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Z ��� ��������

Zn {1, 2, . . . , n}
N ��� ������� �������� ����� �� ���� �������� �� �� ��� �������� ��������

��������� �� ����������� ����� �� � ������ �� N
��������� ������� �� ����������� ����� �� N
����������� �� ������� ����������� ���� N
A×B ��� ��������� ������� �� A ��� B ���� {(a, b) | a ∈ A, b ∈ B}
Cn ��� ������ ����� �� ����� n

Dn ��� �������� ����� �� ����� 2n

Sn ��� ��������� ����� �� ����� n!

������ ������� �� ���� ������ ���� Cn� Dn� ��� Sn ��� �� ��� ��� Zn

�A� ��� ����� ��������� �� �������� ���� ��� ��� A

�A�H ��� ������ ������� �� A

NH(G) ��� ���������� �� G ���� {ρ ∈ H | ρ−1gρ ∈ G}
Sym(X) ��� ����� �� ��� ������������ �� X

FSym(X) ��� ����� �� ��� ������������ �� X ���� ����� �������

FAlt(X) ��� ����� �� ��� ���� ������������ �� X ���� ����� �������

φg ��� ����������� ������� �� ����������� �� g

���� (h)φg := g−1hg ��� ��� h ∈ G

G ∼=Ψ H G �� ���������� �� H ��� ��� ����������� Ψ : G → H�
i∈I Gi ��� ������ ��� �� ��� ������ Gi�
i∈I Gi ��� ������ ������� �� ��� ������ Gi

� ��� �������� ������� �� � ����� ������� ��� ����� �� ��������

H �f G H ��� ����� ����� �� G

G �X H ��� ������������� ������ ������� ���� ���� H ������ �� X

[G,H] ��� ���������� �������� �� G ��� H� ���� �g−1h−1gh | g ∈ G, h ∈ H�
���� ������� ���� ��������� ���� �� ��� �������� ��

���� ��� �� ��� ������ �� ���� fg ����� ����� f ���� g
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����� ��� ���� ����� ���������� ��� ���������� ���������� ��� ����� ������ ��� ��������

������ ��� ���� ��� ��� ���������� �������

���������� �� ����� ������ ��� ����� �� ������� ������� �� �� ����� �� ���� �� ���

��������� ���� ������� �� ����� �� ����� �� ������ ���� ����� ������� ��� �������� �
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���� ������� ���� �� ������� ���������� ��� ����������� ������ �� ������������ �� � ����

��� ���� ������ ���� ������ ��� � ���� ����� �� ��������� � ��������� ���� ����� ��
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�� � ��������� ��� {1, . . . , n} × N ��� ���� n ∈ N� � ���� ���� ���� �������� �� ����� ��
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����� � �������� ��������������� �� ��� ����������� ������� ����� ��� ������ ��������

������� ������ ��� ����� �������� ��� �� ��������� ������ �� ������������ �� � ����

�� ���� ����� � ��� ����� � �� ��������� ��� ����������

��������� ��� � ��������� ��� X� ��� Sym(X) ������ ��� ����� �� ��� ������������

�� X� ������������ ��� FSym(X) ������ ��� ����� �� ��� ������������ �� X ���� �����

�������� ��� ��� FAlt(X) ������ ��� ����� �� ��� ���� ������������ �� X ���� �����

�������� �� ���� ������ ����� �� Sym� FSym� ��� FAlt ������������ �� �� �� ��� ���������

�� �� ���

��� ���� ����������� �� ��� ������ Sym� FSym� ��� FAlt� ��� ������� ����� ���

��������� ������ ��� G �� � ������ ���� Aut(G) �� ��� ����� �� ��� ������������ ����

G �� G� ����� �� ������������� �� G� ��� φ ∈ Aut(G)� �� ����� ������ � g ∈ G ���� ����

(h)φ = g−1hg ��� ��� h ∈ G� ���� φ �� ������ ������ ��� ��� �� ��� ����� �������������

���� � ������ �������� �� Aut(G)� ����� �� ������ Inn(G)� ��� ��� �������������

��� ������ ��� ������� Z �� ������� ��� �� Inn(Z) �� �������� ��� Z ��� �� ������������

�� ����� � ������ ����� ���� ������� �� ��� ��������� ���� Out(G) := Aut(G)
�
Inn(G)

��� ����� �������� ��� ����� �� ����� ��������������

��������� ��� G � Sym(X) ��� ���� ��������� ��� X� ����� ��� ��� ρ ∈ NSym(X)(G)�

��� (h)φρ := ρ−1hρ ��� ��� h ∈ G� ���� ���� φρ ∈ Aut(G) ������� �� �� ��� ����������� ��

Inn(G)��

��������� ������ ��� A ��� B �� ��������� ����� ���� A ∩ B� ��� ������������ �� A

��� B� �� ��� �������� �� ���� X ���� ���� X ⊆ A ��� X ⊆ B� ��������� A ∪B ����

����� �� A ��� B� �� ��� ������ �� ��� ���� X ���� ���� A ⊆ X ��� B ⊆ X� �� ����

�������� ���� A ∩B �� ����� �� ������� A �B ��� ��� �������� ����� �� A ��� B�

���� ������ ������������ ����� FAlt(X)� FSym(X)� ��� Sym(X)

�� ���� ��������� �� Sn� ��������� �� Sym(X) ��������� ����� ���� ���� ����� ��� ��

����� ��� ��������� �� Sym(X)� �������� ��� ��������� �� ��� ���� �� ���� ���� ��� ����

����� ����� ���������� �� X �� �������� �������� �� FSym(X) ��� FAlt(X) ��� ���������

�� ��� ���� �� ���� ���� ��� ���� ����� ���� �������� �������� �� FAlt(X) ���� ��� ����

����� ���� ��� ��������� �� FSym(X)� ��� �� ��� ���� ��������� � ������� ������� ��

��� ������� �� ��� �������� �� FAlt(X) �� ����� �� ������� � ���������� �� FAlt(X)��

����� FAlt(X) �� ���������� ��� ��� ������� ��� X� ���� ������� ���� ��� ���� ���������

���� ���� n � 3� Sn �� ���������� ���� ������� ��� ��� ��� �� ��� ����� �� ����� �������

���� ���� �� ���� ������� ����� ��� ��� ������� ��� X� FAlt(X) �� ������ ���� �������� ��

����������� ������ ������ ���������� �� ������� ����� � ����� �� ����� �� ���� ������



���������� �

����� ������ ��� ��� ������� ��� X� FAlt(X) �� ��������� �� S� ����� S �� ��� ��� ��

��� �������� ���� ������� �� X�

������ ����� S �� ��� ������� ��� ������� ����� �� � ������� �� ��� �������� ����

������� ������ (a1 a2)(a2 b1) ��� (a2 b1)(b1 b2) ����� ������� �� (a1 a2)(b1 b2)�� ����

����� �� ������� σ ∈ FAlt(X)� ����� σ �� � ������� �� ��������� �� ��������� ����

������� ���� ������� �� �� ���� ������ �� ��������� ���� ���� ���� �� �������� ���� ������

��� �������� � �������� �� � ������� �� ��� ���������

���� ����� ���� ���� ������ ��� ��� ������� ��� X �� ���� ���� |X| = |S| = |FAlt(X)|�
�������� FAlt(X) �� �� ����� � �������� �� FSym(X)� ��� �� ��� ��� ������� ��� X ��

���� ���� ���� |X| = |FSym(X)|�

����� ������ ��� ��� ������� ��� X� FAlt(X) �� �������

������ ������ ���� 1 �= σ ∈ N � � ����������� ������ �������� �� FAlt(X)� ���� σ ∈ An

����� n � 5� ��� An ∩N �An� ��� ������ N �� ����������� ��� An �� ������ ��� n � 5�

�� ���� ���� N ∩ An = An� ���� N �������� � ������� ��� �� N = FAlt(X) �� ���

�������� ������

���� ���� ���� ��� ����������� �� X ���������� ��� ��������� �� Sym(X)� ����� �� �����

������ � ��������� f : X → Y � ���� ���� ������� �� ����������� ������� Sym(X) ���

Sym(Y ) ���� φ(f) : Sym(X) → Sym(Y )� σ �→ f−1σf � �������� φ(f) ������� �������

������ FSym(X) ∼= FSym(Y ) ��� FAlt(X) ∼= FAlt(Y ) �� ������������

�� �� ����� ��������� �� � ��������� ����� ������ �� ������� ������ �� ���� ������ ����

���� FSym(N) ∼= FSym(kN) ��� ��� k ∈ N� ���� ����� �� �� ������� ����� �� ������

���������

FSym(N) > FSym(2N) > FSym(4N) > FSym(8N) > . . .

��� ���� ����� �� ���������� �� FSym(N)� � ������� ������� �� ���� ��� �� ���� �����

Z ��� ��� ���������� ������ ���� �� � ������� ���� ������� ������ ��� FSym �������

�������� ���� ������� ������� �� ���� ��� ����� ���� ����� ��� �������� ��� �� ��������

���� ������ ������� �� ��� ������� ��� ����� ������ ����������� �������

����� ������ ��� X �� �� ������� ���� ���� Sym(X) ��� ����������� 2|X| ���� ���� ��

��� ����� ��� �� X��

������ ��������� X ���� X1 ��� X2� �� ���� ����� �� � ��������� f ������� X1 ��� X2�

�� ��� ���� ����� f̂ ∈ Sym(X) �� (x)f̂ = (x)f �� x ∈ X1 ��� (x)f̂ = (x)f−1 �� x ∈ X2�

����� ����� X �� �������� |X1| = |X|� ���� ��� ���� ������ A �� X1� ����� fA ∈ Sym(X)

�� �� ��� ������� f̂ ���������� �� A � (A)f �� ����

(x)fA :=

�
(x)f̂ �� x ∈ A � (A)f

x ����������



� ����������

����� ��� ���� ������ �� X1 ����� �� �� ������� �� Sym(X)� ����� Sym(X) ��� ���� ��

����� ��� ���� �� ��� ����� ��� �� X1� ��� ��� ������� ���������� ���� ����

| Sym(X)| � |XX | � |(2X)X | = |2X×X | = |2X |.

�� ����� �� ��� ���� |(2X)X | = |2X×X |� ���� ��� ��� ���� A,B,C ���� BA×C �������� ��

��������� f(a, c) = b� �� ����� c �� ��� �������� ����� �� ��������� fc(a) = b� �� ���

���� ����� �� ����� �� ��������� ���� C �� BA� ����� BA×C �� ����� �� (BA)C ��� ����

���� ��� ���� �����

����� ������ ��� X �� �� ������� ���� ���� FSym(X) ��� 2|X| ����������

������ ��� ��� ������ A �� X� ����� �� � �������� FSym(A) �� FSym(X)� ���� ���

����� ���������� λ �������� ��� 2λ �������� ���� ��������� ������ ��� ������� ������

�� ��������� � ����� ��� �����

����� ��� ���� ������ ���� �������� �� ���������� �� ����� �������

�������� ������ ��� κ < λ �� ��� ������� ���������� ���� ����� �� �� ��������� ��

FAlt(λ) ���� Sym(κ)

������ ���� ��� ������� �������������� �� � ����� G �� �������� �� ����������� ��� ������ ��

�������� �� G �� ��� ���������� ��� �� G ��������� � ����� �� ���� ������ �� G �������� ��

���� ��� ����� �� ���� ������� �������������� �� G ������������� ��� �� ���� ������ ��������

����� ��������� ���� ������ �� �� ��� G �� � �������� �� Sym(G)� ���� �� ��� ���� ���

�������� ������� ������ ������� �� ������� ������ �� ����� Sym(G) ������ ���� ���

����� ��������� ������ Sn�� ���� ������ ������������ ��� ���� ���� ����������� �������

g ∈ G � Sym(G) ��� supp(g) = G ��� ���� �� g ��� ����� r ∈ N� ���� g �������� ��������

�� r�������� ���� � �������������� �� � ����� ��� �� ���� �������� ���� ��������� ����

��� ������� �������������� �� Dn �������� � �������� �� S2n ��� ��� Dn ��� ���������

�� ���� �� � �������� �� Sn�

������������ ������ ����� ��� ����� ������� ��������� ������� ����� Q� ����� ������ �

������� ��������� ����� G ���� ���� FSym(N)�G < Sym(N) ��� G/FSym(N) ∼= Q�

������ ��� SQ := {q1, . . . , qm} ������ � ����� ���������� ��� ��� Q ��� ������� Q ��� ���

����� ������� �������������� Ψ� ��� 1 ������ ��� �������� ������� �� Q� ������������

���� ���� ��� ��� (SQ)Ψ∪{(1 q1), (1 q2), . . . , (1 qm)} ��������� � �������� G �� Sym(Q)

���������� (Q)Ψ ��� FSym(Q)� ����� ����������� �� �������� �� Sym(Q) ���������

����� ����� FSym(Q)�G� ��� ����� (Q)Ψ ���� �������� �� �������� ���� ������� �������

�� ���� ���� (Q)Ψ ∩ FSym(Q) = 1� ��� ������ ����������� ������� ������ ��� ����

������

������� ����� �������� �� �������� ��� G �� ����� �� FSym(X)� FAlt(X)� �� Sym(X)

����� X �� �� ������� ���� ���� Aut(G) ∼= NSym(X)(G) = Sym(X)�



���������� �

�� ����� �� ������� ����� �� ����������� �� ����������� ��������� �� Sym(X) ���� �������

FAlt(X)� � ������� ���������� �� ���� ����� ��� �� ����� �� ������� ��� �� ���� ���

������������ ��������� ����� ���� ��� FAlt(X) � G � Sym(X)� ���� FAlt(X) ��

�������������� �� G� Aut(G) ∼= NSym(X)(G)� ��� G �� �����������

��� �������� ����� ��������� �������������

�� ��� ������� �������� ����� ��������� ������������� �� ������� � ��� ����� ���� ���

�� ���� ������� ����� ��� ��� ������ �������� ��� ���������� �������� ��� ��� ������

�������� �� �� ���� �� ����� �� ��������� �������� ��� � ������������� ��� �� ��������

����� �������

������� ��� ����� ������� ���� �� ���������� �� �������� ���� �� �� ��� ���� G ���� ��

X� ���� G ��� �� ������� �� �� � �������� �� Sym(X)� �� ������������ ���� ����� �� �

������������ ���� G �� Sym(X)�

��� A �� � ��������� ���� ��� ��� A−1 ������ ��� �������� �� A� ���� �A� �� ���

��� ���������� �� ��� ����� �������� ������ ������ ���� A ��� A−1� �� ������������ ���

�������� �������� ���������� ��� ��� A� �� �A� = G� ���� �� ���� ��� ���� A ���������

G ��� ���� G �� ��������� �� A� ��� A ⊆ H� ���� ��� ������ ������� �� A� �������

�A�H � �� ��� �������� ����� ���������� A ����� �� ������ �� H� ������� ��� ������� ����

����� �� ������ H� ��� ���������� �� G �� H� ������� NH(G)� �� ��� ������� ��������

�� H �� ����� G �� ������� ������� ��� �������� �������� �� ����� G �� ������ �� G

������� ��� ������ ������� ��� ���������� ��� ���������� �� ���� �������� �������������

������� ���� ����������� ������ ���� ��� ������ ��� ��� ������� G ��� H�

������ ��������

��� ���� ������� ��� �� ������� � ��� ����� ���� ������ G ��� H �� ��� ��� ������

�������� ������������� ���� ��� �� ���� �� ��� ����� ����� ����� �� ��� ���������� ���

G×H ��� �������� �������������� ���� G ��� H ���������� ���� �� g, g� ∈ G ��� h, h� ∈ H�

���� ��� �������������� ∗ �� G ×H �� ������ �� (g, h) ∗ (g�, h�) := (gg�, hh�) ����� gg�

�� �������� �� �������������� �� G ��� hh� �� �������� �� �������������� �� H� ����

������������ ��� ���� �� ���� �������������� ��� G ��� �� � ��� X� H �� � ��� Y � ���

������ ���� X ∩ Y �� ����� ����� �� ��� ����������� ����� �� ��� ����� X � = X × {1}
��� Y � := Y × {2} �� ���� X � ��� Y � ���� ���� ������� �������������� ���� G×H� ���

������ ������� �� G ��� H� ��������� ���� �� ��� ��� X�Y � ����� �� ������� a ∈ G×H

������ ���������� ���� ��� ������������ g, h ����� supp(g) � X ��� supp(h) � Y �

���� ������ �� �� ����� ��� ������������ g ��� h �� �������� �� G ��� H �������������



� ����������

������� ������ ��� n,m ∈ N� �� ���� ���� Sk ��������� ���� �� k �������� ��� �������

��� �������� �� ��� ��� Zk� ���� Sn × Sm ��� �� ������� �� �� � �������� �� Sn+m�

��� σ ∈ Sn+m �� ������� �� �������� ����� ��������� ���� σ ∈ Sn × Sm �� ��� ���� ��

���� ����� �� σ ��� ������� �� ������ {1, . . . , n} �� {n+1, . . . , n+m}� �� ��� ���������

����� σ �������� �� � ������� �� ��� ������������� ��� ���������� �� ��� �� ��� ������ ��

σ ���� ������� ��������� �� {1, . . . , n} ����� �� ���� ������ �� α� ��� ��� ���������� ��

��� �� ��� ������ �� σ ���� ������� ��������� �� {n+ 1, . . . , n+m} ����� �� ���� ������

�� β� �� �� ���� ����� ���� α ��� β �������� �� ������������ ����� ������������ ����

�������� ���������

�� ��� ���� ������� ������� ���� ������ ����� ��� ������ �������� �� G1, G2, . . . , Gn

��� ������� ���� H := G1 ×G2 × . . .×Gn �� ��� ������ ������� �� ��� Gi� ���� �������

���� ��������� ���� ������� ����� �� � ������ �� ����� ��� {Gi | i ∈ N} �� �� �������

������ �� ����������� ������� ��� ������� �� ����� ��� Gi := C2 ��� ��� i ∈ N� ��� ����

i ∈ N� ��� S(i) ������ � ���������� ��� ��� Gi� ���
�

i∈NGi �� ��� ������ ��� �� ���

Gi ��� �� ��������� ��
�

i∈N S(i)� ��� ����� �� ��� �� ��� ���������� ���� �� ��� Gi� ���

������ ������� �� ��� Gi� �������
�

i∈NGi� �������� �� �������� �� ��� ����
�

k∈A gk

����� A ⊆ N ��� gk ∈ Gk ��� ���� k ∈ A� ��� ��� �� ��������� ��������� �������� ��

��� ������ ������� �� ���� ���� ������� �� � �������� ����� ����� ��� i�� ���� ���� Gi�

��� ������ ��� ��� ���� �� ���� �� ��� �������� �� ��� ������ ������� ���������� �� ���

�������� ����� ��� �� ������� ����� � �������� ���������� ���� ������� ���� �����������

��������� ���� ���� ��������� �� ��� �� ���� ���� �� G0 �� �������� ����

�

i�0

Gi
∼=
�

i∈N
Gi ���

�

i�0

Gi
∼=
�

i∈N
Gi.

�� ��� �� ��� Gi ��� ���������� ���� ��� ������ ��� �� ���� �� ��������� ��� ���� �����

� ��������� ���������� ��� ������ ������ ��� ������ ������� ���� �� ������������ ����

��� �� �������� ����� |Gi| � 2 ��� ��� i ∈ N ��� �� ���� ������ ������� ��� ���� �� �����

����� �� � ������ ������� �� ��������� ���� C2��� ���� ���� ������� g ∈ �i∈NC2 ���

�� ������� �� �� � ������ A �� N ����� n ∈ A �� ��� ���� �� g ��� � ����������� ������

�� ��� n�� C2� ����� ��� �������� �� ���� ����� ��� �� ��������� ���� ��� ����� ��� ��

N� ��� ����� ��� ������� �� ������������ ���� ���� ���� ��� ����� �� ����� ����� ���

����������� ������� ���� Sym(X) �������� �� ������� ������ ������� �� C2���

���� ����
�

i∈NC2 ���
�

i∈NC2 ��� ��������� �� ���� �� �� ��������� �� Sym(X) �����

X = {1, 2} × N ��� ��� n�� C2 ����� ���� ��� ������ (1, n) ��� (2, n)�

���������� ��������

� ���������� �������G�ψH ��� �� ������� �� �� � �������������� �� � ������ ������� ��G

��� H ����� ��� ������������� ������� G ��� H �� ����� �� H ������ ��� �������������

�� G� ��������� �� h, h� ∈ H ������ ������������� φ ��� φ� ������������� �� ������� ����



���������� �

hh� ������� ��� ������������ φ◦φ�� ���� ����� �� � ������������ ψ ���� H �� Aut(G)�

��� ���� ��������� h ∈ H� ��� ψ(h) ������ ��� ������������ ������� �� ����������� ��

h� �� ��� ���� ����� ψ(h) �� ��� �������� ��� ��� h� �� ���� ������ ��� ������ �������� ���

���������� ������� G�ψ H ��� ���� �� ������� �� �� ��� ��� G×H ���� ��������������

(g, h)(g�, h�) := (g(g�)ψ(h−1), hh
�)�

�� ���� ����� ���� ������������ ��� �� �������� ��� � ����������� �� ��� ���������� ���

����� G ���� ��� ��� ������� �� Dn := Cn�ψ C2� ��� �������� ����� �� ����� 2n� �����

ψ ����� ��� ����������� ������� �� C2 �� φ : Cn → Cn� a �→ a−1� ���� ���� G ���� ��

������ �� ��� ����� G�ψ H� ����� ����������� �� �������� �� H ����� ����� ������� ��

G �� �� ������� �� G�

������� ������ ��� ����� D∞ �� ������ �� ��������� ��� ��������� �� Dn �� ��� ���

������� ������ ������ �� ���� ����� �� �� �� ��� �������� �� Sym(Z) ����� �� ���������

�� ��� ������������� ��� ������������� �� ���� ���� �� ��� ���� ������� ��� �� ����� ��

Z� ��� ����������� t : Z → Z� z �→ z + 1� ��� ��������� �� ����� �� ��� �����������

s : Z → Z� z �→ −z� ���� �������� ��� ����� Z �ψ C2� ����� ψ ����� ��� �����������

������� �� C2 �� ��� ����������� ������������ �� Z� �� ���� ���� �������� ��� ���������

�� ψ �� ��� ���������� Z ��� ���� ��� ����������� ������������� ��� �� �� �� ������ ��

��� ��� ������� ������������ �� ����� ����� Z× C2�

���� ���� ������� ��� ������������ �� �� NSym(Z)(�t�)� �� ��� �� ��� � ����������

������ ���� ��� ������������ �� ��� ���������� �� ���� ���� ��� ������� �� �������

Z2 � Sym({1, 2} × Z) ���� ��� ��������� ����������� ���� {(1, z) : z ∈ Z} ��� ��� �����

��������� ����������� ���� {(2, z) : z ∈ Z}� ��� �� ��� ���� ���� �� ����� � ��� �� ����

���� �� FAlt(X) � G � Sym(X)� ���� NSym(X)(G) ∼=Ψ Aut(G) ����� Ψ : g �→ φg�

������� ������ ��� �� �������� FSym(Z)� ����������� �� ��� ������� �� Sym(Z) \
FSym(Z) ������� �� ����� ������������ �� FSym(Z)� ����� �� H < Sym(Z) ����

H ∩FSym(Z) = 1� �FSym(Z), H� �� �� ���� ��� ���������� ������� FSym(Z)�H� �����

��� ������������� ��� �������� �� ��� ������ �� ��� �������� �� H �� ��� ��� Z� ���

������ �������� ����� H2 �� ����� �� �������� H := �t�� ����� t ����� z �� z+1 ��� ���

z ∈ Z� ��� ��� n � 3� ��� �������� ����� Hn �� ��� � ���������� ������� �� ���� ����

��� ��� �� ��������� � ����� H < Sym(X) \ FSym(X) �� �� �������� ��� Ĥ � Sym(H)

������ ��� ����� ������� �������������� �� H ���� ��� ��� �������� �� ������� Ĥ �� ���

�� ��� ��� H ��� ��� �������������� ������ �� H� �� ���� ��� �������� ������� �� ���

���� ������� �Ĥ,FSym(H)� ����� �� ����� �� ��� ���������� ������� FSym(H)� Ĥ�

������������ ���������� ��������

���� �� ��� ���������� ������� ��� � �������������� �� ��� ������ �������� ��� ���������

����� �� ��� �������� ��� �������� ��� �������� �� ����� ����������� ����� ��� ���������



� ����������

��������� ��� ����� ����� ����������

��������� ������ ��� G1, . . . , Gn �� ������� ����

G1
φ1−→ G2

φ2−→ . . .
φn−1−→ Gn

�� �� ����� �������� �� ������ ��� ��� ���� i ∈ Zn−2� ��� ����� �� φi �� ����� �� ��� ������

�� φi+1� �������� � ����� ����� �������� �� ������ �� �� ����� �������� �� ������ �� ���

����

1
φ1−→ N

φ2−→ G
φ3−→ Q

φ4−→ 1. ���

��������� ������������ �� ��� ��������� �� � ����� ����� �������� ��� ���� φ2 ���� �� �

������������ ��� ���� φ3 ���� �� �� ������������ � ����� ��� �������� ���������

�� ��� ���������� �� ���������� ��� ��������� ��� ��������� ����� ���� ���������� ��������

��������

�������� �������� ��� ��������

1 −→ 2Z −→ Z −→ Z/2Z −→ 1

����� ��� �� ���� �� �� ����� ��� ���� Z �� �� ��������� �� 2Z �� Z/2Z�� ���� ������

�� � ���������� ������� ����� Z ���� ��� ������� �������� ��� �� ��� ����������� ��������

���� ������� ������

��� ��������� ����� �� �� ������ ����� ����� ���������� ��� ���������� ���������

����� ������ � ����� G �� � ���������� ������� �� Q ��� N �� ��� ���� �� ����� �� �

����� ��������� �� ��� ���� ��� ����� ����� φ3 ������ �������� ����� �� � ������������

f : Q → G ���� ���� (q)fφ3 = q ��� ��� q ∈ Q��

������ �������� �� φ3 ������� ��� NG := (N)φ2 ��� ��� QG := (Q)f �� ���� NG �G ���

QG � G� ���� �� n ∈ NG ���� (n)φ3 = 1� ��� �� n �∈ QG \ {1} ���� NG ∩ QG = {1}�
�� g ∈ G ���� (g)φ3 ∈ Q ��� (g)φ3f = q ∈ QG� �� ���� gq−1 ∈ ker(φ3)� ����

gq−1 = n ∈ NG ��� �� g = nq� ���� ����� ���� G = NGQG� ��� �� G �� � ����������

������� �� Q ��� N �� ���������

����������� ��� (N)φ2 := NG ��� �������� �� φ3 ���� ��� ������ ���� ����� �� �� ��������

����� Ψ ���� Q �� G ���� ���� (Q)Ψ∩NG = {1}� ��� �� ��� ����� ����� �������� ����

��� ������� � ���������� ������������� ��� G�

�������� ��� X �� �� ������� ��� ��� �������� ��� ��������

1 −→ FAlt(X) −→ FSym(X)
φ−→ C2 −→ 1.



���������� �

���� ��� C2 ��� �� ���������� �� � ��� ����� ����� �� FSym(X)� ���� ����������� ������

� ��������� ��� φ� ������ ���� � ���������� ��������

�������� �������� ��� ��������

1 −→ Z× C2 −→ Z� C4
φ−→ C2 −→ 1

����� Z � C4 �� ��� � ������ �������� �� �� ������ ������� ��� ���� �� �� �� �������

����� ��� ������������� ���� ��� �������� ��� ��� �� ������ ��� {a, t} ������ �

���������� ��� ��� Z� C4 ����� t ��������� Z ��� a ��������� C4 ������ ���� �� Z ���

��� ������������ t �→ t−1�� �� ����� �� �� ����� �� ���� ���� ���� ���� Z × C2 ��

��������� �� a2 ��� t ��� ���� φ ����� a �� x� ��� ����������� ������� �� C2� ��� ����

��� �� �� ����� �� ����� ���� ���� ����� �� �� � ��� f : C2 → Z�C4 ���� ���� ������

f : x �→ a �� f : x �→ a3� ��� ��� f �� �� � ������������ f ���� ���� ���� x · x �� a2

��� ���� x · x = 1 �� (x2)f = 1� ���� ���� �� ��� � ����� ����������

�������� ��� n � 3 ��� �������� Hn� ��� n�� �������� ������ ����� ��� ������ ��

���� �� ��� �� ���� ��� ����� ����� ��������

1 −→ FSym(Xn) −→ Hn
π−→ Zn−1 −→ 1

����� π : g �→ (t1(g), t2(g), . . . , tn−1(g))� �� ���� ������ �� ��� �� ������� ���� ei �→ gi

��� ��� i ∈ Zn−1 �� � ��������� ��� ���� ��� ������ {ei}n−1
i=1 ������ ��� �������� �����

��� Zn−1�� ������� ���� ������ �� � ������������ ����� g2g3 �= g3g2� ����� �� ��

��������� �� π ����� �n/2� �� ��� ������� �������� ���� �� ��� ���� ������� �������� ��

Hn� ���� ��� �� ���� ������ �� ����� ��� �������� �� ������� �� Sym(Xn)� ���� ����

������� ���� �������� ��������� �� ����� ����� �������� ��������� ���� ���� ������ ���

���� ����������� �� Xn� �� ��� ���� ������ � ����������� �� ��� ������ �� ��� ������

���� ����� ����� ��� ��� n � 3� ����� ������ �� � ������������ ���� Zn−1 �� Hn�

������ ��������

� ������������� ������ �������� �� ��� ���� ��������� ��� ��������� �� ���� �� �

����������� ������ �� ���� ������� �� ��������� ����������

���������� ��� G ��� H �� ������ ��� ��� H ��� �� � ��� X� ���� ��� ������������

������������� ������ ������� �� G ��� H ���� ������� �� X ��� �������� ����� ����

�� ������ ��� ����� �� �� ������� h ∈ H ��� ��� ����� ����� �� � �������� f : X → G�

��� B� �� ��� ��� �� ��� ���� ���������� �� f1, f2 ∈ B�� ���� (f1 × f2)(x) := f1(x) · f2(x)
��� ��� x ∈ X� ����� · ������� ��� ������ ��������� �� G� �������� �� h ∈ H ����

h−1(f(x))h := f(xh−1) ��� ��� x ∈ X� ���� �� ��� ���������� ������� B� � H� �����

H ���� �� ��������� ��� ������� �� ��������� �� B�� ��� ���������� ������������� ������

�������� ������� G �X H� �� ������ ����������� �� ��� ���������� ������� B �H �����



�� ����������

H �� ��� ���� �� G �X H ��� ����� B� ��� ���� �� G �H� �� ��� �������� �� B� ����������

�� ��������� ���� ����� ������� ���� ��������� f ∈ B� ���� ���� {x ∈ X : f(x) �= 1} ��

������

����� ������ G ��� H ����� H ���� �� � ��� X� G �X H ��� ���� �� ������ ����

� ������������� ������������ ��� ���� x ∈ X� ��� G := Gx �� ����� ��� ���� Gx

� ����� �� ���������� ��� ���� �������������� ���� G� ��� ���� �� G �X H �� ����

����� �� B :=
�

x∈X Gx� �� ��� ���� �������� �� ������� ������� �� Gx �� �������

��� ������������ ������������� ������ ������� �� G ��� H ��� ���� �� G �� �����������

���� B� ���� �� ������������� ���� ���� ��� ����������� �� ��� ������� Gx ���� �� ��

������������ �� B� �� �� ���� �������� ��� ��� ������� g ∈ G ��� ��� x ∈ X� ��� gx
������ ��� ������� �� Gx ������ B ����� �������� ��� ���� ����������� �� Gx �� g

���� �� G� ��� ��� b ∈ B� ����� ����� g(1), . . . , g(n) ∈ G ��� x1, . . . , xn ∈ X� ���� ����

b :=
�n

i=1 g
(i)
xi � ��� ��� σ ∈ Sym(X)� �� ���� �� ������������ φσ �� B� ������ ��

(b)φσ :=
n�

i=1

g
(i)
(xi)σ

.

���� ����� H � Sym(X)� �� ��� ������ ���� H ������� ����� ������������� �� B ���

������������ ��������� �

x∈X
Gx �H =: G �X H.

� ������ ������� �� ��� ������ �� ���� ������������ ����� ��� ������� ������ ��� H ���� ���

����� G �H H ����� H ���� �� ������ �� �������������� �� ��� ������ ����� �� ���� ����

��� ������������� ������ �������� ������ ���� ���� ��� ��� ��� ���� H ���� �� ������

�� ������ �� ���� ����� �������� ��� ��� X ���� ��� �������� ��� ������ ����� G �H ��

������ ��� ������������� ������ ������� �� G ��� H ���� ��� ��� X�

������� ����� ������� ��������� �������� ��� n,m ∈ N� ���� �� Sn × Sm ���������

���� �� n+m �������� ��� ������������� ������ ������� Sn � Sm ��������� ���� �� nm

�������� �� �� ���� �������� ��� ���� i ∈ Zm� ��� Yi := {(i, 1), . . . , (i, n)}� �� ���� ����

���� ���� ������������ ���� ������� ��������� ������

m�

s=1

Ys.

��� �� �������� ���� ������������ ���� �������� Sn � Sm� ��� α1 := ((1, 1) (1, 2)) ���

α2 := ((1, 1) (1, 2) . . . (1, n))� ���� ���� α1 ��� α2 �������� � ���� �� Sn �� � ��������

�� Snm ������� �� Y1�� ���� ���

β1 :=

n�

k=1

((1, k) (2, k)) ��� β2 :=

n�

k=1

((1, k) (2, k) . . . (m, k))



���������� ��

����� β1 ��� β2 ��� �� ���� �� �������� � ���� �� Sm ����� �������� ��� m ����

Y1, . . . , Ym� �� ��� ��������� ������ ��� ��������� �� ������ ���������

Sn � Sm
∼=
�

m�

i=1

Sn

�
� Sm

����� ��� ������������� ��� ����� �� ��� ����� ������ ���� ��� Sm �������� ��� m

���� {Yi | i ∈ Zm}�

�� ��� ��������� ��� ������ ������� �� ����� �� ����� ���� ������ �� �� ������� �����

���� �� ������� ������ ����������� ��� ��� ������ �������� ���� ���� ��� ������ �� ���

���� G �H ����� H �� ������� ��� ������� ������ ����������� �� ��� ��������� ��������

���� ������ ��� �� ���� ������ ��� �� ������� �� �� ������������� ������ �������� ��

�� ������ ���������

������� ����� ���� ����������� ����� C2 �Z�� ��� ���� �� ���� ����� ��
�

ZC2 =: B�

��� ��� �������� ���� �� � ���������� ������ ���� ���� ����� ���� � ���������� ������� ��

����� ������� ������ ���� ������� ���� ��� ���������� ������ ������� �� ���� ���� ���

����� ������� ��� ���� ������� ������� ���� ������ �� ak ������� ��� ��������� �� C2

����� ������ ��� ��� k�� ����� ���� {ai | i ∈ Z} �� � ���������� ��� ��� B� �� ���

���� ��������� �� ������ �� Z = �t� �� B �� �������� ���� ����������� �� t ������� ���

������������ ak �→ ak+1 ��� ��� k ∈ Z� � �������� ���������� ��� ��� C2 � Z �� ���������

{a0, t}� ���� ���������� ��� �� ���������� ����������� ������ ��� ����������� ��� ������

�� Z �� ����� ������� �� �� � ������������� ��� ����� �� ����� �������� ������ ���� �

������������� ���������� ��� ������ �� Z ��� �� ������� �� �� � ������� �� ����������� ��

Z ����� ������ ��� ����� ���������� �� ����� �� �� ��� ����� ���� a0 ��� ak ��� ��� k ∈ Z�
����� {ak, t} �� ���� � ���������� ��� ��� C2 � Z ��� ��� k ∈ Z��

���� ����� ��� ���� ����� ���� ���������� ��� ������� ��� ������� ��� ������� �����

������ ����� ��� ������ �� ���� ������ ���� ���� �������� ����� �������� ���� ��

��������� �� ������� �� ���� ���� ��� ��� ������ �������� ��� ����� ������ ���� ����

������������� ��� �������

������� ����� ������������ �������� �� � ������� ���� �� ��� �������� C �Z ����� C

�� � ������ ������ �� C �� ������ ��� ���� �� ���� ����� ��� �� ������� �� �� ����� ����

� �������� ������ �� �������� �������� ���� ��� C4� �� ����� ����� �� ��� �������� ��������

�� ���� ���� �� �� ����� ������ ��������� ��� ������� �� ��� ���� ����� C �� �������� ���

��� ����� �� ���� ���� �� ������ �� ���������� ��������� ������ ��� ���� ��� ����� ��

Z�� � ������������ ��� ��� ����� C � Z ����� |C| = n �� ���������

�a, t | an = 1; [t−iati, t−jatj ] = 1 ��� ��� i �= j�.



�� ����������

�������� �� G ��� ������������ �SG | RG�� ����

G � Z = �SG, t | RG; [t
−igti, t−jhtj ] = 1 ��� ��� i �= j ��� ��� ��� g, h ∈ SG�.

������� ������ �������� Z�Cn� ���� �� ����� �� Zn�ψCn� ����� ��� ������������� ��

Zn ������ �� ���������� ��������� ��� n ������ �� Z� ���������� Sn ���� �� ��� n ����� ���

{1, . . . , n} =: Y � ��� �� ��� ������������� ������ ������� Z �Y Sn �� ����� �� Zn �ψ Sn�

����� Sn ���� �� ��������� ��� n ������ �� Z�

��� ������� ��������� ����� ����� ���������

��� H �� � �������� �� G� �� ��� ���� H ��� ����� ����� �� G �� ��� ���� �� ����� �����

a1, . . . , an ∈ G ���� ����� �� ����� G = Ha1 �Ha2 � . . .�Han� �� ��� ���� ��� ���� H

��� ����� n �� G� ��� ������ ���� �� [G : H] = n� ���� ����� �� ���������� Hai �= Haj

��� ��� �������� i ��� j �� Zn� �� H �� ��� � ����� ����� �������� �� G� ���� �� ��� ����

H ��� ������� ����� �� G�

��������� ��� H �f G ������ ���� H �� � ����� ����� �������� �� G ��� ��� H �n G

������ ���� H ��� ����� n �� G�

������� �������� ����� �� ����� ������� �� ���� �� �� ������������� ������� ��� �������

�� ����� ����� ��� �� ������ ����� �� ��� ������ ��������� �� ����� ����� ������� �� �� ���

���� ������ ���� �� ������� ���� ���������� �������� ��� ��������� �� ����� ������� ����

����� ���� ����������� ���� ������ ������� � ������ ��� ������� �� ��� ���������� ��

������������

����� ������ �� K �f G� ���� ����� ������ N �f G ������� ��� ����� ����� �� G�

���� ���� N � K�

������ ��� K ���� ����� n �� G ��� ��� N :=
�

g∈G(g
−1Kg)� ���� G ���� �� K\G ��

����� ��������������� ��� �� ����� �� � ������������ φ : G → Sn� ��� h ∈ ker(φ) ���

Kgh = Kg ��� ��� g ∈ G

⇔ghg−1 ∈ K ��� ��� g ∈ G

⇔h ∈ g−1Kg ��� ��� g ∈ G.

