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Abstract—Considering the dearth for spectrum in the con- sparse channels [4], [5], the high implementation compyexi
gested microwave band, the next generation of cellular com- of the associated multi-carrier system etc. The issue di pat
munication systems is envisaged to incorporate part of the 455 and channel sparsity can be overcome by employing

millimeter wave (mm-wave) band. Hence recently, there hasden . . . ;
a significant interest in beamforming aided mm-wave systems beamforming (BF) at both transmitter and receiver, which

We consider a downlink multiuser mm-wave system employing a @llows us to achieve a sufficiently high signal-to-noiseorat
large number of antennas combined with a fewer radio frequeny (SNR) [6], which is imperative for reliable communication.

(RF) chains both at the base station (BS) and at each of the use Furthermore, operating at mm-wave frequencies has thenadva
equipment (UE). The BS and each of the UE is assumed 10 546 of accommodating a large number of antennas in a limited

have a hybrid beamforming architecture, where a set of analg . th t di . Il as\iheb d
phase shifters is followed by digital precoding/combiningblocks. SPaC€, SINCE the antenna dimension as well a fhebase

In this paper, 1) we propose an iterative matrix decompositn antenna Spacing will be of the order of millimeters. Since
based hybrid beamforming (IMD-HBF) scheme for a single- employing digital BF for a large number of antennas imposes
user scenario, which accurately approximates the unconssined g high system complexity, a hybrid architecture that uses
beamforming solution, 2) we show that the knowledge of the &Jle 55104 phase shifters in conjunction with a reduced number o

of departure (AoD) of the various channel paths is sufficient . o .
for thg block (diagt))nalization (BD) of the do?/vnlink mm-wave 'adio frequency (RF) chains is conceived [7]-[14], [29]03

channel and hence for achieving interference free channetior ~Beamforming using this hybrid architecture is often rederto
each of the UEs, 3) we propose a novel subspace projectionashybrid beamformingHBF). Furthermore, the antenna array
based AoD aided BD (SP-AoD-BD) that achieves significantly structures considered in the HBF literature can be broadly

better performance than the conventional BD, while still oy ¢a5sified as 1) Full-array structures (FAS), where theadign
requiiring the knowledge of the AoD of various channel pathsd) from all the receive (and transmit) antennas are phase-shifted
we use IMD-HBF in order to employ SP-AoD-BD in the hybrid P

beamforming architecture and study its performance with respect and combined for baseband processing at the receiver (and
to the unconstrained system. We demonstrate using simulath transmitter) and 2) Array of sub-arrays (ASA), where the
results that the proposed IMD-HBF gives the same spectral signals from asubsetof receive (and transmit) antennas are

efficien_cy as that of the unconstrained system in the singleser phase shifted and combined for baseband processing at the
scenario. Furthermore, we study the achievable sum rate ofhie

users, when employing SP-AoD-BD with the aid of IMD-HBF receiver (a_nd transmltt(_ar). o . .
and show that the loss in the performance with respect to the ~ The optimal precoding/combining matrices designed for
unconstrained system as well as the existing schemes is rigigle, HBF are obtained by maximizing the system capacity over

provided that the number of users is not excessive. the feasible set of analog and digital BF matrices at both the
Index Terms—Block diagonalization, mm-wave communica- transmitter and receiver [7]-[14]. Specifically, the authof
tion, Hybrid beamforming, precoding and combining. [8]-[10] propose a Basis Pursuit aided method for obtaining

an analog BF matrix and a Least Squares (LS) based method
for the digital BF matrix computation, Néet al [11] pro-
pose a Convex Quadratic Programming based approach for
The increased demand for higher data rates in 5G arbtaining an analog BF matrix and an LS based digital BF
envisaged to be met by utilizing the large unlicensed spkectmatrix computation method, [12] while Singh and Ramakr-
resources of millimeter wave (mm-wave) frequencies [l]shna propose dominant beanbased selection approach for
[3]. However, operating at mm-wave frequencies comes wittbtaining an analog BF matrix and then invoke a predefined
several hurdles that have to be overcome, which includedebook for the digital BF matrix. Furthermore, Raial [13]
the severe path loss due to the high operating frequenpyesent a successive interference cancellation basedaqbpr
limited scattering resulting in both spatially and templgra for obtaining the analog BF matrix and a mean square error
minimization approach for the digital BF matrix computatio
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TABLE |

COMPARISON OF VARIOUS EXISTINGHBF SOLUTIONS FOR MULTFUSER COMMUNICATION.

BS BS BS BS No. of streams| Comments on BF
Antenna array Analog BF Digital BF Csl per user and CSI usage
Le Liang et al [16] FAS EGT/ ZF Full and perfect 1 Generic
PZF
Stirling et al [17] ASA Combinatorial| MMSE/BD Full and perfect Ns > 1 Generic
search
Jinho Choi [18] FAS OMP None Imperfect estimate 1 Specific to
mm-wave
Ahmedet al [19] FAS Combinatorial ZF Imperfect baseband 1 Specific to
search channel estimate mm-wave
Weihenget al [20] FAS EGT BD Full and perfect Ns>1 Generic
Specific to
Bogaleet al [21]f FAS OMP LS Full and perfect Ns>1 mm-wave

1 Approximates conventional full-digital BD solution.

Apart from the above methods conceived for single-user
communication, recently there have been a few significant
developments in HBF also for multi-user (MU) communica-
tion [16]-[20]. Specifically, Lianget al [16] present a phased-
zero forcing (PZF) method, where the analog BF matrix of
the base station (BS) is chosen to be the phase matrix of
the conjugate of the composite downlink channel, while the
digital precoder is chosen based on the conventional zero
forcing (ZF) approach. The analog beam selection of [16] is
similar to that proposed in [22]. In [17], the authors propos
both single and multi-user based analog beam selectiore whi

considering both minimum mean square error (MMSE) and 2)

ZF based solutions for digital precoding. In [18], the autho

propose beam selection algorithms based on the compressive

sensing approach, which rely on the orthogonal matching
pursuit (OMP) algorithm [23] for finding dominant beams. In
[19], the authors propose a two-stage algorithm in which the
first stage obtains the analog BF matrices and the seconel stag
obtains the digital BF matrix based on the classic zerokfigrc
approach. In [20], the authors propose equal gain trangmiss
(EGT) based analog BF combined with block diagonalization
(BD) based digital precoding. It is worth mentioning thatsho
of these schemes agenericin the sense that they do not
exploit the mm-wave channel characteristics and hence ean b
used in other channels as well. In [21], the authors consiaer
conventional BD solution [25] and then approximate it whie t
aid of an OMP based hybrid BF solution. The performance of
the proposed hybrid BF solution in [21] is upper bounded by
that of the full-digital version [25]. Table | compares \@rs
aspects of the above methods.

