝐸[𝐼(𝐱)]

𝐸[𝐼(𝐱)]

𝐸[𝐼(𝐱)]

𝑬[𝑰(𝐱)]



𝐸[𝐼(𝐱)]

 

𝐾𝑓

𝑀𝐷𝐷𝑆

𝑀𝐷𝑃𝐹 𝑀𝐷𝐷𝑆

𝑀𝐷𝑃𝐹

𝑀𝐷𝐷𝑆 𝑀𝐷𝑃𝐹

𝑲𝒇

𝐾𝑓 max𝑀𝐷𝐷𝑆 min𝑀𝐷𝑃𝐹 𝐾𝑓 = 0

𝑀𝐷𝐷𝑆 𝑀𝐷𝑃𝐹

𝑀𝐷𝑃𝐹

𝑀𝐷𝐷𝑆

𝐾𝑓

 



24 = 16

±10%



0.152 -0.439

0.162 0.054

0.043 0.006

0.142 0.000

0.027 -0.042

0.000 -0.001

0.030 0.000

0.000 0.000

0.030 0.000

0.000 0.000



 

𝐸[𝐼(x)]





 

 

 



 

𝑥𝑖 𝐷𝑖

{𝑣1, … . . , 𝑣𝑛}

𝑃𝑠ℎ𝑎𝑓𝑡,𝑃𝑟𝑜𝑝 = 𝑃𝑠ℎ𝑎𝑓𝑡 −
𝑃𝐺𝑒𝑛

𝜂𝐺𝑒𝑛

𝑃𝑠ℎ𝑎𝑓𝑡 𝑃𝐺𝑒𝑛

𝜂𝐺𝑒𝑛



𝑀𝐵𝑎𝑡𝑡 =
𝐸𝑛𝑒𝑟𝑦𝑈𝐴𝑉

𝐸𝑠𝑝𝑒𝑐  𝜂𝐵𝑎𝑡𝑡 𝑓𝑈𝑠𝑎𝑏𝑙𝑒

𝑀𝐵𝑎𝑡𝑡

𝐸𝑛𝑒𝑟𝑦𝑈𝐴𝑉 𝐸𝑠𝑝𝑒𝑐 𝜂𝐵𝑎𝑡𝑡

𝑓𝑈𝑠𝑎𝑏𝑙𝑒

𝑇/𝑊



𝑆𝑔𝑟𝑜𝑢𝑛𝑑 𝑟𝑜𝑙𝑙 = 𝛼 𝑇𝑂𝑃 = 𝛼
𝑊/𝑆

𝜎𝐶𝐿𝑇𝑂𝐵𝐻𝑃/𝑊

𝛼 𝑊/𝑆 𝜎

𝐶𝐿𝑇𝑂

𝐵𝐻𝑃/𝑊

𝛼 𝛼

𝛼

𝐿𝑅  



𝑑 𝑙

3 × 105

𝐷𝐴𝑛𝑡𝑒𝑛𝑛𝑎 = 1.2 ∙ (1/2 ∙ 𝜌 ∙ 𝑉
2) ∙ 𝑙 ∙ 𝑑

𝑡/𝑐

𝐷𝐴𝑛𝑡𝑒𝑛𝑛𝑎 = 𝐶𝐷(𝑡/𝑐, 𝑅𝑒) ∙ (1/2 ∙ 𝜌 ∙ 𝑉
2) ∙ 𝑙 ∙ 𝑑

𝐶𝐷(𝑡/𝑐, 𝑅𝑒)

