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ABSTRACT. The energy dissipation of the Navier-Stokes equations is controlled by the
viscous force defined by the Laplacian —A, while that of the generalized Navier-Stokes
equations is determined by the fractional Laplacian (—A)®. The existence and unique-
ness problem is always solvable in a strong dissipation situation in the sense of large
« but it becomes complicated when « is decreasing. In this paper, the well-posedness
regarding to the unique existence of small time solutions and small initial data solutions
is examined in critical homogeneous Besov spaces for a > % An analytic semigroup
approach to the understanding of the generalized Navier-Stokes equations is developed
and thus the well-posedness on the equations is examined in a manner different to earlier
investigations.
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1. INTRODUCTION

The Navier-Stokes equations, governing the motion of incompressible and viscous fluid
substances through the balance of viscous force, pressure force and fluid acceleration, are a
fundamentally important system in fluid mechanics. The three-dimensional Navier-Stokes
equations also give rise to Leray’s question of global existence of classical solutions [27].
This is of great interest in mathematical analysis. In the attempt to answer the question, a
variety of dissipative equations were examined (see, for example, [13, 22, 25, 31, 32, 36]).

In the present paper, we are interested in the generalized Navier-Stokes equations

B+ (—A)u+u-Vu+Vr=0, V-u=0 (1)

in the domain (0,7T) X R? for the dimension number d > 2 and the time bound 0 < T < co.
Here u and 7 represent respectively unknown fluid velocity and pressure. The fluid motion
described by (1) involves an energy dissipation which is controlled by the fractional Lapla-
cilan (—A)®. The existence, uniqueness and regularity of the solution to (1) is essentially
determined by the parameter . When a = 1, equation (1) is the Navier-Stokes equations
and thus Leray’s question remains open for d > 3. Equation (1) with o > 1 is called a
hyper-dissipative system. The global existence of classical solutions with d > 3 can only
been obtained when o > 42 [22, 37]. However, the existence of classical global solution
to the two-dimensional Navier-Stokes equations can be solved readily due to the validity
of the energy inequality in the L? space [20]. Actually, similar to the ideal flow governed
by the two-dimensional Euler equations, the maximum principle holds true for the vorticity
formulation of the two-dimensional generalized Navier-Stokes equations. This gives rise to
the additional L., estimate of the corresponding vorticity field and hence the existence of
the global classical solutions to the two-dimensional equations for « > 0 (see, for example,
[6]). This global solution existence can be extended from that of the two-dimensional Euler
equations [5, 19, 41]. For the well-posedness with respect to the existence and uniqueness
of small global solutions or small time solutions to (1) with o > 1, we refer to [39] for solu-
tions in critical homogeneous Besov spaces and [28] for solutions in critical homogeneous @
spaces introduced in [28, 40]. For the limit case of & = 0 and d = 2, equation (1) represents
actually the simplified atmospheric circulation equations system of Charney and DeVore
1
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[7, 9, 12, 35]. The vorticity formulation of (1) with d = 2 is similar to the surface dissi-
pative quasi-geostrophic equation [6, 10, 24, 36]. However, the vorticity-velocity relations
w =V x u in the former and § = V*(—A)~/2y in the latter lead to the difference for the
global solution existence of the two systems. For the problem on the nonexistence of the
global solutions to the supercritical surface dissipative quasi-geostrophic equation, one may
refer to [23].

A homogeneous Besov space is a collection of the functions f which can be expressed as
the Littlewood-Paley decomposition

F= > A

—oo<j< oo

for the dyadic blocks A;. This unit decomposition helps define the norm of the homogeneous
Besov space and examine the function f by reducing to the examination of individual terms
A f through Bernstein inequalities (see, for example, [26]). The Littlewood-Paley decompo-
sition approach is overwhelming in the analytic study of fluid mechanics equations (see, for
example, [14] for the compressible Navier-Stokes equations, [15] for the density-dependent
incompressible Navier-Stokes equations, [38, 39] for the generalized Navier-Stokes eugations
(1), and [8] for the dissipative quasi-geostrophic equation).

Note that the fractional Laplacian (—A)% generates an analytic semigroup operator
et (=2)" which can be characterized in homogeneous Besov spaces in terms of the Littlewood-
Paley decomposition [33, 34]. This characterization simplifies the derivation of a priori esti-
mates of the system (1) and was applied to the understanding of the well-posedness of the
Navier-Stokes equations [11]. The purpose of the present paper is to extend this approach
to the generalized Navier-Stokes equations (1) and then to provide a new approach to the
understanding of a higher regularity problem initiated from [18].

