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UNIVERSITY OF SOUTHAMPTON

ABSTRACT

FACULTY OF ENGINEERING AND THE ENVIRONMENT

Doctor of Philosophy

Development of a New Class of Noise Environment Assessment Codes

by Chuikuan Zeng

A novel linearised Navier-Stokes equations method including turbulence information

is developed to simulate sound propagation especially considering the inhomogeneous

medium with non-uniform flows. The emphasis is on the development of methodology

and the applications to further the understanding of sound propagation in a turbulent

flow. To govern the acoustic-vorticity interaction, which is important in shear flows,

perturbation Reynolds stress is used to introduce the turbulent information. A linear

hydrodynamic stability analysis demonstrates that the turbulence can stabilize the flow;

therefore this method can overcome the instability issue associated with variants of the

linearised Euler equations method. Numerical simulations are performed to validate

the stability of the proposed method dealing with sound propagation in shear flows.

An algebraic turbulence model is used in a benchmark case with a prescribed mean

flow profile. Moreover, the turbulent viscosity solved numerically is employed to study

turbofan aft noise radiation. The numerical experiments demonstrate the acoustic-

vorticity interaction can be resolved by this linear acoustic propagation model to some

degree. The resulting effects are evaluated in respect of the near-field and far-field

results. Moreover, the attenuation of sound in fully developed turbulent pipe flows is

solved and validated against experimental results. Subsequently, the acoustic damping

induced by turbulence at high-order duct modes is investigated. Finally, this method is

used to investigate the effects of the wall boundary layer on the external noise radiation

in respect of two aspects, namely the engine noise impact on the fuselage at cruise

conditions and the far-field noise distribution at take-off/landing conditions. These

studies demonstrate the stability of the proposed method in the presence of shear layers

and density gradients, while show the ability of the method to qualify the attenuation

of sound by turbulence.
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Chapter 1

Introduction

1.1 Background

The field of aeroacoustics has become increasingly important due to the demand for

noise reduction in contemporary human life. In the design of commercial aircraft [1],

road vehicles [2] and building ventilation systems, the noise criterion has played an im-

portant role. In terms of the computational methodology towards noise predictions,

conventionally analytical solutions and semi-empirical methods show good performance

with an instant assessment. Their shortcomings, however, restrict their applications

to simple configurations at standard operating conditions. Meanwhile, fully numerical

methods can simulate the hydrodynamic and acoustic fields simultaneously with regard

to arbitrary geometries and complicated flows, however, currently at a hardly affordable

cost for industrial applications [1]. In the field of the external noise radiation study,

such as the airframe noise and the sound emission from the engine duct, the hybrid

method as a combination of the acoustic analogy and the numerical solution is advo-

cated [1], where the sound generation and propagation in the near field are simulated

by numerical methods, then the resulting sound radiation to the far-field is calculated

by an acoustic analogy. Nevertheless, the acoustic analogy method presents issues when

quadrupole sources are important, as well as when the propagation effects are consid-

erable. To further reduce the computational cost, the linearised perturbation equations

method is proposed to simulate the sound propagation in the near field, while the cor-

responding hydrodynamic field is solved by conventional computational fluid dynamics

(CFD) methods. The proper extraction of source information from the hydrodynamic

field to the propagation simulation is a difficult problem associated with this method.

Nevertheless, when the incident acoustic source can be simply specified, such as in the

problems of scattering of propulsion system noise and in duct acoustics, this method has

an especial advantage.

Linear acoustic propagation models are generally based on the linearised Euler equa-

tions (LEE). Due to the inviscid assumption, these models face a serious challenge to

properly govern the evolution of fluid instability. In particular, the Kelvin-Helmholtz

instability arises in shear layers and may grows unlimitedly, as a result the simulations of

1
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sound propagation can be corrupted in many cases. Current methods to solve this issue

are reviewed in Section 1.2, and the instability issue itself is discussed in Section 1.3.

Furthermore, from another point of view, the instability waves is actually triggered and

influence the sound propagation in real life, although the effect is usually ignored in ex-

ternal acoustic propagation problems. However, in cases that acoustic-vorticity coupling

is significant, the effect induced by instability waves becomes valuable to be resolved.

The topic about the associated effect imposed on sound waves is reviewed in Section 1.4.

Given these points, this thesis aims to develop a generalised and robust method to solve

sound propagation problems, especially considering the shear layers and turbulent flows.

The proposed method needs to simulate the acoustic scattering and propagation, and

is required to solve the hydrodynamic interaction. Through a comprehensive review

of acoustic propagation problems, the current issues and solutions are concluded in

Section 1.5. Based on the complete understanding of the related physical mechanism,

the potential methodologies are given and the linearised Navier-Stokes (LNS) equations

including turbulence information is developed.

1.2 Modelling of Aeroacoustics

Efforts to model aerodynamic sound can be traced to the early 1950s, starting with the

pioneering work of Lighthill [3]. Subsequently computational aeroacoustics (CAA) as a

separate discipline acquired its identity in the early 1990s. Nowadays the simulation of

sound generation and sound propagation have been usually tackled as separate topics

due to their conceptual differences, and the so-called hybrid method has been generally

adopted for the sake of practicality.

With regard to the aircraft noise community, researchers traditionally focused on high

Mach number and high Reynolds number free-field jet flows, and unbounded flows with

impacts on, such as high-lift devices and landing gears. Noise is produced in such flows by

the unsteady and nonlinear interaction between hydrodynamic and acoustic quantities.

The methodologies developed for sound generation, therefore, deal with flow and sound

simultaneously. Direct numerical simulation (DNS) includes no turbulence models and

can obtain thorough aerodynamic and acoustic information, but its application has been

limited by the high computational cost. By introducing turbulence models, such as

using the unsteady Reynolds averaged Navier-Stokes (RANS) approach, detached eddy

simulation (DES) and large eddy simulation (LES), the computational cost becomes

more affordable in practice. However these methods filter out small spatial and high

frequency fluctuations to different degrees, thereby potentially leading to an inconvenient

distortion of the acoustic waves [4]. Numerical simulation of sound generation is still a

developing field.

A lesser-explored subject is on the sound wave propagates in an inhomogeneous

medium based on arbitrary mean flows. This topic is prominently different from sound

generation as herein the aerodynamic field can be considered independent of the acoustic

field in general. The governing equations can therefore be linearised if the perturbations
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relative to the mean flow are small enough in magnitude. The mean flow can be solved

by traditional CFD methods without acoustic consideration, then the acoustic waves can

be simulated by the perturbation equations. However, this two-step kind of approach

has difficulties in simulating a shear mean flow wherein the instability waves could

grow temporally. Some approaches have been proposed to address this issue. The

acoustic perturbation equations (APE) method [5] employs a wave operator to exclude

the vortical component from the solution. The linearised divergence equations (LDE)

method [6] was developed to eliminate the solenoidal component of the momentum

equations. Also, the gradient term filtering (GTF) method [7] attempts to address

the instability issue by excluding the solenoidal component of the perturbed velocity.

Alternatively, rather than these time-domain approaches, frequency-domain methods [8–

11] can be employed to eliminate the unstable time-asymptotic components. In addition

to this issue, efforts have been paid to resolving the viscous and turbulent effects on

sound propagation, such as the frequency-domain wave equation solver incorporating a

non-equilibrium turbulence model [12] is used to resolve the acoustic damping, also for

example the LNS method including only the molecular viscosity is used to study the

acoustic property in duct systems.

This section reviews the modelling of aeroacoustics and attempts to give a compre-

hensive understanding of these models and their connections.

1.2.1 Direct Noise Computation

The complete compressible Navier-Stokes equations can simultaneously solve unsteady

flows and the resulting acoustic fields, as well as their interactions. With improved

requirements for the numerical accuracy, in principle the numerical techniques used

in conventional CFD can also be employed to solve aeroacoustic problems. This is

referred as the direct noise computation (DNC). This approach generally simulates the

source region and, at least partially, the near field of sound propagation. This method

must concurrently deal with a wide range of scales/frequency in physical quantities;

consequently the numerical schemes are subject to rigorous challenges and incur high

costs. Usually DNC has been reserved for fundamental research purposes to tackle

relatively simple cases with low Reynolds numbers, but it has gradually progressed

owing to the improvements of computational methods and hardware. As summarised

by Colonius [13], the method has been applied from idealized cases [14, 15] towards the

nearly complete flow regions [16–21]. Although the Reynolds number is still modest

and far away from engineering practices, the physical mechanisms that generate sound

in more complex cases could be studied, thereby guiding the theoretical and numerical

modelling.

The main methods of the DNC approach are DNS, LES and DES. DNS attempts to

simulate the dynamics of all physical scales, and resolves the energy-containing range

and the dissipative range of scales together. In LES, by contrast, the objective is to only

capture a range of energy-containing eddies, and dissipative eddies are disposed in a
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sub-grid model. DNC is usually conducted in a part of near field, and the acoustic field

farther away can be obtained by simpler models with DNS data, commonly the acoustic

analogy as well as the linearised Euler equations (LEE). There are two critical issues

in relation to model transformation. Firstly, the accuracy and stability of information

transfer is necessarily guaranteed at the domain (grid) interface. For instance, Freund

[22] matched a convecting wave equation and the isentropic linearised Euler equations

to the Navier-Stokes solver beyond the source region, and validated that interpolation

at the interface could result in a significant numerical dispersion. Secondly, as the mesh

suited for an extended domain (far-field) is usually different, the quality of interpolation

schemes should be carefully considered.

1.2.2 Acoustic Analogy with Near-field Data

Generally, an acoustic analogy can reliably compute the sound radiation to the far-

field with the near-field data. In an equation of acoustic analogy, the right-hand side

represents equivalent sound sources (near-field results); the left-hand side holds a partial

differential operator that describes sound propagation.

This concept was originally proposed by Lighthill [3] via rearranging the conservation

equations of mass and momentum into the form of a linear wave equation for an idealized

hypothetical medium at rest with quadrupole source terms, as follows:

∂2ρ′

∂t2
− c̄2O2ρ′ =

∂2Tij
∂xi∂xj

, (1.1)

where Tij = ρuiuj +
(
p′ − c̄2ρ′

)
δij − τij is the Lighthill stress tensor. A simple Green’s

function can offer a solution to the sound propagation in the free space, and the double

divergence of Lighthill’s stress tensor Tij represents the exact source terms. The equation

demonstrates an exact analogy between the density fluctuations in any real flow and

those resulting from the distribution of a quadrupole source in an ideal stationary flow.

Simplifying the source terms as Tij = ρuiuj , can be justified when studying a low Mach

number flow which ignores the viscous stresses τij . The meaning of this simplification

is that with the instantaneous density being replaced by ambient density the remaining

flow variables can be resolved by conventional CFD methods.

Lighthill’s analogy presents some drawbacks or shortages. The equivalent source

terms of Equation 1.1 (namely the right-hand side terms) contain the sound generation

as well as the propagation effects induced by mean flow, namely, it is not the true sound

source but rather represents refraction and scattering as well. Various efforts have been

made to develop alternative wave equations that include the interactions between the

mean flow and the sound wave directly into the wave operator, thus the terms remaining

on the right of the equation represent the more real acoustic sources. Early in 1960,

Phillips [23] derived a convective wave equation to describe the generation and propaga-

tion of the pressure fluctuations in the turbulent shear layers with high Mach numbers.

Powell [24] introduced the theory of vortex sound that proposes aerodynamic sound
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as the result of vorticity movement, and formulated a new class of sound source as a

modified version of the Lighthill stress tensor (extracting a dipole-like term involving

the vorticity). Doak recognized the convenience of Lighthill’s analogy might conceal the

basic mechanisms of acoustic-aerodynamic interactions [25], and derived an inhomoge-

neous convective wave equation in which the inhomogeneity representing the source of

acoustic disturbances would only rely on the vortical and thermal quantities [26]. More

well-known, Lilley [27] and Goldstein [28] developed a shear flow analogy, in which an

inviscid parallel shear flow replaces Lighthill’s idealized medium at rest. From the prac-

tical point of view, the nonlinear propagation operator (D’Alembertian operator) on the

left-hand side of the equation is replaced by the Pridmore-Brown operator [29] that rep-

resents the effects of sound propagation in a transversely sheared mean flow; the right

of the equation can be approximated by the form given by Goldstein [30]. Furthermore,

Goldstein sought to refine the form of the source-term by introducing new dependent

variables and specific source terms [31].

In respect of another main shortage of Lighthill’s analogy, namely the limitations

on problems where solid surface effects can be neglected in sound generating, Curle

[32] made the first significant extension which can take the effect of stationary solid

surfaces into account, and showed that the solid boundaries induce dipole sound sources

which are of greater efficiency than Lighthill’s volume quadrupole at sufficiently low

Mach numbers. Further extension developed by Ffowcs Williams and Hawkings [33]

generalized the form of Lighthill’s theory to include a moving surface immersed in the

flow. The Ffowcs Williams-Hawkings (FW-H) equation enables treatment of an arbitrary

rigid body, as well as the permeable surface that allows the flow to enter and/or leave the

computational domain [34, 35]. An overview of the FW-H equation used in rotor noise

studies was given by Brentner and Farrassat [36]. Gloerfelt [37] performed a far-field

prediction with the FW-H equation coupled to DNS for studying two-dimensional cavity

flow. Also, there is a similar approach derived from the viewpoint of electromagnetic

wave theory, namely the Kirchhoff method. Both of the two approaches appear to

be generalized and efficient, however, the FW-H method is proposed to be superior

to the Kirchhoff method [38, 39]. The accuracy of the Kirchhoff methods degrades

when the integral surface lies within the non-uniform flow region [36], with a reasonable

justification given by Singer et al. [35].

In summary, the acoustic analogy can be reliable and efficient to predict sound far-

field radiation when the near-field data is known in sufficient detail. The use of this

method is generally coupled with a near-field solver, for example LES [40], DNS [41],

and LEE [42].

1.2.3 Vortex Methods Coupled with Acoustic Solver

Vortex methods can be employed to compute unsteady flows [43, 44] as an alternative

methodology access to sound sources data. The two techniques used in vortex methods
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are the Navier-Stokes (or Euler) equations in vorticity-velocity form, and the Lagrangian

discretization of the vorticity.

According to Helmholtz’s theorem, the vorticity ω can be defined as in Equa-

tion 1.2. Taking the curl of the momentum equation of Navier-Stokes equations yields

the Helmholtz vorticity equation, as Equation 1.3.

ω = O× u, (1.2)

∂ω

∂t
+ u · Oω = ω · Ou+

1

ρ2
Oρ× Op+ O× F + νO2ω, (1.3)

where F represents a conservation force. With respect to the essentially incompress-

ible, constant-temperature, single-phase turbulent flows, Equation 1.3 can be simplified

by dismissing the terms of pressure p and F . Therefore the new governing equations

in terms of vorticity form only depend on the vorticity and velocity. Subsequently

the numerical schemes used to solve the Navier-Stokes equations are greatly simplified.

Moreover, in many cases of interest, since the flows are essentially inviscid, the fluid

containing significant vorticity accounts for only a small fraction of the total flow vol-

ume. Therefore the computing cost can be dramatically reduced. A comparison [45]

illustrated that vortex methods can be faster by up to an order of magnitude, even

when the volume is fully filled with vorticity. This means that a practical tool can be

established to evaluate the impact of geometrical variables on the flow and its sound.

The far-field acoustic field can be computed by incorporating a sound radiation solver

to the vortex method [46].

Guo [47, 48] developed a vortex-method based model to simulate the noise gener-

ated by flow separation in the flap side edge regions of aircraft high-lift systems. A

two-dimensional version of the FW-H formulation was coupled with this model [49].

The revised Brown & Michael equation [50, 51] was used to determine the strengths

of the shed vortices, and a conformal mapping has been exploited for potential flows

around the airfoil. Howe [52, 53] also demonstrated the use of a similar model to eval-

uate a two-dimensional vortex flow over an airfoil with a rounded trailing edge. These

two-dimensional methods can significantly reduce computational expense by orders of

magnitude both in the near-field and the far-field calculations [49], thus are available to

provide an instant assessment of design variables on the acoustic features. Guo demon-

strated quite encouraging comparisons with experimental data [49]. To deal with two-

dimensional cases there are three classes of vortex methods in general, namely the vortex

particle method, the vortex filament method, as well as the method combining vortex

particles and a Poisson solver for the calculation of particle velocities. Vortex methods

suffer more rigorous challenges in dealing with two-dimensional problems. Primarily,

most unsteady two-dimensional vortical flows have instability and inevitably become

turbulent or transitional, and in principle are rarely suitable to vortex methods. More-

over, vortex methods were proposed just for researching qualitative features of simple

flow and its sound (this application is encouraging [54]), rather than more complex flow
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or quantitative purposes, both of which would lead to demanding computation [54, 55].

From another aspect, Eldredge et al. [56] have extended vortex methods to fully com-

pressible equations of motion. A vortex particle method for unsteady two-dimensional

flow was developed for the purposes of, for instance, sound generation by co-rotating

vortices.

1.2.4 Parabolized Stability Equations Coupled with Wave Equations

Parabolized stability equations (PSE) formulation can be derived from Euler equations

or the complete viscous Navier-Stokes equations in the linear or nonlinear form, and was

first introduced by Herbert and Bertolotti [57, 58]. PSE formulation has been proposed

due to its parabolicity that enables the marching procedure to solve the problems of jet

noise [59].

PSE methods are employed to compute streamwise evolution of instability waves,

which are considered as the main sound source of jet noise. A wave equation is subse-

quently coupled with PSE to compute the sound radiation outside the jet. PSE methods

may not be suitable for cases with spatially damped disturbance [59], as the correspond-

ing difference equation needs to be extended to the complex plane thereby resulting

in some technical difficulties. Also, although the PSE method has shown its efficiency

to predict the spatial development of jet large-scale instabilities in both subsonic and

supersonic case, the accuracy of acoustic predict is remarkably decreased in respect of

subsonic cases for which the majority of the acoustic radiation is induced by small-scale

structures associated to the turbulence that is not captured by the PSE method in sub-

sonic mixing layers [59, 60]. This method can therefore be an efficient means for the

study of supersonic jet noise [59].

1.2.5 Viscous/acoustic Splitting Method

Given the different requirements for numerical algorithms between simulating viscous

effects (small space and time steps) and acoustic fields (large domains and long-time

solutions) [61], Hardin and Pope [62] attempted to optimise the solution to acoustic

processes (i.e. generation, propagation and radiation) by introducing a viscous/acoustic

(also called hydrodynamic/acoustic) splitting technique.

The compressible Navier-Stokes equations are detached to govern the incompressible

viscous flow and the compressible inviscid acoustic perturbations via the decompositions

of flow variables as follows.

ui = Ui + ui
′, (1.4)

p = P + p′, (1.5)

ρ = ρ̄+ ρ1 + ρ′, (1.6)
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where Ui and P are the velocity and pressure of the nearly incompressible flow, ρ̄ + ρ1

is the corrected incompressible density, and ρ1 is the hydrodynamic density fluctua-

tions to be computed via the unsteady pressure of incompressible flow. The acoustic

field is described by a set of first-order nonlinear equations by subtracting the terms

of incompressible flow from continuity and momentum equations. After solving the in-

compressible part, the sound generation and propagation are computed by solving the

perturbation equations based on an acoustic mesh. Furthermore, Shen and Srensen

[63, 64] suggested a modified formulation to overcome the inconsistencies in the original

equations and extended this method to allow for entropy variations in the base flow.

This method compared well with an asymptotic solution on classical problems [62],

and was applied to a low Mach number cavity flow [65]. Still, there are some serious

issues. Foremost, this method ignores the aerodynamic reactions on acoustic behaviour,

therefore it is not applicable to cases in the presence of significant hydrodynamic-acoustic

coupling. This coupling generally exists in the process of aerodynamic sound generation.

Moreover, in some simple cases the splitting method can be a computational equivalent

of Ribner’s theory of aerodynamic sound generation [66]. Ribner’s theory regards the

dilatation of fluid elements as the primary factor of sound generation. Ribner’s theory

aroused serious arguments on certain cases [67, 68] in the past. The critical difficulty

emerges in the special requirement of the computational domain, which must contain a

region with a typical dimension larger than that of the flow region by about a charac-

teristic wavelength of the radiated sound [69].

1.2.6 Euler Equations

In comparison with Navier-Stokes equations the Euler equations possess remarkable

superiority on computing cost, and are superior to linearised governing equations due

to the presence of the nonlinear effect.

There has been some applications of Euler equations to computing sound generation

when the viscosity plays a negligible role, e.g. the gust-cascade/airfoil interaction prob-

lem. Lockard [70] studied the interaction of a vortical gust with a finite thickness airfoil,

and demonstrated the influence of viscous effects via implementing Euler and Navier-

Stokes equations respectively. In addition, the Kirchhoff method was employed to obtain

the far-field sound. Nallasamy et al. [71] focused on the study of the linear/nonlinear

acoustic response of the gust-cascade problem using this method.

1.2.7 Linearised Euler Equations with Source

The use of linearised governing equations is justified when the hydrodynamic/acoustic

systems can be considered linear, namely the hydrodynamic field is assumed to be in-

dependent of the acoustic excitation. Linearised perturbation equations can represent

all basic dynamics of perturbations, i.e. the acoustic wave, vorticity wave and entropy

wave, but the computational cost is significantly reduced. Generally the flow variables
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are decomposed as the time-mean part and the perturbed part, following the form of

Equation 1.7.

F (x, t) = F̄ (x) + F ′(x, t). (1.7)

The mean flow is obtained by a steady viscous aerodynamic simulation and is then

subtracted from the original nonlinear governing equations. The resulting linearised

equations govern the small-amplitude perturbations. Starting from the Euler equations,

the linearised Euler equations can be deduced. By introducing the isentropic assumption

(∂s̄/∂t = 0) the first-order equations for the perturbations can take the form as follows

∂ρ′

∂t
+ O ·

(
ūρ′ + ρ̄u′

)
= 0, (1.8a)

ρ̄

(
∂

∂t
+ ū · O

)
u′ + ρ̄

(
u′ · O

)
ū+ ρ′ (ū · O) ū+ Op′ = 0, (1.8b)(

∂

∂t
+ ū · O

)
s′ + u′ · Os̄ = 0, (1.8c)

while

s′ =
Cv
p̄

(
p′ − c̄2ρ′

)
. (1.9)

Considering a perfect gas, as c̄2 = γp̄/ρ̄ and γ = Cp/Cv, Equation 1.8c and Equation 1.9

can be merged as (
∂

∂t
+ ū · O

)
p′ + u′ · Op̄+ γp′O · ū+ γp̄O · u′ = 0. (1.10)

If further assuming that the mean flow is homentropic (Os̄ = 0) and absolutely isentropic

(s′ ≡ 0), the pressure and density perturbations are related by

p′ = c̄2ρ′. (1.11)

Eventually, when holding the irrotational base-flow hypothesis, the linearised equations

can be reduced to the form of a wave equation.

LEE describes both sound generation and sound propagation. The majority of ap-

plications of LEE in aeroacoustics is in the simulation of sound propagation in flows

wherein the viscothermal effect can be safely ignored. By incorporating various source

schemes, LEE directly resolves the acoustic refraction and scattering effects. LEE can

also be used to investigate sound generation with a vorticity wave as the source.

Although LEE solves a higher level of physical realism than wave equations, its

solution might fail in the presence of shear layers. The spatially growing instability

wave may be triggered by a range of periodical excitation [72] and develops unlimitedly,

consequently overwhelming the actual acoustic field. In fact, the same fundamental
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problem occurred in the use of Lilley’s acoustic analogy [30, 73–75], which attempted to

account for the propagation effects in the wave operator.

A solution is to filter out the growing instability waves, namely implementing LEE

in the frequency domain via a direct solver. It is worth mentioning that APE method

completely excludes the vortical part of the variables, which will be discussed later. The

frequency-domain LEE method transfers the governing equations by a Fourier trans-

form, and this actually implies the assumptions of a time-harmonic source and response,

therefore the unstable time-asymptotic response is eliminated. The resulting equations

become time-independent as well as single-frequency. The frequency-domain method-

ology has been exploited by Ehlers [76] and Verdon [77] in the subject of unsteady

aerodynamic analysis. Subsequently this method was applied to computing aeroacous-

tic responses of axial-flow turbo-machinery blading by Montgomery and Verdon [78].

Later, Verdon [79] and Envia [80] used this method to study the rotor-stator interaction

tone noise. Agarwal and Morris [8], as well as Özyörük et al. [9–11] performed the

frequency-domain method on generic problems of sound propagation with an impressive

computational efficiency.

Alternatively, the time-domain LEE can be modified to overcome the instability is-

sue. The LDE method developed by Zhang and Chen [6] attempts to eliminate the

solenoidal component of momentum equations. The terms removed by this class of

method in fact affect the far-field sound pressure level and sound directivity [81] by an

unjustified way. The method developed by Bailly and Juvé [82] introduces nonphysical

nonlinear terms into LEE to dampen the instability waves. Another approach generally

used is the so-called gradient term suppression (GTS) method by which the terms con-

taining derivatives of the mean velocity are removed from momentum equations to some

degrees, this was demonstrated by Bogey et al. [83] and Zhang et al. [42]. Bogey et al.

[83] suggested the mean shear ∂ū1/∂x2 leads to the growing instability waves, and all the

terms containing the derivatives of the mean velocity are dropped from the momentum

equations. The momentum equations in the two-dimensional conservative form for the

GTS method adopted by Bogey et al. [83] can be reformulated as Equation 1.12, and

the deducing processes are given in Appendix A.

ρ̄
∂u′1
∂t

+ ρ̄ū1
∂u′1
∂x1

+ ρ̄ū2
∂u′1
∂x2

+
∂p′

∂x1
= 0, (1.12a)

ρ̄
∂u′2
∂t

+ ρ̄ū1
∂u′2
∂x1

+ ρ̄ū2
∂u′2
∂x2

+
∂p′

∂x2
= 0, (1.12b)

Nevertheless, due to the main factor of the instability issues is related to the mean flow

gradient, some researches [84, 85] use the GTS method which only discards the gradient

terms, therefore the original momentum equations for the LEE method are modified to
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a relative small degree, as shown in Equation 1.13.

ρ̄
∂u′1
∂t

+ ρ̄ū1
∂u′1
∂x1

+ ρ̄ū2
∂u′1
∂x2

+
∂p′

∂x1
+ ρ̄u′1

∂ū1

∂x1
+ ρ′ū1

∂ū1

∂x1
= 0, (1.13a)

ρ̄
∂u′2
∂t

+ ρ̄ū1
∂u′2
∂x1

+ ρ̄ū2
∂u′2
∂x2

+
∂p′

∂x2
+ ρ̄u′2

∂ū2

∂x2
+ ρ′ū2

∂ū2

∂x2
= 0, (1.13b)

where the terms related to ∂ūi/∂xi are conserved. The GTS method in this form is

employed in this thesis.

Additionally, a variant named two-and-a-half dimensional LEE has been proposed

by Zhang and Chen [42, 86] by assuming a homogeneous medium in the circumferential

direction and an axisymmetric base flow. This method can study three-dimensional

phenomenon nearly at around the cost of a two-dimensional computation.

1.2.8 Vortical/acoustic Splitting Method

On the basis of Helmholtz’s theorem [87], the irrotational and solenoidal components of

velocity can be split into independent parts, respectively the acoustic part (ignoring the

entropy effects) and the vortical part, as follows

u = −Oϕ+ O×A, (1.14)

where ϕ is a scalar potential, and A is a vector potential. This identity has been utilized

for two kinds of purpose in the realm of aeroacoustics.

The first is to compute sound generation by using the linearised perturbation equa-

tions, especially in the presence of a dipole-type source. This method stems from

the study of streaming motions with small disturbances, in general called the gust-

cascade/airfoils interaction problem. Based on the rapid distortion approximation [88,

89], the linearised Euler equations can be decomposed through Equation 1.14, then can

be employed to solve unsteady disturbances. Often the vortical part is computed ana-

lytically, while the acoustic part is obtained by solving a Poisson’s equation. Hunt [90]

first used the vortical/acoustic decomposition to generalize the theory of incompressible

flows around bluff bodies, where a vector (two-dimensional) Poisson’s equation needed

to be solved. Goldstein [73] introduced this method to compute the sound generated

by a cascade, where the linearised acoustic-vorticity equations were used. Later, a uni-

fied approach was proposed by Goldstein [91], by which the entropic disturbance can

be considered. A scalar Poisson’s equation needs to be solved with regard to incom-

pressible cases. Furthermore, given the considerable loss of accuracy, modifications and

extensions have been carried out to improve the prediction of the far-field aeroacoustic

response [92–96].

Going down a different route, Ewert et al. [5], by using the Helmholtz’s theorem,

developed the APE method to address the instability issue. The key process is the so-

called source filtering, by which all excitations of Kelvin-Helmholtz instability can be

eliminated. Furthermore, by decomposing the perturbed velocity into the acoustic mode
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and the vorticity mode, the original APE formulation can be obtained, where all terms

of acoustic particle velocity are held in the left-hand side of the equations, to govern

sound propagation, while the vorticity disturbances are contained in the source terms.

As the vortex sound source can be readily computed by using the pressure fluctuation

of the unsteady incompressible flow, a variant named APE-2 was developed to tackle

the case of low Mach number isentropic flow. Here, the total pressure perturbation is

corrected by the terms of hydrodynamic pressure fluctuation (coming from the unsteady

incompressible flow). As only a scalar Poisson’s equation needs to be solved, APE-2

becomes much more practical than the original APE, which includes a vector Poissons

equation. Later, versions called APE-3 and APE-4 were also developed to avoid solving

the Poisson’s equation. There are some problems associated with the APE method.