𝐺𝑆𝐷𝐻 = 2 ∙ (
𝐹𝑂𝑉𝐻

2 ∙ 𝐻𝑃𝑖𝑥
) ∙ 𝑅

𝐺𝑆𝐷𝑉 =
2 ∙ tan (𝐹𝑂𝑉𝑉/2 ∙ 𝑉𝑃𝑖𝑥)

cos (𝜃𝐿𝑜𝑜𝑘)
∙ 𝑅

𝐺𝑆𝐷𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑚𝑒𝑎𝑛 = √𝐺𝑆𝐷𝐻 ∙ 𝐺𝑆𝐷𝑉

𝐺𝑆𝐷𝑉 𝐺𝑆𝐷𝐻

𝐺𝑆𝐷𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑚𝑒𝑎𝑛 𝑅

𝜃𝐿𝑜𝑜𝑘 𝐻𝑃𝑖𝑥 𝑉𝑃𝑖𝑥

𝑅𝑎𝑡𝑒𝐷𝑎𝑡𝑎 = 𝐻𝑝𝑖𝑥𝑒𝑙𝑠 ∙ 𝑉𝑝𝑖𝑥𝑒𝑙𝑠
𝐵𝑖𝑡𝑠

𝑃𝑖𝑥𝑒𝑙
∙ 𝑅𝑎𝑡𝑒𝐹𝑟𝑎𝑚𝑒 ∙ 𝐹𝐶𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛



𝐵𝑖𝑡𝑠 𝑃𝑖𝑥𝑒𝑙⁄

𝑅𝑎𝑡𝑒𝐹𝑟𝑎𝑚𝑒

𝐹𝐶𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛

𝐷𝐶𝑜𝑜𝑙

𝑞
= 𝐶𝐶𝑜𝑜𝑙 ∙

𝑃𝑆ℎ𝑎𝑓𝑡 ∙ 𝑇𝑎𝑚𝑏
2

𝜎 ∙ 𝑉

𝐶𝐶𝑜𝑜𝑙 = 4.9 × 10
−7  ft2/lb-oR2

𝑀𝑇𝐵𝐹

𝑀𝑇𝐵𝐹



 

𝐴𝑖𝑗

𝑖 𝑗 𝑛 × 𝑛

𝐴𝑖𝑗



 1 2 3 4 5.1 5.2 6.1 6.2 7.1.1 7.1.2 7.2.1 7.2.2 8.1 8.2 9.1 9.2 10.1 10.2 

1 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 

2 - 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

3 - - 0 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 

4 - - - 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 

5.1 - - - - 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

5.2 - - - - - 0 0 0 0 0 0 0 0 0 1 0 1 1 

6.1 - - - - - - 0 0 0 0 0 0 0 0 0 0 0 0 

6.2 - - - - - - - 0 0 0 0 0 0 0 0 0 0 0 

7.1.1 - - - - - - - - 0 1 1 1 0 0 0 0 0 0 

7.1.2 - - - - - - - - - 0 1 1 0 0 0 0 0 0 

7.2.1 - - - - - - - - - - 0 1 0 0 0 0 0 0 

7.2.2 - - - - - - - - - - - 0 0 0 0 0 0 0 

8.1 - - - - - - - - - - - - 0 0 1 0 0 1 

8.2 - - - - - - - - - - - - - 0 0 0 0 0 

9.1 - - - - - - - - - - - - - - 0 0 0 0 

9.2 - - - - - - - - - - - - - - - 0 0 0 

10.1 - - - - - - - - - - - - - - - - 0 1 

10.2 - - - - - - - - - - - - - - - - - 0 



 



 



𝒔𝒄𝒐𝒑𝒆 𝒓𝒆𝒍

𝑛𝑢𝑙𝑙



 

 

 

 

 



𝐷

𝐷 = ℎ ∙ [tan(𝜃𝐿𝑜𝑜𝑘 + 1/2 ∙ 𝐹𝑂𝑅) − tan(𝜃𝐿𝑜𝑜𝑘 − 1/2 ∙ 𝐹𝑂𝑅)]