For simplicity, the notation < is adopted in the sense that a; < as represents the

inequality a; < Cay for a constant C' independent of the quantities ¢t € [0,7), z € R,
T > 0, functions u, v, f, g and a scalar constant A > 0. Moreover, we use the equivalence

relation a1 ~ as if both a1 < ag and as < a; hold ture.

As is well known, equation (1) is scale invariant with respect to the scale transformation
ux(t,z) = A2 (A2, \x), ma(t, ) = M7 2n (N2, ).
That is, equation (1) is equivalent to the scaled equations
Opuy + (—A)%uy +uy - Vuy + Vmry =0, V-uy=0. (2)

According to this scale-invariant property, it is beneficial to examine equation (1) in
homogeneous function spaces. A spatial function space X*(R?) is said to be homogeneous
of degree s if

1F M) lxcs(ray = A fllxs(ray for fe X7,
and a temporal-spacial function space Y*([0,T) x R?%) for 0 < T < oo is said to be homoge-
neous of degree s if

1F O, M)y (0.1 x rty = A°[| fllys (0, azayx rey for f € Y*([0,T) x R%)

for —oo < s < 0o and A > 0.
For the integral formulation of (1) transformed as

u+ (0 + (—A)*) Y u-Vu+Vr)=0, V-u=0 (3)

initially from the static state u(0) = 0, an analytic semigroup approach is applied to equation
(3) on a homogeneous space Y*® involving a homogeneous Besov space to obtain the estimate

lullys £ 1+ (=A)*) " (u-Vu)llys & lluullyssi-ze S fJully«lfullyi-z«. (4)

This together with a linearization technique implies that the homogeneous space Y*® with
s = 1 — 2a is the critical space for ensuring the unique existence of the solution to (1) .
Moreover, it is obtained that the estimates involve an unbounded exponential differential



ANALYTIC SEMIGROUP APPROACH TO GENERALIZED NAVIER-STOKES FLOWS IN BESOV SPACES

operator or an inverse of an analytic semigroup operator. This is known as the Gevrey
regularity problem examined in [18] for Navier-Stokes equations in Hilbert spaces and is
further developed in [4, 26]. For the recent investigations of this problem in dissipative
quasi-geostrophic equations and some other related dissipative equations, one may refer to
1, 2, 16, 17].

The significance of the present paper is the development of an analytic semigroup ap-
proach in Besov spaces for the well-posedness and Gevrey regularity problem of the general-
ized Navier-Stokes equations (1) and provides an alternative way for the understanding of the
problem different to the Bernstein estimates approach based on the dyadic Littlewood-Paley
blocks in earlier studies (see, for example, [39]).

This paper is organized as follows. Firstly, we display basic properties of Besov spaces and
its connection with the analytic semigroup e *(=2)% in Section 2. Next, we derive a priori
estimates of linearized equation of (1) in homogeneous Besov spaces by using the semigroup
approach. Finally, the result obtained for the linearized system is extended to the nonlinear
equation (1) to show the well-posedness and Gevrey regularity properties.

2. BESOV SPACES AND BASIC PROPERTIES

For the readers’ convenience, we collect basic properties of Besov spaces and their homo-
geneous counterparts from [33, 34].

Standard notion is used. S(RY) represents the Schwartz space of rapidly decreasing
infinitely differential functions on R?. Tts dual space S’(R?) is the collection of all tempered
distributions on R?. Lp(Rd) denotes the Lebesgue space of functions on R? for 1 < p < co.
F represents the Fourier transform in S'(R?) satisfying F f(§) = [p. e f(z)dx and the
inverse Fourier transform is defined as F~!.

As in [33, Definitions 2.3.1/1, 2.3.1/2 and 5.1.3/2], let ¢ be a smooth function on R? in
the following sense ¢(&) = 0 for |£] > 2 and ¢(§) =1 for || < 1 which produces the dyadic
block symbols

¥i(6) = 3(277€) — p(27771E)
and the dyadic blocks
A;=F 1y F
for j € Z, the integer set. Therefore, for 1 < p, ¢ < 0o and —oco0 < s < 0o, we define the

Besov space

1

q

By (RY) =< feS'(RY; |Ifllsy, = [ IFT'6FfIE + Y 2904, | <oop,
j=1

and the homogeneous Besov space

q

By (R = €S (RY: f= 3 Ajf Iflls, = | Do 2UA 00, | <o

j=—c0 j=—o0

Here the I, norm reduces to the lo, norm for the sequences {275[|A; f| 1, }jen and {275 A; f|| 1, }jez
when g = co.

