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Point-to-Point Iterative Learning Control with
Optimal Tracking Time Allocation

Yiyang Chen, Bing Chtiand Christopher T. Freeman

Abstract—Iterative learning control is a high performance
tracking control design method for systems operating in a rpeti-
tive manner. This paper proposes a novel design methodologlgat
extends the recently developed point-to-point iterative darning
control framework to allow automatic via-point time allocation
within a given point-to-point tracking task, leading to significant
performance improvements, e.g. energy reduction. The prdem
is formulated into an optimization framework with via-poin t
temporal constraints and a reference tracking requirement for
which a two stage design approach is developed. This yields al-
gorithmic solution which minimizes input energy based on nan
optimal iterative learning control and gradient minimization. The
algorithm is further expanded to incorporate system constaints
into the design, prior to experimental validation on a gantty robot
test platform to confirm its feasibility in practical applic ations.

Index Terms—point to point iterative learning control, con-
straint handling.

I. INTRODUCTION

TERATIVE learning control (ILC) is a high performance
control technique applicable to systems which perfor
repeated tasks. Unlike modifying the controller as in agapt
control, ILC directly updates the input based on informatio

from previous experimental attempts (termed trials) torionp

tracking performance. Each trial has the same finite durati
and the system states are reset to the same value at the
of each trial. The tracking error can theoretically be restlic

to zero after sufficient trials. This appealing property heas

to ILC being applied to various industrial high performanc
systems, such as robotics [1], [2], chemical batch prongss

[3], [4] and stroke rehabilitation [5]. See [6], [7] and [83rf
a detailed overview of ILC.

point-to-point ILC [9], and has attracted significant irest:
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A number of point-to-point ILC algorithms have been
proposed in the literature. Terminal ILC, a special caséhef t
point-to-point ILC problem where only tracking performanc
at the end of the trial is required, is studied in [10]—[13].
General point-to-point ILC design by employing a ‘complete
reference that passes through all the desired intermediate
points is studied in [14]-[16]. These methods, however, do
not fully exploit the extra freedom provided by the point-
to-point tracking requirements. As such, the overall syste
performance could be limited. This drawback is addressed
recently in [17]-[20] where the intermediate point tragkin
requirements are directly handled by optimizing a quadrati
performance index characterizing the tracking perforreanc
at these intermediate points. Results containing converge
properties of these algorithms are also available. More re-
cently, system constraints in point-to-point ILC have been
considered [21]-[23].

All the aforementioned point-to-point ILC problem formu-
lations in [9]-[23] have assumed that the critical tracking
e-points are knowma priori, and this information is gen-
erally embedded within a performance cost function whose
optimization is implemented in the ILC framework. Hence
the performance cost function is highly dependent on the

cfracédng time allocation within the point-to-point ILC tking
I

em. If this framework can be expanded to enable the
tracking time allocation to be embedded as an optimized
variable, significant practical benefit can be realizedhsas
educing the energy used, reducing the damage to machine
components and increasing the efficiency of production (i.e
throughput). This hence motivates the expansion of thetpoin

: . to-point ILC framework to allow flexibility in the selectioof
In the classic ILC setting, the output of the system i P y

required to track a given reference defined on the whole tri
interval. However, in a large subset of control tasks su
as robotic pick-and-place manipulation, the system ouiput
only critical at a finite number of time-points along the fria
duration. To address this design problem, the ILC framewo
can be modified to update the input by using only the error
information recorded at these time-points. Significantigtes
freedom can hence be exploited to incorporate additional p
formance objectives by eliminating the unnecessary nocaki (
tracking constraints. This novel control concept is term

e temporal tracking subset, with its input also updated to
hieve the overall point-to-point control objective. Blahat
xisting research into optimal tracking time allocatiorpofnt-
to-point robotic motion [24] addresses a series of indepahd
E?&otions, but these are not coupled together and the approach
es not take advantage of ILC to enable precise tracking.
To clearly illustrate the above motivation, consider the
robotic pick-and-place task shown in Figure 1. In this peoinl
the robotic arm is required to start from the resting positio
hown as green dot) at the beginning of a trial={ 0),
ove to the ‘pick’ position (shown as yellow dot) at the
specified timet; and then move to the ‘place’ position (shown
as red dot) at a specified timg, before finally moving
back (resetting) to the resting position at the end of the tri
(t = T). Note that in this problem, the pre-specified tracking
time allocation, i.e. the ‘pick’ and ‘place’ time instants
and to, plays a key role in the system performance. As an
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intuitive example, if the two tracking time instants are sbio

close to each other, the robotic arm will have to move from

the desired ‘pick’ location to the ‘place’ position within a
very short time, therefore requiring fast moving and thughhi

power consumption (as an example see the difference in the

the two trajectories shown in the figure). In all existingrgei
to-point ILC designs, these critical tracking time instaare
assumed to be known as priori. The extra flexibilities in
choosing the tracking time instants (which affect the syste
performance) have not been explored.

%1073
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Pick Position

6 Place Position

z-axis(m)

extended to incorporate system constraints that exist
widely in practice. In particular, it is shown that the input
constraints can be incorporated into the design using a
modified two stage design framework and the resulting
algorithm guarantees that the constraint is satisfied, as
well as improved performance.

Experimental verification on a gantry robot test platform
(Section VI).The proposed design methods are verified
experimentally on a gantry robot test platform. The results
show that by exploiting the flexibility in choosing the
tracking time allocation in point-to-point ILC, significan
benefit can be obtained in terms of the input energy
reduction compared ta priori tracking time allocation,

at the same time maintaining high tracking performance.
The results also show that the proposed algorithm exhibits
a degree of robustness against modelling mismatch/error
due to the use of previous data which is clearly desirable
in practical applications.

The notation used in this paper is standaidis the set
0 of non-negative integer®™ and R™*™ denote the sets of

dimensional real vectors andx m real matrices respectively;
. Resting Position
01 Output Trajectories
y-axis(m) 0.02 001 0

S, is the set of alln x n real positive definite matrices;
02 o4 0.03

L4[0, T) denotes the space of functions defined [on 7]
whose function value belongs ®° and2 power is Lebesgue
integrable;(z, y) is the inner product ofc and y in some
Hilbert spaceX x Y is the Cartesian product of two spaces
andY ; Po(x) denotes the projection to the set® in some

x-axis(m)

Fig. 1. A Robotic ‘Pick-and-Place’ Tracking Example.

Hilbert space. Other notation will be introduced as needed.