Firstly, due to the necessity of solving Poisson’s equations, the computational cost in-

creases in the use of APE-1 and APE-2. Moreover, the wave operator employed by the

APE method is essentially identical to the one derived by Pierce [97], which is only valid

when the hydrodynamic field is slowly varying relative to an acoustic wavelength [8, 97].

Therefore this method limits its application to relatively high frequencies. Also, the

acoustic-vorticity coupling can not be resolved by the APE method.

1.2.9 Linearised Navier-Stokes Equations

Generally, using the decomposition Equation 1.7 the Navier-Stokes equations linearised

about the mean flow retain the molecular viscosity. In terms of acoustic problems, con-

sidering viscosity is not necessary for free field propagation over short distances, however,

in internal flows the regions containing strong shears can exist, in which viscosity plays

an important role in damping acoustic waves. Furthermore, some researches have shown

that the LNS approach is superior to inviscid methods when the coupling of acoustic

and hydrodynamic waves is significant [98–101].

As a linear model, LNS equations are useful in investigating basic properties of a

nonlinear system. There has been solid evidences that a linear mechanism plays a funda-

mental role in the dynamics of transition and the dynamics of the near wall layer in fully

turbulent boundary layers [102–104], therefore LNS equations can be used to solve these

problems with accuracy. A general method based on LNS equations [105] is presented to

calculate the response of a bounded flow to stochastic forcing. In the problem of turbu-

lence suppression in channel flow, the LNS method has shown superiorities for designing

the linear feedback controllers to reduce the skin-friction drag [103, 106]. Furthermore,

LNS equations are performed to study the turbulent skin-friction reduction using the

streamwise-travelling waves of spanwise velocity [104] which has become a promising

method to reduce the drag in a wall-bounded turbulent flow [107]. The majority of the

previous numerical studies on this topic have been implemented using DNS, therefore

the studies have been restricted to relatively low Reynolds numbers due to the com-

putational limitations. The LNS approach provides a practical way to study the high
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Reynolds number flow. This study shows a correlation between the skin-friction reduc-

tion demonstrated in DNS studies and the percentage change in streak amplification

obtained by the LNS approach.

In the field of CAA, linearised Navier-Stokes equations including only the molecular

viscosity have been firstly performed in the problem of sound propagation and scattering

in flow duct systems, and implemented in frequency domain [108, 109]. This LNS method

is used to simulate the scattering of sound waves in a sudden area expansion [98], where

the flow-acoustic interaction is considerable and the unstable hydrodynamic modes may

be excited by incident acoustic waves. The scattering matrix and the acoustic end cor-

rection for this case are obtained. Compared with analytical model, this method shows

its advantages at the frequencies when the coupling between acoustic and hydrodynamic

waves is strong. At these frequencies, St ≈ 1, the time scales of the acoustic and the

vorticity waves are of same order, strong interactions can occur and leads to a significant

drop of the end correction. This LNS method is also employed to predict the whistling of

an orifice plate in a flow duct system [99]. Whistling induced by flow-acoustic coupling

can degrade the performance of mufflers and can give rise to risk for such as an engine

exhaust system. Although whistling is a non-linear phenomena, the LNS method shows

its ability to determine if a flow duct system goes to whistle or not. Also, to accurately

predict the whistling potentiality [110] the acoustic boundary layer (ABL) is resolved.

Furthermore, this approach is implemented to determine the acoustic performance of

liner attached at the end of duct [111]. The results obtained by this method show good

agreement with those of the linear semi-empirical model, while give some discrepancies

to the experimental results. In addition, the time-domain LNS method is used to anal-

yse the rotor-stator interaction tone noise [112, 113], namely the gust response problem.

In comparison with the method based on linearised Euler equations, the LNS based ap-

proach improves the whole prediction process by removing inconsistent and ambiguous

procedural elements based on inviscid methodology. Moreover, the frequency-domain

LNS approach [100, 101] is revised to include the turbulence information. Different

from the traditional double decomposition as shown in Equation 1.7, the triple decom-

position [114] is used to split variables, therefore the turbulence information can be taken

into account. This LNS method is used to study the linear interaction of the acoustic

and hydrodynamic fields in a two-dimensional T-junction, where the complicated flow

results in strong turbulence and the considerable coupling to the acoustic waves. The

LNS method including turbulence effect strongly improves the solved scattering matrix

which is used to predict the ability of a two-dimensional T-junction system to resonances

or not.

1.3 Fluid Dynamic Instability

Many current acoustic propagation models experience the instability issues as mentioned

previously [82, 83]. This issue actually relates to the mechanism of transition from

laminar to turbulent flow. Although most acoustic propagation problems of practical
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interest involve turbulent flows, the turbulence information is often discarded when

introducing the mean values of the base flow into the linearised perturbation equations.

Therefore, the mean flow often becomes actual laminar parallel flows in the absence of

turbulence. This approach has advantage especially when the acoustic damping effects

of viscosity and turbulence are not of interest. However, the absence of turbulence

information gives rise to the classic flow dynamic stability problems that is concerned

in the study of transition to turbulence.

Transition from laminar to turbulent flow is induced by fluid dynamic instabilities,

and depends on the Reynolds number as well as the size and type of the disturbances.

The main excitation sources are usually acoustic waves, vorticity waves and wall vibra-

tions. Linear hydrodynamic stability theory is used to determine the behaviour of distur-

bances. When a disturbance has a positive growth rate the laminar base flow is unstable.

Linear stability analysis is generally based on the linearised Navier-Stokes equations. If

assuming a two-dimensional parallel base flow, the LNS equations can be simplified as

the so-called Orr-Sommerfeld equation. The stability analysis therefore becomes the

problem of eigenvalue analysis to find the unstable perturbation. Ignoring the viscous

terms in the Orr-Sommerfeld equation the Rayleigh equation is obtained to investigate

the inviscid stability problem. When the flow is non-parallel or/and three-dimensional,

for example there are curved boundary layers or velocity gradients in the streamwise

direction, the Orr-Sommerfeld equation is not applicable and the PSE method has been

used for such problems [57, 58, 115]. Although classic linear stability theory seems to

be an efficient and effective tool to determine the evolution of disturbances in a laminar

flow, its predictions fail to match most experiments [102, 116, 117] for the flows driven

by shear forces, such as Poiseuille flow with a parabolic velocity profile and Couette

flow with a linear velocity profile. For example, Couette flow is stable for all Reynolds

numbers based on the prediction using the classic linear theory, namely no exponen-

tially unstable perturbations can be found. However, in fact transition is identified for

Reynolds number as low as Re ≈ 350 [102]. This situation can be explained by the

transient growth due to algebraic instability [116, 117], which can be studied using the

non-modal stability theory [118] instead of the classic hydrodynamic stability theory

based on modal (eigenvalue) analysis.

Fluid dynamic instabilities can be classified according to their properties in spa-

tial evolution. If the disturbance grows and moves away downstream, the instability

is defined convective; whereas the instability is absolute if the disturbance grows and

eventually diffuses over the whole flow field. Also, the instabilities are classified accord-

ing to associated physical mechanisms. The Tollmien-Schlichting wave [116] is a main

mechanism of viscous boundary layer transition, and is initiated generally due to the

interaction of disturbances (such as acoustic wave and vorticity wave) with leading edge

roughness. The Rayleigh-Taylor instability [119] is buoyancy-driven and generally oc-

curs in fluid flows that contain species of different densities in the presence of gravity

and/or other accelerations. The Richtmyer-Meshkov instability [120] occurs due to the
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interaction between the shock wave and the interface separating two different fluids. The

Görtler instability [121] is induced by surface curvature, and has been considered in the

quiet hypersonic wind tunnel design[122]. Considering acoustic propagation problems,

shear layers are generally present in most practical flows, such as the engine jet flow

and the flow around a wing with deployed high-lift devices in the airframe noise prob-

lem, as well as the separated flows at area expansions and orifices in the duct acoustic

problem. When these sheared flows are employed as uniform parallel flows into a linear

acoustic propagation model and are perturbed by acoustic waves, the Kelvin-Helmholtz

instability may be originated.

Infinitely thin shear layers are always unstable to disturbances [123]. According

to the quantitative analysis [124], given a long wave disturbance (k → 0), a shear

layer is unstable when a threshold of velocity difference is reached and the stability is

independent of surface tension. Considering a short wave disturbance (k →∞), due to

the stabilization effect of surface tension a shear layer is stable if the velocity difference is

smaller than a threshold; while a shear layer will be unstable for any velocity difference

if ignoring surface tension. As the threshold of velocity difference depends on the wave

number of disturbance, a shear layer of finite thickness is only unstable over a limited

range of frequency. The Kelvin-Helmholtz instability grows exponentially in magnitude

and convected by the mean flow, eventually suppressed by viscous and non-linear effects.

However, in an inviscid simulation, the instability will grow unlimitedly and eventually

corrupt the solution.

In an acoustic propagation simulation, the resulting extensive vorticity product due

to Kelvin-Helmholtz instability mechanism poses a challenge to obtain reasonable acous-

tic solutions. To overcome this issue, some methods based on LEE have been proposed

as reviewed in Section 1.2.7 and Section 1.2.8. These methods deal with this issue mainly

in some manners to manipulate the vorticity component. Next, the physical effect that

vorticity imposes on sound propagation will be reviewed.

1.4 Viscosity and Vorticity Effects on Sound Propagation

Up to this point, the methodology of linearised perturbation equations has shown its

advantages in terms of the aeroacoustic application. Meanwhile the instability issue has

been discussed. To obtain a complete understanding of the related physical mechanism

and further to find a solution to the current issues, firstly it is worth giving a review of

the viscosity and vorticity effects on sound propagation.

The sound wave is dissipated by the viscothermal effect. Kirchhoff [125] developed

a general model including this effect for sound propagation in cylindrical tubes. After-

wards, Zwikker and Kosten [126] obtained a simplified version of Kirchhoff’s equation

for circular geometries, which was later justified by Tijdeman [127] et al.. Thereafter,

Peat [128] and Ih et al. [129], investigated steady laminar mean flow by assuming a

parabolic velocity distribution and disregarding the influence of radial velocity compo-

nents. On the basis of the same assumptions, Astley and Cummings [130] proposed a
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finite element method solving linearised perturbation equations that can deal with non-

circular geometries. Subsequently, the studies focusing on the effect of the radial velocity

term [131, 132], as well as the effects of pressure and temperature gradients [133–135]

have been carries out. Recently, Kierkegaard et al. [98, 99, 108] proposed a linearised

Navier-Stokes equations method to solve internal aeroacoustics in the frequency domain.

In principle, the laminar viscosity effect can be resolved by this approach with regard

to arbitrary geometries and complicated flows. In sum, the attenuation of sound by the

viscothermal effect can be neglected when dealing with free-field propagation over short

distances, but is significant in the field of internal flows due to the presence of viscous

and thermal boundary layers.

Another mechanism that contributes to the attenuation of sound is the vorticity

effect [136]. At first, sound waves can be scattered by turbulence, which results in

an attenuation of sound [137, 138]. This process does not involve any energy transfer

between the acoustic wave and the turbulence. More important, sound is dissipated due

to its energy transferring into the kinetic energy of vortical motion. As is well known,

this kind of dissipation can be significantly induced either by acoustic waves at high

amplitude encountering geometric discontinuities, or by acoustic waves traversing a field

of turbulence [139–141]. Also, the presence of a mean flow can improve the dissipation

caused by geometric discontinuities [142]. This is because the vorticity produced by

acoustic waves at an edge or corner is shed and convected downstream by the mean flow

into regions where the interaction between the vorticity and the acoustic field is weak.

Eventually the kinetic energy of the vortices is damped into heat by viscous and thermal

conduction [141]. Otherwise, a substantial amount of the kinetic energy of the vortices

could be transferred back into acoustic energy if the vortices encounter obstacles.

To study this kind of acoustic-vorticity coupling, Howe [141, 143] has proposed what

can be regarded as the most complete analytical model in terms of circular ducts. Howe

[141] classified the problem into three types, under the limit of small characteristic Mach

number, where the efficiency of sound absorption depends on the relationship between

the dimensions of the vorticity and the sound, namely the time and length scales. (1)

Firstly, when the acoustic wave encounters structural discontinuities, a vortical flow is

generated. This phenomenon can be enhanced either by a mean flow [142, 144] or by a

sound wave at high amplitude [139]. Also, the effect is inhibited with higher frequencies

of incident waves [145]. In this situation, the vorticity initiated by the sound has the

time scale in the same order to that of acoustic wave. In principle, the formula proposed

by Howe in this case is valid at arbitrary subsonic, uniform mean flows, only if the

thin airfoil theory [146] is applicable. (2) Secondly, we have the absorption of sound by

mean-flow turbulence. In a low Mach number flow, when the acoustic wavelength is much

greater than the length scale of the turbulence, the energy transfer from the acoustic

waves to the vortical motion becomes considerable. An extension of Lighthill’s acoustic

analogy has been developed to examine this phenomenon. (3) The last situation is the

interaction of sound with turbulent wall boundary layers. The attenuation of sound is
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significantly increased due to the presence of an ABL [147], since this layer imposes great

gradients of acoustic particle velocity and then enhances the viscothermal and turbulent

effects, namely the viscous and turbulent stresses are strengthened at this layer. The

thickness of the ABL depends on the frequency of the incident sound wave. Specifically,

at a high frequency when the ABL is entirely immersed into the viscous sublayer, the

viscothermal effect dominates the dissipation of sound; in the opposite situation, at a

low frequency when this layer extends into the turbulent flow to a great extent, the

acoustic damping resulted by turbulence is primary.

At the same time, Cummings [139, 148] proposed a time-domain solution that is

used to solve cases associated with structural discontinuities, such as orifice plates and

perforated plates in a tube. Further extensions of Howe’s model have been developed by

Dokumaci [149] and Knutsson [150, 151] to include the influence of the mean velocity

profile. Moreover, DNS and LES methods [145, 152, 153] have been employed in the

study of vortex shedding induced by sound, but restricted to mechanism investigation

due to high costs. Also, experimental tools have been employed to study the acoustic

damping by turbulence. Ronneberger and Ahrens [154, 155] developed a series of exper-

iments to examine the wall impedance imposed by the sound wave. Some subsequent

experiments have been implemented with the emphasises on extending the examined

range of the frequency and amplitude of incident sound waves, as well as on considering

more complicated mean flows, for example the study by Peters [156]. Allam and Åbom

[157] carried out experiments that first completely validated the theory of Munt [158]

and Howe’s model [143]. Dokumaci’s model [159] was also validated by Allam’s experi-

ments with regard to higher frequencies. Additionally, extensive experiments have been

carried out for practical applications, such as the design of duct liners in aircraft [160],

and the design of a silencer with superimposed flows.

1.5 Sound Propagation in non-uniform Flow: Issues and

Solutions

So far, two subjects have been discussed in terms of linear aeroacoustic modellings,

namely simulating the sound propagation in shear flows and resolving the acoustic-

vorticity coupling.

The instability wave arises in shear layers by acoustic excitations. According to the

linear stability theory, in a laminar flow the instability wave grows exponentially when

the incident sound wave is of a limited range of frequency. In a turbulent shear flow,

viscous and turbulent effects prevent this growth of instabilities. However, by using the

LEE method, the viscosity and turbulence are eliminated due to the inviscid assumption,

hence the instability can grow unlimitedly. To address this issue, either the instability

wave can be excluded or the cause of the instability can be eliminated, for example the

APE method for the former and the GTS method for the latter. However, this kind of

method generally has a disadvantage that cannot resolve the acoustic-vorticity coupling.



18 Chapter 1 Introduction

Alternatively, the viscosity and turbulence effects can be reintroduced to suppress the

unlimitedly growing instability. This is what herein is proposed.

From another point of view, the instability wave triggered by sound physically ab-

sorbs the energy from acoustic waves. As a consequence the sound can be dissipated.

This phenomenon is of fundamental importance for fluid dynamics, as well as having

practical implications, especially in the realm of duct acoustics. To evaluate this effect,

the analytical solutions and the wave equations method can be used, but they only tackle

very simple configurations and mean-flow profiles. A novel means based on DNC cou-

pled with analytical post-processing has shown some potential, this is called the CFD-SI

method [161–164]. Nevertheless, this method has a considerable computational cost.

With regard to the issues from the two subjects, herein a time-domain linearised

Navier-Stokes equations method including turbulence information is proposed. In this

method, the turbulent effect is introduced to suppress the instability waves. Therefore

this method intends to simulate the sound propagation in arbitrary turbulent flows. Also

using this method the acoustic-vorticity coupling can be resolved in a linear manner, thus

some problems that have strong relationships with this coupling, such as the dissipation

of sound by turbulence and the aeroacoustic property of a T-junction, can be properly

solved.

1.6 Structure of Thesis

A code based on the SotonCAA program [165] is developed to implement the LNS

method. The main objectives of this thesis are to validate the LNS method and form

some guidances on its use through some basic applications.

Firstly in Chapter 2, the computational methodology of this approach to solving

sound propagation is given and the linearised Navier-Stokes equations including viscosity

and turbulence is derived. The concepts of the perturbation Reynolds stress (PRS) and

the ABL are interpreted. Secondly, in Chapter 3, the stability of the LNS method against

the cases of turbulent shear layers is validated. The effect that the turbulence stabilises

flows is revealed via a turbulent linear stability analysis. Also, the gird convergence

study in respect of the mean-flow simulation and the sound propagation problem is

carried out and eventually provides the grid guidance for such problems. In this chapter,

the LNS method is conducted for a benchmark case and a realistic application, where

the use of turbulent models is demonstrated. In addition to the stability study, the

turbulent effect on sound propagation is investigated in respect of the near-field and

far-field results. Subsequently in Chapter 4, the problem of acoustic damping due to

turbulence are investigated by the LNS method. Firstly, the grid convergence study is

performed to provide the grid guidance for the acoustic damping problem. Further, the

two-dimensional benchmark cases are performed to validate the accuracy of the LNS

method dealing with the acoustic damping in turbulent duct flows. Eventually, the

attenuation of sound waves at high-order duct modes are evaluated. In Chapter 5, the

LNS method is used to investigate the effect of the boundary layer on external noise
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radiation. The effect raises concerns in two aspects, namely the engine noise impact on

the fuselage at cruise conditions and the far-field noise distribution at take-off/landing

conditions. Three simplified models are employed to investigate the boundary layer

effects with regard to the two problems. Finally, a summary about the PhD work and

the recommendations for the future work are given in Chapter 6.





Chapter 2

Computational Methodology

All motions of idea fluids assumed as continuum are governed by the Navier-Stokes

equations. To solve the aerodynamic noise, the hydrodynamic field and acoustic field

can simultaneously be simulated, although at a very high cost of computation. Instead,

linearising these equations deliveries a more efficient solution when the nonlinear process

is not of interest. Compared with the wave equation method and the analytical solutions,

the linearised governing equations solve a higher level of physical realism by involving

the non-uniformity of the hydrodynamic field. Therefore the refraction and scattering of

acoustic waves are solved, as well as the coupling of the acoustic mode, vorticity mode

and entropy mode, which can all be resolved in a linear manner. Nevertheless, this

coupling can provoke the instability issue for inviscid solutions, for example the LEE

method. At this point, a linearised Navier-Stokes equations methodology involving the

modelling of turbulence has been proposed.

2.1 Navier-Stokes Equations

The instantaneous compressible Navier-Stokes equations in conservation form can be

written in Einstein notation as [166, 167]

∂ρ

∂t
+
∂(ρui)

∂xi
= 0, (2.1a)

∂ (ρui)

∂t
+
∂(ρujui)

∂xj
= fi −

∂p

∂xi
+
∂τij
∂xj

, (2.1b)

∂

∂t

[
ρ(e+

1

2
uiui)

]
+

∂

∂xj

[
ρuj(h+

1

2
uiui)

]
= − ∂qj

∂xj
+
∂(uiτij)

∂xj
+ fiui, (2.1c)

where the heat-flux vector, qj , is usually obtained from Fourier’s law as

qj = −κ ∂T
∂xj

, (2.2)

21
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where κ is thermal conductivity. The viscous stress tensor, τij , involves the second

viscosity and the molecular viscosity, and is expressed as

τij = 2µsij , (2.3)

so that the strain-rate tensor is given as

sij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi
− 2

3

∂uk
∂xk

δij

)
. (2.4)

Note that for isotropic fluids sij = sji, so that τij = τji (not standing for some anisotropic

liquids).

2.2 Variable Decomposition and Approximations

Equation 2.1 governs the motion of a Newtonian fluid, including the motion of acoustic

waves, vorticity waves and entropy waves. As reviewed in Chapter 1, linear models have

advantage of computational efforts in simulating acoustic propagation. Conventionally,

upon an inviscid assumption, the governing equations can be linearised by splitting

variables as shown in Equation 1.7. However, this approach does not take the turbulence

into account, a main interest of this study is the interaction between the turbulent

fluctuation and the acoustic perturbations, therefore the triple decomposition proposed

by Reynolds and Hussain [114] is employed as follows

F (x, t) = F̄ (x) + F̃ (x, t) + F́ (x, t), (2.5)

where F̄ corresponds to the time-mean part, F̃ denotes the organised disturbance, and

F́ indicates the random turbulent contribution. Also, the time average and the phase

average are defined as, respectively

F (x, t) = lim
T→∞

1

T

∫ t+T

t
F (x, τ)dτ, (2.6)

〈F (x, t)〉 = lim
N→∞

1

N

N∑
n=0

F

(
x, t+

n

f

)
. (2.7)

Notice that the time average and the phase average are used here as conceptual tools

for the equation derivations. The basic properties of the two operators are

F̃ = 0, F́ = 0,
〈
F́
〉

= 0,

F̄G = F̄ Ḡ,
〈
F̄G
〉

= F̄ 〈G〉 ,
〈
F̃G
〉

= F̃ 〈G〉 ,

〈F 〉 = F̄ ,
〈
F̄
〉

= F̄ , F̃ Ǵ =
〈
F̃ Ǵ
〉

= 0.

(2.8)

Now the main objective is to yield two sets of equations that govern the base flow

and the coherent perturbations, separately. As the time-mean and random components
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of the equations are assumed to be frozen from the organised motion, they can be solved

independently. The time-mean part comes from the time-averaged results of a solution.

The random turbulent component can be obtained from an unsteady solution, or can be

reconstructed stochastically, such as using the method of stochastic noise generation and

radiation [168]. Currently, the effect of random motions on organised waves is ignored,

although this effect needs to be considered in some cases. For example in the boundary

layer of the fuselage, the sound waves are scattered due to the turbulent fluctuations

and then the acoustic field is changed including a strong shift of the frequency range to

higher frequencies[169]. Also, when carrying out the acoustic measurement in an open

test section environment of the wind tunnel, the result has to be corrected considering

the acoustic scattering due to the turbulence in the open jet which results in spectral

broadening or the so-called “haystacking”[170]. This phenomenon means that part of

acoustic energy of a tonal source is scattered to other frequencies thereby leading to a

broadband hump around the main spectral peak and a reduced peak level.

Up to this point, the deviation of equations is still quite complicated due to the

compressibility of flows if directly using the triple decomposition 2.5 for the linearisation.

In terms of the continuity equation 2.1a, applying the triple decomposition and time-

average operator, yields

∂ρ̄

∂t
+

∂

∂xi

(
ρ̄ūi + ρ̃ũi + ρ́úi

)
= 0, (2.9)

where ρ́úi represents the compressibility effect on the turbulence, and an approxima-

tions for the correlation between ρ́ and úi is needed to achieve closure for the equation.

Moreover, triple correlations involving ρ́, úi and új appear for the momentum equations.

Generally, the effect of density fluctuations on the turbulence can be neglected for wall

bounded flows at subsonic speeds according to Morkovin’s hypothesis [166, 171], there-

fore the computation for such compressible flows can only take the non-uniform mean

density into account. However, regarding sheared flows or flows with significant heat

transfer for example, the turbulent density fluctuations generally become considerable

relative to the mean density. In these cases, the extra correlations between the tur-

bulent density fluctuation and the turbulent velocity fluctuation will markedly increase

the complexity of establishing the closure approximations. Conventionally, this prob-

lem can be simplified by performing the Favre averaging [172] with a renewed double

decomposition.

We herein extend the Favre averaging methodology for the triple decomposition

to simplify the processes of establishing the appropriate forms of the time-averaged

equations and the linearised equations. At first, instead of the density-weighted time

average used in Favre averaging, a density-weighted phase average is applied to the
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velocity,

〈ui〉ρ =
1

〈ρ〉
lim
N→∞

1

N

N∑
n=0

ρ

(
x, t+

n

f

)
ui

(
x, t+

n

f

)
, (2.10)

thus we can give

〈ui〉ρ =
〈ρui〉
〈ρ〉

. (2.11)

Now the velocity is decomposed into the density-weighted phase-averaged part, 〈ui〉ρ,
and a fluctuation part, u

′′
i , therefore

ui = 〈ui〉ρ + u
′′
i . (2.12)

Furthermore, we assume that the density fluctuation on the turbulence has no effects on

the organized perturbation of velocity and only influences the time-mean part, therefore

we can give a renewed triple decomposition for the velocity

ui = ūρi + ũi + u
′′
i , (2.13)

where ūρi is the mass-averaged velocity, and u
′′
i denotes the fluctuating velocity relative

to the density-weighted phase-averaged part. Also, the original triple decompositions

for density and pressure are

ρ = ρ̄+ ρ̃+ ρ́, (2.14)

p = p̄+ p̃+ ṕ. (2.15)

Although the effect of turbulent density fluctuation on the coherent perturbation of

velocity has barely been studied so far, we herein focus on other parts and therefore

ignore this effects. Also, recall that we have already ignored the effect of random motions

on organised waves. Now we have

〈ρui〉 = 〈ρ〉 〈ui〉ρ +
〈
ρu

′′
i

〉
, (2.16)

and taking with Equation 2.11, we can give〈
ρu

′′
i

〉
= 0, (2.17)

then

ρu
′′
i = 0. (2.18)



Chapter 2 Computational Methodology 25

Eventually, the continuity equation 2.1a can be rewritten as

∂ρ̄

∂t
+

∂

∂xi

(
ρ̄ūρi + ρ̃ũi

)
= 0. (2.19)

This is a significant simplification for finally solving the equations and actually the

momentum per unit volume, ρui, has herein been treated as a dependent variable rather

than the velocity.

Moreover, under the linear approximation the disturbance wave is assumed to have

a small enough magnitude, therefore the second and higher order terms in relation to

perturbations, such as ρ̃ũi, can be dropped. Furthermore, the mean flow is assumed to be

frozen, thus the time-mean parts of variables are time independent, so that ∂F̄ (x)/∂t =

0. Also, considering the current applications, the isentropic relation between density

and pressure is used so that Equation 2.1c is decoupled and the relationship between

the density and the pressure in Equation 1.11 is applied. Meanwhile, the external force

density fi is ignored.

Finally we can decompose the governing Equations 2.1a and 2.1b with Equations

2.13 to 2.15 and obtain

∂

∂t
(ρ̄+ ρ̃+ ρ́) +

∂

∂xi

[
(ρ̄+ ρ̃+ ρ́) (ūρi + ũi) + ρu

′′
i

]
= 0, (2.20a)

∂

∂t

[
(ρ̄+ ρ̃+ ρ́) (ūρi + ũi) + ρu

′′
i

]
+

∂

∂xj

[
(ρ̄+ ρ̃+ ρ́) (ūρi + ũi)

(
ūρj + ũj

)
+ ρu

′′
i u

′′
j

+ρu
′′
j (ūρi + ũi) + ρu

′′
i

(
ūρj + ũj

) ]
= − ∂

∂xi
(p̄+ p̃+ ṕ) +

∂

∂xj
(τ̄ij + τ̃ij + τ́ij) . (2.20b)

2.3 Mean Flow Equations

Taking time averages of Equations 2.20a and 2.20b, gives the time-averaged equations

∂

∂xi
(ρ̄ūρi ) = 0, (2.21a)

∂

∂xj

(
ρ̄ūρi ū

ρ
j

)
= − ∂p̄

∂xi
+
∂τ̄ij
∂xj
− ∂

∂xj
ρu

′′
i u

′′
j . (2.21b)

The deducing processes are detailed in Appendix B. This set of equations is mostly

similar to the Favre averaged mean conservation equations [166]. Nevertheless, ūρi is

different from the relevant one obtained through the Favre averaging. The density-

weighted time mean part of velocity is defined as

ūFavrei =
1

ρ̄
lim
T→∞

1

T

∫ t+T

t
ρ(x, τ)ui(x, τ)dτ, (2.22)
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thus we can give

ūFavrei =
ρui
ρ̄
. (2.23)

This procedure is referred as Favre averaging. Now applying time averaging to Equa-

tion 2.11 yields

ūρi + ũ =
1

ρ̄+ ρ̃
〈ρui〉, (2.24)

and finally gives

ūρi =
ρui
ρ̄
− ρ̃

ρ̄2
〈ρui〉, (2.25)

showing that there is a difference between ūρi and ūFavrei . The extra component for

ūρi represents the effect of organized waves to the mean flow. When holding the linear

assumption, we have ρ̃/ρ̄� 1, therefore the extra term can be ignored and this indicates

that the mean flow is stationary from the perturbations.

