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UNIVERSITY OF SOUTHAMPTON
ABSTRACT

FACULTY OF PHYSICAL SCIENCES AND ENGINEERING
OPTOELECTRONICS RESEARCH CENTRE

Doctor of Philosphy
DEVELOPMENT AND CHARACTERIZATION OF A FIBRE LASER

DRIVEN HIGH-HARMONIC SOURCE
James Steven Feehan

Table-top high-harmonic sources of extreme ultraviolet (XUV) light are very attractive
for applications in coherent diffractive imaging, spectroscopy, and lithography. When
compared with synchrotrons and free electron lasers they have greatly reduced size and
cost, so beam time would be more readily available to users. Increasing the repetition
rate of table-top XUV sources is of interest as it enables faster data acquisition, but this
cannot be achieved easily using traditional solid state sources, which require cryogenic
cooling for average powers beyond ∼5 W. The demonstrated ability of fibre chirped-
pulse amplification (CPA) systems for average power and repetition rate scaling enabled
by their inherent thermal stability and readily available, low-cost pump lasers will allow
high average power high-harmonic generation systems to become widely available. A
prototype fibre CPA system was developed by a previous student at the Optoelectron-
ics Research Centre, and was subsequently demonstrated as a high-harmonic source.
However, the system could not be power scaled beyond ∼1 W because of a mismatch
between the seed wavelength (1055 nm) and gain peak of the final amplifier (1040 nm).
This thesis reports the development of a new, power scalable version with excellent sta-
bility due to a reduction in operating wavelength, an optimized amplification chain with
grating stabilized pump diodes, and a realigned bulk stretcher and compressor. The
system is shown to be capable of state of the art XUV generation efficiency, improving
on previously reported values for equivalent systems by a factor of two.

A new seed laser was required for the upgraded fibre CPA system, and during its de-
velopment a novel multi-wavelength modelocking state was observed. New vectorial sim-
ulations of the cavity dynamics definitively identify the cause of this modelocking state
and represent the first detailed theoretical description of the onset of multi-wavelength
cavity dynamics in breathing pulse Yb-fibre lasers operated below the threshold for
multi-pulsing. A novel XUV characterization method was also developed by extending
a spatially resolved spectrometry technique to include radius of curvature measurements
for full spatial XUV beam profiling from a single exposure. The method was used with
the fibre CPA system, allowing for the spatial properties of a fibre laser high-harmonic
source to be measured for the first time.

A more exploratory, unrelated supercontinuum experiment was also performed, ini-
tially to exploit optical wavebreaking of picosecond pulses in all-normal dispersion pho-
tonic crystal fibre to generate octave-spanning coherent spectra. Unexpectedly, cascaded
Raman scattering was observed for the first time under these conditions. An experimen-
tal and numerical investigation of the coherence properties of Raman-dominated super-
continuum in the normal dispersion regime was performed, and the mechanism causing
supercontinua to become incoherent is conclusively identified for this dispersion regime.
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Chapter 1

Introduction

The observation of nonlinear electromagnetic responses from optical materials swiftly
followed the invention of the laser as, for the first time, intensities which induce an
anharmonic electronic response could be reached [1, 2]. Since then a wide range of non-
linear effects have been identified, with the efficient generation of new frequencies being
central to research. Motivation for frequency conversion is provided by a number of fields
which require coherent light sources at wavelengths which cannot be produced through
lasing. Wavelength regions of particular relevance to this thesis work are the extreme
ultraviolet (XUV, 10–100 nm) and the soft X-ray (1–10 nm), and have seen applications
in fundamental physics and chemistry [3, 4], materials science and optical component
manufacture [5, 6, 7], and lensless high resolution imaging [8]. Free electron lasers and
synchrotrons have been used for these purposes, but the scale and high cost of such
facilities severely limits their availability, and beam time can be difficult to secure. As
a result, nonlinear frequency conversion into the XUV using high-harmonic generation
(HHG) [9] has been the focus of extensive research with the aim of creating an efficient,
cost-effective, and compact table-top source as a widely available alternative.

To generate high harmonics, a laser pulse with visible or infrared wavelength is fo-
cussed to an intensity of 1014 W/cm2 in a target medium of, most commonly, a noble
gas. The first experimental demonstration of HHG came in the 1980s when technol-
ogy capable of producing such a high intensity first became available. By focussing a
pulsed Nd:YAG laser into an argon gas jet, emission of the 33rd harmonic of 1064 nm
(32 nm) was observed by Ferray et al. [9]. Following this discovery, the experimental
development of HHG has been focussed on generating shorter wavelengths, increasing
the XUV flux, and on attosecond metrology [10, 11, 12]. These developments were made
using Ti:Sapphire seed lasers, which have a broad emission spectrum allowing for milli-
Joule energy pulses with just 6 fs duration [13]. Many applications of high-harmonic
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2 Chapter 1. Introduction

generation would benefit from an enhanced repetition rate due to the potential for in-
creased flux that this offers but, despite the impressive performance of Ti:Sapphire laser
systems, ytterbium-doped fibre lasers, with their near ideal geometry for thermal man-
agement and low quantum defect, present an attractive alternative for average power
and repetition rate scaling. The development of cladding pumped fibre technology and
the availability of low-cost 976 nm diode pump lasers over the past two decades [14] has
allowed for continuous wave output powers above a kilowatt from single-mode Yb-doped
fibre lasers [15] and peak powers in excess of a gigawatt when used with the CPA archi-
tecture [16].

The fibre geometry also allows for high efficiency, as well as average power and repeti-
tion rate scaling with diffraction limited beam quality due to the guided mode. The tight
mode confinement does, however, mean that nonlinear distortion poses the biggest chal-
lenge when developing pulsed fibre laser systems. Self- and cross-phase modulation can
cause significant distortion to the pulse phase as it is being amplified which can increase
the dispersion mismatch between the CPA stretcher and compressor, leading to pulse
break up and severely reduced peak power. Large mode area flexible and rod-type fibres
can reduce the peak intensity in the amplifier and hence minimize nonlinear effects, al-
lowing pulses of sub-picosecond duration and energy of order 100 µJ–1 mJ [17, 18] to be
generated at repetition rates in excess of 100 kHz. To produce pulse energies above that
possible from a single rod-type amplifier, parallel amplifier geometries have also been ex-
plored which spatially divide the pulses to seed a tiled parallel array of Yb-doped large
mode area amplifiers. The output pulses are then recombined to give a total energy
which is much higher than could be achieved with a single fibre. This process is known
as coherent combination [19, 20].

Using these techniques it has been possible to generate high harmonics with mi-
crowatt average powers [21, 22] which have subsequently been used for real-time XUV
coherent diffractive imaging [23]. XUV continua up to the water window have also been
observed [24, 25]. It should be noted that these results have required two-stage nonlinear
compression to reduce the pulse duration from ∼0.8 ps to approximately 30 fs [26].

In spite of the excellent progress, these systems are still predominantly formed using
bulk optics, and are therefore susceptible to environmental instability which is not seen
with more fully fiberized systems. In addition, transverse modal instability restricts the
power scaling of the rod-type amplifiers used to the ∼200 W level [27, 28]. As such, re-
search carried out at the Optoelectronics Research Centre (ORC) has focussed on using
flexible, single mode fibres to mitigate these instabilities, maintain purely single-mode
operation, and simplify the laser architecture to one which may be easily packaged and
commercialized.

In previous work a fibre CPA system was developed at the ORC [29, 30]. The sys-
tem emitted 100 µJ, 300 fs pulses at a repetition rate of 16.7 kHz, and was capable of
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Figure 1.1: Near-field diffraction pattern created by XUV generated by a fibre CPA
system after passing through a wire mesh, recorded as part of a preliminary characteri-
zation experiment at the start of this thesis work. The colourmap indicates CCD pixel

counts on a linear scale.

producing XUV radiation via high-harmonic generation [31], as shown by the near-field
scattering pattern produced by a wire mesh placed in the XUV beam in figure 1.1 dur-
ing a preliminary characterization experiment performed in the first few months of this
project. This system, however, was unsuitable for average power and repetition rate
scaling at high pulse energy due to a large mismatch between the operating wavelength
of 1055 nm and the gain peak of the final amplifier at approximately 1035–1040 nm. Ad-
ditionally, instabilities such as self-Q-switching were observed due to insufficient energy
extraction from the gain fibre. However, the results showed that the overall architecture
was capable of producing a high pulse energy and performed as expected, providing a
platform for optimization. In addition, a low pulse energy, high repetition rate variant
of the system had been shown to produce >100 W of average power [32], enabled by the
dielectric compressor grating which again supported a strategy of continuing to refine
the performance level of the system.

This thesis documents the development of this fibre CPA design to operate at 1045 nm,
which led to improved system stability, optical signal-to-noise ratio, and XUV flux. The
majority of the new system was fiberized and as a result excellent long-term and shot-
to-shot stability were demonstrated and diffraction limited beam quality for 100 µJ,
350 fs pulses emitted at a repetition rate of 16.7 kHz was achieved. The system was
used to generate XUV via HHG in a xenon-filled gas cell. The average output XUV
power of 400 nW corresponds to a state of the art conversion efficiency for both linearly
and nonlinearly compressed fibre CPA systems which do not involve the complexity of
coherent combination. The XUV was characterized using a newly developed extension
to an existing spatially resolved spectrometry technique, and wavelengths down to 27 nm
were detected. The characterization technique allowed for the radius of curvature and
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spatial intensity distributions of the harmonics generated from a fibre CPA system to
be resolved for the first time.

During this work I was also involved in a supercontinuum generation project as I had
developed a suitable pump laser for the experiments. Motivated to produce a low-cost
octave spanning optical frequency comb for applications in metrology and attosecond
pulse generation an amplifier emitting chirped picosecond, broad bandwidth pulses was
used as a pump for supercontinuum generation in all-normal dispersion (ANDi) photonic
crystal fibre (PCF), with the aim of producing coherent spectral broadening through op-
tical wavebreaking. Unexpectedly, cascaded Raman scattering was observed for the first
time in this dispersion regime, and a numerical and experimental investigation into the
effect that this process has on the resulting coherence was carried out. The coherence
was found to degrade quickly as Raman scattering became the dominant broadening
process, and the mechanism through which this occurs is described for the first time in
this work.

This thesis is separated into three parts. In part I, chapter 2 the relevant fibre technol-
ogy, Yb3+-doped silica spectroscopy, and nonlinear fibre optics are introduced before a
description of the pulse propagation algorithm used for the nonlinear fibre optics simula-
tions included in this thesis. Chapter 3 of this part documents the modelocked Yb-doped
fibre oscillator built as part of this project for seeding the new fibre CPA system, which
is described in part I, chapter 4. Part II starts with an introduction to high-harmonic
generation in chapter 5, which is followed by a description of the single exposure char-
acterization technique in part II, chapter 6. A proof-of-principle demonstration of the
technique using a capillary high-harmonic source driven by a Ti:Sapphire laser is also
described. Part II is finalized in chapter 7, which includes the performance and charac-
terization of the fibre CPA as a high-harmonic source. Part III, chapter 8 documents a
separate but related experiment in which cascaded Raman scattering is recorded for the
first time in the all-normal dispersion regime. The thesis is then concluded in part IV,
chapter 9.
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Fibre CPA development
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Chapter 2

Theory of pulse propagation in
silica optical fibre

The optical fibre propagation theory, technology, and relevant numerical methods for
simulating pulse propagation in silica are introduced in this chapter. Section 2.1 de-
scribes step-index fibre technology and the condition for single mode operation, as well
as the group delay experienced by single mode signals propagating in step-index fibre.
Section 2.2 introduces Yb-doped silica fibre as a gain medium, starting with the spec-
troscopy of Yb3+ ions in an aluminosilicate host in subsection 2.2.1, then outlining the
Yb-doped fibre designs used for high peak and average power applications in subsec-
tion 2.2.2. Section 2.3 introduces nonlinearity, dispersion, and the generalized nonlinear
time-dependent Schrödinger equation (GNLSE). Section 2.4 introduces the Runge-Kutta
Fourth-Order Interaction Picture (RK4IP) and Conservation Quantity Error (CQE)
methods used for simulating pulse propagation, and describes how quantum noise was
included in these simulations. The chapter is concluded with a summary in section 2.5.

2.1 Single mode step-index optical fibre

Generally, step-index optical fibre is constructed of a core with refractive index ncore

surrounded by a cladding with refractive index nclad < ncore, with a discontinuity in
refractive index at the boundary between the two. Under single mode operation, step-
index fibre supports only one transverse propagation mode per polarization state for a
given wavelength. This is the case under the condition that the V-number (or normalized
frequency parameter), given in equation 2.1, has a value which is less than 2.405 [33, 34]

V = 2π
λ
a(n2

core − n2
clad)

1
2 (2.1)

7
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where λ and a are the wavelength and core radius, respectively. There exists both a short
and long wavelength limit to single mode operation. The short wavelength limit defines
the point at which the fibre is able to guide more than one transverse mode for a given
core radius and refractive index difference between the core and cladding. Conversely,
the long wavelength limit defines the point at which the fibre stops guiding due to
material absorption or bend-induced loss. The latter is determined by the numerical
aperture (NA) of the fibre, which is defined as follows:

NA = sin(θmax) ≈ (n2
core − n2

clad)
1
2 (2.2)

Here, θmax is the maximum incidence angle measured with respect to the core tangent
that will allow for an input optical ray to be guided in the core. Equivalently, the NA
may also be defined as the sine of the solid half angle through which a guided optical
beam will diverge when emitted from the core to free space. Fibres with a high NA are
more resilient against bend loss in general [35, 36]. Standard single mode fibre used at a
wavelength of 1 µm (e.g., PM980 or HI1060) have minimum bend radii of approximately
1 cm for NA ≈ 0.14. As shown by equation 2.1 the fibre V-number also depends on
NA. This has important consequences for maintaining diffraction limited beam quality
whilst scaling peak power in pulsed fibre laser systems and will be discussed in subsec-
tion 2.2.2.

A broadband optical signal propagating in step-index fibre will also be subject to
chromatic dispersion, which may in part be controlled by the fibre parameters repre-
sented by the V-number and NA. Under the condition that the difference between the
core and cladding refractive indices is small (known as the weakly guiding condition,
expressed in equation 2.3), it has been shown [37] that the propagation constant for
light guided in optical fibre can be written as shown in equation 2.4.

∆ = ncore − nclad
nclad

� 1 (2.3)

knclad < β < kncore (2.4)

where β is the signal propagation constant and k the vacuum wavenumber. Using
equation 2.5 simplifies the propagation constant to the form given in equation 2.6.

b = (β2/k2)− n2
clad

n2
core − n2

clad
(2.5)

0 < b < 1 (2.6)
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Parameter b is referred to as the normalized propagation constant, and may be used to
relate β to nclad, k, and ∆ through the following:

β = ncladk(b∆ + 1) (2.7)

Taking the derivative of the propagation constant with respect to vacuum wavenumber
gives the group index for the signal:

ngroup = dβ

dk
(2.8)

Due to the material dispersion of the silica glass core and the wavelength dependence
of the V-number, the group index will also have a wavelength dependence. Multiplying
by fibre length, L, and dividing by the speed of light in vacuum, c, the group delay
experienced by an optical signal of wavelength λ may be expressed as:

τgroup = L

c
ngroup (2.9)

The group delay shares its wavelength dependence with the group index, and this depen-
dence may be expressed intuitively by assuming that ∆ is not wavelength dependent (i.e.,
that the material dispersion of the core and cladding is equal), and that k(dn/dk)� n.
As shown in Ref. [38], this yields:

τgroup = L

c

[
d(kncore)

dk
+ ncore∆

d(V b)
dV

]
(2.10)

The first term in equation 2.10 accounts for the effect of the core material, and the second
for the fibre geometry. From this relationship it is clear that ∆ and the V-number may
determine the group delay as a function of wavelength experienced by a wide bandwidth
signal guided in the core of an optical fibre. This relationship is used extensively in the
work presented in chapter 8.

2.2 Yb3+-doped fibre

2.2.1 Spectroscopy of Yb3+-doped silica

The Yb3+ energy level structure is shown in figure 2.1 [39]. The ground state manifold
(2F7/2) has four Stark levels (labels a–d), and the excited state manifold (2F5/2) has
three Stark levels (labels e–g), and is separated from the ground state by ∼ 104 cm−1.
Due to its simplicity, this structure mitigates detrimental processes such as concentration
quenching by energy transfer between ions, and excited state absorption of the pump
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and signal light. Additionally, the large energy gap between manifolds prevents non-
radiative transitions by multi-phonon emission. Cooperative up-conversion does occur,
but is a very weak process and is therefore neglected.

Figure 2.1: Yb-doped silica energy level diagram (from [39]).

The sublevels shown in figure 2.1 are not fully resolved in Yb-doped silica fibres. The
resulting absorption and emission cross sections, shown in figure 2.2, are therefore broad
and lack discrete features [39, 40]. This is due to the strong homogeneous and inhomo-
geneous broadening mechanisms acting on the Yb3+ ions in the silica host, including the
effect on linewidth from the uncertainty in decay time (∼ 0.8 ms), phonon interactions
between the ions and the silica fibre, and the anisotropic structure of fused silica, which
has the effect of randomizing the Stark splitting experienced by each ion. Although
the host composition has a significant effect on the cross-sections and fluorescence time
(reportedly as high as 30% [41, 42]), only aluminosilicate hosts are relevant to the work
presented in this thesis.
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Figure 2.2: Absorption and emission cross sections for Yb-doped aluminosilicate glass.

The main features of the Yb-doped aluminosilicate fibre cross-sections are [39]: The
strong emission and absorption peaks at 975 nm; the absorption band around 915 nm;
the emission band around 1030 nm; the absorption and emission tails starting at 1030 nm
and 925 nm, respectively. Due to the high absorption cross sections, shorter fibre lengths
may be used by pumping at the 975 nm absorption peak, which also avoids strong ASE



Chapter 2. Theory of pulse propagation in silica optical fibre 11

G
ai

n,
 d

B
/m

Signal wavelength, nm

Absorbed pump
power

Figure 2.3: Simulation showing the gain profile as a function of inversion for a typical
Yb-doped fibre amplifier pumped with 910 nm light as the pump power is increased

from 0–30 mW in intervals of 3 mW (adapted from [40]).

from the emission peak at the same wavelength. Pumping in the 915 nm band does not
share this advantage, and the reduced absorption at this pump wavelength necessitates
longer fibre lengths. The broad emission band from 1030–1100 nm corresponds to tran-
sitions from level e to levels b–d in figure 2.1, and emission becomes quasi four-level in
character at longer wavelengths due to the small thermal populations of the Stark split
sublevels.

Transitions in the Yb3+ ion spectroscopy may be considered three-level for gain in
the 975–1050 nm band. This is demonstrated in figure 2.3, which shows the gain per
unit length for a typical Yb-doped fibre amplifier as a function of pump power. For low
pump powers there is strong absorption below 1050 nm, meaning that the Yb-doped
fibre length must be optimized to avoid loss in an unpumped section. As the operating
wavelength is increased, the dynamics tend towards four-level behaviour as absorption
becomes weaker. Increasing the fibre length for a given pump power therefore extends
the gain peak to longer wavelengths. However, as the emission cross section for shorter
wavelengths is significantly larger, short gain fibre lengths and high inversion moves the
gain peak closer to 1030 nm. The three-level dynamics also lead to a requirement for
high brightness pump diodes and low loss fibres. As these are now commercially avail-
able, Yb-doped fibre lasers and amplifiers have become a standard tool for applications
which require high average and peak power optical systems with diffraction limited beam
quality [15, 16, 43], owing to the low quantum defect (∼ 10%), lack of excited state ab-
sorption, broadened emission spectrum, and availability of high power pump diodes at
the wavelength of the absorption peaks.
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2.2.2 Fibre technology for high peak power applications

While single-mode, single-clad fibres are useful for applications where diffraction limited
beam quality and high gain are required, population inversion is usually achieved by
propagating the pump light in the core with the signal. Single-mode pump diodes must
therefore be used, limiting the available output average power to < 1 W.

The development of double-clad fibre technology [44, 45, 46, 47] allows for high
power pump diodes to be used, enabling average power scaling from the Watt level
to multiple kilo-Watts [15]. The structure of double-clad fibres is similar to that of
the single-mode fibres discussed in section 2.1, with the addition of a reduced-index
inner cladding surrounding the single-mode core. The inner cladding has a high NA
and usually supports a large number of modes, so that output from multi-mode pump
diodes can be coupled efficiently. As the multi-mode pump light propagates in the inner
cladding, it passes into and is absorbed by the Yb-doped signal core, allowing for the
single-mode signal to be amplified.

As a result of the reduced overlap between the pump light and Yb-doping, double-
clad fibres have a relatively low pump absorption per unit length, necessitating longer
device lengths. This effect is mitigated in the double-clad fibre amplifiers used in this
work by increasing the NA and reducing the diameter of the inner cladding, which results
in a greater pump overlap with the Yb-doped signal core without requiring higher pump
brightness.

Amplifying pulses with a high peak power requires that nonlinear effects are negated
to prevent pulse distortions. Large mode area (LMA) fibres which maintain a single
spatial mode may be used for this purpose. Whereas a typical single-mode fibre has a
mode area of < 50 µm2 (MFD of 5–6 µm), LMA fibres can support mode areas up to
a few thousands of µm2 [48, 49], thus reducing the optical intensity in the amplifier by
factors of > 10 and increasing the threshold of nonlinear distortion.

There are a number of ways in which the mode area of a fibre may be increased
whilst maintaining single-mode operation. The first is to increase the core radius and
decrease the NA to maintain V < 2.405. However, this decreases the threshold for bend
induced loss, until mechanical strain increases the core index which has the effect of
compressing the mode to smaller areas. In step-index fibre, the minimum achievable
core NA is limited to approximately 0.06 by the error in the concentration of dopants
(e.g., germanium) used to control the core refractive index. Solid-core photonic crystal
fibres (PCF) allow for lower NA values as the air-clad structure may be adjusted with
greater accuracy than chemical doping. Larger mode areas are therefore achieved when
using PCF in comparison with step-index fibres, but bend loss [50] and mode compression
remain the limiting factors. In order to reduce this constraint, it is possible to use few-
moded fibres in a ‘quasi-single-mode’ configuration. Beam quality close to the diffraction
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limit can be achieved this way by exploiting bend loss, which is higher for the higher
order modes. Both quasi-single-mode operation of step-index fibres and PCF designs
are used in the amplifiers described in this thesis.

In addition to nonlinear pulse distortion, damage to the fiber facets may also occur
for high optical intensities. This is avoided by splicing an endcap formed of coreless silica
rod to the fibre facets. The mode expands in the silica rod once it has left the fibre core,
and the intensity is reduced at the air-silica interface, where the damage threshold is
lower with respect to the bulk silica [51, 52]. The endcap facet is then polished, further
increasing the damage threshold [52, 53].

2.3 Nonlinearity and dispersion in optical fibre

This section briefly introduces the effects that nonlinearity and chromatic dispersion
have on a pulse propagating in a single mode optical fibre. The amorphous structure
and low nonlinear refractive index of silica glass [54] mean that only third order nonlin-
ear effects need to be considered, and as such this discussion is limited to self-steepening,
self- and cross-phase modulation, and Raman scattering. Due to the broadband optical
signals used throughout this work, Brillouin scattering is negligible and is not taken into
account.

An electric field polarized along the transverse x-axis of an optical fibre and propa-
gating along a z-axis along the fibre length is given by equation 2.11:

~E(x, y, z, t) = 1
2~x(E(x, y, z, t)ei(β0z−ω0t) + c.c) (2.11)

Here, ~E is the complex electric field with amplitude profile E, carrier frequency ω0, and
propagation constant β0. Taking the Fourier transform of this field gives the distribution
in the frequency domain:

Ẽ(x, y, z, ω) = F (x, y, ω)Ã(z, ω − ω0)eiβ0z (2.12)

Ẽ denotes the Fourier transform of the electric field defined in equation 2.11, F is the
transverse mode profile, and Ã is the complex spectral envelope. The transverse mode
profile of the signal in the fibre core determines the optical intensity for a given on axis
peak power. As such, an effective mode field area, Aeff, is defined in equation 2.13, and
is used in determining the strength of the nonlinear response of the fibre material.

Aeff(ω) =

(∫∫ ∞
−∞
|F (x, y, ω)|2dxdy

)2

∫∫ ∞
−∞
|F (x, y, ω)|4dxdy

≈ π
(MFD

2

)2
(2.13)
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Here, MFD denotes the mode field diameter. The time domain representation of the
spectral envelope is derived by taking the Fourier transform of Ã(z, ω − ω0):

A(z, t) = 1
2π

∫ ∞
−∞

Ã(z, ω − ω0)e−i(ω−ω0)tdω (2.14)

A(z, t) is normalized such that its square modulus gives the instantaneous power in
Watts.

The effect of chromatic dispersion and nonlinearity on the time domain envelope is
in general calculated by finding numerical solutions to the following GNLSE:

∂A(z, T )
∂z

=
(
D̂ + N̂

)
A(z, T ) (2.15)

D̂ and N̂ denote the dispersive and nonlinear operators which act together on envelope
A(z, T ), and the time axis has been centred about the envelope by a change of variable
T = t−z/vgroup. The fibre loss and dispersion information is included through the linear
parameter:

L = −α2 −
∞∑
n≥2

βn
in−1

n!
∂n

∂Tn
(2.16)

which is then used to define the dispersive operator through D̂ = exp(Ldz/2). In
equation 2.16, βn denotes a set of Taylor coefficients which approximate the propagation
constant β(ω) for the fibre about the central angular frequency of the signal, ω0. These
have units of sn/m, and may be measured experimentally [55, 56, 57]. Where the higher
order dispersion coefficients are not known, the Taylor expansion may be truncated
at the second order, β2, albeit with reduced accuracy. It is often useful to consider
second order dispersion in units of picoseconds of temporal broadening per nanometre
of bandwidth and per kilometre of propagation. The dispersion parameter is defined for
this purpose as [58]:

D(λ) = −2πcβ2
λ2 (2.17)

Additionally, the length of fibre over which the spectral phase of the optical signal
increases by π radians due to chromatic dispersion is of practical interest. This parameter
is known as the dispersion length, and is given by equation 2.18.

LD = T 2
0
|β2|

(2.18)

where T0 is the duration at the half-width at 1/e intensity point [58]. The second
order dispersive phase parameter, β2, is significant in determining the propagation dy-
namics of envelope A(z, T ). The envelope may take the form of dispersive solutions for
the normal dispersion regime where β2 > 0, or soliton solutions for the anomalous dis-
persion regime, where β2 < 0. All fibres considered in this thesis are normally dispersive
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at wavelengths below 1.3 µm, and the anomalous dispersion regime is not considered in
further detail.

The nonlinear operator in equation 2.15 approximates both the instantaneous and
delayed intensity dependent response of the optical fibre, and may be represented in the
time domain as follows:

N̂ = iγ
1
Am

(
1 + 1

ω0

∂

∂T

)[
(1− fR)

(
|Am|2 + 2

3 |An|
2
)
Am

+ fRAm

∫ ∞
0

hR(τ)|Am(z, T − τ)|2dτ + iΓR(z, T )Am
]

(2.19)

where γ = (2πn2)/(Aeffλ) is the nonlinear parameter in units of rad(Wm)−1, and scales
the nonlinear response according to the nonlinear refractive index, n2 (2.74×10−20 m2/W
for silica around 1 µm [59]), and the effective mode field area.

The Raman fraction, fR, determines the fraction of the nonlinear material response
which is delayed, and has a value of 0.18 for silica [60]. The coefficient (1−fR) therefore
determines the strength of the nonlinear contribution from the instantaneous material re-
sponse. Self-steepening (SS), self-phase modulation (SPM), and cross-phase modulation
(XPM) between orthogonally polarized field components belong to the instantaneous
category, and will be discussed first. Both stimulated and spontaneous Raman scatter-
ing belong to the delayed category, and will be discussed second.

The term involving the temporal derivative accounts for SS, in which the peak of the
envelope travels at a reduced group velocity due to the intensity-dependent increase in
refractive index [61]. Following this, SPM is included through the term in |Am|2 [62],
and accounts for the shift in instantaneous frequency experienced by envelope Am ac-
cording to the negative gradient of |Am|2. Similarly, the term in (2/3)|An|2 accounts
for XPM between orthogonal polarization states, where subscripts m and n indicate the
orthogonal polarization components of the complex electric field envelope. This term
is responsible for a number of nonlinear effects, including a shift in the instantaneous
frequency of envelope Am according to the negative gradient of |An|2, as well as an
intensity dependent rotation (or evolution) of the polarization state. The latter has
been used to form a fast saturable absorption mechanism for self-start modelocking of
fibre lasers [63, 64, 65], and is responsible for the modelocked fibre oscillator dynamics
presented in chapter 3.

As with dispersion, it is often useful to calculate the length of fibre over which SPM
increases the signal phase by π radians. The so-called nonlinear length is defined as
follows:

LN = 1
γP0

(2.20)
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where P0 is the peak power of the pulse. Similarly, it is frequently useful to calculate
the total phase increase from SPM along a fibre length using the B-integral:

B = 2π
λ

∫ L

0
n2I(z)dz (2.21)

Relations 2.20 and 2.21 are useful for approximating the accumulated nonlinear phase
shift in supercontinuum experiments, modelocked fibre oscillators and amplifiers, and
are used for analysing the nonlinear dynamics of the modelocked fibre oscillator and
fibre CPA system in chapters 3 and 4, respectively.

Figure 2.4: Left: Raman gain spectrum, gR(Ω), and right: Raman response, hR(τ),
for silica.

The delayed nonlinear response is expressed by the convolution integral in equa-
tion 2.19, which accounts for Raman scattering. This effect involves a coupling between
incident signal photons and optical phonons in the fibre. Photons may be absorbed by
the silica lattice, leading to an unstable virtual excited state. A fraction of the original
(pump) photon energy may be retained when the virtual state relaxes spontaneously,
leading to an emitted (Stokes) photon with a reduced frequency, and a phonon with
energy ~(ωpump − ωStokes). An increase in photon energy is also possible, and occurs
when a propagating phonon and pump photon produce a virtual excited state which
then decays into a single anti-Stokes photon. However, anti-Stokes radiation is emitted
less frequently than Stokes as this process is less favourable.

Function hR(τ) in the convolution integral accounts for the material Raman response.
The real part of hR(τ) and the corresponding Raman gain spectrum are given for silica
in figure 2.4 [66]. As the gain spectrum shows, the Stokes photon is most likely to have
a frequency which is 13.2 THz lower than the incident pump photon (for anti-Stokes
photons, the frequency is most commonly increased by the same amount). The broad
Raman gain bandwidth for silica is the result of its amorphous structure. As the emis-
sion of Stokes and anti-Stokes radiation can also be stimulated, the Raman effect is
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amplified exponentially once fibre losses are overcome:

dIS
dz

= gR(Ω)IpumpIS − αSIS (2.22)

where Ipump is the intensity of the propagating Raman pump light, IS is the intensity
of the Stokes radiation. and αS is the fibre loss for the Stokes radiation.

In a pulsed system with high peak power, Raman amplification of quantum noise
occurs and a critical pump peak power for stimulated Raman scattering is given in
Ref. [67] as:

P cr
0 ≈

16Aeff
gR(Ω)Leff

(2.23)

where Leff = (1 − e−αL)/α. P cr
0 provides an approximate output pump power which

will give an equal output Stokes power. Beyond this limit the Raman effect transfers
energy from the pump light rapidly, such that most of the pump is depleted over a short
propagation distance [68].

The final term in the nonlinear operator (equation 2.19) accounts for spontaneous
Raman scattering noise [60], where ΓR is a stochastic variable with frequency domain
correlations given by:

〈ΓR(Ω, z)Γ∗R(Ω′, z′)〉

= 2fR~ω0
γ

|Im[hR(Ω)]|[nth (|Ω|) + U(−Ω)]δ(z − z′)δ(Ω− Ω′) (2.24)

As before, Ω = ω−ω0. Function nth = [e~Ω/kBT − 1]−1 is the thermal Bose distribution,
which scales the anti-Stokes and Stokes contribution according to the increase in phonon
density with temperature [69], and U is the Heaviside step function.

2.4 Numerical methods

This section introduces the numerical methods used throughout this work for simu-
lating pulse propagation in optical fibre. A fourth-order Runge-Kutta integrator was
used to propagate the field in the interaction picture (the RK4IP method) [70]. Ad-
vantages for implementing a frequency domain formulation of the RK4IP method have
been reported [71], and are described here. The frequency domain formulation also al-
lowed for the Conservation Quantity Error (CQE) method to be used in conjunction
with the RK4IP method for adaptive step sizing, leading to improved computational
efficiency [72]. Python functions for solving both the scalar and vector GNLSE (i.e.,
with and without polarization effects) using these methods are given in Appendix D,
and were adapted by the author from Ref. [70], as well as through useful discussions
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with Dr. Alexander Heidt. The scripts which used the functions to simulate the pulse
propagation were entirely the author’s work.