This paper develops a comprehensive optimal tracking time

allocation framework in point-to-point ILC to allow autota

selection of the tracking time to optimize some performance

[I. FORMULATION OF THE PROBLEM

of interest and, at the same time, achieving high perfor@anc n this section, the design problem is formulated rigorgusl
reference tracking at the chosen intermediate points basedinto an optimization problem using an abstract operatamfor
our preliminary idea in [25]. The main contributions of thgepresentation of system dynamics in some Hilbert space.

paper are as follows:

In this paper, a continuous time linear time-invariant estat

« Rigorous formulation of point-to-point ILC problem withspace model is considered. The general abstract form proble
optimal tracking time allocation (Section IIYhe design formulation allows the results to be extended to more génera
problem is formulated into an optimization frameworknodels, e.g. time varying systems, differential delay exyst
where the flexibility in tracking time allocation is ex-and switched system.

ploited to simultaneously optimize some performance

index of interest, e.g. energy consumption to ensule puint to-Point ILC Eramework

accuracy tracking. The problem formulation is based on _ . _ _ .

an abstract operator form in some Hilbert space, which Consider the followingn-output, ¢-input linear continuous
allows the essence of the results to be generalized to otfigte-invariant system in state space fofo4, B, C)

system models without difficulty. o (8) — Az (£) + Bua(t 0) =
Derivation of a two stage design framework (Sections |1l i (t) = Aw(t) + Bug(t), xx(0) = o,

and IV). A two stage design framework is proposed to y(t) = Ca(t), te o, T, (1)

solve the optimal tracking time allocation optimizationynere ¢ is the time & € N denotes the trial number:
problem. The two stage design involves the alternati%(t> € R, uu(t) € R® and ys(t) € R™ are the state’
use of a well known norm optimal point-to-point ILCinn 1 and output respectively on tridt A, B, C' are system
algorithm [17] ensuring accurate tracking, and a gradiepiatrices of compatible dimensiong;< 7' < o is the trial
based minimization to update the tracking time allocgangih The initial conditions are identical for all trialie.
tion to optimize the performance index. Under certain (0) = zo, VE.

conditions, the proposed algorithm converges to the "best' 1, ¢ ijitate the problem formulation, an abstract desigip
solution that can be achieved. Implementation procedurgsne system dynamics is introduced first. Note that system

of the proposed algorithm are discussed in detail. (1) can be represented in an equivalent operator form
Incorporation of system constraints into the design (Sec-
(2)

tion V). The two stage design framework is further yr = Guy + d.
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In this operator formuy € L4[0,T], yi, € L5*[0,T], are the where G} : L5[0, T] — H is a linear operator with each
system input and output, in which$[0, 7] and L5*[0, 7] are componen(; : L5[0, T] — R™ defined by
the input and output Hilbert spaces equipped with the inner ¢
products and associated induced norms Giu = / CeA(ti*”Bu(t)dt. (11)
0

T
(u, v)p = / (u(t)) " Ro(t)dt, ||lul|p =+/(u, u), (3) The tracking error at tracking time allocationis therefore
. el =rP —yP.

(2, y)g = / ()T Syt)dt, lylls =/, w)s @)

respectively whereR ¢ S&Jr and S € S™, are positive B. Point-to-Point ILC with Optimal Tracking Time Allocatio

definite matrices with appropriate dimensioas; L5[0, 7] — We are now ready to formulate the problem of point-to-
L7[0,T] is the system operator antlc L7'[0,T] represents point ILC with optimal tracking time allocation: Firstly, v
the effect of initial condition, taking the following forms ~ consider the tracking time allocation as a variable,A.& ©,
where® is the admissible set of tracking time allocation

t
_ A(t—s) _ At
(Gue)(t) */O Ce Bug(s)ds, d(t) =CeTmo. (5) g _ (A cRM.0< 7 <t <t <ty <t2 <tF <

+_
For notational simplicity and without loss of generalityis oSty =T (12)

assumed that, = 0 and thusd = 0. , in which [t;-, ] defines the (allowed) allocation interval for
_ Inthe point-to-point ILC framework, we are only interesteq, representing the requirements on enforcing process timing
in the system outpug(?) at a finite number of pre-specified, g synchronization constraints necessary to completaske
time instants (of interest};, i =1,..., M in vector formas  tha point-to-Point ILC with Optimal Tracking Time

A= T g) Allocation Problem can then be defined as iteratively finding

- [t17 tay ., tl\/f] ( ) . . . . .
a tracking time allocatior;, and an input:; with the asymp-

Also denote the desired tracking reference at these tirmtic property that the output values at these time insfars

instants as yr, accurately pass through a set of desired poifitsvith
P =[r1, ro,...,ry]" € RM™, lim y} =P,
k— o0
Whe_ft(zﬁ'_, i=1,..., M are the desired tracking requirementgt the same time minimizing a target cost functitfu, y) as
for i**,¢ = 1,..., M intermediate points, respectively. Tog function of the system input and outputy, i.e.

extract the system output value At introduce the linear

mapping¢ € LT[0, T] — (P € H defined as i (uge, yeo Ak) = (uh, yi, Af)
¢? = [¢(t1), C(ta),- -, CEtar)] T (7) whereu}, y; andA; are optimal solutions of the problem
where H is a Hilbert space minirr}\ize fu,y)
u,y,
H=R™"x---xR™ (8) subject to 7 = GRu, (13)
M times y = Gu,
with respective inner product and induced norm Aeo.

M . Note that this problem formulation comprises a significant
(& O g = Y& Qifi, dllg =1/ 9)1g (9 expansion of the current point-to-point ILC framework by
i=1 exploiting the flexibilities in choosing the tracking timkoza-

in which tion A to optimize some performance of interest in addition to
the tracking requirement. This however, as will be seerr,late
& =[&1, &2,..., &m]" € H, §=[01, §2,--., dm]" € H introduces substantial difficulties in algorithm desigrhieh
and[Q] denotes the data séQy, Qs,..., Qu} where for will be address.ed in the following sections. .
i=1,...,M eachQ; € ST, is a positive definite matrix. Rémarkl. The index(u,y) represents our requirements on
Using this notation, the plant output corresponding tokirag  the performance and should be chosen according to the specifi
time allocationA is given by application. As an example, if we would like to minimize the
control input energyf(u,y) can be chosen as
yP = (Gu)”.
. o : . Flu,y) = Jullzs
SinceG is linear, this can be further written as
if we would like the system to minimize a function of the
Giu output, e.g. acceleration of a robotic movemefiiy, y) can

Yy’ = Ghu= : (10) be chosen as
G fuy) =gl
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where the functiong(y) computes the output acceleration. « Stage TwoSubstitute the solution.,(A) of the problem

In this paper for simplicity, the performance indgXu,y) (16) into the original optimization problem (14) and then
is chosen as a convex function aof and y. Note that this solve the resulting optimization problem (15) to compute
encompasses many real life applications. the optimal tracking time allocation, i.e.

