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Abstract. This paper proposes an approximate analytic method of obtaining the mechanical 
impedance of air spring. The sound pressure distribution in cylindrical air spring is calculated 
based on the linear air wave theory. The influences of different boundary conditions on the 
acoustic pressure field distribution in cylindrical air spring are analysed. A 1-order ordinary 
differential matrix equation for the state vector of revolutionary shells under internal pressure 
is derived based on the non-moment theory of elastic thin shell. Referring to the transfer matrix 
method, a kind of expanded homogeneous capacity high precision integration method is 
introduced to solve the non-homogeneous matrix differential equation. Combined the solved 
stress field of shell with the calculated sound pressure field in air spring under the displacement 
harmonic excitation, the approximate analytical expression of the input and transfer mechanical 
impedance for the air spring can be achieved. The numerical simulation with the Comsol 
Multiphysics software verifies the correctness of theoretical analysis result. 

1. Notation 
    Angular frequency c     Sound velocity 
k     Wave number     Shell density of air spring 

0    Air density inside the air spring 0m  0 point sequence of first order Bessel function 

E    Elasticity modulus of shell material      Poisson's ratio of shell material 

    Thickness of shell 1 2N N、  Tensions of unit length in the direction of 

longitude and latitude 
p    Internal pressure L    Height of air spring 

R    Radius of air spring  U W、   Displacements in the direction of longitude and 
latitude 

0   Amplitude of displacement harmonic 

excitation 

M     Mass of upper cover plate 

2. Introduction 
Air spring is a kind of vibration isolation element utilizing compressibility of gases to isolate vibration 
after gases are filled into flexible closed container. Mechanical impedance is an important parameter 
describing performance of elastic element, which reflects the relationship between excitation and 
response of elastic element, and is a main index of vibration isolation design and performance 
optimization of elastic element[1-2]. The mechanical impedance can be acquired in two ways, i.e. 



 
 
 
 
 
 

analytic calculation and experiment test. For the elastic element with homogeneity and regular shape, 
the approximate expression of mechanical impedance can be acquired through analytic method. The 
advantage of analytic method is that the corresponding impedance of elastic element can be obtained 
and optimized through adjusting corresponding parameters qualitatively and quantitatively[3]. 
However, for air spring, the acquisition of mechanical impedance mainly refers to experiment and 
analysis on the base of gas state equation generally neglecting the influence of flexible shell[4]. In the 
theoretical analysis, it is believed that the gas inside air spring is of uniform change and the stiffness of 
air spring will not change with frequency. Obviously, it is unreasonable. This paper proposes an 
approximate analytic method of obtaining the mechanical impedance of air spring through solving the 
sound pressure distribution inside air spring and the shell stress field of air spring. It is of particular 
importance in the optimization design of air spring vibration isolation. 

3. Assumptions and parameters 
Before modelling, the assumptions are made as below: 

(1) Air inside air spring is viscous gas. 
(2) Vibration amplitude is small, that is, the whole system is linear. 
(3) Cover plates and other accessories are rigid approximately and have no resonance during 

the vibration. 
(4) Shell is made of homogeneous linear elastic material. 
(5) Do not consider the influence of shell deformation on its Lame’s coefficients. 
(6) Shell of air spring is elastic thin shell, and the bending moment and twisting moment on its 

cross section are neglected.  
Cylindrical air spring model is shown as in Figure 1. The initial pressure inside the air spring is 

assumed to be 0.3Mpa. Other parameters required by calculation and simulation are shown in Table 1. 

   

j
0

te 

R

Air

or

z
L

Shell

Upper cover

plate

Lower cover

plate  
Figure 1. Cylindrical air spring model. 

 
Table 1. Parameters of air spring required by calculation and simulation. 