2.4.1 The RK4IP algorithm

In the literature, approximate solutions to the GNLSE have been found using the sym-
metric split-step Fourier method (SSFM) [73], which operates under the assumption that
dispersion and nonlinearity act independently and consecutively over short propagation
distances. In reality, the operators act together, and as such this approximation gener-
ates numerical errors as the field envelope is propagated from one longitudinal position
(z) to the next (z + h). This propagation error is generally of order O(h2) [58, 74].

It has been shown that a Runge-Kutta in the interaction picture (RK4IP) method
can be applied to nonlinear pulse propagation problems [70] with a propagation error of
order O(h5). The dispersive and non-dispersive operators are separated by transforming
the field into the interaction picture, which is done by multiplying the field envelope by
a factor of exp((h/2)L). In contrast to the SSFM, this distributes the effect of disper-
sion over both the field and the nonlinear operator, resulting in better integration of the
nonlinearity and dispersion. Solutions to the GNLSE may then be found by propagating
the field using the Runge-Kutta integration method. The RK4IP method was chosen
over SSFM due to the improved propagation error. This not only provides high accuracy
when simulating nonlinear pulse propagation, but also allows for greater flexibility when
optimizing accuracy and computation time. The relative propagation error of order
O(h3) between the two methods implies that greater accuracy can be achieved for the
same computation time for the RK4IP method, or that equal accuracy can be achieved
in greatly reduced computation time.

The algorithm for advancing the field envelope from position z to z + h is demon-
strated by equation set 2.25, in which AI is the field in the ineraction picture, h is the
step size, and all other parameters have their usual meanings [70].

AI = exp
(
h

2L
)
A(z, T ),

k1 = exp
(
h

2L
) [
hN̂A(z, T )

]
A(z, T ),

k2 = hN̂

(
AI + k1

2

)[
AI + k1

2

]
,

k3 = hN̂

(
AI + k2

2

)[
AI + k2

2

]
,

k4 = hN̂

(
exp

(
h

2L
)

(AI + k3)
)[

exp
(
h

2L
)

(AI + k3)
]
,

A(z + h, T ) ≈ exp
(
h

2L
)[

AI + k1
6 + k2

3 + k3
3

]
+ k4

6



(2.25)
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The first line of equation set 2.25 defines the interaction picture representation of the
field, before the first nonlinear step is defined by intermediary parameter k1. Following
this, consecutive nonlinear operations act on AI (defined by k2–4), before the dispersive
step is finalized in the Runge-Kutta integration step in the final line. For each consecutive
nonlinear operation k1 to k4, the operator is redefined using the latest intermediary
version of the interaction picture field (i.e., AI + ki/2). For the definition of ki and N̂ ,
large curved and square brackets denote the interaction picture field used to define the
operator and that which the operator acts on, respectively. This process is repeated for
n consecutive longitudinal steps until

∑
n hn = Lfibre.

In the SSFM and RK4IP approaches described above, the dispersive and nonlinear
operators are applied in the frequency and time domains, respectively. Considering
numerical accuracy and efficiency, a formulation involving only the frequency domain
may be used with the following advantages:

1. The Raman convolution in equation 2.19 is transformed to a multiplication of the
Raman gain spectrum with |A(z, ω−ω0)|2 through the convolution theorem, which
greatly reduces computation time.

2. Numerical error from the time domain derivatives shown in both equations 2.16
and 2.19 may be avoided. Transferring to the frequency domain replaces the
derivatives with a multiplication by −i(ω− ω0), where ω0 is the central frequency
of the pulse envelope. Thus SS is included without approximation, increasing
accuracy.

3. Wavelength dependence of fibre loss, gain, nonlinear parameter γ (and therefore
MFD) may also be taken into account [75].

Consequently, the frequency domain formulation of the RK4IP method was adopted.
The dispersive parameter and nonlinear operator defined in equations 2.16 and 2.19
have frequency domain formulations as follows:

L̃(Ω) = −α(Ω)
2 + i

∞∑
n≥2

βn
Ωn

n! (2.26)

N̂(Ω) = −iγ 1
Am(z,Ω)

(
1 + Ω

ω0

)(
F

[
(1− fR)

(
|Am(z, T )|2 + 2

3 |An(z, T )|2
)
Am(z, T )

+ fRAm(z, T )F−1
[
h̃RF

[
|Am(z, T )|2

]]
+ iΓ(z, T )

])
(2.27)



20 Chapter 2. Theory of pulse propagation in silica optical fibre

Again, Ω = ω−ω0. F and F−1 denote the Fourier transform and its inverse, respectively,
and h̃R is the Fourier transform of the Raman response function. As before, subscripts
m and n denote orthogonally polarized field components.

2.4.2 The conservation quantity error method

Setting the propagation step size is crucial for retrieving accurate computational data.
If the step size is too large then the propagation error will become intolerable, leading
to artefacts in the simulated field envelope. However, overcompensating for this effect
by setting a very small step size can lead to computational inefficiency. It is therefore
often useful to implement an adaptive step sizing algorithm which monitors a defined
error parameter as the field is being propagated and adjusts the step size accordingly.

For the majority of nonlinear pulse propagation simulations in this thesis, the CQE
method is adopted for adaptive step sizing [72, 74]. This method is based on the fact
that, neglecting fibre loss, the GNLSE conserves the optical photon number, P , during
propagation:

∂P

∂z
= ∂

∂z

(∫
S(ω) |Ã(z, ω)|2

ω
dω

)
= 0 (2.28)

where S(ω) = neff(ω)Aeff(ω) [76]. S(ω) can be taken out of the integral assuming that
the frequency dependence is negligible, which reduces P to the photon number of the
field.

The CQE method uses the photon number and the conservation property of the
GNLSE to define an error parameter associated with the propagation step size. Ideally,
it should be the case that P (z+h) = P (z). However, after each advance in longitudinal
position z, there will exist a difference in photon number on the order of O(h5). This
is calculated by taking the absolute difference between the photon numbers before and
after the propagation step. Converting from photon number to intensity, one obtains:

|Ã(z + h, ω)|2 = |Ã(z, ω)|2 + ∆I(h, ω) (2.29)

where ∆I(h, ω) = η(ω)h5 +O(h6) for the RK4IP method. Here, η is a scaling parameter
for each frequency grid point. Substituting equation 2.29 into 2.28 gives:

∆Photon(h) =
∣∣∣∣∫ ∆I(h, ω)S(ω)

ω
dω

∣∣∣∣ (2.30)

Therefore the photon number error is given by the integral of ∆I over the frequency
window. An estimate of the local error from propagation step z to z + h can therefore
be reached by comparing ∆Photon(z) and ∆Photon(z + h). As the photon number is a
function of h5, it may be controlled with a high degree of accuracy by adjusting h.
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By normalizing the difference |∆Photon(z)−∆Photon(z+h)| by ∆Photon(z), a relative
measure of the photon error is obtained, δ. This parameter is then compared with a
user-defined input tolerace, δtol, which determines how h is scaled using the following
rules:

1. If δ > 2δtol: Solution is discarded, and the step is repeated with h/2 step size.

2. If δtol < δ < 2δtol: Divide h by 21/5 for the next step.

3. If δ < 0.1δtol: Multiply h by 21/5 for the next step.

The powers of 1/5 have been chosen due to the O(h5) propagation error for the RK4IP
method. This value was also found to dampen oscillations in the adjusted value of
h which would otherwise appear when ∆I(h, ω) < 0 for some frequency values [74].
Typically, δtol = 10−9 to 10−13 for Fourier grid sizes between 211 and 214. In conjunction
with the CQE method, it has recently been shown that the RK4IP method is the fastest
nonlinear pulse propagator to date for a given propagation error [70, 71].

2.4.3 Quantum noise and coherence

In fibre CPA and supercontinuum arrangements, the random amplitude and phase fluc-
tuations exhibited by the seed laser can be amplified by nonlinearity, and therefore
strongly determine the coherence of the system output [60, 77, 78, 79]. It is possible to
simulate the effect of noise in nonlinear fibre optics applications using the GNLSE, and
to characterize the resulting coherence of the system output using the spectral phase
stability over an ensemble of simulations. This subsection describes how this was done
for this thesis work.

Shot noise was included by adding one photon with random phase to each frequency
bin to model the effects of spontaneous emission [67]. This was done before the propa-
gation step while the pulse was being defined. Spontaneous Raman noise (as discussed
in section 2.3) was included using a randomized function with frequency domain corre-
lations given by equation 2.24. Unlike the shot noise, this was added with each iteration
of the RK4IP algorithm to simulate the effect of spontaneous Raman scattering for each
increase in propagation distance from z to z + h.

The noise sensitivity of the simulated output was characterized as a relative measure
over a large ensemble of independently generated pairs of spectra, and was calculated
using the modulus of the complex first order degree of coherence at each wavelength [60]:

∣∣∣g(1)
12 (λ, t1 − t2)

∣∣∣ =
∣∣∣∣∣ 〈E∗1(λ, t1)E2(λ, t2)〉√
〈|E1(λ, t1)|2〉〈|E2(λ, t2)|2〉

∣∣∣∣∣ (2.31)
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Angular brackets denote the ensemble average over independently generated pairs of
spectra, and t is the time measured at the scale of the temporal resolution of the spec-
trometer used to resolve these spectra. The function is normalized such that it is real
valued over the interval [0; 1], with a value of 1 indicating perfect coherence. The wave-
length dependence of

∣∣∣g(1)
12

∣∣∣ is of interest for characterizing spectral phase stability, and is

calculated for time t1− t2 = 0 s. As
∣∣∣g(1)

12

∣∣∣ is defined to compare phase stability between
independently generated pairs of spectra, it is possible to compute equation 2.31 using a
relatively small number of simulations and, in this thesis, 20 individual spectra are used
to generate an ensemble of 190 unique pairs, which is typically accepted in the literature
as being sufficient for the averaging.

2.5 Summary

This chapter provided details of the optical fibre technology relevant to this thesis. A
brief introduction to single-mode optical fibre was given, before the concept of material
and waveguide dispersion was introduced in section 2.1. Following this, the spectroscopy
of Yb3+-doped silica was discussed in subsection 2.2.1, with reference to the mechanisms
by which the emission spectra of this ion are broadened in the silica host, and the
implications that this has for high peak power Yb-doped fibre lasers. Subsection 2.2.2
included details of double-clad optical fibre and cladding pumping for high peak power
applications, as well as how this technology can be implemented to mitigate unwanted
nonlinear effects. Extension to higher peak powers by endcapping the fibre facets was
also discussed.

The relevant equations for describing the dispersive and nonlinear characteristics of
optical fibre and the relevant optical effects were included in section 2.3. The definition
of the field envelope was first introduced before the GNLSE. The dispersion parameter
and length, used in later chapters to estimate the temporal broadening and increase
in spectral phase due to second order dispersion, were also introduced. The nonlinear
operator used to model both instantaneous and delayed intensity dependent scattering
followed, with a discussion about SS, SPM, and XPM, the nonlinear length, and the
B-integral. Both spontaneous and stimulated Raman scattering were then introduced
as delayed nonlinear effects.

Section 2.4 introduced the RK4IP propagator used for all nonlinear simulations in this
thesis. A brief description of the algorithm was given, and the improved propagation
error over the SSFM technique and the benefits of employing the frequency domain
formulation of the RK4IP method were described. Following this, the CQE adaptive step
sizing algorithm was presented in subsection 2.4.2, and its integration with propagation
simulations for improving computational efficiency for a user-defined error tolerance were
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discussed. The chapter concluded with a brief description of how shot and spontaneous
Raman noise were implemented in the simulations, and how the spectral phase stability
was quantified.





Chapter 3

Multi-wavelength modelocked
Yb3+-doped fibre oscillator

3.1 Introduction

A modelocked fibre oscillator operating around 1045 nm was required to enable stable
power scaling of the CPA system. A low-noise cavity with the potential for carrier-
envelope phase locking was also desirable. In contrast, achieving high output power
was not a requirement due to the low damage threshold of an electro-optic modulator
positioned at the oscillator output in the CPA design. Given these requirements, a
low nonlinearity stretched-pulse ring laser [80] modelocked using nonlinear polarization
evolution (NPE) was selected based on the recommendation of Professor F. Ömer Ilday
(director, UFOLAB, Bilkent University, Ankara, Turkey), a collaborator and leading
researcher in the short pulse fibre laser field. Such a cavity design is expected to have
low noise operation compared to soliton or similariton lasers [81].

The work started with my visit to the UFOLAB for four weeks in March 2013, where
I built a breathing pulse oscillator using a design developed by Prof. Ilday. However,
this laser operated at a wavelength of 1035 nm, which was unsuitable for the fibre CPA
system due to a mismatch with the gain peak of the final amplifier (∼1040 nm) and the
poor reflectivity of two curved dielectric mirrors in the CPA stretcher for wavelengths
below 1038 nm. This cavity design was later adapted at the Optoelectronics Research
Centre (ORC) by using a longer Yb-doped fibre to move the gain peak towards longer
wavelengths. The final design demonstrated good stability, self-starting, and the correct
average power around 1045 nm to seed the fibre CPA system. Due to the longer gain fi-
bre and increased accumulated nonlinear phase per roundtrip, a novel multi-wavelength
modelocking state was observed. Following this, I developed a detailed vectorial model
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of the cavity which allowed for the multi-wavelength modelocking to be identified as the
separation of a single circulated pulse by wavelength according to an inhomogeneous
polarization state induced by overdriven NPE. Such analysis of the cavity dynamics is
generally not seen in the literature, which is largely focussed on experimental observa-
tion alone.

This chapter is structured as follows. Section 3.2 introduces the development of
breathing pulse Yb-doped fibre cavity designs, and compares the operation of Prof.
Ilday’s cavity design with that which was developed later at the ORC. Section 3.3
describes the performance of the cavity and the noise characteristics, as well as the
multi-wavelength dynamics observed in the experiment. Section 3.4 first introduces a
scalar cavity model which was used in the initial stages of the simulation development
and describes how nonlinearity, dispersion, and polarization independent losses were in-
corporated. This model is then extended to include the polarization dependent (vector)
cavity dynamics, which allows for the NPE fast saturable absorber to be modelled and
for self-starting single- and multi-wavelength modelocking solutions to be found. The
hypothesized cavity dynamics responsible for the multi-wavelength modelocking are con-
firmed in this section. Finally, the multi-wavelength oscillator developed in this work
is compared with others reported in the literature in section 3.5 before the chapter is
concluded in section 3.6.

3.2 Cavity design

The first demonstrations of modelocking in fibre lasers were based on soliton dynam-
ics [82]. However, increasing the pulse energy for these cavities proved difficult due to
the high peak power maintained throughout the cavity, which can eventually lead to
pulse break-up as the energy is scaled [83]. A dispersive delay line (DDL) was incorpo-
rated into the cavity design to form a so-called breathing pulse cavity such that β2 ≈ 0
for quasi-soliton operation, which increased the energy threshold for pulse breakup by
reducing the intracavity peak power. Ring cavity designs were also adopted instead of
Fabry-Perot designs for a reduced B-integral per roundtrip, made possible by moving
all of the gain to the final section of the cavity fibres. This reduces the roundtrip non-
linearity without changing the total fibre length, thus maintaining the cavity dispersion
and the delay line for high pulse energy at a moderate average power, which is limited
to <1 W by the availability of single-mode pump diodes.

Figure 3.1a) shows how this is achieved by controlling the fibre lengths in the breath-
ing pulse ring cavity design constructed during my trip to Ankara. The figure shows
the fibre section of the cavity only. Red arrows indicate the propagation direction, and
the approximate pulse shape is included at the input and output of the fibre section,
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where colourmap indicates pulse chirp. A dispersive delay line and the optics which close
the cavity are omitted from the diagram for simplicity. A commercial Yb-doped fibre
(nLight) with a high doping concentration enabled a short gain fibre length (35 cm),
localising the gain to a specific part of the cavity. This enables segregation of the dis-
persion, gain, and nonlinearity, allowing for relatively high pulse energies (∼nJ) to be
extracted with low nonlinear distortion from cross-phase modulation (XPM). A homo-
geneous polarization state was produced across the entire pulse duration (demonstrated
by ellipses above the pulse shape in the figure), which resulted in self-starting, single-
pulsing operation through the NPE-based saturable absorption mechanism.

Polarization
state

Pulse
shape

a)

Passive fibre: 400 cm
YDF:
35 cm

Passive fibre:
30 cm

Polarization
state

Pulse
shape

Nonlinearity

b)

Dispersion
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Gain
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Gain, dispersion,
and nonlinearity
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45 cm

In Out, DDL,
and feedback

Out, DDL,
and feedback

Homogeneous
NPE

Dispersion
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Figure 3.1: Simplified schematic of the pulse evolution along the fibre section of the
two cavity designs. a) The cavity developed by Prof. Ilday with clearly delineated
dispersive and nonlinear sections of fibre in the cavity. b) The cavity developed as
part of this thesis work, with strong coupling between dispersion and nonlinearity.
Considering the variation in polarization state across the pulse a polarization selection

mechanism would lead to two separate pulses.

As described, this cavity operated at an unsuitable wavelength and so the design
was adapted by uising a longer Yb-doped fibre to move the gain peak towards longer
wavelengths. To reduce the cost of each iteration in the development stage, an ORC-
fabricated Yb-doped fibre was used in place of the highly doped commercial fibre. This
fibre had a lower doping concentration, necessitating a longer gain fibre length of 130 cm.
As such, the dispersion, gain, and nonlinearity were no longer delineated for the fibre
section of this cavity design, which is shown in figure 3.1b). The result was a stronger



28 Chapter 3. Multi-wavelength modelocked Yb3+-doped fibre oscillator

coupling between dispersion and nonlinearity, which altered the cavity dynamics sig-
nificantly by introducing an inhomogeneous polarization state across the pulse through
XPM. Coupled with the pulse chirp, this led to a wavelength dependent polarization
state as shown by the ellipses above the pulse at the end of the fibre section in the
figure. The chirped pulse could then be divided into sections at the polarizing optics
of the NPE-based saturable absorber, with each pulse section having a different central
wavelength.

3.3 Experiment

The uni-directional breathing-pulse ring cavity configuration is shown in figure 3.2. A
400 mW single-mode fiberized diode (976 nm) was used to pump a 1.3 m length of
Yb-doped aluminosilicate fibre, which was fabricated at the ORC. The total loss of the
intra-cavity 980/1030 nm fused wavelength division multiplexer (WDM, Lightel) and
the fiberized dichroic filter was measured to be 3 dB for the pump wavelength, giving a
pump power of 200 mW at the splice point between the WDM and the Yb-fibre. The
dichroic filter was formed of two WDMs, one with a pass/reject band of 980/1030 nm and
the other 980/1060 nm to ensure effective pump protection from counter-propagating
ASE. A 45 cm length of HI1060 (Corning, Inc.) was spliced onto the Yb-fibre to increase
the accumulated nonlinear phase per roundtrip of the cavity which was found to make
self-starting modelocking more likely. A quarter waveplate (QWP) and a half wave-
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Figure 3.2: Schematic of the Yb-fibre oscillator. The insets show the spectra emitted
simultaneously by the two output ports during multi-wavelength operation. Port 2
shows a spectral minimum at 1064 nm, corresponding to the central wavelength of the

output from port 1.

plate (HWP) were used in conjunction with the first polarizing beam splitter (PBS) of
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a free-space Faraday isolator to form the nonlinear polarization evolution optical switch
which modelocked the laser [63]. The isolator ensured unidirectional circulation of the
pulses within the cavity (anticlockwise in figure 3.2). The following HWP and PBS
formed a variable output coupler, before a grating compressor (600 lines/mm, G1 and
G2 in the diagram) provided approximately −1.3×105 fs2 group delay dispersion (GDD)
compensation for a grating separation of 8.5 cm. Taking a typical dispersion value of
D(λ) = −38 ps/(nmkm) for the fibre and considering the total fibre length of 4.4 m, a
total fibre dispersion of 1× 105 fs2 indicates that the net linear dispersion in the cavity
is anomalous. An iris at the folding mirror of the compressor provided spectral filtering
for control over both the central operating wavelength and the bandwidth. The QWP
positioned after the compressor was used to control the polarization state of the pulses
at the input to the fibre section of the cavity. It was found that a 2.65 m length of passive
single-mode fibre was required for stable self-start modelocking, and was formed from
a length of HI1060 and the WDM pigtails (OFS 980 fibre). The cavity roundtrip time
was approximately 25 ns (∼40 MHz repetition rate) including the free-space section.

Typical output powers from ports 1 and 2 were 30 mW and 6 mW, giving output
pulse energies of 0.75 nJ and 0.15 nJ, respectively. The pulse duration was estimated to
be approximately 2 ps FWHM from autocorrelation data at ports 1 and 2, assuming a
Gaussian intensity profile. The output coupling ratio was 41% at port 2 (this ratio was
found to provide the most reliable self-start modelocking). Then adding the isolator,
compressor, WDM, fibre launch, and iris insertion losses, the total output power was
used to estimate a round-trip gain of approximately 19.7 dB, from 0.5 mW input signal
power to the length of Yb-fibre, to 47.2 mW output power before the free-space isolator.
It should be noted that increasing the circulated pulse energy (e.g. by increasing the
pump power or decreasing cavity loss) led to the observation of pulse breakup into two
discrete, temporally separated pulses as would be expected for this type of cavity [84].
The dynamics of the multi-wavelength operation with a single temporally circulating
pulse reported here were observed below the cavity threshold for pulse breakup.

Figure 3.3: Spectrum at the output of the fibre section before port 1, calculated by
scaling the spectra from ports 1 and 2 and summing them (see Fig. 3.2 and main text).

The insets in figure 3.2 show the spectra from ports 1 and 2. The -10 dB width of
the output from port 1 is 72 nm, corresponding to a transform limited pulse duration
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Figure 3.4: Left column: Measured and PICASO reconstructed autocorrelation data
for ports 1 and 2. Right column: PICASO reconstructed intensity and phase for ports

1 and 2.

of approximately 48 fs at FWHM of the intensity. Port 2 exhibits a ∼15 dB spectral
modulation at approximately 1064 nm. As a result, this port produces two pulses in
the time domain, with the most energetic pulse having a transform limited duration of
39 fs at intensity FWHM, and a central wavelength of 1045 nm, corresponding to the
main spectral peak. Normalising the spectra from ports 1 and 2 to their corresponding
pulse energies and adding them together yields the spectrum before the first PBS of
the Faraday isolator, shown in figure 3.3. The spectrum is flat, broad, and without
strong modulation, indicating that a single pulse is emitted by the fibre section and is
subsequently split at the first PBS of the isolator.

Figure 3.4 shows the time domain measurements of the output from both ports af-
ter the pulse chirp is removed by an external grating-based compressor (not shown in
figure 3.2). The green line plots of the first column show the autocorrelations of the
externally compressed output pulses from ports 1 and 2 (upper and lower, respectively).
These were used alongside the spectra from figure 3.2 in a Phase and Intensity from
Cross-Correlation and Spectrum Only (PICASO) algorithm [85] (program provided by
Prof. F. Ö. Ilday) to give the temporal intensity and phase distributions of the pulse.
Note that the signs of the time axis and phase are ambiguous for this retrieval as a
balanced autocorrelation was used as opposed to a cross correlation. The output of
this algorithm is shown in the second column of figure 3.4. The first plot in this col-
umn shows that the pulse from port 1 was compressed to a duration of 70 fs at the
intensity FWHM (1.54 times transform limited). A significant amount of third order
dispersion is predicted by the PICASO algorithm, so this duration may be reduced by
using a better optimized compressor setup. The PICASO reconstruction of the pulse
from port 2 shows a main (primary) pulse with near zero chirp compressed to 47 fs,
and a satellite (secondary) pulse compressed to 63 fs FWHM intensity. The satellite
pulse shows a clear linear chirp over its duration. The linear chirp indicates a difference
in the amount of anomalous dispersion required to compress the secondary pulse with
respect to that required for compression of the primary pulse. This is expected from
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Figure 3.5: Autocorrelation of the output from port 2 as a function of dispersion
applied by an extra-cavity compressor. The colourmap shows the autocorrelation signal.

the difference in D(λ) of the fibres in the cavity for the two peak wavelengths in the
port 2 output, and also from the differing amount of nonlinear chirp gained by the two
pulses as they propagate in the fibre. Unfortunately, it is not possible for PICASO to
quantify the relative chirp difference from this data set without an ambiguity in sign.
The PICASO data does, however, indicate that port 2 produces two modelocked pulses
with different central wavelengths to one-another (1045 nm and 1085 nm for the primary
and secondary pulses, respectively), and the single pulse produced by port 1 (1064 nm).

By adjusting the external compressor grating separation it is possible to set the
residual pulse chirp to non-zero values, allowing for time-of-flight measurements to be
made for the output from port 2 as a function of wavelength and for the relative be-
haviour of the pulse peaks to be understood in more detail. Figure 3.5 shows how the
autocorrelation function of the output from port 2 varies with applied compressor dis-
persion. The autocorrelation function is seen to maintain the triple-peaked structure,
and the linear increase in temporal separation between the primary and secondary pulses
either side of the autocorrelation minimum is shown. This indicates that the secondary
pulse in the PICASO reconstructions for this port (Fig. 3.4) has a different central wave-
length to the primary pulse. By examining the relative size of the peaks from the port
2 spectrum inset in Fig. 3.2 alongside those in the autocorrelation data in Fig. 3.5, it is
deduced that the secondary pulse has the longer wavelength. This pulse will experience
a longer path length through the external compressor than the main peak, causing the
linear increase in separation between the primary autocorrelation peak and its satellite
peaks.

Intra-cavity loss varies strongly with wavelength, and is very different for the 1045 nm
peak in comparison with the 1080 nm peak. Figure 3.6 shows the transmission char-
acteristics of the intra-cavity WDM for the common-to-1030 nm port, with the output
from port 2 underlaid for reference. It is seen that a maximum loss of 21 dB is expe-
rienced by the 1080 nm secondary pulse at this component for each roundtrip of the
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put pulse (green). The WDM transmission characteristics show up to >21 dB loss is
experienced at 1080 nm by the long wavelength part of the pulse. This acts in addition
to the spectral filtering at the compressor, indicating that this pulse is regenerated from

a low level for each pass of the Yb-fibre, positioned after the WDM.

cavity. This acts in addition to the spectral filtering at the iris in the compressor, which
also has a loss in excess of 20 dB for this wavelength band. As this loss exceeds the
estimated 19.7 dB gain provided by the Yb-doped fibre, the 1080 nm wavelength band
must be regenerated each roundtrip through spectral broadening of the primary peak at
1045 nm, which does not undergo this high roundtrip loss. The loss for the 1080 nm peak
also eliminates Raman scattering as a possible cause due to the correspondingly high
roundtrip Raman gain required to amplify the 1080 nm peak from noise. In addition,
the flat phase profile across this peak (indicated by its compressibility and the PICASO
reconstructions) is not typical of Raman broadening.

Figure 3.7: Fundamental (40 MHz)
peak of the oscillator RF spectrum.

Figure 3.8: 20th harmonic (800 MHz)
of the oscillator RF spectrum.

As well as providing an accurate measure of the repetition frequency of the oscil-
lator, the radio frequency (RF) spectrum of the cavity as measured by a photodiode
may be used to calculate the RMS amplitude noise and timing jitter of the laser. Here,
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the method proposed in ref. [86] and summarized in Appendix C was used to calculate
the oscillator noise, and involves measuring the respective heights and widths of the
RF spectral peaks, their pedestals, and the noise floor. The fundamental of the RF
spectrum is shown in Fig. 3.7, and the repetition rate of the oscillator was 40.118 MHz.
No pedestal is seen for this harmonic, so an upper bound must be calculated for the
amplitude noise. Taking the pedestal amplitude to be 80 dB below the peak and the
width at the base to be approximately 200 Hz, an amplitude noise of 0.04% is retrieved
for a resolution of 10 Hz on the RF analyser. The timing jitter of the oscillator was es-
timated using a higher harmonic of the RF spectrum, exploiting the dependence of the
peak-to-pedestal ratio on the square of the harmonic number to increase the accuracy
of the calculation. Figure 3.8 shows the 20th harmonic of the RF spectrum, and the
ratio of peak to pedestal heights is approximately 45 dB. This, alongside the ratio of
the frequency span at the pedestal (approximately 137 Hz) to the frequency resolution
of the RF spectrum analyser, gives a timing jitter of 16.5× 10−5 of the roundtrip time
(4.12 ps).

Although the central wavelength from port 1 is 1064 nm the bandwidth is large
and spans the wavelength region required to seed the fibre CPA system (1045±8 nm),
and the output power is good. This port is therefore suitable as a source for the fibre
amplifier chain.

3.4 Simulation

A script was written which included the approximate characteristics of all cavity compo-
nents, and was solved using a vectorial adaptation of the RK4IP propagator (introduced
in chapter 2). The relevant functions are documented in Appendix D. Although the Ra-
man effect was included in the cavity simulations the Raman ASE term was neglected,
and the simulation of quantum noise was simplified to the one photon per mode ap-
proach. The cavity development, vectorial nonlinear operator, and the results of the
simulations are presented in this section.

Due to the complexity of the oscillator dynamics, it was necessary to separate the
development of the simulation into a number of steps, starting with a scalar cavity which
neglected polarization effects (subsection 3.4.1). This model cavity served as a test-bed
for the gain, dispersion, scalar nonlinear and loss operators used in the cavity, and is
shown to support stable pulses over multiple roundtrips for idealized input parameters.
Subsection 3.4.2 documents an extension of the scalar cavity model to include a vec-
torial nonlinear operator, as well as the cavity birefringence. The simulated vectorial
cavity exhibited self-starting dynamics from noise-like starting conditions for both the
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single- and multi-wavelength modelocking regimes, and enabled a full understanding of
the cavity dynamics to be obtained.

3.4.1 Scalar cavity model

This subsection describes the initial development of the modelocking model. A scalar
form of the GNLSE is used in conjunction with a parabolic gain approximation and
simulated cavity bulk optics, and is shown to support stable modelocked pulses. The
fibre dispersion and gain were approximated using the following linear parameter [83]:

L̃gain = g

2 −
g

2Ω2
BW

(Ω− Ωpeak)2 + i
∑
n≥1

βn
Ωn

n! (3.1)

in which g is the saturable gain of the fibre (units of m−1). ΩBW represents the gain
bandwidth of the fibre, Ω and Ωpeak represent the angular frequency Fourier grid (centred
at a user-selected central angular frequency, usually that of the starting pulse) and the
angular frequency of the gain peak, respectively. The Taylor expansion in the third term
on the right hand side accounts for the linear dispersion of the fibre, and βn denote the
Taylor coefficients for the dispersion orders. Gain saturation was taken into account
using the following:

g = G exp

−
∫ (
|u|2 + |ν|2

)
dt

Esat

 (3.2)

Here, u and ν represent the complex field envelopes along the x and y birefringence
axes of the fibre (ν has zero value for this scalar model, but will be complex valued for
the vector model), Esat is the maximum extractable energy (determined by the pump
power), and G is the small signal gain coefficient in m−1. For the lengths of passive
single-mode fibre, the linear parameter had the usual form as given in equation 2.26.

Once the linear parameters were defined, the nonlinear operator was expressed in the
same manner as in chapter 2, and the pulse was propagated using the RK4IP algorithm
to integrate the following GNLSE1:

∂Ãm(z,Ω)
∂z

=
(
D̂passive/gain + N̂

)
Ãm(z,Ω) (3.3)

where D̂ is the linear operator defined as exp(hL/2).
When simulating the scalar cavity, only linear loss and anomalous dispersion were

included in the bulk optics section. The compressor dispersion was set to approximately
1It should be noted that the CQE method described in chapter 2 is not appropriate for the length of

gain fibre, where photon number is not conserved. It was, however, used for the two lengths of passive
SMF (assumed lossless) either side of the gain fibre as shown in figure 3.2.
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Parameter Value
λc 1064 nm
∆λ 1 nm
C -2
λg 1064 nm

∆λg 12 nm
Rep. rate, R 40 MHz

Average power, Pav 480 µW
Field (0.94Pav/(RTFWHM))0.5 exp

[
−((1 + iC)/2)(t2/t20)

]
Table 3.1: Input pulse parameters for the stable scalar modelocking simulation.

−1 × 105 fs2. G and Esat were set iteratively, such that the steady-state output power
from the fibre section of the cavity matched that calculated in section 3.3 at approxi-
mately 47 mW. G was set to 6 m−1, and Esat to 0.8 nJ to give 30 mW from port 1 and
6 mW from port 2 in the simulated scalar cavity, using the measured output coupling
ratios for these ports. The cavity loss was accounted for in the scalar simulations by
including a net loss term in the compressor, rather than considering each component
individually. This approach is justified as the free-space section of the cavity is purely
linear, so the order of the components may be neglected and their effect superimposed.
The loss was set to 99% so that the power at the input to the Yb-fibre section was equal
to ∼ 0.5 mW, as calculated in section 3.3. This loss value incorporated the insertion
loss of the isolator, WDM, the throughput efficiency of the cavity compressor, and the
free-space to fibre launch, as well as the loss at each output port. The value is commen-
surate with the estimated steady-state roundtrip gain of 19.7 dB.