Remark 2. Note that the optimization problem (13) does

not necessary have a unique solution. When there are mord0 exemplify the approach, the input energy consumption
than one solutions, they all produce the same performarigeselected to be the target performance index in this paper,
value and therefore are considered equally ‘good". If aatert SO thatf(u,y) = [u|%. This guarantees the existence of a
solution is regarded as better than the others, then an extfddue global minimizer for the inner optimization problem
term has to be included in the performance index to ensukéhin (14), and the resulting optimization problems in gia
this particular solution will be chosen when solving thé&ne and Two become

optimization problem. minimize  |jul|%

u 18
Remark 3. It is worth pointing out that the general prob- subject to r? = GRu, (18)
lem formulation in Hilbert space makes it possible for the
techniques used in this paper to be further extended to otﬁgrd in{ f(A) = ()2 (19)
systems, e.g. linear discrete time systems and switchedrlin Rne%l{f ) 1= lltoe (M)}

systems, the details of which however will differ and are ”%spectively. Note that as the outputioes not appear in the

described in this paper. performance index, therefore the second constraint inlenob
(16), i.e.y = Gu, is not needed in the optimization problem
1. ATWO STAGE DESIGN FRAMEWORK (18). It is worth pointing out that other (convex) perfornean

In this section, a two stage design framework is develop&iflices rather than the input energy can also be used with no
to solve the above point-to-point ILC design with optimafh@nges in the form of the two stage design framework - the
tracking time allocation problem. Note that while the trimgk implementation of the resulting algorithms however wilfei

time allocationA does not explicitly appear in the performanc&©m those described in subsequent sections of this paper.
index f(u,y), they are connected by the tracking requirement AS dictated by the ILC framework, the two stages must be
GPu = r? in a nonlinear manner. Furthermore, the input achieved using experimental data in order to embed robsstne

lies in an infinite dimensional spadé[0, T] and the tracking against model uncertainties. Before this is discussed tailde
time allocationA lies in the finite dimensional spac®. All in next section, the solution of this two stage design franréw

these make the problem (13) non-trivial. is given below.

B. Solution of the Proposed Framework

1) Solution of Stage One Optimization Problerkor a
given tracking time allocatior\, the Stage One optimization
min {minf(u,y), subject toGRu = 17, y = Gu} (14) prpl?lem is in fact a point-to-ppint ILC desjgn problem with a
Aco L w minimum control energy requirement. This can be solved ef-
by optimizing overu first and then optimizing ovek. Define ficiently using the point-to-point norm optimal ILC algdrih
the functionf of A by with a special initial input choice, as shown next.

s ) . Theoreml. If the systemS(A, B, C) is controllable and”
— P, — ,.P — 7

f(A) = min {f(u,y), subject toG}u =", y = Gu}, has full row rank, the Stage One optimization problem (18)
for a given tracking time allocatio can be solved by the
norm-optimal point-to-point ILC algorithm

A. Framework Description
Optimization problem (13) can be written equivalently as

and denote a global minimizer far of the inner optimization
problem (14) asu.(A) : © — L5[0,T], the optimization

problem (14) is then equivalent to Upy1 = arg min{||€p||[2Q] +llu—ugl %} (20)
gngg{f(/ﬂ = [(uoo(A), Guoo(A))}- (15)  proposed in [17] with initial inputy = 0, such that
It follows that the point-to-point ILC with optimal trackin Uog = kli_}m Uk

time allocation problem can be solved using the following tw

stage design framework: The iterative solution is given by

« Stage Onefix the tracking time allocatiorh and solve Ups1 = up + GR(I + GRGR") el (21)
the inner optimal problem (14), i.e. - . .
! pH P (14).1 whereGR™ : (w1, ...,wr) € H — u € L]0, T is the Hilbert
minimize  f(u,y) adjoint operator of7} defined by
u,y
subject to ” = GRu, (16)  w(t) =R 'BTp(t), p(t) = —ATp(t),

y = Gu. p(T) =0, p(ti—) =plti+)+ CTQiw;, i=1,...,M (22)
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with p denoting the costate an, ¢); denoting the weighting TheorenB. For M > 2, Stage Two optimization problem (25)
matrices and theMm x Mm matrix G} G}* has a block can be solved using the gradient based iterative method

structure with(4, 7)*" block _
Aji1 = Po(Aj — ;- VF(Ay)) (26)

min(t;,t;) T
GiGj :/O Cett=YBRTIBTeA (1 t)CTdet- where j € N denotes the updating iteration (loop) number,
(23) Vf(A;) € RM is the gradient of the functiofi, Po(-) denotes

Furthermore, an analytic solution can be obtained féihe projection operator, i.e.
Uso(A) as follows

Po(x) = argmin ||z — 2|,
Uoo(A) = GR(GRGR )~ 1rP. (24) €0
and~; > 0 is a step size chosen by the generalized Armijo

Proof. See Appendix A for the proof of Theorem 1. O rule, i.e.

Note that the system controllability condition can be satis =8 (27)
fied without difficulty as a con_trollable state space mod_ei Cqyherem;, is the smallest non-negative integer such that
always be constructed for a given system and the requirement . .

C hgs full row rank is not restrictive either as this simply — f(Aj1) — f(A) < a(VF(A;) T (Aji1 — A;) (28)
implies no output component can be constructed from others, .
i.e. there is no redundant output, and is therefore assumedfd o, /, 7 are constant scalars with< o < 1,0 < <1,

hold for the rest of the paper. v > 0. The resulting sequendgf(A;)} converges downward
2) Solution of Stage Two Optimization ProbleMth the 0 @ limit f~, i.e.

analytical solution of Stage One optimization problem, the PN ) < FIA I FAY — F* 2

Stage Two optimization problem (19) can be further reduced f(Ag+1) < f(Ay), and jggo{f( =1 (29)

as shown in the following Iemma. | and the sequenciA ) satisfies

Lemmal. Based on the analytical solution (24) of Stage One

optimization problem, the Stage Two optimization problem 1520 IA; —Aja]| =0 (30)

(19) can be expressed as !

; with every limit pointz of the sequencéA,} is a stationar

i o (W) = iz (%, (GRER) ') brotlem (05, e e ’
S S

(25) point for problem (25), i.e.