𝜃𝐿𝑜𝑜𝑘 𝐹𝑂𝑅

𝐴𝑅𝑎𝑡𝑒

𝐴𝑅𝑎𝑡𝑒 = 𝐷 ⋅ 𝑉𝑈𝐴𝑆

𝑉𝑈𝐴𝑆 𝐴

𝐴 = 𝐴𝑅𝑎𝑡𝑒 ∙ 𝑇𝐶𝑜𝑙𝑙𝑒𝑐𝑡

𝑇𝐶𝑜𝑙𝑙𝑒𝑐𝑡

𝑀𝑇𝐵𝑀

𝑀𝐷𝑇





𝑘1

𝑘2

𝑘3

𝑘4

𝑘5

 

(𝐗, 𝐃𝐗, 𝐶𝐗)

 

 

14 Python constraint solver package:   
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𝐱

 

        

(a) 

 

(b) 



(a) 

 

(b) 

(a) (b) (c) 

𝑑 𝑙



3 × 105

𝐷𝐴𝑛𝑡𝑒𝑛𝑛𝑎 = 1.2 ∙ (1/2 ∙ 𝜌 ∙ 𝑉
2) ∙ 𝑙 ∙ 𝑑𝑎𝑛𝑡  

𝐷𝐴𝑛𝑡𝑒𝑛𝑛𝑎 = 𝐶𝐷(𝑡/𝑐, 𝑅𝑒) ∙ (1/2 ∙ 𝜌 ∙ 𝑉
2) ∙ 𝑙 ∙ 𝑑𝑎𝑛𝑡 ( ) 

(𝑀𝑇𝐵𝐹)

𝑀𝑇𝐵𝐹



 

𝐴𝑖𝑗

𝛼 𝛽

𝛼 =

0.5 𝛽 = 0.5









 

 



 

 

{𝑥1, … . . , 𝑥𝑛}

{𝐷1, … . . , 𝐷𝑛}

𝐶𝑖

 



 

 

 

(CSP,𝐠) (𝐗, 𝐃𝐗, 𝐶𝐗, 𝐠) 𝐠

 

 

 



 



 

 



 

 

 

 

 



 

 

 

 



 







 

 Net Present Value (NPV) Cost-Benefit Analysis (CBA) Multi-Attribute Utility Theory (MAUT) 

Definition 
of value 

Value is discounted cash flow 
(monetised). 

Value is discounted cash flow of net 
benefits (monetised). 

Value is an aggregation of a set of 
benefits relative to their net cost (non-
monetised). 

Source of 
Value 

Value is not derived from any 
source other than revenue. 

Value is derived from multiple 
benefits and costs. 

Value is derived from multiple benefits 
and costs. 

Market 
Prediction 

Cash flow and discount rate. Cash flow and discount rate.  

Extensive and quantitative 
predications can be made 
about the systems future 
financial markets, revenue 
and pricing structure, demand 
functions, etc. 

Extensive and quantitative 
predications can be made about the 
systems future financial markets, 
revenue and pricing structure, 
demand functions, etc. and also 
about the derivation of the 
monetary value of system benefits. 

 

Mutual additive (preferential) 
independence - stakeholder(s) 
absolute preference for a 
given attribute is independent 
of the respective values of all 
other system attributes. 

Mutual additive (preferential) 
independence - stakeholder(s) 
absolute preference for a given 
attribute is independent of the 
respective values of all other 
system attributes. 

Mutual utility independence - 
stakeholder(s) relative preference 
between two values for a given attribute 
is independent of the respective values 
of all other attributes; absolute 
preference for one attribute is 
dependent on the respective values of 
all other attributes. 

Stationary assumption - 
stakeholder preferences do 
not change over time. 

Stationary assumption - 
stakeholder preferences do not 
change over time 

Stationary assumption - stakeholder 
preferences do not change over time. 

Stakeholders make decisions 
under certainty - they have 
perfect foresight into all 
present and future events 
pertaining to the value of 
system attributes. 

Stakeholders make decisions under 
certainty - they have perfect 
foresight into all present and future 
events pertaining to the value of 
system attributes. 

Stakeholders make decisions under 
uncertainty - they do not have perfect 
foresight into all present and future 
events pertaining to the value of system 
attributes. 