The user-specified input pulse parameters for the scalar cavity model are given in
Table 3.1, and define a Gaussian pulse which was injected into the input end of the fibre
section, which was used as the starting point for the simulations. The central wavelength
was chosen to match that of the single pulse from port 1 of the experimental setup. The
narrow bandwidth was chosen in order to allow for some degree of pulse development
during circulation, and the negative chirp was applied to simulate the initial spectral and
temporal narrowing caused by SPM acting on a negatively chirped pulse in the normal
dispersion regime, whilst also emulating the spectral phase of the circulated pulses at
this point in the experimental cavity. It was assumed that the gain peak of the active
fibre was centred at the spectral peak of the pulses, and that the gain bandwidth was
12 nm. The repetition rate and average power at the input to the fibre section of the
cavity were chosen to match the experimental values.

In this configuration, a pulse evolved into a stable solution for a single polarization
state, as shown in the time domain by figure 3.9. As there is no saturable absorption
in this model, it is not possible for this cavity to self-start from arbitrary input param-
eters. The figure shows the pulse evolution over 200 roundtrips of the cavity, and it is
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Figure 3.9: Simulation showing a stable scalar modelocking solution for the cavity.

seen to stabilize after roundtrip number 75. The stabilization is the result of the linear
loss, gain bandwidth, and dispersion management acting with self-phase modulation to
restrict the pulse bandwidth to within a certain range, indicating that the linear and
nonlinear operators are working correctly.

3.4.2 Vector cavity model

Having confirmed that the simulated cavity can support stable pulses for many roundtrips,
the model was then extended to a vectorial form. This subsection details this develop-
mental step and how birefringence was simulated. The vector cavity is shown to self-start
from noise-like starting conditions for both single- and multi-wavelength operation using
NPE as the fast saturable absorption mechanism.

The RK4IP propagator was modified to include the effects of nonlinear polarization
mixing through cross-phase modulation (XPM, chapter 2) between orthogonal polar-
ization modes using the nonlinear operator given in equation 2.27. As shown in Ap-
pendix D.2, the field is represented by a [2, 2N ] array. The two polarization components
are stored along the rows, and the columns give the complex field envelope in the time
domain. The fibre birefringence was included in the simulations by adding an extra
Taylor expansion coefficient in the dispersion profile of one of the fibre axes to account
for the group velocity mismatch between the polarization modes (β1 in the notation
of equations 3.1 and 2.26). The dispersion information of the fibre was otherwise as-
sumed to be independent of the orientation of the fibre axes. Single-pass propagation
of arbitrary pulse shapes through the fibre section of the simulated cavity allowed for
asymmetric spectral broadening to be observed as a function of group velocity mismatch
and the relative peak powers of the pulse polarization components, confirming that the
XPM term was working correctly.



Chapter 3. Multi-wavelength modelocked Yb3+-doped fibre oscillator 37

Additional components were added to the model cavity to account for the polariza-
tion control that makes up the NPE-based fast saturable abosrber. This was done using
the Jones matrix formalism for the waveplates. The Jones matrices for half and quar-
ter waveplates at arbitrary angular orientation to the x-axis are given in equations 3.4
and 3.5 below.

HWP =

cos(2θ) sin(2θ)
sin(2θ) cos(2θ)

 (3.4)

QWP =

 cos2(θ) + i sin2(θ) cos(θ) sin(θ)− i cos(θ) sin(θ)
sin(θ) cos(θ)− i sin(θ) cos(θ) sin2(θ) + i cos2(θ)

 (3.5)

The circulated polarization state determines cavity loss for this design, and so must
be considered carefully. The polarizing beam splitters used in the experimental setup
transmitted light polarized along the horizontal axis, and so all light reflected at ports 1
and 2 was removed from the cavity in the simulations. Unlike port 1, the output coupling
optics of port 2 were simulated using a more simple method which did not involve Jones
matrices, permitted by the fact that the Farady isolator used in the experimental cavity
transmitted only the horizontally polarized field component. The vertical component
of the polarization was set to zero as this port produces output from the reflection of
a PBS, and the loss seen by the circulating power was set to approximately 40%, mir-
roring the experimental design. Additional loss was included at the compressor so that
the diffraction efficiency was taken into account, and any remaining vertical component
was set to zero at the compressor in the simulations to account for the compressor being
much higher for one polarization state. The vertical polarization component of the field
was in general reset to a non-zero complex value by the quarter waveplate at the input
to the fibre section, which allowed for a larger accumulated nonlinear phase through
XPM, thus increasing the likelihood of finding a stable modelocked solution.

Due to the polarization dependent cavity loss, both the waveplate angles and gain
characteristics must be balanced in order to match the output powers from ports 1 and
2 seen in the experimental setup. As with the scalar simulation, this cavity was found
to support stable modelocking solutions when the process was initiated by user-defined
starting pulse characteristics for particular sets of waveplate angles and gain parameters.

It was found that the vectorial cavity simulations were also capable of demonstrating
self-starting dynamics for noise-like input parameters, finalising the model development.
The starting pulse was defined as quantum noise using the one photon per mode per
polarization state approach, with a 25 fJ pulse nested within it in order to reduce by
an order of magnitude the required number of roundtrips for a modelocked solution to
stabilise.

Table 3.2 details the user-defined input parameters which were common for all vec-
torial modelocking simulations in this chapter. The central wavelength (λc) was set to
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Parameter Value
λc 1060 nm
∆λ 1 nm
C 0
λg 1060 nm

∆λg 100 nm
G 2.9 m−1

Esat 0.8 nJ
GVMy (β1,y) -5 fs/m
Rep. rate, R 40 MHz

Average power, Pave 1 µW (25 fJ pulse energy)
Field (0.94Pave/(RTFWHM))0.5 exp

[
−((1 + iC)/2)(t2/t20)

]
Table 3.2: Common input pulse parameters for the stable vector modelocking simu-

lations.

Paramter Single wavelength value Multi-wavelength value
QWPNPE −1.7π/3 −1.8π/3
HWPNPE 1.37π/3 1.55π/3
QWPIN 1.2π/4 π/4

Table 3.3: Waveplate angles for the stable single and multi-wavelength operation of
the vector cavity model.

1060 nm, and the bandwidth (∆λ) was chosen to be 1 nm as the corresponding time-
domain pulse width matched other peaks in the noise-like starting field. This initial field
had no chirp (C = 0) to minimize the influence of the starting pulse, which was included
only to reduce computation time. For simplicity, the gain peak (λg) was again centred
at the central wavelength of the pulse, and the bandwidth (∆λg) was set to be large
enough to include the experimental pulse spectrum. The small signal gain coefficient, G,
and the maximum extractable energy, Esat, were chosen so that the output powers of the
experimental and simulated cavities were similar. A relative group velocity mismatch
(GVM) between the polarization axes was used to simulate the fibre birefringence, and
was set to −5 fs/m for the fibre y-axis. The repetition rate (R) was set to match the
experimental cavity, and the average power of the starting pulse was set to 1 µW, corre-
sponding to a pulse energy of 25 fJ. Again, the input field was assumed to be Gaussian.
Starting pulses in the atto-Joule range were found to produce similar results, but the
pulse stability degraded with increasing roundtrip number due to vector modulation in-
stability [87, 88], indicating a smaller margin of error in the choice of waveplate angles.

The waveplate angles for single and multi-wavelength operation of the simulated cav-
ity are given in Table 3.3. No other parameters were changed when moving from one
stable modelocking regime to another. These angles do not correspond to those used
experimentally as the effect of the fibre birefringence was truncated to a group velocity
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Figure 3.10: Simulations showing the initiation of stable modelocking solutions for
the simulated breathing pulse cavity. a) Single-wavelength dynamics from both ports 1
(upper) and 2 (lower). b) Single- (port 1, upper) and multi-wavelength (port 2, lower)

operation, as seen for the experimental cavity.
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Figure 3.11: Simulations showing the initiation of stable modelocking solutions for
the simulated cavity, expressed in the wavelength domain. a) single-wavelength, and
b) multi-wavelength operation. The two pulses present in the output from port 2
correspond to a double-peaked spectrum similar to that in figure 3.2. The colourmap

corresponds to the normalized power spectral density in dBm/nm.

mismatch in the simulations. The birefringence and the orientation of the fibre axes
with respect to the waveplates, the discontinuities in the birefringence at each splice of
the non-PM fibre, and the dispersion of the birefringence were not known for the ex-
perimental cavity. As such, these characteristics could not be taken into account in the
simulations. This, however, allowed for the effect of XPM on the pulses to be isolated
from other effects such as linear Lyot filtering, and prevented extra calculation to remove
the linear polarization evolution when examining the effect of XPM on the polarization
state. For the case of multi-wavelength operation it is important to note that full circular
polarization was required at the input to the fibre section to maximize XPM between
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Figure 3.12: Simulations showing a) Power evolution as a function of roundtrip for
the single-wavelength operation of the simulated cavity directly after the fibre section
(before the polarization selective optics). b) The same, but for the multi-wavelength

operation.

the two polarization components as they propagate through the fibre. Reducing the
ellipticity of the field at this point in the cavity causes the pulses to remain intact in
both the spectral and the time domain.

The evolution of the time domain traces at ports 1 and 2 as a function of roundtrip
number are shown in figures 3.10a and 3.10b for single and multi-wavelength operation,
respectively. Self-starting from noise-like starting pulses is observed for both modelock-
ing solutions. The single-wavelength operation results show that the pulses emitted from
ports 1 and 2 are very similar, with a single peak in the time domain. The negative
linear gradient is the result of a linear phase delay imparted by the waveplates. For
the multi-wavelength case (Fig. 3.10b), the model reproduces the dynamics observed
in the experimental cavity design, and the time-domain traces show a chirped equiv-
alent of the PICASO pulse reconstructions in figure 3.4. The line-outs to the right of
each density plot show the optical intensity in the time domain for the 200th roundtrip,
and are included for clarity. The simulations also reproduce the stability observed for
the experimental cavity, indicating that the pulses remain coherent over many cavity
roundtrips.

Figures 3.11a and b show the development of stable modelocking in the wavelength
domain, for the same simulation and input parameters which produced the data shown
in figures 3.10a and b. As expected, the single-peak pulses emitted from ports 1 and 2 in
the time domain traces correspond to smooth spectra (Fig. 3.11a), whereas the single-
and multi-wavelength time domain solutions correspond to single- and multi-peaked
spectra, respectively (Fig. 3.11b). The two pulses seen in the output from port 2 in the
simulated time domain traces therefore correspond to different central wavelengths, as
was seen in the experimental data presented in section 3.3. These simulations suggest
that the increased ellipticity of the pulse at the input to the cavity fibre section is re-
sponsible for the spectral modulation, giving the multi-wavelength modelocking state.
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Figure 3.13: Top left: Simulated spectrum of the multi-wavelength modelocked pulse
after the QWP and HWP before port 1 for the 200th cavity roundtrip. The insets
show the polarization state for three different wavelengths. The fibre propagation axis
is directed out of the page. Top right: Spectrogram of the same pulse on a linear scale,
showing the wavelength to time mapping for the pulse. Bottom left: Spectrogram of
the single-pulse emitted from port 1. Bottom right: Spectrogram of the double-pulse
emitted from port 2. The colourmap is normalized to the maximum value for the

spectrograms (∆f = 42 GHz, and ∆t = 7 fs).

The output power as a function of roundtrip number during the onset of modelock-
ing for the single- and multi-wavelength states is shown in figures 3.12a and b. This
power was taken at the output of the cavity fibres before the waveplates at port 1. The
circulated power stabilizes for both solutions after approximately 80 roundtrips, with
the multi-wavelength case showing a higher circulated power of 50 mW, close to the cal-
culated value of 47.2 mW for the same point in the experimental cavity. This indicates
that the roundtrip nonlinear phase will be higher for the multi-wavelength case which,
in conjunction with the increased ellipticity of the pulse at the input to the cavity fibres,
confirms that the effect of XPM between the two polarization states is higher for the
multi-wavelength modelocking solution.

It is necessary to examine how XPM acts in conjunction with chirp to split the cir-
culated pulse into two along one polarization axis. The spectrogram in the top right
of Fig. 3.13 shows the wavelength to time mapping for the pulse, as measured at the
fibre section output. A strong linear up-chirp is seen, and maps frequency (or equiva-
lently, wavelength) to the time domain. Through this map, the intensity distribution,
and therefore the accumulated nonlinear phase, may be viewed as a function of wave-
length rather than time. This results in a wavelength dependent nonlinear polarization
evolution, which is shown in the top left plot of figure 3.13. The increased cross-phase
modulation acting in conjunction with the pulse chirp and the waveplates has resulted
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in a linear polarization state around the central wavelength of 1060 nm. This section of
the spectrum can be ejected from the cavity at port 1, leaving the minimum in both the
time and spectral domains around 1060 nm at port 2 (figures 3.10b and 3.11b). After
the waveplates, the field is elliptically polarized at the extremes of the spectrum with
short wavelengths having counter-clockwise elliptical polarization and long wavelengths
having clockwise. It is not possible to achieve 100% output coupling of an elliptical
state with a PBS, so some of the power continues on to port 2 to form the two spectral
peaks. This is demonstrated by the spectrograms in the bottom row of figure 3.13. The
port 1 spectrogram is formed of a positively chirped single spectral peak, and the port
2 multi-wavelength spectrogram is formed of a positively chirped spectrum with two
peaks.

Considering the polarization state at the input to the fibre section, intra-cavity power,
and pulse chirp required for the multi-wavelength modelocking state, it is therefore con-
cluded that it is the result of over-driven cross-phase modulation acting on a normally
dispersed pulse to induce a wavelength dependence of the polarization state.

3.5 Discussion

Given the good measured cavity stability, the required output power, self-starting dy-
namics and suitable spectral coverage around 1045 nm, port 1 from this oscillator could
be used to seed the fibre CPA system. It should be noted that the noise performance of
breathing-pulse lasers has been shown to depend on the precise choice of net dispersion
in the cavity [89] but this secondary point is not the focus of the current chapter and
therefore we have not attempted to optimize the laser for zero net dispersion operation.

A wavelength filter driven by NPE was identified as the mechanism for the multi-
wavelength dynamics. It should be noted that it was only possible to draw a qualitative
comparison between the experimental cavity output and the circulated pulses in the
simulations. However, a good match between experiment and simulation can be ob-
tained for a single pass of the fibre section with idealized parameters. This is shown
in figure 3.14, and the parameters used for this simulation are given in Table 3.4. The
spectral minimum in both data sets matches well, and the two spectral maxima corre-
spond to the satellite peaks seen in the autocorrelation. This simulated solution was
not stable for more than a single roundtrip, however, and this may be the result of a
number of assumptions made when constructing the cavity model. For example, the
cavity birefringence was idealized by reducing its effect to a group velocity mismatch,
and the dispersion was assumed to be the same for both birefringence axes. In the ex-
perimental cavity, the fibre birefringence will cause the polarization state of the pulse to
change during propagation, changing the behaviour of the XPM term in equation 2.27.
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Discontinuities in the birefringence will also exist at the splice points of the experimental
cavity, and these have been neglected in the simulations. These parameters will have a
significant effect on the pulse shape and polarization state over many roundtrips which
is not reproduced in the simulations.
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Figure 3.14: Comparison between simulated (blue) and experimental (green) data.
The simulated data shown here was produced by modelling a single pass of the fibre

section of the cavity with idealized input pulse parameters.

Parameter Value
λc 1060 nm
∆λ 1 nm
C -6
λg 1060 nm

∆λg 100 nm
G 6 m−1

Esat 2.1 nJ
GVMy (β1,y) -26 fs/m
Rep. rate, R 40 MHz

Average power, Pave 690 µW
Field (0.94Pave/(RTFWHM))0.5 exp

[
−((1 + iC)/2)(t2/t20)

]
Table 3.4: Input parameters for the single-pass simulations used in the comparison

with experimental data.

Considering the multi-wavelength cavity dynamics, a number of different mechanisms
for generating multi-wavelength pulse trains have been proposed recently. Luo, et al. [90]
included a linear tunable Lyot filter to form up to four frequency bands near 1580 nm
with bandwidths of approximately 0.75 nm in an Er-fibre oscillator. The spacing of the
wavelength bands for this design was flexible, and determined by the filter. Similarly,
intra-cavity birefringence was attributed to the observation of stable, dual-wavelength
dissipative solitons in a figure-of-eight cavity [91]. The pulses had bandwidths of around
10 nm and central wavelengths of 1572 and 1587 nm. The smoothness of the pulse phase
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profile was not demonstrated as the output pulses were not externally compressed, and
simulations were not included to isolate the cavity birefringence as the mechanism re-
sponsible for the observed dynamics.

In addition to Lyot filtering and cavity birefringence, novel saturable absorption
mechanisms have also been used. Liu, et al. [92] use a broadband carbon nanotube sat-
urable absorber to encourage the development of modelocked pulses for a wider range
of wavelength bands than would be achieved with conventional saturable absorbers,
such as semiconductor saturable absorber mirrors. Fibre Bragg gratings were also used
to provide differential feedback for selected wavelength bands, and 5.9 ps pulses with
bandwidths of 0.49 nm were produced with central wavelengths of approximately 1539.5,
1549.5, and 1559.5 nm.

The multi-wavelength oscillator described in this chapter emits pulses which are
orders of magnitude shorter than others in the literature, leading to correspondingly
broader bandwidths. Although this is not a requirement for the fibre CPA, potential
uses could include time-resolved spectroscopy and super-resolution imaging. Addition-
ally, the cavity simulations allowed for a good understanding of the mechanism responsi-
ble for the cavity dynamics which, to the best of my knowledge, has not been presented
before in the context of multi-wavelength oscillators.

3.6 Summary

In this chapter, the oscillator used to seed the fibre CPA system was described. A
breathing pulse ring cavity was chosen due to the more suitable noise characteristics in
comparison with other cavity designs, which was beneficial for the stability of the current
fibre CPA design and will aid in possible carrier-envelope phase locking in future work.
The pulses had a maximum bandwidth of 72 nm at the 10 dB level and were shown to
be compressible down to 47 fs. PICASO reconstructions of the pulses showed that a flat
temporal phase could be achieved with external compression, and the fundamental and
20th harmonics of the RF spectrum were used to demonstrate the good cavity stability.
Additionally, the novel multi-wavelength cavity dynamics were described and simulations
allowed for the nonlinear mechanism which drives this effect to be understood, allowing
for a better understanding of the dynamics of breathing-pulse lasers. Although the
multi-wavelength modelocking state is not required by the fibre CPA system, it was
found that the cavity was most stable and demonstrated the most reliable self-start
modelocking when operating in this regime. As such, the output from port 1 of the
multi-wavelength oscillator was used to seed the fibre CPA system because of the good
bandwidth and output power at the appropriate operating wavelength of 1045 nm.



Chapter 4

Yb3+-doped fibre laser chirped
pulse amplification system

4.1 Introduction

This chapter describes how an existing fibre CPA system design was converted to a
new wavelength to optimize the performance of the final power amplifier so as to allow
for average power scaling, as well as to improve the stability. The previous system,
documented in refs. [29, 30] had output specifications of 300 fs, 100 µJ pulses at 16.7 kHz
repetition rate and a central wavelength of 1055 nm, and was shown to be capable of
generating high harmonics [31]. However, ASE buildup at 1030–1040 nm in the final
amplifier led to self-Q-switching, repeatedly damaging the facets of the gain fibre and
occasionally even causing damage to the preceding amplifier. Shortening the central
operating wavelength of the system to better match the gain peak of the final amplifier
therefore presented a clear route for potential repetition rate and average power scaling,
as well as for improving the OSNR, and a target wavelength of 1045 nm and 10 dB
spectral width ranging from 1038–1052 nm was selected as the dielectric stretcher and
compressor grating efficiency was reduced at wavelengths less than 1035 nm. In addition,
shot-to-shot stability was also to be improved by fiberizing the majority of the amplifier
chain, and long-term stability was improved by using grating stabilized pump diodes
and water cooling the signal launch in the final amplifier. The design changes for each
component of the new system made necessary by the new operating wavelength are
described below.

• The oscillator. This was built in-house as commercial oscillators at 1045 nm are
not available. The output from port 1 of the oscillator described in chapter 3 was
used.

45
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• The dielectric grating based bulk stretcher and compressor. The overall stretcher
design remained similar to the previous system [29, 93]. Numerical work for the
realignment was done by Dr. Jonathan Price, and the realignment was done by
Dr. Price and myself.

• The pre-amplifier configuration. All components from the previous amplifier chain
were screened at the new wavelength. Once rebuilt and spliced back together to
form the pre-amplifier chain, the Yb-doped fibre lengths were shortened and pump
powers were adjusted iteratively to give the required output OSNR.

• The first power amplifier. This was fully fiberized by incorporating a pump com-
biner with a single-mode PM signal throughput at the amplifier input, eliminating
previous drifts in pump alignment which was previously done using dichroic mir-
rors. This involved endcapping and polishing the fibre facet to prevent damage
and optimizing the fibre length for a new 7 W 975 nm pump diode instead of a
915 nm pump diode as used previously.

• The final amplifier. An endcapping routine and improved endcap length were
found for increased resilience to facet damage. The signal launch was water cooled
and shielded from scattered pump light for improved thermal stability. Free-space
pump and signal coupling was used to minimize the fibre path length and nonlinear
distortion.

Once completed, the 100 µJ, 350 fs output pulses had a clean temporal and spectral
profile at 16.7 kHz repetition rate with diffraction limited beam quality and minimal gain
narrowing. Details are provided in the following sections. Both long-term measurements
of the average power and shot-to-shot pulse energy measurements were taken and showed
that the system was highly stable so the improved performance was successfully achieved.
The main system limitation for average power scaling was found to be photodarkening
in the commercial gain fibre used in the final amplifier, which had not been expected
and was possibly due to the change to a volume Bragg grating stabilized pump diode
that created higher Yb ion inversion levels than had been achieved with the previous
pump diodes, which were not wavelength-locked precisely to the 975 nm Yb absorption
peak. A new photodarkening-resistant amplifier may be needed in the future.

This chapter is structured as follows. An overview of the system is given in section 4.2,
before the fibre CPA performance is discussed in section 4.3. Potential improvements
and future work are discussed in section 4.4 before the chapter is concluded in section 4.5.



Chapter 4. Yb3+-doped fibre laser chirped pulse amplification system 47

4.2 System Overview

Figure 4.1 shows a schematic of the fiber CPA system, which was fully fiberized from
the stretcher output through to the final amplifier.
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Figure 4.1: Schematic of the fiber CPA system. Inset: Autocorrelation and spectral
data.

The seed laser at the front of the system was an Yb-doped fiber breathing pulse ring
cavity oscillator similar to those reported in refs. [94, 95], and was described in detail in
chapter 3. A 1053 nm hard-edged short-pass filter cut the bandwidth of the oscillator
to concentrate energy extraction from the amplifiers in the spectral region transmitted
through the stretcher and compressor.

At the output of the oscillator the pulses were launched into a fiberized electro-optic
modulator (EOM), reducing the repetition rate to 200 kHz as this was found to give a
good balance between gain and optical signal-to-noise ratio (OSNR) in the pre-amplifiers.
The DC bias voltage applied to the EOM was controlled by a feedback loop (not shown
in figure 4.1) which continuously maximized the EOM extinction ratio to prevent ther-
mally related drifts. Feedback was provided by a 20 dB tap in the pre-amplifier chain
connected to a photodiode. The feedback loop maximized the photodiode peak volt-
age to maintain good energy extraction within the pulse transmission window without
allowing satellite pulses to deplete the amplifier gain, which was critical for obtaining
sufficient pulse energy from the pre-amplifiers to saturate the power amplifiers.

Following the EOM, a fiberized booster amplifier which was core pumped by a 975 nm
diode was used to maintain good OSNR after the 200-fold power reduction commensu-
rate with the reduced repetition rate. A bulk stretcher followed, and this had a standard
design [93] (used previously in refs. [29, 30]). The stretched pulse duration was 1 ns at
intensity FWHM, and the stretcher transmission window was 14 nm (edge-to-edge) with
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a central wavelength of 1045 nm, chosen to enable the final amplifier to operate with
high gain per unit length with minimal gain narrowing.

Parameter Nufern
5/130

Nufern
25/250

NKT
40/200

Core diameter (µm) 5 25 40
Core NA 0.12 0.06 0.03

Pump cladding diameter (µm) - 180 200
Pump cladding NA - 0.46 0.6

Dopants Yb/Al/Si Yb/Al/Si Yb/Al/Si
Core V-number 1.8 4.5 -

Pump absorption at 976 nm (dB/m) >100 5.1 10
Slope efficiency (estimated) 75% 75% ∼11%
Effective mode area (µm2) 30 300 760± 100

Saturation energy (µJ) 18 110 265
Typical device length (m) 1-2 2-3 2

Bend radius (cm) 2-3 5 20
M2 in amplifier configuration 1 1.1 <1.1

Table 4.1: Fibre parameters for each amplification stage.

The fully fiberized pre-amplifiers (details given in column two of Table 4.1) were
made using Nufern 5/130 Yb-doped fibre which was core pumped using fibre-coupled
975 nm diodes and telecommunications grade wavelength division multiplexed (WDM)
pump couplers in a forward pumped geometry. Each pre-amplifier had an optical iso-
lator at the input to prevent counter-propagating ASE from either depleting the gain
or causing any damage in the preceding amplifiers. Typically, the pre-amplifiers used a
2 m length of Yb-doped fibre, which was found to be optimal for achieving low noise
and nonlinearity while matching the gain bandwidth to the signal. The pre-amplifier
chain had an output OSNR of 10 dB as measured from the spectrum, i.e. including ASE
arriving between pulses in the time domain.

A fiberized acousto-optic modulator (AOM) and isolator at the output of the pre-
amplifiers then cut the repetition rate to 33.3 kHz and increased the OSNR to ap-
proximately 40 dB before transmission into the first power amplifier. The amplifier
was constructed using 2.3 m of Nufern DC 25/250 fibre (NA=0.06 and 0.46 for the
core and pump cladding, respectively), and was forward pumped with a fiberized 4 W,
975 nm diode using a fiberized multi-mode pump combiner with single-mode signal fibre
throughput (column three of Table 4.1). The output facet of this amplifier was polished
to an angle of 5 degrees to avoid optical feedback into the core.

A short-pass dichroic filter removed residual pump light after the first power ampli-
fier. A free-space isolator and AOM were used to remove from the beam path backward
propagating ASE originating from the final amplifier and to cut the repetition rate to
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Figure 4.2: Microscope image of the endcap at the signal input of the final amplifier,
formed in solid-core air-clad PCF by collapsing the air structure.

16.7 kHz. A half waveplate was used to maximize the AOM diffraction and a short-
pass dichroic mirror was used to remove short-wavelength ASE and residual backward-
propagating final amplifier pump light. The translation stage at the input to the final
amplifier was water cooled for improved long-term stability (Not shown in figure 4.1).

The final amplifier used a 2 m length of commercially available, single-mode, single
polarization Yb-doped PCF (NKT Photonics DC-200/40-PZ-Yb, column four of Ta-
ble 4.1) with a core diameter of 40 µm and an effective mode-field area of 760 µm2. For
long-term stability, the amplifier had endcapped and angle polished input and output
facets to prevent feedback, and the endcap at the signal input required replacement due
to damage. I developed the following new endcapping procedure for air-clad fibres (with
advice from others in the Pulsed Fibre Lasers Group with experience in endcapping
other fibre types), and the result is shown in figure 4.2:

1. Cleaving the fiber with a CO2 laser cleaver to give a flat facet.

2. Collapsing the double-clad air-hole PCF structure using a hot filament-based glass
processor (Vytran GPX-3000), taking care to adjust the filament heating and po-
sition parameters to prevent bubbling.

3. Cleaving the endcap to the correct length using the CO2 laser cleaver

4. Hand polishing the facet to remove the slight bulge created by the CO2 cleaver,thus
creating an optically flat surface with an angle.

The procedure was optimized to eliminate bubbling and distortions in the fibre shape
while the fibre structure was being collapsed. It was found that an endcap length of
800 µm provided a good balance between signal launch efficiency and mode expansion
for the counter-propagating ASE, thus preventing facet damage.

The PCF was bent to a radius of 20 cm as recommended by the manufacturer to
provide polarizing operation, and was backward pumped using a 35 W, 975 nm diode.
The amplifier output was collimated to 3.3 mm (1/e2 intensity radius) for transmission
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through the compressor. Due to an initial period of use at high power in a previous ex-
periment, this particular fibre had suffered photodarkening [96] and the associated excess
losses resulting in the low overall conversion efficiency of approximately 11% (compared
to launched pump power) observed here. Despite this pre-existing photodarkening re-
lated loss, the fibre operation remained highly stable during use in the fiber CPA system
as illustrated by the long-term power data shown in section 4.3 below. Photodarkening
is not an inherent limitation associated with the PCF structure, and it has been largely
eliminated in the current version of this fibre which provides pump to signal conversion
efficiency between 50–70% according to the manufacturer’s specifications.

A dielectric grating compressor was used at the output of the amplifier chain [32].
The grating width was 35 cm, and the groove density was 1740 lines/mm. The com-
pressor used four passes of the grating and resulted in an edge-to-edge spectral width
of 12 nm, throughput efficiency of 65%, and a system polarization extinction ratio of
27 dB.

4.3 System Performance

The pre-amplifier output pulse energy (before the first AOM) was 90 nJ. The fiberized
AOM throughput efficiency together with the isolator and pump combiner insertion
losses led to a seed energy of 30 nJ input to the first power amplifier and the output
pulse had ∼3 µJ energy. The output OSNR was 23 dB, and a fibre bend radius of 5 cm
was used to achieve a single-mode output beam with M2 = 1.1 for this amplifier. The
free-space AOM diffraction efficiency reduced the pulse energy to 1.5 µJ and increased
the OSNR to 30 dB by removing ASE between pulses. The seed pulse energy launched
into the final amplifier was estimated to be 1 µJ and the output pulse energy was 155 µJ
(21.8 dB gain) with an OSNR of 14 dB. As is commonly the case with fibre systems,
nonlinearity, not energy storage, limited the maximum pulse energy. We calculated the
saturation energy at a wavelength of 1045 nm using typical parameters for aluminosili-
cate fibre [39] to be 265 µJ for this amplifier, giving E/Esat = 0.56. Saturation related
gain shaping is therefore not expected to be significant.

The top left and right plots of figure 4.3 show the spectral evolution throughout the
system on a logarithmic and linear scale, measured at the output of the bulk stretcher,
the amplifier chain, and the compressor. The spectral resolution is 0.05 nm for all plots
(measured using a Yokogawa AQ6370C optical spectrum analyser). Gain-narrowing and
dragging were minimal effects, and the latter measured just 1 nm (spectral FWHM) for
the entire amplifier chain. This was achieved by tuning the gain of the amplifier chain
by appropriately varying the Yb-fibre lengths and pump powers. The result was a rea-
sonably flat spectrum at the compressor output (measured at the 3 dB level). The 3 dB
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Figure 4.3: Top left: Spectra from three different points in the fibre CPA system:
output of stretcher, output of final fibre amplifier, output of compressor. (See legend
below graphs.) Top right: Spectra on a linear scale. Bottom left: Spectra at the output
of the final amplifier for low and high amplifier output pulse energies. Bottom right:

Compressed pulse autocorrelation traces for increasing pulse energies.

spectral widths measured 9 nm for the stretcher, and 8 nm for the final amplifier and
compressor (edge-to-edge width of 12 nm). The OSNR at the output of the compressor
was 30 dB. Very little fine-scale modulation is seen in the spectra, even on a linear scale.
This is likely to be a result of using PM fibres for the whole amplification chain because
the architecture avoids satellite pulses that can be amplified through cross-phase mod-
ulation the final fibre. The spectra at the output of the final amplifier for low and high
pulse energy operation are shown in the bottom left plot of figure 4.3, highlighting again
the lack of spectral modulation and the low level of ASE from the final amplifier.

It was found that seeding the final amplifier with high pulse energies from the first
power amplifier led to a significant autocorrelation pedestal at rather low output pulse
energies (40 µJ). Therefore the final amplifier input was reduced to the minimum possi-
ble pulse energy commensurate with a good OSNR for 100 µJ compressed pulse energy
to reduce the nonlinear length of the amplifier. The resulting output is shown in the
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bottom right plot of figure 4.3, which shows autocorrelation traces (measured with an
APE PulseCheck 15) for compressed pulse energies of 7, 100, and 120 µJ (correspond-
ing pulse energies at the final amplifier output: 11, 155, 184 µJ). The plot shows that
nonlinear distortion limits further pulse energy scaling. Prior to performing this mea-
surement, the compressor grating angle was first set to the design position for linear
dispersion compensation, then autocorrelation measurements were recorded at 100 µJ
pulse energy. Using the shortest pulse duration and lowest autocorrelation pedestal as
a target, small adjustments were made to the compressor input angle and grating sep-
aration to iteratively tune the compressor dispersion profile. This partly compensated
for the effects of SPM in the final amplifier and resulted in an estimated final pulse
duration of 340 fs from the autocorrelation data, assuming a Gaussian pulse shape. The
transform limited pulse duration was 224 fs as calculated from the compressed pulse
spectrum (figure 4.3, top row, red dotted line). The 100 µJ pulses were therefore 1.51
times transform limited.
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Figure 4.4: Top row: SHG FROG spectrograms. Left: Measured. Right: Retrieved.
Bottom row: Reconstructed pulse intensity and phase (solid blue and dashed green

lines, respectively). Left: Temporal domain. Right: Spectral domain.

