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UNIVERSITY OF SOUTHAMPTON

ABSTRACT

FACULTY OF ENGINEERING AND THE ENVIRONMENT

Institute of Sound and Vibration Research

Doctor of Philosophy

SIGNAL PROCESSING FOR MICROPHONE ARRAYS WITH NOVEL

GEOMETRICAL DESIGN

by Khemapat Tontiwattanakul

This research aims to propose a novel technique to design rigid ba�e microphone arrays

with complex geometry and their signal processing. The proposed technique relies on the

use of the boundary element method (BEM) that allows to obtain a numerical model of

the acoustic pressure captured by sensors of microphone arrays with any geometry. The

beamforming strategy proposed in this study is based on the singular value decomposition

(SVD), which is regarded as the general idea of the modal beamforming.

In this research, the microphone array problem is setup in an inverse problem framework,

and is formulated as a Fredholm's integral equation of the �rst kind. The beamformer is

then realised and the discrete version of the problem is analysed and discussed. The pro-

posed design technique is then applied to two case studies: �rstly, to study spheroidal

microphone array and, secondly, to study spherical microphone arrays with acoustic

waveguides added to the surface of the arrays with the aim to extend their operating

frequency bandwidth. Number of numerical simulations were carried out in both stud-

ies. The most signi�cant results are presented in the second case study. It is proved

via numerical simulations that the cavities on the spherical array allow for the reduction

of spatial aliasing error. Moreover, the relation between the spherical harmonic beam-

forming and the SVD beamformer is discussed. An experiment was setup in order to

demonstrate that the array with waveguides achieves the desired e�ect with realisable.

The experiment results indicate that the proposed technique is practical and can be

implemented for real-life microphone array design.
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Chapter 1

Introduction

In the �eld of acoustics and audio engineering, microphone arrays are powerful tools

used in acoustic measurements and sound �eld recording. Microphone arrays have many

possible uses, for example, beamforming, sound �eld analysis, and source localisation.

Microphone arrays have been developed for a few decades. In the early stage, microphone

arrays were mainly used in heavy industry such as aircraft, automotive, and railway

industry [Mic06]. At the time, the implementation of microphone arrays was not practical

and limited by the cost of sound recording equipment and by the computational power

of computers. Currently, decreasing of the price of recording equipment and computers

seem to be a major factor that makes microphone arrays a�ordable for many applications.

Microphone arrays, nowadays, are widely used for audio recording devices, hand free

systems, and speech recognition systems, which are the technologies that many types of

consumer products are equipped.

1.1 Backgrounds, motivation and contribution

Microphone array is a type of sensor array application. The main aim is to achieve spatial

�ltering. This technique that not only leads to increase the signal to noise ratio (S/N

ratio) of the measurement system, but also allows for the desired acoustic information

to be extracted from sound �elds of interest using signal processing techniques. The

main challenge compared to other array applications is that microphone arrays are often

required to work over a wide frequency bandwidth. Some common acoustical parameters,

for instance location of sources (or direction of arrival), acoustic intensity, and acoustic

strength are some of the quantities to be extracted from sound �elds of interest. The

techniques mentioned earlier are generally referred to as Acoustic Scene Analysis (ASA).1

Teutsch clearly categorises the ASA into three classes by the objective as follows : [Teu07]

1Not to be confused with Auditory Scene Analysis

1



2 Chapter 1 Introduction

i) Supervised ASA or waveform estimation: this class of ASA aims at estimating original

signals buried in noise by means of beamforming techniques such as delay-and-sum (DS)

beamforming, �lter-and-sum beamforming, beamforming using di�erential microphone,

and superdirective arrays. The fundamental idea of beamforming is that the output of

a beamformer, which is generally in the form of a single wave form, is computed by

summing the processed signals captured by the array. The term supervised suggests that

the characteristic of the sound �eld and of the array are known or assumed. Typical

applications of the supervised ASA technology are, for example, teleconferencing and

speech recognition systems.

ii) Semi-supervised ASA or parameter estimation: this technique aims to determine the

number of sources and their direction(s) in relevant problems. A common application of

this class of ASA is source localisation. At the initial state of the development, time-

di�erence-of-arrival (TDOA) was the major parameter that was mainly used in many

algorithms. However some more sophisticated approaches such as modal analysis of

sound �eld is currently a widely research topic. The ASA of this class is directly linked

to the supervised ASA because the parameters that are estimated by the technique in

this class are commonly used to achieve the same aims of the supervised ASA.

iii) Unsupervised ASA or blind system identi�cation/ blind source separation: this class of

techniques mainly belongs to the research area of adaptive algorithms. These techniques

can separate desired information of sound �eld without any knowledge or assumption of

sound sources. Signal processing techniques in this category are independent from the

con�guration of arrays, which makes them highly �exible and robust. However, this class

of ASA is not of interest in this thesis. Nonetheless, the reader can �nd more details

regarding these algorithms and their implementation in reference [BCH08].

In general, a microphone array consist of a set of acoustic sensors that are arranged in a

speci�c pattern on a supporting structure. The arrangement of the array sensors directly

a�ects the performance of the array. In addition, some signal processing techniques

require speci�c arrangement of the sensors as well. Arrays are categorised following

the arrangement of their sensors as linear arrays, planar arrays, cylindrical arrays, and

spherical arrays [CH04].

Transducers of an array can be mounted on a structure considered as sound ba�e. The

terms rigid array or ba�ed array are widely used to refer to the arrays with sound ba�es.

In addition, the term rigid array implies that the surface of the array's ba�e is generally

assumed to be perfectly re�ective. This suggests that any impinging wave is scattered by

the body of the array. On the other hand, if the body of an array is made of a hollow

structure and the thickness of structure components is relatively small compared to the

wavelength of sound �elds of interest, then any array with the same con�guration is

generally called open arrays or unba�ed arrays. It should be noted that unba�ed arrays
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are considered acoustically transparent and impinging waves can go through the arrays

without generating scattering e�ect.

Signal processing techniques speci�cally implemented with microphone arrays are gen-

erally called microphone array beamforming. Each microphone element on a given array

captures the variation of acoustic pressure of a given sound �eld at a speci�c location.

Many e�ective beamforming techniques exist and one of them is the so-called modal

beamforming.

Modal analysis of sound �elds is currently a well-established research topic. This tech-

nique suggests that any sound �eld can be decomposed into modes de�ned by a set of

harmonic functions associated to a given separable coordinate system, which is used to

represent the sound �eld. Spherical beamforming is a good example of modal beamform-

ing. Modal beamforming techniques seem to be restricted to ba�ed arrays because it

su�ers from numerical issues when implemented to unba�ed arrays [Raf05].

Theoretically, a given sound �eld can be described mathematically as a solution of the

Helmholtz Equation (HE). In some special cases, given sound �elds of interest can be

described in closed-form. In such case, the design of microphone array beamforming can

be achieved without any technical issue. The solutions to the Helmholtz equation in

closed-form are mostly obtained by separation of variables technique, which is limited

to separable coordinate systems, for instance, Cartesian coordinates, cylindrical coordi-

nates, and spherical coordinates [Wil99]. This leads to a signi�cant limitations in the

geometrical design of ba�ed arrays.

Nonetheless, scattering problems of complex geometry scatterers are very common in the

�eld of computational acoustics. Scattered sound �elds are usually computed via numer-

ical methods, such as the Finite Element Methods (FEM) and the Boundary Element

Methods (BEM) [Bre91, AS15, HC14, Ihl06]. The two techniques have some fundamental

di�erences such that the FEM is formulated based on weak formulation of the Helmholtz

equation whilst the BEM is formulated based on the representation of sound �elds in

the form of the Kirchho�-Helmholtz Integral Equation (KHIE). In other words, the FEM

is in the form of a di�erential equation and the BEM is in the form of integral equa-

tion. Although numerical methods are common tools to study scattering problems, little

attention has been paid to the application of numerical methods to microphone array

design.

The FEM and the BEM both have their advantages and disadvantages. The FEM

evaluates sound �elds in spatially discretised domains. Due to the fact that the domain

needs to be discretised, large amount of computer memory as well as powerful processor

are required to handle a large amount of data and such computing load. Fortunately,

a�ordable personal computers nowadays are widely equipped with adequately powerful

processors and a large amount of memory, hence providing performances that are enough

for FEM computing. Another past issue is that the conventional formulation of the FEM
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does not allow for the solution of radiation problems as the domain needs to be de�ned at

an in�nite distance. A di�erent formulation of the FEM has been recently introduced in

order to enable the FEM for the solution of radiation problems. The later formulation is

known as Finite Element Method for in�nite domain or In�nite Finite Element Method

(IFEM) [Kah00].

Back in 1980s, BEM was considered to have more advantages over the FEM since it

requires a smaller amount of memory in the computing. An advantage of this technique

is that either the particle velocity perpendicular to the surface of scattering body, e.g.

arrays' ba�e, or the acoustic pressure on the surface of the scattering body is required.

In the computing process, the problem is discretised and then reformulated in the form

of a matrix equation. Throughout the process, only the surface of the scattering object

needs to be discretised, which implies that the size of required memory can be smaller

in comparison to the FEM. Despite the advantage in terms of memory with respect to

FEM, the BEM formulation often results in non-symmetric matrices that cause di�cul-

ties when solving the matrix equation. Consequently, the number of instructions used

for the computation is high and requires high computational power. The BEM has been

further developed and, recently, a new formulation of the BEM known as Fast Multipole

Boundary Element Method (FastBEM ) has been proposed. Such new formulation con-

siderably reduces the computational time compared to the conventional BEM [Liu09].

A reference textbook that the reader can look into for more details about the Fast Mul-

tipole Method is authored by Gumerov and Duraiswami [GD05]. Text book authored

by Lui [Liu09] is a good reference with some sample codes provided. The BEM seems

to be more e�ective than the FEM in microphone array design problems because the

information required is the sound �eld at sensor positions.

In term of software, there are several commercial softwares available to implement

the FEM and the BEM speci�cally for applications in acoustics. For example, COM-

SOL and MSC Actran implement the FEM. LMS Virtual.Lab Acoustics (former SYS-

NOISE ) implements the BEM. Open source softwares for the FEM and the BEM are

also available such as Elmer (https://www.csc.fi/web/elmer) and OpenBEM (http:

//www.openbem.dk/), respectively.

This thesis focuses on the design of microphone arrays with complex geometry and

of their signal processing. The modal beamforming technique is chosen as the signal

processing strategy. The strategy presented in this thesis overcomes the limitations of

the geometry design of microphone arrays by using numerical method. The BEM is

the chosen numerical tool and Matlab based software OpenBEM is chosen as the BEM

computing tool throughout the study.

In the proposed framework, the microphone array problem is formulated by representing

sound �elds in the form of an integral equation representing a plane waves superposition.

https://www.csc.fi/web/elmer
http://www.openbem.dk/
http://www.openbem.dk/
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This model includes an in�nite number of plane waves impinging from all possible direc-

tions to a given microphone array with its centre located at the origin of the coordinate.

The proposed microphone array beamforming is derived and the amplitude density of the

impinging plane waves is estimated from the beamformer output. It should be also noted

that the output of the beamformer proposed in this research indicate the estimation of

the entire plane wave density, which is discussed in detail in chapter 2, and is di�erent

from some conventional beamforming algorithms whose output indicates a sinc signal

obtained by steering the array to a given direction.

In this thesis, microphone array problems are considered as inverse problems. Mathe-

matically, inverse problems aim to estimate unknown functions from known functions

via the knowledge of the processes that relate such known- and unknown functions in

the backward direction. The Fredholm Integral Equation of the �rst kind (FIE) generally

arise when dealing with these problems. Making an analogy between microphone ar-

ray problems and inverse problems, the beamformer output is regarded as the unknown

function. The solution of the FIE can be obtained by solving the FIE in the form of the

Singular Value Decomposition (SVD), which is equivalent to the modal decomposition

in a general sense. It should be noted that SVD based modal beamformers are referred

to as SVD beamformers in this work.

The proposed design techniques are then applied to the two microphone array case studies

in this thesis. Firstly, study of spheroidal microphone arrays (discussed in chapter 5)

and, secondly, extension of the operating frequency bandwidth of spherical microphone

arrays with multiple waveguides on their surface aiming to extend the array bandwidth

(discussed in chapter 6 with experimental results in chapter 7).

The spheroidal microphone array beamforming can be regarded as one of unconventional

geometry because the solution to the wave equation in close form is complex and di�cult

to implement in real world application. Such di�culties are a motivation to include the

study on the spheroidal beamforming based on the proposed framework as Chapter 5 of

this thesis. The narrow bandwidth seems to be a big limitation of spherical arrays. It

is shown by Daniel and Epain [ED08a] that the modi�cation of the body of a spherical

array by having some waveguides on the surface of the spherical array with a sensor at

the end of the waveguide can extend the working bandwidth. A spherical array with

waveguides can be regarded as a highly complex geometry and the solution to the wave

equation is not feasible to obtain. The motivation of the work presented in Chapter 6 is

to explore some new design of spherical array with waveguides by applying the proposed

framework.

A number of numerical simulations were carried out in both studies. An experiment

was performed to validate the numerical results in the latter design case study. As a

consequence of this study, the following research questions are answered:
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� What criterions should be considered in the BEM calculation for the microphone

array beamforming?

� What are the di�erences and similarities between conventional modal beamformers

such as spherical harmonic beamformer, and SVD beamforming?

� How does the performance of SVD beamformer compare to that of the conventional

modal beamformers?

� What are the limitations of SVD beamformer?

� For eigen-beamforming, geometry of arrays plays play an important role to the

performance of the beamformer, which is measured by directivity index, because

the array body acts as a scattering body such that directly a�ects to the directivity

of the transducers. This lead to a research question: how can the performance of

microphone arrays be improved by modifying the array geometry?

By answering the research questions given above, the scienti�c contributions of this thesis

are as follows:

� The microphone array beamforming problem is formulated using the plane wave

superposition approach. It is shown that the plane wave superposition can be

considered as an integral equation in the form of FIE. This leads to the analysis of

the microphone array beamforming in the framework of inverse problems and the

modal beamformer outputs can be obtained by mean of the SVD.

� The discrete version of the proposed beamforming strategy is presented and dis-

cussed. The restrictions that must be taken into account for the SVD beamforming

are studied.

� The analogy of the SVD to the modal expansion in microphone array beamforming

is discussed. An example case is given in chapter 4 in which Spherical microphone

arrays are chosen as the model in the study.

� The application of the BEM and SVD to microphone array beamforming, which is

call BEM-SVD beamforming, has been developed.

� The proposed microphone array design technique is applied to spheroidal micro-

phone arrays. A number of numerical studies is carried out in order to investigate

the e�ects of the aspect ratio of the spheroidal arrays on the directivity pattern of

the corresponding SVD beamformer.

� The proposed design technique is also applied to the design of rigid spherical arrays

with multiple waveguides on the surface. The BEM is applied to study the e�ect

of the shape of waveguides on the performance of BEM-SVD beamformer. The
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performance of rigid spherical array with di�erent waveguides is compared and

discussed.

� An experiment was carried out that demonstrates the feasibility of the proposed

methods to the design of arrays with waveguides.

Some of the results of this thesis have been presented in the following publications:

� Tontiwattanakul, Khemapat, Fazi, Filippo Maria and Nelson, Philip Arthur (2012)

Application of the boundary element method to the design of a microphone array

beamformer. In, 28th Conference on Reproduced Sound: Auralisation: Designing

With Sound, Brighton, GB, 14 - 16 Nov 2012.

In the following section, previous works that are relevant to the development of micro-

phone arrays design and microphone array beamforming are reviewed. Some applications

of the BEM to the design of microphone arrays are reviewed and discussed.

1.2 Literature review

Microphone arrays have been developed for around three decades. Although their signal

processing techniques are similar to other sensor array technologies, the main challenge

for microphone arrays is to achieve a wide operation bandwidth. In this section, literature

relevant to the design of microphone arrays and the relevant signal processing techniques

are reviewed starting from initial attempts up to the state-of-the-art techniques. The

attention is mainly posed on the signal processing techniques in the initial part of the

section and then previous attempts to apply the BEM to microphone array designs are

discussed.

1.2.1 Previous works on microphone array signal processing

Microphone arrays were �rstly developed for the purpose of acoustic measurements and

mainly used by the jet engine industry. The �rst microphone array system, the so-called

acoustic telescope, was invented by Billingsley and Kinns in 1975[BK76]. The system

was made speci�cally for real-time sound source localisation and noise measurements of

the Rolls-Royce/SNECMA Olympus which is a full size jet engine used with the super-

sonic aircraft Concorde. The Billingsley's array is a linear array consisting of fourteen

microphones of 1/4" size. The system has capability to record acoustic signals onto a

magnetic tape system as well as to a digital storage at the sampling rate of 20 kHz.

Two 8-bit Analogue-to-Digital Converters (ADC) with shared multiplexer enables the

system to acquire signals from the fourteen microphones. The results were displayed on
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a CRT monitor and data were processed using a technique that is similar to the current

delay-and-sum beamforming (DS beamforming).

DS beamforming (or phased array) is the oldest and simplest array signal processing

technique that has been widely used [JD92]. Implementation of a delay-and-sum beam-

former consist of two processing steps: time-shifting each sensor signal and adding up

the time shifted signals to formulate beamformer output [BCH08]. Applying the two

processing steps, the beam of the beamformer can be steered electronically to desired

directions.

The captured signals are assumed to be the superposition of desired signals that super-

impose with spatial white noise. Hence, the coherent sum is able to eliminate the spatial

white noise whilst enhancing the desirable signals via the addition process. This leads

to the increase of the S/N ratio of the measurement systems.

A major disadvantage of the DS beamformers is that they are frequency dependent. This

results in frequency-dependent array directivity pattern. A number of techniques have

been proposed to deal with the issue. One of the widely used approach among others

is nested arrays [BW01]. A nested arrays is generally an overlapped linear array that

consists of a main array with two or three sub arrays. The sub arrays are overlapped on

to the main array with some strategically shared microphone elements. The separation

of the microphone elements of each sub array is half the transducer distance of the larger

sub-array. An alternative technique is proposed by Ward et al. in chapter 1 of [BW01].

The authors suggest that the equidistance of the sensors is the cause of the frequency

dependent beamwidth. A method to design optimum placement of sensors to avoid the

frequency dependent beamwidth is given in the article. A signal processing technique to

overcome the beamwidth issue of linear arrays called the �xed beamformer is suggested

by Benesty et al.. The criteria to design optimum �lter to achieve a desired beamwidth

by mean of the least square method is presented in chapter 3 of [BCH08]. The details of

some other conventional beamforming techniques can be found in [BW01, BCH08], and

[vVB88].

The microphone arrays were introduced to analyse the noise emission of fast moving

sources such as high-speed trains and aircrafts. Although the noise emission in these ap-

plication is considered as narrow band noise, dealing with the doppler e�ect is the main

challenge. Hence, a number of De-dopplerisation techniques were invented to tackle to

the problems [HBMB86, PB94]. The idea of using microphone arrays in two dimen-

sions began at the time. In railway noise research, equidistant linear arrays were used

to localise noise source of passing by trains by orientating the array vertically and hor-

izontally. In the aircraft industry, the �rst application of 2D microphone arrays was

demonstrated by Howell et al [HBMB86]. The aim of the study was to measure the

noise emission of �ying aircrafts. Howell and his team installed a linear array consisting
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of four microphone elements with 3.802 m distance between the sensors. The blade pass-

ing frequency noise of a �ying over aircraft was observed when the scan was performed

along the longitudinal direction whilst the two engines noise was observed when the scan

was performed along the transverse direction.

The e�ect of sampling frequency on the S/N ratio was also studied. Dolph [Dol46]

suggested that the higher the sampling rate, the higher the level reduction of the side-

lobes. The author also suggested that the level of the sidelobes can be reduced by simply

applying linear interpolation to the measurement data. This technique was used as a

conventional technique for a period of time. For more details of the application of micro-

phone arrays in the industry, the reader can refer to a paper authored by Michel [Mic06]

for a useful list of bibliographic references.

Planar arrays are widely used to achieve acoustical imaging, acoustical holography, and

two dimensional beamforming. Literature that is relevant to the design of planar arrays,

the associated signal processing and the uses in industry are [DR83, Car07], and in a

series of article by Hald [Hal89, GH89, Hal95, Hal00, Hal05]. An optimal design planar

array that aims for side-lobes reduction is proposed by Christensen and Hald [CH04], in

which the microphone elements are arranged in a spiral pattern.

In the �eld of audio research and speech recognition, circular arrays are widely studied

because of their ability to capture or record sound all around the array. The performance

of circular microphone arrays in terms of noise and variability of transducers is analysed

by Poletti [Pol05a]. The study concludes that arrays with large size are required in order

to cover low frequency ranges and increasing the number of transducer improve S/N ratio

of the arrays and decreases the high frequency limit to the arrays.

The idea to use microphone arrays to observe the modes of sound �elds brings mi-

crophone array beamforming to a new �eld, called modal beamforming [TK06]. This

technique has a strong advantage over the conventional beamforming discussed earlier

because this technique is able to provide constant directivity pattern in a speci�c fre-

quency range. Unba�ed microphone arrays with omnidirectional sensors usually do not

perform well with modal beamforming because the sensors may be located in the region

that has a nodal line of analysed modes [Raf05, Pol05b]. As a consequence, the arrays

cannot observe some modes of the sound �elds and this leads to spatial aliasing in the

beamforming process . Nonetheless, some attempts were made to implement the modal

beamforming with unba�ed arrays. For example, Elko and Mayer suggest to arrange

a single omnidirectional microphone at the centre of circular arrays to achieve circular

harmonics beamforming [ME08a]. Rafaely proposed a number of modi�ed version of

unba�ed spherical arrays that can implement spherical harmonic beamforming such as

dual unba�ed spherical arrays, unba�ed spherical arrays with a single sensor at the

centre, and unba�ed spherical arrays with cardioid microphones as the sensors [Raf08b].
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The ba�er of arrays plays an important role in the modal beamforming as scatterers.

Flush mounting sensors on the ba�es makes the sensors more directive as a consequence

of combination between the scattered �eld and the incident �eld. Beamforming of rigid

spherical array [Mey01] and rigid cylindrical array [PJvS07] are some good examples.

They have been widely studied because the solutions of the scattering problem of the

two are given in closed form [Wil99].

The analysis of sound �elds in three dimensional spaces is an important real-world ap-

plication. High attention has been paid to the modal beamforming for three dimensional

microphone arrays. Spherical microphone arrays have been widely studied in the con-

text of sound �eld analysis in the last decade because they have isotropic directivity

in three dimensional space. The theoretical background of spherical arrays is mainly

based on spherical harmonic decomposition. An important piece of work on spherical

harmonics beamforming, design, and analysis is provided by Rafaely [Raf05]. A number

of publications on the spherical beamforming has been produced by the same author

and his colleagues [BR04, RP04, Raf05, PR05, RWB07, Raf08a, Raf08b, BR07], Mayer

et al. [MA03, ME08c, ME08b], Abhayapala et al. [AG09, AG10], and Duraiswami et

al. [LD07, ZDG08, ZDG10]. The theoretical background on spherical beamforming is

reviewed and discussed in details in chapter 4 of this thesis.

In term of signal processing, a real implementation of the spherical microphone array

is demonstrated by Farina et al. [FCCS10]. The authors applied Least Square tech-

nique plus regularisation to a set of measured transfer function in order to implement

beamformer in real time. Two techniques aiming to record realistic sound �elds with

spherical microphone array were presented in Marschall's thesis [MDMB14]. One is by

an appropriate placement of the sensors and another is to implement a signal processing

technique called mixed order spherical harmonic beamforming.

1.2.2 Uses of the BEM in microphone array design

Few previous works discuss the application of numerical methods to microphone array

design. In the following, a summary is presented of the literature relevant to the use of

the BEM to the analysis and design of microphone arrays.

Work on this topic carried out by Moquine and Dedieu, and has been presented as a

series of patents and conference papers [DM04, DM07, DM11, MDG03a, MDG03b]. The

authors attempted to make omnidirectional microphones become directional by placing

them at the end of sound waveguides embedded on rigid structures. This technique

was referred to as physical beamforming. When the microphone elements become more

directive, the bandwidth of the microphone array can be extended as a consequence

[DM04]. The beamforming technique implemented in the works mentioned above is the

Linear Constrain Minimum Power beamforming (LCMP) [TBV01]. In this work, the
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BEM is used to optimise the depth, the shape and the width of waveguides in order to

obtain some waveguide shapes that provide the desired beamwidth.

Another attempt to use numerical methods in microphone array beamforming was pro-

posed by Jiang et al [JYM06]. This study presents the application of the numerical

method to the circular harmonics beamforming of a circular microphone array mounted

on a complex geometry ba�e with circular circumference. Jiang and his colleagues sug-

gest to use the BEM to compute the sound �elds captured by the microphone and use

such information to compute beamformer outputs.

The modal beamforming of rigid cylindrical microphone arrays with �nite length has

been studied by Kaiser [KPZ12]. The relation between the directivity pattern and the

aspect ratio of the cylindrical arrays, which is the ratio between the height and the

diameter of cylinders, is studied. The beamwidth of the beamformer along the vertical

and the horizontal planes is discussed.

Kaiser also studies modal analysis of rigid spherical arrays and �nite rigid cylindrical

arrays via singular values decomposition [Kai12]. The author compared the radial weights

of spherical arrays and cylindrical arrays to the singular values that are obtained by the

BEM calculation. It was found that the singular functions are frequency dependent. The

Joint Singular Value Decomposition (JSVD) is introduced in the study [Hor10]. Further

study was carried out and it is shown in Kaiser's thesis that the joint singular values are

similar to the radial weights of the spherical harmonic decomposition and the singular

functions are similar to the spherical harmonics and cylindrical harmonics, respectively

[Kai12, KPZ12].

In addition, a new microphone array design called spherical segment array with double

cones was recently proposed by Pomberger and Pausch [PP14, Pau13]. This new design

aims to increase beam resolution by con�ning a secmented spherical array with two

conical bodies. Then any sound �eld captured by this microphone array can be expanded

by the so-called segmented spherical harmonic decomposition.

1.3 Summary of the thesis

This thesis is organised into eight chapters. A summary of each chapters is given below

chapter 2 presents a collection of mathematical notations, de�nitions, and theory back-

ground on inverse problems and microphone array beamforming that are referred to

throughout the thesis. This chapter begins by providing the common mathematical

notations, conventions, properties of functions and transforms, and de�nitions used in

this thesis. The representation of sound �elds is a fundamental step of beamforming.

Three sound �eld representations, namely the plane wave superposition, the Kirchho�-

Helmholtz integral equation, and modal expansion are presented. The advantages and
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disadvantages of the three methods are discussed. The plane wave superposition tech-

nique is the key idea of this research as it is linked to the formulation of the beamforming

in the framework of inverse problems. However, before presenting the beamforming strat-

egy in detail, the general mathematical background of inverse problems is provided in

section 2.3. Next, the beamforming strategy based on inverse problems is established by

using the plane wave superposition and the knowledge of inverse problem. It is shown

that the outputs of the SVD beamformer provides an estimation of the amplitude density

(or source strength) of plane waves that impinge on the array. Moreover, a fundamental

condition for SVD beamformers, namely the Picard's condition, is also introduced and

discussed and the matrices to evaluate array performance are given.

Since the BEM is chosen as the main numerical tool in this study, the aim of chapter 3 is

to provide adequate theoretical background for understanding the BEM. The Kirchho�

Helmholtz Integral Equation (KHIE) for the three common problems (interior problem,

exterior problem, and scattering problem) is derived. Then the BEM process is reviewed

starting from the discretisation of the KHIE to the formulation of matrix equations. The

limitation of the BEM and the disadvantages of the BEM formulation are explained. The

procedure of the BEM calculation in this thesis involves the preparation of 3D models

using Computer Aided Design software (CAD), converting the CAD data to mesh �les,

and importing the mesh �les for the BEM calculation using Matlab. The OpenBEM

software is used to perform the BEM calculation in this thesis. The introduction and

the technical background of OpenBEM is also given in this chapter.

A preliminary study of the application of the BEM and the SVD beamforming is given in

chapter 4. Spherical arrays have been chosen as the benchmark model of the study and a

number of numerical simulations was carried out. The aims of the study in this chapter

are as follows: i) to validate the accuracy of the BEM calculation of OpenBEM by com-

paring the sound �eld scattered by a rigid spherical array computed by the OpenBEM

and the �eld computed by closed-form formulas, ii) to illustrate an analogy between the

spherical harmonics expansion and the singular value decomposition, and iii) to compare

the performance of the SVD beamforming and the spherical beamforming. Literature

relevant to spherical beamforming is reviewed at the beginning of the chapter and some

background on the spherical harmonic expansion of sound �elds is provided. The pro-

posed framework is then applied to spherical arrays. The beamforming is setup as an

inverse problem. It is shown that the spherical beamformer outputs can be obtained in

the form of the SVD. Analogies between the singular value decomposition and spherical

harmonic expansion of spherical arrays are discussed and then the discretisation of the

spherical beamforming is presented. A number of numerical simulations was carried out

in order to validate the accuracy of the BEM calculation and factors that a�ect its accu-

racy are analysed. Finally, SVD beamforming and conventional spherical beamforming

are compared and discussed.
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The discussion in chapter 5 focuses on the application of the BEM and SVD beamforming

to spheroidal arrays. Similarly to the spherical harmonic expansion, plane waves can be

decomposed by spheroidal harmonic expansion. Although, the sound �elds scattered by

a rigid spheroid can be given in closed-form formulae, the mathematical background of

the spheroidal harmonics is more complex than that of spherical harmonic. In this study,

attention is paid to the e�ect of the aspect ratio of spheroids (the ratio between the semi-

major and semi-minor axes) on the directivity pattern of the SVD beamformer. A number

of numerical simulations are carried out and it is shown that the SVD beamformer can

be unstable and the stability conditions discussed in chapter 2 can be used to stabilise

the beamformer output.

The operating frequency bandwidth of spherical arrays is discussed in chapter 4. It

is shown that the bandwidth is controlled by the size of the array and the number of

sensors. Chapter 6 focuses on an attempt to extend the bandwidth of spherical arrays

by modifying the geometry of spherical arrays. The technique proposed in this study

was inspired by Epain and Daniel [ED08a]. The authors suggest that the bandwidth

of ba�ed spherical arrays can be extended by increasing the directivity of the sensors.

The authors also suggest that the sensors can be modi�ed to become more directive

by making waveguides on the surface of the spherical array and placing sensors at the

small end of the waveguides. A technique to increase the directivity of the sensors is also

suggested by Moquin et al [MDG03a, MDG03b]. Additionally, a sphere with multiple

waveguides on their surface is a considerably complex geometry and the sound �elds

scattered by it cannot be described by closed-form formulae.

Previous works relevant to the extension of the bandwidth of spherical beamforming is

reviewed at the beginning of Chapter 6. A bandwidth extension method is presented

and discussed. The BEM is used to investigate the optimal shape of the waveguides

that maximise the bandwidth of the spherical array. In this part of the study, the

directivity of the sensor at the end of di�erent waveguide shapes and di�erent waveguide

aspect ratio (the ratio between the width and the depth of the waveguides) are studied.

The shapes of the waveguides that are included in the numerical studies are conical,

exponential, round, and parabolic. The two most appropriate waveguides were chosen

and then they were included in two spherical 3D model in order to create two di�erent

spherical arrays with waveguides. The BEM and SVD beamformer are then implemented

for the spherical array with multiple optimised waveguides. The directivity patterns of

the SVD beamformer are then compared and discussed.

An experiment was carried out in order to validate the performance of the spherical

arrays with waveguides that are discussed in chapter 6. The detail of the experiment is

presented in chapter 7. The experiment was carried out in the large anechoic chamber

of Institute of Sound and Vibration Research (ISVR) of the University of Southampton.

The details of the facility and equipment relevant to the experiment are given at the

beginning of the chapter. The setup of the experimental rig, the calibration procedures,
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and the measurement procedure are explained. The experiment aims to measure the

horizontal directivity pattern of individual microphones, the 3D directivity pattern of

individual microphones, and the SVD beamforming outputs. The azimuthal sensitivity

and the 3D sensitivity of individual microphones are then compared to the theoretical

sensitivities that are computed by OpenBEM. The SVD beamforming is implemented

for the arrays and the experimental results are presented and discussed.



Chapter 2

Theoretical background on

microphone array beamforming

This chapter provides the theoretical background on microphone array beamforming

that are referred to throughout this thesis. The relevant mathematical de�nitions and

conventions are given in the �rst section. These mathematical representations of sound

�elds, namely the plane wave superposition technique, the Kirchho� Helmholtz Integral

Equation (KHIE), and the modal decomposition are presented. Next, microphone array

beamforming is formulated as an inverse problem. The mathematical background of

inverse problems is provided and discussed in section 2.3 and the application of the

inverse problems to the microphone array beamforming is given in section 2.4. The spatial

discretisation of the microphone array beamforming is derived and the consequences of

the discretisation are discussed. Furthermore, the requirements that must be satis�ed

to obtain stable beamformer output are given. Lastly, the metric of array performance

such as directivity index (DI) and white noise gain (WNG), which are widely used to

indicate array performance, are discussed.

2.1 De�nitions and conventions

This section presents the conventions and notations that are usually used throughout

this thesis. It should be noted that the time convention ejωt is used where the symbol

j denotes the imaginary unit, ω denotes the angular frequency, and t denotes time.

Boldface lower case letters are usually used to indicate vectors, e.g. x, whilst boldface

lower case letters with hat are used to indicate the direction of corresponding vectors,

e.g. x̂. Lower case italic letters are used to indicate the magnitude of corresponding

vectors or scalars, e.g. x = |x|. It should be noted that the unitary vector ŷ is usually

used to indicate the direction of arrival (DOA) of a plane wave. Vector x is used to

denote a position in the sound �eld. Additionally, in matrix equations, a boldface upper

15
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case letter is used to indicate a matrix. The following are some relevant de�nitions of

coordinate systems, integral transforms, integral operators and generalised functions.

2.1.1 The Fourier transform

Let f(t) be functions of time t, the forward Fourier transform F{·} of f(t) and its inverse

F−1{·} are given by [Kre06]

F{f(t)} =

∫ ∞
−∞

f(t)e−jωtdt

= F (ω),

(2.1)

F−1{F (ω)} =
1

2π

∫ ∞
−∞

F (ω)ejωtdt

= f(t).

(2.2)

2.1.2 The inner product

In this thesis, the inner product between two members of the same space is denoted by

the bra-ket notation, i.e. < · | · >. Let Φ(z) and Ψ(z) be arbitrary functions that belong

to a Hilbert space consisting of functions de�ned on a domain D. The inner product of

Φ(z) and Ψ(z) is given by

〈Φ | Ψ〉 :=

∫
D

Φ(z)∗Ψ(z)dD(z), (2.3)

where the asterisk symbol ∗ denotes the complex conjugation of a function.

2.1.3 The Dirac delta function

The Dirac delta function is a generalised function [Lig58]. Let z and z0 ∈ Rn be arbitrary
n-dimensional vectors, the delta function is such that

δ(z− z0) =

{
+∞ , z = z0

0 , z 6= z0

. (2.4)

The most signi�cant property of the delta function is that the integral of the delta

function over the domain of interest is unity

∫
D
δ(z− z0) dD(z) = 1. (2.5)
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The property above leads to the so-called sifting property given by

∫
D
δ(z− z0) f(z) dD(z) = f(z0). (2.6)

The sifting property is also widely referred to as the sampling property [SH08].

2.1.4 Spherical coordinates

The forward- and reverse transformation of given spherical coordinates (x, θx, φx) and a

three-dimensional Cartesian coordinates (x1, x2, x3) is respectively given by [Wil99]

x1 = x sin θx cosφx ,

x2 = x sin θx sinφx ,

x3 = x cos θx,

(2.7)

and

x =
√
x2

1 + x2
2 + x2

3 ,

θx = tan−1

(√
x2

1 + x2
2/x

2
3

)
,

φx = tan−1 (x2/x1) ,

(2.8)

where x1, x2, and x3 are the components of x in Cartesian coordinates, x denotes the

magnitude of x, θx denotes the elevation angle (de�ned as open angle respect to the

north pole of a sphere), and φx denotes the azimuthal angle.

2.1.5 The spherical Fourier transform

Let f(r, θ, φ) be a function de�ned on a sphere of radius r, the forward spherical Fourier

transform S{·} of f(r, θ, φ) and its inversion S−1{·} are given by

S{f(r, θ, φ)} =

∫
Ω
f(θ, φ, r)Y µ

ν (θ, φ)∗ dΩ

= fνµ(r),

(2.9)

S−1{fνµ(r)} =

∞∑
ν=0

ν∑
µ=−ν

fνµ(r)Y µ
ν (θ, φ)

= f(r, θ, φ),

(2.10)
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where θ and φ denote the elevation angle and the azimuthal angle, respectively, Ω denotes

the unitary sphere, and dΩ denotes spherical solid angle de�ned by

∫
Ω
dΩ =

∫ 2π

0
dφ

∫ π

0
sin θ dθ. (2.11)

The symbol Y µ
ν (θ, φ) denotes the spherical harmonic of order ν and degree µ, given by

Y µ
ν (θ, φ) =

√
2ν + 1

4π

(ν − µ)!

(ν + µ)!
Pµν (cos(θ))ejµφ, (2.12)

where Pµν ( · ) denotes an associated Legendre functions of order ν and degree µ [Wil99].

The spherical harmonics satisfy the following orthonormality and completeness properties

Orthogonality

∫
Ω
Y µ
ν (θ, φ)Y µ′

ν′ (θ, φ)∗dΩ = δν,ν′δµ,µ′ , (2.13)

where Y µ′

ν′ denote spherical harmonics of order ν ′ and degree µ′ respectively, and δν,ν′

and δµ,µ′ are Kronecker delta function.

Completeness

∞∑
ν=0

ν∑
µ=−ν

Y µ
ν (θ, φ)Y µ

ν (θ′, φ′)∗ = δ(cos(θ)− cos(θ′)) δ(φ− φ′). (2.14)

2.1.6 Bessel functions and Hankel functions

Bessel functions are general solutions to Bessel's equation. Bessel function's of the �rst

and second kinds denoted by Jν(x) and Yν(x), where x is a scalar, are called the standing

wave solutions of Bessel's equation. The mathematical expression of Bessel functions in

a form of series is given as follows: [AS64]

Bessel functions of the �rst kind

Jν(x) =

∞∑
β=0

(−1)β

β! Γ(β + ν + 1)

(x
2

)2β+ν
, (2.15)

where Γ(·) is the Gamma function [AS64] and m = 1, 2, ... are integer.
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Bessel functions of the second kind

Yν(x) =
Jν(x) cos(νπ)− J−ν(x)

sin(νπ)
. (2.16)

Since the Bessel function is asymptotic as x → ∞, the approximated version of Bessel

functions of the �rst and second kind is given by [Wil99]

Bessel functions of the �rst kind (approximated)

Jν(x) ≈
√

2

πx
cos(x− νπ/2− π/4), (2.17)

and

Bessel functions of the second kind (approximated)

Yν(x) ≈
√

2

πx
sin(x− νπ/2− π/4). (2.18)

Hankel functions of the �rst kind and second kind are linear combination of Bessel

functions denoted by H(1)
ν (x) and H(2)

ν (x), respectively. Hankel functions are considered

as travelling wave solutions of Bessel's equation. According to the time convention ejωt,

Hankel functions of the �rst and second kind represent propagating wave in negative

and positive direction, respectively. The mathematical expression of Hankel functions is

given as follows: [Wil99]

Hankel functions of the �rst kind

H(1)
ν (x) = Jν(x) + j Yν(x), (2.19)

and

Hankel functions of the second kind

H(2)
ν (x) = Jν(x)− j Yν(x). (2.20)

2.1.7 Spherical Bessel functions and spherical Hankel functions

Spherical Bessel functions are obtained as radial functions when solving the Helmholtz

equation in spherical coordinates, which is discussed in details in chapter 4. Spheri-

cal Bessel functions of the �rst and second kind denoted by jν(x) and yν(x) represent
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standing spherical waves solution of Helmholtz equation in spherical coordinates. Math-

ematical expression is given by [Wil99]

Spherical Bessel functions of the �rst kind

jν(x) =

√
π

2x
Jν+1/2(x) (2.21)

and Spherical Bessel functions of the second kind

yν(x) =

√
π

2x
Yν+1/2(x) (2.22)

Similarly to the case of Hankel functions, Spherical Hankel functions of the �rst and

second kind are linear combination of spherical Bessel functions denoted by h(1)
ν (x) and

h
(2)
ν (x). They present propagating wave in negative and positive direction, respectively

and are given below

h(1)
ν (x) = jν(x) + j yν(x) (2.23)

and Spherical Bessel functions of the second kind

h(2)
ν (x) = jν(x)− j yν(x). (2.24)

2.1.8 The Green's function

Green's functions are integral kernel that are widely used to solve di�erential equation

[AW85]. Green's functions are the solution of inhomogeneous di�erential equations when

the forcing function is the dirac delta function. Let L be a linear di�erential operator

that operates on a set of functions over a three-dimensional Euclidean spaces R3. A

Green's function G(x,x′) corresponding to L is any solution of

LG(x,x′) = δ(x− x′), (2.25)

where x and x′ are position vectors and δ(x − x′) is the Dirac delta function with the

singular point located at x′.
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2.1.9 Laplace operator

The Laplace operator denoted by ∇2 of three-dimensional Cartesian coordinate is given

by

∇2 =
∂2

∂x2
1

+
∂2

∂x2
2

+
∂2

∂x2
3

. (2.26)

The Laplace operator of spherical coordinates is given by

∇2 =
1

r2

∂

∂r

(
r2 ∂

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1

r2 sin2 θ

∂2

∂φ2
(2.27)

2.1.10 The free �eld Green's function of the three dimensional Helmholtz

equation

The Green's function of the Helmholtz equation in three dimensional spaces can be

obtained by assigning the dirac delta function to the forcing term of the non-homogeneous

Helmholtz equation, namely

∇2G(x,x′) + k2G(x,x′) = −δ(x− x′), (2.28)

The free �eld Green's function can be obtained as the solution to Eq (2.28) and is given

by

G(x,x′) =
e−jk|x−x

′|

4π|x− x′|
. (2.29)

2.2 Representation of sound �elds

Sound �elds can be represented by functions of space and time, i.e. functions that

describe the �uctuation of pressure �eld in three dimensional spaces. By assuming that

the domain of interest is source free, sound �elds satisfy the homogeneous wave equation

∇2p(x, t)− 1

c2
0

∂2p(x, t)

∂t2
= 0, x ∈ R3. (2.30)

Alternatively, sound �elds can be represented as solutions of the homogeneous Helmholtz

equation
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∇2p(x, ω) + k2p(x, ω) = 0, x ∈ R3. (2.31)

In this thesis, the term sound �eld is used to referred to solutions of the Helmholtz

equation.