����� ker(φ) = N ��� N �� ������� �������� G
�
ker(φ) ∼= ��(φ) � Sn� ��� �� N ���

����� m �� G ����� m � n! ��� m ������� n!�

����� ������ �� G �� ������� ��������� ���� ����� ����� ���� ������� ���� K � G ��

��� ����� ������

������ ������� H �n G� ����� �������������� �� G �� H\G ����� � ������������

φH : G → Sn� ���� ���� Stab(H) = H ����� g ∈ Stab(H) ⇔ Hg = H� ����� ��



���������� ��

�������� 1 ∈ Zn �� ���������� �� ��� ����� H �� H\G� ��� �������� �� Stab(1) �� Sn ��

H� ����� H = H � ⇔ φH = φH� �

��� G ������� ��������� ⇒ ∃ ���� ������� ���� ������������� G → Sn

������ ��� (n!)|S| ���� ���� S �� Sn� ��� �� ����� ��� ���� �� ������� ���� ����� n

����������

����� ����� ����������� ��� H �f G ��� K �f G� ���� H ∩K �f G�

������ �� ��� ��� ��� ����� ������ �� H ∩ K �� G �� ������ �� H × K �� G × G�

������ �� (H ∩K)a �→ (Ha,Ka)� ��� ���� ��� �� ���� ���� ���� ��� �� ���� ������

��� ���������� �� ����� �� ���� �� �� ���� ������� �������� �� b ���� ���� �� � �����

�������������� ������ ���� a� ���� b = ag ����� g ∈ H ∩K� ����� g ∈ H ��� g ∈ K�

���� (Hb,Kb) = (Ha,Ka)� ��� �� �������� ��� �������������� ���� ��� ������ ��� ����

�� ����� �� ���� ������������ �������� �� (Ha,Ka) = (Hb,Kb)� ���� ab−1 ∈ H ∩K ���

�� (H ∩K)a = (H ∩K)b� ��������� ���� ����� ���� [G : H ∩K] � [G : H][G : K]�

����� ������ �� H �n G ��� G �� ������� ���������� ���� ����� ������ � K �f H

����� �� �������������� �� G�

������ ������ ���� � ����� ����� ������ �������� ��G ��� �� ����������� ��
�

g∈G g−1Hg

����
�

g∈G(H)φg� ��������� ��� ������������� ���� ������� � �������������� ��������� ���

K :=
�

φ∈Aut(G)

(H)φ ���

��� ���� ����� ��� ��� φ ∈ Aut(G)� (H)φ �n G� �� ����� ������ ����� ��� ���� �������

���� �������� ������ ��� H �� ���� ��� ��� �� ����� ������ K �� ����� ����� �� G�

�������� K �� �������������� �� G ����� ��� ����� �� K ����� ψ ∈ Aut(G) �� ���������

������

�

φ∈Aut(G)

((H)φψ)

����� �� ����� �� K�

�� ��� ����� � ������ ��� ��������� ����� ��� �� ������ ������� ����� ������� �� ��������

����� ������ ��� H �n G ��� K � G� ���� H ∩K �f K�

������ �� ��������� �� ���� ���� G = Ha1 �Ha2 � . . . �Han� ��� �� ���� ���� �����

ai ���� ����

Hai ∩K �= ∅. ���

����� ����� � ������������ �� ���� ���� K = (Ha1∩K)� (Ha2∩K)� . . .� (Ham∩K)�

���� ���� �� ���� ��� ���� i ∈ Zm ���� ����� ������ � bi ∈ Hai ∩ K ��� �� �� ���



�� ����������

������� ���� ai ���� ���� bi ∈ K ��� ���� Hai ∩K = Hbi ∩K ��� ���� i ∈ Zm�� ���

Hbi ∩K = Hbi ∩Kbi = (H ∩K)bi ��� ��

K = (H ∩K)b1 � (H ∩K)b2 � . . . � (H ∩K)bm.

���� H ∩K �f K ��� [K : H ∩K] � [G : H]�

�� ��� ���� ���� � ������ ���������� ���� ���� ������

����� ������ �� N �G ����� N �� ������ ��� �������� ���� ��� ����� ����� ��������

�� G ���� ������� N �

������ ����� N �� ��� �������� K �� ��� �������� ������ �� ����� ��� ��� H �f G�

���� H∩N �� �� ����� ����� �� N � �� ����� ����� �� ���� ���� ����� ���� �� � ������

����� ����� �������� �� N �� H ∩N � ��� ����� N �� ������� ��� ������� ��� ���� �����

����� ������ �������� �� N �� N ������� ��� �� H ∩N ���� �� ����� �� N �

� ���������� ��� ����� �

���� ������� �� ����� ��� ������������ �� ���������� �� ������ ��������� ����� ������

�� ������� �� �������

��� ���� ������

��� X �� � ��������� ���� ���� � ���� �� X �� �� ������� ������� a1a2 . . . an �����

a1, . . . , an ∈ X ∪X−1 =: X±1� � ���� �� ���� ������� �� �� �������� �� ������� �� ���

���� xx−1 �� x−1x ����� x ∈ X� ����� ��� �� ��� ����� ��� ������ �� ��� ������ ������

���� ����� ���� ��� ���� �� ����� �� ������� � ������� ����� �� ���� ��� ����� ���

���� ����� �� X� ����� �� ������ �� F (X)� ��� ���������� ��� �� F (X) �� ��� ��� ��

��� ������� ����� �� X� ��� ��� ����� ��������� �� F (X) �� ������������� �� �����

���� ������������ ���� �� a1 . . . an ��� b1 . . . bm ��� ����� �� X� ���� ����� ������� �� ���

������ �� �������� a1 . . . anb1 . . . bm ������ �� ��� �� ���� a1 . . . anb1 . . . bm �� � �������

������ ��� �������� �� ��������� ��� ����� ���� ��� �������� ��� ���� �� ���������

��� ��������� �� ���� ������������

�������� �� |X| = 1� ���� F (X) ∼= Z�

� ������ ���� �� ������� ��� ����������� �� � ����� G �� � ����� ������������� ����

�������� ��� ������ �� ������������ S ��� R� ����� S ������� ��� ��� �� ���������� �� G

��� R ������� ��� ��� �� ��������� �� G� �� ��� ���� ����� G = �S | R� �� ���� ����

G �� ��� ����� ��������� �� S ������� �� ��� ��������� R� ��������� G �� ��� �������� ��

��� ���� ����� ��������� �� S ��� ��� ������ ������� �� ��� ��� R� �� R �� ����� ����

�� ��� ���� G �� ���� �� S� ���� ������ ���� ��� ��������� ��������� ���������



���������� ��

��� G �� � ����� ���� ���������� ��� X ��� ���� ����� �� �� ��������� ��� i : X → G��

���� G �� ���� �� X �� ��� ���� �� ��� ��������� ��������� �������� ������

����� ��� φ ���� X ���� � ����� H ������� ���� � ������ ������������

φ∗ ���� G �� H �� ���� ��� ������� ����� ���������

X
i ��

φ ��

G

φ∗

��
H

���� ����� ���� �� ��� ���� ����� ��� ���� ����� �� X� ����� ��� ������ ����� ���

���� �� X ��� ���������� ������ ��� ��� ������� ��� ��������� �������� ��� �� ����� ���

��������� ������������� ������� ������ ���� ����� �� ��� ������ ����������� �����

�� |X| = n� ���� F (X) �� ��� ���� ����� �� ���� n�

����� ������ ��� X ��� Y �� ��������� ����� ���� F (X) ∼= F (Y ) �� ��� ���� ��

|X| = |Y |�

������ �� |X| = |Y | ���� ���� ����������� ������ ��� ������������ ��� ��� ����� ���������

�� ������ ������� ���� ��� � ���� ������ ��� Z2 := {0, 1} ��� ��� ��� ��������� ���

Z ��� HZ ������� �� ��� ��������� f : Z → Z2 ���� ���� ��� �������� �� � �� � �����

���� ����� f, g ∈ HZ � ��� (f + g)(z) := f(z) + g(z) (mod 2) ��� ��� z ∈ Z� ���� ����

HZ
∼=
�

z∈Z C2� ��� ��� m ∈ Z� ��� fm ∈ HZ �� ������ ��

fm(z) :=

�
1 �� z = m

0 ���������

�� ���� {fz : z ∈ Z} ����������� �� ��� �������� ���������� ��� ���
�

z∈Z C2� ���

���� ���� {fz : z ∈ Z} ����������� �� � ����� ��� HZ ���� �������� �� HZ �� � ������

����� ���� F2� ����������� ��� ���� �� � ������ ����� ���� � ���� �� ���� ������ ���� ���

���� �� ��� ����� ���������� ���������� ��� ������ ����� �� �� ������������ ��������

��� ��� Z → HZ � z �→ fz ��� �� �������� �� �� ����������� ΨZ : F (Z) → HZ � ����

�� φ : F (X) → F (Y ) �� �� ������������ ���� ((X)φ)ΨY ��������� HY � ���� �� �������

�X� = F (X) ⇒ �(X)φ� = F (Y ) ⇒ (�(X)φ�)ΨY = �((X)φ)ΨY � = HY

��� �� |X| � |Y |� ������� ��� �������� ���� φ−1 ���� ������ ���� |Y | � |X|�

��� ��� �� ����� ����� ��� ��������� �������� �� �� �������� �������� ��� ������ �����

��� �� ��������� �� � ��� X� �� ����� �������� � ������� ����� ≺ �� ��� ���� �������

����� �� �������� �� G = �X | S� � �X | S�� = G� �� ��� ���� �� ����� �� � ��� T ����

���� G� = �X | S � T � ������������ ��� ���� �� ��� ��� �� �������� �������� ��� ������ ��

��������� ����� ��� ���������� �� ��� ������������ ��������� ���� ���� ��������� ��� ����

����� �� X �� �������� ������ ��� ������� ����� �� �������� �� ���� ����� ��� ���������

�������� �������� ��� ���� ����� �� X ����� ������� ������ �� �������� ���� ��� �����

����� ��������� �� X��
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�������� ����� �� �������� |X| = 1� �� ���� ���� ��� ������ ��������� �� X ���� ��

������� ��� ����� ���� �� � ����� ������� Cn ��� ��� ������� ����� �� ��� ���� �� n ��

��������� ���� ��� ������ ��������� ���� ��� ��������� ��������� Z �� ���������� ����

��� ����� ������ ��������� �� X �������� �� �� ������� ���� ���� �����

��� ���� �������� �� ������� ����� ������������ �� G = �S | R� ������� ���������� ��

S ��� R� �� ����� �� ���� ���� ������ �������� �� ������� ��� ������ �� �� ���������

��� �� ���� ������ ������ �������� ����������� ��������� ������ ���� ��������� �������

����� ���� �� �������� �� S ��� R ����� ������ �� ����� ������ � ����� ��� S ���� ����

G = �S | R� �� ��� ���� G �� ������� ��������� ��� �� R �� ����� ���� �� ��� ���� G

�� ������� �������� �� G �� ������� ��������� ��� ������� ������� ���� �� ��� ���� G ��

������� ����������

��� �������� ��������

�� ����� ��� ���� �� ������� �� ����� �������� ����� ����� ��������� ��������� ����

���������� �� � ������ �� ���� ���� ������ ������� ������ ����� ������� ���� ���� ��

���������� ����������� ������ ����� �� ���� ������� �� ��� ���� �����

�� ��� ���� �������� ����� � ����� ������������ �S | R�� ��� ��� ��������� �������

��� ��� ����� a1 . . . an ��� b1 . . . bm ������ a1, . . . , an, b1, . . . bm ∈ S±1� ��������� ���

���� ����� �������� ������������� ���� a1 . . . an(b1 . . . bm)−1 ��������� ��� ��������

������� �� G�

�� ��� ��������� �������� ����� � ����� ������������ �S | R� ��� ��� ����� a1 . . . an
��� b1 . . . bm ������ a1, . . . , an, b1, . . . , bm ∈ S±1� ��� ��� ��������� �������� ��

�������� �� G� a1 . . . an ��� b1 . . . bm ��� ��������� �� G�

�� ��� ����������� �������� ����� ����� ������������� G := �S | R� ��� G̃ := �S̃ | R̃��
��� ��� ��������� ������� G ��� G̃ ��� �����������

���������� �� ���� ������ ��� ���� ������� ���G �����G� ��� ��� ��������� �������

��� G �� ���G�� ���� ���� �� ���G� ��� �� ������� � �������� ��� ���G� �� ��������

����� {1} �� ��� ��� ��������� ������

�� ��� ���� �� �������� ��� ���������� ���� ��� ���������� ��� ���������� ��� �����

����������� ��� �������� ��� ��������� ���� ����� ���� ������������ ��������� ��

�������� ���� �� ������������� ��� ������ �������������� �� ������ ��������� �� �����

�� ��������� ���� ��� ���������� ���� ��� �� ������ ����������� �� �� ������ ���������

� �������� ���� ������� ������ A ����� ���� �� ��������� ���� �� ���������� �� ����

����� �� � ������ ������� ������ ��� ��� ����� A� ������� ��� �������� ��������� ��

���������� ����������� B ������ ����� ���� �� ����������� ���� �� �������� ������

�������� �� ���� ��� ���� ���� ����� �� ����������� ��������� ������� ����������� ��
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���� ������ ����� �� ��� �� ����� �������� ��� � �������� ��� ��� ����� �������������

���� ��� ��� ����� ����� ������������ ����� ������ � ������ ������� �� ����� ��� �������

����� ��� �� �������� �� ����� ������ ���������������� ���� ��� �������� ������ ���� ����

���� ����� ���� ��� ��� ���� ���� ��� ���� ����� ������������ �� ����� �� ����� �����

�������� ��� � ����� ������ �� ����� ��� � ����� �� ���� ���������� ���� �� ���������

�������� �� �� ��������� �������� �� ������ ���� G �� ������� ���������� �� ���� ���� ����

���������� ���� �� ��������� ������� ��� ��� ����� �������������� ���������� ���� ������

�� ���� ��� ��� ������ �������������� �� ������ ���������� ������ �� ���� ��� �������

�� ������������ �� ������ ��������� �������� ������ �� ����� ���� �� � ����� ���� ����

������� ��� ������� ������� ������� ��� ��� ���������� �������

����� ����� ��� � ����� ���������� �� �� �� ��� π1 �������� �� ���� ����������� ���������

��� ����� ��������� ����� ��� �� ������� �� �� ������ �� ��� ��� ������ ��������

�� � ���� �� ��� ����� �� �������������

�� ��� ����� �� ��� ����� ��� ������ ����������

�� ��� ������ ���� �������������� ����������� �����

��������� ���� ���� ��� ��� �������� ������������

����� ��������� ���� ���������� ���� ���� ����� ����� ��������� ��� ����������� ������

���� ������� ��������� ��� ���� ������� �� ��� �������� ��� ���������� ��� ��������

�� ������� ��� �������� �� ��� ���� ���� ����� ������ ��� ���� ������� ��� ��������

�� ��� �������� ��� � ������� ��������� ����� �� ������� ��� �������� � ������� ��������

�� ��� ���� ������� ���� ����� ����� ��� ����� ��� S ��� R� ���� ��� ������� ���������

������ �� ��������� ���������� ���� �� ���� ����� ���� � ������� �������� �� ��� ��������

������ ��������� ������� �� ���� ������������ � ������� �������� �� ��� �����������

������� �� ���� ����������� ���� ��� �������� �� ������� ��� ������� �� ������� ����

��� ��� ������ �������� P � ����� �� �� ������ ������� ������ �� ����� �� ��� �����

������������� ������� ������� ��� ����� �������� �������� P� � �������� P �� ������

�� ��� ���� �� ����� �� � ������� ��������� ����� G+ ���������� P ��� � ������� ���������

����� G− ���� ���� ��� ��� ������� ��������� ����� H ���� G− �→ H� H ���� ��� ����

���� P � ����� ��� �������� �� ������ ��� ������� ������ �� ������� ����� ��� �� �� ������

������� ����� ������� ������� � ����� ������������ ���������� ��� ������� ������ ����

������� �� ������� �� ������� �� ��� ����������� �������� ��� ����� ��� ������ �����

����� �������� ��� �� ������� ��������� ���� �������� ��� ���� ��������� �� ����� ��

��� ������� �� ������ ��� ����� ����� �������� ��� ���������� ��� ���� ����� ����� ���

����� �������� ��� �������� �� ���������� ������� ���� ����� ���� ����� ������ �� �����

����� ������ ����� � ����� ������������ ����� �� ����� �� ������� � ���������� ������

��� ��������� ��� ������ ������� ��� ��� ����� ����� ���� ������� �� ���� ������������

��� ����� ��� ������� ���� ��� ���������� �������� ����� �� �� ��������� ���� �������

������ ����� ��� ��� ������������� ����� ��� ����� �� ������� ���������� ������� ���

����� ������� ��� ��� ������ ��� ����������� ����� ����� ����� �� ����� ���� ����
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��������� ��������� ������������� �� ������ ���� ���� ������ ��� ����� ��� ���������

����� �� �������� ��������� �������� �� ����� ��� �� ����� �� ��� ��������� �� ���

���� ����� ������ ���� ������ ��� ���� ���� ��� � ���� �������� ������������ �� ��������

��������� ��� ��������

��� � ������� �������� �� ��� ���� �������

�� �� ����� ������ ���� ��� ���� �� ��� ���� ������� ��� ��������� ������� ��� ������

�� ������ ���� ����������� ��������� �������� ��� G = �S | R� �� � ��������� �������������

��� ���������

Id(S,R) :=

�
s�

k=1

(w−1
k rikwk) | s ∈ N; ri1 , . . . , ris ∈ R±1; w1, . . . , ws ����� �� S

�
.

�� ��������� ���� ���� Id(S,R) �������� �� ��� ����� �� �S | R� ����� ��������� ���

��������� ��� a1 . . . ad �� � ���� ���� ������� �� ��� ������������ �S | R�� �� ���

������ ���� ���� �� ������� ����� aiai+1 �= 1 ��� ��� i ∈ Zn−1� ����� ��� ���� ��� �����

������� ������ �� a1 . . . ad ���������� ��� �������� �� G� ���� a1 . . . ad ���� ������ �� ��

������� �� Id(S,R)� ����� �� ��� ��������� ��� �������� �� Id(S,R)� �� ��� ���������

������ ����� �������� �� �S | R� ��������� ��� ��������� ���� ������� ���� ���� ���� ���
���� ���� �� ��� ������ ����� �������� �� ��� ��������� ��� ��������� �� ��� �������

�������� ����� ���� ����� ������ �� ��� ���� ������� �� ���� ���������

������� ����� ������������ ������ ���� �������� ���� ��������� �� ���� ���� � ����

���������� �������� �� ������� ��� ���� ������� ��� G = C �Z� ����� C �� � ������ ������

��� ��� ������������ ���� ���������� ��� {a, t}� ����� a ��������� ��� ������ ����� �����

����� ��� ����� (0, 0) ��� t ��������� ��� ���� �� Z ����� ����� ��� ������ �� ��� ���

C ×Z ��� ���� t �� � ��������� �� ��� ���� �� C �Z�� ����� � ���� g �� ����� �����������

��� ��� ���� ����� ������� g �� �� ��� ����� ������ ������� ��� ����� �� g ����� ���

��� G → Z� a �→ 0 �� ������� ��� �� ��� ��������� �� ��� t��� ���� g �� �� ��� ����

�� ��� ���� �� ���� ��� �� �� ���� ��� ������ �� g ������ ��� �������� ���� ���� ���

�� �������� �� �� g� ��� n ������ ��� ������ �� g ���� ������� �� ��� ���������� ����

�������� ������� ���� ����� �� {(0, i) : −n � i � n} �� ���� ��������� ������� �������

�� ��� g �� �������� ���� �������� ���� ������� �� ��� ������ �� ��� ���� F � Z ����� |F |
�� ����� ��� ����� ��� ������������ ����� �������� �� ��� �������� �� F ������ �� (0, 0)

��� ��� ��������� t ���� ��� C � Z��

��������� ������ � ����� G �� ���� �� �� ���������� ����� ��� ��� ��� g ∈ G \ {1}� �����
������ � ����� ����� ������ �������� N ���� ���� g �∈ N �



���������� ��

������� ����� ��������� �� ���������� ����� �������� ����� ����� ����� F �� ����������

����� ������ ��� ������� ����� �� ���� ������ ��� ����� ����� �� F �� ���� Z �� ����������

������ ����� ��� ��� n ∈ Z� (n+ 1)Z = {a ∈ Z | a ≡ 0 mod |n|+ 1} �� ����� ����� �� Z�

����� ������ �� G �������� �� ������� ������ ������ ���� G �� ��� ���������� ������

�� ����� ���� �� ��� ������� ������ ���� ���� ��� ������� ������ ����� ������ �� ������

����� ������

����� ������ �� H �� ��� ���������� ����� ��� H � G� ���� G �� ��� ���������� ������

������ ����� H �� ��� ���������� ������ ��� g ∈ H �� ������ ���� ���� ��� ��� N �f H�

g ∈ N � ���� �� ����� ������ �� M �f G� ���� M ∩ H �f H� �������� �� M �f G�

���� M ∩H �f H� ����� ��� ��� M �f G� g ∈ M ��� G �� ��� ���������� ������

���� ����� �� X �� �������� ���� FAlt(X) �� �� ������� ������ ������ ���� ��� �� ���

������ ������� �� ����� � ��� ��� ���������� ������ ��� ����������� ������ ������� ���

���������� ������

����� ������ ��� G = F � Z ����� F �� ������ ���� G �� ���������� ����� �� ��� ����

�� F �� ��������

������ ��� F := �SF | RF � �� ��� ������������ ��� F ���� ���������� ��� ����� �� ���

����������� �������� �� F ��� ��������� ����� �� ��� ������� �� ��� ������ ����� ��� F �

���� ���

G := �SF , t | RF , [t
−ieti, t−jftj ] = 1 ��� ��� e, f ∈ SF ��� i �= j�.

�������� G
�
�tn�G � ���� ��� ������������

�SF , t | RF , [t
−ieti, t−jftj ] = 1� �� �

∗

��� ��� e, f ∈ SF ��� i �= j, tn = 1�

����� ∗ ����� �� ���� [e, t−nftn] = 1 ���� ��� ������� �������� �� F � ����

G
�
�tn� ∼=

�
F /F �

�
� Cn.

���� �� Q �� � ����� �������� �� G� ���� ����� ������ �� n ∈ N ���� ����

G −→
�
F /F �

�
� Cn −→ Q ���

���� ��� ����� �������� ������� ������� � ����� ������ �� ������ ��� �������� �� G ��

�tn�� ����� �� F � �� ������������ ���� �� �������� �� ������� �� F � �� ���� ��� ������� ��

��� ����� ��������� ����� �� F �� ��� ������� ���� F � Z ���� ��� �� ���������� ������ ��

F �� ������� ���� ��� ����������� ������� ���� ������� �� F � Cn ��� ���� n ∈ N ��� ��

F � Z �� ���������� ������
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���� ���� �� �� ���� ��� ��������� ���� F �� ������ ��� ����� ������� ���� �� F �� ������������

���� F � Z �� ��� ���������� ������

��� ��������� ��� �� ����� �� ������ ��� �� ���� ����� ����� ����� �� ��� ����������

������� ��� �������� ���� ��� ������� ����� �� ����� ������ �������� �� ��� �����

���������� �������� ��� ��������� ���� �� �������� �� ������� �� � ������ ������ �����

��������� �� �������� ������������ ������������

������� ����� ���� ���� ������� ��� ������� ���������� ���������� ����� �������� ���

G = �S | R� �� � ����� ������������ ��� G� � ���������� ����� ������ ��� ��� w ��

� ���� �� S� ���� ��� ������ �� ��� ��������� ��� ����� �� S ���� ��������� ���

�������� ������� �� G� �� �� ��� ���� ������ �� w ���������� � ����������� ������� ��

G� ���� �� ���� ������ ��� ���� �������� ��� ��� �� �� ���� �� �� �������� ��� ����

n ∈ N� ��������� ��� �������� ������������� ���� G �� Sn� �� �� ���� �� ��������

|S| �������� ���� Sn ��� �������� ������� ���� ������� ��� ��������� R �� G� ����� G

�� ������� ���������� ��� ���� n ∈ N ����� ��� ���� ������� ���� ���� ��������������

�� w ���������� � ����������� ������� �� G� �� ��������� ���� ����� ��� ���������� ����

G �� ���������� ������ ����� ��� ���� n ∈ N� ����� �� � ������������ φn ���� G ��

Sn ���� ���� (w)φn �= 1 ���� w �∈ ����φn�� �� ��� ������ ������� (w)φ = 1 ��� ���

������������ φ : G → Sm ����� ����� ������ ���� �������� ���� �������� ����� ��

����� �� ������ ������� �� ��� w �� �������� �� ��������� ��� ����� ����� �� ��� ��������

�� ����� �� ����� �� w �� ������� �� G ��� ������� ��� ����� �� w ����� ���� �� ���

������������� ���������� ���� G �� ����� ��������� ������� ��� �� ����� ���������

���� ���������� ��� �� �� ���� �� ��������� ��� �������� ������� �� ��� w ���������� �

������� ������� �� G�

�� ������� ���� ������� ������� ��� ������� ������� ���������� �� ���������� �����

������� ��� ����������� ������ ����� ���������� ������ ����� ���� ��� ��� ������� �������

���� ����� ������ �� �������� ������� �� ����� �� ������� �� ��� ����� ���� ��� ����

������� ��� ������� ���������� ���������� ����� ������ ����� �� ����������� ��������

����� �� �� ��������� ��������� �� ���������� ������ ����� �� ��������� ���������� �����

����� ���� ����� �� � ����� �������� �� ����� ������������� �������� ��� ���� ��� ����

������� �� ��� ���� ��� �� ��� �������� �������� ����� ������� ��������� ���������

��������� ����� ��� �������� ��������� ������� ������ �� �� ������ �������� �� ������ ��

��� ����� ��� ���������� ��� �� ����������� ��� ������������� �� Sn ��� ��� n ∈ N ���

���� ��� � ������� ����� ���������� ���� ���� ��� �������� ��� ��� ����������� �������

������ ��� ������� �� ������ ����� ��� ��������� ��������� �� � ������� ���� �� ���������

��� ��� ������� ������� ��� �������



���������� ��

��������� ������� �� C2 � Z

�� ���� ��� ��� ���������� ��� ���� ����� �� �������� C2 �Z �� ������ �� {0, 1}×Z =: X�

��� a ������ ��� ��������� �� C2 ���� ���� a : (0, z) �→ (1, z) ��� (1, z) �→ (0, z) ��� ���

���� z ∈ Z� ��� t ������ ��� ��������� �� Z ���� ���� t : (δ, z) �→ (δ, z + 1) ��� ���

δ ∈ {0, 1} ��� ��� z ∈ Z�

���� ����� ���� ���� ������� �� g, h ∈ C2 � Z ��� ��� ��������� �� Sym(X)� ���� g ��� h

������ �� ��������� �� C2 � Z� ��� �� ����� �� �������� ���� g �� �� ��� ���� �� C2 � Z�
����� �� ���� ������ �� B� ����� g ���� �������� �� ������� ������� ������� ��� h ������

��������� �� Sym ��������� ����� ������ ����� �� g ∼ h� ���� h ���� ���� �� �� B� �����

����� ����� ����� �� ���� ���� ���� | supp(g)| = | supp(h)|� ��� g, h ∈ B �� �� ���������

�� Sym(X)� ���� �� ���� � �������� ���������� ������� ��� ���� �� �� ��������� �� C2 �Z�
���� �� ��� ��� ����� ������ �� b ∈ B� ���� b−1gb = g� ���� �� g ∼ h� ���� ����� �� �

���������� �� ��� ���� tk ����� k ∈ Z ���� ����� ���� �� ���� ���� ����� g ��� h ����

���� ��� ���� ����������� �� ��� ��������� ������ ��� ymin ������ ��� �������� ������

k ���� ���� (0, k)y = (1, k�)� ��� ��� g� := t−gmingtgmin ��� h� := t−hminhthmin � �����

g�min = h�min = 0� ��� g ∼ h �� ��� ���� �� g� = h��

�� ��� �������� ��� ���� ����� g �∈ B� ������ g ��� h ���� ���� ��� ���� ������

�� ������� ������ �� ����� �� �� ��������� ������ ����� ���� �� ��������� �� ��������� ��

Sym(X)�� ����� �� g = wtk ����� w ∈ B� ���� h = w�t±k ����� w� ∈ B� ��� ��� ����

����� ���� wtk ��� w�t−k ��� ��� ��������� �� C2 � Z ��� ��� w,w� ∈ B ��� ��� k ∈ N�
�� ��� ����� ���� ����� ��� 2|k| ��������� ������� �� C2 � Z ��� �������� �� ��� ����

{vtk | v ∈ B}�

����� �� ���� ���� ��� ���� ����� g = wt ���� w ∈ B� ��� g� := t−wmingtwmin ��

���� g� = w�t ���� w� ∈ B ��� w�
min = 0� ���� ���� ��� ��� i ∈ Z� �� ���� ����

a−1
i (w�t)ai = aiw

�tait−1t = aiw
�ai−1t = aiai−1w

�t� ��� | supp(w�)|/2 �� ������ ��� ��

����� ����������� �� ��� ����������� ai�� ��������� ������ �� �� ��������� g� �� ������

a0t �� t ������������� ���� �������� ��� ��� �������� ��������� ��������

��� ���� ����� g = wtk ����� w ∈ B ��� k > 1� �� �������� �� ��������� X ����

X0, . . . , Xk−1� ����� ��� ���� i ∈ Zk� Xi := {(δ, z) : δ ∈ {0, 1} ��� z ≡ i mod k}� ���

���� ���� a−1
i wtkai = aiai−kwt

k� ��� ��������� ��� k < 0 ������ �� ���������

�� ��� ��� ���� ��� ��������� ������� ��� ����� �� ���� ���� ��� ��������� �������

��� C2 � Z �� ��������� ��� g, h ∈ C2 � Z� ����� ���� ���� �� ��� ������� w,w� ∈ B ����

���� g = wtk ��� h = w�tj � �� j �= k� ���� g �∼ h� �������� ��� �������� �� w ��� w�

��� ����������� ��� �� �� ��� ������ ������� �� ��� g ��� h ��� �� ��� ���� ���������

������



�� ����������

��� � ����� ���� ���������� ���� �������

�� ��� ��������� � ����� ���� ���������� ���� �������� ������������ ���� ��� ���� ���

��� �������� ������� ����� ��� �� ������� �������� �������� ����� �� �� ���� ����������

�� ���� ����� ����� �� ����������� ���� ��������� ��� � ���� �������� ��������� ��

����� ������ ��� ������� �� ��������

��������� ������ ���������� ��� ����������� ���������� ����� �� ��� ���� � ������ A

�� Z �� ����������� ���������� ��� ��������������� �� ����� �� � ������ ������� �����

������� A� �� ����� �� ���� � ������ ������� ����� ������� Z \ A ���� �� ��� ���� ���

��� A �� ��������� ��� �����������

�������� ��� ��� �� ����� ������� �� ���������� ����� ��� ��� ������� ��� ��� ������

�������� ������������ ������� �� ��� ��� ����������� ������� �� ����

������� ������ ������� ���� ������ ����� ������ � ����������� ���������� ��� �����

�� ��� ����������

��������� ������ ��� R �� � ����� ���� ��� ���������� ���� R[x] �� ��� ��� �� ���

�������� �� ��� ���� {�n
i=0 aix

i | n ∈ N ∪ {0} ��� a0, . . . , an ∈ R} �����

�
n�

i=0

aix
i

�
+

�
m�

i=0

bix
i

�
:=

max(n,m)�

i=0

(ai + bi)x
i

�
n�

i=0

aix
i

�
×
�

m�

i=0

bix
i

�
:=

n+m�

i=0

cix
i ����� ck :=

k�

j=0

ajbk−j

���� ��� �������� ����� ����� ���������� �� �� ����� �� �� �������� �� R[x] ��� �����

�� ����������� �� ��� �������� ���� R� �� ��������� ���� ����������� ���� R�

�������� ��� ��� f ∈ Z[x]� ��� ��� �� ��������� �� f ����� ��� �� Z �� ��������� ������

��� ������ ������������ ��� ��� ������ ������� �� ��� f(n) = 0 ��� ��� n ∈ Z�

��������� ������ ����� � ��������� ���������� ��� S� � ������ ������� ��� ���������

��� ��������� ��� �� �������� F (S)� �� ���� ��� ���� G = �S | R� �� � ���������

������������ �� ����� �� � ������ ������� ����� ����� F (S) ��� ������� ��� ��� R ���� ��

��� ��� R �� ����������� ����������� �� ���� ��� ���� G �� ����������� ���������� ����

��������� ��� ���� ������� ������ �� ��� ���� �� �� ������� �� ���� ���� � �����������

���������� ������������� ������� ��� ��� ����� ���� �� G = �S | R� �� � ������������

���� ���� R �� ����������� ����������� ���� ����� ������ � ��� S� ���� ���� G = �S� | R��
��� R� �� ����������

��� ��� �� ��� ���� ������� �� �� ���� ��� �� ���� � ��� ����� �� ����������� ����������

��� ���� ���� �� �� ����������



���������� ��

�������� � ���������� ���� Z ��� �� ������� �� �� �� ������� ��
�

Z� ��� �� �����

������ � ��������� ���� ���� ��� �� ����������� ���� Z� �� ��� ��� Z� ��� ��� ����

�������� ����� ����������� ����� ���� ������� ���������� ��� ��� �� ��� ���� �����������

�� ����������� ���������� �� ��� �������� �������� �������� �� �� ��������� ���� �� ��

�������� �� ��������� ��� f ∈ Z[x] ����� ���� �� ��������� �� Z� ���� ��� �� ���� �����

��� �������� ���� �������� ����� � ���������� f(x) = anx
n + . . . + a1x + a0� �� ����

���� f(p/q) = 0 �� ��� ���� �� q ������� an ��� p ������� a0 ������ p ��� q ��� �������

���������� ���� ��� ��������� �� ������ �� ������� f(±r) ��� ���� ������� r �� a0�

��� ������� ������� ���� ������� �� ����������� ���� Z ���� ���� ���� ��� ���������

��������� ������ �� ��� ���� � ��� S ⊆ N �� ����������� �� ����� �� � ����������

f(x1, . . . , xm) ∈ Z[x1, . . . , xm] ���� a ∈ S �� ��� ���� �� ����� ������ y1, . . . ym−1 ∈ Z ����

���� f(y1, . . . , ym−1, a) = 0�

������� ����� ����������������� ��� S ⊆ N �� � ����������� ���������� ���� ���� S

�� � ����������� ����

������� ����� ����������� ��� �� ����������� ����������� ��� ���� ���� ����� �����������

���������� ��� ��� �� �������� �� � ����������� ��� �� ���� ���������� ���� Z �����

���� �� ���� ��� ��� ����������� ���� �������������� ����������� ���������� �����

������ ���� �� ����� �� ���� ���� ��� ���� ������� �� ����� ����������� �� ���� �� ��� �

������� ��������� ����� ���� ���������� ���� �������� ��� ������� ��������� ���������

�� ��������� ���� ����� �� ����� ���� ��� ����� ����� ������������� �� ��� ����� ���� ����

���� ���������� ���� ��������

������� ����� ��������� ��������� ��������� � ������� ��������� ����� H ��� ��

�������� �� � ������� ��������� ����� G �� ��� ���� �� � �� ����������� ����������

�� ��� ��������� ������ ���� �������� ��� ����������� ���� �������� ��� ����� ��� ��

������������ �� ������ ��� ��������

������� ����� ��������� �������� ��������� ����� ������ � ������� ��������� ����� ����

���������� ���� ��������

������ �� ���� ������� �������� ��������� �� ����� ���� � ��� S ⊆ N ����� �� ������

������ ���������� ��� ��� ���������� �����

HS :=�a, b, c, d | a−ibai = c−idci ��� ��� i ∈ S�
∼=�a, b� ∗R �c, d� ����� R = �x−iyxi | i ∈ S�.

