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Abstract. Instabilities of receding contact lines often occur through the formation
of a corner with a very sharp tip. These dewetting structures also appear in
the technology of Immersion Lithography, where water is put between the lens
and the silicon wafer to increase the optical resolution. In this paper we aim
to compare corners appearing in Immersion Lithography to those at the tail of
gravity driven-drops sliding down an incline. We use high speed recordings to
measure the dynamic contact angle and the sharpness of the corner, for varying
contact line velocity. It is found that these quantities behave very similarly for
Immersion Lithography and drops on an incline. In addition, the results agree
well with predictions by a lubrication model for cornered contact lines, hinting at
a generic structure of dewetting corners.

1 Introduction

A fluid displacing another immiscible fluid across a solid surface is a very common phenomenon
in both nature (e.g. such water drops sliding down a leaf [1]) and industrial processes (e.g.
printing and coating [2]). The fluid motion is controlled by the dynamics of the contact line,
which is susceptible to instabilities when moving at large speeds [1,3]. The standard approach to
this problem is to assume the contact line remains straight during the motion, so that the flow is
essentially two-dimensional. At low speeds this gives rise to the Cox-Voinov law [4,5], describing
the dynamic contact angle as a function of speed. The relevant dimensionless parameter is the
capillary number, Ca = Uη/γ, representing the contact line velocity U rescaled by viscosity
η and surface tension γ respectively. The simplest scenario for instability of straight contact
lines is that the contact angle becomes zero at a critical speed [6,7]. At higher values of Ca the
contact line gives way to the deposition of a liquid film [6,8–11].

Interestingly, instability of receding contact lines often occurs through the formation of a
corner with a very sharp tip, for which the flow is manifestly three-dimensional. This goes back
to the work of Blake and Ruschak [12], who found that in the withdrawal of a plate from a
liquid bath, the contact line adopts a ’v’ shape at large speeds. The appearance of the corner
was interpreted as a mechanism to reduce the effective contact line speed, since the inclination
of the contact lines reduces their normal (perpendicular) velocity. Very similar corner shapes
were observed for drops sliding down an incline, as shown in figure 1b [13,14]. Drops are viewed
from the top while sliding down under the influence of gravity. Instead of remaining circular,
the receding ’tail’ of the drop develops a corner-like structure that turns sharper with increasing
capillary number. At even higher speeds the tail breaks up and small droplets are deposited on
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the surface.Under the assumption of a conical structure of the liquid, this tail can be described
by a lubrication model [15]. This captures the essential geometrical features as well as the flow
in the vicinity of the contact line [16,17].

These three-dimensional dewetting phenomena turn out to play a crucial role in the tech-
nology of Immersion Lithography (figure 1c and 1d). This is a technique that is widely applied
in semiconductor industry to achieve higher optical resolutions, and accordingly smaller di-
mensions [18,19]. The conventional Lithography method, which consists of the projection of
light patterns through a lens on substrates, is improved by replacing the air between the lens
and the substrate by a liquid with a higher refractive index (figure 1c). This increases the nu-
merical aperture of the system and consequently the imaging resolution. For ultra pure water,
the commonly used liquid, the smallest printable features become of order ∼40 nm. While the
liquid is advantageous for the optical performances, it introduces new complexities associated
to the contact line. Since the lens cannot cover the complete substrate at once, it is moved over
the wafer with speeds close to instability: the critical velocity at which water loss occurs near
the contact line determines the maximum speed of the lens. As such, it provides a tremendous
limitation for the production yield of Immersion Lithography.
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Fig. 1: Analogy between drops sliding down an inclined plate and moving contact lines in
Immersion Lithography. a) Setup used to study droplets sliding down an inclined plane; b)
images from the experimental setup as shown in (a); c) Sketch of an Immersion Lithography
system; d) images from a setup mimicking an Immersion Lithography system.

In this paper we experimentally investigate the v-shaped contact lines observed in Immersion
Lithography. We follow the evolution of the liquid corner as a function of speed by monitoring
the angles from side-view and top-view imaging. It is clear from figure 1 that there is a striking
resemblance with drops sliding down a plane and we make a quantitative comparison between
the two systems. There are, however, some important differences between the two systems.
First, the drops on an incline are driven by gravity and the speed is adjusted by the angle of
inclination α, while in the Immersion Lithography experiment the substrate speed is imposed
and controlled by a motor. Second, the Reynolds number for the silicon oil drops is negligible,
while inertial effects could be expected for the low viscosity water drops in Immersion Lithog-
raphy. These differences do not affect the generic features of the cornered contact lines in the
set of experimental parameters/setting used, although some quantitative differences are indeed
observed.
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The paper is organized as follows. Section 2 defines the key quantities of the corner geometry
and briefly reviews the main theoretical results. A detailed description of this experimental setup
is given in Sec. 3. The central results are presented in Sec. 4, where we also make the detailed
comparison with sliding drop data from [20], and the paper closes with a Discussion.