M 
(kg) 

R 
(m) 

L 
(m) 

ρ 
(kg·m-3)

ρ0 

(kg·m-3)
c 

(m·s-1)
E 

(Mpa)
δ 

(m) 
μ ζ0 

(m) 

100 0.165 0.138 1200 3.78 340 30 0.002 0.48 0.001 

4. Sound pressure field inside cylindrical air spring 
The upper cover plate of air spring suffers from displacement harmonic excitation, as shown in 
Figure 1, which can lead to the disturbance of the air volume element nearby the upper cover plate. 
According to the linear air fluctuation theory, the solution of sound pressure equation refers to the 
fixed value solution of Helmholtz under fixed boundary condition[5]. The expression of 
Helmholtz equation is shown as below 

          
2 2 0      ( / )p k p k c                                                         (1) 



 
 
 
 
 
 

The s
solution

Acco
of harmo

in which

Equa
flexible 
the cylin
that is 

And t

Acco
Applying
cylindric
which ar

 

Figure 
cylindric

5. Shell 
Figure 4
HH1H2H

direction
respectiv
moment 
can be ob

shell in Figu
n of sound pr

ording to equ
onic displac

h 0m
mQ

R

 


ation (3) sho
shell will be 

ndrical air sp

then the soun

ording to equ
g the Coms
cal air spring
re consistent 

2. Sound p
cal air spring

stress field o
4 demonstra

H3 and its st

ns; k1 and k2 
vely; A and B

theory of el
btained as be

freq=100Hz  Slice Drawing

ure 1 is assu
ressure equa

uation (1) an
cement can b

1
m

p


 

1/22
2m k
  

 
 

ows that the d
effected by 

pring with ri

nd pressure e

uation (5), it c
sol Multiphy
g with rigid 
with the con

pressure fiel
g with rigid s

of cylindrica
ates the orth
tress analysi

are curvatur
B are Lame’
lastic thin sh
elow[6] 

g of Sound Pressure Field inside th

umed to be f
ation are sho







nd (2), soun
be solved an

0 0

1

2 j

m mQ

 









, 0m
m R

  . 

distribution 
boundary co
gid shell, the

equation (3) 

2 0jp c

can be seen t
ysics softwar

and flexible
nclusions of t

d distributio
shell. 

al air spring
hogonal curv
s, where 1N
es of cylindr
’s coefficien
hell, dynamic

he Air Spring (Pa) 

flexible appr
own as below

0

0

z

z

z

z L

r R p





  

 
 




nd pressure i
nd expressed

0

0

J ( )cosh

sinh(
m

m m

r

LQ




  

of sound pre
onditions, an
e vertical vel

 , ,r r R
V r z t




can be simpl

 
0 cos

sinh kL



that the soun
re, the num
e shell are s
theoretical a

 

on in Figu
cylin

g 
vilinear coor

1  and 2N  re

rical shell alo
nts and equa
c balance eq

H
eight/m

m
 

roximately, 
w 

0

0

0



              

in cylindrica
d as 

1 0

h[ ( )]

) J ( )
m

m m

Q L z e




essure field i
d is a functio
locity at the 

0             

lified as 

 sh ( )k L z

nd pressure i
merical simul

hown in Fig
analysis. 

ure 3. Soun
ndrical air sp

rdinate syste
efer to force

ong   and 
al to 1 and R
quation of cy

Freq=100Hz   Distr

and the bou

                    

al air spring 

j te 

            

in the cylind
on about its h
boundary wh

                  

j te             

s a function 
lations of so
gure 2 and F

nd pressure 
pring with fle

em for cylin
s of unit wi

  directions
R respectively
ylindrical she

ibution of Sound Pressure Field in

undary condi

                   

under the e

                  

drical air spr
height and ra
here r R  is

                  

                   

only related 
ound pressur
Figure 3 resp

field distrib
exible shell. 

ndrical shell
idth along 

s, and equal 0
ly. According
ell element H

nside the Air Spring 

itions for 

          (2) 

xcitation 

         (3) 

ring with 
adius. For 
s zero[5], 

         (4) 

          (5) 

to height. 
re in the 
pectively, 

bution in 

l element 
  and   

0 and 1/R 
g to non-
HH1H2H3 



 
 
 
 
 
 

21

22

0

0

N
U

N
W p

R






   

   


                                                   (6)     

and its elastic equation can be expressed as[6] 
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Figure 4. Infinitesimal stress analysis of cylindrical shell. 
 