Eventually, the time-mean parts of all variables can be obtained by solving the Favre

averaged mean conservation equations. Also, when the density variation in the turbulent

motion is assumed negligible and even the flow is incompressible, the mean flow equations

can be obtained via the conventional Reynolds averaging procedures. Considering the

effect of compressibility induced by the fluctuating density on the turbulence, extra at-

tentions are needed for the turbulence modelling and additional closure approximations

may be necessary to close the system of equations defining the model. Nevertheless, no

extra efforts are needed in the acoustic propagation modelling with respect to the com-

pressibility of base flows, as the mean flow can be obtained through the CFD simulation

with no considerations of the sound wave.

2.4 Perturbation Equations: Linearised Navier-Stokes Equa-

tions for Organised Motion

At first, applying the operator of the phase average, the random components are excluded

from Equation 2.20, and the resulting phase-averaged equations are yielded as

∂ρ̃

∂t
+

∂

∂xi
(ρ̄ūρi + ρ̄ũi + ρ̃ūρi ) = 0, (2.26a)

∂

∂t
(ρ̃ūρi + ρ̄ũi) +

∂

∂xj

(
ρ̄ūρi ū

ρ
j + ρ̄ūρi ũj + ρ̄ũiū

ρ
j + ρ̃ūρi ū

ρ
j

)
= − ∂

∂xi
(p̄+ p̃) +

∂

∂xj
(τ̄ij + τ̃ij)−

∂

∂xj

〈
ρui
′′uj
′′〉 . (2.26b)

Subsequently, subtracting the time-averaged Equation 2.21 from the phase-averaged

Equation 2.26, gives the dynamic equations of the organised wave disturbance for a
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turbulent flow.

∂ρ̃

∂t
+ ũi

∂ρ̄

∂xi
+ ρ̃

∂ūρi
∂xi

+ ūρi
∂ρ̃

∂xi
+ ρ̄

∂ũi
∂xi

= 0, (2.27a)

ρ̄
∂ũi
∂t

+ ρ̄ūρj
∂ũi
∂xj

+ ρ̄ũj
∂ūρi
∂xj

+ ρ̃ūρj
∂ūρi
∂xj

= − ∂p̃

∂xi
+
∂τ̃ij
∂xj
− ∂

∂xj

(〈
ρui
′′uj
′′〉− ρui′′uj ′′) , (2.27b)

together with

p̃ = c2
0ρ̃. (2.28)

τ̃ij describes the molecular diffusion due to perturbation velocity and is given as

τ̃ij = µ

(
∂ũi
∂xj

+
∂ũj
∂xi
− 2

3

∂ũk
∂xk

δij

)
. (2.29)

The stress imposed by turbulence on organised motion

Γ̃ij = −
(〈
ρui
′′uj
′′〉− ρui′′uj ′′) , (2.30)

is named the perturbation Reynolds stress (PRS), which is the difference between the

phase and time averages of the Reynolds stress of the background turbulence. Γ̃ij

represents the oscillation of the background Reynolds stress induced by the organized

motion [114]. The PRS tensor poses the closure problem in the linearised governing

equations.

2.5 Perturbation Reynolds Stress

Generally, Reynolds stress appearing in the mean flow Equation 2.21 is modelled on the

basis of the Boussinesq hypothesis in which the stress is assumed to be proportional to

the mean strain rate s̄, then

− ρu′′
i u

′′
j = 2µts̄ij , (2.31)

where µt is the turbulent viscosity (also called eddy viscosity) which is postulated in

analogy with the molecular viscosity, whereby the effect of turbulent transport is de-

scribed by an enhanced effective value of viscosity. Eventually, the turbulent viscosity

itself has to be modelled to complete the closure. Here, the perturbation Reynolds stress

is modelled by extending this concept. Firstly, the stress tensor is described as

Γij = −ρui′′uj ′′ = 2µtsij , (2.32)
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then the oscillation of the stress can be given by subtracting its mean component from

its phase-averaged product

Γ̃ij = 〈2µtsij〉 − 2µtsij

= 2
(
µ̄ts̃ij + µ̃ts̄ij + µ̃ts̃ij + 〈µ́tśij〉 − µ́tśij − µ̃ts̃ij − µ́ts̃ij

)
,

(2.33)

where µ̄t describes the time-mean effects induced by the turbulence transport. µ̃t rep-

resents the oscillation of the eddy viscosity due to the organised disturbance. µ́t can

be regarded as the fluctuating eddy viscosity owing to the fluctuating vorticity. If ne-

glecting the perturbed eddy viscosity, namely assuming that the turbulent energy and

time scale remain unchanged in the presence of the disturbance wave, the model reduces

to a quasi-steady one, also called quasi-static or the Newtonian eddy model. Equa-

tion 2.33 therefore reduces to that proposed by Reynolds and Hussain [114], as given in

Equation 2.34

Γ̃ij = 2µ̄ts̃ij . (2.34)

This identity implies that the turbulent kinetic energy is not modulated by the wave

motion, whereas Howe [141] proposed a quasi-steady model

Γ̃ij = 4µ̄ts̃ij . (2.35)

This model actually takes the term of 2µ̃ts̄ij into account, however regards it as 2µ̄ts̃ij .

A basic model for PRS can be obtained using the Prandtl’s mixing length hypoth-

esis. In a simple shear flow where ∂ū1/∂x2 dominates, the phase and time averages of

Reynolds stress can be written as

−
〈
ρui
′′uj
′′〉 = ρl2m

[
∂ (ū1 + ũ1)

∂x2

]2

, (2.36)

−ρui′′uj ′′ = ρl2m

∣∣∣∣∂ū1

∂x2

∣∣∣∣ ∂ū1

∂x2
, (2.37)

where lm is the mixing length, which is assumed to be independent of sound waves.

Subtracting Equation 2.36 from Equation 2.37 gives

Γ̃ij = −
(〈
ρui
′′uj
′′〉− ρui′′uj ′′)

= ρl2m

∣∣∣∣∂ū1

∂x2

∣∣∣∣ ∂ũ1

∂x2
+ ρl2m

∣∣∣∣∂ũ1

∂x2

∣∣∣∣ ∂ū1

∂x2

= µ̄t
∂ũ1

∂x2
+ µ̃t

∂ū1

∂x2
,

(2.38)

where

µ̄t = ρl2m

∣∣∣∣∂ū1

∂x2

∣∣∣∣ , (2.39)
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is the traditional eddy viscosity for the turbulent flow, and µ̃t represents the change of

eddy viscosity due to coherent waves. Similarly as Howe proposed, we can assume that

µ̄t
∂ũ1
∂x2

and µ̃t
∂ū1
∂x2

are equivalent, therefore

Γ̃ij = 2µ̄t
∂ũ1

∂x2
. (2.40)

The value of the equivalent eddy viscosity in this model is twice as much as that in

the traditional Prandtl’s mixing length model. This implies that the turbulent kinetic

energy is adjusted by the wave motion. Now the model is determined by the mixing

length lm. Prandtl postulated that lm is space dependent, specifically is proportional to

the distance from the surface for flows near solid boundaries. Furthermore, the mixing

length depends on the nature of the flow, thus is different for each flow. For example,

lm is proportinal to the half-width of the shear layer, and is defined for each flow with

a different coefficient of proportionality, as follows

lm = 0.09δ, for plane jet,

lm = 0.075δ, for circular jet,

lm = 0.071δ, for mixing layer.

(2.41)

Considering general flows, the PRS term can be solved using Equation 2.35 or Equa-

tion 2.34, where the mean part of turbulent viscosity µ̄t is obtained with accuracy

through a mean-flow simulation based on, generally a one or two-equations model. How-

ever, at sufficiently low frequencies the non-equilibrium effect imposed on the turbulence

by the sound wave becomes significant, and this effect can lead to a considerable local

minimum of the attenuation of sound by turbulence [156]. To maintain the linear ap-

proximation, generally the non-equilibrium effect is modelled in the acoustic propagation

simulation, rather than in the mean-flow computation. Peters et al. [156] proposed that

the turbulent memory effect is responsible for this local minimum and extended the rigid

plate model developed by Ronneberger and Ahrens [154] to include this memory effect.

Later, Howe [143] proposed a more complete model which introduces the memory effect

into the turbulent viscosity by extending Prandtl’s linear approximation, therefore the

turbulent kinematic viscosity νt is expressed as

νt =

{
0, x2 < δv(ω)

κuτ [x2 − δv(ω)] , x2 > δv(ω),
(2.42)

where κ is the von Karman constant. The effective thickness of viscous sublayer δv(ω)

is determined by

δvuτ
ν

= 6.5

[
1 +

σ (ω/ω∗)
3

1 + (ω/ω∗)
3

]
, ω∗ν/u

2
τ ≈ 0.01, ω > 0, (2.43)

where σ is a constant and controls the acoustic damping at high frequencies, and equals
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1.7 to obtain the best correspondence with experiment. ω∗ is a critical frequency, and

we can define t∗ = 1/ω∗ as the turbulent memory time scale which is on the order of

t∗ ≈ 100ν/u2
τ , (2.44)

as originally suggested by Ronneberger [173], and later used by Howe, as well as Knutsson

and Åbom [143, 151]. Equation 2.42 indicates that the turbulent viscosity is ignorable

within the effective viscous sublayer. Based on this model, Howe derived an analytical

solution for the attenuation of sound for the low Mach number turbulent flow in pipes

and successfully predicted the transition of attenuation. However, Equation 2.42 is

still a quasi-static model, as there is no phase lag between the shear wave strain rate

and the PRS included in this model to enable non-equilibrium. Recently, Weng et

al. [12] developed a phase-dependent non-equilibrium model by directly modifying the

equilibrium closure in Equation 2.35. In this model the PRS is defined as

Γ̃ij = 2νAs̃ij (2.45)

by introducing the turbulent viscosity including oscillations

νA =
2vT

1 + iωt∗
. (2.46)

νA is different from the traditional turbulent viscosity as it is complex and depends on

the frequency of the sound wave. Here the memory time scale t∗ has the order identical

to that in Equation 2.44.

In other situations, when both the turbulent viscosity and the strain-rate tensor are

small enough to be neglected, the PRS can be solved by a quasi-laminar model, even-

tually the model can reduce to the linearised Euler equations by ignoring the molecular

viscosity.

At present in order to simulate the turbulence effect, the quasi-steady models Equa-

tion 2.35 of Howe [141] have been employed. The turbulent viscosity can be computed

by built-in algebraic models, or solved from CFD simulation. The solving approach

depends on the application, primarily it is a matter of the near-wall treatments. When

aiming to obtain the dissipation of sound in the ABL, the near-wall region has to be

resolved all the way down to the wall, therefore a near-wall model is necessary. On the

other hand, in a high-Reynolds-number flow the wall functions can be used to save com-

putational cost, consequently the viscosity-affected wall region is not resolved. All in

all, the mean turbulent viscosity, as well as the acoustic-vorticity interaction depending

on it, rely on the proper implementation of a turbulent model.

2.6 Acoustic Boundary Layer

Considering that the acoustic oscillation parallels to the surface of an impermeable rigid

wall, at the surface the particle velocity is zero and the temperature is constant, whereas,
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Figure 2.1: Schematic of the ABL showing the particle velocity at two instants.

far from the surface all the flow properties oscillate sinusoidally. The value of the particle

velocity varies from zero at the surface to the sinusoidal values far from the surface

thereby imposing a no-slip condition at the wall boundary, consequently the so-called

ABL is formed. The ABL plays an important role in defining the characteristics of sound

waves propagation in ducts, where the viscosity together with thermal conductivity and

the turbulence coupled with the strong shear stress induce the considerable attenuation

of the sound wave.

In terms of the viscosity effects, there are three approaches to carry out the analysis

via the linearised perturbation equations [174]. Firstly, the viscosity effects are ignored

in both the mean flow and the perturbation equations. In a duct case, this generally

implies that the mean flow is uniform and parallels to the axis of the duct. Secondly, the

viscosity effects are considered in the mean flow equations but ignored in the perturbation

equations. This approach is generally used for the most external acoustic propagation

problems. Thirdly, the viscosity effects are included in both the mean flow and the

perturbation equations. Furthermore, in terms of the third approach, there are two kinds

of cases for different purposes. One aims to obtain the acoustic damping associated with

the viscosity and turbulence effects in the wall boundary layer, therefore the ABL needs

to be resolved. The another kind of case takes no count of the near wall region, and may

focus on the viscosity and turbulence effects during the acoustic-vorticity interaction in

shear layers.

The thickness of the ABL plays an important role in determining the characteristics

of the sound wave in wall boundary layers, and it is defined as [175]

δA =

√
2ν

ω
, (2.47)

and the viscous sublayer thickness of a turbulent pipe flow can approximately be ex-

pressed as

δv ≈
10ν

uτ
, (2.48)
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where the wall-friction velocity uτ is calculated by

uτ =
√
τw/ρ̄, (2.49)

in which τw is the wall shear stress and ρ̄ is the time-mean density. When the ABL

is immersed in the viscous sublayer, the damping of sound waves is only induced by

the molecular viscosity. On the other hand, when the ABL is thicker than the viscous

sublayer, the damping of sound waves is induced by the turbulent stresses and the

viscosity. In the log-law region of a turbulent boundary, the turbulent viscosity increases

approximately linearly with the distance from the wall. Subsequently this can lead

to significant dissipation of acoustic energy. The normalised thickness of the acoustic

boundary is thus introduced to represent the relationship between the ABL and the

viscous sublayer, as

δ+
A =

√
2ν

ω

uτ
ν
. (2.50)

To resolve the ABL the mesh resolution has to be fine enough within this layer,

the grid convergence analysis related to the CAA grid will be conducted in Chapter 4.

Moreover, the no-slip wall boundary condition is necessary rather than the slip wall

boundary condition that is generally employed when there is no intention of resolving

the wall boundary layer.

2.7 Sound Sources

The point source is modelled using Gaussian function to form a bell-shaped pressure

distribution and the pressure varies with the period of the sound wave. The function is

implemented in Equation 2.27a with the form

p̃ = p̂sin(ωt)exp

[
−(x− cx)2 + (y − cy)2 + (z − cz)2

b2

]
, (2.51)

where p̂ is the amplitude of acoustic pressure, (cx, cy, cz) is the coordinates of acoustic

source, and ω is the frequency of the acoustic source. The parameter b is related to the

width of the bell shape. This function constructs a pressure distribution over a limited

region with periodic variations which models a point source.

In terms of duct acoustic problems, the sound source is constructed for axisymmetric

duct problems and two-dimensional problems [42, 176]. Corresponding to a duct mode

(m,n), where m and n are respectively the azimuthal and radial modes, the incident
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acoustic wave is specified as

ρ̃ (x, r, θ, t) = a [Jm (krr) + c1Ym (krr)] cos (kt− kax−mθ) ,

ũ (x, r, θ, t) =
ka

k − kaMj
p̃,

ṽ (x, r, θ, t) = − a

k − kaMj

d [Jm (krr) + c1Ym (krr)]

dr
sin (kt− kax−mθ) ,

w̃ (x, r, θ, t) = − am

r (k − kaMj)
[Jm (krr) + c1Ym (krr)] cos (kt− kax−mθ) ,

p̃ (x, r, θ, t) = a [Jm (krr) + c1Ym (krr)] cos (kt− kax−mθ) ,

(2.52)

where Mj is dimensionless velocity inside the duct and is calculated via the velocity

at the middle point of the duct inlet; Jm and Ym is the mth-order Bessel function of

the first kind and the second kind, respectively. The non-dimensional modal amplitude

a is normally fixed at 10−4 to ensure small relative changes in fluctuating density (as

requested for linear acoustic assumption). The radial wave number kr is decided by

turning points of the Bessel functions. The axial wave number ka is calculated from

ka =
k

χ2

(
−Mj ±

√
1− ξ2

)
, (2.53)

where

χ =
√

1−M2
j , ξ =

krχ

k
. (2.54)

ξ is cut-on ratio. A duct mode will propagate downstream if and only if ξ < 1. The

constant c1 meets the following relations

c1 = −
d
dr [Jm (routerkr)]
d
dr [Ym (routerkr)]

, c1 = −
d
dr [Jm (rinnerkr)]
d
dr [Ym (rinnerkr)]

, (2.55)

where youter and yinner are the height of the inlet duct inner wall and the inner hub

radius at the inlet.

2.8 Boundary Conditions

Along with Equation 2.27, in general four types of boundary conditions are employed

in the present work, namely, the slip and no-slip wall boundary conditions, the non-

reflecting boundary condition, and the symmetric boundary condition.

2.8.1 Wall Boundary Conditions

When aiming to compute the dissipation of sound due to viscosity and turbulence in

the near-wall region, the no-slip wall condition created by the interaction of a rigid wall

with the acoustic waves is used and implemented as

ũ = 0, n · Oρ̃ = 0, n · Op̃ = 0, (2.56)
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where n is a unit vector normal to the wall. Otherwise, if the behaviours of the acoustic

waves in near-wall region is not of interest, the slip rigid wall boundary condition should

be used and is performed as [177]

ũ · n = 0, n · Oρ̃ = 0, n · Op̃ = 0. (2.57)

The slip wall boundary condition has an advantage of computational cost, since the ABL

does not need to be resolved by the computational mesh. In general, the thickness of the

ABL has a much smaller order in comparison with the acoustic wavelength. Therefore

resolving the ABL leads to a quite small grid interval in CAA grids, consequently the

time step size has to be greatly reduced in order to maintain the Courant-Friedrichs-

Lewy (CFL) condition.

Interior

points

Wall

Ghost

points

ll - 5 l + 5

m

m - 5

m + 5

Figure 2.2: Eleven-point central stencil for boundary points on the wall. The interior
points are located in the physical domain while the ghost points are outside the physical

wall.

If solving Equation 2.27 with high-order schemes, the order of the resulting difference

equations is higher than that of the original partial differential equations. Hence the

wall boundary conditions proposed in Equation 2.56 and Equation 2.57 are inadequate to

confine a unique solution. Tam and Dong [178] proposed the imposition of extraneous

conditions by introducing extra ghost points. The minimum number of ghost points

must be the same as the number of extraneous boundary conditions. In terms of the

slip boundary condition, at least one ghost point per boundary point on the wall is

needed to specify a boundary condition of perturbation pressure. With regard to the

no-slip boundary condition, a corresponding minimum of two ghost points is necessary

to further appoint the shear stress value. In the current study, five ghost points per

point on the wall are used to enable an eleven-point central compact scheme [179] as

shown in Figure 2.2, where l and m are the indices of the mesh points. The resulting
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slip and no-slip wall boundary conditions are respectively embodied as

ũl,m · n = 0, ρ̃l,m = ρ̃l,m+1, p̃l,m = p̃l,m+1,

ũl,m−i · n = −ũl,m+i · n, ũl,m−i · b = ũl,m+i · b,

ρ̃l,m−i = ρ̃l,m+i, p̃l,m−i = p̃l,m+i,

(2.58)

and
ũl,m = 0, ρ̃l,m = ρ̃l,m+1, p̃l,m = p̃l,m+1,

ũl,m−i · n = −ũl,m+i · n, ũl,m−i · b = −ũl,m+i · b,

ρ̃l,m−i = ρ̃l,m+i, p̃l,m−i = p̃l,m+i.

(2.59)

where b is a unit vector parallel to the walls, and i is a series of numbers from 1 to 5.

2.8.2 Non-Reflecting Boundary Condition

In terms of a flow-field simulation, spurious reflections produced at computational do-

main boundaries may be ignorable considering the hydrodynamic order amplitudes of

interest, however, such reflections may be significant relative to the acoustic quanti-

ties and as a result may corrupt the acoustic-field simulation. Therefore, non-reflecting

boundary conditions are used to emulate the free acoustic field for a confined computa-

tional domain.

Various non-reflecting boundary conditions have been developed to minimize spuri-

ous reflections for the computational domain, mainly including the characteristic method

[180, 181], the far-field asymptotic solution [182], the buffer zone techniques [183], and

the perfectly matched layer method [184]. Generally, the buffer zone techniques employ

an extra domain within which the solution is damped using grid stretching [185], nu-

merical damping or by accelerating the base flow to supersonic speeds at the end of the

buffer zone [186]. Here, the buffer zone technique based upon an explicitly numerical

damping is employed [187]. Within the extra buffer zone of set length L, the amplitude

of the outgoing wave is damped to a specified target value by a damping function, σ(x′).

Un+1 = Un+1 − σ(x′)
(
Un+1 −Utarget

)
, (2.60)

where Un+1 is the solution vector computed after each time step, x′ is the distance

from initial boundary of the buffer zone. The damping coefficient, σ, varies smoothly

according to the function

σ(x′) = σmax

∣∣∣∣1− L− x′

L

∣∣∣∣β , (2.61)

where σmax and β are constant coefficients to determine the shape of the damping

function. Therefore, the damping function equals zero at the initial boundary which

allows outgoing waves to smoothly enter the buffer zones, whereas at the end of the



36 Chapter 2 Computational Methodology

buffer zones the damping function is set to the maximal value, σmax. The target solution

Utarget is set as zero to diminish outgoing perturbation waves.

Furthermore, If the target solution Utarget is specified as a certain value, such as

listed in Equation 2.52, the buffer-zone boundary condition actually specifies incident

acoustic waves.

2.8.3 Symmetry Boundary Condition

When the expected patterns of the flow and acoustic fields have mirror symmetry, the

symmetry boundary condition can be employed to reduce the computational cost. On

the symmetry boundary, the velocity components normal to the boundary are set as zero.

To solve the normal derivatives near the boundary, the mirrored variable quantities on

the opposite side of the boundary are set through five ghost points. The operation is

similar to that used in creating the slip wall boundary condition. Also, the symmetry

boundary condition is used at the centre line as the axis boundary condition when solving

an axisymmetric acoustic field.

2.9 Numerical Method

This set of linearised Navier-Stokes equations is numerically solved on the basis of the

SotonCAA suite of programs [6]. The current solver has been programmed with Fortran

language and has been parallelized using Message Passing Interface (MPI) libraries. In

addition, the code has been migrated to the Intel Xeon Phi co-processor.

2.9.1 Spatial Discretisation

In terms of the spatial discretization, a finite difference discretization approach is used to

compute the first-order spatial derivatives of the governing equations. The second-order

spatial derivatives in Equation 2.27 are evaluated via repeating the finite difference for

the discretization results of the first-order spatial derivatives. A curvilinear coordinate

system is used to maintain the accuracy for complex geometries. To accurately resolve

acoustic waves propagation over a larger distances, a high-order spatial discretization

scheme is necessary if considering feasible scale of grid resources [182]. Specifically,

a sixth-order prefactored compact finite-difference scheme developed by Hixon [188] is

performed to evaluate first-order spatial derivatives within the interior regions of a grid

block. The scheme can be expressed as

Di =
1

2

(
DF
− +DB

i

)
,

αFD
F
i+1 + βFD

F
i + γFD

F
i−1 =

1

∆x
(aF fi+1 + bF fi + cF fi−1) ,

αBD
B
i+1 + βBD

B
i + γBD

B
i−1 =

1

∆x
(aBfi+1 + bBfi + cBfi−1) ,

(2.62)
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where D denotes the first-order spatial derivative, f is scalar function, i denotes a point

of grid, and the superscripts F and B represent the forward and backward operators, re-

spectively. The stencil coefficients, (α, β, γ, a, b, c), are constant. At boundaries, explicit

boundary stencils are used to compute the first-order spatial derivatives. At the inter-

face between two blocks, a symmetric stencil is used with the data from the adjoining

blocks, as follows

DF
i =

1

∆x

j+5∑
j=−5

bifi+j , DB
i =

1

∆x

j+5∑
j=−5

−bifi+j . (2.63)

In terms of exterior boundaries of the computational domain, including the buffer zone

inflow and outflow conditions, a one-sided stencil is used as follows

DF
i=1 =

1

∆x

7∑
j=1

−ejfi+j−1, DB
i=1 =

1

∆x

7∑
j=1

sjfi+j−1,

DF
i=N =

1

∆x

N∑
j=N−6

−sN+1−jfi+j−N , DB
i=N =

1

∆x

N∑
j=N−6

eN+1−jfi+j−N ,

(2.64)

where b, e and s represents constant coefficients. At wall boundaries, a biased stencil

employing a single ghost point can be used [187], however, due to the numerical stability

issue, the symmetric stencil explicit scheme incorporating five ghost points is actually

performed at the wall boundary and the symmetry boundary.

2.9.2 Temporal Integration

In terms of the temporal integration, multi-stage Runge-Kutta schemes have been gen-

erally applied in CFD schemes due to their low storage requirements in comparison with

the multi-step type. Considering the requirements of spatial and temporal accuracy for

CAA applications, the temporal integration needs to be improved. An explicit p-stage

Runge-Kutta scheme [189] can be represented as

Un+1 = Un +Kp,

Kl = ∆tF (Un + βlKl−1) , l = 1, 2, ..., p.
(2.65)

Through a wave number analysis, Hu et al. [189] give an accuracy criteria to determine

if a Runge-Kutta scheme is time accurate, which is

ck∗∆t ≤ L, (2.66)

where k∗ is the numerical wave number and L is the accuracy limit. With regard to the

four and six-stage Runge-Kutta scheme, the value of L is 0.67 and 1.28, respectively,

after optimising can be improved to 0.85 and 1.75, respectively [189]. In this work, to

make a compromise between the computational cost and the accuracy, an optimised
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four/six stage alternating Runge-Kutta scheme [187] is employed with an accuracy limit

ck∗∆t ≤ 1.64, where the conventional four-stage and an optimised six-stage scheme are

used on alternating time steps.

2.9.3 Spatial Filtering

Due to the limited spatial resolution for a finite difference scheme, the waves of high

enough frequencies will not be resolved with fidelity by the computational mesh, however,

such waves emerge in numerical procedures [182]. For CAA applications there is little

inherent numerical damping owing to the use of high-order, low-dissipation numerical

schemes, therefore the non-physical, very high frequency waves cannot be suppressed

and may corrupt the simulations. Consequently, an artificial numerical filtering [190]

is usually necessary for removing the spurious waves, by which the damping process is

only applied to the waves with certain wave numbers. Generally, an nth-order filter can

be written as

αf f̂i−1 + f̂i + αf f̂i+1 =
1

2

N∑
n=0

an (fi+n + fi−n) , (2.67)

where f̂i denotes the filtered variable and fi is the original solution variable. When α is

non-zero, the filtered variable also depends on the neighbouring variables and the filter

scheme is termed implicit. Alternatively, the scheme is explicit when α equals zero. The

explicit filter is considered more computationally efficient [191]. A 10th-order explicit

filter [191] is here adopted.

2.10 Grid Convergence Study

The accuracy of a numerical solution depends on the spatial and temporal resolutions,

the numerical discretization schemes, the boundary conditions, the numerical models

and so on. Generally, the spatial discretization error can be reduced by refining grid,

thus the accuracy of the numerical result approaching an asymptotic numerical value

is improved. This process involves the grid convergence study which is employed here

to evaluate the discretization error due to computational grids, therefore the final grids

can be assured of the results with acceptable accuracies.

Traditional grid convergence analysis starts by assuming a relation between the exact

solution and the numerical solution. The exact solution can be estimated by Richardson

extrapolation method [192] which is used to calculate a higher-order estimate of the

flow fields from a series of lower-order discrete values. The order of convergence can

be obtained by plotting the discretization error as a function of the grid discretization

parameter, generally in log − log space.

Alternatively, the grid convergence index (GCI) suggested by Roache [193, 194] can

be used to evaluate the spatial convergence. The GCI is based on the estimated fractional

error derived from the theory of generalized Richardson extrapolation. The GCI provides

a uniform measure of grid convergence, and indicates an error band on how far the
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solution is away from the asymptotic numerical value. It indicates how much the solution

could be improved with a further refined grid. Generally, the grid convergence study

is carried out over two or three sets of grids, and the solutions are denoted as f3, f2

and f1, respectively for the coarse, medium and fine grids. The GCI for the fine grid is

defined as [195]

GCI21 =
Fse

21
a

ro − 1
, (2.68)

where Fs is a factor of safety. Fs = 3.0 is recommended for comparisons of two grids

and Fs = 1.25 is for comparisons over three or more grids. For the medium grid, GCI

is defined as

GCI32 =
Fse

32
a

ro − 1
, (2.69)

and for the coarse grid, the GCI can be calculated by

GCI23 =
Fse

32
a r

o

ro − 1
, (2.70)

The approximate relative error e21
a is defined as

e21
a =

∣∣∣∣f2 − f1

f1

∣∣∣∣ . (2.71)

The grid refinement ratio r is generally a constant and should be greater than 1.3 [195]

based on experiences to obtain good results using the GCI. r can be computed using

r21 = h2/h1, (2.72)

where h is the grid spacing parameter. Alternatively, an effective r can be calculated as

r21
effective = (N1/N2)(1/D) , (2.73)

where N is the total number of grid points and D is the dimension of the flow domain.

The order of convergence o is defined as

o = ln

∣∣∣∣f3 − f2

f2 − f1

∣∣∣∣ /ln (r) . (2.74)

The generalized Richardson extrapolation can be expressed as

fext =
rof1 − f2

ro − 1
. (2.75)

The extrapolated relative error for f1 is defined as

e1
ext =

∣∣∣∣fext − f1

fext

∣∣∣∣ . (2.76)
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The extrapolated relative error for f2 is defined as

e2
ext =

∣∣∣∣fext − f2

fext

∣∣∣∣ . (2.77)

Also, the convergence ratio R is used to determine the convergence conditions of a

system and defined as

R =
f2 − f1

f3 − f2
. (2.78)

The possible convergence conditions are

1. Monotonic convergence if 0 < R < 1;

2. Oscillatory convergence if R < 0;

3. Divergence if R > 1.

Also, we can check the solutions are in the asymptotic range of convergence by

A = GCI32/ (roGCI21) ∼= 1. (2.79)

The procedures for the grid convergence study can comply with the following steps [195].