With the system operated as shown in figure 4.3, the vast majority of the accumulated
nonlinear phase occurs in the final amplifier. The calculated B-integral (equation 2.21)
for the optical path to the launch into the final amplifier was 0.18π radians. For the
final amplifier, the corresponding estimated B-integrals were 0.48π, 3.68π, and 4.26π
radians for 7, 100, and 120 µJ compressed pulse energies, respectively. The peak power
of the 1 ns pulses at the output of the final amplifier is 155 kW, which is well below
the estimated Raman threshold power for the final amplifier (equation 2.23, 275 kW for
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1 ns pulses, corresponding to a pulse energy of 275 µJ, or 4.6 W average power for a
repetition rate of 16.7 kHz) [67].

Figure 4.5: Left: Beam caustics for the fibre CPA system, measured after the com-
pressor. The average M2 was 1.07. Right: Long-term pulse energy after the compressor.
The data set shows a mean pulse energy of 99.8 µJ (standard deviation of 0.45 µJ).
Inset: Power stability data plotted with just ±1% scale on the y-axis for the first 40

minutes after switching on the final amplifier.

The pulse duration of 340 fs estimated from the autocorrelation data was confirmed
by direct measurement using SHG FROG (MesaPhotonics FROG Scan). figure 4.4 (top
row) shows the measured FROG traces for the 100 µJ output pulses. The raw data was
taken with a temporal resolution of 20 fs and a spectral resolution of 0.08 nm, before
interpolation onto a 256×256 grid with a time span of 5 ps, 20 fs temporal resolution,
a frequency span of 51.2 THz (187 nm) centred at 286.2 THz (1048.2 nm) with a res-
olution of 0.2 THz (0.73 nm). The close agreement between the measured (top left)
and retrieved (top right) FROG traces produced a FROG error of 0.0049. The bottom
row of Figure 4.4 shows the reconstructed intensity and temporal phase (left), and the
reconstructed spectrum and spectral phase (right, logarithmic scale for the spectrum).
The intensity trace shows a pulse duration of 350 fs at intensity FWHM. The sign of the
delay axis for this pulse retrieval is ambiguous due to the nature of SHG FROG. The
phase across the central pulse peak is approximately flat, but the spectrograms clearly
show evidence of satellite pulses outside of the main pulse, which could be due to the
nonlinear phase distortions as the autocorrelation pedestal is clearly reduced at lower
pulse energies. The peak power of the pulses was calculated to be 240 MW from the
FROG reconstructed intensity profile.

The beam caustics used for an M2 calculation are shown to the left of figure 4.5.
The spatial beam profile was diffraction limited, with an average M2 value of 1.07 (1.06
and 1.08 in the x- and y-directions, respectively). As this data was taken after the
compressor it provides confirmation of the good alignment of all compressor optics as a
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misaligned compressor would degrade the beam quality [97].
The right-hand plot of figure 4.5 shows the long-term stability of the system, mea-

sured over a two hour period at a sample frequency of 1 Hz using a ThorLabs S145C
integrating sphere with an InGaAs power sensor. The detector bandwidth was set to
15 Hz so that the measurement was averaged over approximately 100 pulses. The mean
pulse energy was 99.8 µJ with a standard deviation of 0.45 µJ. The absolute minimum
and maximum outliers over the measurement were 97.8 µJ and 100.7 µJ.

Shot-to-shot pulse energy variation was measured at the output of the compressor
by using a 2 GHz detector (EOT ET3000 InGaAs) and comparing the peaks of the
diode output pulses on an oscilloscope. Over 30,000 samples it was found that the pulse
energy had a standard deviation of < 1%, with an absolute minimum and maximum
pulse energy of 95 and 103 µJ.

4.4 System improvements and future work

Technical benefits to system stability could be realized by fully fiberizing additional
components and thus eliminating potential alignment drifts associated with most free-
space setups. Using a chirped fibre Bragg grating (CFBG) [32] and fiberized circulator
for the stretcher (or a specially designed combination of stretcher fibres with dispersion
matched to the compressor as was done in ref. [98]) would enable complete integration
at the system front end. In addition, a fiberized final amplifier has become possible since
the launch of a commercialized pump combiner, which may be spliced onto the NKT
DC-200/40-PZ-Yb fibre that was used for the final amplifier. A new length of this fibre
would also benefit system efficiency which, alongside higher power pump diodes for the
power amplifiers, would enable repetition rate and average power scaling.

Recently, peak power scaling to multiple gigawatts at high repetition rates and high
energies has been made possible by using coherent combination of the final amplifier
fibres [19], divided pulse amplification [99, 100], nonlinear compression in gas-filled or
Kagome fibres [26, 101, 102] followed by dispersion compensation using chirped mirrors
for sub-100 fs pulses, or a combination of each. So far, these methods have only been
attempted with ultrafast systems which use rod-type fibres in the final amplifiers as op-
posed to flexible, although there are no inherent differences between the two approaches
which would render these methods inapplicable to flexible fibre systems. As such coher-
ent combination, divided pulse amplification, and nonlinear compression form a viable
route to average and peak power scaling of the fibre CPA presented in this chapter, and
the excellent system stability would help to simplify their addition to the system. This,
alongside the dielectric grating compressor, will allow for average power scaling up to
at least 100 W [32] in a compact, and highly stable setup. Additionally, active phase
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stabilization as used in ref. [30] is a possibility for further improving the autocorrela-
tion shape and FROG trace, and potentially allowing for increased pulse energy before
detrimental nonlinear distortion destroys the pulse shape.

4.5 Summary

Improvements to the stability of an existing fibre CPA system were documented in
this chapter, and were achieved by changing the operating wavelength to better match
the gain peak of the amplifier chain, which was also fiberized for the majority of its
length. The process involved realigning the stretcher and compressor, rebuilding the
amplifier chain and optimizing gain, nonlinearity and dispersion management thoughout
the system. It was found that nonlinearity limits the current maximum pulse energy of
the system rather than energy storage, and suitable methods for increasing the pulse
energy were discussed. The system produced 100 µJ, 240 MW peak power pulses with
shot-to-shot and long-term standard deviations in pulse energy measuring <1% and
0.45 µJ, respectively. The diffraction limited beam quality indicates that these pulses
can be focussed to intensities of approximately 1×1018 Wm−2 and are therefore suitable
for frequency conversion into the XUV through high-harmonic generation.
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Chapter 5

An introduction to high-harmonic
generation

This chapter introduces the theory of HHG in both a semi-classical (section 5.1) and
quantum mechanical (section 5.2) single atom framework. The effect of pulse duration
on the resulting XUV characteristics are also described using the quantum mechanical
approach. Different generation methods are described in section 5.3 before phasematch-
ing and the efficiency of the XUV generation process are considered in section 5.4.

5.1 The semi-classical model

First introduced by Corkum [103], the semi-classical description of HHG has seen re-
markable success due to its intuitive nature and accuracy in predicting experimental
results, such as the highest available (cut-off) harmonic frequency. The model assumes
that only the outermost electron is involved in the interaction with the driving field and,
with the exception of the tunnel ionization process, that both the field and the electron
may be treated in a classical framework.

Figure 5.1 [31] illustrates the physical processes which make up Corkum’s ‘three-step’
model. The distortion of the atomic Coulomb potential by an intense driving field allows
for the tunnel ionization of the outer-most electron (a), which is subsequently acceler-
ated by the incident driving field (b). As the driving field changes sign, the electron is
accelerated back towards the parent ion and recombination takes place. The kinetic and
potential energy gained by the electron is released as an XUV photon during this step
(c). The Keldysh parameter, defined as the ratio of the tunnelling and laser periods and
expressed by equation 5.1, determines whether the electron is ionized by multiphoton

59
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Figure 5.1: The three step model for HHG. a) Tunnel ionization of the electron and
subsequent acceleration by the electric field. b) The field changes sign, reversing the
acceleration of the electron and c) the electron recombines with the parent ion, releasing

an XUV photon.

absorption (γ >> 1) or quantum tunnelling (γ << 1).

γ =
√

Ip
2Up

(5.1)

Ip is the ionization potential of the parent atom or ion. Up is the ponderomotive poten-
tial, given by the average kinetic energy that a charged particle has when oscillating in
a laser field:

Up = e2E2
0

4meω2
0

(5.2)

Analysing the electron motion after ionization is useful in determining its recombina-
tion energy as a function of ionization time. Assuming a cosinusoidal field and equating
the mechanical and Coulomb forces acting on the electron yields the acceleration:

d2x

dt2
= −eE0 cos(ω0t)

me
(5.3)

in which e is the unit charge, E0 is the amplitude of the driving field of angular frequency
ω0, and me is the electron mass. Subsequent integration over time gives the electron
velocity and position as a function of ionization time, t0:

dx

dt
= eE0
meω0

[sin(ω0t)− sin(ω0t0)] (5.4)

x = eE0
meω2

0
[cos(ω0t0)− cos(ω0t)− ω0(t− t0) sin(ω0t0)] (5.5)

Here, the position of the parent ion is assumed to remain constant (fixed at x = 0) and
the electron is assumed to have zero kinetic energy immediately after ionization. The
left plot of figure 5.2 illustrates the trajectories taken by the classical electron for a range
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Figure 5.2: Left: Electron trajectories for six ionization times, t0, between 0 ≤ t0 ≤
T/4 of a cosinusoidal driving field (790 nm wavelength). Right: Electron return energy

(units of ponderomotive potential) as a function of time spent in the continuum.

of ionization times over the interval 0 ≤ t0 ≤ T/4, where T indicates the period of the
~E-field. As is indicated by both equation 5.4 and the trajectories in figure 5.2, the return
velocity of the electron is dependent on ionization time, and has zero value for returning
electrons which were ionized at t0 = 0, and for the limiting case in which t0 = T/4. The
latter case describes the condition for which the electron is accelerated away from the
ion permanently, and the recombination step fails to take place. This continues to occur
between T/4 ≤ t0 ≤ T/2, after which the process of ionization and recombination may
occur for the next quarter period. Recombination (and subsequently, XUV emission)
therefore occurs for all nT ≤ t0 < nT/4 and does not occur for all nT/4 ≤ t0 < nT/2 for
cosinusoidal driving fields, where n ∈ Z.1 With emission occurring antisymmetrically
every half period, the XUV spectrum is composed of the odd harmonics of the multi-
cycle driving pulse.

The right hand plot of figure 5.2 shows the calculated return energy, given by the
kinetic energy of the electrons at recombination with the parent ion. Other than at the
global maximum at 65% of the driving field period the return energy is not unique with
recombination time, but has two solutions. These correspond to the longer and shorter
trajectories shown in figure 5.2, which have equal durations at 65% of the driving field
period. The shorter trajectories correspond to later ionization times.

The classical cut-off law for the highest energy harmonic may be read directly from
the maximum of the right hand plot of figure 5.2. The duration of the long and short

1An equivalent condition exists for sinusoidal driving fields, and is given by the addition of T/2 to
the limits given for the cosinusoidal case.
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trajectories is equal at the maximum return energy of 3.17 times the ponderomotive
potential. By conservation of energy, the highest photon energy released in the recom-
bination is given by:

~ωmax = Ip + 3.17Up (5.6)

Much of the numerical and experimental work presented in this thesis is based on the
relevant application of equation 5.6.

5.2 The quantum mechanical model

In the quantum mechanical model of HHG the classical approximation of the driving
optical field is maintained. Conversely, the electron is no longer treated as a free-space
classical particle, and its motion is described by a temporal and positional probability
density. This itself is under the influence of the optical field and a soft Coulomb potential
(as defined in equation 5.9 below), which represents the stationary parent ion. The as-
sumption that the optical intensity is low enough to negate the influence of the magnetic
component of the optical field also removes the necessity for a relativistic description of
the electron motion. Due to this, the electron wavefunction shares the electronic and
inertial properties of the classical particle.

The description presented below has been simplified by a number of approximations.
A linearly polarized optical field restricts the influence of the soft Coulomb potential to
one spatial dimension, while the atom itself is modelled as a single electron bound in a
potential. The evolution of the electron wavefunction, |ψ(x, t)〉, is then derived from the
time-dependent Schrödinger equation (TDSE):

Ĥ|ψ(x, t)〉 = i~
∂

∂t
|ψ(x, t)〉 (5.7)

in which the Hamiltonian is defined as follows:

Ĥ = − ~2

2me

∂2

∂x2 + V (x, t) (5.8)

Here, V (x, t) is a potential determined by the optical field and a soft Coulomb potential,
which is used in order to avoid singularities in the calculations:

V (x, t) = −e
2

4πε0
1√

α2
0 + x2

+ eE(t)x (5.9)

where α0 is the Bohr radius, a0 = 5.29×10−11 m, multiplied by a scalar chosen so that the
ionization potential matches the gas species in question (α0, Ar = 1.7a0, α0, Xe = 2.2a0

for ionization potentials of 15.76 eV and 12.13 eV, respectively).
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Figure 5.3: The initial ground state wavefunction of the electron in the soft Coulomb
potential.

Figure 5.3 shows the initial electron wavefunction in the soft Coulomb potential for
argon gas, calculated using equations 5.7–5.9 under the approximation that the optical
field has zero amplitude. Once this wavefunction is known, Taylor’s theorem is then
used to approximate the temporal evolution of the electron wavefunction. Substituting
for the temporal derivative in the Schrödinger equation yields:

|ψ(x, t0 + t)〉 ≈ |ψ(x, t0)〉 − i

~
(t− t0)Ĥ|ψ(x, t0)〉 (5.10)

Using a time propagator of the form T̂ = exp
(
−(i/~)Ĥ(t− t0)

)
, which may be intro-

duced by a comparison of its Taylor expansion with that of |ψ(x, t)〉, allows for equa-
tion 5.10 to be expressed as follows:

|ψ(x, t0 + t)〉 =
[
Î − i∆t

~

(
− ~2

2me

∂2

∂x2 + V (x, t)
)]
|ψ(x, t0)〉 (5.11)

where Î is the identity operator, and ∆t = (t−t0). Equation 5.11 expresses the temporal
evolution of the electron wavefunction within potential V (x, t).

In order to define an expression for the spatially dependent term of equation 5.7 the
spatial evolution of |ψ(x, t)〉 is expressed as the mean average of the solutions to the
forward and backward Euler methods (a finite difference technique known as the Crank-
Nicolson method). The Taylor expansion of both |ψ(x0 + x), t)〉 and |ψ(x0 − x), t)〉 is
followed by their addition, and rearrangement gives the second spatial derivative:

∂2ψ

∂x2 = ψi+1
n − 2ψin + ψi−1

n

(∆x)2 (5.12)

in which the nomenclature has been abbreviated such that |ψ(xi, tn)〉 = ψin. Using
equation 5.12 in the Schrödinger equation gives rise to the forward time central step
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solution:
ψin+1 = ψin

[
Î − i∆t

~

(
− ~2

2me

ψi+1
n − 2ψin + ψi−1

n

(∆x)2 + V (x, t)
)]

(5.13)

Equivalently, there exists an expression for ψin−1 which is derived by backwards propa-
gation and is referred to as the backward time central step solution. The Crank-Nicolson
method is then used, giving:

ψin+1 =
(
Î + i∆t

2~ Ĥ
)−1 (

Î − i∆t
2~ Ĥ

)
ψin (5.14)

A visual representation of |ψ|2 for the electron before, during, and after the interac-
tion of a 5 fs driving pulse with a single atom is given in figure 5.4, and was produced
using the derivation above. The maximum displacement of the electron from the origin
is much larger than the radius of the parent ion, which justifies the free-electron assump-
tion made in the semi-classical model. Analogously, the classical electron trajectories
depicted in figure 5.2 are also reproduced as ripples of high probability density, propa-
gating away from or interacting with the ionic core, as was seen in the classical model.
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Figure 5.4: A 5 fs driving pulse of 1045 nm wavelength and ∼ 1.8×1014 Wcm−2 inten-
sity (white line) is incident on a single Ar atom. The colourmap represents log10(〈ψ|ψ〉)

for the electron involved in the interaction.

Differences between the classical and quantum mechanical models arise when consid-
ering the recombination process. Previously it was suggested that the purely classical
electron falls back to the ground state after returning to its parent ion. In the quan-
tum mechanical description, the portion of the wavefunction which tunnels through the
field-distorted soft Coulomb potential suffers a temporal phase shift (and therefore a
translation in frequency) relating to the time propagator in equation 5.11 during accel-
eration in the continuum. On returning to the parent ion, the induced frequency shift
results in interference between the portion of the wavefunction which was propagated
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Figure 5.5: Applying a high-pass filter to the acceleration versus dipole moment
allows for the attosecond XUV pulse train to be seen clearly: a) XUV bursts from the
5 fs pulse shown in figure 5.4, and b) XUV bursts generated by a 330 fs pulse with a
central wavelength of 1045 nm and intensity of ∼ 1.8× 1014 Wcm−2. Argon was used

as the target gas for both simulations.

and that which remained bound within the atomic potential. The result is an induced
dipole oscillation with dynamics determined by the beating caused by the wavefunction
interference. Driven by this highly nonlinear interaction with the incident optical field
the oscillating dipole radiates, generating the XUV field, which may be calculated from
the second derivative of the positional expectation value.

Figure 5.5 demonstrates the dipole oscillation in the time domain after a high-pass
frequency filter has been applied, allowing for the attosecond structure of the XUV pulse
train to be seen clearly. Figure 5.5a shows the XUV pulse train for the single atom in-
teraction with the 5 fs pulse shown in figure 5.4. The pulse parameters used for this
simulation are similar to those most frequently used for high-harmonic generation due
to the high intensities which they provide. Figure 5.5b shows the same thing, but for a
330 fs driving pulse with a central wavelength of 1045 nm and an intensity of approx-
imately 1.8 × 1014 Wcm−2. These parameters were chosen as they are similar to those
produced by Yb-fibre CPA systems. As is expected, shorter driving pulses produce fewer
attosecond XUV bursts (isolated, in some cases [104]) than the longer pulses. The latter
may be used to generate XUV pulse trains. Figure 5.5b has been cropped to show the
leading edge of the long driving pulse, where the XUV pulses with the highest ampli-
tude are produced, due to the ionization process saturating the ion population of the
target gas over the pulse duration. This has important consequences for the generation
efficiency, and will be discussed further in section 5.4.

By taking the Fourier transform of the dipole acceleration the spectrum radiated by
the oscillating dipole can be predicted. This is shown in figures 5.6a and b for the 5 fs
and 330 fs driving pulses, respectively. Shorter driving pulses generate spectra with an
under-developed harmonic structure due to the low number of XUV bursts produced
each half cycle. The odd harmonics are only visible in figure 5.6a for the perturbative
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Figure 5.6: The emission spectrum of the oscillating dipole for a) the 5 fs pulse shown
in figure 5.4, and b) the 330 fs pulse shown in figure 5.5. In both plots, the red lines
mark the frequencies of the odd harmonics of the driving laser field. Argon was used

as the target gas for both simulations.

region (harmonic orders 1 to 5), and after cut-off at approximately 17 PHz (17.6 nm).
The carrier-envelope phase of shorter (sub-10 fs) driving pulses strongly determines the
number of XUV bursts produced, and therefore the degree of spectral modulation. The
carrier-envelope phase for the simulation shown in figure 5.6a is π/2, giving the max-
imum spectral modulation for this example. This effect is not seen for longer driving
pulses (figure 5.6b). The large number of generation sites in the longer pulses and the
resulting train of attosecond XUV bursts creates a fully developed spectral modulation,
with well defined narrow line odd harmonics of the driving laser field.

In light of the differences between the properties of the XUV produced when using
short or long driving pulses, it becomes apparent that the resultant single-shot flux (in-
trinsically higher for shorter pulses of a given energy) is not the only parameter which
needs to be considered when designing a usable HHG source. These differences, as well as
the usable XUV photon flux, determine the suitability of a source for a given application.
For example, near single-cycle driving pulses may be used to generate isolated attosecond
pulses for time resolving molecular electron dynamics [105]. However, often narrow-band
XUV radiation is required (e.g. for lithography, photoelectron spectroscopy, etc.), and
such a source would be less suited to this experiment due to a reduction in the XUV
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power spectral density for a given pulse energy. Here, the fully developed spectral mod-
ulations exhibited by longer driving pulses maximize the power spectral density of each
harmonic order, leading to an increased efficiency when monochromating the XUV.

5.3 Generation methods

The simplest experimental setup for HHG uses a tapered glass or metal nozzle backed
with approximately 1 bar of gas which is fed from a wider inlet through to a 0.1-1 mm
aperture to form a supersonic jet, and is shown in the top left of figure 5.7. Maximum
flux for this geometry is found when the driving field is focussed into the Mach disk [106],
situated underneath the nozzle. Improved generation efficiency is usually found for the
gas cell geometry due to the extended interaction length and higher achievable gas
density in comparison to the jet [107]. In this thesis, gas cells are constructed from
lengths of copper tubing, and gas is fed through the cell from one end and is prevented
from leaking through the other by blocking the tubing (right hand side of figure 5.7).
Entrance and exit holes for the driving field are drilled through either side of the copper
tubing. As discussed in section 5.4 it is often necessary to translate the focus through
the target gas to find the position of best phasematching. By using a gas cell to increase
the interaction length a larger parameter space may be scanned when finding the best
focal position. Additionally, the restriction on gas flow from the generation region to
the surrounding vacuum may be higher for a gas cell than a jet, and is achieved by
using small entrance and exit holes for the gas cell. The higher vacuum outside of the
generation region leads to a reduced background absorption of the XUV as it propagates
from the generation region to the detection optics.

The capillary geometry shown at the bottom of figure 5.7 may be used for enhanced
conversion efficiency. Capillaries are usually constructed from silica, with gas inlet holes
positioned close to the ends. In the initial stages of propagation through the capillary,
the fundamental driving field undergoes temporal and spatial compression through SPM,
dispersion, and mode beating. The longitudinal positions at which temporal and spatial
compression is maximized can be made to coincide by tuning gas pressure, capillary
length and bore to increase the intensity at the capillary output by approximately two
orders of magnitude [108]. The XUV is then generated at this point, and the best flux
is found when the capillary is terminated here to minimize reabsorption. This geometry
comes at the expense of increased design complexity, as the capillary setup must in
general be developed using a numerical approach to find the optimum parameters for
a given input pulse. It has recently been shown that capillary design can provide a
50-fold increase in flux by exploiting temporal pulse self-compression and mode beating
to achieve near single-cycle driving fields with intensities of 1014 W/cm2 from a 40 fs,
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Figure 5.7: Schematic of the jet (top left), cell (top right), and capillary (bottom)
geometries. The red and purple lines denote the infrared driving field and the generated

XUV, respectively.

1 mJ driving pulse at the capillary input [108, 109, 110, 111].
Both the gas cell and capillary geometries are used in this thesis. A capillary HHG

source was used while developing and testing the single-exposure XUV characterization
method outlined in chapter 6. A gas cell was used for XUV generation with the fibre
CPA system, and details of this experiment are given in chapter 7.

5.4 Phasematching and efficiency

In order to achieve a high conversion efficiency from the driving field to the XUV macro-
scopic effects must be considered alongside the single atom description, and are incor-
porated into the theory by the difference between the wave vectors of harmonic q and q
times the fundamental driving field:

∆~k = ~kq − q~kf (5.15)

Under the condition that equation 5.15 has zero value the frequency conversion process
is said to be phase-matched, and energy is efficiently and continuously transferred to har-
monic q. Contributions to the phase mismatch between the fundamental and harmonic
q are determined by the dispersion from the the free electrons released during the HHG
process (∆k0), neutral gas atoms (∆kd), the atomic phase (∆ka), which corresponds to
the phase acquired by the electron wavefunction in the continuum and that due to the
time difference between ionization and recombination [112], and geometrical effects such
as the Gouy shift and those imposed by the generation geometry (∆kG). These terms
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must be balanced for perfect phasematching over an infinite distance [113]. For the case
that this condition is not met a coherence length is defined as Lc = π/∆k to determine
the length over which the phase mismatch evolves by π radians.

Due to the extended pulse duration used to drive the HHG process with the fibre
CPA system presented in this thesis, a large amount of plasma is generated at the early
stages of the pulse. As shown by figure 5.8, the ion fraction can be as high as 100% at the
peak intensity of the pulse for typical fibre CPA parameters [114] (See Appendix B for
the MATLAB script used for this calculation). This induces a refractive index change
over its duration, and alters the phasematching condition as well as the spatial and
temporal characteristics of the driving field.

Figure 5.8: Calculation of the on-axis population fraction of neutral Xe atoms (green),
Xe+ ions (red), and Xe++ ions (black dashed) over the duration of a 100 µJ, 330 fs

pulse (blue line) focused to a 7 µm spot to reach an intensity of 1.8× 1014 Wcm−2.

The refractive index experienced by the fundamental due to the free electrons is
calculated as follows:

nf =
√

1−
ω2
p

ω2
0

(5.16)

in which ωp is the plasma frequency:

ωp =

√
e2Ne

meε0
(5.17)

Here, Ne is the free electron density, and given by the product of pressure (in atmo-
spheres), ionization fraction, and the number density of atoms at 1 atm. Using equa-
tion 5.15, it is found that the phase mismatch and resulting coherence length due to the
free electrons are given as:

∆k0 =
πqω2

p

λ0ω2
0

(5.18)
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Lcf = 2πcω0
qω2

p

(5.19)

It may be assumed that the ionization has no effect on the refractive index of the gas
species [115], giving the ion population the same refractive index as the neutral atoms.
The refractive index of the partially ionized gas can therefore be written as:

n = 1 + Pδ(λ) (5.20)

where δ = Re(n)− 1 and P is the pressure in atm. Using this, the wave vector may be
expressed as the sum of the vacuum wave vector and that due to the refractive index of
the partially ionized gas. Using equation 5.15, the phase mismatch due to the neutral
and ionized gases is as follows:

∆kd = q2πP
λ0

(δ(λq)− δ(λ0)) (5.21)

The coherence length for the partially ionized gas can then by defined as:

Lcd = λ0
2qP

1
(δ(λq)− δ(λ0)) (5.22)

The free electron coherence length (equation 5.19) is proportional to the fundamental
frequency, and inversely proportional to the harmonic order and the square of the plasma
frequency, and therefore decreases rapidly for a higher ionization fraction. Conversely,
the dispersion of the partially ionized gas is proportional to wavelength, but maintains
the inverse proportionality to harmonic order and pressure. The coherence lengths
for the free electrons and the partially ionized gas therefore decrease with increasing
harmonic order, making it increasingly difficult to phase-match higher harmonics.

In addition to the partially ionized gas and free electron phase mismatches, the length
of the trajectory followed by the ionized electron (as shown in figure 5.2) also plays a
significant role in the conversion efficiency from the fundamental to harmonic q. This is
referred to as the atomic phase in the literature, and is given by [112]:

φa = S(t0, t1)
~

+ qωt1 (5.23)

The phase mismatch contribution from the atomic phase is therefore given by:

∆~kq = q ~k1 + ~∇φa(r, z) (5.24)

where ~k1 is the wave vector for the fundamental, and:

S(t0, t1) =
∫ t1

t0

(
mev

2(t)
2 + Ip

)
dt (5.25)
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Here, t0,1 are the ionization and recombination times, respectively, and S is the quasi-
classical action, given by the integral of the total electron energy over time spent in the
continuum. As discussed in section 5.2, the fraction of the electron wavefunction which
is ionized undergoes a frequency shift which is proportional to the kinetic energy gained
as it is propagated outside of the atomic potential. A shift in phase accumulates as a
result of this frequency shift, and therefore the long and short trajectories experience
different atomic phases with an intensity variation which is greatly lessened for the short
trajectories. The spatial intensity variation has a profound effect on the spatial profile of
the harmonic field, resulting in an annular structure for the long trajectory harmonics.

When considering gas jet and cell geometries, the effects of focusing a free-space
mode must be taken into account. The transverse and longitudinal spatial phases of
the focused Gaussian beam therefore have an effect on the phase mismatch, and are
described by [112]:

φ(r, z) = arg
[

1
2(z0 + iz) exp

(
− k0r

2

2(z0 + iz)

)]
(5.26)

where r is the radial distance, z is the longitudinal distance, and z0 is the Rayleigh range.
Considering the on-axis phase shift (known as the Gouy phase, φG = arctan(z/z0) [116]),
it is possible to write the on-axis wave vector imparted on the driving field by the focal
geometry:

kG = dφG
dz

= z0
z2 + z2

0
(5.27)

Using equation 5.15, the phase mismatch due to the Gouy shift and its associated co-
herence length may be written as:

∆kG = − qz0
z2 + z2

0
(5.28)

LcG = π(z2 + z2
0)

qz0
(5.29)

where the wave vector for harmonic q has been neglected under the assumption that
1/(qz0) ≈ 0.

As the Gouy coherence length is approximately proportional to the Rayleigh range, it
becomes dominant for systems requiring small spot sizes to reach the required intensities
of ∼ 1014 Wcm−2 for HHG to take place. It has been shown that the mismatch between
the Gouy and atomic phases is dependent on the relative position of the generation
medium with respect to the focus [112]. This z-dependence of the total phase mismatch
results in a variation in phasematching conditions throughout the focal volume, and
there exists a longitudinal position where phasematching of the qth harmonic may be
achieved. When using the cell or jet geometry, translating the focus through the gas
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explores a parameter space which is dependent on the ionization fraction (and therefore
intensity), gas pressure, as well as the Gouy and atomic phases to find the position of
the focus relative to the generation medium which gives the best phasematching. This
is exploited in the gas cell HHG geometry described in chapter 7.

The wavelength of the driving field further limits the HHG efficiency. The λ2 depen-
dence of the ponderomotive potential (see equation 5.2) has placed wavelength scaling of
the fundamental at the forefront of a number of recent HHG experiments in which shorter
wavelength XUV was the desired outcome [117]. Despite the production of shorter wave-
length XUV radiation, this is not a parameter which will be exploited within this project
due to the inherent difficulty of phasematching high order harmonics, which is a direct
result of the inverse proportionality of the coherence lengths with order number, q.

It has also been noted that the production efficiency of the harmonics scales with
approximately λ−6

0 [118]. The origin of this is purely quantum mechanical, and is based
in the continuous spatial dispersion of the electron wavefunction during free-space prop-
agation. Longer driving wavelengths lead to a larger difference between ionization and
recombination times, therefore resulting in the wavefunction being dispersed more. The
overlap between the electron wavefunction and the parent ion is therefore reduced, and
this greatly reduces the strength of the beating which occurs between the ionized por-
tion of the wavefunction and that which remained within the Coulomb potential. The
XUV yield is therefore diminished, as less of the energy gained by the electron during
propagation is transferred to the dipole oscillation.

5.5 Summary

This chapter introduced the classical and quantum mechanical models of the single-atom
HHG process. The models were shown to quantitatively predict the characteristics of
the generated harmonics, such as the frequency cut-off, and qualitatively suggest the
extent to which the generated spectra are modulated, and the number of XUV bursts
per shot. It was shown that fundamental differences in the resulting XUV pulse trains
and spectra between short and long driving pulses exist, and appropriate applications
for both cases were briefly discussed.

Different HHG geometries were then described before phasematching was considered
in order to describe limitations on the harmonic generation efficiency in the fibre CPA
experiments. It was shown that the limitations arise due to the phase mismatch between
the fundamental and each generated harmonic as a result of dispersion from the neutral
and ionized gas, the contribution from the electron trajectories, and the phase mismatch
created by the focal geometry. The inverse proportionality of coherence length on the
harmonic order was described. A method for reducing the phase mismatch involving a



Chapter 5. An introduction to high-harmonic generation 73

balance of gas pressure, driving pulse intensity, focal position, and the atomic phase was
also introduced, before the effects of wavelength scaling were discussed.





Chapter 6

Single exposure characterization
of high-harmonic XUV radiation

6.1 Introduction

It is important for novel XUV sources to be characterized fully, and a number of methods
have been outlined recently for determining the XUV spectrum, accurately retrieving
the transverse phase profile and, in some cases, the spatial coherence for each har-
monic [119, 120, 121, 122]. These methods each rely on spatially sampling the beam by
scanning narrow slits across it, before grazing incidence spectrometry spatially separates
the harmonics at a detector. This leads to a relatively complex alignment procedure,
inefficient use of the generated XUV flux, a requirement for moving parts, and propaga-
tion distances of order 1 m which will result in a low XUV intensity at the detector due
to the tight focusing required for HHG with the fibre laser system. The characteriza-
tion process is also restricted to one spatial dimension and requires multiple exposures.
As such, although these methods can be highly accurate and are appropriate for low
divergence sources, they do not present a practical route for characterising the XUV as
generated by the fibre laser system developed in this work.