It is readily seen that the space B;q (R?) is homogeneous of degree s — % and its norm
can be expressed as

e,

ne = lim ——24 =2k
||fHB:;77q kLOO )\S—% ) )\ (5)

for s > 0 and f € By ,(R?).

Lemma 1. ([33, Theorem 5.2.3/.1]) Let —o0o < 0,8 < 00 and 1 < p, q < oo. Then the
Jractional operator (—A)% maps B5 ,(R?) isomorphically onto B3t?(RY) or there holds the
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norm equivalence
e - d
I(=2)% fllg, = WSl pge for | € By? (RY). (6)
The real interpolation property of Besov spaces [33] gives the following interpolation
inequality.

Lemma 2. ([33, Theorem 2.4.2 and Subsection 5.2.5]) Let 0 < § < 1, 1 < p, qo, q1, ¢ < 00,
—0<s<T<00and o= (1—60)s+ 0r. Then there holds the real interpolation property

By o(RY) = (B}, (RY). B}, (RY))

and
I7ss, & W2 10, @
for f € B, (RY) N By, (RY).
The combination of equation (5) and the characterization of the Besov space Bj , (R%)

(see [33, Egs 2.3.5/3, Theorem 2.5.12]) by the difference operators
Apf(a) = fa), Dy f(x) = flx+h) = f(2), Dhf(x) = AL(AL f(x)) for he R
produces the following characterization of its homogeneous counterpart.

Lemma 3. Let s > 0, 1 < p < oo and an integer k > s. Then there holds the equivalence
relation

1A%z,

ess sup
o#herd  |h|®

1

1l for f € By o (RY). ®)

The operator e H(—2&)" = F~le € F is an analytic semigroup in Lp(Rd) generated

by the fractional Laplacian (—A)® = F~1|¢?*F, which maps the fractional Sobolev space
H2(R%) = (1+ (—A)*) "' Ly(R%) onto L,(R?), due to the validity of the property

I(=2)% " 2 fl, < t7HIf |, for t > 0. 9)
Therefore, for 1 < p < oo and k > 1, the characterization property [34, Proposition 1.8.1/1]
(LR, (), = {7 € LRy sup b= (-3)¥e 2, < o
’ t>0
and the real interpolation property [33, Theorems 2.4.2 and 2.5.6]
(Lp(Rd), H2ak(Rd)) _ BZQk@(Rd)
yield the characterization of the Besov space BS __(R%)

/] (*A)“’“e’t(’A)afl\L,, (10)

for s > 0,1 < p < oo, and k > 5-. Using (5) to remove the lower order part || f| z, of (10),
we obtain the characterization of the homogeneous Besov space by the analytic semigroup
e =A% in the following.

~ .
B ~|fllc, +§1>113t 2

Lemma 4. Let « >0, s >0, 1 < p < oo and an integer k > s/(2a). Then we have
e = suptt T [(A) R TR f| L for f € By (RY). (11)
Poo >0 ’

Thus the homogeneous Besov space defined by the Littlewood-Paley decomposition re-
duces to that characterized by the analytic semigroup e *(=2)" generated by (—A)>.

Lemma 5. ([26, Lemma 24.8]) Let d > 1, 1 < p, ¢ < o0, % = %—!— %, f € L,(RY) and
g € Ly(RY). Then there holds the inequality

71 (¥l e g £ I, gl (12)

1 1
where the operator et** VIt = F=1et2* € B by using the 1 norm |€|; = Zle €.
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This generalized Holder inequality given in [26] is essential in the investigation of Gevrey
regularity problem. For the readers’ convenience, it is demonstrated as follows.

Proof. Let begin with the case d = 1. For |V| = |V|y, f = Ff and real variables x, y, 1, £ €
R in the one-dimensional situation, we have

V1o~ 17 fo= 17 1g) ()

_ / i (€4 gHE+nl ~tinl—tIEl (o (&) dnde
RZ

— / eim'(5+”)f(n)g(§)dnd§+/ ei“"(5+’7)et‘5+"|*t|"|*t‘5‘f(n)g(g)dndf
n§>0 n&<0

_ / S EH (1 — o =2HEl) f () (&) dipde
7

£20
00 —n 0 00
d d d d iz(&4+m) o =2tn| £\ 4
+/O 77/_00 €+/_OO n/_n £>e e M f(n)g(€)

n </OOO dn/j dg+/_ooo dn/_: ds) e (e tm el f(m)g(¢)