Q-
Proof. See Appendix B for the proof of Lemma 1. O z = Po(z— Vf(2)). (31)

Solving the above Stage Two optimization problem, ho
ever, is non-trivial except for the special caseMf= 1, i.e.
there is only one tracking point, where the solution can be|t is noted that being a stationary point satisfying (31)
obtained analytically, as shown in the following theorem. js a necessary condition of a (possibly locally) minimum
Theoren®2. When there is only one tracking point, il = 1, point. Note that the functiorf(A) is bounded below and
the solution of Stage Two optimization problem (25) is O is a compact set. Therefore, the (global) minimum of the
optimization problem exists and is a stationary point. When

Yroof. See Appendix D for the proof of Theorem 3. O

A*=T. the problem only has one such point, it must be the minimum.
The corresponding minimum energy is In this case, the above algorithm converges to the global
) ) p i 1p minimum solution following results in [26], i.e. the bestust
) [uoe (M)l = (rP, Wy'r >[Q] that can be achieved.
where Remark4. It is worth pointing out that other step size choices
¢ are also possible, e.g. constant step size [26]
U, = [ CeAtBR™Y(CeA ) B) T ds. 21— 1)
0 O<u<’7<7Lu7 (32)

Proof. See Appendix C for the proof of Theorem 2. [ -

where L > 0 is the Lipschitz constant of (A) on © and

w € (0, 2/(2+ L)] is a positive scalar, and the projected
Oarzilai—Borwein step size [27]

Theorem 2 shows that wheld = 1, A* =T is always an
optimal choice in terms of minimizing the control input egwer
- this is not surprising as this allows the system output
change gradually to the desired position and thus less @ontr ~_ (Azj, Agy) N (Azj, Axj) 33
energy could be expected. However, whieh > 1, the per- Vi (Agj, Agj)’ Vi = (Axj, Ag;) (33)
formance index is generally non-linear and non-convex with ~ ~
respect to the tracking time allocatidnleading to significant where Az; = A; — Aj_1, Agy = Vf(Aj) — V(A1)
difficulties in solving Stage Two optimization problem (25)Using these step size choices, the convergence propeities w

This is addressed in the following theorem using a gradiep@ different from those stated in the above theorem and are
based algorithm. omitted here for brevity.
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IV. IMPLEMENTATION OE THE DESIGN Algorithm 1 Greedy initial tracking time allocation

APPROACH Input: system state space modg{A, B, C'), desired track-
ing reference”, central initial tracking time allocation
and admissible set of tracking time allocatién

Output: Greedy initial tracking time allocation

) ) 1: for i=1to M do

A. Implementation of Stage One Design 20 LetA; = [t5, tho.o, tiy..., t5,]T.
The general update (21) of Stage One design can b& Solve the following problem using Theorem 3

either computed directly using the analytical solution)(2% . L
implemented experimentally using the following feedbaltisp t; = argmin F(Aq). (41)
feedforward algorithm. 4 end for

Propositionl. The Stage One update (21) can be implemented. return NS =[t5, th, ..., th,]T
using the feedforward plus feedback implementation

In previous section, a two stage design framework was
proposed. Its implementation is now discussed in detail.

T in (38). The projection step is performed to obtain the tracking
uk+1(t) = uk(t) + R B pi(t) (34 time allocationA ;1 for the next loop based oA, i.e.
with 5 . 5
Ajr1 = Po(Aji1) = argmin [|A — Ay
pr(t) = —K(t)(x t) —xr(t)) + t 35 ) . . ]
(1) @)@ (1) (1) e (1) (33) Note that this can be formulated into the following quadrati
wherewith p; denotes the costaté((¢) denotes the Riccati programming (QP) problem
feedback matrix o -
minimize ||A — Aj 1|2
T . A J
K(T)=0, K(ti—)=K({t;+)+C Q.C, i=1,..., M,

0=K(t)+ (AT — K(t)BR'BN)K(t) + K()A (36 subject to AA —b =0

i T op gt + - T
andé;, (t) denotes the predictive feedforward term given dthereA = 1, =17, b= [t ... (5, —ty ..., —ty,] * and the
the (k + 1) trial by symbol < denotes the component-wise inequality. This QP

) problem can be solved efficiency using standard QP solvers,

0="E&1(t)+ (AT — K(t)BR'B")&41(t), &1(T) =0, e.g. using Matlab functioquadprob.
Erp1(ti—) = Eppr (i) + CT Qien(ts), i=1,..., M. (37) As an iterative algorithm, the choice of initial tracking
time allocationAy may affect the algorithm’s convergence
performance, as in most non-linear and non-convex optimiza

It it worth pointing out that although both implementatiortion problems. Therefore, three methods are now proposed to
methods can solve the Stage One optimization problem, ghmvide an appropriate initial tracking time allocatiorr tbe
feedback plus feedforward implementation embeds robust palgorithm to get better system performance.
formance (due to the introduction of state feedback) when1) Central initial tracking time allocation:In this method,
applied to the true plant (more details can be found in [17}JI the initial tracking points are specified in the centettwdir
and therefore is preferable in practice. time intervals, and the initial tracking time allocationhisnce

Proof. See Appendix E for the proof of Proposition 1. [

AS = [t6, €5, ..., t5,]" 39
B. Implementation of Stage Two Design o= % i (39)
c __ (4— +
The Stage Two gradient based design method (26) involBeret; = (¢, +&;7)/2.

two steps: a gradient update step and a projection step. Thé) Greedy initial tracking time allocationThis method is
gradient update step is defined by Algorithm 1 which take&/ ‘greedy’ steps to obtain

the greedy initial tracking time allocation

N1 =Aj — ;- V(D))

where the selection of; is dictated by (27) ande denotes o . _ .
the intermediate solution obtained for the gradient updag@sed on the central initial tracking time allocatioxf.
step at thej*" loop. The gradient can either be computedrach ‘greedy’ step only computes a single optimal time-
analytically using (25), or using a computationally effitie point ¢;, and the other time-points are known as constants,

A=t ..., t5,)" (40)

estimation ie.ty,...,t;_ andtf, ,, ..., t5,. Algorithm 1 requires some

~ FoNiby  Fpi— computations but tries to provide a better initial tracktime

of | _ FAT) = FA) (38) allocationA] rather thanAg.
ot A 24T 3) Low resolution initial tracking time allocation:Low
- P ; ; ; resolution initial tracking time all ion can impl

whereA;.+ = [t1, By, I+ AT, ..., )T and A = beso gto | t"."ht ag E.th.ealocato fca .be p_gm?;
i J AT 117 andAT € R is a sufficient .yusmgAgorlt m 2, which involves performing a grid sefarc
[t1s Loy v PML Y in order to approximate the optimal tracking time allocatio

small number. It should be noted that both analytic cal@miat 1,,qeq on the nominal plant model. The solution is denoted as
and experimental testing can be used to compute the fixed

tracking time allocation’s optimal energ§(A’") and f(A%") AL =T[5, th oo )T (42)
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Algorithm 2 Low resolution initial tracking time allocation algorithm) are implemented experimentally and Stepses

Input:  system state space mod&(A, B, C), desired track- experimental data.5?(A;). These requirements are not nec-
ing reference”, admissible set of tracking time allocationessary when an accurate system model is known. However
© and sample timd’; when there exists model mismatch/uncertainty, the prapose

Output: Low resolution initial tracking time allocation!,  algorithm embeds appealing robustness properties asgbe al

1: Discretize the infinite seb at a sample rate df; to obtain rithm ‘learns’ information concerning the real plant dyriasn
through exploitation of experimental data. This will bether
demonstrated in subsequent experimental results.