Against this background, the following are the new contri-
butions of this paper.

1) Considering an FAS based single user communication

system, we propose a low-complexity iterative matrix
decomposition (IMD) that factors the dominant singular

vectors of the channel into equal-gain element analog
BF matrix and a power-constrained digital BF matrix.
We show with the aide of simulation results that the
proposed IMD based solution gives an accurate rep-
resentation of the singular vectors and hence achieves
nearly the same throughput as that of the unconstrained
massive multiple input multiple output (MIMO) system.
Furthermore, we evaluate the angular resolution of the
analog phase shifters required for achieving nearly the
same throughput as that attained by having infinite-
resolution phase shifters.

It is widely recognized that operating at mm-wave
frequencies is expected to impose less inter-user inter-
ference compared to systems operating at microwave
frequencies, an advantage which is yet to be sufficiently
exploited. Note that most of the schemes considered
in Table | are generic and do not explicitly exploit
the specific characteristics of the mm-wave channel. By
exploiting the spatial-domain sparsity of the mm-wave
channel, first we show that it is not necessary to have full
CSl at the BS. Indeed, having only the knowledge of the
angle of departure (AoD) of the signal paths associated
with the various users is sufficient for achieving BD
of the composite multi-user channel. This method of
BD is termed as AoD aided BD (AoD-BD), which was
first studied in [25] (Section 1lI-C), although not in the
context of mm-wave communication. Even though, the
knowledge of AaD is sufficient to block-diagonalize the
multi-user channel, we show that this approach is not
suitable for mm-wave communication, since it would
result in poor signal power owing to the channel’'s
spatial sparsity. We propose a novel BD scheme in order
to overcome this problem by ensuring that the block-
diagonalized channel of each user falls in the corre-
sponding user signal-space, thus enhancing the user’s



signal quality. Note that this approach is fundamentallyave

different from the existing BD schemes [24], [25], where L;
the precoders are designed only to block-diagonalize theq; — /N, N, Z51‘('j)er(9§j))ef(¢§j))v 1<j<K, (1)
multi-user channel without any explicit motivation to i1

enhance the signal power. The BD schemes in the exi
ing mm-wave communication literature are employed i
the digital domain, while the RF precoding is generall

employed using beam-steering [18], [19]. Explicitly, th

WﬁereLj is the number of channel paths between the BS and
fhe jtn user,3) ~ CN(0,1) is the gain of the™ path of the

Yin user’s channel(@ﬁj),@])) represent the angle of arrival
BF and BD are performed independently in the anal 0A) and angle of departure (AoD) of thé" path of the

and digital domains, respectively. In contrast to this, the US€r-er ande, represent the spatial receive and transmit
proposed scheme combines BD and BF into a Sing%qnatures of a uniform linear array (ULA), respectivelfigh

amalgamated operation, resulting in a novel digital BB'€ 9iven by

precoder which is different from t_he existing BD solu- e, (0) = 1 [1 i dcost ejo«d(NT,l)Cosg}T
tion [25]. The proposed scheme is termed as subspace " VN, L7 B

projection based AoD aided BD (SP-AoD-BD). While 1 . . T
the proposed scheme enjoys the benefit of partial CSI for e;(¢) = {1, eI Xdeose ,eJT”d(Nt*”COSﬂ ,
achieving BD, it suffers from a marginal performance VN

loss w.r.t. the existing schemes (see Section V), wheyhered is the separation between the antenna elements and
the number of user& is excessive. Note that this issue\ is the carrier's wavelength. We assume that = L,
can be overcome by employing a larger antenna array(afj),gbf-])) € [0,2n] for 1 < j < K. Equation (1) can be
the BS, thus making the proposed solution an attractiexpressed in a compact form as
downlink mm-wave communication technique. ) RPN

3) The above SP-AoD-BD is proposed for unconstrained H; =EVDUVE ", (2)
systems. Hence we further extend it to realistic COMvhere
strained FAS based systems with the aid of the IMD

based HBF described in 1) above. This scheme is EY) = {er(egj)),er(eéj)),...,eT(GEj))}, ©)
referred to as the subspace projection based AoD aided ) ) ) )
BD combined with HBF (SP-BD-HBF). E = [et(qﬁl ) et(957), ... ed(d], )} : (4)

The remainder of the paper is organized as follows. Sec'dD<J'> is a diagonal matrix whose" diagonal entry is given

. . . a
tion Il outlines the system model that describes the BS al d ) () .
the UE antenna arrays as well as the mm-wave channel mo ID(kvk) = VNN, Note that the results presented in

. . this paper also hold for other antenna array structures s we
considered. In Section IIl, we present our IMD proposed for a : ) .
ch as uniform planar arrays or uniform circular arrays.

single user scenario. Section IV presents the proposed AOD:

BD and SP-AoD-BD methods. Finally, our simulation results

and discussions are presented in Section V, while Section &1 Unconstrained System

concludes the paper. Assuming that both the BS and the UEs haveand N,
Notations:Uppercase and lowercase boldface letters repF chains and employ complete digital processing, the kigna

sent matrices and vectors, respectively. The Frobeniusi nofeceived at thg™ UE is given by

of a matrix or the two-norm of a vector is represented by " . N

| - |I. FurthermoreCA (11,0%) denotes a complex Gaussian y; = Wi H;Fx+Wjin; € C™, ®)

random variable with meap and variancer?, and the field whereW, € CN-*N: is the receiver's combining matrix of

of complex and real numbers are represented(byand the jiM user,F € CN*KN: is the transmit precoding matrix,

. % o 'bi,‘ B . . .
R, respectively. I_fB € (C"TL fthsuch thata; je’7 is the [ _ [xf,xg,...,xf(]T c CKN: is the transmit vector in
polar representation of th@v?)th elementBy; ;), thenﬂfl:} which the j user's symbols are represented y € CN
represents a matrix whose, j)" element4{By; ;) = e/"J. such thatE[xx"] = KLNSIKNN where P is total transmit

The |B| represents the determinant of the mati The
span(B) represents the space spanned by the colum. of
Furthermore, the notations 67, (-)¥, and(-)* indicate the
transpose, Hermitian transpose, and complex conjugate
matrix/vector, respectively. Furthermor€([q : 7],:) defines
a matrix with rowsg, ¢g+1,...,7—1,r of CandC(:,[p: ¢]) is
a matrix with columng, p+1,...,¢g—1, g of C. The expected
value of a random quantity is represented bf[Y].

power at the BS and; € C"- is the additive white Gaussian
noise vector whose elements are fré(0, 1). Furthermore,
g1e precoding matrix is normalized to satisf§||? = KN,

%4 the combining matrix of each user is normalized to satisf
[W;[|? = N,. We use this system for benchmarking the
performance of the various methods proposed that rely on
constrained precoding and combining matrices.