= / M E (1 — 28 f (1) g (&) dnd€ + / el 2!l £(1)g(€ — n)dnd€
n§>0

En<0
+/ e f()g(€ — m)dndE = I + Iy + L.
En>0

Defining the half space Fourier transforms

9] 0
Syf= / e fdr and S_f = / e fdx,
0 —00
we have

I, = /0 eiwﬂf(n)dn/o eiwﬁ(l—e—2t|€\)g(§)df+/ eiznf(n)dn/ eilg(l—e_2t|5|)g(§)d£

— 00 — 00

= (S1£)S4(1—e Vg 4 (S_f)S_(1 —e 2V,

L = /0 o <g<y> / weiy"ezt""f(n)dn> (6)de

— 00

+ / ety (g<y> / Ooo eiy”e—%'"'fm)dn) (€)de

= S_ (gS+e_2t|V‘f) + 54 (gS_e_Qt‘vlf)
and, similarly,
Is = S(fS4e™Vlg)+ S (fS_e7*IVlg).
Note that
IS<fIl £ Iflle, and [e™>¥h | < |IflL, (13)

for 7 = r, p, ¢ since the operators Sy are L, Fourier multiplier operators [30, Theorem
4.1.4] and e 2tV is obviously an L, Fourier multiplier operator. We thus use Holder
inequality and estimates (13) to obtain the validity of (12) in the case d = 1. When d > 1,
the observation eflVIt = etl%1letldz] ... t924] ensures that the d-dimensional operator is
decomposed into 1-dimensional operators. Thus there exist L, Fourier multiplier operators
L;, M; and N; given by St and e~ 2!Vl 5o that

3d
elI¥1s ((e7!71 ) e™Vhg) = 3 L (Nig) Mif).
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This together with the estimates (13) and the Holder inequality implies

Heﬂvh ((e_t‘vllf) e—t|V\1g)

HLT L. & gl fllz,

3d

5 ) II(Nig) M f|
i=1

and completes the proof of (12) for d > 1.

3. ANALYTIC SEMIGROUP APPROACH TO GENERALIZED STOKES EQUATIONS

In this paper, the existence of local solutions and small solutions of the nonlinear system
(1) is examined and can be obtained by a linearization technique. Therefore, it is beneficial
to consider the linearized system of (1) or the generalized Stokes equations

u+Vr+(-A)*u = V-f V-u=0, (14)
coupled with zero initial condition
u(0) = 0in R% (15)
Here f : R% Rdg, (V-f); = Zle 0 fi; and the pressure force term Vr can be written as
Vr=VA™'V.(V-f)
due to divergence property of u. Hence (14) is written as
du+ (—A)*u = PV-fin (0,T) x R%, (16)
for the bounded projection operator
P =04 — 0;0;A7!
in L,(RY) for 1 < p < oo, where d;; denotes the Kronecker symbol. Now we rewrite the
differential equation (16) in the form of the integral equation

u(t) = (8, + (=A)*)"IPV . f = /Ot e~ =) (=A) Py . f(s)ds. (17)

With the use of the characterization by the analytic semigroup, the purpose of this section
is to show that the operators (J; + (—A)®)~'PV behaviours like the operator |V|'~22
mapping a homogeneous space of degree s into a homogeneous space of degree s + 1 — 2a.

Theorem 1. Let d > 2, 0<T <00, 0< < a, —28< o0 and 1l < p < oco. Define the
operators S(t) = F~m(t,6)F and S7(t) = F_lmF for a symbol m(t,-). Assume that
the inequality

e 1 t=9C2" 51 S Y (s)gll, < N9l (18)

holds true for g € L,(R®). Then u(t) presented in equation (17) is subject to the estimates

IS@u@llgy  +t=ISEu®)ll ggrzs < eSS E=ISE)F(E)] 29010 (19)
and
B
ISOUON S P EEISOSON oss1-2eg (20)

for 0 <t < T, provided that the right-hand sides are finite.

a
A typical example of the operator S(t) is e (=2)" for 0 < v < a.
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Proof. For an integer k > U+jﬁ , it follows from Lemmas 1 and 4, equations (9) and (18)

and the boundedness of the projection operator P in the space Lp(Rd) that

1S(Eu(t)] g 120

t
~ sup T || (—A)ke (A / PS()S™(s)e =ICA S(5)V - f(s)ds]|1,
>0 0
< supT Hw/ (- “ke_%(t_s+7)(_A)aS(s)V~f(s)HLpds
>0
< Suka_%w/ (t— s+ 1) H(~A) e 2t AT (CA)TAG(5)V - f(5)] 1, ds
>0 0
t
< suptFT I [ (= s ) TR s R R (—A)TOS(8)V - f(8)]| osesds.
>0 0 Bp,oo