O={AcRM . 0<t] <t <t <ty <t <t
<...<1§X4=T, ti = n Ty, niEN,izl,...,M}
which is a finite subset o®. V. CONSTRAINED INPUT CONDITION HANDLING
2: Solve the optimization problem below using blind search The previous sections propose a two stage design approach
. . for point-to-point ILC with optimal tracking time allocain.
AT = argfggf(m' (43) This section further extends the proposed method to incorpo

. rate system constraints into the design.
3 return Ay = A*

?\Igorithm 3 Point-to-point ILC with optimal tracking time alloca- A, Optimal Tracking Time Allocation with System Constrint

[o]g] . . ) . .

Input: _initial tracking time allocation\,, system state space " Practice, constraints exist widely in control systems
model S(A, B, ), desired tracking referencé, admis- due to physical limitations or performance requirements. F
sible set of tracking time allocatio®, weighting matrices €xample, input constraints typically assume the forms:

R and Q; « Input saturation constraint:

Output: thlmal tracking time allocation\,,; and corre- Q= {u(t) e R ()| < M(t), t€[0,T]}. (44)

sponding inputi
1: initialization: Loop numberj =0 « Input amplitude constraint:
2: Repeatedly implement Stage One update (21) with- _ ¢

Ao experimentally using feedback plus feedforward up- 2= {u(t) € R : A(t) 2 u(t) = pu(t), ¢t €[0T}

date (34) until convergence, i.ge}| < ¢|7”||; record o Input sign constraint:

converged input:SZ (Ag) and input energy(Ao).

Q= {u(t) eR" :0=<u(t), tel0,T]}.

3: repeat
4. Compute the gradient using (25) or (38) withh = « Input energy constraint:
G’,’\jugg(Aj); implement Stage Two update (26) . .
5. Setj—j+1. Q= {u(t) eR": / (u(t)) Tu(t)dt < M, t € [0,T]}.
6: Repeatedly implement Stage One update (21) with 0

A; experimentally using feedback plus feedforwartlvith constraints, the optimal problem (13) becomes
update (34) until convergence, il || < €||7”||; record R
converged input:SZ (A;) and input energyf (A;). m|ur17|yr7nA|ze Fuwy)

7. until |f(A;) - f(A]-,l)‘ < 5‘f(A]-,1)‘ subject to 17 = GRu, (45)
8: return A,y = Aj anduep = uZ(A5) y = Gu,
AeO, ue.

which minimizes the performance index. The term low res-
olution implies that the sampling timé, is suitably large, As will be seen later, the constraints add significant diffies
and hence the total number of time-point combinations, i.@to the algorithm design. In this paper, only input corissa
number of elements i®, should not be excessive. Thereforare considered. Note that in principle, the design develape
this method can balance computation time and accuracytire following section can handle output constraints as, el
approximating the global solution. However, this method/mdhe details will be different and are omitted here for brgvit
require a significant amount of time to carry out the grid ekear

procedure when the number of time-points is large. B. A Modified Two Stage Design Framework with Input Con-
straints
C. An lterative Implementation Algorithm Following a similar procedure to that in Section IlI, the

Combining the implementation of Stage One and Stage Twonstrained optimization problem (45) becomes
designs leads to an iterative implementation of the twoestag . ,
design framework - Algorithm 3. Note that, a suitably 4§13 {m;nf(“a?/)v st.Glu=r", y=Gu, ue Q} (46)
chosen initial tracking time allocation, and > 0, § > 0 . . . )
. ; ._.suggesting a possible two stage design framework:
are small scalars which depend on the tracking precision
requirement and performance requirement, respectively. - Stage One:
It is essential to note that in Algorithm 3, we require
that Step2 and 6 (i.e. the norm-optimal point-to-point ILC subject to r? = GRu

minimize  |jul|%
uet (47)
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whose the solution is denoted as,(A). Algorithm 4 Constrained input point-to-point ILC with optimal
« Stage Two: tracking tlme aIIocatign . .
~ ) Input: initial tracking time allocation\,, system state space
gngg{fw = [[ioo (M)} (48) model S(A, B, C), desired tracking refereno€, admis-

_ . _ sible set of tracking time allocatio®, input constraint set
With the presence of the input constraints, the problem be- ¢ weighting matrices? and Q;

comes significantly more difficult as the Stage One inner ogyytput:  Optimal tracking time allocation\,,,; and corre-
timization problem needs to solve a constrained optinozati  gponding iNPULL,¢
problem, which unfortunately is inherently challengingdan 1. jnjtialization: Loop numberj = 0
does not admit an analytical solution that is essential & th,. Repeatedly implement Stage One update (49) or (50)-(51)
Stage Two optimization pro_blem. To address this difficudty, with A = A, experimentally using the update (34) until
modified two stage design is proposed as follows. convergence, i.ee?|| < e||?||; record converged input

Note that now Stage One does not have a direct analytical gez () input energyf(Ao).
solution, but the norm-optimal ILC algorithm with successi 3. rgpeat
projection proposed in [23] can be applied to solve the modiz,  compute the gradient using (24) or (38) with =
fied Stage One optimization problem (47). The update (21) is G® ez (A;); implement Stage Two update (52).
accordingly replaced by two alternative update methods. 5. SetJj St

o« Method 1: Solve the constrained input norm—optimal 6: Repeated|y imp]ement Stage One update (49) or (50)_

point-to-point ILC optimization problem (51) with A = A; experimentally using the update (34)

until convergence, i.g|e?|| < ¢|?||; record converged
input 4% (A ), input energyf (A, ).
This algorithm converges to the minimum error norm.7: until ‘fj(Aj) —f(Aj)| <6 f(Aj,l)‘
The constrained QP problem (49) becomes computatiors: return Aopt = Aj andugy: = 4% (A;)
ally demanding which might introduce problems in some
applications, when the trial length is large. A number dRemark5. It is also possible to estimate the gradi&ﬁf(A)
methods has been proposed to address this problem, ise@48) experimentally following similar procedures as gho

_ . P12 _ 2
wpr = argmin{ [l + u—will}. (49)

[23], [28] for more information. discussed in Section IV-B rather than compute it analylical
« Method 2: Solve the unconstrained input norm-optimalising the above modified stage two design, the details oftwhic
point-to-point ILC optimization problem are omitted here for brevity.

a1 = argmin{ el + u— i} (50)

and then perform a simple input projection C. Convergence Properties of the Algorithm

Algorithm 4 has the following convergence properties:

Theoremd. Suppose perfect tracking is achievable and 1,
It is clear that the first step has an analytical solutioffie analytical input energy resulting from (52) satisfies
and the solution of the second step is straightforward as 9 R 9

the input constrainf is usually a pointwise constraint 00 (Ag 1)l < Ilthoo (M) (54)
in practice. This method is computationally simpler thaBroof. See Appendix F for the proof of Theorem 4. [
Method1 and can be carried out for large scale applica-
tions. Its convergence performance property, however, isAlthough Theorem 4 only states that the next loop’s un-

U1 = argmin ||u — Gg41]| - (51)
u€e)

different from that of Method.. constrained minimum energy is no larger than the constdaine

The Stage Two optimization problem (48), i.e. Step 6 iminimum energy of the current loop, it still provides useful
Algorithm 3, is modified as information about the convergence properties of proposed
’ ~ algorithm. We have undertaken a series of simulations using

Ajiq = argmin f;(A) (52) different models and input constraints to examine the con-

A€o .

vergence properties of Stage Two update (52). The results

where demonstrate that although not proved the proposed algorith

7 . 2 N 2 achieves monotonic convergence of the constrained minimum

F5() = luoe (A +p e (A) = oo (Ay) [ > p 2 0, (53) input energy, which is very appealing in practice. The simu-
and i (A;) is the converged input in Stage One desiglation results are however omitted here for space reason.
for tracking time allocationA;. Note that in this modified
stage two design, the input constraint is decoupled from the
optimization problem and thus can be solved analytically
(using the algorithm in Theorem 3).