Il. SYSTEM MODEL C. Constrained FAS based System

A. Channel Model Since havingN; and N, RF chains imposes a high cost
Assuming the geometric model of [8]-[11] for the narrowand complexity, HBF has gained popularity which uses fewer
band mm-wave channel between the BS and each UE, RE chains in conjunction with analog phase shifters [8]. Let



us consider a MU-MIMO system, where the BS is assumédgorithm 1 Proposed IMD Algorithm for HBF
to have NV, antennas and/; RF chains, whilst each of the Require: k = 0, H = UXV¥ | max_iterations,
K users is assumed to havé. antennas and/, RF chains. W =U(:,[1: M,]), F = V(:,[1: M),
At the BS, the signal from each RF chain is appropriately W,,,, = W, Fy,,, = F,
phase shifted before being fed to each of the antenna elsmentwhile & < maz_iterations do
By contrast, at the UE, the signal received at each of the 1. ® = 4Wy,,,, © = LF,,,
antenna elements is appropriately phase shifted beforgbei P — %, O — %,
fed to each RF chain. In this paper, we consider only downlink o @ = (‘I)HT(I))—I(I)H\/\;’ C = (070) 'eF,
communication, where the BS acts as the transmitter while th g Wimp = WG, Fyppp = FC1,
UEs act as the receivers. Furthermore, the number of dolwnlin - 4 W’ — G, F' = ©C,
giata streams sent to ggch user |s_assumed M.be M,. The W/ - %m F o~ HI:F‘_II\/M
gnal received by thg™ user is given by end while

y; =Gle"H;0Cx+ G/®'n; €C, (6)

where®; € CN*N: and G, € CN-*": are the analog and
digital combining matrices of thg" user, respectively® €
CNexKNs and C € CKNs*xKNs gre the analog and digital

precoding matrices, respectively. Furthermore, the ay12aim the analog and digital BF matrices, so that the residualrerro
digital precoding matrices are normalized to satifC||* = mgnotonically reduces every iteration. Fig. 1 gives a piato

KN, while the analog and digital corznbining matrices of eacfieiction of the IMD iterations. Before proceeding furtHet
user are normalized to satisfy®; G;||* = N;. us introduce the following definition.

IIl. PROPOSEDITERATIVE MATRIX DECOMPOSITION FOR
HBE Definition 1: Let A andB selected fronC™*", with m >

n. The subspacespan(A) andspan(B) are said to beon-
}i,gtersecting or parallelif C = [A B] has rank o2n. In other
A)Nspan(B) = ¢.

Considering the single user scenafjo= 1), the optimal
precoding and combining matrices for the unconstrained s
tem are the right and left singular vectors associated wi¢h gwords, span(
N, dominant singular values of the channel. Several methods
are available in the existing literature that approximéese Assuming that the HBF precoding and combining matrices
singular vectors [7]-[13] by the product of the analog anth the k" iteration areF; = ©,C; and Wj, = &Gy, the
digital precoding/combining matrices. Most of these mettiesidual error is given by
ods use ma_trices constitgted by the beam steering vectors F—F,—F—0,C; = Ay, @)
or equal gain elements in order to obtain analog precod- )
ing/combining matrices. In this section, we present a stmpl W W, =W - &,G; =T (®)
iterative method conceived for obtaining the analog andalig we use the following terms in order to quantify the residual
precoding/combining matrices that are close approximatiogrror as a function of the number of iterations:
of the singular vectors that are optimal for unconstrained
systems. We assume that the transmitter and receiver have Akl = [F — Fi[” = [[F — ©,Cy|?, 9)
perfect knowledge of the right and left singular vectors of ITk[? = [|[W — W||? = [|[W — @,Gy|?, (10)

the channel, which can be acquired with the aid of channe . .
sounding (refer Section IlI-A [9]). WLere (9) represents the errorky, and (10) gives the error in

) . . SOl
Algorithm 1 presented below gives the details of the pro% k- 1 e matricedt,;, and W, used in the next iteration

posed iterative method of obtaining the precoding/conmgni are given by

mat;iceshfor HI?F. e ab | A FC? =@ + AkCgl, (11)
The physical interpretation of the above algorithm is as 1 1

follows. In Step 1 of the Algorithm 1, the equal-gain element WG, =@+ TGy (12)
precoding/combining matrices are obtained. In Step 2, thgere the termsA,CCl;1 and I‘ngl act as the correction
digital precoding/combining matrices are generated tlest bfactors for the analog precoding and combining matrices,
approximate the unconstrained solution in the LS sense. dimce they belong to the orthogonal space@jf and @,
Step 3, thaesidualinformation in the unconstrained solutionrespectively. This can be readily verified as follows:

is obtained, which is approximated in the next iteration.

H _ H
Step 4 gives the precoding and combining matrices for the Ok Ak = O} (F = 0,Cy), (13)
constrained FAS based system. We term this approach as the =0fF - 0/0e,c, (14)
A. Convergence of IMD-HBF: =0. (16)

The main idea used in the IMD algorithm is to alternativel@imilarly, it can be shown tha®/T;, = O. In the next
project the unconstrained solution into the feasible spade iteration, we have®;., = A(chl)/\/Nt and ®,, =



— -1
£(WG 1) /v/N,, which satisfy Fipp = FC
W, = WG~ |[lteration 1:F,,, = F

Op41 = argmin  ||[FC;' — O, (17) Wiy = W]
1©(i.)|=1/v/Ne
®;1 = argmin  |[WG,' — &[> (18)

|<I>(i-,j)|.:1/\/N_T N © — LF, |V C— (0"0)'0"F

Please refer to Appendix A for an explicit proof of (17) andp _ AWoo/VN, G =(®"®)1®"W
(18). From (17) and (18), we have !
IFCL! — ©ull* > [FCL" — @5, (19)

WG = @4f” > [WG! = @4a|>. (20)

Fig. 1. Pictorial depiction of the IMD iterations.

we have CIC, = FHO,(010;,) 20HF. It can be
verified that each of the diagonal entries @‘/\?@k is 1
and the off-diagonal entries are of the form,, €% /N;.
When N, is large, it can be readily seen that the off-