A single exposure spectrometry method (developed before this work was started by
Dr. Matthew Praeger, University of Southampton – see refs. [123, 124]) was adopted as
an alternative to grazing incidence spectrometry because it has minimal spatial sampling
and therefore makes efficient use of the XUV flux by detecting most of the beam, can
spatially resolve the spectrum in two dimensions, and has very flexible design parameters
allowing for propagation distances of order 0.1 m to be used. In this thesis work, the
method was extended to include radius of curvature retrieval, thus allowing for a more
complete characterization of the fibre CPA system as a high-harmonic source through an

75
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appropriate method requiring just one exposure of the beam. When applied generally,
the method may be used to characterize low-flux sources when longer integration times
are used, or to determine the single-shot beam characteristics with high-flux sources.
The method is demonstrated in a proof-of-principle experiment in this chapter using
a capillary high-harmonic source, and is shown to allow for the two-dimensional XUV
intensity profile at the capillary exit to be reconstructed from an exposure of just 50
laser shots.

Figure 6.1: Schematic of the alignment free XUV characterization setup.

The general experimental setup is shown in figure 6.1. Light emitted from a source
propagates a distance z1 before being diffracted by a grid with square apertures of period
γ. The diffracted light then propagates a distance z2 before it is incident on a spatially
sensitive detector, such as a CCD. The spatially resolved spectrometry information is
retrieved from the projected near-field diffraction pattern of each individual grid square,
and the radius of curvature information is calculated using distance z2 and the period
of the grid projection at the CCD, Γ.

This chapter is structured as follows: Section 6.2 introduces the spatially resolved
spectrometry technique, which was developed in the Ultrafast X-ray Group at the Uni-
versity of Southampton prior to this thesis work. Following that, the algorithm for
retrieving the radius of curvature is described in section 6.3, before experimental guide-
lines for implementing the spectrometry and radius of curvature methods are given in
subsection 6.4. The full characterization technique is then applied to experimental data
taken using a capillary high-harmonic source in section 6.5. Limitations and future work
are discussed in section 6.6, before the chapter is concluded in section 6.7. All simu-
lated diffraction patterns presented in this chapter were calculated using the angular
spectrum method (ASM) [125]. A proof for this technique and a MATLAB function for
calculating near-field diffraction patterns using this technique are given in Appendix E.
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6.2 Prior art: Spatially resolved spectrometry using single-
image diffraction

This section describes a technique for analysing Fresnel diffraction patterns from square
apertures in order to infer spectral information about the source, and was reported
previously in refs. [123, 124]. By analysing the diffraction pattern created by an array
of square apertures and considering each aperture independently, the retrieved spectral
information may be spatially resolved across the beam.

The spectrometry technique uses the general setup shown in figure 6.1, and figure 6.2
shows a simulation of near-field diffraction of monochromatic XUV radiation as would be
seen using a setup similar to this, with the exception that the grid has been replaced by
a single square aperture for the purposes of this introduction. Distances z1 and z2 were
equal to 0.5 m for this simulation, and the aperture size was set to 340 µm to match the
experimental configuration described later in section 6.5. In the simulation, the resulting
intensity distributions for 27 and 38 nm wavelength light are compared. As can be seen
in the figure, although the square shape of the aperture is in part maintained, there is
a significant difference in the intensity distribution between the two wavelengths. This
difference may be used to infer the spectral content of the XUV beam in the plane of
the grid.

Figure 6.2: ASM simulation showing diffraction changes associated with different
XUV wavelengths.

The algorithm which predicts the XUV spectrum uses wavelength and intensity as
the input variables for simulating diffraction from a square aperture with the same
dimensions as that used in the experimental arrangement. The diffraction is simulated
for each wavelength in a user defined range, and a least squares fitting routine is then
used to determine the correct intensity for each wavelength component so that the
incoherent sum of the simulated diffraction patterns produces a good match with the
experimental data. The algorithm outputs the spectral intensities which minimize the
difference between simulated and experimental diffraction patterns, thus providing an
estimate of the XUV spectrum.



78 Chapter 6. Single exposure characterization of high-harmonic XUV radiation

Prior to simulating the diffraction, the four-fold symmetry of the square aperture is
exploited, and a uniform intensity distribution at the plane of the square aperture is
forced on the experimental data. This is done by taking the average of four copies of
the measured diffraction patterns, each respectively oriented at multiples of 90◦. The
result is a symmetrized diffraction pattern resembling that which would be produced
by uniform illumination of the square aperture. This process serves to increase the
signal-to-noise ratio of the experimental data and greatly simplifies the procedure for
calculating the spectral intensities.

The intensities for each wavelength are inferred by finding positive solutions to the
following equation:

Pexp(x, y) =
∞∑
h=1

Psim(x, y, h)I(h) (6.1)

Here, Pexp is the symmetrized experimentally measured diffraction pattern for the square
aperture, and Psim is the simulated diffraction pattern for harmonic h. Parameters x
and y are the spatial coordinates in the plane of the CCD. In this manner, the problem
is reduced to a system of linear equations which are resolved by finding the set of
I(h) which minimizes the quantity norm(Psim(x, y, h)I(h)− Pexp(x, y)) by using a least
squares routine. Typically, the user will enter 25 odd harmonics into the algorithm,
with values between 13 and 59 for a driving field produced by either a Ti:Sapphire
or Yb-fibre laser. The resulting diffraction pattern for one aperture typically occupies
50–150 pixels, resulting in a minimum of 2500 data points (or 2500 unknowns) for the
system defined by equation 6.1. The problem is therefore overdetermined and no unique
solution exists, so the spectrum output by the algorithm is a best fit estimate of the
actual XUV spectrum.

If an array or grid of square apertures is used as the diffractive element as opposed to
a single square aperture, this process can be repeated for each square in the array, thus
providing the spatial distribution of the harmonic spectrum. The process for estimating
the spatial distribution of the XUV spectrum may therefore be summarized as follows:

1. Crop the square of interest from the experimental grid diffraction data.

2. Symmetrize the cropped experimental data.

3. Simulate the diffraction for each wavelength in a user-defined array.

4. Use a non-negative least squares fitting routine to calculate the best fit spectral
intensity for the square of interest.

5. Move to the next square, and repeat.

The following assumptions have been made:



Chapter 6. Single exposure characterization of high-harmonic XUV radiation 79

1. The spectrum is assumed to consist of odd harmonics of the driving field centre
wavelength, and the linewidth of each harmonic is ignored.

2. The beat period between adjacent spectral peaks is assumed to be ∼1–2 fs. As
such, features in the diffraction pattern resulting from interference between differ-
ent harmonics is averaged out over the integration time of the CCD.

3. The intensity of each harmonic is assumed to be uniform over each aperture.

4. Each diffraction pattern is assumed to be isolated, i.e., diffracted light from one
square in the grid does not interfere with the light diffracted from adjacent squares.

Assumption 1 typically has the effect of increasing the contrast between diffraction min-
ima and maxima, which would otherwise be reduced if the harmonic linewidth was taken
into account. Although this assumption is not necessary for the method to work, it was
found to improve the stability of the least squares routine when analysing each data set
shown in this thesis. Assumption 2 is justified because the CCD measures the time-
averaged intensity of the incident XUV field. It is therefore possible to reproduce the
experimental diffraction pattern by considering the diffraction of each harmonic com-
ponent independently, and then summing their intensities rather than their complex
fields. Although assumption 3 does not hold for a typical HHG experiment, the aim is
to produce a single set of spectral coefficients for each aperture, rather than to spectrally
resolve the detailed intensity distribution within each aperture. Symmetrizing the ex-
perimental data validates this assumption. Assumption 4 may be justified by selecting
appropriate experimental parameters for the grid, and distances z1 and z2, which will
be discussed in section 6.4.

6.3 Radius of curvature estimation from single-image
diffraction

Unlike the spatially resolved spectrometry technique introduced in section 6.2, the al-
gorithm developed in this work for estimating the radius of curvature of an XUV beam
uses the near-field diffraction pattern of the grid as a whole, rather than separately con-
sidering the diffraction pattern produced by each aperture in the grid. The algorithm is
based on determining how the projected aperture size, Γ, scales as a function of radius
of curvature. This principle is demonstrated in figure 6.3, which shows a zoomed area of
a simulated near-field diffraction pattern produced by equal amplitude harmonics (num-
bers 19–29 for a 790 nm fundamental wavelength) after passing through a grid with
340 µm square apertures separated by opaque 40 µm thick bars (again, chosen to match
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Figure 6.3: ASM simulation showing how the projected grid period changes with a
change in radius of curvature.

the experimental arrangement in section 6.5). Distances z1 and z2 were set to 0.5 m.
The figure shows that for XUV fields incident on the grid, the radius of curvature

scales the projected aperture size, Γ. A smaller positive radius of curvature, shown on
the right of figure 6.3 and corresponding to a higher beam divergence, magnifies the
projected aperture size at the plane of the screen/CCD in comparison to beams with
larger positive radii of curvature (left of figure 6.3). If the sign of the radius of curvature
is reversed, the opposite effect takes place, and Γ is reduced for the XUV beam with a
smaller radius of curvature.

This characteristic of the near-field diffraction patterns produced by arrangements
such as that shown in figure 6.1 was exploited to estimate the radius of curvature of an
XUV beam. This was done by iteratively comparing the projected grid period from input
diffraction data produced by the beam under test with that measured from diffraction
data produced by simulated fields with different radii of curvature to produce a best-fit
estimate. The algorithm required the user to input the following parameters:

1. The grid diffraction data under test (which may be generated from experiment or
simulations).

2. The starting field in the plane of the grid: A(x, y, z1, λ).

3. The aperture size and spacing for the grid used as the diffractive optical element.

4. The distances between the source, grid, and CCD (z1 and z2).

5. A set of estimated radius of curvature values to be used in the ASM simulation
step.

First the projected grid period, Γ, was measured from the input diffraction pattern.
The diffraction data was integrated along one axis, and cubic smoothing splines were
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fitted to the resulting curve to isolate the diffraction minima corresponding to the bars
of the grid from other intensity modulations in the diffraction data. The distance be-
tween the diffraction minima defined the projected grid period, Γexp, which was then
calculated and stored. This process was repeated for the other axis to obtain Γexp in
two spatial dimensions, which concluded the analysis step for the input data.

Secondly, simulated diffraction data was calculated for comparison with the experi-
mental data. The angular spectrum method was used to calculate the diffraction pat-
terns for each wavelength at the CCD using the input harmonic intensity profiles and
the grid parameters as defined by the user. The starting field used in the diffraction
simulation was defined in the plane of the grid at distance z1 from the source as follows:

E(x, y, z1, λ) = A0(x, y, z1, λ)e
ik(x2+y2)

2R(z) (6.2)

where A0 is the square root of the spatial intensity distribution for harmonic wavelength
λ. This field was then multiplied by the transmission function of the grid, and propagated
using ASM to give the field distribution in the plane of the CCD. The standard parabolic
phase term for approximating a spherical wavefront at large distances from the source
was used, and is well supported by prior investigations of XUV sources [119, 120]. As
with the spatially resolved spectrometry method, the total diffraction pattern for a given
radius of curvature was then retrieved by an incoherent sum over the ASM propagated
intensity distributions of each harmonic wavelength, λ. Following this, the projected
grid period for the simulated diffraction, Γsim, was measured in the same way as the
experimental data, and a comparison between Γexp and Γsim was made using:

∆Γ = |Γexp − Γsim| (6.3)

This process was repeated for all elements of the user-defined set of wavefront curvatures
for both the x- and y-directions. The radii of curvature within this set which minimized
the difference between the experimental and simulated data were selected by the algo-
rithm and output as the best-fit curvature values.

The Γ measurement is demonstrated in figure 6.4, which shows the analysis of the
simulated data for two radii of curvature during the iterative comparison process. Two
example diffraction patterns and the corresponding integrals over the y-axis are shown.
As can be seen, an increase in radius of curvature from 0.3 m to 0.37 m reduced the
projected grid period, Γsim, which was calculated to be 731 µm and 660 µm for the
smaller and larger curvature values, respectively. The process for measuring Γ is sum-
marized in the second row of the figure, and is the same for the input data analysis
stage and the iterative comparison stage. The integrals (black lines) are calculated from
the diffraction patterns, before cubic smoothing splines are fitted (blue lines), which are
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Figure 6.4: Left column: ASM simulation (top) and integral over the y-axis (bottom)
for an input radius of curvature of 0.30 m. The black line is the integral data, the blue
curve is a fit spline. The red lines indicate the minima corresponding to the grid bars.

Right column: The same, but for R(z) = 0.37 m.

used to find the central point of the diffraction minima which correspond to the grid
bars by smoothing over the fast intensity modulations in the diffraction pattern. The
minima are marked by the red vertical lines, and Γ is given by their separation.

The algorithm used to estimate the radius of curvature from the user-defined input
data listed above may be summarized as follows:

1. Load the input diffraction data, integrate along each axis, and fit cubic smoothing
splines to the resulting functions. Γexp may be calculated from the separation of
the spline minima.

2. Simulate the diffraction using the user-defined wavelengths and their intensity
distributions, distances z1 and z2, and the first element of the set of estimated
radii of curvature.

3. Calculate Γsim using the procedure outlined in item 1. Compare this value with
Γexp using equation 6.3, and store ∆Γ.
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4. Repeat items 2 and 3 for all elements of the set of estimated radii of curvature
values to define ∆Γ as a function of radius of curvature. Find the minimum of this
function.

5. Output the radius of curvature which minimizes this function.

As part of a series of tests performed on the algorithm, numerical data was used
as the input diffraction data so that field parameters could be ‘dialled up’ and tested
efficiently. In one such test, diffraction data sets calculated from four fields with radii
of curvature measuring 38.7 cm, 36.1 cm, 33.9 cm, and 35.1 cm were used as the input
for four separate radius of curvature retrieval tests. For these tests, the user-defined set
of estimated radii of curvature contained that used to produce each input diffraction
data set to test that there was no uncertainty intrinsic to the retrieval process. ∆Γ as
a function of radius of curvature for the iterative comparison step is shown in figure 6.5
for each of the four tests. As can be seen, the radius of curvature is retrieved with
zero error for all four input data sets. For this test, a polychromatic field composed
of odd harmonics from number 19 to 27 were used, with a fundamental wavelength of
790 nm. Each harmonic was assumed to have a uniform intensity distribution and equal
amplitude. Distances z1 and z2 were set to 33.5 cm and 40 cm, respectively.

Figure 6.5: Testing the algorithm with simulated diffraction patterns created by
an XUV field of five harmonics (19–27). The retrieved radius of curvature for each
simulation as shown in the legend is seen to be an exact match to the input radius of

curvature.

The algorithm was also tested using simulated input diffraction data under other
conditions. For example, it was found that if the radius of curvature of the field used
to generate the input diffraction data is not in the set of user-defined estimated radii of
curvature values, ∆Γ does not fall to zero. A minimum does occur for ∆Γ about the input
radius of curvature value, but a typical magnitude error of ∼0.3% resulted. By randomly
generating radius of curvature values for the input diffraction data, it was possible to
numerically generate an estimated average error of 0.6% for the retrieved radius of
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curvature. Additionally, it was possible to approximate an error for the retrieved radius
of curvature which occurs when the change in ∆Γ from one estimated radius of curvature
to the next is smaller than the pixel size of the detector used. If this is the case, there
will be no change in ∆Γ between pairs of consecutive radius of curvature estimates. The
resulting uncertainty in the retrieved radius of curvature in this scenario is approximately
3.5%. This error may be mitigated (or at worst, minimized) by selecting appropriate
experimental parameters, as discussed in section 6.4. The error in the best-fit radius of
curvature value is therefore estimated to be of order 1%.

Although polychromatic radiation with uniform intensity distribution was used for
these tests, it should be noted that harmonics with arbitrary intensity distributions
can also be used. The intensity distributions for each harmonic as calculated by the
spatio-spectral algorithm summarized in section 6.2 may therefore be used to define
A0(x, y, z1, λ) in equation 6.2, thus merging the two methods to provide a single-exposure
characterization technique for XUV beams.

6.4 Experimental guidelines

In this section the near-field diffraction parameters required for the correct application
of both the spectrometry and radius of curvature retrieval algorithms will be quantified,
and experimental guidelines for implementing the methods will be outlined.

It is useful to refer to the Fresnel number when considering different diffraction
regimes, and its definition is given as follows:

F = a2

λz2
(6.4)

where a is the characteristic aperture width (for square apertures, this is given as the
half-length of the aperture sides), λ is the wavelength, and z2 is the distance between
the aperture and the screen. If the incident beam is divergent, then this definition must
be modified to account for the effect that divergence has on the diffraction. This is done
as follows [126]:

F = (z1 + z2)a2

z1z2λ
. (6.5)

For far field (Fraunhofer) diffraction, F � 1, and the diffraction pattern tends towards
the Fourier transform of the field distribution in the plane of the grid. For the near field
(Fresnel) regime, F > 1, with large F causing the diffraction pattern to tend towards
the shadow pattern of the grid.

The radius of curvature estimation algorithm was found to work well for Fresnel
numbers as high as 4, after which the change in Γ with wavefront curvature became
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smaller than the pixel size of the detector, as mentioned in the previous section. This can
be resolved by moving the camera further away from the CCD. For the grid parameters
used throughout this chapter (340 µm aperture width for a bar width of 40 µm), the
lower limit on Fresnel number was determined to be 0.4 by extending the distance z2

in the simulations. This affects both the spatially resolved spectrometry and the radius
of curvature estimation techniques alike. However, using a larger aperture spacing can
resolve this issue when considering the radius of curvature algorithm, but this will come
at a reduced spatial resolution for the spectrometer.

The spectrometry method used here imposes the tightest constraint on the grid
aperture size, period (γ), and distance z2 as it has been shown to work best for Fresnel
numbers between 2 and 3 [124]. For these values, the distance z2 is large enough for the
diffraction features to be well defined whilst also being low enough to prevent interference
from adjacent squares for the given aperture spacing. It is important for the diffraction
features to be well defined as this is generally correlated with a larger average size of
the diffraction features, which makes them easier to detect experimentally as they can
occupy a larger number of pixels. This also helps to reduce uncertainty in the retrieved
spectrum. However, increasing z2 to larger distances will push the diffraction towards the
Fraunhofer regime, where no correlation can be made between different spatial regions
of the diffraction pattern.

6.5 Single-image characterization of a capillary
high-harmonic source

In this section the spectrometry and radius of curvature retrieval techniques described
in sections 6.2 and 6.3 are applied to the output of a capillary high-harmonic source as a
proof-of-principle demonstration of the characterization method. The development and
optimization of this high-harmonic source formed earlier work, and is documented in
Refs. [31, 109, 110, 111, 127]. First, the experimental setup used to collect the diffrac-
tion data is described, and the spatially resolved XUV spectrum is calculated before the
radii of curvature of the XUV beam are retrieved in the x- and y-directions. Assuming
a parabolic phase profile, the radii of curvature are used to back-propagate the spatial
intensity distribution of each harmonic over the distance from the grid to the source,
which allows for the wavelength resolved intensity distribution at the generation region
to be retrieved.

Figure 6.6 shows the experimental setup used for the beam characterization. The
nomenclature matches that used in figure 6.1. The high-harmonic XUV radiation was
generated in argon gas by focusing the 790 nm, 40 fs, 0.8 mJ pulses (1 kHz repeti-
tion rate) from a Ti:Sapphire laser into the 150 µm diameter core of a silica capillary
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150 mbar Ar

790 nm
40 fs

0.8 mJ

z1 z2

Detector
Al

Filters Grid

45 mm capillary

γ Γ

Figure 6.6: Schematic of the experimental setup. The distances z1 = 65 cm and
z2 = 45 cm remained fixed for the data presented in this section. Variables γ and Γ
denote the period of the grid and of the projected diffraction pattern in the plane of

the detector, respectively.
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Figure 6.7: Normalized intensity plot of the Fresnel diffraction data. The Fresnel
number for this geometry was ∼ 2. Γ was approximately 620 µm for the capillary

high-harmonic source.

(see section 5.3) using a 500 mm focal length plano-convex lens. A capillary length of
45 mm and argon at a pressure of 150 mbar were chosen as this combination produced
spatial and temporal compression of the pulses very close to the output end of the cap-
illary, thus allowing efficient XUV generation with minimal reabsorption by the argon
gas [109, 110, 111]. Two 200 nm thick aluminium filters were used to preferentially reflect
and absorb the residual infrared and only transmit the XUV through to the detector.
A square grid with 340 µm apertures separated by 40 µm nickel wires (repeat period
of γ = 380 µm) was placed in the beam at a distance z1 = 65 cm from the end of the
capillary in order to create a near field diffraction pattern, and a 1024×1024 pixel CCD
detector (Andor, 13 µm square pixels) was positioned at a distance of z2 = 45 cm from
the grid to capture the near field diffraction image.

Figure 6.7 shows a diffraction pattern recorded experimentally with an exposure time
of 50 ms, corresponding to 50 laser pulses with an estimated XUV flux of 2× 1012 pho-
tons per second at the exit of the capillary. The white lines superimposed onto the data
mark the projected shadow pattern of the grid, and the positioning of the line centres
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was achieved by finding the minima of the fitted cubic smoothing splines, as discussed
in the preceding sections.
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Figure 6.8: (a) Calculated XUV spectral intensity distributions in the plane of the
grid for the eight harmonic orders with the highest powers. Each square block in the
intensity patterns corresponds to one square of the Fresnel diffraction data oultined
by the white grid in figure 6.7. (b) the high harmonic spectrum retrieved by spatially

integrating the calculated spectral intensity distributions in a).

In order to combine the spectrometry technique and radius of curvature estimations
(as described in section 6.3), the intensity profiles of each harmonic order must be cal-
culated first so that they can be used as input for the radius of curvature estimation
algorithm. The spatially resolved spectrometry technique was therefore used first, and
the calculated harmonic intensity distributions are shown in figure 6.8a. This figure is or-
dered such that the long wavelength data is shown in the top left, and short wavelength
data is shown in the bottom right, with the wavelength value and harmonic number
shown above and below the intensity distributions. The spatial extent of the intensity
distributions is shown to be 1.9 mm on the left hand side of the plot. The colour bar in-
dicates CCD counts. The resolution of this image appears low due to the ‘block’ nature
of the data, but this is an artefact of the grid method and is indicative of the resolution
limit that the grid period imposes. Spatial integration of the calculated distributions
produces the spectrum shown in figure 6.8b, which is similar to that which would be
recorded by a conventional grating-based spectrometer [123] within the constraints of
the linewidth and harmonic peak wavelength assumptions outlined in section 6.2.

Having calculated the spectral intensity pattern shown in figure 6.8a, the next step
is to extract the radius of curvature of the high-harmonic beam in both the x- and the



88 Chapter 6. Single exposure characterization of high-harmonic XUV radiation

y-directions from the diffraction data shown in figure 6.7. This was done using the algo-
rithm outlined in section 6.3, using the spectral intensity distributions as the input field
distributions for the algorithm (A0(x, y, z1, λ) in equation 6.2). The resulting fit func-
tions for the x- and y-directions as defined by ∆Γ = |Γexp−Γsim| are given in figure 6.9.
This figure shows how ∆Γ varies with each radius of curvature value in the user-defined
set, which ranged from 64.5 cm to 68.2 cm. The minima for these functions indicate
the best fit radius of curvature values for the XUV beam, which are 66.3 cm in x and
66.6 cm in y. The corresponding difference between experimental and simulation values
for Γ was 0.06 µm for a projected grid period of 620 µm.

Figure 6.9: ∆Γ for each radius of curvature used in the diffraction simulations. The
curves represent the modulus of the difference between the projected square sizes of
the experimental and simulated data in the x-direction (crosses) and y-directions (as-

terisks). The best-fit radii of curvature values are 66.3 cm in x and 66.6 cm in y.

An attraction of the ability to determine the radius of curvature is that when mov-
ing on to using the spatially resolved harmonic spectrum (figure 6.8a) and the radius
of curvature data (figure 6.9), it was possible to back propagate the spectral intensity
distributions and obtain an estimate of the spatial profile of the harmonic orders at the
output of the Ar-filled capillary. The spectral intensity distributions in figure 6.8a were
multiplied by a parabolic phase corresponding to the best fit radii of curvature. The
propagation axis for the phase calculations applied to all of the harmonics was centred on
the intensity weighted centroid of the total XUV spot retrieved through the summation
of the harmonic intensity distributions. The numerical beam propagation also starts
with the assumption of a flat phase profile at the generation region. ASM was then used
to back propagate the individual spectral intensity distributions, retrieving the spatially
resolved XUV intensity at the capillary exit as a function of harmonic order, and the
results are shown after normalization in figure 6.10. This figure is arranged in the same
manner as figure 6.8a, with key differences being the normalization of each harmonic
intensity to its maximum value, and the reduction in spatial extent of the images to
0.096 mm (shown to the left of the figure). The XUV spot size at the output of the cap-
illary averaged across all harmonics was approximately 10 µm (intensity FWHM) with
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an estimated error of 5% arising from the radius of curvature and distance measure-
ments. This agrees very well with numerical simulations of the Ti:Sapphire laser spot
size after the spatial and temporal compression in the capillary [109], where it was found
that the driving field undergoes spatial compression through mode beating to produce a
spot size of approximately 10 µm FWHM, significantly smaller than that of the TEM00

mode of the capillary (∼50 µm), giving a peak intensity of 0.6×1015 W/cm2.
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Figure 6.10: The normalized XUV intensity profiles at the capillary output, calcu-
lated using the smoothed intensity distributions of figure 6.8a) multiplied by parabolic
transverse phase profiles with curvatures corresponding to the radii estimated by the

algorithm.

The pixilation effect shown in figure 6.8a made it necessary to smooth the distribu-
tions shown in that figure before the ASM propagation was performed. The smoothing
process was found to have a negligible effect on the size and shape of the reconstructed

Figure 6.11: Reconstructed XUV generation spot for the 71.8 nm and the 60.8 nm
harmonics, using the calculated data shown in figure 6.8a) without spline smoothing.
The top row shows the data for wavelength 71.8 nm on a linear and log scale (left
and right, respectively). The second row shows the same, but for harmonic wavelength

60.8 nm.
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spot, and was included in order to remove a ‘ringing’ effect which was otherwise ob-
served to extend beyond the capillary diameter. This effect is shown for harmonics with
wavelength 71.8 and 60.8 nm in figure 6.11, where the intensity distributions are again
normalized to their maximum value. It is seen that there is little change to the spot size
and intensity distribution within 50 µm either side of the central spot, as the 71.8 nm
XUV spot shows the four lobes which are apparent in figure 6.10, and the two peaks
at either side of the central maximum in the 60.8 nm distribution are also reproduced.
However, low amplitude oscillations extend to beyond 0.3 mm either side of the central
spot (and therefore beyond the capillary core diameter). These are caused by the hard
edges in the inferred spectral intensity distributions shown in figure 6.8a, which result
from the assumption that the harmonic intensities are flat across each grid square. It
was also necessary to interpolate the calculations in figure 6.10a onto a finer numerical
grid before the back propagation, as the generation spot size for this data set is smaller
than the pixel size of the detector used.

6.6 Limitations and future work

The back-propagation step for imaging the XUV generation region is limited predomi-
nantly by the cubic smoothing spline fitting and the ringing which occurs in its absence.
The uncertainty introduced by the spline may be reduced by using a smaller grid pe-
riod, increasing the beam sampling. As this will reduce the size of the square apertures
which make up the grid, z2 must also be reduced to comply with the Fresnel constraint
discussed in section 6.4. This will, however, reduce the size of the diffraction features,
which need to have a minimum squared size of four pixels to satisfy the Nyquist sampling
condition. Detector pixel size therefore poses a fundamental limitation to the radius of
curvature retrieval and back-propagation techniques, and may be restricted by commer-
cially available detectors as well as what is available in the laboratory. Although using
a detector with a smaller pixel size will allow for better beam sampling, doing so gener-
ally corresponds to an increased dark-count which reduces the contrast of the collected
diffraction data. Although using longer exposure times can increase the signal above the
noise, this will increase the data acquisition time for both the radius of curvature and
spectrometry techniques when characterising low-flux sources.

Although the parabolic phase approximation is made under the assumption that it is
flat at the generation region during the back-propagation step outlined in section 6.5 this
is justified when considering the guided driving field and small infrared spot size which
results from the optimized capillary source [109], and by recent direct measurements of
the transverse phase of other high-harmonic sources in the literature [120]. This assump-
tion allows for the transverse phase to be closely described by two degrees of freedom.
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This, however, is not the case for XUV beams which have a modulated transverse phase
profile as can result from astigmatic driving fields [128]. The capillary source analysed
in this chapter is therefore not generic, but represents a proof-of-principle for the tech-
nique under the condition that the transverse phase profile may be parametrized by two
orthogonal radii of curvature.

The single-exposure method outlined here may be generalized for more complex
wavefronts by incorporating other phase retrieval techniques. A Shack-Hartmann inte-
grator [129] is currently under development for this purpose. The displacement of the
intensity centroid of the diffraction pattern for each grid aperture from the equivalent
intensity centroid derived from a simulated plane-wave reference will be measured, and
can then be used with a simple integrator to retrieve arbitrary transverse phase profiles.
With this improvement, the single-exposure characterization method will be suitable for
analysing the spatial properties of arbitrary XUV beams.

6.7 Summary

A method for analysing the spatial characteristics of an XUV beam has been introduced
in this chapter, starting with a description of a previously reported spatially resolved
spectrometry technique outlined in section 6.2. The method involved comparing the
near-field diffraction pattern produced by a square aperture with simulated data to
find the set of harmonic intensities which minimized the difference between the two.
The main assumptions made when using this technique were outlined before a method
for extending the technique to include radii of curvature estimations was described in
section 6.3. These were made by comparing the magnification of the projected grid
dimensions in comparison to simulated data, and the radii of curvature in the x- and
y-directions which minimized the difference between the simulated and experimental
data were given as the best-fit curvatures. Experimental guidelines were then discussed
in section 6.4, with emphasis on the Fresnel number and how this was used to determine
the correct diffraction regime when implementing this technique.

A capillary high-harmonic source was characterized in section 6.5 as a demonstra-
tion. The spatially resolved spectrum was retrieved with a peak wavelength of 37.6 nm
and radii of curvature of 66.3 and 66.6 cm in the x- and y-directions, respectively. By
smoothing the intensity distributions in the plane of the grid and multiplying by a
parabolic phase with the radii of curvature given by the algorithm, it was possible to
back-propagate them for an estimate of the frequency resolved intensity distribution at
the generation region. The retrieved spot sizes for the harmonics were well matched to
previously reported numerical data for the driving field of the same source. Section 6.6
included a discussion regarding the limitations and validity of the capillary analysis and
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back-propagation approach, before key problems with generalising the current single-
exposure analysis algorithm were identified. Current and future work in developing
a Shack-Hartmann algorithm for retrieving arbitrary transverse phase profiles was de-
scribed as a method for mitigating these problems.



Chapter 7

High-harmonic generation driven
by a fibre CPA system

7.1 Introduction

In order to reach the high intensities required for HHG the output of the fibre CPA
system must be focussed to a sub-10 µm spot size (intensity FWHM), which is roughly
an order of magnitude lower than that used with traditional Ti:Sapphire driving lasers.
As such, the number of atoms involved in the HHG process becomes an important pa-
rameter for achieving a usable flux. The most obvious solution would be to increase
the gas pressure in the interaction region, but this also decreases the XUV absorption
length and puts strain on the vacuum pumps to quickly remove excess gas from the
beam path, and this was indeed found to be the limiting factor on XUV flux given the
vacuum equipment that was available.

Alternatively, the interaction region may be optimized by selecting the appropriate
focal length focussing optics for the input beam parameters to maximize the volume
over which tunnel ionization dominates. This method was adopted and a telescope was
designed for this purpose, allowing for XUV to be generated with a flux of 1011 photon-
s/sec (average power of approximately 400 nW) as measured by an XUV photodiode.
This corresponds to a state of the art conversion efficiency of 240 nW of XUV per Watt
of infrared for both linearly and nonlinearly compressed single-fibre CPA systems. The
single exposure characterization method outlined in Chapter 6 was then used with this
efficient source for the first account of the spatial properties of high-harmonic light gen-
erated using a fibre CPA system.

This Chapter is structured as follows. Section 7.2 describes the vacuum chamber
system used for the flux, spectrometry, and radii of curvature measurements, as well as
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the photodiode and filter housing, and the focal optics. The method used to optimize
the XUV signal is outlined in section 7.3, before the XUV is characterized in section 7.4.
The photon flux and average XUV power detected are calculated in section 7.5, before a
comparison between the generation efficiency of the fibre CPA system and others in the
literature is drawn. Directions for possible improvements are considered in section 7.6
before the Chapter is summarized in section 7.7.