1. Determine the grid spacing parameter h and the grid refinement ratio r with

Equation 2.72;

2. Run simulations over different sets of grids to obtain the variable values of interest;

3. Calculate the order of convergence o with Equation 2.74;

4. Calculate the extrapolated values fext with Equation 2.75;

5. Calculate the relative errors ea and eext, as well as the GCI, in order to report the

accuracy of solutions and the numerical uncertainty for the corresponding grid.

2.11 Acoustic Far Field

Up to now, the flow field is solved using the mean flow equation, and the acoustic field

based on the flow field is simulated using the perturbation equations. In some case,

we are also interested in the acoustic far field which is here solved using the Ffowcs

Williams-Hawkings (FW-H) equation. As reviewed in Section 1.2.2, the FW-H equation

is a generalized acoustic analogy method, which can deal with arbitrary motions of rigid

surfaces and the permeable surfaces. Using the double-decomposition in Equation 1.7,

the FW-H equation [33, 38, 196] can be written as

1

c2

∂2p′

∂t2
−52p′ =

∂2

∂xi∂xj
[TijH(f)]

− ∂

∂xj
{[Pijnj + ρui (un − vn)] δ(f)}

+
∂

∂t
{[ρ0vn + ρ (un − vn)] δ(f)} ,

(2.80)
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where ui is the fluid velocity component in the xi direction, un is the fluid velocity

component normal to the surface f = 0, vi is the surface velocity components in the xi

direction, vn is the surface velocity components normal to the surface, δ(f) is the Dirac

delta function, and H(f) is the Heaviside function. f = 0 represents a mathematical

surface used to define the confine of a source region in an unbounded space, whereby

the generalized function theory and the free-space Green’s function can be readily im-

plemented. The surface f = 0 can be impermeable (i.e. body surface) or permeable. ni

is the unit normal vector pointing toward the exterior region (f > 0). Tij is the Lighthill

stress tensor and defined as

Tij = ρuiuj + Pij − c2ρ′δij . (2.81)

Pij is the compressive stress tensor and can be given by

Pij = p′δij − τij . (2.82)

Equation 2.80 is solved using the free-space Green’s function by assuming a free-space

flow and absence of obstacles between the sound sources and the receivers. As expressed

in Equation 2.83, the solution to Equation 2.80 contains surface integrals and volume

integrals. The surface integrals represent the monopole and dipole sources, as well

as include partial contributions from quadruple sources, whereas the volume integrals

represent quadrupole sources in the region outside the source surface. When the flow

is at low Mach number and the main source regions are enclosed by the source surface,

the contribution of the volume integrals become small and can be ignored.

p′(x, t) =
1

4π

∂2

∂xi∂xj

∫
V

[
Tij

r (1−Mr)

]
τ

dV

− ∂

∂xi

∫
S

[
Li

r (1−Mr)

]
τ

dS

− ∂

∂t

∫
S

[
Q

r (1−Mr)

]
τ

dS,

(2.83)

where
Q = ρ0Uini,

Li = Pijnj + ρui (un − vn) ,
(2.84)

with

Ui =

[
vi +

ρ

ρ0
(ui − vi)

]
. (2.85)

The distance between an observer and the body is defined as r = |x− y| , where x is the

observer point and y is the body location. The square brackets in Equation 2.83 denote

that the kernels of the integrals are computed at the retarded time, τ , where τ = t−r/c.
The subscript r denotes the unit vector in the radiation direction. M is a local Mach

number vector, where Mr = Mi · ri/r.
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When the integration surface coincides with an impenetrable wall, the two surface

integrals in Equation 2.83 are generally referred to as the loading and thickness noise

terms, respectively, according to their physical meanings. Thus, we have loading noise

term

4πp′L(x, t) =
1

c

∫
f=0

[
L̇r

r (1−Mr)
2

]
dS

+

∫
f=0

[
Lr − LM

r2 (1−Mr)
2

]
dS

+
1

c

∫
f=0

Lr
[
rṀr + c

(
Mr −M2

)]
r2 (1−Mr)

3

 dS,

(2.86)

and thickness noise term

4πp′T (x, t) =

∫
f=0

ρ0

(
U̇n + Uṅ

)
r (1−Mr)

2

 dS
+

∫
f=0

ρ0Un

[
rṀr + c

(
Mr −M2

)]
r2 (1−Mr)

3

 dS,

(2.87)

where Lr = Li · ri/r and LM = Li ·Mi.

Note that when the source surface f = 0 is permeable and placed at a certain distance

off the body surface, the integral solutions given by Equations 2.86 and 2.87 also include

the contributions from the quadrupole sources within the source region. In this case,

the mesh resolution needs to be fine enough to resolve both the flow structure and the

acoustic waves inside the confined source region.



Chapter 3

Stable Simulation of Sound in

Shear Flow

According to the linear theory of hydrodynamic stability, in a laminar shear layer the

instability waves are triggered by disturbances. If the growth rate of instability waves is

positive, the flow system is unstable and transitioned. This could happen at a limited

range of oscillation frequencies in terms of a connectively unstable system. When using

a “two-step”approach to solve the sound propagation in a turbulent flow, usually, the

mean flow taken into the perturbation simulation ignores the turbulence information,

thus actually presents laminar parallel velocity profiles in the absence of turbulence.

Considering the mean flow with such simplified velocity profiles or with actual laminar

shear layers, the instability waves cannot be properly modelled via an inviscid solution,

such as the LEE method. The resulting instability waves could grow infinitely rather

than exhibit the growth and the decay due to jet spreading. Therefore the inviscid

approach is inherently unsuitable for such problems.

In this chapter, the stability of turbulent shear layers is studied through the proposed

LNS methodology, thereafter the LNS method is employed to simulate sound waves

propagating in turbulent shear flows. An algebraic turbulent model is employed in a

benchmark case, and then a realistic case is carried out by incorporating a CFD-based

mean flow.

3.1 Linear Stability Analysis in Turbulent Flow

A hydrodynamic stability analysis is employed to investigate the evolution of distur-

bances to the underlying mean flow especially including the turbulence information.

Primarily, the hydrodynamic stability analysis is used to studying the laminar-turbulent

transition. In general the analysis is based on a set of laminar disturbance equations

where the perturbations are of “normal mode”form. In terms of a turbulent flow, the

turbulence may introduce significant viscous effects and then results in the reduction of

the effective Reynolds number, therefore the stability analysis needs to take the turbu-

lent effects into account. Considering the following sound propagation problems, some

43
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simplified turbulent jet profiles are used to evaluate the stability of the proposed equa-

tions. Although the turbulence information is mostly simplified the stability analysis

tends to give an insight of the effects of the turbulence stabilising the flows.

3.1.1 Governing Equations

To simplify, the density is assumed constant, thus only the velocity and pressure com-

ponents can be taken as initial disturbances. Considering the acoustic magnitudes are

usually quite small, this simplification is reasonable. Consequently Equation 2.27 re-

duces to

∂ũi
∂xi

= 0, (3.1a)

∂ũi
∂t

+ ūj
∂ũi
∂xj

+ ũj
∂ūi
∂xj

= −1

ρ̄

∂p̃i
∂xi

+
1

ρ̄

∂τ̃ij
∂xj

, (3.1b)

where τ̃ij = 2µes̃ij . µe represents the effective viscosity including the molecular viscosity

and the turbulent viscosity, which is assumed constant. Since the components of the

perturbation viscous stress tensor can now be written as

∂

∂xj

(
∂ũi
∂xj

+
∂ũj
∂xi
− 2

3

∂ũk
∂xk

δij

)
=

∂2ũi
∂xj∂xj

= ∇2ũi, (3.2)

the conservations of mass and momentum reduce to

∂ũi
∂xi

= 0, (3.3a)

∂ũi
∂t

+ ūj
∂ũi
∂xj

+ ũj
∂ūi
∂xj

= −1

ρ̄

∂p̃i
∂xi

+ νe∇2ũi, (3.3b)

where νe = µe/ρ is the effective kinematic viscosity.

By introducing the scales and non-dimensional variables, as listed in Equation 3.4,

Equation 3.3 is rewritten in a non-dimensional form as Equation 3.5.

x∗i =
xi
L
, t∗ =

tU

L
, u∗i =

ui
U
, p∗ =

p

P
,

∂

∂xi
=

1

L

∂

∂x∗i
,

∂

∂t
=
U

L

∂

∂t∗
,

(3.4)

U

L

∂ũ∗i
∂x∗i

= 0, (3.5a)

U2

L

∂ũ∗i
∂t∗

+
U2

L
ū∗j
∂ũ∗i
∂x∗j

+
U2

L
ũ∗j
∂ū∗i
∂x∗j

= − P

ρ̄L

∂p̃∗i
∂x∗i

+
νeU

L2
∇∗2ũ∗i , (3.5b)
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where * denotes the non-dimensional variable. Now dropping * as a sign of the non-

dimensional variable, finds

∂ũi
∂xi

= 0, (3.6a)

∂ũi
∂t

+ ūj
∂ũi
∂xj

+ ũj
∂ūi
∂xj

= − P

ρ̄U2

∂p̃i
∂xi

+
νe
UL
∇2ũi. (3.6b)

Defining the effective Reynolds number attributed to the molecular and turbulent vis-

cosity as

Re =
UL

νe
. (3.7)

Also, the pressure scale is defined as

P = ρ̄U2. (3.8)

Finally, the governing equations in the non-dimensional form are given as

∂ũi
∂xi

= 0, (3.9a)

∂ũi
∂t

+ ūj
∂ũi
∂xj

+ ũj
∂ūi
∂xj

= −∂p̃i
∂xi

+
1

Re
∇2ũi, (3.9b)

Equation 3.9 takes the normal forms of the incompressible linearised perturbation

equations, however, the effective Reynolds number Re herein is fundamentally different

from the normal Reynolds number which depends on only the molecular viscosity. In a

turbulent flow, the effective Reynolds number contributed from the turbulence is gen-

erally several orders of magnitude greater than that owing to the molecular viscosity.

Therefore Equation 3.9 would behave in fundamental respects quite differently from the

normal one.

3.1.2 Methodology of Stability Analysis

To yield the equations for stability analysis, the normal mode forms of the disturbances

are introduced as

{ũ, ṽ, w̃, p̃} = {û(y), v̂(y), ŵ(y), p̂(y)} ei(αx+βz−ωt). (3.10)

The spatial stability analysis is here of main interest, in which the disturbance is applied

in time and the evolution of the disturbance is observed in space. In general, (ω, β) are

given as real numbers, and the streamwise wavenumber α is allowed to be complex. The

minus imaginary part, −αi represents the spatial growth rate of disturbances. If the

growth rate is positive, the flow system is unstable. Otherwise, using real (α, β) and

allowing the complex frequency ω, a temporal stability analysis is performed. Further,

assuming that both (α, ω) are complex, an absolute stability analysis is carried out.
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Here we consider a uni-directional base flow

ū =

ū(y)

0

0

 . (3.11)

Substituting Equation 3.10 into Equation 3.9 obtains the equations in two-dimensions

0 =


−ω


−i 0 0

0 −i 0

0 0 0


︸ ︷︷ ︸

E

+

A︷ ︸︸ ︷
1
Re

∂2

∂y2
−∂ū
∂y 0

0 1
Re

∂2

∂y2
− ∂
∂y

0 ∂
∂y 0


︸ ︷︷ ︸

A00

+α


−iū 0 −i

0 −iū 0

i 0 0


︸ ︷︷ ︸

A1

+α2


− 1
Re 0 0

0 − 1
Re 0

0 0 0


︸ ︷︷ ︸

A2


ûv̂
p̂


︸ ︷︷ ︸
q̂

.

(3.12)

If α is given, ω is the eigenvalue of a generalized eigenvalue problem

ωEq̂ = Aq̂, (3.13)

while if ω is given, then α is the eigenvalue of a polynomial eigenvalue problem

0 =
(
A0 + αA1 + α2A2

)
q̂, (3.14)

where A0 = −ωE +A00.

Generally there are three methods to solve the problem: the shooting method, the

finite difference method and the collocation method. Here the Chebychev collocation

method is implemented in Matlab, and the program is implemented on the basis of

Hoepffner’s source code [197]. In respect to a spatial stability analysis, the direct solution

of Equation 3.14 can be expensive, as the eigenvalue α occurs to the second power in

parts of the equations. The solution is to transform the polynomial eigenvalue problem

into a generalised one by adding additional unknowns, ĥ = αq̂.

0 =

(
A0 0

0 1

)
︸ ︷︷ ︸

B0

(
q̂

ĥ

)
+ α

(
A1 A2

−1 0

)
︸ ︷︷ ︸

B1

(
q̂

ĥ

)
(3.15)

3.1.3 Turbulent Stability Analysis

There are two types of velocity profiles adopted to show the impacts of turbulence on

the jet instability, referring to the studies given by Morris [198] and Michalke [199].

Profile 1: the initial mixing region

ū(y) =
1

2

{
1 + tanh

[
1

4θ

(
1

y
− y
)]}

. (3.16)
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Profile 2: the fully developed jet

ū(y) =
(
1 + y2

)−2
. (3.17)
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Figure 3.1: Jet velocity profiles and their vorticity distributions.

Profile 1 describes a parallel shear layer with a hyperbolic-tangent velocity profile. The

momentum thickness of the shear layer, θ used here is equal to 0.16. Profile 2 represents

the fully developed jet downstream of the potential core.

In a laminar stability analysis, the Reynolds number in Equation 3.9 depends on

the velocity difference and length scale. Here the reference length is set as 1 m. In a

turbulent flow, however, the effective Reynolds number can decrease significantly due to

the viscous effects induced by the turbulence. To decide the effective Reynolds number,

the basic model based on the mixing length hypothesis is employed. The model gives

the kinematic turbulent viscosity

νt = l2m

∣∣∣∣∂ū∂y
∣∣∣∣ , (3.18)

where lm = aδ is the mixing length, a = 0.071 is the closure coefficient for the mixing

layer, and δ is the thickness of the mixing layer. Figure 3.1 gives the distributions of

the vorticity magnitude. Based on the biggest values of turbulent viscosity, the effective

Reynolds numbers are calculated to be approximately 57 and 51 for Profile 1 and 2,

respectively. Notice that the laminar viscosity effect is ignored in comparison to the

turbulence effects.

Now using the Chebychev collocation method, the least stable eigenvalues can be

found at an effective Reynolds number and a frequency. Subsequently the relationships

between the growth rate and the frequency, as well as between the growth rate and the

Reynolds number, can be constructed using the collocation method with an iterative

process. Figure 3.2 and Figure 3.3 show the spatial growth rate (−αi) as a function
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of the real frequency at given Reynolds numbers, and its dependence on the effective

Reynolds number.
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Figure 3.2: Spatial growth rate as a function of the real frequency and the effective
Reynolds number for mean velocity Profile 1.
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Figure 3.3: Spatial growth rate as a function of real frequency and Reynolds number
for mean velocity Profile 2.

The figures show the stability of the flows, where the effective Reynolds number

depends on turbulence viscosity. Firstly, the profile of the fully developed jet behaves

more stable than that of the initial mixing region. Furthermore, it is observed that the

increase in Reynolds numbers corresponds to the higher amplification rate. The flow is

drastically stabilised in the region of low Reynolds numbers, whereas at high Reynolds

numbers the viscous effects can be ignored in consideration of the almost constant growth

rate. Also notice that as the Reynolds number is increased, the frequency corresponding

to the maximum growth rate is higher.

Note that the influence of the νt gradient is not considered here, but has elsewhere

been examined in terms of a turbulent swirling flow [200]. At present, the linear stability
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analysis shows that turbulence helps significantly stabilising flows. Although the turbu-

lent viscosity cannot be rigorously fixed on the basis of the prescribed velocity profiles

and algebraic turbulent models, this approach can shed some light on the stability of

turbulent flows, especially in consideration of the LNS method applied to the turbulent

mean flow.

3.2 Noise Radiation from a Semi-Infinite Duct

The well-know theory of Munt [158, 201] on the basis of a thin-shear-layer model is

used to model the ducted fan noise radiation. The Munt theory employs a semi-infinite

circular duct to emulate the fan exhaust and uses an infinite or finite straight duct to

model the engine after-body. To obtain a unique solution, Munt’s model introduces

a full Kutta condition to the lip of the pipe. This Kutta condition in fact implies

that the acoustic energy can be transferred into kinetic energy of vortical motion [157].

Munt’s theory models the interactions of sound with a subsonic jet, and can consider the

instability waves triggered by the incident acoustic disturbance. Therefore, in addition

to the far-field directivity, this theory can also predict the sound pressure reflection

coefficient at an open end, as well as the low frequency sound absorption. Munt’s theory

has good agreement with the experimental data [144, 157].

In this section, the Munt type models are employed to validate the stability of the

proposed LNS method by incorporating an infinitely thin shear layer. Also, the acoustic

far-field directivity predicted by the LNS method, the GTS approaches, the LEE method

and the Munt solutions are compared at two realistic flight conditions.

3.2.1 Problem Setup

Figure 3.4: Schematic of the problem setup for the Munt type model.

As shown in Figure 3.4, given that only the plane wave is considered here, both the

mean flow and the acoustic field are assumed axisymmetric without the swirl component,
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thus the problem can be simplified as a two-dimensional one. As the wall boundary layer

is not taken into account in this problem, the slip wall boundary condition is employed

at walls. The buffer zones are placed around the outer boundaries of the domain, and

the symmetry boundary condition is used at the centre axis. At the beginning of the

duct the plane waves are initiated. As will be shown later in Section 3.3.2, the gird with

PPW = 7 can give results at an acceptable accuracy, therefore the acoustic fields are

solved using a grid with at least PPW = 7 up to 2600 Hz.

Geometry / Condition r1, m r0, m Mjet ρ̄, kg/m3 Frequency, Hz

Circular duct 0 1 0.5 1.225 400 to 2600
Annular duct / Static approach 0.947 1.212 0.447 1.177 866
Annular duct / Static cutback 0.947 1.212 0.737 1.163 1430

Table 3.1: Geometries and operating conditions for the Munt type models. Ambient
conditions: ρ∞ = 1.225 kg/m3, T∞ = 288 K, M∞ = 0

.

Case Solver Mean flow

Analytical GXMunt −
GTS-thin SL SotonCAA-GTS, time-domain Infinitely thin shear layer
GTS-realistic SL SotonCAA-GTS, time-domain CFD-solved
LNS-thin SL LNS, time-domain Infinitely thin shear layer
LNS-realistic SL LNS, time-domain CFD-solved
F-LEE FLESTURN, frequency-domain Analytical description
F-GTS FLESTURN, frequency-domain Analytical description

Table 3.2: Cases for studying the acoustic far-field directivity.

As listed in Table 3.1, three conditions are performed. The circular duct case with-

out centre body is employed to validate the stability. An infinitely thin shear layer is

configured in this case, therefore simulations of the time-domain LEE method can be

easily corrupted at various frequencies. Nevertheless, the acoustic-vorticity interaction

in this thin shear layer could be modelled by the LNS method with a proper turbulence

model. A long-running test is performed with a multi-frequency acoustic input to exam-

ine the stability. The acoustic frequencies range from 400 Hz to 2600 Hz with a sample

interval of 200 Hz. Later, a semi-infinite annular duct with infinite centre body is used

to study the acoustic far-field directivity. The geometries and the operating conditions

approximate to those for a modern high bypass engine [85].

In terms of the acoustic far-field directivity, various approaches based on various

flow conditions are carried out, as summarised in Table 3.2. The far-field observers

are located 46 m away from the centre point. The analytical solutions are obtained

using the “GXMunt ”solver which is developed by Gabard and Astley [202]. The time-

domain GTS method is based on the SotonCAA suite of programs [6], where only the

gradient terms are dismissed from the momentum equations as given in Equation 1.13.
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The results of the frequency-domain LEE and GTS method denoted as “F-LEE ”and

“F-GTS ”are cited from Tester et al. [85], which are solved with “FLESTURN ”[203]

on the basis of analytically described jet profiles. The thin shear layer cases are also

performed in the two realistic conditions to evaluate the differences between the results

by employing realistic jet profiles and by using an infinitely thin shear layer.

3.2.2 Eddy Viscosity

To govern the acoustic-vorticity interaction in the infinitely thin shear layer, the method-

ology of the subgrid scale (SGS) eddy viscosity model is introduced here, starting with

somewhat of an intuition. In the model of Munt’s theory, an infinitely thin vortex sheet

in the vicinity of the pipe lip is demonstrated, however, in numerical practice the thick-

ness of this shear layer is not infinitesimal but depends on the grid size. As is well

known, the SGS model is used to parameterize the effects of subgrid-scale motions on

the resolved field. If assuming that the vortical motion in Munt’s case is confined in

subgrid dimensions, the situation would be essentially akin to that when implementing

LES, thus the SGS model approach could be reasonably employed in the simulation of

this case. Based on this idea, the most commonly used model for the SGS stress, namely

the Smagorinsky model [204, 205], is herein extended for the organised motion as

τ̃SGSij = 4µ̄SGSt s̃ij , (3.19)

µ̄SGSt = ρ̄
(
C2
s∆x∆y

)√
2s̄ij s̄ij , (3.20)

where ∆x and ∆y are the grid spatial dimensions, and Cs is the Smagorinsky coefficient.

Lilly [206] derived the value of Cs as approximately 0.16− 0.20 dependent on particular

applications, and Cs = 0.2 is adopted here.

3.2.3 Validation of Stability

Figure 3.5 displays the instantaneous pressure perturbations simulated by the LNS and

the GTS methods with a multi-frequency acoustic source. As is shown, the sound fields

are solved properly by both the two method, and there are rarely differences between

the two solved pressure fields. Figure 3.6 gives the time traces of pressure at the monitor

point (3.6, 1.0) which is located in the thin shear layer. The oscillations for a physical

time equal to 0.35 s show steady amplitudes and thus the simulations are considered

stable. As is already known, the GTS method is stable to deal with this problem. Also,

the LNS method coupled with the SGS model shows its stability in the presence of such

an infinitely thin shear layer. Moreover, the amplitude of the pressure perturbations

obtained by the LNS method is equal to about 31 Pa, and it is greater than that solved

by the GTS method which is equal to about 27.5 Pa.
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Figure 3.5: Instantaneous pressure perturbation solved with a multi-frequency source.
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Figure 3.6: Time histories of perturbation pressure at monitor point (3.6, 1.0).

3.2.4 Comparison of Far-field Directivity

At first, Figure 3.8 compares the far-field results solved with the infinitely thin shear

layer and the CFD-solved mean flow. The use of realistic jet profiles leads to reduc-

tions of the main lobe widths at the low angle range, especially in the static approach

condition. Also, the use of realistic jet profiles results in reductions of the main peak

magnitudes which are approximately 1.2 dB for LNS and 0 dB for GTS at the static

approach condition, as well as 1.5 dB for LNS and 1.9 dB for GTS at the static cutback

condition. Furthermore, at the static cutback condition, the realistic shear layer leads

to shifts of the main peak angle for about −2.5◦ for LNS and −2.6◦ for GTS; at the

static approach condition, the results for GTS also show about −2.0◦ shift of the main

peak angles.

Figure 3.9 shows the results solved with more realistic jet profiles. Firstly, in terms of

the main lobe widths, at the static approach condition both the analytical described and

the CFD-solved jet profiles lead to narrower widths at the low angle range in comparison

with the analytical solutions, whereas at the static cutback condition the influence on
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the the main lobe widths is weak. Secondly, in terms of the main peak magnitudes

the results of “F-LEE ”are most close to the analytical solutions although there are

differences of about 0.6 dB and 1.9 dB for the static approach and cutback conditions

respectively. Meanwhile, the results of “F-GTS ”give the differences from the analytical

solutions for about 2.6 dB and 4.4 dB. Also, the results of “LNS-realistic SL ”show

the differences from the analytical solutions for about 1.1 dB and 3.0 dB respectively.

Furthermore, the analytically described jet profiles result in lesser shifts of the peak

angle rather than those for the CFD-solved mean flow.

In conclusion, firstly in terms of the predicted peak magnitudes the LEE approach

gives the best agreement with the analytical solutions, then for the LNS method and

last for the GTS method. The turbulence information included in the LNS formulations

demonstrates lesser effects than the ignored gradient terms in the GTS formulations in

this case. Moreover, the mean flows obtained by different approaches lead to differences

of the peak magnitudes and the peak angles. Nevertheless, all the numerical solutions

have reasonable agreements with the Munt solutions.

(a) Static approach

(b) Static cutback

Figure 3.7: Mean flows for the semi-infinite annular duct geometry.
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Figure 3.8: Comparison of far-field directivity with regards to the infinitely thin shear
layer.
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Figure 3.9: Comparison of far-field directivity with regards to realistic jet profiles.
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3.3 Noise Radiation from a Generic Engine Bypass Duct

Engine tone noise is one of main concerns for the aircraft noise problem. A fully nu-

merical solution of the noise generation and propagation for the engine is still a costly

and time-consuming process. However, in the duct downstream of the rotor-stator re-

gion of an aero-engine, where the nonlinear effect of noise generation is minimal, the

propagation of the resultant tone noise can be studied using linearised equations at an

acceptable cost. The acoustic source, described by the frequency and duct mode, can be

found by an analytical solution. Nevertheless, the hydrodynamic instability contained

in the jet may result in unstable solutions in the simulations of LEE, thereby corrupting

the desired acoustic solutions. This concern is the main topic of this chapter.

In this section, a two-dimensional case of turbofan aft noise radiation is employed.

Primarily, the instability issue is examined with regard to the proposed approach, as

well as the LEE and GTS methods. Furthermore, the influence of PRS terms on sound

propagation is evaluated in terms of the near-field and far-field sound distributions.

Moreover, the vortex shedding triggered by sound waves is investigated, then the fre-

quency dependence of the acoustic-vorticity interaction is identified.

3.3.1 Problem Setup

0 4 8 12
0

3

6
Buffer zone

Near-field observer

Symmetrical axis

Incoming
  waves

FW-H integral surface

Figure 3.10: Schematic of the problem setup including aircraft engine primary and
secondary exhausts.

The take-off condition is a typical situation that the engine noise plays a dominant

role in the overall noise for a turbofan aircraft [207]. In terms of a simplified model of

a generic engine exhaust system without splitter, the flow field can be assumed axisym-

metric without swirl component [208]. Furthermore, if only considering the first order

azimuthal mode, namely m = 0, the acoustic field can also be considered axisymmetric.

Therefore, the problem can be simplified as a two-dimensional one. Figure 3.10 displays

the half model of a generic engine exhaust system. The outer and inner radii of the
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bypass duct are 1.4 m and 0.8 m, respectively. For the core exhaust the outer and inner

radii are 0.8 m and 0.57 m, respectively. The flow characteristics at take-off condition

for this generic engine [208] are listed in Table 3.3.

Mach no. Static pressure,
Pa

Temperature,
K

Sound speed,
m/s

Upstream of the
primary exhaust

0.262 114096 783.05 560.99

Upstream of the
secondary exhaust

0.449 123013 334.68 359.59

Free stream 0.26 97890 296.27 345.04

Table 3.3: Flow parameters for the take-off condition of a generic turbofan engine.

The problem of aft fan noise radiation is simulated using LEE, LNS and GTS meth-

ods, and the resulting acoustic characteristics are evaluated by the pressure levels at

near-field observers and the far-field acoustic directivity. The near-field observers are

along the circle from 0◦ to 140◦ with the centre point at (3.95, 0) and with the radius of

5 m. The far-field sound directivity is calculated by incorporating the FW-H solver. The

FW-H integral surface is part of an ellipse, for which the major and minor semi-axes

are 4.5 m and 3.4 m respectively, the centre point is located at (3.95, 0). The far-field

observers are located at 100 m away from the centre point.

The acoustic source is initiated at the bypass duct inlet with an equal sound power

assumption. To examine the stability, a multi-frequency acoustic source is employed and

the simulation is carried out for quite a long physical time as a long-running test. The

acoustic frequencies range from 400 Hz to 2600 Hz with a sample interval of 200 Hz. The

physical time of the simulation is 0.6 s. Three discrete frequencies, 1000 Hz, 1500 Hz,

and 2000 Hz, are employed to investigate the influence of PRS terms and the acoustic-

induced vortices, whereby the frequency dependence of these effects can be observed.

Furthermore, The physical time of these simulations is equal to 0.03 s, whereby the LEE

method is expected to yield relatively weak instability waves once the sound waves have

arrived at the outer boundary. To investigate the vortex shedding, the LNS method

is employed. As the vortex shedding frequency is derived by a fast Fourier transform

(FFT), in order to provide sufficient samples in time series the simulations are imple-

mented for a physical time of 0.3 s. In all cases, the duct mode (0, 1) is used.