Note thatF, ©, and ©,,; form a set of mutuallynon-
intersectingsubspacésas depicted interation 2 of Fig. 2,
which follows from the following facts:

1) Ay s orthogonal to®, (16); . diagonal entries tend to zero, hence we have the approximati
2) FC; . span(F) is obtained by translating®,. by Cl C), ~ F©,O!F. Furthermore, it can be easily verified
ARC. (1)) _ that the (i,7)™ diagonal entry ofF# @, is ||F[:,i]|[1/vN;

3) O+ is not in the space spanned by eitlieror ®, 54 the(4, )" entry is of the formZkN;l |F[k, i]| (LF [k, 4] -
(19). £F[k,7])/v/'Ni. Again, for largeN,, the off-diagonal entries
In Fig. 2, the circle represents the set of equal-gain medrichecome negligible. Thus, based on the Greshgorin circle
given by theorem of [28], we have\;(A) — ||F[:,4]||?/Ny| < e;, where
L x M, . ¢; is the magnitude of the sum of off-diagonal entries inife
{A e Ch M| A )] = 1/\/ﬁt} ‘ (21) row of C{/Cy. Since {F[:,4]} are orthonormal columns,

From (19), it is evident thaFC;.' & span(F) is closer to each of||F[:,i]|\§/_Nt are _nearly identic_al, whemV; is large.
©y.1 than to®,,. Considering the fact that, ©, and©; Thus, the spread in the elgenvalue(sA) |s_nearly zero, hence
are non-intersectingit is reasonable to expect that (22) holds. Furthermore, it may be readily shown that

2 . 2
IF — ©xCyll? > IF — ©441C 2 (22) IE = Ok Cull™ > min |[F = ©r41 O,
Note that if C;, is unitary, then (22) follows directly from and hence we have
(19), since||FC, ! — ©;|? = |F — ©;Cy||? and |[FC, ' — F 0. ,Cl2> [F— O Croil? o5
Or11]? = |F — ©,.1C|%2. However, whenCy is not | k1 Crl | b1 G| (25)
unitary, we can still develop further insights by boundigg) where Cy+1 = argming ||[F — ©541C||%. Thus, from (22)
The following proposition is useful in this regard. and (25) we have
Proposition 1: Let F, Cy, ©, and ® be defined as

aboveF_) LetA = C,CH an(;C * o |[F — ©,Ckl*> > |F — O41Cri1]?, (26)

= [[Axl* > [|Ak ] (27)

B = (FC,' - ) (FC,' - ©))
- (FC‘l _® )H(FC‘l — @) (23)  Thus, the residual error in each iteration is non-increasin
k kol k k+1)- Furthermore, we validate (26) with the aid of the simulation
Then, we have results in Section V (see Fig. 7).

IF — ©4Cyl” — |F — @141 Ci|* > 24

Amin (AL (B) + Amin (B) [£T(A) — MAmin (A)] . (24) B, Comparison with the Existing Schemes
Please refer to Appendix B for the proof of Proposi- Most of the existing schemes found in the literature [7]}[14
tion 1. Note that in (24), we havé,...(A) > 0, since consider the analog BF matrices to be beamsteering matrices
C CH. is positive semi-d’efinitetr(Bn;m> 0 _frorr,1 (19) and iteratively obtain the digital BF matrices by employ-
[tf‘(K) — Mon(A)] > 0 and, Amin(B) can be eithér ing Least Squares (LS) weight-optimization. A popular low-
positive or ;eggf[ive When. (B)“;"O it is easy to see complexity solution in this set of schemes is the Basis Rursu

that (22) holds, since the lower bound in (24) is non-negativbased precoding scheme of [8], [3], which uses beamsteering

When A (B) < 0, the magnitude of the quantitgr(A) — matrices as the analog precoder/combiner and obtains the

} . . : digital precoder/combiner based on a greedy search method.

iﬁ[;i‘g?(ﬁ))z?\;i'\dés (t;i)s?rg}‘t}thze/\l‘czvle)r_b)c\) uhd(z)()zri)éaN_Ot n the other hand, the authors of [14] propose a simple

EAMAnAE)) = La=1 At directional BF approach, where only analog BF matrices are

sures thespreadin the eigenvalues oA. Since the e|genvaluesemployed which are obtained based on the dominant channel
of A = C,CH are the same as that 6/ C,, let us take ’

: T N AN paths. All these schemes use steering vectors invoked for
a closer look at this matrix. Sinc€; = (8, ;)™ O, 'F, analog BF, which do not completely exploit the degrees of
1For more details about the geometric interpretation of gsates and linear fre.edom that the phase Sh!fters offer. Note that each phase
varieties, please refer to Chapter 2 in [26]. shifter can take any value ift), 2x| regardless of the other



Iteration 1

the phase angle of each element in them is assumed to take
continuous values iff), 27]. Naturally, practical phase shifters
have implementation constraints, hence they are redricte
take discrete phase values. Thus, it is of practical sigarifie

Set of Equal
Gain matrices

e,C, O, — LF/JN o to study the performance of Algorithm 1 assuming _finite—

P ! [V span(©y) resolution phase shifters. The performance of Algorithm 1

K having phase shifters associated with discrete quardizati
A levels is characterized in Section V.

min||F - @)

F IV. PROPOSEDBLOCK DIAGONALIZATION WITH
UNCONSTRAINED AND CONSTRAINED BF

Iteration 2

Set of Equal In this section, we first show that the knowledge of the

Gain matrices AoD of various signal paths between the BS and various

UEs is sufficient for block-diagonalizing the mm-wave MU-

6.C MIMO channel. Then, we propose a novel AoD aided BD
. O, = £LF/VN, span(©;) method that differs from conventional BD, where the gain
° 7 of each block-diagonalized channel is improved further by
LA©:C, @/ span(©:) subspace projection, which is equivalent to combining both

[ Asf| ! ' . . BD and BF to each user. While these methods are primarily
L ;min [FC" — O proposed for unconstrained systems, we extend these nsethod
l’ . span(F) to constrained FAS based systems with the aid of our IMD

F FC;! based HBF proposed in Section lll.

Fig. 2. Geometric interpretation of the IMD iterations.