���� ����� � ���� wj = a−jbajc−jd−1cj � ����� j ∈ N� �� ���� ���� �� j ∈ S ���� wj

���������� � ������� ������� �� HS � �� ������������� ����� �� �� ������ ������� ����

��� ��������� ��� �������� �� N \ S� ����� �� j �∈ S� ���� �� ������ ������ �������

wj �� ������������ �������� ���� ����� �� ��� ������� ���������� �� ��� �������� �������



�� ����������

�� ������ ���� � ������� ��������� ������ ���� � ����� ��� ���������� ���� �������

����� ��������� HS ����� ���� �������� ���� �������� �� ��� ���� � ����� ����� �� ����

����� �� ������� ���� �����

��� �� ������ ���� G ��� �������� ���� ������� ����� G �� � ������� ��������� �����

���������� HS �� � ��������� ���� ����� ������ φ : HS �→ G ��� w = 1 �� H �� ��� ����

�� (w)φ = 1 �� G� �� ������� ���� �� ��� ������ ������� (w)φ = 1 �� G� ��� �� ��

��� ������ �� w = 1 �� H� ������ ������ G ���� �������� ���� �������� ���� �� ����

HS � ���� ����������� ��� ����� ����� HS ��� ���������� ���� �������� ��� �� G �� �

������� ��������� ����� ���� ���������� ���� ��������

��� ������� �������� �� ��� ��������� �������

��� ���� ������� �� ����� �������� ��������� ����� ����� ��������� ��� ����� �����������

�� G ��� �������� ���� �������� ���� ��� ������ ������������� �� G ���� ���� ��������

���� ������� ������ G �� ������������� �� H �� ��� ���� �� ����� ������ N �f G,H��

�� �������� ��� ��������� ������� �� ��� ���� �������� ��������� ��� ������ ���� ���

�� ������� ���� ��� ��������� ������� �� ��������� �� ����� ��� ��������� �� ������

��� ����������� ����� �������� �������� ��� ����������� �� ���� ������ ��� ������� ��

�� ��������� �������� �� ����������� ����� ���� ���������� ��� ����������� �� ��� ���������

������� �� ���������� ����� �� � ��������� ��� �� �������� ���� ����� ����������� ���

�������� �������� �� ������� ��� ��� ���� ������� �� ���� �� ����� � �� ����� ��

����������� ������� ��� ����������� �� ��� ��������� ������� ��� ���������� ������ ��

��������� �� ������������� �������

������� ������� �������� ��� �� � ����� H ��� ���������� ��������� �������� ���� ��

����� ���� � ����� G ���� �������� ��������� �������� ������� ���� �� ��� �������� ��

��� ���� ������� ��� H �� ����������� ����� ����������� ���� ��������� � ���������� ����

�� ��� ���� ����� ���� ������� �� ������ �������� �� ������������ �����������

��������� ������� ������� ������ �������� ��� ����� ������������ ����� ���� ��������

���� ������� �� �������� �� � ����� ���� �������� ��������� �������� �� �������

��� �� �� ��������� ����� ���� ���� �������� ��� � �������� ������ ���� ��� ���������

�� ���������������� �� ��������

���� �������� �� �������� �� ��� ��������� �������� ��� �������� ������� �� ��� �����

�������� ����� ���� ������� ����� �� �� ��������� ������ �� ������ � ����������� ����

������ ����� G = �S | R� ��� ��� ����� u ��� v �� S� ��� ��������� ������� ����� ��

���� �� �� ������� ����� �� �� n ∈ N ���� ���� un = v �� G�

�������� ������ ���� �� ����� ��������� ����� ���� �������� ����� ������� ��

���������� ���� � ����������� ������� ��������� ����� ���� �������� ��������� ���

����� ���������



���������� ��

��� ��� ���� ������� ��� ��������� ������� ��� ���������� ������

�� ���� ����������� ������ �������� ����� ��� ��������� ��������� ��� ���Hn) ���

���Hn� ��� �� ������

��������� ������ ��� �� n ∈ N� ��� ��� Xn := {1, . . . , n} ×N� ���� ��� n�� ��������

������ ������� Hn� �� � �������� �� Sym(Xn)� �� ������� g ∈ Sym(Xn) �� �� Hn �� ���

���� �� ����� ����� ��������� z1(g), . . . , zn(g) ∈ N ��� (t1(g), . . . , tn(g)) ∈ Zn ���� �����

��� ��� i ∈ Zn�

(i,m)g = (i,m+ ti(g)) ��� ��� m � zi(g). ���

������� ����������� ��� ����� ������ ��� �� ����� �� ���� ��� ��� ��� ���������� ������

�� ������� �� ����������� ��������� ��� ��� �������� ������ ����� ��� � ���� ���������

�������

��������� ������ ��� n�� �������� ����� Hn �� ��� ��� �� ��� �������� ����� ����������

���������� �� ��� ��� Xn ��� ��� ����� ���� ����� �� �� �������� �� Xn ���� ����� ��� ���

g ∈ Hn� ��� ��� ��� ������� ���� ����� x, y ∈ Xn� �� x < y� ���� xg < yg�� ����� ������

(i,m), (i�,m�) ∈ {1, . . . , n} × N =: Xn� ��� �������� �� ��� ������������� ����

(i,m) < (i�,m�) ⇔
�

i < i� ��

i = i� ��� m < m�

����� < ������� ��� ����� �������� �� N ��������� ���� R�

������ ��� �� ������� � ��� ������ ��� ������������ ��� ���������� �������

����� ������ ������� ��� ���� ��� n � 2� ��� w �� � ���� �� ��� �������� ����������

��� S �� Hn� ��� ������� ���� w ���������� g ∈ Hn� ���� zi(g) � |w|S ��� ��� i ∈ Zn�

���� �� ������ �� ��������� �� ��� ������ �� w� ����� ��� ��� g ∈ Hn ��� ��� �����

(i,m) ∈ Xn �� ��� ������� (i,m)g� �� ��� ��������� ������� (i, |w|S)g �� ����� ��

��������� ti(g) ��� ��� i ∈ Zn� �� ��� ���� ������� ��� ����� ����� g �� ��� ������

������ ��� ��� {(i,m) | i ∈ Zn ��� m < |w|S} =: Z(g) ��� �� ��� �������� ��� ������ ��

g �� Xn ����� ���� ��� ���� w�� ���� ����������� ���� �� ����� �� ��������� ����������

��� ������ �� g �� Z(g) ��� ���� ������� ���� ���������� �� ��� ����

(i,m)g = (i,m+ ti(g)) ��� ��� m � zi(g). ���

���� ���������� ������ �� ��� ����������� ������� �� � ���� w ������ ��� ��� �����

�� �������� �� ��� ���� �������� ��������� �������� ��� ������� ��������� �������

��� ��� �������� ������ Hn ������ n � 2�� ��� ������� ��� ���� ������� ��� ���

�� ������ ����� ����� ��� ���� w� �� ��� ������ �� �� ���������� ��� �������� �� Hn



�� ����������

��� �� ��� �������� ��� �� ����� ��� ������ �� Xn ����� ��������� �� ��� ���� ��� ���

��������� ���������� xg ��� ��� x ∈ Z(g)�� ����� �� ����� ��� ��� ���� �� ��������� ���

��������� �� ���� �� ��� ������ �� Xn ��� �� �� �������� �� ����� �� � ���� ���� ��� ������

�� {(i,m) | i ∈ Zn ��� m � |w|S} �� ��������� �� ��� ���� ���� ��� ������ �� Xn�

��� ���� ��� ��� ���� ������� �� �� �������� ��� ��� ��������� ������� ��� �� ������

��� Hn� �� �������� ��������� �� Sym(Xn)� ��� ���� ���� ��������� �� Hn < Sym(Xn)

��� ��� ������� ����������� ���� ��� ������� �� Hn ������ ��� ���� i ∈ Zn� ������ ��� ����

��� ������� ����� ������ �� ��� ��� {(i,m) | m ∈ N} �� {(i,m) | m ∈ N}� ���� ���

������ �� ������ ���� ������� ������������ ���� ���� ������ �� � ��������� ��������� ����

�� g ∼ h �� Hn� ���� ti(g) = ti(h) ��� ��� i ∈ Zn� ������� ��� �������� �� ������ ��������

�� FSym(Xn) ���� �������� ����� ����� ������ �� ��������� �� Sym(Xn) ��� �� ������

�� ��������� �� Hn�

��� �������� �� ������� �� ���� ���� ���Hn� �� �������� �� �� ��������

�� ������� ��� ��� g, h ∈ Hn� ������� ���� ��� ��������� �� FSym(Xn)�

��� ���� ����� ������ a, b ∈ Hn �� ��������� �� Hn� ���� ����� ������ � ����������

x ∈ Hn ����
�n

i=1 |ti(x)| < M(a, b)� ����� M(a, b) �� � ������ ���������� ����

���� a ��� b�

���� ��� ��� ��������� ���� ��� ��� ��� ����� ������ �� ����� {(a, g−1
v bgv) : v ∈ V } �����

gv ��� �������� ���� ���� t(gv) = v ��� V �������� �� ��� ������� ����� ��� �� �

��� ����� �������� ������ ��� �� ���� ���� �� ����� �� M(a, b)�

���� ���� �� ��������� �� ���� ������� ���� ��� ����������� ������� �� ��� ���������� ��� �

������� �������� ���� ���� ������ ����� ������� ���� �� a ��� b �������� ����� �����

��� ����� ����� � ����������� ��������� ������� ���� ����� �� � ���������� ���� �������

����������� ������� ����� �� ���� ����� ���� ����� �� � ���������� ����� �����������

������� ��� ������� �� � ���������� ������� ���� ������ ��� ������� �� ����� � ��

����� �� ����� ��� ������� ��������� ������� ��� Hn�

��� ������������ ��� ���������� �� �������

�� ����� � �� ���������� ��� ��������� �� ������� �� ������� ��������� ��� ����������

������� ������ ����� ���� ����� � ���������� ���� �������� ����������� ������ ����� ���

���� n ∈ N�
1 −→ FSym(Xn) −→ Hn

π−→ Zn−1 −→ 1

����� π : g �→ (t1(g), t2(g), . . . , tn−1(g))� ������ ��� n�� �������� ������

�������� �� �� G �� � ����� ����� ���� �� � ����� ����� �������� �� ��� ����

1 −→ FSym −→ G −→ Zn −→ 1



���������� ��

���� ���� G ���� �������� ��������� ��������

������� ������ �� �� ������� Zn ���� ������� ����� ����� ��� ��������� ������� ��

���������

�������� �� �������� ��� ����� ����� ��������

1 −→ FSym −→ G −→ Fn −→ 1

����� Fn ������� ��� ���� ����� �� ���� n� ���� ���� G ���� �������� ���������

��������

��� ������� �������� ����� Hbr
n �� ������ �� ��������� ��� ������������ �� Xn ����

������� ���� ����� ��� ���������� �� ������� ����� ��������� ��������� ��� ���������

���������� �� ���� ����� ���� ������ ��� ��� n ∈ N� ��� Bn ������ ��� ����� ����� �� n

�������� ����� ���Bn� �� ���� ����������� ��� �������� �������� �� ��� �������� �������

��� ���Hn� ����� ����������� �� ������� �� ����� ���Hbr
n ��

�������� �� �������� ������������� ������ �������� �� ��� ���� Hm �Xn Hn �� ����

����� ���������� �� ���� ����

(. . . ((Hn �Xn Hn) �Xn . . . �Xn Hn) �Xn Hn.

�� ���� ������ ���� �������� ��������� ��������

��� ��������� ���������� �� ���� ������ ���� ������� �� ������� �� ����� ��� ����

������� ��� ���� ������ ������

����� �������� ��� ��������� ������� ��� ����� ����� ��������� �� �������� �������

������� ��������� ������ �� ������ ���� ���������� �� �� �� ����������� ���� �������

��� �� �� ���������� �������� �������� ��� ����� ����������� ���� ������������ ���

��������� ���������� �� ���� ������ �� ������� ������ ��� ������������ π : Hn → Zn−1

������ �� g �→ (t1(g), t2(g), . . . , tn−1(g))� ��� �������� � �������� K �� Hn ���� ����

[Zn−1 : (K)π]� ��� ����� �� (K)π �� (Hn)π� �� ������ ���� ���� K ���� ��� ���� �����

����� �� Hn �� ����� �� ������� ���� ���������

��������� ������ ��� G ��� H �� ������� ��������� ������ ��� ��� H � G� ����

��� ���������� ������� ��� G ��� H� ������� ���G,H�� ���� ������� ����� ������ ��

��������� ����� ����� �� ������ ��� ����� ������������� ��� G ��� H ��� � ���� w ��

G� ��� ������� ��� �� �� ��������� �� ������� �� ��� w ���������� �� ������� �� H�

���� ���� ���G, {1}� �� ���G�� ��� �������� ��������� ������� �����������

�������� �� ��� K � Hn ������� [Zn−1 : (K)π] < ∞� ���� �� ���Hn,K� ���������

�������� �� ��� K � Hn ������� [Zn−1 : (K)π] < ∞� ���� �� ���K� ���������



�� ����������

�������� � ����� �� �������� �� ��� ����������� ��������� ��������� �� Hn� ���� ����

������� �� � �������� �� ������ ������ ��� ����� ������� ��� ���������� ������� ���

���������� ����� V �� �������� ��� ��� ������� ��������� ���������� ���� �� �������

���������� ����� V ��������� �� � ��������� ���� �������� ����� Hn ���� ��� n ∈ N��

������ ������ �� ��� ��� ������ ��� ��������� ��������� �� ������� ���� �� ���������

���� ��� �� �������� ��� H2� ��� ��� �������� ������ ��� �� Z ����� t ����������� ��

��� ������� �� Sym(Z) ����� ����� z �� z + 1 ��� ��� z ∈ Z �� ���� H2 = �t, (0 1)��
��� �t2, (0 1), (0 2)(1 3)� �� � �������� �� H2 ����� �� ���������� �� C2 �X H2 ��� ����

��� X� ��������� ��� ��� n � 2 ��� ��� ����� ����� F � ����� ������ � �������� �� Hn

���������� �� F �Y Hn ��� ���� ��� Y � ����� ����� ������ �� ��� ��� ����������� �� Xn�

��� ������ ������� FAlt(Xn) ��� �� ������ �� �� ����� ����� �� Hn�

�� ��� ������� �� ��������� �� ����� ��� ���� ������� ��� ��� ������ �� �������� �

������ �� ���� �� ���� ����� ��� ���� ������� ��� � ������ ����� �� ������� ����������

�� ���� ���� ���� � ���� n � 2� ��� �� ��� H := Hn� ���� H ���� �� X := Xn� ����

��� ��� ����������� ��������� ����� G ���� �������� ���� ������� �� ���� ����� ��� ����

������� ��� G �X H�

��� �� ���� ������ � ����� ���������� ���� ��� G = �SG | RG� �� � ��������� ������������

��� G ���� �������� ���� ������� ��� ��� �SH | RH� �� ��� �������� ������������ ��� H

���� ��� ���� ���������� ����� �� ��� ���� ���� �� ���� ��� SG � SH �� ��� ����������

��� ��� G �X H� ����� ��� �������� �� SG ���������� �� ��� ���� �� G �� (1, 1) ∈ X�

������ ���� ��� ���� �� G �X H �� ����� ��

�

(i,m)∈X
G(i,m).

����� ������ ��� ���� ������� ��� G �X H �� ���������

������ ������ ��� g ∈ G �X H� ��� ��� �� �� ������ ������� g �� �������� ��� ����� �����

�� ��� ��������� ��� �� ��������

�� ���� ������ ��� ���� ������� ��� H �� ��������� ������ ����� � ���� ����� ������

����� g� �� ��� ������ ������� �� ��� ���� ���� ���� �� ��� ���� �� G �X H�

��� ��� ���� ���� �� ������� �� u1v1u2v2 . . . umvm ����� ui ∈ SH ��� vi ∈ SG ��� ���

i ∈ Zm� �� ��� ������� ���� �� (u1v1u
−1
1 )(u1u2v2u

−1
2 u−1

1 )(u1u2u3v3u
−1
3 u−1

2 u−1
1 ) . . .

�� ����� �� ������� g �� � ������� �� �������� �� ������� ���� �������� G(i,m) ������

���� (i,m) �� �� X��

���� ������� ��� ���� ������� ��� G �� ���� �� ����� �� ��������� �������� �� ������

������� �� ��� ��� ����� ���� ���������� ��� ��������� ���� �� �������� �� ���

���������� ���� G ��� �������� ���� ��������

���� ���� ���� ����� ���� ������ �� H ������ �������� ���� �������� ��� ��� ���������

�������� ����� �� ��� ��������� ������ ��� �������� ������ ���������



���������� ��

�������� ������� ���� �� ��� W = G � H �� � ������������ ������ ������� �� ���

���������� ������ G ��� H ���� ���G� ��� ���H� ��������� ���� ���W � �� ��������

�� ��� ���� �� ��� ����� H ��� � �������� ����� ��������

��� �������� �������� ��� ������������

� ����� ������ ����� ��� ���������� ��� ��������� �� �� ������ �� ��� � ��� ������� ��

������������

• ��� ���������� ������ ������� ��� � ����������� ��������� ����� G ���� ��� ��

��������� ������ ����� ��� ���� a, b ∈ G �� ��������� �������� �� G� ���� � g ∈ G

���� ���� g−1ag = b�

�� ����� ���� ��� �������� ��� ����� ��� ���� ��� ��� �� � ������������ ������

��� ��� � ����������� ��������� �� ������ ����� ��� ��� �� ���� ���� ������ �� � ���

����� ������������� ������ �� ������������ ���� ��� ����� � ����� ����� �� ���� ������

�� ��� ���� �� ������� �� ���� � ������ �� ��� ������������ ��� �������� �������

��� ��������� �� �� ������� �� ��������� � ������������ ������ ����� � �����������

��������� ������ ���� ������ ��� �� ����� �� ��������

������� ����������� �� ���� ������� � ����� G ���� ������������ �S | R�� � ��� A� :=

{a1, a2, . . . , am} ⊂ G� � �������� A := �A�� �� G� � ��� B� := {b1, b2, . . . , bn} ⊂ G� ���

� �������� B := �B�� �� G�

����� ��� ������� ���� α ∈ A ��� ��� ������� ���� β ∈ B� ����� ���� �� ����� �������

����� ����� ���� �������� {α−1b1α,α
−1b2α, . . . ,α

−1bnα} =: CA� ��� ����� ���� ���� ����

���� ����� ��������� �� ���� ��� �������� ��� ��� {β−1a1β,β
−1a2β, . . . ,β

−1amβ} =:

CB� ��� ����� ���� ��� ������ �������� �� ������

��� ��� ����� ���� ���� ��� ���� �� ������� �� [α,β] := α−1β−1αβ� ���� �� ��������

�� �������� ������� ��� α �� ����� �� � ���� �� A�� ����� �� ��������� ���� ��������� ai ��

α ���� β−1aiβ� ��� ��� ������� β−1αβ� ���� ������ ��� �� ������� [α,β]� ����������

��� ��� ������� ���� ��������� bi �� β ���� α−1biα� ����� ��� ��� �������� α−1βα�

�������� ��� �� ������� [α,β] = (α−1βα)−1β� �� ����� �� ��� ���� � ���� ��� ����

������� ��� G ������ �� �������� ������ ��� ���� �������� ��� ��� ���������� �� ����

����� ��� �� ���������� �� �� ���� ������ ��� �������� �� G �� ���� ���� ���� �� ������

����� ����� ���� ����� ���� ��� �������������� �� ��� �������� α−1biα �� ��� �������

��� ����������� ����� α�

���� �������� � ����� ������ ���� ���� ���� ������ �� ��� ������� ���� A�, B�, CA� � ���

CB� � �� ����� �� ������� [α,β] �������� ���� ���� ��� α ��� β ���� ����� ����� ���

��� �� �� ���� ����� �� �� ����� ��� ���������� ������ ������� ��� ���� ���� ai ���

β−1aiβ� �� �������� � ����� ����� ���� ������� �� ��������������� �������� ��� �����



�� ����������

����� ��� �� ������� ���� ����� ���� �� ������ ������� ��� ������� ��� [α,β]� ���

������� ����� ����� ���� ����� ��� ���� �������� ���������� ��� ���� � ������

������� ����� ���������� ��� D1 ��� D2 �� ����������� ���������� ������� �� �������

������� ���� ���� D1 �T D2� ���� ����� �� � ������� ��������� ����� G ���� ���� ���G�

��� ������ D1 ��� ���G� ��� ������ D2� �� ����������� ����� �� � ������� ��������� �����

���� �������� ���� ������� ��� ���������� ��������� ��������

���������� ����� F ��� ���� ���� ������������ �� � �������� ��������� �� �� ����

���� ���������� �������� ����� ������� ���������� �� �� ���� �������� ���� ������� ���

���������� ��������� ������� ���� �������� ���� ��� ����� �� �� �������� �� ��������

������ ����������� �� ���� ��� �� ����� �� ��������

� ���������� ��� ����� �

�� ����� ���� � ����� ������� ���� �� ����� � ��� ��������� �� ����� ��

��� ������� ���������

��� ������ �� ������� ��������� ����������� ���� �� ���������� ��� G �� � ����� ��� ���

φ ∈ Aut(G)� ���� a, b ∈ G ��� φ�������� ��������� �� ��� ���� �� (x−1)φax = b� ��� ���

������������ �� G ���� �������� �� ����������� ��������� �� �������� �� ���� ����� ��

�� ���� ����� ����� �� ������ �� � ��������� ������� �� ��� ����������� �� ��� ���������

������� ��� ���������� �� � ������ �� ���� �������� �� ����� � ����� �� �� ��� ����������

�� ��� R∞ ��������� �� ��� � ����� ��� ��� R∞ �������� ��� ��� ����� ������������ φ�

��� ������ �� φ�������� ��������� ������� �� ��������

��� � ����� ������� �� ��� R∞ ��������

��� �������� ���� ������ �� �������� ���� �� ����� �� ������� ���� ����� ������� ���

���� ������������ ��� �������� �� �������� ��� �������� ��� ���� ���� ���� �� �����

������ ���� �� ��������� �������� ��� ������ ������� ��� ��� ����� ������ � ������� ��

��� ��� ������ ���� ���� ������ ��������� �� ������ �� �������� �� ������ ����� ������

���� �� �� ��� ���� ��� ���������

�������� ��� �� ������� �� � ����� ������� ��� R∞ ��������� �������� Z� �� �������

�� �� ���� ������� �� ���� � ����� ��� ��� �������� ����� �� �������� �������� ���� �����

��� ��������� ���� φ�������� ��������� ������� ��� ��� �������������� ��� ���� �����

�� ���� n� ����� n ∈ N\{1}� �������� �� ������� �� � ����� ���� ��� R∞ ��������� ���

������� ��� � ���� �� ���� �������� �� ������ ��� ����� ���� �������� ��� ���� �������������



���������� ��

� ��� ���������� ��� ��� ������� ��� ��� ��������� ����������� ����� ���� R∞ �� � ����

������� �������� ��� ������� �� ����������� ������ ��� �� ����� �� ������� ����

���������� ��������� ��� G �� � ������� ��������� ����� �� ����������� ������ ���

φ : G → G� �� φ �� ���������� ���� G ��� ��������� ���� φ�������� ��������� ��������

���� ���������� ��� ����� �� �� ����� �� ������� ���� �� ������� ����� φ �� �� �����

�������� �� G� �� ���� �� ���� ������� ���� �� ������� �� ���� � ����� ��� ��������

����� � ����������� ����� G = C � Z� G ��� R∞ �� ��� ���� �� |C| �� ������� �� ��

�� ����� � � ������� ���� �������� ��� ������ FAlt(X) � G � Sym(X)� ����� X ��

�� ������� ���� �� ���� ��� ���� �� ���� ����� ��� ���������� ������� ��� ��� �����

���������� �� ������� ���� �� ������� ����� ���� ���� ����������� ������� ���� ����

��� �������� ������� ��� ������������� �� ��� ���� ����� ��� �� � ���������� �����

����������� ���� NSym(X)(G) ∼=Ψ Aut(G) ����� Ψ : ρ �→ φρ� � ����� �� ���� ������ ���

�� ����� �� ��� ���� ��������

�� ����� ������ �� �� ����� ������� �� ��� ������� ���������� ��� ��������� �� �����

����� ��������� �� �� ����� ����������� � �������� ����� ����� ��� R∞ �������� ��� ���

�������� ������� ���� �� ���� ������������ ��� ��� ������ �� ����� ��

��� ������������� �� ������ ����� ���������� ����

���������� ���� ������� �� ����� ������ ���� X �� �� ������� ���� �� ��� ���� � �����

G � Sym(X) ����� �������� FAlt(X) �� FAlt(X) � G� ����� � ����� ���� ���� �������

����������� ������������ ��� ���� �� � ����� ����� �������� FAlt ���� �� ���� ���� FAlt ��

� ������ �������� ��������� �� ���� �� � �������������� ��������� �� ������ �� �����������

��� �� ����� �� ��� ������ �� ���������� ����� ��� ������ �� ����� ����� �� ���� ����

�������� ������ �� ������ ���� �� ��������� �� ��� ���� �������� �� �� ���� ����� ��������

��� ���� �� ����� ����� ���������� FAlt ��� ���� ���������� ������ ��� � ������� ��

�������� ����� �� � ��������� ����� ��� ��������� �� ��� ������������ ����� �� ����

�������� ������� ����� ��� ��������� �� ������� ��� �� ��� ���� ������� �� ����� � �� ���

���� �� ��� ������ ��� ���� ����� �������� ������� �� ��� ����� FSym(X) � G � Sym(X)

����� FSym(X) �� �������������� �� G� �� ��� ������� ���� ����� ���� ��� ���������

������� ��� �� �� ����� �� ���� ������� �� ��� �� ������� ������� �� ���� ��� FAlt(X)

������ ���� FSym(X) ��� ��������� �������� ���� ���������� �� ����� � �� ���� ����

��� ����� ����� ���������� FAlt(X) ��� FAlt(X) �� � �������������� ���������

����������� ������ ��� n � 2� ���� NSym(Xn)(Hn) ∼=Ψ Aut(Hn)� ����� Ψ : ρ �→ φρ

��� Hn ������� ��� n�� �������� ������

�� ���� ���� ���� ��� ������������ �� FSym(X) � G � Sym(X) ��� �� �������� ��

����������� �� �� ������� �� Sym(X)� ������� ��������� ��� �� ����� �� ��������

��� �������



�� ����������

����� ������ ��� FSym(X) � G � Sym(X)� ��������� ��� ψ �� � ������������

���� G �� Sym(X)� �� ψ �� ��� �������� ���� ���������� �� FSym(X)� ���� ψ �� ���

�������� �� G�

������ ��� g ∈ G ��� Ψ �� � ������������ ���� G �� Sym(X) ����� ��������� �� ���

�������� �� FSym(X)� ����������� �� ��� ������� �� Sym(X) ��������� ����� �����

����� ��� ��� i, j ∈ X�

((i)gΨ (j)gΨ) = (gΨ)−1(i j)(gΨ) = (g−1Ψ)((i j)Ψ)(gΨ)

= (g−1(i j)g)Ψ = ((i)g (j)g)Ψ = ((i)g (j)g)

��� �� (i)gΨ ∈ {(i)g, (j)g}� ������� ���� �������� ��� ��� ������������� (j k) �����

k �= i ����� ���� (j)gΨ ∈ {(j)g, (k)g} ∩ {(i)g, (j)g} ��� �� (j)gΨ = (j)g� ������ ����

���� �������� ����� ��� ��� i, j ∈ X� ��� �� gΨ ��� g ������� ��� ���� ��������� ��

X�

����� ������ ��� G � Sym(X) ���� FSym(X) � �������������� �������� �� G� ����

NSym(X)(G) ∼=Ψ Aut(G) ����� Ψ : ρ �→ φρ�

������ ��� φ ∈ Aut(G) ��� ������ ���� ����� ������������ �� FSym(X) ��� �� ��������

������� ����������� �� ���� ρ ∈ Sym(X)�

G
φ ��

Ψ� ����� Ψ|FSym(X)=idFSym(X)

��G
����������� �� ρ−1

��Sym

������ �� ��� ������������ ������� φ, ρ, ��� Ψ�

������ � ��� ����� ����� �������� ������ ��� ��� φ ∈ Aut(G)� ����

(φφρ−1)|FSym(X) = idFSym(X) ��� �� φφρ−1 = idG .

���� ����� φ ∈ Aut(G) ��� �� �������� ������� ����������� �� ���� ρ ∈ Sym(X) ���

�� ���� �� ����������� ���� NSym(X)(G) �� Aut(G)�

�� ��� ���� ���� ���� ����������� �� ���������� �� ���� ���� ���� CSym(X)(FSym(X))

�� ������� ����� ���� ����� CSym(X)(G) �� �������� ������ ����� �� � ρ �= 1 �� Sym(X)

���� ���� ��� ��� g ∈ FSym(X), ρg = gρ� ��� i ∈ supp(ρ)� ���� j �∈ {ρ(i), i}� �������

f := (i j) �� ����� �� ��� ����������� ���� ρ−1(i j)ρ = ((i)ρ (j)ρ) = (i j)� ���� �� �

������������� �� (i)ρ �= i �� j� ����� ��� ����������� �� �������� ��� ����������� ��� �������

������ ��� �� �� ����������

������ ������ ������ ���� ���� ����� ����� ��� ����� ����� ���� ���� FAlt(X)

�������������� �� G ������ ���� FSym(X) ������ Aut(FAlt(X)) ∼= Sym(X)� ��� ������

�� ��������� ����� ���������� �� ��� ������� �������� �� G ����� ���� � �������� ���

���� ������� ��� ����������� �����



���������� ��

� ���������� ��� ����� �

�� ���� ������� �� ��� ��� ��������� �� � ���� ������� ����� �� �������� ��� �� ����� �����

������� ��������� ������� ����� � ����� G ��� � ���������� ��� S� ����� �� � �������

����� ��� ��� ��������� �� G ���� ������� �� S� ��� �������� �� ���� ����� ��� ������

���� ��� �������� �� G� ��� �� ��� ����������� �� S� �� ��������� � �������� ���� ����

� ������ x1 �� � ������ x2 �� ��� ���� �� ����� �� �� s ∈ S ���� ���� x1s = x2� ���� ��

������ � ������ ����� ��� �� ���� ������ �� �� Cay(G,S)� ���� ���� ���� ���� ������ �� �

��������� ������ ��� ���� ������ �� ���� ����� ������� ������������� ������� �������� ��

G ���� ������� �� S� �� S �� ������ ���� ���� � ����� ���� �� ������� ������ ������������

�� ��� ������� � ������ ����� ���� ���� ����� �� � ��������� ���� ��� �������� �������

��� �������� x1 ��� x2 �� ����� �� ��� �������� ���� ���� x1 �� x2 ������ ����� ����

�� ��� ����� �� ������ �� ���� ������ ��� ���� �������� ��� ������ �� S� ��������

�������� ���������� ���� ��� Z� ������������� �� ���� ���� dS(x1, x2) = |x−1
1 x2|S � �����

|g|S ������� ��� ������ �� ��� �������� ���� ������������ g ����� ��� ���������� ��� S�

������� �� ���� Cay(G,S) �� � ���� ��� �� ����� �� �������� �� ��� �� ����������� �����

���� Cay(G,S) �� �� ������� ���� �� ��� ���� �� G �� � ���� ����� ��� S �� � ����� ��� G�

�� Cay(G,S) �� � ����� ���� ���� G �� ����� ��� �� G ���� �� ��������

�� S ��� S� ��� ��� ����� ���������� ���� �� G� ���� ����G,S� ��� ����G,S�� ��� ���

�� ��������� ������ ������� ������� ����G,S� ��� ����G,S�� ���� �� ���������������

������ ������� ���� ����� ���� ����� �� � �������������� ������� ����� ����� ������ ��

�� ������� ��������� �� ���� ��� ������ ������ X ��� Y ���� ������� dX ��� dY ���

��������������� �� ��� ���� �� ��� ��������� ���������� �����

�� ����� ������ � �������� φ : X → Y ��� ��������� A ∈ R>0, B ∈ R ���� ���� ��� ���

x1, x2 ∈ X� 1
AdX(x1, x2)−B � dY ((x1)φ, (x2)φ) � A · dX(x1, x2) +B�

��� ����� �� � �������� C ∈ R ���� ���� ��� ��� y ∈ Y ����� ������ �� x ∈ X ����������

dY ((x)φ, y) � C�

�� S = {x1, . . . , xn} ��� S� = {y1, . . . , ym}� ���� ����G,S� ��� ����G,S�� ��� ������

��������� ����� ��� ���������� �� S� ��� �������� �� G� ��� �� ��� �� ������� �� �����

�� S� ���� φ ��� �� ��� �������� ���� ������ ���� �� ��� ������ ��� ��� ����� ��� ��

��� ��� C := 0� B := 0� ��� A := max{|xi|S� , |yj |S : i ∈ Zn, j ∈ Zm}�

��� ������ �� ������

�� � ������� ��� �� ���� ������� ���� ������� �� Rn� ��� � ����� G ���� ���������� ���

S ��� BS(n) ������ ��� ���� �� ������ n ������ Cay(G,S)�

BS(n) := {�������� x ∈ Cay(G,S) | dS(1, x) � n}



�� ����������

�� ��� �� ���� ���� ��� �� ���� �� ��� ���� �� �������� �� BS(n) ��� ��� ����� n� ���

������� ���� ������� ���� Z ���� ��� �������� ������� �������� ���������� ���� ��

��� ���� ���� �� ��� ��� ���� �� BS(n) ������ ���� ������� �� n� ��� � ����� G ����

����� ���������� ��� S� ���

fG,S(n) := |BS(n)| ��� ��� n ∈ N.

�� ��������� ����� ��� ��� n ∈ N� ���� fZ,{1}(n) = 2n + 1� ����� � �������� �����

���������� ��� ��� Z ���� ����� � ���������� ��������� ��� �� ���� ��� ��� ����� ����

����� ��������� ���� ������ �� ������ ���� �� �� ��� ���� a1n+ a2 ��� ���� a1, a2 ∈ R� ��
��������� ��� ������ ����� ��� Z2 ���� ��� �������� ���������� ��� S = {(1, 0)T , (0, 1)T }
��� ��� ���� ��� n � 1� ���� |BS(n)\BS(n−1)| = 2(n+1)+2(n−1)� ������ ������������

���� ���� ���� fZ2,S(n) = 2n2 +2n+1� ���� ���� ���� ����� ���� �� ���� �������������

�� (n+1)2+n2 �� ���������� ����������� ����� ������ ����� ��� �� ���� �� ��� ��������

���� ��� ���������

�� �� ��� ���� ������� ���� ����� ����� �� � ������� ������� �� � �������� ���������� ���

S� ���� ���� ���� ��� �� ��������� ��� ���� �� fZ2,S�(n)�

��������� ������ ����� ��������� f, g : R → R� �� ��� ���� f ��� g ���� ��� ����

������ ���� �� ����� ������ � C ∈ R\{0} ���� ����� ��� ��� n ∈ R� g(n/C) � f(n) � g(Cn)�

���� ��� ���� ���� �������� ����� ���������� ���� ������� ��������������� ������ �������

�� ���� ��� ��� ����� ���������� ���� S ��� S� ���� fG,S ��� fG,S� ���� �� ��������� ����

��� ���� ������ ����� ������ ������� �� ����� �������� �� ��� �������� ����� ����������

���� �� ������� �������� ������ ���������� ��� ������ ���� ��� ������ ���� �� ��� ������

�������� �� � ������ �� ���� ������� ��� ����� ���� ��� ������� ����� �� � ���������

������ �������� �� ���� ������� ���� �������� ��� � ����� ������ ����� �� � ���������� ���

����� �������� � �������� ����� ����� ������ ���������������� ���� ��� ����� ������

�������� ��� ��� ������ ���� ��� �� ���� �������� ����� ��� ���������� ���� ���� �� ��

����������� �� ��� ���� �� ���� ��� ������ �� ��� ������ ����� �� ��� ������ ���������

�� � ����� �� ��� �������� �� ��� ���������� ��� �� � ������ ��� ������� ��� ��������

��� ��� ������ ���� ���������� ������� ���� ��� �������� ������� �������� ����� ����

������� ��� G �� � ���� ����� �� ���� � ��� ��� S = {a, b} �������� G� ����� �

������ x �� Cay(G,S) \ {1}� ����� �� �� n ∈ N ���� ���� x ∈ BS(n) \ BS(n − 1)�

���� ������� � �� xa, xa−1, xb, xb−1� ��� �� BS(n + 1) \ BS(n)� ������ ��� ��� n ∈ N�
|BS(n+ 1) \ BS(n)| = 3|BS(n) \ BS(n− 1)|� �� �� ���� ��������������� �� ��� ����



���������� ��

|BS(n+ 1)| = |BS(0)|+ |BS(1) \ BS(0)|+
n�

k=1

|BS(k + 1) \ BS(k)|

= |BS(0)|+ |BS(1) \ BS(0)|+ 3
n−1�

k=0

|BS(k + 1) \ BS(k)|

= . . .

= |BS(0)|+
n−1�

i=0

(3i|BS(1) \ BS(0)|) + 3n
0�

k=0

|BS(k + 1) \ BS(k)|

= −1 + 2 · 3n+1

���� ���� ����������� �� ���� ��� ���������� �������������

����� ������ ��� S �� � ����� ���������� ��� ��� � ����� G� ���� f̂G,S(n) := BS(n) \
BS(n − 1) ��� ����������� ������ �� ��� ���� �� fG,S ����� ��������� f ��� f̂ ���� ���

���� ������ ���� ����� fG,S(n)/f̂G,S(n) �� �� �������������� ��������

����� ������ ��� S �� � ����� ���������� ��� ��� G� ���� fG,S(n) ��� �� ���� �����

������� ������ ���� ������ ���� ���� ���� �� ����� �� |S±1|− 1�

�� �������� ����� ������ ������ �������� ���� ���� ������ ���� ��� ��� ��������

�������� ������� ��� ����� ���������� ���� ��� � ���� ������ ����� �� �������� �� ��

����� ���� ����� �� � ��� �� �������� ������ ����� ������ ��������� ���� �� ���� �����

�������� ��� ���� ���� �� �������� ����� ��� ������� � ����������� ���� �������

� ������� ��� �� �� �������� ����� ������ ���� ���������� ������� ��� ������� ��� ����

����� ������ �� ����� ������ �� ������� ��� �����������

��������� ������ ��� P �� � �������� �� ������� ��� ������� �������� ���� � ����� G

�� ��������� P �� ��� ���� �� ����� ������ � ����� ����� �������� �� G ���� �������� P �

����� ��� ������� ���������� ���������� �� ��� ����������

��������� ������ ��� G �� � ������ �� ���� ����� ��� ����� ������� ������ �� G�

��� G(0) := G ���� ��� ���� k ∈ N� ��� G(k) := [G,G(k−1)]� ��� ����� ��������� �� ���

����������� [g, g�] ����� g ∈ G ��� g� ∈ G(k−1)� ���� � ����� �� ��������� �� ��� ����

�� ����� �� �� n ∈ N ���� ���� G(n) �� ��� ������� ������

������� ����� ����������� ��� G �� � ������� ��������� ������ ���� G ��� ����������

������ ��� ��� ���� ��� G �� ��������� ����������

������� ������� �������� �� ������� ����� �� � ����� ����� ��� ������� ���������� ���

����������� ������� ���� ����� ������ �� ������� ��������� ����� ��� ���� ������

���� ������ ���� ������������ ����� �� � ����� �� ��������� ������� ���������� ���

����������� �������� �� ����� ��� �������������� ������ �� �������� ��� �������� �����

����� ������ ���� ��� ������������



�� ����������

�������� ��� a �� � ���� ������ ������� ���� �� ���� a
√
n �� � �������� ��� n� ����

�������������� ������ ��� ��� �� ���������� �������

��������� �� ����� � ������� ��������� ����� �� �������������� ������ ���� ���� ���

���� ���������� �������

��� ���������� ������ ����� ��� ���������� �� �������� ������� ���� �������� �� ���

���������� ������ ���� ����� ���� ��� ���� ���������������� ���� ���� ����� �� ��� ��

������� ��������

��������� �� ����� � ������� ��������� ����� �� �������������� �������

������� ������������� ���� �������� �� ���� �� ��� ���� �� ������� ���� �������

����� � ����� ���� ������ ���������� FAlt(X) ��� ���� ������� ��� X� ���� ������ ���

��� ��������� ��������� ���� �� ������� ��������� �������� �� ���� ������ ������ ����

���������� ������ �� ������� �������

����� ������ �� G � FAlt(X) ��� ���� ������� ��� X� ���� G �� ��� ��������� ����������

������ ���� ����� ����� �� ���� ��� �� H �f G� ���� FAlt(X) � H� ��� �� ���� ����

��� ����� ���������� FAlt(Y ) ����� Y �� ������� ������ �� ���������� �����

[FAlt(Y ),FAlt(Y )] = FAlt(Y ) ���

��� �� [H,H] � [H,FAlt(X)] � FAlt(X)� �� ��� ���� ���� ��� ������ �� ������

������������ ��� ��� �������� a1, . . . , a6 ∈ Y � [(a1 a2 a3), (a1 a4)(a5 a6)] = (a1 a4 a2)�

��� ���� ���� �� ��� ���� �� ������ a1, . . . a6 ��� ���� FAlt(Y ) ��� �� ��������� ��

�������� ����� ����� �������

�� ����������� ����� �� ��� ��������� ��� �� ����� �� ��������� �� ���� ������� ����

������ ����� ������ ����� ����� ���� ��� ��������� ������ �������� ��H2 �� �����������

������ ��� ��� ������� ��������� ����� ��� ������ �������� �� ������� ����� �� ���

��������� ������ ����������

����� ������ ��� n � 2� ���� Hn� ��� n�� �������� ������ ��� ����������� �������

������ ��� F � G �� ������� ��������� ������� ���� G ��� ������ �� ����� ���� ��

F � ����� �� ��� ������ � ���������� ��� �� G ����� �������� ��� ���������� ��� �� F �

������������ �� F ��� ����������� ������� ���� �� ���� G� ���� �� ���� ���� ���� ����

H2 ��� ����������� ������� �� �������� H2 ������ �� ��� ��� Z� ����� ��� t ������ ���

������� �� Sym(Z) ����� ����� z �� z + 1 ��� ��� z ∈ Z� ���� {t, (0 1)} �� � ����������

��� ��� H2� ��� �t2, (0 1)� �� ��� ����������� ����� C2 �Z� ����� ��� ����������� ������

����� ��� �������� ��������



���������� ��

������ ����� �� � ������ �����

� ������ ���� �� � ������ ����� ��� �������� ���� ���� ��� ��������������� ���

G = �S | R�� �� ����� �� 1� ��� �������� ������� �� G� � ������ ���� �� ������

n �� ����G,S� �� ���� ����� �� � ����� ������� a1a2 . . . an ������ ��� ���� i ∈ Zn�

ai ∈ S±1� �������� ���� ai ���� S±1 ���� ����� ����������� �������� � ����� �������

��� ������� �������� �� G� ��� ����� ���� ������ ��� �������� ��� ����������� ���� �

������ ���� ���� �� ��� ������ �� �� ������� n� ������������ ��������� �� ������

����� �� ����G,S� ��� �� ��������

��� ������ �� �������������

��� ������ �� ������������� ��� � ����� ����� �� ��� ����������� �� �������� ��� ��������

�� ��� ����� ����� ������� ���� ��� � ����� ����� G� ��� ������ �� ������������� �� G�

������� dc(G)� �� ����� ��

dc(G) :=
|{(a, b) ∈ G2 : ab = ba}|

|G|2 . ���

����� ��� ���� ���� ���� ������� ��������� ����� ������ ������� � ��� � ��� ��

����� �� � ����� ��� ��������� ��� ��� �������� �� ������� ��� ����� ����� �� ����

������ ������� ��� ���� �� ����� ����� ��� ��������� ��� ��� ������ �� �������������

�� � ����� �� �������� �� ������� ��������� ������� ������� �� ���� ����� �� ������� ��

���� ����� ������� ���� ��� ���������� ��� ����� �������

��������� ��� ������ �� ������������� ��� D4

�� ���� ������� dc(D4) �� ����� ������ ���

D4 := �r, s | r4 = s2 = 1, srs = r−1�

����� ���� ������� �� D4 ��� �� ������� �������� �� tjsk ��� ���� j ∈ {0, 1, 2, 3} ���

k ∈ {0, 1}� ����� �� �����

D4 = {1, r, r2, r3, s, rs, r2s, r3s}.