2 Three-dimensional dewetting: cone angles

The standard description of wetting dynamics assumes a straight contact line, resulting in a
flow that is effectively two-dimensional. If one further assumes that inertia is not important,
the dynamic contact angle seen from a side view, θ, follows from a balance of viscous forces and
surface tension and thus depends on the capillary number Ca. Away from the critical speed,
this is accurately described by the Cox-Voinov relation [4,5]

θ3 = θ3
0
− 9Ca ln

(x

ℓ

)

, (1)

where θ0 is the static contact angle, while ℓ is a microscopic length at which the viscous
singularity is regularized [21]. Note that the value of θ depends logarithmically on x, the distance
to the contact line. Experimentally, the observed slope thus depends on the length scale at which
the measurement is performed [22–24].

In the situation of straight contact lines the only interface curvature is directed along the
motion of the contact line. This approach is too simple, however, as for the drops shown in
figure 1 the interface becomes truly three-dimensional at higher Ca. The three-dimensional
geometry can be solved by assuming that the interface develops a sharp conical shape [15–17].
The cone is characterised by two angles (figure 2): side view angle θ and top view (opening)
angle φ. The lubrication equations indeed admit similarity solutions that are consistent with
such a conical structure. This lubrication approach gives explicit predictions for the cone angles
and these will be measured for the drops in figure 1.
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Fig. 2: Schematic view of a cornered receding contact line. a) three-dimensional cone structure
with characteristic angles φ and θ, b) the tip of the corner has a finite radius of curvature R.

A first prediction is that the cone angles θ and φ are related according to [15,16]

tan3 θ =
35

16
Ca tan2 φ. (2)

This expresses the balance between viscous dissipation and capillary forces. In contrast to (1) the
side-view angle no longer depends on the distance to the contact line, but θ is simply constant
along the cone. The reason is that for the cone the capillary forces result from the interface
curvature perpendicular to the direction of motion (for straight contact lines this perpendicular
curvature is zero). One should note, however, that this is not yet a closed expression for θ as
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a function of speed, since the opening angle φ also depends on Ca. The problem can be closed
by introducing a matching condition near the inclined contact lines, and yields [17]

Ca

θ3
0

=
2 sinφ

18 sin2 φ ln
(

L
ℓ

)

+ 35

cos2 φ

≈
2φ

18φ2 ln
(

L
ℓ

)

+ 35
. (3)

The latter step represents the limit of small φ. This relation predicts a maximum speed for
the cone, occurring at a minimum value of the opening angle φ. Higher speeds result into
instabilities and break-up.

While the cone model assumes a tip that is infinitely sharp, the tip of the receding contact
line is in reality rounded at a small scale (figure 1). We therefore define the radius of curvature
of the tip R as shown in figure 2b. At a large distance from the tip, x ≫ R, one recovers the
conical geometry characterized by a constant angle θ. On the other hand, the contact line will
appear nearly straight when approaching the tip at a small distance x ≪ R. We thus expect
to recover the Cox-Voinov relation (1) in this regime. As was shown in [20], these two regions
should match on a length scale of order R. Since in the corner regime θ3 ≪ θ3

0
, this matching

yields

0 ≈ θ3
0
− 9Ca ln

(

R

ℓ

)

, (4)

where we took x ≈ R and θ ≈ 0 in (1). By inverting (4), we find a prediction for the tip
curvature R in terms of the speed:

R ≈ ℓ exp

(

θ3
0

9Ca

)

. (5)

In the remainder of the paper we will experimentally measure the angles θ and φ as well as
the tip curvature R, for varying contact line velocities. The relations mentioned above will pro-
vide the framework to quantitatively compare the data taken from the Immersion Lithography
setup and from the drops sliding down an incline.

3 Experimental setup

The data compared in this paper comes from two types of experiments: drops sliding down an
inclined plate and moving contact lines in a configuration mimicking an Immersion Lithography
system (figure 1). The data for the sliding drops on the inclined plane are taken from Peters et
al. [20] and LeGrand et al. [14], in which drops of silicon oil were used with viscosities ranging
from 10 to 1035 cP. The substrate was made partially wetting by a fluoro-polymers coating
(FC725 by 3M). The various publications report minor differences in wetting properties, but
typical values for the static contact angles are θ0 ∼ 45◦, with a hysteresis of ∼ 10◦. Drops were
created in a controlled manner by using a syringe pump, resulting in droplet volumes in the
range of 6-10 mm3. The sliding speed of the drop was varied by the inclination angle of the
plate.