A. Sufficient CSI for BD

phase shifters, but due to the nature of constant phase offse

between the elements in the steering vector, the availabfesD Considering the unconstrained mm-wave MU-MIMO sys-
are not completely exploited. tem given by (5), the composite user channel can be written

« In the proposed scheme, we have not employed steer%sg
vectors, but instead we have used #hHe) operator which Heomp = [H{ ,H] - ,H:’,}]T € CHN-xNe o (28)
gives a higher DoF and enables us to more clos
approximate the unconstrained solution.

o In contrast to the existing schemes [7]-[14], where the F = [F,,Fy, - ,Fg] € CNe¥ENs (29)
HBF matrix is constructed column-by-column, we con- NoxN. ] . ] )
sider the entire unconstrained solution (i.e. all columﬂ%h?{fFi € CT 7 is the precoding matrix associated with
taken together) and iteratively improve the approximdl€?" USer.
tion. Definition 2: A precoding matrix F is said to block-

« In contrast to the scheme in [15], the proposed algorithfiagonalize the composite user chanigl, ., if H;F; =
iteratively improves the hybrid approximation of the dig-On, xn, for 1 <i # j < K.
ital precoder, while the approximation isren-iterative The following proposition [25] shows that the knowledge of
single-step procedure in case of the scheme in [15]. FueD is sufficient for achieving BD.
thermore, the digital precoders of [15] correspond to the proposition 2 ([25] Spencer et. al.)Given a composite
finite input alphabet, which is in contrast to the Gaussigiser channeH,,,,,, the knowledge of the AoDs of various

input alphabet considered in this paper. Furthermore, tngers given by. ED g® .. g1 s sufficient for ob-
scheme of [15] invokes a computationally demanding Pt o e

gradient ascent method for maximizing the mutual in-
formation, while as the proposed solution requires only

ely . . .
ve//hlle the precoding matrix can be formulated as

ining a block-diagonalizing preco
Proof: The composite user channel can be written as

three simple algebraic steps in each iteration, as shown 1 nH
nFg. 1 ’ H, BDOR
. . H, E(Q)D(Q)E(z)
Owing to the above reasons, the proposed solution attains be Heomp = _ - " ¢ , (30)
ter performance than the existing solutions, which is cordit : :
by our simulation results presented in Section V. Hg EﬂK)D(K)EgK)H

Furthermore, the analog phase shift@sand ® in Al- _
gorithm 1 are assumed to have an infinite resolution, hence, = H:Etcomp, (31)



where =

EMNDO o) . 1)
) o EYD®
H, = ) ' ’ (32)
o o .. EXDE
H &
and Etcomp = Egl)’ :E]§2)7 ceey EgK):| . Let Q] = _777_77__::, user 2

“

. . H
[ES),...,E,EJ1>,E§J“>,...,E§K>L — U, %,V for 1 <
7 < K. AssumingN, > KL and . = N, for the sake of .
simplicity, we opt for s N

Nox L Precoding.

Fj:Vj(I,[Nt—L+1ZNt])€C o s (33) |

which is a subset of the null-space basi<pf. Thus, we have Y
Q;F; = Ok_1rxL, (34)

for 1 < j < K. Now, considering,F, for 1 <i # j < K Fig. 3.  Pictorial depiction of the signal directions and timerference
— — - ’ 1+ ] — — ’ . . . .
directions associated with users 1, 2 and 3.

we have
e m®
H,F; = EVDOE" " F,, (35)
= Op, %L, (36)

(i.e. beams 3, 4, 7 and 9 in Fig. 3) are picked. This could be

where the equality in (36) follows from (34). This concludedny beam from 1 to 16, except those corresponding to users
the proof. m 1 and 2. For example, beams 1 and 6 could be selected, but
While the precoder of (33) is suitable for blockthis would yield nearly zero SNR for user 3. Thus, among
diagonalizing the composite user channel, it does nite beams orthogonal to those supporting users 1 and 2, only
capture the user-signal power effectively. This is so b&0se beams have to be selected whitign with the channel
cause the null-space basis 6§, is of dimension N, — paths of user 3. This is achieved by projecting the orthogona
(K — 1)L, from which an L dimensional subspacebeamspace of users 1 and 2 onto the signal space of user
V([N —L+1:Ny)) € CNexL g sought as the precoder.3- The mathematical formulation of the proposed approach is
Since N, is very large andZ is quite small in mm-wave given as follows.
communication, a naive choice of picking the ldstbasis Let F;'"t—"””) = V;(,[(K=1)L+1: NyJ), whereV;
vectors as in_ (33) ([24], [25]) for construpting the pret_:ndqs same as that used in (33E§j)H _ fJ,-fJ,-VH, and
would result in very poor performance, since this choice :ﬁi(sig) I

N7 . . (int_null)
basis may potentially be orthogonal to the user-signals Th|J tﬁ VJ("I[l : LI]). No;[e ft[\hat}?‘];[ ‘ correstf)onds toh_
problem can be severe when the number of ugérs very € orthogonal compiement ot the Interierence subspa !

; _ ) (sig)
small. This issue is overcome by choosing a set of basis recta?2"> the entire ngllt Snfjle)‘clea a(‘;‘gFj corresponds_to t_he
in the null-space of); thatalign with the user-signal’s space.signal space. LeP ;""" andP ;""" represent the projection
matrices associated with tf™-"" andFEs'g), respectively.

. . (eff) (sig)p(int_null) — + = x7H )
B. Proposed Subspace Projection based AoD aided BD (San&dennng T _Pj P; = U;3; V7, the pro
AoD-BD) posed precoder is given by

While it is plausible from Proposition 2 that the knowledge F; = V;(;[1: L]) e CV*F, (37)

of the AoD of various signal paths between the BS and UEg, | < j < K. The main difference between the precoder
is sufficient to block-diagonalize the downlink mm-wave MU- roposed in(37) and that of [24], [25], in (33) is that the
MIMO channel, the choice of the precoder formulated in (3%)rmer depends both on the channels of the intended user as
[24], [25], does not ensure that the signal energy is maxithiz,ye|| a5 of the interfering users, while the latter dependky on

in the direction of the intended UE, which would be impemtivgy the interfering users’ channel.

for achieving reasonable SNRs in mm-wave communication. . -
Let us illustrate this problem with the aid of an examplqh The following proposition shows that the precoder proposed

. Co 37) block-di lizes thEL.op,.
Consider a three-user scenario with two channel paths lkeetwe é ) o° ;z.;\g(;;o.na 1268 " handd h
the BS and each of the users, as illustrated in Fig. 3. Let roposition 3: Given a composite user chanrlo.,,, the

us assume that the BS is capable of transmitting in sixteBHec,Oder proposed in (37) satisfiBgF; = O, xz for 1 <

orthogonal directions and the channel paths associated wit” = K.

the three users are aligned with the orthogonal directiass, ~ Proof: In order to prove the proposition, it is sufficient

shown in Fig. 3. In conventional BD [25], any set of vectort show that the columns df; are in thespan (F;-int‘nu“)
orthogonal to the directions corresponding to users 1 andd 1 < j < K. SinceF; corresponds to the right singular



(eff) . : (_efr)H (eff) . : = <
vectors ofP;~, which are the eigenvectors ;" P, (see Algorithm 1) that approximaf¥;:, 1 ]) e. V;(:

we have J[1: L)) = ©;C,. Although, we haveH; V ( [1: L]

ofF )V (eff int null int nuln® XN, On,.xr, H;®; C ;é On, x 1, due to the reS|duaI error in the
L S e 2 T € approximation defined in Section IlIl-A. We resort to BD in
where the digital domain to handle the residual interference, seho
details are given as follows.