������ ����������� ����� ���� ���� ��������� rks �������� ���� 1, r2, rks� ��� r−ks�

��������� �� � �������� ��� ��������� ������� ���� �� ���� ri(rjs) = (rjs)ri = rjr−i

���� ����� �� ������ ���� i ���� �� � �� �� �� ���������� |CD4(1)| = 8� |CD4(r)| = 8�

|CD4(r
3)| = 8� |CD4(r

2)| = 8� ��� |CD4(r
ks)| = 4�

���� �� �� ��� �� �������� ����� �� D4 �������� ��� �� dc(D4) =
5
8 �



�� ����������

������� ��� ����� ������

� ������ ����� ��� ���� ���������� �� ����� �� dc(G) > 5
8 � ���� dc(G) = 1� ��� �����

���� ��� ������� ������������� ������ ��� ��� �� ����� �� �������� ���� ���� ���� �����

�� ������ ����� �� ���� ���� �������� ���� dc(D4) = 5
8 � ��� ��������� �������� ���

����� ��� ���� �� ���� ��� ����� ����������� ����� ��� ���� �� �������� �� � ��� G ��������

���� � ������ ���������� �� ���� ���� ��� ������ �� ������������� ��� ���� ��� ����� ��

(0, 1] ∩ Q ���� �������� ��� ��������� ������ �� ������� �� ������� ��� ������������ ���

dc(G)� ��� ��� ���� ���� ��� �� ��� ����������� �� �� ������ �� ������� ������ ������ ��

������������� ��� ���� ����������� ��� ���� ��������� �� ������ ���� ���� ����� ��� ��

��� ����������� �� ��� ����� ��� �� ����� ������

����� ������ ��� G �� � ����� ������ ����

dc(G) =
# ��������� ������� �� G

|G| .

������ �� ����������

dc(G) =
1

|G|2
�

x∈G
|CG(x)|.

���� �� x ∼ y� ���� |CG(x)| = |CG(y)| ����� (x)φg = y ��� ���� g ∈ G� ��� C1, . . . , Cm

�� �������� ��������� ������� �� G ���� ��������������� x1, . . . xm ������������� ����

dc(G) =
1

|G|2
m�

i=1

|Ci||CG(xi)|. ���

�� ��� ��� ��� ��� ����� ���������� ������� ����� G ����� �� ������������ �� �������

����� ��� ���� i ∈ Zm�

|Ci| = |G|
�
|CG(xi)|

��� �� ��� �������
m|G|
|G|2 =

m

|G| .

�� ��� ���� �������� ��� ������ ������� ����������� ����� ��� ������ �� �������������

�� ������ ��������� �� G �� ������� �� ��� ������ �� ������������� �� G�

����� ����� ���������� ��� G �� � ����� ����� ��� N � ������ �������� �� G� ����

dc(G) � dc(N) · dc(G/N).

������������ ��� ��������� �� ������� ������

�� ������ ��� ������ �� ������������� �� ������� ������ ��� ������������� ��� ����

��������� �� �������� ��� �� ������ ��� �������� �������� �� ��� ������ ��� �������������



���������� ��

������� ���������� �� G �� ������� ���������� �� ������ ��� ������ ����� �� ��� ������

������ �� �� ��� ��� ����� �� ������ n �� ��� ������ ������ �� ����� ���� ��� ���

������ ������ ��� �� �� ���� ���� ���� ������ �� ����� ��� � ���������� ��� S� ���

BS(n) := {g ∈ G : |g|S � n}� ��� �����

dcS(G,n) :=
|{(a, b) ∈ BS(n)

2 : ab = ba}|
|BS(n)|2

.

������ ��� ���������� �� ��� �� ���� ��� �� ��� ������� dcS(G,n) �������� �� n ����� ��

�������� �� ����� ���� ��� ���� ���� �� ��� ������ �� ������������� �� G ���� ������� ��

S� �� ����� �� ��������� ����� ���

dcS(G) := lim sup
n→∞

(dcS(G,n)). ����

��������� ��� ����� ���� ��� lim inf �� ���� ��������� ���� ���� ���� ��� ���������

�����������

����������� ����� ����� ���� ��� G �� � ������� ��������� ������ ��� ��� S �� �

����� ���������� ��� ��� G� ����� ��� dcS(G) > 0 �� ��� ���� �� G �� ��������� ��������

��� ���� dcS(G) > 5/8 �� ��� ���� �� G �� ��������

���� ���� ��� ������� ��������� ��� ��������� ������� ����� �� ��������� Zn ��� ���� n �
0� ������ �� ��� ���������� �� �������� ���� ��� ������ G ���� dcS(G) > 0 ��� ���������

���� ���� �� ��������� ����� ���������� ���� ��� ����� �� dcS(G) �� ����������� �� S ����

�� S̃ �� ������� ����� ���������� ��� ��� G� ���� dcS(G) = dcS̃(G)� ������� �� �� ���������

������� �� �� ������� ��� ����� �� ���� ������� �� ��� ����� ���������� ��� ����� ����

���� �� dcS(G) �� �� ���� lim infn→∞(dcS(G,n)) �� ���� �� ��� �� ���� ����������� ���������

��� dcS(G) �������� � ������ �����������

������ ��� ����� ���� ������ ����� ���������� ��� ������ �� ���������� �������

�������� ����� ���� ���� ��� G �� � ������� ��������� ����� �� ���������� �������

��� ��� S �� � ����� ���������� ��� ��� �� �����

�� dcS(G) > 0 �� ��� ���� �� G �� ��������� �������� ���

��� dcS(G) > 5/8 �� ��� ���� �� G �� ��������

��� �� ��� ��� ����������� �� ����� ����� �� � �������������� �� ����� ����� ������

����������� ������ ����� ����� ���� ��� G �� � ������� ��������� ����������������

������� ������ ��� ��� S �� � ����� ���������� ������ ��� G� ����� ��� ��� �����

�������� G/N � �� ����

dcS(G) � dc(G/N).



�� ����������

���� ���� ������� � ����� ����� ��� dcS(G)� ����� �� ����������� ���� ��� ������ ��

S� ���� ���� �� G = �S� ��� H � G� ����

dcS(H) := lim sup
n→∞

|{(a, b) ∈ (BS(n) ∩H)2 : ab = ba}|
|BS(n) ∩H|2 .

����� ������ ����� ����� �� ���� ���� ��� G �� � ������� ��������� ������������

������� ������ H � G � ����� ����� ��������� ��� ���� ����� ���������� ���� G = �X�
��� H = �Y �� �����

dcX(G) � dcX(H)

[G : H]2
.

�� ����������� dcY (H) > 0 ������� dcX(G) > 0�

���� ���� ������ ����� ���������� ��� ���������� �������

�� �������� dcS(D∞)

���� �� ���� ������� ���� ����� ���� � ����� ������� ���� �� ����������� ���� ��

��� ����� ��� ���� �� ���� ������� ��� ������ �� ������������� ��� D∞� ��� �������

�������� ������ ��� ���� ���� ��� ����� �� ������ �� ����������� ���� ��� ������ ��

����� ���������� ����

�� ���� ��� ����� ����� �� ������� � ����� ����� �� dcS(D∞) ����� ���� ��� ������

�� ��� ������ �� ����� ���������� ���� �� ���� ���� D∞ ∼= Z� C2� ��� �� �� �� ���������

Z� ����
dcS(D∞) � 1

[D∞ : Z]2
=

1

4
.

���� ����� ��� ����� n ∈ N� ����� ������ � ������ ����� ����� �������� Un �� D∞ ����

���� D∞
�
Un

∼= Dn� �� ���� ��� ������� dc(D2k) ��� ��� k ∈ N ����� ����������� �����

������� ��� ��� k ∈ N� ����

dcS(D∞) � dc(D∞/U2k) = dc(D2k).

����� ����� ��� ��� �� �����

dc(D2k) =
# ��������� ������� �� G

|G| .

��������� ��� ������ �� ��������� ������� ��� Dn �� � ������ ������������� ��������

����� ��� ���� ����� ����� ���� ��� ���� �� ��� ������ ������� �� ������� n �� ���

�� ����� ���� �� ��� �� ���������� ��������� �� ��� ���� ����� n �� ������ �� ������

������������ ����� ���� �� � ��������� ����� ��� ��� ��������� k ��������� ������� ��

���������� ��� � ��������� ������� ��� ��� ����������� ������������� ���� ������ �����



���������� ��

���� ���� �� ��������� ������ ���������� ��� �������� �� ��� ����� �� ��� n����� �� ���

���� ��� ���� �������������� ��� Dn �� ��������� �� � ��������� b ��� � �������� a� ����

[b] = {aiba−i | i ∈ N} = {aiba−ibb | i ∈ N} = {a2ib | i ∈ N}

����� �� �������� ���� ��� ��������� ����� �� [ab]� ��� �� [ab] ��� �� ��� ���� �����

��������� ����� ���������� � ����������

���� D2k ��� k + 3 ��������� �������� ������ ��� ��� k ∈ N�

dc(D2k) =
k + 3

4k
.

���� �������� �� ���� �� ����� ����� �� 1/4 ��� dcS(D∞)� ����� ���� ��� ������ ��

��� ������ �� ����� ���������� ���� ������ ��� ��� ����� ���������� ��� S�

dcS(D∞) = 1/4.

���� ���� �������� �� G �� ��������� �������� ���� ��� �������������� �� G ��� �� ���������

����� ����� ����� �������� �� G� �� �� ������ ���� �� H ����� ��� ��� ����� ��� S �����

��������� G� �� ���� ����

dcS(G) � 1

[G : H]2
. ����

�� ����� ����� ���� �� ����� ���� ���� ���������� ������� ������ ���� �������� ������ ��

������������� ������ ���� ������ ��� ��������� Zn ��� ���� n � 0�� ���� ���� ��������

���� �������� ���� ��� ����� �� dcS(G) ���� ��� ������ �� ��� ������ ��� S� ���� ����

��� ��������� ����� �� ������� �� �� ������� �� ��� ���������� ��� �� �� ��� ��������

�� ������ ���� ��� ����� ���������� ����� ��� ���� ���� ��� ������� ������ �����������

����� �� ������ ����� ��� � ��� ����� ������������ ���� ������ ���� ��� ���������� �����

����� ������ �� dc(G) = 0� ���� ��� ����� ��������� �� ����� ����� �������� �� G ���� ���

������ �� ������������� ����� ��������� �� dc(G) = 0 ��� G � H� ���� dc(H) = 0� ��

���� ���� ��������� ��� ��� ������������ �� dcS(G) �� S ����� �� ������� ���� ����� �

����� ���� ���� ��� ����� �� ��� ���� G �H ����� G �� ����������� ��� H �� ��� �������

����� ���� ������ �� ������������� ��

����� �������� ���������

�� ������� ��� ���� ��� ��������� ����� �� ����� �� ����� ������ �� ������� ��������

����������� ��� ������� ��� ������ �� ������������� ��� �� ������� ������ ��� G �� �

������� ��������� ����� ��� S �� � ����� ���������� ��� ��� G� ����

d̂cS(G) := lim sup
n→∞

�
��� ������ �� ��������� ������� ������� BS(n)

|BS(n)|

�
����



�� ����������

����� ��� ��������� �� ����� �� ��� ��������� ������ �������� �� G ���� ������� ��

S� �� ��� ���� ������� �� ���������� �� �������� ��� ��������� ��� ���� �� ��������

�� ������ ����� ��� ��� ������� ���������� ���� �������� �������� ������������� ���

��������� ������ ������ ��� FSym� ����� ����� ��������� ��� ��������� ����� �����

�� ������ � ������������ ������� ��� ������ �� ������������� �� � ����� ����� ��� ���

������ �� ��������� ������� ��� ����� ����� ���� ������� ��������� ��� ���� ������� ���

���������� �� ����� ����� ���� ����� ��� �������� ��� ����� ������� ��������� ����� G

���� ����� ���������� ��� S� �� ���� dcS(G) = d̂cS(G)� �� ��� ������� d̂c{r,s}(D∞)�

������� ����� ���� ��������� ������ �������� ��� D∞�� �� ���� ���� ���� � ����

������������ ������� ��� ���� ��� dcS(D∞) ������� ���

D∞ := �r, s | s2, srs = r−1�

��� ��� �� ����� ��� �������� �� D∞ ����� ��� �������� ������ ���� �� ����� �� �����

D∞ = {srk, rk | k ∈ Z}.

��������� ��������� �������� �� ���� ����� �� ����� �� ������������� ����� ���������

�� ���� ���� [s] = {sr2i | i ∈ Z}� ���� [sr] = {sr2i+1 | i ∈ Z}� ��� ��� ��� k ∈ Z ����

[rk] = [r−k]�

����� ���� |B{r,s}(n) ∩ �r�| = 2n + 1 ��� |B{r,s}(n) ∩ ([s] ∪ [sr])| = 2n − 1 �� ��� ����

fD∞,{r,s}(n) = 4n� ��� ��������� ������ �������� ����� n � 2� �� n + 3 �� �������

������ ��� ��� �������� �� ����� ��������� ��

n+ 3

4n

����� ���������� 1
4 ����������������� ���� ���� ��� ���� ������ ��� ����� �����

���� ��������� dcS(D∞) ����� ��� ��������� �� ������

����������� �������

����� ��� ���� �� ����� �� ��� G �� � ������� ��������� ����� ���� ����� ���������� ���

S ��� ��� g ∈ G� ����

τS(g) := lim sup
n→∞

|gn|S
n

����

��� ��� ����������� ������� �� G ���� ������� �� S�

�� ���� ������ �������� ������ ����� �� �� ����� ��� �� ���� ����� � �������� {ai}i∈N ��

����������� ��� ��� ��� m,n ∈ N� an+m � an + am� ���� ���� ���� �������� � �����������

�������� �� ������� ai := |gi|S ��� ���� i ∈ N�



���������� ��

����� ����� ���������� ��� {ai}i∈N �� � ����������� ��������� ���� limn→∞ an
n ������

��� �� ����� �� inf an
n �

���� ���� �� � ���� ����� ��� �� ���� ���� �������� ��� ������ �� ��� ��������� �������

��������� ��� ������� ��� ��� {τS(g) | g ∈ G} �������� ������ �� R \Q� ������� ��� ����

���� ������ ��� ��������� ������� ���� ���� �� ��� ��� ��������� �� ���� � ��� ��� �

���������� ����� �� �������� �� ������� ����� ��������� ���� ���� ������������ �� ������

���� ������� �� ������� ��� ��������� �� ��� ����� � ������ ����� �� �������� ����

�� ����� ��

����� ������ ��� S� �� � ����� ���������� ��� ��� � ����� H ���� ���� τS�(H) ⊆ N∪{0}�
�� S �� � ���������� ��� ��� H �Z ���������� �� ��� ���������� ��� S� ��� H0 ��� � ���������

�� ��� ���� �� H � Z� ���� τS(H � Z) ⊆ N�

������ ��� B ������ ��� ���� �� H � Z� �� h ∈ B� ����

h ∈
�

i∈I
Hi

����� |I| �� ����� ��� �� τS(h) ∈ N ∪ {0}� ��� �������� g ∈ (H � Z) \ B� ��� ���

g = wtk ����� k ∈ N ���� ���� ����� k �� �������� ������� ����� �� ������ ���� ����

τS(g) = τS(g
−1)�� ����

w =
�

i∈I
ai ����

����� |I| ����� ���� ��� ���� i ∈ I� �� ���� ���� ai ∈ Hi� ������� ���� �� ���������� ��

��� ������ ���� min{I} = 0 �����

lim
n→∞

|g|S
n

= lim
n→∞

|t−dgntd|S
n

��� ��� d ∈ Z�

�� ���� ���� ���� ��� ���� ����� I ⊆ {0, 1, . . . , k − 1}� �� ���� ����� ���� ����� �� ����

���� I ��� Itk ��� ��������� �����

nk + n

��

i∈I
|ai|S�

�
� |gn|S � nk + n

��

i∈I
|ai|S�

�
+ 2k

������� ���� τS(g) = k +
�

i∈I |ai|S� � ����� �� �� N ���� ��� �����������

��� ��� g = wtk ����

w =
�

i∈I
ai
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������ ��� ���� i ∈ I� ai ∈ Hi ��� max{I} � k� ��� I � := {0, 1, . . . , k − 1} ��� ���

j ∈ I \ I �� ���� j = j� + dk ��� ���� j� ∈ I � ��� d ∈ N� ��������

w� :=


 �

i∈I\{j}
ai


 aj� .

��� ����� �� ���� τS(w�tk) = τS(wt
k)� ���� ��� �� ����� ��� �������� �� ��� ���� ����

lim
n→∞

|(w�tk)n|S
n

� lim
n→∞

|(wtk)n|S
n

� lim
n→∞

|(w�tk)n|S + 2dk

n
.

�������� �� �������� ��� ����� C2 �Z ���� ���������� ��� S ���������� �� � ���������

�� ��� C2 ������� �� ��� ������ � ��� � ��������� �� ��� ���� �� C2 � Z� ��� g = wt2

����� supp(w) = {(0, i), (1, i) | i = 0, 2, 3}� ��������� ������ �� g ��� ���� ���� �����

�� ���� ������������� ���� ����������� �� ��� ���� ����� ��� ��� n ∈ N� gn �� ����� ���

��� ����� �� ��� ������ ���� ����G,S�� �� ��� ������� (g�)n� ����� g� := w�t2 ���

supp(w�) = {(0, 1), (1, 1)}�

��� �������� ����� ��� �� ���� �� ��������� ������� ��� ���������� �� ��� �����������

������� �� H �� ���� ���� τS�(H � Z \ B) = N� ����� B ������� ��� ���� �� H � Z� ��

τS�(H \ {1}) �� ��������� ������� ���� ���� �� ���� �� �� τS(H � Z \ {1})� �������� ��

τS�(H) ⊆ Q ��� ���� ����� ���������� ��� S� �� H� ����� ����� ��� ���������� ��� S ����

��� ����� ������ τS(H � Z) ⊆ Q�

����� �������� ����

�� ����� � ��� ����� �� �� �� ������ �� �������� ������������ ���������� �� � ����������

���� ���� ��� �� �������� �� ��� �������� ����� ����� g ∈ Sym(X) ��� � ������ Y ��

X ���� ���� Y g = Y � �� ����� ��������� g|Y �� ������� ��� ������� �� Sym(X) �����

���� ��� ������ �� X \ Y � �� ��� ������� �� Sym(Y ) ����� ���� �� g �� ��� ��� Y � ���

�������� g|Y �� ����� ��� ���� ������� �� ����� � ��� ��� ������ ������� �� ����� ��
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TWISTED CONJUGACY IN HOUGHTON’S GROUPS

CHARLES GARNET COX

Abstract. For a fixed n � 2, the Houghton group Hn consists of bijections of

Xn = {1, . . . , n} × N that are ‘eventually translations’ of each copy of N. The

Houghton groups have been shown to have solvable conjugacy problem. In gen-
eral, solvable conjugacy problem does not imply that all finite extensions and

finite index subgroups have solvable conjugacy problem. Our main theorem is

that a stronger result holds: for any n � 2 and any group G commensurable
to Hn, G has solvable conjugacy problem.

1. Introduction

Given a presentation �S | R� = G, a ‘word’ in G is an ordered f -tuple a1 . . . af
with f ∈ N and each ai ∈ S ∪ S−1. Dehn’s problems and their generalisations
(known as decision problems) ask seemingly straightforward questions about finite
presentations. The problems that we shall consider include:

• the word problem for G, denoted WP(G): show there exists an algorithm
which given two words a, b ∈ G, decides whether a =G b or a �=G b i.e.
whether these words represent the same element of the group. This is
equivalent to asking whether or not ab−1 =G 1. There exist finitely pre-
sented groups where this problem is undecidable (see [Nov58] or [Boo59]).

• the conjugacy problem for G, denoted CP(G): show there exists an algo-
rithm which given two words a, b ∈ G, decides whether or not there exists
an x ∈ G such that x−1ax = b. As 1G has its own conjugacy class, if CP(G)
is solvable then so is WP(G). CP(G) is strictly weaker than WP(G) since
there exist groups where WP(G) is solvable but CP(G) is not (e.g. see
[Mil71]).

• the φ-twisted conjugacy problem forG, denoted TCPφ(G): show there exists
an algorithm which for a fixed φ ∈ Aut(G) and any two words a, b ∈
G, decides whether or not there exists an x ∈ G such that (x−1)φax =
b (meaning that a is φ-twisted conjugate to b). Note that TCPId(G) is
CP(G).

• the (uniform) twisted conjugacy problem for G, denoted TCP(G): show
there exists an algorithm which given a φ ∈ Aut(G) and two words a, b ∈ G,
decides whether or not they are φ-twisted conjugate. There exist groups G
such that CP(G) is solvable but TCP(G) is not (e.g. see [BMV10]).

Should any of these problems be solved for one finite presentation, then they
may be solved for any other finite presentation of that group. We therefore say
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that such problems are solvable if an algorithm exists for one such presentation.
Many decision problems may also be considered for any group that is recursively
presented.

We say that G is a finite extension of H if H �G and H is finite index in G. If
CP(G) is solvable, then we do not have that finite index subgroups of G or finite
extensions of G have solvable conjugacy problem, even if these are of degree 2.
Explicit examples can be found for both cases (see [CM77] or [GK75]). Thus it is
natural to ask, if CP(G) is solvable, whether the conjugacy problem holds for finite
extensions and finite index subgroups of G. The groups we investigate in this paper
are Houghton groups (denoted Hn with n ∈ N).

Theorem 1. Let n � 2. Then TCP(Hn) is solvable.

We say that two groups A and B are commensurable if there exists NA
∼= NB

where NA is normal and finite index in A and NB is normal and finite index in B.

Theorem 2. Let n � 2. Then, for any group G commensurable to Hn, CP(G) is
solvable.

We structure the paper as follows. In Section 2 we introduce the Houghton
groups, make some simple observations for them, and reduce TCP(Hn) to a problem
similar to CP(Hn � Sn), the difference being that, given a, b ∈ Hn � Sn, we are
searching for a conjugator x ∈ Hn. This occurs since, for all n � 2, Hn � Sn

∼=
Aut(Hn). In Section 3 we describe the orbits of elements of Hn � Sn and produce
identities that a conjugator of elements in Hn � Sn must satisfy. These are then
used in Section 4 to reduce our problem of finding a conjugator in Hn to finding
a conjugator in the subgroup of Hn consisting of all finite permutations (which we
denote by FSym, see Notation 2.1 below). Constructing such an algorithm provides
us with Theorem 1. In Section 5 we use Theorem 1 and [BMV10, Thm. 3.1] to
prove our main result, Theorem 2.

Acknowledgements. I thank the authors of [ABM13] whose work is drawn upon
extensively. I especially thank the author Armando Martino, my supervisor, for
his encouragement and the many helpful discussions which have made this work
possible. I thank Peter Kropholler for his suggested extension which developed into
Theorem 2. Finally, I thank the referee for their many helpful comments.

2. Background

As with the authors of [ABM13], the author does not know of a class that contains
the Houghton groups and for which the conjugacy problem has been solved.

2.1. Houghton’s groups. Throughout we shall consider N := {1, 2, 3, . . .}. For
convenience, let Zn := {1, . . . , n}. For a fixed n ∈ N, let Xn := Zn × N. Arrange
these n copies of N as in Figure 1 below (so that the kth point from each copy of N
form the vertices of a regular n-gon). For any i ∈ Zn, we will refer to the set i×N
as a branch or ray and will let (i,m) denote the mth point on the ith branch.

Notation 2.1. For a non-empty set X, the set of all permutations of X form a
group which we denote Sym(X). Those permutations which have finite support (i.e.
move finitely many points) form a normal subgroup which we will denote FSym(X).
If there is no ambiguity for X, then we will write just Sym or FSym respectively.
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Note that, if X is countably infinite, then FSym(X) is countably infinite but is
not finitely generated, and Sym(X) is uncountable and so uncountably generated.

Definition 2.2. Let n ∈ N. The nth Houghton group, denoted Hn, is a subgroup
of Sym(Xn). An element g ∈ Sym(Xn) is in Hn if and only if there exist constants
z1(g), . . . , zn(g) ∈ N and (t1(g), . . . , tn(g)) ∈ Zn such that, for all i ∈ Zn,

(i,m)g = (i,m+ ti(g)) for all m � zi(g).(1)

For simplicity, the numbers z1(g), . . . , zn(g) are assumed to be minimal i.e. for
any m� < zi(g), (i,m�)g �= (i,m� + ti(g)). The vector t(g) := (t1(g), . . . , tn(g))
represents the ‘eventual translation length’ for each g in Hn since ti(g) specifies
how far g moves the points {(i,m) | m � zi(g)}. We shall say that these points are
those which are ‘far out’, since they are the points where g acts in the regular way
described in (1). As g induces a bijection from Xn to Xn, we have that

n�

i=1

ti(g) = 0.(2)

Given g ∈ Hn, the numbers zi(g) may be arbitrarily large. Thus FSym(Xn) � Hn.
Also, for any n � 2, we have (as proved in [Wie77]) the short exact sequence

1 −→ FSym(Xn) −→ Hn −→ Zn−1 −→ 1(3)

where the homomorphism Hn → Zn−1 is given by g �→ (t1(g), . . . , tn−1(g)).
These groups were introduced in [Hou78] for n � 3. The standard generating

set that we will use when n � 3 is {g2, g3, . . . , gn} where for each i,

(4) (j,m)gi =





(1,m+ 1) if j = 1
(1, 1) if j = i,m = 1
(i,m− 1) if j = i,m > 1
(j,m) otherwise.

Notice that for each i, we have t1(gi) = 1 and tj(gi) = −δi,j for j ∈ {2, . . . , n}.
Figure 1 shows a geometric visualisation of g2, g4 ∈ H5. Throughout we shall take
the vertical ray as the ‘first ray’ (the set of points {(1,m) | m ∈ N}) and order the
other rays clockwise.

We shall now see that, for any n � 3, the set {gi | i = 2, . . . , n} gener-
ates Hn. First, any valid eventual translation lengths (those satisfying (2)) can
be obtained by these generators. Secondly, the commutator (which we define as
[g, h] := g−1h−1gh for every g, h in G) of any two distinct elements gi, gj ∈ Hn is a
2-cycle, and so conjugation of this 2-cycle by some combination of gk’s will produce
a 2-cycle with support equal to any two points ofXn. This is enough to produce any
element that is ‘eventually a translation’ i.e. one that satisfies condition (1), and so
is enough to generate all of Hn. An explicit finite presentation for H3 can be found
in [Joh99], and this was generalised in [Lee12] by providing finite presentations for
Hn for all n > 3.

We now describe H1 and H2. If g ∈ H1, then t1(g) = 0 (since the eventual
translation lengths of g must sum to 0 by condition (2)) and so H1 = FSym(N). For
H2 we have �g2� ∼= Z. Using a conjugation argument similar to the one above, it can
be seen that a suitable generating set for H2 is {g2, ((1, 1) (2, 1))}. These definitions
of H1 and H2 agree with the result for Hn in [Bro87], that (for n � 3) each Hn is
FPn−1 but not FPn i.e. H1 is not finitely generated and H2 is finitely generated
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g4 g2g4 g2g4 g2g4 g2g4 g2

Figure 1. Part of the set X5 and a geometrical representation of
the action of the standard generators g2, g4 ∈ H5.

but not finitely presented. Since H1 = FSym(N) and Aut(FSym(N)) ∼= Sym(N)
(see, for example, [DM96] or [Sco87]) we will work with Hn where n � 2.

2.2. A reformulation of TCP(Hn). We require knowledge of Aut(Hn). We
noted above that Aut(H1) ∼= Sym(N), and so will work with n � 2.

Notation. Let g ∈ Sym(X). Then (h)φg := g−1hg for all h ∈ G.

From [BCMR14], we have for all n � 2 that NSym(Xn)(Hn) ∼= Aut(Hn) via
the map ρ �→ φρ and that NSym(Xn)(Hn) ∼= Hn � Sn. We will make an abuse
of notation and consider Hn � Sn as acting on Xn via the natural isomorphism
NSym(Xn)(Hn) � Sym(Xn). Here Inn(Hn) ∼= Hn because Hn is centreless, and
Sn acts on Xn by isometrically permuting the rays, where g ∈ Hn � Sn is an
isometric permutation of the rays if and only if there exists a σ ∈ Sn such that
(i,m)g = (iσ,m) for all m ∈ N and all i ∈ Zn.

Notation. For any given g ∈ Hn � Sn, let Ψ : Hn � Sn → Sn, g �→ σg where
σg denotes the isometric permutation of the rays induced by g. Furthermore, let
ωg := gσ−1

g . Thus, for any g ∈ Hn � Sn, we have g = ωgσg and will consider
ωg ∈ Hn and σg ∈ Sn. We shall therefore consider any element g of Hn � Sn as
a permutation of Xn which is eventually a translation (denoted ωg) followed by an
isometric permutation of the rays σg.

Definition 2.3. Let G � Hn � Sn and g, h ∈ Hn � Sn. Then we shall say g and h
are G-conjugated if there is an x ∈ G such that x−1gx = h.

We now relate twisted conjugacy inHn to conjugacy inHn�Sn. Let c ∈ Hn�Sn.
Then the equation for φc-twisted conjugacy becomes:

(x−1)φcgx = h ⇒ c−1x−1cgx = h ⇒ x−1(ωcσcg)x = ωcσch.

Thus, for any n � 2, two elements g, h ∈ Hn are φc-twisted conjugate if and only
if ωcσcg and ωcσch ∈ Hn � Sn are Hn-conjugated. Note that, if g, h ∈ Hn � Sn
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are Hn-conjugated, then σg = σh. Thus for the remainder of this note a and b will
refer to the elements in Hn � Sn that we wish to decide are Hn-conjugated, where
σa = σb. In order to solve TCP(Hn), we will therefore produce an algorithm to
search for an x ∈ Hn which conjugates a to b.

3. Computations in Hn � Sn

Our first lemma provides the generating set that we will use for Hn � Sn.

Lemma 3.1. Let n � 2. Then Hn � Sn can be generated by 3 elements.

Proof. If n � 3, two elements can be used to generate all of the isometric permu-
tations of the rays. Our third generator will be g2, the standard generator for Hn.
Conjugating g2 by the appropriate isometric permutations of the rays produces the
set {gi | i = 2, . . . , n}, which can then be used to generate all permutations in Hn.
For H2 � S2 we note that H2 is 2-generated and that S2 is cyclic. �
3.1. The orbits of elements in Hn � Sn. Our main aim for this section is to
describe the orbits of any element g ∈ Hn � Sn ‘far out’. For elements of Hn, any
element eventually acted like a translation. In a similar way, any element of Hn�Sn

eventually moves points in a uniform manner. More specifically, g ∈ Sym(Xn) is in
Hn�Sn if and only if there exist constants z1(g), . . . , zn(g) ∈ N, (t1(g), . . . , tn(g)) ∈
Zn, and a permutation σ ∈ Sn such that for all i ∈ Zn

(i,m)g = (iσ,m+ ti(g)) for all m � zi(g).(5)

If g ∈ Hn � Sn, then g = ωgσg. Therefore for any g ∈ Hn � Sn, σg (the isometric
permutation of the rays induced by g) will induce the permutation denoted σ in
(5), we have that ti(ωg) = ti(g) for all i ∈ Zn, and z1(ωg), . . . , zn(ωg) are suitable
values for the constants z1(g), . . . , zn(g).

Definition 3.2. Let g ∈ Hn � Sn and i ∈ Zn. Then a class of σg, denoted [i]g,
is the support of the disjoint cycle of σg which contains i i.e. [i]g = {iσd

g | d ∈ Z}.
Additionally, we define the size of a class [i]g to be the length of the cycle of σg

containing i, i.e. the cardinality of the set [i]g, and denote this by |[i]g|.
We shall choose z1(g), . . . , zn(g) ∈ N to be the smallest numbers such that

(i,m)gd = (iσd
g ,m+

d−1�

s=0

tiσs
g
(g)) for all m � zi(g) and all 1 � d � |[i]g|.(6)

Note that, for any g ∈ Hn � Sn and all i ∈ Zn, we have zi(g) � zi(ωg). We now
justify the introduction of condition (6). Consider a g ∈ Hn � Sn, i ∈ Zn, and
m ∈ N such that

zi(ωg) � m < zi(g) and m+ ti(ωg) < ziσg (ωg).

This would mean (i,m)g = (iσg,m+ ti(ωg)), but it may also be that

(i,m)g2 = (iσg,m+ ti(g))g �= (iσ2
g ,m+ ti(g) + tiσg

(g)).

Thus the condition (6) above means that, for any g ∈ Hn � Sn, the numbers
z1(g), . . . , zn(g) capture the ‘eventual’ way that g permutes the points of a ray.

Let us fix some g ∈ Hn�Sn. Consider if σg acts trivially on a particular branch
i�. This will mean that this branch has orbits like those occurring for elements of
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Hn. If ti�(g) = 0, then g leaves all but a finite number of points on this branch
fixed. If ti�(g) �= 0, then for any given m� > zi�(g),

{(i�,m�)gd | d ∈ Z} ⊃ {(i�,m) | m � m� and m ≡ m� mod |ti�(g)|}.
Notice that, for any g ∈ Hn � Sn, the σg-classes form a partition of Zn, relating

to the branches of Xn. We now consider the case |[k]g| > 1. We first note, for any
i ∈ [k]g and m1 � zi(g), that

(i,m1)g
|[k]g| ∈ {(i,m) | m ∈ N}(7)

and that for any 1 � p < |[k]g|, i ∈ [k]g, and m1 � zi(g),

(i,m1)g
p �∈ {(i,m) | m ∈ N}.

In fact we may compute (i,m)g|[k]g| for any i ∈ [k]g and m � zi(g),

(i,m)g|[k]g| = (i,m+

|[k]g|−1�

s=0

tiσs
g
(g)).(8)

In light of this, we introduce the following.

Definition 3.3. For any g ∈ Hn � Sn, class [i]g, and k ∈ [i]g = {i1, i2, . . . , iq}, let

t[k](g) :=

q�

s=1

tis(g).

Hence, if t[k](g) = 0, then for all i� ∈ [k]g and m� � zi�(g), the point (i�,m�) will
lie on an orbit of length |[k]g|. If t[k](g) �= 0, then (8) states that for all i� ∈ [k]g
and all m� � zi�(g), that (i

�,m�)g|[k]g| �= (i�,m�). Hence when t[k](g) = 0, almost all

points of the kth ray will lie on an orbit of g of length |[k]g|, and when t[k](g) �= 0

almost all points of the kth ray will lie in an infinite orbit of g. Since different
arguments will be required for finite orbits and infinite orbits, we introduce the
following notation.

Notation. Let g ∈ Hn � Sn. Then I(g) := {i ∈ Zn | t[i](g) �= 0} consists of
all i ∈ Zn corresponding to rays of Xn which have infinite intersection with some
infinite orbit of g. Let Ic(g) := Zn \ I(g), the compliment of I(g).

Definition 3.4. Two sets are almost equal if their symmetric difference is finite.

For any g ∈ Hn � Sn and any infinite orbit Ω of g, our aim is now to describe
a set almost equal to Ω, so to have a suitable description of the infinite orbits of
elements of Hn � Sn. We work with t[k](g) > 0, since if t[k](g) is negative, we will

be able to apply our arguments to g−1. For any i1 ∈ [k]g and m1 � zi1(g), we shall
compute the orbit of (i1,m1) under g. First,

{(i1,m1)g
d|[k]g| | d ∈ N} = {(i1,m) | m > m1,m ≡ m1 mod |t[k](g)|}.

Similarly, {(i1,m1)g
d|[k]g|+1 | d ∈ N} is equal to

{(i1σg,m) | m > m1 + ti1(g),m ≡ m1 + ti1(g) mod |t[k](g)|}.(9)

For every 2 � s � |[k]g|, setting is := i1σ
s−1
g and ms := m1 +

s−1�
d=1

tid(g) we have,

for any 0 � r < |[k]g|, that
{(i1,m1)g

d|[k]|g+r | d ∈ N} = {(ir+1,m) | m > mr+1,m ≡ mr+1 mod |t[k](g)|}
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and hence {(i1,m1)g
d | d ∈ N} is equal to

|[k]g|�

q=1

{(iq,m) | m > mq,m ≡ mq mod |t[k](g)|}.(10)

In the case where t[k](g) < 0, we can use similar arguments to those above to

compute, for i�1 ∈ I(g) and m�
1 � zi(g), the set {(i�1,m�

1)g
−d | d ∈ N}. It is

therefore natural to introduce the following.

Definition 3.5. Let g ∈ Hn � Sn, i1 ∈ I(g), and m1 ∈ N. Then
Xi1,m1

(g) := {(i1,m) ∈ Xn | m ≡ m1 mod |t[i1](g)|}.

Furthermore, for every 2 � s < |[k]g| let is := i1σ
s−1
g , ms := m1 +

s−1�
d=1

tid(g), and

X[i1],m1
(g) :=

|[i1]g|�

q=1

Xiq,mq
(g).

Note that suppressingm2, . . . ,m|[k]g| from the notation is not ambiguous since these
are uniquely determined from i1,m1, and g.

Let us summarise what we have shown.

Lemma 3.6. Let g ∈ Hn � Sn and i ∈ I(g). Then, for any infinite orbit Ω of
g intersecting {(i,m) ∈ Xn | m � zi(g)}, there exists i� ∈ I(g) and constants
d1, e1 ∈ N such that the set

X[i],d1
(g) �X[i�],e1(g)

is almost equal to Ω.

We may now show that the action of elements of Hn � Sn is computable.

Lemma 3.7. Let G = �S | R� be the presentation for Hn � Sn as described in
Lemma 3.1. Then there is an algorithm which, given a word w over S±1 represent-
ing g ∈ Hn�Sn, outputs finitely many equations which describe the image of (i,m)
under g for every point (i,m) ∈ Xn.

Proof. From [ABM13, Lem 2.1], the numbers t1(ωg), . . . , tn(ωg), z1(ωg), . . . , zn(ωg)
are computable. Hence the action of σg is computable, as are the classes [i]g and
the numbers t[i](g). This means that the action of g on the set

{(i,m) | i ∈ Zn and m � zi(ωg)} =: Y

is defined by finitely many computable equations. For each i ∈ Zn, we have the
equation

(i,m)g := (iσg,m+ ti(ωg)) for all m � zi(ωg).

Since Xn \Y is finite, one can compute the action of g on each point in this set and
then describe this action with finitely many equations. �

It is possible to solve WP(Hn�Sn) in quadratic time. From [ABM13, Lem 2.1],
the size of {(i,m) | i ∈ Zn and m � zi(ωg)} is bounded by a linear function in
terms of |g|S (the word length of g with respect to S). Then, for each point in this
set one may compute the action of g which involves |g|S computations. We then
have that g is the identity if and only if g acts trivially on this set. Moreover, for
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any g ∈ Hn�Sn, the numbers z1(g), . . . , zn(g) are computable (using, for example,
the previous lemma).

3.2. Identities arising from the equation for conjugacy. In Section 2.2 we
showed that TCP(Hn) was equivalent to producing an algorithm which, given any
a, b ∈ Hn � Sn, decides whether or not a and b are Hn-conjugated. In this section
we shall show some necessary conditions which any x ∈ Hn must satisfy in order to
conjugate a to b. First, some simple computations to rewrite ti(σaxσ

−1
a ) are needed.

Note that, since σa = σb is a necessary condition for a and b to be Hn-conjugated
(and σa,σb are computable), the following will not be ambiguous.

Notation. We will write [i] to denote [i]a (which is also a class of σb).

Lemma 3.8. For any isometric permutation of the rays σ and any y ∈ Hn, we
have that

ti(σ
−1yσ) = tiσ−1(y) for all i ∈ Zn.

Proof. Let σ = σ1σ2 . . .σs be written in disjoint cycle notation, and let σ1 =
(i1 i2 . . . iq). Since σ ∈ NSym(Xn)(Hn), we have that σ−1yσ ∈ Hn. We may now

compute ti1(σ
−1yσ) by considering the image of (i1,m) where m � max(zi(y)).

(i1,m)σ−1yσ = (iq,m)yσ = (iq,m+ tiq (y))σ = (i1,m+ tiq (y))

Similarly, for 1 < s � q,

(is,m)σ−1yσ = (is−1,m)yσ = (is−1,m+ tis−1(y))σ = (is,m+ tis−1(y)).

Thus ti(σ
−1yσ) = tiσ−1(y) for any i ∈ Zn. �

From this lemma, we may rewrite ti(σaxσ
−1
a ) as tiσa

(x).

Lemma 3.9. Let a, b ∈ Hn � Sn. Then a necessary condition a and b to be Hn-
conjugated is that, for all [i] classes, t[i](a) = t[i](b).