3.3.2 Influence of Computational Setup

As this problem focuses on the free-space acoustic radiation, there is no need to resolve

the viscous sublayer and the ABL. Therefore, the RANS approach coupled with the κ−ε
model can be used at a relatively low computational cost. Specifically, the realisable

κ − ε model is employed, as it provides improved predictions for the spreading rate of

both planar and round jets, also shows superior ability to capture the mean flow of the

complex structure. The standard wall function is adopted to model the viscosity-affected
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region in the wall boundary layer. As the log-law region is maintained for y+ > 30 to 60

and the wall function ceases to be valid in the viscous sublayer, the y+ value is desired

to be about 30. y+ is a non-dimensional wall distance for a wall bounded flow and is

defined as

y+ = uτ∆s/ν, (3.21)

where ∆s is the wall-adjacent cell height. Based on the predefined y+ value, ∆s can

be estimated for grid generation. The flow is simulated with a density-based steady

solver using Fluent. Uniform mass flux is initiated from the bypass duct and the core

exhaust using the mass flow inlet boundary condition. The outer boundaries of the

computational domain are set as the pressure far-field boundary condition. The axis

boundary condition is set at the centreline of the axisymmetric geometry. The flow

variables are solved with second-order schemes. When the mean flow is solved, the

mean field values are interpolated from the CFD grids to the CAA grids.

Figure 3.11: Schematic of the CFD and CAA computational domains.

Figure 3.12: Mean flow components.
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Figure 3.10 shows the CAA computational domain. The buffer zones are placed

around the outer boundaries of the domain and at the beginning of the core exhaust

nozzle. The bypass duct inlet is used to input the modal acoustic waves. As the main

concern is here to investigate the acoustic-vorticity interaction in the shear layers, there-

fore the ABL at walls is ignored using the slip wall boundary condition. Also, the tur-

bulent viscosity in the ambient is removed. Figure 3.11 displays the CFD computational

domain. To ensure the engine exhaust flow is fully developed, the CFD computational

domain is expanded to about 20 times the engine diameter in the streamwise direction

and about 2.5D in the radial direction. Figure 3.12 gives the pressure and velocity

distributions, and there are no reflections of mean flow components observed at the

downstream boundary.

Next, the influence of spatial resolutions on the flow field and the acoustic field are

investigated by performing the grid convergence study.

3.3.2.1 Grid Convergence Study of Mean Flow Simulation

The CFD gird is refined by a factor of
√

2 in all directions simultaneously. Table 3.4 gives

the parameters of grids at three sizes. As the wall-adjacent cell height is determined

once the y+ values meet the requirement, the aspect ratios are improved by refining the

grid.

Mesh Total cells Aspect ratio maximum

Fine 214, 444 122
Medium 108, 676 170
Coarse 54, 619 270

Table 3.4: Grid parameters for the grid convergence study of CFD simulations.

Figure 3.13 shows the y+ values for the three sets of grids. All the y+ values meet

the requirement for the wall function and are mostly close to 30 which is the desirable

value.

Point o R A uext,m/s e1
ext e2

ext GCI32 GCI21

(16.52, 1.24) 2.58 −0.41 1.0037 155.988 0.25% 0.62% 0.78% 0.32%
(16.52, 0.68) 5.21 0.16 1.0032 251.652 0.06% 0.39% 0.49% 0.08%

Table 3.5: Calculations of discretization error for axial velocities.

Referring to the study to quantify numerical error for a laminar round jet simula-

tion [209], the axial velocities at points (16.52, 1.24) and (16.52, 0.68) downstream the

bypass duct and the core exhaust, respectively, are used to calculate the GCI. Table 3.5

summarises the order of accuracy for the axial velocity from the simulation results on

the three grids. All the results are obtained after a statistically steady flow was ob-

tained. The theoretical order of convergence is o =
√

2, while the calculated o are 2.58
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Figure 3.13: y+ values at the walls.

and 5.21, respectively. The convergence ratios R are −0.41 and 0.16 which indicate an

oscillatory convergence and a monotonic convergence, respectively. For both points, the

reduction of GCI values for the successive grid refinement is observed. GCI21 < GCI32

indicates that the grid dependency of the numerical simulation is reduced. Furthermore,

the values of the ratio A according to Equation 2.79 are equal to 1.0037 and 1.0032, re-

spectively. Both are approximately 1, which indicates that the solutions are well within

the asymptotic range of convergence. In conclusion from Table 3.5, the extrapolation

values of the axial velocity for the two points are 155.988 m/s with an error band of

0.32% and 251.652 m/s with an error band of 0.08%, respectively. Both the error bands

are small enough.

Moreover, the spatial discretization error is evaluated for the field contained in the

CAA computational domain. However, due to the sensitivity of GCI, it is hard to

obtain a reasonable evaluation for the whole field at once. Therefore, the error band is

represented by the approximate relative error e21
a , as shown in Figure 3.14. Uncertainty

due to spatial discretization error represented by e21
a is less than or equal to 0.5% in

most of the area and increases in the the mixing layer.

Figure 3.14: Approximate relative error e21a calculated for the axial velocity.
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3.3.2.2 Grid Convergence Study of Perturbation Simulation

The CAA gird is refined by a factor of
√

2 in all directions simultaneously, whereby the

approximate PPW are equal to 7, 10 and 15 in terms of the sound waves at 2000 Hz for

the three sets of grids, respectively. Table 3.6 gives the parameters of grids. The grid

convergence is also compared between the LNS and the LEE methods.

Mesh PPW Total cells

Fine 15 114, 848
Medium 10 232, 788
Coarse 7 464, 139

Table 3.6: Grid parameters for the grid convergence study of CAA simulations.

o R A SPLext,
dB

e1
ext e2

ext e3
ext GCI23 GCI32 GCI21

60◦

LEE 2.57 0.41 1.0079 88.82 0.54% 1.33% 3.24% 4.10% 1.68% 0.68%
LNS 2.36 0.44 1.0082 88.16 0.64% 1.45% 3.29% 4.18% 1.84% 0.80%

90◦

LEE 8.50 0.05 1.0007 71.32 0.004% 0.08% 1.50% 1.87% 0.10% 0.01%
LNS 6.09 −0.12 0.9984 71.03 0.02% 0.18% 1.11% 1.83% 0.22% 0.03%

Table 3.7: Calculations of discretization error for the SPL.

The SPL values at two points are used to calculate the GCI. The coordinates for

the two points are (6.45, 4.33) and (3.95, 5.00), located at the 60◦ and 90◦ angles of the

near-field observation circle, respectively. Also, the approximate relative error e21
a at the

whole field is calculated. All the results are obtained once the sound waves have arrived

at the outer boundary.

Table 3.7 summarises the calculations of discretization errors at the two points and

for the LEE and LNS methods, respectively. Firstly, the values of the convergence ratio

R demonstrates that all the solutions at the two points reach oscillatory or monotonic

convergence. Also, all the values of A are approximately 1, which indicates that all

the solutions are well within the asymptotic range of convergence. Furthermore, for

both the two points, GCI21 < GCI32 < GCI23, which proves that the successive gird

refinement reduces the grid dependency of the numerical simulation. Furthermore, all

the values of GCI32 and GCI21 are small, which indicates that the fine and medium

grids give sufficiently small spatial discretization error. Also, the convergence indexes

for the coarse gird GCI23 and the extrapolation relative errors e3
ext are relatively small,

which indicates, to some extent, the coarse grid with PPW = 7 could give acceptable

discretization error levels.

Figure 3.15 gives the approximate relative error e21
a at the whole CAA computational

field. Large errors in Figure 3.15(a) are found downstream the jet and in the vicinity of
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(a) LEE

(b) LNS

Figure 3.15: Relative error e21a calculated for the SPL.

the outer lip of the bypass duct. In these regions, the instability waves are quite strong.

As shown in Figure 3.17, the resolved instability waves in the downstream jet area induce

outstanding SPL distributions. As the refined grid gives stronger instability waves,

the resulting SPL becomes higher as compared in Figure 3.17(a) and Figure 3.17(b).

Therefore, we may assume that, the LEE method can hardly give a grid-independent

solution with regards to such problems. Moreover, Figure 3.15(a) shows relatively large

errors along the radial direction around 90◦ angle. This could be also induced due to the

instability wave. The instability wave in the vicinity of the outer lip of the bypass duct

influences the sound wave radiation from the duct, however, as shown in Figure 3.17

such instability wave is strengthened due to the grid refinement, therefore its effect on

the sound radiation adjusts correspondingly. Furthermore, Figure 3.15(a) shows obvious

errors along the path of the sound waves propagation, which could be explained by the

refractions to different degrees. As the produce of instability waves is dependent on

the grid spatial resolution, the resulting refraction effect varies and leads to differences

in directivity of the sound waves propagation. In contrast, the solution solved by LNS

shown in Figure 3.18 rarely gives differences due to grid refinements. Figure 3.15(b)

shows no relatively distinct errors along the radial direction at 90◦ angle, as well as
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there are no apparent directivity differences. In the mixing layer, relatively large errors

appear but are rare. From the whole field of view, the uncertainty represented by e21
a is

less than or equal to 3% in most of the area for both the LEE and LNS approaches. In

addition, the relative error e31
a is calculated for the coarse gird, as shown in Figure 3.16.

Apparently, the accuracy of the upstream result degrades for both the LNS and LEE

solvers. Except for this region, the relative error rarely shows obvious increase at most

of the area in which the uncertainty is less than or equal to 5%. In conclusion, the fine

and medium grids give sufficiently small error bands in most of the computational zones,

and the coarse gird delivers higher error levels which could be acceptable in some cases.

(a) LEE

(b) LNS

Figure 3.16: Relative error e31a calculated for the SPL.



64 Chapter 3 Stable Simulation of Sound in Shear Flow

(a) Medium mesh

(b) Fine mesh

Figure 3.17: SPL solved by LEE with different grids.
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(a) Medium mesh

(b) Fine mesh

Figure 3.18: SPL solved by LNS with different grids.
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3.3.2.3 Conclusions for Grid Convergence Study

In terms of the mean-flow simulation, the fine grid as listed in Table 3.4 gives sufficiently

small approximate relative errors in most of the computational area. The gird conver-

gence study at points shows the fine mesh gives grid convergent results with sufficiently

small error bands. Therefore, the mean flow is solved by the fine gird.

In consideration of the perturbation simulation, the fine and medium grids as shown

in Table 3.6 give sufficiently small approximate relative errors in most of the compu-

tational domain, and the GCI results show the fine and medium meshes deliver grid

convergent solutions with sufficiently small error bands. The coarse grid leads to rela-

tively extensive regions with relatively large errors, but might provide acceptable error

bands at most of the domain of interest. Eventually, the grid used here to perform the

simulations gives at least PPW = 10 up to 2200 Hz.

Additionally, the grid convergence study shows the results solved by LEE is influ-

enced by the instability waves to a large degree, and therefore no grid convergent results

could be provided especially in the mixing layer.

3.3.3 Mean Flow Results

Figure 3.19 displays the non-dimensional mean-flow components. The reference values

of length, density and sound speed are 1 m, 1.28 kg/m3 and 359.59 m/s respectively. As

shown, the flow contains strong velocity shear layers especially between the ambient and

the jet. Also, density gradients are present between the jets of the primary and the

secondary exhausts due to the temperature difference. The turbulent viscosity grows

with the jet spreading.

Figure 3.19: Non-dimensional mean flow components.
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3.3.4 Instability Issue

Firstly, the instability waves appearing in a form of vortex sheets do not necessarily

lead to an unstable flow system, only when the resulting instability waves and the flow

have the special nature as described in Section 1.3. If an unstable system is formed,

although the spatial instability is initiated by weak periodic forcing, it develops with

an exponential growth rate as shown in Figure 3.20 for the results obtained by LEE.

Subsequently, the acoustic field can rapidly be polluted due to the exponentially growing

instabilities. Figure 3.20 gives the time histories of the perturbation pressure at the

points A (4.02, 3.51) and B (5.57, 1.30). Point A is relatively far away from the jet,

where the pressure perturbation may avoid the direct influence of the vorticity. Point

B is located in the shear layer between the ambient and the jet, and thus can record

the information of the vorticity convected downstream. In terms of LEE, at point B the

oscillation jumps early due to the instant reaction of instability waves, whereas at point

A the prominent growth is first observed at near 0.1 s when the additional sound initiated

by the resulting vortices arrives at the monitor point. Meanwhile, the oscillations given

by LNS and GTS are stable in the presence of steady amplitudes.

Time (s)

P
’ (

P
a)

0 0.1 0.2 0.3

-20

-10

0

10

20
LEE
LNS
GTS

0 0.2 0.4 0.6

-2

0

2

(a) Point A, (4.02, 3.51)

Time (s)

P
’ (

P
a)

0 0.1 0.2 0.3
-400

-200

0

200

400

LEE
LNS
GTS

0 0.2 0.4 0.6

-2

0

2

(b) Point B, (5.57, 1.30)

Figure 3.20: Time histories of perturbation pressure at monitor points.

Further, Figure 3.21 shows that the pressure field solved by LEE is thoroughly over-

whelmed by the unrealistic pressure perturbations. Two sheets of vortices appear down-

stream the exhaust nozzles. The above one is clearly growing and spreading along

the shear layer, while the below one is developing along the layer between the jets of

the primary and the secondary exhausts where presents considerable density gradients.

Whereas, as shown in Figure 3.22 and Figure 3.23, the LNS and GTS methods properly

solve the pressure field in different manners. The simulations by LNS also demonstrate

the two sheets of vortices, however, the above vortex sheet is quickly suppressed in

the downstream region where presents strong turbulent viscosity, while the below vor-

tex sheet is steadily convected away by the main stream and is maintained almost at
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a steady strength. Meanwhile, the GTS method obtains almost “clean”acoustic fields

where the vorticity is rarely initiated and shed by the mean flow.

Figure 3.21: Instantaneous perturbation fields simulated by LEE with a multi-
frequency source.
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Figure 3.22: Instantaneous perturbation fields simulated by LNS with a multi-
frequency source.
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Figure 3.23: Instantaneous perturbation fields simulated by GTS with a multi-
frequency source.
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3.3.5 Vortex Shedding Induced by Sound

As is well-known, the vorticity is initiated by the interactions of sound waves with

geometrical discontinuities and shear layers. It is then rolled up with a characteristic

frequency. Subsequently the shed vortices are convected downstream and eventually

mixed out due to viscous effects. At this point, the vortex shedding induced by sound

waves is surveyed on the basis of the reasonable governing physics of the LNS method

on this subject.

Figure 3.24: Instantaneous velocity perturbation simulated by LNS with a multi-
frequency source.

Figure 3.24 clearly demonstrates two vortex sheets in the presence of a multi-frequency

acoustic source. Here, the acoustic energy is transformed into the hydrodynamic energy

of vortices from the shear layers and duct lips. To record the information of the vortices,

two monitor points, namely B (5.57, 1.30) and C (8.00, 0.48), are respectively placed

far downstream from the primary and secondary exhaust nozzles and located in the

vortex sheets. To calculate the vortex shedding frequency, the FFT should be applied to

the time history of the fluctuating velocity. Nevertheless, considering that the acoustic

field is dominant here and the vorticity information may therefore be overwhelmed, the

vorticity component rather than the velocity component is used with the intention of ex-

cluding the acoustic signal, as according to Helmholtzs theorem the irrotational acoustic

component and the solenoidal vortical components of the velocity are independent of

one another.

Figure 3.25 demonstrates the time traces of vorticity at the monitor points, where

intermittent packets of fluctuations can be identified from the sustained perturbations.

Furthermore, by the means of FFT, two types of bands can be found in the vorticity

spectra, for instance as displayed in Figure 3.26 for point C. One owns a sharp peak

associated with the vortex shedding frequency which is identical to that of the acoustic

wave. The other presents a relatively broad peak, corresponding to the shear-layer

frequency [210]. The broadband peak is a consequence of the convectively unstable
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Figure 3.25: Time histories of fluctuating vorticity at monitor points solved by LNS
at 2000 Hz.

nature of shear layer instability [210]. As demonstrated in Figure 3.26, although the

sharp peak is moving with the frequency of the acoustic waves, the broadband peak stays

at around 100 Hz. The invariability of the shear-layer frequency can also be validated

from the vorticity spectra with the multi-frequency acoustic source. The most unstable

frequency of the broadband peak scales with the surrounding velocity and with the

momentum thickness of the shear layer [210]. Furthermore, the intermittency of the

shear layer fluctuations is thought to be attributable to the random streamwise motion

of the transition point [210]. Moreover, given the spectra with the multi-frequency

source, the sharp peaks decrease in magnitude with higher acoustic frequencies. This

coincides with evidence reported in the literature, namely, that this acoustic-structure

interaction is diminished with increasing frequencies.
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Figure 3.26: Spectra of fluctuating vorticity at point C (8.00, 0.48).
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3.3.6 Effects of Perturbation Reynolds Stress

First of all, in a physical sense, the sound can be amplified or attenuated when it

encounters shear layers and geometrical discontinuities. The vortex shedding process

extracts energy from both the sound wave and the hydrodynamic field, while the shed

vortices arouse sound. The net result depends on a balance between the global energy

production and the global energy dissipation. Under this process, the LNS method

introduces PRS terms to suppress the instability waves while resulting in attenuation of

sound. The damping is, however, mostly case-dependent. With regard to the current jet

case, the effect is assessed with the intention of comparing it with the inviscid methods

rather than as an experimental methodology.

The effect is evaluated in consideration of two aspects, namely the near-field fluc-

tuating pressure level and the far-field sound pressure level. Note that actually the

near-field results include the acoustic and vorticity compositions. Figure 3.27 shows

that the pressure fields solved by LEE are maintained at a reasonable state with the

affection of the instability waves which result in the outstanding pressure distributions

in the downstream region, and the extra pressure distributions are strengthened at the

lower frequency. Meanwhile, at the lower frequency the pressure field solved by LNS, as

shown in Figure 3.28(a), presents the instability waves in the vicinities of the duct lips

which are either convected downstream at a steady strength or suppressed quickly. At

the higher frequency as given in Figure 3.28(b), there are even no noticeable instability

waves. In terms of the GTS method, as shown in Figure 3.29, “pure”acoustic fields are

obtained without any outstanding pressure distributions.

3.3.6.1 Near-field Fluctuating Pressure Level

Figure 3.30 demonstrates the perturbation pressure levels at the near-field observation

line and their differences. Apparently, the results obtained by LEE, LNS and GTS give

disparities in the region of 0◦-30◦ angles. In this region the differences between the

results obtained by LEE and LNS are enlarged at higher frequencies as a consequence

of the stronger turbulence damping, and the maximal differences represented by “LNS-

LEE”are equal to about −9 dB, −18 dB and −21 dB, respectively at 1000 Hz, 1500 Hz

and 2000 Hz. Corresponding to this angle range, the mean-flow field contains strong

shear layers and great turbulent viscosity, whereby the perturbation field solved by LEE

contains strong products of the instability waves while the perturbation field solved by

LNS imposes considerable turbulent effects on the acoustic field. Consequently, signif-

icant differences appear between the pressure levels obtained by LEE and LNS. Also,

the phase change of the sound waves induced by the instability waves which is found

in Section 3.3.2.2 could partly contribute to the disparity. In comparison between re-

sults obtained by LEE and GTS, the maximal differences represented by “GTS-LEE”are

equal to about −6 dB and −12 dB, respectively at 1500 Hz and 2000 Hz; at 1000 Hz, the

differences in the range of 0◦-30◦ angles present relatively great values equal to about

−9 dB and 7 dB. The differences denoted as “GTS-LEE”are also relatively large and
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(a) 1000 Hz

(b) 1500 Hz

Figure 3.27: Instantaneous pressure perturbation computed by LEE at discrete fre-
quencies.

could be attributed to the influence of instability waves. In the range of 0◦-30◦ angles,

the GTS method do not produce instability waves while the LEE method results in

considerable vorticity waves.

In the rest regions, the differences between the results obtained by LEE and LNS

are small. The pressure levels solved by GTS show apparent disturbances around those

of LEE, and a maximum of the differences equal to about −9 dB emerges at around

101◦ angle for 1000 Hz. It is also observed that the results of GTS demonstrate greater

differences at the lower frequencies. This is probably due to the lack of vortex sheets in

the GTS results. In contrast, both the LEE and LNS method obtain the vortex sheets

which are strengthened at lower frequencies.



76 Chapter 3 Stable Simulation of Sound in Shear Flow

(a) 1000 Hz

(b) 1500 Hz

Figure 3.28: Instantaneous pressure perturbation computed by LNS at discrete fre-
quencies.
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(a) 1000 Hz

(b) 1500 Hz

Figure 3.29: Instantaneous pressure perturbation computed by GTS at discrete fre-
quencies.
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Figure 3.30: Comparison of near-field fluctuating pressure levels and the differences.
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3.3.6.2 Far-field Sound Pressure Level

As is already demonstrated, the results obtained by LEE in the jet areas are time-

asymptotic and dependent on the spatial resolution. Also, the flow field in the jet areas

is not uniform. In consideration of these situations, the jet areas are excluded from the

FW-H integration regions. Figure 3.31 gives the far-field acoustic directivity calculated

by including the jet areas into the FW-H integration. In terms of the LNS and GTS

approaches, the results induced by the jet areas rarely show distinctions. Nevertheless,

relatively large differences appear at 110◦ angle for both the LNS and GTS results, and

the absolute values are about 3 dB and 8 dB for the LNS and GTS results respectively.

However, such large differences emerge only at 110◦ angle, thus the characteristics of

the far-field directivity are barely altered. In terms of the LEE method, the influence

of the jet areas becomes considerable due to strong instability waves. As displayed,

including the jet areas results in significantly higher levels in general in the range of 65◦-

80◦ angles, also obvious distinctions emerge in the range of 80◦-120◦ angles. Moreover,

at 110◦ angle a large difference comes into view as those shown in the LNS and GTS

results. In conclusion, the jet area is necessarily removed from the far-field acoustic

directivity calculation to obtain reasonable results for the LEE method.

Figure 3.32 shows good agreement in terms of the far-field directivity, and the con-

sistency is improved at higher frequencies. At 2000 Hz, relative to the LEE results, the

absolute differences are lesser than 2.5 dB and 1.7 dB, respectively for LNS and GTS.

At 1500 Hz, the absolute differences for LNS are within 3.5 dB; for GTS, the absolute

differences are lesser than 4 dB in general except for the extraordinary maximum equal

to almost 10 dB at 75◦ angle. At 1000 Hz, the differences become more significant in

an extensive range of 75◦-95◦ angles, and the maximal absolute differences are equal to

about 10 dB and 13 dB respectively for LNS and GTS. Also, it is observed that for all

the frequencies the SPL differences become most serious in the range of 75◦-95◦ angles.

In this region, as already discussed in Section 3.3.2.2 the instability wave plays an im-

portant role to influence the sound propagation, while the products of instability waves

obtained by the three methods show obvious distinctions. Nevertheless, it is clear that

the outstanding differences of near-field pressure levels between LNS and LEE results

do not lead to corresponding distinctions for the far-field SPL, and the GTS results

actually present more serious differences in the far-field directivity relative to the LEE

results. Notice that even if the jet areas are included in the FW-H integral, as shown in

Figure 3.31, the differences between the LNS and GTS results would rarely be changed.

It is therefore concluded that the PRS terms barely impact the far-field sound directiv-

ity, although the perturbations in the jets are significantly modulated by the turbulent

effects.
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Figure 3.31: Comparison of far-field directivity at 1500 Hz. ( ) including the area
of jets in the FW-H integration regions ; ( ) not including this area.
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Figure 3.32: Comparison of far-field sound pressure levels and the differences.
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3.4 Summary

In this chapter, linear stability analysis has been performed with regard to turbulent

shear flows. The analysis demonstrates that the growth rate of instabilities is dra-

matically reduced due to the low effective Reynolds number. Therefore the proposed

LNS approach can stably simulate the sound propagation in turbulent shear flows by

incorporating a proper turbulent model.

Furthermore, the grid convergence study is carried out with regard to the sound

propagation problem. The conclusion shows that the grid with PPW = 10 can give

a satisfactory simulation accuracy and certainty, while the grid with PPW = 7 can

also give the error band to an acceptable degree at most of the domain of interest.

Moreover, the grid convergence study shows the numerical accuracy obviously degrades

when the angle of the sound radiation from the duct is beyond 90◦, especially for the

LEE method. This could be related to another conclusion, namely the LEE results are

greatly dependent on the spatial resolution especially in the mixing layer, and the fine

gird gives stronger products of the instability waves in comparison to the coarser girds.

In sum, the simulations based on the LEE method show the temporal instability and

the grid-dependent solutions when an unstable system takes place.

This method has subsequently been implemented against the well-known Munt so-

lutions. An algebraic eddy viscosity model is employed to validate the stability of the

proposed LNS method, and stable simulations are obtained. Considering the far-field

sound directivity, the results predicted by the time-domain LNS and GTS methods, as

well as by the frequency-domain LEE and GTS methods are compared with the Munt

solutions. The LNS method shows better agreements with the analytical solutions than

the GTS method especially in terms of the main peak magnitudes. All the numerical

solutions have reasonable agreements with the Munt solutions.

Further, the problem of a realistic turbofan aft noise radiation has been studied.

Firstly, the LNS method presents stable simulations while obtains the instability waves at

a relatively steady status, whilst the products of the instability waves are over-predicted

by the LEE method and are excluded from the the GTS method. Moreover, benefiting

from this feature of the LNS approach, the vortex shedding induced due to the sound

waves at sharp edges can be investigated in such a linear manner. Subsequently, the

vortex shedding frequencies in line with the sound frequencies have been found, as

well as the shear layer frequency has been identified. Last but certainly not least,

the effect of PRS terms on sound propagation has been evaluated. At first, the near-

field pressure solved by LNS is significantly dampened in the shear layer due to strong

turbulence viscosity, and the differences between the results obtained by LNS and LEE

are enlarged when the frequency increases therefore this implies stronger damping due

to turbulence at higher frequencies. Also, in the mixing layer region the GTS results

show relatively obvious distinctions in comparison with the LEE results. Nevertheless,

at the rest regions, the differences among the near-field pressure level results obtained

by the three methods are moderate in general, but the consistency between the GTS
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and LEE results obviously becomes worse at lower frequencies. Eventually, the results

of the far-field directivity demonstrate good agreement, and the consistency is improved

at higher frequencies probably due to the weaker products of the instability waves for

LNS and LEE. In conclusion, the differences in the near-field pressure levels do not

necessarily lead to the corresponding alterations in the far-field acoustic distributions.

More precisely, when the frequency is higher, the turbulent damping in the mixing layer

becomes stronger for LNS, and this therefore results in the increasing differences of the

near-field pressure levels in this region; whereas, the products of the instability waves

become weaker at higher frequency for LNS and LEE, and thus the far-field acoustic

distributions predicted by the three method give better consistency with each other.





Chapter 4

Attenuation of Sound by

Turbulence in Duct

As reviewed, sound waves can be attenuated due to scattering and damping by turbu-

lence. The dissipation of sound can be significantly enhanced in the presence of wall

boundary layers. In laminar internal flows, the damping is mainly attributed to vis-

cothermal effects and mean-flow convection. In turbulent flows, the dissipation of sound

is induced by turbulent mixing if the ABL is thicker than the viscous sublayer [154].

The damping by turbulence becomes considerable in a narrow duct at sufficiently low

frequencies (namely small Helmholtz numbers). In such a case, the ABL is largely

immersed into turbulent flows and it accounts for a considerable portion of the duct

cross-section.

In this chapter, the LNS method is employed to evaluate the attenuation of sound

in a fully developed turbulent pipe flow. Such cases have already been carried out using

various turbulent models and solution methods [12, 143, 149, 154]. The current method

is proposed due to several advantages. For instance, it can easily take account of complex

geometries and mean flow profiles. Furthermore, multi-frequency signals and broadband

sources can be directly simulated by the proposed method. After a brief introduction to

the mechanisms of acoustic damping in a duct, the LNS method is firstly verified with

a plane wave problem, then the attenuation of sound at high-order spinning modes is

studied.

4.1 Mechanisms of Acoustic Damping in Duct

The sound waves can be attenuated by various mechanisms as listed below. Theoreti-

cally, the LNS method can simulate all the effects although the thermal effect is currently

not involved. The turbulent absorption due to the acoustic-vorticity interaction has been

reviewed in Section 1.4, the other effects will be briefly introduced in this section.

• Viscous and thermal effects;

• Mean flow convection;

85
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• Mean flow refraction;

• Turbulent absorption (vorticity effect);

• Moderate Compressibility Effect.

4.1.1 Viscothermal Effects

Considering the sound propagation in a duct containing quiescent fluid, the viscothermal

effect due to the ABL is a main attribution to the attenuation of sound. The acoustic

boundary layer contains a viscous layer and a thermal layer, in which, respectively, the

viscous and the thermal effect are important.

As shown in Equation 2.29, the molecular diffusion is related to two parts of the

perturbation velocity, namely the irrotational components ∂ũi/∂xi and the solenoidal

components ∂ũi/∂xj . The former results in considerable acoustic damping only at high

frequencies or for long distance propagation [211]. The latter is negligible in free space

propagation within a uniform flow, however, becomes significant in the wall boundary

layer. Therefore, the perturbation vorticity is the main cause for the viscous loss of the

sound wave propagating in duct.

In air the thickness of the viscous and the thermal boundary layers is close [212],

thus the acoustic boundary layer is generally defined as shown in Equation 2.47. The

molecular and the thermal diffusions of the sound wave propagating in the boundary

layer are also related to the ratio between the ABL thickness and the duct radius. This

ratio indicates the proportion of the energy distributed in the ABL compared to the

total amount of energy in the pipe cross-section.