After the calculation of the integral over the intervals [0, %) and [%, t), the previous inequality
reduces to
23

[SH)ull gorzs < suprhTEa [t 1) R TR e 4 (t4 )RR g
pyoo >0

. esssu @ No —2a
055 SUD 15 [S(2) (1) a2

A

_s s
£ eSSSUD £ || S() F(1)]] gy p2na-2a (21)

Furthermore, equation (9) and the interpolation inequality

(A e A g, 5 [T A gl T~ A) e A g F
imply that
I(=A)"e~ " "2 )L, <t =g, (22)
and hence
I(=A) e =2 gllg, < 7= glls, - (23)

Using Lemma 1, equations (18) and (23) and the boundedness of the operator P, we have

IS@ulsy . 5 [ 1 IS ST )l _ds
< [ IR ST g
t
< - 71+§ 7§ g So+28+1—2a
< /O (t=s) "85 Rds eSS SUp ¢3S () ()] rano
< « Ho+28+1—2a.
< e 05 |(0) /(1)) g

To derive the estimate in the Lo, norm, we employ the Gagaliardo-Nirenberg inequality
[29] to obtain that

_t(— A (A 1—4 AN 4 __d_
le™" A gllr. < lle™ A gl “IVe A g7 < ¢ g, (24)
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for a real number ¢ > d. If the number ¢ > p satisfies additionally the condition 23 +% < 2a,
equations (6), (11), (18), (24) and (22) yield

t
SOu)llre < /O(t*S)_ﬁlle’z(t’s)(’A) SHPV - f(s)llL,ds

t
s [ s) e MO ST - f(5) 1, ds
0

t 2544
__d_ _ q _
S /(t—S) 2aq (t — )72 [|S(s)(—A) aV'f(S)llengdS
0 q,00
< t(t—s)—H%s—%ds esssup ¢4 ||S(t)f(¢)]| .
0 o<t<T ijgl’zﬁg
B
5 €8S Sup to‘”S(t)f(t)”Berl—zaJr%»

0<t<T

p,00

where we have used the imbedding theorem [33, Theorem 2.7.1 and Subsection 5.2.5]
S+ A
Bpod (RY) = Bgod (RY). (25)

Collecting terms, we have the desired estimate and thus complete the proof of Theorem 1.

1 1
The symbol m = e~ (t=9)Ie**+t27 [€h—s2e €l gatisfies the conditions of the Marcinkiewicz
multiplier theorem [30, Theorem 6.1.6’] and thus there holds the L, estimate

1 1
(t=5)(~A)* (25 | V|1 =57 Vs

1
gllz, < lglz, for a> (26)

1
—1 1
o 3
1
which gives an example of S(t) = ¢/>* IVl in (18). For this special choice, Theorem 1 can
be stated as

Corollary 1. Letd > 2, 2 < a, 0 < B8 <a,1<p< oo and0 < o+23. Then

u=(0; — (—A)*)"LPV - f is subject to the estimate
1 1 1
t2a |V]y . Bat2a |V . < esss B t2a V] .
[ 1V u(e) gy + 65 e IV u(t) | gaze £ ESSSUD 43! VI ()] o szninse
for 0 <t < T < oo, provided that the right-hand side term is finite.

4. WELL-POSEDNESS OF THE NONLINEAR PROBLEM

The well-posedness of the nonlinear equations (1) can be obtained by combining the
estimates of the linear Stokes equations derived in Theorem 1 and the Banach contraction
mapping principle. Therefore it is necessary to examine the nonlinear term of (1) though
the pointwise multiplication fg of functions f and g in suitable homogeneous spaces in the
form

[fglly2-ae & [Ifllyr-2allgllyi-2o. (27)
To do so, we need the following function multiplication estimate.

Lemma 6. Let 1 < p < g < o0, s—&—% >0, an integerk>s+2% and (k—1)p < q < 0.
Then there holds the estimate

1
||et2a \V|1fg| rd
B, &
N (ot 9 =19
t2a |V , t2a |V )
N~ P e 1f||B;To:% IS 1g||B:_ko}]>s+%

I?QC p,o0 p,00 (28>

1 1 1 1
t2a V|1 t2a V|1 t2a |V]q t2a [V[y
S L PR LTI S (e

for functions f and g on R, provided the right-hand side terms are finite.
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Proof. Let us begin with the proof of the inequality

k—1
< e o )e .
199008 5 Mgl g 18Tl g g g1y 29

For the integer k > s+ % + g, it is readily seen that the function product under the difference
operator is subject to the binomial formula

k L (k j k—j )
si@ae) = X () shs@ss ot i)

=0

For the real number 7 so that % = % + %, the selection of ¢ and k implies that
1 < 1 n 1 kr o

—-< = or .

r p (k—=1)p k—17?