Let the baseband composite user channel be represented by

Upon invoking the eigenvalue decomposition, we have K;

K
Z; = AjAjAf. (40) Keomp = .2 € CKLXKL, (43)

Z_j _ ngnt_null)HF;sig)FESig)HF;int_null) c (CLXL. (39)

Substituting (40) into (38), we have K
K
(eff) 5 (eff) _ ma(intnull) o A A Ha(int_nul)"

P, P, =F; AjAATF; . (41) o H o H o H

WhereKZ- = Et @1017Et 92027"'7Et OrCk

for 1 < ¢ < K. Let furthermore R; =

P(_eff)HP(_efr)F(_int_nuu)Aj =gl A 42) KT, K KT .,K%]T = U,;%;VvH# and
S S ; Jj:vj( (K-1)L+1:KL)eCKEfor 1< j < K. It

It is clear from (42) that the eigenvectorsBﬁefF) Plg.eff) are may then be observed thBi;J; = Oy forl <i# j < K.

in the span ngnt_null) . Thus, the columns oF; are in the Thus, the _effe.ctive pre-processing invoked for achieviriyy B

at the BS is given by

Multiplying both sides of (41) b)Flg.i“t—"“”)Aj, we have

span (F§i"t—“”")) for 1 < j < K. This concludes the proof.

n C;, O (0]
B O Cy - (0)
Note that we have assumedll = N, for the ease of [ ©,,...,0k] 30, Jo. . Ik
presentation, but the proposed solution can be readilyndet T ST I
to the case ofL > N,. The proposed solution remains the O O - Cg
same, except for the choice of the precoder of (37). Instead (44)

of choosing the first. basis vectors, we choose fildt basis Given this pre-processing, the effective channel as seghey
vectors i.e.F; = V,(:,[1 : Ny]) € CNexNs for 1 < j < K. ;™ user becomes
The extension of the proposed solution to the constrainesl FA off , , }
based system is identical for both tie= N, and L > N, H§ '=BYDUK;J; e CVL (45)
cases. The optimal combining and precoding matrix conditioned
Complexity ComparisonNote that we have used an orfor the ;™ user corresponds to the left and right singular
thonormal basis for the signal space and the interferengsctors associated with dominant singular Va|ue5H‘_§fff),
space for each user, ie. we ha#g"-"" and F{™, for respectively. IfH(eff) = U,;3; VI, then the unconstrained
e e 1y o o 5o, LTS [ er Y U1 1),
can choos&’('“t null) QH(Q QH) Q, andP (sig) _ aﬁalog and digital combining matrices derlved for HBF are
_ _ J obtained using Algorithm 1, which approximates the uncon-
B (B E(J)) (J) thereby avoiding the computationstrained solution at/; (:, [1 : L]) ~ ®,G,. Each user acquires
of the SVD for obtalnlngP i) and P('nt ") Thus, the the CSI with the a|d of downlink channel training, where the
solution proposed for an unconstralned system requiregs oBS transmits training signals over each block-diagondlize
one SVD computation per user, which is the same as thafer channel. Upon acquiring the channel knowledge, each
required by the existing BD scheme of [24], [25]. ConsidgrinUE computesV and conveys it back to the BS. The BS
the fact that the BD scheme is employed at the BS, which i usesv7 in order to diagonalize thg™ user channel. Thus,
general is not limited by the power or by the computationghe effective pre-processing invoked for BD and user chianne
capability, we believe that the additional computation lé t diagonalization is
projection matrices in the proposed approach does not ienpos . . .
a serious burden. [©1C1,0:2Cy,...,0kCk]| |J1V1,J2Va, ... Jk V| .
46)
The steps involved in establishing a reliable downlink are
C. Subspace Projection based AoD aided BD combined Witl),ymarized as follows:
HBF (SP-BD-HBF) 1) The BS acquires the AoD knowledge of the channel
So far we considered an unconstrained system, whgre paths associated with each user. This can be achieved
RF chains are assumed to be present. Let us now consider a by uplink channel sounding as detailed in [18], [19].
constrained FAS based system as described in Section 11-C2) Upon obtaining the AoD knowledge, the BS obtains the
which has fewer RF chains than the number of antennas. effective pre-processing matrix given by (44) that allows
Given the SP-AoD-BD precodév;(:, [1 : L]) (37) for the to establish an interference free channel to each of the
41 user, we obtain®; and C; by using IMD based HBF users.



3) With the aid of downlink channel training over interferat the BS are identical to that in (44), except that e
ence free channels, each user acquires the knowledgeegresents identity matrices.
HE.eff) and obtains the combining matr; and then
signalsV; back to the BS. V. SIMULATION RESULTS AND DISCUSSIONS

4) Upon obtaining the knowledge of ;, the BS uses the |n this section, we study the achievable spectral efficiency
pre-processing matrix given by (46) for downlink datdf the proposed IMD based HBF as well as that of the
transmission. proposed AoD-BD and SP-AoD-BD both in unconstrained and

In this paper, we assume that all the parameters estimatemstrained BF scenarios.

in the above steps are perfect, and study the impact ofSimulation scenario:In all our simulations, we assume the

imperfect estimation on the attainable system performamcegeometric channel model of Section II-A. Both the BS and all

our future work. Assuming a Gaussian alphabet and equtie UEs are assumed to have their antenna elements arranged

power allocation across all the user streams by the BS, tindJLA with an inter-element spacing @f= \/2. The spectral

total sum of the spectral efficiency [31] is given by efficiency curves are obtained by averaging over one thalisan
channel realizations at each SNR point.