4.1.2 Mean Flow Convection and Refraction Effects

In the perturbation equations 2.27, the terms ūρi ∂/∂xi describe the convection effect,

and the terms ũj∂ū
ρ
i /∂xj give the refraction effect. Some simplified models, such as

the GTS method, discard the refraction terms using an assumption of uniform flows,

therefore only the convection effects can be considered. Based on such simplification,

the plane wave propagating in an inviscid and adiabatic fluid can be described by [212]

K±(M) =
k±
k0

=
±1

1±M
, (4.1)

where K± is the dimensionless wavenumber. Equation 4.1 indicates that the convection

effect increases the phase speed of the downstream propagating wave, while decreases

the phase speed of the upstream propagating wave. Taking bulk viscosity into account,

K± can be given as [212]

K±(sh,M) =
±K0

1±M
, (4.2)

where K0 is the dimensionless wavenumber in quiescent viscous fluid and sh is the shear

wavenumber. Equation 4.2 indicates that, in comparison with the upstream propagating

wave, the downstream wave is dissipated to a lower degree.
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The refraction effect, however, influences the sound attenuation in an opposite way.

In a realistic pipe flow, the mean flow demonstrates a strong shear near the wall where the

viscothermal effects are important, and the resulting modification of the phase velocity

of the sound wave is non-uniform. Therefore when the sound waves propagate through

wall boundary layer, the downstream waves would be refracted toward the wall while the

upstream waves would be refracted towards the pipe centre. As a result, compared to the

upstream waves, more acoustic energy of the downstream waves would be captured into

the boundary layer where the viscothermal effects are significant, thus the downstream

waves would suffer more damping.

In sum, the convection effect tends to make the attenuation coefficients smaller and

bigger than those in a quiescent fluid for the downstream and upstream waves, respec-

tively; while the refraction effect results in the opposite outcomes. At small Helmholtz

numbers, the convection effect dominates, whereas when the Helmholtz numbers is lager

than a critical number the refraction effect overwhelms the convection effect.

4.1.3 Moderate Compressibility Effect

When the flow velocity becomes comparable to the speed of sound, typically reaching 0.3

Mach number and above, the compressibility effect becomes more prominent. Firstly,

the sound speed is in relation to the fluid compressibility. Furthermore, when the com-

pressibility effect becomes considerable the distribution of the mean-flow velocity along

the streamwise direction could show significant non-uniformity, in such a case the terms

∂ūρi /∂xi give considerable impact on sound propagation.

4.2 Problem Description

Inlet, inflow and incoming wave
Duct walls,

no-slip B.C. Outlet, buffer zone B.C.

Sketch of turbulent B.L.Sketch of acoustic B.L.

Figure 4.1: Schematic of the pipe system.

Figure 4.1 shows typical profile of the ABL which demonstrates significant velocity

gradients near the walls. The turbulent absorption effect on sound becomes considerable

when there is a sufficiently small Helmholtz number by which the ABL overwhelms

the viscous sublayer of the turbulent boundary layer. Table 4.1 summaries the main
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parameters used in the literature. The settings with f = 250 Hz used by Allm and

Åbom [157] are adopted in the plane wave problem, as well as used for the study of

the influence of computational setup. The corresponding Helmholtz number (kR) and

Stokes number (R
√
ω/ν) are 0.080 and 179, respectively. The Reynolds number ranges

from 7700 to 172000 based on the pipe diameter. In terms of the high-order mode

problem, the Helmholtz number is raised to 7.2076 with diameter 0.75 m and frequency

1050 Hz which will be discussed in Section 4.5.1.

Diameter, m Frequency, Hz Helmholtz no. Mach no.

Ref. [154] 0.020 630 0.115 0.01− 0.33
Ref. [154] 0.020 3350 0.614 0.01− 0.30
Ref. [156] 0.030 88 0.024 0.018− 0.10
Ref. [157] 0.035 100 0.032 0.01− 0.22
Ref. [157] 0.035 250 0.080 0.01− 0.22

Table 4.1: Main settings for measurements of the acoustic damping in the pipe flows.

Considering the plane wave problem, the acoustic damping is evaluated using the

non-dimensional attenuation coefficients against the non-dimensional thickness of the

ABL, namely δ+
A . In terms of the high-order mode problem, to compare the attenuation

of sound at various modes the dimensional attenuation is used, namely ∆SPL which

indicates how much SPL in dB is reduced in one meter. δ+
A is calculated by Equation 2.50,

and the wall-friction velocity is obtained from mean flow simulations and calculated by

Equation 2.49. Then the attenuation coefficient a is computed as follows. Firstly, the

propagating waves are assumed in the form

p = p̂e−axei(ωt−kx). (4.3)

The amplitude of p is

|p| = |p̂| e−ax, (4.4)

which gives

ln(|p|) = −ax+ ln(|p̂|). (4.5)

Therefore the procedure of obtaining a is to

1. get amplitudes of p from perturbation simulations, where the root mean square

(RMS) pressure is computed over a period of the sound wave;

2. plot ln(|p|) against x, and obtain the slope of the curve by linear curve-fitting, i.e.

y = ax+ b;

3. obtain a = −a.
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The resulting a is then normalised by the attenuation coefficient in a quiescent fluid,

namely a0, which can be computed by Kirchhoff theory following the formulation [151]

a0 =
ω

c

[
1√
2S

(
1 +

γ − 1

ξ

)
+

1

S2

(
1 +

γ − 1

ξ
− γ

2

γ − 1

ξ2

)]
, (4.6)

where S is the Stokes number, and ξ is the Prandtl number. This formulation includes

the effect of viscosity as well as heat conduction, the latter is not considered in the

current simulations. In this study a0 is obtained by a perturbation simulation using

quiescent fluid.

4.3 Influence of Computational Setup

According to the literature review, neither the acoustic dissipation nor the ABL has

been studied using a time-domain linearised governing equations method, therefore it

is necessary to carry out studies to find out the suitable computational setups for this

problem. The plane wave problem with the settings as described in last section is used

to perform this study. For the plane wave, namely the (0, 0) mode wave, the amplitude

of the acoustic pressure is uniformly distributed over the pipe cross section, therefore

the computational domain is simplified as a two-dimensional duct.

The CAA simulation is based on the given flow field in which the wall shear stress and

turbulent viscosity along with the pressure, density and velocity fields are desired for the

CAA simulation. To obtain the base flow, the shear-stress transport (SST) κ−ω model

is employed as the viscosity-affected region needs to be resolved. The SST κ−ω [213] is

a two-equation eddy viscosity model, which modifies the turbulent viscosity formulation

to include the transport effects of the principal turbulent shear stress. The SST model

uses a κ − ω formulation in the inner region of the boundary layer and switches to a

κ− ε model in the outer part of the boundary layer, therefore it can have the advantage

over the two standard models.

The structure mesh is performed over the two-dimensional domain. As the viscous

sublayer is modelled, the wall-adjacent cells must have a wall distance on the order

of y+ = 1. The flow is simulated with a pressure-based steady solver using Fluent.

A uniform inflow velocity is set at the pipe inlet using the velocity inlet boundary

condition. The turbulence intensity and length scale are used to specify the turbulence

input parameters. For a fully developed pipe flow, they are estimated from the following

formula

I = 0.16Re−1/8, l = 0.07D. (4.7)

The pipe outlet is set as the outflow boundary conditions. The flow variables are solved

with second-order schemes. Once the flow is solved, the mean field value is interpolated

from the CFD grids to the CAA grids.

As shown in Figure 4.2, the wave propagation region is along the axis from x = 0

to x = 5.1 which is equal to almost 3λ and 3.75λ, respectively for Ma = 0.22 and 0. In
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Figure 4.2: Sketch of the CAA simulation domain. The parameters are calculated
when Ma = 0.22.

Figure 4.3: Distribution of the turbulent viscosity in the CFD simulation domain
when Ma = 0.22.
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Figure 4.4: Turbulent viscosity along the x-axis of the CFD simulation domain when
Ma = 0.22.

this domain the sound wave behaviour is approximated to that in a pipe with infinite

length. The input zone has the length identical to that of the adjacent grid block in the

main region, therefore the grid spacing for the two blocks are also identical to ensure a

good grid transition for the computational sake. The buffer zone is employed at the end

of pipe and has stretched grid to enforce the damping. The length of the buffer zone

shown in Figure 4.2 is 1.0λ, which however will be investigated in next sections. The

CFD simulation region is shown in Figure 4.3, which is extended upstream to x = −3.85

to guarantee that the turbulent flows used for the CAA simulations are fully developed.

As shown in Figure 4.3, the turbulent viscosity reaches a steady distribution in the CAA

simulation range. Also as shown in Figure 4.4, the turbulent viscosity along the x-axis

is changing until almost at x = −1 and finally reaches the steady value of µt ∼= 0.0102.

Next, the effects of the spatial resolution on the flow fields and the final acoustic fields

are investigated by carrying out the grid convergence study. In addition, the accuracy of

the acoustic field results is influenced by boundary conditions and the resolving degrees
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to the wall boundary layers, which is also investigated in this section. Furthermore, some

primary acoustic results obtained with different models for the perturbation simulation

is demonstrated in Section 4.4.3.

4.3.1 Grid Convergence Study of Mean Flow Simulation

The flow field at Ma = 0.22 is used to carry out the grid convergence study, as the

demands on the grid are most rigorous at this condition especially considering the re-

quirement of y+ on the order of 1. The grid generation for other flow conditions can

then refer to the conclusions of grid convergence study at this condition. As shown in

Figure 4.5, the y+ value meets the requirement to resolve the viscosity-affected layer and

reaches a steady state over the wall regions of interest, and the maximum is equal to 1.3.

Subsequently, the grid along radial direction is refined in the region away from the first

layer. In the axial direction, as the flow field is required for CAA simulations, the grid

spacing along the x-axis is constant to ensure a good streamwise resolution. The grid is

refined with a ratio of
√

2 in the axial and radial directions. As the height of the first

mesh cell off the wall is unchanged with refined grids, the corresponding maximal aspect

ratio is reduced. The parameters of three sets of grids are demonstrated in Table 4.2.

Case no. Grid Aspect ratio maximum Length ratio maximum

1 170× 2190 700 1.07
2 120× 1546 1000 1.11
3 85× 1091 1400 1.17

Table 4.2: Grid parameters for the grid convergence study of CFD simulations.

X

y
+

­6 ­4 ­2 0 2 4 6
0.74

0.745

0.75

0.755

0.76

Fine

Medium

Coarse

Figure 4.5: y+ value through a spline processing along the walls of the CFD simulation
domain.

The wall shear stress important to the final acoustic results is used to calculate the

GCI. An average is calculated by the values from x = 0 to 6, where the wall shear

stress has steady magnitudes, as shown in Figure 4.6. Table 4.3 summarises the order of
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Figure 4.6: Wall shear stress value through a spline processing along the walls of the
CFD simulation domain.

accuracy for the mean wall shear stress from the simulation results on the three grids.

All the results are obtained once a statistically steady flow was observed. The theoretical

order of convergence is o =
√

2, while the calculated one is o = 1.375. This different could

be induced due to turbulence modelling, non-linearities in the solution, grid stretching

and so on. The convergence ratio is R = 0.62, which indicates a monotonic convergence.

A reduction of GCI value for the successive grid refinement is observed. GCI21 < GCI32

indicates that the grid dependency of the numerical simulation is reduced. Also, the

ratio calculating from Equation 2.79 is equal to 1.003 which is approximately 1, thus the

solutions are well within the asymptotic range of convergence. We can conclude from

the study that the wall shear stress is estimated to be τw = 12.815 with an error band of

0.63%. As the solution obtained from the medium grid has a relatively low extrapolated

relative error of 0.81%, and the GCI32 indicates a relatively low error band of 1.03%,

the grid no. 2 is actually employed to solve the flow fields at all flow conditions.

o R A τw(ext), kg ·m−1 · s−2 e1
ext e2

ext GCI32 GCI21

1.375 0.62 1.003 12.815 0.51% 0.81% 1.03% 0.63%

Table 4.3: Calculations of discretization error for the wall shear stress.

4.3.2 Influence of Computational Setting for Perturbation Simulation

The sound propagation is simulated on the basis of corresponding mean flows. So far

the quasi-steady turbulent models have been employed to solve the time-dependent per-

turbation field. The RMS pressure field is desired and computed over the last period of

the sound wave. The solution accuracy is influenced by the spatial resolution, temporal

resolution and boundary conditions and so on. As the ABL is resolved spatially, the

time step has to be small enough to maintain a reasonable CFL number, whereby the
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corresponding temporal resolution will be sufficient to resolve the sound waves. Even-

tually, the accuracy of the resulting RMS pressure is mainly influenced by the following

factors.

1. Streamwise resolution. Considering that the thickness of the ABL is generally less

than the wavelength of sound wave by orders, resolving the ABL in the near-wall

region will usually result in an extremely fine resolution in the radial direction

of the narrow pipe. Therefore the spatial resolution is investigated here mainly

focusing on the axial direction.

2. Resolution in the ABL. The interaction of sound waves in the ABL with the

molecular viscosity and turbulence plays an dominant role in the overall damp-

ing of sound in the pipe flow. The effect of the interaction varies depending on

the distribution of turbulence boundary layers which is determined by the flow

conditions.

3. Buffer zones. Although the buffer zone technique is used to emulate the free

acoustic radiation, irregular acoustic distributions are produced due to buffer zones

and can affect a limited computational region. To obtain reasonable results over a

specified computational domain, the influence due to buffer zone should be taken

care of.

Additionally, the effect of the ABL is evaluated when this layer is thinner than the

viscous sublayer. Various resolving degrees to the wall boundary layers are compared in

terms of the resulting acoustic field.

4.3.2.1 Streamwise resolution

The flow condition when Ma = 0 is employed to study the effect of streamwise reso-

lutions. Initially, the PPW = 7 at the stationary condition is used according to the

general CAA simulation guide [182] and the study in Section 3.3.2. The grid is then

refined in the x-axis by a factor of
√

2. The ABL is resolved with 15 points. The buffer

zone has a width of about 1.5λ. The running time is set as 5 times periods of the sound

wave to ensure the simulation reaches a relatively stable state. Table 4.4 summarises

the computational settings for investigating the effect of streamwise resolutions.

Case no. Mach no. Streamwise PPW Resolution of ABL Buffer zone width

1.1 0 7 15 1.5λ
1.2 0 10 15 1.5λ
1.3 0 15 15 1.5λ
1.4 0 20 15 1.5λ
1.5 0 30 15 1.5λ

Table 4.4: Computational settings for the study of the effect of streamwise resolutions.
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Figure 4.7: SPL and instantaneous pressure distributions along the x-axis obtained
with various streamwise resolutions.

Figure 4.7 gives the SPL and instantaneous pressure distributions along the x-axis

obtained with various streamwise resolutions. We can observe significant dissipations

when PPW = 7 and 10. Also, obvious dispersion errors increasing downstream can be

found in the instantaneous pressure distribution for PPW = 7 and 10. Additionally,

we can observe that the regions influenced by the buffer zone is narrowed by increasing

streamwise resolutions.

The effect of streamwise resolutions is evaluated by a grid convergence analysis for the

PPW = 15, 20 and 30. The target variable is ∆SPL which is calculated using the values

from x = 0 to x = 2.0, where the magnitudes of SPL are relatively stable. Table 4.5

summarises the order of accuracy for ∆SPL and SPL from the simulation results on the

finest three grids. The calculated orders of convergence are o = 7.67. The convergence

ratio is R = 0.07 which indicates a monotonic convergence. The reduction from GCI32 to

GCI21 are relatively high, which implies that the grid independent solutions are nearly
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achieved. Furthermore, the ratios calculating from Equation 2.79 are equal to 0.958

which is approximately 1, thus the solutions are well within the asymptotic range of

convergence. The solution obtained from the medium grid has an extrapolated relative

error of 4.76%, and the GCI32 indicates an error band of 5.68% for the medium grid.

Also notice that the discretization error here is calculated via the SPL difference. In

terms of the directly solved variable, namely the SPL, the extrapolated relative error

of 0.00549% and the GCI32 of 0.00686% are both relatively low. Considering for the

acoustic damping calculations, the medium grid gives a reasonable level of discretization

error at an acceptable computational cost.

o R A ()ext, dB e1
ext e2

ext GCI32 GCI21

∆SPL 7.67 0.07 0.958 0.077 0.33% 4.76% 5.68% 0.42%
SPL 7.67 0.07 1.00005 99.885 0.00039% 0.00549% 0.00686% 0.00048%

Table 4.5: Calculations of discretization error for ∆SPL and SPL obtained with
various streamwise resolutions.

4.3.2.2 Resolution in the acoustic boundary layer

Two flow conditions, namely Ma = 0 and Ma = 0.22, are used to validate the resolution

in the ABL. When Ma = 0, the acoustic damping is weak and induced only by the

molecular viscosity. When Ma = 0.22, the acoustic damping will be strongly influenced

by the wall boundary layer. The initial resolution is set with 10 points in the ABL,

then mesh under the ABL is refined by a factor of
√

2. The streamwise PPW is greater

than 20. The buffer zone has a width of 2.14 m. The running time is also set as 5 times

periods. Table 4.6 summarises the corresponding computational settings. Notice that

the ABL is equally divided by points, thus the nearest wall distances are reduced with

increasing resolutions. As a result, the effects of resolutions in the ABL here actually

also includes the effect induced by different heights of wall-adjacent cells.

Case no. Mach no. Streamwise PPW Resolution of ABL ∆s
2.1 0 and 0.22 > 20 10 1.5× 10−5

2.2 0 and 0.22 > 20 15 1.0× 10−5

1.4 0 and 0.22 > 20 20 7.0× 10−6

Table 4.6: Computational settings for the study of the effect of resolutions in the
ABL.

Figure 4.8 and Figure 4.9 show the SPL and instantaneous pressure distributions

along the x-axis obtained with various resolutions in the ABL, when Ma = 0 and 0.22,

respectively. In the stable ranges of SPL distributions, the differences among the results

obtained by various resolutions in the ABL are quite small, although enlarged a little

when Ma = 0.22. Furthermore, Figure 4.10 demonstrates the instantaneous velocity

profiles at cross section x = 2. The profiles of ABLs resolved with the three resolutions

coincides well.
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Figure 4.8: SPL and instantaneous pressure distributions along the x-axis obtained
with different resolutions in the ABL when Ma = 0.

The grid convergence analysis is employed to investigate the effect of resolutions in

the ABL, where we uses the grid parameters in the ABL to set this analysis, therefore the

gird refinement ratio is considered equal to
√

2. Also, ∆SPL is calculated using the value

from x = 0 to x = 2.0. Table 4.7 summarises the calculations of discretization errors

for ∆SPL. The calculated orders of convergence are o = 1.74 and 3.40, respectively.

The convergence ratios are R = −0.55 and −0.31, respectively for Ma = 0 and 0.22,

therefore both the two groups of simulations have oscillatory convergence. The ratios

A are equal to 0.994 and 1.022, respectively for Ma = 0 and 0.22, which are both

approximately 1, thus the solutions are well within the asymptotic range of convergence.

The discretization errors for Ma = 0 are smaller than those for Ma = 0.22. GCI21 for

both flow conditions are small. The error band GCI32 for Ma = 0.22 is equal to 3.96%

which can be acceptable for the subsequent acoustic damping calculations. GCI32 should
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Figure 4.9: SPL and instantaneous pressure distributions along the x-axis obtained
with different resolutions in the ABL when Ma = 0.22.

o R A ∆SPLext, dB e1
ext e2

ext GCI32 GCI21

Ma = 0 1.74 −0.55 0.994 0.080 0.76% 1.39% 1.71% 0.94%
Ma = 0.22 3.40 −0.31 1.022 0.153 0.94% 3.07% 3.96% 1.19%

Table 4.7: Calculations of discretization errors for ∆SPL obtained with various res-
olutions in the ABL.

range from 1.71% to 3.96% when the flow velocity varies from Ma = 0 to 0.22, therefore

the medium resolution in the ABL is fine enough for the computation.

4.3.2.3 Influence of the buffer zone

The purpose of this chapter is to calculate the acoustic damping in pipe flows, thus we

need to obtain the stable RMS pressure distribution over a reasonable distance. This

objective, however, is influenced by the buffer zone from two aspects. Firstly, as shown in
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Figure 4.10: Instantaneous velocity profiles at cross section x = 2 when Ma = 0 and
0.22.

the SPL distributions such as in Figure 4.7, the region near the buffer zone demonstrates

significant fluctuations of the SPL value, which can not be used to calculate the acoustic

damping. To minimise the range of this region, the influences of buffer zone widths is

investigated. The widths of the buffer zones are set as 0.5λ, 1λ and 1.5λ. The grid

is stretched with an initial spacing identical to that of the adjacent grid block. As the

amount of grid points of the buffer zone keeps unchanged, the grid stretching is reinforced

along with the increasing widths. Secondly, at the interface between the buffer zone and

the main computational zone, a reflection wave may be initiated. Although this potential

reflection wave can be avoided by performing the simulations over a short physical time,

its effect is evaluated. The performed physical time is set as 8 times periods of the

sound wave, by which the reflected wave can almost propagate upstream to the inlet. In

addition, the ABL is resolved with 15 points and the streamwise resolution is set with 20

points. Also, there is no flow employed in this study. The corresponding computational
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settings are summarised in Table 4.8, where the physical time is measured by the period

of the sound wave.

Case no. Streamwise PPW Resolution of ABL Buffer zone width Physical time

3.1 20 15 0.5λ 8
3.2 20 15 1.0λ 8
3.3 20 15 1.5λ 8
1.4 20 15 1.5λ 5

Table 4.8: Computational settings for the study of the effect of buffer zone widths.
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Figure 4.11: SPL and instantaneous pressure distributions along the x-axis obtained
with various widths of the buffer zone.

As shown in Figure 4.11, the distributions of SPL and instantaneous pressure ob-

tained with various buffer zone widths agree well, and little differences can be identified.

Therefore the widths of the buffer zones and the resulting grid stretching should not
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Figure 4.12: SPL distributions along the x-axis obtained with different performed
physical time.

be regarded as the main reasons for the irregular distributions. In Figure 4.7, we can

observe that the regions demonstrating irregular SPL distributions are narrowed along

with increasing grid resolutions. Therefore the width of the region infected by the buffer

zone is strongly in relation to the grid resolution.

Figure 4.12 shows the SPL distributions along the x-axis obtained with different

performed physical time. Firstly, from an overall scope of view, Figure 4.12(a) shows

that the two SPL distributions agree well, especially the region influenced by the buffer

zone does not expand with time. Furthermore, as shown in Figure 4.12(b), the enlarged

figure shows that there are oscillations of the SPL distribution along the x-axis for the

longer performed physical time. This implies that a reflection wave is overlapped with

the main wave. However, the reflection wave is relatively small in magnitude and the

resulting SPL distribution is oscillated around a base line which is formed by a shorter

performed physical time. In conclusion that, the reflection wave barely changes the
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characteristics of the sound wave decay. Specifically, for the simulation with a longer

physical time, the slope of the SPL decay can be obtained by a linear fitting as given in

Figure 4.12(b), which gives a line that coincides well with the base line.

4.3.2.4 Thin acoustic boundary layer

When the ABL is thinner than the viscous sublayer, the acoustic damping in wall bound-

ary layer is weak and mainly induced by the molecular viscosity rather than turbulence.

The investigation about the effects of resolving degrees of wall boundary layer is carried

out to evaluate the necessary of grid resolved computations at this situation. Four re-

solving degrees of wall boundary layers are performed with a flow velocity of Ma = 0.03.

Firstly, the boundary layer is not resolved with a slip-wall boundary condition, however,

the molecular viscosity and turbulence is reserved. The first layer of grid has a wall

distance equal to the thickness of viscous sublayer, namely ∆s = 2.65× 10−4 according

to Equation 2.48. Secondly, the boundary layer is resolved with no-slip wall boundary

condition to the viscous sublayer, namely ∆s = 2.65 × 10−4. Thirdly, the boundary

layer is resolved to the ABL, namely ∆s = 1.39× 10−4 according to Equation 2.47. At

last, the ABL is resolved with 15 points, namely ∆s = 1.0 × 10−5. In addition, the

streamwise resolution is set with 20 points and the buffer zone has a width of about

1.5λ.

Case no. Mach no. Streamwise PPW Resolving degree ∆s, m

4.1 0.03 20 Not resolved 2.65× 10−4

4.2 0.03 20 To viscous sublayer 2.65× 10−4

4.3 0.03 20 To ABL 1.39× 10−4

4.4 0.03 20 Resolved ABL 1.0× 10−5

Table 4.9: Computational settings for evaluating the effects of the resolving degrees
of wall boundary layers on acoustic damping.
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Figure 4.13: SPL distributions along the x-axis obtained with various resolving de-
grees of wall boundary layers.
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Figure 4.14: Instantaneous velocity profiles at cross section x = 1 when Ma = 0.03.

As shown in Figure 4.13, the result obtained with no resolved boundary layer shows

barely SPL decay. In comparison with the results obtained with resolved boundary

layers, we can conclude that the boundary layer plays a key role in acoustic damping.

Furthermore, we can observe that the acoustic attenuation is over-predicted by resolving

the boundary layer to the viscous sublayer, while the SPL decay obtained by resolving

the ABL matches well with that solved by a grid which has the nearest wall distance

equal to the thickness of the ABL. Moreover, Figure 4.14 demonstrates the velocity

profiles at cross section x = 1 and clearly shows the resolving degrees of wall boundary

layers. Firstly, the velocity at the wall is non-zero using a slip-wall boundary condition,

thus there is no boundary layer formed at this condition. Otherwise, if resolving the wall

boundary layer the velocity varies from zero at the wall to the value at the flat region

and a trough is demonstrated. The trough shown in the resolved ABL line is deepest

and narrowest, while the troughs for the other situations show similar depths and the

result obtained with the resolving degree to the sublayer shows thickest boundary layer.

4.3.3 Conclusions for Computational Setup

In conclusion, in terms of the mean-flow simulations, the y+ value should be on or under

the order y+ = 1. A medium grid shown in Table 4.2 can be used for all the flow

conditions.

In terms of the perturbation simulations, the streamwise resolution should be set

as > 20 PPW. If using an identical grid for all flow conditions, the actual resolution

is refined along with increasing flow velocities due to Doppler effect. The ABL can be

well resolved using 15 points. The width of the buffer zone has weak influence, which

together with the sufficient gird resolution gives an acceptable influence on the SPL

distribution. Also, the effects of wall boundary layers are evaluated when the ABL is

thinner than the viscous sublayer. The results show that the ABL is important for the

acoustic damping at this situation.
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4.4 Plane Wave Problem

4.4.1 Setup

The physical configuration of the plane wave problem has been set in Section 4.2, and the

corresponding CFD and CAA computational domains has been defined in Section 4.3.

According to the conclusion for computational setup, the CFD simulations employ the

medium grid as given in Table 4.2. The CAA gird uses a streamwise resolution of 20

PPW based on a quiescent fluid. The ABL is resolved with 15 points and the resulting

height of wall-adjacent cell is equal to almost 1.0× 10−6.

Streamwise PPW Resolution of ABL ∆s, m Buffer zone width

20 15 1.0× 10−6 1.5λ

Table 4.10: Grid parameters for CAA simulations. The parameters are calculated
when Ma = 0.

4.4.2 Simulation Results

Totally eleven flow conditions are simulated over Ma = 0− 0.22. Table 4.11 gives some

mean values and the resulting normalised ABL thickness. These values are calculated

according to mean-flow results in the fully developed flow region. The calculated values

of δ+
A meet well with the experimental data [157] in which δ+

A ranges from 1.97 to 30.67.

Figure 4.15 shows the mean flow components at M = 0.22.

Mach no. 0.01 0.03 0.05 0.07 0.09 0.11 0.13 0.15 0.18 0.20 0.22
Re no., ×103 7.7 24 40 57 73 90 106 123 139 156 172

y+ 0.05 0.13 0.21 0.28 0.36 0.42 0.49 0.56 0.62 0.69 0.75
uτ 0.22 0.57 0.90 1.22 1.54 1.83 2.12 2.41 2.70 2.98 3.26
δ+
A 1.98 5.24 8.27 11.2 14.2 16.8 19.5 22.1 24.8 27.4 30.0

Table 4.11: Mean-flow values obtained at different Mach numbers.

The sound propagation downstream and upstream is simulated, and for each case

there are twelve flow conditions. Figure 4.16 shows the instantaneous pressure and

velocity perturbations, where the ABL is visible in the velocity contour.

4.4.3 Results and Analysis for Attenuation of Sound

The relationship of the attenuation coefficient against δ+
A is yielded. The experimental

data from Allam and Åbom [157], as well as the computational results obtained by

Howe’s analytical model [143] and by the non-equilibrium model of Weng et al. [12]

are compared. Comparison is also performed with the wave equations method which

employs the quasi-steady models suggested by Reynolds [114] and by Howe [214] and is

implemented by Weng.
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(a) ū

(b) µt

Figure 4.15: Non-dimensional mean flow components at M = 0.22.

(a) p′

(b) u′

Figure 4.16: Instantaneous perturbation fields at M = 0.22.

Figure 4.17 demonstrates the profiles of the instantaneous perturbation velocity and

mean velocity at the same cross-section. Where u∗ = |u/umax|, represents the velocity

ratio of the local value to the maximum. As shown, at higher Mach numbers, the

ABL falls into the log-law region of the turbulent boundary layer to a large degree. In

the logarithmic region, namely the fully turbulent region, the eddy viscosity increases

approximately linear with the distance from the wall thereby resulting in significant

damping of sound. Also, the phase-dependent profiles of the ABL are observed using the

time-dependent simulation, as shown in the velocity perturbation contour in Figure 4.16.