There are many approaches to represent sound �elds. In this section, three representa-

tions are presented namely: i) plane waves superposition, ii) Kirchho� Helmholtz integral

equation (KHIE), and iii) the modal Expansion.

2.2.1 Herglotz wave function and plane wave superposition

Single frequency sound �elds without any sources and scattering objects in the whole

space R3 can be represented by a linear superposition of plane waves arriving toward the

origin of the coordinate from all possible directions of arrival ŷ ∈ Ω. A representation of

sound �elds is given by an integral formula of the form

p(x, ω) =

∫
Ω
ejkx·ŷg(ŷ, ω)dS(ŷ),x ∈ R3 (2.32)

where g(ŷ) denotes the amplitude density of the impinging plane waves and the integra-

tion is applied on the surface of the unitary sphere Ω. Eq (2.32) is the so-called Herglotz

Wave Function (HWF) [CK13]. The function g(ŷ, ω) is often referred to as the Herglotz

kernel.1 Due to the fact that plane waves are solutions of the Helmholtz equation, the

HWF is also a solution to the Helmholtz equation because the integral expresses the sum-

mation of plain waves. There are two disadvantages of the HWF discussed in [FNW12].

Firstly, it is not adequate to represent the near-�eld components of the sound �eld and,

secondly, it is not practical because the amplitude density g(ŷ, ω) belongs in general to

an in�nite dimensional space. This means that an in�nite number of sensors are needed

in order to measure g(ŷ, ω). In practice, the estimated version of g(ŷ, ω) can be obtained

with �nite number of sensors. The estimation of g(ŷ, ω) is discussed in section 2.4.

The HWF can be expressed in a more general formula by replacing the kernel of the

integral ejkx·ŷ with the acoustic transfer functions denoted by H(x, ŷ, ω)

p(x, ω) =

∫
Ω
H(x, ŷ, ω)a(ŷ, ω)dS(ŷ). (2.33)

The formula in Eq (2.33) is sometimes referred to as plane waves superposition in the

literatures [FNW12, ZDG10]. This provides a signi�cant advantage to the representation

1not to be confused with the kernel of integral formula which is, in this case, e−jkx·ŷ
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of sound �elds because more complex sound �elds such as sound �elds scattered by scat-

tering objects can also be represented. In scattering problems, the function H(x, ŷ, ω)

describes the pressure �eld at x due to a plane wave with unitary amplitude and zero

phase at the origin of coordinate impinging from direction of arrival ŷ and in the presence

of a given scattering body, for example, a ba�ed array located at the origin. This implies

that H(x, ŷ, ω) includes not only the incident plane wave �eld but also the scattered �eld

due to the presence of the scatterer. The function H(x, ŷ, ω) is referred to as a transfer

function because it expressed the relation between the amplitude of a given plane wave

and its corresponding total �eld (incident �eld plus scattered �eld) at x.

2.2.2 Representation of sound �elds using Kirchho� Helmholtz inte-

gral equation

The KHIE is an alternative technique to represent sound �elds. It is usually used to

represent sound �elds in three common problems namely interior problems, exterior

problems, and scattering problems. A brief introduction about the KHIE for these three

problems is given in this section.

Let ∂V be the boundary of a volume of the domain of interest V in three dimensional

Euclidian space. The representation of sound �elds by mean of the KHIE is given by

p(x′, ω) =

∫ ∫
∂V

G(x,x′)
p(x, ω)

∂n̂
− p(x, ω)

∂G(x,x′)

∂n̂
dS(x), (2.34)

where n̂ denotes a unitary vector that is normal to the boundary ∂V and pointing away

from the volume V . The integration variable dS indicates the surface integral. The posi-

tion vector x ∈ ∂V indicates a point on the boundary and the position vector x′ indicate

the evaluation position. It should be noted that p(x′, ω) in Eq 2.34 represents ampli-

tude of a sound �eld when x′ is in the region where homogeneous Helmholtz equation is

satis�ed but is zero in the other region.

The KHIE is also introduced in many application such as in sound �eld reproduction

[Faz10]. It is discussed in details again in chapter 3 in the context of the application in

the boundary element method.

2.2.3 Representation of sound �eld by modal expansions

By using the Fourier analysis, sound �elds p(x, ω) can be represented by means of the

generalised Fourier series given by [Faz10]

p(x, ω) =

∞∑
n=1

ϕnΦn(x, ω), (2.35)
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Figure 2.1: A diagram illustrates the di�erent perspective between forward prob-
lems and inverse problems.

where Φn(x) are n-th order of a set of orthogonal functions, which are sometimes called

Fourier basis functions. The Fourier coe�cient ϕn can be computed from the inner

product between the Fourier basis functions and the sound �eld, namely

ϕn =
1

C

∫
D
p(x, ω)Φn(x, ω)∗dD, (2.36)

where D is the domain of the integral and C denotes the normalised factor whose value

depend on the domain of the integration, e.g. C = 2π for the circular harmonics Fourier

basis functions and C = 4π for spherical harmonics Fourier basis function.

All representations of sound �elds that are relevant to this research have been presented

above. The beamforming strategy that is formulated by the plane waves superposition

is discussed in the next few section and the formulation of the beamforming problems in

the framework of inverse problems is also discussed below. Although inverse problems

are generally applied to many type of applications, their application in the context of the

microphone array beamforming has not been presented rigorously. In the next section,

the mathematical background of inverse problems is reviewed in order to provide a good

foundation before discussing their application to microphone array beamforming.

2.3 Inverse problems

Inverse problems are a kind of mathematical problems that aims to reconstruct unknown

functions from known functions by the knowledge of the process in the backward direction

that links between the known and unknown functions. Inverse problems are the opposite

of forward problems aiming to compute unknown functions from known function with

the knowledge of the process in the corresponding forward direction. The diagram in Fig

2.1 depicts the forward problems and the inverse problems.
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Inverse problems typically arise in many applications, for instance, potential theory,

inverse spectral problems, geophysics, heat and wave equation, medical imaging, non-

destructive testing, and scattering problems [Ram05, CK13]. In an inverse problem, the

relation between an unknown function and a known function is required. The relation

is usually obtained by a mathematical model of the physic phenomenon of the process.

Inverse problems are considered to be in the class of ill-posed problems. This term was

introduced by J. Hadamard in the early of 20th century [Han10]. Hadamard de�nes that

linear problems are well-posed if they satisfy the following properties:

� Existence: The problem must have solutions.

� Uniqueness: There must be only single solution to the problem.

� Stability: The solution of the problem must depend continuously on the data.

Consequently, if a problem does not satisfy one of the conditions given above then it

is considered to be ill-posed [Han10]. The ill-posedness of the problem leads to the

instability of the solution and a small level of disturbance of the input of the problem

can lead to huge level of error of the solution. In other words, the solutions of ill-posed

problems are highly sensitive to input errors.

Some kind of problems can be both forward and inverse problem. Keller gives the

distinctive de�nition between the two problems as follows: [Kel76]

`We call two problems inverses of one another if the formulation of each involves all or

part of the solution of the other. Often, for historical reasons, one of the two problems

has been studied extensively for some time, while the other is newer and not so well

understood. In such cases, the former is called the direct problem, while the latter is

called the inverse problem.'

It should be noted that forward problems are typically well-posed because the domain

and necessary conditions of the problem are completely prescribed. The inverse problems

usually aim to determine a part of di�erential equations such as its domain, or boundary

or initial condition from limited information. By this reason, most of them are ill-posed

in any aspect [CK13].

The following section provides an overview of inverse scattering problems that can be

described in the form of the Fredholm integral Equation (FIE). It is shown that the

solution to the FIE can be given by mean of the Singular Value Decomposition (SVD).

The stability of the solution to the FIE is discussed and the technique to stabilise the

solution called regularisation methods is presented.
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2.3.1 The Fredholm integral equation and the SVD

For practical problems relevant to propagation, e.g. medical imaging, geophysical prospect-

ing, and wave propagation, the process can be described by an integral equation in a

generic form. Let f(t) and g(s) be square integrable function of t and s respectively.

The relation between f(t) and g(s) is given by

g(s) =

∫
D
K(s, t)f(t)dD(t), (2.37)

where K(s, t) is the kernel of the integral equation and D is a �nite integral domain.

Eq (2.37) is known as the Fredholm Integral Equation of the �rst kind (FIE) [AW85].

In this case, f(t) and g(s) denote arbitrary unknown functions and known functions,

respectively.

Let the kernel K(s, t) be a square integrable functions, i.e.
∫ ∫

DK(s, t)2dD is bounded,

then the singular value decomposition of K(s, t) can be given in the form

K(s, t) =

∞∑
i=1

σnun(s)vn(t), (2.38)

where σn are the singular values, and the functions un(s) and vn(t) denote the left

singular functions and the right singular functions of the kernel, respectively. Note that

the subscript n denotes the order of the singular functions and singular values. It should

be also noted that the singular values are real numbers and they are usually ordered in

a decreasing sequence, i.e.

σ1 ≥ σ2 ≥ σ3 ≥ ... ≥ 0. (2.39)

It should be noted that singular values can be either non-zero number or zero number.

Zero number singular values are ones that involve with null-space. The rigorous details

about the singular value and null space can be found in [Faz10]. In practice, the zero

number singular values must be eliminated in order to avoid some mathematical problem,

which is discussed in a few next paragraphs. By this reason the ordering of the singular

values given in Eq (2.39) can be rewritten with the zero number singular values removed

and is given by

σ1 ≥ σ2 ≥ σ3 ≥ ... ≥ σL (2.40)

where σL is the smallest non-zero number singular values.
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Additionally, the singular functions are orthonormal, thus

〈un | um〉 = 〈vn | vm〉 = δn,m where n,m = 1, 2, ... . (2.41)

The most important relation between the functions K(s, t), un(s), vn(t), and singular

values σn is called the fundamental relation. It is given by

∫
D
K(s, t)vn(t)dD(t) = σnun(s), where n = 1, 2, ... . (2.42)

Moreover, the functions f(t) and g(s) can be expanded by the singular functions un(s)

and vn(t), respectively. The expansions are given by

g(s) =

∞∑
n=1

〈un | g〉un(s), (2.43)

and

f(t) =

∞∑
n=1

〈vn | f〉vn(t). (2.44)

It should be noted that the inner products 〈un | g〉 and 〈vn | f〉 that appear in Eq

(2.43) and (2.44) may be referred to as the generalised Fourier transform of g(s) and

f(t) respectively [Faz10].

By using the relation given by Eq (2.38) to (2.44), the solution to the FIE can be obtained.

By substituting Eq (2.38), (2.43), and (2.44) into (2.37) and applying the fundamental

relation (2.42), this yields

∞∑
n=1

σn〈vn | f〉un(s) =

∞∑
n=1

〈un | g〉un(s). (2.45)

Furthermore, the left singular functions can be eliminated by applying the mode match-

ing technique [Pol05b]. The elimination begins by multiplying um(s), the left singular

functions of order m, to both sides of (2.45) then applying an integration over domain

s. By applying the orthonormal properties of the singular functions and with some

rearrangement of the result, Eq (2.45) becomes

〈vn | f〉 =
〈un | g〉
σn

. (2.46)

By referring to the discussion about singular values above, it can be seen that if the zero-

number singular values are not removed then the projection 〈vn | f〉 cannot be computed
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as Eq (2.46) would have divided by zero. This means that only non-zero number singular

values (Eq (2.40)) should be included in the calculation above.

Finally, the unknown function f(t) can be obtained by using Eq (2.44)

f(t) =
∞∑
n=1

〈un | g〉
σn

vn(t). (2.47)

2.3.2 The Picard condition

The formula given by Eq (2.47) is the general solution to inverse problems. The stability

of the solutions must be taken into consideration. In order to have unknown function

f(t) as an square integrable function, the right-hand side of Eq (2.47) must satisfy

∞∑
n=1

(
〈un | g〉
σn

)2

<∞. (2.48)

The expression in Eq (2.48) is the so-called the Picard condition. It suggests that the

series of 〈un | g〉 must decay faster than its singular values σn, which are arranged in

decreasing order, as the series increases. This guarantees the convergence of the series

and the stability of the solutions.

It has been shown that the solution to the inverse problems can be obtained by mean of

the SVD. The stability of the solutions has also been discussed. The Picard condition

must hold in order to guarantee the stability of the solution. Inverse problems discussed

in this section are the example of one dimensional problem. However, the same concept

can be extended to integral operators for which the domain of integration is multi-

dimensional such as the problem of microphone array beamforming studied in this thesis.

Nonetheless, inverse problems in real life applications are often formulated in discrete

domains. In the following section, the derivation of discrete inverse problems is presented

and the e�ect of the discretisation is discussed.

2.3.3 Discrete inverse problems

In this section, the arbitrary unknown functions f(t), known functions g(s), and the

integral kernels K(s, t) from the last section are discretised. The variables t and s are

discretised intoM and L samples, respectively. The discrete version of Eq (2.37) is given

by

g(sm) =
L∑
l=1

K(sm, tl)f(tl)∆tl, (2.49)
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where m = 1, ...,M and l = 1, ..., L are the indices of the discretisation points of the

known functions and unknown functions, respectively. By assuming that the domain t

is discretised uniformly, it should be noted that the term ∆t is constant for all discre-

tised points. Then,a system of discrete linear equations is formulated in form of matrix

equation

g = Kf , (2.50)

where

g = [g(s1) g(s2) . . . g(sM )]T ,

f = [f(t1)∆t f(t2)∆t . . . f(tL)∆t]T ,

and K =


K(s1, t1) K(s1, t2) · · · K(s1, tL)

K(s2, t1) K(s2, t2) · · · K(s2, tL)
...

...
. . .

...

K(sM , t1) K(sM , t2) · · · K(sM , tL)

 .

In this case, vector g and f are considered as known function vector and unknown function

vector, respectively, and matrix K is a kernel matrix.

For some applications, such as in microphone array beamforming, the aim of solving

the system of equations given above is to estimate the unknown function with higher

sampling points than the number M of microphones, i.e. L > M . This is an attempt to

estimate the solution of the FIE with limited amount of information. This implies that

the inverse problems in this context are naturally underdetermined.

The solution to the discrete inverse problems can be also obtained by mean of the SVD

as well as the continuous inverse problems discussed in the previous section. By the

use of the expansion given by Eq (2.38), the kernel matrix K can be decomposed into a

singular system given by

K = UΣVH , (2.51)

where the symbol H denotes the Hermitian transpose, U and V are called left singular

matrix and right singular matrix, respectively, and Σ is called singular value matrix

of K. The singular matrices U and V are square matrices and they are unitary, i.e.

UHU = UUH = I and VHV = VVH = I. The dimension of U and V are M ×M
and L × L, respectively then resulting matrix Σ in a M × L rectangular matrix . As

mentioned above, inverse problems that involve with microphone array problems usually

have dimension L > M therefore the singular value matrix is given by the following

partitioned matrix
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Σ =
[

S N
]
, (2.52)

where the matrix S of dimension M × M indicates a diagonal matrix that contains

singular values of K and the matrix N of dimension M × (L−M) indicates a null space

matrix

S =


σ1 0 · · · 0

0 σ2 · · · 0
...

...
. . .

...

0 0 · · · σM

 and N =


0 0 · · · 0

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0

 . (2.53)

The singular values in matrix S are non-zero and are arranged in decreasing order. The

unknown function vector f can be obtained by substituting the decomposition of the

kernel K given by Eq (2.51) into the discrete FIE given by Eq (2.50). By pre-multiply

the result by the unitary matrix U and with some rearrangement, the vector f is obtained

as

f = VΣ†UHg. (2.54)

Note that the symbol † denotes the Moore-Penrose pseudoinverse [FF00].

It should be also noted that the term VΣ†UH in Eq (2.54) indicates the pseudoinverse of

the kernel matrix K. Additionally, the elements of vector UHg in Eq (2.54) are regarded

as the generalised discrete Fourier coe�cients of the unknown function. Furthermore,

the elements of vector VHf are regarded as the generalised discrete Fourier coe�cients

of the known function, in the same sense.

Eq (2.54) can be rewritten in the form of summation along the order of the singular

values and singular functions given by

f =

M∑
n=1

(
uHn g

σn

)
vn, (2.55)

where un and vn denote the left singular vectors and the right singular vectors of order

n. They are the n-th column of U and V, respectively, where U = [u1,u2, . . . ,uM ],

V = [v1,v2, . . . ,vL].

It has been shown that the solution to the discrete FIE can be obtained by means of the

SVD. In the following section, the discussion on the stability of the solution given by the

equation above is considered. The requirement to guarantee the stability of the solution

is presented.
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2.3.4 Discrete Picard condition and stability of solutions

The SVD is usually computed numerically in discrete problems. Therefore, the numerical

stability must be taken into consideration. In order to guarantee the stability of the

solution given by Eq (2.55), the discrete Picard's condition must be satis�ed. Hansen

describes the discrete Picard condition as follows [Han10].

`Let τa be the level at which the computed singular values σn level o� due to rounding

errors. The discrete Picard condition is satis�ed if, for all singular values larger than τa,

the corresponding coe�cients uTng decay faster than the σn on average.'

It can be seen that, the discrete Picard condition suggests stronger requirement compare

to the Picard condition of continuous problems because not only the decay of the Fourier

coe�cients uTng and the singular values σn but also the rounding errors τa are taken into

account.

In theory, the Picard condition can guarantee the stability of the solution. In practice,

the condition number is another indicator that should be taken into consideration. The

condition number of a matrix is given by

κ(K) = σmax/σmin, (2.56)

where σmax and σmin are the greatest and the smallest singular values of the matrix

K. The condition number of matrices is a crucial indicator because it indicates the

sensitivity of the problem [Str03], which is expressed by the following equation

‖δf‖
‖f‖

≤ κ(K)
‖δg‖
‖g‖

. (2.57)

The terms δf and δg in the equation above indicate the change of f and g, respectively.

Eq (2.57) suggests that the small level of error on the side of the known function vector

g can lead to a large error of the unknown function vector f depending on the condition

number.

It should be useful to conclude at this state that the two following requirements must

be satis�ed in order to guarantee the stability of the solutions: i) the singular values

with magnitude is as close as τa have to be discarded (some regularisation techniques

are discussed in the following subsection), and ii) the corresponding Fourier coe�cient

uTng should decay faster than the σn on average for all singular values larger than τa,

and iii) the condition number of the kernel matrix must be not exceed a maximum value.

The techniques to stabilise the solution of the problem is usually called regularisation

techniques that is discussed in the following section. The reader can refer to [Han10],

[Han98] and [Nel01] for rigorous details of the topics discussed in this section.
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2.3.5 Regularisation

There are many regularisation techniques available to deal with ill-posed problems. In

practice, regularisation aims to ensure stability of the solution of the inverse problem. In

this section, two techniques that are popularly used in acoustics, namely the Tikhonov

regularisation and the truncated SVD technique, are discussed.

Tikhonov regularisation

This technique is a widely used method in the regularisation of inverse problems. Let

λ be a regularisation parameter, which is sometimes called Tikhonov factor. Tikhonov

solution fλ is de�ned as the solution of a least square problem given by

min
fλ
{‖Kfλ − g‖2 + λ2‖fλ‖2} (2.58)

Tikhonov factor allows for regulating the condition number of matrix K in order to

stabilise the solution of the problem. Alternatively, the equation above can be rewritten

as

min
fλ


∥∥∥∥∥
(

K

λI

)
fλ −

(
g

0

)∥∥∥∥∥
2
 . (2.59)

It can be seen that Eq (2.59) is given in the form of a least square problem [GHO99].

The solution is given by

fλ =
(
KHK + λ2I

)−1
KHg. (2.60)

By applying the SVD of K given by Eq (2.51) to (2.60), the Tikhonov solution is given

by

fλ =
(
Σ2 + λ2I

)−1
VΣUHg. (2.61)

Filter factor β(λ) is now introduced [Han98]

β(λ)n =
σ2
n

σ2
n + λ2

≈

{
1 σn � λ

σ2
n/λ

2 σn � λ
, (2.62)
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and the regularised solution is given by

fλ =
K∑
n=1

β(λ)n
uTng

σn
vn, (2.63)

where K is the rank of matrix K.

The truncated SVD technique

The truncated SVD technique is an alternative method to stabilise the solution of ill-

posed problems. If the noise free condition and no rounding error are assumed, the

truncation is applied to the null space

fK =

K∑
n=1

vn

(
uTng

σn

)
, (2.64)

where K is the rank of matrix K. It should be noted that, the rank of the kernel matrix

is usually equal to the number of discrete points of the known function in the case of

underdetermined problems.

When the rounding error is introduced, then the singular values level o� at a certain

level τa. Therefore, the truncation should be applied at the level τa in order to satisfy

discrete Picard condition. The regularised solution can be simply given

fκ =
κ∑

n=1

(
uTng

σn

)
vn, (2.65)

where κ < rank(K) and |σn| > τa for n = 1, 2, . . . , rk.

In practice, the kernel K can not be perfectly model due to the complexity of the physical

phenomenon involved. However, the physical phenomenon is assumed to be perfectly

modeled by the kernel K and all kinds of error are assumed to be perturbations that

are added to the measurement of the known function. The Fourier coe�cient uTng will

level o� at a certain level τb. The level τb is usually regarded as the noise level of the

known function and it is another possibility to be chosen as the truncation criterion. The

truncated SVD technique is e�ective as it does not involve any complex computation.

This regularisation technique is applied to the microphone array beamforming in this

thesis.
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2.4 Microphone array beamforming

This section presents the theoretical background of the microphone array beamforming

technique that is proposed in this study. The microphone array beamforming problem

is formulated using the representation of sound �elds by plane wave superposition. The

continuous problem is �rstly discussed by assuming that there is an in�nite number of

plane waves impinging on the microphone array (placed at the origin of the coordinate

system) from all possible directions. It is also shown that the plane wave superposition

can be considered as the FIE and the output of the beamformer represents the amplitude

density (or source strength) of the plane waves. Moreover, the beamformer outputs can

be obtained by solving the FIE, with the SVD, as discussed in the previous section.

Next, the continuous microphone array problem is then discretised and the possible

beamforming strategies including their advantages and disadvantages are discussed.

2.4.1 Theoretical beamforming based on plane waves superposition

Microphone array beamforming is introduced in many applications in acoustics and audio

engineering such as sound �eld recording, sources localisation, or acoustical parameter

measurement. However, the aim of the beamforming discussed in this thesis mainly

focus on the application to sound sources localisation. Therefore, the determination of

the acoustic strength of the sources generating the sound �eld is the goal to be achieved.

Assume that an array consisting of a continuous distribution of microphones is arranged

on the surface D of a rigid object of arbitrary geometry and that a single frequency

sound �eld p(x, ω) is captured by the array. A possibility to implement beamforming is

z(ŷl, ω) =

∫
D
p(x, ω)w(x, ŷl, ω)dD(x), (2.66)

where the domain of integral D represents the surface of the rigid array, the vector

x ∈ D indicates positions on the surface of the array, w(x, ŷl, ω) is the continuous

weighting function to steer the beam to direction ŷl, and the function z(ŷl, ω) denotes

the beamformer output.

The plane wave superposition is now applied to the beamforming strategy given above.

Substituting Eq (2.33) into (2.70) and after rearrangement the order of integration yields

z(ŷl, ω) =

∫
Ω

(∫
D
H(x, ŷl, ω)w(x, ŷl, ω)dD(x̂)

)
a(ŷ)dΩ(ŷ). (2.67)

In order to obtain perfect amplitude density of a plane wave as an output of the beam-

former, the weighting function w(x, ŷl, ω) must be such that



Chapter 2 Theoretical background on microphone array beamforming 35

∫
D
H(x, ŷ, ω)w(x, ŷl, ω)dD(x̂) = δ(ŷ − ŷl). (2.68)

By substituting Eq (2.68) into (2.67), the beamformer output can be obtained by the

sifting property of the delta function

z(ŷl, ω) =

∫
Ω
δ(ŷ − ŷl)a(ŷ)dΩ(ŷ)

= a(ŷl, ω).

(2.69)

The condition given in Eq (2.68) suggests that H(x, ŷ, ω) and w(x, ŷl, ω) are orthogonal

in domain D, which is a very special case and the general expression of the weighting

function cannot be obtained.

A possibility is to chose w(x, ŷl, ω) as the complex conjugate of the kernel H(x, ŷ, ω)∗,

which indicate the time-reversal version of the kernel. This technique is referred to as

time reversal mirror [FP01]. By using this approach, the beamformer output indicate an

estimation of source strength ã(ŷl, ω) and is given by

z(ŷl, ω) =

∫
D
p(x, ω)H(x, ŷl, ω)∗dD(x),

= ã(ŷl, ω)

(2.70)

In this thesis, an alternative beamforming strategy based on the plane wave superposition

is proposed. The microphone array problem is setup as an inverse problem. By comparing

the plane wave superposition given by Eq (2.33) and FIE given by Eq (2.37), the sound

�eld p(x, ω) can be considered to be the known function whilst the amplitude density can

be considered to be the unknown function of the problem. Furthermore, the acoustic

transfer function H(x, ŷ, ω) can be considered to be the kernel of the integral. This

means that the amplitude density can be obtained in the form of the SVD. By assuming

that the transfer function H(x, ŷ, ω) can be decomposed by the SVD as

H(x, ŷl, ω) =
∞∑
i=1

σn(ω)un(x̂, ω)vn(ŷl, ω). (2.71)

The amplitude density is given by

a(ŷ, ω) =

∞∑
n=1

〈un | p(x, ω)〉
σn(ω)

vn(ŷ, ω) . (2.72)
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It has been shown that the amplitude density function a(ŷ) can be extracted from the

application of beamforming. Unfortunately, it should be noted that there are two signi�-

cant limitations to the proposed beamforming strategy. Firstly, it requires the knowledge

of the acoustic transfer functions. This means that the model of sound �elds scattered by

the array structure must be given and closed-form formulas are given for only a limited

number of array geometries. Secondly, an in�nite number of sensor is required in order

to achieve the theoretical beamforming, which is not feasible from a practical point of

view. In the next section, the beamforming strategy is discretised and given in a form

that is more practical to implement in real applications. Numerical methods are also

introduced to achieve the computation of the acoustic transfer function in order to over-

come the limitation imposed by the lack of closed-form formulas to array for most array

geometries.

2.4.2 The discrete beamforming

The microphone array beamforming problem can be discretised by using the knowledge

of the discrete FIE discussed in section 2.3.3. Firstly, the plane wave superposition is

discretised.

Assuming that the in�nite set of plane waves that are impinging to the array is discretised

to L pre-de�ned directions and the continuous acoustic sensor discussed in the previous

section is discretised to M individual sensors, the acoustic pressure captured by m-th

transducer can be presented by the discrete version of Eq (2.33), given by

p(xm, ω) =
L∑
l=1

H(xm, ŷl, ω)a(ŷl)∆Ω(ŷl), (2.73)

where,m = 1, ...,M and l = 1, ..., L are the indices that indicate the microphone elements

and the arriving direction of the plane waves, respectively. Eq (2.73) can be rewritten

in the form of a matrix equation

p = Ha, (2.74)

where

p = [p(x1, ω) p(x2, ω) . . . p(xM , ω)]T ,

a = [a(ŷ1, ω)∆Ω(ŷ1) a(ŷ2, ω)∆Ω(ŷ2) . . . a(ŷL, ω)∆Ω(ŷL)]T ,



Chapter 2 Theoretical background on microphone array beamforming 37

and

H =


H(x1, ŷ1, ω) H(x1, ŷ2, ω) · · · H(x1, ŷL, ω)

H(x2, ŷ1, ω) H(x2, ŷ2, ω) · · · H(x2, ŷL, ω)
...

...
. . .

...

H(xM , ŷl, ω) H(xM , ŷ2, ω) · · · H(xM , ŷL, ω)

 .

The vector p and a denote the pressure vector and the plane wave amplitude vector,

respectively, and the matrix H denotes the acoustic transfer function matrix such that the

elements of the matrix represents the acoustic transfer function de�ned in section 2.2.1.

Note that the unitary sphere Ω is also discretised into solid angle patches ∆Ω(ŷl). In this

case, they are combined with the corresponding complex amplitudes a(ŷl) in order to

form the vector a. This mean that vector a represents complex amplitude of plane waves

rather than amplitude density. In the special case that the direction of the impinging

plane waves is assumed to be uniformly distributed, the size of all solid angle patches is

the same. In such case, vector a can be regarded to present the amplitude density when

it is multiplied by the area of the spherical patches.

In theory, a large number of impinging plane waves is suggested. Assuming that the

impinging plane waves have their corresponding amplitude a, that the direction of the

plane waves is de�ned to be distributed uniformly on the surface of a unitary sphere

surrounding the array. This yields for the assumption that the plane waves have the

same amplitude density.

The discrete beamformer can be obtained by discretising the continuous beamformer

given by Eq (2.70), namely

z(ŷl, ω) =
M∑
m=1

w(xm, ŷl, ω)p(xm, ω)∆D(x̂m). (2.75)

By applying the weighting w(xm, ŷl, ω) to all steering direction ŷl, where l = 1, ..., L, a

system of linear equations is formulated and can be written in a form of matrix equation

z = Wp, (2.76)

where

z = [z(ŷ1, ω) z(ŷ2, ω) . . . z(ŷL, ω)]T ,

p = [p(x1, ω) p(x2, ω) . . . p(xM , ω)]T ,
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and

W =


w(x1, ŷ1, ω)∆D(x̂1) w(x2, ŷ1, ω)∆D(x̂1) · · · w(xM , ŷ1, ω)∆D(x̂1)

w(x1, ŷ2, ω)∆D(x̂2) w(x2, ŷ2, ω)∆D(x̂2) · · · w(xM , ŷ2, ω)∆D(x̂2)
...

...
. . .

...

w(x1, ŷL, ω)∆D(x̂M ) w(x2, ŷL, ω)∆D(x̂M ) · · · w(xM , ŷL, ω)∆D(x̂M )

 .

By substituting (2.74) into (2.79), the beamforming output vector can be obtained by

mean of the weighting matrix W and the acoustic transfer function matrix H and is

given by

z = WHa. (2.77)

In order to obtain the beamformer output to provide the amplitude of the impinging plane

waves, the weighting matrix W must be determined in such a way that the product with

H provides the identity matrix I. Since the microphone array problem is underdeter-

mined, an exact matrix inversion is not possible. Nevertheless,the optimal weighting

matrix can be determined by pseudoinversion of the transfer function matrix, that is

W = H†, (2.78)

where the symbol † denotes the Moore-Penrose pseudoinverse of a given matrix [FF00].

By substitute Eq (2.78) into (2.74), the estimation of the complex amplitude vector ã is

given

ã = H†p. (2.79)

It should be noted that when the pseudoinverse of the transfer function matrix H is

introduced in the beamforming, the complex amplitude ã is estimated in the sense of a

minimum-norm solution[RM71]. By using the knowledge of the discrete inverse problem

discussed in section 2.3.3, the estimated complex amplitude is given by

ã = VΣ†UHp, (2.80)

where

H = UΣVH . (2.81)
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An analogy between the discrete beamformer and the discrete FIE can now be made.

The complex amplitude vector a can be considered to be the unknown. The acoustic

pressure vector p can be considered to be the known function vector. Lastly, the acoustic

transfer function matrix H can be considered as the kernel matrix in section 2.3.

Eq (2.80) is referred to as SVD beamformer throughout this thesis. SVD-beamformer

is highly �exible because it can be implemented to microphone arrays with complex

geometry whose acoustic transfer function matrix H can be obtained using a numerical

method.

Since microphone array problems are usually ill-posed, regularisation techniques have

to be applied in order to stabilise the output of the beamformer. The application of

the truncated SVD regularisation technique to SVD-beamforming is demonstrated and

discussed in details in chapter 4, 5, and 6.

Last but not less, it should be noted that the singular vectors are frequency dependent

for some geometries ...

2.4.3 Measuring array performance

Performance of arrays is widely measured by means of White Noise Gain (WNG) and

Directivity Index (DI). WNG is a ratio between the sensitivity of the array when it is

electronically steered to a given direction and average sensitivity of the array. This means

that the array is more directive if WNG of the array is high. DI seems to have more

complex de�nition because it is adopt to use with microphone array from the de�nition

for measure radiation e�ciency of sound radiators. The derivation of the two indices are

given and discussed below.

White Noise Gain

The signal-to-noise ratio (S/N ratio) is a common metric to measure of the quality of

signal. This concept is introduced as a measure of a performance of arrays as well. The

term array gain Ga is introduced equivalently to the SNR. It is de�ned as the ratio

between the response Gd of the array in the desired looking direction to the average of

the response Gn of arrays to ambient noise that the array picks up from all directions

in three dimensional space [McC01]. The mathematical expression describing the array

gain is given by

Ga(θ0, φ0) =
Gd
Gn

=
|D(θ0, φ0)|2

1
4π

∫
Ω |D(θ, φ)|2 sin θ dθ dφ

, (2.82)

where Ω is the unitary sphere, θ and φ respectively represent a given elevation angle

and azimuth angle, θ0 and φ0 represent a given elevation angle and azimuth angle of a
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steering direction, and D(·) denotes array responses. The desired response Gd can be

obtained by applying a weighting function, i.e. beamformer. The noise response Gn can

be obtained using similar calculation given by

Ga(θ0, φ0) =
|
∫
D w(θ0, φ0)p(θ0, φ0)dD|2

1
4π

∫
Ω |w(θ0, φ0)q(θ, φ)|2 sin θ dθ dφ

, (2.83)

where w(θ0, φ0) denote weighting function to steer the array to the direction with θ0 and

φ0, p(θ0, φ0) denote the sound �eld impinging to the array from the direction with θ0 φ0,

and q(θ, φ) denote the ambient noise. The discrete version of Eq (2.83) is given by

Ga =
|wHd|2

wHQw
, (2.84)

where w and d are the weight vectors and steering vector respectively, and Q are cross

power spectral matrices of the ambient noise. In the special case that the ambient noise

is assumed to be spatially white noise, this yields Q = I and Eq (2.84) becomes the

so-called White Noise Gain (WNG) [CZO87]

WNG =
|wHd|2

wHw
. (2.85)

Directivity Factor and Directivity Index Directivity Factor (DF) and Directivity Index

(DI) are widely used to measure the array performance. Originally, they were de�ned

to describe the directivity of radiators and they have been later adopted to measure the

performance of microphone arrays. The de�nition of the DF and the DI is formulated

by considering that array problems are reciprocal to the radiation problems. Beranek

de�nes directivity factor of radiators in [Ber96] as:

"The directivity factor Q is de�ned as the ratio of the intensity on a designated axis of

a sound radiator at a speci�c distance r to the intensity that would be produced at the

same position by a monopole source that radiates the same total acoustic power." .

The acoustic power of a monopole source is given by

Wp = 4πr2I. (2.86)

In case of non-monopole source, the power is an integration of the intensity around the

unitary sphere

W =
r2

ρ0c0

∫ 2π

0

∫ π

0
|p(θ, φ, r)|2sinθdθdφ (2.87)
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where the assumption was made that |I(θ, φ, r)| = 1
ρc0
|p(θ, φ, r)|2. When the power of

the non-monopole source is equal to that of the monopole source, W = Wp, the intensity

of the monopole is

I =

r2

ρ0c0

∫ 2π
0

∫ π
0 p2(θ, φ, r)sinθdθdφ

4πr2
. (2.88)

The on axis intensity can be computed by the following relation

Iax =
|pax(r)|2

ρ0c0
. (2.89)

According to the de�nition given above, the DF is given by

Q(f, r) =
Iax
I

=
4π|pax(r)|2∫ 2π

0

∫ π
0 |p(θ, φ, r)|2sinθdθdφ

. (2.90)

The DI is simply de�ned as the decibel version of the directivity factor

DI(f, r) = 10 log10{Q(f, r)} = 10 log10

{
4π|pax(r)|2∫ 2π

0

∫ π
0 |p(θ, φ, r)|2sinθdθdφ

}
. (2.91)

The discrete version of DF and DI can be derived by assuming that there are M sensors

installed on the array. The discrete version of the DF and DI is given as follows

Qd(f, r) =
4π|pax(r)|2∑N

m=1 |pm(∆Ωm, r)|2∆Ωm

(2.92)

DId(f, r) = 10 log10

{
4π|pax(r)|2∑M

m=1 |pm(∆Ωm, r)|2∆Ωn

}
(2.93)

Considering Eq (2.82) and (2.90), it can be seen that WNG and DI give the same result

although starting the derivation with di�erent perspective. Note again that the output

of beamformers in this thesis indicates the estimation of the strength of sound sources.

In order to measure the performance of the array, therefore, DI is adopt by replacing

pressure p by the strength of sound source a.

The mathematical notations and de�nitions are given at the beginning of this chapter.

The fundamental theories both in acoustics and mathematics that are used throughout

this thesis are reviewed. The representing of sound �elds by superposition of plane waves

is introduced. The Picard condition and regularisation method has been introduced as

a tool to deal with the ill-posed problems. It has been shown that the discrete Picard
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condition must be satis�ed in order to obtain stability of the solution to the FIE however

the condition number of the matrix must be taken into consideration as well in practice.

The formulation of a beamforming based on the plane wave superposition and inverse

problems has been presented. The link between the proposed beamforming strategy

to the inverse problem has been presented and discussed. It has been shown that the

beamformer output can be considered as the solution to the FIE by mean of the SVD.



Chapter 3

The boundary element method

The aim of this thesis is to propose a beamforming technique that can be implemented to

microphone arrays with arbitrary geometry. Sound �elds on the surface of the arrays are

important information in the design of beamformer. In case of the complex geometries,

the sound �elds cannot be computed using closed-form formula and numerical methods

are good solution to tackle with calculation di�culty. The BEM is used as the major

calculation technique in this research.

As explained in the brief introduction given in section 2.2, sound �elds can be represented

by the Kirchho�-Helmholtz Integral Equation (KHIE). The aim of this chapter is to

introduce the fundamental concepts of the BEM calculation to the reader and to be

familiar with the three fundamental problems in the BEM namely interior problems,

exterior problems and scattering problems. The formulation of the three problems based

on the KHIE including the discretisation process, and the preparation for numerical

computing are discussed.

The OpenBEM software package, which is the main BEM software in this work, is

also introduced in this chapter. Preparation of 3D models for BEM calculation and

the procedure for importing mesh �les to OpenBEM are given. Since OpenBEM does

not provide friendly user interface, users should have some background of the BEM

calculation for using it e�ciently. Some insight information of the OpenBEM is also

presented in this chapter.

3.1 The Kirchho�-Helmholtz integral equations

The KHIE is a fundamental mathematical principle underpinning technique to provide

solutions to the Helmholtz equation via the use of the Green's function and the Green's

second identity. In the following section, representation of sound �elds in three common

problems namely interior problem, exterior problem and scattering problem is discussed.

43
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Figure 3.1: The shaded area shows sound �eld presenting in a volume ∂V of an
interior problem. The symbol n̂ indicates normal unitary vector of ∂V pointing
away from domain V

3.1.1 Interior problems

Interior problems are mathematical problems concerning with the solution to di�erential

equations in some speci�c close domains. The diagram in Fig 3.1 represents an interior

problem. The shaded area shows the domain of interest V , surrounded by its boundary

∂V . In acoustics, interior problems are relevant, for example, to the study of room

acoustics, conformal microphone array and conformal loudspeaker arrays in which sound

�elds in a given closed area are of interest. The KHIE for interior problems can be

presented as follows.