The simultaneous solution for equation (6) with equation (7) can be expressed as the following matrix 
form 

01 1

0

0 0

0

AN N
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                                             (8) 
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, equation (8) can also be represented as 

   [ ] [ ]Z H Z Q
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Expanding the equation (9), a homogeneous expansion matrix differential equation can be obtained as 
below 

1 0 1

0

0 0 0

0 0
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, which is a constant 

expansion matrix. Equation (10) can also be expressed as 
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Introducing the transfer matrix  2 1( )T    along  direction[9], the expansion status vectors of 

both ends satisfy 

     2 2 1 1 1( ) [ ( )] ( ) [ ] ( )Z T Z T Z                                                        (12) 

where 

 
11 12 13 14

21 22 23 24

31 32 33 34

41 42 43 44

T T T T

T T T T
T

T T T T

T T T T

 
 
 
 
 
 

                                                               (13) 

According to equation (11) and (12), the transfer matrix  T  can be solved as the following expression 

    expT G L                                                              (14) 

It can be obtained from precise integration method [7] that  

     2
[ ] [ ]

exp [ ] [ ]
2! !

n
G L G L

G L I G L
n

                                          (15) 

where I  is unit matrix. 
The relation between the expansion status vectors of both ends along  direction can be expressed as 
below 

12 11 1111 12 13 14

2 1 121 22 23 24

2 1 1

[ ]
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0 0 1
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                                     (16) 

Equation (16) can also be written as 
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where 23 24
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According to equation (17) and the boundary conditions in equation (2), the dynamical force acted on 
both ends of cylindrical air spring can be derived as below 

12 11 2 21 2
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6. Expression of mechanical impedance 
According to the definition of mechanical impedance[10], equation (3) and (18), the input and transfer 
mechanical impedance of cylindrical air spring with one fixed end can be expressed as below 

2
11 21 2

11 2
1 0

2
21 1

12 2
1 0

2 ( / )j4
j

sinh( ) j

j4 cosh( ) 2 ( / )

sinh( ) j

m m m m

m

m m m m

R T T AR
Z M

Q LQ

R LQ R T A
Z

Q LQ

 
 

  
 









 
  




   




               (19) 

7. Simulation Verification 



 
 
 
 
 
 

The acoustic structure coupling module in the Comsol Multiphysics software is applied to simulate the 
internal sound pressure field and shell stress field of cylindrical air spring. Figure 5 shows the 
theoretical analysis and simulation results which are each other consistent. 

 

Figure 5. Calculation and simulation impedance curve of cylindrical air spring. 

8. Conclusion 
This paper proposes an approximate analytic method of obtaining the mechanical impedance of air 
spring through solving the sound pressure distribution inside air spring and the transfer matrix of shell. 
Based on theoretical analysis and simulation results, the available conclusions are as follows: 

(1) The distribution of sound pressure field in the cylindrical air spring with flexible shell is 
effected by boundary conditions, which is a function about its height and radius. For the cylindrical 
air spring with rigid shell, the distribution of inner sound pressure field is only related to height. The 
simulation and theoretical results are consistent. 

(2) A homogeneous expansion matrix differential equation for the state vector of revolutionary 
shells under internal pressure is derived based on the non-moment theory of elastic thin shell. 
Referring to the transfer matrix method and the expanded homogeneous capacity high precision 
integration method, the equation can be solved and the shell stress field of cylindrical air spring is 
obtained. Combined the stress field of shell with the sound pressure field in air spring under the 
displacement harmonic excitation, the approximate analytical expression of the input and transfer 
mechanical impedance for the air spring can be achieved. Although neglecting the air-structure and 
acoustic-structure interaction, the error between the theoretical analysis and simulation results is small.  

Next, the method applied to calculating the mechanical impedance of other types of air spring such 
as bellow type or diaphragm type will be further developed and verified. 
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