The Immersion Lithography setup is shown in figure 3. While the sliding drops move through
the reference frame of the camera, the liquid in Immersion Lithography is fixed in the reference
frame of the cameras. The basic idea is to rotate a glass wafer on a turntable, while keeping
a drop at a fixed position. To achieve this a droplet is held by the needle system shown in
figure 3a. It consists of two concentric needles of different diameter (outer diameters of 1.84
mm and 1.27 mm, for the outer and inner needle respectively). Standard pure water is supplied
through the inner needle at a constant flow rate of 12 ml/min. The outer needle simultaneously
extracts water and air at a fixed rate of 2.4 L/min, so that the water is constantly refreshed.
The wall thickness of the outer needle is kept very thin and the height of the needle above
the substrate as heigh as possible (250µm). While holding the droplet, a coated glass wafer
of 300 mm diameter and 0.7 mm thickness is moved underneath. This is done by rotating the
wafer by a custom made motor (IBS Precision Engineering) that is able to rotate the wafer at
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Fig. 3: a) Sketch of the Immersion Lithography setup b) Top and bottom view images from a
typical measurement (U = 604 mm/s). The dashed line represents the detected boundary of
the droplet obtained from digital imaging analysis.

a maximum linear velocity of umax = 3 m/s and maximum linear acceleration of amax = 100
m/s2 (measured at a radial distance of 140 mm from the center of the wafer). To obtain a
partial wetting substrate, the glass wafers are coated having a static receding and advancing
contact angle of 65o and 87o, respectively.

We simultaneously image the drop from the side and from below (figure 3). For side view
imaging a high speed camera (Photron SA 1.1) is used in combination with a long distance mi-
croscope (Navitar 12X Telecentric Zoom System), whereas for the bottom view a more detailed
view is realised (Photron SA 1.1 in combination with a Navitar 12X long distance microscope
attached to a Mitutoyo Infinity Corrected objective). Resolutions of 6 µm/pixel (side) and 2.7
µm/pixel (bottom) are achieved. Typical recordings obtained from this setup are shown in
figure 3b. Digital imaging analysis is used to detect the droplet boundary position. In both,
bottom and side view recordings, this position is defined as the position of the maximum gra-
dient in pixel-intensity values (8-bit image) in the region near the droplet contact line after
image background subtraction. To find the gradient a Canny filter is used [25]. To avoid false
detections, the edge detection is checked and verified by superposition on the original image
(similar to the dashed lines shown in figure 3b). This boundary detection method is limited to
pixel resolution and therefore results in discrete steps in the detected droplet edge. In order to
find the tip position (wafer position) on sub-pixel level, a parabolic function is fit to the first
10 pixels closest to one of the uttermost pixels of the raw edge detection. The minimum of the
parabolic function is taken as the tip position. The final steps of data analysis will be specified
while discussing the results in the following section.

Experimental data is obtained from multiple runs on different wafers in order to check the
reproducibility. During each run we increase the velocity to 1 m/s, with an acceleration of 1
m/s2, while the droplet is recorded simultaneously from the side and bottom, at a frame rate
of 1000 fps. This corresponds to a linear velocity increase of 1 mm/s per frame. Hence, from a
single recording it is possible to characterize the moving contact line behaviour as a function of
the wafer speed. We have verified that the results are reproducible over a range of accelerations,
so we can use the instantaneous speed (capillary number) as the relevant parameter. It should
be noted that the Reynolds number based on the flying height is of the order O(100).
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4 Results

4.1 Dynamic contact angle

The most basic characterisation of a moving contact line is the dynamic contact angle θ. In
the literature we find a number of different definitions and is still subject to discussion [1,22,
26]. Here we define θ as the local interface slope defined by a linear fit, at a fixed distance
from the contact line. The measurement is based on the first detected boundary pixels within
a fixed distance of 50µm from the tip measured along the interface. In the spirit of the Cox-
Voinov relation (1), this means that we measure the dynamic contact angle at a fixed position
of x = 25µm.
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Fig. 4: Dynamic contact angle θ as a function of the capillary number (normalized contact line
velocity). The circles and squares represent the data obtained from the Immersion Lithography
setup (IL) and sliding droplet experiment (SD), respectively. The dashed lines represent the fit
based on Cox-Voinov relation (1).