 Multiple stakeholder preferences 
cannot be aggregated - 
nonexistence of a social welfare 
function. 

Multiple stakeholder preferences 
cannot be aggregated - nonexistence of 
a social welfare function. 

Cash flow and/or discount rate 
are discrete in time and also 
potentially held as constants. 

Monetised benefits, costs, and/or 
discount rate are discrete in time 
and also potentially held as 
constants. 

 

 Monetisation of benefits.  

Truncation of information 
regarding distribution of costs 
(monetised). 

Truncation of distribution of costs 
and benefits (monetised). 

Truncation of distribution benefits into a 
single metric. 

Value is cardinal metric. Value is cardinal metric. Ordered comparison of benefit (non-
ratio cardinal) and cost is assumed a 
proxy value. 



 

𝑛 × 𝑛 𝐀

𝜆1, 𝜆2, . . . , 𝜆𝑛 𝑛 × 𝑛 𝐀 𝜆1

𝐴

|𝜆1| > |𝜆𝑖|,    𝑖 = 2,… , 𝑛.

𝜆1 𝐴

𝐀

𝐱𝟎(≠ 𝟎) 𝑛

𝐱𝟏 = 𝐀𝐱𝟎

𝐱𝟐 = 𝐀𝐱𝟏 = 𝐀(𝐀𝐱𝟎) = 𝐀
𝟐𝐱𝟎

𝐱𝟑 = 𝐀𝐱𝟐 = 𝐀(𝐀
𝟐𝐱𝟎) = 𝐀

𝟑𝐱𝟎

⋮

𝐱𝑘 = 𝐀𝐱𝑘−1 = 𝐀(𝐀𝑘−1𝐱𝟎 = 𝐀
𝑘𝐱𝟎

𝑘

𝐱

𝐀

𝜆𝑞 =
𝐱𝐓 𝐀𝐱

𝐱𝐓 𝐱

𝜆𝑞 = 𝜆 − 𝜖

𝜖 𝜆𝑞

|𝜖| ≤ 𝛿 = √
(𝐀𝐱)𝐓𝐀𝐱

𝐱𝐓𝐱
− 𝜆𝑞

2



 

𝑥 𝑦 = 𝑓(𝑥)

𝑥 = 𝑔(𝑦) 𝑔(0)

𝑓 𝑥1, 𝑥2 𝑥3 𝑓(𝑥1)

𝑓(𝑥2) 𝑓(𝑥3) 𝑓

𝑥 =
[𝑦 − 𝑓(𝑥1)][𝑦 − 𝑓(𝑥2)]𝑥3

[𝑓(𝑥3) − 𝑓(𝑥1)][(𝑓(𝑥3) − 𝑓(𝑥2)]
+

[𝑦 − 𝑓(𝑥2)][𝑦 − 𝑓(𝑥3)]𝑥1
[𝑓(𝑥1) − 𝑓(𝑥2)][𝑓(𝑥1) − 𝑓(𝑥3)]

+
[𝑦 − 𝑓(𝑥3)][𝑦 − 𝑓(𝑥1)]𝑥2

[𝑓(𝑥2) − 𝑓(𝑥3)][𝑓(𝑥2) − 𝑓(𝑥1)]

𝑦

𝑥 = 𝑥2 +
𝑃

𝑄
,

𝑃 = 𝑆[𝑇(𝑅 − 𝑇)(𝑥3 − 𝑥2) − (1 − 𝑅)(𝑥2 − 𝑥1)

𝑄 = (𝑇 − 1)(𝑅 − 1)(𝑆 − 1)

𝑅 ≡
𝑓(𝑥2)

𝑓(𝑥3)

𝑆 ≡
𝑓(𝑥2)

𝑓(𝑥1)

𝑇 ≡
𝑓(𝑥1)

𝑓(𝑥3)

𝑥2 𝑥1

𝑥2 𝑥3 𝑥1



 