Let p(x, ω) be a square integrable function that represents sound �eld de�ned in the

source-free domain V . The boundary ∂V of the domain is assumed to be described by

a set of piecewise smooth functions. This implies that the sound �elds p(x, ω) must be

solutions of the homogeneous Helmholtz equation given by

∇2p(x, ω) + k2p(x, ω) = 0. (3.1)

where k = ω
c0

denotes the wave number, ω denotes angular frequency and c0 is the speed

of sound. It is shown in chapter 2.1.8 that the free �eld Green function with its origin

at x′ is also one of the solutions of the Helmholtz equation. By assuming that the origin

of the Green's function is located in the domain V , the Green's function satis�es the

inhomogeneous Helmholtz equation given by

∇2G(x,x′) + k2G(x,x′) = −δ(x− x′), where x,x′ ∈ V. (3.2)

On the other hand, if the origin of the Green function is not located in the domain V ,

then the Green's function satis�es the homogeneous Helmholtz equation given by
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∇2G(x,x′) + k2G(x,x′) = 0, where x ∈ V, x′ /∈ V. (3.3)

Placing the origin of the Green function x′, acoustic pressure at x′ can now be evaluated.

Considering Fig 3.1, it can be seen that the whole domain are divided into three regions

such that x′ can be located: i) x′ ∈ V , ii) x′ ∈ ∂V and iii) x′ /∈ V̄ where V̄ = V + ∂V .

In case of x′ ∈ V , the sound �elds p(x, ω) in the domain V can be obtained by multiplying

Eq (3.2) by p(x). This yields

p(x, ω)∇2G(x,x′) + p(x, ω) k2G(x,x′) = −p(x, ω)δ(x− x′). (3.4)

Next, multiplying the homogeneous Helmholtz equation given by Eq (3.1) by the Green's

function yields

G(x,x′)∇2p(x, ω) +G(x,x′) k2p(x, ω) = 0. (3.5)

By subtracting Eq (3.4) from Eq (3.5) and integrating both sides over V , Eq (3.4) can

be rewritten in the form

∫ ∫ ∫
V
G(x,x′)∇2p(x, ω)− p(x, ω)∇2G(x,x′) dV =

∫ ∫ ∫
Ωε

p(x, ω)δ(x− x′) dV,

= p(x′, ω) (3.6)

It should be noted that the domain of the right-hand side can be reduced to an in�nites-

imally small sphere denoted by Ωε because of the dirac delta function at the origin point

of the Green's function. By applying the sifting properties [SH08], the right hand side

of Eq (3.6) becomes p(x′, ω). In other words, the sound �eld pressure at the position x′

can be evaluated by the integral on the left hand side of Eq (3.6).

Furthermore, the volume integral can be replaced by a surface integral by the introducing

Green's second identity

∫ ∫ ∫
V
G(x,x′)∇2p(x, ω)−p(x, ω)∇2G(x,x′) dV

=

∫ ∫
∂V
G(x,x′)

∂p(x, ω)

∂n̂
− p(x, ω)

∂G(x,x′)

∂n̂
dS,

(3.7)

where n̂ denotes normal vectors to the surface ∂V , and the integral variable dS indicates

surface integral over the surface ∂V . Eq (3.6) then can be rewritten as
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Figure 3.2: A diagram illustrates the domain of the integral Ωε of an interior
problem. It shows that the domain of the integral is considered as a half small
sphere when the origin of the green function G(x,x′) is placed on boundary ∂V .

∫ ∫
∂V
G(x,x′)

∂p(x, ω)

∂n̂
− p(x, ω)

∂G(x,x′)

∂n̂
dS = p(x′, ω). (3.8)

It should be noted that the variable of the integration ∂V is the variable x, i.e. x ∈ ∂V .
Eq (3.8) indicates that acoustic pressure evaluated at x′ can be obtained by the integral

over the boundary ∂V .

In the second case, where, the evaluation point is placed on the boundary ∂V , the KHIE

can be obtained as follows. Let's now consider the right-hand side of Eq (3.6). Since

the boundary ∂V is assumed to be smooth, the domain of the integral is considered as a

hemisphere instead of a whole sphere. A diagram illustrates the scenario is given in Fig

3.2. By applying the volume integral to the right-hand side of Eq (3.6), this yields

∫ ∫ ∫
Ωε/2

p(x, ω)δ(x− x′) dV =
1

2
p(x′, ω). (3.9)

Thus, the sound �eld p on the boundary can be evaluated by

∫ ∫
∂V
G(x,x′)

∂p(x, ω)

∂n̂
− p(x, ω)

∂G(x,x′)

∂n̂
dS =

1

2
p(x′, ω). (3.10)

Let's now consider the case that the origin of the Green's function is placed outside the

domain V̄ , the Green's function now satis�es the homogeneous Helmholtz equation in

the domain V . By multiplying Eq (3.3) by the sound �elds p(x, ω), it yields

p(x, ω)∇2G(x,x′) + p(x, ω) k2G(x,x′) = 0. (3.11)

By subtracting Eq (3.11) out of Eq (3.3), applying the volume integral, applying Green's

second identity, the KHIE becomes in this case

∫ ∫
∂V
G(x,x′)

∂p(x, ω)

∂n̂
− p(x, ω)

∂G(x,x′)

∂n̂
dS = 0. (3.12)



Chapter 3 The boundary element method 47

Figure 3.3: The shaded area V ′ indicates acoustic domain of a given exterior
problem. The normal vectors n̂ now point inward to the domain V and point
away from the acoustic domain V ′.

By combining all three cases of the KHIE of the interior problem, a single expression is

given by

∫ ∫
∂V

G(x,x′)
p(x, ω)

∂n̂
− p(x, ω)

∂G(x,x′)

∂n̂
dS =


p(x′, ω) if x′ ∈ V
p(x′, ω) if x′ ∈ ∂V
0 if x′ ∈ R3 \ V̄

.

(3.13)

Furthermore, the relation of the derivative of the sound �eld respect to the normal vector

is given by the Euler's linearised momentum equation

∂p(x, ω)

∂n̂
= −jρωvn(x, ω), (3.14)

where the symbol j =
√
−1 is the imaginary unit, ρ is the density of air, ω is the angular

frequency and vn(x, ω) is the particle velocity at x in the direction perpendicular to the

boundary ∂V . Therefore Eq (3.13) can be rewritten in another form, that is

−
∫ ∫

∂V

(
jρωvn(x, ω)G(x,x′) + p(x, ω)

∂G(x,x′)

∂n̂

)
dS =


p(x′, ω) if x′ ∈ V
p(x′, ω)/2 if x′ ∈ ∂V
0 if x′ ∈ R3 \ V̄

.

(3.15)
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3.1.2 Exterior problems

In contrast to interior problems, exterior problems aim to �nd solutions to some di�eren-

tial equations outside close domains. In acoustics, exterior problems play important roles

in radiation problems and scattering problems. The strong point of this formulation is

that only the boundary condition is required to evaluate acoustic pressure at any point

in the whole three dimensional space.

The formulation can be achieved straightforwardly as for the case of interior problems.

Let SR be the boundary of the radiation that is expanded to in�nity. The diagram

shown in Fig 3.3 depicts the con�guration of exterior problems. Assuming that there is

an in�nitesimally small canal connecting ∂V to SR, a new domain V ′ can be established

as a consequence. The unitary normal vector n̂ now points inward into the domain

V . The domain V ′ is now of interest, hence the origin point of the Green function is

located in V ′ then the Green's function need to satisfy the non-homogeneous Helmholtz

equation. By applying the volume integral over V ′ and Green's second identity, the

following surface integral is obtained

∫ ∫
∂V+SR

G(x,x′)
∂p(x, ω)

∂n̂
− p(x, ω)

∂G(x,x′)

∂n̂
dS = p(x′, ω) wherex′ ∈ V ′. (3.16)

Note that the integral of the part of boundary V ′ established by the in�nitesimally small

canal is cancelled due to both edge of the canal are parallel. Let's now consider the

surface integral over the boundary SR individually

∫ ∫
SR

G(x,x′)
∂p(x, ω)

∂n̂
− p(x, ω)

∂G(x,x′)

∂n̂
dS. (3.17)

Since the boundary SR in Eq (3.16) can be extended to in�nity, the free �eld Green's

function at an in�nite distance can be approximately given by

G(x,x′) = lim
|x|→∞

e−jk|x|

4π|x|
. (3.18)

The derivative of the Green's function can be straightforwardly calculated and is given

by

∂G(x,x′)

∂n̂
= lim
|x|→∞

−jk e
−jk|x|

4π|x|
. (3.19)

The Green's function and its derivative are then substituted into Eq (3.17). By applying

the surface integration, this yields
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lim
|x|→∞

∫ ∫
∂SR

e−jk|x|

4π|x|

(
∂p(x, ω)

∂n̂
+ jk p(x, ω)

)
dS

= lim
|x|→∞

e−jk|x|
[
|x|
(
∂p(x, ω)

∂n̂
+ jk p(x, ω)

)]
.

(3.20)

The term shown in the square bracket in the right hand side of the equation above

represents the Sommerfeld radiation condition of which sound �elds p(x, ω) must satisfy.

The Sommerfeld radiation condition is given by

lim
|x|→∞

|x|
(
∂p(x, ω)

∂n̂
+ jk p(x, ω)

)
= 0. (3.21)

It can be concluded that the integral over SR vanishes and the domain of the surface

integral in Eq (3.16) is reduced to ∂V . Hence, Eq (3.16) can be rewritten as

∫ ∫
∂V
G(x,x′)

∂p(x, ω)

∂n̂
− p(x, ω)

∂G(x,x′)

∂n̂
dS = p(x′, ω). (3.22)

The equation above shows that by placing the origin x′ of the Green's function at the

point of interest outside the volume V , the sound �eld can be evaluated at x′. The KHIE

for the exterior problem for evaluation points placed on the boundary ∂V and inside the

volume V can be derived by exactly the same procedure as for the interior problems. A

single expression for the KHIE of exterior problems is given by

∫ ∫
S
G(x,x′)

p(x, ω)

∂n̂
− p(x, ω)

∂G(x,x′)

∂n̂
dS =


0 if x′ ∈ V
p(x′, ω)/2 if x′ ∈ ∂V
p(x′, ω) if x′ ∈ R3 \ V̄

(3.23)

Applying the relation given by Eq (3.14) to Eq (3.23), an alternative form of Eq (3.23)

is given by

−
∫ ∫

∂V

(
jρωvn(x, ω)G(x,x′) + p(x, ω)

∂G(x,x′)

∂n̂

)
dS =


0 if x′ ∈ V
p(x′, ω)/2 if x′ ∈ ∂V
p(x′, ω) if x′ ∈ R3 \ V̄

(3.24)
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Figure 3.4: The shaded area is the acoustic domain, denoted by V ′, of a given
scattering problem. The unit normal vector n̂ is assigned to point inward to the
acoustic domain V ′

3.1.3 Scattering problems

The acoustic scattering problem aims to determine sound �elds scattered by scatterers.

Sound �elds in scattering problems are the combination of incident �elds pinc(x, ω) and

the corresponding scattered �elds psc(x, ω). The total �eld denoted by ptot(x, ω) is given

by the combination between the two, namely

ptot(x, ω) = psc(x, ω) + pinc(x, ω). (3.25)

A diagram shown in Fig 3.4 depicts the con�guration of domains and vectors that are

involve in the formulation of scattering problem. Let ∂V be the surface of the scatterer

of interest. The scattered �eld then can be consider as the corresponding sound �elds

radiated from the scatterer. In this case, the problem can be regarded as an exterior

problem. The representation of the scattered �eld by the KHIE can be taken from Eq

(3.24):

∫ ∫
∂V

jρωvscn (x, ω)G(x,x′) + psc(x, ω)
∂G(x,x′)

∂n̂
dS = Cext(x′)psc(x′, ω), (3.26)

where the symbol Cext denotes the coe�cient of scattered sound �elds given by

Cext =


0 if x′ ∈ V
1/2 if x′ ∈ ∂V
1 if x′ ∈ R3 \ V̄

(3.27)
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Note that the sign of Eq (3.26) is opposite to the one given in Eq (3.24) because the

direction of n̂ is now assigned to point away from the volume V (see Fig 3.4), which is

in opposite direction to the one that is de�ned for exterior problems and is discussed in

section 3.1.2 (see Fig 3.3).

Next, the incident �eld can be considered as an interior problem there for the KHIE is

given by Eq (3.15)

−
∫ ∫

∂V

(
jρωvn(x, ω)inc(x)G(x,x′) + pinc(x)

∂G(x,x′)

∂n̂

)
dS = Cint(x′)pinc(x′),

(3.28)

where

Cint =


1 if x′ ∈ V
1/2 if x′ ∈ ∂V
0 if x′ ∈ R3 \ V̄

(3.29)

Subtracting Eq (3.28) from Eq (3.26) yields

∫ ∫
∂V

jρωvtotn (x, ω)G(x,x′)+ptot(x, ω)
∂G(x,x′)

∂n̂
dS

= Cext(x′)psc(x′, ω)− Cint(x′)pinc(x′, ω).

(3.30)

Since the direction of vector n̂ in case of total �elds is de�ned to point into domain V ′,

which is pointing into domain V ′, the coe�cients on the right had of the KHIE is given

similar to the case of scattering problem. For the sake of convenience, coe�cient Cext(x′)

is also used for calculation of total �elds.

By substituting the relation psc(x) = ptot(x) − pinc(x) into Eq (3.30), the term psc(x)

can be eliminated. With some rearrangement of the equation, this yields that

Cext(x′)psc(x′, ω)−Cint(x′)pinc(x′, ω)

= Cext(x′)ptot(x′, ω)− [Cext(x′, ω) + Cint(x′)]pinc(x′, ω).
(3.31)

Since
[
Cint(x′) + Cext(x′)

]
= 1, the KHIE for scattering problems can be rewritten as

∫ ∫
∂V

jρωvtotn (x, ω)G(x,x′)+ptot(x, ω)
∂G(x,x′)

∂n̂
dS+pinc(x′, ω) = Cext(x′)ptot(x′, ω).

(3.32)



52 Chapter 3 The boundary element method

Alternatively, if the unit normal vector n̂ is given to pointing away from the domain

V , i.e. similarly to the exterior as shown in Fig 3.2, then the expression in Eq (3.32)

becomes∫ ∫
∂V
−
(
jρωvtotn (x, ω)G(x,x′) + ptot(x, ω)

∂G(x,x′)

∂n̂

)
dS+pinc(x′, ω) = Cext(x′)ptot(x′, ω).

(3.33)

The two principle boundary conditions namely Dirichlet boundary condition and Neu-

mann boundary condition are now introduced. In acoustics, the former is also known as

the sound-soft boundary condition due to the assumption that the pressure of incident

�elds is released on the surface of scatterers. It can be described mathematically as

ptot(x, ω) = 0, where x ∈ ∂V, (3.34)

therefore Eq (3.33) can be rewritten as

∫ ∫
∂V
−
(
jρωvn(x, ω)tot(x, ω)G(x,x′)

)
dS + pinc(x, ω′) = Cext(x′)ptot(x′, ω). (3.35)

The later case, the Neumann boundary condition, is commonly known in acoustics as

the sound-hard boundary condition. This is due to the assumption that the surface of

scatterers is perfectly re�ective. This implies that the normal velocity on the surface of

scatterers is zero, or in other words that the derivative of the acoustic pressure along the

direction normal to the surface of the scatterer is equal to zero. This yields

vn(x, ω) = 0 or
∂p(x, ω)

∂n̂
= 0, where x ∈ ∂V. (3.36)

By applying the Neumann boundary condition to Eq (3.33), the KHIE of Neumann

scattering problem reduces to

∫ ∫
∂V
−ptot(x, ω)

∂G(x,x′)

∂n̂
dS + pinc(x, ω) = Cext(x′)ptot(x′, ω). (3.37)

The derivation of the interior-, the exterior- and the scattering problem has been pre-

sented in this section. In the following section, the discretisation of the KHIE is derived

and arranged into the form of matrix equation. The discussion on the formulation of the

boundary element method is then provided.
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3.2 The boundary element method

The boundary element method relies on the discretisation and numerical solution of the

KHIE using computers. There are two conventional formulations of the BEM namely

the direct method and the indirect method. However, discussion of the whole details of

the BEM formulation is beyond the scope of this thesis therefore only the direct method

formulation is discussed in order to provide a general idea to clarify the mechanism of

the BEM to the reader. The calculation of the BEM can be divided into three steps;

discretisation of the KHIE, application of the collocation to obtain complete boundary

conditions, and evaluation of the pressure at desired �eld points. The fundamental

boundary element method text books authored by Brebbia [Bre91] and [BD98], and by

Wu [Wu00] as well as the thesis of Julh [Juh93] are useful references for further and more

detail information.

3.2.1 Discretisation of the KHIE

Since the KHIE of the interior problems and exterior problems given by Eq (3.15) and

Eq (3.24), respectively, have a similar integral on the left-hand side. The two KHIE can

be combined and written in a single expression as

∫ ∫
∂V

jρωvn(x, ω)G(x,x′)p(x, ω) +
∂G(x,x′)

∂n̂
dS = C(x′)p(x′, ω), (3.38)

where C(x′) is the coe�cient that depends on the position of the evaluation points,

the direction of the unit normal vector n̂, and the types of the problem, e.g. interior

problem, exterior problem, or scattering problem. The boundary ∂V of the KHIE is then

discretised into Ns segments that are hereafter referred to as elements. Each element

consist of a certain number of nodes. Thus Eq (3.38) can be rewritten as

Ns∑
s=1

[ ∫ ∫
Γs

jρωvsn(x, ω)G(x,x′) dΓs +

∫ ∫
Γs

ps(x, ω)
∂G(x,x′)

∂n̂
dΓs

]
= C(x′)p(x′, ω),

(3.39)

where Γs denotes s-th segment of the discretised boundary ∂V , x ∈ Γs denotes the

position vectors pointing into the integration domain Γs, and ps and vsn(x, ω) denote the

acoustic pressure and the normal particle velocity on the boundary of the s-th element,

respectively.

The boundary ∂V is assumed to be piecewise smooth and iso-parametric, which means

that it can be described by a group of smooth functions. A group of function called

shape functions denoted by D(ξ) is introduced to describe the sectioned boundaries
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(see [Wu00]). In other words, the shape functions D(ξ) can be regarded as interpolators,

which means that the pressure at any point on the segmented boundary can be computed.

Additionally, the number of nodes of each element is speci�ed by the type of the shape

functions. An example given here for 2D BEM problems is that a linear element requires

two nodes, a quadratic element requires three nodes, and a cubic element requires four

nodes.

Additionally, a shape function also plays an important role as a domain normaliser

because all the segmented integral domain are converted into the domain of the local

coordinate [−1, 1). This technique is very useful in the computer implementation be-

cause only one dedicated integral function is required in the programming to achieve the

integration.

The acoustic pressure ps(x, ω) and the normal particle velocity vsn(x, ω) on the s-th

element can be estimated by the use of the shape functions

ps(x, ω) =

Nk∑
k=1

psk(x, ω)Dk(ξ)

vsn(x, ω) =

Nk∑
k=1

vsn,k(x, ω)Dk(ξ)

, (3.40)

where Nk is the number of nodes per element, the superscript s is index number of ele-

ments, the subscript k is index number of nodes, pse(x, ω) and vsn,e(x, ω) denote acoustic

pressure and the normal particle velocity at the k-th node of the s-th element, respec-

tively, and Dk(ξ) is the shape function corresponding to the k-th node.

By substituting Eq (3.40) into Eq (3.39) and with some rearrangement of the order, Eq

(3.39) can be rewritten by

Ns∑
s=1

Nk∑
k=1

[
psk(x, ω)

∫ ∫
Γs

Dk(ξ)
∂G(x,x′)

∂n̂
dΓs + jρωvsn,k(x, ω)

∫ ∫
Γs

Dk(ξ)G(x,x′) dΓs

]
= C(x′)p(x′, ω).

(3.41)

The �rst and the second integral in Eq (3.41) are now independent of the acoustic pressure

and the normal particle velocity on the boundary. Let's now de�ne the integrals in term

of the coe�cient hsk(x,x
′) and gsk(x,x

′) in which

hsk(x,x
′) =

∫ ∫
Γs

Dk(ξ)
∂G(x,x′)

∂n̂
dΓs, (3.42)

and
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gsk(x,x
′) =

∫ ∫
Γs

Dk(ξ)G(x,x′) dΓs. (3.43)

A system of linear equation can be formulated from Eq (3.41). By populating the co-

e�cient hsk(x,x
′) and gsk(x,x

′) into F and G, respectively, a matrix equation can be

written

Fps + jρωGvn,s = Cpf , (3.44)

where ps and vn,s are the pressure vector and the normal velocity vector at the nodes,

C is the coe�cient matrix and pf = [p(x′1) p(x′2) . . . p(x′Nf )]T is a position vector

pointing to the evaluation points. The matrix F and G can be referred to as dipole matrix

and monopole matrix, respectively, due to the type of the free �eld Green function as

elements of the matrices.

In conclusion, the matrix equation given in Eq (3.44) is derived by discretising Eq (3.41)

and writing for a number Nf of evaluation points. Although the matrix equation seems

to be ready for computer implementation, there is an extra process called collocation

that must be undertaken to achieve the BEM computation.

3.2.2 Collocation

Eq (3.44) suggests that both acoustic pressure and normal velocity on the boundary are

required. One parameter can be eliminated by choosing the evaluating point vector pf

equal to the point on the boundary ps, i.e. choosing some points on the boundary as

the evaluating points. This yields

jρωGvn,s = [C− F]ps. (3.45)

Eq (3.44) then can be rearranged in the form of a matrix equation Ax = b where x and

b can be either vn,s or ps depending on the given boundary condition.

In practice, the size of matrix A could be very large depending on the number of nodes of

the model. However, it is usually generated directly without matrix inversion using a nu-

merical technique in order to reduce the computing load [Wu00]. The process discussing

here is the so-called the collocation.

When the whole boundary condition is completely known then the acoustic pressure at

any point in the space can be obtained by solving the matrix equation given in Eq (3.44).

Nevertheless, the collocation is not truly straightforward due to the non-uniqueness of the
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KHIE. The non-uniqueness of KHIE is not discussed in details in this thesis. However,

a brief introduction of this topic is reviewed in the following.

3.2.3 Non-uniqueness of KHIE and CHIEF

The non-uniqueness problem is a mathematical problem therefore it is not connected to

the implementation of any numerical method. A good explanation in non-uniqueness

problem in the BEM formulation was illustrated by Wu and Seybert in [WS91, Wu00].

A widely known method �rst to overcome the non-uniqueness problem was proposed

by Schenck and is called Combined Helmholtz Integral Equation Formulation (CHIEF)

[Sch68]. An intensive discussion on the non-uniqueness of KHIE and CHIEF with a

useful list of bibliography can be found in chapter 5 Juhl's thesis [Juh93].

The background theory of the BEM has been presented. The implementation of the

BEM calculation throughout this thesis is done with OpenBEM, which is a Matlab-

based software. OpenBEM is introduced in the following section. The procedure to

compute the BEM for scattering problems is also given.

3.3 OpenBEM software

OpenBEM is a MATLAB based open source software that is speci�cally used for the

BEM calculation. It is available for download at http://www.openbem.dk (accessible

November 2014). There are some tutorial materials and example cases about acoustics

included in the download package. OpenBEM has features that allow users to solve the

BEM for two-dimensional problems, three-dimensional problems, and axisymmetrical

problems. A fundamental knowledge of the BEM is required because no GUI (Graphical

User Interface) is provided. OpenBEM is developed by Peter Møller Juhl as a main

contribution of his PhD thesis [Juh93]. Some publications about OpenBEM and its

application on a case of product design can be found in [Hen02] and [HJ10].

The discussion in this section mainly focuses on the BEM computation for three dimen-

sional rigid scattering objects. The guide line preparation for the preparation of the three

dimensional model is given. The technical details of the OpenBEM is also discussed.

3.3.1 Preparation of 3D-models and meshing

Any 3D Computer Aided Design (3D CAD) software package can be used to create a 3D

geometrical model. The 3D model can be regarded as the boundary of a closed region

in the interior problem, the surface of a radiator for the exterior problem or the surface

of a scatterer for the scattering problem.

http://www.openbem.dk
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Figure 3.5: A diagram depicts the con�guration of spherical caps that are used
to estimate the number of nodes per wavelength.

When the 3D modeling is complete then it can be exported into one of the standard

exchangeable formats. In this study, the software SolidWorks is used to create 3D models.

Then the models can be exported from SolidWorks to an interchangeable format named

STL format ( STereoLithography or Standard Tessellation Language). The STL format is

popularly used in 3D printing and Computer Aided Manufacturing (CAM). Additionally,

STL format provides unstructured triangulated surface individually described by three

vertices and a unit normal vector, i.e. the surface of a 3D object is divided into many

triangular pieces.

Unfortunately, The STL format cannot be directly imported to OpenBEM due to the

compatibility therefore a mesh generator software is required to convert from STL format

to a compatible format. Christophe Geuzaine and Jean-François Remacle developed a

mesh generator software namely Gmsh. The software has capability to convert STL

format into MSH format that is compatible to OpenBEM. Note that the nodes and

elements of a 3D model are combined into a single MSH-�le. Gmsh is also a freeware

available online at http://geuz.org/gmsh/ (accessible November 2014).

3.3.2 The estimation of the density of nodes

The principal parameter that needs to be concerned in the BEM calculation is the node

density. In this section, the method to estimation of the node density of a given 3D

model is presented. In the BEM calculation the suitable node density is recommend in

the range of 6 to 10 nodes per wavelength [MNBW08] for any of general applications.

The estimation of the node density of could be highly di�cult due to the complexity of

the geometry of the 3D model.

In this work, a big assumption is made in order to made approximation of the node

density by assuming that the 3D model of an array of interest is represented by a sphere

http://geuz.org/gmsh/
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of radius r and the nodes are distributed uniformly. The distance d between any two

neighbor nodes can be calculated following the con�guration in the diagram depicted in

Fig 3.5. The surface area of sphere Ωra is given by

Ωra = 4πr2
a. (3.46)

Since the node is assumed to be distributed uniformly over the sphere, the surface area

patch ∆Ωra , i.e. solid angle, occupied by a single node can be approximately given by

∆Ωra =
4πr2

a

Nd
, (3.47)

where Nd indicates the number of nodes populated all over the sphere.

Next, the surface of a conical cap with area ∆Ωra as shown in Fig 3.5 is given by [GL08]

Ωra

Nd
= 2πra(1− cos θ), (3.48)

where θ is the angle of the cone as shown in Fig 3.5. The distance d between the two

neighbor nodes can be computed with the following expression

d = 2r2
a sin

(
cos−1(1− 2

Nd
)

)
. (3.49)

Using the relation between wave number and wavelength, the node density (ND) can be

obtained by dividing the wavelength λ = 2π
k by the estimated node distance d. Thus

ND =
π

kra sin
(

cos−1
(

1− 2
Nd

)) (3.50)

3.3.3 Solving a scattering problem by OpenBEM

As mention earlier, OpenBEM does not provide a of friendly user interface thus the

con�gurations and execution must be perform based on scripts of Matlab code. When

the model in msh format is imported to the OpenBEM, the mesh must be checked by

employing the OpenBEM's function meshcheck. By default, the normal vector of the

triangular elements points outward from the body of the 3D model of a scatterer, which

means that the default topology of the 3D model is suitable for the interior problems

and the scattering problems.

Recalling Eq (3.33), a matrix equation representing scattering problems is given by
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Fc
sp

tot
s + jρωGsv

tot
n,s + 4πpincs = 0. (3.51)

Subscript s denotes that the parameters whose associated with are given as boundary

condition or are computed at the nodes of the scatterer. In OpenBEM, associated dipole

matrix, which is the addition between a corresponding dipole matrix boldF and negative

of coe�cient matrix boldC evaluated at the nodes of the scatterer, i.e. Fc
s = F−C.

Matrix Gs denotes a monopole matrix and pincs denotes the pressure vector of a given

incident sound �eld. The factor 4π in front of the incident wave pincs appears by the reason

that the Green function used in OpenBEM is a fundamental solution [Juh93, Wu00, HJ10]

of the KHIE instead of the free �eld Green function in three dimensional space. This

means that coe�cient matrix C is also scaled by 4π. It should be noted that the unit

normal vector n̂ is assigned to point into to the acoustic domain. Next, the boundary

condition is applied as follows:

Neumann boundary condition (sound hard boundary condition): vtotn,s

Fc
sp

tot
s + 4πpincs = 0, (3.52)

therefore

ptots = −4πFc
s
−1pincs . (3.53)

Dirichlet boundary condition (sound soft boundary condition): ptots

jρωGsv
tot
n,s + 4πpincs = 0, (3.54)

therefore

vtotn,s = − 4π

jρω
G−1
s pincs . (3.55)

It can be seen that the BEM matrices Fc
s and Gs are required in the computing of

the boundary conditions. In OpenBEM, they can be computed by using the function

TriQuadEquat.

Finally, the total �eld pressure at the desired evaluation points can be computed by the

following expression

Neumann boundary condition (sound hard): vtotn,s

ptotf = C−1
f Ffp

tot
s + pincf , (3.56)
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Dirichlet boundary condition (sound soft): ptots

ptotf = jρωC−1
f Gfv

tot
n,s + pincf , (3.57)

where ptotf = [ptot(x′1) ptot(x′2) . . . ptot(x′Nf )]T , Nf is the number of evaluation

points, the subscript f denotes that the parameters are computed corresponding to �eld

points, positions in the propagation domain that sound �elds is approximated. The BEM

matrices Ff , Gf , and Cf are required to compute the total �eld at the evaluation points

and they can be obtained using function point in OpenBEM package.

This chapter has provided the overview of the boundary element method starting from

the formulation of the KHIE to the introduction of the BEM software OpenBEM. The

derivation of the KHIE of interior problems, exterior problems, and scattering problems

has been reviewed. The discretisation of the problems including the process to formulate

the boundary problem in the form of matrix equation has been discussed. OpenBEM

has been presented and the procedure to create and import any 3D model to OpenBEM

is explained.



Chapter 4

Preliminary study of spherical

microphone arrays

Spherical microphone arrays are used in a wide range of applications such as sound �eld

analysis, sound �eld recording, and beamforming. The advantage of spherical arrays over

the other types of microphone arrays is that they have a symmetric directivity pattern in

the three dimensional space therefore they are used for acoustics parameter measurement

[PR05].

This chapter is concerned with the application of the BEM to the spherical microphone

array beamforming. Moreover, a beamforming strategy based on the plane waves su-

perposition technique and the SVD beamforming is applied to spherical arrays. The

spherical arrays are chosen in this study because the solution to the scattering problem

for spherical arrays is given in closed analytical form. Hence, they are good model to use

as the benchmark for the numerical study.

The aims of the study in this chapter are the following. Firstly, the theory of the

SVD beamforming and the spherical beamforming is derived and discussed. Secondly,

the accuracy of OpenBEM is investigated for the prediction of the total �eld when a

given plane wave impinges on a rigid sphere. The acoustic pressure of the total �eld

is computed with the BEM and then the results are compared to the acoustic pressure

computed by closed-form formulas. Lastly, the comparison of the performance of the

spherical beamformer and of the SVD beamformer is discussed.

This chapter begins with a review of the literature relevant to spherical microphone ar-

rays design. The theoretical background on the spherical beamforming is then discussed.

The beamforming is derived based on the plane wave superposition and the spherical

beamformer output is given in a form that is comparable to the SVD. Then the simi-

larities between SVD beamforming and analytical spherical beamforming is discussed.

Next, the attention is focussed on the discretisation of the beamforming problem. The

61
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discretisation is required because a �nite number of microphone must be used in practice.

Finally, limitation of discrete spherical beamforming and SVD beamforming is discussed

at the end of this chapter.

The results of the numerical studies on the accuracy of the OpenBEM are presented

and discussed. The numerical simulations of the spherical beamformer and the SVD

beamformer are computed and illustrated. The directivity pattern of the beamformers

and their performance are discussed.

4.1 Literature review

Spherical microphone arrays or higher order microphones are related to the sound �elds

recording technique called Ambisonics, which was invented by Michale Gerzon in the

1970s [Ger73]. First order ambisonics, which is regarded as virtual steerable micro-

phone, consist of three �gure of eight microphones pointing along the principle axis of

the Cartesian coordinate system and an omnidirectional microphone. By this con�g-

uration, the virtual microphones are steerable and can be obtained by combining the

four original microphone signals. The ambisonic microphones are also capable to record

sound �elds by encoding the recorded signal into ambisonics domain, the recorded sound

�elds can be played back by a system called ambisonics decoder via loudspeaker arrays.

This audio signal encoding format is also known as B-format [BC05, Ger75].

Ambisonics relies on the representation of the sound �eld by mean of spherical harmonics.

The signal of the omnidirectional microphone is regarded as the zero order spherical

harmonic whilst the signals of the �gure of eight microphones are regarded as the �rst

order spherical harmonics. Due to the manufacturing limitation, it is not feasible to

produce microphones whose directivity is similar to higher order spherical harmonics.

However, by mounting an array of microphones on a rigid sphere and processing their

signals, a higher order microphone directivity can be achieved.

Spherical arrays can be categorised into two categories by the type of the installation

of the sensors, e.g. open spherical arrays and rigid spherical arrays. It is well known

that open spherical arrays su�er from the numerical issue due to the values of spherical

Bessel function are zero at some wave numbers. This means that the decomposition of the

wave �elds cannot be achieved at some frequencies. However, some techniques have been

invented to deal with open spherical arrays such as adding another microphone layer,

using directional microphone as the sensors on open spheres, placing an omnidirectional

microphone at the centre of an open sphere. The possibilities are discussed by Balmages

[BR07] and Rafaely [Raf08b].

Here attention has been paid on the investigation of rigid spherical arrays. Analysis of

spherical microphone arrays based on the spherical harmonic decomposition is presented
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by Abhayapala [AW02] and Rafaely [Raf04, Raf05]. Meyer and Elko proposed a spherical

microphone array beamforming technique based on the spherical harmonic decomposition

that aims to capture sound from a speci�c direction [ME02]. Meyer and Elko's system

consist of 32 microphones mounted �ush on a rigid sphere. This results in a symmetric

directivity pattern that can be steered to any direction in the space. The spherical array

system designed by Meyer and Elko called Eigenmike®.

A signi�cant contribution to spherical microphone array design is a highly-cited paper

authored by Rafaely [Raf05]. The author provides an analysis of spherical microphone ar-

rays based on the spherical harmonic decomposition in term of spatial sampling schemes,

�nite number of transducers, spatial aliasing error, microphone positioning error, and

measurement noise.

Plane wave decomposition and sound �eld analysis are major applications of spherical

arrays. For example, an application of a spherical array with plane wave decomposition

technique in the measurement of room acoustic properties was introduced by Balmages

and Rafaely [BR04]. The plane wave decomposition technique is mainly discussed in the

following bibliographic references [RP04, Raf04, PR05, ZDG08, ZDG10].

A technique is presented in the literature to maximise the bandwidth by optimising the

sampling scheme of the arrays. Rafaely et al. presented some analysis of the e�ect of

the sampling scheme of spherical arrays on the spatial aliasing error [Raf05, RWB07,

Raf08a]. It was concluded that nearly uniform sampling schemes provide the widest

bandwidth compares to others, e.g. equiangular sampling scheme and Gaussian sampling

scheme, when the same number of transducer is taken into consideration. Zhiyun Li et

al. proposed a technique by which an iteration algorithm is used to select microphone

positions that achieve orthonormality of the spherical harmonics [LDGD04, LD07]. A

trijunctional sampling scheme is proposed by Zhuang and Huang [ZH10]. This sampling

scheme allows the orthonormality of the spherical harmonic to be satis�ed and provide

the better spatial resolution compared to the equiangular and Gaussian sampling.

There are some other interesting designs such as an hemisphere design that was in-

troduced by Zhiyun [LD05].The author suggests that spherical beamforming can be

applied to hemispherical arrays based on the idea of acoustic mirror, which can be

achieved by placing a hemisphere with array of sensors on the surface of a re�ective

surface. Moreover, the concept of acoustic camera was introduced by O'Donovan at

al. [ODG07, ODN07, ODZ08]. The acoustic camera is a spherical array system that is

equipped with a video camera. As a consequence, this technique provides better visual-

isation of the results to users because the beamformer outputs are superimposed in real

time with the motion pictures captured by the video camera.
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4.2 Spherical microphone arrays

In this section, theoretical backgrounds on scattering problem of rigid spheres are given.

It is shown that a given sound �eld can be expanded by mean of the spherical harmonic

expansion. It is also shown that the spherical beamforming can be formulated by means

of the plane wave superposition approach.

4.2.1 Scattering of a rigid sphere

Given a plane wave incidents on a rigid sphere of radius ra located at the origin of co-

ordinate system from a given direction of arrival ŷ, the sound �elds corresponding to

incident �eld and scattered �eld are denoted by pinc(x, ω), and psc(x, ω), respectively,

where x = |x| is the magnitude of position vector x. A total �eld, which is the combi-

nation of a incident sound and a corresponding scattered sound �eld is given by

ptot(x, ω) = psc(x, ω) + pinc(x, ω). (4.1)

The incident �eld pinc(x, ω) can be represented by means of spherical harmonics in the

form of the well-known the Jacobi-Anger expansion given by

pinc(x, ω) = 4π

∞∑
ν=0

ν∑
µ=−ν

jνjν(kx)Y µ
ν (x̂)Y µ

ν (ŷ)∗, (4.2)

where k denotes the wave number, x̂ = x
|x| denotes a unitary vector of x, jν(·) denotes

a spherical Bessel function of the �rst kind of degree ν, and Y µ
ν (x̂) and Y µ

ν (ŷ) denotes

a spherical harmonic of order ν and degree µ and is evaluated in the directions x̂ and

ŷ, respectively. The mathematical expression of spherical harmonics, spherical Bessel

functions, and spherical Hankel functions are given in subsection 2.1.5 and 2.1.7.

Scattered �eld psc(x, ω) can be represented by means of the spherical harmonic expansion,

given by

psc(x, ω) =
∞∑
ν=0

ν∑
µ=−ν

Cνµ(kra)h
(2)
ν (kx)Y µ

ν (x̂), (4.3)

where Hankel function of the second kind h(2)
ν is introduced to express that scattering

waves propagate away from the array due to the time convention ejωt is adopt. It should

be noted that complex coe�cient Cνµ is frequency dependent and vary with the radius

of the sphere.
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Since the surface of the sphere is rigid, Neumann boundary condition is applied to Eq

(4.1) on the surface of sphere of radius ra. This yields

∂ptot(x, ω)

∂x
=
∂psc(x, ω)

∂x
+
∂pinc(x, ω)

∂x
= 0, where x = ra. (4.4)

The complex coe�cient Cνµ(kra) can be determined by di�erentiating Eq (4.2) and Eq

(4.3) with respect to x and substituting x = ra

∂pinc(x, ω)

∂x

∣∣∣∣
x=ra

= 4πk
∞∑
ν=0

ν∑
µ=−ν

jνj′ν(kra)Y
µ
ν (x̂)Y µ

ν (ŷ)∗

∂psc(x, ω)

∂x

∣∣∣∣
x=ra

= k
∞∑
ν=0

ν∑
µ=−ν

Cνµ(kra)h
′(2)
ν (kra)Y

µ
ν (ŷ)

(4.5)

where j′ν(·) and h′(2)
ν (·) denote the derivative of the spherical Bessel functions and the

spherical Hankel functions of the second kind, respectively. The derivatives are then

substituted into Eq (4.4) and the following relation is obtained

4πk

∞∑
ν=0

ν∑
µ=−ν

jνj′ν(kra)Y
µ
ν (x̂)Y µ

ν (ŷ)∗ = −k
∞∑
ν=0

ν∑
µ=−ν

Cνµ(kra)h
′(2)
ν (kra)Y

µ
ν (x̂). (4.6)

Multiplying by spherical harmonics Y m
n (x̂)∗ and integrating both side of the equation

above yields

4πk
∞∑
ν=0

jνj′ν(kra)
ν∑

µ=−ν

∫
Ω
Y µ
ν (x̂)Y m

n (x̂)∗dΩ︸ ︷︷ ︸
= δµ,mδν,n

Y µ
ν (ŷ)∗

= −k
∞∑
ν=0

h′
(2)
ν (kr)

ν∑
µ=−ν

Cνµ(kra)

∫
Ω
Y µ
ν (x̂)Y m

n (x̂)∗dΩ︸ ︷︷ ︸
= δµ,mδν,n

.

(4.7)

Due to the orthogonality property of the spherical harmonics, the integrals above are

equal to zero unless µ = m and ν = n. As a consequence, the coe�cient Cnm(kra) can

be obtained as follows:

Cnm(kra) = −4πjν
j′n(kra)

h′
(2)
n (kra)

Y m
n (ŷ)∗. (4.8)
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Note that the process given by Eq (4.7) is usually called the mode matching technique.