Proof. From our hypotheses, we have that

ωbσa = x−1ωaσax

⇒ ωb = x−1ωa(σaxσ
−1
a )

and so, since ωa,ωb, x, and σaxσ
−1
a can all be considered as elements of Hn, we

have for all i ∈ Zn that

ti(ωb) = ti(x
−1) + ti(ωa) + ti(σaxσ

−1
a )

which from the previous lemma can be rewritten as

ti(ωb) = −ti(x) + ti(ωa) + tiσa
(x).(11)

Now, for any branch i�, we sum over all k in [i�]
�

k∈[i�]

tk(ωb) = −
�

k∈[i�]

tk(x) +
�

k∈[i�]

tk(ωa) +
�

k∈[i�]

tk(x)

⇒
�

k∈[i�]

tk(ωb) =
�

k∈[i�]

tk(ωa)

⇒ t[i�](b) = t[i�](a)

as required. �
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Thus, if a, b ∈ Hn�Sn areHn-conjugated, then I(a) = I(b). For any g ∈ Hn�Sn

the set I(g) is computable, and so the first step of our algorithm can be to check
that I(a) = I(b). Hence the following is not ambiguous.

Notation. We shall use I to denote I(a) and I(b).

Intuitively, choosing a value for tk(x) for one k ∈ [i�] should define tk�(x) for all
k� ∈ [i�]. A proof of this follows naturally from the computations within the proof
of the previous lemma.

Lemma 3.10. Let a, b ∈ Hn�Sn be conjugate by x ∈ Hn. Then, for each class [k],
choosing a value for ti�(x) for some i� ∈ [k] determines values for {ti(x) | i ∈ [k]}.
Moreover, let i1 ∈ [k] and, for 2 � s � |[k]|, let is := i1σ

s−1
a . Then the following

formula determines tis(x) for all s ∈ Z|[k]|

tis(x) = ti1(x) +

s−1�

d=1

(tid(ωb)− tid(ωa)).

Proof. If |[k]| = 1, then there is nothing to prove. From (11) within the proof of
Lemma 3.9, we have for all i ∈ Zn that

ti(ωb) = −ti(x) + ti(ωa) + tiσa
(x).(12)

Within (12), set i to be equal to is ∈ [k] (so that s ∈ Zq) to obtain

tis(ωb) = −tis(x) + tis(ωa) + tisσa
(x)

⇒ tisσa(x) = tis(x) + tis(ωb)− tis(ωa).

Setting s = 1 provides a formula for ti2(x). If 2 � s < q, then

tisσa
(x) = tis(x) + tis(ωb)− tis(ωa)

= tis−1
(x) + tis−1

(ωb)− tis−1
(ωa) + tis(ωb)− tis(ωa)

= . . .

= ti1(x) +

s�

d=1

(tid(ωb)− tid(ωa)).

Thus, for all s ∈ Zq, we have a formula for tis(x) which depends on the computable
values {ti(a), ti(b) | i ∈ [k]} and the value of ti1(x). �

4. An algorithm for finding a conjugator in Hn

In this section we will construct an algorithm which, given a, b ∈ Hn � Sn with
σa = σb, either outputs an x ∈ Hn such that x−1ax = b, or halts without outputting
such an x if one does not exist.

We will often need to make a choice of some i ∈ [k]g. For each class [k]g we shall
do this by introducing an ordering on [k]g. We shall choose this ordering to be the
one defined by i1 := inf[k]g (under the usual ordering of N) and is := i1σ

s−1
g for all

2 � s � |[k]g|. Hence [k]g = {i1, . . . , i|[k]g|}.
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4.1. An algorithm for finding a conjugator in FSym. Many of the arguments
of this section draw their ideas from [ABM13, Section 3]. By definition, any element
which conjugates a to b will send the support of a to the support of b. If we wish to
find a conjugator in FSym, this means that the symmetric difference of these sets
must be finite, whilst supp(a) ∩ supp(b) can be infinite.

Notation. For any g, h ∈ Sym, let N(g, h) := supp(g) ∩ supp(h), the intersection
of the supports of g and h.

Notation. Let g ∈ Hn � Sn. Then Z(g) := {(i,m) ∈ Xn | i ∈ Zn and m < zi(g)}
which is analogous to the Z region which has been used by some authors when
dealing with the Houghton groups.

Definition 4.1. Let g ∈ Hn�Sn. Then, for a fixed r ∈ N, let gr denote the element
of Sym(Xn) which consists of the product of all of the r-cycles of g. Furthermore,
let g∞ denote the element of Sym(Xn) which consists of the product of all of the
infinite cycles of g.

Our strategy for deciding whether a, b ∈ Hn � Sn are FSym-conjugated is as
follows. We will show that, for any r ∈ N, if ar and br are FSym-conjugated, then ar
and br are FSym-conjugated by some x where supp(x) is contained in a computable
finite set. Similarly we will show that if a∞ and b∞ are FSym-conjugated, then
there is a computable finite set such that there is a conjugator of a∞ and b∞ with
support contained within this set. In order to decide if a, b ∈ Hn � Sn are FSym-
conjugated we may then decide if a∞ and b∞ are FSym-conjugated, produce such
a conjugator y1 if one exists, and then decide if y−1

1 ay1 and b are FSym-conjugated
by deciding whether (y−1

1 ay1)r and br are FSym-conjugated for every r ∈ N (which
is possible since br is non-trivial for only finitely many r ∈ N).

Lemma 4.2. If g, h ∈ Sym are FSym-conjugated, then

| supp (g) \N(g, h)| = | supp (h) \N(g, h)| < ∞.

Proof. The proof [ABM13, Lem 3.2] applies to our more general hypotheses. �
Lemma 4.3. Let g ∈ Hn � Sn and r ∈ N. Then gr ∈ Hn � Sn. Note this means
that gr restricts to a bijection on Z(gr) and Xn \ Z(gr).

Proof. It is clear that gr ∈ Sym(Xn). From our description of orbits in Section 3.1,
for all (i,m) ∈ Xn \Z(g) we have that (i,m) lies either on: an infinite orbit of g; an
orbit of g of length s �= r; or on an orbit of g of length r. In the first two cases, we
will have that (i,m)gr = (i,m) for all (i,m) ∈ Xn \Z(g). In the final case, we have
that (i,m)gr = (i,m)g for all Xn \ Z(g). Hence, gr is an element for which there
exists an isometric permutation of the rays σ, and constants t1(gr), . . . , tn(gr) ∈ Z
and z1(gr), . . . , zn(gr) ∈ N such that for all i ∈ Zn

(i,m)gr = (iσ,m+ ti(gr)) for all m � zi(gr)

which was labelled (5) in Section 3.1. Thus, gr ∈ Hn � Sn. �
Lemma 4.4. Let G = �S | R� be the presentation for Hn � Sn as described in
Lemma 3.1. Then there is an algorithm which, given any r ∈ N and a word w over
S±1 representing g ∈ Hn � Sn, outputs finitely many equations which describe the
image of (i,m) under gr for every point (i,m) ∈ Xn.
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Proof. First, compute the numbers z1(g), . . . , zn(g) and t1(g), . . . , tn(g) and classes
{[k]g | k = 1 . . . , n}. Then produce equations of the form

(i,m)g = (iσg,m+ ti(g)) for all (i,m) ∈ Xn \ Z(g).

We now wish to write similar equations for gr. In order to define gr, we keep any
equation relating to the point (i1,m1) if and only if

|Og(i1,m1)| := |{(i1,m1)g
d | d ∈ Z}| = r.

We note that for all (i�,m�) ∈ Xn, the number |Og(i
�,m�)| is computable. First, let

(i�,m�) ∈ Xn \Z(g). Then |Og(i
�,m�)| is infinite if t[i�](g) �= 0 and is equal to |[i�]g|

otherwise. If (i�,m�) ∈ Z(g), either |Og(i
�,m�)| is finite and so (i�,m�)gd = (i�,m�)

for some d ∈ N, or (i�,m�)gd ∈ Xn \ Z(g) for some d ∈ N and so (i�,m�) lies in an
infinite orbit of g. �
Notation. Let g ∈ Sym(X). Given any set Y ⊆ X for which Y g = Y (so that g
restricts to a bijection on Y ), let g

��Y denote the element of Sym(X) which acts as
g on the set Y and leaves all points in X \ Y invariant i.e. for every x ∈ X

x(g
��Y ) :=

�
xg if x ∈ Y
x otherwise.

Lemma 4.5. Fix an r ∈ N and let g, h ∈ Hn � Sn. If gr and hr are FSym-
conjugated, then there exists an x ∈ FSym which conjugates gr to hr such that
supp(x) ⊆ Z(gr) ∪ Z(hr).

Proof. Since we are working with a fixed gr, hr ∈ Hn � Sn, let N := N(gr, hr),
Z := Z(gr) ∪ Z(hr), and Zc := Xn \ Z. If gr and hr are FSym-conjugated, then

(i,m)gr = (i,m)hr for all (i,m) ∈ Zc.(13)

By Lemma 4.3 and (13), gr and hr restrict to a bijection of Zc. Thus, gr and hr

must also restrict to a bijection of Z.
Applying Lemma 4.2 to gr and hr we have that

| supp (gr) \N | = | supp (hr) \N | < ∞
where, from (13), Zc ∩ supp(gr) = Zc ∩ supp(hr) ⊆ N . Thus supp(gr) \ N and
supp(hr) \N are both subsets of Z. Now, for any finite subset D ⊆ N ,

|D ∪ (supp (gr) \N)| = |D ∪ (supp (hr) \N)| < ∞.

Setting D := Z ∩N we have that

| supp(gr
��Z)| = | supp(hr

��Z)| < ∞.(14)

Since gr and hr consist of only r-cycles, gr
��Z and hr

��Z are elements of FSym with
the same cycle type, and so are FSym-conjugated. Thus there is a conjugator
x ∈ FSym with supp(x) ⊆ supp(gr

��Z) ∪ supp(hr

��Z). Therefore supp(x) ⊆ Z, as
required. �
Lemma 4.6. If g∞ = h∞ and g, h ∈ Hn�Sn are FSym-conjugated, then there is an
x ∈ FSym which conjugates g to h and has support contained within a computable
set.
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Proof. We use the previous lemma. For each r ∈ N let Zr := Z(gr) ∪ Z(hr).
Moreover, let Y := (

�
r∈N Zr)\supp(g∞) and Y c := Xn\Y . If x ∈ FSym conjugates

g to h, then for all r ∈ N, x conjugates gr to hr. Note that Y is computable. First,
compute which gr are non-trivial by computing Ic(g) (so that for each j ∈ Ic(g),
g|[j]g| is non-trivial) and then, from the proof of Lemma 4.4, compute the length
of all orbits of points (i,m) ∈ Z(g). This means that, apart from finitely many
r ∈ N, gr is trivial, and so Y is finite. This means that the finite number of
r ∈ N such that Zr �= ∅ are known. Finally, supp(g∞) ∩ Z(g) is computable (by
Lemma 3.7). As noted in (13) above, (i,m)g = (i,m)h for all (i,m) ∈ Y c and
(again from the previous proof) g

��Y and h
��Y have the same cycle type. Thus there

is an x ∈ FSym which conjugates g
��Y to h

��Y and, since g
��Y c = h

��Y c, we may
choose x so that supp(x) ⊆ Y . Notice that, from our choice of Y , this means that
supp(x) ∩ supp(g∞) = ∅. �

We now reduce finding an FSym-conjugator of a and b to the case of Lemma
4.6. In order to do this we require a well known lemma.

Lemma 4.7. Let x ∈ G conjugate a, b ∈ G. Then, x� ∈ G also conjugates a to b
if, and only if, x� = cx for some c ∈ CG(a).

Lemma 4.8. Let g, h ∈ Hn � Sn. If g∞ and h∞ are FSym-conjugated, then there
exists an x ∈ FSym which conjugates g∞ to h∞ with supp(x) ⊆ Z(g∞) ∪ Z(h∞).

Proof. Let Z := Z(g∞)∪Z(h∞). We start by using a similar argument to the proof
of [ABM13, Prop 3.1] to show that there is a computable bound for zi(x). We will
assume that t[i](g) > 0, since replacing g and h with ω−1

g σg and ω−1
h σg respectively

will provide an argument for t[i](g) < 0. Note that I(g∞) = I(g) = I(h) = I(h∞).

For all i ∈ I(g∞) and all m � zi(g∞), we have that (i,m)(g∞)|[i]g| = (i,m+ t[i](g)).
Let x ∈ FSym conjugate g∞ to h∞. We will show for all i ∈ Zn that

(i,m)x = (i,m) for all m � zi(x).

We first produce a computable bound for zj(x) for all j ∈ Ic(g). Let j ∈ Ic(g),
(j,m) ∈ Xn \ Z, and assume that (j,m) ∈ supp(x). Then (j,m)h∞ = (j,m)
and so (j,m)x−1g∞x = (j,m). If (j,m)x−1 �∈ supp(g∞), then the 2-cycle γ :=
((j,m) (j,m)x−1) is in CFSym(g∞) and so (by Lemma 4.7) x� := γx also conju-
gates g to h. Now, by construction, (j,m) �∈ supp(x�). If (j,m)x−1 = (j�,m�) ∈
supp(g∞), then x sends (j�,m�) to (j,m). But, from the fact that (j,m)x−1g∞x =
(j,m), x must send (j�,m�)g∞ to (j,m), and so x sends both (j�,m�) and (j�,m�)g∞
to (j,m), a contradiction. Therefore we may assume that

{(j,m) | j ∈ Ic(g)} ∩ supp(x) ⊆ Z(g∞) ∪ Z(h∞).

We now show that there is a computable bound for zi(x) for all i ∈ I(g∞).
Assume, for a contradiction, that for some i ∈ I(g∞) we have that

zi(x) > max(zi(g∞), zi(h∞)).

For all m � 0, we then have that zi(x)+m � zi(x) > max(zi(g∞), zi(h∞)). Hence,
for all m � 0

(i, zi(x) +m)(x−1g∞x)−|[i]g| = (i, zi(x) +m)(h∞)−|[i]g|

=(i, zi(x) +m− t[i](h∞)) = (i, zi(x) +m− t[i](g∞)).
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Similarly,

(i, zi(x) +m)(x−1g∞x)−|[i]g| = (i, zi(x) +m)x−1(g∞)−|[i]g|x

=(i, zi(x) +m)(g∞)−|[i]g|x = (i, zi(x) +m− t[i](g∞))x

and so (i, zi(x) +m − t[i](g∞))x = (i, zi(x) +m − t[i](g∞)), which contradicts the
minimality of zi(x). We may therefore enumerate all possible bijections of the set
Z(g∞) ∪ Z(h∞) to decide whether or not g∞ and h∞ are FSym-conjugated. �

We will now produce an element which conjugates a to b using the conjugators
computed in Lemma 4.5 and Lemma 4.8.

Proposition 4.9. Given a, b ∈ Hn � Sn, there is an algorithm which decides
whether or not a and b are FSym-conjugated, and produces a conjugator in FSym
if one exists.

Proof. First, we may compute a∞ and b∞ and so use Lemma 4.8 to decide whether
or not they are FSym-conjugated. If a∞ and b∞ are not FSym-conjugated, then a
and b are not FSym-conjugated since such a conjugator would also conjugate a∞
to b∞. Thus, let y1 ∈ FSym conjugate a∞ to b∞.

Now, a necessary condition for elements a, b ∈ Hn � Sn to be conjugate in
Sym(Xn) is that they have the same cycle type. Let M := {r ∈ N | gr �= id}. Then
a := a∞

�
d∈M ad and b := b∞

�
d∈M bd. Note that |M | is finite and that M is

computable by the process described for computing Y in Lemma 4.6. From Lemma
4.8 we may produce an element y1 ∈ FSym such that

y−1
1 ay1 =

�
y−1
1 a∞y1

��
y−1
1 (
�

d∈M

ad)y1
�
=: a�.

Importantly this means that a�∞ = b∞. We now describe how to compute finitely
many equations to describe the action of a� on Xn. Note that y1 was computed
by enumerating bijections of a computable finite set. Hence the bijection induced
by y1 is known. Now, compute (i,m)y−1

1 ay1 for each point (i,m) ∈ supp(y1) ∪
supp(y1)a

−1 =: Y1. Finally, note that (i,m)a = (i,m)a� for all (i,m) ∈ Xn \ Y1

since
(i,m)y−1

1 ay1 = (i,m)ay1 = (i,m)a for all (i,m) �∈ Y1.

Now, from Lemma 4.6, it is decidable whether there exists y2 ∈ FSym which
conjugates a� to b with supp(y2) ∩ supp(b∞) = ∅. Note that, if there is an element
y2, then it also conjugates a�(b∞)−1 to b(b∞)−1. Hence

(y1y2)
−1a(y1y2) = y−1

2 a�y2

= y−1
2 a�(b∞)−1b∞y2

= y−1
2 a�(b∞)−1y2b∞

= b(b∞)−1b∞
= b. �

4.2. Reducing the problem to finding a conjugator in FSym. The previous
section provided us with an algorithm for deciding whether a, b ∈ Hn � Sn are
FSym-conjugated. Our problem is to decide if a and b are Hn-conjugated. We
start with a simple observation.
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Definition 4.10. Given g, h ∈ Hn � Sn and a group G such that FSym(Xn) �
G � Hn, a witness set of G-conjugation is a subset V (g, h,G) of Zn satisfying
that if g, h are G-conjugated, then there is an x ∈ G such that g = x−1hx and
t(x) ∈ V (g, h,G).

Lemma 4.11. Let FSym(Xn) � G � Hn. If, for any g, h ∈ Hn � Sn it is possible
to compute a witness set of G-conjugation V (g, h,G), then there is an algorithm
which, given any a, b ∈ Hn � Sn, decides whether they are G-conjugated.

Proof. We use, from the previous section, that there exists an algorithm for deciding
if g, h ∈ Hn � Sn are FSym-conjugated. For any v ∈ Zn with

�n
i=1 vi = 0 let

xv :=

n�

i=2

g
−vi
i(15)

so that t(xv) = v. Thus, if g and h are G-conjugated, then there exists v ∈
V (g, h,G) and x ∈ FSym such that xvx conjugates g to h. Now, to decide if g and
h are G-conjugated, it is sufficient to check whether any of the pairs {(x−1

v gxv, h) |
v ∈ V (g, h,G)} are FSym-conjugated. This is because

x−1(x−1
v gxv)x = h ⇔ (xvx)

−1g(xvx) = h

and so a pair is FSym-conjugated if and only if g and h are G-conjugated. �
From this lemma, if, for any g, h ∈ Hn�Sn, the set V (g, h,Hn) was computable

(from only g and h), then TCP(Hn) would be solvable. We shall show that solving
our problem can be achieved by producing an algorithm to decide if elements are
G-conjugated where G is a particular subgroup of Hn. We restrict our attention
to searching for a conjugator x such that ti(x) ≡ 0 mod |t[i](g)| for all i ∈ I(g),
since this will mean that any infinite orbit Og of g will be almost equal to (Og)x.
Let |σg| denote the order of σg (the isometric permutation of the rays induced by

g). We will impose the condition that ti(x) ≡ 0 mod |ti(g|σg|)| for all i ∈ I(g)
to use in the next section. This is a stronger condition since, for any i ∈ I(g),
|t[i](g)| = |ti(g|[i]g|)|.
Definition 4.12. Let g ∈ Hn � Sn, |σg| denote the order of σg ∈ Sn, and

H∗
n(g) := {x ∈ Hn | ti(x) ≡ 0 mod

��ti(g|σg|)
�� for all i ∈ I(g)}.

Recall that if a, b ∈ Hn � Sn are Hn-conjugated, then σa = σb. Also, from
Lemma 3.9, t[i](a) = t[i](b) for all i ∈ Zn. Hence, if a and b are Hn-conjugated,
then H∗

n(a) = H∗
n(b).

Lemma 4.13. Assume there exists an algorithm which, given any g, h ∈ Hn �Sn,
decides whether g and h are H∗

n(g)-conjugated. Then there exists an algorithm
which, given any g, h ∈ Hn � Sn, decides whether g and h are Hn-conjugated.

Proof. Given g ∈ Hn � Sn, construct the set

Pg := {(v1, . . . ,vn) ∈ Zn : 0 � vi <
��ti(g|σg|)

�� for all i ∈ I(g) and vk = 0 otherwise}.
Note that, for any y ∈ Hn �Sn, Py will be finite. Define xv as in (15) above. Note
that Hn =

�
v∈Pg

xvH
∗
n(g) and so any element of Hn is expressible as a product of

xv for some v ∈ Pg and an element in H∗
n(g). Thus, deciding whether any of the

finite number of pairs {(x−1
v gxv, h) | v ∈ Pg} are H∗

n(g)-conjugated is sufficient to
decide whether g and h are Hn-conjugated. �

�� ������� ��������� �� ���������� ������



Remark 4.14. From Lemma 4.11, if for any g, h ∈ Hn � Sn a set V (g, h,H∗
n(g))

is computable, then it is possible to decide whether any g, h ∈ Hn � Sn are H∗
n(g)-

conjugated. By Lemma 4.13, it will then be possible to decide whether any g, h ∈
Hn � Sn are Hn-conjugated. From Section 2.2, this will mean that TCP(Hn) is
solvable.

In the following two sections we will show that for any g, h ∈ Hn � Sn a witness
set of H∗

n(g)-conjugation is computable from only g and h. In Section 4.3 we show
that the following is computable.

Notation. Let g, h ∈ Hn�Sn and n � 2. Let MI(g, h) denote a number such that,
if g and h are H∗

n(g)-conjugated, then there is a conjugator x ∈ H∗
n(g) with�

i∈I(g)

|ti(x)| < MI(g, h).

In Section 4.4 we show that for any g, h ∈ Hn�Sn, numbers {yj(g, h) | j ∈ Ic(g)}
are computable (using only g and h) such that if there exists an x ∈ H∗

n(g) which
conjugates g to h, then there is an x� ∈ H∗

n(g) which conjugates g to h such that
ti(x

�) = ti(x) for all i ∈ I(g) and tj(x
�) = yj(g, h) for all j ∈ Ic(g).

Remark 4.15. Note that if the numbers MI(g, h) and {yj(g, h) | j ∈ Ic(g)} are
computable using only g and h then the set V (g, h,H∗

n(g)) is computable from only g
and h. This is because defining V (g, h,H∗

n(g)) to consist of all vectors v satisfying:

i)
�

i∈I |vi| < MI(g, h);
ii) vi = yi for all i ∈ Ic(g);
iii)

�n
i=1 vi = 0.

provides us with a finite set such that if g and h are H∗
n(g)-conjugated, then they

are conjugate by an x ∈ H∗
n(g) with t(x) ∈ V (g, h,H∗

n(g)).

4.3. Showing that MI(g, h) is computable. Let g, h ∈ Hn � Sn and x ∈ H∗
n(g)

conjugate g to h. In this section we will show that a number MI(g, h) is computable
from only the elements g and h.

Notation. Let x ∈ H∗
n(a) conjugate a, b ∈ Hn �Sn. Then, for each i ∈ I, let li(x)

be chosen so that ti(x) = li(x)|t[i](a)|. Note, since ti(x) ≡ 0 mod
��t[i](a)

�� for all
i ∈ I, that li(x) ∈ Z for each i ∈ I.

Recall that σa = σb and that Lemma 3.9 tells us that, if a and b are Hn-
conjugated, then t[i](a) = t[i](b) for every [i] class of σa. Thus, for every i ∈ I and
d1 ∈ N, we have that Xi1,d1

(a) = Xi1,d1
(b) (the sets from Definition 3.5). Also,

(Xi1,d1(a))x is almost equal to Xi1,d1(a) since the set Xi1,d1(a) consists of all points
(i1,m) ∈ Xn where m ≡ d1 mod |t[i1](a)|. Moreover (X[i1],d1

(a))x is almost equal
to X[i1],d1

(a) since X[i1],d1
(a) is the union of sets Xis,ds

(a) where for each is ∈ [i1]
we have that (Xis,ds

(a))x is almost equal to Xis,ds
(a).

Remark 4.16. From (11) in the proof of Lemma 3.9, we have for any Hn-conjugated
g, h ∈ Hn�Sn and any i ∈ I(g) that tiσg

(x)− ti(x) = ti(ωh)− ti(ωg). If we assume
that x ∈ H∗

n(g), we then have that ti(ωg) ≡ ti(ωh) mod |t[i](g)|. Hence if g and h
are H∗

n(g) conjugate, then for any infinite orbit Og of g, there must be an infinite
orbit of h which is almost equal to Og. It will therefore not be ambiguous to omit a
and b and simply write Xi1,d1

and X[i],d1
.
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Definition 4.17. Given g ∈ Hn � Sn, we define an equivalence relation ∼g on
{[k]g | k ∈ I(g)} as the one generated by setting [i]g ∼g [j]g if and only if there
is an orbit of g almost equal to X[i],d1

(g) �X[j],e1(g) for some d1, e1 ∈ N. Writing
[i] ∼g [j] will not be ambiguous since the relation ∼g will always be used with
respect to the σg-classes of g. Note that if a, b ∈ Hn � Sn are Hn-conjugated, then
σa = σb and a and b produce the same equivalence relation.

Proposition 4.18. Let a, b ∈ Hn � Sn be H∗
n(a)-conjugated. Then there exists a

computable constant K(a, b) (computable from only on a and b) such that for any
x ∈ H∗

n(a) which conjugates a to b and any given i, j where [i] ∼a [j], we have that��|[i]||li(x)|− |[j]||lj(x)|
�� < K(a, b).

Proof. We follow in spirit the proof of [ABM13, Prop 4.3]. For convenience, we
introduce notation to describe a set almost equal to X[i],d1

.

Notation. For any set Y ⊆ Xn, and any q := (q(1),q(2), . . . ,q(n)) ∈ Nn, let

Y
��
q
:= Y \ {(i,m) | i ∈ Zn and m < q(i)}.

We will assume that a, b ∈ Hn � Sn and x ∈ H∗
n(a) are known. Let i, j ∈ I

satisfy [i] ∼a [j]. Then there exist d1, e1 ∈ N such that X[i],d1
� X[j],e1 is almost

equal to an infinite orbit of a and hence, by Remark 4.16, is almost equal to an
infinite orbit of b. Denote these infinite orbits by Oa and Ob respectively.

Let �k be the smallest integers such that

i) for all k ∈ [i] ∪ [j], �k � max(zk(a), zk(b));
ii) for all k ∈ [i], �k ≡ dk mod |t[i](a)|;
iii) for all k ∈ [j], �k ≡ ek mod |t[j](a)|

and define v ∈ Zn by vk =

�
�k if k ∈ [i] ∪ [j]
1 otherwise.

We now have that

X[i],d1

��
v
⊆ X[i],d1

∩Oa; X[i],d1

��
v
⊆ X[i],d1

∩Ob;

X[i],d1

��
v
⊆ X[j],e1 ∩Oa; and X[i],d1

��
v
⊆ X[j],e1 ∩Ob.

This allows us to decompose Oa and Ob:

Oa = X[i],d1

��
v
�X[j],e1

��
v
� Si,j

Ob = X[i],d1

��
v
�X[j],e1

��
v
� Ti,j

where Si,j and Ti,j are finite sets. Define ��k to be the smallest integers such that
for all k ∈ [i] ∪ [j]

i) ��k � zk(x);
ii) ��k � �k + |tk(x)|;
iii) ��k ≡ �k mod |t[k](a)|

and define v� ∈ Zn by v�k =

�
��k if k ∈ [i] ∪ [j]
1 otherwise.

These conditions for ��k imply that x restricts to a bijection from

X[i],d1

��
v� to X[i],d1

��
v�+t(x)

and X[j],e1

��
v� to X[j],e1

��
v�+t(x)

.

Hence x restricts to a bijection between the following finite sets

(16)
�
X[i],d1

��
v
\X[i],d1

��
v�

�
�
�
X[j],e1

��
v
\X[j],e1

��
v�

�
� Si,j
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and
�
X[i],d1

��
v
\X[i],d1

��
v�+t(x)

�
�
�
X[j],e1

��
v
\X[j],e1

��
v�+t(x)

�
� Ti,j .(17)

By definition, x eventually translates with amplitude tk(x) = lk(x) ·|t[k](a)| for each
k ∈ [i] � [j]. Thus���

�
X[i],d1

|v \X[i],d1
|v�+t(x)

���� =
���
�
X[i],d1

|v \X[i],d1
|v�
����+

�

k∈[i]

lk(x)

and
���
�
X[j],e1 |v \X[j],e1 |v�+t(x)

���� =
���
�
X[j],e1 |v \X[j],e1 |v�

����+
�

k�∈[j]

lk�(x).

Now, since (16) and (17) have the same cardinality, we have
�

k∈[i]

lk(x) +
�

k�∈[j]

lk�(x) + |Ti,j | = |Si,j |.(18)

Using Lemma 3.10 we may rewrite each element of {lk(x) | k ∈ [i]} as a computable
constant plus li(x) and each element of {lk�(x) | k ∈ [j]} as a computable constant
plus lj(x). Let Ai,j denote the sum of all of these constants (which ‘adjust’ the
values of the translation lengths of x amongst each σa class). Now (18) becomes

|[i]|li(x) + |[j]|lj(x) +Ai,j + |Ti,j | = |Si,j |.
By the generalised triangle inequality we have

|[i]||li(x)| � |[j]||lj(x)|+ |Ai,j |+ |Si,j |+ |Ti,j |
and |[j]||lj(x)| � |[i]||li(x)|+ |Ai,j |+ |Si,j |+ |Ti,j |.

Thus

|[i]||li(x)|− |[j]||lj(x)| � |Ai,j |+ |Si,j |+ |Ti,j | =: C(i, j)

|[j]||lj(x)|− |[i]||li(x)| � |Ai,j |+ |Si,j |+ |Ti,j | = C(j, i)

⇒
��|[i]||li(x)|− |[j]||lj(x)|

�� � C(i, j).

We may then complete this process for all pairs of rays i�, j� ∈ I such that there
exist d�1, e

�
1 ∈ N such that X[i�],d�

1
�X[j�],e�1

is almost equal to an infinite orbit of a.

Let Ĉ(a, b) denote the maximum of all of the C(i�, j�).
Now, consider if k, k� ∈ I satisfy [k] ∼a [k�]. This means that there exist

k(1), k(2), . . . , k(f) ∈ I and d
(0)
1 , d

(1)
1 , . . . , d

(f)
1 , e

(1)
1 , . . . , e

(f)
1 , e

(f+1)
1 ∈ N such that

for all p ∈ Zf−1

X
[k],d

(0)
1

�X
[k(1)],e

(1)
1
, X

[k(p)],d
(p)
1

�X
[k(p+1)],e

(p+1)
1

, and X
[k(f)],d

(f)
1

�X
[k�],e(f+1)

1

are almost equal to orbits of a. We wish to bound
��|[k]||lk(x)| − |[k�]||lk�(x)|

��, and
will do this by producing bounds for

|[k]||lk(x)|− |[k�]||lk�(x)| and |[k�]||lk�(x)|− |[k]||lk(x)|.
We start by rewriting |[k]||lk(x)|− |[k�]||lk�(x)| as

�
|[k]||lk(x)|− |[k(1)]||lk(1)(x)|

�
+
�
|[k(1)]||lk(1)(x)|− |[k(2)]||lk(2)(x)|

�
+ . . .

. . .+
�
|[k(f−1)]||lk(f−1)(x)|− |[k(f)]||lk(f)(x)|

�
+
�
|[k(f)]||lk(f)(x)|− |[k�]||lk�(x)|

�

which by definition is bounded by

C(k, k(1)) +

f−1�

q=1

C(k(q), k(q+1)) + C(k(f), k�)
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and so

|[k]||lk(x)|− |[k�]||lk�(x)| � C(k, k(1)) +

f−1�

q=1

C(k(q), k(q+1)) + C(k(f), k�)

� (f + 1)Ĉ(a, b)

� n · Ĉ(a, b)

Similarly, |[k�]||lk�(x)|− |[k]||lk(x)| � (f+1)Ĉ(a, b) � n · Ĉ(a, b). Thus n · Ĉ(a, b)+1
is a suitable value for K(a, b).

Now we note that, without knowledge of the conjugator x, for all k, k� such that
X[k],d1

�X[k�],e1 is almost equal to an infinite orbit of a, the sets Sk,k� and Tk,k� are

computable, and so the constants C(k, k�) are also computable. Hence Ĉ(a, b) and
so K(a, b) are computable using only the elements a and b. �

We shall now show that, if a is conjugate to b in H∗
n(a), then there is a conjugator

x ∈ H∗
n(a) such that for all i ∈ I there exists a j ∈ I such that [j] ∼a [i] and

tj(x) = 0. This will allow us to use the previous proposition to bound |tk(x)| for all
[k] ∼a [j]. We will produce such a conjugator using an adaptation of the element
defined in [ABM13, Lem 4.6]. As with their argument, we again use Lemma 4.7,
which stated that if x ∈ G conjugates a to b then y ∈ G also conjugates a to b if
and only if there exists a c ∈ CG(a) such that cx = y.

Notation. Let g ∈ Hn � Sn and i ∈ I(g). Then Cg([i]) := {k | [k] ∼g [i]} ⊆ I(g).
This is the set of all k ∈ Zn corresponding to rays of Xn whose σg-class is related
to [i]g.

Definition 4.19. Let g ∈ Hn � Sn and fix an i ∈ I(g). Then g[i] is defined to
be equal to the product of all cycles of g∞ which have support almost equal to
X[j�],d1

(g) �X[j��],e1(g) where j�, j�� ∈ Cg([i]) and d1, e1 ∈ N.

An element g ∈ Sym(Xn) is in Hn � Sn if and only if there exists an isometric
permutation of the rays σ and an element h ∈ Hn such that g = hσ. Also, since
(Hn)π ∼= Zn−1 (where π : g �→ (t1(g), t2(g), . . . , tn(g))), we have for any choice of
a1, . . . , an−1 ∈ Z that there exists an h ∈ Hn with ti(h) = ai for all i ∈ Zn−1 and

tn(h) = −�n−1
s=1 ts(h).

Lemma 4.20. Let g ∈ Hn � Sn. For every i ∈ I, g[i] lies in CHn�Sn(g).

Proof. Fix an i ∈ I(g). By considering g[i] and g in Sym(Xn), the commutativity
follows since we are choosing disjoint cycles from g∞. Notice that we will only
choose finitely many disjoint cycles from g since it only has finitely many infinite
orbits. Thus supp(g[i]) and {(k,m) | k ∈ Ic(g),m ∈ N} have finite intersection. Let
[j] ∼g [i]. Then any infinite orbit of g containing a subset almost equal to X[j],d

(for any d ∈ N) will be an infinite orbit of g[i]. Thus if g[i] has an orbit almost equal
to X[i�],d�

1
�X[j�],e�1

for any i�, j� ∈ I(g) and some d�1, e
�
1 ∈ N, then for every d ∈ N

there is an orbit of g[i] containing a subset almost equal to X[i�],d and an orbit of
g[i] containing a subset almost equal to X[j�],d. Let (k,m) ∈ Xn with m � zk(g).
Then

(k,m)g[i] =

�
(k,m)g if [k] ∼g [i] and m � zk(g)
(k,m) otherwise.
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Now let h and σ satisfy

tk(h) :=

�
tk(g) if [k] ∼g [i]
0 otherwise

and (k,m)σ :=

�
(k,m)σg if [k] ∼g [i]
(k,m) otherwise.

Now, since h restricts to a bijection on Xn, we have that
�n

i=1 ti(h) = 0. Hence
we may choose h such that g[i] = hσ with h ∈ Hn and σ an isometric permutation
of the rays. �

An immediate consequence of this lemma is that for any g ∈ Hn�Sn, the element
(g[i])

|σg| is in CHn
(g).

Lemma 4.21. Let a, b ∈ Hn � Sn be conjugate by some x ∈ H∗
n(a). Then there

exists a conjugator x� ∈ H∗
n(a) which, for each i ∈ I, there is a j such that [j] ∼a [i]

and tj(x
�) = 0.

Proof. Let x ∈ H∗
n(a) conjugate a to b. From the definition of H∗

n(a), we have for
all i ∈ I that ti(x) ≡ 0 mod |ti(a|σa|)|. Thus there exist constants m1, . . . ,mn ∈ Z
such that, for all i ∈ I,

ti(x) = mi|ti(a|σa|)|.
Also recall that, for any i ∈ I, Ca([i]) := {k | [k] ∼a [i]}. The sets Ca([i]) partition
I. Let R(a) := {j1, . . . ju} ⊆ I be representatives of ∼a-classes (so that a∞ =�u

s=1 a[js]). Thus, for any given i ∈ I, there is a unique d ∈ {1, . . . , u} such that

[jd] ∼a [i]. Choose some j ∈ R(a) and consider

(a[j])
−|σa|mjx.

First, by Lemma 4.20, (a[j])
|σa| ∈ CHn(a). Moreover, (a[j])

|σa| ∈ H∗
n(a). Hence, for

any d ∈ Z, (a[j])|σa|d ∈ CH∗
n(a)

(a). We now note that

tj(a
−|σa|mj

[j] x) = 0

and that a
−|σa|mj

[j] x conjugates a to b by Lemma 4.7. Thus a suitable candidate for

x� is �

j∈R(a)

a
−|σa|mj

[j] x.

�
Recall that MI(a, b) was a number such that, if a, b ∈ Hn � Sn are H∗

n(a)-
conjugated, there exists an x ∈ H∗

n(a) which conjugates a to b and
�
i∈I

|ti(x)| <
MI(a, b).

Proposition 4.22. Let a, b ∈ Hn � Sn be H∗
n(a)-conjugated. Then a number

MI(a, b) is computable.

Proof. Let S(a) := {i1, . . . , iv} ⊆ I be representatives of I, so that
�

i∈S(a)[i] = I

and, for any distinct d, e ∈ Zv, we have [id] �= [ie] . We work for a computable
bound for {|li(x)| | i ∈ S(a)} since ti(x) = li(x)|t[i](a)| and the numbers |t[i](a)|
and |σa| are computable. Lemma 3.10 from Section 3.2 will then provide a bound
for |li(x)| for all i ∈ I. Proposition 4.18 says that there is a computable number
K(a, b) =: K such that for every i, j ∈ I where [i] ∼a [j], we have��|[i]||li(x)|− |[j]||lj(x)|

�� < K.
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By Lemma 4.21, we can assume that for any given i ∈ S(a), either ti(x) = 0 or
there exists a j ∈ I such that [j] ∼a [i] and tj(x) = 0. If ti(x) = 0, then we are
done. Otherwise,

��|[i]||li(x)|− |[j]||lj(x)|
�� < K ⇒

��|[i]||li(x)|
�� < K ⇒ |li(x)| <

K

|[i]| < K.

Continuing this process for each i ∈ S(a) (of which there are at most n) implies
that �

i∈S(a)

|li(x)| < nK.

We may then compute, using Lemma 3.10 from Section 3.2, a number K � such that
�

i∈I

|li(x)| < K �.

A suitable value for MI(a, b) is therefore K � ·max {|t[i](a)| : i ∈ I}. �
4.4. Showing that the numbers {yj(g, h) | j ∈ Ic} are computable. In this
section we will show, given any g, h ∈ Hn � Sn, numbers {yj(g, h) | j ∈ Ic(g)}
are computable such that if there exists an x ∈ H∗

n(g) which conjugates g to h,
then there is an x� ∈ H∗

n(g) which conjugates g to h such that ti(x
�) = ti(x) for

all i ∈ I(g) and tj(x
�) = yj(g, h) for all j ∈ Ic(g). From the previous section,

the number MI(g, h) is computable. From the arguments of Section 4.2, it is now
sufficient to show that such numbers {yj(g, h) | j ∈ Ic} are computable for any
g, h ∈ Hn � Sn in order to solve TCP(Hn) for any n � 2.

Note that the condition on elements to be in H∗
n(g) provides no restriction on

the translation lengths for the rays in Ic(g). This means that the arguments in this
section work as though our conjugator is in Hn.

From Section 3.1 we have that for any g ∈ Hn � Sn, any point (j,m) such that
j ∈ Ic(g) and m � zj(g) lies in an orbit of g of size |[j]|.
Notation. Let g ∈ Hn�Sn and r ∈ N. Then Icr(g) := {j ∈ Ic(g) | |[j]| = r}. Also,
we may choose j1r , . . . , j

u
r such that [j1r ]∪ [j2r ]∪ . . .∪ [jur ] = Icr(g) and [jkr ]∩ [jk

�
r ] = ∅

for every distinct k, k� ∈ Zu. We shall say that j1r , . . . , j
u
r are representatives of

Icr(g).