Figure 4.18 plots the normalised attenuation coefficient against the non-dimensional

thickness of the ABL. Firstly, the results solved by LNS show reasonable agreements

with those obtained by wave equation with the corresponding turbulent models, and the

normalised attenuation coefficients are slightly greater at large δ+
A values The results

from Howe (1995) and Weng et al. (2013) show good agreement with the experimental

data by Allam et al., especially for the transition of attenuation at almost 5 < δ+
A < 19

where a local minimum of the attenuation is observed. Peters et al. [156] attributed this
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Figure 4.17: Relationship between the acoustic and turbulent boundary layers.

transition to the influence of the turbulent memory effect and extended Ronneberger

and Ahrens’ rigid plate model [154] by including this memory effect. Later, Howe [143]

proposed an analytical model by extending Prandtl’s linear approximation, the memory

effect is introduced into the eddy viscosity. Moreover, Weng et al. [12] developed a phase-

dependent model of eddy viscosity further by including the non-equilibrium effect. The

other models, however, do not take the turbulent memory effect and the non-equilibrium

effect into account, therefore the transition of attenuation cannot be resolved.

Figure 4.18 also shows that the Reynolds’s quasi-steady model underestimates the

attenuation beyond the transition region, whereas the Howe’s quasi-steady model can

provide more reasonable results with increasing δ+
A . As indicated in Equation 2.33, the

Reynolds’s model is derived by vanishing the term µ̃t, which implies that the turbulent

kinetic energy is not modulated by the wave motion.

In addition, we can observe that more attenuation is conduced when sound wave

propagates upstream. According to Section 4.1.2, we can conclude that the convection
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Figure 4.18: Relationship between acoustic damping and δ+A .

effect dominates the mean-flow effects.
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4.5 High-order Modes

In the previous section, the attenuation of sound by turbulence has been studied for

the plane wave problem where the Helmholtz number is lower than the first cut-on

frequency, thus the higher order acoustic modes are cut-off. For some applications, the

sound propagation at high-order modes needs to be precisely characterized, for instance

when applying the N-port method [215] to determine the aeroacoustic characteristics

in a duct system. Also, when designing the noise suppressor for aero-engine inlet and

exhaust ducts, neither axisymmetric sound propagation theory nor flow duct empericism

can predict the actual extensive attenuation which is suggested in relation to the spinning

mode character of sound [216]. The spinning duct modes are produced by rotor-stator

interaction and by inlet distortion-rotor interaction.

This section aims to investigate the character of acoustic damping induced by tur-

bulence depending on high-order spinning modes, which is still a less-explored subject.

4.5.1 Problem Setup

With regards to acoustic waves in a circular duct, the derivative of the Bessel function

has an infinite number of zeros as defined in Equation 4.8.

dJm(krr)

dr

∣∣∣∣
r=R

= J ′m (ηmn) = 0, m = 0, 1, · · ·. (4.8)

Some of these roots ηmn are listed in Table 4.12. The cut-off frequency for a mode is

determined using Equation 4.9.

f =
ηmnc

2πR

√
1−M2. (4.9)

If the acoustic frequency is above that given by Equation 4.9 the corresponding mode

can propagate. Otherwise, the mode declines exponentially if it is driven below the

cut-off frequency. To enable a series of high-order acoustic modes, the duct diameter

n \ m 0 1 2 3

0 0 1.8412 3.0542 4.2012
1 3.8317 5.3314 6.7061 8.0152
2 7.0156 8.5263 9.9695 11.3459
3 10.1735 11.7060 13.1704 14.5859

Table 4.12: Some roots of Equation 4.9.

and the acoustic frequency are set to obtain a relatively high Helmholtz number, as

shown in Table 4.13. Given that the Helmholtz number is equal to 7.2076 with a sound

speed of 343.2378 m/s, the duct modes (0, 0), (0, 1) and (0, 2), as well as (1, 0), (2, 0) and

(3, 0) are expected to be able to propagate and are performed in this study of acoustic

damping by turbulence at high-order modes.
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Diameter, m Frequency, Hz Mach no. ABL thickness, m Helmholtz no.

0.75 1050 0.01− 0.22 6.74× 10−5 7.2076

Table 4.13: Main settings for researches of the acoustic damping at high-order modes.

The attenuation of sound waves is calculated using the method described in Sec-

tion 4.2.

4.5.2 Computational Setup

The geometry of the circular duct is a clean axisymmetric pipe. Also, the mean flow is

considered to be axisymmetric without swirl component. Therefore, the computational

domain can be reduced from a realistic three-dimensional circular duct, whereby the

computational efforts can be significantly decreased. Due to the azimuthal periodicity

of the acoustic problem, the CAA computational domain can be reduced to 2π/m in

circumferential direction, where m > 0 is the azimuthal mode, for example as shown

in Figure 4.19. A periodic boundary condition was applied at the boundaries in the

circumferential direction. The mean flow is simulated using a two-dimensional domain,

subsequently is extended into the 2π/m domain for CAA simulations. In terms of

the (0, 0) mode, a two-dimensional domain is employed, and a 2π/3 domain is used to

perform the (0, 1) and (0, 2) modes.

Figure 4.19: Sketch of the CAA simulation domain for mode (3, 0).

As shown in Figure 4.20, the CAA simulation domain contains a wave propagation

region which has the length equal to almost 3.75 wavelengths of the sound wave when

Ma = 0.22. The input zone and the buffer zone are set similarly as those used in

Section 4.3. The CFD computational domain is half of the duct with an axisymmetric

condition at the lower boundary, as shown in Figure 4.21, which is extended to x =

−4.25 to make sure that the turbulent flows employed in the CAA simulations are fully

developed. As shown in Figure 4.22 and Figure 4.23, when Ma = 0.22, the wall shear

stress along the wall and the turbulent viscosity along the x-axis demonstrate steady

distributions within the CAA simulation domain.
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Figure 4.20: Sketch of the CAA simulation domain. The parameters are calculated
when Ma = 0.22.

Figure 4.21: Distribution of the turbulent viscosity in the CFD simulation domain
when Ma = 0.22.
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Figure 4.22: Wall shear stress value through a spline processing along the walls of
the CFD simulation domain.
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Figure 4.23: Turbulent viscosity along the x-axis of the CFD simulation domain.
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To obtain grid convergent results and relatively small errors, the CFD and CAA

grid is set according to the study for computational setup in Section 4.3. The mean-flow

simulations employ a refined grid with settings as demonstrated in Table 4.14. The

∆s = 7.0× 10−6m ensures that the y+ value is on or under the order y+ = 1 for all flow

conditions.

Grid Aspect ratio maximum Length ratio maximum ∆s, m

150× 2400 360 1.06 7.0× 10−6

Table 4.14: Grid parameters for CFD simulations.

In terms of the perturbation simulations, the streamwise resolution is set as almost 20

PPW when Ma = 0, whereby the refined resolutions are applied to other flow conditions.

Compromising with the computational cost, the ABL is resolved using 10 points and

the corresponding height of wall-adjacent cell is equal to almost 7.0× 10−6. According

to Section 4.3.2.2, the extrapolated relative errors e3
ext for the coarse gird are 0.24% and

3.85%, respectively for Ma = 0 and 0.22. The width of the buffer zone is equal to or

greater than 1.5λ according to the flow velocities.

Streamwise PPW Resolution of ABL ∆s, m Buffer zone width

20 10 7.0× 10−6 ≥ 1.5λ

Table 4.15: Grid parameters for CAA simulations.

4.5.3 Simulation Results

In total, seven flow conditions are simulated over Ma = 0 − 0.22. According to mean-

flow results in the fully developed flow region, some mean values and δ+
A are calculated

and given in Table 4.16.

Mach no. 0.03 0.06 0.09 0.12 0.15 0.19 0.22
Re no., ×105 5.27 10.5 15.8 21.1 26.3 31.6 36.9

y+ 0.15 0.27 0.39 0.50 0.61 0.72 0.82
uτ 0.64 1.17 1.68 2.17 2.64 3.11 3.57
δ+
A 2.86 5.24 7.52 9.71 11.84 13.93 15.99

Table 4.16: Mean-flow values obtained at various Mach numbers.

For CAA simulations, as described, there are total 6 modes selected and for each

mode there are 8 cases performed with various flow velocities. To identify the influence

of turbulence on the acoustic damping, each case is performed using the LEE and LNS

methods, respectively. The LEE method uses the slip-wall boundary condition and

leads to an inviscid approach, whereas the LNS method uses the no-slip wall boundary

condition to resolve the ABL based on a turbulent flow. The following results shown in

Figure 4.24 and Figure 4.25 are obtained using the simulation data when Ma = 0.
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Copying the computational results of a 2π/m domain to a whole duct field, Fig-

ure 4.24 shows the perturbation pressure distributions at multiple cross-sections along

the x-axis, and the spinning mode sound propagation can be identified. Also, we can

notice that Figure 4.24(b) shows a significant decrease of the perturbation pressure for

the mode (0, 2). Figure 4.25 demonstrates the corresponding SPL distributions at an

axial section. Apparent gaps can be found at the interfaces of the radial modes, as

show in Figure 4.25(b) and 4.25(c). Also, as shown in Figure 4.25(a), 4.25(d),4.25(e)

and 4.25(f), as the azimuthal mode increases the SPL near the central axis drops. We

may assume that when the azimuthal mode increases the acoustic energy concentrates

towards the wall and lesser pressure oscillations occur near the central axis, hence the

acoustic damping due to the ABL would become stronger.

(a) (0, 1)

(b) (0, 2)
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(c) (1, 0)

(d) (2, 0)

(e) (3, 0)

Figure 4.24: Perturbation pressure distribution along the x-axis for each mode.
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(a) (0, 0)

(b) (0, 1)

(c) (0, 2)

(d) (1, 0)

(e) (2, 0)

(f) (3, 0)

Figure 4.25: SPL distribution on an axial section along the x-axis for each mode.
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4.5.4 Results and Analysis for Attenuation of Sound

Firstly, the attenuation coefficients at mode (0, 0) for 250 Hz and 1050 Hz are compared

as shown in Figure 4.26. The attenuation coefficient obtained for 1050 Hz is much higher

than that given for 250 Hz, a greater growth rate of the attenuation coefficient is also

observed for the higher frequency.
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Figure 4.26: Attenuation coefficients of the acoustic wave at mode (0, 0) for 250 Hz
and 1050 Hz.

Next, to evaluate the attenuation of sound at the high-order modes, ∆SPL is cal-

culated along a streamwise line at y = 0.35. Here the streamwise attenuation ratio of

sound is assumed identical at any radial location. The performed cases are classified

into two group, respectively for the radial modes as shown in Figure 4.28 and for the

azimuthal modes as shown in Figure 4.29.

Figure 4.27(a) shows the attenuation of sound when the viscous and turbulent effects

are not taken into account. In terms of the group of radial modes, namely the modes

(0, 0), (0, 1) and (0, 2), ∆SPL is enhanced when the radial modes are higher. With

regards to the group of azimuthal modes, namely the modes (0, 0), (1, 0), (2, 0) and

(3, 0), we can find the trend that ∆SPL is improved at higher azimuthal modes, except

for mode (2, 0) for which ∆SPL demonstrates a decreasing tendency from the beginning.

Moreover, an obvious decreasing trend of the growth rate of ∆SPL along with the

increasing δ+
A can be found for modes (0, 1), (0, 2) and (1, 0). This may be caused by the

lengthened wavelength at higher flow velocities. As the wavelength of the sound wave

is lengthened the total acoustic energy distributed over a meter is decreased, then the

resulting SPL difference over a meter is reduced. In brief, the mean-flow convection

effect shows its influence.

Taking into account the viscous and turbulent effects, the attenuation of sound is

considerably strengthened, as shown in Figure 4.27(b). Given the negligible effect of

molecular viscosity, we can conclude that the turbulent effect plays an important role

in the attenuation of sound waves at high-order modes when the ABL thickness is
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obviously greater than the sublayer thickness. Also, the resulting ∆SPL clearly trends

higher along with the increasing δ+
A , except for the mode (0, 2). The growth of ∆SPL

can be explained by the increasing turbulent viscosity and its gradient at higher flow

velocities. Also, the decreasing trend of the growth rate at relatively high Mach numbers

can be found for modes (0, 1), (0, 2) and (1, 0), which is also attributed to the mean-flow

convection effect. With regards to mode (0, 2), as other effects rather than the viscous

and turbulent effects play a dominant role in the attenuation of sound, ∆SPL begins to

decrease at almost δ+
A = 5.24. Furthermore, the assumption in Section 4.5.3 according

to the SPL distribution at each azimuthal mode can be confirmed. As demonstrated,

∆SPL is approximately enhanced when the azimuthal mode is higher, although ∆SPL

of mode (2, 0) at high δ+
A values is less than that of mode (1, 0).

A

+

 S
P

L
 (

d
B

/m
)

0 3 6 9 12 15
­0.1

0

0.1

0.2

0.3

0.4

0.5

0m0n

0m1n

1m0n

2m0n

3m0n

(a) No viscous and turbulent effects

A

+

 S
P

L
 (

d
B

/m
)

0 3 6 9 12 15
0

0.2

0.4

0.6

0.8

1

1.2

1.4

0m0n

0m1n

1m0n

2m0n

3m0n

(b) Including viscous and turbulent effects

Figure 4.27: Acoustic damping at each mode.
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Figure 4.28: Acoustic damping at each radial mode. ( ) including viscous and
turbulent effects; ( ) not including viscous and turbulent effects.
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Figure 4.29: Acoustic damping at each azimuthal mode. ( ) including viscous and
turbulent effects; ( ) not including viscous and turbulent effects.





Chapter 5

Effects of Wall Boundary Layer

on External Noise Radiation

Analytical methods can effectively calculate the engine noise scattering by a fuselage,

such as the equivalent source method (ESM). However, the effect of boundary layers

can not be taken into account by such tools. When the acoustic waves radiated from

the engine arrive at the boundary layer, refraction due to the velocity gradients and

scattering due to the turbulent fluctuations occur. The scattering effect has not been

taken into account in current studies, which can be simulated by the LNS method

employing, such as the random-particle-mesh method. In general, the effect of the wall

boundary layer raises concerns in two aspects. The first is the far-field noise distribution

at take-off/landing conditions. The main concern in this area is the community noise

impact from the commercial aircraft. Current approaches to the far-field radiation of

aircraft noise barely take the influence of boundary layers into account. The other

area is the engine noise impact on the fuselage at cruise conditions, which results in a

significant part of the cabin noise. Experiments and computations [217–219] have shown

that refraction is considerable at cruise conditions.

In this chapter, the acoustic refraction induced by the boundary layer is investigated

by the LNS method. The primary purpose here is to validate the usability of the

LNS method in this problem. Furthermore, the surface sound pressure distributions

influenced by the refraction effect are evaluated at the take-off and landing conditions,

and the resulting influence on the far-field acoustic directivity is also investigated by

incorporating an FW-H solver.

5.1 Problem Setup

Instead of a realistic airplane configuration, simplified models containing basic elements

are employed with the intention of simulating the fundamental mechanisms. The engine

noise is simplified as a monopole source, and the fuselage is emulated firstly by a flat

plate, further by a cylinder. To evaluate the influence on the far-field sound directivity, a

lengthened cylinder model is subsequently used. The monopole sound source is modelled

119
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Figure 5.1: Sketch of the refraction of sound waves by the boundary layer.

Model Frequency, Hz Mach no. Helmholtz no.

Plate 400 and 800 0.3 and 0.75 π and 2π
Cylinder 400 and 800 0.3 and 0.75 π and 2π

Lengthened cylinder 800 0.3 2π

Table 5.1: Settings for acoustic and flow parameters.

by the Gaussian function. Two source frequencies, 400 Hz and 800 Hz are adopted in

the current simulations. The boundary layer thickness corresponds to the wavelength

of a sound wave at 800 Hz, hence the Helmholtz numbers based on the boundary layer

thickness are respectively about π and 2π. Two flow velocities are employed, 0.3 is a

typical Mach number at the take-off condition and Ma = 0.75 corresponds to the cruise

condition.

Figure 5.2: Sketch of the plate model.

The flat plate model is the most simple one where the sound waves are reflected by

the solid plane surface and refracted due to the wall boundary layer. The dimensions of

the flat plate are 3 m in the spanwise direction and 6 m in the streamwise direction, as
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shown in Figure 5.2. The dimensions of the computational domain including the buffer

zones are 5 m in spanwise direction, 7.7 m in streamwise direction, and 4 m in height.

The width of buffer zones is at least 0.85 m which corresponds to the wavelength of the

sound waves at 400 Hz.

Figure 5.3: Sketch of the cylinder model.

The scattering of sound waves by a cylinder is more complex, as shown in Figure 5.3,

where the sound waves could propagate into the boundary layer with relatively large

incident angles. The dimensions of the cylinder are 4 m in diameter and 6 m in the

streamwise direction. The diameter of the cylinder relates to the typical dimension

of a commercial aircraft. The computational domain including the buffer zones is an

annular duct of which the inner and outer diameters are 4 m and 12 m respectively, and

the length is 7.7 m.

The lengthened cylinder is extended upstream for 4 m and has a total length equal

to 10 m. As shown in Figure 5.4, a cylindrical surface of radius equal to 4.7 m is used for

the FW-H integral. The far-field observers are located at 100 m away from the central

point of the cylinder and are used to imitate the measurement of the sound radiation to

the ground. For the computational domain, the inner and outer diameters are 4 m and

13.28 m respectively, and the length is 11.28 m.

The clearance between the sound source and the wall is 2.5 m, which corresponds to

the typical distance from the sound source of the engine to the fuselage. And the sound

source is located at x = 4 position in the streamwise direction.

5.2 Computational Setup

Due the symmetrical geometries of the flat plate and the cylinder models, the flow field

can be simulated with a two-dimensional flat plate model at a relatively low compu-

tational cost. To show considerable refraction effect, as indicated in Section 4.1.2, the
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Figure 5.4: Sketch of the lengthened cylinder and the FW-H integral surface.

Model Dimensions, m Mach no. Grid size

Plate W:5; H: 4; L: 7.7 0.3 and 0.75 4, 013, 940 cells
Cylinder D:(12-4); L: 7.7 0.3 11, 659, 536 cells

0.75 19, 634, 832 cells
Lengthened cylinder D:(13.28-4); L: 11.28 0.3 22, 044, 552 cells

Table 5.2: Computational domains and grid settings for CAA simulations.

Helmholtz numbers should be relatively large, which is expected here to be approxi-

mately 2π based on the wavelength at 800 Hz. Therefore the boundary layer thickness

should be approximately equal to 0.425 m. Customarily, the boundary layer thickness

is defined as the distance from the wall to the point where the flow velocity has reached

99% of the main stream velocity [220], namely

u(y) = 0.99u0. (5.1)

For an external flow, the turbulent boundary layers develop along the streamwise direc-

tion with an almost linear growth rate in thickness, as indicated in Equation 5.2 and

5.3. The thickness of turbulent boundary layers over a flat plate can be estimated by

[220]

δ ≈ 0.16x

Rex
1/7

, (5.2)

also, can be calculated by [221]

δ ≈ 0.38x

Rex
1/5

, (5.3)
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Static pressure, Pa Density, kg/m3 Sound speed, m/s Kinematic viscosity, m2/s

101325 1.220 340.29 1.4607× 10−5

Table 5.3: Fluid parameters.

where Rex = ρu0x/µ and x is the distance downstream from the start of the boundary

layer. To obtain the thickness around 0.425 m, according to Equation 5.2, the flow

domain should be extended downstream to 41.17 m and 47.97 m, respectively for Ma =

0.3 and 0.75; while the flow domain should be correspondingly extended downstream to

58.25 m and 73.25 m according to Equation 5.3. Also, to approximate to the far-field

condition the outer boundary should be placed at the height that is about ten times

the boundary layer thickness. Eventually, the solved boundary layer thickness reaches

0.425 m at x = 46.16 when Ma = 0.3 and at x = 54.45 when Ma = 0.75, as shown in

Figure 5.6. Therefore, the dimensions of the CFD computational domain are set as 60 m

× 4 m.

Figure 5.5: y+ values at the wall.

The flow is computed using Fluent with a density-based steady solver, and the SST

κ− ω model is employed. The mass-flow-inlet boundary condition is applied at the do-

main inlet, and the pressure-outlet boundary condition is used at the domain outlet. The

symmetry boundary condition is employed at the outer boundary where the velocities

normal to the boundary equal to zero. The flow variables are solved with second-order

schemes. Due to the wall boundary layer is resolved, y+ should be on the order of 1, and

the actual maximal values of y+ are around 0.4 and 0.8, respectively when Ma = 0.3 and

0.75, as shown in Figure 5.5. To simplify the computation, identical fluid parameters

are used for the take-off/landing conditions and are displayed in Table 5.3.

Once the turbulent boundary layer is resolved, the mean field values at the cor-

responding cross-section are interpolated into the three-dimensional CAA computa-

tional domain. According to the conclusion of Section 3.3.2, the CAA grid is set with

PPW = 15 at 400 Hz and 800 Hz, respectively. The buffer zones are placed around the
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Figure 5.6: Normalised velocity profiles at x = 46.16 and x = 54.45, respectively for
Ma = 0.3 and 0.75.

outer boundaries of the computational domain to emulate the free-space sound radiation.

At walls, the slip boundary condition is used. As the main objective is here to investi-

gate the mean-flow refraction effect, the molecular and turbulent viscosities are ignored.

At a given Mach number and frequency, the perturbation simulation is carried out on

the basis of a mean flow with/without the wall boundary layer, respectively denoted as

“BL”and “no BL”. The comparisons of the perturbation fields and the resulting SPL

distributions are performed between the “BL”and “no BL”situations at each case.

5.3 Flat Plate

Considering the cases for M = 0.3, Figure 5.7 and Figure 5.8 display the instantaneous

pressure perturbations on the symmetric face, while Figure 5.9 and Figure 5.10 show

the SPL on the plate surface. From Figure 5.7 and Figure 5.8, we can observe that the

wavelength is lengthened in the downstream region while it is shortened in the upstream

domain. In addition, the interference between the directly incident waves and the wall-

reflected waves can be observed. The interference also influences the SPL distribution

as shown in Figure 5.9 and Figure 5.10, where obviously wavy distributions of the SPL

on the plate surface are demonstrated with various wavelengths in both the spanwise

and streamwise directions. Furthermore, significant drops in SPL values are found at

the wavefront of the sound wave especially in the upstream region. In comparison be-

tween the “BL”and “no BL”cases, as shown for the sound waves at 800 Hz, neither the

SPL distributions nor the instantaneous pressure contours demonstrates apparent differ-

ences. For 400 Hz waves, as the Helmholtz number is lesser, the differences induced by

mean-flow refraction effect are more invisible. Subsequently, Figure 5.11 displays precise

comparisons of the SPL on the plate surface along the streamwise symmetry line. Firstly,

the phase shifts are observed for both the 400 Hz and 800 Hz cases, and the wave shapes

move upstream due to the boundary layer refraction. Furthermore, the SPL values show
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small differences in magnitude between the the “BL”and “no BL”cases. Also, compared

with the downstream region, the upstream region gives relatively high levels in SPL

magnitudes, as the acoustic energy is concentrated and diluted due to the mean-flow

convection effect, respectively for the upstream and the downstream propagating waves.

Also, the wavelengths of the wavy distribution of the SPL in the streamwise direction

can be estimated from Figure 5.11 and are equal to about 4/5 and 1/2 of the acoustic

wavelengths, respectively in the upstream and the downstream regions. Notice that the

acoustic wavelengths in the upstream and the downstream regions are different due to

Doppler effect.

When M = 0.75, the refraction effect are significantly enhanced. As shown in Fig-

ure 5.14 and Figure 5.15, the SPL distributions on the plate surface are dramatically

altered in the upstream region due to the boundary layer refraction. And the alterations

are improved at the higher frequency for which a “quiet”zone is displayed in the upstream

region in Figure 5.15. Figure 5.12 and Figure 5.13 display the instantaneous pressure

perturbations on the symmetric face. These figures clearly demonstrate the detachments

of sound waves from the plate wall due to the boundary layer. The detached positions

(once the SPL values are significantly less than 60 dB) are located at about x = 2.42

for 400 Hz and x = 2.63 for 800 Hz, as well as the corresponding angles between the

wall and the ray formed from the source location to the detached point are respectively

about 57.7◦ and 61.3◦. Therefore, we can deduce that the lower frequency wave begins

to detach at a bigger incident angle. Figure 5.16 gives the comparisons of the SPL on

the plate surface along the streamwise symmetry line. In the very downstream region,

the SPL distributions for the “BL”and “no BL”cases are almost identical in magnitude

and in phase shape. However, the SPL magnitudes are dramatically dropped when mov-

ing upstream, namely there are rare acoustic energy propagated to the upstream plate

surface due the mean-flow refraction effect.

(a) No BL (b) BL

Figure 5.7: Instantaneous pressure perturbation on the symmetric face. M = 0.3,
400 Hz.
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(a) No BL (b) BL

Figure 5.8: Instantaneous pressure perturbation on the symmetric face. M = 0.3,
800 Hz.

(a) No BL (b) BL

Figure 5.9: SPL on the plate surface. M = 0.3, 400 Hz.

(a) No BL (b) BL

Figure 5.10: SPL on the plate surface. M = 0.3, 800 Hz.
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Figure 5.11: SPL on the plate surface along the streamwise symmetry line. M = 0.3.

(a) No BL (b) BL

Figure 5.12: Instantaneous pressure perturbation on the symmetric face. M = 0.75,
400 Hz.

(a) No BL (b) BL

Figure 5.13: Instantaneous pressure perturbation on the symmetric face. M=0.75,
800 Hz.
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(a) No BL (b) BL

Figure 5.14: SPL on the plate surface. M = 0.75, 400 Hz.

(a) No BL (b) BL

Figure 5.15: SPL on the plate surface. M = 0.75, 800 Hz.
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Figure 5.16: SPL on the plate surface along the streamwise symmetry line. M=0.75.
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5.4 Cylinder

Figure 5.17: Sketch of the observation lines and faces for the cylinder model.

As shown in Figure 5.17, the results for the cylinder model are evaluated in the ways

as follows:

• Instantaneous pressure perturbation on the z = 0 face (side view), which shows

the behaviours of the acoustic waves along the streamwise direction;

• Instantaneous pressure perturbation on the x = 4 face (front view), which demon-

strates the characteristics of sound propagation along a circumference at x = 4;

• SPL on the cylinder surface, from the top view and the side view;

• SPL on the cylinder along the streamwise direction, including the lines located on

the top and the side, namely at y = 2 and z = 2;

• SPL on the cylinder along the circumferences at x = 4 and x = 0.5, respectively

denoted as r|x=4 = 2 and r|x=0.5 = 2.

When M = 0.3, similar to the plate case, there are no considerable refraction effects.

Figure 5.18 and Figure 5.19 show the sound propagation along the circumference, and

there are no observable differences induced by the boundary layer for both the 400 Hz

and 800 Hz cases. From the top view, as shown in Figure 5.20 and Figure 5.21, wavy

distributions of the SPL on the cylinder surface are demonstrated. The wavelengths

estimated from y = 2 lines in Figure 5.22 are also equal to about 4/5 and 1/2 of the

acoustic wavelengths respectively in the upstream and the downstream regions, same

as the values in the flat plate case. As also shown in Figure 5.22, the central regions

instantly under the monopole source barely show differences between the “BL”and “no

BL”cases. However, obvious distinctions appear in the upstream marginal regions, as
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shown in Figure 5.20(b) and Figure 5.21(b). As more precisely shown in Figure 5.23 for

the SPL at r|x=0.5 = 2, the sound fields show clear alterations due to the boundary layer

at most regions of the circumference at x = 0.5. In fact, at the front of the cylinder

surface instantly under the sound source, the effective incident angles of the acoustic

waves into the boundary layer are much larger than those in the corresponding locations

for the flat plate model, whereby the refraction effect becomes noticeable. Similarly,

the distinctions emerge in the regions directly below the monopole source, namely at

r|x=4 = 2, as shown in Figure 5.24, although the differences are relatively weak. Initially,

if there is no mean-flow convection, on the x = 4 face, the acoustic waves would propagate

into the boundary layers at an effective 0◦ incident angle. However, owing to the mean-

flow convection, the location that the source is projected on the cylinder is not at

x = 4 but moves downstream to a distance. As a consequence, above the locations at

x = 4 the acoustic waves will not get into the boundary layer at an effective 0◦ incident

angle, and thus the SPL distributions can be altered due to the refraction effect. As

shown in Figure 5.24 at r|x=4 = 2, as the effective incident angles increase towards the

marginal regions, the SPL drops to obviously lower degrees in the areas around 0◦ and

180◦. Also, at the higher frequency the alterations of the SPL distribution appear more

considerable. In terms of the side regions of the cylinder, as shown in Figure 5.25 and

Figure 5.26, the effective incident angles of the acoustic waves into the boundary layer

become much larger even beyond 90◦, therefore the acoustic waves tend to detach from

the wall and sometimes can not directly “touch”the wall surface. Figure 5.27 gives the

SPL distributions on z = 2 lines, where the boundary layer induces an obvious decline

of the SPL distributions towards the upstream direction, and the downward tendency is

more significant for the 800 Hz case.