This technique was introduced by Poletti [Pol05b]. The notation indicating the order and

the degree of spherical harmonics is then changed from n,m back to ν, µ for consistency.

The scattered �eld can be obtained by substituting Eq (4.8) into Eq (4.3) and is given

by

psc(x, ω) = −4πjν
∞∑
ν=0

j′ν(kra)

h′
(2)
ν (kra)

h(2)
ν (kra)

ν∑
µ=−ν

Y µ
ν (x̂)Y m

n (ŷ)∗. (4.9)

Finally, the total �elds can be obtained by substituting Eq (4.2) and (4.9) into (4.1)

ptot(x, ω) =

∞∑
ν=0

[
4πjν

(
jν(kx)− j′ν(kra)

h′
(2)
ν (kra)

h(2)
ν (kx)

)]
ν∑

µ=−ν
Y µ
ν (x̂)Y µ

ν (ŷ)∗. (4.10)

The terms in Eq (4.10) that are combined in the square bracket are often referred to

as radial weights. Let's now de�ne bν(kx, ra) for the sake of convenience, the radial

weighting of spherical scattering problem

bν(kx, ra) = 4πjν

(
jν(kx)− j′ν(kra)

h′
(2)
ν (kra)

h(2)
ν (kx)

)
. (4.11)

Additionally, it can be seen that the radial weighting for the open spheres can be directly

obtained from the Jacobi-Anger expansion in Eq (4.2) [Raf04, PR05, Raf08b]. Hence the

total �eld for both open and rigid sphere can be express with a single expression as

ptot(x, ω) =

∞∑
ν=0

bν(kx, ra)

ν∑
µ=−ν

Y µ
ν (x̂)Y µ

ν (ŷ)∗, (4.12)

where

bν(kx, ra) =

 4πjν
[
jν(kx)− j′ν(kra)

h′
(2)
ν (kra)

h
(2)
ν (kx)

]
, rigid sphere

4πjνjν(kx), open sphere
. (4.13)

Note that the acoustic pressure on the surface of spheres is required for spherical beam-

forming. It can be obtained by substituting kx in Eq (4.13) with kra. The radial

weighting of open spheres and rigid spheres or radius ra plotted against the kra factor

are shown in Fig 4.1. It can be seen that the radial weighting of open spheres in Fig 4.1a

have zero values at some kra which are caused by the spherical Bessel functions whilst

the same does not happen to the rigid sphere in Fig 4.1b.
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(a) (b)

Figure 4.1: Plots show radial weighting function of frequency in case of a) open
spheres, and b) rigid spheres.

4.2.2 Spherical beamforming

In this subsection, the following derivation aims to show that spherical beamforming can

be formulated using the plane wave superposition approach. It should be noted that

the aim of the beamforming is to estimate acoustic strength a(ŷ, ω) of plane waves by

the measured sound pressure p(x, ω). The reader can refer to section 2.4 for the details

of this beamforming technique. The beamforming is formulated by assuming that an

in�nite number of plane waves impinging on a spherical microphone array of radius ra
that is located at the origin of the coordinate system. The acoustic pressure on the

surface of the sphere is given by

p(x, ω) =

∫
Ω
H(x, ŷ, ω)a(ŷ, ω)dΩ(ŷ), (4.14)

where H(x, ŷ, ω) denotes the acoustic transfer function, a(ŷ, ω) denotes the amplitude

density of the plane waves, ŷ denotes the direction of arrival of a plane wave, and x now

indicates the position on the surface of the sphere, i.e. x = ra.

In this case, the acoustic transfer functionH(x, ŷ, ω) is de�ned by a plane wave impinging

on the spherical array from direction ŷ with unitary amplitude and zero phase at the

origin of the coordinate system. It is given by

H(x, ŷ, ω) =
∞∑
ν=0

bν(kra, ra)
ν∑

µ=−ν
Y µ
ν (x̂)Y µ

ν (ŷ)∗, x = ra. (4.15)

Since the sound �eld p(x, ω) and the amplitude density of the plane wave are functions

on their corresponding sphere, they can be decomposed by means of spherical harmonics,

namely
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p(x, ω) =

∞∑
ν=0

ν∑
µ=−ν

PνµY
µ
ν (x̂),

a(ŷ, ω) =

∞∑
ν=0

ν∑
µ=−ν

AνµY
µ
ν (ŷ).

(4.16)

Next, substituting Eq (4.16) and (4.15) into (4.14), and applying the orthonormal prop-

erty of the spherical harmonic, yields

∞∑
ν=0

ν∑
µ=−ν

PνµY
µ
ν (x̂) =

∞∑
ν=0

bν(kra, ra)
ν∑

µ=−ν
AνµY

µ
ν (x̂)

∫
Ω
Y µ
ν (ŷ)Y µ

ν (ŷ)∗dΩ(ŷ)︸ ︷︷ ︸
= 1

. (4.17)

Multiplying Y m
n (x̂)∗ with both sides of Eq (4.17) and integrating over the unitary sphere

evaluating along the direction x̂, the following expressing is obtained

∞∑
ν=0

ν∑
µ=−ν

Pνµ

∫
Ω
Y µ
ν (x̂)Y m

n (x̂)∗dS(x̂)︸ ︷︷ ︸
= δµ,mδν,n

=
∞∑
ν=0

bν(kra, ra)
ν∑

µ=−ν
Aνµ

∫
Ω
Y µ
ν (x̂)Y m

n (x̂)∗dS(x̂)︸ ︷︷ ︸
= δµ,mδν,n

.

(4.18)

The relation between the Fourier coe�cients Pνµ and Aνµ can then be obtained

Pνµ = bν(kra, ra)Aνµ, (4.19)

which yields

Aνµ =
Pνµ

bν(kra, ra)
. (4.20)

Finally the amplitude density can be reconstructed using the relation given by Eq (4.16).

Thus

a(ŷ, ω) =
∞∑
ν=0

ν∑
µ=−ν

Pνµ
bν(kra, ra)

Y µ
ν (ŷ). (4.21)

It has been shown that the plane wave super position can be applied to the spherical

microphone array beamforming. Furthermore, comparing Eq (4.21) to the solution of

the Fredholm integral given by Eq (2.47) discussed in section 2.3.1, the similarity of
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these two equations can be observed. The discussion on the analogy between the SVD

beamforming and the spherical beamforming is given in the following section.

4.2.3 Relation between spherical harmonic expansion and SVD

The spherical harmonics and the singular functions obtained by the singular values de-

composition have common properties, i.e. they both have completeness and orthonor-

mality (see section 2.3.1 for details). The analogy between spherical harmonics decompo-

sition and singular values decomposition can be explained as following. Firstly, the plane

wave superposition is given in the same form of the Fredholm Integral Equation, or FIE

(see section 2.3.1 for details), this implies that acoustic transfer function H(x, ŷ, ω) can

be considered as the kernel of the FIE. Recalling Eq (4.15), it is shown that H(x, ŷ, ω)

can be expanded in a series of spherical harmonics. Comparing Eq (4.15) with the so-

lution of the FIE obtained by means of the singular values decomposition given by Eq

(2.38) yields

H(x, ŷ) =

∞∑
ν=0

ν∑
µ=−ν

bν(kra, ra)Y
µ
ν (x̂)Y µ

ν (ŷ)∗, (from Eq (4.15)), (4.22)

K(s, t) =

∞∑
n=1

σnun(s)vn(t). (from Eq (2.38)) (4.23)

Moreover, the comparison between the beamformer output and the general solution of

the FIE given by Eq (4.21) and (2.47), respectively, can be also made:

a(ŷ, ω) =
∞∑
ν=0

ν∑
µ=−ν

Pνµ
bν(kra, ra)

Y µ
ν (ŷ), (from Eq (4.21)), (4.24)

f(t) =
∞∑
n=1

〈un | g〉
µn

vn(t), (from Eq (2.47)). (4.25)

It should be noted that the Fourier spectrum Pνµ can be written using the bra-ket

notation, Pνµ = 〈Y µ
ν (x̂) | p(x, ω)〉.

The major di�erence between the beamformer output and the general solution of the

FIE is that the radial weights are complex numbers but the singular values are positive
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real numbers. Therefore the following relations are suggested

σn = |bν(kra, ra)|

vn(t) = Y µ
ν (ŷ)

un(s) = γνY
µ
ν (x̂)

γν = exp(i(∠bν(kra, ra)))

ν = d
√
n− 1e

µ = n− 1− ν − ν2.

(4.26)

The analogy given above is similar to the analysis that is reported in Fazi's thesis [Faz10],

which is relevant to the role of SVD in the application of sound �eld reproduction.

4.2.4 Discrete spherical beamforming

The discretisation of the microphone array problem is discussed in this subsection. A

given sound �eld p(x, ω) is now assumed to be sampled by omnidirectional microphones

at M positions. The sensors are �ush mounted on the surface of the spherical array.

Plane waves are assumed to impinge on the array from prede�ned L-directions around

the sphere. This discrete microphone array problem is then considered as an inverse

problem. The number of impinging plane waves L is always assumed to be larger than

the number of sensors M , i.e. L > M .

The derivation of the discrete beamformer discussed in section 2.4.2 is then applied to the

spherical beamforming. By recalling the discrete version of the plane wave superposition

given by Eq (2.73), a system of linear equations is written in a matrix form as follows:

p = Ha, (4.27)

where

p = [p(x1, ω) p(x2, ω) . . . p(xM , ω)]T ,

a = [a(ŷ1, ω)∆Ω(ŷ1) a(ŷ2, ω)∆Ω(ŷ2) . . . a(ŷL, ω)∆Ω(ŷL)]T ,

and

H =


H(x1, ŷ1, ω) H(x1, ŷ2, ω) · · · H(x1, ŷL, ω)

H(x2, ŷ1, ω) H(x2, ŷ2, ω) · · · H(x2, ŷL, ω)
...

...
. . .

...

H(xM , ŷl, ω) H(xM , ŷ2, ω) · · · H(xM , ŷL, ω)

 ,
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where m = 1, ...,M and l = 1, ..., L are the index number of the sensors and of the

direction of arrival of impinging plane waves, respectively, and xm denotes the m-th

position vector indicating the position of the m-th sensor. In the case of spherical

microphone array, the elements of the transfer function matrix H can be computed

using Eq (4.15) and are

H(xm, ŷl, ω) =
∞∑
ν=0

bν(kra, ra)
ν∑

µ=−ν
Y µ
ν (x̂m)Y µ

ν (ŷl)
∗. (4.28)

Note that the matrix H can be rewritten in the form of the product of the spherical

harmonic matrices Yx and Yy, and the corresponding radial weighting matrix B as

follows:

H = YxBYH
y , (4.29)

where the superscript H denotes conjugate transpose of the matrix.

Since the microphone array problem had been discretised there are two consequences of

this fact that must be taken into account. Firstly, number of impinging plane waves is

�nite. This implies that an exact representation of sound �eld cannot be, in general,

obtained. Secondly, the number of sensors is �nite. This limits the high frequency limit

of the array due to spatial aliasing [Raf05] (a discussion in this topic is given in the next

few paragraphs).

Theoretically, the dimension of B should be ∞×∞ because of the summation of the

order in the series in Eq (4.15). For computational reasons, however, the dimension of

H must be �nite.

Assuming that the transfer function matrix H is computed up to very high order with

Eq (4.15) without the concern of the spatial aliasing limit that might be caused by the

sampling scheme, the acoustic pressure vector p is given by substituting Eq (4.29) into

(2.73),

p = YxBYH
y a. (4.30)

The problem of de�ning an adequate order of spherical harmonics expansion that provide

highly accurate sound �eld estimation was investigated. In a numerical study, sound �eld

scattered by a rigid sphere was computed at very high order such as 20 times of kra where

ra denotes the radius of the spherical array. The results were compared to the calculation

with lower orders by means of rate of convergence. After many simulation cases, it is

concluded that order of 10 times of kra provides low level of errors (less than 1 %) and



72 Chapter 4 Preliminary study of spherical microphone arrays

should be adequate to use in other simulation cases. The matrices Yy, B, and Yx are

also computed at order equal to 10 times of kra and sound pressure vector p computed

by Eq (4.30) is assumed to be not order limited.

When spatial aliasing is taken into consideration, Rafaely [Raf05] suggests that the order

of the spherical harmonics must be truncated according to the number of sampling points

and the employed sampling scheme of the sensors in order to avoid spatial aliasing error.

In this study, uniform sampling scheme are employed to all spherical arrays. Therefore,

the order of the spherical harmonics is suggested to be NM = b
√
M − 1c where b·c

indicates the �ooring of a number [Raf05].

Let H̄ be an acoustic transfer function matrix of dimension M × L such that the spher-

ical harmonics expansion is truncated to order NM , the relation in the form of matrix

equation is given by

H̄ = ȲxB̄ȲH
y , (4.31)

where Ȳx and Ȳy are the spherical harmonics matrices and B̄ is the corresponding radial

weighting matrix. It should be noted that acoustic transfer function matrix H̄ is order

limited by number of sensors. The square matrices Ȳx and Ȳy have dimension ofM×M
and L×L, respectively, and B̄ is a rectangular matrix of dimension M ×L in which the

diagonal elements of the �rstM ×M sub-matrix is the radial weights and the associated

M ×L−M sub-matrix is the null-space matrix. Criterion for selecting of L is arbitrary

and one possibility is to choose L according to the order of spherical harmonics such that

NL = b
√
L− 1c. The matrix Ȳx, Ȳy, and B̄ are given by

Ȳx =


Y 0

0 (x̂1) Y −1
1 (x̂1) · · · Y NM

NM
(x̂1)

Y 0
0 (x̂2) Y −1

1 (x̂2) · · · Y NM
NM

(x̂2)
...

...
. . .

...

Y 0
0 (x̂M ) Y −1

1 (x̂M ) · · · Y NM
NM

(x̂M )

 , Ȳy =


Y 0

0 (ŷ1) Y −1
1 (ŷ1) · · · Y NL

NL
(ŷ1)

Y 0
0 (ŷ2) Y −1

1 (ŷ2) · · · Y NL
NL

(ŷ2)
...

...
. . .

...

Y 0
0 (ŷL) Y −1

1 (ŷL) · · · Y NL
NL

(ŷL)

 ,

and B̄ =


b0 0 · · · 0 0 0 · · · 0

0 b1 · · · 0 0 0 · · · 0
...

...
. . .

... 0 0
. . . 0

0 0 0 bNM 0 0 · · · 0

 .
(4.32)

Note that each column of matrix Ȳx and Ȳy given in Eq (4.32) indicates spherical

harmonic of the same order evaluated at the direction of microphone positions and the

column of the matrices (also of B̄) are arranged according to order and degree of spherical



Chapter 4 Preliminary study of spherical microphone arrays 73

Column No. 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
of the matrices

ν 0 1 1 1 2 2 2 2 2 3 3 3 3 3 3 3
µ 0 -1 0 1 -2 -1 0 1 2 -3 -2 -1 0 1 2 3

Table 4.1: The arrangement of the spherical harmonic coe�cients corresponding
to the column of the spherical harmonic matrix of order 3

harmonics, denoted by ν and µ. Table 4.1 shows the ordering of the spherical harmonics

and radial weights up to order NM = 3.

Regarding the implementation of beamforming, the following are three proposed beam-

forming strategies.

The analytical beamformer

This beamforming strategy is derived from the analytical solution of plane wave super-

position integral given by Eq (4.21). The order limited acoustic transfer function matrix

H̄ is introduced in the formulation of this beamformer in order to avoid spatial aliasing.

The analytical spherical beamformer is given by

ãana = ȲyB̄
†ȲH

x p (4.33)

where

B̄† =



1
b0

0 · · · 0

0 1
b1
· · · 0

...
...

. . .
...

0 0 0 1
bNM

0 0 · · · 0

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0


.

Note again that the product of ȲH
x p represents the estimated Fourier coe�cients of the

pressure vector according to the discussion in subsection 2.3.1.

The spherical pseudoinverse beamformer

Another proposed beamformer called spherical pseudoinverse beamforming can be achieved

by applying pseudoinverse of order limited version of acoustic transfer function matrix
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H̄ to measured acoustic pressure vector p, given by

ãinv = H̄†p. (4.34)

Substituting Eq (4.31) into (4.34), the pseudoinverse beamformer can be expanded and

is given by

ãinv = (ȲH
y )−1B̄†(Ȳx)−1p. (4.35)

The SVD beamformer

As previously discussed, SVD is regarded as modal expansion in general sense and the

beamforming can also be formulated by mean of it as well. The SVD beamformer relies

on the SVD of the transfer function matrix H whose the decomposition is given by

H = UΣVH , (4.36)

where U, V, and Σ are the corresponding left singular matrix, right singular matrix,

and singular value matrix, respectively.

Applying the expansion given by Eq (4.37) to the matrix equation given by Eq (4.27),

acoustic pressure matrix p can be rewritten as

p = UΣVHa. (4.37)

Note that the matrices U and V are square and unitary due to the properties of singular

matrices [VH01]. Left-multiplying the matrix product VΣ†UH to both side of the equa-

tion above in order to eliminate , the output of the SVD-beamformer, which is denoted

by ãSV D, is given by

ãSV D = VΣ†UHp. (4.38)

The product VΣ†UH is, in other words, the pseudoinverse of the acoustic transfer func-

tion matrix H,

H† = VΣ†UH . (4.39)

It should be useful to emphasize again that the output of the three beamformer given

above are estimated acoustic strength of plane waves impinging to the array from all

possible directions.
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4.3 Application of the BEM to spherical microphone array

beamforming

The following sub-section focuses on the application of the BEM to microphone array

beamforming. The accuracy of OpenBEM is studied. The requirements to obtain ac-

curate results from the BEM processing, such as the recommended node density, are

provided as the results of the numerical study. Moreover, the relation between the SVD

and the radial weighting is also studied. In this study, some transfer function matrices

are generated by the BEM and then they are decomposed by the SVD. The singular val-

ues and the radial weighing at some frequencies of interest are compared and discussed.

The BEM-based beamforming strategy is then proposed. Lastly, the comparison of three

beamforming strategies is given and the results are discussed.

4.3.1 The accuracy of OpenBEM

The aim of this numerical experiment is to study the accuracy of the OpenBEM. A 3D

model of a sphere with radius of 0.06 m was created and the sphere is assumed to have

a rigid surface. Although the dimension of the sphere is given here, the attention is paid

to the kr-factor of the sphere rather than the frequency. The acoustic pressure of the

total �eld on the equator of the sphere caused by a plane wave with unitary amplitude

impinging from the direction θ = 0◦ and φ = 0◦ are calculated by OpenBEM and the

closed form formula given by Eq (4.27).

The results of the two methods are compared. The errors between the two calculations

are evaluated by the ratio between the pressure computed by OpenBEM pBEM (φ, ω)

over the analytical results pana(φ, ω) and are de�ned by the following expressions.

|ep(φ, ω)| =
∣∣∣∣pBEM (φ, ω)

pana(φ, ω)

∣∣∣∣ , (4.40)

or error level in dB scale, given by

20 log10 (|ep(φ, ω)|) = 20 log10

(∣∣∣∣pBEM (φ, ω)

pana(φ, ω)

∣∣∣∣) . (4.41)

The phase error between the two methods is computed by

∠ep(φ, ω) = ∠pBEM (φ, ω)− ∠pana(φ, ω), (4.42)

where
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∠z = arctan(
Im(z)

Re(z)
), z ∈ C (4.43)

It should be noted that the denominator in the ratio given in Eq (4.40) can give a zero

value in some direction φ and ω due to zero acoustic pressure. Such cases involving a

division by zero or by a very small number are excluded from this analysis. Three 3D

sphere models were used in this study. They have di�erent number of nodes, namely 96,

386, and 1538. The kra = 1, and kra = 5 were used in the numerical study.

The calculation results are illustrated in polar plots in Fig 4.2 to 4.7. The magnitude

of acoustic pressure computed by spherical harmonics and by OpenBEM are plotted in

linear scale. The error between the two calculation in each case is computed using Eq

(4.41) and plotted in dB. The phase error is computed using Eq (4.43) and plot in radian.

In the case corresponding to kra = 1, the node density are approximately 15, 31 and

61 nodes per wave length corresponding to the 3D model with 96, 386 and 1538 nodes,

respectively. The magnitude error of the 96-nodes model is in the range of -0.15 to 0.05

dB and the phase error is in the range of -0.05 to 0.05 radian. The magnitude error and

phase error become smaller with increasing node density and the magnitude error of the

1538 nodes model is in the range of -0.01 to 0.01 dB and the phase error is in the range

of -0.005 to 0.005 radian.

In the case of kra = 5, the node density is 3, 6, and 12 node per wave length corresponding

to the same set of 3D models, respectively. The magnitude error of the 96-nodes model

is in the range of -0.25 to 0.05 dB and the phase error is in the range of -0.15 to 0.5

radian. The magnitude error and phase error become smaller as in the former case with

increasing node density. The magnitude error of the 1538 nodes model is in the range of

-0.1 to 0.1 dB and the phase error is in the range of -0.05 to 0.05 radian.

Two �ndings should be mentioned here. Firstly, the maximum magnitude error and

maximum phase error always appear at the 180◦ away from the direction of arrival of the

plane wave. Secondly, the results from the BEM calculation provide approximately the

same the level of magnitude error and phase error for the di�erent models if the node

density used in the calculation is approximately the same. For instance, the magnitude-

and phase error given by 96-node model at kra = 1 is in the same range of the magnitude-

and phase error given by 1538-node model at kra = 5.

The results of this numerical study show that the BEM calculation by OpenBEM provide

accurate results when node density between 6 - 10 nodes per wavelength is used in the

calculation. The node density at approximately 10 - 12 nodes per wavelength is suggested

as the guide line for other BEM calculation throughout this thesis in order to guarantee

good approximation of sound �elds. However, the high accuracy data might not be very

useful in practice because some sources of error to the transducers especially position
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error could be more dominant than the numerical approximation error. This implies

that the node density can be reduced to 6 to reduce the computation time if necessary.

An approximated version of an acoustic transfer function matrix can also be achieved by

the BEM. When the suggested density of nodes of the 3D model is hold then, it can be

said that

HBEM ≈ H, (4.44)

where HBEM denotes an acoustic transfer function computed by the BEM. Matrix

HBEM is used in design of SVD beamforming for microphone arrays with complex ge-

ometry, which is discussed mainly in chapter 5 and 6. The combine use of the BEM and

SVD-beamforming is discussed in next few subsections.
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Figure 4.2: Acoustic pressure (total �eld) around the circumference of the given
sphere is computed at kra = 1: (a) 3D model of the 96-nodes sphere (≈15 nodes
per wave length) with acoustic �eld points on the circumference (blue dots), (b)
magnitude of the total �eld in Pa, (c) magnitude error level in dB, and (d) phase
error in radian.
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Figure 4.3: Acoustic pressure (total �eld) around the circumference of the given
sphere is computed at kra = 1: (a) 3D model of the 386-nodes sphere (≈31
nodes per wave length) with acoustic �eld points on the circumference (blue
dots), (b) magnitude of the total �eld in Pa, (c) magnitude error level in dB,
and (d) phase error in radian.
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Figure 4.4: Acoustic pressure (total �eld) around the circumference of the given
sphere is computed at kra = 1: (a) 3D model of the 1538-nodes sphere (≈61
nodes per wave length) with acoustic �eld points on the circumference (blue
dots), (b) magnitude of the total �eld in Pa, (c) magnitude error level in dB,
and (d) phase error in radian.
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Figure 4.5: Acoustic pressure (total �eld) around the circumference of the given
sphere is computed at kra = 5: (a) 3D model of the 96-nodes sphere (≈3 nodes
per wave length) with acoustic �eld points on the circumference (blue dots), (b)
magnitude of the total �eld in Pa, (c) magnitude error level in dB, and (d) phase
error in radian.
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Figure 4.6: Acoustic pressure (total �eld) around the circumference of the given
sphere is computed at kra = 5: (a) 3D model of the 386-nodes sphere (≈6 nodes
per wave length) with acoustic �eld points on the circumference (blue dots), (b)
magnitude of the total �eld in Pa, (c) magnitude error level in dB, and (d) phase
error in radian.
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Figure 4.7: Acoustic pressure (total �eld) around the circumference of the given
sphere is computed at kra = 5: (a) 3D model of the 1538-nodes sphere (≈12
nodes per wave length) with acoustic �eld points on the circumference (blue
dots), (b) magnitude of the total �eld in Pa, (c) magnitude error level in dB,
and (d) phase error in radian.
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Figure 4.8: The plot of the radial weighting (blue-circle lines) overlayed by the
singular values (red-star lines) of the spherical array when kra = 1

0 5 10 15 20 25 30 35
−5

−4.5

−4

−3.5

−3

−2.5

−2

−1.5

−1

−0.5

0

M
a
g
n
it
u
d
e
 (

d
B

)

Index number of singular values

 

 

Radial weightings

Singular values

Figure 4.9: The plot of the radial weighting (blue-circle lines) overlayed by the
singular values (red-star lines) of the spherical array when kra = 5

4.3.2 The relation between the radial weighting and SVD

This numerical study aims to verify the analogy between the radial weights and singular

values discussed in subsection 4.2.3.
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The rigid spherical microphone array in this study consist of 36 sensors on the surface.

Plane waves are assumed to impinge to the array from 256 directions. The position

of the sensors and the direction of impinging plane waves are spread uniformly around

the spherical array according to spherical-cloud points given by Fliege [FM99], which

is available at http://www.personal.soton.ac.uk/jf1w07/nodes/nodes.html (acces-

sible in November 2014). The coordinates of the points can be found in Appendix B of

this thesis.

In order to avoid spatial aliasing the order of spherical harmonic expansion is suggested

to not higher than NM =
√
M − 1 = 5. By obeying the suggestion given in subsection

4.2.4, which is ten times ofNM , an acoustic transfer function matrix H in this experiment

is computed using spherical harmonics up to order 50.

The �rst 36 radial weights, which correspond to 5-th order spherical harmonic expansion,

are computed by Eq (4.11). They are then compared with singular values of matrix H,

which are computed numerically by Matlab function svd . There are 36 singular values

of H as a result of the calculation. It should be noted that the number of the singular

values is dependent to either the number of sensor M or the number of impinging plane

wave L whose have smaller number. The magnitude of the radial weights and the singular

values are normalised by their corresponding maximum absolute value in order to have

them overlayed on the same plot. Fig 4.8 and 4.9 show the plot for kra = 1 and kra = 5,

respectively, and the values on the y-axis of the plots, which are given in dB scale, are

computed with the following formula

normalised magnitude (dB) = 20 log10

(
A

Amax

)
, (4.45)

where A and Amax can be magnitude of the singular values or the radial weights, and

their maximum, respectively.

Fig 4.8 shows the matching between the �rst 25 radial weights and singular values. The

mismatch between the two plots occurs for the last 11 orders. However, Fig 4.9 shows

that although both the radial weights and the singular values decay in approximately

the same rate on average, their patterns do not match. Additionally, it can be seen from

Fig 4.8 and 4.9 that some singular values are either identical or very similar. Therefore

it is said that the transfer function matrix H is degenerate.

As discussed in subsection 4.2.3, it was shown by Kaiser that the singular vectors are

equivalent to spherical harmonics when Joint Singular Value Decomposition (JSVD)

was applied to the problem [Kai12, KPZ12]. In this case, the singular vectors are not

frequency dependent and they are stick to the spherical harmonics. However, when the

singular values and the singular vectors are computed using di�erent constrain such as

minimum norm constrain then the singular vectors are then frequency dependent.

http://www.personal.soton.ac.uk/jf1w07/nodes/nodes.html
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It should be also noted that the dynamic range of the radial weights and the singular

values in the case of kra = 1 is higher than in the case of kra = 5, i.e. ≈ 80 dB and

≈ 5 dB, respectively. This illustrates that the radial weighting and the singular values

at high orders do not provide signi�cant contribution to the acoustic transfer function

matrix at low kr-factor (kra = 1) whilst all order contribute to the acoustic transfer

function matrix at the high frequency (kra = 5).

4.3.3 The BEM-SVD beamforming for spherical arrays

Referring to the conclusion of subsection 4.3.1, the acoustic transfer function matrix of a

microphone array problem can be obtained using the BEM, which is denoted by HBEM .

By holding node density at 10 - 12 nodes per wavelength then HBEM ≈ H.

Each element HBEM (xm, ŷl, ω) of the transfer function matrix can be computed by

assuming that an incident wave of frequency ω impinges on the array from direction ŷ

and then calculating the total �eld at position xm. A beamforming technique based on

the BEM and SVD combined is proposed below.

The BEM-SVD beamformer

A proposed beamforming strategy called BEM-SVD beamforming is obtained by applying

SVD to matrix HBEM

HBEM = UBEMΣBEMVH
BEM . (4.46)

Applying Moore-Penrose pseudoinverse to the expansion above then, beamforming out-

put ãBEM is given by

ãBEM = VBEMΣ†BEMUH
BEMp. (4.47)

The strong advantage of the BEM-SVD beamforming strategy is that this approach can

be applied to any microphone arrays without the limitation of the arrays' geometry.

In other words, the use of the BEM in combination with the SVD can overcome the

limitation of the design of beamformers based on analytical computation of the transfer

functions.

In the following numerical study of the beamformer, it is assumed that the array is

perform in the operating frequency range and the array is not disturbed by any noise.

This implies that the Picard condition is always satis�ed and there is no need for the

regularisation.
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4.3.4 Performance of the proposed beamformers

In this section, numerical studies are carried out of the three beamforming strategies

such as ãana, ãinv, and ãBEM given by Eq (4.33), (4.35), and (4.47). Note again that

the output of the beamformers indicates an estimation of acoustic strength of plane

waves impinging to the array from �nite presumed directions. In order to have better

representation of the acoustic strength, the beamformer outputs are represented by means

of colour map or surface plot and is referred to as directivity pattern.

The directivity patterns are obtained by using spherical harmonic interpolation with or-

der that corresponding to the number of assumed impinging plane waves, e.g. NL, to

large number of directions in three dimensions surrounding the array. Spherical interpo-

lation of acoustic strength can be obtained by

ãint = Ȳy′,intȲ
†
y,intãBEM (4.48)

where Ȳy,int is spherical harmonic matrices computed at order NL and in ŷ direction,

and Ȳy′,int is spherical harmonic matrices computed at order NL and in the direction

of interpolation. For the sake of convenience, the direction of interpolation is chosen

as equiangular sampling, i.e. the elevation angle and the azimuth angle are divided

equivalently, which is highly suitable to represent the interpolated acoustic strength by

means of color map or surface plot.

The spherical array used in the numerical studies in subsection 4.3.2 is taken into con-

sideration again in this comparison. It should be noted that the dimension of the matrix

H is 36×256. The performance of the beamformers is measured by the directivity index

(DI) that is given in subsection 2.4.3. A plane wave is presented from a test direction

namely θ = 90◦ and φ = 0◦. It should be noted that the test direction must not be one

of the 256 pre-de�ned directions of impinging plane waves.

The directivity pattern of the beamformers are normalised and displayed using a dynamic

range of 30 dB shown by the colour scale. Red colour indicates high source strength

amplitude whilst blue colour indicates low source strength amplitude. The stability of

the beamformers is analysed by using the Picard condition as discussed in subsection

2.3.4. For stability analysis, plot of radial weights (diagonal elements of matrix B̄),

Fourier coe�cients < Ȳx | p >, and ratio between the two < Ȳx | p > /B̄ are overlayed

in a same graph for the analytical beamformer and of the pseudoinverse beamformer. In

case of BEM-SVD beamformer, plot of singular values (diagonal elements of matrix Σ),

Fourier coe�cients < UBEM | p >, and ratio between the two < UBEM | p > /Σ are

overlayed similar to the previous case. Plots contained with information as mentioned

are often referred to as Picard plots. It should be noted again that the radial weights
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and singular values plotted in Picard plot are ordered in decreasing order due to their

magnitude.

The performance of the three beamformers was evaluated at three normalised frequencies

kra = 1, 5 and 7. Such frequencies were chosen in this study dues to the reason that

spherical arrays with 36 sensors have good performance between kra = 1 to 5 [Raf05]

and the performance of the beamformers beyond the aliasing limited at kra = 7. The

directivity patterns of the beamformers' output, directivity index and the Picard plots

corresponding to are computed and presented in Fig 4.10, 4.11, and 4.12, respectively.

In case of kra = 1, the directivity pattern of the analytical beamformer in Fig 4.10d

shows appearing of large side lobes. Many large side lobes appear in directivity plot also

for the case of pseudoinverse beamformer as shown in Fig 4.11e. These two beamformer

cannot distinguish the direction of the test incident wave at θ = 90◦ and φ = 0◦. The

BEM-SVD beamformer seem to have best performance than the other two. It can be

seen in Fig 4.10f that the directivity pattern clearly shows the direction of the incident

wave. The side lobes are small compared to the main lobe. The largest side lobe shown

in light green colour has a level of approximately -18 dB. The highest magnitude of DI

given in Fig 4.10g encourage that the BEM-SVD beamformer is perform best among the

others in this scenario.
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(a) Picard plot of ãana (b) Picard plot of ãinv

(c) Picard plot of ãBEM

(d) the directivity pattern of ãana (e) the directivity pattern of ãinv

(f) the directivity pattern of ãBEM

(g) Directivity Index

Figure 4.10: Plot (a) - (c), and (d) - (f) show the Picard plots and the directivity
patterns corresponding to the output of the analytical beamformer ãana, the
inverse beamformer ãinv, and the BEM-SVD beamformer ãBEM , respectively.
The beamformers are calculated at kra = 1. Note that the Picard plots (a) - (c)
are corresponding to the directivity patterns (d) - (f), respectively. Table (g)
shows the corresponding directivity index.
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(a) Picard plot of ãana (b) Picard plot of ãinv

(c) Picard plot of ãBEM

(d) the directivity pattern of ãana (e) the directivity pattern of ãinv

(f) the directivity pattern of ãBEM

(g) Directivity Index

Figure 4.11: Plot (a) - (c), and (d) - (f) show the Picard plots and the directivity
patterns corresponding to the output of the analytical beamformer ãana, the
inverse beamformer ãinv,H̄ , and the BEM-SVD beamformer ãBEM , respectively.
The beamformers are calculated at kra = 5. Note that the Picard plots (a) - (c)
are corresponding to the directivity patterns (d) - (f), respectively. Table (g)
shows the corresponding directivity index.
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(a) Picard plot of ãana (b) Picard plot of ãinv

(c) Picard plot of ãBEM

(d) the directivity pattern of ãana (e) the directivity pattern of ãinv

(f) the directivity pattern of ãBEM

(g) Directivity Index

Figure 4.12: Plot (a) - (c) show the Picard plots and plot (d) - (f) show the
directivity patterns corresponding to the output of the analytical beamformer
ãana, the inverse beamformer ãinv,H̄ , and the BEM-SVD beamformer ãBEM .
The beamformers are calculated at kra = 7. Note that the Picard plots (a) - (c)
are corresponding to the directivity patterns (d) - (f), respectively.
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In case of kra = 5, the analytical beamformer and the BEM-SVD beamformer can

distinguish the direction of the plane wave as shown in Fig 4.11d and 4.11f, respectively.

The largest side lobe of the analytical beamformer shown in yellow has a level of about -12

dB. A back lobe is also present and has the same level of the largest side lobe (-12 dB). The

largest side lobe of the SVD is shown in light green and has level approximately around

-18 dB whilst its back is approximately -12 dB. It can be said that the SVD beamformer

perform better than the analytical beamformer because the directivity pattern of the SVD

beamformer shows the largest area occupied by dark blue colour (the maximum reduction

level at -30 dB). This implies that the SVD beamformer provides better spatial �ltering

performance. Moreover, the pseudoinverse beamformer is still not able to distinguish

the direction of the incident wave. The level of DIs given in Fig 4.11g indicates that the

performance of the analytical beamformer and SVD beamformer are not much di�erent

(≈ 1 dB di�erence) whilst the inverse beamformer perform worst. However, the SVD

beamformer still perform the best among the others in this case.

The performances of the beamformers are also studied at the kr-factor above the spatial

aliasing limit. At kra = 7, the analytical beamformer and the BEM-SVD beamformer

are still able to distinguish the direction of the incident wave whilst the pseudoinverse

beamformer su�er from large side lobes similarly to the previous cases. Large side lobes

appear for the two beamformers, which are caused by spatial aliasing as expected. The

directivity pattern of the analytical beamformer in Fig 4.12d shows that the level of

reduction is represented in yellow and green colour, which indicates range between -15 to

-12 dB. There are some large side lobes shown in dark orange colour with level of around

-5 dB. The BEM-SVD beamformer still has good performance because its directivity

pattern shown in Fig 4.12f shows a large area in dark blue and light blue colour, which

indicates a level of between -30 to -18 dB. The large side lobes shown in light orange

colour have a level of around -8 dB.

The level of directivity index (DI) given in Fig 4.12g show that the performance of

the analytical beamformer is considerably degraded as the level of DI is 3 dB lower by

comparing to the case of kra = 5. The BEM-SVD beamformer still perform the best

among the others. Although the directivity pattern of the SVD beamformer shows the

appearance of some large sidelobes, the level of DI is only 0.5 dB smaller.

The failure of the analytical beamformer in the case kra = 1 and the inverse beamformer

in all numerical studies is analysed and the improvement of the beamformer is discussed

below.

In case of the analytical beamformer, spatial aliasing seems to be the main cause of

poor performance. Since this microphone array problem in this study is considered as

an inverse problem, there are two kinds of error that can a�ect to the performance

of the beamformer namely numerical instability and the spatial aliasing. The numerical

instability issue occurs at low frequencies, i.e. the size of the array is small in comparison
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to the wavelength. For the later case, the spatial aliasing happens at high frequencies

or when the size of the array is large in comparison to the wavelength. Both cases

result in levelling o� of singular values that are the cause of poor performance of the

beamformer. Such issues can be analysed and solved using Picard condition, which is

introduced in subsection 2.3.2. In other words, beamformer output can be achieved in

good performance if the fourier coe�cients decay faster than the singular values (or radial

weights).

Considering the Picard plot of the case shown in Fig 4.10a, which indicates the case of

the analytical beamformer with kra = 1, it can be seen in the plot that the radial weights

and the Fourier coe�cients ȲH
x p decays in approximately the same rate on average up

to 16-th coe�cient. After that, the Fourier coe�cients level o� at the level of -20 dB

(red-starred line). This indicates that a truncation is required for this beamformer in

order to solve the spatial aliasing problem. The truncated SVD technique is applied and

the beamformer is truncated 16 harmonics then the Picard condition is satis�ed and the

stability of the analytical beamformer is achieved. Fig 4.13 shows the directivity pattern

of the analytical beamformer output with the truncation. It can be observed that the

performance of the beamformer is improved and can indicate the direction of the plane

wave precisely. DI of the beamformer dramatically increases from 0.40 dB (Fig 4.10g) to

13.36 dB (Fig 4.13b). Note that the truncation a�ect to the beamwidth of the directivity

pattern. It leads to a broader main lobe compared to the BEM-SVD beamformer shown

in Fig 4.10f.

Let consider the Picard plots for the case of the pseudoinverse beamformer, which are

shown in Fig 4.10b, 4.11b, and 4.12b, it can be seen that decaying of the radial weights

and the Fourier coe�cients are di�cult to measure and divergence of the ratio between

the Fourier coe�cients and the radial weights B̄†ȲH
x p cannot be clearly observed. This

implies that the spherical harmonic matrix Ȳy is a potential cause of the failure.

As mentioned in subsection 4.2.4 that the dimension number of column of matrix Ȳy is

arbitrary and the criterion NL =
√
L − 1 was suggested and it has good performance

with the case of analytical beamformer in which Ȳy with conjugate transpose is applied.

It is now suggested that the order of spherical harmonic matrix Ȳy should be equal to

NM . Therefore, matrix Ȳy now become a rectangular matrix and matrix B̄ becomes a

square matrix whose corresponding null-matrix of dimension M × L−M is eliminated.

This matrix system can be rewritten in the so-called economical form. The economical

version of matrix Ȳy and B̄ are denoted by Ȳy,eco and B̄eco and given by
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Ȳy,eco =


Y 0

0 (ŷ1) Y −1
1 (ŷ1) · · · Y NM

NM
(ŷ1)

Y 0
0 (ŷ2) Y −1

1 (ŷ2) · · · Y NM
NM

(ŷ2)
...

...
. . .

...

Y 0
0 (ŷL) Y −1

1 (ŷL) · · · Y NM
NM

(ŷL)

 , and B̄eco =


b0 0 · · · 0

0 b1 · · · 0
...

...
. . .

...