These new solution forms combine to generate Algorithm The proposed design framework is now validated experi-
4 for the optimal tracking time allocation problem in point t mentally on a three-axis gantry robot test facility to demon
point ILC with system constraints. strate its effectiveness on a widely used industrial ptatfo

VI. EXPERIMENTAL VERIFICATION ON A
GANTRY ROBOT
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A. Test Platform Specification B. Experimental Results

The multi-axis gantry robot shown in Figure 2 comprises First assume that only an approximate system model of the

three perpendicular axes placed above a moving conveyer. FraXis is available as follows:

x-axis and the y-axis are designed to move in the horizontal G (s) 0.03 (56)
plane and driven by linear brush-less dc motors. The vértica ? S

z-axis is placed above the other two axes, and has a ling@fh a feedback gaid< = 30. A 60 loop updating procedure
ball-screw stage driven by a rotary brushless dc motor. Tge a|gorithm 3 is performed using the gantry robot. In Step
axis displacement data is measured using optical increhenke generalized Armijo step size (27) is applied witk= 0.1,
encoders. The gantry robot uses an electromagnet to pick & ( 8 and~ = 0.03,0.04, 0.05.

payloads from a dispenser and place them onto the moving

conveyor. Because the three axes are orthogonal and dedtrol 135 \
separately, the gantry robot is considered to compriseethre ig
. . . [ —~=0.03
separate single-input single-output (SISO) systems. o 120} —-o04
o ——~=0.05
2 usr 7EnergyatAr |
glm’ EnergyatA* 1
o 105F 1
=
— 100
95 \\
0F

85 . . . . .
0 10 20 30 40 50 60
Number of Loops, j

Fig. 3. Input Energy Results using an Inaccurate Model withmput
Constraints.

N

I
2

i

o
o

o

-r=-

Fig. 2. Multi-axis Gantry Robot Test Platform.

Input Signal, u (V)

o
@

The control design objective is to perform a pick-and- PR P ITP I
place task with two special tracking pointd/(= 2), which Time, t (s) A,
correspond to the ‘pick’ position and the ‘place’ positios a A

o

—\

m
o
Q
2
o

- -l

shown in Figure 1 from an exemplary tracking trajectory. For 001 o fan,
simplicity, we only consider the z-axis in this paper with ool R _T_ [Z:;ﬁw

system model7,(s) and take the time index to two decimal =
place accuracy. The total trial length 8 = 1.99s and o 02 o s o5 1 1 11 i 15 2
the reference for z-axisy?, is [0.01,0.008]". The parameter Time, t(s)

choicet] = 0.99s, t; = 1.99s, t; = 0.01s, andt, = 1.0ls
ensures that the robot moves to the pick position first aﬁg
then to the place position. To provide baseline tracking and
disturbance rejection, a proportional controller with rgéi,
is applied around the system, yielding

Output Signal, y (m)
A

. 4. Converged Input and Output Trajectory Comparisoingusan
ccurate Model without Input Constraints.
The experimental optimal input energﬁ(Ak) at each loop
is plotted in Figure 3 for step size chosen under different
values ofy. The optimal energyf(A,) = 129.06 required
for the gantry robot to track at the priori tracking time
__ Gi(9) (55) allocation is also plotted for comparison. It should be dote
1+ KG,(s) that the proposed algorithm provides an experimental fi-
nal converged energy a$8.76, which is a31% reduction
The transfer function system modél(s) can be equiva- in input energy compared to the operating enefgy.,).
lently written in state space for$i( 4, B, C'). Note that for this This is further compared with normal practice by computing
problem, previous studies used a predefireegr{ori) tracking the optimal tracking time allocation in simulation usingsth
time allocation A, = [0.5,1.35]7, with a corresponding nominal model, and then using Stage One update alone to
control input energy obtained by implementing the Stage Otrack them experimentally. This yield§* = [0.99, 1.26]7,
update only. The central initial tracking time allocatidg = and f(A*) = 98.62. It is clear that the experimental final
[0.5,1.5] T is used in both Algorithm 3 and 4, the weightingconverged energy is approximatel§% less. This means that
matrices are taken a9; = ¢/ fori = 1,...,M, R = rI experimental implementation of Algorithm 4 is far superior
whereq andr are positive scalars, and the gradient is obtainéd optimization using the nominal model in simulation. This
by the estimation (38) via analytical calculation. Furthere, confirms that the algorithm displays satisfactory robusdne
we choose the appropriate weighting matrices accordinigeo tagainst model uncertainty. Furthermore, the convergedtinp
theoretical predictions in [17] to balance convergenceesdpeand output trajectories at the origina riori), theoretical
and robust performance, i.¢/r = 500, 000 optimal and experimental optimal allocations are plotted i

G(s)
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Figure 4 and illustrate how the experimentally obtained-opt TABLE |
mal allocation outperforms the other two allocations. SUMMARIZED EXPERIMENTAL WITHOUT CONSTRAINTS.
S : v =0.03 v =0.04 v =0.05
=] —_—A
50 i Asg [0.99,1.09] 7 | [0.99,1.09]T | [0.99,1.09]7
= f(A49) 78.69 78.67 78.66
g Reduction fromf(A,)|  37.10% 37.11% 37.12%
Y 0.2 0.4 0.6 0.8 1 1.2 1.4 16 18 2 —
. Time, t (s) n Reduetionfromf (A*) 0.63% 0.66% 0.67%
E 0
T 001 — Ny ller||? /2 at Ao 0.00051mm? | 0.00006mm? | 0.00026mm?
— Q@ rfatA
g 0.01 o
5 0 ran, TABLE I
@ 0,005 SUMMARIZED EXPERIMENTAL RESULTS WITH CONSTRAINTS.
3
Q.
5 o
(@) 0 0.2 0.4 0.6 0.8 1 1.2 1.4 16 18 2 — — —
Time,t () v =0.05 v =0.06 v = 0.07
Aoy [0.99,1.08] T | [0.99,1.08]T | [0.99,1.08]T
Fig. 5. Experimental Converged Input and Output Trajeetofor Initial and f(A24) 78.78 79.10 78.17
Final Loops usujg an Inacu.:urate Model WIthO.LIt Input Coristsa . Reduction fromf(Ar) 37.03% 36.77% 37.51%
. The expgn_mental fl_nal converged input a}nd output trajectx F(A) 0.52% 011% 1.29%
ries for the initial and final loops of the algorithm are comezh o2 2 ath 500032 | 0.00002mm2 1 0.00003mm2
in Figure 5, and it is clear that the input signal immediately le”]l”/ 2 : : :