Lemma 4.23. Let g, h ∈ Hn � Sn and r ∈ N. If x1, x2 ∈ Hn both conjugate g to
h and j1r , . . . , j

u
r are representatives of Icr(g), then

u�

s=1

tjsr (x1) =

u�

s=1

tjsr (x2).

Proof. Fix an r ∈ N and let j1r , . . . , j
u
r be representatives of Icr(g). Let d, d� be

distinct numbers in Zu, [j
d
r ] := {k1, . . . , kr}, [jd

�
r ] := {k�1, . . . , k�r}, and let cjdr ,jd

�
r

∈
Sym(Xn) be defined by

(i,m)cjdr ,jd
�

r
:=





(i,m+ 1) if i ∈ [jdr ] and m � zi(g)

(i,m− 1) if i ∈ [jd
�

r ] and m � zi(g) + 1
(ke, zke

(g)) if i = k�e and m = zke� (g)
(i,m) otherwise.

Note that cjdr ,jd
�

r
∈ CHn(g). Thus, given x1, x2 ∈ Hn which both conjugate g to h,

it is possible to produce, by multiplying by an element of the centraliser which is a
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product of elements cj1r ,k (with k ∈ {j2r , . . . , jur }), elements x�
1, x

�
2 ∈ Hn which both

conjugate g to h and for which tjsr (x
�
1) = 0 = tjsr (x

�
2) for all s ∈ {2, . . . , u} and so

by Lemma 3.10, tj(x
�
1) = tj(x

�
2) for all j ∈ Icr(g) \ [j1r ]. By construction we then

have that

tj1r (x
�
1) =

u�

s=1

tjsr (x1) and tj1r (x
�
2) =

u�

s=1

tjsr (x2).

Now consider y := x�
1(x

�
2)

−1. By construction tj(y) = 0 for all j ∈ Icr(g) \ [j1r ]
since tj(x

�
1) = tj(x

�
2) for all j ∈ Icr(g) \ [j1r ]. Also tj(y) = tj1r (y) for all j ∈ [j1r ]

since y conjugates g to g (and so we also have that y ∈ CHn
(g)). If tj1r (y) �= 0,

then y contains an infinite cycle with support intersecting the branch j1r and a
branch jp ∈ Ic(g) \ Icr(g) so that |[jp]| = p �= r i.e. the infinite cycle contains
(j1r ,m1), (jp,m2) ∈ Xn. This means there exists an e ∈ Z such that (j1r ,m1)y

e =
(jp,m2). But then ye ∈ CHn

(g) and ye sends an r-cycle to an p-cycle where r �= p,
a contradiction. Hence for any x, x� ∈ Hn which both conjugate g to h,

u�

s=1

tjsr (x) =

u�

s=1

tjsr (x
�).

�
From this proof, the following is well defined.

Notation. Let g, h ∈ Hn � Sn, r ∈ N and j1r , . . . , j
u
r be representatives of Icr(g).

Then M{j1r ,...,jur }(g, h) denotes the number such that, for any x ∈ H∗
n(g) which

conjugates g to h,
�u

d=1 tjdr (x) = M{j1r ,...,jur }(g, h). Since we will fix a set of repre-

sentatives, we will often denote M{j1r ,...,jur }(g, h) by Mr(g, h).

Also from this proof, if g and h areHn-conjugated, then for any values y1, . . . , yu ∈
Z such that

�u
d=1 yd = M{j1r ,...,jur }(g, h), there exists an x ∈ H∗

n(a) which conju-
gates g to h with tjdr (x) = yd for all d ∈ Zu. We will show that one combination

{yd ∈ Z | d ∈ Zu} is computable in order to show, for any g, h ∈ Hn � Sn and any
r ∈ N, that Mr(g, h) is computable. The following will be useful for this. Recall
that for any g ∈ Hn � Sn, Z(g) := {(i,m) ∈ Xn | i ∈ Zn and m < zi(g)}.
Notation. Let g ∈ Hn�Sn and r � 2. Then ηr(g) :=

�� supp(gr
��Z(gr))

��/r denotes the
number of orbits of gr

��Z(gr) of length r. This is well defined since Lemma 4.3 states

that gr restricts to a bijection on Z(gr). Also, let η1(g) := Z(g) \ (supp(g
��Z(g)).

Since Z(gr) is finite for all r ∈ N, we have that ηr(g) is finite for all r ∈ N.

We now prove that, for any r ∈ N and any g, h ∈ Hn�Sn, the numbers Mr(g, h)
are computable. Within the proof we also choose the values for {yj(g, h) | j ∈ Ic(g)}
which we shall use, but note that any combination of values which sum to Mr(g, h)
would be suitable.

Lemma 4.24. Let g, h ∈ Hn�Sn, r ∈ N and j1r , . . . , j
u
r be representatives of Icr(g).

Then M{j1r ,...,jur }(g, h) is computable (using only the elements g and h).

Proof. For each r ∈ N, x must send the r-cycles of g to the r-cycles of h. First, we
fix an r ∈ N and let j1r , . . . , j

u
r be representatives of Icr(g). Consider the case where

ηr(g) = ηr(h) = 0 and g and h are conjugate by some x ∈ H∗
n(a). This means that

all of the r-cycles of g and h lie outside of Z(g) and Z(h) respectively. One way
for a potential conjugator to therefore act is to restrict to a bijection between the
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r-cycles of g on the ray jdr and the r-cycles of h on the ray jdr for each d ∈ Zn.
Thus suitable values for {yd(g, h) | d ∈ Zu} such that x ∈ Hn conjugates g to h
and tjdr (x) = yd(g, h) for all d ∈ Zu are given by:

yk(g, h) = zk(h)− zk(g) for all k ∈ {j1r , . . . , jur }.(19)

We now wish to generalise this. Given any g, h ∈ Hn�Sn which are Hn-conjugated,
let

yk(g, h) = zk(h)− zk(g) for all k ∈ {j2r , . . . , jur }.(20)

For each cycle in Z(gr), increase tj1r (x) by 1. Similarly, for each cycle in Z(hr),
decrease tj1r (x) by 1. This means that

yj1r (g, h) = zk(h)− zk(g) + ηr(g)− ηr(h).(21)

We work towards proving that the values for yk(g, h) defined in (20) and (21)
are suitable in 3 steps. First, consider if ηr(g) = ηr(h). This means that there
is a conjugator in FSym which conjugates gr

��Z(gr) to hr

��Z(hr) i.e. the eventual
translation lengths defined in (19) are sufficient. Second, consider if ηr(g) = ηr(h)+
d for some d ∈ N. In this case, first send ηr(g) − ηr(h) r-cycles in Z(gr) to those
in Z(hr). Then send the d remaining cycles in Z(gr) to the first d r-cycles on the
branches [j1r ] by increasing yj1r (g, h) by d. Finally, if ηr(g) = ηr(h) − e for some
e ∈ N, then send the ηr(g) r-cycles in Z(gr) to r-cycles in Z(hr) and then send
the first e r-cycles of g on the branches [j1r ] to the remaining r-cycles in Z(hr) by
decreasing yj1r (g, h) by e. With all of these cases, the values defined in (20) and
(21) are suitable. �
Proof of Theorem 1. From Remark 4.14 and Remark 4.15 of Section 4.2, TCP(Hn)
is solvable if, given a, b ∈ Hn � Sn, the numbers MI(a, b) and {yj(a, b) | j ∈ Ic}
are computable from only a and b. Thus, from the work of this section and the
previous section, TCP(Hn) is solvable. �

5. Applications of Theorem 1

Our strategy is to use [BMV10, Thm. 3.1]. We first set up the necessary notation.

Definition 5.1. Let H be a group and G�H. Then AG�H denotes the subgroup
of Aut(G) consisting of those automorphisms induced by conjugation by elements
of H i.e. AG�H := {φh | h ∈ H}.
Definition 5.2. Let G be a finitely presented group. Then A � Aut(G) is orbit
decidable if, given any a, b ∈ G, there is an algorithm which decides whether there
is a φ ∈ A such that aφ = b. If Inn(G) � A, then this is equivalent to finding a
φ ∈ A and x ∈ G such that x conjugates aφ to b.

The algorithmic condition in the following theorem means that certain compu-
tations for D,E, and F are possible. This is satisfied by our groups being given by
recursive presentations, and the maps between them being defined by the images
of the generators.

Theorem 5.3. (Bogopolski, Martino, Ventura [BMV10, Thm. 3.1]). Let

1 −→ D −→ E −→ F −→ 1

be an algorithmic short exact sequence of groups such that

(i) D has solvable twisted conjugacy problem,
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(ii) F has solvable conjugacy problem, and
(iii) for every 1 �= f ∈ F , the subgroup �f� has finite index in its centralizer

CF (f), and there is an algorithm which computes a finite set of coset rep-
resentatives, zf,1, . . . , zf,tf ∈ F ,

CF (f) = �f�zf,1 � · · · � �f�zf,tf .
Then, the conjugacy problem for E is solvable if and only if the action subgroup
AD�E = {φg | g ∈ E} � Aut(D) is orbit decidable.

Remark. For all that follows, the action subgroup AD�E is provided as a recursive
presentation where the generators are words from Aut(D).

5.1. Conjugacy for finite extensions of Hn. Note that when we say that B is
a finite extension of A we mean that A � B and that A is finite index in B. The
following is well known.

Lemma 5.4. If G is finitely generated and H is a finite extension of G, then H is
finitely generated.

Proposition 5.5. Let n � 2. If E is a finite extension of Hn, then CP(E) is
solvable.

Proof. Within the notation of Theorem 5.3, set D := Hn and F to be a finite group
so to realise E as a finite extension of Hn. Since F is finite, it is well known that
conditions (ii) and (iii) of Theorem 5.3 are satisfied (see, for example, [TC36]).
The main theorem of the previous section (Theorem 1) states that condition (i) is
satisfied. Thus CP(E) is solvable if and only if AHn�E = {φe | e ∈ E} is orbit
decidable. We note that AHn�E contains a copy of Hn (since Hn is centreless).
Moreover, it can be considered as a group lying between Hn and Hn � Sn. Hence
AHn�E is isomorphic to a finite extension of Hn, and so by Lemma 5.4 is finitely
generated. Thus AHn�E = �φe1 ,φe2 , . . . ,φek� where {e1, . . . , ek} is a finite generat-
ing set of E. From Lemma 3.7, given any g ∈ NSym(Xn)(Hn) ∼= Aut(Hn), we may
compute σg: the isometric permutation of the rays induced by g. Thus we may
compute �σei | i ∈ Zk� =: Eσ. Now, given a, b ∈ Hn, our aim is to decide whether
there exists φe ∈ AHn�E such that (a)φe = b. Since Inn(Hn) � AHn�E , this is
equivalent to finding a τ ∈ Eσ and x ∈ Hn such that (xτ)−1a(xτ) = b, which holds
if and only if x−1ax = τbτ−1.

Finally, since Eσ is finite (there are at most n! permutations of the rays), search-
ing for an x ∈ Hn which conjugates a to σebσ

−1
e for all σe ∈ Eσ provides us with a

suitable algorithm. Searching for such a conjugator can be achieved by Theorem 1
or [ABM13, Thm. 1.2]. �
5.2. Conjugacy for finite index subgroups of Hn. Recall that g2, . . . , gn were
elements of Hn such that gi: translates the first branch of Xn by 1; translates
the ith branch by -1; sends (i, 1) to (1, 1); and does not move any points of the
other branches (which meant that, if n � 3, then Hn = �gi | i = 2, . . . , n�). For
any given n � 2, the family of finite index subgroups Up � Hn were defined (for
p ∈ N) in [BCMR14] as follows. Note that FAlt(X) denotes the index 2 subgroup
of FSym(X) consisting of all even permutations on X.

Up := � FAlt(Xn), g
p
i | i ∈ {1, ..., n} �

Notation. Let A �f B denote that A has finite index in B.
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Let n � 3. If p is odd, then Up consists of all elements of Hn whose eventual
translation lengths are all multiples of p. If p is even, then Up consists of all elements
u of Hn whose eventual translations are all multiples of p and

u

n�

i=2

g
ti(u)
i ∈ FAlt(Xn)(22)

i.e. FSym(Xn) � Up if and only if p is odd. This can be seen by considering, for
some i, j ∈ Zn, the commutator of gpi and gpj . This will produce p 2-cycles which
will produce an odd permutation if and only if p is odd. If n = 2, then for all p ∈ N
all u ∈ Up � H2 will satisfy (22).

Lemma 5.6 (Burillo, Cleary, Martino, Röver [BCMR14]). Let n � 2. For every
finite index subgroup U of Hn, there exists a p � 2 with

FAlt(Xn) = U �
p < Up �f U �f Hn.

where U �
p denotes the commutator subgroup of Up.

Alternative proof. Let n � 2 and let U �f Hn. Thus FAlt∩U �f FAlt. Since FAlt
is both infinite and simple, FAlt � U . Let πn : Hn → Zn−1, g �→ (t2(g), . . . , tn(g)).
Thus (U)πn �f Zn−1 and so there is a number d ∈ N such that (dZ)n−1 � (U)πn

([(U)πn : Zn−1] is one such value for d). Choose this d to be minimal (so that if
d� < d then (d�Z)n−1 �� (U)πn). This means that for any k ∈ Zn \ {1} there exists
a u ∈ U such that tk(u) = −d, t1(u) = d, and ti(u) = 0 otherwise. Moreover, for
each k ∈ Zn \ {1} there is a σ ∈ FSym such that gdkσ ∈ U . First, let n � 3. Since
FAlt � U , we may assume that either σ is trivial or is a 2-cycle with disjoint support
from supp(gi). Thus (gdkσ)

2 = g2dk ∈ U . If n = 2, we may assume that σ is either
trivial or equal to ((1, s) (1, s + 1)) for any s ∈ N. Now, by direct computation,
gd2((1, 1) (1, 2))g

d
2((1, d+ 1) (1, d+ 2)) = g2d2 . Thus, for any n � 2,

�g2d2 , . . . , g2dn ,FAlt(Xn)� � U

Hence, if p := 2d, then Up � U . �
Remark. {(Up)πn | p ∈ N} are the congruence subgroups of Zn−1.

Now, given U �f Hn, our strategy for showing that CP(U) is solvable is as
follows. First, we show for all p ∈ N that TCP(Up) is solvable. Using Theorem 5.3,
we then obtain that all finite extensions of Up have solvable conjugacy problem.
By the previous lemma, we have that any finite index subgroup U of Hn is a finite
extension of some Up (note that Up�U since Up�Hn). This will show that CP(U)
is solvable.

TCP(Up) requires knowledge of Aut(Up). From [Cox16, Prop. 1], we have that
any group G for which there exists an infinite set X where FAlt(X) � G � Sym(X)
has NSym(X)(G) ∼= Aut(G) by the map ρ �→ φρ. From the proof of Lemma 5.6, we
have that any finite index subgroup of Hn contains FAlt(Xn). Thus, if U �f Hn,
then NSym(Xn)(U) ∼= Aut(U) by the map ρ �→ φρ. In fact we may show that a
stronger condition holds.

Lemma 5.7. If 1 �= N �Hn, then FAlt(Xn) � N .

Proof. We have that N ∩ FAlt(Xn)�Hn. Since FAlt(Xn) is simple, the only way
for our claim to be false is if N ∩ FAlt(Xn) were trivial. Now, N � Hn, and so
[N,N ] � FSym(Xn). Thus [N,N ] must be trivial, and so N must be abelian. But
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the condition for elements α,β ∈ Sym(Xn) to commute (that, when written in
disjoint cycle notation, either a power of a cycle in α is a power of a cycle in β or
the cycle in α has support outside of supp(β)) is not preserved under conjugation
by FAlt(Xn), and so cannot be preserved under conjugation by Hn i.e. N is not
normal in Hn, a contradiction. �
Remark. It follows that all Houghton groups are monolithic: each has a unique
minimal normal subgroup which is contained in every non-trivial normal subgroup.
The unique minimal normal subgroup in each case will be FAlt(Xn).

For any U �f Hn we now describe NSym(Xn)(U) in order to describe Aut(U).
For each U �f Hn, we will show that there exists an m ∈ N such that Um � U and
NSym(Xn)(U) � NSym(Xn)(Um). This will mean that Um is characteristic in U .

Proposition 5.8. Let n � 2 and U �f Hn. Then there exists an m ∈ N such that
Um � U and NSym(Xn)(U) � NSym(Xn)(Um).

Proof. Let n � 2 and U �f Hn. We first introduce notation to describe U .

Notation. For each i ∈ Zn, let Ti(U) := min{ti(u) | u ∈ U and ti(u) > 0}.
Furthermore for all k ∈ Zn, let T

k(U) :=
�k

i=1 Ti(U) and let T 0(U) := 0.

We will now introduce a bijection φU : Xn → XTn(U) which will induce a

monomorphism φ̂U : U → Sym(XTn(U)). Our bijection φU will send the ith branch

of Xn to Ti(U) branches in XTn(U). For simplicity let g1 := g−1
2 . Now, for any

i ∈ Zn and d ∈ N,

Xi,d(g
Ti(U)
i ) := {(i,m) | m ≡ d mod |ti(gTi(U)

i )|}
where |ti(gTi(U)

i )| = Ti(U) by the definition of gi.
Thus the ith branch of Xn may be partitioned into Ti(U) parts:

Xi,1(g
Ti(U)
i ) �Xi,2(g

Ti(U)
i ) � . . . �Xi,Ti(U)(g

Ti(U)
i ).

We will now define the bijection φU by describing the image under φU of all points

in each set Xi,d(g
Ti(U)
i ) where i ∈ Zn and d ∈ ZTi(U). Let (i,m) ∈ Xi,d(g

Ti(U)
i ).

Then

((i,m))φU :=

�
T i−1(U) + d,

m− d

Ti(U)
+ d

�

i.e. φU sends, for all i ∈ Zn and d ∈ ZTi(U), the ordered points of Xi,d(g
Ti(U)
i ) to

the ordered points of the (T i−1(U) + d)th branch of XTn(U). An example of this
bijection with n = T1(U) = T2(U) = T3(U) = 3 is given below.

We now describe the image of U under φ̂U . First, φ̂U preserves cycle type.

Thus FAlt(XTn(U)) � (U)φ̂U . Moreover FSym(XTn(U)) � (U)φ̂U if and only if
FSym(Xn) � U . Secondly, by construction, for each i ∈ ZTn(U) there exists a

g ∈ (U)φ̂U such that ti(g) = 1.

Notation. For any n ∈ N and any i ∈ Zn, let Ri := i × N, the ith branch of Xn

or XTn(U), and Qi := (Ri)φU , so that Qi consists of Ti(U) branches of XTn(U).

Using this notation we have that, for any g ∈ (U)φ̂U ,

if ti(g) = k, then tj(g) = k for all j such that Rj ⊆ Qi(23)
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The set Xn The set XTn(U)

Figure 2. Our bijection between Xn and XTn(U), which can be
visualised by rotating the rectangles 90 degrees clockwise.

i.e. for any u ∈ U and any i ∈ Zn, the eventual translation lengths of (u)φ̂ for the
branches in Qi must be the same.

We now describe NSym(XTn(U))((U)φ̂U ) =: G in order to describe NSym(Xn)(U).
Consider if ρ ∈ G sent an infinite subset of Ri ⊆ XTn(U) to infinite subsets of

Rj , Rj� ⊆ XTn(U) with j �= j�. Let g ∈ (U)φ̂U be chosen so that ti(g) = 1. Thus
g has an infinite cycle containing {(i,m) | m � zi(g)}. Conjugation by an element
τ ∈ Sym changes the support of a permutation exactly by τ i.e.

τ−1(1 . . . d)τ = ((1)τ . . . (d)τ).

Thus ρ−1gρ has an infinite cycle containing the set {(i,m)ρ | m � zi(g)}. Let
(i�,m�) = (i, zi(g))ρ. Then {(i�,m�)(ρ−1gρ)d | d ∈ N} has infinite intersection with
Rj and Rj� . But from the description of orbits of Hn in [ABM13], ρ−1gρ �∈ HTn(U)

and so (ρ−1gρ)φ̂−1
U �∈ U i.e. ρ �∈ G. Now imagine if (Ri)ρ and Rj had infinite

intersection but were not almost equal. Then there must be a k �= i such that
(Rk)ρ has infinite intersection with Rj . This is a contradiction since (Rj)ρ

−1 would
then have infinite intersection with Ri and Rk. Hence if (Ri)ρ and Rj have infinite
intersection (where i, j ∈ ZTn(U)), then (Ri)ρ and Rj are almost equal.

We now consider necessary and sufficient conditions on the branches of XTn(U)

for there to be a σ ∈ G which produces an isometric permutation of those branches.
Let us assume that σ is an isometric permutation of the rays and sends Rj ⊆ Qk

to Rj� ⊆ Qk� . If k = k� then for all g ∈ (U)φ̂U , tj(g) = tj�(g); hence all isometric
permutations of the branches in Qk will lie in G. If k �= k� then let g ∈ U be such
that tj(g) > 0, tj�(g) < 0, and ti(g) = 0 for all branches i in XTn(U) \ (Qk ∪Qk�).
Such an element exists by Lemma 5.6: there is a p ∈ N such that Up � U . Thus

tj�(σ
−1gσ) > 0 and so, by (23), if σ−1gσ ∈ (U)φ̂U then we must have for all

branches i� in Qk� that ti�(σ
−1gσ) > 0. From our choice of g, we may conclude

that Qk cannot contain fewer branches than Qk� . Similarly tj(σgσ
−1) < 0 and

so for all rays i in Qk, ti(σgσ
−1) < 0 meaning that Qk� cannot contain fewer

branches than Qk. Hence Qk and Qk� are of the same size and so we must have
that Tk(U) = Tk�(U).

Since the above arguments hold for any element of G which may permute the
branches of XTn(U), we may assume without loss of generality that ρ ∈ G sends

almost all of each branch to itself (by replacing ρ with ρσ−1
ρ if necessary). Since,

for each branch, ρ preserves the number of infinite orbits induced by g, we have
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for all i ∈ ZTn(U) and all g ∈ (U)φ̂U that ti(ρ
−1gρ) = ti(g). Fix a k ∈ ZTn(U)

and choose g ∈ Hn so that tk(g) = 1. Note that g−1ρgρ−1 ∈ FSym. Thus there
is a d ∈ N such that, for all m > d, (k,m)g−1ρgρ−1 = (k,m). For some m� > d,
consider if (m�)ρ = m� + s. There must be such an m� since ρ sends only finitely
many points of Ri to another branch. Without loss of generality we may assume
that s is positive (since we may replace ρ with ρ−1). Hence

(k,m� + 1)g−1ρgρ−1 = (k,m�)ρgρ−1 = (k,m� + s)gρ−1 = (k,m� + s+ 1)ρ−1.

But, from our assumptions, (k,m� + 1)g−1ρgρ−1 = (k,m� + 1). Hence

ρ : (k,m� + 1) �→ (k,m� + s+ 1)

i.e. ρ : (k,m) �→ (k,m + s) for all m � m�. Running this argument for each
i ∈ ZTn(U) we have for any ρ ∈ G that ρσ−1

ρ ∈ HTn(U). Note that HTn(U) � G,
since conjugation by elements of HTn(U) preserves cycle type and the eventual
translation lengths. Hence G � HTn(U) � STn(U).

To summarise, given U �f Hn, we first compute T (U) := (T1(U), . . . Tn(U)).
We have that

HTn(U) � (NSym(Xn)(U))φ̂U � HTn(U) � STn(U).

Moreover, we may produce a finite a generating set for the isometric permutations

of the rays of (NSym(Xn)(U))φ̂U by the following process.

i) Let i, j ∈ Zn so that

Qi =

Ti(U)�

s=1

Ris and Qj =

Tj(U)�

s=1

Rjs

for some branches {i1, i2, . . . , iTi(U), j1, j2, . . . , jTj(U)} of XTn(U). If Ti(U) =
Tj(U) (i.e. Qi and Qj contain the same number of branches of XTn(U)), then
define σ(Qi, Qj) to have support equal to Qi ∪ Qj and to swap the branches
is and js for all s ∈ ZTi(U) i.e. as a permutation of STn(U), σ(Qi, Qj) can be
thought of as

(i1 j1)(i2 j2) . . . (iTi(U) jTi(U)).

ii) Let i ∈ Zn so that

Qi =

Ti(U)�

s=1

Ris .

Then for any distinct d, e ∈ ZTi(U), define σ(Rid , Rie) to have support equal
to Rid ∪ Rie so that σ(Rid , Rie) swaps the branches Rid and Rie of Qi. Thus
σ(Rid , Rie) can be thought of as a transposition in STn(U) and by choosing
the appropriate generators of type (ii) one can produce, for any s ∈ Zn, any
permutation of the branches T s(U) + 1, . . . , T s+1(U).

Now consider the image of these elements under φ̂−1
U . For those of type (i) described

above, if Ti(U) = Tj(U) we have that there is an isometric permutation of the rays
of Xn which swaps the branches Ri and Rj and fixes all other branches. In order to

describe the action of elements of type (ii) under φ̂−1
U , we introduce some notation.

Notation. Let Yi,0(U) := {(i,m) | 1 � m � Ti(U)} and, for any s ∈ N, let

Yi,s(U) := {(i,m) | sTi(U) + 1 � m � (s+ 1)Ti(U)} = Yi,0(U)g
−sTi(U)
i .
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Thus Ri =
∞�
s=0

Yi,s(U) =
∞�
s=0

Yi,0(U)g
−sTi(U)
i . We then have that, for any i ∈ Zn

and permutation σ ∈ FSym(Xn) with support contained within Yi,0(U), there exists
an element uσ in NSym(Xn)(U) such that for every s ∈ N ∪ {0},

uσ

��Yi,s(U) = g
sTi(U)
i σg

−sTi(U)
i

i.e. uσ consists of the permutation σ on every set Yi,s(U).

Finally, note that for any standard generator gi ∈ HTn(U), supp((gi)φ̂
−1
U ) =

X1,1(g
Ti(U)
j ) �Xj,d(g

Ti(U)
j ) ⊆ Xn for some j ∈ Zn and d ∈ N.

Notation. Let G and H be groups and H act on a set X. Then G �X H denotes
the permutational wreath product with base B :=

�
x∈X Gx and head H.

For any m ∈ N and Um � Hn, we have that T (Um) = (m,m, . . . ,m). Thus the
sets {Qi | i ∈ Zn} are all of the same size and so

NSym(Xnm)((Um)φ̂Um
) = Hnm � (Sm � Sn).

Note that, for any s ∈ N, NSym(Xn)(Um) � NSym(Xn)(Ums). Now, given U �f Hn,
choose p ∈ N such that Up � U (this is possible by Lemma 5.6). We end by
showing that the generators of NSym(Xn)(U) all lie within NSym(Xn)(Up). First,
note that any isometric permutation of the rays of Xn lies in NSym(Xn)(Up). Sec-
ond, the permutations uσ introduced above lie in NSym(Xn)(Up) since for every
i ∈ Zn Ti(U) divides Ti(Up) and so for any i ∈ Zn there is an f ∈ N such that

Yi,0(Up) =
�f

s=0 Yi,s(U). Finally, for any standard generator gi ∈ HTn(U), we have

that (gi)φ̂
−1
U ∈ NSym(Xn)(Up), since Ti(U) divides Ti(Up) implies that there is a

j ∈ ZTn(Up) and an e ∈ N such that (gi)φ̂
−1
U = (gej )φ̂

−1
Up

. �

In our final section we will show that there exists an algorithm which, for any
n � 2, p ∈ N, and Hnp-conjugated a, b ∈ Hnp � Snp, decides whether a and b are

(Up)φ̂Up
-conjugated.

Proposition 5.9. Let n � 2, p ∈ N and Up � Hn. Then TCP(Up) is solvable.

Proof. Our aim is to produce an algorithm which, given a, b ∈ Up and φρ ∈ Aut(Up),
decides whether there exists an u ∈ Up such that (u−1)φρau = b i.e. u−1ρau = ρb.

Let φ̂ := φ̂Up
. Let us rephrase our question in (Up)φ̂:

u−1ρau = ρb

⇔ (u−1ρau)φ̂ = (ρb)φ̂

⇔ (u−1)φ̂(ρa)φ̂(u)φ̂ = (ρb)φ̂

where (ρa)φ̂, (ρb)φ̂ ∈ Hnp � Snp and (u)φ̂ ∈ (Up)φ̂ � Hnp from the proof of Propo-
sition 5.8. The algorithm for TCP(Hnp) in Section 4 may be used to produce a
conjugator x ∈ Hnp if one exists. Given such a x, Proposition 6.1 decides whether

there exists a y ∈ (Up)φ̂ which conjugates (ρa)φ̂ to (ρb)φ̂. �
Proposition 5.10. Let n � 2, p ∈ N, and Up � Hn. If E is a finite extension of
Up, then AUp�E is orbit decidable.
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Proof. Recall that for AUp�E = {φe | e ∈ E} to be orbit decidable, there must exist
an algorithm which decides, given any a�, b� ∈ Up, whether there exists a ψ ∈ AUp�E

such that

(a�)ψ = b�.(24)

Since Aut(Up) ∼= NSym(Xn)(Up), we may rewrite (24) as searching for an element
φρ ∈ Aut(Up) such that

(a�)φρ = b� and φρ ∈ AUp�E

i.e. searching for a ρ ∈ E such that ρ−1a�ρ = b�.
Now we rephrase this question using the map φ̂ := φ̂Up

:

(ρ−1)φ̂(a�)φ̂(ρ)φ̂ = (b�)φ̂.

Let a := (a�)φ̂, b := (b�)φ̂, and y := (ρ)φ̂. Thus a, b ∈ (Up)φ̂ � Hnp are known, and

y must be chosen to be any element in (E)φ̂ so that y−1ay = b. Recall that

Hnp � (E)φ̂ � Hnp � Snp.

As with the proof of Proposition 5.5, let Eσ := �σe | e ∈ (E)φ̂�. For each isometric
permutation of the rays τ ∈ Eσ, we may then decide whether there is an x ∈ Hnp

such that x−1ax = τbτ−1 by Theorem 1 or [ABM13, Thm. 1.2]. �
Proposition 5.11. Let n � 2 and Up �f G. Then CP(G) is solvable.

Proof. We again use [BMV10, Thm. 3.1]. G is a finite extension of Up by F , some
finite group. TCP(Up) is solvable by Proposition 5.9. AUp�G is orbit decidable by
Proposition 5.10. Hence CP(G) is solvable. �
5.3. Conjugacy for groups commensurable to Hn. Recall that A and B are
commensurable if and only if there exist NA

∼= NB with NA finite index and normal
in A and NB finite index and normal in B. Our aim is to prove Theorem 2, that,
for any n � 2 and any group G commensurable to Hn, CP(G) is solvable.

Proof of Theorem 2. Fix an n � 2 and let G and Hn be commensurable. Then
there is a U �f G,Hn. Let p ∈ N be chosen as in our proof of Lemma 5.6, so
that Up �f U . We therefore wish to show that Up � G so that we may apply
Proposition 5.11 to obtain that CP(G) is solvable. It is a well know result that if
A is characteristic in B and B is normal in C, then A is normal in C.

In the proof of Proposition 5.8 it is shown that NSym(Xn)(U) � NSym(Xn)(Up).
Hence every automorphism of U is an automorphism of Up (since if φρ ∈ Aut(U)
then φρ ∈ Aut(Up)). Thus Up is characteristic in U and so Up �G and G is a finite
extension of Up. �
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6. Computational results about centralisers in Hnp

Our main aim for this section is to prove the following. Recall, from Section 5.2,

that (Up)φ̂Up
� Hnp. For any U � Hnp, let t(U) := {t(u) | u ∈ U}.

Proposition 6.1. Let n � 2, p ∈ N, and a, b ∈ Hnp � Snp be Hnp-conjugated.
Then there is an algorithm which, given a, b ∈ Hnp � Snp and an x ∈ Hnp which

conjugates a to b, decides whether a and b are (Up)φ̂Up
-conjugated.

Our main tool will be Lemma 4.7, which stated that if x ∈ Hnp conjugates a
to b then y ∈ Hnp also conjugates a to b if and only if there exists a c ∈ CHnp

(a)
such that cx = y. From this lemma, if a and b are conjugate by x ∈ Hnp, then

a and b are (Up)φ̂Up -conjugated if and only if there is a c ∈ CHnp(a) such that

cx ∈ (Up)φ̂Up . When p is odd, FSym(Xnp) � (Up)φ̂Up , and so cx ∈ CHnp(a) if and

only if t(cx) ∈ t((Up)φ̂Up). Our first aim is to reduce to this case. More specifically

to prove, when p is even, that one can decide whether x(
�np

i=2 g
−ti(x)
i ) ∈ FAlt(Xnp)

and moreover one can decide whether CHnp
(a) contains an odd permutation.

Remark 6.2. If t(x) ∈ (2Z)n, then the condition x(
�np

i=2 g
−ti(x)
i ) ∈ FAlt(Xnp)

implies that x ∈ U2 = �g22 , . . . , g2np,FAlt(Xnp)�. This condition exactly captures
when an element, with suitable eventual translation lengths, lies in a subgroup U2d.

We will then work to decide whether there exists a c ∈ CHnp
(a) such that

t(cx) ∈ t((Up)φ̂Up
). We will do this by proving that there is an algorithm which,

given a ∈ Hnp � Snp, outputs a finite generating set for t(CHnp
(a)). To set the

scene we begin by briefly describing the structure of such centralisers.

6.1. A description of the structure of CHnp
(a) where a ∈ Hnp � Snp. It

is possible to develop structure theorems for CHnp
(a) for a ∈ Hnp � Snp using

the arguments from [JG15]. We will take more of a ‘local’ view since we wish to
describe a generating set for t(CHnp(a)). In order to do this, the key observation
is that elements of CHnp(a) conjugate a to a. Therefore, for each r ∈ N, they send
the r-cycles of a to the r-cycles of a. This means that any element of CHnp

(a)

decomposes are a product α(∞)
�

i∈N α(r) where

i) supp(α(∞)) ⊆ supp(a∞);
ii) supp(α(1)) ⊆ Xnp \ supp(a); and
iii) supp(α(r)) ⊆ supp(ar) for each r ∈ N \ {1}.
Importantly, we always have that α(∞) and {α(r) | r ∈ N} are all elements of Hnp.
This means that a suitable generating set for t(CHnp

(a)) consists of elements whose
support lies in exactly one of (i), (ii), or (iii) above. It may be immediately clear
that the elements cjr1 ,jr2 defined in Lemma 4.23 are suitable generators of t(CHnp

(a))
which have zero entries for each coordinate in I. We will give details in Section 6.3
below. The generators for t(CHnp(a)) which have zero entries for each coordinate
in Ic will be similar to the elements {a[i] | i ∈ I} (see Definition 4.19, Section
4.3). An idea of what is meant by ‘similar’ is best given by an example. Consider
if a = g52 ∈ H2. Then a[1] = a[2] = g52 . But CH2(a) = �g2�, so that g2 may be

considered as a ‘root’ of g52 . The main aim of Section 6.3 will be to prove that such
‘roots’ are suitable to provide our generating set and are computable from only the
element a.
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6.2. Reducing the problem to showing that t(CHnp
(a)) is computable. Let

p be even and let a, b ∈ Hnp � Snp be conjugate by x ∈ Hnp. Our first aim is

to decide whether or not x(
�np

i=2 g
−ti(x)
i ) ∈ FAlt(Xnp). This follows immediately

from the solution to WP(Hn) in [ABM13, Lem 2.1], since this states that for any
g ∈ Hnp, a finite set is computable such that each point outside of this set is either

fixed by g, or lies in an infinite orbit of g. Since x(
�np

i=2 g
−ti(x)
i ) ∈ FSym(Xnp) by

construction, we may use their lemma to determine the cycle type of this element.
We now need to be able to decide whether there exists a c� ∈ CHnp

(a) such that
c� ∈ FSym(Xnp) \ FAlt(Xnp).

In order to decide whether such a c� exists consider, for our given a ∈ Hnp�Snp,
whether there are any branches j ∈ Ic. If so, either |[j]| is odd or even. If |[j]| is
even, then we have that the first |[j]|-cycle on this branch is a finite order element
of the centraliser which lies in FSym(Xnp)\FAlt(Xnp). Alternatively if |[j]| is odd,
then the element that permutes only the first two |[j]|-cycles of the branches [j]
provides an element of the centraliser which lies in FSym(Xnp) \ FAlt(Xnp). If
there are no such branches (i.e. if I = Znp), then from Section 3.1, all of the finite
permutations of a lie inside a finite subset of Xnp. This set is also computable (by
again using [ABM13, Lem 2.1] or by computing the numbers z1(a), . . . , znp(a) using
Lemma 3.7). We may therefore search for an odd permutation within this set to
decide whether there is a c� ∈ CHnp(a)∩

�
FSym(Xnp)\FAlt(Xnp)

�
. An even length

cycle in Z(a) will be a suitable candidate for c�, and if there are two m-cycles in
Z(a), then the element which permutes these two cycles is also a possible candidate.
Since, for every r ∈ N, centralisers must restrict to a bijection on r-cycles, it is
exactly in these specific circumstances that CHnp

(a) ∩
�
FSym(Xnp) \ FAlt(Xnp)

�

is empty i.e. the case where p is even, I = Znp, there are no even length cycles in
Z(a), and for each odd number m � 1 there is at most one cycle of length m in
Z(a).

We now prove that producing a finite generating set for t(CHnp(a)) is sufficient to
produce an algorithm for Proposition 6.1. Let {δ1, . . . , δe} denote a finite generating
set of t(CHnp

(a)), and let δ̂1, . . . , δ̂e ∈ CHnp
(a) be chosen such that t(δ̂j) = δj

for each j ∈ Ze. We will show that such elements are computable from only
a. Let x ∈ Hnp conjugate a to b. For now let us also assume that there is a
c� ∈ CHnp(a)∩

�
FSym(Xnp)\FAlt(Xnp)

�
. Deciding whether there is a c ∈ CHnp(a)

such that t(cx) ∈ t((Up)φ̂Up) is equivalent to finding powers αi of the generators
δi ∈ Zn such that

t(x) +

e�

i=1

αiδi ∈ t((Up)φ̂Up
).(25)

Hence we must decide whether there are constants {a1, . . . , an−1} and {α1, . . . ,αe}
such that

t(x) +

e�

i=1

αiδi = (a1 . . . a1 a2 . . . a2 . . . . . . an . . . an)
T , where an := −

n−1�

i=1

ai.(26)

Viewing this as np linear equations, if this system of equations has a solution, then
an element c of CHnp

(a) exists such that cx = y ∈ Hnp where y conjugates a to b and

t(y) ∈ t((Up)φ̂Up
) (so that y ∈ (Up)φ̂Up

). If this system of equations has no solution,
then no such c exists and so there is no conjugator y of a and b such that t(y) ∈
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t((Up)φ̂Up
) (so that there also cannot be a conjugator of a and b in (Up)φ̂Up

). We

now deal with the case where there is no c� ∈ CHnp
(a)∩

�
FSym(Xnp)\FAlt(Xnp)

�
.

Note that, from above it is decidable whether or not such a c� exists.

Notation. Let sgn: FSym → {0, 1} be the sign function for FSym, so that the

preimage of 0 is FAlt. Also, let ξ : Hnp → {0, 1}, h �→ sgn(h(
�np

i=2 g
−ti(h)
i )).

We must then include the equation

ξ(x) +

e�

j=1

αjξ(δ̂j) ≡ 0 mod 2(27)

which ensures that for the chosen c ∈ CHnp(a) we have ξ(cx) = 0 i.e. cx ∈ (Up)φ̂Up .
From these assumptions, our choice of generating set is arbitrary: if h, h� ∈ CHnp(a)

satisfy t(h) = t(h�), then we must have that h−1h� ∈ FAlt(Xnp), since otherwise
CHnp(a) ∩

�
FSym(Xnp) \ FAlt(Xnp)

�
would be non-empty.

By writing these equations as a matrix equation we may compute the Smith
normal form and so decide whether or not the equations have an integer solution
(see, for example, [Laz96]).