7.2 Experimental setup

f=75 mm
f=500 mm

Xe gas
cell

Al
filter

Vacuum
chamber

Silica
window

340 fs
16.7 kHz
1.67 W

Detection Options

Energy detector

λ/4

Grid CCD

Spatio-spectral
data

Figure 7.1: Schematic of the XUV generation and detection setup used with the fibre
CPA system. The diode and camera were in separate vacuum chambers which could
be attached to the chamber used for XUV generation. The energy detector was an Al-
coated XUV photodiode with a low noise amplifier. The spectrum was reconstructed

using the method outlined in chapter 6.

To demonstrate that the fibre CPA system was suitable for XUV generation, a test-
bed vacuum system and diagnostics were set up as shown schematically in figure 7.1.
A low pressure xenon gas cell was positioned at the focus [130]. Using this setup, the
signal from an XUV photodiode was used to estimate the XUV flux and conversion
efficiency from the infrared. The spectrum and radius of curvature of the XUV were
measured using the methods outlined in chapter 6, and refs. [123, 131]. For all of the
XUV generation experiments, the standard technique of using the differential short and
long wavelength transmission characteristics of an aluminium filter (200 nm thick) was
employed to separate the residual infrared from the XUV output. The XUV transmission
window of aluminium extends from 17 to 80 nm [25, 132, 133], so all detected XUV is
expected to be in this wavelength band.
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7.2.1 Filter and XUV photodiode housing

The photodiode housing (designed by Dr. Thomas Butcher, Dr. Jonathan Price, and
Simon Butler) is shown in figure 7.2 (adapted from ref. [31]). The housing was made
using aluminium tubing with a minimum inner diameter of 5 mm. A small recess was
made at the entrance to the housing which was deep enough for an aluminium filter to sit
in. A deeper recess was made in the back of the photodiode housing, and an insulating
base which sat in this recess and was held to the body of the housing with screws
supported the photodiode (labelled photodiode insert in the diagram). A front-cap was
also included to aperture the beam at the entrance to the housing. This reduced the
thermal load on the aluminium filter by reducing the incident residual infrared without
attenuating the XUV signal. The front cap also had a wider diameter than the body of
the photodiode mount to help block scattered infrared from passing through to the back
of the housing where it would have a higher chance of being detected by the photodiode.
A gas inlet was drilled into the top of the housing, which prevented the aluminium filter
from tearing while the chamber was being pumped down. Carbon tape was used around
each join to improve the optical signal-to-noise ratio of the photodiode reading.

Front cap Main Body Photodiode  insert

Capped gas  inle t

Filte r re s t

XUV beam

Exploded diagram

Figure 7.2: Schematic of the Photodiode mount (adapted from [31]).

The XUV transmission of the aluminium is dependent on both the thickness of the
aluminium and the surface oxide layers. The aluminium filters used in these experiments
were 200 nm thick, and the oxide layer is estimated to be on the order of 10 nm thick. The
detected XUV signal will therefore depend on the transmission of the 200 nm aluminium,
and the transmission of two 10 nm aluminium oxide layers (one for each surface of
the filter). Typically, it was found that an acceptable OSNR for the XUV detection
was achieved with two 200 nm thick aluminium filters, which resulted in ∼40 nm of
aluminium oxide. Coating the XUV photodiode with a layer of aluminium meant that
one of the filters could be removed, which improved the OSNR of the XUV detection by
attenuating the infrared and minimizing excessive absorption by the aluminium oxide,
as this could only form on the exposed surface of the photodiode thus reducing the total
oxide layer thickness to ∼30 nm.
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When using the CCD for the spatially resolved spectrometry (spatio-spectral) data,
two aluminium filters were used. A brass tube was designed which held both the filters
and the spectrometry grid in a length of KF40 vacuum tubing between the gas cell and
the CCD. During the spectrometry measurements, the XUV photodiode and electronics
were removed from this KF40 tubing and replaced by this brass insert and a vacuum
chamber which housed the CCD.

7.2.2 Vacuum chamber design

A photograph of the generation chamber and XUV photodiode setup is shown at the
top of figure 7.3. The generation chamber was cylindrical with an internal diameter of
∼17 cm. A f=75 mm aspheric lens, which formed part of the focussing optics used for
the generation (discussed in section 7.2.3) was positioned at the entrance to the chamber
(left of the photograph). A gas cell was made from a length of flattened 1/4-inch copper
pipe and positioned at the focus. It had an interior depth of ∼500 µm, with two 500 µm
holes drilled through either side so that the focussed driving beam could pass through.
One end of the copper piping was capped so that it could be mounted in a standard
1/2-inch post holder, and the other end was connected to a gas line and regulator so
that xenon could be passed through the cell with variable pressure. Following this, a
custom designed aluminium filter and photodiode mount was slotted into a KF40 port
positioned after the gas cell, and a KF40 cross-piece was used to house the photodiode
wiring. A low-noise amplifier was attached to the back of the cross-piece using a vacuum
compatible BNC feed-through flange. A pressure gauge was attached to the side of the
generation chamber so that the background xenon pressure could be monitored during
the experiments. This information was later used to calculate the XUV flux from the
photodiode signal and spectrum.

The chamber was evacuated using both a turbomolecular pump and a rotary backing
pump, which were connected in series. A gate valve and a regulator were assembled in
the vacuum line so that the chamber could be pumped down at a continuous and slow
rate until the background pressure fell below 5 mbar. This precaution reduced the
likelihood that the filter would tear while the chamber was being pumped down.

The photograph at the bottom of figure 7.3 shows the vacuum chamber setup used
for the spectrometry and radius of curvature measurements. The generation chamber
remained unchanged for both the photodiode and spectrometry experiments, but the
cross-piece and amplifier were exchanged for a secondary chamber which housed an XUV
CCD. An extra length of KF40 tubing was attached between the generation chamber and
the CCD chamber and contained the filters and grid (as mentioned in subsection 7.2.1).
The length of the KF40 tubing was chosen to allow for the gas cell, grid, and CCD
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Figure 7.3: Photographs of the setup. Top: generation optics and housing for the
photodiode electronics. Bottom: vacuum chamber setup for the spatio-spectral char-

acterization.

separations to be set to the correct position to comply with the Fresnel constraint of
the spectrometry method (see section 6.4), and will be considered in more detail below.
The same vacuum pump arrangement was used for this chamber as with the photodiode
setup, but both chambers were connected using KF40 tubing to ensure even pumping
either side of the filters to reduce the likelihood that they would become damaged.
The same gate valve and regulator arrangement was used, and an extra pressure gauge
was added to the CCD chamber so that the pressure either side of the filters could be
monitored.
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7.2.3 Focussing optics

By controlling the beam waist size at the focus it is possible to maximize the volume
over which tunnel ionization can occur. Simulations using the ABCD matrix formalism
for beam propagation were performed for a number of different focal lengths with the
aim of finding the maximum generation volume around the focus for which the Keldysh
parameter, γ (equation 5.1), was less than 1, thus maximizing the tunnel ionization
volume. The result was that a focal length of approximately 70 mm was appropriate, and
given the size of the available vacuum chamber this required that the lens was positioned
inside the chamber. Therefore to provide the ability to scan the focus axially through
the gas cell in order to balance the Gouy and atomic contributions to the phasematching
(equations 5.28 and 5.24), a telescope was constructed using a 75 mm best form lens
(placed inside the vacuum chamber) and a 500 mm plano-convex lens (placed outside
the vacuum chamber). The focal length of this telescope could be adjusted about a
median value of approximately 6.8 cm depending on the separation of the two lenses.
The 500 mm plano-convex lens was mounted on a rail so that it could be shifted axially
along the beam-path to scan the focus through the gas cell.
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Figure 7.4: Simulations showing the effective focal length, spot size, and Rayleigh
range for the telescope. The central plot also includes the calculated focal volume
for which γ < 1 (red dashed line), and shows that the tunnel ionization volume is

maximized for a lens separation of 24 cm.

Figure 7.4 shows the simulated effective focal length, spot size, and Rayleigh length
for the focal setup with an input beam radius of 3.3 mm (1/e2 intensity radius) and
M2=1.07 (see sections 4.2 and 4.3). The calculation for focal volume over which γ < 1 is
included as the red dashed line in the spot size plot (centre). This volume is maximized
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at 6.6× 10−15 m3 for a telescope separation of approximately 24 cm, which corresponds
to an effective focal length of 6.78 cm, a intensity FWHM focal spot of 5.1 µm, and a
Rayleigh length of 78 µm. The peak intensity for the 340 fs, 100 µJ pulses emitted by
the fibre CPA system was estimated to be 1.8 × 1014 W/cm2, which is high enough to
generate XUV. The telescope lens separation was therefore set to an initial position of
24 cm during the experiments in order to maximize the tunnel ionization volume at the
focus.

Figure 7.4 also shows how the effective focal length, spot size, and Rayleigh range
may be adjusted by changing the telescope separation. Bringing the 500 and 75 mm
lenses closer together increases the effective focal length, thus translating the focus to the
back of the gas cell. Moving the lenses further apart has the opposite effect. Changing
the telescope separation by 7.5 cm either side of the 24 cm central position adjusts the
effective focal length by ∼0.7 mm, which is greater than the interior depth of the gas
cell, allowing for the Gouy and atomic phase mismatches to be balanced adequately.
Although the spot size does change with the telescope separation the variation in tunnel
ionization volume is reasonably small over the ∼0.7 mm change in effective focal length
(∼5%), indicating that the volume over which γ < 1 is not reduced beyond ∼ 7% as the
focus is swept through the gas cell.

Figure 7.5: Simulation of the coherence length for the 23rd (plateau) and 39th (cut-
off) harmonics for a focal length of 6.78 cm (I0 = 1.8× 1014 W/cm2). Long and short
trajectories are included in the top and bottom rows and the black and red lines su-
perimposed onto the images indicate the directions of the driving and harmonic field

k-vectors, respectively. The scale for each image is given on the right hand side.

The Gouy and atomic phase contributions to the coherence length are shown in
figure 7.5 for an estimated plateau (23rd) and cutoff (39th) harmonic generated using
the fibre CPA system and the focussing optics described. For these simulations the
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example outlined in ref. [112] was followed and involved calculating the quasi-classical
action using equation 5.25, including the radial and longitudinal dependence on the
momentum. The colorbar indicates how the coherence length varies within a region
where the intensity is high enough to generate the harmonic under the semi-classical
model outlined in section 5.1. The black and red lines superimposed onto the images
indicate the directions of the driving and harmonic field k-vectors, respectively. Scale
axes are given to the right of the figure.

For both the plateau and cutoff harmonics, the long trajectories provide a limited
region towards the centre of the focus where phasematching can be achieved. The
23rd harmonic sees some increase in coherence length towards the back edges of the
focal region. Furthermore, the generated XUV field is highly divergent (as indicated
by the red k-vectors) and will have an annular structure due to the spatial variation in
the divergence angle. This differs from the short trajectories which, for both harmonics,
show large regions of good phasematching after the focus, with a larger region of slightly
decreased coherence length towards the left for the 23rd harmonic. The spatial variation
in coherence length is similar for both harmonics, although the region is larger for the
plateau harmonic as it may be generated by a lower intensity driving field. This indicates
that the optimum position for the gas cell will be approximately 350 µm after the focus,
which not only maximizes the amount of XUV generated but also limits reabsorption
of the XUV by the higher pressure gas in the cell. The beam divergence is also similar
to the driving field and shows little spatial variation, indicating that the XUV beam
will remain roughly the same size as the driving field and have a smooth profile. As a
result, the experiments described here account predominantly for the short trajectory
harmonics.

7.3 XUV photodiode measurement and signal optimiza-
tion

The focal length and backing pressure were adjusted iteratively to produce the best
XUV generation efficiency as determined by the maximum photodiode signal voltage
read from an oscilloscope trace. An averaging function was used on the oscilloscope and
calculated the mean signal voltage over 256 samples to reduce the OSNR on the signal
reading by a factor of 16, which provided a noise floor of ∼1 mV. The XUV flux could
be efficiently optimized using the photodiode as it provided real-time data about the
generation efficiency.

For each backing pressure applied, the best gas cell position was found to be just
after the focus (between 0.3–0.5 mm), therefore matching the coherence length calcu-
lations given in figure 7.5. By maximizing the phasematching each time in this way,
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Figure 7.6: Top row: Variation in XUV photodiode signal (normalized) with backing
pressure in the gas cell. Bottom row: Increase in chamber background pressure with

gas cell pressure.

a quadratic increase in XUV intensity with backing pressure is expected, as the XUV
field will scale with the number of generating atoms within the region of best phase-
matching. This is shown in the top row of figure 7.6, where the normalized photodiode
data has a quadratic dependence on the xenon backing pressure before saturating at a
maximum of 60 mbar. The dimensionless attenuation coefficient for Xe at 40 nm and
a pressure of 1 atm is approximately β = 2.44 × 10−5 [133], which gives an absorption
length of 261 µm when defined as the length over which intensity is reduced to 1/e of
the initial value (Labs = 1/(βk)). This parameter will scale linearly with pressure, so the
absorption length for 60 mbar is 1.57 mm, which is approximately twice as large as the
total length over which the 23rd harmonic can be generated according to simulations
(figure 7.5). Residual Xe gas in the chamber therefore poses the main limitation on
the generation and detection efficiency of the XUV, and this is also seen in figure 7.6.
The lower plot shows the linear increase in background chamber pressure with Xe gas
cell pressure. Beyond 60 mbar the chamber pressure exceeds 35 µbar, after which the
increase in XUV generation efficiency with cell backing pressure is exceeded by the in-
crease in background absorption. Increasing the Xe pressure in the cell above 60 mbar
reduced the detectable level of XUV due to this effect, and as a result the cell backing
pressure remained fixed at this pressure.

Once the flux was optimized, a simple test was performed to confirm that the ob-
served signal was produced by high-harmonic generation as opposed to fluorescence. As
described in chapter 5, a circularly polarized driving field will not allow for recombination
of the electron with its parent ion, and a small degree of ellipticity will heavily attenuate



102 Chapter 7. High-harmonic generation driven by a fibre CPA system

Figure 7.7: Left: Photodiode signal as a function of QWP angle (inset: dB scale). An
extinction of 17.5 dB was achieved with increased ellipticity of the driving field before
the signal could no longer be detected above the noise. Right: Normalized photodiode

signal as a function of ellipticity of the driving field (inset: dB scale).

the XUV signal. In practice, a quarter waveplate was placed in the beam before the
500 mm plano-convex lens (shown in figure 7.1). The photodiode signal was recorded as
a function of waveplate angle, and is shown in figure 7.7 (linear polarization was given
for a waveplate angle of 0◦). Beyond ±20◦ the XUV signal could not be detected above
the noise, which led to a maximum measurable attenuation of 18 dB. The rapid decrease
in photodiode signal as a function of ellipticity is given to the right of figure 7.7 (shown
to be a power-of-ten relationship by the log plot inset), in which ellipticity has values
on the interval [0;1] for circular and linear polarization, respectively.

7.4 Single-exposure characterization of a fibre CPA high-
harmonic source

Once the XUV flux had been optimized using the photodiode arrangement, the single-
exposure characterization method for retrieving the spatially resolved XUV spectrum
and radius of curvature (outlined in chapter 6) was used to characterize the XUV pro-
duced by the fibre CPA system. This was done using the setup described in section 7.2,
and ASM simulations of the XUV diffraction were used to determine the correct source-
to-grid (z1) and grid-to-CCD (z2) distances, as well as the aperture size and period (γ)
of the grid used for the diffraction. These simulations were based on the assumption
that the XUV source was point-like, which is justified due to the small focal spot of
the fibre CPA in comparison to the required distances for the experiment (>10 cm).
Using the simulations as a guide, transmission electron microscopy (TEM) calibration
grids were chosen due to their availability and suitable size, and a microscope image
of selected TEM grid (G100, Agar Scientific) is shown to the right of figure 7.8. The
square apertures were 200 µm wide with a separation of 50 µm, giving a total period of
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γ = 250 µm. The diagonal bars in two of the apertures towards the centre of the grid
are not required for the characterization algorithm, which was adapted to accommodate
for these two apertures. Grids without these features were not available, and no other
grids with square apertures and suitable dimensions were available.

Figure 7.8: Left: ASM simulation of the grid diffraction for the expected XUV wave-
lengths and radius of curvature produced by the fibre CPA (dB). Right: The grid used

for the spatially resolved spectrometry and radius of curvature measurements.

Distances z1 and z2 were also chosen using the ASM simulations, assuming an XUV
field consisting of odd harmonics 19 to 27 of 1045 nm (55 to 38.7 nm) with equal am-
plitudes and flat spatial distribution. The best visual contrast between the maxima and
minima of the diffraction patterns produced by each square of the grid was found for
distances z1 = 11.5 cm and z2 = 25 cm, and this simulation is shown to the left of
figure 7.8. The estimated error in these distances for the experimental setup is ±2 mm.
Due to the small focal spot required to generate XUV with the fibre CPA (and the
resulting high XUV divergence), the modified version of the Fresnel number as given
by equation 6.5 must be used to ensure that the setup is compliant with the Fresnel
constraint outlined in section 6.4. Using a characteristic half-width of 100 µm for the
apertures, distances z1 and z2 give a Fresnel number of 2.8, which is within the stated
constraint. The estimated high divergence of the XUV beam also has the effect of in-
creasing the size of the diffraction features. The area covered by the smallest diffraction
feature in the simulation is approximately 64 pixels (at intensity FWHM and a pixel size
of 13 µm), and so the Nyquist sampling condition is met and the pixel size constraint
on the radius of curvature retrieval is eliminated for this experimental setup.

The simulation also shows that cross-talk between the diffraction patterns created
by adjacent apertures is minimal, and restricted to the 9–10 dB level. The simulation
also shows that cross-talk from the apertures with the diagonal bars to adjacent ones
is insignificant, and very little distortion of the adjacent diffraction patterns is seen.
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Although these apertures do not obey the Fresnel constraint (F≈ 1.6), they were in-
cluded in the spectral analysis as the diffraction features which they produced showed
some wavelength dependence. These apertures also have a two-fold rotational symmetry
rather than four, and the symmetrization step was adjusted accordingly.
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Figure 7.9: Left: grid diffraction image after background subtraction and cropping
(linear scale). Right: The set of squares analysed using the spectral and radius of
curvature algorithm introduced in chapter 6 (dB scale. Shown on a linear scale by the

white dashed square overlaid onto the left image).

The left hand side of figure 7.9 shows the total XUV grid diffraction data on a linear
scale taken from the fibre CPA system using the grid, distance, and optimum flux param-
eters described. The hard circular edge around the diffraction data is the shadowgram of
the ∼3 mm diameter grid mount. This image was taken using a 1 megapixel XUV CCD
(Andor Technologies) with a pixel size of 13 µm and 20 s exposure time, and the OSNR
was reduced by cooling the CCD to −25◦C and subtracting a second image taken with
no Xe in the gas cell, thereby stopping the XUV generation so that residual infrared and
back-scatter detected by the CCD could be removed. The white dotted square marks
the region of the diffraction pattern which was analysed for the spatially resolved spec-
trum and radius of curvature data, and this region is shown on a logarithmic scale to
the right of the figure. Despite the non-uniform intensity distribution of the diffracted
light, the structure of the diffraction patterns produced by the individual squares of
the grid is very similar to the simulation shown in figure 7.8. The cross-talk between
adjacent squares is minimal, and the diagonal bars do not produce far-field diffraction
features, matching the simulations. This region was therefore deemed suitable for the
single-exposure characterization technique.

For the spatially resolved spectral analysis, odd harmonics from numbers 7 to 61
(149.3 nm to 17.1 nm) were included to ensure that the algorithm did not converge on
spectra with components outside of the aluminium transmission band, but converged on
the best estimate of the spectral intensities. This was the case, as all spectral compo-
nents above and below 60 and 25 nm were returned with zero amplitude. The intensity
distributions for the five strongest harmonics generated by the fibre CPA are given on a
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55 nm

−30 −20 −10 0

49.8 nm 45.4 nm

41.8 nm 38.7 nm

Figure 7.10: Intensity distributions of the strongest 5 harmonics in dB. The plots
each contain 318× 318 pixels (total area: 4.1× 4.1 mm).

logarithmic scale in figure 7.10. The distributions are smooth, indicating little variation
in generation conditions across the focal spot, attributable to the diffraction limited
beam quality of the fibre CPA output and indicative of minimal nonlinear spatial pulse
distortion of the driving field from the Xe gas before the HHG process takes place. The
highest harmonic intensities occur for the 49.8, 45.4, and 41.8 nm spectral components
(corresponding harmonic orders: 21, 23, 25) and the reduced amplitude for the two
squares with the diagonal bars is reproduced by the algorithm.
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Figure 7.11: Spatially integrated spectrum for the cropped region shown in figure 7.9.

Spatially integrating the spectrometry data gives the total high-harmonic spectrum
generated by the fibre CPA, and this is shown on a linear scale (logarithmic inset)
in figure 7.11. The cutoff wavelength for Xe at an intensity of 1.8×1014 W/cm2 is
approximately 21 nm. The spatially integrated spectrum shows wavelengths down to
approximately 27 nm, therefore the system is not limited by the cutoff frequency, but by
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the high ionization fraction over the long pulse duration and by the difficulty in phase-
matching the higher harmonics, as described in section 5.4 and indicated by the small
estimated area over which the coherence length for the cutoff harmonic is appreciable
(shown in figure 7.5). The ionization fraction for the test-bed HHG setup is estimated to
be 100% at the pulse peak, indicating that XUV generation is restricted to the first half
of the pulse before the point at which this high peak intensity and hence high ionization
fraction is reached.

Difference for x-axis
Difference for y-axis

Radius of curvature, cm
10.5 11 11.5 12

|Γ
-Γ

|,
 μ

m
e

xp
s
im

0

10

20

30

40

50

60

R = 11.3 cmx 

R  = 11.4 cmy

12.5

Figure 7.12: Fit functions for the radius of curvature in the x- and y-directions for
the XUV generated by the fibre CPA system.

The output of the radius of curvature retrieval algorithm is shown in figure 7.12,
and indicates that the radii of curvature measured 11.3 cm in x, and 11.4 cm in y. The
value for x is seen to be degenerate for two consecutive values about the minimum.
As discussed in chapter 6 this results when the radius of curvature of the beam is not
an element of the user-defined array of test radii of curvature. The smallest value was
chosen arbitrarily as the radius of curvature of the beam in the x-direction, but the true
radius of curvature could take on values between 11.3 and 11.4 cm. Despite this uncer-
tainty, the measurements match the distance between the gas cell and the grid within
the ±2 mm estimated distance error. As a result, the parabolic approximation for beam
propagation over a distance much larger than the Rayleigh range is met. Given that
the beam fills the 3 mm diameter aperture of the grid mount, a lower limit of 1.46◦ is
estimated for the divergence angle of the XUV using the radius of curvature information.
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7.5 XUV flux calculation and comparison with other sources

In this section the method used to approximate the average XUV power is outlined
before it is used to form a comparison between the generation efficiency presented here
and that reported in the literature.

The following relationship was used to estimate the number of photons per second
detected by the XUV photodiode:

nph/s = V C

9200qeδ
frep (7.1)

where V is the voltage read from the oscilloscope, C = 2 nF is the capacitance of the
photodiode, qe is the electron charge, δ is the overall transmission of the Xe gas, the
aluminium and aluminium oxide on the filters, and frep is the repetition rate of the fibre
CPA system (16.7 kHz). Considering the path length from the gas cell to the photodiode
of approximately 13 cm with a typical background Xe gas pressure of 4×10−2 mbar and
using the attenuation appropriate for XUV wavelengths between 20–80 nm we estimated
δ to be in the 1.5–3% range. The factor of 9200 in the denominator corresponds to the
gain in the amplifier.

Equation 7.1 gives a maximum flux of approximately 0.5–1× 1011 ph/s based on the
maximum observed photodiode signal of 70 mV. Using the photon energies and relative
amplitudes of the harmonic wavelengths as inferred from the spectrometry technique
used in section 7.4 the average XUV power is calculated to be 200-400 nW within the
Al transmission band.

In order to establish a benchmark against which the XUV generation may be com-
pared to others in the literature, an efficiency parameter was calculated for the highest
XUV flux results from a number of fibre CPA systems using the following definition:

η = PXUV
PIR

(7.2)

The results of this calculation are given in Table 7.1. The output power which gave the
best XUV flux was used for these calculations, and was taken at the output of the linear
compressor so as to account for the inefficiency of any nonlinear compression stages used.
This way, a better measure of conversion efficiency from the perspective of an end user
is gained. All XUV powers were estimated from the data given in each paper if the value
is not stated directly.

The fibre CPA pulse parameters for the systems in Refs. [21, 134] range from up to
400 µJ, 800 fs pulses at repetition rates of up to 500 kHz when linear compression is used,
to 45 fs, 0.58 mJ pulses at 50 kHz when nonlinear compression is used (∼ 1 mJ pulses
before the nonlinear compression stage). The conversion efficiencies from the infrared to
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Reference IR power XUV power η = PXUV/PIR
[134] 10 W 1-100 nW 1-10 nW/W
[21] 80 W 9.2 µW 120 nW/W
[22] ∼ 165 W 600 µW 3600 nW/W

This work 1.67 W 400 nW 240 nW/W

Table 7.1: Comparison between the infrared to XUV generation efficiency between
fibre CPA systems presented in the literature and that described in this thesis.

the XUV for these systems range from 1–120 nW/W. For the system used in this chapter
η = 240 nW/W, which is higher than other systems by a factor of ∼ 2 in spite of the
reduced pulse energy and repetition rate. This is attributed to the diffraction limited
beam quality of the flexible fibre system in comparison with the degraded M2 typically
achieved from rod-type systems, the good stability of the fibre CPA as discussed in
chapter 4, and the optimized phasematching and focal volume arrangement discussed in
section 7.2.3.

The fibre CPA system described in Ref. [22] uses an array of four coherently combined
Yb-doped rod-type fibres for the final amplification stage as well as dual-stage nonlinear
compression to produce 130 µJ, 29 fs pulses at a repetition rate of 600 kHz and an
IR to XUV conversion efficiency of 3.68 µW/W. This drastically increased efficiency
may be explained when considering the peak power of ∼ 4.4 GW which would allow
for a much longer focal length lens to be used for the generation, thereby increasing
the number of atoms used in the generation process for a given gas pressure. The
shorter pulse duration also reduces the free electron density, leading to better optimized
phasematching conditions.

The XUV conversion efficiency produced by the fibre CPA system is roughly double
that reported for other systems in the literature. However, further improvements to the
conversion efficiency are possible.

7.6 Future work

In the short-term, further improvements to the focal arrangement have been tested us-
ing the ABCD matrix method. It was found that a telescope constructed using three
lenses could provide a similar focal scan range with a much reduced variation in spot
size (and therefore tunnel ionization volume) than that used for the XUV generation in
this chapter. Figure 7.13 shows the effective focal length, spot size, and Rayleigh length
for an f=-150 mm lens at a variable separation from an f=200 mm lens, which is then
situated 5±1 cm away from the f=75 mm best-form lens. The simulations show that the
focus can be swept through the gas cell with a change in laser spot size of only 800 nm
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(FWHM intensity radius), which is significantly smaller than the current setup. This
will allow for the phasematching to be decoupled from the intensity dependence of the
generation efficiency more effectively, allowing for these two parameters to be explored
independently and thereby improving the optimization procedure.
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Figure 7.13: Simulations showing the effective focal length, spot size, and Rayleigh
range for the new focal lens design as a function of telescope separation (see text for
details). The legend refers to the separation between the telescope and the focusing

lens.

Additionally, the comparison with other fibre CPA-based XUV sources in section 7.5
has indicated a number of avenues for long-term future work. It is evident from Ref. [22]
that reducing the pulse duration for approximately the same energy benefits the gener-
ation efficiency considerably. Scaling the current output pulse energy of the fibre CPA
system (as discussed in chapter 4) would allow for nonlinear compression to be used,
thereby improving the XUV generation efficiency. This however, comes at the cost of
increased system complexity. A more simple route to improving the XUV flux may be
to follow the example outlined in Ref. [135], where gas pressures exceeding 8 bar were
used to better overcome the effect of the Gouy shift on the phasematching when using
a tight focus. This method could not be used with the test-bed vacuum system due
to the limited pumping speed of the vacuum equipment available, but may be included
trivially by using higher capacity vacuum pumps.



110 Chapter 7. High-harmonic generation driven by a fibre CPA system

7.7 Summary

The fibre CPA system was demonstrated as a high-harmonic source with state of the
art conversion efficiency using a xenon-filled gas cell. This was achieved in part due to
the diffraction limited beam quality and good stability of the infrared source, but also
through an optimized focal arrangement which maximized the number of atoms involved
in the HHG process by maximizing the volume over which tunnel ionization dominated.
The XUV signal was optimized using an aluminium-coated photodiode as a monitor
while the focal position in the gas cell and xenon pressure were altered iteratively.
The best phasematching was found when the focus was position approximately 0.5 mm
before the gas cell when it was filled with 60 mbar of xenon. The generated XUV
was characterized using the single exposure method outlined in chapter 6, and had a
peak wavelength of 45.5 nm and radii of curvature measuring 11.3 and 11.4 cm in the
x- and y-directions, respectively. The spatial intensity distribution of the five most
intense harmonics (wavelengths 55–38.7 nm) was also shown. The cutoff wavelength
was 27 nm, indicating that the generation was limited by the phasematching condition
as the theoretical cutoff for the driving intensity of 1.8×1014 W/cm2 is approximately
21 nm.

The calculated photon flux of 0.5–1 × 1011 ph/s was used alongside the spectrum
to estimate an average power of 400 nW of XUV. This gives a conversion efficiency
of approximately 240 nW/W, which is double that reported with equivalent systems
(120 nW/W) reported in the literature. It was suggested that by using a coherently
combined array of Yb-doped flexible fibres as the final amplifier followed by both a linear
and nonlinear compression stage it would be possible to scale the generation efficiency
further, as values of 3.68 µW/W have been reported when incorporating these additional
methods into the CPA architecture. Further improvements to the vacuum chamber were
discussed which would allow for the gas pressure to be better optimized for the tight
focusing regime, as it has been shown that gas cell pressures of approximately 1 bar are
optimal for HHG using small focal spot sizes.



Part III

Supercontinuum in the all-normal
dispersion regime
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Chapter 8

Decoherence of supercontinuum
in ANDi fibre due to Raman gain

8.1 Introduction

Low cost sources of supercontinuum light are useful for applications in metrology and
carrier-envelope phase locking [136]. The invention of small-core PCF was important
for the development of such sources because low energy pulses could be used to generate
bandwidths of more than an octave, and this was one of the key technologies supporting
the Nobel prize winning team who pioneered frequency comb metrology [137]. A high de-
gree of coherence is required for these applications which typically necessitates the use of
pump pulse durations below the 50 fs region when pumping in the anomalous dispersion
regime (β2 < 0), as is traditionally the case when broad bandwidths are required. This
ensures that the gain bandwidth for modulation instability (MI) is coherently seeded by
the pulse spectral wings. When this is the case, the supercontinuum generation (SCG)
process is driven initially by the soliton fission process, before the soliton self-frequency
shifting process continues to broaden the spectrum. If the MI bandwidth (∼0.1 THz)
exceeds that of the pump pulse the process is seeded by quantum noise which leads to
incoherent spectral broadening [60], as is the case for longer pump pulses. The need for
such short pulses means that the sources are typically more complex.

An alternative is offered by the inherently coherent broadening in all-normal dis-
persion (ANDi, β2 > 0) PCF. It has been shown that the properties of supercontinuum
generation (SCG) in the ANDi regime are dependent only on the peak power of the pump
pulses, and are independent of the input pulse duration [138]. The seed laser cost can
therefore be reduced. The coherent nonlinear pulse propagation dynamics which give
rise to spectral broadening in this dispersion regime are well understood, and pulses with

113
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a single-peaked, smooth temporal profile and a spectral bandwidth of more than an oc-
tave can be produced through optical wavebreaking [139]. Hence, picosecond, higher
energy pump pulses from, for example, a parabolic amplifier could be used without the
need for a compressor or a sub-100 fs oscillator to produce a highly coherent broadband
source.

The onset of Raman scattering in fibres operated in the normal dispersion regime
has been observed for nanosecond pump pulses, where the narrow bandwidth and high
peak power result in a nonlinear length which is significantly shorter than the disper-
sion length (LNL � LD). Under these conditions long fibres are used and this allows
Raman scattering to dominate over SPM-induced broadening. This is in part due to
the reduced gradient of the pump pulse intensity envelope and increased influence of the
Raman convolution integral in equation 2.19 for a given peak power. It is also caused
by the difference in the way that the two effects are scaled with propagation distance.
Spectral broadening through SPM scales linearly, and is dependent on P0γz, whereas
Raman is a stimulated amplification process determined by the relation exp(gRz), as
shown in equation 2.22. The Raman effect is therefore favoured by longer propagation
distances for a given peak power when longer pump pulses are used.