At the emulated cruise condition, namely when Ma = 0.75, remarkable refraction

effects are generally observed. Figure 5.28 and Figure 5.29 show the detachment of the

acoustic waves from the wall along the streamwise direction; meanwhile, Figure 5.30

and Figure 5.31 demonstrate the detachment from the wall along the circumference

at x = 4. More serious detachments are found at the higher frequency for both the

SPL distributions along the circumference and the streamwise direction. From the top

view, as shown in Figure 5.32 and Figure 5.33, the “quiet”zones are formed due to the

boundary layer refraction. As similarly done in the flat plate case, the detached positions

estimated from y = 2 lines in Figure 5.34 are located at about x = 2.05 and x = 2.70,

respectively for 400 Hz and 800 Hz cases. The corresponding angles between the wall

and the ray formed from the source location to the detached point are respectively

about 52.0◦ and 62.5◦, which are close to those estimated from the flat plate case.

Furthermore, Figure 5.35 gives the SPL distribution at r|x=4 = 2. As the mean-flow

convection is significantly enhanced, in comparison with the corresponding values at the

lower Mach number as shown in Figure 5.24, the SPL is apparently altered due to the

refraction effect at the regions around 90◦. Moreover, as the effective incident angles are

drastically increased towards the side regions, significant reductions of the SPL induced
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by the refraction effect are demonstrated as given in Figure 5.35. The detached positions

(SPL ≤ 60 dB) are at about 24◦ and 156◦ for the 400 Hz case, while are at about 32◦

and 148◦ for the 800 Hz case. In addition, sharp drops in the SPL are observed for

the “BL”case. At the lower frequency, the drops are at around 10◦, 170◦ and 270◦;

meanwhile, the drops are all located at the lower cylinder surface and at around 190◦,

270◦ and 350◦ for the higher frequency. For both cases, the sound waves reaching the

cylinder back are significantly reduced due to the boundary layer. For the side areas,

as shown in Figure 5.36 and Figure 5.37, the SPL distributions are mostly altered due

to the boundary layers. z = 2 lines as shown in Figure 5.38 also demonstrate that the

boundary layers result in relatively lower SPL values than those given by “No BL”cases,

and induce the decline of the SPL towards the upstream direction.

(a) No BL (b) BL

Figure 5.18: Pressure perturbations on the x = 4 face. M = 0.3, 400 Hz

(a) No BL (b) BL

Figure 5.19: Pressure perturbations on the x = 4 face. M = 0.3, 800 Hz
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(a) No BL (b) BL

Figure 5.20: SPL on the cylinder surface from the top view. M = 0.3, 400 Hz

(a) No BL (b) BL

Figure 5.21: SPL on the cylinder surface from the top view. M = 0.3, 800 Hz
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Figure 5.22: SPL on the cylinder surface along y = 2 line. M = 0.3.
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Figure 5.23: SPL on the cylinder surface along r|x=0.5 = 2. M = 0.3.
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Figure 5.24: SPL on the cylinder surface along r|x=4 = 2. M = 0.3.
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(a) No BL (b) BL

Figure 5.25: SPL on the cylinder surface from the side view. M = 0.3, 400 Hz

(a) No BL (b) BL

Figure 5.26: SPL on the cylinder surface from the side view. M = 0.3, 800 Hz
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Figure 5.27: SPL on the cylinder surface along z = 2 lines. M = 0.3.
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(a) No BL (b) BL

Figure 5.28: Pressure perturbation on the streamwise symmetry surface (z = 0 face).
M = 0.75, 400 Hz

(a) No BL (b) BL

Figure 5.29: Pressure perturbation on the streamwise symmetry surface (z = 0 face).
M = 0.75, 800 Hz
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(a) No BL (b) BL

Figure 5.30: Pressure perturbations on the x = 4 face. M = 0.75, 400 Hz

(a) No BL (b) BL

Figure 5.31: Pressure perturbations on the x = 4 face. M = 0.75, 800 Hz
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(a) No BL (b) BL

Figure 5.32: SPL on the cylinder surface from the top view. M = 0.75, 400 Hz

(a) No BL (b) BL

Figure 5.33: SPL on the cylinder surface from the top view. M = 0.75, 800 Hz
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Figure 5.34: SPL on the cylinder surface along y = 2 lines. M = 0.75.
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Figure 5.35: SPL on the cylinder surface along r|x=4 = 2. M = 0.75.
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(a) No BL (b) BL

Figure 5.36: SPL on the cylinder surface from the side view. M = 0.75, 400 Hz

(a) No BL (b) BL

Figure 5.37: SPL on the cylinder surface from the side view. M = 0.75, 800 Hz
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Figure 5.38: SPL on the cylinder surface along z = 2 lines. M = 0.75.
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5.5 Lengthened Cylinder

At the take-off condition the main concern is the far-field noise distribution. The results

at the emulated take-off condition for the cylinder model have shown that the sound

field on the cylinder surface is apparently altered due to the boundary layer, especially

in the very upstream regions. However, the cylinder model is not long enough to obtain

a reasonable evaluation for the far-field acoustic distribution, and the length should be

extended comparable to that of a realistic aircraft. At such a length, the SPL distinctions

in the very upstream regions are assumed to develop sufficiently.

Figure 5.39 and Figure 5.40 shows apparently modifications of the acoustic fields

at the front of the cylinder surface due to the boundary layer, although the differences

are moderate. Especially in the upstream marginal regions, the boundary layer leads

to apparent reductions in SPL magnitudes although the area affected is quite limited

and not developed along the upstream direction. In terms of the FW-H integral surface,

no obvious differences are observed as shown in Figure 5.41 and Figure 5.42. As more

precisely shown in Figure 5.43, rare differences in magnitude between the “BL”and “no

BL”cases are given on y = 4.7 lines, but the wavy distributions show obvious phase

changes; meanwhile, on z = 4.7 lines, the SPL magnitudes show apparent distinctions

which increase towards the front of the cylinder, and the “BL”case gives higher SPL

values. Figure 5.44 gives the far-field acoustic directivity, where 0◦ and 180◦ angles

correspond to the downstream and upstream directions, respectively. As shown, the SPL

values agree well at most of the directions which range from 0◦ to almost 150◦ angles.

In the range of 150◦-180◦ angles, the case solved with the boundary layer demonstrates

much higher values and the differences reach about 6 dB at most.
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(a) No BL

(b) BL

Figure 5.39: SPL on the cylinder surface from the top view.

(a) No BL

(b) BL

Figure 5.40: SPL on the cylinder surface from the side view.
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(a) No BL (b) BL

Figure 5.41: SPL on the cylindrical surface for FW-H integral from the top view.

(a) No BL (b) BL

Figure 5.42: SPL on the cylindrical surface for FW-H integral from the side view.
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Figure 5.43: SPL on the FW-H integral surface along the streamwise lines.
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Figure 5.44: Far-field acoustic directivity solved by the FW-H solver.

5.6 Summary

In this chapter, the effects of the wall boundary layer to the sound wave propagation

are investigated in terms of the external flow, where the mean-flow convection and

refraction effects play important roles. Generally, as mentioned in Section 4.1.2, the

mean-flow convection effect decreases the wavenumber of the downstream propagating

waves and increases the wavenumber of the upstream propagating waves; meanwhile,

due to the mean-flow refraction effect, the downstream waves are refracted toward the

wall while the upstream waves are refracted away from the wall.

Through three simplified models, some similar conclusions are found in general.

Firstly, significant refraction effects are found for the emulated cruise condition in the

near-wall areas, and the boundary layer refraction results in a “quiet”zone in the up-

stream region. Secondly, the “quiet”zone is enlarged at the higher frequency, namely

the refraction effect depends on the Helmholtz numbers based on the boundary layer

thickness. Furthermore, as the mean-flow convection effect alters the wavenumber cor-

respondingly, the acoustic energy distributed in one meter increases in the upstream

region while decreases in the downstream region, whereby the SPL at the upstream

regions near the source location is higher than that in the downstream regions if the

boundary layer is not taken into account or shows refraction effects rarely. Moreover,

the mean-flow convection enlarges the actual upstream region near the wall.

Also, the results obtained from the three models show apparent differences. At the

emulated take-off condition, the results from the flat plate model do not show obvious

refraction effects for both the lower and higher frequencies. Nevertheless, for the cylinder

model, noticeable distinctions of the SPL distribution due to the boundary layer appear

in the upstream marginal regions. This is induced due to the relatively large incident

angles of the sound waves into the boundary layer. Therefore, the refraction effect
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also largely depends on the acoustic incident angle into the boundary layer. At the

emulated take-off condition, although obvious differences appear on the cylinder surface

in a limited area due to boundary layer, the acoustic fields show rare alterations on

the FW-H integral face. For the resulting far-field directivity, the SPL values solved

with/without the boundary layer agree well at most of the directions which range from

0◦ to almost 150◦ angles. However, higher levels emerge in the directions from 150◦ to

180◦ angles when solving with the wall boundary layer, and the difference is up to about

6 dB.



Chapter 6

Conclusions and Future Work

6.1 Concluding Remarks

This work aims to develop a novel linearised numerical model to simulate the sound

propagation. This work makes itself meaningful mainly from two aspects. The first is

related to the instability issue for the traditional linear acoustic propagation models. Of

most interest, these linear numerical models for example the LEE, are used to simulate

the sound propagation in turbulent flows where the flow fields are not uniform enough

to justify the use of analytical methods, such as the acoustic analogy. However, the

two step approach which includes a flow solver and an acoustic solver, often discards

the turbulence information when introducing the mean values of the base flow into the

linearised perturbation equations. This results in the base flow owning actual laminar

parallel velocity profiles in the absence of turbulence, whereby the traditional problem

of the fluid dynamic instability takes place. The other aspect to make the proposed

LNS approach useful is in relation to the attenuation of sound by turbulence. This

problem attracts concerns especially in duct flows. Experiments, analytical models and

the wave equation method have been carried out to quantify such acoustic damping.

Nevertheless, the proposed LNS method makes itself superior as in theory the linearised

perturbation equation can tackle arbitrary flow profiles and geometries, also the LNS

method can deal with broadband acoustic waves. Intuitively, the above two problems are

rarely relevant, however, they are connected by the turbulence effect in such a linearised

numerical acoustic model. Precisely, the perturbation Reynolds stress plays a key role

in connecting the two types of problems. As is already demonstrated, the PRS terms

stabilise the initially unstable hydrodynamic-acoustic system, while they resolve the

acoustic-vorticity interaction in this linear model and thus obtains quantitative results

for the acoustic damping in duct flows.

The proposed LNS method is different from the traditional linearised Navier-Stokes

equations by incorporating the mean turbulent information. To deduce the relevant

formulas the triple decomposition are introduced, hence the flow variables are decom-

posed into the time-mean part, organised disturbance and the turbulent component.

145
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This results in a practical difficulty to derive the compressible governing equations. Tra-

ditionally, the Favre averaging methodology applies the density-weighted time average

to the velocity, thus the processes of establishing the compressible Reynolds-averaged

Navier-Stokes equations are significantly simplified. Nevertheless, due to the triple de-

composition the traditional Favre averaging methodology is not applicable. Eventually,

this practical difficulty is resolved by creatively extending the Favre averaging method-

ology, namely introducing a density-weighted “phase”average velocity into the original

triple decomposition. In this way the novel mean-flow governing equations are obtained

although almost taking the forms of the Favre averaged mean conservation equations.

Mainly, the density-weighted velocities averaged in “phase”and “time”are different due

to an extra component which represents the effect of organized waves to the mean flow.

Nevertheless, if assuming a linear relationship between the hydrodynamic field and the

acoustic waves, the extra term can be ignored and this indicates that the mean flow is

independent from the perturbations. Finally, the compressible linearised Navier-Stokes

equations for organised motions are derived and the PRS terms play a key role. As is

described, the models for the PRS terms are based on the Boussinesq hypothesis and

can be classified into tree types, namely the quasi-laminar one, the quasi-steady one and

the non-equilibrium model. At present the LNS method employs a quasi-steady model

which can be straightforward implemented into the equations while provides mostly the

mechanisms of interest.

After establishing the formulas for the LNS method, there is an immediate prac-

tical numerical problem, namely the grid guidance for the proposed numerical model.

Firstly, in respect of the normal problem of the sound propagation in Chapter 3, the

grid convergence study shows the grid with PPW = 10 can obtain the grid convergent

results with satisfactory error bands in most of the computational regions, while the gird

with PPW = 7 gives relatively large errors but could provide grid convergent results

at acceptable error levels in most of the computational regions. Furthermore, from the

whole computational field of view, the grid convergence study demonstrates that the

solution accuracy degrades for both the LEE and LNS method when the angle of the

sound radiation from the duct is greater than 90◦. For the LNS results, some relatively

great errors appear discretely in the vortex sheet wake which is initiated by the sound

waves, while in most of the computational regions the error bands are maintained under

a sufficiently small level. For the LEE results, the situations are quite different. Most

distinctively, quite great relative errors emerge in the vortex sheet wake and the errors

are improved by refining the grid. Probably owing to the grid-dependent results of the

instability waves which impose influence on the acoustic propagation directivity, con-

siderable errors appear along the sound radiating paths and the grid independence of

results in the regions beyond the 90◦ radiation angle behaves worse than that for the

LNS results. In short, besides the time-asymptotic feature, the grid convergence study

discovers the solution solved by the LEE method is also dependent on the spatial res-

olution if an unstable system is present. Secondly, in terms of the problem of acoustic
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damping, the grid convergence study for the SPL difference demonstrates the grid should

have at least 20 points in a wavelength to gain satisfactory accuracy. In addition, the

spatial resolution study in respect of the acoustic boundary layer shows the resolution

set with 15 points is fine enough to resolve the ABL.

As one of the two objectives, the stability of the LNS method dealing with sound

propagation in shear flows is investigated in Chapter 3. First of all, the hydrodynamic

stability analysis in turbulent flows is performed in terms of two simplified jet profiles and

demonstrates the fundamental mechanisms of the stability of the LNS formula. Subse-

quently, the stability, as well as the effect of the PRS terms on the sound propagation are

evaluated by two numerical experiments. The first one which is a relatively simple case of

noise radiation from a semi-infinite duct is carried out and incorporates an algebraic eddy

viscosity model. The stable simulations are delivered; In terms of the acoustic far-field

directivity, the turbulence information included in the LNS formulations demonstrate

lesser effects than the ignored gradient terms in the GTS formulations in this case. All

the numerical solutions have reasonable agreements with the Munt solutions. The sec-

ond one simulates the realistic turbofan aft noise radiation. The stability as well as the

vortex shedding frequency are identified at first. The features of the simulated results for

the three approaches can be concluded as: the LNS method presents stable simulations

while resolves the instability waves which are maintained at a relatively steady status;

whilst the LEE method presents unstable simulations and the instability waves are over-

predicted; finally the GTS method gives stable simulations and excludes the instability

waves. Owing to these features, the differences for the near-field and far-field results

can be attributed to two main factors, namely the damping effect of turbulence and the

influence of the instability waves. The former leads to significant differences of near-field

pressure levels in the mixing layers in comparison of the LNS results with others. As the

damping effect of turbulence becomes stronger at higher frequencies, the differences of

near-field pressure levels are enlarged when the frequency increases. Nevertheless, the

differences in the near-field pressure levels barely lead to the corresponding alterations

in the far-field acoustic distributions. For the latter factor, the instability wave results

in alterations to the sound propagation, probably by refractions and reflections, and the

effects are in general moderate. Since the instability waves taking the forms of vortex

shedding are weaker at higher frequencies, the consistency among the results of far-field

acoustic directivity is improved. Also, probably as both the LNS and LEE methods

resolves the instability waves to some degrees, the corresponding consistency in far-field

acoustic directivity is better than that between the LEE and GTS results.

Afterwards, the LNS method is used to resolve the attenuation of sound in turbu-

lent pipe flows. Firstly, through a generally used plane wave case the LNS method

demonstrates the satisfactory accuracy in term of the quasi-steady turbulent model.

The growing trend of the normalised attenuation coefficient as a function of the non-

dimensional thickness of the ABL is identified which is attributed to the turbulence

effect. Also, the convection effect shows its dominant role in the mean-flow effects by



148 Chapter 6 Conclusions and Future Work

comparing the upstream and downstream results. Subsequently, the acoustic damp-

ing induced by turbulence at high-order spinning modes is investigated. It is clearly

shown that the turbulence effect results in considerable damping of the sound waves

at high-order duct modes, as well as the tendency of the acoustic damping growing

with the increasing dimensionless ABL thickness is clearly demonstrated. Moreover,

as is observed, the acoustic distributions along the duct cross-section vary at different

modes. Especially, when the azimuthal modes is higher the acoustic energy concen-

trates towards the wall and the SPL near the central axis drops. This therefore results

in an approximate relationship of the attenuation of sound increasing with the higher

azimuthal modes. Besides, the mean-flow convection effect results in a decreasing trend

of the growth rate at relatively high Mach numbers for modes (0, 1), (0, 2) and (1, 0).

Finally, the effect of the wall boundary layer is studied in terms of two concerns.

Three models to different degrees of simplification are employed. At the emulated cruise

condition, significant refraction effects are found and improved at the higher Helmholtz

number. The boundary layer refraction results in the quiet zone in the upstream region,

therefore the boundary layer effect is suggested considerable for the cabin noise study

in terms of the engine noise impact on the fuselage. At the emulated take-off condition,

the flat plate model shows rare distinctions induced by the boundary layer, whereas the

cylinder model demonstrates the alterations of the acoustic field in the very upstream

regions. This is further investigated by a lengthened cylinder model, and the resulting

effect on the far-field sound directivity is the main concern in this subject. Eventually,

the far-field results show weak distinctions in most of the directions, nevertheless, in the

range of 150◦-180◦ angles namely in the upstream directions, the boundary layer leads

to higher sound pressure levels which are higher up to about 6 dB.

In the end, the creative outcomes of the PhD work can be summarised as follows.

1. Completely compressible linearised Navier-Stokes equations including turbulence

information;

2. Grid convergence study deriving the grid guidance for resolving acoustic damping;

3. Grid convergence study revealing the grid dependence of the LEE solutions;

4. Stable simulations of the sound propagation in shear flows performed by the LNS

method;

5. Resolving the attenuation of sound in turbulent pipe flows by a linear acoustic

propagation numerical model;

6. Resolving the damping of sound waves at high-order spinning duct modes;

7. Evaluation of the influence of wall boundary layer on the far-field acoustic directiv-

ity, in respect of an emulated model of the engine noise scattering by the fuselage

at take-off condition;
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6.2 Suggestions for Future Work

Firstly, to complete the formulations of the LNS method, the energy equation is nec-

essarily deduced into the current theoretical frame, whereby the thermal effect can be

considered. A situation of immediate interest is the presence of high temperature ratio

and density ratio, such as the aft fan noise radiation problem. Also, in the duct acoustic

problem, the viscous-thermal effect is of importance at times. To improve the current

approach, a non-equilibrium model can be employed to include the non-equilibrium

effects of turbulence, especially when aiming to resolve the attenuation of sound by tur-

bulence. Also, the two-and-a-half dimensional approach is extremely useful to deal with

the problems of the high-order duct mode propagation and should be developed for the

LNS method.

So far, a primary work was carried out to practise the LNS method. This method

has the intention to be a generalised approach in the field of linear aeroacoustics. It

is expected to be applied to complex industrial cases, such as the problem of aft fan

noise shielded by a wing, where serious acoustic-structure and acoustic-vorticity inter-

actions are present. Furthermore, although it should be included for some applications

the turbulence effect on the sound propagation is generally ignored for such as sound

propagation along lined walls. The viscosity has already been considered in such prob-

lems [222] and shows obvious influence. The effects of turbulence especially within the

boundary layer with regards to the lined wall on the sound waves could be an interesting

topic for the future research.





Appendix A

Momentum Equations for the

GTS method

According to [83], the original momentum equations after dropping the term H for the

GTS method are given as
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∂ (ū2ρ̄u

′
2 + p′)

∂x2
= S2. (A.1b)

Ignoring the aerodynamic source terms, the equations can be rewritten as
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∂u′1
∂x2

+
∂p′

∂x1

+u′1
∂ρ̄

∂t
+ ρ̄u′1

∂ū1
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And the continuity equation for the mean flow gives
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∂ū2

∂x2
+ ū2
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Multiplying Equation A.3 by u′1 and u′2, respectively, then substituting the resulting

equations into Equation A.2 gives

ρ̄
∂u′1
∂t

+ ρ̄ū1
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which are equivalent forms of the momentum equations for the GTS method used by

Bogey et al. [83]. As shown, all the terms related to the derivatives of the mean velocity

are removed from the momentum equations of the LEE method.

Alternatively, the terms related to ∂ūi/∂xi can be conserved to attain relative minor

modifications to the momentum equations, which gives
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The GTS method in this form is employed by Zhang et al. [84] and Tester et al. [85],

as well as in this thesis.
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Governing equations for the

proposed LNS method

Expanding Equation 2.20 yields
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(ρ̄ūρi ) +

∂

∂xi
(ρ̄ũi) +
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Taking time averages of the above equations and using the relations in Equation 2.8 and

Equation 2.18, give
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Furthermore, dropping the time derivatives of the time-mean parts and the second and

higher order terms in relation to perturbations, yields the governing equations for the

mean flow
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Applying the operator of the phase average to Equation B.1, as well as using the

relations in Equation 2.8 and Equation 2.17, give
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Now dismissing the second and higher order terms in relation to perturbations and

subtracting the time-averaged equations, yield
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+ ũiρ̄
∂ūρj
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Multiplying Equation B.5a by ūρi gives
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ρ
j

∂ρ̃

∂xj
+ ūρi ρ̄

∂ũj
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Moreover, multiplying Equation B.3a by ũi gives
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Also, the time derivatives of the time-mean parts equal zero. Eventually, the linearised

Navier-Stokes equations including the turbulence information are given as

∂ρ̃

∂t
+ ũi

∂ρ̄

∂xi
+ ρ̃

∂ūρi
∂xi

+ ūρi
∂ρ̃

∂xi
+ ρ̄

∂ũi
∂xi

= 0, (B.8a)

ρ̄
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+ ρ̄ūρj
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∂xj

+ ρ̄ũj
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+ ρ̃ūρj
∂ūρi
∂xj

= − ∂p̃

∂xi
+
∂τ̃ij
∂xj
− ∂
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(〈
ρu

′′
i u

′′
j

〉
− ρu′′

i u
′′
j

)
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[164] Föller, S. and Polifke, W., “Identification of aero-acoustic scattering matrices from

large eddy simulation. Application to a sudden area expansion of a duct,” Journal

of Sound and Vibration, Vol. 331, No. 13, 2012, pp. 3096–3113.

[165] Zhang, X., “SotonCAA Code,” 2011.

[166] Wilcox, D. C., Turbulence modeling for CFD , Vol. 3, DCW industries La Caada,

CA, 2006.

[167] Rienstra, S. W. and Hirschberg, A., An introduction to acoustics, Eindhoven Uni-

versity of Technology, 2003.

[168] Bechara, W., Bailly, C., Lafon, P., and Candel, S. M., “Stochastic approach to

noise modeling for free turbulent flows,” AIAA journal , Vol. 32, No. 3, 1994,

pp. 455–463.

[169] Siefert, M., Delfs, J., and Caruelle, B., “Refraction and scattering in high Mach

number boundary layers,” AIAA Paper 2011-2847 , 2011.

[170] Sijtsma, P., Oerlemans, S., Tibbe, T., Berkefeld, T., and Spehr, C., “Spectral

broadening by shear layers of open jet wind tunnels,” AIAA Paper 2014-3178 ,

2014.

[171] Smits, A. J. and Dussauge, J.-P., Turbulent shear layers in supersonic flow ,

Springer Science & Business Media, 2006.

[172] Favre, A. J., “The equations of compressible turbulent gases,” Tech. rep., DTIC

Document, 1965.

[173] Ronneberger, D. and Binder, G., “Response of wall turbulence to imposed un-

steadiness,” EUROMECH Colloquia, Vol. 272, 1991, p. 50.

[174] Nayfeh, A. H., “Effect of the acoustic boundary layer on the wave propagation in

ducts,” The Journal of the Acoustical Society of America, Vol. 54, No. 6, 1973,

pp. 1737–1742.



170 Bibliography

[175] Temkin, S. and Temkin, S., Elements of acoustics, Wiley New York, 1981.

[176] Xun, H., Adaptive mesh refinement for computational aeroacoustics, Ph.D. thesis,

University of Southampton, 2006.

[177] Watson, W. R. and Myers, M. K., “Inflow-outflow boundary conditions for two-

dimensional acoustic waves in channels with flow,” AIAA journal , Vol. 29, No. 9,

1991, pp. 1383–1389.

[178] Tam, C. K. and Dong, Z., “Wall boundary conditions for high-order finite-

difference schemes in computational aeroacoustics,” Theoretical and Computa-

tional Fluid Dynamics, Vol. 6, No. 5-6, 1994, pp. 303–322.

[179] Ashcroft, G. and Zhang, X., “Optimized prefactored compact schemes,” Journal

of Computational Physics, Vol. 190, No. 2, 2003, pp. 459–477.

[180] Thompson, K. W., “Time dependent boundary conditions for hyperbolic systems,”

Journal of computational physics, Vol. 68, No. 1, 1987, pp. 1–24.

[181] Hixon, R., Shih, S.-H., and Mankbadi, R., “Evaluation of boundary conditions

for the gust-cascade problem,” Journal of Propulsion and Power , Vol. 16, No. 1,

2000, pp. 72–78.

[182] Tam, C. K. W. and Webb, J. C., “Dispersion-relation-preserving finite difference

schemes for computational acoustics,” Journal of Computational Physics, Vol. 107,

No. 2, 1993, pp. 262–281.

[183] Colonius, T., Lele, S. K., and Moin, P., “Boundary conditions for direct compu-

tation of aerodynamic sound generation,” AIAA journal , Vol. 31, No. 9, 1993,

pp. 1574–1582.

[184] Berenger, J.-P., “A perfectly matched layer for the absorption of electromagnetic

waves,” Journal of computational physics, Vol. 114, No. 2, 1994, pp. 185–200.

[185] Krank, B. and Efraimsson, G., “Evaluating stretched grids and introducing black

hole layers as alternative non-reflecting buffer zone,” 19th AIAA/CEAS Aeroa-

coustics Conference; Berlin; Germany; 27 May 2013 through 29 May 2013 , 2013.

[186] Ta’asan, S. and Nark, D. M., “An absorbing buffer zone technique for acoustic

wave propagation,” AIAA, Aerospace Sciences Meeting and Exhibit, 33 rd, Reno,

NV , 1995.

[187] Richards, S., Zhang, X., Chen, X., and Nelson, P., “The evaluation of non-

reflecting boundary conditions for duct acoustic computation,” Journal of Sound

and Vibration, Vol. 270, No. 3, 2004, pp. 539–557.

[188] Hixon, R., “Prefactored small-stencil compact schemes,” Journal of Computational

Physics, Vol. 165, No. 2, 2000, pp. 522–541.



Bibliography 171

[189] Hu, F., Hussaini, M., and Manthey, J. L., “Low-dissipation and low-dispersion

Runge-Kutta schemes for computational acoustics,” Journal of Computational

Physics, Vol. 124, No. 1, 1996, pp. 177–191.

[190] Hixon, R., “Prefactored compact filters for computational aeroacoustics,” AIAA,

Aerospace Sciences Meeting and Exhibit, 37 th, Reno, NV , 1999.

[191] Kennedy, C. A. and Carpenter, M. H., “Comparison of several numerical methods

for simulation of compressible shear layers,” Tech. Rep. NASA Techical Paper

3484, 1997.

[192] Richardson, L. F. and Gaunt, J. A., “The deferred approach to the limit. Part

I. Single lattice. Part II. Interpenetrating lattices,” Philosophical Transactions of

the Royal Society of London. Series A, containing papers of a mathematical or

physical character , 1927, pp. 299–361.

[193] Roache, P. J., “Perspective: a method for uniform reporting of grid refinement

studies,” Journal of Fluids Engineering , Vol. 116, No. 3, 1994, pp. 405–413.

[194] Roache, P. J., “Quantification of uncertainty in computational fluid dynamics,”

Annual Review of Fluid Mechanics, Vol. 29, No. 1, 1997, pp. 123–160.

[195] Celik, I. B., Ghia, U., Roache, P. J., et al., “Procedure for estimation and reporting

of uncertainty due to discretization in {CFD} applications,” Journal of fluids

{Engineering-Transactions} of the {ASME}, Vol. 130, No. 7, 2008.

[196] Farassat, F., Theory of noise generation from moving bodies with an application

to helicopter rotors, National Aeronautics and Space Administration, 1975.

[197] Hoepffner, J., “Spatial/temporal stability analysis of the mixing layer,” 2014.

[198] Morris, P. J., “The spatial viscous instability of axisymmetric jets,” Journal of

Fluid Mechanics, Vol. 77, No. 03, 1976, pp. 511–529.

[199] Michalke, A., “Survey on jet instability theory,” Progress in Aerospace Sciences,

Vol. 21, 1984, pp. 159–199.

[200] Haber, L. C., Investigation of Dynamics in Turbulent Swirling Flows Aided by

Linear Stability Analysis, Ph.D. thesis, Virginia Polytechnic Institute and State

University, 2003.

[201] Munt, R. M., “The interaction of sound with a subsonic jet issuing from a semi-

infinite cylindrical pipe,” Journal of Fluid Mechanics, Vol. 83, No. 04, 1977,

pp. 609–640.

[202] Gabard, G. and Astley, R. J., “Theoretical model for sound radiation from annular

jet pipes: far-and near-field solutions,” Journal of Fluid Mechanics, Vol. 549,

No. 1, 2006, pp. 315–341.



172 Bibliography
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