6.3. Producing a finite generating set for t(CHnp
(a)). Recall that, for any

i ∈ Zn, the set Qi was defined to be the image of the ith branch of Xnp under the

bijection φUp
(which induced the homomorphism φ̂Up

). If u ∈ (Up)φ̂Up
, then for

all i ∈ Zn and for all k, k� ∈ Qi we have that tk(u) = tk�(u). We first describe the
possible eventual translation lengths of CHnp

(a). Note, for any p ∈ N, that

t((Up)φ̂Up) =



(a1 . . . a1� �� �

p

a2 . . . a2� �� �
p

. . . an . . . an� �� �
p

)T

������
a1, . . . , an−1 ∈ Z, an = −

n−1�

i=1

ai



 .

Our aim for this section is now to show that a finite generating set for t(CHnp
(a))

is computable from only a. Our generators of CHnp
(a) will either act on rays in

I or in Ic. We will first prove the elements defined in Lemma 4.23 are suitable
generators of t(CHnp(a)) which have zero entries for each coordinate in I. We will
then show that the other generators are computable from only a.

For all r ∈ N, any g ∈ CHnp
(a) restricts to a permutation of the r-cycles of a.

Thus if |[k]a| = 1 and tk(a) = 0, let X := {(k,m) | m � zk(a)}. We then have that

FSym(X) � CHnp(a).

If k� �= k also has |[k�]| = 1 and tk�(a) = 0, let X � := {(k�,m) | m � zk�(a)}.
Note that ck,k� (defined within the proof of Lemma 4.23 in Section 4.4) and the
transposition µ with support {(k, zk(a)), (k�, zk�(a)} lie within CHnp

(a). Moreover
�ck,k� , µ� is a group isomorphic to H2. In general, if |{j : |[j]| = 1 and j ∈ Ic}| = p,
then there are elements of CHnp(a) which generate a group isomorphic to Hp and
each element has support contained within the fixed points of a. Similar arguments
work (for any r ∈ N) for the r-cycles of a. Recall that Icr(g) := {j ∈ Ic(g) | |[j]| = r}.
If |Icr(g)| = p, then there are elements of CHnp

(a) which generate a group isomorphic
to Hq where q = p/r. The factor 1/r occurs since elements of CHnp(a) must restrict
to a bijection of the r-cycles of a and so if |[j]| = r and t[j](a) = 0 then, for any

m � zj(a), where (j,m) is sent by a defines where (j,m)ad must be sent for all
d ∈ Z|[j]|.
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Let Λj(a) := {(k,m) | k ∈ [j] and m � zj(a)}. For each r ∈ N, if there
are j, j� ∈ Icr(a) with [j] �= [j�], then we shall have generators of t(CHnp(a)) with
support almost equal to

Λj(a) � Λj�(a).

The element cj,j� is a suitable candidate for such a generator. Recall that cj,j� has
tk(x) non-zero for exactly 2|[j]| entries, corresponding to the branches [j] � [j�].
Choosing representatives j1r , . . . , j

u
r for the classes of Icr , we note that all of the

elements of

{cjdr ,jd�r
| d, d� ∈ Zu where d and d� are distinct} =: Θr

lie in CHnp
(a) and that no two elements of this set have the same image under t.

Finally we note that, if j ∈ Icr(a) and j� ∈ Icr�(a) with r �= r�, then for all
m � zj(a) and m� � zj�(a), no element of CHnp(a) may have an infinite cycle with
support containing (j,m) and (j�,m�) as centralisers in Sym must send r-cycles to
r-cycles. Thus generators of t(CHnp

(a)) with zero entries in I are given by

t(
�

r∈N
Θr)(28)

which is computable since for almost all r ∈ N, we have that Icr(a) = ∅.
We now work towards showing that our generators of t(CHnp(a)) with zero entries

in Ic are computable. We start by showing that they have a ‘similar’ form to the
elements {a[i] | i ∈ I}.
Lemma 6.3. Let g ∈ CHnp

(a) and i ∈ I. If ti(g) �= 0, then tj(g) �= 0 for all
[j] ∼a [i].

Proof. The proof is similar to that of Lemma 4.20. Fix an i ∈ I. Recall [i] ∼a [j] if

and only if there exist i(1), i(2), . . . , i(q) ∈ I and d
(0)
1 , d

(1)
1 , . . . , d

(q)
1 , e

(1)
1 , . . . , e

(q)
1 , e

(q+1)
1

such that for all p ∈ Zq−1 each one of the sets

X
[i],d

(0)
1

∪X
[i(1)],e

(1)
1
, X

[i(p)],d
(p)
1

∪X
[i(p+1)],e

(p+1)
1

, and X
[i(q)],d

(q)
1

∪X
[j],e

(q+1)
1

(29)

is almost equal to some infinite orbit of a. Also, if g ∈ CSym(Xnp)(a) then where g

sends a point (i,m) ∈ Xnp defines where g must send the points {(i,m)ad | d ∈ Z}.
Hence if g ∈ CHnp(a) and ti(g) �= 0, then g must act non-trivially on all of the

orbits with infinite intersection with the ith branch of Xnp, and hence must act
non-trivially on the orbit of a almost equal to X

[i],d
(0)
1

∪X
[i(1)],e

(1)
1
. This means that

ti(1)(g) must be non-zero and so g must act non-trivially on all orbits of a with
infinite intersection with the branch i(1). Thus g must also act non-trivially on
the orbit X

[i(1)],d
(1)
1

∪ X
[i(2)],e

(2)
1
. Continuing in this way we have that g must act

non-trivially on any orbit of a which is almost equal to one of those in (29). Thus
tj(g) �= 0, as required. �
Remark 6.4. Let i ∈ I. Consider if g, h ∈ CHnp(a) are such that ti(g), ti(h) �= 0.
The previous lemma states that for all [j] ∼a [i], tj(g) and tj(h) are non-zero. Let

g̃ := t(g[i]) and h̃ := t(h[i]). Note that g̃, h̃ ∈ t(CHnp
(a)). We then have that g̃, h̃

are linearly dependent. For assume they were not. Then there exist d, e ∈ Z \ {0}
such that the ith coordinate of dg̃+eh̃ is zero, but for some [k] ∼a [i] we would have

that the kth coordinate of dg̃ + eh̃ is non-zero, contradicting the previous lemma.
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Recall that, for any i ∈ I(g), Cg([i]) := {k | [k] ∼g [i]}. We may impose an
ordering on these sets by saying that Cg([i]) is less than Cg([j]) if and only if

min(Cg([i])) < min(Cg([j])).

Denote this ordering by <̂. Let Cg([i
1]) be the smallest set under <̂, and then

choose i2, . . . , ie such that

Cg([i
1])<̂Cg([i

2])<̂ . . . <̂Cg([i
e]) and

e�

d=1

Cg([i
d]) = I(g).(30)

In the following lemma we will show that particular generators of t(CHnp(a)) are
computable. We will denote these by γf , with f ∈ Ze. Each γf ∈ CHnp(a) will
satisfy

i) tif (γf ) ∈ N;
ii) tif (γf ) is minimal i.e. for any g ∈ CHnp

(a), tif (γf ) divides |tif (g)|;
iii) for all k �∈ Cg([i

f ]), tk(γf ) = 0;
iv) γf only consists of infinite cycles i.e. γf = (γf )∞.

Note that, from Remark 6.4, if g ∈ CHnp(a), then t(g[if ]) = d · t(γf ) for some d ∈ Z
(since they are linearly dependent and tif (γf ) is minimal). We shall now show, for
all f ∈ Ze and for all k ∈ Cg([i

f ]), that the numbers tk(γf ) are computable, which
will mean that {t(γf ) | f ∈ Ze} is computable.

Lemma 6.5. Let a ∈ Hnp � Snp be given as a word in the standard generating
set described in Lemma 3.1 and i1, . . . , ie be chosen as in (30) above. Then there
is an algorithm which takes this word and outputs a set of elements {γf | f ∈ Ze}
satisfying the properties above.

Proof. Fix an f ∈ Ze. We first note, for all k ∈ Ca([i
f ]), that |tk(γf )| � |tk(a|σa|

[if ]
)|.

This is because (a[if ])
|σa| ∈ CHnp

(a) by Lemma 4.20 and that tif (γf ) must be

minimal (condition (ii) above). Thus, for all k ∈ Ca([i
f ]),

|tk(γf )| � |tk(a|σa|
[if ]

)| = |tk(a|σa|)| = |σa|
|[k]| · |t[k](a)| � |σa| · |t[k](a)|(31)

where |σa| · |t[k](a)| is computable by Lemma 3.7. Secondly, for all k ∈ Ic, we have
that tk(γf ) = 0. Thus for all j ∈ Ic we have that zj(γf ) is bounded by zj(a).

We shall now show that, for each k ∈ I, zk(γf ) � zk(a) + |tk(γf )|. Since we
showed above that |tk(γf )| is bounded above by |σa| · |t[k](a)|, we will then have
that zk(a) + |σa| · |t[k](a)| is a computable upper bound for zk(γf ).

Recall that Lemma 3.10 states that if a, b ∈ Hnp � Snp are conjugate by some
x ∈ Hnp, then for each class [i] = {i1, . . . , iq} there is a formula for tis(x) for all
s ∈ Zq given by

tis(x) = ti1(x) +

s−1�

r=1

(tir (ωb)− tir (ωa)).

Thus, since elements of CHnp(a) conjugate a to a, if g ∈ CHnp(a) and i ∈ I, then
for all i�, i�� ∈ [i], we have that ti�(g) = ti��(g).

Let k ∈ I. We shall now assume, for a contradiction, that zk(γf ) is minimal and
that zk(γf ) > zk(a) + |tk(γf )|. Since γf ∈ CHnp

(a), we have

(i,m)aγf = (i,m)γfa for all (i,m) ∈ Xnp.(32)
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We may assume that t[k](a) > 0, since replacing a with a−1 yields a proof for when
t[k](a) < 0. Let m > zk(a) + |tk(γf )|. Note that

(k,m)a−|[k]|γf = (k,m− t[k](a))γf

and also that

(k,m)a−|[k]|γf = (k,m)γfa
−|[k]| = (k,m+ tk(γf ))a

−|[k]| = (k,m− t[k](a) + tk(γf )).

Thus (k,m− t[k](a))γf = (k,m− t[k](a)+ tk(γf )), which contradicts the minimality
of zk(γf ).

We now show that t(γf ) is computable. From (31) above, tif (γf ) � |σa|·|t[if ](a)|.
Therefore we must decide whether there is a g ∈ CHnp

(a) with

tif (g) = s for some s ∈ {1, . . . , |σa| · |t[k](a)|− 1}.
Starting with s = 1 (since we want to find a g ∈ CHnp(a) with tif (g) minimal)

define γ
(s)
f to be the partial bijection

(if ,m)γ
(s)
f := (if ,m+ s) for all m � zk(a) + |σa| · |t[k](a)|(33)

which defines the action of γ
(s)
f on almost all points in the ray if (using our bound

for zk(γf )). This is so that γ
(s)
f will satisfy condition (ii) above. We also want γ

(s)
f

to be in the centraliser of a. Hence, for all (i,m) ∈ Xnp, γ
(s)
f must satisfy,

(i,m)aγ
(s)
f = (i,m)γ

(s)
f a and (i,m)a−1γ

(s)
f = (i,m)γ

(s)
f a−1.(34)

Deciding if there exists a g ∈ CHnp(a) with tif (g) = s is therefore achieved if one

can decide whether there is an element γ
(s)
f ∈ Hnp satisfying (33) and (34).

From (34), if the image of (i�,m�)γ(s)
f is known, we may compute (i�,m�)γ(s)

f a

to determine where γ
(s)
f sends (i�,m�)a. This is because γ

(s)
f must send (i�,m�)a

to (i�,m�)γ(s)
f a. Similarly we may compute (i�,m�)γ(s)

f a−1 to determine where γ
(s)
f

sends (i�,m�)a−1. Iterating this process, we obtain how γ
(s)
f permutes all points

{(i�,m�)ad | d ∈ Z}. Recall that we have bounded zk(γf ) for all k ∈ Znp, and so

it is enough to define γ
(s)
f on a finite subset of Xnp i.e. on all points (i,m) where

m � zi(γf ) + ti(γf ). From (33), the image of almost all points {(if ,m) | m ∈ N}
under γ

(s)
f have been defined. Also, for all i ∈ [if ] we have that ti(γ

(s)
f ) = tif (γ

(s)
f ),

and so the image of almost all points {(i,m) | i ∈ [if ] and m ∈ N} under γ
(s)
f

has been defined. From Lemma 6.3, we have that tk(γf ) �= 0 for all k such that

[k] ∼a [if ]. Using (34) we may determine how γ
(s)
f permutes points on every orbit

of a[if ] with subset almost equal to X[if ],d1
for each d1 ∈ N. Each of these orbits of

a will be almost equal to X[if ],d1
�X[j],e1 for some [j] ∼a [if ] and e1 ∈ N. For each

j we have therefore defined tj(γ
(s)
f ) and so by using (34) again, we may define γ

(s)
f

on any orbit of a[if ] with subset almost equal to X[j],d�
1
for all d�1 ∈ N. Continuing

in this way (as we did within the proof of Lemma 6.3) will define γ
(s)
f for almost all

points of every branch j such that [j] ∼a [if ]. For each choice of s, we may decide

if there exist constants tk(γ
(s)
f ) such that for all k ∈ Znp and m in

{zk(a) + |σa| · |t[k](a)|, . . . , zk(a) + |σa| · |t[k](a)|+ tk(γ
(s)
f )− 1},

������� ��������� �� ���������� ������ ��



γ
(s)
f satisfies (k,m)γ

(s)
f = (k,m + tk(γ

(s)
f )). From the way that γ

(s)
f has been

constructed, we must have that tj(γ
(s)
f ) = 0 for all [j] �∼a [if ] meaning that γ

(s)
f

will satisfy condition (iii) above. It will also satisfy tk(γ
(s)
f ) < |σa| · |t[k](a)| for all

[k] ∼a [if ]. It is then decidable whether the finite number of equations defining the

action of γ
(s)
f produce a bijection from

{(i,m) | i ∈ Znp and m < zi(a) + |σa| · |t[i](a)|}
to {(i,m) | i ∈ Znp and m < zi(a) + |σa| · |t[i](a)|+ ti(γ

(s)
f )}

and so it is decidable whether the equations defining γ
(s)
f produce a bijection on

Xnp i.e. whether γ
(s)
f ∈ Sym(Xnp). If so, γ

(s)
f ∈ Hnp since we have constructed the

equations which an element of Sym(Xnp) satisfies if and only if it is an element in

Hnp. Note that, when the process can be completed, the element γ
(s)
f ∈ CHnp

(a)

satisfies supp(γ
(s)
f ) = supp(a[if ]), meaning that γ

(s)
f satisfies condition (iv) above.

The smallest s for which this process produces an element inHnp will be the element
γf . Hence the vectors {t(γp) | p ∈ Ze} are computable. �
Proof of Proposition 6.1. Given a ∈ Hnp�Snp, we may compute a finite generating
set for t(CHnp(a)) by computing the sets {t(γp) | p ∈ Ze} (using the previous
lemma) and t(

�
r∈N Θr) (which was labelled (28) above).

From Section 6.2, we may use these values to decide if there is a conjugator in

(Up)φ̂Up
by the solvability of equation (26) and, under certain computable circum-

stances, equation (27). �
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A NOTE ON THE R∞ PROPERTY FOR GROUPS

FAlt(X) � G � Sym(X)

CHARLES GARNET COX

Abstract. For any group G, let Ĝ � Sym(G) be obtained by the regular
action of G on itself. In this note we show, for any infinite group G (of any

cardinality) that H := �Ĝ,FAlt(G)� has the R∞ property. Also, if G is finitely
generated, then we show that all groups commensurable to H have the R∞
property. As a corollary, we obtain that any countable group G embeds into

a group H such that all groups commensurable to H have the R∞ property.
We also have a result for the Houghton groups, which are a family of groups

we denote Hn, where n ∈ N. We show that, given any n ∈ N, any group

commensurable to Hn has the R∞ property.
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1. Introduction

The notion of twisted conjugacy and its relationship to fixed point theory has
attracted significant attention. For any group G and any φ ∈ Aut(G), we say that
two elements a, b ∈ G are φ-twisted conjugate (denoted a ∼φ b) if there exists an
x ∈ G such that

(x−1)φax = b.(1)

Notice that when φ = idG this becomes the equation for conjugacy. Now, given any
φ ∈ Aut(G), define the Reidemeister number of φ, denoted R(φ), to be the number
of φ-twisted conjugacy classes in G. Thus R(idG) records the number of conjugacy
classes of G and deciding whether this is infinite has been studied for some time
(e.g. [HNN49] where an infinite group with R(idG) finite was constructed). We say
that G has the R∞ property if R(φ) = ∞ for every φ ∈ Aut(G).
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Notation. For a non-empty set X, let Sym(X) denote the group of all permuta-
tions of X. Furthermore, let FSym(X) denote the group of all permutations of X
with finite support, and let FAlt(X) denote the group of all even permutations of
X with finite support.

A first example one may consider for the R∞ property is Z. Although this has
infinitely many conjugacy classes, the only non-trivial automorphism has Reide-
meister number 2. Similarly, for any m ∈ N := {1, 2, . . .}, the automorphism ψ of
Zm which sends a to a−1 for all a ∈ Zm has Reidemeister number 2m. In [JLS14]
and [GP14] however, the family of Houghton groups, which (for any n ∈ N) are
denoted Hn, act on {1, . . . , n}×N =: Xn, and which lie in the short exact sequence

1 −→ FSym(Xn) −→ Hn −→ Zn−1 −→ 1

were shown to have the R∞ property. In this note we start with a simpler, more
general proof of their theorem, and then develop this to a large family of groups.

Definition. A groupG fully contains FAlt if there is an infinite setX and monomor-
phism Θ : G �→ Sym(X) such that FAlt(X) � (G)Θ. If FAlt(X) � G � Sym(X),
then we shall say that G fully contains FAlt(X).

Note that any Houghton groupHn fully contains FAlt(Xn), but let us justify that
this is a large class of groups. For any infinite group G, we have that G � Sym(X)
for some X (with the possibility that X = G since G can always be embedded into
Sym(G) using a regular representation of G). Then �G,FAlt(X)� fully contains
FAlt(X). A natural question is then whether �G,FAlt(X)� has the R∞ property.
We are able to make some progress with this question. We first answer it positively
for the case when G is torsion i.e. we show that �G,FAlt(X)� has the R∞ property
for any torsion group G. We then show a surprisingly general result. For any infinite
group G (of arbitrary cardinality) we show that �Ĝ,FAlt(G)�, where Ĝ � Sym(G)
is the regular representation of G, has the R∞ property. Let us now summarise the
route which this note takes and the results we obtain.

Note that if G fully contains FAlt(X), then G is centreless and is not residually
finite (since for any infinite set X, FAlt(X) is not residually finite). Also, given
any infinite set X, any group G fully containing FAlt(X) will have FAlt(X) as
a normal subgroup. Thus, unless G = FAlt(X), G will not be simple. We first
investigate such groups, with an emphasis on describing their automorphism group
so to approach twisted conjugacy.

Definition. A group G is monolithic if it has a non-trivial normal subgroup that
is contained in every non-trivial normal subgroup of G i.e. if it has a minimal
non-trivial normal subgroup.

Let NSym(X)(G) denote the normaliser of G in Sym(X).

Proposition 1. (Lem. 2.1, Prop. 2.2). Let G fully contain FAlt(X). Then
FAlt(X) is characteristic in G, Aut(G) ∼= NSym(X)(G), and G is monolithic.

We then work with arguments using cycle type (using that the conjugacy classes
of Sym(X) are well know: each consists of all elements of the same cycle type).

Definition. Let g ∈ Sym(X). Then an orbit of g is {xgd | d ∈ Z} where x ∈ X.
Also, g has an infinite orbit if there is a y ∈ X such that {ygd | d ∈ Z} is infinite.

�� � ���� �� ��� R∞ �������� ��� ������ FAlt(X) � G � FSym(X)



Proposition 3.2. Let G fully contain FAlt(X). If for every ρ ∈ NSym(X)(G),
there is an s ∈ N such that ρ has finitely many orbits of size s, then G has the R∞
property.

From the structure of Aut(Hn), where Hn denotes the nth Houghton group,
Proposition 3.2 immediately yields that, for any n ≥ 2, Hn has the R∞ property.

Corollary 3.4. Let G fully contain FAlt(X). If for every g ∈ G, g does not have
an infinite orbit, then G has the R∞ property.

Clearly torsion groups satisfy Corollary 3.4.

Corollary 3.5. Let G be an infinite torsion group which fully contains FAlt. Then
G has the R∞ property.

This means that any torsion group T can be embedded into an infinite torsion
group (of any cardinality greater than or equal to |T |) which has the R∞ property.
It is in fact easy to construct an uncountable family of such groups.

Corollary 3.7. There exist uncountably many countable torsion groups which have
the R∞ property.

Focusing our attention towards actions satisfying (2) provides a stronger result.
Note that this condition applies to the regular representation of any group.

For all g ∈ G � Sym(X), if g has an infinite orbit, then

all but finitely many points in X lie in an infinite orbit of g.
(2)

Theorem 5.2. Let G satisfy condition (2) and fully contain FAlt(X). Then G has
the R∞ property.

In the final section we focus on results relating to commensurable groups.

Lemma. Let G be a finitely generated group. If G and all finite index subgroups of
G have the R∞ property, then all groups commensurable to G have the R∞ property.

Condition (2) is preserved under taking subgroups. We therefore obtain.

Corollary 6.5. Let G satisfy condition (2) and fully contain FAlt(X). Then all
groups commensurable to G have the R∞ property.

We show that if G � Sym(X) satisfies condition (2), then so does �G,FAlt(X)�,
and so obtain Corollary 5.3 using the following proposition. Note that, from [Fel10,
Thm 3.3], a similar result to Corollary 5.3 can be obtained.

Proposition. [HO15, Prop 5.13] For every finitely generated infinite group Q,
there exists a finitely generated group G such that FSym(N) � G � Sym(N) and
G/FSym(N) ∼= Q.

Corollary 5.3. Let G be any countably infinite group. Then there exists a group
H which

i) contains an isomorphic copy of G;
ii) is finitely generated;
iii) has the R∞ property, and all groups commensurable to H also have the R∞

property.
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In [GK10], sigma theory is used to prove (for certain groups G) the existence
of a finite index subgroup of Aut(G) which has the R∞ property. Our final result
is that, for the Houghton groups, in fact all commensurable groups have the R∞
property. We do this by using Proposition 3.2.

Theorem 6.6. Let n ∈ N. If G is any group commensurable to Hn, the nth

Houghton group, then G has the R∞ property.

A few conventions will be used throughout this note:

i) we shall always work with right actions;
ii) unless specified, X will refer to an infinite set;
iii) we shall always consider elements to be written in disjoint cycle notation;
iv) for all of the results in this note, the same proofs can be used if FAlt is replaced

with FSym.

Remark. Let g ∈ Sym(X). We shall say ‘a cycle of g’ to refer, for some x ∈ X, to
an orbit {xgd | d ∈ Z}. If there is an x ∈ X such that this set is infinite, then this is
an infinite cycle of g and g contains an infinite cycle. If there is an x ∈ X such that
this set has cardinality r, then this is an r-cycle of g and g contains an r-cycle. If,
for some s ∈ N, there are only finitely many x ∈ X such that |{xgd | d ∈ Z}| = s,
then we shall say that g has finitely many s-cycles. Similarly g may have finitely
many infinite cycles.

Acknowledgements. I thank the authors of [JLS14] and [GP14], whose papers
drew my attention to the R∞ property. I thank my supervisor Armando Martino
for his continued guidance and encouragement. Finally I thank Hector Durham,
also of the University of Southampton, for the numerous interesting discussions,
especially those regarding monolithic groups.

2. Preliminary observations

The groups FAlt(X), FSym(X), and Sym(X) often arise when considering per-
mutation groups (see, for example, [Cam99] and [DM96]). Note that any countable
group can be considered as a subgroup of Sym(X) where X is countable (for ex-
ample set X := G and use the regular representation of G).

Notation. Let G � Sym(X). For any given ρ ∈ NSym(X)(G), let φρ denote the

automorphism of G induced by conjugation by ρ i.e. φρ(g) := ρ−1gρ for all g ∈ G.

The three groups FAlt(X),FSym(X), Sym(X) have the property that

NSym(X)(G) → Aut(G), ρ �→ φρ is an isomorphism.(3)

This means that Aut(FAlt(X)) ∼= NSym(X)(FAlt(X)) = Sym(X) ∼= Aut(FSym(X))
and that FAlt(X) is characteristic in FSym(X) which is characteristic in Sym(X).
Our first aim is to show that any group G fully containing FAlt(X) satisfies (3).
We do this by showing that FAlt(X) is characteristic in such a G and then apply
the following lemma.

Lemma 2.1. Let G � Sym(X) and FAlt(X) be a characteristic subgroup of G.
Then NSym(X)(G) ∼=Ψ Aut(G) where Ψ : ρ �→ φρ.

Proof. Running the proof of [GP14, Cor. 3.3] using 3-cycles rather than 2-cycles
yields the result. �

�� � ���� �� ��� R∞ �������� ��� ������ FAlt(X) � G � FSym(X)



For any group G satisfying (3), we may use the following reformulation of twisted
conjugacy, which has been used extensively by many authors working with the R∞
property. Recall that φρ denotes the automorphism induced by conjugation by
ρ ∈ Sym(X). Thus,

(x−1)φρax = b ⇒ ρ−1(x−1)ρax = b ⇒ x−1ρax = ρb.(4)

We may then show that R(φρ) = ∞ by finding a set of elements {ak | k ∈ N} such
that

ρai ∼ ρaj ⇔ i = j.(5)

This is because, if such a set of elements exist, then each ak lies in a distinct
φρ-twisted conjugacy class, and so R(φρ) = ∞. Thus in our case, showing that a
set of elements {ak | k ∈ N} where (5) holds for each ρ ∈ NSym(X)(G) will show
that G has the R∞ property.

Proposition 2.2. If G fully contains FAlt(X), then FAlt(X) is a characteristic
subgroup of G.

Proof. We first show that FAlt(X) is a unique minimal normal subgroup of G,
known as the monolithic property. Clearly FAlt(X) is normal in G, since it is
normal in Sym(X) (conjugation in Sym(X) preserves cycle type).

Consider N �G. We have N ∩FAlt(X)�FAlt(X), and since FAlt(X) is simple,
N ∩ FAlt(X) must either be trivial or FAlt(X). Consider an element g ∈ N . This
must either: be in FSym(X); contain infinitely many finite cycles; or contain an
infinite cycle. We now show that there exists a σ ∈ FAlt(X) such that σ−1gσg−1 ∈
FAlt(X) \ {1}. Since N is normal, g and σ−1gσ are in N and so this will prove
the claim. For the case where g ∈ FSym(X), choose σ so that σ−1gσ and g have
disjoint supports. For the case where g contains infinitely many finite cycles, pick
4 distinct cycles (each of length greater than 1) of g and points b1, b2, b3, b4: one
from each cycle. A suitable σ is then (b1 b2)(b3 b4). Finally, assume that g contains
an infinite cycle. Let x be a point within this cycle and define the homomorphism

f : {xgd | d ∈ Z} → Z, xgk �→ k for all k ∈ Z.(6)

Thus the image of f is

(. . .− 3 − 2 − 1 0 1 2 3 . . .) =: a.

Let µ := (−1 0 1) so that µ−1aµa−1 equals (−2 − 1 1). Thus (µ)f−1 is a suitable
candidate for σ in this case.

Now, let φ ∈ Aut(G) and consider FAlt(X) ∩ (FAlt(X))φ. As above, this must
be trivial or FAlt(X). If it were trivial, this would contradict the uniqueness of
FAlt(X) as a minimal, non-trivial, normal subgroup in G, and hence FAlt(X) is
characteristic in G. �

We may use Lemma 2.1 and Proposition 2.2 to prove that all automorphisms
of Sym(X) are inner. Also, consider if FSym(X) � G � Sym(X). Then, for all
ρ ∈ NSym(X)(G) and all g ∈ FSym(X), we have that (g)φρ has the same cycle type
as g. Thus FSym(X) is characteristic in G.

We are now ready to produce conditions on the cycle type of elements in G and
in NSym(X)(G) for automorphisms to have infinite Reidemeister number. In order
to do this we will use the condition equivalent to showing that R(φρ) = ∞ (labelled
(5) above) and well known facts about Sym(X) regarding cycle type.
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3. Results using facts about conjugacy in Sym

Lemma 3.1. Let G fully contain FAlt(X). Then R(idG) = ∞.

Proof. All that needs to be done is to produce an infinite family of elements which
all lie in distinct conjugacy classes. We have the equation x−1ax = b. Conjugation
by elements of G cannot change the cycle type of elements of Sym(X). Thus
choosing ak to be a cycle of length 2k + 1 (or any infinite family of elements of
FAlt(X) with distinct cycle types) proves the claim. �

Notation. For any g ∈ Sym(X) and x ∈ X, let Ox(g) := {xgd : d ∈ Z}. Also,

let ηr(g) := |{x ∈ X : |Ox(g)| = r}| /r , the number of r-cycles in g. We shall use
η1(g) to denote the number of fixed points of g and η∞(g) to denote the number of
distinct infinite orbits induced by g. If any of these values is infinite then, since our
arguments will be unaffected by the size of this infinity, we shall write ηr(g) = ∞.

From the previous section, for any group fully containing FAlt(X) we have that
the map Ψ : Aut(G) → NSym(X)(G),φρ �→ ρ is an isomorphism. We may therefore
consider elements of Aut(G) as elements of Sym(X).

Proposition 3.2. Let G fully contain FAlt(X) and ρ ∈ NSym(X)(G). If ηr(ρ) is
finite for some r ∈ N, then R(φρ) = ∞.

Proof. We shall work with the reformulation of twisted conjugacy in (5) above and
argue for any ρ ∈ NSym(X)(G) using three cases. Let s ∈ N be the smallest number
such that ηs(ρ) is finite.

Case A: s = 1 and η∞(ρ) > 0. As in (6) in the proof of Proposition 2.2, let f be
a homomorphism from an infinite cycle of ρ to the element of Sym(Z) which sends
z to z + 1 for all z ∈ Z. For each k ∈ N let

k−1�

i=0

(2i 2i+ 1) =: ak
� ∈ FSym(Z).

Now, for each k ∈ N, let (a�k)f
−1 =: ak ∈ FSym(X). The set of elements lying in

disjoint φρ-twisted conjugacy classes is then given by {a2k | k ∈ N} ⊂ FAlt(X).
This is because η1(ρak) is finite for all k ∈ N, and is strictly increasing as a function
of k. Thus, if i �= j, the elements ρai and ρaj have a different number of fixed points
and hence are not conjugate in G � Sym(X).

Case B: s = 1 and η∞(ρ) = 0. Since ρ has finitely many fixed points and no
infinite cycles, ρ contains infinitely many finite cycles. Thus ρ has infinitely many
odd length cycles or infinitely many even length cycles. First assume that ρ has
infinitely many odd length cycles and index a countably infinite subset of these by
the natural numbers. Let ρ = ρ�

�
i∈N ρi, where each ρi is a finite cycle of odd

length and ρ� ∈ Sym(X) has cycles with disjoint support from all of the ρi’s. Now,
for any m ∈ N, ρ(ρm)−1 has more fixed points than ρ. Defining

k�

i=1

ρ−1
i =: ak ∈ FAlt(X)

means that i < j ⇒ η1(ρai) < η1(ρaj) and so {ak | k ∈ N} provides our infinite
family of elements which are pairwise not φρ-twisted conjugate. Similarly, if ρ
has infinitely many even length cycles, complete the same construction with ρ =
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ρ�
�

i∈N ρi where each ρi is a finite cycle of even length and ρ� ∈ Sym(X) has cycles
with disjoint support from all of the ρi’s.

Case C: s > 1. All we shall use is that ρ has infinitely many fixed points. For
any k ∈ N, let ak consist of 2k s-cycles such that supp(ak) ⊂ X \ supp(ρ). We then
have, for all k ∈ N: that ak ∈ FAlt(X); that ηs(ρak) is finite; and that ηs(ρak) is
strictly increasing as a function of k. �
Proposition 3.3. Let a, b ∈ Sym(X), supp(b) � supp(a), and x ∈ Sym(X) satisfy
x−1ax = b. Then η∞(x) > 0.

Proof. We assume, for a contradiction, that η∞(x) = 0. Since x−1ax = b, x must
restrict to a bijection from supp(a) to supp(b) i.e.

(supp(a) ∪ supp(b)) \ (supp(a) ∩ supp(b)) ⊆ supp(x)

which from our hypotheses is equivalent to

supp(a) \ supp(b) ⊆ supp(x).

Thus x sends some n ∈ supp(a) \ supp(b) to some m ∈ supp(b). Now, since all
of the cycles in x are finite, there is a k ∈ N such that (m)xk is in supp(b) but
(m)xk+1 is in X \ supp(b) i.e. x sends a point in supp(b) to a point in X \ supp(b).
Hence x−1ax and b have different supports, a contradiction. �
Corollary 3.4. Let G be a group fully containing FAlt(X). If η∞(g) = 0 for all
g ∈ G, then G has the R∞ property.

Proof. By Proposition 3.2, if φρ ∈ Aut(G) has ηs(ρ) < ∞ for any s ∈ N, then
R(φρ) = ∞. We may therefore assume that ηr(ρ) = ∞ for all r ∈ N. This means
that X \ supp(ρ) is an infinite set.

Our aim is to show that there is an infinite set of elements in G which are not
φρ-twisted conjugate. Let b0 := 1, the identity element of G. For each k ∈ N,
let bk := b�kbk−1 where η2(b

�
k) = 2, | supp(b�k)| = 4, supp(b�k) ⊂ X \ supp(ρ), and

supp(b�k) ∩ supp(bk−1) = ∅. Thus, for each k ∈ N, bk ∈ FAlt(X) and η2(bk) = 2k.
For i < j we have that supp(ρbi) � supp(ρbj). Since η∞(g) = 0 for all g ∈ G,
Proposition 3.3 implies that ρbi �∼ ρbj i.e. R(φρ) = ∞. �

Notice that this provides an alternative proof to [JLS14] and [GP14] that FSym(X)
has the R∞ property. We also have the following.

Corollary 3.5. Let G be an infinite torsion group which fully contains FAlt. Then
G has the R∞ property.

Corollary 3.6. Let G be a torsion group. For every α ≥ |G|, there exists a torsion
group Hα of cardinality α which has the R∞ property and contains an isomorphic
copy of G.

Of course, there are also groups which are not torsion and have no infinite cycles.
This is because an element ρ ∈ Sym(X) with ηr(ρ) non-zero for infinitely many
r ∈ N will have infinite order but need not contain an infinite cycle.
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Corollary 3.7. There exist uncountably many countable torsion groups which have
the R∞ property.

Proof. We will work within Sym(N× N). For each n ≥ 2, define

φ(n) : Cn �→ Sym(N× N), (1 . . . n) �→ ρ

where supp(ρ) = {(m,n) | m ∈ N} and

(m,n)ρ :=

�
(m− n+ 1, n) if m ≡ 0 mod n
(m+ 1, n) otherwise

i.e. ρ consists of n-cycles ‘all the way down’ the nth copy of N.
Let P denote the set of all prime numbers. Then, for any subset S ⊆ P, let

GS :=
�

p∈S Cp. Note that there are uncountably many choices for S. Also,
�

p∈S

Cp �→ Sym(N× N)

by using the maps φ(n) defined above. For any S ⊆ P, let G̃S := �GS ,FAlt(N×N)�.
Note that G̃S is torsion and fully contains FAlt and so, by Corollary 3.5, G̃S has
the R∞ property. Our final aim is therefore to show that if S �= S�, then G̃S and
G̃S� are not isomorphic. By Proposition 2.2, G̃S and G̃S� each have FAlt(N × N)
as a unique minimal normal subgroup. Since GS and GS� contain no non-trivial
elements of finite support,

G̃S

�
FAlt(N× N) ∼= GS and G̃S�

�
FAlt(N× N) ∼= GS� .

Hence if G̃S and G̃S� are isomorphic, then GS and GS� are isomorphic. But since
S �= S�, there is a p ∈ P in one set that is not in the other. Without loss of
generality let p ∈ S \ S�. By construction, GS has p-torsion but GS� does not.

Hence G̃S �∼= G̃S� . �

4. Results regarding centralisers in Sym

Before working with actions satisfying condition (2) (on page 91) we require
some well known results about centralisers. This is because of the following lemma.
Throughout this section we shall say that g conjugates a to b if g−1ag = b.

Lemma 4.1. Let a, b, g, g� ∈ G and g conjugate a to b. Now, g� conjugates a to b
if, and only if, g� = cg for some c ∈ CG(a).

We start with a simple observation. It applies to centralisers since CG(a) consist
of all elements of G which conjugate a to a.

Lemma 4.2. Let a, b ∈ Sym(X) be conjugate in Sym(X) and let x ∈ X. If
g ∈ Sym(X) conjugates a to b and g : x �→ x�, then g : xak �→ x�bk for all k ∈ Z.

Proof. Let g : x �→ x� and g−1ag = b. For all k ∈ Z,

(x�)(g−1ag)k = (x�)g−1akg = (xak)g.

But g−1ag = b, and so (xak)g must be equal to (x�)bk. �

We must first describe centralisers in Sym(X). Throughout we shall work with
a fixed ρ ∈ Sym(X).
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Notation. Let αr,i(ρ) denote the ith r-cycle of ρ, and for every valid r and i let

αr,i(ρ) := (α
(1)
r,i α

(2)
r,i . . .α

(r)
r,i ) where α

(k)
r,i ∈ supp(αr,i(ρ)) for all 1 � k � r. Note

that 1-cycles denote fixed points. Also, for each r ∈ N, let Iρ(r) be the indexing set

for the r-cycles of ρ. Similarly let zi(ρ) := (. . . z
(−1)
i z

(0)
i z

(1)
i z

(2)
i . . .) denote the ith

infinite cycle of ρ where, for all k ∈ Z, z(k)i ∈ supp(zi(ρ)). Finally, let Iρ denote
the indexing set for the infinite cycles of ρ.

Lemma 4.3. Let g ∈ Sym(X) consist of a single r-cycle i.e. be defined so that
αr,1(g) = (a1 . . . ar), and αr,k+1(g),αs,k(g), and zk(g) are not defined for any k ≥ 1.
Then CSym(X)(g) = Sym(X \ {a1, . . . , ar})× �g�.
Sketch proof. We note that, for any x ∈ Sym(X),

x−1gx = x−1(a1 . . . ar)x = ((a1)x (a2)x . . . (ar)x).(7)

Thus all elements of Sym(X) with disjoint support from g lie in CSym(X)(g). Fur-
thermore, if x : a1 �→ a1+k, then, by the previous lemma, this uniquely determines
where x sends a2, . . . , ar. Using the proof of Lemma 4.2 we see that, mod r,
x : ai �→ ai+k for all i ∈ {1, . . . , r}. �

If g =
�

i∈I gi where the gi are disjoint cycles, then x−1gx =
�

i∈I x
−1gix and

we may apply (7) to see that conjugation by any x ∈ Sym(X) again changes the
support exactly by the action of x. This allows us to generalise the previous lemma.

Lemma 4.4. Let ρ ∈ Sym(X). Then CSym(X)(ρ) is generated by elements

i) of the form
�
r∈N

i∈Iρ(r)

αr,i(ρ)
dr,i
�

j∈Iρ

zj(ρ)
ej for some constants dr,i, ej ∈ Z;

ii) which permute the cycles of the same length within ρ, i.e. are elements of
Sym(X) containing cycles of the form

(a)
r�

j=1

(α
(j)
r,i1

α
(j)
r,i2

. . .α
(j)
r,ik

) for some distinct {i1, . . . , ik} ⊆ Iρ(r);

(b)
�
j∈Z

(z
(j)
i1

z
(j)
i2

. . . z
(j)
ik

) for some distinct {i1, . . . , ik} ⊆ Iρ;

(c)
r�

j=1

(. . .α
(j)
r,i−1

α
(j)
r,i0

α
(j)
r,i1

. . .) for some distinct {im | m ∈ Z} ⊆ Iρ(r);

(d)
�
j∈Z

(. . . z
(j)
i−1

z
(j)
i0

z
(j)
i1

. . .) for some distinct {im | m ∈ Z} ⊆ Iρ.