The results, up to break up, are presented in figure 4a. The circles represent data from Im-
mersion Lithography, while the squares correspond to sliding drops. In both cases the dynamic
contact angle decreases with Ca as expected for receding contact lines. For small speeds we
find excellent agreements with the Cox-Voinov law, which is shown as dashed lines. The quality
of the fits is further illustrated by plotting the same data as θ3 versus Ca (figure 4b). This
gives a straight line for small speeds. According to (1), the slope of this line can be interpreted
in terms of lnx/ℓ, where x is the scale of the measurement (≈ 25µm) and ℓ a characteristic
microscopic length. For the silicon oil drops this gives ln x/ℓ = 8.9, which indeed corresponds to
a microscopic length, ℓ ≈ 7 · 10−9 m. The Immersion Lithography data give a value lnx/ℓ = 23
(ℓ ≈ 2.6 · 10−15 m) which is surprisingly high (small). However, this value is consistent with
experiments on water drops sliding down an incline [13], suggesting that it is specific for water.

Interestingly, a significant deviation from Cox-Voinov is observed at higher speeds for both
data sets. For Immersion Lithography this occurs around Ca ∼ 8 · 10−3, while for sliding drops
Ca ∼ 6·10−3. Below we show in detail that for both experiments this coincides with the moment
that the scale of measurement x becomes, x ∼ R. We shall thus interpret this behaviour for
θ as a change in geometry of the interface: from a two-dimensional straight contact line, as
assumed for (1), to a three-dimensional conical shape. Note that the extrapolation of Voinov
(two-dimensional approach) predicts vanishing contact angles. By changing the shape it thus
seems that it can postpone the instabilities. However break up cannot be avoided, and occurs
in the region of the maximum Ca plotted in the graph (for Immersion Lithography, Ca ∼ 0.01
and sliding droplets Ca ∼ 0.008).
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4.2 Tip curvature

Let us now investigate the formation of the corner in more detail. The images on figure 5a show
the change from a rounded contact line at low speeds to a sharp corner at higher speeds. To
quantify this transition one can measure the curvature (sharpness) of the tip as a function of
speed. We do so by fitting a circle to a number of detected boundary points near the tip. The
fit is made in a least square sense, however the best fit will also depend on how many points
are taken into account. To solve this, the best fit is always based on all points within a vertical
distance of 5 pixels from the tip. A number which is based on the assumption that one cannot
measure radii smaller than 5 pixels (∼ 14 µm),
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Fig. 5: Measurement of the tip curvature. a) images of typical circle fits to the receding contact
line, including the definition of the radius of curvature R. b) tip curvature R0/R versus Ca.
Data are normalized by the initial radius of curvature R0. Circles and squares denote data from
Immersion Lithography (IL) and drops sliding down an incline (SD), respectively. c) Same as
in b) plotted on a logarithmic scale to reveal the exponential behaviour (6). Solid and dashed
lines are the fits with ℓ ∼ 0.1 nm with A = 0.09 and ℓ ∼ 9 nm with A = 0.05 for the Immersion
Lithography and sliding droplets, respectively.

The results are shown in figure 5b, where we plot the curvature R0/R as a function of
contact line speed Ca. Data are normalized by the initial radius, R0 = 0.75 mm for Immersion
Lithography, and R0 = 1.63 mm for sliding drops. We find that the curvature remains nearly
constant at low speeds, but observe a dramatic increase when the corner is formed. The cur-
vature increases by almost 2 decades over a small range in Ca. The smallest measured tip size
before instabilities, is of the order of 10 µ m and 20 µm, for Immersion Lithography data and
sliding droplets, respectively.
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To test the theoretical prediction (5), we fitted the data with

R = ℓ exp

(

A

Ca

)

. (6)

These are plotted as solid and dashed lines in figure 5b and 5c, and provide a good description
of the experimental data. The exponential behaviour is best revealed on a semi-logarithmic
plot (figure 5c), where the slope of the linear fit represents the exponential prefactor A and the
offset the characteristic microscopic length scale. The former is found to be of the order nano
meters/Ångström (as expected for the microscopic length scale) for both experimental data
sets. The fitted values for Immersion Lithography data are ℓ ∼ 0.1 nm and A ≈ 0.09, while
for sliding droplets, ℓ ∼ 10 nm and A ≈ 0.05. Note that these values are very sensitive to the
details of the fit. According to the model (5), one should find A ≈ θ3

0
/9. The data are indeed

consistent with the static contact angle θ0 = 45◦ for the viscous sliding drops. In case of the
Immersion Lithography data, however, the values of A corresponds to θ0 = 56◦, which is not in
accordance with the static receding contact angle (θ0 = 65◦). We come back to this issue: the
difference between water and silicon oil, in the Discussion.