I+ % (WAW,) ' WHHEO O W,

) " A. IMD based HBF

K
R = Z log, <
i=1

L ) _ (47) Consider a single-user mm-wave MIMO system having
which is measured in terms of bits per channel use (bpcu). By - N ¢ (8,16,32,64}, M, = M, —= — 9 Let
contrast, in the unconstrained system, we hwe=U; and he number of channel clusters e — 6. Fig. 4 portrays

hence

K
R—Zlog2<

the achievable rates of both the unconstrained and of the
P . F ) H existing schemes as well as of the proposed IMD-HBF as
IL+ﬁUiHHz(’e )Hz('e Ui | (48) 3 function of the SNR. It is clear from Fig. 4 that the

=1 proposed IMD-HBF achieves nearly the same rate as that

In the constrained FAS based system, we hWe = ®;G; of the unconstrained system even when the number of an-
and hence tennas is not large, while the existing solutions suffemnfro

K P a performance loss. Furthermore, an SNR gain of about 6

R= ZlogQ (‘IL+E(G5<I>{I<I>Z-G1-)‘1 dB is observed, when the number of antennas is doubled,

i=1 (49) which corresponds to the array gain. Let us now quantify

szq)f{Hl(_eff)Hl(_eff)H 3,G;

). the achievable gain in the proposed solution w.r.t. thetiexjs
schemes at a particular SNR. Fig. 5 compares the performance
Comparison with the Existing Schem@édke contrast the of the aforementioned schemes, when operating at an SNR
proposed scheme to those of [19] and [20]. Both these schem&s5dB for N; = N, € {8,16,32,64}. It is evident from
independently choose the analog BF matrices and the digiad. 5 that the proposed solution achieves significantlyelbet
BD precoders in two different steps in an independent fashigperformance compared to the existing schemes and requires
We refer to the scheme proposed in [19] as the two-stagely about ten iterations to converge. Specifically, in aeys
multi-user hybrid BF (TS-MU-HBF) and that proposed irhaving N, = N, = &, the proposed scheme achieves a gain of
[20] as the equal gain transmission based hybrid BF (EGabout 0.7 bpcu w.r.t. the Basis Pursuit based scheme [8], [9]
HBF). In the first stage of TS-MU-HBR,®,, ®;} are obtained and a gain of about 0.85 bpcu w.r.t. the beamsteering based
jointly from a finite set of quantized beamsteering vectbett on dominant directions [14].
maximize the baseband channel gain| @ H,®,| for each Let us now study the performance of the proposed IMD-
useri = 1,2,..., K. In the second stage of TS-MU-HBF, theHBF scheme considering a fixed, = N,. = 64 and various
conventional BD/ZF precoding [24] that diagonalizes thmeo values of M; = M, € {2,3,4,5,6}, when operating in a
posite baseband user channel is employed. The preprogessimannel having. = 6 clusters. Fig. 6 portrays the achievable
stages at the BS are identical to that in (44), except tha€Cthe rates of both unconstrained and of the IMD-HBF system,
represents identity matrices. Note that the analog phdtsh when operating with the aid of the aforementioned system
at the BS[®,,0,,...,0k] are used in a fashion dedicatecharameters. It is evident from Fig. 6 that the proposed IMD-
to each user in both the proposed as well as the TS-MUBF does not suffer from any significant performance loss
HBF schemes. In EGT-HBF, the analog combin@sof the and achieves nearly the same rate as that attained by the
receivers are chosen from a DFT codebook that maximimaconstrained system. Fig. 7 portrays the reduction in the
the received energy|®”H,|, while the analog precodersapproximation error [(9), (10)] as a function of the number
are obtained based on the equal gain transmission metlddMD iterations. It is evident from Fig. 7 that as the value
[22]. Explicitly, ©; is chosen to be((HZ®,)/\/N;. Upon of M; = Mr is increased, the approximation error reduces
obtaining the analog precoders and combiners, the basebsiggificantly for any number of IMD iterations. This is as
channel is diagonalized by employing the conventional BBxpected, since a larger value af; = M, results in a
scheme [24]. Note that even in the case of EGT-HBF, thegher dimensional subspace for approximating the simgula
analog precoderf®d,,0-,..., 0] of the BS are used in a vectors better, which lie in the space spanned byltlséeering
fashion dedicated to each user and the preprocessing stages$ors. WhenM; = M, = L, the approximation error is
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The number of channel clustersis= 6 and the number of iterations in the Ni = Ny = 64, when operating in a channel havirdg= 6 clusters.
IMD-HBF is taken to be 40.
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SNR [dB] analog phase shifters associated with precoding and cimgbimatrices. The
system is assumed to havé; = N, = 64, M; = M, = Ns = 2, and
operating in channel having = 6 clusters.
Fig. 6. Comparison of the achievable rates in the uncomg&daisystem P 9 0
having Ny = N, = My = M, = 64 with that of the IMD-HBF system
having N; = N,. = 64 for various values ofAMl; = M, € {2,3,4,5,6}.
The channel is assumed to hate= 6 clusters and the number of IMD . e .
iterations in the IMD-HBE is taken to be 40. the unconstrained system at two specific SNR values. It is
evident from Fig. 8(a) and Fig. 8(b) that the proposed IMD-
HBF associated with five quantization bits achieve a similar
less than 96% and the achievable rate coincides with ﬂpﬁrformance to that achieved by the system operating weth th

of the unconstrained system. Furthermore, it is eviderr‘m‘roaIOI of infinite-resolution phaseshiters.

Fig. 7 that a maximum of 10 IMD iterations are sufficient for ) ) )
the algorithm to converge, which renders it a low-compiexits- BD with Unconstrained and Constrained BF
solution. Consider a multi-user mm-wave system, where the BS has
So far we have assumed that the analog phase shiftéfs = 64, M, = KN, and each UE hasv, = 16 and
employed in HBF systems have an infinite resolution. Nai4,, = N, = L = 2. First, we compare the performance of the
urally, this is not the case in practical systems, since tlsenventional BD to that of the proposed SP-AoD-BD in the
variable phase shifters can only assume discrete phasesvalabove mentioned set-up. Fig. 9 compares the achievable sum
Fig. 8 compares the achievable rate of an HBF system havirage of the proposed SP-AoD-BD to that of the conventional
N, = N, = 64, My = M, = Ny, = 2 and employing BD [25] for various values of. It is evident that the SP-AoD-
phase shifters having discrete quantization levels to tiiat BD achieves significantly higher rates than the conventiona

0 ! |
-45 -40 -35 -30
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Fig. 5. Comparison of the achievable rates in the uncoms&tdasystem havingv; = N, = M; = M, with that of the IMD-HBF and the existing schemes
having My = M, = N = 2 for various values ofV; and N, at SNR = -5dB. The number of channel clusterdis= 6.