0 0 0 bNM

 .
(4.49)

The pseudoinverse beamformer given by Eq (4.34) is now modi�ed by replacing Ȳy and

B̄ with Ȳy,eco and B̄eco, respectively. The pseudoinverse beamformer with spherical

harmonics in economical form is given by

ãinv,eco = (ȲH
y,eco)

†B̄−1
eco(Ȳx)−1p. (4.50)

The directivity patterns of the pseudoinverse beamformer ãinv,eco with kra = 1, 5 and

7 were computed and are plotted in Fig 4.14. It can be seen that the output of the

pseudoinverse beamformer in all kra of interest clearly indicates the direction of arrival

of the incident wave. Nevertheless, the beamformer ãinv,eco su�ers from spatial aliasing

error at kra = 7. The largest side lobes appears with a level of -8 dB. The improvement

of the modi�ed version of pseudoinverse beamformer can be observed from the level of

the DI. By comparing Fig 4.14d to 4.10g, 4.11g, and 4.12g, levels of DI increase from

10.95 dB to 15.94 dB for kra = 1, 3.13 dB to 15.51 dB for kra = 5, and -3.38 dB to 9.21

dB for kra = 7.

Next, the performance of the BEM-SVD beamformer at frequencies above the aliasing

limit of the other two beamformers, which rely on spherical harmonics decomposition,

is studied and discussed. Let now consider the case of BEM-SVD beamformer with

kra = 7 (see Fig 4.12c and 4.12f), although some large side lobes appear in the BEM-

SVD beamformer output, the magnitude of the DI (see Fig 4.12g indicates that the

beamformer is still highly directive. Hence, the BEM-SVD beamformer is studied further

and aim to investigate the range of kr-factor that the beamformer is still directive. The

beamformer outputs and corresponding Picard plots with kra = 10, 12 and 14 were

computed and are plotted in Fig 4.15.

Considering Picard plots of the case of kra = 10 and 12, the decaying of the singular

values and the Fourier coe�cients UHp (red lines with cross marks) can be observed.

The directivity patterns of the beamformer still show the direction of arrival of the plane

wave. However, number of side lobes increase and become larger compared to the case of

lower kr-factors. It show level of - 12 dB on average and the level the largest side lobes

is approximately between -8 to -5 dB for both kra.

In the case of kra = 14, increasing of the Fourier coe�cients UHp can be observed from

Fig 4.15c. This implies that it is not possible to avoid the spatial aliasing. Fig 4.15f
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shows that the beamformer output su�ers from spatial aliasing. The decreasing of DI

as the kr-factor increase, which is presented in Fig 4.15g, indicates the degradation of

the beamformer performance. However, the magnitude of the DI still in the range that

greater than 9 dB, or in other words, the sensitivity in the steered direction is 10 dB

higher that the average sensitivity. By considering the results in this study, it can be

concluded that the BEM-SVD beamformer is able to distinguish the direction of the

acoustic source at frequencies beyond the aliasing limit of the spherical beamforming.

More numerical simulations were carried in order to con�rm that the BEM-SVD beam-

former still perform well when the beam is steered into another direction. Fig 4.16

illustrates the Picard plots and the directivity pattern of the beamformer when a plane

wave impinging on the array from the direction θ = 135◦ and φ = 45◦. By considering the

corresponding directivity index given in table 4.16g, it can be seen that the performance

of the BEM-SVD beamformer does not signi�cantly change to the direction.
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(a)

(b)

Figure 4.13: (a) shows the directivity pattern of the analytical beamformer
(kra = 1) when the beamformer is truncated to order 16. Table (b) shows the
corresponding directivity index.

(a) kra = 1 (b) kra = 5

(c) kra = 7

(d) Directivity Index

Figure 4.14: Plot (a) - (c) show directivity patterns of the inverse beamformer
in the economical form ãinv−eco,H̄ with kra = 1, 5, and 7, respectively. Table (d)
shows the corresponding directivity index.
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(a) kra = 10 (b) kra = 12

(c) kra = 14

(d) kra = 10 (e) kra = 12

(f) kra = 14

(g) Directivity Index

Figure 4.15: Plot (a) to (c) show Picard plots and plot (d) to (f) show directivity
patterns with kra = 10, 12, and 14 when a plane wave impinges to the array in
the direction θ = 0◦ and φ = 0◦. Table (g) shows the corresponding directivity
index.
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(a) kra = 10 (b) kra = 12

(c) kra = 14

(d) kra = 10 (e) kra = 12

(f) kra = 14

(g) Directivity Index

Figure 4.16: Plot (a) to (c) show Picard plots and plot (d) to (f) show directivity
patterns with kra = 10, 12, and 14 when a plane wave impinges to the array
in the direction θ = 135◦ and φ = 45◦. Table (g) shows the corresponding
directivity index.
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The application of the BEM to spherical microphone arrays and the formulation of the

spherical beamforming by considering the microphone array as an inverse problem is

discussed. The theoretical backgrounds relevant to spherical microphone arrays have

been reviewed. The plane wave superposition technique has then been applied to the

derivation of a spherical beamformer. It has been shown that the output of the spherical

beamformer can be expressed by means of the singular values and singular functions.

The discretisation of the spherical beamformer has been also presented and discussed.

The accuracy of OpenBEM has been studied. It can be concluded from the numerical

studies in section 4.3.1 that a node density more than 10 nodes per wave length is

recommended in order to obtain accurate results. This requirement is respected all

BEM calculations in this thesis.

The application of the BEM to spherical microphone array beamforming has been dis-

cussed. Three beamforming strategies have been proposed. The analysis on the stability

of all beamformers and their performance has been provided using Picard condition and

directivity index, respectively. It has been shown that the performance of the conven-

tional spherical beamformers which rely on the spherical harmonics expansion su�er

from spatial aliasing error as expected. The aliasing limit is speci�ed by the size and the

number of sensors of the spherical array.

The BEM-SVD beamforming has been proposed. In this study the transfer function

matrices of the spherical array are computed by OpenBEM. The SVD beamforming

technique is then applied to the BEM-based transfer function matrix in order to achieve

the BEM-SVD beamformer. The results show that the BEM-SVD beamformer can

localise the direction of the acoustic source at frequencies above the spatial aliasing

frequency of spherical harmonics-based beamformers. It has been shown that the BEM-

SVD beamformer no longer provide stable output at kr > 12 or around 2.5 times above

the aliasing frequency of spherical harmonics-based beamformers.

It can be concluded that the BEM-SVD beamformer has a strong advantage due to

its �exibility. This ability leads to the design of beamforming with complex geometry

microphone arrays that are presented in the following chapters.





Chapter 5

Application of the BEM to

Spheroidal Beamforming

The spheroidal harmonic expansion of a sound �eld is also of interest in the scattering

problem of electro-magnetics and acoustics. In audio research, ellipsoids and spheroids

are frequently introduced in HRTF (head related transfer function) modeling [JPP08,

DAA99] because they are geometrically more similar to human heads than spheres.

The spheroidal coordinate system is such that the solution of the wave equation or

of the Helmholtz equation can be calculated using separation of variables technique

in spheroidal coordinates. For this reason, sound �elds scattered by spheroids can be

expanded into a series of spheroidal harmonics, which allows for the application in micro-

phone array beamforming based on the modal expansion. Some theoretical background

on spheroidal coordinate system and spheroidal harmonic expansion can be found in

Appendix A of this thesis.

Beamforming for microphone arrays with spheroidal shape has been entirely analysed.

The most signi�cant contribution in the �eld of the spheroidal beamforming is a thesis

authored by Holmes [Hol12]. The major contribution of Holmes' thesis is that the analyt-

ical solution of the scattering problem of both con�guration of spheroidal beamforming,

namely oblate spheroids and prolate spheroids, is presented in closed-form. The analysis

of several kind of errors such as the aliasing error, sensor position error, and noise error,

are discussed and the result of some numerical simulations are presented. Although, the

entire analysis of the spheroidal beamforming is given, the discrete version of spheroidal

microphone array beamforming has not been widely discussed.

The spheroidal beamforming becomes of interest in this thesis because it has not been

widely implemented in any real applications. This is due to their complexity in mathe-

matical background and high computational power required in the implementation due

101



102 Chapter 5 Application of the BEM to Spheroidal Beamforming

to there are many relevant coe�cient need to be calculated [Hol12]. Apart from using an-

alytical discretisation approach, spheroidal microphone arrays can also be implemented

using a numerical approach.

An alternative technique to spheroidal microphone array beamforming is presented in this

chapter. Spheroidal microphone array problem is considered as an inverse problem. The

beamforming technique based on the use of the boundary element method (BEM) and

singular value decomposition (SVD) is presented. The spatial aliasing and the stability of

the proposed BEM-SVD beamformer is analysed by means of Picard condition. The e�ect

of the aspect ratio of spheroids to the BEM-SVD beamformer output is also illustrated

and discussed.

5.1 The 3D model of spheroidal arrays

There is an important constrain must be made. The spheroids that are included in

this numerical study have their surface area equal to that of the unitary sphere. The

3D model of spheroids with di�erent aspect ratios were created by scaling properly the

principle axes of a 3D model of the unitary sphere with its centre located at the origin

of a Cartesian coordinate (x1, x2, x3). The aspect ratio of the spheroids is de�ned by

rHR = H
R , where H denotes the length of the spheroids' major semi-principle axis (along

direction x3) and R denotes the length of the spheroids' minor semi-principle axis (along

direction x1 and x2). Spheroids with rHR > 1 are called prolate spheroids, spheroids with

rHR = 1 are spheres, and spheroids with rHR < 1 are oblate spheroids. Fig 5.1 shows

some examples of 3D models of the spheroids with aspect ratio of rHR = 7.96, rHR = 1,

and rHR = 0.05 with equal surface area. The prolate- and oblate spheroid shown in Fig

5.1 are ones among the spheroids that are studied in this chapter. Table 5.1 presents the

spheroids with di�erent aspect ratio used in the numerical studies in this chapter.

The number of array's sensors and the distribution of the sensors are to be discussed

here. In case of spherical array, distribution of sensors on spheroidal arrays determine

the aliasing limit of the array. It is suggested that nearly uniform sampling schemes are

the most e�cient among others because they provide the widest aliasing free frequency

range with the use of the smallest number of sensors [Raf05]. The spherical uniformly

distributed cloud points are provided by Fliege [FM99]. Unfortunately, no discussion

on the spatial aliasing due to discrete sensors of spheroidal arrays could be found in

literatures.

As mentioned earlier, the spheroids are created by stretching or squeezing principle axes

of the 3D model of the unitary sphere. The sensor positions are initially determined by

uniformly distributed cloud points over the unitary sphere surface. Then the coordinate

of such cloud point are scale along direction x1, x2 and x3 accordingly to the length H

and R of the spheroids.
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(a) (b)
(c)

Figure 5.1: Some examples of spheroids correspond to (a) rHR = 7.96 (a prolate
spheroid), (b) rHR = 1 (a sphere), and (c) rHR = 0.05 (an oblate spheroid).
The blue dots on the spheroids show the position of sensors.

An important assumption regarding the position of the sensors must be made. The

spheroids are assumed to have sensors distributed nearly uniformly on their surface. The

surface of the spheroids is divided into equal portion (patches) corresponding to the

sensors and it is assumed that the patches are approximately the same size. The scaling

of the principle axes could result patches of di�erent size, but also the distribution of the

sensors could be far from nearly uniform in the assumption. In order to reduce the error

caused by this the scaling, a large number of the sensors should be chosen.

In this numerical study, it is assumed that there are M = 256 sensors �ush mounted on

the surface of the spheroids. There are 400 plane waves impinging on the array from

L = 400 pre-de�ned directions. The impinging plane waves are distributed uniformly

and spherically around the array.

The performance of spheroidal arrays with the BEM-SVD beamformer are studied by

varying the aspect ratio rHR. Since the surface area of spheroids are equal to the sur-

face area of the unitary sphere, the density of sensors on the arrays are assumed to be

approximately the same.

The 3D models of the spheroids are then converted into a mesh. The density of the nodes

for BEM calculation at 10 - 12 nodes per wavelength is obeyed in order to obtain a good

approximation of total sound �eld scattered by the spheroids (the discussion on the node

density and accuracy of the BEM calculation using OpenBEM is given in subsection

4.3.1).

5.2 Application of the BEM in spheroidal beamforming

The total sound �eld captured by the sensors denoted by p and the acoustic transfer

function matrices HBEM were calculated with OpenBEM. It should be noted that al-

though the pressure vector p is computed using the BEM, it is assumed that the error

between pressure computed by the numerical method and the closed form are very small
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No. Type H R rHR volume = 4π
3 R

2H

1 Prolate spheroid 3.18 0.40 7.96 2.13
2 Prolate spheroid 2.06 0.60 3.43 3.11
3 Prolate spheroid 1.44 0.80 1.80 3.86
4 Symmetric spheroid (sphere) 1.00 1.00 1.00 4.19
5 Oblate spheroid 0.61 1.20 0.51 3.68
6 Oblate spheroid 0.07 1.40 0.05 0.57

Table 5.1: The aspect ratio of the spheroids

since the suggested node density is hold. Therefore, the subscript BEM is left for not

to be confused with the variables used with the BEM-SVD beamformer.

Since the number of sensors is 256 and the number of impinging plane waves is 400, the

dimension of HBEM is 256× 400. Vector p and matrix HBEM are given by

p = [pBEM (x1, ω) pBEM (x2, ω) . . . pBEM (xM , ω)]T ,

and (5.1)

HBEM =


HBEM (x1, ŷ1, ω) HBEM (x1, ŷ2, ω) · · · HBEM (x1, ŷL, ω)

HBEM (x2, ŷ1, ω) HBEM (x2, ŷ2, ω) · · · HBEM (x2, ŷL, ω)
...

...
. . .

...

HBEM (xM , ŷl, ω) HBEM (xM , ŷ2, ω) · · · HBEM (xM , ŷL, ω)

 ,

where pBEM (xm, ω) is acoustic pressure captured by m-th sensor computed by OpenBEM

and HBEM (xm, ŷl, ω) is acoustic transfer function of acoustic pressure captured by m-th

sensor with respect to the plane wave with unitary amplitude and zero phase at the

origin of the coordinate impinging to the array from l-th direction.

5.3 The SVD beamforming and singular values analysis

Recalling the BEM-SVD beamforming strategy, which was applied to spherical arrays,

discussed in subsection 4.3.3, the acoustic transfer function matrices denoted by HBEM

can be decomposed by the SVD as

HBEM = UBEMΣBEMVH
BEM , (5.2)

where UBEM ,VBEM , and ΣBEM are left singular matrix, right singular matrix and

singular values matrix, respectively. The superscript H denotes the Hermitian transpose

of a matrix.
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The BEM-SVD beamforming is implemented as follows

ãBEM = VBEMΣ†BEMUH
BEMp, (5.3)

where ãBEM denotes outputs of the BEM-SVD beamformer. It should be noted that

the beamformer output represents the estimated values of acoustic strengths of every

possible impinging plane waves. Since the acoustic strengths of the individual incident

plane waves are computed in all impinging directions at the same time, the representation

of ãBEM is given as directivity patterns.

The frequency of the plane waves used in the following numerical studies is arbitrarily

chosen. Since the radius of the spheroid is varied hence it is di�cult to give discussions

based on the actual normalised frequency, i.e., kr − factor of the spheroids. Therefore,
the radius of the unitary sphere were used as reference in the numerical studies. In other

words, it can be said that the wave number is directly used as the reference.

In what follows, an oblate spheroid with aspect ratio rHR = 0.51 is studied at k = 0.5,

where k = ω/c0 denotes wave number, ω denotes angular frequency, and c0 denotes the

speed of sound. A plane wave was assigned to impinge on the arrays from the direction

θ = 90◦ and φ = 0◦ (according to the de�nition of coordinates in subsection 2.1.4).

The BEM-SVD beamformer is applied and the Picard plot of the oblate spheroid is

calculated. The directivity pattern of the beamformer output and the Picard plot are

presented in Fig 5.2a. In the Picard plot, the magnitude of the singular values and the

Fourier coe�cient are plotted in dB scale against the index number. It can be seen

that the singular values start to level o� from approximate order 160, approximately,

and at a magnitude of about -260 dB then tend to settle at about -300 dB. Such small

numbers are potentially originated by the precision limit of Matlab to process very small

numbers which is sometimes called machine epsilon. The singular values with very small

magnitudes can be regarded as null space and they need to be discarded according

to the discrete Picard condition in order to maintain the stability of the beamformer.

The directivity pattern of the beamformer output presented in Fig 5.2b shows that the

beamformer su�ers by spatial aliasing when the vary small singular values were not

discarded.

In order to stabilise the beamformer output, the singular values truncation is applied.

The singular values that have magnitude below -250 dB Re 1 are truncated. Fig 5.5a

shows the Picard plot after the truncation was applied. The singular values and the

Fourier coe�cients decay now at the same rate on average and the ratio < U|p > /σ is

regulated on the level of ≈ -30 dB Re 1. The directivity pattern of the beamformer after

the singular values truncation is presented in Fig 5.5b. It can be clearly seen that large

side lobes that appeared before the application of the truncation are eliminated and the

beamformer indicates the direction of the impinging wave correctly. This clearly shows
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(a)
(b)

Figure 5.2: Picard plot and directivity of the BEM-SVD beamformer when
rHR = 0.51 and k = 0.5. A plane wave impinge on the array from direction θ =
90◦ and φ = 0◦. (a) Picard plot, (b) The directivity pattern of the beamformer
output, (c) directivity pattern on sagittal plane and (d) directivity pattern on
coronal plane.

the e�ect of the truncation to the stability of the beamformer output. It should be also

noted that the directivity patterns of spheroidal arrays are usually not symmetric due

to their unequal semi principle axes.

Two sectioned directivity patterns are introduced in order to obtain clearer presentation

of the directivity pattern. The sectioned directivity patterns are de�ned as cross-sections

of the 3D directivity pattern on the sagittal plane and the coronal plane of directivity

patterns. The con�guration of the section plane to a beamformer directivity pattern

is given in Fig 5.3. Fig 5.5d and 5.5c depict the sagittal section- and coronal section

directivity of the beamformer discussed previously. It can be seen that the beamformer

output no longer su�ers from the numerical error and indicates the direction of the sound

source accurately.

Since the geometry of spheroids is not isotropic, the directivity of beamformer output of

spheroidal arrays could be not symmetric as ones of spherical arrays. In this study, the

performance of the arrays is suggested to measured in the two sectioned planes mentioned

above. In order to determine the performance of the array, a dedicated version of the

directivity index (DI) is de�ned here as the planar Directivity Index (planar-DI).

Assuming that the array is encircled by an in�nitesimal thickness ring with in�nitesimally

small height (see Fig 5.4), only the power that propagate through the ring is considered

in the calculation. Sectioned directivity index is de�ned as the ratio of the intensity on a

designed axis of a sound radiator at a speci�c distance r to the intensity that is produced

at the same position by a monopole source that radiates the same total acoustic power.
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(a) (b)

Figure 5.3: (a) a 3D directivity pattern of the beamformer output and (b) the
3D directivity pattern with its corresponding coronal plane (green) and sagittal
plane (white)

Figure 5.4: A �gure depicts the con�guration to derive the sectioned directivity
index

The di�erence between the DI and Plana-DI is that the area in which the intensity is

considered changes from spheres to the ring de�ned above. The planar-DI is given by

the following expression

Plana DI(ω) = 10 log10

(
2π|pax(ω)|2∫
φ |p(ω, φ)|2dφ

)
. (5.4)

Next, the performance of spheroidal array with the BEM-SVD beamformer is studied

when k = 5. The results of the simulation are shown in Fig 5.6. It can be seen that

the leveling o� of the singular values does not appear. The Picard plot shows that

the decaying of the singular value and the Fourier coe�cient obey the Picard condition

therefore the truncation is not required. The beamformer output is computed and shown
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in Fig 5.6b. The sectioned directivity in Fig 5.6d and 5.6c illustrate that the beamformer

accurately indicates the direction of the plane wave.
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(a) Picard plot

(b) The directivity pattern of the
beamformer output

(c) directivity pattern on sagittal plane (d) directivity pattern on coronal plane

Figure 5.5: Picard plot and directivity of the BEM-SVD beamformer when
rHR = 0.51 and k = 0.5. A plane wave impinge on the array from direction
θ = 90◦ and φ = 0◦.
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(a) Picard plot

(b) The directivity pattern of the
beamformer output

(c) a directivity pattern on sagittal plane (d) a directivity pattern on coronal plane

Figure 5.6: Picard plot and directivity of the BEM-SVD beamformer when
rHR = 0.51 and k = 5. A plane wave impinge on the array from direction
θ = 90◦ and φ = 0◦.
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k = 1
rHR = 7.96 (prolate) rHR = 0.05 (oblate)

Angle 0 30 60 90 0 30 60 90
Sagittal planar-DI 13.42 13.74 13.75 13.77 12.41 12.64 12.67 12.77
Coronal planar-DI 13.42 12.72 11.98 11.41 12.40 12.83 13.21 13.23

Table 5.2: Planar directivity index of spheroids in di�erent direction (k = 1)

k = 4
rHR = 7.96 (prolate) rHR = 0.05 (oblate)

Angle 0 30 60 90 0 30 60 90
Sagittal planar-DI 13.25 13.96 14.56 15.04 12.70 12.71 12.38 12.26
Coronal planar-DI 13.20 12.02 10.83 10.81 12.70 12.77 13.35 13.87

Table 5.3: Planar directivity index of spheroids in di�erent direction (k = 4)

For the following numerical studies, the directivity pattern of the beamformer output is

varied in order to study the response of the beamformer to di�erent impinging directions

of both types of spheroid. Since spheroids are symmetric around x3, only the elevation

angle of impinging direction is varied as follows: θ = 0◦, θ = 30◦, θ = 60◦, and θ = 90◦.

The BEM-SVD beamforming is implemented to two spheroidal arrays namely, the prolate

spheroidal array with rHR = 7.96 (H = 3.18 and R = 0.4) and the oblate spheroidal

array with rRH = 0.05 (H = 0.07 and R = 1.40). Frequency of interest is chosen at k =

1 and 4.

The truncation of SVD is also applied in the beamforming. It should be noted that

the number of singular values in the beamforming play an important role to the beam

width of the beamforming output. The larger the number of singular values left from

the truncation, the narrower the beamwidth of the beamformer output. The truncation

is applied to the �rst 120 singular values for all cases in order to exclude the variation of

the number of singular values as a factor to the beamwidth. The truncation at 120 �rst

singular value provide spatial aliasing free in the range of frequency between k = 1 and

4.

The directivity patterns of beamformer output of all simulation cases are computed and

the plotted in Fig 5.7 to 5.14. It can be seen that the beamformer indicates the direction

of the plane wave precisely in all cases. It can be also observed that when the direction of

the impinging wave change from θ = 0◦ to θ = 90◦ the directivity pattern in coronal plane

become broader for the prolate spheroid but becomes narrower of the oblate spheroid.
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(a) The 3D directivity patterns in case of
rHR = 7.96

(b) The 3D directivity patterns in case of
rHR = 0.05

(c) The sagittal directivity in case of
rHR = 7.96

(d) The sagittal directivity in case of
rHR = 0.05

(e) The coronal directivity in case of
rHR = 7.96

(f) The coronal directivity in case of
rHR = 0.05

Figure 5.7: The SVD beamformer output of the spheroids with rHR = 7.96 (a,
c, and e), and rHR = 0.05 (b, d, and f). The 3D directivity patterns are shown
in (a) and (b). The sagittal directivities are shown in (c) and (d). The coronal
directivities are shown in (e) and (f). A plane wave with k = 1 impinges to the
array from the direction θ = 0◦ and φ = 0◦.
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(a) The 3D directivity patterns in case of
rHR = 7.96

(b) The 3D directivity patterns in case of
rHR = 0.05

(c) The sagittal directivity in case of
rHR = 7.96

(d) The sagittal directivity in case of
rHR = 0.05

(e) The coronal directivity in case of
rHR = 7.96

(f) The coronal directivity in case of
rHR = 0.05

Figure 5.8: The SVD beamformer output of the spheroids with rHR = 7.96 (a,
c, and e), and rHR = 0.05 (b, d, and f). The 3D directivity patterns are shown
in (a) and (b). The sagittal directivities are shown in (c) and (d). The coronal
directivities are shown in (e) and (f). A plane wave with k = 1 impinges to the
array from the direction θ = 30◦ and φ = 0◦.
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(a) The 3D directivity patterns in case of
rHR = 7.96

(b) The 3D directivity patterns in case of
rHR = 0.05

(c) The sagittal directivity in case of
rHR = 7.96

(d) The sagittal directivity in case of
rHR = 0.05

(e) The coronal directivity in case of
rHR = 7.96

(f) The coronal directivity in case of
rHR = 0.05

Figure 5.9: The SVD beamformer output of the spheroids with rHR = 7.96 (a,
c, and e), and rHR = 0.05 (b, d, and f). The 3D directivity patterns are shown
in (a) and (b). The sagittal directivities are shown in (c) and (d). The coronal
directivities are shown in (e) and (f). A plane wave with k = 1 impinges to the
array from the direction θ = 60◦ and φ = 0◦.
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(a) The 3D directivity patterns in case of
rHR = 7.96

(b) The 3D directivity patterns in case of
rHR = 0.05

(c) The sagittal directivity in case of
rHR = 7.96

(d) The sagittal directivity in case of
rHR = 0.05

(e) The coronal directivity in case of
rHR = 7.96

(f) The coronal directivity in case of
rHR = 0.05

Figure 5.10: The SVD beamformer output of the spheroids with rHR = 7.96 (a,
c, and e), and rHR = 0.05 (b, d, and f). The 3D directivity patterns are shown
in (a) and (b). The sagittal directivities are shown in (c) and (d). The coronal
directivities are shown in (e) and (f). A plane wave with k = 1 impinges to the
array from the direction θ = 90◦ and φ = 0◦.
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(a) The 3D directivity patterns in case of
rHR = 7.96

(b) The 3D directivity patterns in case of
rHR = 0.05

(c) The sagittal directivity in case of
rHR = 7.96

(d) The sagittal directivity in case of
rHR = 0.05

(e) The coronal directivity in case of
rHR = 7.96

(f) The coronal directivity in case of
rHR = 0.05

Figure 5.11: The SVD beamformer output of the spheroids with rHR = 7.96 (a,
c, and e), and rHR = 0.05 (b, d, and f). The 3D directivity patterns are shown
in (a) and (b). The sagittal directivities are shown in (c) and (d). The coronal
directivities are shown in (e) and (f). A plane wave with k = 4 impinges to the
array from the direction θ = 0◦ and φ = 0◦.
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(a) The 3D directivity patterns in case of
rHR = 7.96

(b) The 3D directivity patterns in case of
rHR = 0.05

(c) The sagittal directivity in case of
rHR = 7.96

(d) The sagittal directivity in case of
rHR = 0.05

(e) The coronal directivity in case of
rHR = 7.96

(f) The coronal directivity in case of
rHR = 0.05

Figure 5.12: The SVD beamformer output of the spheroids with rHR = 7.96 (a,
c, and e), and rHR = 0.05 (b, d, and f). The 3D directivity patterns are shown
in (a) and (b). The sagittal directivities are shown in (c) and (d). The coronal
directivities are shown in (e) and (f). A plane wave with k = 4 impinges to the
array from the direction θ = 30◦ and φ = 0◦.
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(a) The 3D directivity patterns in case of
rHR = 7.96

(b) The 3D directivity patterns in case of
rHR = 0.05

(c) The sagittal directivity in case of
rHR = 7.96

(d) The sagittal directivity in case of
rHR = 0.05

(e) The coronal directivity in case of
rHR = 7.96

(f) The coronal directivity in case of
rHR = 0.05

Figure 5.13: The SVD beamformer output of the spheroids with rHR = 7.96 (a,
c, and e), and rHR = 0.05 (b, d, and f). The 3D directivity patterns are shown
in (a) and (b). The sagittal directivities are shown in (c) and (d). The coronal
directivities are shown in (e) and (f). A plane wave with k = 4 impinges to the
array from the direction θ = 60◦ and φ = 0◦.
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(a) The 3D directivity patterns in case of
rHR = 7.96

(b) The 3D directivity patterns in case of
rHR = 0.05

(c) The sagittal directivity in case of
rHR = 7.96

(d) The sagittal directivity in case of
rHR = 0.05

(e) The coronal directivity in case of
rHR = 7.96

(f) The coronal directivity in case of
rHR = 0.05

Figure 5.14: The SVD beamformer output of the spheroids with rHR = 7.96 (a,
c, and e), and rHR = 0.05 (b, d, and f). The 3D directivity patterns are shown
in (a) and (b). The sagittal directivities are shown in (c) and (d). The coronal
directivities are shown in (e) and (f). A plane wave with k = 4 impinges to the
array from the direction θ = 90◦ and φ = 0◦.
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(a) prolate spheroid (b) oblate spheroid

Figure 5.15: the coordinate used to de�ne the direction of impinging waves and
the spheroids.

Figure 5.16: The change of the spheroid's geometry corresponding to the aspect
ratio rHR

5.4 The e�ect of the aspect ratio on the directivity pattern

of the SVD-beamformer

The sagittal- and coronal sectioned directivities of the spheroids with the aspect ratios

given in Table 5.1 are computed and the planar-DI corresponding to the sectioned plane

are calculated in the range of k = 1 to 10. The planar-DI are then interpolated in order

to obtain smooth presentation. The processed sagittal- and coronal directivity indexes

are illustrated as color maps as shown in Fig 5.17. Since the cross section on x1 − x2

plane of the spheroids are circular, similar directivity pattern around the x3 axis of the

spheroids can be expected. However, the directivity patterns change according to the

elevation angle. In order to study the shape of the directivity pattern, plane waves are

assumed to impinge on the array from directions of the elevation angle θ = 0◦, 30◦, 60◦,

and 90◦ one at a time and the azimuth angle is kept at zero, i.e., φ = 0. Note that the

colour map represent the magnitude in dB, the horizontal axis and vertical axis of the

plots indicate krsp and the spheroids aspect ratio rHR, respectively. The colour of the

colour maps represents the range of magnitude between 10 to 17 dB. Fig 5.15 shows the

coordinate system overlayed on the spheroids in order to clarify the direction of impinging
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plane waves. Fig 5.16 depicts the change of the spheroid's geometry corresponding to its

aspect ratio rHR.

It can be seen that the bottom right regions of all colour plots in Fig 5.17 show in blue

colour, which indicates low magnitude of planar-DI. The cause of the low magnitude of

planar-DI is investigated and it is concluded that the beamformer with the condition that

lays in the blue region su�ers from spatial aliasing. Therefore, the term aliasing zone is

given to such dark blue zones. However, the region with most dark blue colour at the top

right corner of Fig 5.17g is caused by a di�erent reason. In this case it presents that the

directivity pattern of the oblate spheroid is considerably wide along the corresponding

sagittal plane.

The e�ect of changing the aspect ratio of spheroid is analysed. For the sake of clarity,

the discussion is divided into �ve cases as follows:

case 1): a plane wave impinges to prolate spheroids from direction θ = 0◦. In other

words, the wave impinges to the end-�re side of the prolate spheroids. The colour plots

of sagittal and coronal planar-DI is given in Fig 5.17b and 5.17a, respectively. The

colour of both plots suggest that the coronal DI and sagittal DI are in the range between

≈13.5 to ≈15 dB. The sagittal and coronal planar-DI tend to decrease when the ratio

rHR increases. The change of the prolate spheroids' geometry can be clearly seen in

the extreme case, for example, the spheroids are highly elongated. Although the cross

section of the array on the end-�re side is small, the planar-DI of the array is still high

at low frequency instead of having low planar-DI. The reason is that the array obtains

advantage from its length, the longer the array the lower frequency the beamformer can

achieve. Additionally, the shade of the colour suggests that the directivity pattern is

not symmetric and it is slightly broader on the coronal section. Ideally, the directivity

pattern should be symmetric, however the asymmetric happen due to the sampling point

of the sensor that is not perfectly nearly uniform.

case 2): a plane wave impinges to the oblate spheroids from direction θ = 0◦. The colour

plots of sagittal and coronal planar-DI is also given in Fig 5.17b and 5.17a, respectively. In

this case, the wave impinges to the �attened side of the oblate spheroids. The colour plots

show that the planar-DI tend to increase when the ratio rHR increases. The increasing

can be clearly observed at krsp > 7. This case is converse to case 1 because the array

is short by comparison to the wave length at low frequencies. By this reason, the array

is slightly more directive at high frequency. Furthermore, the array still directive at low

frequencies as suggested by the shade of colour. The size of the radius of the array play

an important role in this case. Since the array has large diameter, it can scatter the

lower frequency wave which allow for the identi�cation of the direction of the arriving

wave can be achieved.

case 3): a plane wave impinges to prolate spheroids from direction θ = 90◦. The colour

plots of sagittal and coronal planar-DI is presented in Fig 5.17h and 5.17g, respectively.
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In this scene, the wave impinges to the array to the broad side of the prolate spheroids.

The colour plots suggest that the directivity pattern of the array is highly asymmetric

when the aspect ratio rHR is considerably high (>≈ 3.5). It can be seen that the colour

plot of sagittal planar-DI appear in mostly red (≈15 dB - ≈17 dB) whilst the colour

plot of the coronal planar-DI show in yellow and green colour (≈13 dB - ≈14.5 dB).

Some analogies of the array in this con�guration to conventional linear arrays can be

made. For example, the sagittal section directivity patterns are frequency dependent.

The beamwidth on sagittal plane is wide at low frequencies and getting narrower at high

frequencies. The directivity pattern is strongly similar to linear arrays. The length of

the arrays provide signi�cant advantage to prolate spheroid since the arrays do not su�er

from the front back ambiguity.

case 4): a plane wave impinges to oblate spheroids from direction θ = 90◦. The colour

plots of sagittal and coronal planar-DI is also presented in Fig 5.17h and 5.17g, respec-

tively. The wave, in this case, impinges to the arrays parallel to the radial of the oblate

spheroids. The colour plots suggest that the directivity pattern of the array is highly

asymmetric as well as the previous case especially when the aspect ratio rHR is consider-

ably low (>≈ 0.5). Conversely to the previous case, the colour plot of coronal planar-DI

appear in mostly red whilst of the coronal planar-DI appear in mix of yellow and green.

This also suggest that the directivity pattern of the array is highly asymmetric as well.

Some analogies of the array in this con�guration to conventional circular arrays can be

made as the larger the radius (or the circumferences) in comparison to the wave length

the more directive the coronal directivity pattern.

case 5): a plane wave impinges from the other directions. The discussion of case 1 to 4

above explain that the shape of directivity patterns depend signi�cantly on the direction

of impinging wave. Due to the strong character, the directivity pattern of the spheroidal

arrays can be predicted. The directivity patterns at the direction of interest are the mix

character of the case θ = 0◦ and θ = 90◦. The directivity patterns should be dominated

by one of the two that is closer. The colour plot of sagittal planar-DI and coronal planar-

DI shown in Fig 5.17c and 5.17d (a plane wave impinging to the array from θ = 30◦),

and 5.17e and 5.17f (a plane wave impinging to the array from θ = 60◦) encourage the

guess. A certain level of similarity in term of the pattern can be observed between Fig

5.17a and 5.17c, between Fig 5.17b and 5.17d, as well as between Fig 5.17e and 5.17g,

and between Fig 5.17f and 5.17h.

Based on the assumption that the spheroids (and the sphere) included in this study

have the same surface area. Both type of spheroidal arrays have their advantages and

disadvantages depending on the use. By making a judgement based on the sectioned

directivity index, the oblate arrays seem to have better performance when they are

steered to the direction θ = 0◦ whilst the prolate arrays seem to have better performance

when they are steered to the direction θ = 90◦. When the beam of the oblate spheroids

is steered between θ = 0◦ to θ = 90◦, the sagittal directivity index decrease on average



Chapter 5 Application of the BEM to Spheroidal Beamforming 123

but the coronal directivity index increase. The sagittal- and coronal directivity index of

the prolate spheroids varies vice versa in comparison to the case of the oblate spheroids.

In other words, when the beam of the prolate spheroids is steered between θ = 0◦ to

θ = 90◦, the sagittal directivity index increase on average but the coronal directivity

index decrease.

Narrow working frequency range seems to be a strong disadvantage of the prolate spheroids.

It can be seen that they provide low sectioned index below kra ≈ 5 for most cases. How-

ever, it seems that the oblate spheroids start obtaining low sectioned directivity index

when plane waves impinging on the array at the direction θ ≈ 60◦. By considering the

robustness of spheroidal beamformer in this study, it can be said that the oblate spheroid

are more robust than the prolate spheroids because they have wider working frequency

ranges.
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(a) the sagittal directivity index, θ = 0◦ (b) the coronal directivity index, θ = 0◦

(c) the sagittal directivity index, θ = 30◦ (d) the coronal directivity index, θ = 30◦

(e) the sagittal directivity index, θ = 60◦ (f) the coronal directivity index, θ = 60◦

(g) the sagittal directivity index, θ = 90◦ (h) the coronal directivity index, θ = 90◦

Figure 5.17: Plots of the magnitude of sectioned directivity index
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The BEM and the SVD beamforming has been applied to beamforming with spheroidal

array. A number of numerical simulations was carried out. The stability of the beam-

former has been analysed by means of the discrete Picard condition. It has been shown

that the beamformer output can su�er from aliasing due to the singular values associ-

ated to the null space. The problem can be eliminated by obeying the discrete Picard

condition. The beamformer output is then stabilised after the truncation is applied to

discard the associated null space singular values.

Additionally, the beamwidth of the main lobe is shown to relate to the truncation order

as can be expected. The characteristic of the directivity of the SVD beamformer has

also been studied. It has been shown that the SVD beamformer does not provide a

symmetrical directivity pattern.





Chapter 6

Application of the BEM to

bandwidth extension of spherical

arrays

Amajor disadvantage of spherical microphone arrays is that they operate well in a narrow

frequency bandwidth. Increasing the number of sensors and the size of the arrays are

two general approaches to achieve spherical array beamforming over wider bandwidth.

The technique presented in this chapter aims to extend the bandwidth of spherical array

beamforming by modifying the spherical array geometry.

An omnidirectional microphone can be more directive by placing it at the end of a cavity

that is considered as an acoustic waveguide. Moquine and Dedieu apply this technique

to a hand-free conference system. They refer to this approach as physical beamforming

[DM04, DM07, DM11, MDG03a, MDG03b].

Epain and Daniel suggested that the bandwidth of spherical microphone arrays can be

extended by improving the directivity of the microphones that are �ush mounted on the

sphere. A suggested approach to achieve wider bandwidth is to add acoustic waveguides

on the surface of spherical arrays [ED08a]. The principle of this technique is discussed

in the next few sections.

When acoustic waveguides are added to spherical arrays then scattered sound �elds

become more complex and analytical beamforming can not be achieved. This chapter

focuses on the application of the BEM to an analysis of spherical arrays with waveguides.

The result from the analysis is then used to maximise the bandwidth of the modi�ed

spherical arrays.

An initial attempt to extend bandwidth of the spherical arrays is reviewed in the following

section. The limitations of this technique are then summarised. The relation between

127
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the shape of waveguides and directivity of microphone at the end of the waveguides

is investigated. A number of numerical simulations were carried out in order to �nd

the cavity shape that provides maximum directivity to the sensors. As a result of the

numerical study, two cavity shapes were chosen as candidates and were studied further.

Two 3D models of spherical array with the candidate waveguides were created and the

BEM-SVD beamforming were implemented to them. Directivity pattern of the SVD

beamformer are studied and the performance of the arrays are evaluated and discussed.

6.1 Previous work

Spatial aliasing of spherical arrays is analysed in most of literature relevant to spherical

array design [AW02, LD07, Raf05, RWB07]. For modal beamforming technique, the

spatial aliasing occurs by the reason that the array cannot distinguish high order mode

from low order mode with �nite number of sensors [Raf05, ED08a, ED08b].

It is discussed in some literature that the position of sensors is one of major factors that

limit bandwidth of the arrays [Raf05, HS96]. It is also shown that nearly uniform sam-

pling schemes require the minimum number of sensors among others to observe spherical

harmonics up to the same order without aliasing. A well-known algorithm to design the

sensor position is the t-design algorithm [FM99]. Additionally, there are some other tech-

nique aiming to provide sampling schemes that allows for good performance array. For

instance, Li at al. proposes a �exible algorithm to de�ne microphone positions [LD07].

Li's method is useful because some sensors must be removed in some cases, for example,

to provide some space for installation of supporting structure of the arrays.

A number of signal processing techniques to deal with the spatial aliasing error of spher-

ical arrays were also proposed. These techniques are generally called spatial anti-aliasing

�lter. The background theory of these techniques is reviewed by Rafaely [RWB07]. Re-

cently, Alon and Rafaely proposes a signal processing technique to reduce the aliasing.

This technique is called optimal aliasing cancellation [AR12].

Besides the position of sensors and signal processing techniques, Mayer and Elko pro-

posed three cost e�ective techniques to tackle the aliasing as follows: i) to limit spatial

resolution at high frequencies, ii) to use a group of transducers as a single transducer

to emulate the e�ect of spatial anti-aliasing �lter, and iii) to use the body of spheri-

cal arrays as the di�raction object [ME08b]. The e�ect that the spherical ba�e makes

�ush mounted microphones become directional microphones at high frequencies has been

mentioned but it has not been studied in details.