𝐿𝑇,𝐿𝑖𝑛𝑒

𝐿𝑇,𝑃𝑜𝑖𝑛𝑡

𝐿𝑇,𝑅𝑎𝑑𝑜𝑚𝑒

𝑃𝑇 −

20 log10(𝜆/4𝜋𝑅) −

 𝐿𝑃,𝐴𝑡𝑚

𝐿𝑃,𝑃𝑟𝑒𝑐𝑖𝑝

𝐺𝑅

𝐿𝑅,𝑃𝑜𝑙𝑎𝑟

𝐿𝑅,𝑃𝑜𝑖𝑛𝑡

𝐿𝑅,𝐿𝑖𝑛𝑒

𝐿𝑅,𝑠𝑝𝑟𝑒𝑎𝑑

𝑘𝑇

𝐵𝑊 −

𝑁𝐹

𝑅

𝐿𝑇,𝑅𝑎𝑑𝑜𝑚𝑒 𝐿𝑅,𝑃𝑜𝑙𝑎𝑟

𝜃𝐴𝑙𝑖𝑔𝑛

𝐿𝑅,𝑃𝑙𝑜𝑎𝑟 = 20 log10[cos(𝜃𝐴𝑙𝑖𝑔𝑛)]





 

11%

5%
2%

6%

6%

13%

16%

8%

15%

18%

2Seas UAS Wing assembly

Empenage

Tail booms

Under carriage

Inner wing assembly

Avionics

Propulsion System (x2)

Nacalles

Payload

Fuel

13%
3%

2%
8%

7%

10%

15%5%

15%

22%

Simulation Data Wing assembly

Empenage

Tail booms

Under carriage

Inner wing assembly

Avionics

Propulsion System (x2)

Nacalles

Payload

Fuel



 

𝑬[𝑰(𝐱)]



 



 



𝑛𝑢𝑙𝑙

𝑛𝑢𝑙𝑙



 

import os 

os.chdir('C:\python-constraint-1.2') 

import constraint as con 

# Define architectural functional data in dictionary format 

funcData = {'0.0':[1], 

            '1.0':[1], 

            '2.0':[1], 

            '3.0':[1], 

            '4.0':[1], 

            '5.0':[1,2], 

            '6.0':[1], 

            '7.0':[1], 

            '8.0':[1], 

            '9.0':[1,2], 

            '10.0':[1], 

            '11.0':[1,2], 

            '12.0':[1,2,3], 

            '13.0':[1], 

            '14.0':[1,2,3], 

            '15.0':[1], 

            '16.0':[1,2], 

            '17.0':[1,2] 

            } 

# Locations of 

# Add variables into the CSP problem 

functions = funcData.keys()# Extract function keys from dictionary 

problem = con.Problem()# Constraint Problem 

 

for i in range(len(functions)): 

    problem.addVariable(functions[i],funcData[functions[i]]) 

     

# Define constraint functions 

def electricalPower(a,b,c): 

    if (a==3 and b==2): 

        return c !=1 

    else: 

        return c!=2 

 

def launchandrecovery(a,b): 

    if (a==1): 

        return b!=2 

    elif(a==2): 

        return b!=1 

 

def ECS(a,b,c): 

    if (a==2 and b==2): 

        return c !=1 

    else: 

        return c!=2 

 

def comms(a,b,c): 

    if (a==3 and b==2): 



        return c !=1 and c !=3 

    else: 

        return c!=2  

# ----- Add constraint functions to the constraint problem----------- 

# Deliver electrical power constraint 

problem.addConstraint(electricalPower,['14.0','17.0','5.0'])  

# Launch and Recovery constraint  

problem.addConstraint(launchandrecovery,['9.0','11.0']) 

# Environmental control system constraint 

problem.addConstraint(ECS,['5.0','17.0','16.0'])  

# Communication antennta constraint 

problem.addConstraint(comms,['14.0','17.0','12.0']) 

 

# Solve CSP 

print len(problem.getSolutions()) 
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