Motivated to produce coherent octave spanning supercontinua directly from a parabolic
amplifier an investigation into novel low energy ANDi SCG sources pumped by ∼1 ps
pulses was started by Dr. Alexander Heidt and Dr. Jonathan Price, and I was involved
because of my development of a suitable pump laser for the work. Unexpectedly, cas-
caded Raman scattering was observed, producing similar spectra to those reported for
the nanosecond case. As no previous reports had been made for picosecond pump pulses
at this time, the focus of the work was shifted towards an investigation into the onset
of Raman scattering and how this process effects the coherence properties of the fully
developed supercontinuum spectra.

Since this work was started a theory paper reporting octave spanning SCG in ANDi
fibre with picosecond pump pulses has been published [140]. Decoherence was observed
in the simulations, but a description of the decoherence mechanism was restricted to the
increased Raman gain for the ∼10 cm fibre lengths required for the largest bandwidths.
Hence there has been no previous thorough experimentally verified exploration of Raman
scattering for picosecond and femtosecond pump pulse durations in ANDi fibres. The
simulations and experiments presented in this chapter provide the first conclusive anal-
ysis of the nonlinear dynamics which lead to Raman scattering and the corresponding
degradation in coherence in this dispersion regime. All of the simulations and experi-
mental data shown are my own work, while initial experiments and simulations involved
Dr. Heidt and Dr. Price.

This chapter is structured as follows. Section 8.2 presents simulated data to intro-
duce optical wavebreaking when using femtosecond pump pulses and demonstrates the
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effect of Raman scattering on the spectral broadening process when using picosecond
pump pulses. The resulting spectral coherence for both cases is examined. Section 8.3
introduces the experimental and data analysis procedures used for two ANDi SCG ex-
periments performed as part of this investigation. The experimental results are discussed
in subsections 8.4.1 and 8.4.2. The chapter is then concluded in section 8.5.

8.2 Simulation

In this section, broadening mechanisms in the ANDi regime are explored numerically.
The impact that the effects of wavebreaking and Raman scattering have on the shot-
to-shot spectral phase stability are demonstrated using as a quantitative measure the
complex first-order degree of coherence as defined in equation 2.31. This is determined
by the sensitivity of the broadening to the initial conditions as set by input quantum
noise (included using the one photon per mode approach and the Raman ASE term as
defined in subsection 2.4.3). The Taylor coefficients which describe the fibre dispersion
profile used in all of the simulations are given in table 8.1 (taken from ref. [141]). The
fibre MFD was set to 2.2 µm, giving a nonlinear parameter of γ = 0.037.

β2 = 2.259× 10−2 ps2/m
β4 = 2.5464× 10−7 ps4/m
β6 = 2.8644× 10−12 ps6/m
β8 = −1.9999× 10−16 ps8/m
β10 = −2.6889× 10−21 ps10/m

β3 = −4.0444× 10−5 ps3/m
β5 = −1.0273× 10−9 ps5/m
β7 = 1.3131× 10−14 ps7/m
β9 = 1.0332× 10−18 ps9/m
β11 = 2.9639× 10−24 ps11/m

Table 8.1: Taylor coefficients for the all-normal fibre dispersion profile as used in the
simulations.

This section is separated into two subsections. Subsection 8.2.1 introduces spectral
broadening in the ANDi regime when pumped with femtosecond pulses, and subsec-
tion 8.2.2 focusses on picosecond pump pulses. A comparison between the stability and
coherence of femtosecond and picosecond pumped supercontinuum is also included in
this subsection. All of the spectrograms in this section show the normalized power in
grid-pixels with dimension ∆f = 90 GHz, ∆t = 2.4 fs.

8.2.1 Supercontinuum seeded with femtosecond pump pulses

Figure 8.1a)–d) shows the propagation of a transform limited Gaussian pulse with 250 fs
duration, 6 nJ pulse energy and a central wavelength of 1055 nm through ANDi PCF in
spectrogram form, simulated using the RK4IP technique (section 2.4) for four different



116 Chapter 8. Decoherence of supercontinuum in ANDi fibre due to Raman gain

fibre lengths. These figures demonstrate the four main stages in the optical wavebreak-
ing process, and will be discussed in detail following the argument presented in ref. [142].
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Figure 8.1: Spectrograms showing the simulated evolution of a 250 fs, 6 nJ Gaussian
pulse as it propagates in ANDi fibre. a) Spectral broadening through SPM after 3 cm
of propagation. b) and c) After 5–6 cm of propagation, wavebreaking occurs and
dispersion and four wave mixing transfer energy (indicated by the arrows) to higher and
lower frequencies than would be achieved by SPM alone. d) The spectral broadening
is complete by 20 cm of propagation, and dispersion becomes dominant. The temporal
pulse shape is shown below each spectrogram (units of kW). The spectral pulse shape is
shown to the left of each spectrogram, and is normalized to the maximum value (units

of dB).

After 3 cm of propagation, the spectrogram in figure 8.1a) shows the characteristic
‘S ’ shape produced by SPM. Dispersion in the fibre is low, so SPM is the dominant pro-
cess. The leading edge of the pulse is red-shifted and the trailing edge is blue-shifted,
and the spectrum on the left-hand side shows the oscillatory structure which arises due
to interference of identical spectral components which are present at different temporal
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positions. This forms the first step in the wavebreaking process.
The second step occurs after 5 cm of propagation where the onset of optical wave-

breaking is first seen. This is governed by the interaction of both SPM and the dispersion
profile of the fibre, is shown in figure 8.1b). The fibre has normal dispersion at all wave-
lengths, and the most red-shifted component (f≈-40 THz) created by SPM travels faster
than the unshifted frequencies (f≈0 THz). At this point pulse components with differ-
ent frequencies overlap in time, and this allows for the generation of new components
at frequencies governed by four wave mixing, i.e., ωFWM = 2ωpump − ωseed. The arrow
indicates the direction of this energy transfer, and this process continues as the pulse
propagates along the fibre. The original pulse leading edge is eventually completely de-
pleted, and replaced with the further red-shifted one. The total extent of the bandwidth
given by the wavebreaking process is significantly larger than what could be achieved
with SPM alone.

After 6 cm of propagation, the opposite occurs for the pulse trailing edge, where the
most blue-shifted light created by SPM in the centre of the trailing edge travels slower,
and wavebreaking begins to occur for the blue-shifted trailing edge of the pulse. Four
wave mixing occurs again and the arrows indicate energy transfer along the frequency
axis, showing the generation of new blue-shifted frequency components through the four
wave mixing process. This occurs even as the four wave mixing process is continuing at
the leading edge (figure 8.1c)).

Once the explosive spectral broadening created by wavebreaking has occurred, dis-
persion acting on the broad spectrum becomes dominant. This process continues with
propagation distance until smooth, continuous, and flat spectral and temporal profiles
are obtained (figure 8.1d)). After 20 cm of propagation the wavebreaking process has
concluded and the spectrum remains unchanged as dispersion broadens the pulse in the
time domain, reducing the peak power and creating a predominantly linear chirp. Each
of the new frequencies generated in the wavebreaking process is assigned a unique po-
sition in the time domain through this mechanism, and as such no modulation is seen
in either the spectral or time domains. Due to this simple phase structure an external
compressor can be used to create a transform limited pulse with duration as short as
1.5 optical cycles [143]. This in general cannot be achieved through SPM alone due to
the complex chirp shape.

Another important point to note, as it is the reason the process of supercontinuum
generation by optical wavebreaking in ANDi fibre is so useful, is that the SPM and four
wave mixing processes are largely insensitive to noise fluctuations because they are all
governed by the high energy dynamics associated with mixing of regions of high energy
density in the spectrogram. The process is predominantly deterministic and insensitive
to small fluctuations on the input and thus the complex first-order degree of coherence
(equation 2.31) is close to one over the entire bandwidth.
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It is interesting to note that the 250 fs pulse above is not a special case. For super-
continuum generation in fibres with anomalous dispersion the soliton fission process is
strongly influenced by the precise duration, chirp, and shape of the pulse. Remarkably,
it has been shown that for most pulse shapes the main parameters affecting supercontin-
uum generation in fibres with normal dispersion are only the peak power and bandwidth
of the pulse, enabling analytic predictions of the required length of fibre for a desired
bandwidth to be obtained. The analytic expression for the distance over which wave-
breaking begins to occur is given as follows [144]:

LWB ≈
√
LDLNL (8.1)

and for the simulation parameters given above, LD = 2.8 m, LNL = 1.2 mm, and
LWB ≈ 6 cm, in good agreement with the simulations shown in figure 8.1. To obtain
the largest bandwidths the condition LWB < Lfibre must be met.

It may be expected that this wavebreaking dominated continuum generation can oc-
cur in a suitable length of fibre when using picosecond pulses. However, the analytic
theory omits the Raman effect. This is not always important and the simulations above,
which include Raman, have no evidence of Raman peaks, a result which has been re-
peated in numerous experimental papers [139, 143]. As shown below, the Raman gain
becomes increasingly important for longer pulses.

8.2.2 Supercontinuum seeded with picosecond pump pulses

Figure 8.2 shows the spectral evolution of a 7 ps, 2.5 kW transform limited Gaussian
pulse as it propagates along a 1.5 m length of the ANDi fibre. The initial spectral broad-
ening is given by SPM, is linear in propagation distance as expected and, in contrast to
the case of femtosecond pulse pumping, is small. As a result, dispersion does not become
a dominant effect and the peak power of the pulse is maintained in the time domain
over the total fibre length. The long pulse duration and high peak power allow for a
considerable contribution from Raman scattering with increased propagation distance,
and after approximately 75 cm the first Stokes wave becomes visible and undergoes an
exponential increase in intensity with propagation distance. The Stokes wave lies out-
side the bandwidth of the main pulse and is therefore seeded by quantum noise. As the
pulse continues along the fibre, higher order Stokes and anti-Stokes bands are generated
at multiples of the frequency of the Raman gain peak for silica (13.2 THz).

The higher order Stokes and anti-Stokes peaks are generated by Raman scatter-
ing and degenerate four wave mixing with the pump pulse [145]. This is illustrated
in figure 8.3, which shows the final pulse shape in a spectrogram representation for
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Figure 8.2: Spectral evolution of a 7 ps, 2.5 kW peak power transform limited Gaus-
sian pulse during propagation along the ANDi fibre. The colourmap indicates power

spectral density in dBm/nm.

the simulation shown in figure 8.2. Each order of cascaded Stokes (located at fre-
quencies fS,n = fP − nfR, where fR = 13.2 THz, fP is the pump frequency, n is an
integer and fS,n is the nth-order Stokes peak) is followed by the creation of a corre-
sponding anti-Stokes peak through degenerate four wave mixing at the new frequency
of faS,n = 2fR − fS,n = fP + nfR. These frequency bands are indicated for the 3rd anti-
Stokes peak, the pump frequency, and the 1st and 3rd Stokes peak in the spectrogram.

As the frequency shifts induced by four wave mixing and Raman scattering are equal
to 13.2 THz it is possible that once the first order Stokes peak has become strong enough,
four wave mixing alone could be responsible for the creation of all higher order Stokes
and anti-Stokes peaks. However, if the Raman gain is switched off at any point during
the simulation, then spectral broadening stops, indicating that these peaks are indeed
created through a combination of Raman scattering and four wave mixing.
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Figure 8.3: Simulated spectrogram of SCG output for 1.5 m of ANDi fibre pumped
with a 7 ps, 2.5 kW Gaussian pulse. (colourbar is normalized and in dB).

The energy transfer between the spectral components only occurs when there is a
temporal overlap of the frequency components, as was the case for wavebreaking. The
ANDi fibre dispersion profile used in these simulations is relatively flat and has low
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dispersion near the peak, and so the newly generated spectral components do not walk
off significantly over the fibre length. This is the case for the pulse shown in figure 8.3
and the SCG process would therefore continue for an increased fibre length.

As the Raman effect amplifies quantum noise if the gain bandwidth is not self-seeded
by the pulse and SPM, the coherence is destroyed as the random phase and amplitude
fluctuations spread throughout the supercontinuum spectrum through four wave mixing.
SPM and wavebreaking are always seeded by wavelength components within the pulse
bandwidth, and are therefore coherence preserving processes. Although it is possible to
generate supercontinua with broad bandwidths which are independent of pulse duration
by exploiting wavebreaking and increasing the ANDi fibre length so that the condi-
tion LWB � Lfibre is maintained, the dominance of Raman scattering and the resulting
spectral decoherence set a limit to the ability of this approach to produce novel and inex-
pensive octave-spanning supercontinuum sources suitable for time-resolved spectroscopy,
metrology, and carrier-envelope phase locking.

The simulations were next extended to consider how this Raman broadening in-
fluences the shot-to-shot fluctuations. Repeated simulations with randomly generated
quantum noise were run to show where the ensemble was producing almost identical
results, consistent with a highly coherent process, or a wide spread of outcomes.

Figure 8.4 shows simulations of supercontinuum in 1.5 m of the ANDi fibre pumped
with transform limited Gaussian pulses of 0.1, 3.5, and 7 ps duration, each with the same
peak power of 2.5 kW. The output spectra for 20 individual simulations (red traces) and
their ensemble average (black trace) are shown in the top row, and the complex first
order degree of coherence calculated over the ensembles is given in the second row. Op-
tical wavebreaking occurs for the 0.1 ps pulse (first column) and results in a broad, flat
continuum with excellent coherence and a single-peaked temporal profile. LWB = 10 cm
for these pulse conditions, which is shorter than the fibre length, so wavebreaking is
expected to be the dominant broadening process. Once the wavebreaking process is
completed the peak power of the pulse is <100 W, suppressing any further nonlinear
spectral broadening.

For TFWHM > 1 ps the spectra become narrower as the wavebreaking process is
suppressed. This is because the contribution to the phase from SPM is scaled by 1/T 2

and so is reduced quickly as the pulse duration is increased, even if the peak power
is kept the same [58]. The correspondingly narrow bandwidth therefore indicates that
dispersion is not a significant effect, which prevents the frequency components from
overlapping in the time domain and from undergoing the four wave mixing process. The
wavebreaking length therefore extends beyond the fibre length at a value of 2.4 m. The
resulting spectrum maintains the oscillations produced by SPM, and a broad incoherent
Stokes peak appears at the long-wavelength side, as shown for the 3.5 ps pulse. This
peak is red-shifted from the SPM-broadened spectral peak by approximately 13.2 THz,



Chapter 8. Decoherence of supercontinuum in ANDi fibre due to Raman gain 121

Wavelength, nm
900 13501050 1200

(1
)

|g
|

1
2

0

1

P
S

D
, 
d
B

m
/n

m
0

-100

900 13501050 1200

Wavelength, nm
900 13501050 1200

900 13501050 1200

0

-100

0

1

0.1 ps 3.5 ps 7 ps

900 13501050 1200

Wavelength, nm
900 13501050 1200
0

1

0

-100

Figure 8.4: Simulations for the ANDi supercontinuum with transform limited pump
pulses with durations between 0.1–7 ps and the same peak power of 2.5 kW. Top row:
Spectra in units of dBm/nm. The red traces show 20 individual realizations, and the
black traces are the ensemble average. Bottom row: complex first order degree of

coherence.

commensurate with Raman scattering.
Further increasing the pump pulse duration allows the Raman effect to dominate

the SCG process, and cascaded Stokes and anti-Stokes waves appear. The small SPM-
broadened section of the spectrum from the 7 ps pump pulse retains some coherence,
whilst the Stokes and anti-Stokes peaks exhibit large fluctuations in amplitude and phase
between successive simulations because of the precise details of the one photon per mode
and Raman ASE noise fluctuations. This leads to an ensemble averaged coherence of
zero for the Raman spectral components.

The resulting supercontinuum dynamics are therefore governed by a competition
between SPM and wavebreaking, and Raman scattering and four wave mixing. The
competition is driven by the length scaling of both SPM and Raman scattering, the
fibre dispersion, and the input pulse duration. Raman scattering is expected to be the
dominant broadening process for pulses of a given peak power and TFWHM >1 ps as
SPM is suppressed by the reduced gradient of the intensity envelope. This increases the
wavebreaking length beyond the fibre length, allowing for the Raman effect to domi-
nate before wavebreaking occurs. However, if the pulse duration is decreased so that
LWB � Lfibre wavebreaking causes explosive spectral broadening before the Raman ef-
fect can contribute significantly. Dispersion acting on the spectrally broadened pulse
rapidly reduces the peak power, thus reducing the contribution from the Raman effect
for increased propagation distance despite the increased pulse duration.

8.3 Experimental method and data analysis procedure

Motivated by the understanding of the dynamics obtained by the simulations detailed
above and to show the importance of the Raman effect with long pulses, two experiments
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were performed to investigate the onset of decoherence in the ANDi regime. In the
first, the pulse energy was scaled using a variable attenuator before the ANDi fibre
while keeping the pulse duration and bandwidth constant. Two lengths of ANDi PCF
(NKT NL-1050-NEG-1) were used, measuring 1.4 and 15.4 m. The shorter length was
chosen as it allowed for gradual decoherence to be observed in detail. The longer length
was chosen so that complete decoherence across the whole SCG bandwidth could be
observed from an initially coherent signal. The second experiment involved scaling the
pulse duration while keeping the pulse energy and bandwidth constant. Only the 15.4 m
length of ANDi PCF was used for this experiment. The experimental setup is described
in subsection 8.3.1 and the data analysis procedure is outlined in subsection 8.3.2.

8.3.1 Experimental setup

Nd:glass
fs oscillator
1055 nm

Compressor (second
experiment only)

Amp SCG

50 GHz Oscilloscope

32 GHz trigger

22 GHz
signal~500 m

SMF

OSA

HWP
~7.5 m Yb PM
LMA 25/250PM 980

20 W 915 nm
Diode

DM

HWP

ANDi PCFTelescope

HWP HWP Polarizer

Out:
0.38 - 3.4 ps

In:
3.8 ps

Figure 8.5: Schematic of the experimental setup used in the ANDi supercontinuum
generation experiments. The compressor was used for the second experiment docu-
mented here, and was bypassed in the first. Care was taken to ensure that the com-
pressor never produced a negatively chirped pulse at the output, as described in the

text. DM: Dichroic mirror.

The experimental setup for both energy and duration scaling experiments is shown in
figure 8.5, and allowed for Raman decoherence to be observed. A master oscillator power
amplifier (MOPA) configuration was used, and an Nd:glass modelocked laser (GLX-200,
Time Bandwidth) producing output pulses with a duration of 400 fs, 120 mW average
power, central wavelength of 1055 nm at a repetition rate of 82 MHz seeded an ampli-
fier constructed of 7.5 m DC polarization maintaining large mode area Yb-doped fibre
(Nufern PLMA-YDF-25/250-VIII). This fibre has a core diameter of 25 µm (NA=0.06),
pump cladding diameter of 250 µm (NA=0.46), and was backwards pumped by a fibre



Chapter 8. Decoherence of supercontinuum in ANDi fibre due to Raman gain 123

1010 11101060

0

-20

-40

Wavelength, nm

P
S

D
, 
d
B

m
/n

m

1

0

0.5

0 10-10

N
o

rm
a

liz
e

d
 S

H
G

Delay, ps

5.04 ps

Figure 8.6: Spectral and autocorrelation data for the parabolic amplifier. The au-
tocorrelation width of ∼ 5 ps corresponds to a pulse duration of 3.8 ps using the

deconvolution factor for a parabolic pulse (1.31).

pigtailed 915 nm diode (∼20 W). The input end of the fibre was tapered [146, 147, 148]
and spliced to approximately 40 cm of passive single-mode fibre (Nufern PM980) to
maintain fundamental mode operation, and the oscillator was isolated from the ampli-
fier. A 0.5 mm long endcap was spliced onto the output of the amplifier to expand the
mode and prevent optical damage to the fibre facet. The amplifier was operated in the
parabolic regime [149], and had an output power of 4.2 W for pulses with a bandwidth
of 45 nm at the -10 dB level and chirped pulse duration of 3.8 ps FWHM assuming
a parabolic intensity profile, as shown in figure 8.6. The amplifier output was linearly
polarized with 13 dB extinction. A telescope followed the amplifier to expand and col-
limate the beam, allowing for an improved launch efficiency of approximately 45% into
the ANDi PCF. The measured dispersion curve for this fibre is shown in figure 8.7. A
polarizing isolator positioned before this fibre prevented back reflections into the ampli-
fier and also functioned as a variable attenuator so that the launched pulse energy could
be varied without altering the spectrum or temporal profile of the seed pulses.
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Figure 8.7: Measured dispersion profile for the ANDi fibre.

A half waveplate was used before the PCF to launch the pulses along the desired
polarization axis of the fibre [150], and a polarizer (aligned using a rotation mount to
match the angle of one of the fibre birefringence axes) was used at the fibre output
to remove any light which had become depolarized in the PCF. This removed spectral
modulation from the recorded data which would otherwise result from polarization mode
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beating at the detector and also removed polarization instabilities [150].
The setup for the pulse duration experiment is also shown in figure 8.5 and is largely

the same as that used for the pulse energy scaling experiments, with the addition of a
compressor before the ANDi fibre. This allowed for different pulse durations between
380 fs and 3.4 ps to be tested. It should be noted that only the 15.4 m length of ANDi
PCF was used for this experiment, and that the amplifier and compressor combination
was set to provide net normal dispersion for the chirped pulses and approximately zero
dispersion for the shortest pulses. This maintained a positive chirp for all pulse durations
tested. A negative pulse chirp would not only lead to temporal compression within the
ANDi fibre, but would also have resulted in spectral compression through SPM which
would further complicate the supercontinuum dynamics [58].

Technical noise was reduced in the experiments by maintaining short beam paths and
using stable mirror mounts and translation stages. Thermal drift was not observed for
any of the experiments conducted as the ANDi PCF was mounted in a large aluminium
V-groove which acted as a heat sink. All fluctuations in the DFT signal observed in the
experimental data presented in subsections 8.4.1 and 8.4.2 are therefore attributed to
the nonlinear propagation dynamics. The oscilloscope was also computer interfaced for
fast data acquisition to reduce the effect of long-term drift in the MOPA output which,
although not observed, would also effect the SCG dynamics. 500 single-shot spectra
were saved as a data set for each SCG pump pulse energy and duration.

The dispersive Fourier transform (DFT) technique [151, 152] was used for fast and
continuous recording of single shot spectral measurements. This process involves us-
ing a highly dispersive optical element after the SCG process to separate the frequency
components in time so that they may be resolved by a fast photodiode and oscilloscope.
The time axis of the oscilloscope trace is later interpolated onto wavelength in a process
outlined in subsection 8.3.2 below. The dispersive element was formed of a 500 m length
of SMF (Corning HI1060) and a 22 GHz photodiode (Agilent A3440C) was used with
a 55 GHz oscilloscope (Agilent Infiniium DCA86100A) to detect the dispersed pulses.
Using a 1 GHz photodiode to trigger the oscilloscope caused significant timing jitter,
which clearly distorted statistical parameters in the data analysis. However, using a
32 GHz photodiode (Agilent A3440D) for the trigger minimized timing jitter, enabling
accurate statistics to be calculated from the data. The trigger pulses were picked off
from the main beam at the input to the PCF. Using this setup, the timing jitter was
<3.75 ps RMS with <0.5 ps standard deviation, calculated using a statistics function
on the oscilloscope which measured the time point corresponding to the 50% value on
the signal leading edge for over 10,000 samples. The corresponding maximum wave-
length domain values for this jitter are 0.11 nm and 15 pm, and were calculated once
the time-to-wavelength mapping procedure was completed.
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Figure 8.8: Group delay for 500 m of HI1060 calculated using equation 2.10 in chap-
ter 2.

8.3.2 Data analysis procedure

The frequency to time mapping was performed by calculating the group delay of the
HI1060 as a function of wavelength and interpolating the photodiode signal onto a
wavelength axis using this function. The Sellmeier equation, shown in equation 8.2,
was used to calculate the group delay using the method outlined in section 2.1. The
Sellmeier coefficients for silica were used for the cladding [153], and an offset of 2×10−3

was used for the core refractive index (determined from the specification sheet). The
resulting group delay for this length of HI1060 is shown in figure 8.8, and shows that
the zero dispersion wavelength at approximately 1300 nm corresponds to a minimum.
The DFT technique therefore imposed a technical limit to the maximum pulse energy
which could be used with this setup, above which the SCG bandwidth extended beyond
the zero-dispersion wavelength of HI1060 which led to a degeneracy in the wavelength
to time mapping. In practice, maximum pulse energies of 13 nJ and 4 nJ were used with
the 1.4 and 15.4 m ANDi PCFs, respectively.

n2(λ) = 1 + λ2
[

B1
λ2 − C1

+ B2
λ2 − C2

+ B3
λ2 − C3

]
(8.2)

Interpolating the oscilloscope time-domain traces using the group delay function and
then converting the frequency axis to wavelength transformed the single-shot photodi-
ode traces into single-shot spectra. The ensemble average of the oscilloscope traces was
then compared with those taken with an optical spectrum analyser to ensure that the
conversion from time to wavelength was done correctly. The wavelength resolution of
this setup was ∼0.3 nm [152].

Given that the photodiode records optical intensity rather than the field, the data
values are real and analysis using the complex first order degree of coherence is inap-
propriate [60]. The shot-to-shot spectral stability was instead quantified statistically
using the (second order) coefficient of variation (Cv), the (third order) skew (γ), and
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the (fourth order) kurtosis (κ), defined as follows [79]:

Cv(λ) = σ(λ)/〈Ii(λ)〉,

γ(λ) =
〈

[Ii(λ)− 〈Ii(λ)〉]3
〉
/σ3(λ),

κ(λ) =
(〈

[Ii(λ)− 〈Ii(λ)〉]4
〉
/σ4(λ)

)
− 3.

 (8.3)

where angular brackets denote the mean of the power spectral density taken over the
ensemble, and σ(λ) =

√∑N
i=1[Ii(λ)− 〈I(λ)〉]2 is the standard deviation as a function of

wavelength over an ensemble of N spectra. Cv characterizes the ratio of the noise to
the signal, γ quantifies the asymmetry of the distribution about the mean value, and κ

quantifies the ‘peakedness’ of the distribution, or the presence of long tails.

8.4 Results and discussion

8.4.1 Pulse energy scaling

The left hand side of figure 8.9 shows the 500 single-shot spectra obtained experimen-
tally using the 1.4 m length of ANDi fibre overlaid to show the spread of results for
four different pump pulse energies, each of which had the same duration of 3.8 ps. The
coefficient of variation, skew, and kurtosis are given on the right of the figure for the
lowest and highest pump pulse energies. The grey traces represent the individual spectra
and the black trace represents the average spectrum over the ensemble.

As the pulse energy is increased from 0.5 nJ to 9.4 nJ the main spectral band between
1–1.1 µm is seen to broaden through SPM, as the spectrum becomes wider in comparison
to the pump spectrum shown in figure 8.6 and a distinct Raman peak develops outside
of the main pulse bandwidth. This corresponds to a reduction in relative amplitude for
wavelengths between 1035 nm and 1080 nm as power is removed from this spectral band
through Raman depletion. Increasing the pulse energy provides more initial broadening
through SPM, which slows as the dispersion lengthens the pulse in the time domain.
Due to the longer pulse duration the Raman effect becomes dominant as was seen in
figure 8.4. The most severe Raman depletion is seen for the longer wavelengths of the
pulse, which is predicted in the numerical simulations and shown in the experimental
data at wavelengths around 1090 nm. The peak at 1140 nm develops at a wavelength
separation of approximately 52 nm, which corresponds to 13.2 THz displacement from
the red-shifted peak at 1090 nm, as is expected from the Raman gain spectrum.

The Raman peak data shows strong shot-to-shot fluctuations in power spectral den-
sity, which have a span of ∼18 dB for the highest pulse energy. This starts first with
the appearance of the Stokes band and near the centre of the spectrum at pulse energies
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Figure 8.9: Left: DFT spectra for the supercontinuum generation in the 1.4 m length
of ANDi fibre, pumped using 3.8 ps pulses with different energies. Right: Statistical
analysis of the single-shot spectra for the lowest and highest pulse energies used. The
regions where there was sufficient pulse power for the photodiode to detect are shaded
blue, and all signal beyond this region is the result of electrical noise from the oscillo-
scope and photodiode. The red dotted lines mark the wavelengths referred to in the

text, and are labelled above the plots.
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Figure 8.10: DFT data for the 15.4 m length of ANDi fibre, showing how the spectra
vary with pump pulse energy. The wavelength axes of each plot have been scaled so
that they occupy the same space on the page. Again, the blue shading indicates the
region where the optical power was significant enough to register above the noise of the

photodiode and oscilloscope.

between 6.8–8.8 nJ, moving to the longer wavelength end of the main spectral band for
pulse energies greater than 8.8 nJ. These dynamics match those shown in the simulations
in section 8.2.

The Cv for the 0.5 nJ data shows little variation within the detectable supercon-
tinuum bandwidth. Variation beyond 1080 nm and below 1030 nm is the result of the
poor signal-to-noise resulting from the low amplitude optical signal and electrical noise
of the photodiode and oscilloscope at these wavelengths. This argument applies to all
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out-of-band calculated statistical parameters. There is a clear difference in Cv for the
9.4 nJ data, which shows an increase in variation with wavelength, due to the increase
in the spread of shot-to-shot spectral power density at each wavelength involved in the
Raman scattering.

For all data sets taken the skew is net positive for increasing pulse energy, indicat-
ing that the spectral components have a long tail in their distribution about the mean
spectral power density, specifically showing a large variation from the mean to higher
intensities for the Raman components. This variation is most noticeable in the longer
wavelength components of the spectrum. The kurtosis is also seen to increase drastically
around the 1140 nm Raman peak, indicating a large increase in the peakedness of the
spectral power density for this wavelength band relative to a Gaussian distribution.

Figure 8.10 shows the spectra and statistics for four pump pulse energies used with
the 15.4 m length of ANDi PCF. The statistics for each pulse energy are listed below
their single-shot and ensemble averaged spectra, which are shown in the top row of each
figure. In comparison to the data taken using the 1.4 m length of fibre, these spectra
detail the complete destruction of the spectral stability, again developing as a result
of Raman scattering, and the same mechanism of decoherence is observed as the pulse
energy is increased.

By observing the gradual decoherence of the signal using a short length of ANDi
fibre and the complete decoherence with the longer length, the spectral characteristics
are shown to be highly sensitive to quantum noise at the input. The decoherence process
is the same as that seen for the simulated data.

8.4.2 Pulse duration scaling

The pulse energy used for this experiment was held constant at 2 nJ, but the duration
was adjusted from 0.38–3.4 ps using a grating-based compressor before the ANDi fibre.
The longer pulses have reduced peak power compared to the shorter pulses, and there-
fore the longer length was required to observe the onset of Raman scattering. Only the
15.4 m length of fibre was used. Figure 8.11 shows the spectra recorded for four dif-
ferent pulse durations. The dynamics are approximately as expected with shorter, high
peak power pulses producing the broadest spectra with the least instability. The long-
wavelength components of the shortest driving pulses show excellent stability and very
little modulation, indicating that wavebreaking is the dominant broadening procedure.
It should be noted that an equivalent stable short-wavelength band is not seen in this
data set due to a sudden cut-off in photodiode response at approximately 0.95 µm. The
spectral modulations at the central wavelengths for the shortest pulse duration (between
1050–1150 nm) are also the result of Raman scattering as the length of ANDi fibre used
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for this experiment allowed for this effect to contribute significantly even for the shortest
pulse durations. Otherwise, the spectral shape is flat with low modulation, as expected.
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Figure 8.11: DFT data for the supercontinuum generation in the 15.4 m length of
ANDi fibre, showing how the spectra vary with pump pulse duration. The photodiode
cutoff is marked in green in the first plot. The colour-shaded areas mark the regions of
the spectra which undergo Raman-dominated broadening (light blue), or optical wave-
breaking (red). As the pulse duration is extended optical wavebreaking is suppressed,

and Raman broadening can begin to dominate, resulting in spectral decoherence.

As the pulse duration is increased the wavebreaking length extends beyond the fibre
length, suppressing this broadening process. The fluctuations in power spectral density
begin to increase as Raman scattering dominates the spectral broadening, starting with
the centre of the spectrum and resulting in strong modulations at the long-wavelength
part of the spectrum for the 3.4 ps pump pulse. The spectral decoherence for the 3.4 ps
pump pulse is almost complete, with stability at only the highest amplitude blue-shifted
spectral peak. As seen with the pulse energy scaling data, the instability grows from
the centre of the spectrum before extending to the longer and shorter wavelengths.