By the imbedding property (25), the characterization property (8) and the Holder inequality,
we find that

ol g S 1ol
N AN N ,
I1225=0 (J> A fAR g+ )L,
< esssup .
0#£heR |R]s T
k—1 j k—i
S 183 Al 1A, 7 glle v + 1N, 18RIz, + 9l 1AE L,
< esssup J k—j .
0£hE R4 |h|s+7
k—1
SIS [ [ e /4 e 7 O [ e (30)
j=1 Bir o Bkm[ - Bp,od Byl
=

Since ’“]—7 > kk_rl > p, the imbedding property (25) implies that

d 20 d 25~ (pd 2% (s+ ) pd S kST E  pd
Ly(RY) = By (R®) = Bpoo' (RY) and By, "' (R®) <= Bpoo " (R%).

Thus equation (30) becomes (29).

1 . . 1
Since e!** VLAY f = AJet** IVIi £ following the derivation of (29) by applying the in-
equality (12) instead of the Holder inequality, we obtain (28) and hence complete the proof
of Lemma 6.

Now we consider the nonlinear system described by (1). Let u solve equation (1) associ-
ated with the initial condition
u(0) = up on R%. (31)

Taking the integral form of this system, we have the mild solution of equations (1) and (31)
expressed as

u(t) = e A ug + (9 + (=A)*) T Pu - Vu(?). (32)
The well-posed result for equations (1) and (31) is stated in the following.

.1-2a+42

Theorem 2. Letd > 2, a > 3,1 < p < o, 2—2a+g >0 and up € Bpoo " (R?).
Then there exists a constant T' > 0 such that equation (32) admits a unique solution u €

- 1—2a+2
Loo(0,T; Bp oo e (R%)) subject to the estimate

B 1 1 v
eOS<StS<qu (to‘ Hetm Ivhu(t)” .2ﬂ+172a+% + Hetml ‘lu(t)” .12a+i> < ||U0||B;;§a+% +1, (33)

p,o0 p,00
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where B8 is a constant such that
d
a>p>0, 264+1—-2a>0, 26+2—4a+ - >0.
p

.1-2 d
Additionally, if ug is sufficiently small in the space Bp}ooaﬂ’ (R%), the solution u eists

globally in time and the bound (33) remains true for T — co.

Proof. For a constant T' > 0, we define the operator

Magu(t) = ¢~ g 4 (8, + (~A)*) " u(t) (34)
and the space
S1-2a+4
Xr=<u€ LOO(O’T;B%OO (R ))’ ||U’HXT < CHUOHBFzﬁg
for a suitable constant C' and the norm
By 47m by
il = S5 (50 TR0 s g + B T O ) 59

It suffices to show that M, is a contraction operator mapping Xz into itself.
Indeed, it is readily seen that

L @

Jet>® [Vl g—t(=2) uollx, < |luol| —

p,o0

L @
by taking into account the inequality (23) and the fact that ef* IVIie=11(=2)" ig a bounded
T1-2q4d
multiplier in L,(R?) and hence in B;,Ofa” (R%).
Let u, v € X7 and let the integer k& and the real number ¢ > p be given in Lemma 6. It
follows from Theorem 1 with 0 =1 — 2o + % and the inequality (28) with s =28+ 2 — 4«
that

5. L
HMUOU’”XT < [|uol| 1-2q4+d T €SSSUp @ ”ethlvlluu(t)” .26+2—da+2
oo T t>0 b, oo P
B tow oL
< [luoll 1-2a+d + eStS>Sélp talet™ lvllu”B%—g e Ith” -2p+2—da+d4d
P, p,00 p,00
k—1 o o
osssup 37t Mol nspmia g o Tl oo
j=1 p,o0 p,00
and
||Mu0u - MuoUHXT
. 2 3|V |V
IS %bjtiujp te (||et 2(1' ‘1 (U - 'U)UHB:B;274Q+% + ||et2a| |1 (u — ’U)'U'B:BotzzloHrg)
. q 8 3|V 76 |V
S e BT 0] g 1o Tl e g g

p,o0 p,00

" B t3a|v 2|V
- Iy 0l g

P, p,o0

k—1

£ 2 2

+ esssub e z;He” Vi (u — )| ,wﬁﬂeﬂ | Goi)pr2ie) a
]:

p,00 Bp,oo

k-1

8 S oL

+ %Sftiujp ta § 1: ”etza V]2 (u — v)||BJ‘(2ﬁ+k2—4cx) " ”etza |V|lv|| RUEHICI IS TSI
j=

p,o0 Pp,00

The number ¢ > p is selected to be sufficiently large so that —25 < 1— 2a+§ < 0. Moreover
we may assume the integer k > 2 so that