Epain and Daniel investigated on the e�ect of spatial aliasing on spherical arrays and

they proposed two approaches: i) to create waveguides on the surface of the sphere and

to place sensors at their ends, and ii) to use large membrane sensors [ED08a, ED08b].
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Figure 6.1: Plot of radial weights of a rigid sphere.

In the former approach, the geometry of the modi�ed sphere becomes very complex

and analytical beamforming cannot be used due to the analytical solution for scattering

problem cannot be given. Although it is shown in [ED08a, ED08b] that aliasing limit

of spherical arrays can be improved, the complex behaviour of the scattered sound �eld

due to the complex geometry of modi�ed sphere is not taken into consideration.

6.2 The cause of spatial aliasing and the bandwidth exten-

sion technique

The aliasing error in spherical microphone array beamforming happens from the wrong

estimation of the modes of sound �elds. In this study, a spherical microphone array of

radius 0.06 m with 36 sensors is used as the model. The sensors are distributed following

a nearly uniform scheme. Fig 6.1 shows a plot of the radial weights of the 0-th to 10-th

order against the frequency of the spherical array. It should be noted that the frequency

in Hz is used instead of the kr-factor because the spherical array is compared later to

some modi�ed spherical arrays with waveguides. This is also to ensure consistency when

comparing the results presented in this chapter with the measurement in chapter 7.

Based on the principles discussed in section 4.2.4, the upper limit of the aliasing-free

frequency range of a spherical array is de�ned by the relation kr = NM = b
√
M − 1c,

where b·c indicates the �ooring of a number and M is the number of sensors on the

array. Thus, the spherical microphone array used in this study can estimate spherical

harmonics up to the order NM = 5 and the aliasing free frequency range of the array is

limited to approximately 4500 Hz (kr = NM ) [HS96].

The high frequency limit of the array can be determined by the aliasing frequency limit.

Let's consider Fig 6.1, it can be seen that the radial weighing of order 5 start to dominate
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lower order from the frequency around 4500 Hz. The magnitude of the radial weighing

of order 6 at 4500 Hz is about 5 dB smaller than the lower orders. The magnitude of

order 6 becomes larger then later dominates all lower orders at about 6000 Hz whilst

the magnitude of the lower orders decay and becomes less dominance at high frequency.

This indicates that the estimation of the spherical Fourier spectrum at frequencies beyond

the aliasing frequency leads to incorrect information. Epain and Daniel show in [ED08a,

ED08b] by numerical simulation that there are some similarities between di�erent order

of spherical harmonics when they are observed by discrete sensors.

The low frequency limit of the array is usually limited by the numerical error at low

frequencies. The discussion about the low-frequency limit is given in section 4.3.4. The

discrete Picard condition is the requirement that must be satis�ed to obtain stable beam-

former outputs.

As discussed above, the high- and the low-frequency limit of the spherical array constrain

the design of the spherical array as follows:

� The high frequency limit can be increased by reducing the size of the array. How-

ever, this comes at the cost of loosing resolution at low frequencies.

� The resolution in the low-frequency range can be improved by increasing the size of

the array. However, this a�ects the array performance at high frequencies because

of spatial aliasing.

� Both high- and low-frequency limits can be extended simultaneously by having

large spherical arrays with a large number of sensors. Although this is the ideal way

of the improvement, it is often not practical due to hardware and computational

costs.

Mayer and Elko mentioned that spherical arrays take advantage of the sound di�raction

e�ect caused by the array structure. Such phenomena makes the individual sensors

become directional. This idea is found practically when the individual microphones are

�ush mounted on the sphere surface [ME08b].

Epain and Denial propose a further improvement by suggesting to put the individual

microphones at the end of waveguides that are created on the surface of spherical micro-

phone arrays [ED08a, ED08b]. The authors suggested that the directivity of each sensors

should be as close as possible to a desired eigenbeam. This provides high order spheri-

cal harmonics to have null contribution [ED08a]. It is illustrated in the same literature

using both numerical simulation combined with measurement data that the bandwidth

of spherical microphone array can be extended. This technique has inspired the study in

this chapter. In the following section, a number of numerical studies are carried out in

order to �nd the optimum cavity shape that provides the widest bandwidth to spherical

arrays.
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Figure 6.2: An eigenbeam of spherical beamformer with 5th-order.

6.3 Directivity of an omnidirectional sensor mounted on a

spherical ba�e

The following study focuses on the study of the directivity of an omnidirectional micro-

phone mounted on a spherical ba�e with di�erent cavity shapes as acoustic waveguides.

The radius of the spherical ba�e is 0.06 m whilst the shape and the size of the cav-

ity, as an acoustic waveguide, is varied. The omnidirectional sensor was assumed to be

mounted at the position φ = 0 and θ = 90◦ on the surface of the sphere or at the end

of the waveguide depending on the ba�e's shape. Due to the symmetry of the sphere

and of the chosen waveguides, the 2D directivity pattern is su�cient to indicate the

performance of the sensor with cavity. The directivity pattern of all di�erent cases is

computed with OpenBEM.

The directivity patterns were obtained assuming that the ba�e was placed at the origin

of the coordinate system, with the centre of the sphere as the reference position, and

surrounded by acoustic sources with the separation of 1◦. The acoustic sources produce,

in free �eld, plane waves with unitary amplitude and with zero phase at the origin. The

total pressure captured by the sensor was then computed by the BEM. The limitation of

the BEM due to the calculation power of the computer used in this study is imposed a

maximum frequency limit of 7500 Hz. The frequencies investigated are 500 Hz, 1000 Hz,

2000 Hz, 4000 Hz, 6000 Hz and 7500 Hz. Such frequencies approximately correspond to

kr-factor of 0.5, 1, 2, 4, 6.5, and 8, respectively.

Firstly, the directivity of a sensor �ush mounted on a rigid sphere of radius 0.06 m

was computed at di�erent frequencies and is shown in Fig 6.2. The plot shows that

the microphone becomes more directive when the frequency increase from 500 Hz to

2000 Hz (see the top half of Fig 6.2). The plot shows that the beamwidth becomes
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(a) (b)

(c)

Figure 6.3: The sectioned view of the spheres conical-waveguides (a) C2416, (b)
C3216 and (c) C4016

narrower and the microphone less sensitive to capture sound �elds arriving from the

back. From frequency 4000 Hz and above (see the bottom half of Fig 6.2), it can be seen

that the microphone becomes increasingly less sensitive in the back direction. However,

the beamwidth does not signi�cantly change. Therefore, beamwidth seems to be a good

indicator to use for evaluate the performance of the sensor with waveguides. In this

numerical study, beamwidth is used as the performance metric and the beamwidth is

de�ned as the open angle of the beam at -6 dB Re maximum level of the main lobe, or

it is sometimes called -6 dB beamwidth.

Next, waveguides with di�erent shapes and di�erent aspect ratios were studied. The

shape and size of the cavity were chosen based on the size of the 0.06 m spherical array.

The �rst parameter of the cavity to study is the diameter of the cavity. A sphere ba�e

with conical cavity was chosen as a model in this part of the study. The diameter of the

conical cavity's entrance was set to 0.024 m, 0.032 m, and 0.040 m whilst the depth of

the cone was �xed at 0.016 m. The drawing of the conical waveguides are depicted in

Fig 6.3.

In order to refer to the cavitied sphere precisely, the following nomenclature is used:

TWWDD, where T denotes the type of waveguide shape, WW denotes the width of
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Approximate beamwidth determined at -6 dB
Frequency Flush mounted C2416 C3216 C4016

4000 220◦ 180◦ 160◦ 140◦

6000 220◦ 160◦ 140◦ 120◦

7500 220◦ 140◦ 120◦ 100◦

Table 6.1: Approximately beamwidth determined at -6 dB of sensor �ush
mounted on a sphere and sensors mounted at the end of conical waveguides
with vary entrance width.

the mouth of the waveguide in mm, and DD denotes the depth of the waveguide in mm.

For example, the C2416 refers to conical waveguide with the mouth of 0.024 m wide

and 0.016 m deep. The directivity of the three cases corresponding to the frequencies of

interest was computed, normalised to the corresponding maximum values, and plotted

using a 30 dB dynamic range in Fig 6.4.

The directivity pattern of the �ush-mounted sensor on the sphere is also plotted to

facilitate the comparison to the cases of conical waveguide. It can be seen that sensor

with cavity in all di�erent conical waveguides provide narrower beamwidth than the

�ush-mounted sensor at frequency 4000 Hz and above. By considering Fig 6.4, the

approximate beamwidth is summarised in Table 6.1. It can be concluded from this

numerical experiment that waveguides with long mouth provide narrow directivity at

high frequencies.

The following numerical experiment aims to study the e�ect of the cavity shape and

aspect ratio on the directivity pattern of the sensor. The diameter of the mouth of the

waveguide is �xed at approximately 0.032 m whilst the depth of the waveguide is varied

at 0.016 m and 0.020 m. The pro�les of the waveguide included in the study are conical,

round, exponential, and parabolic. The spheres with di�erent cavity pro�les and aspect

ratio are depicted in Fig 6.5. In case of parabolic waveguide, the sensor is mounted at

the focal point of the parabola pro�les see Fig 6.5e and 6.5f).

The directivity of the microphone with waveguides on the sphere was computed following

the same procedure as described in the previous study. The plots of the directivity are

shown in Fig 6.6. It can be seen that both the shape and the depth of the waveguides

a�ect to the beamwidth of the microphone as well as the entrance diameter. The direc-

tivity pattern of the sensor caused by the waveguides are very similar at low frequency.

However, some di�erences can be observed starting at the frequency above 6000 Hz (see

Fig 6.6e) and the e�ect of the waveguides to the directivity are clearer to observe at 7500

Hz (see Fig 6.6f).

By considering the di�erent waveguides with equal depth and width namely R3216,

P3216, C3216, and E3216 at 7500 Hz, the directivity pattern in Fig 6.6f suggests that

beamwidth caused by the e�ect of the waveguides can be ordered form the most to

the less narrow as R3216,P3216, C3216, and E3216 respectively. The directivity of
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P3216 (parabola) and C3216 (cone) are very similar. Although the round cavity provide

the most directive directivity, the di�erent is only around 1/circ to 2/circ and is not

signi�cant at this frequency to make a judgement on the performance. This should be

due to the size of the waveguides that is still small in comparison to the wavelength of

the impinging waves. The e�ect of the waveguides' geometry should be more evident

at a frequency range above 7500 Hz. Nonetheless, it can be concluded that the round

tend to provide the most narrow directivity among the other waveguides. There might

be some di�erences also for the case of parabolic-, conical-, and exponential waveguides

and this could be investigated further by the simulation at higher frequencies, which is

beyond the frequency range of interest of this thesis.
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(a) 500 Hz (b) 1000 Hz

(c) 2000 Hz (d) 4000 Hz

(e) 6000 Hz (f) 7500 Hz

Figure 6.4: The directivity pattern of the sphere with a conical-waveguide
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(a) (b)

(c) (d)

(e) (f)

Figure 6.5: The �gure shows shape and dimension of (a) a R3216 round waveg-
uide, (b) a C3220 conical waveguide, (c) a C3216 exponential waveguide, (d) a
C3220 exponential waveguide, (e) a P3216 parabolic waveguide, and (f) a P3220
parabolic waveguide. Note that the microphone is place at the focal point if
parabolic waveguide P3216 and P3220
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(a) 500 Hz (b) 1000 Hz

(c) 2000 Hz (d) 4000 Hz

(e) 6000 Hz (f) 7500 Hz

Figure 6.6: The plots show directivity patterns of the microphone with di�erent
shapes of waveguides
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Figure 6.7: The directivity of an omnidirectional microphone �ush mounted on
the surface of a sphere with 0.06 m radius.

As mentioned in the previous section that the directivity of each sensor should be as

close as possible to a desired eigenbeam. The spherical array of interest in this study

consist of 36 discrete sensors. As discussed in chapter 5, spherical beamforming can be

implemented at order 5 without spatial aliasing. The eigenbeam of spherical harmonics

based beamforming of 5-th order is plotted in Fig 6.7. The plot indicates that the beam

width of the spherical beamformer is approximately 40◦.

It can be clearly seen that the beamwidth of the eigenbeam is considerably smaller than

that of the microphone with waveguide. According to the suggestion that the directivity

of the microphone should be close to the eigenbeam as much as possible, this implies that

the waveguide shapes that provide narrower beamwidth can extended the bandwidth of

the spherical array. By adding waveguides to individual sensors of spherical arrays, the

high order harmonics become less a�ecting to the arrays.

The two waveguides R3216 was chosen for further investigation due to its narrower

beamwidth. The C3216 was also chosen as another candidate because the conical shape

is less complex than the others and is simpler to manufacture. The 3D model of the two

arrays with waveguides corresponding to all individual microphones were created and are

used in the following numerical studies.

6.4 The radial weights of spherical arrays with waveguides

As mentioned in section 6.2, the spatial aliasing of the spherical array is caused by

the incorrect Fourier coe�cient estimation of non order-limited sound �elds because the

energy of the captured high-order modes is comparable to that of low-orders, hence

spatial aliasing occur. In this section, the radial weights of the arrays with waveguides

are estimated and are then compared to the radial weights of the regular spherical array.
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(a)

(b) (c)

Figure 6.8: Figures of the 3D models (a) the regular sphere (b) the sphere with
conical waveguides, and (c) the sphere with round waveguides

The 3D models of the regular sphere, the sphere with round waveguides, and the sphere

with conical waveguides were created and are shown in Fig 6.8. The acoustic transfer

function matrix HBEM of the spherical arrays with multiple waveguides were computed

with OpenBEM at the frequencies between 0 Hz to 7500 Hz with a frequency resolution

of 20 Hz. It should be noted that the 3D model includes waveguides for all sensors. This

means that the corresponding directivity patterns of single sensors are therefore di�erent

from those discussed in the previous section, which include only one waveguide.

The radial weights were obtained by considering that the sensors with acoustic waveg-

uides act as directional microphones are �ush-mounted on the surface of the sphere. A

total sound �eld is considered as a function de�ned on a spherical surface. Due to the

fact that the directivity pattern of one sensor is di�erent from that of another sensor, the

presence of the other waveguides is not distributed in a rotationally symmetric con�g-

uration. For this reason, the acoustic transfer function computed by BEM is expanded

by means of spherical harmonics and is given by
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HBEM (x, ŷ, ω) =

∞∑
ν=0

ν∑
µ=−ν

∞∑
ν′=0

ν′∑
µ′=−ν′

bνµν′µ′(rsp, ω)Y µ
ν (x)Y µ′

ν′ (ŷ)∗ (6.1)

where the subscript BEM indicates that the acoustic transfer function was computed by

the BEM, and rsp denotes the radius of the spherical body of the arrays. By assuming

that there are plane wave impinging on the array from L direction and the array consist

of M microphones, matrix version of Eq (6.1) can be written as

HBEM = YxBrspY
H
y , (6.2)

where the elements of matrix HBEM are calculated using Eq (6.1). Note that the di-

mension of matrix HBEM is �nite and is M ×L according to the number of sensors and

number of impinging directions. Since the acoustic transfer function matrix HBEM is

identical to spherical harmonic decomposition with very high order, therefore the matrix

system Yx,Brsp , and Yy in Eq (6.2) have dimension of M × η, η× η, and L× η, respec-
tively, where η is the number of spherical harmonics with order Nη =

√
η − 1. Since the

radial weights are function of sensor positions, matrix Brsp is not diagonal. There are

some consideration must be taken as given in the following.

Radial weights matrix corresponding to each arrays can be estimated by left- and right

multiplying HBEM by Ȳ†x,Nη and (ȲH
y,Nη

)†, respectively, hence

B̃rsp,Nη = Ȳ†x,NηHBEM (ȲH
y,Nη)†, (6.3)

where subscript Nη indicates order of spherical harmonic matrices.

Substituting the expansion given by Eq (6.2) into (6.3), this yields

B̃rsp,Nη = Ȳ†x,NηYxBrspY
H
y (ȲH

y,Nη)†. (6.4)

The matrix multiplication Ȳ†x,NηYx and YH
y (ȲH

y,Nη
)† are possible to result in identity

matrices if and only if M ≥ η and L ≥ η. In such case, the estimated radial weights

matrix B̃rsp,Nη is close to the radial weight matrix Brsp .

6.5 Estimation of the radial weights using spherical har-

monic matrices with di�erent orders

The radial weights matrix of the regular spherical array, of the spherical array with

conical waveguides, and of the spherical array with round waveguides were computed



Chapter 6 Application of the BEM to bandwidth extension of spherical arrays 141

with spherical harmonic matrix with order 5, 7, and 10 using Eq (6.3) in a frequency

range between 20 Hz and 7500 Hz.

The magnitude of the elements of matrix B̃rsp,Nη are normalised by their corresponding

maximum magnitude at frequency 500 Hz, 1000 Hz, 2000 Hz, 4000 Hz, 6000 Hz and 7500

Hz, which is usually one of the diagonal elements. The results are shown using colour

maps. Fig 6.9 to 6.11 show colour maps for the case Nη = 5, Fig 6.13 to 6.15 show colour

maps for the case Nη = 7, and Fig 6.16 to 6.18 show colour maps for the case Nη = 10,

respectively. The rows and the columns of the colour maps represent the radial weights

corresponding to spherical harmonics evaluated in the direction of impinging plane waves

and spherical harmonics evaluated in the position of sensors, respectively. The vertical

and horizontal axis of the colour maps show index numbers that correspond the order

and the degree of spherical harmonics Y µ
ν by the relation ν2 + ν + µ+ 1.

In case of the regular sphere with Nη = 5, the dimension of the estimated radial weight

matrix is 36 × 36 according to the order of spherical harmonic matrix Nη = 5. The

corresponding radial weight matrix is strongly diagonal at low frequency and become

less diagonal at high frequency (see Fig 6.9). The same behaviour also happens to the

case of the array with conical waveguides and round waveguides, however, the degree of

orthogonality of matrix B̃rsp,Nη of the later cases is lower (see Fig 6.10 and 6.11). The

level of the diagonal of the radial weight matrices is discussed in the next few paragraphs.

The same behaviour can be observed in the case that the estimated radial weight matrices

were computed using spherical harmonics of order 7 and 10 denoted by B̃rsp,7 and B̃rsp,10,

respectively. The estimated radial weight matrices of the three arrays were computed

and presented also with colour maps at frequency 500 Hz, 1000 Hz, 2000 Hz, 4000 Hz,

6000 Hz and 7500 Hz. The colour maps are presented in Fig 6.13 to 6.18. Magnitude of

the non-diagonal elements are now considerably comparable to the magnitude of diagonal

elements especially at high frequency.

As discussed in the previous section, the non-diagonal elements with considerably large

magnitude are caused by two reasons. Firstly, non-rotational symmetric of the sen-

sor position of the array and, secondly, the residual of matrix product Ȳ†x,NηYx and

YH
y (ȲH

y,Nη
)†. These non-diagonal elements play an important role in the implementa-

tion of the spherical harmonic based pseudoinverse beamformer in this study.

Let us now go back to the case of regular sphere with Nη = 5, although the magnitude of

non-diagonal elements increases according to the increasing of the frequency, it is still low

in comparison to the diagonal elements, for example, the magnitude of the non-diagonal

elements at 7500 Hz is approximate -40 dB in comparison to the corresponding maximum

value (around a hundred times smaller). By considering only the diagonal element of the

matrix, the plot between the normalised magnitude (in dB) against frequencies is given

in Fig 6.12a. It can be seen that the plot is identical to the analytical radial weights of

the sphere as shown in Fig 6.1.
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It should be emphasized that the estimated radial weight matrix is calculated by Eq

(6.3). This means that radial weights of di�erent orders are computed simultaneously

and are overlayed in the plot. Since the fact that spherical arrays with uniform sampling

scheme are rotational symmetric, the estimated radial weights of individual sensors are

approximately the same. In case of spherical array with waveguides, the separation

between the radial weights of di�erent sensors can be more clearly observed. The plot of

diagonal elements of radial weight matrices against frequency between 20 Hz to 7500 Hz

corresponding to spherical array with conical waveguides and round waveguides is given

in Fig 6.12b and 6.12c, respectively. Initial expectation is that the higher order radial

weight at high frequencies should less dominant in comparison to ones with lower order

when the waveguides were employed on the spherical body of the arrays. Unfortunately,

it can be observed in Fig 6.12b and 6.12c that the high order radial weights (from order

3) seem to be more dominate in comparison to the regular sphere. This unexpected

result was investigated. By take into consideration Fig 6.10 and 6.11, it can be seen that

the magnitude of the o� diagonal elements of the radial weight matrix were comparable

to that of the diagonal elements as they are displayed in orange and dark orange colour,

which is indicated about a range of -30 dB smaller than the diagonal ones. By this

evidence, it can be concluded that the domination of the higher order radial weights

plotted in Fig 6.12b and 6.12c) is no longer the main factor that a�ect to the performance

of the pseudoinverse beamformer but rather the whole elements of the radial weights

matrix.

It should be also noted that the notches and spikes that appear to the radial weight

at some frequencies around 3500 Hz, 5100 Hz, 6600 Hz, and 7100 Hz (see plots in Fig

6.12b and 6.12c) are probably caused by numerical errors relating to the topology of the

nodes in the BEM calculation. This also happen to the case of the regular sphere but

magnitude of the spikes and notches are much smaller. This kind of error can be avoided

by optimise the topology of the mesh however the mesh optimisation was not done is

this thesis. Additionally, the performance of the beamformer can be degraded by the

notches and the spikes of the radial weights.

The estimated radial weights of spherical array with conical waveguides and round waveg-

uides are computed using spherical harmonic matrix of order 7 and 10. The diagonal

elements of the matrices of the two array with waveguides are plotted against frequency

in a range of 20 Hz and 7500 Hz and are shown in Fig 6.19. Similar character such that

some of the high order diagonal radial weights are dominant and the same explanation

can be given as discussed above for the case of 5-th order (see Fig 6.13 to 6.19).

In order to evaluate the e�ect of the waveguide on the beamformer, the performance

of the pseudoinverse beamformer and the SVD beamformer are compared in the next

section.
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(a) 500 Hz (b) 1000 Hz

(c) 2000 Hz (d) 4000 Hz

(e) 6000 Hz (f) 7500 Hz

Figure 6.9: Colour maps showing the magnitude of the estimated radial weight
matrix Brsp,5 of the regular spherical array at di�erent frequencies. The index
number indicates the order and the degree of spherical harmonics Y µ

ν by the
relation ν2 + ν + µ+ 1.
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(a) 500 Hz (b) 1000 Hz

(c) 2000 Hz (d) 4000 Hz

(e) 6000 Hz (f) 7500 Hz

Figure 6.10: Colour maps showing the magnitude of the estimated radial weight
matrix Brsp,5 of the spherical array with conical waveguides at di�erent frequen-
cies. The index number indicates the order and the degree of spherical harmonics
Y µ
ν by the relation ν2 + ν + µ+ 1.
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(a) 500 Hz (b) 1000 Hz

(c) 2000 Hz (d) 4000 Hz

(e) 6000 Hz (f) 7500 Hz

Figure 6.11: Colour maps showing the magnitude of the estimated radial weight
matrix Brsp,5 of the spherical array with round waveguides at di�erent frequen-
cies. Note that index 1 to 36 correspond to spherical harmonics Y µ

ν by the
relation ν2 + ν + µ + 1. The horizontal axis and the vertical axis of the plots
represent the order of spherical harmonics Y µ

ν and (Y µ
ν )∗, respectively.
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(a)

(b)

(c)

Figure 6.12: Plots of the diagonal terms of the estimated radial weight matrix
Brsp,5 as function of frequency of (a) the regular spherical array (computed by
BEM), (b) the spherical array with conical waveguides, and (c) the spherical
array with round waveguides.



Chapter 6 Application of the BEM to bandwidth extension of spherical arrays 147

(a) 500 Hz (b) 1000 Hz

(c) 2000 Hz (d) 4000 Hz

(e) 6000 Hz (f) 7500 Hz

Figure 6.13: Colour maps showing the magnitude of the estimated radial weight
matrix Brsp,7 of the regular spherical array at di�erent frequencies. Note that the
index 1 to 36 correspond to spherical harmonics Y µ

ν by the relation ν2+ν+µ+1.
The horizontal axis and the vertical axis of the plots represent the order of
spherical harmonics Y µ

ν and (Y µ
ν )∗, respectively.
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(a) 500 Hz (b) 1000 Hz

(c) 2000 Hz (d) 4000 Hz

(e) 6000 Hz (f) 7500 Hz

Figure 6.14: Colour maps showing the magnitude of the estimated radial weight
matrix Brsp,7 of the spherical array with conical waveguides at di�erent fre-
quencies. Note that index 1 to 36 correspond to spherical harmonics Y µ

ν by the
relation ν2 + ν + µ + 1. The horizontal axis and the vertical axis of the plots
represent the order of spherical harmonics Y µ

ν and (Y µ
ν )∗, respectively.
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(a) 500 Hz (b) 1000 Hz

(c) 2000 Hz (d) 4000 Hz

(e) 6000 Hz (f) 7500 Hz

Figure 6.15: Colour maps showing the magnitude of the estimated radial weight
matrix Brsp,7 of the spherical array with round waveguides at di�erent frequen-
cies. Note that index 1 to 36 correspond to spherical harmonics Y µ

ν by the
relation ν2 + ν + µ + 1. The horizontal axis and the vertical axis of the plots
represent the order of spherical harmonics Y µ

ν and (Y µ
ν )∗, respectively.
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(a) 500 Hz (b) 1000 Hz

(c) 2000 Hz (d) 4000 Hz

(e) 6000 Hz (f) 7500 Hz

Figure 6.16: Colour maps showing the magnitude of the estimated radial weight
matrix Brsp,10 of the regular spherical array at di�erent frequencies. Note that
the order 1 to 36 correspond to spherical harmonics Y µ

ν by the relation ν2 + ν+
µ+ 1. The horizontal axis and the vertical axis of the plots represent the order
of spherical harmonics Y µ

ν and (Y µ
ν )∗, respectively.
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(a) 500 Hz (b) 1000 Hz

(c) 2000 Hz (d) 4000 Hz

(e) 6000 Hz (f) 7500 Hz

Figure 6.17: Colour maps showing the magnitude of the estimated radial weight
matrix Brsp,10 of the spherical array with conical waveguides at di�erent fre-
quencies. Note that the order 1 to 36 correspond to spherical harmonics Y µ

ν by
the relation ν2 + ν+µ+ 1. The horizontal axis and the vertical axis of the plots
represent the order of spherical harmonics Y µ

ν and (Y µ
ν )∗, respectively.
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(a) 500 Hz (b) 1000 Hz

(c) 2000 Hz (d) 4000 Hz

(e) 6000 Hz (f) 7500 Hz

Figure 6.18: Colour maps showing the magnitude of the estimated radial weight
matrix Brsp,10 of the spherical array with round waveguides at di�erent frequen-
cies. Note that the order 1 to 36 correspond to spherical harmonics Y µ

ν by the
relation ν2 + ν + µ + 1. The horizontal axis and the vertical axis of the plots
represent the order of spherical harmonics Y µ

ν and (Y µ
ν )∗, respectively.
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(a) Brsp,7 of the regular array (b) Brsp,10 of the regular array

(c) Brsp,7 of the array with conical
waveguides

(d) Brsp,10 of th array with conical
waveguides

(e) Brsp,7 of the array with round
waveguides

(f) Brsp,10 of the array with round
waveguides

Figure 6.19: Plots of the diagonal terms of the estimated radial weight matrix
Brsp,7 and Brsp,10 as function of frequency of the regular spherical array (a and
b), the spherical array with conical waveguides (c and d), and the spherical array
with round waveguides (e and f), respectively.
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6.6 Performance of the pseudoinverse beamformer and the

SVD beamformer

In chapter 4, pseudoinverse beamformer is implemented based on the known information

of analytical radial weighting function of spherical beamforming. In this section, the

radial weights are obtained by di�erent technique. The estimated radial weight discussed

in the previous section are used in the pseudoinverse beamforming. The pseudoinverse

beamformer is implemented by spherical harmonics with three di�erent order, e.g. order

5, 7, and 10. It can be expressed by

ãinv,η = (YH
y,η)
†B−1

rsp,η(Yx,η)
†p, (6.5)

where η = 5, 7, and 10 denote the order of the spherical harmonic matrices. It should

be noted that the matrix system above is economised, i.e., the matrix B−1
rsp,η is a square

matrix whilst the spherical harmonics matrix Yy,η and Yx,η are rectangular matrices

computed with the same order of spherical harmonics.

The performance of BEM-SVD beamformer technique is also studied in this section. The

acoustic transfer function of the arrays is decomposed into singular matrix system given

by

HBEM = UBEMΣBEMVH
BEM , (6.6)

where UBEM ,VBEM , and ΣBEM are left-, right- singular matrix, and singular value

matrix, respectively. Hence, the BEM-SVD beamformer is presented by

ãBEM = VBEMΣ†BEMUH
BEMp, (6.7)

where ãBEM indicates beamformer output as acoustic source strength of plane waves.

The beamformer ãinv,5, ãinv,7, ãinv,10, and ãBEM were applied to the regular spherical

array, the spherical array with conical waveguides, and the spherical array with round

waveguides are studied. The directivity patterns were computed and are plotted in Fig

6.20 to 6.25 at the frequency 500 Hz, 4000 Hz, 6000 Hz, and 7500 Hz.

The directivity patterns of all beamformers at 500 Hz to 4000 Hz shown in Fig 6.20,

6.22, and 6.24 indicate the direction of the impinging plane wave accurately. The largest

side lobes in all cases have the level of around -18 dB. The aliasing error starts to appear

at frequencies above the aliasing limit (4500 Hz). It can be seen that a number of large

side lobes occur in the directivity pattern in Fig 6.21, 6.23, and 6.25. It can be seen that
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the pseudoinverse beamformer with spherical harmonics matrix of order 5 ãinv,5 su�er

the most from the aliasing error compared to the other at 6000 Hz and above (see Fig

6.21a, 6.21e, 6.23a, 6.23e, 6.25a, and 6.25e). The directivity pattern of the beamformer

with spherical harmonics matrix of order 7 and 10, and the BEM-SVD beamformer show

that the area in the colour maps is mainly occupied by dark blue colour. This means

that these areas have a level of -30 dB on average. There are a few small spots in light

orange colour that indicate some side lobes with the level of -8 dB that appear in the

directivity pattern.

The directivity pattern of the beamformer ãinv,7, ãinv,10, and ãBEM still show better

performance than ãinv,5 at 7500 Hz. The beamformer ãinv,5 with the regular spherical

array seems to have signi�cantly worse performances because of some larger side lobes

appearing at more angles than for the beamformer the beamformer ãinv,7 and the BEM-

SVD beamformer (see Fig 6.21). The large side lobes have a level of between -5 and -8

dB. The performance of the beamformer ãinv,5, the beamformer ãinv,7, and ãBEM are

not signi�cantly di�erent at 7500 when they are implemented to the spherical arrays

with conical and round waveguides (see Fig 6.23 and 6.25).

The most signi�cant result obtained from this numerical simulation is the similarity of

the beamformer output between the beamformer ãinv,10 and ãBEM . By comparing the

colour maps of the beamformer output ãinv,10 and ãBEM in Fig 6.20 to 6.25, a certain

level of similarity can be found. It can be concluded from the numerical simulation that

the BEM-SVD beamformers are equivalent to the pseudoinverse beamformer with high

order spherical harmonics ãinv,10.
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(a) ãinv,5 at 500 Hz (b) ãinv,7 at 500 Hz

(c) ãinv,10 at 500 Hz (d) ãBEM at 500 Hz

(e) ãinv,5 at 4000 Hz (f) ãinv,7 at 4000 Hz

(g) ãinv,10 at 4000 Hz (h) ãBEM at 4000 Hz

Figure 6.20: The directivity patterns of the beamformer ãinv,5 (a and e), ãinv,7
(b and f), ãinv,10 (c and g), and ãBEM (d and h) of the regular spherical array
at frequency 500 Hz (a, b, c, and d) and 4000 Hz (e, f, g, and h).
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(a) ãinv,5 at 6000 Hz (b) ãinv,7 at 6000 Hz

(c) ãinv,10 at 6000 Hz (d) ãBEM at 6000 Hz

(e) ãinv,5 at 7500 Hz (f) ãinv,7 at 7500 Hz

(g) ãinv,10 at 7500 Hz (h) ãBEM at 7500 Hz

Figure 6.21: The directivity patterns of the beamformer ãinv,5 (a and e), ãinv,7
(b and f), ãinv,10 (c and g), and ãBEM (d and h) of the regular spherical array
at frequency 6000 Hz (a, b, c, and d) and 7500 Hz (e, f, g, and h).
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(a) ãinv,5 at 500 Hz (b) ãinv,7 at 500 Hz

(c) ãinv,10 at 500 Hz (d) ãBEM at 500 Hz

(e) ãinv,5 at 4000 Hz (f) ãinv,7 at 4000 Hz

(g) ãinv,10 at 4000 Hz (h) ãBEM at 4000 Hz

Figure 6.22: The directivity patterns of the beamformer ãinv,5 (a and e), ãinv,7
(b and f), ãinv,10 (c and g), and ãBEM (d and h) of the spherical array with
conical waveguides at frequency 500 Hz (a, b, c, and d) and 4000 Hz (e, f, g,
and h).
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(a) ãinv,5 at 6000 Hz (b) ãinv,7 at 6000 Hz

(c) ãinv,10 at 6000 Hz (d) ãBEM at 6000 Hz

(e) ãinv,5 at 7500 Hz (f) ãinv,7 at 7500 Hz

(g) ãinv,10 at 7500 Hz (h) ãBEM at 7500 Hz

Figure 6.23: The directivity patterns of the beamformer ãinv,5 (a and e), ãinv,7
(b and f), ãinv,10 (c and g), and ãBEM (d and h) of the spherical array with
conical waveguides at frequency 6000 Hz (a, b, c, and d) and 7500 Hz (e, f, g,
and h).
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(a) ãinv,5 at 500 Hz (b) ãinv,7 at 500 Hz

(c) ãinv,10 at 500 Hz (d) ãBEM at 500 Hz

(e) ãinv,5 at 4000 Hz (f) ãinv,7 at 4000 Hz

(g) ãinv,10 at 4000 Hz (h) ãBEM at 4000 Hz

Figure 6.24: The directivity patterns of the beamformer ãinv,5 (a and e), ãinv,7
(b and f), ãinv,10 (c and g), and ãBEM (d and h) of the spherical array with
round waveguides at frequency 500 Hz (a, b, c, and d) and 4000 Hz (e, f, g, and
h).
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(a) ãinv,5 at 6000 Hz (b) ãinv,7 at 6000 Hz

(c) ãinv,10 at 6000 Hz (d) ãBEM at 6000 Hz

(e) ãinv,5 at 7500 Hz (f) ãinv,7 at 7500 Hz

(g) ãinv,10 at 7500 Hz (h) ãBEM at 7500 Hz

Figure 6.25: The directivity patterns of the beamformer ãinv,5 (a and e), ãinv,7
(b and f), ãinv,10 (c and g), and ãBEM (d and h) of the spherical array with
conical waveguides at frequency 6000 Hz (a, b, c, and d) and 7500 Hz (e, f, g,
and h).
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(a) (b)

(c) (d)

Figure 6.26: The plot of DI as function of frequency of (a) the regular spherical
array, (b) the spherical array with conical waveguides, and (c) the spherical
array with round waveguides. (d) shows the comparison of the magnitude of DI
as function of frequency of the three arrays with SVD beamforming.

The directivity index (DI) is introduced here for the evaluation of the performance of

the beamformers. The DI has been computed using Eq (2.93) at 500 Hz, 1000 Hz, 2000

Hz, 4000 Hz, 6000 Hz and 7500 Hz, and plotted as shown in Fig 6.26.

Fig 6.26a shows the DI of the regular spherical array with di�erent beamformers. It can

be seen that the 5-th order inverse beamformer degrade at the frequency above 4000 Hz

as the magnitude of DI considerable drops. The 7-th order inverse beamformer seems

to have better bandwidth since the magnitude of DI start decaying at 6000 Hz. The

plot also shows that 10-th order inverse beamformer and SVD beamformer seem to have

approximately the same performance, which is according to the previous discussion.

In case of the two arrays with waveguides, the plot of DI in Fig 6.26b and Fig 6.26c

suggest that the 5-th order beamformer has narrowest bandwidth among the others

whilst the 7-th, 10-th, and SVD beamformer have approximately the same level of DI.

In order to compare the performance of the arrays, the DI of the three arrays are plotted

together as shown in Fig 6.26d. It is shown that the regular array (blue dotted line)
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has least performance among other as the steep roll-o� started at around 4000 Hz. The

other two have strong similarity of DI at all frequencies. However, the array with round

waveguides performs slightly better than the array with conical waveguides. Although the

regular spherical array perform worst among the others, the di�erence of the magnitude

of DI is in the range of 2 dB.

For the sake of convenience, the BEM-SVD beamformer output of the regular spherical

array, the spherical array with conical waveguides, and the spherical array with round

waveguides at 6000 Hz and 7500 Hz are presented in the same �gure for comparison as

shown in Fig 6.27.

By comparing the beamformer outputs of the regular spherical array to the two spherical

arrays with waveguides, it can be seen that the number and the magnitude of side lobes

are reduced. This demonstrates the e�ect of adding acoustic waveguides to the spherical

arrays.

As discussed in section 6.3, the directivity of the sensors with round cavity waveguides

is slightly higher than the sensors with conical cavity waveguides. This leads to the

prediction that the spherical array with round waveguides should perform slightly better

that the spherical array with conical waveguides. By comparing Fig 6.27b to 6.27c, and

6.27e to 6.27f, it can be seen that the magnitude of large side lobes of the array with

round waveguides is slightly smaller than for the array with conical waveguides. This

result supports to the hypothesis that spherical arrays with round waveguides is the best

design.
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(a) the regular spherical array at 6000 Hz

(b) the spherical array
with conical waveguides at 6000 Hz

(c) the spherical array
with round waveguides at 6000 Hz

(d) the regular spherical array at 7500 Hz

(e) the spherical array
with conical waveguides at 7500 Hz

(f) the spherical array
with round waveguides at 7500 Hz

Figure 6.27: The directivity patterns of the BEM-SVD beamformers at the
frequency 6000 Hz (a, b, and c) and 7500 Hz (d, e, and f) implemented with the
regular spherical array (a and d), the spherical array with conical waveguides (b
and e), and the spherical array with round waveguides (c and f).
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6.7 Frequency response function of the arrays with the SVD

beamformer

Another numerical simulation was carried out in order to study the frequency response

of the arrays. There are two plane waves impinging on the array from θ = 0◦ and φ = 0◦

and θ = 90◦ and φ = 0◦ one at a time. The FRF of the beamformer when it is steered

into three di�erent direction namely θ = 0◦ and φ = 0◦, θ = 45◦ and φ = 0◦, and θ = 90◦

and φ = 0◦, was computed and plotted as shown in Fig 6.28 and 6.29, respectively.

Fig 6.28a shows the FRF of the SVD beamformer of the regular spherical array such

that the acoustic transfer function matrix was computed analytically whilst Fig 6.28b

shows the FRF of the SVD beamformer of the regular spherical array that the acoustic

transfer function matrix was computed using OpenBEM. The aim of this comparison is

to study the e�ect of the spikes and notches appearing to the plot of the radial weights as

discussed in section 6.5. The plots clearly show that the spikes and notches also appear

in the frequency response when the transfer function matrix is computed by the BEM

but the spikes and notches do not appear to the one computed by close-form formula.

However, the e�ect seems not signi�cant due to their small magnitudes. In addition, the

e�ect of the spikes and notches also show in frequency response of the array with conical-

and round waveguides and the e�ect are not signi�cant either.

By considering the magnitude of the frequency responses, it can be seen that the fre-

quency response of the beamformer have high magnitude when it is steered to the di-

rection of the impinging plane waves. For instance, the blue lines in Fig 6.28a that is

corresponding to the steering direction θ = 0◦ and φ = 0◦ have highest magnitude at

around -16 dB whilst the black and red lines, which is corresponding to other steering

directions, have signi�cantly lower magnitude (below -30 dB). This indicates that the

beamformer have performance of rejection around -20 dB. By considering Fig 6.29a, the

similar trend also can be observed when the other plane wave impinging on the array

from θ = 90◦ and φ = 0◦.

It should be noted that some small ripples of the frequency responses can be observed.

The ripples of the regular spherical array seems to be slightly larger than that of the

arrays with waveguides, however, the ripple is very small (in a range of ± 1 dB). This

indicates that the beamformer have almost �at frequency responses and, moreover, the

directivity of the beamformer still maintain at low frequency, i.e. to nearly 0 Hz. At a low

frequency such that the wavelength of an impinging wave is large in comparison to the

size of the array, the scattered sound captured by the sensor still have some di�erences

although the di�erences is very small.