becomes zero after finishing tracking the last point in bothodels and parameter choices. A representative resulteon th
figures as there is no tracking requirement along the remgininput energy convergence is shown in Figure 7. From this
finite time interval. The reference at the special trackinget figure, the optimal energg9.53 obtained by the algorithm
is marked with red and green circles. It is clear that the finidl 28% less than the energy(A,) = 129.12 at thea priori
converged output accurately tracks the special trackimgtpo allocation andL0% less than the energf(A*) = 98.51 at the
so the algorithm not only optimizes the input energy but aldbeoretically obtained optimal allocation using the inaete
maintains high tracking performance even with significaghh model, which again confirms the superiority of the proposed
model uncertainty. For example, while using the experimlendesign method. Furthermore, inspection on the converged
estimation with step size chosen under= 0.03, the final input shows that input constraint satisfaction is guarehtey
mean square error &00032mn¥ at Step6 of the 60" loop. the proposed algorithm, a typical result of which is show in
Figure 8 that clearly demonstrates this.

-

@
:f ool 135
.E‘ 08l | 130 \
o g7b —~7=0.03] | 125 ~=0.06
E — =004 ol — =007
% 0.6 ——~=0.05] 1 E ——+=0.08
L 05 L . L L L o 115 Energy at A |
0 10 20 30 40 50 60 f=4 :
Number of Loops, j E'-J 110 Energy at A" | 1
— 3
@
s E 105
£ 147 —_—= 833 B 100 |
<] —=0.
L 4 95
¢ 13 ——~=005
£ 12f 1 %0
=
e 11r 1 85 . . . . .
o 0 5 10 15 20_ 25 30
3 1 Number of Loops, j
[2] 0 10 20 30 40 50 60
Number of Loops, j
Fig. 7. Exemplary Input Energy Convergence with Input Craists.
Fig. 6. Experimental Time-Point Position Results at Eaclog@sing an B

Inaccurate Model without Input Constraints.

To further illustrate the performance of Algorithm 3, the
convergence of the tracking time allocation is shown in Fégu
6. For each value of, the tracking time allocation at each loop
are plotted in this figure, and all converge to identicalkiag
time allocation is[0.91,1.01]T. The automatic tracking time *%0 0z o4 o o8 1 1z 14 18 18 2
allocation adjustment has meant that the speed of the gantry Time. t)
is slower and the distance the gantry moves is shorter (as (l:-%n 8. Exemplary Converged Input Trajectories with Inpwain€traints.

be seen from Figure 3), and thus leads to a lower input energyrye 4 qve tests have also been repeated using a relatively

consumption. Experiments using the other initial trackingq ,ate system model obtained in [29] using system identifi
time allocations, e.g. the low resolution initial trackitigne cation techniques, i.e

allocation, yield similar levels of performance.
The proposed algorithm with input saturation constraid) (4 G.(s) = 15.8869(s + 850.3)
with M (t) = 1.8 has also been tested using different system s(s% +707.6s + 3.377 x 10°)

15F — A
—_

ir -==A

Input Signal, u (V)

(57)
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with feedback gainK’ = 100. The results are summarizedio get the control inputu;y;. The problem (58) has an
in Table | and Table Il for the unconstrained and constrainédientical structure to the norm-optimal ILC problem delsed
cases. From the tables, the tracking time allocations wédai in [31], with the only difference being the definitions of the
by the proposed algorithms all converge, and are close dperators, signals and underlying Hilbert spaces. Thezefo
the corresponding theoretical obtained okieas the system the iterative solution can be expressed as

model is relatively accurate. It is clear that obtained inpu
energy results at each case are approximéeigly less than
the a priori one f(A,), and are almost the same as thgnich gives rise to (21).

theoretical onef(A*). Also, the tracking errors are within |t is proved in [17] that if a system is controllable aqd
the practical tolerance, confirming that the algorithm nol/o has full row rank, the referencé can be tracked exactly and

optimizes the input energy, but also maintains satisfgctophe limit of the sequencéu,} exists, i.e.
tracking performance. Due to space reason, the detailettses

Up1 = up + GRel = e, = [+ GRGY) el (59)

are omitted here for brevity. Jim e =0, lm up = te.
—00 k—o0
VIl. CONCLUSION The algorithm converges to the minimum control energy that

achieves perfect tracking requirementu§ = 0. Hence the

Tracklng time allqca’qqn plays an important role in poioi-t Stage One optimization problem (18) can be solved by the
point ILC and can significantly affect the system perfornmeanc : . . :
norm-optimal point-to-point ILC algorithm.

Th|§ baper dgyglops an opt.|m|zat|on. framework o fglly €% The relevant adjoint operat@¥}" is obtained in [17] from
ploit the flexibility in choosing tracking time allocatioro t h L

- . ; . - e definition
optimize some performance index of interest, in addition (0
high accuracy reference tracking. The problem is formdlate ((wy, ..., was), Giu>[Q] = (G} (w1, wnr), u), (60)
into an optimization problem in some abstract Hilbert space _ ) '
and a two stage design framework is developed. Solution Yich gives rise to
the Stage One design problem is derived using a well-known . RABTGAT(tﬁt)CTQw_ 0<t <t
norm-optimal point to point ILC algorithm. For the Stage Two (Giw:)(t) = { 0.t >t cemE e
design problem there are no direct analytical solutionshef t ’ v
optimization problem, and an iterative algorithm basedtun t The equation (61) can be further written as
gradient projection method is proposed. The implementatio . _ p—1pT,
procedures are discussed in detail and the proposed design (Giw)(t) = BB pilt) (62)
framework is further extended to embed system constraintserep;(t) =0 on (¢;, 7], and on[0, ;)
into the design. )

The proposed algorithm is verified experimentally on a pilt) = —A'pilt), pilti—) = T Qiws, (63)
gantry robot test platform. When the system model is inaccygjoint operatorGh* is the map(wy, ..., war) — u defined by
rate, significant reduction of the input energy can be addev
When an accurate system model is available, the input energy . _
converges to the theoretical optimal solution. In both aciess, u(t) = Z(Gi w)(t) = BB p(t) (64)
the proposed algorithm guarantees high performance trgcki =t

Although the experimental implementation of the algorithwherep(t) = Zi]\il p;(t). Due to the linearity, these equations
has demonstrated that the proposed design has certairedegisld the costate equation modified by ‘jump conditions’ at
of robustness against model uncertainties, a rigorouy/sisal time ¢;, which generates the definition (22) of the adjoint
of the algorithm’s robustness properties will be undemakeoperator GL*. Therefore, the(i,j)!" block of the matrix
In addition, other methods, e.g. the projected Newton neethek GR* can be computed as the equation (23).