BD. This is not surprising, since the conventional BD doe 20
not ensure that the BF vectors are aligned with the AoDs — Conventional BD [25]
the channel paths, which is essential for achieving reddena gol 2~ SP-A0D-BD ,,'fs
values of SNR in mm-wave communication.
In the rest of our simulation results, =50 o
« we consider SP-AoD-BD using unconstrained BF as we s
as the EGT-HBF scheme [20] as the benchmark schen 5407
for comparison, E 30l
o each of the UEs is assumed to haWe = 16, M, = 3
Ny=2andL = {2,3,4}, 20t
o the BS is assumed to havd; = N, K = 2K.
Fig. 10 compares the achievable sum rate of the propos 10
SP-BD-HBF both to that of its unconstrained counterpart i N :
well as to the EGT-HBF [20] and to the TU-MU-HBF [19] -40 -85 -30 -25 sr\TF%O[dB] -5 -10 -5 0
schemes as a function of the number of us&rsat SNR
values of 0 dB, -10 dB, and -20 dB for various vaIues . . . .
Comparison of the achievable sum rate in the corweali BD

L. 1t is seen from Fig. 10 that the proposed scheme atta'é}gi the proposed SP-AoD-BD with unconstrained BF in a sysheming
a significantly better performance than the existing EGTFHBN: = 64, N, = 16, My = KN;s, Ns = L = M, = 2.
scheme, when we havk = N,. By contrast, forl. > N
the proposed scheme suffers from a performance degradation
w.r.t. the EGT-HBF for larger values ok, which is mainly « a gain of 36 bpcu in case df = 2,
due to the suppression of the signal in the user signal space, a gain of 36 bpcu in case df = 3, and
Specifically, whenK = 10 and SNR = 0dB the proposed . a loss of 31 bpcu in case df = 4,
scheme achieves with respect to the TS-MU-HBF scheme [%9]it is also
« a gain of 18 bpcu in case df = 2, evident from Fig. 10 that the proposed scheme does not suffer

o a gain of 4 bpcu in case df = 3, and ,
i _ We have used a DFT codebook for analog BF matrices and jabtiyined
» aloss of 5 bpcu in case di = 4, the precoding/combining matrices based on maximizing fieeteve baseband

with respect to the EGT-HBF scheme of [20] and channel power, as in Algorithm 1 of [19].
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Fig. 10. Comparison of the achievable sum rate as a funcfitimeonumber of userg” at SNR values of 0 dB, -10 dB, and -20 dB, in a multi-user mmavav
system, where the BS has; = 128 and employs the SP-AoD-BD with unconstrained BF and IMD-H&Fwell as the EGT-HBF [20] and TS-MU-HBF
[19] schemes. Plots (a)-(c) correspond to the scenarioseanthe number of channel clustefsranges fron2 to 4.

from any performance loss for lower values 8f even when multiuser mm-wave communication systems can be designed
L is large. Note that the performance loss encountered viith the aid of partial CSI whilst achieving reasonably good
case of larger values ok w.r.t. the EGT-HBF scheme canperformance.

be significantly reduced by increasing the number of trahsmi

antennasV,. VIlI. APPENDIXA

VI. CONCLUSIONS Proof: For the ease of presentation, let us deribt:éz,;1

We have proposed a low-complexity iterative matrix decorfy Fr- Then, from (17) we have

position based hybrid beamforming algorithm for singletus @, ., =  argmin |FC; ! — @72 (50)
mm-wave communication, which is capable of achieving the |©(i,5)|=1/v/N¢

same spectral efficiency as that of the unconstrained SVD = argmin ||Fy — 0|2, (51)
based solution. Furthermore, we have shown that the AoD 1©(i.)|=1/V Nt

knowledge of channel paths associated with various users is M; N,

sufficient in order to block-diagonalize the downlink mmvea = argmin Z Z IFi(i,j) — ©@, )%, (52)
channel. We have proposed a subspace projection based AoD 1©(3,5)|=1/V/Nt =1 j=1

aided BD that gives a significantly better performance tinen t M, N,

conventional BD. We have studied the sum rate performance = argzz min F1(i,5) — O, )|,
of the proposed SP-AoD-BD in both an unconstrained BF im1 j=1@I=1/VNe

scenario as well as in constrained BF scenarios, where the (53)

proposed IMD-HBF is employed. Furthermore, it is 0bserv%here the interchange of summation and minimization foflow

that ”eaf'Y the Same performance as that of full-CSl basﬁgm the assumption of independent phase shifters in the FAS
schemes is attainable by the proposed scheme for moden@éged system. Thus, it is sufficient to show that
number of users. For a fixed number of users, we have ' '

observed that the sum rate performance of the constrained<¥(i,j)/\/N; = argmin |Fy(i,j) — ©(3, 7).
BF solution approaches that of the unconstrained solution, 1©(i,5)|=1/v/Ny
when the number of BS antennas is increased. Thus, future (54)



Letting Fr(i,7) = ae’® and ©(i,j) = vel?, wherey =
1/v/ Ny, we have

= (acos B — ycos0)? + (asin 3 — ysin6)?.

(31

(55) M

(56)
(5]
Furthermore, differentiating; ; w.r.t. ¢ and equating to zero

gives

Ofig

00
which yieldsé,,; = 8. Furthermore, it can be verified that the [7]
optimal solutiond,,, corresponds to the minimum ¢f ;, as
follows. Considering the second-order derivative f@f;, we
have

(6]

= 2y cos B sinbopr — 20y sin B cosbopr = 0, (57)

(8]

2
0851-2,;‘ = 2arycosBcosf + 2aysin Bsinfd,  (58) [9]
% = 2ary cos? f + 2y sin? B (59)
062 lo=0,,, ’
= 2y > 0, (60) (20

which implies thatf,,, is a minimum of f; ;. Similar argu-
ments also hold for the case of (18). This concludes the progh;

[ |
[12]
VIIl. A PPENDIXB
Proof: We have
[13]
F—0,C.||?> = |F — ©4.1Ckl|?
I kCr|” — || k+1Cr| 61)

= |(FC;' = ©1)Cy | — [|[(FC; ! — ©411)Ci1%, »
=tr{C{(FC;' — ©,)"(FC;' — ©;)C}}

—tr{C(FC;' — @) (FC;! — ©441)Cy},

[15]

(62)
—tr[{(FC;! - @) (FC! - ©)) [16]

(63)
— (FC, ' — @) (FC, ' - @k+1)}CkaH}a [17]

= tr [CkaH{(FC,;l — 0, (FC;' — ©))
1 P ©4) ns
—(FC," — Oy41)" (FC~ — @k+1)}},

=tr(AB) (65) 9]

> Anin(A)tr(B) + Apin (B) [tr(A) — MiAnin(A)] . [20]

(66) 21

The inequality in (66) follows from [27]. This concludes the
proof. B [27]
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