As expected, the increased duration of the SCG pump pulses is accompanied by an
increase in the statistical variation parameters. This is shown in figure 8.12. The top
row shows the autocorrelations of three driving pulses, and the corresponding estimated
FWHM pulse durations are given above each one. The second row shows the pump
pulse spectrum (blue dashed) and the mean photodiode trace (red) of the DFT ensem-
ble spectra. The third row shows the coefficient of variation and the fourth row shows
the kurtosis. As the duration is increased, both Cv and κ develop modulations at longer
wavelengths. The reduced signal-to-noise due to Raman depletion in the pulse central
wavelengths and Raman gain at longer wavelengths is reflected by the variation of Cv
with pulse duration, with the highest noise fraction developing for the long-wavelength
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Figure 8.12: Experimental dispersive Fourier transform data for three pulse durations.
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broadening.

components of the SCG driven by the longest pulses, where the Raman peak develops
from noise. Likewise, the increased weighting of the long-wavelength tails developed
through Raman scattering is indicated by κ as the pulse duration is increased.

8.5 Summary

This work represents the first demonstration of Raman dominated spectral broadening
during supercontinuum generation on a microstructured fibre with all-normal disper-
sion profile. Simulations and experimental data clearly indicate how Raman amplified
quantum noise degrades the spectral coherence. This is of practical interest for those
developing the next generation of pump sources for supercontinuum generation suit-
able for time resolved spectroscopy and metrology measurements, both of which rely
on broadband sources with excellent coherence. Propagation simulations of transform
limited supercontinuum pump pulses were presented in section 8.2, and were initially
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used to described the wavebreaking process, which was shown to result in broadband
single-pulse signals with well-defined phase profiles and excellent coherence. Following
this, simulations showed that coherence begins to degrade with the onset of Raman
scattering when seeded by quantum noise. It was found that this effect is suppressed by
the wavebreaking process for shorter pulse durations as the corresponding wavebreaking
length is shorter than the fibre length at which Raman gain would take effect, allow-
ing for constant and coherent seeding of wavelengths which would otherwise experience
exponential gain through Raman scattering. Decoherence in ANDi fibres therefore re-
sults from competition between SPM and optical wavebreaking, and noise-seeded Raman
scattering.

Experimentally obtained ensembles of single shot spectra obtained using the disper-
sive Fourier transform method confirm the proposed decoherence mechanism. When
using picosecond seed pulses, complete destruction of the spectral stability was seen,
and statistics were calculated as a function of wavelength for ensembles of 500 inde-
pendently generated spectra to quantify the ratio of noise to signal, the skew, and the
kurtosis over each ensemble. It was found that as noise-seeded Raman scattering be-
comes the dominant broadening process the statistics increase rapidly and stability in
the shot-to-shot spectral power density is lost, starting with the first Stokes peak and
the long-wavelength side of the pump pulse spectrum, mirroring the decoherence process
seen in the simulations. Reducing the pulse duration restores the high coherence levels
associated with the first reported work on ANDi fibre supercontinuum.



Part IV

Conclusions
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Chapter 9

Summary and future work

The main objectives of the work presented in this thesis were to develop a stable ul-
trafast fibre CPA system, to demonstrate its use as a high-harmonic source, and to
characterize the extreme ultraviolet which it produced. Prior to this work, a previous fi-
bre CPA system had been developed and was capable of generating XUV, but was never
characterized. This source was also not repetition rate scalable and showed occasional
Q-switching instability due predominantly to a mismatch between the signal wavelength
and the gain peak in the final amplifier. A new seed laser at a shorter wavelength of
1045 nm was therefore required so that the amplification chain could be optimized for
stability and improved performance, as well as allowing for average power and repetition
rate scaling. The first part of this thesis work was focussed on developing the seed laser
for the optimized CPA system.

Due to the low noise characteristics in comparison with other cavity types a breathing-
pulse ring cavity was used. The output had the correct power level in the desired wave-
length band and demonstrated excellent compressibility and good amplitude noise and
timing jitter. During the oscillator development, unusual cavity dynamics were also ob-
served for this stable modelocking state, and pulses with different central wavelengths
could be selected from the cavity at different positions. A detailed vectorial simula-
tion of the cavity has fully explained this observation, and indicated that a controlled
overdrive of the nonlinear polarization evolution switch acting in conjunction with the
cavity dispersion was responsible. The simulated cavity was capable of self-starting from
noise-like conditions after approximately 75 roundtrips, and demonstrated both single-
pulse modelocking and the multi-wavelength dynamics observed in the experiment with
simple changes to the polarization state of the circulated pulses. A good match between
experiment and simulation was achieved for both the wavelength and time domains
when simulating a single pass of the cavity fibre section with idealized input conditions.
Comparison with other reports of multi-wavelength modelocking in fibre lasers indicates

135
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that this multi-wavelength cavity design is capable of shorter pulses with broader band-
widths, but also that this detailed investigation into the cavity dynamics is the first
performed for multi-wavelength modelocked fibre oscillators.

Using the single-wavelength output of the oscillator as a seed, a new fibre CPA system
was constructed at the new design wavelength of 1045 nm. The existing amplifiers were
rebuilt and the gain, dispersion, and nonlinearity were optimized for the best OSNR and
shortest autocorrelation durations for minimal pedestal. The stretcher and compressor
were realigned for the new wavelength (numerical work by Dr. Jonathan Price, lab work
carried out by Dr. Price and myself), and the majority of the gain block was fiberized for
improved stability. Additional improvements were found by water cooling the remaining
free-space signal launches at the end of the amplifier chain. Autocorrelation and FROG
data show that the majority of the 100 µJ pulse energy is concentrated in the central
pulse peak, which had a flat phase profile. The peak power of 240 MW was limited by
nonlinearity and the accepted maximum level of ASE from the final amplifier, rather
than energy storage. The long-term and shot-to-shot stability were excellent, and the
pulses had diffraction limited beam quality, indicating that the source was suitable for
high-harmonic generation.

Further additions to the fibre CPA system could include adaptive pulse spectral shap-
ing to overcome the small-scale nonlinear distortion seen at 100 µJ pulse energy, and to
potentially allow for further pulse energy scaling by compensating for phase distortions
from SPM. In addition, including a newer gain fibre in the final amplifier would allow
the repetition rate and average power to be scaled, and would improve the current low
efficiency (11%) which has come about due to photodarkening damage.

Having described the laser used to drive the high-harmonic experiments, part II
included a new method for characterizing high-harmonic light suitable for use with
the fibre CPA system, which produces XUV with a larger divergence than can be ac-
commodated by existing characterization techniques. A pre-existing spatially resolved
spectrometry method was adapted to include radius of curvature measurements, and in-
volved analysing the near-field diffraction pattern produced by a grid of square apertures.
Spectral content was inferred from the diffraction pattern produced by each square in
the array, and the radii of curvature in the x- and y-directions were calculated from the
magnification of the grid period as projected onto an x-ray CCD. The method is simple
to implement and requires no alignment, samples the majority of the XUV beam thus
making good use of the generated flux, has no moving parts, and is suitable for use with
a wide range of XUV sources which differ in frequency content and divergence. As all
spatial and spectral information can be obtained from a single exposure, this method is
also suitable for single-shot use with high-flux sources.

A capillary high-harmonic source pumped by a Ti:Sapphire laser system (in the Ul-
trafast X-Ray Lab, Optoelectronics Research Centre) was used as a test-bed system for
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the characterization method whilst it was under development. Under the assumption
that the radii of curvature were equal for each harmonic detected, the spatial distribu-
tions of each harmonic were back-propagated using ASM and the XUV distributions at
the exit of the capillary were calculated, demonstrating the characterization technique
in a diagnostic setting. It was also noted that the technique is not generally applicable
to sources which are likely to produce a poor XUV wavefront. As such, work is currently
underway to extend the technique further by incorporating a Shack-Hartmann wavefront
sensing algorithm [129], which will allow for single exposure analysis of the spatial and
spectral profile of arbitrary beams.

The fibre CPA system was then demonstrated as a high-harmonic source using Xe as
a target gas. The vacuum system which housed the focussing lens, gas cell, XUV pho-
todiode and x-ray CCD was described. The XUV signal was optimized by iteratively
adjusting gas cell pressure and the relative position of the focus and the gas cell. The
tunnel ionization volume at the focus was optimized to increase the number of Xe atoms
in the generation region for a given gas pressure, and was done by designing a telescopic
focal arrangement. The spatially resolved intensity profiles of harmonic wavelengths
38.7–55 nm were shown as calculated by the single exposure spectrometry algorithm.
The peak wavelength was 45.4 nm and the radii of curvature measured 11.3 and 11.4 cm
in the x- and y-directions, respectively, as expected from the experimental parameters.

The XUV flux was estimated using the photodiode conversion efficiency and the
specifications of the low-noise amplifier to convert the maximum photodiode voltage
into photon number. The XUV spectrum was then normalized to this value and the rel-
ative amplitudes of each harmonic and their corresponding photon energies were taken
into account to calculate an XUV integrated average power of approximately 400 nW.
This corresponds to a conversion efficiency of 240 nW of XUV per Watt of input infrared,
which is approximately twice as high as that shown in other reports of XUV generation
with fibre CPA sources, and represents a state of the art generation efficiency for fibre
CPA systems which do not use coherent combination of parallel fibre amplifiers.

It was suggested that a high free electron density in the generation volume was the
limiting factor for the XUV flux due to the effect of free electron dispersion on the phase-
matching constraint. Ionization rate calculations shown in chapter 5 indicate that this
effect was dominant for the fibre CPA system. Including both a coherently combined
final amplifier stage and nonlinear compression has been shown to drastically improve
the conversion efficiency by maintaining ∼100 µJ pulse energy and reducing the duration
to <30 fs, allowing for much larger generation regions to be used with reduced free elec-
tron density. Incorporating these methods to scale the diffraction limited output from
the stable, single mode flexible fibre system presented in this thesis will provide a route
towards a high efficiency source of XUV for applications in femto-chemistry, imaging,
and lithography.
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Additionally, the decoherence mechanism affecting optical signals propagating in the
normal dispersion regime was explored through simulation and experiment. It was found
numerically that competing wavebreaking and Raman scattering processes strongly de-
termine the noise sensitivity and resulting coherence of optical signals depending on
pulse duration, bandwidth, and noise amplitude. This was reproduced experimentally
using the dispersive Fourier transform technique for a statistical analysis of ensembles
of single-shot supercontinua generated by scaling the pulse energy and duration inde-
pendently. It was found that spectral instability, the coefficient of variation, skew, and
kurtosis increased as the Raman effect became dominant, coinciding with the suppres-
sion of SPM and wavebreaking by pumping the supercontinuum with longer pulses.
This demonstration not only represents the first experimental observation of cascaded
Raman scattering in the ANDi regime when pumped with picosecond and femtosecond
pulses, but also constitutes the first conclusive analysis of the nonlinear dynamics which
cause decoherence in normal dispersion fibres. Due to the pulse-preserving nature of the
wavebreaking process, coherent octave-spanning SCG sources using all-normal disper-
sion fibres are useful for time-resolved spectroscopy and optical metrology, for example.
This investigation into the limitations of the coherence and pulse stability is therefore
of direct practical interest to members of these research communities.
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Appendix B

Ionization rate and ion fraction
calculations

B.1 ADK rate calculation

ADK is a function written in the MATLAB programming language for calculating the
tunnel ionization rate of a gas as a function of the electric field strength of an optical
pulse under the single active electron approximation. The function argument requires the
following input variables: Ip eV (The ionization potential of the gas species in electron
Volts), Z (the charge of the atomic or ionic core, in a.u.), l (the azimuthal quantum
number), m (magnetic quantum number), E field (the driving laser field in S.I.), dt (the
resolution of the time grid), and t range (the extent of the time grid).
function [ ADK_rate ] = ADK(Ip_eV , Z, l, m, E_field ,dt , t_range )
constants % Load physical constants

% E- Field :
E_real = real( E_field );
E_real = E_real ./5.14220826 e11; % electric field in au

% Atom/ion parameters :
Ip_Hart = Ip_eV /27.211; % Ip in Hartrees
nstar = sqrt( Ip_Hart / Ip_eV );
lstar = nstar -1;

% Calculating the ionization rate
term1 = sqrt (3.* abs( E_real )./( pi *(2* Ip_Hart ) ˆ(3/2) ));
Cnl2 = (2ˆ(2* nstar ))/( nstar *gamma ( nstar + lstar +1)*gamma (nstar - lstar ));
flm = ((2*l+1) *( factorial (l+m)))/(2ˆm * factorial (m)*( factorial (l-m)));
exponent = (2*Z/( sqrt (2* Ip_Hart )))-m -1;
term2 = Ip_Hart .*((2*(2* Ip_Hart ) ˆ(3/2) )./abs( E_real )).ˆ( exponent );
term3 = exp ( -2*(2* Ip_Hart ) ˆ(3/2) ./(3.* abs( E_real )));

% ADK rate equation
ADK_rate = term1 .* Cnl2 .* flm .* term2 .* term3 ;
end
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B.2 Ion fraction calculation

Below is the script used to calculate the relevant ion fractions used in the design of
the fibre CPA high-harmonic source. The NIST Atomic Spectra Database was referred
to for all of the quantum numbers used. The script defines a pulse with a given peak
intensity before calling the ADK function in Appendix B.1.
clear , clc
constants

% Laser parameters
RR = 16.67 e3; % Laser rep rate
P_ave =1.7; % Average power in Watts
spot = 5e -6; % Spot size in m
delta_t = 330e -15; % Pulse duration in s
lambda = 1045e -9; % Wavelength in m
omega =2* pi *3 e8/ lambda ; % Angular frequency , rads/s
period = lambda /3 e8; % Period , s

% Calculation parameters :
dt = 1e -5* delta_t ;
t_range = -4* delta_t :dt :4* delta_t ;

% Field definition
Ep = P_ave /RR;
P0 = sqrt (2/ pi)*sqrt (2* log (2))*Ep/ delta_t ;
I0 = P0 /(pi*spot ˆ2);
field = sqrt (2* I0 /(c* epsilon_0 ));
wave1 =exp (1i*( t_range * omega ));
env=exp ( -2* log (2) *( t_range / delta_t ).ˆ2);
E = field .* wave1 .* env;
E_real = real(E);

W_ADK = ADK (12.13 ,1 ,0 ,0 ,E,dt , t_range );
W_ADK2 = ADK (21.21 ,2 ,1 ,0 ,E,dt , t_range );

% Allocate memory
N0 = zeros (1, size(t_range ,2)); % Neutral population
N1 = zeros (1, size(t_range ,2)); % Singly ionized population
N2 = zeros (1, size(t_range ,2)); % Doubly ionized population

% Initial conditions
N0 (1) = 1; % 100% of initial population in the ground state
N1 (1) = 0; % 0% of the initial population in singly ionized state
N2 (1) = 0; % 0% of the initial population in doubly ionized state

% Euler integration
for ii = 2: length ( t_range )

N0(ii) = N0(ii -1) - N0(ii -1)*dt *1 e15 *( W_ADK (ii -1));
N1(ii) = 1 - N0(ii -1) - N2(ii -1);
N2(ii) = N2(ii -1) + N1(ii -1)*dt *1 e15* W_ADK2 (ii -1);

end



Appendix C

Oscillator noise: D. von der Linde
analysis

This Appendix introduces the noise analysis used for to calculate the timing and ampli-
tude fluctuations in the output from the multi-wavelength oscillator in chapter 3. For a
more detailed anaylsis, see ref. [86].

The output intensity of a perfectly modelocked laser, F0, may be expressed as the
summation of an infinite number of identical pulses, f(t), separated a multiple n of the
roundtrip time, T :

F0(t) =
∞∑
n=0

f(t+ nT ) (C.1)

By introducing randomly generated amplitude and temporal noise terms (A(t) and B(t),
respectively) and making the approximation that f(tn + ∆tn) ≈ f(tn) + ḟ(tn)∆tn, one
can write:

F (t) = F0(t) + F0(t)A(t) + Ḟ0(t)TB(t) (C.2)

where TB(t) = ∆tn. The power spectral density of the laser may then be retrieved by
taking the Fourier transform of the autocorrelation function to give:

Pf (ω) = (∆ω)2|f(ω)|2
∞∑
n=0

[
δ(ωn) + PA(ωn) + (2πn)2PB(ωn)

]
(C.3)

where PA and PA are the power spectra of A(t) and B(t), respectively. ∆ω = 2πfr
is the angular roundtrip frequency, and determines the spacing between the frequency
bands of the spectrum. f(ω) is the Fourier transform of the amplitude profile of the
ideal pulses, and n is an integer running from minus to plus infinity.

Equation C.3 therefore represents the summation of individual identical frequency
bands, separated by the roundtrip frequency of the cavity and individually modified by
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Figure C.1: Effect of amplitude (PA) and timing (PB) jitter on the nth RF harmonic
of the pulse train from a modelocked laser.

randomly generated functions corresponding to the power spectra of the amplitude and
temporal noise terms of the non-ideal modelocked laser as determined by functions A
and B. From this equation, it is seen that the timing jitter term is proportional to the
square of the harmonic number, n. This allows for the amplitude noise and temporal
jitter terms to be distinguished from one-another.

Figure C.1 (adapted from ref. [154]) demonstrates the effect that the amplitude noise
and temporal jitter has on the spectrum of the nth harmonic. The root mean square
(RMS) intensity fluctuations and temporal jitter may be calculated using the following:

(∆E
E

)2
=
∫ ∞
−∞

PA(ω)dω (C.4)

(∆t
T

)2
=
∫ ∞
−∞

PB(ω)dω (C.5)

These integrals may be approximated by taking the product of the FWHM peak width
and the maximum power in the nth harmonic to give:∫ ∞

−∞
P (ω)dω ≈ 2π∆fP (ωn) (C.6)

If ∆fres is the resolution bandwidth of the RF analyser in use, then the following may
be used for the amplitude noise:

∆E
E

=
√
PA
PC

∣∣∣∣
n=0

∆fA
∆fres

(C.7)

The amplitude noise can be neglected when calculating the jitter term as it is significantly
smaller. Therefore, the timing jitter can be calculated using the following:

∆t
T

= 1
2πn

√
PB
PC

∣∣∣∣
n

∆fA
∆fres

(C.8)



Appendix D

RK4IP propagators

D.1 Scalar propagator

An example RK4IP function is given below, written in Python. The function simu-
lates pulse propagation in optical fibre for the fundamental spatial mode, neglecting
polarization effects. The function includes the CQEM adaptive step sizing algorithm to
maintain a user-defined error tolerance for each longitudinal step, and operates when
no gain parameters are defined. The function argument requires the following variables:
inputfield (the starting field for the simulations, time domain), linearoperator (the ar-
gument for the linear operator, including dispersion, loss, and, gain), gamma (nonlinear
parameter), dz (initial step size), L (fibre length), tolerance (error tolerance for CQEM
feedback), omega (angular frequency vector), omega c (central angular frequency), dt
(temporal step size), fR (Raman fraction of the nonlinear polarization), Raman (Raman
response function, frequency domain). In addition, five other arguments may be given to
define the fibre gain profile. *args[0] is a string used to define the gain shape (‘Linear’,
‘Quadratic’, ‘Lorentzian’), *args[1] is the small signal gain coefficient, *args[2] is the
saturation energy, *args[3] is given by (2πc/λc) − (2πc/λgain peak) and has units of rad
Hz, and *args[4] is the FWHM bandwidth of the gain profile in rad Hz. The function
outputs an array with shape (1, 2N) in the frequency domain.

from future import division

from numpy import ∗
from numpy.random import randn

import scipy.constants as const

import sys

def RK4IP(inputfield , linearoperator , gamma, dz, L, tol, omega, omega c , dt, fR, Raman

, ∗args):
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# Define gain parameters depending on ∗args
if len(args)>0:

if len(args)>=1 and len(args)<5:
sys.exit() # Break if ∗args not fully defined

elif args[0] is ’Linear’:

g=args[1]∗exp(−sum(abs(inputfield)∗∗2)∗dt/args[2])
linearoperator=linearoperator+g∗1/2

elif args[0] is ’Quadratic’:

g=args[1]∗exp(−sum(abs(inputfield)∗∗2)∗dt/args[2])
linearoperator.real=g∗(0.5−((omega−args[3])∗∗2)/(2∗args[4]∗∗2))
linearoperator.real[linearoperator.real<0]=0

elif args[0] is ’Lorentzian’:

g=args[1]∗exp(−sum(abs(inputfield)∗∗2)∗dt/args[2])
linearoperator=linearoperator+(g/pi)∗((args[4]/2)/sqrt((omega−args[3])

∗∗2+(args[4]/2)∗∗2))
else: g=0

# Definitions for Raman ASE term

f c=omega c/(2∗pi) # Central frequency

UH=zeros(len(Raman)) # Allocate memory

UH[(len(Raman)−1)/2:len(Raman)]=1 # Heaviside step function

kT=const.k∗300 # Thermal energy

Boltz=(exp(const.hbar∗abs(omega+omega c)/(kT))−1)∗∗(−1)
ASE=(2∗fR∗const.hbar∗omega c/gamma)∗abs(Raman.imag)∗(Boltz+UH)

# Definitions before loop

propagedlength=0 # Setting up loop condition

uu1=inputfield # Time domain definition

ufft=fft.fft(inputfield) # Frequency domain definition

# Begin the loop

while propagedlength<L:

# Redefine the gain for each step

if len(args)>0:
linearoperator.real=linearoperator.real/g

g=args[1]∗exp(−sum(abs(uu1)∗∗2)∗dt/args[2])
linearoperator.real=g∗linearoperator.real

# First step of CQEM

PhotonN=(sum((abs(ufft)∗∗2/(omega+omega c))))

# Raman ASE term

ASE term=sqrt(fft.ifft(ASE))∗randn(len(Raman))

halfstep=exp(linearoperator∗dz/2)
uip=halfstep∗ufft # Transfer to interaction picture

# Scalar RK4IP algorithm:
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k1=1j∗gamma∗dz∗(1+omega/omega c)∗fft.fft(uu1∗(1−fR)∗(abs(uu1)∗∗2)+fR∗uu1∗dt∗
fft.ifft(Raman∗(fft.fft(abs(uu1)∗∗2)))+1j∗uu1∗ASE term)

k1=halfstep∗k1
uu2=fft.ifft(uip+k1/2)

k2=1j∗gamma∗dz∗(1+omega/omega c)∗fft.fft(uu2∗(1−fR)∗(abs(uu2)∗∗2)+fR∗uu2∗dt∗
fft.ifft(Raman∗(fft.fft(abs(uu2)∗∗2)))+1j∗uu2∗ASE term)

uu3=fft.ifft(uip+k2/2)

k3=1j∗gamma∗dz∗(1+omega/omega c)∗fft.fft(uu3∗(1−fR)∗(abs(uu3)∗∗2)+fR∗uu3∗dt∗
fft.ifft(Raman∗(fft.fft(abs(uu3)∗∗2)))+1j∗uu3∗ASE term)

uu4=fft.ifft(halfstep∗(uip + k3))
k4=1j∗gamma∗dz∗(1+omega/omega c)∗fft.fft(uu4∗(1−fR)∗(abs(uu4)∗∗2)+fR∗uu4∗dt∗

fft.ifft(Raman∗(fft.fft(abs(uu4)∗∗2)))+1j∗uu4∗ASE term)
uaux=halfstep∗(uip+k1/6+k2/3+k3/3)+k4/6

propagedlength=propagedlength+dz # Advance the loop condition

# Remaining steps of CQEM and step size correction

if len(args)==0:

error=abs(sum((abs(uaux)∗∗2)/(omega+omega c))−PhotonN)/PhotonN
if error>2∗tol:

propagedlength=propagedlength−dz
dz=dz/2

elif error>tol:
ufft=uaux

dz=dz/(2∗∗0.2)
elif error<0.1∗tol:

ufft=uaux

dz=dz∗(2∗∗0.2)
else:

ufft=uaux

else: ufft=uaux # Advanced freq. domain

uu1=fft.ifft(ufft) # Advanced time domain

return ufft # Output the field in the frequency domain
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D.2 Vector propagator

RK4IP XPM is a function similar to RK4IP but has a nonlinear operator which includes
cross-phase modulation (XPM) between orthogonal polarization components propagat-
ing along the fibre. This function includes an approximation of gain dynamics in the
same manner as RK4IP, as well as the adaptive step sizing when gain is not in use.
Although all of the variables are assigned the same names, both inputfield (time do-
main) and linearoperator are expected to be arrays of shape (2, 2N), where the first
index corresponds to polarization axis and the second the frequency or time grid. The
function outputs an array with shape (2, 2N) in the frequency domain.

from future import division

from numpy import ∗
from numpy.random import randn

import scipy.constants as const

import sys

def RK4IP XPM(inputfield , linearoperator , gamma, dz, L, tol, omega, omega c , dt, fR,

Raman, ∗args):

# Define gain parameters depending on ∗args
if len(args)>0:

if len(args)>=1 and len(args)<5:
sys.exit() # Break if ∗args not fully defined

elif args[0] is ’Linear’:

g=args[1]∗exp(−sum(abs(inputfield)∗∗2)∗dt/args[2])
linearoperator=linearoperator+g∗1/2

elif args[0] is ’Quadratic’:

g=args[1]∗exp(−sum(abs(inputfield)∗∗2)∗dt/args[2])
linearoperator.real=g∗(0.5−((omega−args[3])∗∗2)/(2∗args[4]∗∗2))
linearoperator.real[linearoperator.real<0]=0

elif args[0] is ’Lorentzian’:

g=args[1]∗exp(−sum(abs(inputfield)∗∗2)∗dt/args[2])
linearoperator=linearoperator+(g/pi)∗((args[4]/2)/sqrt((omega−args[3])

∗∗2+(args[4]/2)∗∗2))
else: g=0

# Definitions for Raman ASE term

f c=omega c/(2∗pi) # Central frequency

UH=zeros(len(Raman)) # Allocate memory

UH[(len(Raman)−1)/2:len(Raman)]=1 # Heaviside step function

kT=const.k∗300 # Thermal energy

Boltz=(exp(const.hbar∗abs(omega+omega c)/(kT))−1)∗∗(−1)
ASE=(2∗fR∗const.hbar∗omega c/gamma)∗abs(Raman.imag)∗(Boltz+UH)

# Definitions before loop

propagedlength=0 # Setting up loop condition

uu1=inputfield # Time domain definition
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ufft=fft.fft(inputfield) # Frequency domain definition

# Begin the loop

while propagedlength<L:

# Redefine the gain for each step

if len(args)>0:
linearoperator.real=linearoperator.real/g

g=args[1]∗exp(−sum(abs(uu1)∗∗2)∗dt/args[2])
linearoperator.real=g∗linearoperator.real

# First step of CQEM

PhotonN=(sum((abs(ufft)∗∗2/(omega+omega c))))

# Raman ASE term

ASE term=sqrt(fft.ifft(ASE))∗randn(len(Raman))

halfstep=exp(linearoperator∗dz/2)
uip=halfstep∗ufft # Transfer to interaction picture

# Vector RK4IP algorithm:

k1=1j∗gamma∗dz∗(1+omega/omega c)∗fft.fft(uu1∗(1−fR)∗(abs(uu1)∗∗2+(2/3)∗abs(uu1
[::−1,:])∗∗2)+fR∗uu1∗dt∗fft.ifft(Raman∗(fft.fft(abs(uu1)∗∗2)))+1j∗uu1∗ASE term)

k1=halfstep∗k1
uu2=fft.ifft(uip+k1/2)

k2=1j∗gamma∗dz∗(1+omega/omega c)∗fft.fft(uu2∗(1−fR)∗(abs(uu2)∗∗2+(2/3)∗abs(uu2
[::−1,:])∗∗2)+fR∗uu2∗dt∗fft.ifft(Raman∗(fft.fft(abs(uu2)∗∗2)))+1j∗uu2∗ASE term)

uu3=fft.ifft(uip+k2/2)

k3=1j∗gamma∗dz∗(1+omega/omega c)∗fft.fft(uu3∗(1−fR)∗(abs(uu3)∗∗2+(2/3)∗abs(uu3
[::−1,:])∗∗2)+fR∗uu3∗dt∗fft.ifft(Raman∗(fft.fft(abs(uu3)∗∗2)))+1j∗uu3∗ASE term)

uu4=fft.ifft(halfstep∗(uip+k3))
k4=1j∗gamma∗dz∗(1+omega/omega c)∗fft.fft(uu4∗(1−fR)∗(abs(uu4)∗∗2+(2/3)∗abs(uu4

[::−1,:])∗∗2)+fR∗uu4∗dt∗fft.ifft(Raman∗(fft.fft(abs(uu4)∗∗2)))+1j∗uu4∗ASE term)
uaux=halfstep∗(uip+k1/6+k2/3+k3/3)+k4/6

propagedlength=propagedlength+dz # Advance the loop condition

# Remaining steps of CQEM and step size correction

if len(args)==0:

error=abs(sum((abs(uaux)∗∗2)/(omega+omega c))−PhotonN)/PhotonN
if error>2∗tol:

propagedlength=propagedlength−dz
dz=dz/2

elif error>tol:
ufft=uaux

dz=dz/(2∗∗0.2)
elif error<0.1∗tol:

ufft=uaux

dz=dz∗(2∗∗0.2)
else:
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ufft=uaux

else: ufft=uaux # Advanced freq. domain

uu1=fft.ifft(ufft) # Advanced time domain

return ufft # Output the field in the frequency domain
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The angular spectrum method

E.1 Derivation

The following includes a derivation of the angular spectrum method for simulating the
near-field diffraction pattern created by monochromatic radiation scattered from an
object or aperture. This method, and the MATLAB script in Appendix E.2, feature
in chapter 6, which covers the single exposure approach to determining the spatial
characteristics of XUV beams.

Assuming the object is illuminated with monochromatic radiation of wavelength λ,
the field distribution in the plane of the grid is defined in terms of its Fourier components
as:

U(x, y, 0) =
∫∫ ∞
−∞

Ũ(u, ν, 0)ei2π(ux+νy)dudν (E.1)

where u, ν are the spatial frequencies in x and y, respectively. Changing coordinates
from spatial frequencies to direction cosines α and β expresses the field as a superposition
of plane waves with different direction cosines:

U(x, y, 0) = 1
λ2

a∫
−a

b∫
−b

Ũ

(
α

λ
,
β

λ
, 0
)
eik(αx+βy)dαdβ (E.2)

where |a| and |b| are the direction cosines corresponding to the plane wave components
which propagate with the largest angle to the normal of the object. When simulating the
diffraction, |a| and |b| are ultimately determined by the angular acceptance bandwidth
of the screen at longitudinal position z. The field distribution at the screen is given by:

U(x, y, z) = 1
λ2

a∫
−a

b∫
−b

Ũ

(
α

λ
,
β

λ
, z

)
eik(αx+βy)dαdβ (E.3)
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Ũ(α/λ, β/λ, z) is unknown, but can be calculated by propagating the integrand of equa-
tion E.3 using the Helmholtz equation, (∇2 + k2)U = 0:

∂2Ũ

∂z2 = −k2Ũ(1− α2 − β2) (E.4)

Ũ

(
α

λ
,
β

λ
, z

)
= Ũ

(
α

λ
,
β

λ
, 0
)
e−ikz

√
1−α2−β2 (E.5)

Substituting equation E.5 in the place of the integrand in equation E.3 gives the field
distribution at the screen as a function of the field distribution in the plane of the object:

U(x, y, z) = 1
λ2

a∫
−a

b∫
−b

Ũ

(
α

λ
,
β

λ
, 0
)
e−ikz

√
1−α2−β2

eik(αx+βy)dαdβ (E.6)

A MATLAB function for solving this equation is given in section E.2, and was used for
all of the diffraction simulations presented in chapter 6.
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E.2 ASM field distribution propagator

ASM is a function written in the MATLAB programming language for calculating two-
dimensional electric field distributions after propagation over a distance, z. The function
is valid for near-field propagation only. The function argument requires variables Field
(the input amplitude distribution), Phase (the input transverse phase distribution),
Wavelength (the wavelength of the monochromatic radiation), z (propagation distance),
N (size of the Fourier grid), and x range (the physical size of the screen).
function [ Output_Field ] = ASM(Field , Phase , Wavelength , z, N, x_range )

k = 2* pi/ Wavelength ; % Wavenumber
dx = x_range /(N -1); % Spacing of the Fourier grid (m)

phi = exp (1i * k .* Phase ); % Transverse phase profile

transmission = phi .* Field ;

% FFT of field :
transmission = fftshift (fft2( fftshift ( transmission ))); % Fourier space
kX = (2 * pi /dx) * ((1:N )/N - (N /2+1) /N); % k- space scaling
[kx , ky] = meshgrid (kX , kX); % k- space grid

% Phase argument for the propagation
mu2 = kˆ2 - (kx .ˆ2 + ky .ˆ2);
mu = sqrt(mu2);

% Propagation phase definition
H = exp (1i * z * mu);

% Propagation step
transmission = H .* transmission ;

% Output field calculation
Output_Field = fftshift ( ifft2 ( fftshift ( transmission )));
end
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“Generation of µw level plateau harmonics at high repeptition rate”. Optics Ex-
press, 20(19):19374–19383, 2011.
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