1—a<%(25+2—4a)<25+1—2a for j=1,.... k.
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By Lemma 2, we have the real interpolation relations

-26+2—4a+ 444 s1-2a+44 2/3+1 20+ 4
BT = (B2, BT W) o)
1 90 oo
.d_d 1-2 < 2 1-2 £
Bt = (B2 e, BT R) (37)
0o ,00
(k— J)(2B+2 4a)+d .1-9 + 26+1-2 +d
By Pty = (B2 e, BT e e
1—-6;,00
. 3(2842-40) | a 1-20+4 2ﬁ+1 20+ 4
B © (RS = (B2 R, BT ) (39)
0j,00
for
200—1—¢ 12842 —4a) — 1+ 2«
0o = qaej:k(ﬁ ) , J=1., k-1
23 23
We thus have
B Py v by v
||Mu0uHXT rs ||UOH .;za+% + %Sjtsqu IJ"D‘”et2 ‘ |1U(t)||.§f3;172a+%||et2 l ‘1U(t)|| ‘;1,:):0(4’%
S ||UOH .1—2a+d =+ %S<Stsup t“ ”eth\vll ( )H .26+1—2a+%”u”XT (40)
p,o0 p,o0
and
”Muou_MuoU”XT
k-1 1-6; )
Z( essoup 21 P s ) Bl ol
— AR
a|v —6;
+§( s T s g ) I ol )
Since
kv a|v
tlg%talletz ! ‘1u(t)||326+1 2a+4 —I—tlgntﬂHe“ | |1U(t)|| 2p+1-20+4 =0,

p,00 p,00

the estimates

||MUUUHXT < CHUOH ,172(1«#%

P,

and
[Muygu — Myyvl| x, < IIU—UIIXT

hold true for a small constant 7" > 0 and a sultable constant C'. Hence there exists a unique
solution u € Xr satisfying u = M,,,u due to the Banach contraction principle.
For the existence of small global solution with T — oo, we adopt the space

. 1—-2
Xoo = {u € Lo (0,50; By 7 (B): lullx. < luol|® . +d}
B

p,00

for ||ul|x., expressed in (35) as T'— oo. By (40) and (41), we have the following bounds
1
2

IMugullxe S Nuoll 1ozarg + lulk, < lluoll®, o s v € Xec,

p,00 By, o

u, v € Xoo

1
[Muou = Mugvllxoe < Sllu—vllxn,
provided that ||ugl|| .,_..4a is sufficiently small. Therefore the global solution exists due to
D

Banach contraction Egnciple. The proof of Theorem 2 is complete.
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1-2a4d
Remark 1. Note that S(R?) is not dense in Lo, (R?) and hence is not dense in B,l,pi e (R%).
That 1is,

”eit(iA)aUO — || 1 o2ara A0 ast—0
P
p,00
-2
for some ug € Bp7 oty ?(RY). Thus the continuity of the solution in the space Bp o0 (Rd)
S1-2
is generally not obtainable. However, if we define the space Bp_,oo (Rd) By, OOO(Jr (R%)

to be the closure of S(R®) under the norm of B1 2ot

Theorem 2 satisfies the continuity property

?(RY), then the solution u given in

o] — 20¢+ o]l— 2a+

we C([0,T); By, 7 (RY)) whenever ug € By oo * (R%).
and hence solves the initial value problem defined by (1) and (31).

To show the continuity, we see that the proof of Theorem 1 yields the estimate
_ 8 o —
10 + (=2)*) "' Pu- Vu(t) | g, + =10 + (=A)") " Pu- Vu(t)| goses

< esssup ta||uu||BU+2g+1 20,
o<t<T

This together with the proof of (40) using (29) instead of (28) implies that

Hu(t) - UOH ,1—2(x+%

p,o0

< ||eit(7A) Ug — UOH 1-2a+4 + eOS<StS<117P ta ||u( )” 26+1-2a+4 ||u(t)|| J1-2a44d

P, p,00 p,00
for 0 < t < T. Hence we have

}g% Hu(t) - UOH ozasd S lim ”e =8 up — u0||l.3172a+% . (42>

p,0o0 p,00

o o l—2a+4 .
Moreover, for small € > 0, the definition of the space prooa ? (R?) ensures the existence of
144
vy € Bpj;éf (R?) satisfying

||u0 - UOH ,172u+% < €.

p,o0

This yields that

||e_t(_A)aU0 - UOH L1-20+44
B P

p,00

S lluo = voll sosara + e T3 (wg —v0)|| 1 aora + e 0 — vl 1 a0
p, . p5a P
S e+ |luo —voll isaiad +/ [(=A)%e Ayl | Lo ads
Bp.oo P 0 Bp,oo P
<

e+ tluoll ..
B r

p,00

The combination of the previous equation and (42) gives the estimate

fi [0(0) ~ ey S
for any € > 0. We thus obtain the continuity of the solution u at the initial state ¢ = 0 and
therefore the continuity of u for ¢ > 0 due to the solution semigroup property of (1).