In a perfect condition, e.g. no noise, and dynamic range and signal to noise ratio (SNR) of

the sensor is in�nity, then the beamforming at low frequency is still achievable. This could

be regarded as a strong point of the SVD beamformer over the other modal beamformers.
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In practice, the performance of the SVD beamformer is limited at low frequency by the

SNR of the sensors and level of the spatial noise. Fig 6.30 shows the frequency responses

of the beamformers in which an impinging wave incident to the array from the direction

θ = 90◦ and φ = 0◦ with an addition of a spatial noise with amplitude σ2 = 0.001 to

the microphone signals in the simulation. As a result of adding the noise, the frequency

responses show that the performance of the beamformers degrade at frequency below

800 Hz. Increasing of the magnitude of the frequency response in unmatched directions,

which indicates by blue- and black- line, suggest that the beamformer loose its directivity.

By comparing the frequency response of the beamformer steered into the mismatched

directions, the frequency response plots suggest that the magnitude on average of the

arrays with waveguides is slightly lower than that of the regular array around 3 to 5 dB

on average. The reduction indicates that the arrays with waveguides provide narrower

beamwidth that the regular spherical array. Nonetheless, the di�erences of the frequency

response of the two arrays with waveguides seems to be insigni�cant in the same scenario.
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(a) the regular spherical array
(computed analytically)

(b) the regular spherical array
(computed by OpenBEM)

(c) the array with conical waveguides (d) the array with round waveguides

Figure 6.28: Frequency response function of the arrays when a plain wave im-
pinging on the array from θ = 0◦ and φ = 0◦. The blue line indicates the
beamformer is steered in the direction θ = 0◦ and φ = 0◦. The black line indi-
cates the beamformer is steered in the direction θ = 45◦ and φ = 0◦. The red
line indicates the beamformer is steered in the direction θ = 90◦ and φ = 0◦.



168 Chapter 6 Application of the BEM to bandwidth extension of spherical arrays

(a) the regular spherical array
(computed analytically)

(b) the regular spherical array
(computed by OpenBEM)

(c) the array with conical waveguides (d) the array with round waveguides

Figure 6.29: Frequency response function of the arrays when a plain wave im-
pinging on the array from θ = 90◦ and φ = 0◦. The blue line indicates the
beamformer is steered in the direction θ = 0◦ and φ = 0◦. The black line indi-
cates the beamformer is steered in the direction θ = 45◦ and φ = 0◦. The red
line indicates the beamformer is steered in the direction θ = 90◦ and φ = 0◦.
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(a) the regular spherical array
(computed analytically)

(b) the regular spherical array
(computed by OpenBEM)

(c) the array with conical waveguides (d) the array with round waveguides

Figure 6.30: Frequency response function of the arrays when a plain wave im-
pinging on the array from θ = 90◦ and φ = 0◦. A spatial noise with amplitude
σ2 = 0.001 was added to the sensors. The blue line indicates the beamformer is
steered in the direction θ = 0◦ and φ = 0◦. The black line indicates the beam-
former is steered in the direction θ = 45◦ and φ = 0◦. The red line indicates the
beamformer is steered in the direction θ = 90◦ and φ = 0◦.

The application of the BEM, the pseudoinverse beamformer and the SVD beamformer

to the design of spherical microphone arrays have been discussed in this chapter. The

optimal shape of the spherical array with waveguides has been given as a consequence of

the study. The BEM has been used to study the e�ect of the shape, size, and dimension of

the waveguides on the directivity of the sensor. It has been shown that round waveguide

makes the sensors become most directive. The round and conical design were chosen for

further study.

The full 3D models of the regular spherical array, the spherical array with conical waveg-

uides, and the spherical array with round waveguides were created. The pseudoinverse

beamformer and the BEM-SVD beamformer have been taken in to consideration in this

study. However, the order of the spherical harmonics in the pseudoinverse beamformer

has also been taken in to account. This results in three di�erent pseudoinverse beam-

forming strategies corresponding to order 5, 7, and 10.
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It was found that the pseudoinverse beamformer with high-order spherical harmonics

(order 10) provides similar beamformer outputs to the BEM-SVD beamformer. Com-

paring the DI of regular spherical array to of the two spherical arrays with waveguides,

it suggests that the arrays with waveguides have wider working bandwidth because they

obtain higher DI at the frequency above the aliasing limit of the regular spherical array.

The magnitude of large side lobes of the array with round waveguides is slightly smaller

than that of the array with conical waveguides.

In addition, it was found that the BEM-SVD beamformer has best performance among

others due to its maximum DI level at high frequency. SVD beamformer also has ad-

vantage in term of computation because of the requirement of lowest order in the imple-

mentation and working in wide bandwidth.



Chapter 7

Experiments

An experiment was carried out to prove that the results of the numerical study discussed

in chapter 6 can be implemented and that the array designs are e�ective. The three

designs of spherical arrays have radius of 0.06 m and consist of 36 microphone elements.

They are the regular spherical array, the spherical array with conical waveguides, and the

spherical array with round waveguides, were manufactured with 3D printing technology.

Since the directivity of a sensor with waveguide is the key of the proposed beamforming

technique, the experiment included the measurement of the directivity of the sensors.

The directivities of the sensors in 2D and 3D were measured and compared to the 2D

and 3D directivities computed with OpenBEM. The comparison between simulations

and the actual measurements is presented and discussed.

The BEM-SVD beamformer was implemented to the array. The stability of the beam-

formers is discussed and the computed beamformer output are presented with a series

of colour maps. The actual beamformer outputs of all cases are compared to the simu-

lations.

7.1 Experimental facility and equipment

The experiment was carried out in the large anechoic chamber of the Institute of Sound

and Vibration Research (ISVR), shown in Fig 7.1. The connecting diagram in Fig 7.2

shows the connection of the devices and the equipments. The details of the facility and

equipment such as the audio interface device, the pre-ampli�er for the arrays, the power

ampli�er for loudspeakers, and the loudspeakers are provided below.

171
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Figure 7.1: ISVR large anechoic chamber

7.1.1 The anechoic chamber

ISVR anechoic chamber is one of the largest anechoic chamber in the UK. The speci�c

information of the ISVR large chamber can be found on the ISVR internet address

http://www.isvr.co.uk/faciliti/lg_anech.htm (accessible in November 2014). A

brief summary of the details of the chamber is as follows:

� The chamber is built as a box within a box for acoustical and vibration isolation.

� The walls of the chamber as well as the ceiling and the �oor are lined with �bre

glass wedges. The wedges extend 0.91 m from the wall which allows for free-�eld

condition at frequencies above 80 Hz.

� The dimensions of the chamber are 9.15 m × 9.15 m × 7.32 m without the wedges

and 7.33 m × 7.33 m × 5.50 m with the wedges.

� The �oor is made of an array of metal grids that can be removed in order to prevent

re�ections.

� There is a double layer door that is 2.0 m wide × 2.4 m high.

http://www.isvr.co.uk/faciliti/lg_anech.htm
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Figure 7.2: A diagram showing the connection of the equipment.

7.1.2 The loudspeakers and the power ampli�ers

The loudspeakers used in the experiment are satellite loudspeakers AVS101 made by

Celestion, as shown in Fig 7.3. The speci�cation of the speakers is

� They are two-way closed-box type.

� There are two drive unit. The high frequency driver has 0.014 m radius and the

bass driver has 0.088 m radius.

� The frequency response is �at +/- 2 dB in the frequency range between 100 Hz

and 20 kHz.

� The ampli�er requirement for the speakers is 10 to 50 W.

� The sensitivity at 2.83 V and 1 m distance is 90 dB.

� The loudspeakers are magnetic shielded.

In the experiment, the loudspeakers were driven by ISVR custom-built power ampli�ers,

shown in Fig 7.4. The level of the loudspeaker were calibrated at the beginning of the

experiment. The frequency response of the loudspeakers were measured by a measure-

ment microphone made by Brüel & Kjær, type 4189, connected to a signal conditioning

unit Brüel & Kjær NEXUS (see 7.5). The frequency response of the loudspeakers were

estimated with the H1 estimator [SH08]. The magnitude and phase of the estimated fre-

quency response of the loudspeakers are given in Fig 7.6 and 7.7, respectively. Although,

�at response is claimed in the speci�cation of the loudspeakers, the measured frequency

response show that they provide �at response in a range between 200 Hz to 1000 Hz.

There are �uctuation of the magnitude in a range of -28 to -15 dB in a frequency range

of 1000 Hz to 10000 Hz. Large variation of the magnitude is found at the frequency

between 10000 Hz to 20000 Hz.
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Figure 7.3: Twelve of CELESTION VS101 were used as sound sources in the
experiment

Figure 7.4: ISVR custom-built power ampli�ers

Figure 7.5: Measurement microphone Brüel & Kjær type 4189 (left) and a signal
conditioner Brüel & Kjær NEXUS (right)
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Figure 7.6: The magnitude the frequency response of the twelve CELESTION
VS101 loudspeakers.

Figure 7.7: The phase the frequency response of the twelve CELESTION VS101
loudspeakers.
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Figure 7.8: Three Ferro�sh A16 MK-II audio interfaces within an audio rack.

7.1.3 The audio interface

The audio interfaces used in the experiment are Ferro�sh A16MKII. A single A16MKII

provides 16 analogue inputs, 16 analog outputs up to 192 kHz sampling frequency. The

analogue to digital converter (ADC) and digital to analogue converter (DAC) built in

the module is 24-bit. The connection can be made via standard audio interface protocol

such as MADI (Multi-channel Audio Digital Interface) or ADAT (Alesis Digital Audio

Tape). Since the microphone arrays consist of 36 microphone elements, three Ferro�sh

A16MKII were required (see Fig 7.8).

7.1.4 The microphone arrays

The regular spherical array, the spherical array with conical waveguides, and the spher-

ical array with round waveguides were manufactured using the melt-�lament based 3D

printing technology.

The 3D printer used to manufacture the arrays is a Up Plus 2 produced by Beijing

Tiertime Technology Co., Ltd., China. It is capable to produce 3D models by ABS

(Acrylonitrile Butadiene Styrene) type and PLA (PolyLactic Acid) type plastic. The

printing resolution was made at 0.0002 m (200 µm). Due to the limitation of choice,

ABS plastic was used as material base for the arrays. It took approximate ten hours to

build a full array. The three 3D printed spherical arrays are presented in Fig 7.9.

The microphone capsules used as sensor elements of the array are model OBO-04FP.

They are designed and manufactured by OBO Seahorn Electronic Co.,Ltd., Taiwan.

The capsules are cost-e�ective omnidirectional microphones with 9.7 mm diameter. The

manufacturer also provides the frequency response of the microphones. It is claimed that

the frequency response of the capsules is �at in the frequency range between 50 Hz and

3 kHz. There is a hump between 3 kHz to 8 kHz with a peak of 5 dB at approximate 4
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Figure 7.9: The 3D printed microphone arrays: the spherical array with coni-
cal waveguides, the regular spherical array, and the spherical array with round
waveguides (from left to right).

kHz. The frequency response then starts to roll o� at 8 kHz down to -10 dB at 20 kHz.

The speci�cation of the microphone capsule is available online on the manufacturer's

website http://www.obopro2.com/ (accessible by November 2014).

Sensors with identical characteristic are required for microphone arrays. In this exper-

iment, the frequency response function of the capsule microphones were measured and

pieces that have identical frequency response were chosen. The selection procedure of the

sensors is explained in the next few sections. All the selected sensors were then installed

on the arrays. The electrical connections between the sensors to the pre-ampli�er unit

were completed in single-ended connection.

7.1.5 The microphone pre-ampli�er

The microphone pre-ampli�ers used in this experiment and shown in Fig 7.10 were also

custom built. They provide 48 channels input with single-ended con�guration. The

ampli�ers were designed to be powered by battery in order to avoid noise from the main

power. The gain of the ampli�ers were adjusted to provide the same output level for

all channel. The frequency response of all channels were measured by means of the H1

estimator. The presentation of the magnitude in terms of normalised amplitudes and

the corresponding phase of the frequency responses are presented in Fig 7.11 and 7.12,

respectively. It can be seen that the low frequency limit determined by -6 dB is located at

150 Hz whilst the high frequency limit can be set at the Nyquist frequency. In this case,

the sampling rate used in the measurement is 48 kHz therefore the Nyquist frequency is

24 kHz. The plots in Fig 7.12 present the phase of the frequency responses both in log

frequency scale (top) and linear frequency scale (bottom). The bottom plot shows that

http://www.obopro2.com/
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Figure 7.10: The custom-made microphone pre-ampli�ers

phase of all channels of the ampli�ers is linear over the working frequency. It should

be noted that the frequency of interest in this experiment lay in the range between 500

Hz to 7500 Hz in which the magnitude di�erence of the ampli�ers is in the range of

approximately 1 dB.

Additionally, the cross-talk between neighbouring channels of the ampli�ers were also

measured. An input signal, e.g. white noise, was presented to a reference input channel

then the frequency responses of the neighbouring channels were estimated with the H1

estimator. It is clearer to present the e�ect of the cross talk by impulse responses therefore

the impulse response of all channels in were computed and are presented. Fig 7.13 and

Fig 7.14 show as an example impulse response of channel 1 to 36 when the input signals

were presented to Channel 1 and Channel 36, respectively.

The testing results above suggests that the ampli�ers have good characteristics that were

suited for this experiment and should not distort the measurement signal in the frequency

range of interest. It can be concluded that there could be some small cross-talk between

channel however this can be barely observed.
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Figure 7.11: The magnitude of the frequency response of the microphone am-
pli�ers (36 channels)

Figure 7.12: The phase of the frequency response of the microphone ampli�ers
(36 channels)
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Figure 7.13: The impulse response of 36 channels when the white noise was
signal presented to Channel no.1

Figure 7.14: The impulse response of 36 channels when the white noise signal
was presented to Channel no.36
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7.1.6 Calibration of the individual microphones and of the microphone

arrays

Unfortunately, the microphone capsules do not �t to any of the standard calibrators.

This leads to some di�culties in the calibration process. However, an earphone was

adopt as the reference sound source in order to obtain the calibration.

An RME Fireface UCX was used as the audio interface device. An earphone model

MX250 made by Sennheiser was used as a reference sound source. It was driven by

a Samson G5 headphone ampli�er. A rubber ring was installed to the headphone in

order to provide a �rm contact between the headphone and the microphone during the

calibration.

The level of the sound source was adjusted to a proper level then the frequency response

of the earphone was measured with a B&K type 4189 reference measurement microphone.

Six repeated measurements were performed in row and obtained frequency responses are

plotted in Fig 7.15. The plot shows the similarity of the microphone's frequency responses

of all six measurements. The variation of the level is in the range of 2 dB. It can be said

that this measurement procedure is repeatable and have a suitable level of accuracy.

The procedure above was used also for the selection of the microphone capsules. All

capsule microphone's frequency response was normalised by the frequency response of

the B&K microphone in order to eliminate the characteristic of the loudspeaker. Fig 7.17

shows the frequency response of ten selected microphone capsules, which are given as

some examples. Good consistency between capsules can be observed in the measurement

although the variation is larger than in the case of B&K microphone.

The nominal FRF of the microphone was determined by averaging FRF of the 10 ran-

domly selected capsules. The capsules were selected based on the criterion that the

variation of the corresponding FRF from the nominal FRF should be in the range of

+/- 2.5 dB. Fortunately, most of the capsule microphone have corresponding variation

of FRF in the given range.

Furthermore, An attempt were made to recheck the frequency response of the microphone

capsules when they had been already mounted on the arrays. Unfortunately, the is highly

di�cult and lack of consistency due to the pro�le of the waveguides.
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Figure 7.15: The magnitude of the FRF of the calibration system with B&K
type 4189 as a measurement microphone (measured 6 times).

Figure 7.16: The phase of the FRF of the calibration system with B&K type
4189 as a measurement microphone (measured 6 times).
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Figure 7.17: The magnitude of the FRF of 10 sample microphone capsules used
for the microphone arrays.

Figure 7.18: The phase the FRF of 10 sample microphone capsules used for the
microphone arrays.
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Figure 7.19: The arrangement of the loudspeaker array consisting of 13 loud-
speakers. The blue circles represent the position of the loudspeakers and the red
cross represent the position occupied by the arrays in the experiment. The �rst
loudspeaker was located at x = 0 m and y = 1.3 m and the other loudspeakers
were added clockwise direction.

7.2 Measurement procedure and results

In this section, the setup for 2D and 3D directivity measurements is discussed. An

array of loudspeakers consisting of 13 loudspeakers was arranged in a half circle. The

microphone arrays were placed one at a time at the centre of the loudspeaker array. The

details of the experiment setup is given below.

7.2.1 Arrangement of the loudspeaker array

A loudspeaker array was consisted of a set of thirteen loudspeakers arranged on a semi-

circle of 1.3 m radius. The radial coordinate of the �rst loudspeaker was 90◦. The

separation between neighbouring loudspeakers was 15◦. The arrangement is depicted in

Fig 7.19. The blue circles represent the position of the loudspeakers and the red cross

represents the position of the microphone arrays corresponding to the centre of the circle.

7.2.2 Measurement of the microphone planar directivity

In this measurement, the arrays were placed vertically one at a time in such a way that

the equatorial circumference of the microphone array was at the same level as the acoustic

centre of the loudspeakers. This setup was used to measure the sensitivity of individual
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Figure 7.20: The actual setup of the loudspeaker array in the ISVR large ane-
choic chamber.

microphones of the arrays. Since the loudspeakers were placed on the azimuthal plane of

the microphone array, the term planar directivity is introduced to refer to the sensitivity

of the sensors.

Fig 7.20 shows setup in ISVR anechoic chamber according to the diagram in Fig 7.19.

The microphone arrays were placed at the centre of the semi-circle one at a time for

measurement. Fig 7.22 shows the placement of the microphone. All loudspeakers were

position in such a way that their centre are on the same hight as the centre of the arrays

using laser level meter. Then, the test signal was presented through loudspeaker no.1

and sound �eld were recorded via the sensors. The array was then rotated by 5◦. The

measurement was repeated. The FRF was computed for all cases.

The planar directivity of sensor no.1 and no.16, which is located at the north pole of the

array and close to the equator of the arrays, respectively, was measured. The position

of the sensors is shown in Fig 7.21. The directivity at 500 Hz, 4000 Hz and 7500 Hz,

are shown in Fig 7.29 to Fig 7.31. The directivity are displayed in the range of 30 dB in

which the maximum sensitivity at the frequency is indicated. The theoretically horizontal

directivity were also computed by OpenBEM and then are compared with the measured

data. Fig 7.23, 7.25, and 7.27 show magnitude and phase error of microphone no.1 of

the arrays and Fig 7.24, 7.26, and 7.28 show magnitude and phase error of microphone

no.16 of the arrays. The error were measured as the ratio between the magnitude of

sound �eld computed by the BEM and the measured sound �eld at the same position of

the array and given by

|ep(φ, ω)| =
∣∣∣∣ pBEM (φ, ω)

pmeasured(φ, ω)

∣∣∣∣ , (7.1)

and
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Figure 7.21: Position of sensor no.1 and no.16 on the arrays

Figure 7.22: The arrangement of the microphone array for measuring the planar
directivity.

∠ep(φ, ω) = ∠pBEM (φ, ω)− ∠pmeasured(φ, ω), (7.2)

It should be noted that the magnitude error is measured as a ratio therefore there is no

unit associated to the error. In addition, the phase measured at azimuth angle φ = 0

was made as a reference position in the calculation.

In the case that the measured planar directivity perfectly matched the simulated data, an

isotropic magnitude error and zero phase error were expected. Considering the magnitude

error and phase error plots for the case of microphone no.1 of the arrays, the magnitude

error is around 0.13, 0.12, and 0.2 at 500 Hz, 4000 Hz, and 7500 Hz, respectively. As
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expected, the magnitude error or the spherical array seems isotropic and the magnitude

error of the two arrays with waveguides seems less isotropic due to the arrangement of the

waveguides on the surface of the arrays and setup error in the experiment. Phase error

of microphone no.1 of the arrays is in a range of ±0.1,±0.5, and± 1.0 radians at 500 Hz,

4000 Hz, and 7500 Hz, respectively. In case of microphone no.16, the magnitude error

still around 0.13, 0.12, and 0.2 at 500 Hz, 4000 Hz, and 7500 Hz on average. However,

they are much less isotropic. Phase error of microphone no.16 of the arrays is in a range

of ±0.1,±1.5, and ± 2.5 radians at 500 Hz, 4000 Hz, and 7500 Hz, respectively. It can

be observed that the higher frequency, the larger the phase error. Since the wave length

is small in comparison to the size of the array therefore some small position error in the

measurement setup can cause large phase error.

In order to observe the matching between the measured planar directivity and theoretical

directivity, the planar directivity patterns were normalised by their corresponding max-

imum values and are presented together in dB scale as shown in Fig 7.29, 7.30, and 7.31

for the case of the regular sphere, the sphere with conical waveguides, and the sphere

with hemispherical waveguides (or round waveguides), respectively.

It can be seen that the measured planar directivity of the microphone no.1 in all cases

above has a good level of similarity in comparison to the simulation (see Fig 7.29a,

7.29c, 7.29e, 7.30a, 7.30c, 7.30e, 7.31a, 7.31c and 7.31e). In case of the regular sphere,

the planar directivity is isotropic due to the symmetric geometry of the array. In case of

the spherical array with waveguides, the planar directivity patterns shows their lost of

isotropy due to the waveguides around the sensor.

Microphone no.16 of the arrays is located on the circumference of the spheres. The

comparison between the actual planar directivity and the simulation suggest that the

BEM is able to predict the total �eld caused by the spherical array with waveguides

accurately (see Fig 7.29b, 7.29d, 7.29f, 7.30b, 7.30d, 7.30f, 7.31b, 7.31d and 7.31f).

Nonetheless, the planar directivity of microphone no.16 also suggests that its directivity

is almost omnidirectional at low frequencies (500 Hz) and then becomes more directive

at high frequencies (4000 Hz and 7500 Hz). In addition, by comparing Fig 7.30f and Fig

7.31f to Fig 7.29f, it can be seen that the planar directivity pattern of the arrays with

waveguides are more directive than that of the spherical array, as was expected.
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(a) Magnitude error at 500 Hz
(b) Phase error at 500 Hz

(c) Magnitude error at 4000 Hz
(d) Phase error at 4000 Hz

(e) Magnitude error at 7500 Hz
(f) Phase error at 7500 Hz

Figure 7.23: Magnitude and phase error of sensor no.1 of spherical array at 500
Hz (a - b), 4000 Hz (c - d), and 7500 Hz (e - f), respectively.
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(a) Magnitude error at 500 Hz
(b) Phase error at 500 Hz

(c) Magnitude error at 4000 Hz
(d) Phase error at 4000 Hz

(e) Magnitude error at 7500 Hz
(f) Phase error at 7500 Hz

Figure 7.24: Magnitude and phase error of sensor no.16 of spherical array at 500
Hz (a - b), 4000 Hz (c - d), and 7500 Hz (e - f), respectively.
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(a) Magnitude error at 500 Hz
(b) Phase error at 500 Hz

(c) Magnitude error at 4000 Hz
(d) Phase error at 4000 Hz

(e) Magnitude error at 7500 Hz
(f) Phase error at 7500 Hz

Figure 7.25: Magnitude and phase error of sensor no.1 of the spherical array
with conical waveguides at 500 Hz (a - b), 4000 Hz (c - d), and 7500 Hz (e - f),
respectively.
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(a) Magnitude error at 500 Hz
(b) Phase error at 500 Hz

(c) Magnitude error at 4000 Hz
(d) Phase error at 4000 Hz

(e) Magnitude error at 7500 Hz
(f) Phase error at 7500 Hz

Figure 7.26: Magnitude and phase error of sensor no.16 of the spherical array
with conical waveguides at 500 Hz (a - b), 4000 Hz (c - d), and 7500 Hz (e - f),
respectively.
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(a) Magnitude error at 500 Hz
(b) Phase error at 500 Hz

(c) Magnitude error at 4000 Hz
(d) Phase error at 4000 Hz

(e) Magnitude error at 7500 Hz
(f) Phase error at 7500 Hz

Figure 7.27: Magnitude and phase error of sensor no.1 of the spherical array
with round waveguides at 500 Hz (a - b), 4000 Hz (c - d), and 7500 Hz (e - f),
respectively.
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(a) Magnitude error at 500 Hz
(b) Phase error at 500 Hz

(c) Magnitude error at 4000 Hz
(d) Phase error at 4000 Hz

(e) Magnitude error at 7500 Hz
(f) Phase error at 7500 Hz

Figure 7.28: Magnitude and phase error of sensor no.16 of the spherical array
with round waveguides at 500 Hz (a - b), 4000 Hz (c - d), and 7500 Hz (e - f),
respectively.
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(a) mic no.1 at 500 Hz (b) mic no.16 at 500 Hz

(c) mic no.1 at 4000 Hz (d) mic no.16 at 4000 Hz

(e) mic no.1 at 7500 Hz (f) mic no.1 at 7500 Hz

Figure 7.29: Planar directivity pattern of individual sensors of the regular spher-
ical array at 500 Hz (a and b), 4000 Hz (c and d), and 7500 Hz (e and f) of the
microphone no. 1 (a, c, and e) and no. 16 (b, d, and f), respectively.
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(a) mic no.1 at 500 Hz (b) mic no.16 at 500 Hz

(c) mic no.1 at 4000 Hz (d) mic no.16 at 4000 Hz

(e) mic no.1 at 7500 Hz (f) mic no.1 at 7500 Hz

Figure 7.30: Planar directivity pattern of individual sensors of the spherical
array with conical waveguides at 500 Hz (a and b), 4000 Hz (c and d), and 7500
Hz (e and f) of the microphone no. 1 (a, c, and e) and no. 16 (b, d, and f),
respectively.
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(a) mic no.1 at 500 Hz (b) mic no.16 at 500 Hz

(c) mic no.1 at 4000 Hz (d) mic no.16 at 4000 Hz

(e) mic no.1 at 7500 Hz (f) mic no.16 at 7500 Hz

Figure 7.31: Planar directivity pattern of individual sensors of the spherical
array with round waveguides at 500 Hz (a and b), 4000 Hz (c and d), and 7500
Hz (e and f) of the microphone no. 1 (a, c, and e) and no. 16 (b, d, and f),
respectively.
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In addition, the degree of similarity between measured data and simulation is measured

using cosine similarity, which is sometimes called cosine distance [TSK+06]. Let vsim

and vmea be n-dimension vector, cosine similarity is given by

Similarity = cos(θ) =
vsim · vmea
||vsim|| ||vmea||

. (7.3)

In this case, the elements of vector vsim and vmea are normalised magnitude of the

planar directivity pattern in dB. The cosine similarity value between the simulation and

the measurement of all cases were computed and are shown in Table 7.1. It seems that,

however, the representation of the similarity by mean of cosine similarity values does

not provide much sensible information. The data given in Table 7.1 is then recalculated

and given by means of angular distance as shown in Table 7.2. The angular distance (in

degree) is calculated by

Angular distance =
180

2π
× arccos(Cosine similarity). (7.4)

It is shown that large mismatching between the simulation and the measurement hap-

pened to the case of microphone no.16 of at 4000 Hz, and 7000 Hz for all arrays with

angular distance in a range of 3◦ to 8◦.

Planar directivity index (planar-DI) of the arrays in case of simulation and measurement

was also calculated and compared at frequency 500 Hz, 4000 Hz, and 7500 Hz. The

magnitude is shown in Table 7.3. It can be seen that the planar-DI of the simulation

and the measurement data increase according to the increasing of frequency in similar

progression on average.

Nonetheless, planar-DI of the arrays was computed in a frequency range between 100

Hz to 8000 Hz. The plot is shown in Fig 7.32. Low planar-DI of microphone no.1

of the spherical array suggests that it is not directive and it does not become more

directive at high frequency. This is di�erent to the case of the arrays with waveguides

that the corresponding microphone no.1 become more directive at frequency above 4000

Hz. Increasing of planar directivity of microphone no.16 of the spherical array indicates

that it become more directive at high frequency. However, the planar-DI increase in slow

rate and seems to settle at 4 dB (see Fig 7.32b). The plots of the case of the arrays

with waveguides show that the directivity of the microphone no.16 considerably increase

at frequency around 4500 Hz and go up to around 7.5 dB before starting to settle at

the around 6 dB. These results prove that the microphones with waveguide are more

directive than �ush mount on the surface of the sphere.
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Table 7.1: Cosine similarity of the planar directivities (dimensionless)

Frequency (Hz)
500 4000 7500

The regular sphere
Mic No. 1 1.0000 1.0000 1.0000
Mic No. 16 1.0000 0.9980 0.9972

The sphere with conical waveguides
Mic No. 1 1.0000 0.9997 0.9999
Mic No. 16 1.0000 0.9986 0.9881

The sphere with hemi-spherical waveguides
Mic No. 1 1.0000 0.9997 0.9998
Mic No. 16 1.0000 0.9982 0.9951

Table 7.2: Angular distance of the planar directivities (degrees)

Frequency (Hz)
500 4000 7500

The regular sphere
Mic No. 1 0.2040 0.4197 0.4491
Mic No. 16 0.3804 3.6218 4.2983

The sphere with conical waveguides
Mic No. 1 0.1067 1.2832 0.6306
Mic No. 16 0.1955 3.0031 8.8432

The sphere with hemi-spherical waveguides
Mic No. 1 0.3117 1.5028 1.1919
Mic No. 16 0.3970 3.4740 5.6550

Table 7.3: Planar Directivity Index of the sensors (dB)

Frequency
500 4000 7500

The regular sphere
Simulation

Mic No. 1 0.0000 0.0000 0.0000
Mic No. 16 0.7813 2.8995 2.9654

Measurement
Mic No. 1 0.2014 0.4804 0.4396
Mic No. 16 0.9790 3.1931 3.8326

The sphere with
conical waveguides

Simulation
Mic No. 1 0.0017 1.1934 1.1605
Mic No. 16 0.6744 3.0849 5.8840

Measurement
Mic No. 1 0.3447 1.6266 1.2783
Mic No. 16 0.8080 3.0339 5.7228

The sphere with
hemispherical waveguides

Simulation
Mic No. 1 0.0029 2.1913 1.3025
Mic No. 16 0.6333 5.2353 6.2530

Measurement
Mic No. 1 0.3470 2.7060 1.8209
Mic No. 16 0.9551 4.7764 5.9991
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(a) the regular spherical array, mic no.1 (b) the regular spherical array, mic no.16

(c) the spherical array with conical waveguide,
mic no.1

(d) the spherical array with conical waveguide,
mic no.16

(e) the spherical array with round waveguide,
mic no.1

(f) the spherical array with round waveguide,
mic no.16

Figure 7.32: Plot of planar-DI in the frequency range between 100 Hz to 8000
Hz of microphone no.1 and no.16 of regular spherical array (a-b), spherical array
with conical waveguides (c-d), and spherical array with round waveguides (e-f)
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Figure 7.33: The arrangement of the microphone array for measuring the 3D
directivity patterns.

7.2.3 Measurement of 3D directivity patterns

The aim of the experiment presented in this section was to measure the 3D directivity

pattern of the individual microphones of the arrays. The arrays were placed horizontally

on a holding structure, one at a time, as shown in Fig 7.33. Then, the arrays were

rotated anticlockwise around their polar axis with step of 5◦. It should be noted that

the separation between loudspeakers is 15◦ as mentioned in Subsection 7.2.1, thus allows

for a resolution of 5◦ for the azimuthal angle and 15◦ for the elevation angle. The test

signal was fed to the loudspeakers, one at a time, then the frequency responses were

measured. Microphone no.1 and no.16 of the arrays were chosen to study again in this

measurement.

The magnitude error and phase error were computed by Eq (4.40) and (4.43), which is

similar to the measurement that is discussed in the previous subsection. The magnitude

error and phase error are taken into consideration. However, representation of phase

error of the measurement data is di�cult to be presented due to the jump of the phase

when phase error equal to multiple of π radian. In this section, the presentation of the

results is illustrated by means of normalised three dimensional directivity pattern in the

dynamic range of 30 dB. The three dimensional directivity pattern of the sensor no.1

and no.16 at the frequency 500 Hz, 4000 Hz, and 7500 Hz are shown in Fig 7.34 to 7.38.

It can be seen that the measured 3D directivity patterns of microphone no.1 and no.16

have a good level of similarity to the simulated result. The measured directivity patterns

clearly indicate a signi�cant reduction of the array response at high frequencies in the

direction opposite to the microphone under consideration. Comparing the 3D directivity

of microphone no.16 of the array with conical waveguides (Fig 7.38e) and that of the array

with round waveguides (Fig 7.39e), it can be seen that in the latter case the pattern is

more directive. The measurements also validate the results of the numerical simulation.
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They also con�rm that the sensors with round waveguides are more directive than the

sensors with conical waveguides.
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(a) mic no.1 at 500 Hz (simulated) (b) mic no.1 at 500 Hz (measured)

(c) mic no.1 at 4000 Hz (simulated) (d) mic no.1 at 4000 Hz (measured)

(e) mic no.1 at 7500 Hz (simulated) (f) mic no.1 at 7500 Hz (measured)

Figure 7.34: 3D directivity pattern of individual microphones no.1 of the regular
spherical array at the frequency 500 Hz (a and b), 4000 Hz (c and d), and 7500
Hz (e and f), respectively. The directivity patterns were obtained by simulation
(a, c, and e) and from measurement (b, d, and f).
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(a) mic no.1 at 500 Hz (simulated) (b) mic no.1 at 500 Hz (measured)

(c) mic no.1 at 4000 Hz (simulated) (d) mic no.1 at 4000 Hz (measured)

(e) mic no.1 at 7500 Hz (simulated)

(f) mic no.1 at 7500 Hz (measured)

Figure 7.35: 3D directivity pattern of individual microphones no.1 of the spher-
ical array with conical waveguides at the frequency 500 Hz (a and b), 4000 Hz
(c and d), and 7500 Hz (e and f), respectively. The directivity patterns were
obtained by simulation (a, c, and e) and from measurement (b, d, and f).
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(a) mic no.1 at 500 Hz (simulated) (b) mic no.1 at 500 Hz (measured)

(c) mic no.1 at 4000 Hz (simulated) (d) mic no.1 at 4000 Hz (measured)

(e) mic no.1 at 7500 Hz (simulated) (f) mic no.1 at 7500 Hz (measured)

Figure 7.36: 3D directivity pattern of individual microphones no.1 of the spher-
ical array with round waveguides at the frequency 500 Hz (a and b), 4000 Hz
(c and d), and 7500 Hz (e and f), respectively. The directivity patterns were
obtained by simulation (a, c, and e) and from measurement (b, d, and f).



Chapter 7 Experiments 205

(a) mic no.16 at 500 Hz (simulated) (b) mic no.16 at 500 Hz (measured)

(c) mic no.16 at 4000 Hz (simulated) (d) mic no.16 at 4000 Hz (measured)

(e) mic no.16 at 7500 Hz (simulated) (f) mic no.16 at 7500 Hz (measured)

Figure 7.37: 3D directivity pattern of individual microphones no.16 of the regular
spherical array at the frequency 500 Hz (a and b), 4000 Hz (c and d), and 7500
Hz (e and f), respectively. The directivity patterns were obtained by simulation
(a, c, and e) and from measurement (b, d, and f).
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(a) mic no.16 at 500 Hz (simulated) (b) mic no.16 at 500 Hz (measured)

(c) mic no.16 at 4000 Hz (simulated) (d) mic no.16 at 4000 Hz (measured)

(e) mic no.16 at 7500 Hz (simulated) (f) mic no.16 at 7500 Hz (measured)

Figure 7.38: 3D directivity pattern of individual microphones no.16 of the spher-
ical array with conical waveguides at the frequency 500 Hz (a and b), 4000 Hz
(c and d), and 7500 Hz (e and f), respectively. The directivity patterns were
obtained by simulation (a, c, and e) and from measurement (b, d, and f).
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(a) mic no.16 at 500 Hz (simulated) (b) mic no.16 at 500 Hz (measured)

(c) mic no.16 at 4000 Hz (simulated) (d) mic no.16 at 4000 Hz (measured)

(e) mic no.16 at 7500 Hz (simulated) (f) mic no.16 at 7500 Hz (measured)

Figure 7.39: 3D directivity pattern of individual microphones no.16 of the spher-
ical array with round waveguides at the frequency 500 Hz (a and b), 4000 Hz
(c and d), and 7500 Hz (e and f), respectively. The directivity patterns were
obtained by simulation (a, c, and e) and from measurement (b, d, and f).



208 Chapter 7 Experiments

Table 7.4: Cosine similarity of the 3D directivity of the sensors (dimensionless)

Frequency (Hz)
500 4000 7500

The regular sphere
Mic No. 1 0.9993 0.9939 0.9922
Mic No. 16 0.9996 0.9965 0.9942

The sphere with conical waveguides
Mic No. 1 0.9994 0.9946 0.9850
Mic No. 16 0.9997 0.9968 0.9881

The sphere with hemi-spherical waveguides
Mic No. 1 0.9996 0.9946 0.9916
Mic No. 16 0.9997 0.9961 0.9898

Cosine similarity (refer to Eq 7.3), angular distance (refer to Eq 7.4), and directivity

index (DI)(refer to Eq 2.91), which is introduced in Eq 2.91, are also computed and

reported in Table 7.4, 7.5, and 7.6, respectively. The values of cosine similarity are lower

than one in all case which result in the angular distance between 1.5◦ to approximately

10◦. It can be seen that the degree of mismatching is considerably higher than the case

of 2D measurement in previous subsection.

DI of the arrays were also calculated. From the data given in Table 7.4, and 7.5, it can

be seen that the planar-DI of both the simulation and the measurement data increase

according to the increasing of frequency in the same pattern on average although there

are some mismatch between the two.

The DI of microphone no.1 and no.16 of the arrays was also calculated from measured

data in the frequency range between 100 Hz and 8000 Hz and is presented in Fig 7.40.

The magnitude of DI of the microphone no.1 of the regular sphere is around 4.5 dB on

average whilst of the spheres with waveguides become more directive at the frequencies

above 4000 Hz. In case of microphone no.16, the magnitude of DI of all arrays also

increase accordingly to increasing of the frequency in approximately the same rate at

the frequency below 4000 Hz. However, the DI of the regular spherical array after 4000

Hz seems to settle at around 5 dB whilst the ID of the other two arrays still increasing

to the level of around 12 dB at around 5500 Hz then start decreasing and settling down

at around 8 dB and 10 dB in case of a microphone with a conical waveguide and round

waveguide, respectively.

Considering the planar-DI given in Fig 7.32 and the DI measured in this section, it

can be concluded that microphones with associated waveguide are more directive than

a microphone �ush mount on the surface of the sphere. The value of DI also indicate

that the microphones with round waveguide become more directive than with the conical

waveguide.
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Table 7.5: Angular distance of the 3D directivity of the sensors (degrees)

Frequency
500 4000 7500

The regular sphere
Mic No. 1 2.1812 6.3149 7.1823
Mic No. 16 1.5420 4.8276 6.1509

The sphere with conical waveguides
Mic No. 1 2.0488 5.9693 9.9347
Mic No. 16 1.4153 4.6023 8.8576

The sphere with hemi-spherical waveguides
Mic No. 1 1.7041 5.9424 7.4131
Mic No. 16 1.3283 5.0902 8.1790

Table 7.6: Directivity Index of the sensors (dB)

Frequency
500 4000 7500

The regular sphere
Simulation

Mic No. 1 0.7491 2.6839 2.8945
Mic No. 16 1.0181 3.2285 3.3767

Measurement
Mic No. 1 2.5174 4.3607 5.2664
Mic No. 16 1.6008 4.4467 5.463

The sphere with
conical waveguides

Simulation
Mic No. 1 0.6526 2.5756 5.4899
Mic No. 16 0.8869 3.1801 8.2223

Measurement
Mic No. 1 2.3602 4.0419 6.5982
Mic No. 16 1.398 4.4355 9.5063

The sphere with
hemispherical waveguides

Simulation
Mic No. 1 0.6139 2.9849 5.6775
Mic No. 16 0.8377 5.5274 8.7602

Measurement
Mic No. 1 2.1392 4.9313 6.4445
Mic No. 16 1.3725 5.0399 9.4286
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(a) the regular spherical array, mic no.1 (b) the regular spherical array, mic no.16

(c) the spherical array with conical waveguides,
mic no.1

(d) the spherical array with conical waveguides,
mic no.16

(e) the spherical array with round waveguides,
mic no.1

(f) the spherical array with round waveguides,
mic no.16

Figure 7.40: Plot of DI in the frequency range between 100 Hz to 8000 Hz of
microphone no.1 and no.16 of regular spherical array (a-b), spherical array with
conical waveguides (c-d), and spherical array with round waveguides (e-f)



Chapter 7 Experiments 211

7.3 Application of BEM-SVD Beamforming to the arrays

with waveguides

The BEM-SVD beamforming was implemented to the spherical arrays and the perfor-

mance of the beamformer was investigated. The acoustic transfer function of the three

arrays computed with OpenBEM that are mentioned in chapter 6 were used in the im-

plementation of the beamforming.

Although the manufacturing of the arrays was carried out as accurately as possible, some

errors due to the imperfection of the cavity shapes and the installation of the microphones

were inevitable. These kinds of disturbance a�ect the accuracy of the magnitude and the

phase of the microphone elements, which can lead to the degradation of the beamformer

outputs. In order to reduce this kind of error, the microphone elements were calibrated

in-situ. The individual correction factors to be applied to the microphone elements were

obtained with the following procedure.