[30], can also be used to solve the Stage Two optimizationin order to solve the optimization problem (18) analytigall
problem, the convergence properties of which will be défér the associated Lagrangian expression is given

from those described in this pap&urthermore, in this paper 5 »

the performance index is considered to be a convex function. L(u) = [lullg +2 (A, Giu—17) 5 (65)
In principle, the propose_d design framework can be extendggd|iow the method introduced in [32], let., be the global
to non-convex cost functions as wellne above forms part of o5timal 4, that minimize£ and there exists

our future research and will be reported separately.

(61)

M

L(too) < L(too +7), ¥ 7 € LE0, T (66)
APPENDIX

A. Proof of Theorem 1
2
The proof follows the ideas in [17] and is described in detail £(tse + 7) = L(uco) = (|75 + 2 (oo, T)p + 2\, Gi7) (g

which can be equivalently written as

below. = ||7]|% + 2 (uoo + GE*N, 7). = 0,Y 7 € LL[0, T]. (67)
On the(k + 1) trial, the norm-optimal point-to-point ILC H_ I +2¢ A . >_R 2[. |
algorithm solves the optimization problem Substituter = —(us + G}{") into (67) to obtain

min{le” iy +lu— welf : € =" —y”, y" = GRu} (58) — oo + GEA||% = 0. (68)
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It follows that the inequality condition in (68) only holdswn generalized Armijo step size (27) is used in Theorem 3. Using

us = —GR*X which satisfy the condition (66) for alt € this theorem, all the assumptions in Lemma 2 are satisfietl, an
L4[0, T]. Then recall the tracking requirement to build hence the sequende\;} converges to a stationary point of
CPuse = 17 ©9) the problem (25).
Uso = —GRA
which yields GZGZ'\ = —». As the matrix GRG"" is E- Proof of Proposition 1

invertible, it follows that\ = —(GX GR™)~1r?, which together ~ The ILC update (21) is equivalent to
with us = —GR* X give rise to the analytical solution (24).

upy1(t) = up(t) + (GR el 1)(t), (73)
B. Proof of Lemma 1 and (G"e} ,)(t) can be written as
Substituting the analytical solution (24) into the problem . T . -
(19) and using the property of adjoint operator gives (GRer1)(t) =R B pi(t), pu(t) = —A pk(t),

pi(T) =0, pip(ti—) = pr(ti+) + CT Qiersa(t:),  (74)

f&lg HUOO(A)H%? = Rnelg (oo (A), UOO(A»R
according to the costate equation (22). Hence (73) becomes

=min (G (GRGY) ", GY(GRGR) ™ r7)

A€O
. D DD s b 1 U1 (t) = ugp(t) + R™B pr(t). 75

= min (GRGY (GRGR) ™. (GRGR) ) g wr1(t) = wlt) Pilé) (79)
. sy — Then substitute the equation

=min (7, (GRGY) ™)y q

Pi(t) = =K (@) (@41 (t) — 21 (t)) + &g (8) - (76)

into the jump condition at; of costate equation (74) to give
C. Proof of Theorem 2

— (K (t;i+) — K(t;— ti) — xp(t;
For M =1, there is only one time-point and this= ¢; € (B () (ti=)) @i (t:) — @ T))
R. DenoteW,;, = G G?* which can be explicitly written as F G (i) = G (tim)) = O Qiera (i) (77)

which completes the proof.

t1 and the erroey1(¢;) can be further equivalently written as
U, = / CeAti= BR=1(CeAtr =) B) Tdt. (70) +1(8:)
0

ert1(ti) =1 — Yy ()
The Stage Two optimization problem becomes = ex(ti) — Clanii(t:) — zi(ts)). (78)

Q" (71) Hence (77) and (78) suggest the jump conditiong & (36)
Note thatl,, is a positive operator, and furthermore, ~ @nd (37). Then use the method proposed in [32] to differentia
B N (35) at any point: not in A and substitute for:;, and ;.
Wy, <Vp, Vi <ty <t] =T, These provide the Riccati and predictive differential eiques
in (36) and (37).

. 2 . —1
min o (A)][F = min (17, ¥, '),

as for anyz, it can be shown

T, (Up — Uy, )z =
(@, (¥r T w)T)ia) F. Proof of Theorem 4
(z, / Cer=BR™Y(Ce*M = B) Tdta)q) > 0. As A1 is the solution of the gradient projection, it is clear
h from Theorem 3 that the inequalitf; (A1) < f;(A;) holds
The above properties of positive operators yi@ql > and hence it follows that
v, and therefore(r?, U, 'rP) > (rP, Up'rP) LIt
! ’ 1 @ = ' oT (@] _ 2 . 4 )12 . 2
follows that¢, = ¢} = T is an optimum of the Stage TWJJU"O(AJ“)HRf P lluco(Aj41) UW(AJ)”QR + HUOO(AJ“)QR
optimization problem, which completes the proof. < oo (M) 15 + 2 [[too (Ag) = Tioo (Aj) | = P llUce(A)) I 5
+ (14 p) l[toe (A7)[5, — 26 (fioo (A7), too(A))) - (79)

Then, recall the analytical solution (24) far..(A) and the
perfect tracking assumptio@X i (A) = 77 to give

D. Proof of Theorem 3
To prove Theorem 3, the following lemma is needed.
Lemma2. [33] Let {A;} be a sequence generatedby,, =
P@(A — ;- Vf(4;)) where (oo (A), Uso(A)) g = <ﬂoo(A) GR* (GR GR )71Tp>R
—{AERM i <ty <py i=1,.., MY, (72) = (GRic(A), (GRGY) ') g = (" (GRGY) ') g
P* P P* -1 p* P ypx\—1
and ~; is chosen according to the generalized Armijo step < (GAGY P, GU(GRGY) rp>R
size (27). Then every limit point of the sequengk,} is a = (u(A), u (A)>R- (80)
i int f I 25). . . :
stationary point for problem (25) Substitute (80) into (79) to give

In this paper, the admissible getsatisfies the constraint set
requirement (72), and the gradient projection method (28) W |[uoo (Aj+1)[1% < (1= p) oo (A7)[1% + p [lico (A))[[5, - (8)
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It is clear that the unconstrained converged input energyis [17]
larger than the constrained converged input energy i.e.

toe (A1 < oo (A7)
and it follows that
(1= p) [uoe(A)) 1% < (1 = p) o (A7)

as (1 — p) is non-negative. Hence combine (82) and (8130
together to generate the inequality (54).

(18]

(82) [19]

[21]
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