4.3 Corner opening angle

The final characteristic of the corner is the top view angle φ. Experimentally, however, there is
a limited range of Ca where φ is a well defined quantity. This is clearly visible from the images
in figure 1d). The shape of the contact line is rounded at low capillary numbers (left image). At
intermediate velocities (center image), the contact line becomes distinctly ”v”-shaped, resulting
in two straight contact lines with a well defined angle φ. At higher velocities (right image)
both straight contact lines become inflected, meaning that the opening angle φ will depend on
the position of measurement. Finally, the tail gives way to a rivulet like structure ultimately
becoming unstable. In order to be consistent with the measurement of θ, we measure φ at an
equal distance from the tip where also θ was measured in the side view. The angle is measured
from the intersecting tangent lines to both sides of the v-shaped contact line. The tangent lines
are obtained by a similar method as used in determination of the dynamic contact angle.
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Fig. 6: The measured opening angle φ as a function of the capillary number Ca. The circles and
squares shown represent the measured value of φ for the Immersion Lithography setup (IL) and
the sliding droplet experiments (SD). While the lines are the predictions based on theory (3). a)
measured angle φ versus Ca on a normal linear scale. b) Normalized Ca versus the normalized

φ. Ca rescaled by θ0 and ǫ (ǫ = 1/
√

ln(x/ℓ)) versus φ rescaled by ǫ.

Figures 6a shows the measured values of φ of both experimental data sets. Clearly, the
angle φ decreases with increasing capillary number. The shift in Ca is once more related to the
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difference in surface wettability for the Immersion Lithography and sliding drop experiments.
As suggested by [17], however, the data can be rescaled by using the lubrication prediction (3).
This is shown in figure 6b, giving a reasonable collapse of the two sets of data. We remark,
however, that the theory significantly overestimates the critical speed for drop deposition.

Our simultaneous measurement of φ and θ also allows for an experimental verification of the
remarkable relation between both angles as given by (2). In figure 7, the experimental data of the
immersion lithography is plotted as circles together with the approximate analytical solution (2)
and the exact numerical solution, represented as dashed and solid lines respectively. The trend
is very similar and is almost directly comparable to the data from sliding droplet experiments
done by Peters et al. [20]. However, it should be emphasized that these authors measure φ at
a more distant position from the tip, which might be a cause for the small shift [14,16].
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Fig. 7: Opening angle φ versus tan(θ)/Ca1/3, to compare the experimental data with the ap-
proximate prediction (7), shown as a dashed line. The solid line is the full numerical solution
of the self-similar corner model [15]. Experimental data are shown as circles and squares from
the Immersion Lithography setup (IL) and sliding droplet setup (SD), respectively.

5 Discussion

In this paper we compared v-shaped receding contact lines appearing in Immersion Lithography
to the tails of drops sliding down an incline. We monitored the interface shapes for increasing
contact line speed, using side view and bottom view imaging. We found that the receding
contact lines in both systems behave very similarly, despite the difference in liquids (water
versus silicon oil) and the difference in contact line driving. In particular, we find that the
contact angle departs from the Cox-Voinov behaviour when the corner shape sets in, which
can be attributed to a change from a two-dimensional to a fully three-dimensional interface.
This transition is well described by a corner model based on the lubrication approximation,
previously proposed for sliding drops.

There is, however, an interesting quantitative difference between water and silicon oil. For
water, the logarithmic factor of the Cox-Voinov relation was found to be unphysically large,
ln(x/ℓ) ≈ 23. Namely, this would imply a microscopic length ℓ ≈ 2.6 · 10−15 m at which
the viscous singularity is regularized. Similar values were found for sliding water drops [13],
so we believe it to be due to the liquid rather than to the experimental configuration. A
plausible explanation for this discrepancy lies in the relatively low viscosity of water – typical
Reynolds numbers based on the drop size are of order O(100). By contrast, inertial effects
are not important for the more viscous silicon oil drops, nor are they taken into account in
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the lubrication description. Despite this, our measurements of corner tip curvature do provide
strong support for a ’viscous’ logarithmic dissipation factor, also in the case of water: the
exponential increase of curvature arises from inversion of the logarithm, and is indeed confirmed
experimentally. This intriguing issue deserves to be explored in future work.
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