The Gevrey regularity result for o > L1 obtained in Theorem 2 is not extendable to the

2
critical state & = 1 as the proof of generalized Holder estimate (12) is derived from L,
estimate, which is only available for 1 < p < co. When a = , it is necessary to consider

the solution in the L., (R?) space. Therefore we provide an apphcatlon of Theorem 1 for
o= % without involvement of Gevrey regularity.
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Theorem 3. Let a = % and 1 < p < oo. Then there exists a constant T > O such that initial

s d
value problem defined by (1) and (31) admits a unique solution u € C([0,T); B oo(RY))
subject to the estimate

oot (@] vy + IO g+ u0lis ) 5 ol s +luoll (43

d a
0<t<T . BY 500

o d
for 0 < B < %, provided that the initial function uy € Bpoo(R?) N Lo (R?).

Proof. The proof of Theorem 1 shows that
11(0; + (=A)Y) "L Pu - Vu(t)

I o + 8700 + (=2)) " Pu- Vu(t)|| o500
BF o By oo?
—A)) 1Py . < esssup 28
O+ AP VUl €SS ) g ()
Defining the space
. d
Xr = {u € CU0.T: BB lullsr < Clluwoll g+ Cluole. }
p,00

for a constant C' and the norm

= esssu 25
fullxs = 5539 (P2 vy + IOl s+ ol )

and recalling M, u given in (34), we use equation (44) to obtain

— e~ t(=A)" < €esss 28
M=o~ gl 5 eSS P ))] g (45)

p,00

To estimate the right-hand side term of this equation, we employ (30), (38) and (39) to
obtain

k—1
||uu||325+g < Z (|| .%(2%%)”“”3%(2%%) + HuIILmlluHng
7o i=1 Ep o BB o e
3’ k=3’
k—1
< ZHuII 285y a llull 20— 0 F |ullLo Ul spya
B R S =gty
Sl e full apra F lJulloo lull apya
B,ﬁoo Bp,(x,p Bp,oo”

for an integer k > 23 + g. Therefore (45) becomes

(= A)™
IMagu= e gy S eSS P u(t)] el (46)

p,o0

This combined with Remark 1 gives the continuity

i _ < T —t(=Aa)*, _
lim | My u(®) — ol 5 % Tim e g~ uo| g =0
p,o0 p,00
and the boundedness
—t(=A)™ “Q 2
IMagrlls 5 167 ol + eSS D] pog lulx

< Cluoll g +luollz..)
BP

p,o0

for a suitable choice of the constant C, since lim;_,0 t?#||u(t)|| ,5,4 = 0. This shows that
Bpoo?

the operator M,,, maps the space Xr into itself when T" > 0 is sufficiently small. Similarly,

we also have the contraction property

1
HMUOU’ - MUOU”XT <

§||u — || x, for u, v € Xp.
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Since X is a complete metric space, the operator M, has a unique fixed point in X as a
result of the Banach contraction principle. This completes the proof of Theorem 3.

It should be mentioned that the well-posedness result described by Theorem 2 is essen-
tially based Theorem 1 and Lemma 6, by which the norm of the negative degree homogeneous
d d

space Bp;, " (R%) in Lemma 6 can be controlled by those of the positive degree homogeneous

-26+1—2a+4 .1-2a4 &
space Bpf:; o (R?) and the negative degree homogeneous space Bp,ooa+” (R?) in The-

orem 1 for % < «a. For the weak dissipation situation 0 < a < the negative degree

1
d da 2’
homogeneous space BZ? ~' (R?%) is no longer an interpolation space between the two positive
d da
degree homogeneous spaces B§§1_2Q+E(Rd) and B;,_OE(HE(Rd). Thus for controlling the
nonlinear term of (1), the Hélder like estimate in Lemma 6 should be improved. To do so, it
is useful to consider the Holder like estimate involving derivatives as related to commutator

estimates [8, 14, 15, 21].
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of China.
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