7.3.1 In-situ calibration and measurement of the correction factors

The measurement data, which was used to calculate the planar directivity measurement

in Subsection 7.2.2, was used for the in-situ calibration.

Let φmaxm be the azimuthal angle that provides maximum planar directivity of the m-

th microphone on the array computed by the BEM. The correction factor of the m-th

microphone is given by the ratio between the maximum complex amplitude of the planar

directivity obtained by the BEM calculation and the complex amplitude of the planar

directivity obtained in the measurement at the angle with maximum amplitude φmaxm ,

which is usually according to the azimuthal angle associated with the microphones.

CFm(φmaxm , ω) =
SBEMAz (φmaxm , ω)

SmeaAz (φmaxm , ω)
, (7.5)

where SBEMAz ( · ) and SmeaAz ( · ) are the planar directivity computed by the BEM and

the actual planar directivity, respectively. It should be noted that the correction factors

need to be computed for individual frequencies.

7.3.2 Measurement of the BEM-SVD beamformer

The BEM-SVD beamformer was applied to the three arrays at 500 Hz, 1000 Hz, 2000

Hz, 4000 Hz, 6000 Hz, and 7500 Hz. Before discussing the results of the main part of

the experiment, the e�ect of the correction factor is illustrated. The stability of the
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(a) (b)

Figure 7.41: A Picard plot of the regular spherical array at 500 Hz: (a) simulated
and (b) measured

beamformer is also analysed and it is shown that the discrete Picard condition must be

taken into consideration in order to guarantee the stability of the beamformer output.

Considering a scenario where a monochromatic plane wave with frequency of 500 Hz

impinges on the regular spherical array from direction θ = 45◦ and φ = 45◦, Fig 7.41

reports a Picard plot for this scenario together with a Picard plot obtained from the

corresponding measured data. The Picard plot of the simulated data in Fig 7.41a shows

that the singular value and the Fourier coe�cient continue decaying down -70 dB and

-120 dB, respectively. Fig 7.41b shows that the Fourier coe�cients UHp and the singular

values of extracted from measured data decay in approximately the same on average and

the Fourier coe�cients then level o� at about -55 dB. This implies that a truncation must

be applied to the beamformer with measured data in order to guarantee the stability of

the beamformer. A black line is added to the Picard plot of the beamformer with

measured data in order to provide a guideline for the truncation of the singular values.

It can be seen that the truncation can be arbitrarily applied in a range between order 10

and 12. However, the stability of the beamformer output is sensitive to this selection.

The stabilisation of the Fourier coe�cients are caused by two reasons such as numerical

errors and S/N ratio of the sensor. The former usually occurs in simulations due to �nite

accuracy in calculation whilst the later occurs mainly in measurement. The stabilisation

in the case of low S/N ratio is typically high. By this reason, it can be concluded that the

stabilisation that can be observed in the measurement is caused by the low S/N ratio.

The SVD beamformer output for six di�erent cases as well as their corresponding direc-

tivity index was computed and is presented in Fig 7.42 . The ideal beamformer output is

shown in Fig 7.42a. The ideal beamformer output with truncation at order 10 is shown

in Fig 7.42b. It should be noted that the correction factors discussed in the previous sec-

tion are now applied to the beamformer outputs except the case shown in Fig 7.42f. The

directivity pattern in 7.42c shows the actual beamformer output without the truncation.

It can be seen that the beamformer heavily su�ers from the numerical instability, which
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might be caused from the measurement noise or other kinds of uncertainty. The stability

of the beamformer output can be obtained by applying the truncation. Fig 7.42d shows

the beamformer output when the order of the singular values is truncated at order 10.

As mentioned above, the truncation can be arbitrarily made between the order 10 and

12. Fig 7.42e shows the beamformer output when the truncation is applied at the order

12. It can be seen that the truncation is sensitive and it should be applied at the level 1

dB above the settle level of the Fourier coe�cients in order to achieve good results.

The e�ect of the correction factor is now studied. Fig 7.42f show the beamformer output

with truncation to order 10 but without the correction factor applied. Although the

beamformer output indicates the direction of the impinging wave precisely, the magnitude

of the side lobes appear larger in comparison to the case where the correction factors

were applied (Fig 7.42d). It can be concluded that the correction factor obtained from

the in-situ calibration contribute to improve the performance of the actual beamformer

output. Nevertheless, the beamformer without correction factors could be acceptable,

depending on the applications.
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(a) the simulated beamformer output without
truncation

(b) the simulated beamformer output with
truncation to order 10

(c) the actual beamformer output without
truncation

(d) the actual beamformer output with
truncation to order 10

(e) the actual beamformer output with
truncation at order 12

(f) the actual beamformer output truncated to
order 10 without correction factors applied

(g) Directivity Index

Figure 7.42: The spherical array with SVD beamformer and its performance at
500 Hz
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Next, the SVD beamformer applied to the three arrays is studied. Two di�erent scenarios

were taken into consideration; �rstly, a plane wave was presented to impinge on the arrays

from the direction θ = 45◦ and φ = 135◦, and, secondly, a plane wave was presented to

impinge on the arrays from direction θ = 135◦ and φ = −45◦.

The Picard plots of the arrays are computed for both simulations and measured data

at 500 Hz, 2000 Hz, 4000 Hz, and 7500 Hz. They are presented in Fig 7.43, 7.46, 7.49

and 7.52, respectively. It should be noted that the plots are presented with di�erent

scales of Y-axis in order to show the details of the plots therefore care must be taken

when comparisons are made. It should be also noted that the magnitude of the Fourier

coe�cients, the singular values, and the ratio between the two of the simulations are

di�erent from one obtained by measurement data because the level of sound source

presented in the experiment and the ampli�cation of the microphone signal can not be

controlled to provide ideal level. Thus, the magnitude of the three parameters were

normalised by their corresponding �rst term in order to provide matching between the

simulations and the measurement data.

Considering the Picard plots, it can be concluded that the truncation of the regular

spherical array and the spherical array with conical waveguides at the frequency of 500 Hz

and 2000 Hz should be made at order 10, and 22, respectively, whilst the truncation of the

spherical array with round waveguides should be made at order 5, and 16, respectively.

In case of the frequency of 4000 Hz, and 7500 Hz, the truncation is not required because

the singular values and the Fourier coe�cient do not level o� but decay slowly on average.

The beamformer outputs of all arrays corresponding to a plane wave impinging from the

direction θ = 45◦ and φ = 135◦ are calculated and presented in Fig 7.44, 7.47, 7.50 and

7.53, respectively. The beamformer outputs of all the arrays corresponding to a plane

waves impinging from the direction θ = 135◦ and φ = −45◦ are also calculated and

presented in Fig 7.45, 7.48, 7.51 and 7.54, respectively.

It can be seen that all the beamformers are able to identify the direction of the imping

waves precisely. The directivity pattern of the simulated and the measured beamformer

of all types at 500 Hz and 2000 Hz have a good level of similarity. The mainlobe of the

array with round waveguides are broader than of the other two arrays due to the singular

values truncation applied at a lower order. At 4000 Hz, the directivity pattern of the

beamformer of all the arrays still have a good level of similarity however the side lobes

of the array with conical waveguides are larger than appearing in the simulation. This

issue was investigated and it is concluded that this circumstance could be caused by the

defect of the array geometry a�ecting to the measurement.

Similarity between the simulation and beamformer with measured data can be also ob-

served at the frequency 7500 Hz. It can be seen in that the beamformer outputs of the

spherical array has narrowest beamwidth among others. However it also su�er most from

aliasing as a number of large side lobes appear.
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Unfortunately, the di�erence between the beamformer output of the two arrays with

di�erent waveguides is insigni�cant and not observable in practice at 7500 Hz. Although

the beamformer output of the spherical array with round waveguides shows smaller side

lobes level compared to the array with conical waveguides in the case when the plane

wave impinging on the array from the direction θ = 135◦ and φ = −45◦ (see 7.54d in

comparison to 7.54f), the opposite is true in the case that the impinging wave arrives to

the array from θ = 135◦ and φ = 45◦ (see 7.53d in comparison to 7.53f).
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(a) the regular spherical array

(b) the spherical array with conical waveguides

(c) the spherical array with round waveguides

Figure 7.43: The Picard plots at 500 Hz of the regular spherical array (a),
the spherical array with conical waveguides (b), and the spherical array with
round waveguides (c). Singular values are marked with -*- line, the Fourier
coe�cients computed from simulated data are marked with -o- line, and the
Fourier coe�cients computed from measured data are marked with -x- line.
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(a) the regular spherical array at 500 Hz
(simulation)

(b) the regular spherical array at 500 Hz
(actual)

(c) the spherical array with conical waveguides
at 500 Hz (simulation)

(d) the spherical array with conical waveguides
at 500 Hz (actual)

(e) the spherical array with round waveguides
at 500 Hz (simulation)

(f) the spherical array with round waveguides
at 500 Hz (actual)

Figure 7.44: The SVD beamformer output implemented with the regular spher-
ical array (a and b), the spherical array with conical waveguides (c and d), and
the spherical array with round waveguides (e and f) at 500 Hz. The outputs is
obtained from numerical simulation (a, c, and e) and from the actual data (b,
d, and f). A plane wave impinges from θ = 45◦ and φ = 135◦.
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(a) the regular spherical array at 500 Hz
(simulation)

(b) the regular spherical array at 500 Hz
(actual)

(c) the spherical array with conical waveguides
at 500 Hz (simulation)

(d) the spherical array with conical waveguides
at 500 Hz (actual)

(e) the spherical array with round waveguides
at 500 Hz (simulation)

(f) the spherical array with round waveguides
at 500 Hz (actual)

Figure 7.45: The SVD beamformer output implemented with the regular spher-
ical array (a and b), the spherical array with conical waveguides (c and d), and
the spherical array with round waveguides (e and f) at 500 Hz. The outputs is
obtained from numerical simulation (a, c, and e) and from the actual data (b,
d, and f). A plane wave impinges from θ = 135◦ and φ = −45◦.
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(a)

(b)

(c)

Figure 7.46: The Picard plots at 2000 Hz of the regular spherical array (a),
the spherical array with conical waveguides (b), and the spherical array with
round waveguides (c). Singular values are marked with -*- line, the Fourier
coe�cients computed from simulated data are marked with -o- line, and the
Fourier coe�cients computed from measured data are marked with -x- line.
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(a) the regular spherical array at 2000 Hz
(simulation)

(b) the regular spherical array at 2000 Hz
(actual)

(c) the spherical array with conical waveguides
at 2000 Hz (simulation)

(d) the spherical array with conical waveguides
at 2000 Hz (actual)

(e) the spherical array with round waveguides
at 2000 Hz (simulation)

(f) the spherical array with round waveguides
at 2000 Hz (actual)

Figure 7.47: The SVD beamformer output implemented with the regular spher-
ical array (a and b), the spherical array with conical waveguides (c and d), and
the spherical array with round waveguides (e and f) at 2000 Hz. The outputs is
obtained from numerical simulation (a, c, and e) and from the actual data (b,
d, and f). A plane wave impinges from θ = 45◦ and φ = 135◦.
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(a) the regular spherical array at 2000 Hz
(simulation)

(b) the regular spherical array at 2000 Hz
(actual)

(c) the spherical array with conical waveguides
at 2000 Hz (simulation)

(d) the spherical array with conical waveguides
at 2000 Hz (actual)

(e) the spherical array with round waveguides
at 2000 Hz (simulation)

(f) the spherical array with round waveguides
at 2000 Hz (actual)

Figure 7.48: The SVD beamformer output implemented with the regular spher-
ical array (a and b), the spherical array with conical waveguides (c and d), and
the spherical array with round waveguides (e and f) at 2000 Hz. The outputs is
obtained from numerical simulation (a, c, and e) and from the actual data (b,
d, and f). A plane wave impinges from θ = 135◦ and φ = −45◦.
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(a) the regular spherical array

(b) the spherical array with conical waveguides

(c) the spherical array with round waveguides

Figure 7.49: The Picard plots at 4000 Hz of the regular spherical array (a),
the spherical array with conical waveguides (b), and the spherical array with
round waveguides (c). Singular values are marked with -*- line, the Fourier
coe�cients computed from simulated data are marked with -o- line, and the
Fourier coe�cients computed from measured data are marked with -x- line.
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(a) the regular spherical array at 4000 Hz
(simulation)

(b) the regular spherical array at 4000 Hz
(actual)

(c) the spherical array with conical waveguides
at 4000 Hz (simulation)

(d) the spherical array with conical waveguides
at 4000 Hz (actual)

(e) the spherical array with round waveguides
at 4000 Hz (simulation)

(f) the spherical array with round waveguides
at 4000 Hz (actual)

Figure 7.50: The SVD beamformer output implemented with the regular spher-
ical array (a and b), the spherical array with conical waveguides (c and d), and
the spherical array with round waveguides (e and f) at 4000 Hz. The outputs is
obtained from numerical simulation (a, c, and e) and from the actual data (b,
d, and f). A plane wave impinges from θ = 45◦ and φ = 135◦.
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(a) the regular spherical array at 4000 Hz
(simulation)

(b) the regular spherical array at 4000 Hz
(actual)

(c) the spherical array with conical waveguides
at 4000 Hz (simulation)

(d) the spherical array with conical waveguides
at 4000 Hz (actual)

(e) the spherical array with round waveguides
at 4000 Hz (simulation)

(f) the spherical array with round waveguides
at 4000 Hz (actual)

Figure 7.51: The SVD beamformer output implemented with the regular spher-
ical array (a and b), the spherical array with conical waveguides (c and d), and
the spherical array with round waveguides (e and f) at 4000 Hz. The outputs is
obtained from numerical simulation (a, c, and e) and from the actual data (b,
d, and f). A plane wave impinges from θ = 135◦ and φ = −45◦
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(a) the regular spherical array

(b) the spherical array with conical waveguides

(c) the spherical array with round waveguides

Figure 7.52: The Picard plots at 7500 Hz of the regular spherical array (a),
the spherical array with conical waveguides (b), and the spherical array with
round waveguides (c). Singular values are marked with -*- line, the Fourier
coe�cients computed from simulated data are marked with -o- line, and the
Fourier coe�cients computed from measured data are marked with -x- line.
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(a) the regular spherical array at 7500 Hz
(simulation)

(b) the regular spherical array at 7500 Hz
(actual)

(c) the spherical array with conical waveguides
at 7500 Hz (simulation)

(d) the spherical array with conical waveguides
at 7500 Hz (actual)

(e) the spherical array with round waveguides
at 7500 Hz (simulation)

(f) the spherical array with round waveguides
at 7500 Hz (actual)

Figure 7.53: The SVD beamformer output implemented with the regular spher-
ical array (a and b), the spherical array with conical waveguides (c and d), and
the spherical array with round waveguides (e and f) at 7500 Hz. The outputs is
obtained from numerical simulation (a, c, and e) and from the actual data (b,
d, and f). A plane wave impinges from θ = 45◦ and φ = 135◦.
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(a) the regular spherical array at 7500 Hz
(simulation)

(b) the regular spherical array at 7500 Hz
(actual

(c) the spherical array with conical waveguides
at 7500 Hz (simulation)

(d) the spherical array with conical waveguides
at 7500 Hz (actual)

(e) the spherical array with round waveguides
at 7500 Hz (simulation)

(f) the spherical array with round waveguides
at 7500 Hz (actual)

Figure 7.54: The SVD beamformer output implemented with the regular spher-
ical array (a and b), the spherical array with conical waveguides (c and d), and
the spherical array with round waveguides (e and f) at 7500 Hz. The outputs is
obtained from numerical simulation (a, c, and e) and from the actual data (b,
d, and f). A plane wave impinges from θ = 135◦ and φ = −45◦.
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Directivity index (DI) is introduced as a metric of the array performance. High level of

DI suggests that the arrays su�er less from aliasing. DI of the beamformer of all case

study are computed and presented in Fig 7.55. Fig 7.55a and 7.55b show the DI at

di�erent frequencies when a given plane wave impinging to the array from the direction

θ = 45◦ and φ = 135◦, and θ = 135◦ and φ = −45◦, respectively. Both DI from

simulation data and actual results are plotted in the same graph for comparison. The DI

of the simulation is presented by lines with dot-markers whilst of the actual beamformers

are presented by lines with circle-markers. It should be noted that magnitude of DI is

low at low frequency due to the characteristic of the beamformer. However the DI of

the array with round-waveguides seems signi�cantly lower in comparison to the others

at frequencies below 4000 Hz. This is due to the reason that in the array with round-

waveguides subject to noise at low frequencies more than the other arrays. Hence, the

truncation of the SVD for the array with round-waveguides must be made at lower order

in compare to the other arrays in order to obtain as good as possible the performance

of the beamformer. When the order of the beamformer decreases then the main lobe

of the directivity pattern becomes broader yielding lower DI as a result. The error that

a�ected to the array with round waveguides is potentially caused by the imperfection in

the manufacturing process, e.g. the installation of the transducers, the assembly of the

array body, etc. All of this disturbance can cause the error to the level matching of the

transducers of the array. Therefore, the error at low frequencies should happened only

to the array in this experiment. In other words, if the array with round waveguides was

perfectly build then the performance at low frequencies should not be di�erent to the

other two arrays.

In case of the simulations, the DI of the spherical array start to decrease after 4000 Hz and

goes below 16 dB after 7500 Hz, which is according to the simulation results discussed in

section 6.6, whilst of the other two arrays still increase and tend to settle at a level above

16 dB after 7500 Hz. The plots also show good performance of the SVD beamformer in

real implementation. It can be seen that the DI of simulations and the measured data

increase change accordingly to the increasing frequency. The magnitude of the DI of the

actual beamformer is lower than the simulation in the range of approximately 2 dB.

The plot of DI suggests that the spherical array with conical waveguides has highest DI

among the others in real implementation instead of the array with round waveguides.

However, the improvement is not signi�cant as the magnitude di�erence of the DI of

the three array is around 1 dB at 7500 Hz. Nevertheless, the experiment results show

that the arrays with waveguides provide slightly better performance and tend to be more

directive at higher frequency beyond the aliasing frequency in comparison to the regular

spherical array.

The numerical simulations in chapter 6 have been validated by the experimental results

presented in this chapter. The details of the facility, the equipment, the fabrication of

the arrays, the arrangement of the experiment and the measurement procedures have
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(a)

(b)

Figure 7.55: Plot of DI of the beamformer as function of frequency (a) the plane
wave impinges from θ = 45◦ and φ = 135◦, and (b) the plane wave impinges
from θ = 135◦ and φ = −45◦.

been explained thoroughly. The BEM calculation by OpenBEM were used to compute

the planar directivity and the 3D directivity of the individual microphones mounted

on the spherical arrays. The experiment results show that the BEM is able to predict

the directivity of the individual microphones at an acceptable level of similarity. The

measured 3D directivity patterns show that the round waveguide can make the sensor

become more directive than the conical waveguide therefore the round-cavity array is

potentially to perform better at the higher frequency.

Regarding the practical implementation of the SVD beamformer to the actual arrays,

it has been shown that the stability of the beamformer output can be guaranteed by
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applying a singular value truncation and obeying the discrete Picard condition. The

measured beamformer outputs have been compared to the simulations. By using the DI,

it can be concluded that the spherical arrays with waveguides su�ers less from aliasing

in comparison to the regular spherical array. It is also illustrated that the magnitude

of the side lobes of the beamformer output with high DI is smaller than one with low

DI. Although the spherical array with conical waveguides provide better performance,

however, the bene�t is not signi�cantly observable.
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Conclusions and future works

The framework proposed in this thesis has been applied to the design of rigid-ba�e

microphone array beamforming with complex geometry and overcome the limitation

of microphone array design and signal processing using the BEM and singular value

decomposition. In this approach, microphone array problems have been considered as

inverse problems and have been formulated by means of the Fredholm integral equation

of the �rst kind. Theoretical background presented in chapter 2 illustrates that the

beamformer output can be considered as the solution to the FIE. The discrete Picard

condition must be followed in order to guarantee the stability of the solution of the FIE.

The beamforming strategy have been formulated based on the plane wave superposition

approach and the microphone array problem have been posed as an inverse problem.

This thesis has answered the four research questions that have been posted in chapter 1,

as follows:

� What criterions should be considered in the BEM calculation for the microphone

array beamforming?

� What are the di�erences and similarities between conventional modal beamformers

such as spherical harmonic beamformer, and SVD beamforming?

� How does the performance of SVD beamformer compare to that of the conventional

modal beamformers?

� What are the limitations of SVD beamformer?

� How can the performance of microphone arrays be improved by modifying the array

geometry?

The research questions have been studied and the answers was obtained by mathematical

analysis and numerical simulations. The theoretical background of the BEM has been

233
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reviewed in chapter 3. The parameter and criterion that should be taken into considera-

tion in the use of the BEM applied to microphone array design has been studied with a

spherical microphone array in chapter 4. A number of simulation was carried out and it

has been shown that the acoustic pressure scattered on the surface of the array computed

by the BEM is proved that they are equivalent to spherical harmonic expansion at high

order. An important criterion that should be considered is the node density. It was

found that the nodal density higher than 10 nodes per wavelength is recommended for

accurate results.

The SVD is regarded as generalised modal decomposition thus it should have some re-

lation with decomposition of functions by means of harmonic functions. The relation

between some conventional modal beamformer and SVD has been investigated. In this

thesis, a spherical harmonic beamforming has been analysed. The discussion in Subsec-

tion 4.2.3 has provided the following conclusions. When a microphone array problem is

formulated by means of the integral equation called plane wave superposition and the

problem is considered as an inverse problem, then the solution of such microphone array

problem can be given by means of singular values decomposition. It is shown that the

singular values, and the associated left- and right-singular functions are equivalent to

radial weight functions of the spherical harmonic decomposition and of spherical har-

monics associated with the direction of impinging plane waves, and with the position of

the array's sensor, respectively.

Some numerical studies were carried out in order to investigate the performance of the

SVD beamformer in comparison with some other modal beamforming strategies. In

chapter 4, three beamforming strategies are proposed, namely, conventional spherical

beamforming, pseudoinverse spherical beamforming, and SVD beamforming. The direc-

tivity index has been used as an index to evaluated the performance of the arrays. It has

been found that the SVD beamformer not only provides highest magnitude of DI among

others, but also the BEM-SVD beamformer can maintain its high DI above the alias-

ing frequency, which is determined by the number of sensor and size of the array. This

demonstrates the strong advantage of SVD beamforming in comparison to conventional

spherical beamforming.

The relation between the spherical pseudoinverse beamforming and SVD beamforming

has been investigated in more details. The spherical pseudoinverse beamforming strategy

proposed in subsection 4.2.4 is given by

ãinv = (ȲH
y )†B̄†(Ȳx)†p.

The spherical pseudoinverse beamforming that was implemented with the matrix system

Ȳy, B̄, and Ȳx does not provide beamformer output with good performance. In other

words, it was su�er from aliasing that is caused by wrong estimation of the Fourier
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coe�cients. The modi�ed version of the beamformer that provide stable beamformer

output with the use of the matrix system in economical form has been proposed and is

given by

ãinv,eco = (ȲH
y,eco)

†B̄−1
eco(Ȳx)−1p.

Although the beamforming strategy mentioned above provides good results, unfortu-

nately, its use is limited to only spherical array beamforming because the element of

radial weight matrix B̄eco is computed from analytical solution of the problem. The

spherical pseudoinverse beamforming was extended to the more general case. With some

modi�cation, it was applied to some complex geometry array. The radial weight matrix

B̄eco were replaced by estimated radial weight matrix Brsp,η, which has been computed

by BEM. The modi�ed spherical pseudoinverse beamforming is given by

ãinv,η = (YH
y,η)
†B†rsp,η(Yx,η)

†p,

Additionally, the order of spherical harmonic used for the estimation of the Fourier

coe�cients was studied. A numerical study was carried out and has been discussed in

section 6.6. It should be noted that matrix Brsp,η is not diagonal and the dimension of

the matrix depends on the order of spherical harmonics used in the beamforming. From a

number of numerical simulation, it was found that a spherical pseudoinverse beamformer

with high order provides result similar to SVD beamformer.

The SVD beamforming has then been applied to two case studies. Firstly, the application

of BEM and SVD beamforming to spheroidal array beamforming (see chapter 5), and

secondly, the application of BEM and SVD beamforming to bandwidth extension of

spherical arrays (see chapter 6).

In chapter 5, spheroidal beamforming has been studied from two di�erent perspectives:

�rstly, the features characteristic of the beam of the spheroid when steered to di�erent

directions, and the e�ect of the aspect ratio of spheroids to their directivity. Since

spheroids are not isotropic in the three dimensional space, the SVD-based spheroidal

beamformer also provides asymmetric beamwidth according to the analysis given in

Holmes's thesis [Hol12]. The analysis of numerical simulation and results of the numerical

studies have been presented in section 5.3. The relation between aspect ratio, which is

de�ned by rHR = H
R , and the characteristic of their directivity pattern were studied and

the results and the discussion are given in section 5.4.

The major contribution of this thesis is presented in chapter 6 and 7. The proposed

framework was applied in the feasibility study of bandwidth extension of spherical arrays.

The arrays of interest have waveguides embedded on their surface and sensors at their

end. It was suggested by Epain and Daniel that the beamwidth of the sensor should be
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as close as the beamwidth of the eigenbeam. Numerical simulations were carried out to

�nd the most appropriate shape of waveguides. It seems that it is not possible to obtain

beam of the single sensor that is as narrow as that of the eigenbeam due to the limitation

to the size of the array, and the size and the number of waveguides. By this reason, the

candidate geometry of waveguides was chosen in such a way that it makes sensor become

most directive among others. As a consequence, it was found that round waveguide is

the answer.

The two arrays with waveguides, namely, the spherical array with conical waveguides and

the spherical array with round waveguides were studied further. Numerical simulation of

SVD beamformer when applied to arrays with waveguides was carried out and the results

have been reported in section 6.6. It can be concluded that the array with waveguides

implemented with SVD beamformer works in a wider bandwidth in comparison to the

regular spherical array.

An experiment was carried out in the large anechoic chamber of ISVR in order to con�rm

the results obtained with the numerical simulation in chapter 6. The experimental results,

which has been presented in chapter 7, suggest that the microphones with waveguides

are signi�cantly more directive than that microphone �ush mounted on the surface on

the sphere. The round waveguide seems to make the microphone become most directive

among the other waveguides. Although e�ect of the shape is not noticeable at low

frequencies, it shows a potential of better performance at high frequencies.

The results of the implementation of the SVD beamformer to the measured data demon-

strate the positive e�ect on the waveguides to the arrays' performance. It can be con-

cluded that the performance of the SVD beamformer in real implementation is in accor-

dance with the expected results from numerical simulations. The arrays with waveguides

obtain better directivity index in comparison to the regular spherical array. Some dif-

�culties were found in the experiment and they a�ected to the measurement results.

These are, for example, the imperfection of the arrays' geometry, the limited S/N ratio

of the microphone, and the precision of the setup of the measurement. All mentioned

factors contributed to the degradation of the measurement data.

It is useful to mention some drawbacks that have been found during this study. The

BEM calculation by OpenBEM is one of the di�culties that was encountered because the

algorithm is not optimised for computing with personal computers. The implementation

of OpenBEM is based on the general command of MATLAB and this makes the algorithm

for the BEM calculation process time consuming. OpenBEM is suitable for small 3D

models with number of nodes in the range of 5000 nodes. Besides OpenBEM, there are

some free softwares that are implemented with more e�cient algorithm called FastBEM.

By this technique, the calculation time can be signi�cantly reduced. A textbook authored

by [Liu09] is a good reference book to start with the theoretical background and sample

code.
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Regarding the implementation of the SVD beamforming, the SVD beamformer is fre-

quency dependent. Therefore the implementation in realtime application is more com-

plicated compared to the spherical harmonic beamformer. Instead of applying steering

gain directly to the sensors, a set of �lter must be designed for each speci�c direction for

the SVD beamformer.

As a consequence of this thesis, the following ideas for future work are proposed.

The proposed beamforming strategy using the BEM and the SVD could be applied

to many applications. For example, it can be applied to beamforming with arrays

with geometries that belong to the more complex separable coordinate systems, such

as paraboloidal beamforming, conical beamforming, toroidal beamforming and so on.

Although the Helmholtz equation is separable by means of Fourier method in all of the

curvilinear separable coordinate systems, the group of the mentioned coordinate systems

are highly complex. The proposed numerical approach allows to tackle the problem from

a more practical point of view.

The optimisation of the microphone positions for the complex or unconventional geom-

etry microphone array is another challenging topic. Uniform distributions of the sensor

on the arrays is the most e�cient technique due to the fact that they provide the widest

aliasing free region. Unfortunately, the uniform sampling has not been provided for all

the separable coordinate systems. There are some kind of optimisation algorithm that

could be adopted to tackle the optimisation of the microphone position problem such

as the potential �eld path planning technique [GC02, KB91, WC00]. Finding some algo-

rithms that can provide optimal microphone solution to any kind of microphone array

geometry would be a signi�cant contribution in the �eld of microphone array design.

In addition, the microphone arranging algorithm and the BEM can be applied together

to design microphone arrays with optimised geometries and sensor arrangements that are

suitable for some speci�c application, for example microphone arrays with beamformer

that have directivity pattern exactly the same to human head, high directive microphone

arrays in a given direction, and microphone arrays with some speci�c desired directivity

patterns.

The complex or unconventional microphone array beamforming for microphone arrays

with complex shaped with the Dirichlet boundary condition (sound soft) or mixed bound-

ary condition can be also studied by the BEM. This topic could be useful to some kind

of special application. For example, modal beamforming for the stealth technology for

submarines, ships, and aircrafts. The stealth technology aims to make the vehicle less

visible to RADAR and SONAR, or in other words it aim to reduce any kind of the re-

�ection from sensing devices. However, the vehicle still need to maintain its capability

to localise other vehicles by mean of the RADAR and SONAR and for communication.

Besides the geometrical design, the surface treatment of the vehicles are crucial to the
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stealth technology. Due to the complexity of the geometry and the surface treatment of

vehicles, the BEM and the SVD beamformer could be useful in the design.

Finally, as the microphone array problem and loudspeaker array problem are reciprocal,

the framework to design microphone arrays beamforming based on the inverse problem

proposed in this thesis can be applied to the loudspeaker array application as well. The

BEM can be used to compute the radiation characteristic of the loudspeaker array modal

beamforming. Design of speci�c radiation pattern of the loudspeaker array by optimising

the geometry and the speaker positions could be also one of the signi�cant challenging

research topics.



Appendix A

Spheroidal harmonics decomposition

Spheroidal coordinates can be represented by two subset of the spheroidal coordinate

system, namely prolate spheroidal coordinates and oblate spheroidal coordinates. By

considering a spheroid placed at the origin of the coordinate system, prolate spheroids

are spheroids whose major semi-axis is longer than their minor semi-axis whilst oblate

spheroids are spheroids whose major semi-axis is shorter than their minor semi-axis. The

relation between spheroidal coordinates and Cartesian coordinates is given below.

A.1 Spheroidal coordinates

Oblate spheroidal coordinates

A position vector x in Cartesian coordinates (x1, x2, x3) can be transformed into prolate

spheroidal coordinates (ξ, η, φ) by the following transformation [Vol14, Sku71]

x1 = c
√

(ξ2 − 1)(1− η2) cosφ,

x2 = c
√

(ξ2 − 1)(1− η2) sinφ, (A.1)

x3 = cξη,

where c is a positive constant, ξ ∈ (1,∞) denotes the radial distance, η ∈ (−1, 1)

denotes the elevation angle, and φ ∈ [0, 2π) denotes the azimuthal angle. The backward

transformation between the two coordinate systems is given by

239
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ξ =
d1 + d2

2c
,

η =
d1 − d2

2c
, (A.2)

φ = arctan

(
x2

x1

)
,

where d1 =
√

(x3 + c)2 + x2
1 + x2

2 and d2 =
√

(x3 − c)2 + x2
1 + x2

2.

The aspect ratio of prolate spheroids can be arbitrary, however, they can be normalised in

order to have common limit of integration over their surface. The corresponding scaling

factors for the prolate spheroids are given by

hξ = c

√
ξ2 − η2

ξ2 − 1
, hη = c

√
ξ2 − η2

1− η2
, and hφ = c

√
(ξ2 − 1)(1− η2). (A.3)

By applying the scaling factors given above, the integral of a function F (ξ, η, φ) de�ned

over the surface of a prolate spheroid with constant ξ = ξ0 is given by the following

expression

∫ 1

−1

∫ 2π

0
F (ξ0, η, φ)hηhφdφdη. (A.4)

Note that the de�nition of prolate spheroidal coordinates given above is not degener-

ative. This means that they are uniquely reversible to their corresponding Cartesian

coordinates.

Oblate spheroidal coordinates

Alternatively, the transformation between Cartesian coordinates to oblate spheroidal

coordinates is given by

x1 = c
√

(ξ2 + 1)(1− η2) cosφ,

x2 = c
√

(ξ2 + 1)(1− η2) sinφ, (A.5)

x3 = cξη,

where c is also a positive constant, ξ ∈ (1,∞) denotes the radial distance, η ∈ (−1, 1)

denotes the polar angle and φ ∈ [0, 2π) denotes the azimuthal angle. The backward

transformation between the two coordinate systems is given by
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ξ =

√(
d1 + d2

2c

)2

− 1

η = sgn(z)

√
1−

(
d1 − d2

2c

)2

(A.6)

φ = arctan

(
x2

x1

)
.

Similarly to the case of prolate spheroids, scaling factors are required in order to obtain

a common domain of integration. The scaling factor for oblate spheroids are given by

hξ = c

√
ξ2 + η2

ξ2 + 1
, hη = c

√
ξ2 + η2

1− η2
, and hφ = c

√
(ξ2 + 1)(1− η2). (A.7)

By applying the scaling factors , the integral of a function F (ξ, η, φ) de�ned over the

surface of an oblate spheroid with constant ξ = ξ0 is obtained by

∫ 1

−1

∫ 2π

0
F (ξ0, η, φ)hηhφdφdη. (A.8)

A.2 Plane waves decomposition by spheroidal harmonics

Plane waves with amplitude with unitary amplitude propagating in the positive direction

(θ0, φ0) can be expanded by spheroidal harmonics as [Hol12]

e−jkr cosϑ = 2

∞∑
µ=−∞

∞∑
ν=|µ|

(−j)νR|µ|(1)
ν (ξ, kc)S|µ|ν (η, kc)ejµφS|µ|ν (cos θ0, kc)e

−jµφ0 , (A.9)

where symbol j =
√
−1 is the imaginary unit, k = ω

c0
is the wave number, ω is the

angular velocity and c0 is the speed of sound. R
|µ|(1)
ν (ξ, kc) indicates the spheroidal

radial functions of the �rst kind given by

Rµ(1)
ν (η, kc) =

(
η2−1
η2

)µ
2∑∞

r=0,1 ′d
µ
ν,r

(2µ+r)!
r!

∞∑
r=0,1

′jr+µ−νdµν,r
(2µ+ r)!

r!
jµ+r(ξkc). (A.10)

Note that the summation with prime indicates that the summation begins at 0 for even

(ν − µ) and begins at 1 for odd (ν − µ). jµ(·) indicates the spherical Bessel Function of
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the �rst kind of order µ. The coe�cient dµν,r can be computed by algorithms discussed

by Falloon et al. [FAW03]. The numerical implementation of the algorithm can be found

online and the reference to implementations and some relevant literature are provided

by Volkmer [Vol14]. Additionally, it is also useful to mention spheroidal radial functions

of the second kind

Rµ(2)
ν (η, kc) =

(
η2−1
η2

)µ
2∑∞

r=0,1 ′d
µ
ν,r

(2µ+r)!
r!

∞∑
r=0,1

′jr+µ−νdµν,r
(2µ+ r)!

r!
yµ+r(ξkc), (A.11)

where yµ(·) denote the spherical Bessel function of second kind of order µ.

The term Sµν (η, kc) represents spheroidal angular functions given by the following ex-

pression

Sµν (η, kc) =

∞∑
r=0,1

′ dµν,r(kc)P
µ
µ+r(η). (A.12)

Where Pµν (·) in the equation above is the ν-th degree associated Legendre polynomial of

order µ. The term spheroidal angular functions then can be combined with the circular

harmonics ejµφ to form the spheroidal harmonics

Eµν (η, kc, φ) = Sµν (η, kc)ejµφ. (A.13)

The spheroidal harmonics are orthogonal

∫ 1

−1

∫ 2π

0
Eµν (η, kc, φ)Eµ

′

ν′ (η, kc, φ)∗dφdη = 2πδµ,µ′δν,ν′ . (A.14)

They also satisfy the completeness property

1

2π

∞∑
µ=−∞

∞∑
ν=|µ|

Eµν (η, kc, φ)Eµν (η0, kc, φ0) = δη−η0δφ−φ0 . (A.15)

This means that any sound �eld on the surface of a spheroid de�ned by ξ = ξ0 can be

expanded in terms of the spheroidal harmonics

p(ξ0, η, φ) =

∞∑
µ=−∞

∞∑
ν=|µ|

pµνE
µ
ν (η, kc, φ), (A.16)

where
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pµν =

∫ 1

−1

∫ 2π

0
p(ξ0, η, φ)Eµν (η, kc, φ)∗dφdη. (A.17)

For the scattering due to a spheroid, the decomposition of the total �eld ptot(ξ0, η, φ, ω)

by means of spheroidal harmonics is given by

ptot(ξ0, η, φ, ω) = p0

∞∑
µ=−∞

∞∑
ν=|µ|

 2(−j)ν+1

kc(ξ2
0 − 1)

(
∂
∂ξR

|µ|(4)
ν (ξ, kc)

)
|ξ=ξ0


× Eµν (η, kc, φ)Eµν (cos θ0, kc, φ0)∗,

(A.18)

where Rµ(4)
ν (η, kc) represent spheroidal radial functions of the fourth kind. The spheroidal

radial functions of the third and the forth kind are given by

Rµ(3)
ν (η, kc) = Rµ(1)

ν (η, kc) + jRµ(2)
ν (η, kc), (A.19)

Rµ(4)
ν (η, kc) = Rµ(1)

ν (η, kc)4jRµ(2)
ν (η, kc), (A.20)

According to [Fla14], the third and the forth kind spheroidal radial functions can be

simpli�ed to

Rµ(3)
ν (η, kc) ∼ 1

ξkc
ej[ξkc−

1
2

(ν+1)π] (A.21)

Rµ(4)
ν (η, kc) ∼ 1

ξkc
e−j[ξkc−

1
2

(ν+1)π] (A.22)

The analogy to the spherical harmonic expansion can be made by considering Eq (A.18).

The term in the square bracket can be regarded as the radial weighting and the spheroidal

radial functions of the third and the forth kind are equivalent to the spherical Hankel

function whilst the spheroidal radial functions of �rst and the second kind are equivalent

the spherical Bessel functions.

It has been shown that a plane wave can be decomposed by means of spheroidal har-

monics. Although spheroidal harmonic expansion and spherical harmonic expansion

have similar mechanism, the mathematical theory involved with spheroidal harmonic

expansion is more complex. Moreover, the computation can be heavier because a higher

computational e�ort is required to calculate thespheroidal harmonic coe�cients.
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Table B.1: Coordinate of the microphone positions

Position No.
Coordinates

x y z
1 0.0000 0.0000 1.0000
2 0.8987 0.0000 -0.4387
3 0.3465 -0.8825 0.3181
4 0.3787 0.0705 -0.9228
5 0.5794 0.0724 0.8118
6 -0.9371 -0.2913 -0.1925
7 -0.2393 -0.8442 0.4797
8 0.6032 0.5068 -0.6159
9 -0.5327 0.6204 -0.5756
10 -0.5449 -0.6288 -0.5547
11 -0.4212 -0.4051 0.8115
12 -0.9136 0.2413 0.3272
13 0.2135 -0.5258 0.8234
14 -0.8437 -0.3303 0.4231
15 0.6304 0.6034 0.4883
16 0.8920 -0.4474 -0.0638
17 -0.6467 -0.7612 0.0482
18 -0.1881 0.9710 -0.1478
19 -0.5522 0.1935 0.8109
20 -0.1197 -0.9849 -0.1254
21 0.4981 -0.8335 -0.2392
22 0.8713 0.4867 -0.0638
23 -0.1223 -0.3005 -0.9459
24 0.7225 -0.4601 0.5160
25 -0.6801 0.7318 0.0436
26 -0.9184 0.2724 -0.2870
27 -0.6650 -0.0470 -0.7454
28 -0.1803 0.2992 -0.9370
29 0.0471 -0.7591 -0.6493
30 0.5672 -0.4348 -0.6994
31 0.0808 0.7557 -0.6499
32 0.1076 0.5373 0.8365
33 0.4389 0.8902 -0.1224
34 -0.4270 0.7072 0.5635
35 0.9518 0.0544 0.3019
36 0.1045 0.9220 0.3727
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