Thus, CSym(X)(ρ) is an unrestricted wreath product with base consisting of all
elements of type (i) and head consisting of all elements of type (ii).

Proof. The only reference the author is aware of is [anon], but the result follows
from the ideas of the previous lemma. �
Notation. Let g ∈ Sym(X). Given any set Y ⊆ X for which Y g = Y (so that g
restricts to a bijection on Y ), let g

��Y denote the element of Sym(Y ) which acts as

g on the set Y i.e. for every y ∈ Y , y(g
��Y ) := yg.

The following lemma is included for interest, and will not be used in this note.

Lemma 4.5. Let g ∈ Sym(X). Then CSym(X)(g) is either uncountable or virtually
free abelian of finite rank.

Proof. Since X is infinite, g must either have
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i) η∞(g) non-zero;
ii) ηr(g) infinite for at least one r ∈ N;
iii) ηr(g) non-zero for infinitely many r ∈ N.
If either (ii) or (iii) occurs, then from the previous lemma we have that CSym(X)(g)
is uncountable. In case (i), if η∞(g) is infinite, again CSym(X)(g) is uncountable.
If η∞(g) = n and cases (ii) and (iii) do not apply, then the centraliser contains a
wreath product with base including Zn (corresponding to the n infinite cycles of g)
and head corresponding to a copy of Sn permuting these n infinite cycles. Denote
this virtually Zn group by G. Since (ii) and (iii) do not occur, there are only
finitely many points outside of the support of the infinite cycles of g. Denote these
points by Y . Now let g� := g

��Y . Thus CSym(Y )(g
�) is finite and so CSym(X)(g) ∼=

G× CSym(Y )(g
�), a virtually Zn group. �

Notation. Let g ∈ Sym(X). Then, for a fixed r ∈ N, let g
��
r
denote the ele-

ment of Sym(X) which consists of the product of all of the r-cycles of g, so that
ηr(g(g

��
r
)−1) = 0, and for all s �= r, supp(g

��
r
) ∩ supp(g

��
s
) = ∅. Similarly let g

��
∞

denote the element of Sym(X) which consists of the product of all of the infinite
cycles of g.

The last results of this section will be needed in the next section, where we will
work with groups satisfying the following condition.

Let G � Sym(X). For all g ∈ G, if η∞(g) > 0, then X \ supp(g
��
∞) is finite.(8)

Lemma 4.6. Let G � Sym(X), g ∈ G, and σ ∈ FSym(X). Also, fix some s ∈ N.
i) if η∞(g) > 0 and ηr(g) = 0 for all r ∈ N, then

�
r∈N ηr(gσ) is finite.

ii) if ηs(g) = ∞ and ηr(g) = 0 for all r ∈ N \ {s}, then ηs(gσ) = ∞,�
r∈N\{s} ηr(gσ) is finite, and η∞(gσ) = 0.

Thus, if G satisfies condition (8), then �G,FSym(X)� also satisfies condition (8).

Proof. We first deal with case (ii). Let

F :=
�

1�k�s

supp(g−kσgk).

Outside of F , the element gσ consists of s-cycles. Notice that F is finite (it has
size at most s × | supp(σ)|). Hence ηs(gσ) = ∞,

�
r∈N\{s} ηr(gσ) is finite, and

η∞(gσ) = 0, as claimed.
We now deal with case (i). For any k ∈ Ig, recall that zk(g) is the kth infinite

cycle of g, and that zk(g) = (. . . z
(−1)
k z

(0)
k z

(1)
k z

(2)
k . . . ).

Record those i ∈ Ig such that supp(zi(g)) ∩ supp(σ) �= ∅. Since σ has finite
support, there will be only finitely many such i. Label these i1, . . . , id. Note that

mg = mgσ for all m ∈ X \




d�

j=1

supp(zij (g))


 .

Now, for each j ∈ {1, . . . , d}, record numbers min(ij) and max(ij) such that:

i) z
(min(ij))
ij

, z
(max(ij))
ij

∈ supp(σ);

ii) for all d < min(ij), z
(d)
ij

�∈ supp(σ); and

iii) for all d > max(ij), z
(d)
ij

�∈ supp(σ).
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Finally, define

F :=

d�

j=1

{m ∈ supp(zij (g)) | min(ij)− 1 � m � max(ij)}.

Now, for all m ∈ X \ F , mg = mgσ. Hence, for all m ∈ X \ F , we must have that
m ∈ supp((gσ)

��
∞) i.e. that m lies within an infinite cycle of gσ. Thus, all of the

finite cycles of gσ lie within F , a finite set. This proves the claim. �

Lemma 4.7. Let ρ ∈ Sym(X). If g ∈ CSym(X)(ρ) is an element which, apart from

on a finite set consists of infinite cycles, then ρg((ρg)
��
∞)−1 ∈ FSym(X).

Proof. We note that, by definition, ρ ∈ CSym(X)(g). Hence, ρ restricts to a bijection
of the r-cycles of g (for all r ∈ N) and the infinite cycles of g. For each r ≥ 2, let
Yr := supp(g

��
r
). Also, let Y1 := X \ supp(g) and Y∞ := supp(g

��
∞). From our

hypotheses, we have that the set
�

r∈N Yr is finite. Hence, so is
�

r∈N

�

s∈N
ηs
�
(ρg)

��Yr

�
.

Let g
��Y∞ =

�
i∈I gi where |I| = η∞(g) and the gi are the disjoint infinite cycles

of g. Lemma 4.4 describes the structure for the cycles that ρ
��Y∞ contains. We

consider each possibility (i), (ii)(b), and (ii)(d) from Lemma 4.4.
Denote the product of all cycles of ρ

��Y∞ of type (i) by h(1). Any h ∈ CSym(X)(g)

which (when written in disjoint cycle notation) contains g−1
j for some j ∈ I, satisfies

η1(hg) = ∞. Similarly, if h =
�

j∈J g
dj

j where J ⊆ I and dj ∈ Z\{−1}, then clearly

hg consists only of infinite cycles. Next, denote the product of all cycles of ρ
��Y∞ of

type (ii)(b) by h(2). Then h(2)
��
s
consists of those cycles of ρ

��Y∞ of type (ii)(b) of

length s ∈ N, and h(2)
��
s
∈ CSym(X)(g). Hence, for any m ∈ supp(h(2)

��
s
),

{(m)(h(2)
��
s
g)d | d ∈ Z} = {(m)gd(h(2)

��
s
)d | d ∈ Z} ⊇ {(m)ges | e ∈ Z}

and so m lies in an infinite orbit of g(h
��
s
). Finally, denote the product of all

cycles of ρ
��Y∞ of type (ii)(d) by h(3). Let us assume that there is a d ∈ Z and

m ∈ supp(h(3)) such that (m)(h(3)g)d = (m). Now, h(3) ∈ CSym(X)(G), and so

(m)(h(3)g)d = (m)(h(3))dgd. Thus (h(3))d : m �→ m� and gd : m� �→ m. But then
there are infinite cycles of g and h(3) whose intersection contains at least 2 points,
which contradicts that h(3) is of type (ii)(d). Hence

�
r≥2 ηr((ρg)

��Y∞) is finite.
Together with our observations of the possible cycles of ρg within each set Yr, we
have that

�
r≥2 ηr(ρg) is finite i.e. ρg((ρg)

��
∞)−1 ∈ FSym(X). �

We end this section by describing more specifically how any element which con-
jugates ρbi and ρbj (as defined in Corollary 3.4) may act.

Proposition 4.8. Let:

i) G fully contain FAlt(X) and satisfy condition (8);
ii) ρ ∈ NSym(X)(G) satisfy ηr(ρ) = ∞ for all r ∈ N;
iii) {bk | k ∈ N} be the elements defined in the proof of Corollary 3.4;
iv) and g ∈ G conjugate ρbi to ρbj for some j < i.

Then η∞(ρg) > 0 and
�

r≥2 η(ρg) < ∞.

� ���� �� ��� R∞ �������� ��� ������ FAlt(X) � G � FSym(X) ��



Proof. Let lij := supp(bi) \ supp(bj). If x conjugates ρbi to ρbj , then η∞(x) ≥ |lij |.
This is because each point of lij must lie on an infinite cycle of x (from the proof
of Corollary 3.4) and no two of these points may lie within the support of the same
infinite cycle of x (since x must send these points to within supp(ρbj) in order to
conjugate ρbi to ρbj). Furthermore, for each infinite cycle (. . . a−2 a−1 a0 a1 . . .) of
x which intersects lij , there must exist a d ∈ Z such that

i) ad ∈ lij ;
ii) for all k > d, ak ∈ supp(ρbj);
iii) and for all k� < d, ak� ∈ X \ supp(ρbi).
Let g ∈ G conjugate ρbi to ρbj , and let y consist of all infinite cycles of g which
have non-trivial intersection with lij . Since y−1 conjugates ρbj to ρbi, Lemma 4.1
states that gy−1 ∈ CSym(X)(ρbi). Lemma 4.7 states that

�
r≥2 ηr(ρgy

−1) is finite.
We end by making some observations about how y may act. Recall that y consists

of |lij | infinite cycles. Let

y1 := (. . .m
(−2)
1 m

(−1)
1 m

(0)
1 m

(1)
1 m

(2)
1 . . .)

be one such infinite cycle of y. Thus supp(y1) = {m(k)
1 | k ∈ Z} and, for all

k ∈ Z, (m(k)
1 )y1 = m

(k+1)
1 . For simplicity let m

(0)
1 ∈ lij . Lemma 4.2 can be used to

determine where y sends (supp(y1))ρbi. Recall that y conjugates ρbi to ρbj , and so
for all k ∈ Z,

(m
(k)
1 )(y−1ρbiy) = (m

(k)
1 )ρbj .

Simplifying the left hand side of this expression we see that (m
(k−1)
1 ρbi)y = (m

(k)
1 ρbj).

Thus y contains an infinite cycle y2 such that

{m(k−1)
1 ρbi | k ∈ N} ⊂ supp(y2)

and for all k ≥ 1, (m
(k−1)
1 ρbi)y = (m

(k)
1 ρbi). Let

y2 := (. . .m
(−2)
2 m

(−1)
2 m

(0)
2 m

(1)
2 m

(2)
2 . . .)

where, for all k ≥ 0, m
(k)
2 := m

(k)
1 ρbi. Importantly m

(0)
2 = m

(0)
1 ρbi ∈ lij . Thus,

from the structure of the infinite cycles of x which intersect lij non-trivially, we

have for all d ∈ N that m
(−d)
2 ∈ X \ supp(ρbi). Note that y1 �= y2. One way to see

this is that

supp(y1) ∩ lij = {m(0)
1 } and supp(y2) ∩ lij = {m(0)

1 ρbi} = {m(0)
1 bi} �= {m(0)

1 }
meaning that supp(y1) �= supp(y2).

We may now compute that the orbit of m
(0)
1 under ρy is equal to the set

{m(2k)
1 | k ∈ Z} ∪ {m(2k+1)

2 | k ∈ Z}
where, for all k ∈ Z, (m(2k)

1 )ρy = m
(2k+1)
2 and (m

(2k−1)
2 )ρy = m

(2k)
1 . Similarly, the

orbit of m
(1)
1 under ρy is equal to the set

{m(2k+1)
1 | k ∈ Z} ∪ {m(2k)

2 | k ∈ Z}
where, for all k ∈ Z, (m(2k−1)

1 )ρy = m
(2k)
2 and (m

(2k)
2 )ρy = m

(2k+1)
1 . Hence ρy con-

tains infinite cycles ŷ1 and ŷ2 such that supp(ŷ1)∪ supp(ŷ2) = supp(y1)∪ supp(y2).
Thus, given a point m ∈ supp(y) \ supp(ρbi), we have (m)ρy = (m)y and so m
lies on an infinite cycle of ρy. Given a point n ∈ supp(ρbi) ∩ supp(y) we have that
n ∈ supp(yk) for some infinite cycle of y and that there exists an infinite cycle of
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ρy containing n. Hence all points of supp(y) lie in an infinite cycle of ρyk� (where
yk� is some infinite cycle of y) and so ηr(ρy | supp(y)) = 0 for all r ∈ N. Together
with the discussions above of how gy−1 must act we obtain the result. �

5. Results for actions satisfying condition (2)

In this section we will consider groups satisfying condition (9) below, which was
labelled (2) on page 91 and (8) on page 98.

Let G � Sym(X). For all g ∈ G, if η∞(g) > 0, then X \ supp(g
��
∞) is finite.(9)

The following is well known.

Lemma 5.1. Let G be any group. Then, for any ψ ∈ Aut(G) and φ ∈ Inn(G), we
have that R(ψ) = R(ψφ).

We may now prove the main result of this note.

Theorem 5.2. Let G fully contain FAlt(X) and satisfy condition (9). Then G has
the R∞ property.

Proof. Much of the work is in Proposition 4.8. Let ρ ∈ NSym(X)(G). From Proposi-
tion 3.2, if ηs(τ) is finite for some s ∈ N, then R(φτ ) = ∞. We may therefore assume
that ηr(ρ) is infinite for all r ∈ N. As stated within the proof of Corollary 3.4, there
exist an infinite family of elements {bk | k ∈ N} whose support is contained within
the fixed points of our chosen ρ i.e. for all k ∈ N, supp(bk) ⊆ X \ supp(ρ). Let
i, j ∈ N be such that supp(ρbj) � supp(ρbi) and ρbi, ρbj are conjugate in G. Note
that if no pair is conjugate, then R(φρ) = ∞ since {ρbk | k ∈ N} is an infinite family
of non-conjugate elements. Thus there exists a g ∈ G which conjugates ρbi to ρbj .
In Proposition 4.8 it was shown that

�
r≥2 ηr(ρg) is finite. Thus η2(ρg) is finite and

Proposition 3.2 states that R(φρg) = ∞. By Lemma 5.1, R(φρ) = R(φρg) = ∞. �
We obtain the following corollary. This result can also be obtained using [Fel10,

Thm. 3.3].

Corollary 5.3. Let G be any countably infinite group. Then there exists a group
H which

i) contains an isomorphic copy of G;
ii) is finitely generated;
iii) has the R∞ property, and all groups commensurable to H also have the R∞

property.

Proof. Embed G into a finitely generated group F . Let F̂ � Sym(F ) denote the

regular representation of F . Thus F̂ satisfies condition (9). From [HO15, Prop 5.13],

�F̂ ,FSym(F )� =: H is finitely generated. By Lemma 4.6, H satisfies condition (9).
By Theorem 5.2, H has the R∞ property. Corollary 6.5 of the next section then
states that all groups commensurable to H have the R∞ property. �

6. The R∞ property and commensurable groups

This final section involves results for commensurable groups.

Notation. Let N �f G denote that N is normal and finite index in G.

Definition 6.1. Let G and H be groups. We say that G is commensurable to H
if and only if there exist NG

∼= NH with NG �f G and NH �f H.
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We will work towards two results. The first deals with the R∞ property for
groups commensurable to those appearing in Theorem 5.2 (which are those which
fully contain FAlt and satisfy condition (9) on page 101). The second result applies
to the Houghton groups, a family of groups Hn indexed over N where, for each
n ∈ N, Hn acts on a set Xn and FSym(Xn) � Hn � Sym(Xn). Each group Hn

therefore fully contains FAlt(Xn). These were first introduced in [Hou78], but we
rely heavily on [Cox14] where an introduction to these groups can be found and a
description, for all n ≥ 2, of the structure of the automorphism group for all finite
index subgroups of Hn is given. We start with two well known results.

Lemma 6.2. If H �f G and G is finitely generated, then ∃ K �f G which is
characteristic in G.

Lemma 6.3. [MS14, Lem 2.2(ii)] Let D be a group with the R∞ property and

1 −→ D −→ E −→ F −→ 1

be a short exact sequence of groups. If D is characteristic in E and F is any finite
group, then E has the R∞ property.

Combining the previous two results provides an easier condition to check in order
to show that all commensurable groups have the R∞ property.

Lemma 6.4. Let G be a finitely generated group. If G and all finite index subgroups
of G have the R∞ property, then all groups commensurable to G have the R∞
property.

Proof. Let H be commensurable to G. Then ∃ N �f G,H. By Lemma 6.2, there
exists a group U which is characteristic in H and such that U �f G,H. From our
assumption that all finite index subgroups of G have the R∞ property, U has the
R∞ property. Hence, by Lemma 6.3, H has the R∞ property. �

From this lemma we need only investigate finite index subgroups. This leads to
our first aim for this section.

Corollary 6.5. Let G be finitely generated, fully contain FAlt(X), and satisfy
condition (9). Then all groups commensurable to G have the R∞ property.

Proof. Note that condition (9) is preserved by subgroups. Let F �f G. It is well
known that if A � C and B �f C then B∩A �f A. Hence F∩FAlt(X) �f FAlt(X).
Moreover there is a finite index subgroup of F∩FAlt(X) which is normal in FAlt(X).
But since FAlt(X) is both infinite and simple, FAlt(X) � F . Thus F satisfies
condition (9) and fully contains FAlt(X). Theorem 5.2 therefore states that F has
the R∞ property, and so Lemma 6.4 yields the result. �

Our final aim is the following.

Theorem 6.6. Let n ∈ N. If G is any group commensurable to Hn, the nth

Houghton group, then G has the R∞ property.

Proof. We first work with FAlt. If G is commensurable to FAlt(X), then there
exists N �f FAlt(X), G. Now, since FAlt(X) is simple and infinite, N = FAlt(X).
Hence we have the short exact sequence

1 −→ FAlt(X) −→ G −→ F −→ 1
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where F is some finite group. Let φ ∈ Aut(G) and consider FAlt(X)∩ (FAlt(X))φ.
This has finite index in FAlt(X). Since FAlt(X) is simple, we have (FAlt(X))φ =
FAlt(X) i.e. that FAlt(X) is characteristic in G. Lemma 6.3 states that G has the
R∞ property.

We now work with n ≥ 2. From Lemma 6.4, it is sufficient to show that, for any
n ≥ 2, all finite index subgroups of Hn have the R∞ property.

Fix an n ≥ 2. There are a family of finite index, characteristic subgroups of Hn

defined in [BCMR14] and denoted Up where p ∈ N. In [Cox14, Prop. 5.8] it was
shown that, for any U �f Hn, there exists an m ∈ N such that

Aut(U) Ψ
∼= NSym(Xn)(U) � NSym(Xn)(Um) ∼=Ψ Aut(Um)

where Ψ : NSym(Xn)(G) �→ Aut(G) is defined by (g)Ψ = φg. Furthermore, there is
an isomorphism µ : NSym(Xn)(Um) → S � NSym(Hnm)(Hnm) where, for all k ≥ 2,
NSym(Xk)(Hk) = Hk � Sk. Importantly, this isomorphism preserves cycle type.
We shall apply Proposition 3.2 to show that any group with automorphism group
contained within NSym(Hk)(Hk) for some k ≥ 2 has the R∞ property.

Fix a k ≥ 2. Notice that for all r ∈ N \ {1} and for all g ∈ Hk, ηr(g) is
finite. Given a ρ ∈ Hk � Sk, which is isomorphic to Aut(Hk) via the map ρ �→
φρ, we have that ηr(ρ) is infinite if and only if ρ induces a cyclic permutation
of r branches of Xk. Thus, for all ρ ∈ NSym(Xk)(Hk) and all r > k we have
that ηr(ρ) is finite. Now, for any U �f Hn, there exists an m ∈ N such that
NSym(Xn)(U) � NSym(Xn)(Um). Consider if ρ ∈ NSym(Xn)(Um). Using the above
homomorphism µ : NSym(Xn)(Um) → NSym(Xnm)(Hnm), we have that ηr((ρ)µ) is
finite for all r > nm. Since µ preserves cycle type, ηr(ρ) is also finite for all r > nm.
Hence, by Proposition 3.2, R(φρ) = ∞ and so all automorphisms of U have infinite
Reidemeister number. Thus all finite index subgroups of Hn have the R∞ property
and so Lemma 6.4 yields the result. �
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Properties of Houghton’s Groups, arXiv:1403.0026 (2014).

[Cam99] Peter J. Cameron, Permutation groups, London Mathematical Society Student Texts,

vol. 45, Cambridge University Press, Cambridge, 1999. MR 1721031 (2001c:20008)
[Cox14] C. Cox, Twisted Conjugacy in Houghton’s groups, arXiv:1410.7051 (2014).

[DM96] John D. Dixon and Brian Mortimer, Permutation groups, Graduate Texts in Mathe-
matics, vol. 163, Springer-Verlag, New York, 1996. MR 1409812 (98m:20003)

[Fel10] Alexander Fel’shtyn, New directions in Nielsen-Reidemeister theory, Topology Appl.

157 (2010), no. 10-11, 1724–1735.
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THE DEGREE OF COMMUTATIVITY AND LAMPLIGHTER

GROUPS

CHARLES GARNET COX

Abstract. The degree of commutativity of a group G measures the proba-

bility of choosing two elements in G which commute. There are many results
studying this for finite groups. In [AMV], this was generalised to infinite

groups. In this note, we compute the degree of commutativity for wreath

products of the form Z � Z and F � Z where F is any finite group.

1. Introduction

Let F be a finite group. Then the degree of commutativity of F , denoted dc(F ),
is the probability of choosing two elements in F which commute i.e.

dc(F ) :=
|{(a, b) ∈ F 2 : ab = ba}|

|F |2 .

This definition was generalised to infinite groups in [AMV] in the following way.
Let G be a finitely generated group and S a finite generating set for G. Let |g|S
denote the length of g with respect to the generating set S i.e. the infimum of all
word lengths of words in S which represent g. For any n ∈ N, let the ball of radius
n in the Cayley graph of G with respect to the generating set S be denoted by
BS(n). Thus BS(n) = {g ∈ G : |g|S � n}. Then the degree of commutativity of G
with respect to S, as defined in [AMV], is

lim sup
n→∞

|{(a, b) ∈ BS(n)
2 : ab = ba}|

|BS(n)|2
(1)

and is denote by dcS(G). They also pose an intriguing conjecture.

Conjecture. [AMV, Conj. 1.6] Let G be a finitely generated group, and let S be
a finite generating set for G. Then: (i) dcS(G) > 0 if and only if G is virtually
abelian; and (ii) dcS(G) > 5/8 if and only if G is abelian.

They verify this conjecture for hyperbolic groups and groups of polynomial
growth (see [Gri91] for an introduction to the growth of groups). In this note
we will investigate the conjecture for groups which are wreath products.

Perhaps the best known examples of infinite wreath products are the lamplighter
groups C �Z where C is cyclic. Such groups are sensible to investigate with respect
to the conjecture since they have exponential growth and yet all elements in the
base of C � Z commute. We obtain the following.
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Theorem 1. Let G = C � Z where C is a non-trivial cyclic group. Then there is a
generating set S of G such that dcS(G) = 0.

This work generalises to allow us to replace ‘cyclic’ with ‘finite’.

Theorem 2. Let G := F �Z where F is a non-trivial finite group. Then there is a
generating set S of G such that dcS(G) = 0.

Note that the groups of Theorem 2 include the first known examples of non-
residually finite groups with degree of commutativity 0, since it is currently open
as to whether there exists a non-residually finite hyperbolic group.

Remark. In the case where G is finite, it is well known that

dc(G) =
# conjugacy classes of G

|G| .

One could therefore define the degree of commutativity for any finitely generated
infinite group with respect to a finite generating set S to be

lim sup
n→∞

# conjugacy classes intersecting BS(n)

|BS(n)|
.

Such a limit may not be a real limit. Note that this definition includes the conjugacy
growth function of G, which was introduced in [Bab88] and studied, for example, in
[GS10] and [HO13].

Two questions then present themselves.

Question 1. With this definition for degree of commutativity, does the conjecture
above (from [AMV]) hold?

Question 2. Does this definition for the degree of commutativity coincide with (1)
above?

The author is unaware of such questions having been posed before, and these
questions are not discussed further in this note.

Acknowledgements. This work would not have been completed without the
guidance of my PhD supervisor, Armando Martino. I also thank the other authors
of [AMV] for a paper filled with so many ideas.

We now introduce wreath products from an algebraic viewpoint, but will provide
intuition (using permutations) below.

Definition. Given groups G and H, the unrestricted wreath product of G and H
has elements consisting of an element h ∈ H and a function f : H → G. Let B�

be the set of all such functions. If f1, f2 ∈ B�, then (f1 × f2)(h) := f1(h) · f2(h)
for all h ∈ H, where · denotes the binary operation of G. Moreover if k ∈ H then
k−1(f(h))k := f(hk−1) for all h ∈ H. This is equal to the semidirect product
B��H. The restricted wreath product, denoted G �H, is defined analogously as the
semidirect product B�H where H is the head of G �H and B, the base of G �H, is
the subgroup of B� consisting of functions with finite support i.e. functions f ∈ B�

such that f(h) �= 1 for only finitely many h. Since the base is a direct sum of |H|
copies of G, for any h ∈ H let Gh denote the copy of G corresponding to h.
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It may be useful to provide some of the intuition used when thinking about
lamplighter groups i.e. groups of the form C � Z where C is cyclic. Each of these
groups acts naturally on the corresponding set C×Z. We shall picture C as addition
modulo n if |C| = n and as Z otherwise. Hence C = {0, 1, . . . , n − 1} or C = Z.
A well used generating set is {a0, t} where supp(a0) = {(0, 0), (1, 0), . . . , (n− 1, 0)}
and supp(t) = C × Z with t : (m,n) → (m,n+ 1) for all m ∈ C and n ∈ Z. In the
case where |C| = 2, the base of C �Z can be thought of as a countable collection of
street lamps, with each lamp having an ‘off’ or ‘on’ setting. If 2 < |C| < ∞, then we
can consider each ‘lamp’ to have a finite number of settings (possibly corresponding
to different levels of brightness). In the case of Z � Z, the base can be thought of
as lamps, where each lamp has an associated ‘voltage’ which takes a value in Z.
Although this intuition will not be taken any further, it can also be seen to apply
to subgroups of R � R.

2. Proving Theorem 1

The key result we shall draw upon is the following. For the group G = H �Z we
shall use the base of H � Z as the set N .

Lemma 2.1. [AMV, Lem. 3.1] Let G be a finitely generated group, and let S be a
finite generating system for G. Suppose that there exists a subset N ⊆ G satisfying
the following conditions:

i) N is S-negligible, i.e. limn→∞
|N∩BS(n)|
|BS(n)| = 0;

ii) limn→∞
|CG(g)∩BS(n)|

|BS(n)| = 0 uniformly in g ∈ G \N .

Then, dcS(G) = 0.

Remark. Throughout we will restrict ourselves to generating sets which are the
union of a generator of Z and a generating set for Gi for some fixed i ∈ Z.

2.1. Proving that groups C �Z satisfy (ii) of Lemma 2.1. This is the simpler
of the two conditions to prove for such groups. We first introduce the translation
lengths of a group. For more discussions on these, see [Con97] and the references
therein.

Definition 2.2. Let G be a finitely generated group with finite generating set S

and let g ∈ G. Then τS(g) := lim supn→∞
|gn|

S

n , the translation length of g. Let
F (G) denote the set of non-torsion elements in G. If there is a finite generating
set S� of G such that {τS�(g) : g ∈ F (G)} is uniformly bounded away from 0, then
we say that G is translation discrete. If a group is translation discrete with respect
to one finite generating set, it is translation discrete with respect to all generating
sets (see [Con98, Lem. 2.6.1])

We shall use the following.

Lemma 2.3. Let G be finitely generated, S a finite generating set for G, and
|BS(n)| � f(n) for all n ∈ N, where f is a polynomial of degree 2. Let N ⊆ G.
If (i) CG(g) is cyclic for all g ∈ G \ N ; and (ii) the translation lengths of G

are uniformly bounded away from 0, then limn→∞
|CG(g)∩BS(n)|

|BS(n)| = 0 uniformly in

g ∈ G \N .
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Proof. This argument can be found within the proof of [AMV, Thm. 1.7]. From
(ii), there exists a constant λ ∈ R such that τS(g) � 1/λ for all g ∈ G.

Let h ∈ G \ N . By (i), CG(h) = �g� for some g ∈ G. We now consider how
CG(h)∩BS(n) grows with respect to n. If gk ∈ CG(h)∩BS(n), then |gk|

S
� n and

|gk|
S
� |k|τS(g) � |k|/λ. Thus |k| � λn and

|CG(h) ∩ BS(n)| � 2λn+ 1.

Hence, since BS(n) grows faster than any linear function, the claim follows. �

We must therefore show the two conditions in this lemma are satisfied. Note
that they are independent of the choice of finite generating set used.

Definition 2.4. Let A denote the base of G = H �Z where H is a finitely generated
group. If g ∈ A, then g =

�
i∈I gi where I is a finite subset of Z and gi ∈ Hi for

each i ∈ I. Now gmin := inf{I} and gmax := sup{I}, the infimum and supremum
of I, respectively.

Lemma 2.5. Let G := H � Z and let A denote the base of G. If g ∈ A, then
CG(g) � A (and if H is abelian, then CG(g) = A). If g ∈ G \ A, then CG(g) is
cyclic.

Proof. The first claim is clear. For the second, let g ∈ G \ A, so that g = wtk for
some w ∈ A and k ∈ Z \ {0}. Now, for any v ∈ A,

v−1wtkv = wtk

⇔v−1wtkvt−k = w

⇔tkvt−k = w−1vw(2)

and so, if v is non-trivial, then (w−1vw)min > (tkvt−k)min and so v �∈ CG(wt
k).

Now assume that vtα ∈ CG(wt
k). If v�tα ∈ CG(wt

k), then v�tα(vtα)−1 = v�v−1 and
so by (2), v�v−1 = 1 i.e. v� = v. Thus for each s ∈ Z such that vts ∈ CG(wt

k) there
is no v� �= v such that v�ts ∈ CG(wt

k). Now assume that α is the smallest positive
integer such that there exists a v ∈ A with vtα ∈ CG(wt

k). If, for some β ∈ Z there
is a u ∈ A such that utβ ∈ CG(wt

k), then, by the division algorithm, β = nα for
some n ∈ Z. Thus utβ = (vtα)n since for each s ∈ Z there is at most one ν ∈ A
such that νts ∈ CG(wt

k). �

Lemma 2.6. Let G = H �Z where H is a finitely generated group and let A denote
the base of G. Then {τS(g) : g ∈ G \ A} is uniformly bounded away from 0 i.e. G
is translation discrete.

Proof. Let SH denote a finite generating set for H0. We work with the generating
set S := SH ∪ {t} of G.

If g ∈ G \ A, then g = wtk where w ∈ A and t ∈ Z \ {0}. Thus for any n ∈ N,
|gn|

S
� |k|n � n and so τS(g) � 1. �

Let H be finitely generated with τS(H) ⊆ N∪ {0} for some finite generating set
S. Then one can prove, with S� as a finite generating set consisting of the generating
set S for H0 and a generator of the head of H � Z, that τS�(H � Z) = N ∪ {0} and
that τ−1

S� (0) is equal to {w ∈�i∈I Hi | I is a finite subset of Z and w is torsion}.
Moreover, if we drop the condition on the translation lengths of H and let A denote
the base of H � Z, then τS�(H � Z \A) = N.
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2.2. Proving that groups C � Z satisfy (i) of Lemma 2.1. The author is un-
aware of how to show that the negligibility of a set is independent of the generating
set used. When working with groups of exponential growth, it seems that the ‘den-
sity’ of a set A ⊂ G may depend on the choice of generating set. Here, density of
a subset A of G = �S� is thought of as the number

lim sup
n→∞

|A ∩ BS(n)|
|BS(n)|

(so that a set is negligible if and only if it has density 0). Note that if the negligibility
of a set is independent of the finite generating set used, then the results that follow
would apply to any finite generating set.

Remark. We shall work with the generating set �a0, t� where a0 is a generator of
C0 and t is a generator of Z. The arguments also work for Ci for any i ∈ Z.

Essentially we reduce counting the number of elements in the base in BS(n) to
known results regarding the number of possible compositions of a number.

Definition 2.7. A multiset, denoted [. . .], is a collection of objects where repeats
are allowed e.g. [1, 2, 2, 3, 5]. An ordered multiset, denoted [. . .]ord, is a multiset
with a given ordering. Thus [1, 2, 2, 3, 5]ord �= [1, 2, 3, 2, 5]ord.

Definition 2.8. Let n ∈ N. Then a composition of n is an ordered collection of
natural numbers that sum to n. Thus there is a natural correspondence between
compositions of n and ordered multisets whose elements lie in N and sum to n. A
weak composition of n is a collection of non-negative integers that sum to n. There
is a natural correspondence between weak compositions of n and ordered multisets
whose elements lie in N ∪ {0} and sum to n.

The following are well known.

Lemma 2.9. Let n ∈ N. Then the number of compositions of n is 2n−1.

Proof. We consider a multiset with elements in N, which sum to n, and where each
box either represents a plus or a comma.

[1�1�1 . . . 1�1]ord

Now, for each box a choice of a comma or a plus provides a unique ordered multiset
consisting of elements in N. �
Lemma 2.10. Let n ∈ N. Then the number of weak compositions of n into exactly
k parts is give by the binomial coefficient�

n+ k − 1
k − 1

�
.

Proof. From the previous proof the number of compositions of n into exactly k
parts is given by the number of ways of placing exactly k − 1 commas into n − 1
boxes i.e. �

n− 1
k − 1

�
.

Now, each composition of n+k into k parts can be thought of as a weak composition
of n into k parts by mapping k element multisets which sum to n+k and consist of
natural numbers to k element multisets which sum to n and consist of non-negative
integers i.e. the map [m1,m2, . . . ,mk]ord �→ [m1 − 1,m2 − 1 . . . ,mk − 1]ord. �
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We are now ready to prove our first theorem.

Theorem 1. Let G = C � Z where C is a non-trivial cyclic group. Let S := �a, t�
be a generating set for G with a ∈ Ci (for some i ∈ Z) and t ∈ Z, the head of G.
Then dcS(G) = 0.

Proof. From Lemma 2.1 and our work above, all that remains to be done is to show
that the base A of G is negligible in G.

Fix an n ∈ N. Our aim is to produce a bound for |BS(n) ∩ A|. For discussions
on normal forms for elements of C � Z, see [CT05]. Let k � n/2. If |g| = n and
gmin � 0, then there is a word of length n of the form below which represents g

w(0)t−1w(1)t−1 . . . w(k−1)t−1w(k)tw(k+1)t . . . w(2k)(3)

where, for each i ∈ {0, 1, . . . , 2l}, w(i) = adi for some di ∈ Z. Now, any word
g ∈ |BS(n) ∩A| with gmin � 0 can be expressed in the form (3) and must satisfy

2k�

i=0

|w(i)|{a} � n− 2k.

We now justify why it is sufficient to look at only those g ∈ A with gmin � 0. Let
As := {g ∈ A : gmin � s}. By conjugating a word of the form (3) by t−s, we have,
for any s ∈ Z \ N, that

|BS(n) ∩ (As \As+1)| � |BS(n) ∩A0|.
Also, for any s � −n, |BS(n) ∩ (As \As+1)| = 0. Thus

|BS(n) ∩A| �


 �

−n�s�−1

|BS(n) ∩ (As \As+1)|


 ∪ |BS(n) ∩A0|

� (n+ 1)|BS(n) ∩A0|.
Since groups of the form C � Z (where C is a non-trivial cyclic group) are of ex-
ponential growth, producing a bound for |BS(n) ∩ A0| will be sufficient to bound
|BS(n) ∩A0|.

In (3), the words {w(j) : j = k + 1, k + 2, . . . , 2k} are redundant since

w(0)t−1w(1)t−1 . . . w(k−1)t−1w(k)tw(k+1)t . . . w(2k)

=w(0)w(2k)t−1w(1)w(2k−1)t−1 . . . w(k−1)w(k+1)t−1w(k)tk.

Thus any word g ∈ |BS(n) ∩A| with gmin � 0 can be expressed in the form

w(0)t−1w(1)t−1 . . . w(k−1)t−1w(k)tk(4)

where, for each i ∈ {0, 1, . . . , k}, w(i) = adi for some di ∈ Z.
From [BT15], the growth of C � Z with our generating set is greater than 2n if

|C| � 3 and is 1+
√
5

2 if |C| = 2.

We first work with |C| = 2. In this case each w(i) has length 0 or 1. Thus,
for each k, there are at most 2k+1 choices for the values of {w(i) : i = 0, 1, . . . , k}.
Hence the size of |BS(n) ∩A0| is bounded by

�n/2��

j=0

2j+1 � 4 · (
√
2)n � 4 ·

�
1 +

√
5

2

�n

and so the base of C2 � Z is negligible.
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For the case where |C| > 2, we shall use Lemma 2.10. Our aim is to show that
|(BS(n)\BS(n−1))∩A0| is bounded by a function which has growth rate 2n (since
this will mean that |BS(n)∩A0| is also bounded by a function which has growth rate
2n). Fix an k ∈ {0, 1, . . . ,

�
n
2

�
}. We note that all such elements can be represented

by a word of the form (4), where |w(i)| < n − 2k for all i ∈ {0, . . . , k}. Each word
is in bijection with a multiset

[u(0), v(0), u(1), v(1), . . . , u(k−1), v(k−1), u(k), v(k)]ord(5)

where for each i ∈ {0, . . . , k} we have that u(i), v(i) ∈ N∪ {0} and that u(i)v(i) = 0.
This is therefore bounded by the number of weak compositions of n−2k into 2k+2
parts. From Lemma 2.10 this is equal to

�
n− 2k + 2k + 2− 1

2k + 2− 1

�
=

�
n+ 1
2k + 1

�
.

Now we sum over all viable k:

�n
2 ��

k=0

�
n+ 1
2k + 1

�
�

n+1�

j=0

�
n+ 1
j

�
= 2n.

Hence |(BS(n) \BS(n− 1))∩A| � (n+ 1)|(BS(n) \BS(n− 1))∩A0| � (n+ 1) · 2n,
and so is negligible in C � Z. �

Note that from this proof it immediately follows that (C2 × C2) � Z, with the
generating set consisting of two generators of (C2 × C2)0 and a generator of the
head, has degree of commutativity 0.

Theorem 2. Let G := F �Z where F is a non-trivial finite group. Then there is a
generating set S of G such that dcS(G) = 0.

Proof. Let |F | = m > 1 and let A denote the base of G. Then A :=
�

i∈Z Fi where
Fi = F for each i ∈ Z. Let S denote the generating set consisting of the non-trivial
elements of F0 and a generator t of the head of G. From Section 2.1 we need only
show that the base of G is negligible in G.

First we produce a lower bound on the growth of G. Consider words of the form

w1tw2tw3 . . . twkt
�

where, for each i, wi ∈ S and � ∈ {0, 1}. There are mk such words (since |S| = m)
and so |BS(n)| � |BS(n) \ BS(n− 1)| � m�n/2�.

We now produce an upper bound on the growth of A, the base of G. As with the
previous proof, we produce an upper bound for words g ∈ A ∩ (BS(n) \ BS(n− 1))
with gmin � 0. Such words are of the form

w0t
−1w1t

−1w2t
−1 . . . wk−1t

−1wkt
k

where each wi is either trivial or in S \ {t} and
�
n−1
3

�
� k � n− 1 since there must

be at least 1 non-trivial wi and at most
�
n−1
3

�
non-trivial wi. This produces the

bound
n−1�

k=�n−1
3 �

�
k + 1
n− 2k

�
(m− 1)n−2k
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since, for each k, n− 2k of the {wi | i = 0, . . . , k} may be chosen from S \ {t} and
the other wi are trivial. Now

n−1�

k=�n−1
3 �

�
k + 1
n− 2k

�
(m− 1)n−2k �

n−1�

k=�n−1
3 �

�
n

n− 2k

�
(m− 1)n−2k

� (m− 1)2 ·
�n/3��

j=0

�
n
j

�
(m− 1)j

� (m− 1)2 · (m− 1 + 1)�n/3�

and so the base of G is negligible in G. �
We end by posing two questions, both of which could represent future work.

These seem natural in the context of Theorem 1 and Theorem 2.

Question 3. To what extent can the approach used above apply to more groups?
For example, taking a group G := F � T where |F | < ∞ and T is torsion free
(possibly Zn for some n ∈ N) can one state that the base of G is negligible in G?

Question 4. Given a finitely generated group H, is the base of G := H �Z negligible
in G? Moreover, what if Z is replaced with another finitely generated infinite group?
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